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Model Parameters

While it may be challenging to determine a complete set of exchange parameters for a material based solely on
measurements of the neutron structure factor, it can be very useful in conjunction with other measurements. A
parameter set which describes a number of Dy2Ti2O7 measurements well is the general dipolar spin ice model (g-
DSM), with dipolar constant D = 1.322 K, and exchange constants J1 = 3.41 K, J2 = −0.14 K, J3a = J3b = 0.025
K [S1]. However, a recent study [S2] finds that these parameter values do not describe the peak in the intrinsic
magnetic susceptibility χT/C accurately. Retaining J1 = 3.41 K, J2 = −0.14 K, a quantitative description of χT/C
leads instead to the relation J3b = −0.80J3a + 0.056 K. From this relation the point closest to the g–DSM model was
chosen, to define the g+–DSM, (J1 = 3.41 K, J2 = −0.14 K, J3a = −0.030 K, J3b = −0.031 K). In order to investigate
this choice of third nearest neighbors we calculated the ratio S(0, 0,−3)/S(3/2, 3/2, 3/2) while varying J3a according
to the relation J3b = −0.80J3a + 0.056 K and compared these ratios to our experimental value at T = 650 mK. As
shown in Fig. S1 the experimental and calculated ratios match when J3a ≈ −0.030 K, which was the value chosen
in Ref. [S2]. Our results provides further experimental justification for this parameter choice and underscores the
usefulness of using neutron scattering data to determine weak further neighbour exchange parameters.
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FIG. S1. The ratio of the intensities at Q = (0, 0, 3) and Q = (3/2, 3/2, 3/2) vs J3a values along the minimum RMS valley at
T = 0.65 K. The blue line corresponds to the experimental value of the ratio at T = 0.65 K.
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Numerical equilibration

The resolution in reciprocal space is inversely proportional to the number of particles used in the simulation. In
this study, we reach system sizes of 65536 spins, which is 8 times larger than in commonly reported simulations.
Large system sizes pose an intricate problem due to the difficulty of reaching equilibrium in a theoretical sense.
Equilibration of S (Q) was established by comparing the difference of maps by successively increasing the number of
steps according to the following procedure: calculate the average neutron map, along with the standard deviation,
for a large set of independent maps using 2N MC steps. Next, double the simulation length and again calculate the
average map, along with the standard deviation, for the same number of independent maps, using 2N+1 MC steps.
Finally, calculate the standard deviation of the two average maps generated using 2N and 2N+1 MC steps. Repeat
this process by successively increasing the value of N until the standard deviation calculated from the average maps,
generated using different numbers of MC steps, is smaller than the standard deviation within the maps generated in
the longer simulation. The production chart is then produced by using 2N+1 equilibration steps and 2N+2 measuring
steps. We find that N = 15 is sufficient for reaching equilibrium.

This method can be viewed as a version of logarithmic binning. The main reason for choosing this scheme instead
of logarithmic binning is that we find S (Q) to equilibrate unevenly fast for different Q values.

Neutron scattering maps

The experimental and theoretical scattering maps for 1.3, 0.65 and 0.35 K are shown in Figs. S2a to S2c. The
higher temperature experimental maps were taken on DMC (PSI) [S3] and the 0.35 K data were taken on WISH
(ISIS) [S4]. The experimental data taken by the two instruments was normalized by scaling the 0.65 K data taken
on WISH to the 0.65 K data from DMC. The resulting scale parameter was used to scale the intensity of the 0.35 K
WISH data, clearly displaying the expected increase of intensity as the temperature is lowered. Due to the geometry
of the WISH experiment, data was collected for a single orientation optimized for scattering around the (0,0,3) region
of intensity. As a consequence, statistically reliable data is limited to a restricted part of the reciprocal space, and
in Fig. S2c we have removed the regions where errors due to Poisson statistics dominate. The maps are symmetrized
- the measured data from DMC corresponds to approximately one quarter of the plane with some additional regions
due to the kinematic relations of a two-axis diffractometer, the reciprocal space coverage of the WISH measurement
can be seen in Fig. 2b of the main article.
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FIG. S2. Neutron scattering maps at 1.3 K, 0.65 K and 0.35 K from left to right. The lower semicircles contains experimental
data, while the upper semicircles contain theoretically calculated maps. While we believe that the entire maps at 0.65 and
1.3 K, taken at PSI, are accurate, the data at 0.35 K is noisy in certain regions due to the flux profile of the time of flight
diffractometer used at ISIS. The area around Q = (0, 0,−3) features low noise, but the intensity around Q = (3/2, 3/2,−3/2)
is dominated by counting noise.
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Neutron scattering at long equilibration time

In Figs. S3a and S3b we show the experimental map taken immediately after cooling and waiting respectively, on
the WISH diffractometer (ISIS). In both cases a high temperature (12 K) background map, measured during the
experiment, was subtracted from the data to clearly show the structure associated with spin ice. Clearly visible in
both are powder diffraction rings which originate from the copper clamp holding the sample in place. A normalization
factor of 1.02 between the data recorded before and after the long equilibration is required to make the intensity of
these features equal. This is because of the slight change in response of the neutron monitor over the timescale of the
experiment. In Fig. 2b the copper rings have been removed by the subtraction.
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FIG. S3. Neutron scattering maps at 0.35 K taken immediately after cooldown (a) and after waiting (b).

Oxygen annealing

In Fig. S4, we show the diffuse scattering at large wave vectors of our 162Dy2Ti2O7 crystal after oxygen annealing.
Significant diffuse scattering in this plane was shown to be a signature of oxygen defects in titanate pyrochlores in
Ref. [S5]. After annealing, no diffuse scattering of the type described in Ref. [S5] can be detected, suggesting that our
sample is relatively defect free. The data were measured on the SXD instrument at ISIS [S6].
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FIG. S4. The diffuse neutron scattering in the (h, k, 7) plane after the Dy2Ti2O7 crystal was annealed in oxygen. The scattering
shows almost no contamination from defects.
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