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Universal entrainment mechanism controls contact times with motile cells
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Raphaël Jeanneret† and Marco Polin‡
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(Dated: December 13, 2017)

Contact between particles and motile cells underpins a wide variety of biological processes, from
nutrient capture and ligand binding, to grazing, viral infection and cell-cell communication. The win-
dow of opportunity for these interactions depends on the basic mechanism determining contact time,
which is currently unknown. By combining experiments on three different species -Chlamydomonas
reinhardtii, Tetraselmis subcordiforms, and Oxyrrhis marina- simulations and analytical modelling,
we show that the fundamental physical process regulating proximity to a swimming microorgan-
ism is hydrodynamic particle entrainment. The resulting distribution of contact times is derived
within the framework of Taylor dispersion as a competition between advection by the cell surface
and microparticle diffusion, and predicts the existence of an optimal tracer size that is also ob-
served experimentally. Spatial organisation of flagella, swimming speed, swimmer and tracer size
influence entrainment features and provide trade-offs that may be tuned to optimise the estimated
probabilities for microbial interactions like predation and infection.

I. INTRODUCTION

The wide variety of microbial interactions is often
deeply influenced by physics. Within biofilms, electric
currents can coordinate cellular metabolic rates [1], while
wrinkles draw nutrients by capillarity [2]. Microscopic
flow fields [3–5] can lead to large-scale collective motion
[6–8] with enhanced drug resistance [9, 10], surprising
rheological properties [11–13], and global features con-
trollable by structured confinement [14–18]. When cou-
pled with population-wide taxis, these flows result in
macroscopic instabilities [19–21] which increase nutrient
fluxes [22] and can provide unexpected new avenues for
capture and manipulation of small objects [23].

For swimming microorganisms, many interactions
hinge on close contact. These include fundamental pro-
cesses like nutrient uptake [24–31]; viral and fungal infec-
tion of microorganisms of ecological and commercial im-
portance [32–34], eukaryotic fertilisation [35]; and graz-
ing, which happens on natural preys [30, 36–38] as well
as marine microplastics [39, 40], and is recently being
discovered as a fundamental behaviour in many strains
of motile green algae until recently regarded as exclusive
phototrophs [34, 41, 42]. With the exception of com-
plex feeding currents in ciliates like Vorticella [43, 44]
or Paramecium [45, 46], the window of opportunity for
these microbial interactions to take place will depend on
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a finite contact time T . For a constant success rate per
unit time Ω, the probability that the interaction is suc-
cessful is given by p(T ) = 1 − e−ΩT [38]. Large values
of p(T ) will be favoured by long contact times, and will
therefore depend on the physics that regulates proxim-
ity. Although the theoretical basis of contact times is
still developing [47–49], it is reasonable to expect that a
key role will be played by the properties of the near field,
the region close to the cell body [30]. As already noted
in this context by Purcell [50], the fluid layer close to a
swimming microorganism is expected to be carried along
by it. Small objects sufficiently close to a microswim-
mer are therefore entrained [51] and stay in close con-
tact with it for the time required to escape the near-field
region. Entrainment converts a temporal quantity, the
contact time T , into a readily measurable spatial quan-
tity, the entrainment length L. While recent studies have
provided numerical support for particle entrainment by
microorganisms [52–54], experimental evidence is limited
to the microalga Chlamydomonas reinhardtii [55], and it
is not clear whether or not this phenomenon is a general
feature of microbial motility. At the same time, there
are currently no theoretical predictions for the duration
of these contact events, as a clear picture of the physics
underlying entrainment is lacking [52–57].

Here we combine experimental, numerical and theo-
retical approaches to investigate particle entrainment by
microorganisms. Experiments with the green microalgae
Chlamydomonas reinhardtii (CR) and Tetraselmis sub-
cordiforms (TS) -pulled by different numbers of anterior
flagella- and the dinoflagellate Oxyrrhis marina (OM)
-pushed by a posterior flagellum- demonstrate that en-
trainment is indeed a robust generic feature amongst
swimming cells, whose existence is independent of the
propulsion strategy. Entrainment is shown to be a di-
rect consequence of two universal traits: advection by
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a no-slip cell surface, as recently suggested in [53], and
particle diffusion. A first-passage Taylor-dispersion ar-
gument combines these fundamental physical ingredients,
allowing for analytical estimates of the mean contact time
and the full entrainment distribution, while offering an
intuitive understanding of the observed existence of an
optimal particle size for entrainment. We conclude by
discussing potential consequences on the probability of
successful interactions.

II. NEARBY OBJECT-MICROSWIMMER
INTERACTIONS ARE GOVERNED BY A

UNIVERSAL ENTRAINMENT MECHANISM

When inspecting tracer dynamics at large magnifica-
tion (×100) and high framerate (500 fps), very similar
entrainment events are observed for all our organisms,
regardless of their propulsion mechanism or generated
flow. Examples of typical trajectories with particle ra-
dius rP = 0.5 µm are shown in Movies S1-3, for CR, TS
and OM respectively [58]. This mechanism is best un-
derstood from the viewpoint co-moving with the swim-
mer. After an almost head-on collision, a bead reaches a
region near the cell surface, Fig. 1a). It travels slowly
around the body approximately following streamlines
from front to back, and eventually leaves behind the or-
ganism, Fig. 1b,c). Since the only common physical fea-
ture of these organisms is the presence of the cell body
surface, we propose that entrainment is only the conse-
quence of the no-slip layer that this boundary induces.
Therefore, the particle is hydrodynamically coupled to
the swimmer in this layer and resides in its vicinity for
an extended duration, the contact time T . In the labora-
tory frame, the particle is then displaced a distance L in
the direction of motion. Hence, the average contact time
and entrainment length are directly related via

〈L〉 ≈ vS〈T 〉. (1)

To quantify our observations, we measure the distribu-
tion of L for different swimmers, Fig. 1e) and 1e)-Inset.
These have all a similar shape, indicating a common un-
derlying mechanism, with an exponential-like decay of

length scale L
(S)
J above the length L

(S)
M at the peak of

the distribution. Exponential fits to these curves give

L
(CR)
J = 9.2 ± 0.6 µm for CR, L

(TS)
J = 7.4 ± 1.2 µm for

TS and L
(OM)
J = 11.7 ± 1.4 µm for OM, while we find

L
(CR)
M ≈ 6.7 µm, L

(TS)
M ≈ 8.6 µm and L

(OM)
M ≈ 7.5 µm.

Unexpectedly, the characteristic entrainment length

L
(S)
J is significantly smaller for TS than CR despite a

slightly larger body size. As described also in Appendix
B, this effect is mainly attributed to the larger number
of flagella in TS, which limit the average contact time
by either rapidly pushing the beads backwards during
the power stroke (Movie S2) or by ejecting them out of
the no-slip layer during the recovery stroke. However, at
the same time, front-mounted flagella can reach out and
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FIG. 1. a) Snapshot of typical particle entrainment events for
OM. The colloid (rP = 0.5 µm) is shown with a white arrow.
Scale bar: 10 µm. b) Diagram and approximated streamlines

rSL(θ) = rS +b
√

2/3/ sin(θ) of the swimmer-generated flow in
its co-moving frame. c) (resp. d)) Typical experimental (resp.
numerical) tracer trajectories in the frame of CR. Scale bar:
10 µm. e) PDF of entrainment length L obtained with trac-
ers of radius rP = 0.5 µm for three different organisms: red
triangles: OM; grey circles: CR; black squares: TS. Above a

peak at value L
(S)
M , those are well fitted by an exponential dis-

tribution (phenomenological) with characteristic length scale

L
(S)
J . Inset: semi-log plot of the same data. f) Comparison of

experimental (filled grey circles) and numerical (empty grey
circles) jump lengths distributions using our outboard CR, for
small impact parameters and normalised by LM, the length

at the maximum: L
(sim)
M ≈ 14.5 µm and L

(exp)
M ≈ 9.4 µm.

The best fit using Eq. 10 (solid line) agrees well with the
experimental data. Inset: semi-log plot of the same data. g)

Conditional PDF of the rescaled impact parameter b̃ = 2b/w

given an entrainment event PDF(b̃ | jump). Curves are fit-
ted by exponential distributions with characteristic lengths:
b̃(TS) = 1.0±0.3, b̃(CR) = 0.30±0.05 and b̃(OM) = 0.70±0.25.
Same color code as in e). h) Same data in a semi-log plot
with the curve for OM (red triangles) shifted to highlight the
two regimes in the distribution for CR (grey circles).

pull beads towards the body, widening the effective cross-
section for entrainment around the swimming path. This
is reflected in PDF(b̃ | jump), the distribution of rescaled

impact parameters, b̃ = 2b/w, before entrainment. For

both TS and OM, PDF(b̃ | jump) can be described ac-
curately by a single exponential decay with character-



3

istic lengths b̃(TS) = 1.0 ± 0.3 and b̃(OM) = 0.70 ± 0.25
(Fig. 1g,h)). However, with CR, structurally very similar
to TS but with a single pair of flagella, the distribution
shows two markedly distinct behaviours for impact pa-
rameters above and below the cell body radius. For b̃ > 1,
PDF(b̃ | jump) follows the curve characteristic of TS;
below that threshold we observe instead an exponential
decay with a significantly smaller characteristic length
b̃(CR) = 0.30±0.05. This is a consequence of the fact that,
in CR, entrainments below b̃ ∼ 1 are by and large a con-
sequence of “pure” collisions with the cell body, without
appreciable influence from flagella. Flagella participate
instead in entrainment events with relatively large im-
pact parameters, by increasing significantly their abun-
dance over what would otherwise be expected. In order
to study the main entrainment mechanism for CR, in the
following we will focus on jump events with b̃ < 0.75 when
comparing with numerical data. These include ∼ 70% of
all the entrainments observed.

