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1. Introduction. A “golden thread” running through these lectures will be dynamical
zeta functions, intended to help bind together a number of seemingly disparate topics. In
fact, the zeta function can best be viewed as a versatile tool with applications to a wide
range of problems.

Having already mentioned dynamical zeta functions, this brings us to a basic question:.

QUESTION. What are zeta functions (in dynamical systems)?
These usually come in two flavours:

1. zeta functions for discrete maps T': X — X; and
2. zeta functions for continuous flows ¢y : X — X (¢t € R).

As a rough rule of thumb, the zeta function for maps has attracted more attention and
has a far greater literature; and the latter is often the more challenging. Let us start from
the discrete case and return to the continuous case later.

1.1. Discrete maps and zeta functions. Let T : X — X be a hyperbolic diffeomor-
phism for a compact manifold. For definiteness, and hopefully clarity, let us consider the
specific case of X = R%/Z%, the standard d-dimensional torus. Let T : X — X be a
(linear) hyperbolic toral automorphism, i.e.,

1. let A € GL(d,Z) with T(z + Z%) = Az + Z¢ (for z € R?), and

2. the matrix A has no eigenvalues on the unit circle.

Let us recall a very simple and well-known example.
EXAMPLE 1.1 (Arnol’d CAT map [3]). We canlet A = (21) and then define T': T? — T?
by T(x,y) = (22 + y,z + y) (mod 1).

Let us return to the definition of the zeta function for T'. We denote by

Fix(T") = {z € T? : T"z = z}

the set of points on the torus fixed by T™. For any hyperbolic diffeomorphism it is a
standard fact that the set of fixed points of a given period will be finite. Moreover, the
hyperbolicity ensures that this number grows at an exponential rate.

The definition of the zeta function in this case is illustrative of the definition in
the general case. Following Artin and Mazur we have the following definition of a zeta
function [4].

DEFINITION 1.2. The zeta function {(z) associated to a map T : X — X is a complex
function given by

((z) = exp (i = e

for z € C.



HYPERBOLIC SYSTEMS, ZETA FUNCTIONS AND OTHER FRIENDS 3

For the case of hyperbolic toral automorphisms the right hand side converges for |z|
sufficiently small. The definition for general Anosov maps f : M — M is completely
analogous. We recall that a diffeomorphism f: M — M of a compact manifold is Anosov
if:

1. there is a continuous splitting TM = E® @ E* and constants C > 0 and 0 < A < 1

such that ||Df™|E*|| < CA™ and ||Df~"|E%|| < CA", for n > 0;

2. f: M — M is transitive, i.e., there exists a dense orbit.

All of this leads to the following natural questions.

QUESTION. Can we extend ((z) to a larger domain in 2z? Where are the zeros and poles
(or singularities) for this extension?

For this particular case of orientation preserving hyperbolic total automorphisms, the
answers to these two questions are relatively easy [65].

THEOREM 1.3. For an orientation preserving hyperbolic toral automorphism the zeta
function ((z) extends to C (as a rational function p(z)/q(z) with p,q € R[z]).

Fortunately, in this case the proof of the result is very simple. In particular, this is a

special case of the famous Lefschetz fixed point theorem., i.e., since det A = 1 we have
d
#(Fix(T™) = > (=) (T : Hy — Hy)
k=0

where T, : Hp — Hy is the induced linear map on the kth real homology group, as
observed by Smale [65]. The key point here is that the toral automorphism is assumed
to be orientation preserving and thus the Lefschetz index for each fixed point is 1. Let us
consider the specific example of the Arnol’d CAT map again.

EXAMPLE 1.4. We can let A = (21) and then tr(A") — 2 = #(Fix(T™)). A simple
computation gives

2 2" (1—2)?
= —({r(A")-2) )| = ————.
() =e(X Tt —2) = i

More generally, the zeta function has a rational extension to C for any Anosov dif-
feomorphism, or more generally Axiom A diffeomorphisms as was originally proved by
A. Manning [37]. The smallest pole (in terms of its absolute value) comes from the radius
of convergence of the series:

_ 1 : n\\1/n __.
1/R = nEI-‘,r-loo #(Fix(T™))/"™ = A

where A is the maximal eigenvalue of the matrix A. In particular, log A is the topological
entropy h(T) of T : T? — T?. The other zeros and poles of ((z) reflect the speed of
convergence in this limit.

1.2. Continuous flows and zeta functions. Let us next turn to the case of flows.
But first let us recall a (more) famous zeta function from number theory defined in terms
of the prime numbers p =2,3,5,7,11,....
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DEFINITION 1.5 (Riemann zeta function [20]). We define the Riemann zeta function by

- 1 —s\—1
()= —=[[a-p)"" secC
n=1 P
where the product is over all prime numbers.

The equivalence of the two definitions comes from the simple expansion

72s+p735+”.

T =1+p°+p

for Re(s) > 1. This converges for Re(s) > 1 to a nonzero analytic function. The following
results are classical in number theory:

1. ¢(s) has a meromorphic extension to C; and
2. the zeros for ((s) are mysterious (e.g., the Riemann Hypothesis remains open, stating

that the zeros in the critical strip 0 < Re(s) < 1 lie on the line Re(s) = 1).

Returning to the definition of zeta functions for flows, we can consider a simple ex-
ample which illustrates how things work, before giving the definition in the general case.

EXAMPLE 1.6 (Suspension flow). Consider the simple setting of a Cantor set X and
the classical Smale horseshoe map T : X — X [65]. This is a diffeomorphism of the
sphere S? which maps a rectangle on S? across itself in a horseshoe shape. Then the
Cantor set X corresponds to points whose entire orbit is contained in the rectangle and
it is homeomorphic to the sequence space ¥ = {0,1}?* = {z = (z,) : 2, € {0,1}} and T
is conjugate to the shift map o : ¥ — X. We may introduce a function r : X — R¥ that
depends only on the zeroth coordinate xy and is defined by

a ifxg=0,
r(z) =
ﬂ if Tro = ].,
where 0 < o < 8 [47].
We can then define by
A" =A{(z,u) : 0 <u<r(x)}/(z,r(z)) ~ (Tz,0)

the area under the graph of r, where the points (z,r(z))) and (Tz,0) are identified. We
then define ¢y : A" — A" by ¢(x,u) = (x,u + t) subject to the identifications. There is
then a natural bijection between closed orbits for T': A — A and ¢; : A" — A" such that
{z,Tx,..., T" 'z} corresponds to a closed orbit 7 of period

A7) =r(x)+r(Tz) + - +r(T" ).
We can now define a zeta function for the flow (in the example above).

DEFINITION 1.7 ([59]). We can formally define a zeta function for ¢ by
Co(s) = [J(1 —e72)~

where 7 is a prime periodic orbit for ¢ (i.e., not a multiple of a periodic orbit of shorter
period). This converges for Re(s) sufficiently large.
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More generally, we can similarly define the zeta function for Axiom A flows.

As we can see, the zeta function for flows is defined by analogy with the Euler product
form of the Riemann zeta function ¢(s), where the primes are replaced by the exponentials
of the least periods of orbits.

In the present context, the following is a simple exercise.

LEMMA 1.8. For the example above we can write
men(EL 5 )
Trr=x

where T"x = x is a fixed point for x.

Proof. Providing Re(s) is sufficiently large, we can write

H(l _emsAm) —exp< Zlog 1—esA0) ) B EXp(Z Z —smA(r) >

T m=1 T

— exp (Z 3 f: ;e—smr"u))

n=1{z,.. T"—lm}(prime) m=1

= exp <Z 3 Z ) — exp (i; 3 esrl'(z))

n=1Tnrz= w(prlme) =1 Tlz=2z
which completes the proof. m

In the particular case that the roof function is constant (i.e., a = ) the dynamical
zeta function for the flow in this example can be written in terms of the zeta function for
the discrete map.

REMARK 1.9. If o = 3 then (4(s) = 1/(1 — 2e7*%) (i.e., the continuous zeta function is
related to the discrete zeta function with z = e=*¢). If @ # 8 then can write

AMr)=aCard{0<j<n—-1:2;=0}+pCard{0<j<n—1:z; =1}

and then we have

1
_ P 756
eXp(Z )> 1 —e 5@ — g— sB

[60], [49]. Thus if A > 0 is a unique solution to e~"** + =¥ =1 then:

for Re(s) > h we have that (4(s) converges to a nonzero analytic function;

h is a simple pole for (4(s);

Cs(s) has a meromorphic extension to C; and

if a/B is irrational then there are poles s, = o, +it,, satisfying 1 = e *"* 4 e~*n* for
which o,, ' h. This follows from properties of almost periodic functions.

-

The value h can be shown to be the topological entropy for the associated flow (i.e., the
topological entropy of the time one flow ¢¢—1).

In the next section we will begin to show that these dynamical zeta functions have
practical applications to apparently unrelated problems.
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2. Dynamically defined Cantor set and averaging transfer operators. We be-
gin with an application to the Hausdorff dimension of limit sets for iterated function
schemes [25].

Let X C [0, 1] be a dynamically defined Cantor set. More precisely, let Ty, T} : [0,1] —
[0,1] be C* (or more generally C') contractions with disjoint images (i.e., Tp[0,1] N
T1[0,1] = 0). The associated Cantor set X is the unique nonempty closed set X C [0, 1]
such that

ToXUT, X = X.

