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Sum m ary
This thesis presents some results of low field mobility and Hall factor calculations 

in a GaAs/Gao.7Alo.3As superlattice. There is much experimental evidence that for 

a superlattice with a large enough miniband width, the electron transport proceeds 

by extended Bloch states and consequently the Boltzmann transport formalism is 

used. For these calculations polar optical phonon scattering and interface roughness 

scattering are considered.

Early calculations assumed the vibrational modes o f a superlattice to be unper

turbed by the superlattice structure. However the optical vibrational modes o f  a 

thin layer structure deviate strongly from those o f the corresponding bulk materials. 

This effect is included in these calculations by using the dielectric continuum model 

and is found to increase the predicted mobility by up to a factor of two.

This predicted polar optical phonon limited mobility is however, much larger 

than the experimentally measured mobility. By including interface roughness scat

tering agreement with experiment is significantly improved. For a superlattice grown 

without growth interruptions at the interfaces the interface roughness scattering 

dominates electron transport in the growth direction and is o f similar importance 

to polar optical phonon scattering for transport parallel to the layers. The effect 

o f growth interruptions is investigated and is found to  reduce interface roughness 

scattering.

Finally the Hall factors are calculated, the superlattice has two independent Hall 

factors both o f which remain close to one.
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Chapter 1

Introduction

1.1 Low D im ensional Structures

Advances in crystal growth techniques, in particular the development o f molecular- 

beam epitaxy (MBE) and metal-organic chemical vapour deposition (MOCVD) tech

niques, have made possible the growth o f semiconductors structures with controlled 

changes in the composition and doping on an atomic scale. This has lead to the 

realization o f a whole new class o f materials.

It is possible to grow structures where the mobile charge carriers are constrained 

by potential barriers in one or more spatial dimensions. For example, if we consider 

an electron gas constrained in one spatial dimension in a potential well. When the 

well width becomes comparable to or less than the de Broglie wavelength of the 

electrons, the electrons have quantized energy levels in one spatial direction. The 

electron wave-vector in the direction of the confining potential is no longer a good 

quantum number. Thus the electrons move freely in two spatial dimensions but 

not in the third. It is also possible to grow structures where the electrons move
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freely only in one or even zero spatial dimensions. These ‘artificial’  structures, 

commonly referred to as low-dimensional structures, show novel and interesting 

transport properties due to the reduced dimensionality of the carriers.

Transport properties radically different from those observed in bulk materials 

are also obtained when the feature size of the sample becomes small compared to 

some characteristic length scale o f the system being considered (e.g. mean free path, 

inelastic scattering length, cyclotron radius o f electrons in a high magnetic field etc). 

These systems have also come to be known as low-dimensional structures.

Much o f the early work on low dimensional systems concerned the study o f a 

two dimensional electron gas formed at the silicon-silicon dioxide interface in an 

n-channel MOSFET. Interesting effects such as as the Quantum Hall effect (von 

Klitzing et al, 1980) and weak localization (Bishop et al, 1985) have been observed 

in such systems. A comprehensive review of the work done in this system is given 

by Ando Fowler and Stern (1982). A 2-dimensional electron gas may also be formed 

in a heterojunction such as a GaAs/AlGaAs heterojunction. Grown using MBE 

or MOCVD growth techniques, a single interface exists between the GaAs and the 

AlGaAs and the electrons become confined in an inversion layer at the interface. 

Extremely high electron mobilities, typically 10t cm2V~la~l, have been measured 

at liquid helium temperatures in GaAs/AlGaAs heterojunctions. This is because 

of the dramatic reduction o f electron scattering by the ionised donor atoms, due to 

a technique known as modulation doping, compared to that in bulk GaAs. Thus, 

due to the generally higher quality samples obtained with GaAs/AlGaAs hetero- 

junctions, further new effects have been observed such as the fractional quantum 

Hall effect and ballistic motion. A 2-dimensional electron gas is also formed in a
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single quantum well such as an AlGaAs/GaAs/AlGaAs system where a thin layer 

of GaAs is sandwiched between two thick layers of AlGaAs. The conduction band 

edge in GaAs lies at a lower energy than the conduction band edge o f AlGaAs, 

thus the GaAs acts as a quantum well and the AlGaAs a potential barrier for the 

electrons. The electrons are thus confined in the GaAs well. Mobilities in a single 

quantum well are not as high as those found for a single heterojunction. This may 

be because of the poor quality of the interface formed by growing GaAs on AlGaAs 

and the subsequent scattering o f the electrons by the interface roughness. A review 

o f Electron transport in low-dimensional structures is given by Harris et al (1989).

The next class o f material is the multiple quantum wells system. Here the well 

widths and barrier widths can be varied throughout the system. The wells are es

sentially independent o f one another, each well contributing independently to the 

transport parallel to the interfaces. Electron transport perpendicular to the inter

faces ( Vertical Transport) is via hopping or resonant tunneling. A discussion of 

vertical transport and possible device applications is given by Capasso et al (1986).

1.2 Superlattices

The idea o f the semiconductor superlattice was first proposed by Esaki and Tsu 

(1970). The superlattice structure consists o f a periodic sequence o f ultra-thin lay

ers o f alternating composition (e.g. GaAs/GaAlAs), of alternating doping (e.g. 

n-GaAs/ p-GaAs) or of alternating composition and doping. The first successful 

growth of a superlattice was reported by Chang et al (1973). Due to the very small 

lattice -constant mismatch between GaAs and GaAlAs the first superlattices were
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based on these materials. Improvements in epitaxial growth techniques have made 

possible the study o f new material systems exhibiting qualitatively new physical

effects.

Superlattice structures, such as the G&As/GaAlAs system, where one material 

acts as a quantum well for both electrons and holes are known as type I compo

sitional superlattices. For the type II compositional superlattice one material acts 

as the quantum well for the electrons and the other material acts as the quantum 

well for the holes, thus there is a spatial separation between the electrons and holes. 