The outboard swimmer model captures the entrain-
ment mechanism faithfully. Figures 1c,d) show that sim-
ulated tracer trajectories reproduce well the experimental
ones. In particular, we see that in both cases the parti-
cles tend to detach close to the swimming axis despite the
variation in initial impact parameter, here randomly cho-
sen in [0, rS] (see also Movies S4,5 for CR and OM resp.
and Movie S6 for a comparison with a model Escherichia
coli (EC)). More quantitatively, the PDF of entrainment
lengths from simulations agrees very well with the exper-
imental one in Fig. 1f), when equivalent quantities are
compared (i.e. the projection of the three-dimensional
jump onto the focal plane). Note that the entrainment

length is globally overestimated (L
(sim)
M ≈ 14.5 µm and

L
(exp)
M ≈ 9.4 µm), which we attribute to the approxima-

tions of this minimal model and the effect of flagella as
discussed above.

III. STERIC INTERACTIONS REDUCE THE
CONTACT TIME OF LARGE PARTICLES

In light of these findings about the entrainment mech-
anism, we will now develop a simple theory to predict
contact times. A detailed derivation is given in Appendix
D. We consider small particles that do not disturb the
swimming direction significantly, which is a reasonable
assumption if rP <∼ rS [54] as supported also by our ex-
periments. A streamline along the swimmer body can be
approximated as

rSL(θ, b) ≈ rS + b
√

2/3/ sin θ, (2)

written in spherical coordinates of the reference frame
co-moving with the swimmer, Fig. 1b). Close to the cell
body the advection of tracers is then governed by the tan-
gential flow, uθ(r, θ). Evaluating uθ along a streamline
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FIG. 2. Entrainment simulations by the outboard swim-
mer of Brownian tracer particles of various sizes. Shown are
spatial PDFs of the beads, azimuthally and time-averaged,
as seen in the co-moving frame of a CR alga, obtained by
averaging over an ensemble of 103 particles released in front
of the body at b = 0 µm with a constant surface-to-surface
distance of 1.5 µm. a) Small tracers with rP = 0.01 µm dif-
fuse away quickly and are not entrained for a long time. b-c)
Intermediate-sized tracers with rP = 0.072, 0.52 µm primar-
ily flow along streamlines close to the swimmer body, in its
no-slip layer, and are the furthest entrained. d) Large tracers
with rP = 1.38 µm flow along paths far from the swimmer
body, and are entrained less.

with impact parameter b gives the velocity of a particle,

uθ[rSL(b)] =
3vSε0
2rS

1

g(λ)
+O

(
ε20
)
, (3)

g(λ) =

(
1 +

3λ3(1 + λ)2

(1 + 2λ)(1 + λ2)5/2

)−1

, (4)

where ε0 = rSL(π/2) − rS = b
√

2/3 is the closest dis-
tance of approach, Fig. 1b), and g(λ) ∈ [0, 1] charac-
terises the flagellar distance from the body (λ = 2, 4, 5
for OM, CR and EC respectively, see Appendix C). Then,
in the deterministic limit, the contact time is found by
integrating the inverse velocity along the particle trajec-
tory, T ≈

∫
ds/vθ, where ds is the arclength differential.

Since the velocity satisfies the no-slip condition at the
cell surface, tracers with a small distance of approach ε0
move around the body slowly (Eq. 3) which increases the
contact time. As the minimum distance is dictated by the
finite size of the particle, larger tracers are expected to
experience stronger tangential flows and therefore smaller
contact times.

IV. BROWNIAN NOISE LIMITS
ENTRAINMENT OF SMALL PARTICLES

Together with particle advection, it is important to
consider the presence of thermal noise. We first explore
its effect by simulating outboard swimmers with tracers
subjected to Brownian motion (Movies S4-6 [58]). Fig-
ure 2 shows how the spatial PDF of an ensemble of tracers
initially in front of the microorganism depends on tracer
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FIG. 3. Average entrainment length 〈L〉 as a function of tracer size: a) Simulated as in Fig. 2 for OM, CR, and EC (open red
triangles, grey circles and blue diamonds respectively). The initial surface-to-surface distance is 11 µm for OM, 1.5 µm for CR,
and 0.5 µm for EC. Solid lines show the corresponding analytical prediction; dashed lines without noise. Same data on log-log
scale in Fig. S8b. b) Average entrainment length obtained experimentally with CR for different tracer sizes. The error bars
represent the standard error on the mean (s.e.m.). Inset: Same data obtained in simulations with tracers initially located in
front of the swimmer at impact parameters b uniformly distributed in [0, rS]. Dashed lines are guides to the eye. c) Analytical
〈L〉 as a function of swimming speed at fixed rP = 1 µm (Solid lines; OM red, CR grey, EC blue. Dashed lines; without noise).
d) The optimal bead size r∗P as a function of swimmer size and speed, obtained from equation D20 with constant value λ = 4.
Markers represen a few typical model organisms; grey circle: CR, black square: TS, red pyramid: OM, blue triangle: Euglena
gracilis, orange asterisk: Bdellovibrio bacteriovorus, five-pointed green star: Peranema trichophorum.

size. Small tracers spread far from the swimmer and do
not efficiently access the no-slip layer (Fig. 2a)). Con-
sequently, they are exposed to stronger tangential flows,
limiting the contact time. Large tracers do not diffuse
away but cannot approach the no-slip surface closely, as
described previously and illustrated by the inaccessible
region around the cell body (Fig. 2d)). Instead, we see a
maximum in the contact time for beads of intermediate
size, which concentrate most tightly around the moving
cell (Fig. 2b,c)). Optimal entrainment is systematically
observed in simulations of both OM and CR, with opti-
mal tracer radii r∗P ∼ 0.4, 0.3 µm respectively (Fig. 3a)).
Moreover, whereas these organisms can move particles
along for ∼ 5 body lengths, entrainments by the EC
model do not exceed ∼ 1.2 µm for any tracer size. The
super-linear growth of the average jump length on cell
size (Fig. 13c in Appendix D; see also [53]) strongly re-
stricts particle transport for micron-size organisms, and
is consistent with the lack of previous reports of strong
entrainment by bacteria [59–62].

Experiments with CR for a range of different tracer
sizes confirm the existence of a maximum in entrain-
ment length (Fig. 3b)), with diffusion-dominated tracer
trajectories below, and steric-interaction-limited paths
above, the optimal size r∗P ∼ 0.7 µm. These features
are observed in simulations also when considering trac-
ers that are initially located at random impact parame-
ters b within [0, rS], rather than directly in front of the
cell (Fig. 3b) inset). Altogether, the semi-quantitative
agreement on both the location of the maximum and
the values of jump lengths suggests that our outboard
model captures the essential physics behind the entrain-
ment mechanism.

V. OPTIMAL SIZE FOR CONTACT TIME

Results from experiments and simulations can be ra-
tionalised with an approach akin to Taylor’s dispersion
[63, 64]. Consider a Brownian particle advected in a lin-
ear shear flow over a straight solid surface that mimics
the swimmer’s cell wall, Fig. 4a). The flow velocity is
u = εUex, where the strain rate, U = 3vS/(2rSg(λ)),
derives from the velocity along a streamline given by
Eq. 3. A particle of radius rP is initially positioned at
(x = 0, ε = rP), disperses with thermal diffusivity D0

and is advected by the flow u(ε), but cannot cross the
line ε = rP. Without loss of generality, this is mapped
to an unbounded “image” system [65] where the particle
is initially located at (x = 0, y = 0), the modified flow
is v = (rP + |y|)Uex, and the tracer can diffuse every-
where (Fig. 4b)). Our first aim is to estimate the aver-
age time 〈T 〉 needed for the colloid to travel a distance
S = π(rS +rP) along the positive x-direction, imitating a
journey around the swimmer’s body. The motion of the
colloid is described by

ẋ(t) =
(
rP + |y|

)
U + ξx(t); ẏ(t) = ξy(t), (5)

where ξ is a Gaussian white noise satisfying 〈ξi〉 = 0 and
〈ξi(t)ξj(t′)〉 = 2D0δijδ(t− t′). Integrating and ensemble
averaging Eq. 5 (see Appendix D), leads to

〈x(t)〉 = rPUt+
4

3

√
D0

π
Ut3/2, (6)

and requiring that 〈x(〈T 〉)〉 = S, the mean contact time
〈T 〉 becomes the solution of the cubic equation

0 = c0 + c2〈T 〉+ c3〈T 〉3/2, (7)

c0 = −2πrS(rS + rP)g(λ)

3vSrP
; c2 = 1; c3 =

4

3rP

√
D0

π
. (8)
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FIG. 4. Schematics of the analytical model: a) A Brownian
particle is advected over a solid surface (green axis) in a linear
shear flow along the x-direction characterized by a strain rate
U . The tracer of radius rP, initially located at x = 0 and
ε = rP, is free to diffuse in any direction, but cannot cross
the line ε = rP due to steric interactions. b) This situation
is equivalent to a tracer free to diffuse through the surface
y = 0, but with a modified flow that is non-zero at the wall
and always positive. c) Parameters 〈ε〉 (black circles) and w
(red circles) obtained from the fitting procedure of PDF(L) for
the four tracer sizes probed with CR (Eq. 11). The analytical
estimates of these parameters (full lines) are in good semi-
quantitative agreement. In particular the minimum in 〈ε〉 is
captured at the right location.