We can define a locally distance expanding map 7" : X — X by
Tt if v € TX,
T(ZL’) _ 071 (:l?) 1 €T 0
T, (z) ifzeTX;.
We recall some classical examples.
ExaMPLE 2.1 (Middle 1/3-Cantor set). Let To(x) = /3 and T1(z) = /3 4+ 2/3. Then

e8] T
X:{J}:Z3n+1 xn6{072}}

n=1

(i.e., a triadic expansion with coefficients either 0 or 2). We can define T : X — X by
T(x) = 3z (mod 1).
The next example is similar, but defined using nonlinear contractions.
EXAMPLE 2.2 (E3). Let Tp(x) = H%I and T1(x) = 2_%1 Then
X ={z=la1,a2,as,...]: an € {1,2}}
i.e., the points whose continued fraction expansion contains only the digits 1 and 2. We
can define the expanding map T': X — X by Tz = 1/z — [1/x].

We would like to quantify the size of these Cantor sets. The natural notion is the
Hausdorff dimension (although for these examples the Hausdorff dimension coincides
with the more easily defined box dimension).

QUESTION. What is the Hausdorff dimension of the Cantor sets X in these examples?

In particular, we need to find some useful way to characterize the dimension. Let
C(X) be the space of continuous functions w : X — C.

DEFINITION 2.3. We define a transfer operator £ : C'(X) — C(X) by
Lw(z) = To(2)lw(Toz) + | (z)w(Trz).

Unfortunately, the spectrum of £ : C(X) — C(X) is rather lacking in fine structure,
as the next lemma reveals.

LEMMA 2.4. The spectrum of L : C(X) — C(X) is a closed ball whose radius is the
norm || L|| = sup{||Lf|loo : [|fllcc < 1} of the operator (or equivalently the spectral radius
of the operator).

Recall that the spectrum of L is defined to be the subset of the complex plane:
Spec(L) ={z€C: (2 - L): C(X)— C(X) is not invertible}.
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We can illustrate the proof of the above lemma with the first example (Example 2.1), the
general case being similar. We first observe that || £|| < 2 from which we deduce that the
spectral radius is at most 2. Fix wy € C(X) such that Lwg(z) = 0 for all z € X (e.g.,
wo(z) =1 —wo(1l — x)). For any |A\| < 1 we can define

wx(z) = N'wy(T"z) € C(X)

n=0

since C(X) is a Banach space. But 2) is an eigenvalue, since

Lwy(x) = Lwo(x)+ Z A" L(wy o T™)(x) = Z N (wo o T ) (2) = gz\w,\(ac)

=0
and L(wooT™)(x) = 2(wpoT" ') (z), unless wy = 0, which we can assume, without loss
of generality, is not the case. This completes the proof of the lemma.

To further our understanding of the zeta function, we want to consider transfer oper-
ators with smaller spectra. In particular, we need Banach spaces with “fewer” functions
for the transfer operators to act upon, an issue which we will address in the next section.
Moreover, to add more utility to these operators we would like to change the weights to
include a parameter s € R (or even s € C).

DEFINITION 2.5. Given s € R (s € C) we can define a family of operators £, : C(X) —
C(X) by
Low(x) = |To(2)| w(Tox) + |1 ()] w(T1z).
More generally, we could consider a finite family of contractions Ty, ...,T,, and define
the operators L, : C(X) — C(X) by

n

Low() =Y |Tj(@) | w(Tjz).

j=1

We can illustrate the transfer operator using our two previous examples.

ExXAMPLE 2.6. 1. For the middle %—Cantor set we have a transfer operator

o= () o(2) - () o(22)

2. For Fy we have a transfer operator

Lowlw) = <a:—1|—1>2w<xi1> + <xi2>zsw<x—ll—2>'

The next step is to find a suitable Banach space B C C(X) for which the operator

L : B — B has better spectral properties and then use these to deduce interesting results
about X and T : X — X.

3. Banach spaces of analytic functions. There are many candidates for spaces of
functions upon which we can act with the transfer operator. Perhaps the simplest principle
is to consider the smallest space preserved by the transfer operator associated to the
transformation T'. For the present, we will consider those T which are analytic (as in the
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two examples above) and Banach spaces of analytic functions since these are preserved
by the transfer operator

Let U be an open ball in C. Let B = B(U) be the Banach space of bounded analytic
functions w : U — C with the norm

[wll = llwlle = sup [w(z)].
zeU

(The completeness comes from Montel’s Theorem in complex analysis.)
The advantage of transfer operators that preserve Banach spaces of analytic functions
is that they take a special form, which we will now describe.

DEFINITION 3.1. We say that a bounded linear operator T : B — B is nuclear (or trace
class) if we can write

()= Z Anln () wy,
n=0

where

1. wy, € B with |lw,]| = 1;

2. l,, € B* with ||I,,|| = 1; and

3. |An] = O(6™), for some 0 < 6 < 1E|

REMARK 3.2. Nuclear operators are automatically compact operators, as is easily seen
from the definition, and thus only have countably many isolated eigenvalues all of which,
except the one at zero, are isolated.

In the context of dynamically defined Cantor sets, let T; : [0,1] — [0,1] (i = 1,2) be
analytic and assume there are nested open sets

0,]cUcUtcC
in the complex plane such that the maps extend analytically to UT and satisfy
closure(T;U ™) C U.

By looking at the spectrum of the operators on the smaller space of analytic functions
we see that the spectrum of the operator has much more structure, which ultimately gives
us more information about, for example, the zeta function. The most useful result in this
direction is the following [58].

THEOREM 3.3 (Grothendieck-Ruelle). The operators Ls : B — B (s € C) are nuclear.

Rather than discussing the implications of this theorem in complete generality, let
us consider specific cases. These are best illustrated by considering the previous two
examples.

ExAMPLE 3.4 (Middle 1/3-Cantor set). Let us choose

U={z€(C:z|<g} and Ut ={ze€C:|z| <3},

!This is slightly stronger than the usual definition of a nuclear operator, but is sufficient for
our purposes.
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say. Then a simple calculation shows

1 3
TO(U+):{ZE(C:|2|<§}CUand and T1(U+):{ZE(C: z—’<}CU.

2 2

In particular, Ls(B(U)) C B(U™). Such operators are referred to as “analyticity improv-
ing” since functions in the image are analytic on a larger domain than they initially were.
By Cauchy’s theorem (which can be applied by virtue of U C U*) we can write

Low(z) = —— ds ZAn wn ()l (w)

21 Jigj=52 % —
for z € UT where:
(a) wp(z) = 2" € B; and
(b) In(w) = ﬁ fng,/g %ﬁs)df
where ||l,|| =1 and

1 /
211 |€]=5/2 £n+1
It is easy to see that A, = O(6") with 6 = 2.

The case of the nonlinear Cantor set is slightly more interesting.

EXAMPLE 3.5 (E2). Let us choose

1
U{ZGCS|21|<§} and U+{Z€C |zl<1g}

say. Then a simple (although not quite as simple as in the previous example) calculation

gives
288 228 432 228
TU+ = ) P TUt = ) Pl [ e YN 04
oU {ze(C z o5 <215}CU and T1U {ze(C z 935 <935}C
By Cauchy’s theorem (since OU C U™T) we can write
1

Low(z) = =— dg ann L (w)

27 |6—1]|=3/2 Z_

where
(a) wp(z)=(2—1)" € B;
L', w
(b) In(w) < Q}ri le—1|=3/2 5n+1€ 3
where ||I,,]| =1 and

1 w(§) ’
=|— dg|.
2mi /5_1|_3/2 gn+t <

It is easy to see that A, = O(6") with 6 = 158
Now that we have introduced a suitable Banach space of analytic functions for the
transfer operators to act upon, it still remains to relate these to the zeta functions we

previously defined. There are three useful facts (which we will elaborate upon later) that
we list below for our immediate convenience:
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Properties of the operators £, acting on analytic functions. The following prop-
erties will be useful (see [29], [58], [33]).

1. The operators L4 : B — B are nuclear and so we can define a function of two variables
(2,5 €C)

oo

d(z,5) := exp (— > Znntrace(cg)>

n=1
(which converges for |z| sufficiently small, depending on Re(s)).
2. We can explicitly compute

ny _ (1) (=)|*
trace(Ly) = Z T

Trr=x

3. d(z,s) has an analytic extension to C2. Moreover, we can expand
(o ]
d(z,s) =1+ Z an(s)z"
n=1

where there exists C' > 0 such that |a,(s)| < C6™", with explicit expressions for a,(s)
in terms of (T™)'(x), where T™x = x, m < n.

This has an immediate application to zeta functions.

PROPOSITION 3.6. We can write (4(s) = d(1,s+ 1)/d(s) with r = —log |T"| to give the
connection with the zeta function (4(s).

The Cantor set Fs can be generalized to those points whose continued fraction expan-
sions are uniformly bounded. This links nicely to the following classical open problem:

REMARK 3.7 (Zaremba Conjecture (1971)). There exists N € N such that
{q eN:2 - [a1,as2,...,aN] for a; € {1,2,3,475}} =N.
q

Bourgain and Kontorovich proved the set on the left hand side has density 1 [I1], [36].

There are also classical questions and results on the differences of linear Cantor sets.
In the context of a nonlinear Cantor set (coming from bounded continued fraction ex-
pansions) we mention the following nice result.

REMARK 3.8 (C. Moreira [45]). The difference set Fy — E5 has full dimension, i.e.,
dlmH(E2 — EQ) =1.