An example o f a type II compositional superlattice is the G a,In i-,A s/G aA at Sbi.y 

system, the alloy composition x and y  can be chosen so that the two materials are 

lattice-matched. Adjusting x and y the conduction band edge of GaxIn i-,A a  can 

be made higher or lower than the valence band edge o f GaAavSb\-v resulting in 

a semiconductor-semimetal transition if the layers are sufficiently thin (Sai-Halasz, 

1978). Doping superlattices also exhibit a spatial separation between the electrons 

and the holes. Recently there has been much interest in lattice-mismatched super

lattices ( e.g. Si/SiGe ). The lattice-constant mismatch is accommodated by strain 

in the layers with few misfit defects generated if the layers are sufficiently thin. Re

views of various properties of superlattices are given by Ploog and Dohler (1983), 

Esaki(1985) and Osbourn et al (1987).

1.3 Superlattice E lectronic Structure

The electronic structure of a superlattice as well as depending on the constituent 

materials is strongly dependent on the layer thickness and doping profile. Since
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these can be precisely controlled it is possible to design the electronic band structure 

and this has lead to the idea o f  band gap engineering ( Capasso, 1987). Thus the 

transport and optical properties can be tailored for a specific device application, or 

to exhibit new physical phenomena.

Many of the interesting properties of the superlattice arise from the splitting 

of the original bulk conduction and valence bands into narrow mini-bands. This 

splitting is due to the new increased periodic length o f the superlattice and the 

subsequently narrow Brillouin zone in the growth direction. Calculation o f this 

mini-band structure has raised interesting problems in basic physics such as band- 

gap alignment and matching o f  envelope functions at interfaces. There are many 

methods for the calculation o f mini-band structures such as first principle calcula

tions, the empirical psuedopotential method or the tight-binding model. A review 

of these methods is given by Smith and Mailhiot (1990). However the most widely 

used model is the effective -mass approximation. This, because o f its simplicity, 

is the method used here to calculate the mini-band structure o f a GaAs/AlGaAs 

superlattice.

A good description of the effective mass theorem applied to a superlattice is 

given by Vigneron (1988) and the main results are quoted here. The effective mass 

Hamiltonian for the superlattice electrons is given as

where F (r)  is the envelope wavefunction. The unusual form of the kinetic energy 

term in (1.1) is necessary to make the Hamiltonian hermitian and obtain continuous 

current density at an interface now that the effective mass is a function of position.

( 1.1)
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The boundary conditions are also modified, so we have the conditions that

are continuous at an interface. The superlattice potential Vsl( z)  is given by (1.3).

The origins o f this periodic potential are easy to understand. The conduction band 

electrons in GaAs (AlGaAs) behave as though they move in a constant potential 

gOmAt ((AiGaA*) whjch jg the energy of the T conduction band edge in GaAs( AlGaAs) 

and so Vo =  ^ GaA* — eGaA*. Thus in a superlattice we obtain a Kronig-Penney 

potential with the same periodicity as the superlattice. The above treatment is 

restricted to the case when the superlattice electron wavefunction is made up of 

bulk states from one conduction band. A more general treatment when band mixing 

becomes important is given by Bastard (1982,1983).

We can solve the Kronig-Penney model exactly, but to obtain analytical results 

we use the tight-binding theory. In the nearest neighbor approximation the envelope 

wavefunction is written

where k|| =  kxt +  ktj  and X|| =  x i  +  yj. 4>{z) is the normalized eigenfunction of the 

Hamiltonian for a single potential well o f width 2a and barrier height Vo centered 

at z=0 (Appendix 1). The normalization constant in (1.4 ) is derived for the case 

when the overlap from adjacent wells is ignored i.e.

( 1.2)

Vm (» )  =
0 in a GaAs layer

(1.3)
V0 in an AlGaAs layer

(1.4)

<f»(z — nl)<t>(z -  m l) =  6n<m4>2(z  — nl). (1.5)
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The mini-band structure in the nearest neighbor approximation can be written

«» = ^ }  + A ( 1 (1.6)

where 2A is the miniband width, Using the same method as Palmier and Chomette 

(1982) and Warren and Butcher (1986) the mini-band width is calculated from the 

superlattice dispersion relation, when k|| =  0:

cos kxl =  cos(2kaa) cos(2kbb) -  i  (a  +  a -1 ) sin(2Araa) sin(2(t»6), (1.7)

where

Q _  mGaAt â ( 1.8)
mA10aA»h

(1.9)

-  Vo). (1.10)

Before any calculations of the miniband width can be made the conduction band 

offset Vo must be known. While the difference in the band gap o f the two materials 

A  Eg is well known, there has been controversy as to what fraction o f this difference 

( A E t ) appears in Vo- fractions ranging from 50 % to 80 % have been quoted. More 

recently experimentally determined values in the range 60% to 70% have become 

widely accepted, A b initio calculations are also in agreement with these figures 

(Bylander and Kleinman, 1987). We use the experimental results o f Okumara et 

al (1985) that Vo =  0.67A£f =  831xmeV'. All the results in this thesis are given 

for a GaAs/Gao.yAlo.iAs superlattice and we put Vo =  250m eV. To simplify the 

calculation the small difference in effective mass between the GaAs and GaAlAs 

layers is ignored and we put =  m j.,^ .
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Superlattice periodic length, / /A .

Figure 1.2: The superlattice miniband width.

The miniband width 2A is plotted as a function of the superlattice periodic length l for 

conduction band offset of VJ, =  250meV'.
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Figure 1.3: Density of states.