This can be solved analytically using Cardano’s formula
(Eq. D22 Appendix D) and then converted into the av-
erage entrainment length 〈L〉 with Eq. 1. Figure 3a)
compares the results for CR, OM and EC (solid lines)
when employing the same parameters used in the sim-
ulations, and shows that this simple approach recovers
the correct qualitative non-monotonic behaviour of the
average entrainment length, as well as the position of
the entrainment maxima. The predicted magnitude of
the entrainment length deviates by a factor of ∼ 2 near
the maxima, due mostly to an overestimate of the av-
erage tangential speed experienced by the tracer (see
Fig. 13a and Appendix D4). For either decreasing D0 or
increasing vS, this simple estimate recovers the correct
deterministic limit, in which 〈L〉 becomes independent of
vS (Fig. 3c) dashed lines; see Appendix D2 and [53]).
However, as vS → 0 thermal noise becomes important,

and 〈L〉 ∼ v
1/3
S (Fig. 3c) solid line): slower organisms

should display shorter entrainment lengths because par-
ticles diffuse away before being displaced substantially.
Altogether, these results suggest already that Brownian
motion can have significant effects on the entrainment
efficiency.

A simple argument can also recover the optimal tracer
size r∗P and its dependence on the swimmer’s size and
speed. Fig. 3d) presents a map of r∗P, obtained by opti-
mising the contact time (Eq. 7) with varying rS and vS

but fixed λ = 4. On one hand, increasing swimmer speed
vS shifts r∗P to lower values, because faster advection lim-
its the importance of Brownian motion. On the other

hand, increasing swimmer size rS increases r∗P, because
the larger distance to travel around the cell enhances the
relative effect of diffusion. A simple estimate for the op-
timal particle size is found by comparing a characteristic
diffusion time τdiff ∼ r2

P/(2D0) and a characteristic ad-
vection time τadv ∼ 2πr2

S/(3vSrP) from Eq. 3. Defining

the entrainment Péclet number as Pe = 3vSr
4
P/(4πD̃0r

2
S),

where D̃0 = rPD0, the optimal tracer size corresponds to
Pe = 1, which yields

r∗P '
4

√
4πr2

SD̃0/3vS. (9)

Using experimental parameter values, this expression
predicts r∗P ∼ 0.8 µm for CR, which compares well with
the value ∼ 0.7 µm found experimentally; and recovers
the power laws describing the dependence of r∗P on rS and
vS observed in numerical solutions of Eq. 7 (Fig. 14 in
Appendix D).

Notice that in many natural situations both parties can
be active, and active motion of the small species could
affect the duration and optimality of the contact process
substantially. Considering as an example a system with
a large predator and a small motile prey, the velocity vP

and reorientation timescale τr of the latter lead to an
effective diffusion coefficients Dactive ∼ v2

Pτr, which can
easily be ∼ 100 times larger than D0 for typical bacteria
[66, 67]. The modified entrainment Péclet number can
be significantly smaller than the previous one, indicating
a possibly substantial decrease in contact time. There-
fore, even though prey motility increases encounter rates
with predators [68], it could nonetheless reduce the over-
all probability of being captured.

VI. THE CONTACT TIME DISTRIBUTION

The previous section provides a simple description of
the average motion of a colloidal particle, based on its ad-
vection along the swimmer’s body at an effective speed
that depends on the particle’s average distance from the
swimmer Eq. 5. This 1D parallel can in fact be pushed
further to describe the whole distribution of entrainment
lengths PDF(L) in Fig. 1e,f). In the spirit of G. I. Tay-
lor’s work on diffusion within a pipe [63], the 2D mo-
tion of the entrained colloids in Fig. 4a,b) (described by
Eq. 5) can be reduced to a 1D advection-diffusion pro-
cess with an effective velocity Veff and diffusivity Deff (see
Appendix E). For this system, the distribution of first ar-
rival times to a downstream boundary at a distance S is
well known, and can then be translated with Eq. 1 into
the entrainment length distribution:

PDF(L) =
S√

4πDeff

vS
L3

exp


−

vS

(
S − Veff

vS
L
)2

4DeffL


. (10)

This functional form provides an excellent fit to all the
experimental distributions recorded (see Fig. 1f) and Fig.
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FIG. 5. Contact time fluctuations can affect the probability of a successful entrainment interaction. a) Map of the relative

width
√

var(T )/〈T 〉 of the contact time distribution as a function of tracer size rP and swimming speed vS: Slow swimmers and
small tracers show larger relative fluctuations in contact time. The solid line is the optimal tracer size for a given swimming
velocity, Eq. D20. b) and c) Success probabilities of cell-object interactions for three different particle sizes (rP = 0.1µm - pink
curve; rP = 0.7µm - blue curve; rP = 1.6µm - green curve) in two simple cases; In b) the interaction requires a finite time Ti to
happen, and in c) the interaction is described by a constant rate of success Ω per unit time. In the first case, fluctuations are
important in setting the relative probabilities of success, while in the latter case the average contact time 〈T 〉 (vertical dashed
lines) mainly determines the chances of successful interaction.

15a,b) in Appendix E), confirming that the main entrain-
ment behaviour can indeed be studied within this sim-
plified framework. Simple analytical estimates for Veff

and Deff can then be found by approximating the 2D
advection-diffusion process as being confined within a
uniformly sheared region of appropriate thickness (Ap-
pendix E):

Veff = U〈ε〉; Deff = D0

(
1 +

U2w4

120D2
0

)
, (11)

where 〈ε〉 = rP +
√

4D0〈T 〉/π and w = (〈ε〉 −
rP)(1+

√
π/2− 1) are the average position and estimated

spread of the particle distribution above the swimmer’s
surface at time 〈T 〉. The comparison between the fitted
and calculated values of 〈ε〉 and w for the different tracer
sizes probed with CR in Fig. 4c) shows that this sim-
ple description captures well the qualitative dependence
of the experimental entrainment length distributions on
tracer size; and provides an accurate prediction for r∗P,
which corresponds to the minimum of 〈ε〉. At the same
time, Fig. 4c) shows that the parameter 〈ε〉 appears to
be globally underestimated by ∼ 1µm. This is likely the
result of the approximations involved in the derivation
of Eq. 11 rather than a consequence of factors like elec-
trostatic interactions (the Debye screening length in the
algal media is easily estimated to be always <∼ 5 nm).

An experimentally validated model of the entrainment
process allows us to rationalise experimental features
of the measured distributions, and explore qualitatively
their dependence on system parameters in lieu of labour-
intensive experiments. On one hand, it is easy to see that
the part of the distribution in Eq. 10 past the maximum
can indeed be described well by a single exponential de-

cay if the parameters provide a sufficiently large value of
the effective Péclet number Peeff = SVeff/Deff. This is
what we observe in Fig. 1e,f).

The same quantity also controls the effect of fluc-
tuations, represented by the relative spread of the
distribution of entrainment lengths,

√
Var(L)/〈L〉 ∼

(1/Peeff)1/2. This implies that slower cells will feature a
wider distribution of entrainment lengths, and therefore
contact time, as the effective diffusion plays a relatively
larger role than in fast-moving cells (see Fig. 5a)). Sim-
ilarly, small tracers feature larger deviation relative to
their average contact time due to the dominant effect of
the effective diffusion.

In turn, these fluctuations can have some effect on the
likelihood of interactions that take place during entrain-
ment. From the contact time distribution we can analyt-
ically extract the probability of success for a given cell-
object interaction in two simple illustrating examples: i)
the case where the interaction requires a minimum time
of contact Ti and ii) the case of a constant success rate
Ω per unit time. In the first case, the success probability
(SP) is given by

SP(Ti) = Prob(T > Ti) (12)

=
1

2

[
1 + erf

(
S − TiVeff

2
√
DeffTi

)

− e
SVeff
Deff erfc

(
S + TiVeff

2
√
DeffTi

)]
, (13)

which is shown Fig. 5b) for three different tracer sizes us-
ing the experimental CR parameters. For large particles
the contact time does not deviate much from its average
value (Peeff � 1), and the SP follows a switch-like depen-
dence on the interaction time Ti (green curve), where the
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switching time is the average contact time 〈T 〉 (dashed
lines). However, as the particle size decreases below the
optimal size (i.e. rP < r∗P), the fluctuations enhance the
chance of success for slow interactions (i.e. Ti > 〈T 〉),
and small particles (red curve) can be more successful
than those with the largest average contact time (blue
curve) at slow interactions, but at the cost of reduced
success for faster interactions. In the second case, the
success probability is

SP(Ω) =

∫ ∞

0

(
1− e−ΩT

)
PDF(T )dT (14)

= 1− exp

(
S(Veff −

√
V 2

eff + 4DeffΩ)

2Deff

)
, (15)

shown in Fig. 5c) for the same tracer sizes. Here we
observe that fluctuations do not play a significant role.
Regardless of the rate of success Ω, the chance of success
will always be optimal for the tracer with the largest
average contact time (Eq. 7). Despite their simplicity,
these examples already portray the interesting role that
the noisy entrainment process can play in different types
of natural interactions.

VII. CONCLUSION

Swimming microorganisms vary greatly both in body
size and in the details of their propulsion, from the num-
ber and arrangement of flagella to their gaits. Yet, de-
spite this variability, our results show that particle en-
trainment is a remarkably universal mechanism. Com-
bining experiments with numerical simulations, we see
that pullers and pushers entrain particles with similar
efficiency. We see no evidence for either “wake bubble”
effects [56], or entrainment due to a stagnation point in
front of the cell [55, 57]. Instead, our results suggest
that entrainment is a consequence of an organism’s no-
slip surface, a characteristic shared by the three species
we study here. This feature, recently suggested also in
[53], is consistent with the lack of entrainment in nu-
merical studies involving squirmers, which instead pro-
pel with a surface slip velocity [56, 57]. Accordingly, we
predict that ciliates like Paramecium and multicellular
algae like Volvox will not substantially entrain micron-
sized objects, since they swim by an effective surface slip
generated by thousands of cilia and flagella. Studies of
V. carteri swimming through a colloidal suspension sup-
port this hypothesis (see supplementary movie from [3]).
Comparing different species, we also see that the flagellar
arrangement has a quantitative effect on particle entrain-
ment. Front-mounted flagella decrease the average con-
tact time T but increase the interaction range, and are
therefore likely to increase the frequency of entrainments.