4. Applications of zeta functions. We will return to discussing the properties of the
zeta functions after considering some applications.

4.1. Application I: Computing Hausdorff dimension. For definiteness, let us again
consider the nonlinear Cantor set X (= E5) with continued fraction coefficients 1 or 2.
Unlike the case of linear Cantor sets, there is no simple formula for the dimension of the
limit set. However, there is an expression which doesn’t (at first sight) seem particularly
useful [33].



HYPERBOLIC SYSTEMS, ZETA FUNCTIONS AND OTHER FRIENDS 11

LEMMA 4.1. The real number s = dimH(X) is a zero for

a1, s _exp( Z TZ Tn )s))

where the sum over periodic points corresponds to numbers with periodic continued frac-
tion expansions.

Proof. This follows from Bowen’s formula [12], [61] characterizing dimy(X) as the zero
of a function P(s) defined in terms of the maximal eigenvalue of the transfer operator
(and called the pressure). In fact, the (first) zero appears at the value s € R where

ny (@) \ " 1/n
e ::nﬂf&o@;ﬁf(%%) = (X0 @) =1

Trr=x
The first encouraging sign is that the fixed points are simply quadratic surds (i.e.,
algebraic numbers of degree two). However, more importantly there is an expansion of
d(1, s) in terms of a rapidly converging series. Writing

d(L,s) =14 an(s)

n=1

where |an(s)| = O(0""), 6 = (4/5)*/4) we can approximate d(1, s) by the polynomial

N
dn(1l,8) =1+ Z an(s)

and then sy satisfies dy(1,sy) = 0 with sy = dimg (X) + O(ON°).
Using a more elaborate variant of this approach we have the following result [34]:

THEOREM 4.2 (Jenkinson-Pollicott). We can write

dim g (E2) = 0.53128050627720514162446864736847178549305910901839
87798883978039275295356438313459181095701811852398 . ..

accurate to 100 decimal places.

The proof involves choosing N = 25. This value of N is sufficiently small to allow
a computer assisted numerical computation of dy(1,s) and yet large enough that the
difference between dy(1,s) and d(1, s) is sufficiently small that their zeros are close. In
particular the zero of dy (1, s) can be easily estimated to a high degree of accuracy, using a
delicate combination of numerical and theoretical bounds. This leads to an approximation
of the zero of d(1, s), i.e., the Hausdorff dimension dimy (FE>).

4.2. Application II: Selberg zeta function. The original application of transfer op-
erators to the theory of zeta functions associated to geodesics on (Riemann) surfaces
dates back to Ruelle’s original paper [58] (see also [53]). To illustrate the basic ideas,
we will consider the partially simple example of a pair of pants V', which is a Riemann
surface of constant curvature xk = —1 with infinite area arising from three infinite funnels.
We can write V = H?/T" where H? = {z = x + iy : y > 0} denotes the upper half plane
with the Poincaré metric ds? = (dx? + dy?)/y? and ' = (Ry, Ro, R3) is the free group
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generated by certain isometries R, Ry, R3 : H? — H?2. We first describe this construction
in a little more detail.

EXAMPLE 4.3 (A pair of pants). Let [aq, bol, [a1,b1], [az,b2] C R be disjoint intervals in
the real line, with centres ¢; = (a; + b;)/2 and r; = (b; — a;)/2 for j = 1,2,3. Let
R; : RU{o0} = RU {co} be the linear fractional transformation defined by
2
r

Rj(z) = ——+¢;,
J

for j = 1,2,3. This extends to the upper half plane H? by
_ 2 276

R;(2) + ¢j,

for j = 1,2, 3. To construct the appropriate Banach space of analytic functions, we choose
disjoint (larger) disks

Dj={z€C:|z—cj| <tj} Dlaj,bj]
for suitable radii t; > rj;, for j = 1,2,3. For j # [ we arrange the radii such that
closure(R;(D;)) C Dy.

By analogy with the Banach spaces of analytic functions introduced to deal with the
Hausdorff dimension of dynamically defined Cantor sets, we can consider analytic func-
tions on the disks Dy, Dy and D3. More precisely, let B = B(U?:1 D;) denote bounded an-
alytic functions on the union U?:1 Dj of disjoint disks and then £ : B — B is defined by

Low(z) = Z |R(2)]"w(R;z) for z € D.
il
We can now write the associated zeta function as

d(s) = Z(s) == [[ JJ (1 — e+ (4.1)
v n=0
where « is a primitive closed geodesic on the pair of pants V' of length I(7). The quotient
surface V is an infinite volume surface of curvature xk = —1.

REMARK 4.4. The limit set of I' = (Ry, Rz, R3) is the Cantor set of accumulation points
(in the Euclidean sense) of the orbit I'i of i € H?. It is a nonlinear Cantor set of Hausdorff
dimension ¢ = dimg (X).

REMARK 4.5. The recurrent part of the geodesic flow is coded by sequences and the

transition matrix 0

1 1

A=11 0 1
1 1 0

This is a very simplified form of the Bowen-Series coding used to code geodesics on convex

co-compact surfaces[I5], [64]. The coding can be naturally realized in terms of the limit

set, and the roof function on the limit set takes the form r(z) = log |R(z)| for = € D;.

We conclude from the properties of the determinant d(z, s) the following result:

THEOREM 4.6. The zeta function Z(s) extends analytically to the entire complex plane C.
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The classical approach to studying zeta functions on finite area surfaces V' of curvature
k = —1 uses the Selberg trace formula and unitary representations in the Hilbert space
L?(V). However, in the case of infinite area surfaces this is less natural and the dynamical
approach to the zeta function Z(s) is essentially the only approach available to extending
the zeta function.

REMARK 4.7. The largest zero appears at § = A(1 — A) where A > 0 is the smallest
eigenvalue of the Laplacian. The other zeros for Z(s) in some special cases cases were
plotted by Borthwick [9], where the zeros appear to be described in terms of specific
curves. An explanation of this appears in [55].

4.3. Application III: Circle packings. In the previous section we considered a Fuch-
sian group I" whose limit set is a Cantor set in the real line R. In this section we consider
a higher dimensional analogue where the Fuchsian group is replaced by a Kleinian group
and the limit set is now in C, called the Apollonian circle packing C. This is the closure
of a countable union of closed circles. Moreover, the radii r,, of the circles satisfy r, — 0
as n — +oo.

Let 6 = dimg (C) denote the Hausdorff dimension of the set C. We have the following
simple counting result for the radii of the circles [3§].

THEOREM 4.8 (Kontorovich-Oh, 2009). There exists C > 0 such that
#{r, > e}~ Ce®
as € — 0 (i.e., lim_,o €’ Card{r, > ¢} = O).
We want to describe an alternative viewpoint of this theorem, contained in [54].
STEP 1. Let C1,Cy, (5, Cy be four initial mutually tangent circles in C.

STEP 2. Following a result of Beecroft from 1842, let K1, Ko, K3, K, be the four dual
circles (i.e., the circles passing through triples of points chosen from the four tangent
points).

STEP 3. To introduce the dynamical perspective, let 11,75, T3, Ty be reflections in the
four circles K1, Ko, K3, K4.

STEP 4. All the circles in C are generated by reflecting C1, Cs, Cs, Cy repeatedly under
T1,T,T3,T,. Consider one of the four curved triangles X coming from the original four
tangent circles.

STEP 5. Following an approach of Mauldin-Urbanski [43] we can generate the circles
using the uniformly contractive maps ¢; = fio fI' : X — X, with i = (4, ) for i,j =
1,2,3,4 with ¢ # j and n > 1, where f; = T4 oT; for [ = 1,2, 3. In particular, by taking
the images of the central circle K4 under iterates of the maps ¢;.

Finally, to get the asymptotic formula in the theorem, we want to consider the complex

function
s o]
n(s) := Zr; = / t=%dm(t)
n=1 1

where 7(t) = Card{r, > 1/t} is a monotone increasing function and the integral above is
understood as a Riemann-Stieltjes integral. For fixed zg we can “replace” (or approximate)



14 M. POLLICOTT
{rn} by the derivatives {(¢; o---o@; )(z0)} and replace n(s) by

mo(s) = Y Lip(z0)
n=1

where Lsw(2) = >, [¢'(2)[*w(¢2) and

p(z) =Y 1(F) (=)
=0

The connection between the domain of 7(s) and the asymptotic formulae comes from
classical Tauberian theorems. Before describing these let us consider a simplified situation.

REMARK 4.9 (Motivation for Tauberian theorems). Recall that for Anosov diffeomor-
phisms,

C(2) = exp (i %Card Fix(T")) - gg

a rational function. For example for the hyperbolic toral automorphism (in Example 1.4)

n=1

we can write ( )2
1—=2
) = G =)

Therefore, denoting by A = ¢™”) the maximum eigenvalue of the matrix A, we have

6 _ - n—1 . ny __ A
&logC(z)—Zz Card Fix(T") = 172>\+‘I>(z)

n=1

where ®(z) is a rational function with poles and zeros in |z| > R . We can also write

)\ oo
_ E +1
1—2z)\ ZAT
n=0

Thus

> 2 — Card Fix(T™))
n=1

is analytic in a neighbourhood of |z| < R. In particular, we deduce that
Card Fix(T") = A" + O(1/R")

as n — +oo.