The density of states for the lowest electron miniband of the superlattice is shown. Note 

the critical point in the density of states at = 2A.
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Before proceeding further it is worthwhile examining the validity of the simple 

effective mass model used here. This was first tested by optical absorption measure

ments in GaAs/GaAlAs multiple quantum wells (M QW ), Dingle et al(1974,1975). 

Their results were in good agreement with those predicted by the effective mass 

theorem. Another study probed the electron probability density in a GaAs/GaAlAs 

quantum well. One plane o f cations were substituted with either Indium or Alu

minum. Optical determination of the energy levels as function o f the position o f this 

highly localized perturbation were used to determine the electron probability den

sity, and the results also confirm the validity of the effective mass theorem (Marzin 

and Gerard 1989). The mini-band structure has been calculated using more sophis

ticated microscopic models (see Smith and Mailhiot 1990 and references therein). 

These show that while the effective mass model does not reproduce all the interest

ing electronic properties o f a superlattice it is in most cases adequate for transport 

calculations.

We use the results of Munoz et al (1989) to illustrate when the effective mass 

theorem is applicable. The electronic structure was calculated for a GaAs/AlAs su

perlattice and the results should be qualitatively similar for a GaAs/GaAlAs super

lattice. When considering the lowest lying electron mini-band four separate regions 

exhibiting different behavior were identified(fig 1.4). When both the GaAs and AlAs 

layers are very narrow the effective mass theorem completely breaks down (region 

IV). This is because our assumption that the envelope wavefunction is slowly vary

ing over unit cells of GaAs and AlAs is no longer correct. In region II the electrons 

in the lowest lying mini-band are confined to the AlAs layers. These electrons are 

associated with bulk X states and the X conduction band edge is lower in AlAs than

19



in GaAs. In region III there is strong mixing between bulk T and X states. The 

electron envelope wavefunction is significant is both the GaAs and AlAs layers. The 

effective mass model used here is applicable in region I. The electrons are associated 

with bulk T states and are confined in the GaAs layers.
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m Gq A s

Figure 1.4: Four distinct regions o f  the superlattice miniband structure. 

Munoz et al (1989) identify four separate regions for GaAa/AlAa superlattices which show 

qualitatively different behavior when considering the lowest lying electron miniband. The 

label m(n) denotes the number of monolayers in a GaAa(AlAa) slab of the superlattice. 

The labels I...IV are explained in the text. Figure reproduced from Munoz et al (1990).
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Chapter 2

Transport Theory

2.1 Introduction

When an electric field or thermal gradient is applied to a solid state system there will 

be a net flow o f charge, mass or energy. Here we introduce the ideas and methods for 

examining the transport properties o f a crystalline material. The requirement is for 

an approach that gives an insight into the physical processes involved in the transport 

o f charge or heat which is simpler then a full quantum mechanical treatment but 

is also reasonably accurate. The formulations most generally used are essentially 

classical in nature in that they treat the carriers as having a well defined positions 

and momenta. The simplest of these formulations is the kinetic method where the 

motion o f an average carrier is followed with a simple treatment of scattering. A 

more accurate treatment is given by the Boltzmann transport equation and this is 

the method described in this chapter.

Before considering the transport theory in a  superlattice, it is worthwhile dis

cussing electron transport in bulk semiconductor crystals. Many aspects o f this are
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well understood and a good description is given by Smith et al (1967), Butcher(1973). 

For calculations of the transport properties it is a practical necessity to make use 

o f the one-electron approximation in which the effective one-electron Hamiltonian 

is obtained by treating the electron-electron interaction only in an approximate 

manner. It is then possible to consider the motion o f an electron in the combined 

crystalline and external fields. This is done within the framework of the effective 

mass theorem. The theorem shows that for many situations of interest in trans

port theory ‘the effect o f the external fields on a solid can be discussed in terms of 

the motion of classical particles in these fields’(Smith 1967). However the mass of 

one such particle will be different from the free electron mass and will in general 

depend on its momentum. To formulate the equations of motion for the particle 

a wavepacket is considered and the equations which govern the time development 

o f the average dynamical variables associated with the wavepacket are determined. 

The wavepacket is constructed from the one-electron Bloch states (centered around 

k  =  ko) in a single band which is assumed to be non-degenerate.

• - E a i k ,  < ) • • * « •  (2-1)
k

The classical equations o f  motion o f the wavepacket are then given by

♦ - v . - - v . M k )  (22)
hko =  - e ( E  +  v  x  B ).

These equations are valid provided inter-band scattering is negligible and the dimen

sions o f the wavepacket are small enough such that the applied fields hardly vary 

over the breadth of the wavepacket and yet the wavepacket is also highly localized 

in reciprocal space.
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Using the above results it is now possible to  determine the macroscopic currents 

generated in the presence o f external fields. Since we are interested in average effects 

it would be pointless to consider the detailed motion of each particle in the system. 

Rather a statistical procedure is called for and a distribution function f ( k , r , t )  is 

introduced. Here / ( k , r , t )  gives the probability that a particle occupies a state 

k  in the neighborhood of r at time t. As we are dealing with weakly interacting 

particles which obey the Pauli exclusion principle / (k ,r ,t )  is given by the Fermi- 

Dirac distribution function when the system is in equilibrium , ie when no external 

fields are applied. The effect of an applied field is to accelerate the particles and 

to drive the distribution function away from its equilibrium value. So far we have 

considered only a perfect crystal, however any real crystal contains disorder (eg 

lattice vibrations, impurities) which destroys the perfect periodicity of the crystal. 

The effect of this is to scatter the electrons from one state to another. The role 

o f this scattering is to oppose the the response o f the system to  the applied fields 

and to attempt to return the system to equilibrium. The calculation of the new 

distribution function, taking into account the effect of the external fields and the 

scattering, can then be performed using the Boltzmann transport equation. Once 

the distribution function is known it is a simple matter to calculate the transport 

coefficients of the system. The electron density n and the electric current density J 

are given by

Many calculations have been performed for transport in bulk crystalline materials

(2.3)
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with results in good agreement with experiment, (e.g. fig. 2.1).