The outboard model proves to be in fair qualitative
and quantitative agreement with our experimental re-
sults. It provides directly comparable tracer dynamics
and, crucially, it reproduces successfully the shape of the

entrainment length distribution. This strongly suggests
that the model captures correctly the essential physics,
with further support provided by the maximum in the
entrainment length over particle size observed in both ex-
periments and simulations. These results can in fact be
accurately described by a simple Taylor-dispersion the-
ory, which provides the correct functional form for the
entrainment distribution with parameters that can be es-
timated semi-quantitatively through simple approxima-
tions. The theory, which is based exclusively on Brow-
nian diffusion within the high-shear layer close to the
swimmer’s surface, provides an intuitive justification for
the existence of an optimal particle size for entrainment,
r∗P, set by the balance between diffusive and advective
timescales.

Size-dependent contact times might affect predation
by microorganisms. Experimental studies of microbial
grazing indicate that this is indeed a selective process
[69]. For example, Oxyrrhis marina feeds on prey ranging
from bacteria to cells as large as itself [36, 70], but seems
to have an optimal prey size [36, 37, 71, 72], in agree-
ment with our hydrodynamic arguments. Phagotrophic
selectivity is complex, and surprisingly common even
amongst microbial species historically considered exclu-
sive autotrophs (e.g. some green microalgae [42]). It cer-
tainly depends on many factors including chemical cues
and cell surface properties. However, the physics leading
to the non-monotonic size-dependence of contact time is
inescapable, and therefore needs to be taken into account.
A non-monotonic dependence on tracer size has also been
reported for the effective diffusion of colloidal particles
suspended within an E. coli culture [73]. These experi-
ments, which focus on particles larger than the microor-
ganisms, show that potentially new mechanisms could be
at play in that size range.

To conclude, we have seen that particle entrainment
is a generic feature of the interaction between microor-
ganisms and small particles, and have characterised the
physics behind it. A complete picture of these interac-
tions, however, will require to integrate our results not
only with those from intermediate and far-field studies
[52, 74], but also with a thorough characterisation of the
navigational strategy of the microorganism [75]. This
will enable more accurate bottom-up models of micro-
bial grazing, which can be used to predict feeding or
clearance rates by phagotrophs [30], and potential trade-
offs between feeding and swimming [25, 38, 76]. At the
same time, prolonged contact also underpins the success-
ful binding of viruses and other parasites to cells [32]. By
showing that the contact time with motile microorgan-
isms is limited, <∼ 3 s for reasonable swimmer sizes and
speeds, we suggest that motility can potentially affect
infection rates [33] and thus provide a fitness advantage.
This should be true in particular for ciliates, which dis-
play an effective surface slip and therefore a faster clear-
ance of particles. Targeted experiments and modelling
efforts in this area will improve our mechanistic under-
standing of early infection events in microorganisms.
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From a micro-engineering perspective, our model
shows that entrainment lengths become millimetric or
even larger for micrometric tracers when considering
swimmers or active particles with radius rS >∼ 50 µm.
When combined with externally triggered reorientation
events, this purely hydrodynamic phenomenon could en-
able cargo transport by self-propelled colloids without
requiring any surface functionalisation.
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Appendix A: Experimental methods

1. Introduction to the microorganisms

We have considered 3 different species of flagellated eu-
karyotic unicellular microorganisms presenting different
features of swimming but having roughly the same body-
size: Chlamydomonas reinhardtii (CR), Tetraselmis sub-
cordiforms (TS) and Oxyrrhis marina (OM). CR and TS
are both green algae with a very similar prolate body
shape but differing in the number of flagella in front of
their body: 2 for CR and 4 for TS. CR uses most of
the time a breaststroke way of swimming [77], while TS
flagella beat successively in a transverse gallop fashion
[78]. They are puller-like microorganisms [4, 79, 80].
The length and width of their body are respectively
〈l(CR)〉 = 10.1 ± 1.7µm and 〈w(CR)〉 = 8.0 ± 1.7µm for
CR, 〈l(TS)〉 = 13.7 ± 1.9µm and 〈w(TS)〉 = 8.4 ± 1.0µm
for TS. In the (confined) microfluidic channels (thick-
ness h = 25.8 ± 0.1µm) used for the experiments, the
average speed of these microorganisms were: 〈v(CR)〉 =
49.1± 2.5µm.s−1 and 〈v(TS)〉 = 116± 6µm.s−1. OM is a
dinoflagellate widely distributed across the seas (except
the polar areas). During the past twenty years it has be-
come a model organism for studying predator-prey inter-
actions at the micro-scale. It also has a prolate shape but
is bigger and more asymmetric than CR and TS. We mea-
sured an average length 〈l(OM)〉 = 22.9±3.4µm, an aver-
age width 〈w(OM)〉 = 16.6± 1.8µm and an average speed
(in a 29µm-thick channel) 〈v(OM)〉 = 119 ± 10µm.s−1.
This microorganism has 2 flagella at the back of its body
a long and a short one. The long one is used to propel
while the short transverse one is used to turn and appears
to be a tool to catch and recognize preys. We chose this
microorganism as a representative of eukaryotic pusher-
type swimmers [81].
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FIG. 6. (a) PDF of impact parameter b prior a jump with CR
for all tracer sizes explored. All curves present a bump above
b̃ ≈ 1 showing the effect of flagella bringing the tracers toward
the body of the cell. Color code: blue rP = 0.25µm, grey
rP = 0.5µm, orange rP = 1.0µm, purple rP = 1.5µm. Inset:
Same as main curve in semi-log plot to emphasize the bumps.
(b) Entrainment length averaged over impact parameters b
larger than a given value a showing the effect of flagella for
both TS and CR. Same color code as in main text.

2. Cultures of the microrganisms

Cultures of CR strain CC125 were grown axenically in
a Tris-Acetate-Phosphate medium at 21◦C under peri-
odic fluorescent illumination (100µE/m2s, OSRAM Flu-
ora) with a dark/light cycle of 12h/12h. This is done to
synchronize the cell cycles among the population. Cul-
tures were kept in the exponential phase (concentration
of ∼ 5.106 cells/ml) by transferring daily the algae into a
new flask of fresh-medium.

Cultures of TS strain CCAP 161/1A were grown axeni-
cally in a Seawater Nutrient Broth medium at 21◦ C un-
der fluorescent illumination (100µE/m2s, OSRAM Flu-
ora). Cultures were kept at a concentration of ∼ 106
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cells/ml by transferring biweekly the algae into a new
flask of fresh-medium (growth rate ∼ 1.4 cells/day).

Cultures of OM strain CCAP 1133/5 were grown
monoxenically in a f/2 medium at 21◦C together with
the small alga Nannochloropsis oculata (CCAP 849/1)
serving as food. Fresh medium and algae were supplied
to the culture every ∼ 1− 2 months.

When performing the experiments, cultures were har-
vested in the exponential phase (∼ 106 cells/ml for CR
and TS, ∼ 105 cells/ml for OM).

3. Experimental setup

After gently centrifuging the suspension of a given
organism, the supernatant was replaced by the appro-
priate fresh medium also containing a small fraction of
colloids (Polysciences, catalog no. 19819-1) of the re-
quired radius (rP = 0.50 ± 0.01µm for TS and OM,
0.26 ± 0.005 ≤ rP ≤ 1.55 ± 0.03µm for CR) at a con-
centration <∼ 10−4% solids. These polystyrene particles
present carboxyl groups on their surface which contribute
to prevent adhesion to the microorganisms. The suspen-
sion was then loaded into a PDMS based microfluidic chip
having a visualisation chamber 2 mm wide and ∼ 26µm
(for CR and TS) or ∼ 29µm thick (for OM). Given the
size of the organisms and the thickness of the chambers,
there was enough room for the particles to travel over
or beneath the swimmers around their bodies, making
the entrainment mechanism fully 3D. This justifies the
3D numerical approach as the near-field flows are not
expected to be influenced by the presence of confining
walls. Because the colloidal suspension was very diluted
and the depth of focus thick enough, we were still able to
track the colloids before and after entrainment and ex-
tract accurately the entrainment lengths. The channels
were previously passivated with 0.15%w/w BSA solution
in water. The inlets of the chips were sealed with Vaseline
to prevent evaporation.