For flows the situation is a little more complicated, but in the same spirit. For flows
we would write a Stieltjes integral:

n(s) = /OOo t~%dm(t).

The next result provides the appropriate Tauberian machinery required to translate
analyticity results on 7(s) into an asymptotic result [24].
LEMMA 4.10 (Tauberian theorem). If n(s) has an analytic extension to a neighbourhood
of Re(s) > h, except for a simple pole of the form ﬁ, then limg—, 4 oo % =1 (ie.,
7(t) ~et).
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Theorem 6.1 now follows from the Ikehara Wiener Tauberian theorem. In particular,
we can show that

1. n(s) is analytic for Re(s) > ¢;
2. n(s) has a simple pole at s = 4, with residue C' > 0;
3. n(s) has no poles s = § + it where ¢ # 0.

We can then deduce from the Ikehara Tauberian theorem (Theorem 6.1) that
m(t) ~ Ct® ast— +oo.

5. Properties of the transfer operator. Returning to properties of the operators Ly,
we first want to explain how the functions d(z, s) can be expressed in terms of periodic
points. Key to this is recalling that £ is nuclear (or trace class) and the following result.

LEMMA 5.1. Let T : X — X be the expanding C* map. We can write

. (T (@)
WL = D T @

Proof. We will follow the method used in [44]. We will consider the case n = 1, the other
cases being similar. Let T;x; = x; be fixed points of contractions T : X — X (and thus
fixed points of T': X — X). We can then use the linearity of the trace to write

tr(Ls) = Z tr(Ls ;)

where each of the operators
Ly jw(x) = w(Tjz)|Tj(x)|".
is also nuclear. For each j consider the eigenvalue equation
Ls jw(z) = w(x)
with eigenvalue A and evaluate at = x;. If w(z;) # 0 then A = [T(z;)[°. If w(z;) =0

then differentiate again:

! Ty T @)L} )|+ () T ) o T30 = A ().
We can evaluate this at
w' ()T ()| Tj (x;)|° = Mw' ().
If w'(z;) # 0 then A = T}(z)|T}(x)|*, etc. Proceeding inductively, for each k > 0,
A= (Tj(2)*|Tj () ]*

is an eigenvalue for £, ;. Then by summing over k > 0 we have the trace

%) T (xj)|®
(L) = (ST Tl =

o 7)) T(@)
Hz)l T (z)|~*
we) =X oy T X @

7 Tr=x
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5.1. Strategy for super-exponential bounds. We can associate to the operators
Ls: B — B (on bounded analytic functions with the supremum norm || - ||) a sequence
of real numbers defined as follows.

DEFINITION 5.2. We define the approzimation numbers by
sn(Ls) = inf{||Ls — K| : K = operator with n-dimensional range}

for n > 1, where the infimum is taken over all linear operators K : B — B whose range
is a finite dimensional space.

This definition makes sense for any bounded linear operator. However, the approxi-
mation numbers are crucial to getting bounds on the zeta functions [§].

5.1.1. Bounds on the approximation numbers. We can now explain the ideas behind
the first ingredient. Let us replace B(U), the space of bounded analytic functions, by
A = A(U), the space of analytic functions on U which are square integrable. We then

write
/ fgd(vol).

LEMMA 5.3. We can bound s, (Ls) < C(s)0™ ! where

1Ll awy—aw+)

Cls) = 1-6

where:

1. U™ is a disk centred at 0 of radius r; and
2. U is a disk centred at O of radius 0r.

Proof. For w € A(U) we write
Z le(w)2* € AUT).

Since {z*}22 , are orthogonal on A(U"’)

(Low, 2) aw+y = We(W)[|2" | 4w +)-
Thus by Cauchy-Schwarz,

|k (w)] < 1Lswl aw+) /112"l aw+)- (5.1)

We can define a finite rank approximation by

an)w Zlk )z E.AU+) n>1.

Then
£e— £y € Y @) 1wy € S0 Il 22
s = L v) < : vy < sllaw+)y 7"
w k=n+1 w k=n+1 ( )”ZkHA(U*)
using (5.1). But we can compute
T ™
|y = g™ and (2 awy = ) s 6

k+1 k+1
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and || L[| aw+) < |1 £slla@wy—aw+)-llwll aw). Thus, since the definition of s, (L) involves

the infimum over all finite range operators K (including E(")), we deduce that

£y aw) g
1-0

sn(Ls) <
This completes the proof. m

5.1.2. FEuler bounds. We next give some simple but useful inequalities [26]. The first
gives a simple but effective estimate on the terms in the tail of the series.

LEMMA 5.4. Assume s, < CO™. For c,, defined by

ﬁ(l +zs,) =14 i emz™, z€C,
n=0 m=1

we can bound |c,,| < BO™O™m+D/2 where B = [0, (1 — ") < +00.
Proof. Since ¢, =Y.

- 84,,, for m > 1, we can bound

|cm|§C’m > gt

i1 <<l

i1 <<l

We can prove by direct evaluation that
9m(m+1)/2

) (e (B e s

i1 <o <bpm

We can also consider a bound on the coefficients in the power series for det(I — zLy).
By Cauchy’s theorem, if

det(l — zLs) =14 by2"
n=1

then for |z| = r,

‘"‘:

1 det(I — &L,
R - > °7 < J—
5.7 /5 ) gt d{‘ o sup | det(I —&Ls)].

5.1.3. Bounds on the coefficients. The next bound relatlng the approximation numbers
{sn} to the eigenvalues {\, } is a classical result originally proved by Weyl for any compact
operator defined on a Hilbert space.

LEMMA 5.5 (Weyl’s Inequality). If |A1| > |A2| > |A3]| > -+ then

n n
Jj=1 Jj=1
We also need the following standard inequality.

LEMMA 5.6 (Hardy-Littlewood-Poélya). Let {ay}, {bn} be nonincreasing sequences of real
numbers such that:

1. 2?21 aj < Z?Zl b;j forn >1; and

2. ®:R — R is convex.

Then Y27, ®(a;) < Y20, ®(b;).
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We can make use of the Hardy-Littlewood-Pélya lemma as follows. Let
a; =log |, by =logls;l, @(x) = log(1 +ra).
If |z] = r then

IN
2

| det(I — zLs)| (1+12[A5)

<
Il
_

(14 |z|s;)  (by Lemmas[5.5 and

IN
2

<.
Il
—

(o)
<1+8B Z (Jz|C)memm+D/2 by Lemma [5.4).

m=1

Let r = r(n) = §="/2/C. Then

g7 /2  for 1 <m < [n/2),
072y for m > [n/2].

(Cr)m0m2/2 < {
Thus we can bound
9n2/4

1oz~ 0(0™/?)  forany 6 <© < 1.

[bul < [n/26™/% +

6. Anosov flows and geodesic flows. We can apply the previous ideas on zeta func-
tions to the particular case of properties of Anosov flows. This includes the important
classical case of geodesic flows on negatively curved surfaces. The main distinction is that
we prefer to work in the setting of C'°*° systems rather than C*. This requires modifying
the space of functions upon which the transfer operates (and ultimately changing the
operator itself).

In particular, we can consider for Anosov flows two types of problems: rates of mixing
and error terms in counting closed orbits. We begin with the definition.

Let ¢y : M — M be C* flow on compact manifold.

DEFINITION 6.1. We call ¢y : M — M Anosov if there exists a D¢-invariant splitting
TM = E° @ E° @ E* such that:

1. EY is a one dimensional bundle tangent to the flow; and
2. there exist C, A > 0 such that

ID¢e|E*|| < Ce™" and [ De|E*|| < Ce™
for t >0 [2].

We recall the classical example of an Anosov flow on a three dimensional manifold
provided by geodesic flows on surfaces.

EXAMPLE 6.2 (Classic example). Let M = SV be the three dimensional unit tangent
bundle for a compact surface V' of curvature x < 0. Given v € M we can consider the
unique unit speed geodesic v, : R — V with 4,(0) = v. We then define the geodesic flow
bv 2 M — M by ¢(v) = u(1).
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Let us henceforth concentrate on the particular case of geodesic flows, for which we can
prove stronger results. We shall consider the rate of mixing, and in a later section describe
the closely related asymptotic estimates on the number of closed orbits (or equivalently
closed geodesics).

Let m be the Liouville (or SRB) measure for ¢. This is the unique invariant measure
equivalent to the volume on SV = M. As is well known the geodesic flow is ergodic with
respect to m. However, it is also known that the flow is (strong) mixing with respect
to m. We recall a useful definition.

DEFINITION 6.3. Let F,G: M — R be C'* and define the correlation function by

p(t) ::/FOthde—/de—/de
for t > 0.

The flow is strong mixing because p(t) — 0 for any C*° functions F, G (or equivalently,
for F,G € L?(m)).

However, a much stronger result is known on the speed of convergence to zero of p(t).
This is presented as the following theorem, which deals with the first of two intimately
related properties [21].

THEOREM 6.4 (Dolgopyat: Exponential mixing). Let ¢y : M — M be the geodesic flow
on a compact surface of (variable) negative curvature. There exists ¢ > 0 such that for
all F,G € C™(M) there exists C > 0 with

lp(t)| < Ce™t  fort > 0.

This famous result is due to D. Dolgopyat and is now 20 years old, but because of the
technical nature of the proof it still remains a little mysterious to many people. A more
geometric formulation, which works better for geodesic flows on higher dimensional man-
ifolds, was given by C. Liverani [40].