2.2 Transport in a Superlattice

Semiconductor superlattices are ideal structures in which to study transport prop

erties. By adjusting the composition and the well and barrier thickness it is possible 

to explore a range of transport processes from Bloch transport to hopping or reso

nant tunneling. Many o f the interesting transport properties occur when the field 

is applied in the growth direction (vertical transport) and attention is focussed on 

this case.

The first study o f electron transport in a superlattice was performed by Esaki 

and Tsu (1970). They assumed that the electron transport proceeds by extended 

Bloch states and used a kinetic model. Following their approach and using the 

classical equations o f motion (2.2), we find that

vM =  h~1Alsin(k,l)
(2.4)

M O  =  M O ) -  eE't/h

when a steady electric field E, is applied in the direction perpendicular to the layers 

(z direction). Thus the velocity increment in a time interval dt is given by

Taking into account any electron scattering in a simple manner, the average drift 

velocity when collisions occur with a frequency r _1 is given by

(2.5)

( 2.6)
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Figure 2.1: The Hall mobility of n-GaAs.

The broken curves give the mobilities calculated for the scattering process indicated acting 

in isolation. The full curve is the overall Hall mobility taking all scattering processes into 

account and is in good agreement with the experimental points. Note that above 100 K 

the electron scattering is dominated by polar optical phonons. Figure reproduced from 

Fletcher and Butcher (1972).
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Remembering that kt is a function of time, it is found that

wA/ <
r, i +  i ’ c* (2.7)

where £ =  eEtrl/irh. Thus the drift velocity versus field in the growth direction has 

a maximum at ir£ =  1 and a negative differential velocity (NDV) is predicted when 

the scattering time or the electric field Ex is large enough. If the scattering time is 

sufficiently long the electrons may be expected to exhibit Bloch oscillations. Thus 

if an electron can traverse the reduced Brillouin zone without being scattered it’s 

velocity will be an oscillatory function of time and the electron will perform oscilla

tions in real space. Since a superlattice has a much narrower Brillouin zone than a 

bulk crystal in the growth direction it should be easier to observe Bloch oscillations 

in a superlattice. The condition for observing Bloch oscillations is that (  >  2, this is 

approximately six times more difficult to achieve than negative differential velocity. 

Bloch oscillations have, as yet, not been observed. It may be that the large fields 

required allow interband transitions at the Brillouin zone edge rather than causing 

Bragg reflections. Also the unavoidable interface roughness will cause electron scat

tering to increase. A fuller discussion of the validity and conditions of observation 

o f Bloch oscillations is given by Grondin at al (1985).

Other mechanisms for negative differential conductivity have been proposed. Tsu 

and Dohler (1975), suggested that if a large electric field is applied along the super

lattice axis (z direction) it can induce localization o f the electron states in the growth 

direction. This occurs when elE x ~  A. When the electron have extended states 

transport is by Bloch conduction, however if the electron states are localized trans

port is by longitudinal optical phonon assisted hopping. The transition from Bloch
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to hopping transport resulting in a reduction of the electron mobility. However the 

first experimental observation of negative differential conductivity in a superlattice 

was explained by yet another mechanism: Esaki and Chang (1974). The electric 

field is again applied in the growth direction. For low fields, transport is assumed 

to be by Bloch conduction however at larger fields the unavoidable non-uniformity 

in the superlattice structure is assumed to lead to the formation of a microscopic 

high field domain. The negative differential conductivity is then a result of resonant 

tunneling through this high field domain.

Calecki et al (1984) have questioned the assumption that, at least for low fields, 

electron transport in the growth direction occurs by extended Bloch states. If the 

disorder in a superlattice is sufficiently large then the electron states will be localized. 

The criteria for the amount o f  disorder required to cause localization in the growth 

direction is given approximately by

h/r >  A  (2.8)

i.e localization occurs when the collision broadening is greater than the mini-band 

width. When the electrons states are localized, transport is by longitudinal optical 

phonon assisted hopping. Calecki et al (1984) calculate the electron mobility in 

the growth direction for the hopping case and find their predicted results in good 

agreement with experimental values. While the mobility calculated assuming Bloch 

transport and using the Boltzmann transport equation ( Palmier and Chomette, 

1982) are two orders o f magnitude larger than the hopping mobility.

However, in the last few years, many convincing demonstrations of Bloch trans

port in a superlattice have been given using techniques as diverse as cyclotron reso
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nance (Duffield et al 1986), optical time o f flight (Deveaud et al 1988), hot electron 

spectroscopy (England et al 1989) and mobility measurements ( Sibille et al 1987). 

A transition from Bloch to  hopping transport in a superlattice has also been ob

served. The Bloch conductivity is inversely proportional to the scattering rate and 

considering electron-longitudinal optical phonon scattering, the Bloch mobility de

creases with increasing temperature. On the other hand, the hopping mobility is 

proportional to the electron - longitudinal optical phonon scattering rate and thus 

increases with temperature. Sibille et al (1987) identified the Bloch to hopping tran

sition from a minimum in the mobility vs temperature curve. It has also become 

possible to obtain negative differential velocity in a superlattice at room temperature 

( Sibille et al 1989a, 1989b ). The peak velocity and critical field for this negative 

differential velocity have been measured as a function o f mini-band width (Sibille et 

al 1990 ). From these results, for superlattices with mini-band widths greater than 

bOmeV the negative differential velocity was interpreted as due to the mechanism 

originally proposed by Esaki and Tsu (1970) while for narrow minibands the results 

indicate electric field induced localization as the mechanism.