The systems were recorded at 25 fps using a Pike cam-
era (F-100B, AVT) under phase contrast illumination on
a Nikon TE2000-U inverted microscope. A long-pass fil-
ter (cutoff wavelength 765 nm) was added to the optical
path to prevent phototactic response of CR and TS. The
magnification was set according to the size of colloids:
30× for tracer radii of 0.5 and 1 µm, 40× for 0.25µm
tracers and 20× for 1.5µm tracers. We limited the ex-
perimental investigation of the influence of tracer sizes
on the entrainment to this size range because: i) visu-
alisation of tracers smaller than ∼ 0.2µm requires fluo-
rescence, which influences the behaviour of the algae; ii)
tracers larger than >∼ 2µm influence the motion of the mi-
croorganisms, probably due to mechanosensation. This
is an interesting range to explore but outside the scope
of the present study. Despite these constraints, the data
in both Fig. 3b and 4c display clearly the non-monotonic
dependence of entrainment on particle size, with an op-
timum at a radius comparable to the predictions of both

outboard model and the theoretical model.
Organisms and colloids trajectories were then

digitised using a standard Matlab particle track-
ing algorithm (The code can be downloaded at
http://people.umass.edu/kilfoil/downloads.html). Indi-
vidual jumps were extracted from the trajectories with
the same procedure as our previous work [55], which
was complemented by a visual inspection of every sin-
gle events in order to filter out non-entrainment pertur-
bations. This extra step was not present in [55]. For
the experiments with CR, we have extracted the follow-
ing number of jump events for each particle size: 388 for
rP = 1.5µm, 303 for rP = 1µm, 311 for rP = 0.5µm and
135 for rP = 0.25µm.

Appendix B: On the effect of flagella

To quantify the role of the flagella on the entrainment
process, we first consider the impact parameter b preced-
ing the entrainment. It has to be noted here that in the
experiments we can only measure the projected impact
parameter on the focal plane due to the lack of vertical
resolution for both the swimmers and the colloids. How-
ever, as will be clear in what follows, this measurement
allows to extract insightful information. The PDF of
impact parameters b of organism-tracer encounters con-
ditioned to the fact that the beads will be entrained
PDF(b | jump) is shown Fig. 1g-main text for the three
organisms after rescaling by the half-width of the organ-
isms w(S)/2 (see Fig. 1h-main text for a semi-log plot).
These PDFs are similar for the three swimmers and can
be well fitted by exponential distributions. However, the
characteristic decay b̃(S) = 2b(S)/w(S) obtained for TS is

larger than that of CR and OM: b̃(TS) = 1.0 ± 0.3 while
b̃(CR) = 0.30±0.05 and b̃(OM) = 0.70±0.25, showing that
TS can entrain particles even when those are relatively
far away from the swimming path. We interpret this re-
sults as a consequence of the transverse gallop beating
pattern of the four flagella of TS, increasing the prob-
ability of the beads being brought by these appendages
towards the body, whatever the impact parameter, small
or large. This is not true for OM and CR for which we
observe more peaked distributions around b̃ = 0, show-
ing that particles are much more likely to be entrained
if close to the swimming path. However, the distribution
for CR presents a clearly visible bump above b̃ ∼ 1, also
observed with other tracer sizes, Fig. 6a. This increase
in the probability of entrainment at larger b̃ is also ex-
plained by the presence of flagella that bring the beads
towards the no-slip layer of the cell. This effect is much
less important for CR because it only has two flagella.

Finally, we expect the entrainment length to decrease
with impact parameter, because the larger the impact
parameter b the larger the parameter ε0 (Fig. 1b-main
text) and consequently the further from the no-slip sur-
face the bead will travel. To probe for this effect, we
plot in Fig. 6b the entrainment length 〈L〉b≥a: the av-
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FIG. 7. Diagram of the model Chlamydomonas swimmer.
The cell body is a sphere of radius rS (in green) that moves
along the x axis with velocity vS(φ), and the flagella are repre-
sented by two point forces (red arrows) that follow a loop-like
trajectory xF(φ) around the cell body during the beat cycle
(sketched in faint green for φ = 0, π/2, π).

erage displacement for impact parameters b ≥ a vs. a.
This reduces considerably the noise compared to simply
looking at the average length at any given impact pa-
rameter. This quantity depends very weakly on a for
the quadriflagellate TS, showing that the entrainment
length is a weak function of impact parameters. Again
this is due to the flagella bringing the beads towards
the no-slip surface but in an unpredictable manner: the
beads reach the no-slip surface at random polar angles
θ (Fig. 1b-main text) whatever the impact parameter b.
For the biflagellate CR, we observe an interesting behav-
ior where this quantity first decreases substantially up
to a ∼ 3 − 4 µm ∼ w(CR)/2 while above the curve flat-
tens. At small impact parameters the flagella do not play
a role and the beads arrive at the surface of the cell in
a more predictable way following relatively well defined
pathlines. However at larger impact parameters, the flag-
ella have an effect akin to TS and render the entrainment
length more uniform. For the pusher OM we seem to ob-
serve a decreasing curve with a constant slope, consistent
with our interpretation of the role of the flagella with
CR and TS. However the more unfrequent entrainment
events for this organism limit substantially the statistics.

Appendix C: Outboard model for entrainment

Here we present the ‘outboard propulsion’ model to
evaluate the flow fields generated by a micro-swimmer,
which we use later to perform simulations with tracer
particles. This name implies that all propulsion forces
are transmitted to the liquid from outside the cell body,
as opposed to be generated at the swimmer surface. For
example, the helical flagellum of a bacterium bears re-
semblance to an outboard motor, while CR takes after a
rowing boat. To capture the near-field flows of an organ-
ism, we use a finite-sized spherical body (radius rS) with

a no-slip boundary condition at its surface. Propulsion
is achieved by a set of regularised Stokeslets outside the
body, whose flow satisfies the no-slip condition on the cell
body. The number, arrangement and motion of the driv-
ing forces is species specific. Instantaneous swimming
speed and rotation derive from the requirement of zero
net force and torque. This model will be used to simulate
an actively beating CR, a steady OM, and a steady E.
coli (EC) bacterium for comparison.

Our approach is inspired by previous work [30, 82–84],
and is similar to the one developed at the same time
by Mueller and Thiffeault [53], who implemented a two
time-dependent point-force model with a finite-sized no-
slip body to simulate Chlamydomonas cells.

1. Model for Chlamydomonas

We first consider CR with a body that satisfies the
no-slip boundary condition at its surface, and two beat-
ing flagella (see Fig. 7). The cell body is modelled as
a solid sphere of radius rS that is located at position
xS(t) = (xS, 0, 0) at time t and oriented in the x direction,
in Cartesian coordinates. The flagella are represented by
two point forces (Stokeslets) that move along the trajec-
tories xF1(φ) and xF2(φ) in the (x, y) plane, where both
flagella exert an equal force fF(φ). Here, yF1 = −yF2 and
the swimming stroke is parametrised by the beat cycle
angle φ ∈ [0, 2π] with a stroke frequency of 53Hz. We as-
sume that CR that does not rotate about the x axis, so
that fF is purely along the x direction. This assumption
can be relaxed straightforwardly.

The swimmer moves with a velocity vS(φ) along the x
axis, where the velocity is taken from the measurements
in Ref. [4, Fig. 4b], but reduced by a factor of 0.7 to ac-
count for the confinement in our experiments. Note that
the swimmer velocity oscillates throughout the stroke pe-
riod, where the speed averaged over a swimming stroke
is 〈vS〉 ≈ 84 µm.s−1. The distance progressed per stroke
is dS ≈ 2.25 µm with a forward : backward motion ratio
≈ 3 : 0.8.

The flow field of the simulated microswimmer is the
superposition of the flow from the spherical cell body,
uB, and that from the two flagella, uF1,2. The former is
obtained from the well known solution to a no-slip sphere
dragged at speed vS through a viscous fluid, which in the
co-moving frame is:

uB(r, φ) =
vS

r

(
3rS
4

+
r3
S

4r2

)

+
(vS · r)r

r2

(
3rS
4r
− 3r3

S

4r3

)
, (C1)

where r = x − xS and r = |r|. Unless otherwise men-
tioned, we will use rS = 3.5 µm for CR throughout this
work.

The flagella are modelled as point forces, which in
presence of the no-slip spherical body generate the flow
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FIG. 8. Flow fields generated by the model Chlamydomonas , in the (x, y) plane and in the lab frame, at six different times
during the swimming stroke cycle (10φ/2π = 1, 2, 3, 4, 5, 8). The swimmer body (black disc) is oriented in the x direction, and
insets show sketches of the flagellar shape at each instance. The velocity directions are shown by streamlines (black arrows)
and the magnitude by colours, ranging from 10−1 µm.s−1 (blue) to 104 µm.s−1 (red) on a logarithmic scale. The analytically
approximated position (Eq. C6) of the stagnation point on the x axis is indicated with a red point.

uF1,2 = G∗ · fF1,2/8πη. Here G∗(xF1,2) is the Green’s
function for the no-slip sphere system (see [85]). The
flagellar force fF is then related to the swimmer velocity
vS through the requirement of zero net force on the sys-
tem. This can be imposed by subtracting from the total
flagellar force the net force exerted by it on the body

fF,B =

∮

S

σ
F
· dS, (C2)

σ
F

= −pFI + η(∇uF + (∇uF)T ), (C3)

where the integral runs over the surface of the microor-
ganism, and σ

F
is the stress tensor of the flagellar flow

field. As a result, the net force exerted by the flagellum
on the fluid becomes fF,L = βfF, with

β = 1 +
r3
S(2%2

x − %2
y)− 3rS%

2(2%2
x + %2

y)

4%5
, (C4)

depending on the relative position between the flagella
and the body, xF−xS = (%x, %y, 0), and the distance |xF−
xS| = %. Balancing the flagellar and body forces on the
fluid one obtains the relation between the instantaneous
swimming velocity and the instantaneous flagellar force:

fF

8πη
= − 1

β

3rSvS

8
. (C5)

Note that during the simulations of tracer particles
near the model swimmer, the singularities of the exter-
nal Stokeslets are regularised by capping the tracer’s ad-
vection speed to the organism’s speed. We have tested

simulations with different cut-off values and cut-off de-
scriptions, but we observe these lead to very similar re-
sults, because the amount of time a tracer spends close
to the Stokeslets is short. We do not intend to cap-
ture flagellar interactions with great accuracy in these
simulations, but we aim to have a good description of
the no-slip layer flows close to the body, ensuring the
overall flow is force-free. The swimmer-generated flow
field, uS = uB + uF, is obtained by combining Eqs. C1–
C5 for a prescribed flagellar trajectory xF1. For CR we
use a loop-like trajectory next to and mostly in front of
the cell (Fig. 7), which is far from the body during the
power stroke (0 ≤ φ ≤ π) and close to the body during
the recovery stroke (π ≤ φ ≤ 2π). The resulting flow
field is shown in Fig. 8 (time-resolved) and Fig. 9 (time-
averaged); and in Supplementary Videos 7 and 8 in the
lab frame and rest frame, respectively. These flows com-
pare well with experimental measurements (see [4, Fig.
3] and [3, Fig. 3a]). They display a characteristic fluctu-
ation, within a beat, between contractile (power stroke)
and extensile (recovery stroke) behaviour, with a stagna-
tion point at position (x0, 0, 0) which, in the limit rS → 0,
satisfies

%2
y + 2(x0 − %x)2

(
%2
y + (x0 − %x)2

)3/2 −
2

x0
= 0. (C6)

By solving this expression numerically, we superimpose
the solution for x0 as a red point in Fig. 8 and Video 1
throughout the beat cycle.