We shall briefly describe the original proof, which uses Markov sections and trans-
fer operators in a C! setting. Although this particular approach is perhaps a little old
fashioned, it fits in well with our preceding analysis of iterated function schemes. We will
also concentrate on the three dimensional case for simplicity. The choice of Markov sec-
tions for the flow is then done by analogy with the well known approach of Adler-Weiss
constructing Markov partitions for linear hyperbolic toral automorphisms [I], [56]. There
one uses the stable and unstable manifolds for a fixed point to give the boundaries of the
Markov partition and for geodesic flows one uses the weak stable and unstable manifolds
associated to a closed orbit for the flow.

STEP 1. Let dim M = 3 and let 7 be a closed orbit for ¢. We can define the weak stable
and unstable manifolds for 7, which are two dimensional immersed submanifolds

We(r) ={x € M : d(¢pix,7) = 0 as t — 400},
W r)={x € M:d(¢p_tz,7) = 0 as t — +oo}.

(These are weak stable and unstable manifolds for the closed orbit 7.) In practice we will
only want to consider parts of W#(7) and W*(7) which are a bounded distance (along
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the submanifolds) to the original orbit 7. We also introduce sections \S; transverse to the
flow (with boundaries contained in W#(r) and W*(r)) which help divide M into flow
boxes P;, say, for i = 1,...,m. We can view these as parallelepipeds of the form

Pi={pw:0<t<ri(w)}, i=1,...,n,
where r; : S; — RT.
STEP 2. We can now define a discrete map. This is first achieved by identifying the flow

boxes along the the leaves of a suitable foliation. More precisely, we can define the one
dimensional stable manifolds:

W (z) ={y € M : d(¢ix, dry) — 0 as t — +oo}

for each € M. The following classical result helps explain why we can work in the C*
setting.

LEMMA 6.5 (Hopf, Hirsch-Pugh). For geodesic flows on surfaces the family {W?*°(x)}rem
gives a C1 foliation of M [32].

STEP 3. We can now introduce an associated C'' one dimensional expanding map. “Iden-
tifying” sections S; along stable manifolds gives a one dimensional C' manifold or “in-
terval”.

We begin with the natural projection P; — S; from each three dimensional par-
allelepiped to the corresponding two dimensional section along the orbits of the flow.
We also have the following useful trick to relate the C'' nature of the foliations to the
sections [58].

LEMMA 6.6 (after Ruelle). We choose the sections S; so that they (and thus the paral-
lopipeds P;) are foliated by strong stable manifolds.

The Poincaré map between sections gives a C* map T : |J, I; = |, I;- The return (or
transition) time between sections gives a C* function r : |J, [; — R™.

STEP 4. We can construct invariant measures (following Bowen-Ruelle). Let ¢ : I — R
be a Holder continuous function (used as a potential to define a Gibbs measure).

DEFINITION 6.7. We can define the Gibbs measure (or equilibrium state) fi,:

h(py) + /l/fd/h,b = Sup{h(u) + /1/)d,u : p = T-invariant } =: P(¢)
where P() is the pressure function for .

The measures i, on |J, I; correspond to a flow invariant measure m on M, which is given

by a simple construction [14]:

1. we can extend iy, on I to jiy on J, S; (the natural extension);
2. we can extend fiy to a ¢-invariant measure m on M by

. dﬂw X dt

N f?”dﬂw

dm

where m(90F;) = 0.
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Of course, we can consider particular choices of Hélder continuous potentials. These
give rise to different invariant measures for the geodesic flow.

EXAMPLE 6.8. Let ¢ : I — R. Then

1. if ¢(x) = —log |T'(x)| then m is the Liouville measure; and
2. if ¢(x) = —hr, where h is the topological entropy of the flow, then m is the measure
of maximal entropy (or Bowen-Margulis measure).

STEP 5. We can now introduce transfer operators. Let C*(I) be the Banach space of C!
functions w : I — C with norm ||w|| = |w]|eo + ||©']|co-

We can understand the properties of the measures p, (and thus of the correspond-
ing measure 7z, and flow invariant measure m) through the spectral properties of an
associated transfer operator.

DEFINITION 6.9. Let 1 : I — R be a C! function. Then we can define the transfer
operator Ly : C*(I) — CY(I) by

Lyw(z) = Z "W (y).

y: Ty=x
We can now describe the properties of this operator [59], [13], [47].
THEOREM 6.10 (Ruelle). Let ¢ : I — R be C1.

1. Ly has a (mazimal) positive eigenvalue e ) (and a positive eigenvector hy ).

2. The dual operator L3, : CHI)* — CYI)* (defined by Liv(w) = v(Lyw) for v €
CH(I)* and w € C*(I)) has an eigenmeasure vy, i.e., Lyvy = ePWyy.

3. Ifsup,er 1/|T(2)| < 0 < 1, say, then Ly : CH(I) = C(I) has only isolated eigenval-
ues outside the disk of radius 0ef'¥).

Recall that in the previous context of C“ functions the operator £, was nuclear, and
thus had countably many eigenvalues. But since we now have to work in the C! category,
there may be more eigenvalues, although part 3 of the above result implies that they
don’t occur outside of the disk of radius e (¥).

Part 1 of the theorem allows us to make a particularly useful simplification [47].

COROLLARY 6.11 (Normalization). Given ¢ € CY(I) we define 1) = 1) +log hy, —log hy, o
T — P(¢). Then

1. Eal =1, the constant function with value 1;
2. E*E% =V and then Vg = Hy, the Gibbs measure for v

STEP 6. Finally, we have a strategy for proving “statistical properties”, such as ex-
ponential mixing, for the original flow. Let p be a ¢-invariant Gibbs measures and
F,G € C*°(M). We have the Laplace transform

Als) = / etp(ydt, s eC,

0
which converges for Re(s) > 0. We want to apply the following result to convert properties
of p(s) into bounds on p(t) [57].
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THEOREM 6.12 (Paley-Wiener). Assume we can show p(s) has an analytic extension to
Re(s) > —eq say, and

sup
—€p<5<0

/ p(o0 + it)dt‘ < +00

0

for some eg > 0. Then for any 0 < € < € there exists C' > 0 such that |p(t)| < Ce™ for
t>0.

What remains is to modify the transfer to include the complex variable s € C and to
write p(s) in terms of this. We will discuss this in the next section.

7. The complex transfer operator. Given C! functions ¥,7 : I — R and s € C we
can define a complex transfer operator Ly_s, : C*(I) — C*(I) by

Lo—ulz)= Y V=N Wu(y).

Ty=x
REMARK 7.1. When s = 0, this reduces to the usual “real” operator.

Usually it is convenient to assume Ly_p,1 = 1 where 1 denotes the constant function 1
(and then L, ty—or = pyp—hr is a Gibbs measure for 1) — hr). In fact, we can usually
assume this without loss of generality, by Corollary 6.11.

The following is a partial analogue of Theorem for the operator Ly _s [49], [47].

THEOREM 7.2 (Complex Ruelle Operator Theorem). Let s = o + it. Then

1. The spectral radius of Ly_qr satisfies p(Lyp—sr) < ePW—ar)
2. Ly_sr: CY(I) = CY(I) has only isolated eigenvalues outside e V=om).

We can now try to relate the transfer operator £y_,, to the Laplace transform p(s).
The spectral properties of the operator then lead to properties of the complex function.

CLAIM 7.3. We have the following properties.

1. There exists € > 0 such that p(s) has a meromorphic extension to Re(s) > —e.
2. If s =sq is a pole for p(s) then 1 is an eigenvalue for Ly—_qr.

We briefly recall the idea of the proof of the claim. We want to write

A0 = [ 1(2 B2t

where ZZOZO £$_M =(1- Ew,gr)_l for suitable functions fs, g_s. If we can replace the
functions F' and G by functions which are constant on stable leaves in the parallelepiped
then we could associate

r(x)
F fo(z) = /0 e *'F(x,t)dt € C*(I),

r(z)
Grs g o(z) = / e F(a, t)dt € C(I).
0

The justification for this comes from a result of Ruelle.
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All of the above framework was in place in the 1980s. However, it took another decade
for this to be used to deduce exponential decay of correlations.

To apply the Paley-Wiener theorem we need control on the eigenvalues of Ly_. (i.e.,
poles of p(s)). This is achieved by the following famous result of Dolgopyat [21].

THEOREM 7.4 (Dolgopyat). There exist € > 0 and 0 < p < 1 so that for s = o + it:

L. Ly—sr: CHI) — CYI) (or Ly—sr : C¥(I) — C*(I) ) has spectral radius p(Ly—sr) < p
whenever ¢ > —e and t > €; and
2. there exist C > 0 and A > 0 so that whenever o > —¢, [t| > € and

n=k[Alog|t||+1 fork>0and0<I]<[Alog|t] —1
then |12, < CoHAsl).

Having outlined the way in which properties of the transfer operator lead to the
dynamical properties of the geodesic flow, the following question remains.

QUESTION. What properties does the geodesic flow have which are needed for the result?
How do they filter through to the transfer operator?

The geometric features of geodesic flow can be encoded into the Markov sections and
their collapsed versions.

8. Uniform bounds on transfer operators. In this section we outline the key ideas
in the proof of Dolgopyat’s estimate.

8.1. A sketch of the proof. We want to define a C! function A : I — R of the
form A(xz) = r(y) — r(z) where y, z are preimages of x under the expanding map, i.e.,
Ty="Tz=ux.