2.3 B oltzm an n  Transport Equation

Since transport in a superlattice can proceed by extended Bloch states it is appro

priate to use the Boltzmann transport equation to calculate transport coefficients 

for this system. The Boltzmann transport equation is derived using the classical 

equations of motion (2.2) and assuming conservation o f electrons. The resulting 

equation is then used to  obtain the distribution function /(k,r,t) which has been
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discussed previously. T he full derivation o f the Boltzmann transport equation is 

given by Butcher(1973), and the equation is simply quoted here

| i + ,.v/  +  . - * r . v . , - ( V ) eou  (29)

where F' = —e(E + v x BJ -  V«(k). The above equation includes the diffusion o f 

electrons in real space and the drift of electrons in velocity space due to the applied 

fields. The term on the right hand side is necessary to include the interaction o f an 

electron with any disorder in the system, phonons, charged impurities etc. . It is 

supposed that the effect o f  these interactions is to induce transitions between the 

electron states and thus we write

(%) ”  / { e (k '.k ) / (k ') [ l  -  /(k)] -  P(k,k')/(k)|l -  /(k*)l> <*' (2.10)

where 8» 3l ' “ I/ >(k ,k ') is the scattering rate from a full state k to an empty state k'. 

We are interested in the case when the applied electric field is small and no magnetic 

field present. Hence we write the distribution function as

/ ( k )  =  /o(k) +  * (k ) (2.11 )

where # (k) is a small perturbation to the equilibrium Fermi-Dirac distribution func

tion / „ (k). Substituting (2.11) into the Boltzmann transport equation and ignoring 

second and higher order terms in g(k) the linearized Boltzmann transport equation 

is obtained:

<212)
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2.3.1 R e la x ation  T im e  A p prox im ation

The simplest method to solve the Boltzmann transport equation is to use the relax

ation time approximation which assumes

Where rr(k ) is the relaxation time. After some manipulation the form for the 

relaxation time is obtained ( Butcher, 1973)

where f'Q =  fo (V ). Since rr occurs on both sides of (2.14), the relaxation time 

approximation is only useful when the term in square brackets reduces to a simple 

form. This occurs when the collisions are k  randomizing ie P (k, k') =  P (k , — k'). 

The only other case is when the scattering is elastic and the energy band is spher

ically symmetric. However the energy band in a superlattice is highly anisotropic 

and in general many scattering mechanisms are not k randomizing thus a different 

method is needed.

2.3 .2  T h e  Ite ra tiv e  M eth od

When the relaxation time approximation does not lead to a solution for the per

turbed distribution function an iterative technique may be used. This is based on an 

algorithm developed by Rode (1970). The linearized Boltzmann transport equation 

can be rearranged into the form

(2.13)

(2.14)

. . .  _  /< » '« !  -  f i)P (  fc'.k) + /.P (k , *)]> M  + . » - ‘ E-Vt/o 
s w  / { / ¿ p ( k ' ,k )  +  ( i - / i ) P ( k ,k ') } < a t'

(2.15)
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where g' =  g(k'). y (k) is obtained from the above equation by guessing an initial 

form for g (k) and iterating until convergence is obtained. If the initial choice is 

y(k) =  0 then the first iteration gives

*i(k) =  efi- 1f(k)E .V fc/o (2.16)

where r (k )  is the lifetime o f  an electron state k which is given by

T- , (k) = f  P (k ',k)dk'. (2.17)

Thus the first iteration would give the same answer as assuming that the relaxation 

time is equal to the lifetime of the electron state, ie rr(k ) =  r(k ). The main point 

is that in (2.17) the ‘scattering in’ terms have been neglected ( i.e. the electron 

scattering back into the volume element dk ). When the ‘scattering in ’ terms are 

included this can lead to a significant increase in the predicted mobilities. Thus the 

assumption that the relaxation time is the same as the electron lifetime can lead to 

errors o f up to an order o f  magnitude.
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Chapter 3

Electron Scattering

3.1 In troduction

We have discussed in the previous chapter a method o f calculation of classical trans

port effects. The motion o f an electron in a perfect crystal is unhampered and for 

electrons in a perfect crystal with a parabolic energy band the application o f an 

external electric field would uniformly accelerate the electrons causing a linear in

crease o f the electron drift velocity in time. However, in any real crystal the drift 

velocity o f the electron gas always remains at a finite value which, for sufficiently 

small applied fields, is proportional to the strength o f the applied field. This finite 

value of the electron drift velocity is due to electron interactions with imperfection 

in the crystalline material. These interactions are assumed to be weak so that they 

can be treated as a perturbation and that the effect o f the interactions is to induce 

transitions between the one electron Bloch states. Thus, these interactions are usu

ally referred to as scattering or collision processes. For the calculation o f transport 

properties an understanding of these scattering processes is therefore essential.
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Imperfections in a crystal are produced in many ways. One form o f deviation 

from a perfectly periodic structure is that produced by a random array of static 

defects such as dislocation, neutral impurities or charged impurities. Often impuri

ties have to be introduced deliberately to dope the semiconductor crystal. O f these 

scattering mechanisms charge impurity scattering is usually the most important. In 

this case the presence o f the charged impurity causes a perturbation in the electro

static potential which scatters the electrons. However charged impurity scattering 

ceases to be important for high energy electrons and for this process the relaxation 

time in bulk materials rr oc e3/2. Physically this behavior arises because the higher 

the electron velocity the smaller the angle through which the electron is scattered. 

Thus charged impurity scattering is only important at low temperatures. In mixed 

semiconductors such as GaAlAs an additional scattering mechanism is alloy scat

tering. We have used the virtual crystal approximation for the GaAlAs layers o f  a 

superlattice to calculate the miniband structure. However in GaAlAs the Go and 

Al atoms are randomly distributed over the cation sites. Consequently the electrons 

will experience fluctuations of the local potential and this will lead to scattering of 

the electrons. For a GaAs/GaAlAs superlattice, since the electron envelope func

tion is mostly confined within the GaAs layers, this scattering mechanism is not 

expected to be important.