12

-�� -�� � �� ��
�

��

��

� [μ�]

�
[μ
�
]

-�� -�� � �� ��
�

��

��

� [μ�]

�
[μ
�
]

-�� -�� � �� ��
�

��

��

� [μ�]

ρ
[μ
�
]

(a) (b) (c)

-���

-���

�

���

���

���

���

FIG. 9. Flow fields generated by the model Chlamydomonas in the lab frame, time-averaged over one beat cycle. (a) is the
z = 0 cross section in which the flagella move, (b) is the y = 0 cross section perpendicular to the flagellar plane, and (c) shows
the time- and azimuthally-averaged flow. The swimmer body (black disc) is oriented in the x direction. The velocity directions
in each plane are shown by streamlines (black arrows) and the magnitude by colours, ranging from 10−1 µm.s−1 (blue) to
102 µm.s−1 (red) on a logarithmic scale.

(a) (b) (c)

-���

-���

�

���

���

���

���

-�

-�

-�

�

�

�

�

FIG. 10. Flow fields generated by the model E. coli bacterium, time-averaged over one helix rotation. The swimmer body
is oriented in the x direction, moving with vS = 25 µm.s−1 and rotating with ΩS = 10/s. (a) Stream lines of the radial and
tangential flows in the (x, y) plane at z = 0, in the laboratory frame. Colours portray the flow’s magnitude on a logarithmic
scale, ranging from 10−1 µm.s−1 (blue) to 102 µm.s−1 (red). (b) Same, in the co-moving frame. Notice the flow vanishes at
the cell surface, satisfying the no-slip boundary condition. (c) Azimuthal flows due to the head-tail counter rotation. Colours
give the magnitude of the flow’s z component, on a linear scale, into the board (blue) and out of the board (red).

2. Model for E. coli

To model the time-averaged flow of the bacterium E.
coli (EC), which is propelled by a rotating and left-
handed helical flagellum of length ∼ 6 µm, we consider
a body radius rS = 0.5 µm, and represent the flagellum
withN steady Stokeslets located at xFi = (−iλ+xS, 0, 0),
where i ∈ [1, . . . N ], λ > rS. The body moves with a
constant swimming speed vS = 25 µm.s−1 along the x
axis. The body rotates with a constant angular velocity
ΩS = 10Hz, balanced by the flagellar counter rotation
represented here by four rotlets at the same positions
xFi. The Stokeslet and rotlet intensities, fF and τ F are
assumed to be the same across the N point forces and
torques, and are chosen to guarantee a system with zero
net force and torque. The Stokeslet is selected following
the reasoning of the previous section, leading to

fF

8πη
= −

(
N∑

i=1

β(i)

)−1

3rSvS

4
, (C7)

where

β(i) = 1 +
3rS(iλ)2 − r3

S

2(iλ)3
. (C8)

To fix the rotlet τ F, start from the rotational flow due to
the body [86]:

uR(r) =
r3
S

r3
ΩS × r, (C9)

where ΩS = (ΩS, 0, 0). The full flagellar flow is given by

uFi = G∗ · fF

8πη
+ T ∗ · τ F

8πη
, T ∗ =

1

2
∇×G∗. (C10)

The torque exerted by the i-th rotlet on the fluid is τ
(i)
F,L =

γ(i)τ F, where

γ(i) = 1 +
r3
S

(iλ)3
. (C11)

Balancing the total torque on the fluid from the body
and the rotlets, τ F is found to be

τ F

8πη
= −

(
N∑

i=1

γ(i)

)−1

r3
SΩS. (C12)
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This fixes the representation Eq. C10 of the flow due to
the i-th component of the discrete flagellum. Together
with the translation Eq. C1 and rotation Eq. C9 of the
body, this completes the model for EC. Fig. 10 shows the
flow for the model of an E. coli bacterium, with N = 4
flagellar Stokeslets and position λ = 1.5 µm.

3. Model for Oxyrrhis marina

Lastly, we focus on the organism Oxyrrhis marina
(OM), which is a dinoflagellate that propels by beating
its posterior flagellum like a sperm cell. For simplicity, we
use a time-averaged model with body radius rS = 9 µm,
and the flagellum of length 48 µm is represented by four
steady Stokeslets located at xF1 = (−iλ+xS, 0, 0), where
i ∈ [1, 2, 3, 4], λ = 12 µm, and the body moves with con-
stant swimming speed vS = 100 µm.s−1 along the x axis.

4. Simulating the outboard model

Once the flow fields uS(x, t) are known, we can simu-
late the dynamics of tracer particles under the assump-
tion of straight swimming by the microorganism. This
approach is in the spirit of recent work by Shum and
Yeomans [54].

For each tracer size, rP = 10−2+3(i−1)/(8−1) µm for CR
and OM and rP = 10−2+2(i−1)/(8−1) µm for EC, where
i = 1, 2, ..., 7, simulations are performed with an ensem-
ble of N = 103 particles that do not interact with each
other. Tracers are advected by the swimmer-generated
velocity field with a velocity given by the Faxén relation,

v(x, t) =

(
1 +

1

6
r2
P∇2

)
uS(x, t). (C13)

Particles experience steric interactions with the swim-
mer through a hard-core repulsion. We tried various pre-
scriptions of the repulsion potential, including the Weeks-
Chandler-Anderson potential (∼ r−12 for small r, with
a cut-off radius rc � rP) as well as a softer potential
(∼ r−6). To save computation time, it is also possible to
set V = 0 and if the particle overlaps with the swimmer
after a timestep, r < rS + rP in the co-moving frame,
renormalise the distance to r = rS + rP but keep the new
polar angle θ. Supplementary Videos 9,10 (laboratory
and co-moving frames respectively) [58], show the trac-
ers advected by the outboard CR in the deterministic
regime.

Brownian motion is simulated with a standard Gaus-
sian white noise ξ, with a diffusion constant given by the
Stokes-Einstein relation D0(rP) = kBT/6πηrP, where kB
is the Boltzmann constant, T is the temperature (not to
be confused with the contact time T ), and η is the fluid
viscosity.

r
θ

(θ)
dθ

ds

ε0

ρ∞

FIG. 11. Streamlines of flow fields generated by a micro-
swimmer, in its rest frame. The organism is oriented along
the positive x axis, moves with speed vS = 25 µm.s−1, has a
body of radius rS = 1 µm located at the origin [green sphere],
and its flagella are represented by a Stokeslet located at λ =
2.5 µm and pointing in the negative x direction. Panel (a)
shows the flow contribution uB from the swimmer body and
panel (b) shows the flow uF due to the flagella [green arrow].
The dashed black lines are approximate stream lines from
Eq. D2.

Appendix D: Contact time theory

This section develops a simple estimate for the con-
tact time between a tracer particle of radius rP and a
simplified ‘outboard’ swimmer. This section will then be
complemented by a description of the full distribution of
entrainment times in Appendix E. The swimmer is here
simplified to a spherical body of radius rS and a single
flagellum represented by one external Stokeslet oriented
along the negative x direction and located at a position
x = ±λrS with respect to the body centre (λ > 0; + for a
puller; − for a pusher). The force- and torque-free swim-
mer moves with a constant velocity vS along the positive
x axis, and we examine the motion of a tracer in the
frame co-moving with the swimmer.