We then have a function defined locally (in a neighbourhood of zy with distinct
preimages o, 20, i.e., T'(y0) = T(20) = xo) by

A(z) = (r(y) = r(2)) = (r(%0) — 7(20))-
We can assume that I 3z +— A(xz) is C* and there exists C' > 0 such that locally we can
write

1. A(z)
C - x—xg

<C.

This is essentially all that is required from the flow[]

Sketch proof of Dolgopyat’s theorem. We want to show that Ly, is a C'-contraction.
Actually, this is achieved by a series of steps:

(i) showing that L _s, is a L'-contraction;

ii) showing that L_g, is a L'-contraction implies it is a C°-contraction; an

ii) showing that L£y_s, is a L'-contraction implies it is a C°-contracti d

iii) showing tha _sr 1s a CY-contraction implies it is a C'-contraction (or C°-

iii) showing that L,_s. is a C%-contraction implies it is a Cl-contracti ce
contraction).

2In practice, we need to take higher iterates of 7.
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This is a form of “bootstrapping argument” whereby we improve the regularity step by
step.
We will consider each of these steps (in reverse order) where w € C1(I):

Sketch of part (iii). Assume we already have a CY estimate: There exists 0 < 6y < 1 such
that
LMWl = O(0). (8.1)

Then we can use the following important bound.

LEMMA 8.1 (after Doeblin-Fortet, Lasota-Yorke). There exist C >0 and ||1/T"||cc <0 <1
such that
125 - srwll < Clt[[[w]|oo + 6™ [[w] (8.2)

for allm > 1, where s = o + it.
Applying (8.2) twice we can write
L3 sl = 15— o (L3 )| < CRIILY - spwlloe + 0™ (Cltl[wllo + 6™ w])
where ||£}__ w|e = O(0F) by (8.1) and C|t|||w]|cc + 0™ ||w] is uniformly bounded. Thus
1L wll = O(Jt]67)
where 6; = max(6,0o).

Sketch of part (ii). Assume we had L'-estimates

e / L8l = O(62) (8.3)

for some 0 < 05 < 1, where Ly_sris = o is the Gibbs measure for 1 — or.

By Theorem (i.e., the existence of a spectral gap for Ly_,,) there exists 0 <
03 < 1 such that
= 0(0%).

o0

H‘Cw—arw - /wdﬂa
Thus for n > 1:
€3l = 15 e (- or)loe < [ 1E5-prldus +O(8))

and using (8.3) we get that [|[£2" _ w|lw = O(0}) where 04 := max{6s, 03}.
Finally, “all” that remains is an argument to get L'-contraction (somehow using the
properties of A(z)).

Sketch of part (i). The basic idea is that the operator contracts in the L' norm because
of cancellations that arise because of differences in the arguments that can occur in the
various terms arising from Ly _ 4. The important thing is that this should be uniform in
t = |Im(s)| to ensure that the Laplace transform has an analytic extension to a uniform
strip.

More precisely, we can summarize the idea as follows:

(a) Ly—orw(z) contains contributions from two terms

W)= (W) g=itr(y) | () —0r(2) g—itr(2)
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with Ty = Tz = x and where the difference in the arguments of the two terms is obviously
t(r(y) —r(z)) = tA(z) (mod 27).

(b) In particular, when 2 < tA(z) < 2F (mod 2m) a little trigonometry shows that
[Ly—srw ()] < BlLy—orw()|
for some 0 < f < 1 (which is independent of t).

(c) For each sufficiently large ¢ we can divide I into a union of (small) subintervals {I;}
of length |I;| < 1/|t| consisting of:

(i) Good intervals. These are intervals I; for which « € I; implies that tA(z) € [7/2,37/2].
Thus by (b) above, if I; is a good interval and x € I; then

|£w—s7“w(z)| < ﬁ‘ﬁw—arw(z)|~

(ii) Bad intervals. These are simply the complements of the good intervals and here we
just use the trivial inequality

[Ly—srw(@)] < [Ly—grw(z)].

A natural question to ask at this stage is: What do we use about p and what properties
does it have which lead to a uniform contraction? We will now address this.

(d) Although as t increases one expects more good (and bad) intervals, the total mea-

sure of their union is (uniformly) bounded away from zero. In particular, the uniform

contractions on the good intervals then lead to a uniform contraction in the L!'-norm.
To see this crucial feature, we can compare the measures of each good interval I; and

one of its neighbouring bad intervals I; 1, say. The important thing about the measure

is that it has the “doubling property”: there exist A, B > 0 such that providing |¢| is

sufficiently large we can bound A < p(I;)/u(I;+1) < B for all such intervals I; and I;41.
We can therefore conclude that providing ¢ is sufficiently large we can bound

[Ly—srw ()] < BlLy—orw(z)|
on a set of uniformly bounded (from below) measure. This implies contraction in L!-norm.

This completes our sketch of the basic argument of Dolgopyat. However, at the risk
of obscuring the basic idea with too much detail, let us flesh out part (d) a little more.

8.2. More details on the proof. A more elaborate account of part (d). For notational
convenience we denote

18]l = max{|[A]loo, I17']| /1¢]}
and consider two cases: one very easy, and the other less so.

(I) Easy case. Assume 2C|t| - |h|s < |h'|so where C is the constant from Lemma [8.1] We
can fix % < n < 1 and then choose k such that % + 6% < 1. Then by Lemma we have
1 "
1| |t
by hypothesis and definition of || - ||, i.e., || - | contracts (in this case).

[(L%h) oo < Clhlos + 77 < (1/2 4 6%) <nllhl|

This still leaves the other case.
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(I) Difficult case. Assume 2C|t||h|oe > |h|oo- We want to choose a sequence of C*
functions u, : I — R, n > 0, such that the following properties hold:
L. 0 < |vp| Sy for v, := L3 hyn > 1
2. there exists 0 < § < 1 with ||u,ll2 < 8™, n > 1;
3. |ul, Jun| < 2C|¢t, n > 1; and
4. vl Jun| < 2C|t, n > 1.
The functions wu,, have the advantage over v, of being real valued. The existence of

such functions u,, comes from an iterative construction. Let ug = 1, say. Assume u,, has
been constructed. We need a “calculus lemma” relating u,, to v,.

LEMMA 8.2 (Calculus Lemma). There exist 0 < n < 1, € > 0, § > 0 such that for all
xo € I there exists a nearby interval [x1 — 6 /|t], z1 + 3/|t|] with |x1 —xo| < €/[t] such that
for all x in this interval we have either

e W, (y) + e o, (2)] < ne” T Wun(y) +777 up(2)
or

e W, (y) + e D, (2)] < ne” 7 Pun(2) 777 g (y).

We can choose (reasonably good) intervals

[z0, 1], [T2, 23], - - - s [T2n—2, T2n—1]
upon which one of the two inequalities in Lemma [8:2] hold. We then continue to define
the sequence of functions iteratively by
s (#) = Losr(u30)(@)

where

T2n41—T2n + T2n41—T2n
4

n if xg, — <x < Tap 1 ,
x(@)=q1 if 2941 <o < Topyo,
a smooth interpolation in-between,

with |x]eo <1 and |x'|ec < Elt|x(z). By construction we then have

[t 1| = [(Ly—or(unx))'| < Cltl[(unx)] + 0] (unx)")|
and by the chain rule

|(un))(@)] < [ (2)[x(2) + un (@)X (2)] < 2C[tun ()X (@) + un () (Bt x(2)).
(providing 0 < 0 < 1 is

Combining these bounds we have |u;, ()] < 2Ct||ups1(x)
sufficiently small) i.e., 3. holds for u,4+1. Moreover,
[Un11(2)] = [(Ly—orvn) ()] < CltLy—grlvn(@)] + 0Ly —or|vy, ()]
< Cl|Ly—ortn(x) + 0Ly grup, (z) < 2C|tlup41(z),
i.e., 4. holds for ;1.
To establish 2. it suffices to show that there exists 0 < 8 < 1 such that [|u,t1|2 <
Bl|un ]2 for all n > 0. Moreover, this is (essentially) what we need to complete the proof

of the theorem since then
15— orbll2 < llunll2 < B
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for n > 1. To this end, observe that if € [x9;11, 2;42] then
up 1(2) = (Ly—or(xtn) () < (Ly—or (%) (@) (Ly—or(ui) (2))

where
Ly —or(X*)(@) < o < 1.

Thus (on these good intervals)

T2i42 L2442
/ W2y (2)dv(z) < fo / Loy (x)dv(z)

2i41 T2i+1

and we can trivially bound (on the bad intervals)

T2i+1 L2441
/ u%+1(x)dy(x) < / £¢,5ru721(x)du(m).

24 24

But for &’ € [x9;, 22,41 and 2" € [22;11, T2;12] we have
un+1($l)2 * /

1 (@) <exp| 2 |(log un+1) (2)|dz | < exp(2|r2ite — x2:|.2C ) < B
n+1 T

7
say.
Moreover,

L2441 2d . )
fmgi un v <B<Sup{ V([x2zax2z+1]) }) <A
i 14

ff;j updy ([#2541, T2i42])

say. Thus

T2 241

) T2i41 ) T2i42 ) ) )
/unﬂdu = Zﬁo/ u, dv +/ uydv < 3 /undV
i x

for some 0 < 5 < 1. O
Of course this method seems a little complicated and, perhaps, rather restricted in
its application. This begs the question:

QUESTION. More generally, how useful are these ideas?
In fact, this basic method has been used in several different settings. For example:

(i) Baladi-Vallée used similar results on transfer operators to study statistical properties
of (Euclidean) algorithms [7].