Another interaction o f  interest is that due to lattice vibrations. In calculating 

the energy band structure of a crystal it is assumed that the atoms in the crystal 

are frozen in their equilibrium position. However at any finite temperature the 

atoms will vibrate about their equilibrium positions and thus the crystal potential 

will vary with time and scatter the electrons. If the atoms make small oscillations
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about their equilibrium positions we can use the harmonic approximation and the 

potential energy term in the Hamiltonian for the atomic motion will be a quadratic. 

By introducing new coordinates it is possible to decompose the coupled lattices 

vibrations into a system o f  independent harmonic oscillators (Maraududin et al 1971, 

Bruesch 1982 ). These new coordinates are known as normal coordinates. With each 

normal coordinate is associated an independent harmonic oscillator which describes 

a particular mode o f vibration of the crystal with a single frequency and wavevector. 

The vibrational modes are called normal modes and there are as many normal modes 

as there are degrees o f freedom in the crystal.

The interaction o f the electrons with the lattice vibrations is usually dealt with 

by adopting a quantum mechanical picture. Once the normal modes are obtained 

quantization of the lattice vibrations is simple and results in the energy and crystal 

momentum o f each normal mode becoming quantized. Considering a single normal 

mode, its energy and crystal momentum are given by

« =  hu>(n +  i )
(3.1)

p = »q (n +  1),

where n is a non-negative integer quantum number. The classical picture of the 

lattice vibrations is simply that as n is increased the energy and amplitude o f the 

vibrations is increased. However since the energy and momentum can only change 

by multiples o f a fixed amount, a different interpretation can be given (Inkson 1984). 

Ignoring the zero-point energy and momentum we can consider an oscillator at level 

n as being n oscillators at level 1. Changing the system from level n to level m would 

correspond to adding m —n  oscillators at level 1. Since the system can change only by 

adding or subtracting discrete packets of energy and momentum, the packets have a
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particle like behavior. These particles are called phonons and have a definite energy 

and momentum associated with them. However phonons are not conserved, they 

may be created or destroyed and the number of phonons is given by the quantum 

number n. The equilibrium phonon population at a particular temperature is given 

by the Bose-Einstein formulae

" ,  =  -  i p 1. ( 3 .2)

The phonons interact with the electrons as particles obeying the principle o f  con

servation o f energy and crystal momentum (to  within a reciprocal lattice vector).

In a crystal structure such as Si or GaAa there are two atoms in each unit 

cell. Lattice vibrations in which the two atoms in each unit cell move in the same 

direction are known as acoustic modes. For acoustic modes, in the long wavelength 

limit ( small q ), the frequency o f vibration is proportional to the phonon wavevector 

q and u>q =  v,q where v . is the speed of sound. In the simplest models there are 

three acoustic phonon modes, one corresponding to longitudinal vibrations and two 

modes corresponding to  transverse vibrations. When the two atoms in the unit cell 

move in opposite directions we obtain optical phonon modes. In the long wavelength 

limit the displacement o f  the center o f mass o f a unit cell vanishes, the frequency o f 

vibration is almost independent of the phonon wavevector and is non-zero. Again 

there are three optical modes, one longitudinal and two transverse. We can also 

distinguish between homopolar materials such as Si in which the two atoms in the 

unit cell are identical and heteropolar materials such as GaAa where the atoms in 

the unit cell are different and are partially ionized. Consequently, for a material 

such as GaAa it is also necessary to include the Coulomb forces between the ions in
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the theory of the lattice vibrations.

In discussing electron-phonon scattering it is usual to use the continuum ap

proximation which allows the introduction o f macroscopic quantities such as strain, 

polarization and macroscopic electric field. The continuum approximation is ade

quate since it is the long-wavelength phonons which dominate the electron scattering. 

The electron-phonon interaction is divided up in accordance with the type o f lattice 

vibrations with which the electrons interact and the nature o f the perturbing poten

tial associated with the lattice vibrations. The lattice vibrations change the spacing 

between the atoms in the crystal. The potential produced by this deformation of 

the crystal is called the deformation potential and is taken to be proportional to 

the strain produced by the vibrations. In crystals such as GaAs which lack inver

sion symmetry and where the atoms are partially ionized, a piezoelectric effect is 

exhibited. The strain due to the acoustic lattice vibrations generates an electric 

field and the scalar potential associated with the electric field scatters the electrons. 

The other important electron-phonon interaction is due to the longitudinal opti

cal phonons. These modes, in heteropolar materials, also produce an electric field. 

Electron scattering by longitudinal optical phonons will be discussed in more detail 

in the following sections. A  comprehensive discussion of electron scattering is given 

by Nag (1980).
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3.2 L ongitudinal O ptical Phonon  Scattering in

Bulk G a A s

Longitudinal Optical (LO) phonons are the dominant electron scattering mecha

nism in bulk GaAa at room temperature, they may therefore be expected to  be an 

important scattering mechanism in GaAa/GaAlAa superlattices. We begin with a 

discussion of LO phonon scattering in bulk GaAa as a prelude to LO phonon scat

tering in a superlattice. The quantity o f interest for LO vibrations is the relative 

displacement

W  =  u+ -  u_ (3.3)

where u+ and u_ are the displacement o f the positive and negatively charged ions, 

respectively. In quantized form the relative displacement is given by (Butcher 1986)

[ h l 1/2
2VP'Ulq j ¡5i +  « P i - i q . r l i j t o ] . (3.4)

6,  and b* are the phonon annihilation and creation operators and correspond to 

the simple harmonic tim e dependent terms in the classical equation for the relative 

displacement. pT is the reduced mass density, where the reduced mass o f a unit cell 

is given by M ~l — A/+ 1 +  M l1 and Af+ , Af_ denoting the mass of a positive and 

negative ion in the unit cell. As is usual for transport calculations we have ignored 

spatial dispersion o f  the LO modes, ie we have taken ulo to be independent of the 

phonon wavevector in (3.4).