1. Flow close to the swimmer’s body

The swimmer-generated flow field is the sum of the
body and flagellar flows: uB, and uF (see Appendix C 1).
The body flow, Eq. C1, can be obtained from the stream
function

ψB(r, θ) = −vS

2

(
r2 +

r3
S

2r
− 3rSr

2

)
sin2 θ. (D1)

This provides the streamlines for a given impact param-
eter b:

rSL(θ) = rS +

√
2

3

b

sin θ
+O

(
b

rS

)2

, (D2)
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FIG. 12. Magnitude of the tangential flow along the body
of a micro-swimmer, defined the same as in the caption of
Fig. 11, at the equator θ = π/2 as a function of the distance
from the body ε. The components due to the body and flagella
are shown with red lines and blue lines, respectively. Dashed
lines are the linear approximations given by Eqs. D3–D4.

where the closest distance of approach is given by ε0 =
b
√

2/3 = rSL(π/2) − rS at the polar angle θ = π/2; as
well as the flow field

uB

θ (r, θ) =
3εvS

2rS
sin θ +O

(
ε2
)
, (D3)

where ε = r − rS. Figures 11,12 show that both expres-
sions are valid close to the swimmer’s body. Note that
this is a pusher-type swimmer, but the same derivation
holds for pullers. Moreover, Fig. 11b) shows that the
functional shape in Eq. D2 is also a good estimate for
the flagellar streamlines close to the swimmer body. The
flagellar flow can be expanded in this region as

uF

θ =
9λ3(1 + λ)2

2(1 + 2λ)(1 + λ2)5/2

εvS

rS
sin θ +O

(
ε2
)
. (D4)

The flow field approximations Eq. D3,D4 are shown in
Fig. 12 with dashed lines, compared to the exact flows
with solid lines, at the swimmer’s equator θ = π/2. Note
that both approximate flows satisfy the no-slip boundary
condition, and grow linearly with ε close to the body. For
λ ∼ rS, uF

θ is of the same order of magnitude than uB

θ ,
whereas in the limit λ→∞, uF

θ ∼ 1/λ and we recover the
body flow as that generated by a sphere dragged through
the liquid. Overall, the total tangential flow near the
body in the co-moving frame can be written as

uθ(r, θ) = uB

θ + uF

θ (D5)

=
3vSε

2rSg(λ)
sin θ +O

(
ε2
)
, (D6)

g(λ) =

(
1 +

3λ3(1 + λ)2

(1 + 2λ)(1 + λ2)5/2

)−1

. (D7)

For a more general flagellar orientation and position we
still expect a similar functional form but with a more
complex function g(rf) = (1 + g̃)−1 < 1, because the

flagella always act to push or pull the liquid past the
swimmer body faster, averaged over a swimming stroke.

2. Contact time without noise

Our experiments show that a particle is entrained fur-
ther by an organism if it spends more time near its cell
wall, in the ‘no-slip layer’. We compute the time taken
for a particle to be advected along a stream line (Eq. D2)
close to the swimmer

T ≈
∫

SL

ds

uθ
=

∫ π

0

ds

dθ

1

uθ[rSL(θ), θ]
dθ, (D8)

where ds is the arclength differential along the stream line
parameterised by the angle θ ∈ [0, π]. Inserting Eq. D2
into D6, we find that the tangential flow along a stream-
line is constant to first order: For a given impact param-
eter b we have

uθ[rSL(b)] =
3vSε0
2rS

1

g(λ)
+O

(
ε20
)
, (D9)

where ε0 = b
√

2/3 is the closest distance of approach.
Therefore, taking the stream line length as the distance
that a particle must travel around the swimmer, S =∫
SL
ds = π(rS + rP) for small impact parameters, yields

the contact time

T =
2πrS(rS + rP)

3vSε0
g(λ) (D10)

=

√
2/3πrS(rS + rP)

vSb
g(λ). (D11)

Note that in the limit of point-like tracer particles, rP →
0, we recover the result by Mueller and Thiffeault [53]:
the entrainment length L = vST = Cr2

S/b, where the

constant C =
√

2/3π ∼ 2.565 for a bare no-slip sphere,
as λ → ∞ such that g(λ) → 1, and C < 2 for typi-
cal swimmers. A particular feature of interest here are
that the contact time, and hence the entrainment length,
increases quadratically with the swimmer size rS. This
implies there is a large difference between E. coli bacteria
and Chlamydomonas algae.

Finite-sized particles do not have access to the stream
lines very close to the swimmer body. Therefore, if the
impact parameter is so small that 0 < ε0 < rP, these
particles collide with the front of the swimmer body. Lu-
brication forces and steric interactions expel them, so
that they cross stream lines. Hence, in the co-moving
frame, they approximately move along a circular trajec-
tory around the body when 0 < θ < π/2 and into the
orbit of closest approach, the streamline with ε0 = rP, at
θ = π/2. As a result, the average contact time is reduced
for large particles, because they cannot reach the no-slip
layer close to the body and thus flow past the swimmer,
as seen in its co-moving frame, more quickly.

Finally, we see that the solution diverges as 1/b with
decreasing impact parameter. This can lead to very long
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FIG. 13. a) Comparison of the entrainment lengths obtained by taking in Eq. D13 U = 〈U(x)〉x = 3vS/(πrSg(λ)) (dashed lines)
or U = 3vS/(2rSg(λ)) (full lines). The first approach gives better quantitative agreements with the numerical simulations.
b) Same plot as in Fig. 3a-main text with a log-log scale. The entrainment by a bacterium (blue diamonds) never exceeds
∼ 1µm because of its small size. c) Evolution of the entrainment length with the size of the organism for a fixed particle size
(rP = 0.5µm) at different velocities vS (colorbar) and fixed λ = 4. The bigger the organism, the longer the interaction.

entrainment events, like a ball pushed on the nose of a
seal. However, this position is unstable with the intro-
duction of thermal fluctuations, as we consider next.

3. Contact time with noise

We consider a Brownian particle advected in a linear
shear flow over a straight solid surface that mimicks the
swimmer’s cell wall (main text Fig. 4a). The flow veloc-
ity is u = εUex, where the strain rate U derives from the
velocity along a streamline, using Eq. D9, so that

U = 3vS/(2rSg(λ)). (D12)

A particle of radius rP is initially positioned at (x = 0, ε =
rP), disperses with diffusivity D and is advected by the
flow u(ε), but cannot cross the line ε = rP. Without loss
of generality [65] this system is mapped to an ‘image’
system (main text Fig. 4b). Here, the particle is initially
located at (x = 0, y = 0), the modified flow is v = (rP +
|y|)Uex, and the tracer can cross the surface. We aim
to compute the average time 〈T 〉 needed for the colloid
to travel a distance S = π(rS + rP) along the positive
x-direction. The stochastic equations of motion are

ẋ(t) =
(
rP + |y|

)
U + ξx(t), ẏ(t) = ξy(t), (D13)

where the noise correlations are defined as

〈ξi〉 = 0, 〈ξi(t)ξj(t′)〉 = 2Dδijδ(t− t′). (D14)

Note that the Faxén correction for finite-sized tracer par-
ticles need not be included here, as the Laplacian acting
on pure shear flows vanishes. Integrating and averaging

Eq. D13 gives

〈x(t)〉 =

∫ t

0

dt′
(
rP + 〈|y(t′)|〉

)
U + 〈ξx(t′)〉 (D15)

= rPUt+

∫ t

0

dt′
〈∣∣∣∣∣

∫ t′

0

dt′′ξy(t′′)

∣∣∣∣∣

〉
(D16)

= rPUt+

∫ t

0

dt′〈|y(t′)|〉. (D17)

Using the initial condition that particles start from y =
0, we can employ the canonical distribution p(y, t) =

e−y
2/4Dt/

√
4πDt to give

〈|y(t′)|〉 =

∫ ∞

−∞
|y| p(y, t′)dy =

√
4Dt′

π
. (D18)

Inserting this expression into Eq. D17 and integrating
once more then yields

〈x(t)〉 = rPUt+
4
√
D

3
√
π
Ut3/2. (D19)

Requiring that 〈x(T )〉 = π(rS + rP), we find the mean
time 〈T 〉 is as the solution of the cubic equation

0 = c0 + c2〈T 〉+ c3〈T 〉3/2, (D20)

c0 = −2πrS(rS + rP)g(λ)

3vSrP
; c2 = 1; c3 =

4
√
D

3rP
√
π
, (D21)

which is solved using the Cardano formula. Only one
positive and real root exists for all physical situations,
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FIG. 14. a) (resp. b)) Evolution of the optimum tracer size r∗P
for entrainment with the swimmer’s radius (resp. swimmer’s
speed) at different constant velocities (resp. radii) (colorbar)
and constant λ = 4. The increase (resp. decrease) is consis-
tent with a power law dependency with exponent 1/2 (resp.
−1/4) as given by our simple estimate from the Péclet number
(Eq. 9-main text).

c0 < 0 and c3 > 0, which is the average contact time

〈T 〉 =

(
C+ + C− −

c2
3c3

)2

, (D22)

C± =
3

√
rC ±

√
q3
C + r2

C, (D23)

qC = − c22
9c23

, rC =
−27c0c

2
3 − 2c32

54c33
. (D24)

Hence, we can estimate the average entrainment length
〈L〉 = vS〈T 〉. This analytical expression can be evaluated
for different tracer sizes, swimmer speed or size, tempera-
ture, fluid viscosity, etc. Note that the theory is expected
to hold best near the optimal tracer size because the ap-
proximation ε� rS in equations (D2–D24) holds best for
particles that follow paths close to the body.

4. Streamline crossing

In the deterministic limit, D → 0, we recover Eq. D10
immediately from Eq. D20, in agreement with Mueller
and Thiffeault [53]. In this limit we do not observe a
maximum in entrainment length or contact time, but a
monotonic decrease with increasing particle size. This is
because the smaller particles not diffuse away from small
ρ values and can access the streamlines closest to the no-
slip surface, whereas larger particles cannot access this
region due to steric interactions and experience therefore
stronger tangential flows on average.

As a consequence, large particles with small impact
parameters, b <

√
3/2rP i.e. ε0 < rP, can therefore not

stay in their original streamline, but must cross stream-
lines. They move around the swimmer body at distance
r ≈ rP + rS and polar angles 0 <∼ θ <∼ π/2, and subse-
quently move along the streamline defined by ε0 = rP
at polar angles θ > π/2 (as seen in main text Fig. 2c-
d). During the first part of this trajectory, according to

Eq. D6, these particles experience a tangential flow

uθ(θ) ≈
3vS(rP + rS)

2rSg(λ)
sin(θ), (D25)

which has an explicit θ dependence, whereas the flow
speed along a streamline (D9) during the second part of
the trajectory is approximately constant to first order.
Hence, with limited diffusion, large particles might tem-
porarily be ‘trapped’ in the region θ ∼ 0 where uθ(θ) ∼ θ.
This effect is expected to increase the contact time, be-
cause next to the time required to flow around the body,
one must add the (first-passage) time required to escape
the initial low-flow region.