(i) Avila-Gouézel-Yoccoz showed exponential mixing for Teichmiiller geodesic flows [5].

REMARK 8.3 (Teichmiiller flows). Let V be a closed surface. Let M be the space of
Riemann metrics g (moduli space). Let p be the Teichmiiller metric on M with normalized
volume (vol),.

Let F,G : SM — R be smooth (compactly supported) functions. Then

p(t) = / Fé,Gd(vol), — / Fd(vol), / Gd(vol),

tends to zero exponentially fast.

The method is based on modelling by a symbolic flow. A simpler example would be
when V' = T?; then the modular surface M is equal to H?/PSL(2,Z) and the dynamics
corresponds to (the natural extension of) the Gauss map T : (0,1) — (0,1) defined by
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T(x) = 1/z (mod 1) and a roof function r : (0,1) — R defined by r(z) = —2logz and
the volume d(vol), = Cdxdt/(1 + x).

REMARK 8.4 (Weil-Petersson flows). Another metric on M is the Weil-Petersson metric
which has a nice dynamical interpretation (after McMullen [46]). To a family g, € M of
metrics A € (—¢, €) we can associate the geodesic flows ¢7* : SM — SM. Each can be
modelled by a suspension of a subshift of finite type o : ¥ — ¥ and a family of Holder roof
functions 7y : ¥ — R. If we write ry = ry, + (A — Xo)7x, + 0(A — Xg) corresponding to the
change in metric gx = gx, + (A — Ao)dx, + 0(A — Ag) then we can write the Weil-Petersson
metric or pressure metric where
2

. 0
Hg/\o”WP = 92

The ergodicity and mixing properties of the geodesic flow with this metric were studied
by Burns-Masur-(Matheus)-Wilkinson [18], [17].

P(=rg + trxy)]t=0 > 0.

9. Counting closed geodesics. The same basic method leads to error terms in count-
ing functions for the number of closed orbits (or equivalently closed geodesics) for the
flow.

One can improve the famous Margulis estimate for lengths of closed geodesics ~:

Card{v:1(y) <T} ~e"T/nT as T — 400

where h is the topological entropy of ¢;—1 [41], [42].
The improvement is the exponential error term, once we get the correct principal
term:

THEOREM 9.1 (Counting closed geodesics). Let ¢ : M — M be the geodesic flow on a
compact surface of (variable) negative curvature. There exists € > 0 such that

hT
¢ 1
Card{v:l(y) <T} = / 1—du + 09Ty 4s T — 400
2 ogu

where
hT

¢ 1
/ du~e"T/RT  as T — +oo.
9 logu

This is a companion result to the exponential mixing for the geodesic flows. In place
of the Laplace transform of the correlation function consider another complex function,
the Selberg zeta function

Z(s) =[] —e ), sec.
n=1 -y

This converges for Re(s) > h. We can consider the logarithmic derivative

@ g9 20 L

ds
where A(s) is an analytic function for Re(s) > h — ¢, say.

+ A(s)
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Using Cauchy’s theorem we can relate

/
/ Z'(s) ds
Re(s)=¢/2 Z(S)

to m(T) = Card{~ :I(y) < T} and deduce Theorem [9.1] using a straightforward analysis
borrowed from prime number theory [52].

We have formulated this in the context of compact surfaces V. However, the dynamical
approach is much more flexible.

QUESTION. How can we generalize the Selberg zeta function?
Let us try to answer this question in the next two items.

(iii) Thin groups. Examples of “thin groups” are nonlattice subgroups of PSL(2,R).
Let us mention a recent result in this direction. Let ' < PSL(2,Z) be a subgroup.
Let v9 € PSL(2,Z/qZ) and let 6(I') = § be the Hausdorft dimension of the limit set.
Bourgain-Gamburd-Sarnak [10] estimated

cr®
" CardPSL(2,Z/qZ)

with an explicit error term. For % < 6 < 1 the proof uses the classical Laplacian. However,

+ “error term”

Card{y € I': ||7|| < T,v = vo((mod ¢))}

for0<d < % the proof uses transfer operator techniques.

(iv) Higher Teichmiiller theory. Given a compact Riemann surfaces V with k = —1 we
recall that the surface V' can be written as H?/T" where I are isometries of H2. A closed
orbit (or closed geodesic) then corresponds to a conjugacy class [g] in I' — {e}. The length
of the closed orbit v is then given by I(7) = cosh™*(tr(g)/2). The Selberg zeta function
for the Riemann surface V' can be written as

Zy(s) = [ T[0 - e,
n=0 -y
where s € C. This has an analytic extension to C. One natural generalization to Higher
Teichmiiller Theory and representations in PSL(d, R) would involve R([g]) € PSL(d,R),
where R is a representation in PSL(d,R). In the case of an appropriate representation
(in the so called Hitchin component) there exists a largest eigenvalue e/9) of R([g]) [39]
and we could again define the corresponding zeta function by

Zufs) = [ [ 1 = -0

n=0 g

where s € C. This too has a meromorphic extension to C.

10. The newer approach to transfer operators. The traditional approach to trans-
fer operators we have described in the previous sections has proved quite successful, but
has several disadvantages:

(i) we often need to work with operators on Banach spaces of C! or Hélder functions,
despite the smoothness of the diffeomorphism or flow (given by the regularity of the
stable foliations);
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(ii) this makes it particularly difficult to get a meromorphic extension to C (because of
the existence of the essential spectrum of the operator, as we commented earlier);

(iii) it is very cumbersome to convert invertible systems to noninvertible systems just to
introduce some transfer operator (or averaging operator).

Therefore it is desirable to develop a new approach to overcome these. In the classical
approach, the invertible system T : X — X, typically the Poincaré map with respect
to Markov sections for the geodesic flow, gives rise to a noninvertible system (with local
inverses T;) which gives a transfer operator averaging over the preimages under 7;. How-
ever, in the new approach the invertible system is again studied. But now one introduces
a Banach space of anisotropic distributions (generalized functions). The transfer operator
is essentially simple composition.

10.1. Banach spaces of anisotropic analytic distributions. Historically, the first

step was for real analytic Anosov diffeomorphisms, and was initiated by H. Rugh [62], [63].

Recall that we can divide T? into elements of a Markov partition {7;} These have natural

real analytic coordinates (x;,vy;) € 7; and let (z;,y;) = T'(x;,y:) € T;. Let us write
T(zivyi) = (f1(@isvi), f2(xi, vi))-

Let D}, D; be disks in the complexification of the coordinates.

(a) We can solve
fa(zi, ds(zi,95)) = v
to get a family of contractions
¢s(zi,0) : DY — Dy
indexed by z;.
(b) We can then define a family of contractions ¢, (-,y;) : Df — D} indexed by y; by

du(Ti,y5) = fr(Ps(@i,y5), y5)-

(Note that if f was linear then the foliation would be straight lines and then ¢ would
also be linear.)

(c) We can define an operator on distributions on | J; 7; by

dajdy;p(x,y;) X 0ags(wi,yy)
Lab(xi,y;) = JOY; VL5, Yj j
"/}(37 Y ) (27”) /8D* /SD“ /8D* ‘T — Pu ‘T’Lvy]))(j - ¢S(mu yj))

J:A®)=1
defined on the Banach space of analytic functions on }_,(C — D7) x Dy.
Remarkably, the operator is nuclear (and thus trace class) and has trace

1
t L") = .
race( ) fnzr;T |det(D;,;T” _ ])|

If we choose the coordinates
{zeC:lz| >1} x{weC: |z <1}

the elements can be expanded in terms of z~("*Dw™ where n,m > 0.
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This construction hints at the use of dual spaces, but still has lots of anachronisms
(e.g. Markov partitions).

10.2. Banach spaces of anisotropic smooth distributions. More generally, we can
consider the Gouézel-Liverani approach for Anosov diffeomorphisms [2§]. The aim is to
construct Banach spaces of distributions built so as to have a special form of “duality”,
which makes the composition with the Anosov diffeomorphism into a contraction.

Let 3 denote the C*° embedded leaves of bounded length (of dimension dim E*) which
lie in a C'*° cone field close to the stable bundles

C={v' @ v e By @ B : o] < Ko}
for some K > 0. One can fix p,q > 1. Let w : M — R be C*° and let DPw be the pth

order derivative (p > 1). Let C¢(W) = {¢ : W — R be C? which vanish on W} for
W € ¥ then we define a semi-norm by

[wl|l,, = sup sup sup / DPwed(vol)
wex D ¢€C3(W) W

(a Sobolev-like inner product) and a norm by
U = su w| -
ullp,q nggp [ Hp,quk;

We let B, 4 be the completion of C°°(M) with respect to | - ||,,q (There was an earlier
attempt at constructing such Banach spaces due to Kitaev [35], but it is a little difficult
to understand.) The transfer operator acting on this Banach space takes a simple form.

DEFINITION 10.1. The transfer operator takes the form L : B, ; — B, 4, where
B 1
~ det(DT)oT-1!

ie., [y, wuoTd(vol) = [,,(Lw)ud(vol), which corresponds to a change of variables.

woT !