To calculate the electron-LO phonon scattering rates it is necessary to calculate 

the electric fields associated with the LO modes. This is done using the Born and
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Huang phenomenological equations (Born and Huang, 1962).

PtW  =  - 6 n W  -  612E
(3.5)

P = -6 ,aW  -  ^ E ,

where E and P  are the macroscopic electric field and the polarization, respectively. 

Maxwell’s displacement vector is given by D  = e0E  +  P  =  €0k(u/)E. Rearranging 

(3.5) we can write

Hence the dielectric constant k (uj)  can be written in the form

where *o is the static dielectric constant, and Kao is the high frequency dielectric

constant. We see from the above equation that Kao =  1 -  ¿»A o* *o =  *oo +

and 6,i =  pTu\0 . *0» and <*to  can all be determined from experimental data.

The frequency o f  the LO modes ojio can be derived from Maxwell’s equations. 

In the absence o f  free charges and neglecting retardation

These equations can only be satisfied i f E  =  0 o r V x E  =  0 and k(u>) =  0. The 

first case is associated with transverse optical (T O ) modes which have no electric 

field associated with them. The second case gives us LO modes, and the frequency 

of the LO modes is given by k(u/¿o ) =  0. From (3.7), this occurs when

Moreover from the Born and Huang equations (3.5) the relation between the relative

(3.6)

V  x E =  0 , V .D  =  *(w)V.E =  0. (3.8)

(3.9)
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optical displacement and the electric field is given by

<3 1 °>

and when a/, =  ujlo,

/p ,\  1/2 /  1 l \ 1/2
^ = W(S ) ( ¿ - ¿ )  - -  <««>

The scalar potential associated with the electric field is given by

E  =  - V i /  (3.12)

so that

*' =  -  ~ )  E  - ¿ l « p ( « l - * K lo -  expf-iq.rjij-^ol. (3.13)

The electron-LO phonon coupling term in the Hamiltonian is given by

Hep =  —ev (3.14)

and the electron- phonon scattering rate is given by Fermi’s golden rule

T (k ,n f — k',n't ) =  y I< +  ( » i  -  " , ) » " , } ,  (3.15)

where lc and k' are the initial and final electron states and n , and n't are the initial 

and final phonon numbers. The annihilation and creation operators act on a phonon 

state |n, >  such that

(3.16)
6, |n, > =  nJ'J|n, -  1 >

^ 1" ,  > -  (n , +  1) ‘ " K  +  1 >  .

Thus, in the electron-LO phonon coupling term Hep, the term containing the an

nihilation operator corresponds to an electron absorbing a LO phonon, while
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a review o f  the literature is presented with emphasis on the derivation of a simple 

treatment o f  electron-LO phonon scattering in a superlattice.

A material with n atoms per unit cell has 3n branches in it ’s phonon dispersion 

relation. Since a superlattice can have a large unit cell containing many atoms, 

the superlattice phonon dispersion contains many branches. These branches are 

labeled either acoustic or optical depending on whether they lie in the acoustic or 

optical frequency region of the bulk materials of which the superlattice is composed 

(see fig 3 .1). We begin by considering a GaAs/GaAlAs superlattice. The acoustic 

phonon branches of bulk GaAs and GaAlAs overlap over a wide range of frequen

cies and thus the acoustic phonons of the superlattice are hardly affected by the 

superlattice structure and are well described by the elastic continuum model ( Ry- 

tov 1956, Klein 1986 ). However the increased periodicity o f the superlattice allows 

new phonon modes at the zone center of the Brillouin zone. In the continuum ap

proximation the dispersion relation for acoustic phonons in a bulk material is given 

by the linear relation u =  v*|q|. For a superlattice the acoustic phonon dispersion 

is approximately given by

" ,  =  v5t  |q +  G| (3.20)

where G  are reciprocal lattice vectors with G  =  2nir/l z in which n is an integer. 

Thus the new superlattice periodicity causes the original bulk acoustic phonon dis

persion to be folded into the superlattice reduced Brillouin zone as shown in fig. 

3.1. Due to  this ‘zone folding’ some of the acoustic phonon modes become Raman 

active. One o f  the selection rules for Raman scattering is that

k j  =  k / +  q  (3.21)
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Figure 3.1: Zone folding of the phonon dispersion relation.

Schematic representation of the folding of the original bulk phonon dispersion into the 

superlattice reduced Brillouin zone.
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where k s ,k / are the wavevectors of the scattered and incident light. Since the 

magnitude of the photon wavevector is given by |k| =  u»*/c ( where c is the speed of 

light ) the photon wavevector is small and the condition to observe Raman scattering 

is

q  — 0. (3.22)

In the backscattering configuration only the longitudinal modes are Raman active, 

and from (3.20) the predicted Raman frequency shift is given by

uj =  vsl 2nn/l (3.23)

and vsl is an appropriate average of the velocities o f  sound o f the constituent 

bulk materials. Experimental observations o f Raman scattering by the longitudinal 

acoustic modes are in good agreement with the above result ( Jusserand et al 1985).

Raman scattering by longitudinal optical (LO ) m odes has also been observed. 

T he Raman spectra for a GaAs/GaAlAs superlattice was measured by Jusserand et 

al (1985), they found peaks in the Raman spectra with frequency shifts slightly lower 

than the LO phonon frequency of bulk GaAa at the Brillouin zone center. Unlike 

the case o f the folded acoustic modes where the position o f the peaks is a function 

o f  the superlattice periodic length (/), the position o f  the LO peaks seems to depend 

only on the width of the GaAa slab of the superlattice. The interpretation o f this is 

as follows. Since the bulk LO branches o f GaAa and GaAlAa  only partially overlap 

there will be frequency regions where LO phonons propagate in bulk GaAa but not 

in bulk GaAlAa. Thus considering a GaAa/GaAlAa superlattice, in this frequency 

region the superlattice LO phonon vibrations are confined in the GaAa layer.