As a result, our simple theory underestimates the con-
tact times observed in our simulations (see main text
Fig. 3a). Whereas the shape of the curve and position
of the maximum are captured well, we see a quantita-
tive difference of a factor of ∼ 2 near the optimal tracer
size. This is expected, because the impact parameter in
the stochastic model (y(0) = 0) is effectively equal to

b = rP
√

3/2 rather than zero in the simulations. Indeed,
by considering impact parameters in the range b ∈ [0, rS]
instead of b = 0 in our simulations, we retain the shape
of the curve 〈L〉(rP) but the magnitude at the maximum
is reduced (see main text Fig. 3b).

The current theory hinges on the simplicty of a con-
stant flow speed along a stream line, which allows the
stochastic model to be solved with an analytical expres-
sion in closed form. A more accurate approach should
account for streamline crossing due to steric interactions,
for example with space-dependent strain rate in Eq. D13,

U(x) =
3vS

2rS

1

g(λ)
sin

(
x

rS + rP

)
, (D26)

This non-linear stochastic model is rather complex to
solve mathematically and we have not yet explored it in
detail. However, a way to proceed is to take the spatial
average,

U = 〈U(x)〉x =
3vS

πrS

1

g(λ)
. (D27)

This gives a constant strain rate, so the model can be
solved exactly. The resulting expression is depicted by
the dashed lines in Fig. 13a. Indeed, this provides a
better quantitative agreement with the outboard model
simulations, especially for large particles that are subject
to streamline crossing.

Appendix E: Entrainment distribution theory

It is possible to derive an analytical estimate for the
distribution of contact times (and therefore entrainment
lengths) by approximating the problem as a first-passage
time process for a 1D advection-diffusion system. This



17

0 10 20 30 40 50 60
10-3

10-2

0 0.5 1 1.5
0

0.5

1

1.5

2

2.5

3

w
(µ

m
)

0 10 20 30 40 50 60
0

0.02

0.04

0.06

0.08

P
D

F
(L

)

h✏
i(

µ
m

)

rP (µm)L (µm) L (µm)

P
D

F
(L

)

a) b) c)

FIG. 15. a) and b) Plot of the experimental entrainment length distribution obtained with CR for the four tracer sizes probed
rP = 0.25, 0.5, 1 and 1.5µm (blue, grey, orange and purple respectively). The full lines represent the fits from Eq. E2 showing
an astonishing agreement. c) Comparison between the parameters 〈ε〉 (black) and w (red) obtained from the fitting procedure
(circles) and from the analytical estimation (squares). The agreement is quantitatively reasonable, and the evolution with
tracer size is well captured.

is analytically tractable, gives valuable insights, and pro-
vides very good quantitative predictions for the distribu-
tion of entrainment length (see Fig. 1f main text). We
start by considering a 1D system where a Brownian par-
ticle of diffusivity Deff is subject to a background drift
Veff (along the positive x direction). The particle starts
at x = 0 and we are interested in the probability distri-
bution of the first-passage time T at a boundary x = S
where S > 0.

The distribution is known to be (see e.g. page 88 in
ref. [87])

PDF(T ) =
S√

4πDeffT 3
exp

(
− (S − VeffT )2

4DeffT

)
. (E1)

If we now consider this particle as the tracer being en-
trained by the microorganism, the first passage time T
can be translated into an entrainment length L = vST
(Eq. 1 main text). This leads to the following distribu-
tion of the entrainment lengths:

PDF(L) =
S√

4πDeff

vS
L3

exp


−

vS

(
S − Veff

vS
L
)2

4DeffL


, (E2)

where S is the length that a particle travels around the
swimmer, i.e. S = π(rS + rP). Figures 15a,b and Fig. 1f
show that the functional form in Eq. E2 provides a re-
markable fit to all experimental entrainment length dis-
tributions, when Veff and Deff are kept as fitting param-
eters. This suggests that the entrainment process can be
accurately understood as an effective 1D drift-diffusion
process. The challenge is now to relate the effective pa-
rameters to the experimental system.

To this end, we represent the entrainment process
through the 2D system described in Fig. 16 (see also
Fig. 4a main text). A Brownian particle of radius rP dif-
fuses with thermal diffusivity D0 in the xε plane, above

an impenetrable wall at ε = 0; and it is subjected to
a uniform background velocity u(x, ε, t) = Uε ex, with
strain rate U = 3vS/(2rSg(λ)). A particle that starts at
(x0 = 0, ε0 = rP) will drift with an ensemble-averaged
velocity Veff which, after the time 〈T 〉 to cross the length
S = π(rS + rP) (Eq. D22), is given by

Veff(〈T 〉) =

∫
u(ε)p(ε, 〈T 〉)dε (E3)

= U

∫
εp(ε, 〈T 〉)dε (E4)

= U〈ε〉, (E5)

where p(ε, t) is the probability of finding the particle at
a distance ε from the bottom wall at time t. The fitted
values of Veff can therefore be converted into experimen-
tal estimates for 〈ε〉, and are plotted in Fig. 15c as black
circles. Notice the minimum in the experimental values
of 〈ε〉, which corresponds to the optimal tracer size for
entrainment. At the same time, the function p(ε, t) is
well known and therefore we can estimate 〈ε〉 as

〈ε〉 =

√
4D0〈T 〉

π
+ rP, (E6)

which leads to the solid black line in Fig. 15c when
using the experimental CR parameters rS = 4.5µm,
vS = 49.1µm.s−1, g(λ) = 0.69 (value for the outboard

CR), and D0 = D̃0/rP. While quantitatively the expres-
sion Eq. E6 underestimates the experimental values by
∼ 1µm, it nevertheless recovers very well the evolution
with tracer size rP. In particular, the minima in both
cases appear at the same r∗P, and therefore Eq. E6 pro-
vides a good estimate for the optimal particle size for
entrainment.

The parameter Deff in Eq. E2 can be interpreted as
the effective diffusivity of the particles along the veloc-
ity direction x (in the 2D process, Fig. 4a and b). We
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x

✏

0

u(✏)ex l + rP

FIG. 16. Schematic of the geometry considered in the com-
putation of the effective diffusivity Deff through Taylor dis-
persion.

expect this quantity to be enhanced compared to ther-
mal diffusivity D0 because of the background shear flow,
as originally realised by Taylor for molecular diffusion
within a pipe. Adapting the derivation in [88] to the
case of a uniform shear flow within a thickness l + rP,
it is easy to show that the Brownian particles have an
effective diffusivity Deff along the x-axis given by

Deff = D0

(
1 +

U2w4

120D2
0

)
, (E7)

where w = l−rP. The fitted experimental values of w are

shown in Fig. 15c as red circles. The length scale l has
been introduced in order to reduce the 2D system into
an effective 1D process, and in terms of the entrainment
process, it can be interpreted as the transverse length
scale the beads explore before reaching the end of the
body at S = π(rS + rP). We therefore estimate it as
the sum of the average position over the surface and an
excess due to fluctuations, given by the square root of
the variance of the ε distribution:

l = 〈ε〉+
√
〈ε2〉 − 〈ε〉2, (E8)

evaluated at the mean contact time 〈T 〉. This can be
estimated analytically, and for initial condition ε0 = rP
one obtains (see Eq. D18)

w =

√
4D0〈T 〉

π

(
1 +

√
π

2
− 1

)
. (E9)

This estimate is shown as a solid red line in Fig. 15c: it
underestimates the fitted value of w, but captures well
the qualitative dependence on tracer size. The estimates
in Eq. E6 and Eq. E9 could be improved by generalising
Eq. D19 for an arbitrary initial position, and then averag-
ing over all impact parameters, Veff = 〈V (〈T 〉(y0); y0)〉y0 .
However, the results are not analytically tractable and
therefore loose the simplicity of the minimal-model ap-
proach we focus on here, which already provides a re-
markable semi-quantitative description of the dynamics.
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swimmers: compromises in larval form,” Integr. Compar.
Biol. 46, 312–322 (2006).

[77] M. Polin, I. Tuval, K. Drescher, J. P. Gollub, and R. E.
Goldstein, “Chlamydomonas Swims with Two ”Gears”
in a eukaryotic version of run-and-tumble locomotion,”
Science 325, 487–490 (2009).

[78] K. Y. Wan and R. E. Goldstein, “Coordinated beating of
algal flagella is mediated by basal coupling,” Proc. Natl.
Acad. Sci. U. S. A. 113, E2784–E2793 (2016).

[79] E. Lauga and T. R. Powers, “The hydrodynamics of
swimming microorganisms,” Reports Prog. Phys. 72,
096601 (2009).

[80] G. S. Klindt and B. M. Friedrich, “Flagellar swimmers
oscillate between pusher- and puller-type swimming,”
Phys. Rev. E 92, 063019 (2015).

[81] T. Kiørboe, H. Jiang, R. J. Goncalves, L. T. Nielsen,
and N. Wadhwa, “Flow disturbances generated by feed-
ing and swimming zooplankton,” Proc. Natl. Acad. Sci.
U. S. A. 111, 11738–11743 (2014).

[82] R. R. Bennett and R. Golestanian, “Emergent run-and-
tumble behavior in a simple model of Chlamydomonas
with intrinsic noise,” Phys. Rev. Lett. 110, 148102
(2013).
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