Lw

We can consider a particularly simple case:
EXAMPLE 10.2. When det(DT) =1 then Lw = wo T~1.

The main result that ultimately leads to a host of applications is the quasi-compact-
ness of this operator (with bounds on the essential spectral radius). The next lemma
summarizes the useful spectral properties of £ on this space.

THEOREM 10.3. Let 0 < 6 < 1 be determined by the expansion and contraction rates.
Then

1. £ has a maximal positive eigenvalue (and eigenprojection p corresponding to the SRB
measure); and
2. L: By 4 — By, has only isolated eigenvalues in |z| > g™inip:at,

Thus the larger one chooses p, ¢ the more fine structure of the spectrum is revealed.
The proof of Theorem [I0.3] parallels those in which the quasi-compactness of the earlier
transfer operators was established. In particular, it is based on two ingredients, which we
formulate in the next two lemmas.

LEMMA 10.4. The unit ball in B, ¢ C Bp_1,4+1 s relatively compact.
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LEMMA 10.5 (Doeblin-Fortet/Lasota-Yorke). There exist A,B > 0 such that for all
n >0,
1L w]p.q < AG™PA

|p7q + B”pr—l,q—H
Here || - ||,—1.0+1 1s the “weak norm” and || - is the “strong norm”.
p—1,q+ ,q

We briefly describe the proof of the Fortet-Doeblin/Lasota-Yorke inequality in Lemma
To establish this, one needs to estimate terms like

/ D (Lw)pd(vol)w
w

where 0 < k < p, ¢ € C°(W). Let us try and explain the basic idea in the construction.
Let n > 1. Then since T~"W is “long” we can break it into standard size pieces: T~"W =
U; W;. Thus

FLmrw vol) = FLrw vol).
| Dt wysd(wol > [, Perotan

Writing D = D, + D,, with derivatives D, along W and D, “close” to the unstable
direction gives terms

/ DLDE (w0 T~™)gd(vol) + O(|w]lp—1.441)
T"Wj

where the error term is the price of reordering with D to the front. Integrating by parts
moves D! to give

/ D*Y(w o T~™) D pd(vol).
W,
By a change of variables (using T"), we get
/ DE=Y(w) DL o T™d(vol).
W

One contribution comes from k = p and I = 0 (the others are dominated by ||A|lp—1,4+1)-
Then

/WA D (w)¢ o T"d(vol) = O(0"[Jwl]) = OO [[wl|p,q)

where DP(w) contributes the scaling by 6P and ¢ o T" and then we can sum. Note that
the contribution from the term | = k = p is O(09"||w]|).

REMARK 10.6. Other Gibbs measures require modifying the norms fundamentally. A
more comprehensive discussion of related anisotropic Banach spaces can be found in [6].

10.3. Anosov flows. We want to move from the setting of Anosov diffeomorphisms to
that of Anosov flows. To study dynamical properties of Anosov flows we would like to use
a similar approach to that for the particular case of geodesic flows. Using the Butterey-
Liverani approach for the Anosov flows ¢, : M — M we can associate suitable Banach
spaces By, ; [19]. The definition of these Banach spaces for Anosov flows is analogous to
that for Anosov diffeomorphisms. (We can use ¥ to denote a space of C* curves close
to the strong stable leaves, i.e., lying in a C'*° cone family.)

We next define a suitable operator for the Anosov flow.
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DEFINITION 10.7. We can define operators £; : B, 4 — Bp4 (t > 0) by
_ w o Py

 det(Dg) o py

and the resolvent operator(s) R(z) : Bpq — Bp,q by

R(z)w:/ e P Lydt
0

Etw

for Re(z) > 0.

One of the many advantages of the use of anisotropic spaces is that we can work
directly with the resolvent operator R(s). This luxury was not previously available to use
when we used suspension semi-flows.

The next result describes the meromorphic extension of the resolvent [19]. Let A > 0
be the contraction rate for the Anosov flow.

THEOREM 10.8. The operator R(z) is meromorphic for Re(z) > —Amin{p, q}.

In particular, recall that given an Anosov flow we can consider the correlation function

o(t) = / Fob,Gdy— / Fdy / Gy

where F,G € C°(M) and p is the invariant volume (or more generally the SRB mea-
sure). We can deduce the following result on the meromorphic extension of the Laplace
transform of the correlation function.

THEOREM 10.9. The Laplace transform
p(z) = / et gt
0

is meromorphic for Re(z) > —Amin{p, q} (for all z € C if we can choose p,q arbitrarily
large).
To study the periodic orbits for the Anosov flow ¢; : M — M we can define a zeta

function as follows.

DEFINITION 10.10. Given an Anosov flow we can formally define the zeta function

() =Ja—e)t sec,

T

where 7 denotes a (primitive) closed orbit of least period A(T).

The meromorphic extension of this complex function is again based on the analysis
of the transfer operator. By choosing p, ¢ sufficiently large we get

THEOREM 10.11. The zeta function ((s) for a C*° Anosov flow is meromorphic for all
s € C. The value s = h is a simple pole for ((s) [30].

We briefly describe the main steps in the proof.

STEP 1 (The role of s). Recall that in Definition [10.7] we defined linear operators R(s) :
By, 4 — Bpq by

R(s)w = / e 'Ly dt
0
for Re(s) > 0.
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STEP 2 (“Better” Banach spaces). We replace C*° (M) by a Banach space of distributions
BI(,?(; and, more generally, construct Banach spaces B,S.{Z, (M) forl=0,...,dim M replacing
functions by [-forms. This gives families of operators: RrY . Bz(,f)q — B,()Q] defined by
analogy to Rgo).

For simplicity, consider dim M = 3 and denote o7y = h, where h is the topological
entropy of the flow and o0y = 09 = h — ¢ where A > 0 is a bound on the exponential
contraction.

PROPOSITION 10.12 (Spectrum of RV . BI(;{L — B,()l)]). Assume that Re(s) > o (I =
0,1,2). Then

(a) the spectral radius satisfies p(Rg)) S m"

(b) the essential spectral radius satisfies

@ !
pe(Ry) < Re(s) — o1 + N[(k — 2)/2]

where k = min{p, q}.

STEP 3 (The extension). We can associate to the resolvent a complex function (“the
determinant”) defined as follows:

= 1
Dy(s) = exp (— Z n“traco"(Ré”))

n=1
where we ignore the nonessential part of the spectrum. In particular, D;(s) is analytic
for Re(s) > o, — A[(k — 2)/2]. We can then write

((s) = Do(s)D2(s)/D1(s)
where the numerator gives zeros for Re(s) < h — A. The denominator gives poles for
Re(s) < h.
In particular, the conclusion is that for C* Anosov flows, the zeta function ((s) is
meromorphic for Re(s) > h — A[(k — 2)/2], and letting k¥ — 400 gives a meromorphic
extension to C.

REMARK 10.13. Previous results in the direction include:

(a) Ruelle showed Corollary [10.11{ under the additional assumption that the stable man-
ifolds are C* [58].
(b) Fried (adapting Rugh’s approach) showed the result assuming the flow is C* [27].

REMARK 10.14. There is another construction of Banach spaces by Dyatlov-Zworski
using microlocal analysis [23].

For some geodesic flows there is also an analytic extension to a strip [30]. Let ¢y : M —
M be the geodesic flow for a compact manifold V' with negative sectional curvatures.

THEOREM 10.15 ([30]). For 1/9-pinched negative sectional curvatures, for all € > 0, ((s)
has a nonzero analytic extension to h — e < Re(s) < h.

This leads to the following estimate on the number of closed orbits of period at most 7T'.
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COROLLARY 10.16. For 1/9-pinched negative sectional curvatures,
Card{r : M7 < T)} = li(e"T)(1 + O(e~T)).
REMARK 10.17. Previous results in the direction include:

(a) This is true for surfaces without extra conditions [52].
(b) The principal term is true for manifolds without the pinching condition [41]:

hT

Card{r : A(7 <T)} ~ ehiT

as T' — 4-o0.
This generalizes to contact Anosov flows with 1/3-pinching.

REMARK 10.18. We can also use this formalism to consider decay of correlations for
the maximal entropy measure (or Bowen-Margulis measure) rather than the SRB-mea-
sure [30]. Let u denote the measure of maximal entropy for ¢ : M — M and let

F,G € C(M). Let
plt) = / F o ¢yt — / Fy / Gy,

for ¢ > 0, be the correlation functions. The asymptotic behaviour of p(t) is given by the
analytic properties of the Laplace transform

p(s) = / e *'p(t)dt, seC.
0
We observe that:

(a) p(s) converges for Re(s) > 0;

(b) p(s) has a meromorphic extension to C;

(c) typically s is a pole for p(s) if s+ h is a pole for {(s) (actually zero for Z(s)), since
both can be related to properties of R(s);

(d) there exist C' > 0, A > 0 such that |p(t)] < Ce™*!, t > 0 providing the curvature is
1/9-pinched.

11. Other notes. The more discerning reader may prefer other notes which have a
more specific focus on particular topics.

1. For the reader wanting a more pure and undiluted theory of dynamical zeta functions
the author has some unpublished notes from lectures in Grenoble [51] (about 35 pages).

2. For the reader wanting more details on the connections with fractals the author has
some notes from lectures in Porto [48] (about 106 pages).

3. For the reader wanting a more geometrical or number theoretical viewpoint, I would
recommend reading elsewhere on the Selberg zeta function, e.g., [31].
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