Many models have been proposed to study the optical phonon modes o f a super
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lattice. While these all agree that the optical phonon modes are strongly affected by 

the superlattice structure there is considerable disparity between the predictions for 

the actual form o f these modes. Many realistic calculations have also appeared they 

are however heavily numerical and intractable for transport calculations. There

fore it is desirable to use a simple model that can reproduce the essential features 

which are important for transport calculations. Simple linear chain models with 

nearest neighbor force constants have often, because o f  their simplicity, been used 

to calculate the superlattice phonon modes ( Sawaki et a1 1985, Fasolino et al 1986). 

However this model is only applicable when the phonon wavevector and atomic 

displacement are in the growth direction and the m odel does not properly include 

the Coulomb interaction between the ions. Thus this model is inappropriate for 

transport calculations and it’s validity remains in doubt.

Simple models that are applicable when the phonon wavevector is in any direction 

have been based on macroscopic continuum models. The continuum models predict 

two types of modes. Guided modes where the optical displacement and electric field 

is entirely confined in slabs of one material type and the frequency o f the guided 

modes is independent of the z component o f the phonon wavevector. The other type 

o f modes are called interface modes. These have optical displacement and scalar 

potential which are predicted by the continuum models to decay exponentially from 

the interfaces. By exploiting the periodicity o f the superlattice the phonon optical 

displacement can be written as

W jo(w) =  f(z)exp(tq|.X|) (3.24)
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where

f(z  +  nl) =  f ( z )  exp(iQ nl) (3.25)

with qn =  (ç* ,9, , 0) ,xk =  (x ,y ,0) and the superlattice phonon wavevector qst =

V  x (f(*)exp(iq|.X|)] =  0

where q, can be real or imaginary. Then at a frequency u> such that LO modes 

propagate in GaAs but not in AlAs, f ( z )  is made up of traveling plane waves in 

GaAs and exponentially decaying waves in AlAs.

The coefficients (A,B,C,D, q, and A ) in (3.27) are determined by applying appro

priate boundary conditions at the interface. However there has been considerable 

controversy as to what the correct boundary conditions are. The dielectric contin

uum model (DCM) uses the Born and Huang equations (3.5) and applies standard 

electrostatic boundary conditions at the interfaces. Fuchs and Kliewer guided modes 

are obtained (Fuchs and Kliewer 1965), see fig. 3.2. Others have suggested that W B 

(the optical displacement in the growth direction ) should have nodes at the inter

face (Ridley 1989, Cardona 1989) and this gives results similar to the hydrodynamic 

continuum model ( Babiker 1986 ). Simple linear chain models also predict that W ,

(?*.?».£)• The usual approach to the continuum model is to assume that in any 

slab t(z )  is o f the form

f(z ) =  A exp(içjz) +  B e x p (—tÇjz)
(3.26)

Ì(q ,)A exp(iq ,z) +  £ (-q t )B  e x p (- iq .z )  GaAs - a  < z <  a

((-iX )C ex p (A z)  +  i(tA )C ex p (-A z ) AlAs a < z <  a +  2b
(3.27)

where

f ( * .)  =  <U +  M . (3.28)
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has nodes at the interface. The results for the two continuum models are completely 

different (fig 3.2) with the DCM predicting guided modes with anti-nodes in W B 

and the hydrodynamic continuum model predicting guided modes with anti-nodes 

in W|| ( the optical displacement in the direction parallel to the slabs ) at the inter

faces. Both continuum models also predict interface modes where the displacement 

is maximum at the interfaces and decays exponentially into the slabs. However the 

two models are in poor agreement as regards the properties o f the interface modes, 

and in particular the frequency dependence e.g. compare fig. 2b in Fuchs and 

Kliewer (1965) with fig. 5 in Babiker (1986). It is therefore necessary to compare 

the predictions of the two continuum models with experimental data and realistic 

microscopic calculations to deduce whether either o f the continuum models can give 

a good description o f electron-LO phonon scattering in a superlattice.

Realistic microscopic models suggest that in a GaAs/AlAa superlattice both 

and W , have nodes at the interface ( Richter et al 1987, Ren et al 1988, Huang 

et al 1988, Tsuchiya et al 1989). Thus neither o f the continuum models seems to 

give a correct description o f the optical displacement. However it is not the optical 

displacement which is o f interest for transport calculations, the important quantity 

is the scalar potential associated with the optical modes. Unfortunately most o f the 

calculations involving realistic microscopic models do not give any results for the 

form o f the scalar potential. However Huang et al (1988) have made a comparison 

of the scalar potentials obtained with their microscopic model and the DCM. They 

find that the scalar potential associated with both the guided and interface modes 

is well described by the DCM (fig. 3.3). The dispersion curve o f the DCM interface 

modes is also in good agreement with realistic microscopic models (fig 3.4). We
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Figure 3.2: The predicted ionic displacement for the guided modes of the two con

tinuum models.

The two continuum models give very different results for IV, (Solid line) and W, (dashed 

line), a: hydrodynamic continuum model, b: DCM.
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Figure 3.3: Comparison o f  the DCM with a realistic microscopic model. 

Huang et al (1988) make a comparison of the scalar potential associated the optical modes 

of the DCM with their microscopic model in the limit of vanishing bulk phonon dispersion. 

The figure on left gives a comparison of the guided modes. Solid line: microscopic model, 

dashed line: DCM. The figure on right is a comparison of the modulus o f the potential for 

interface modes. Dots: microscopic model, crosses: DCM. Figure reproduced from Huang 

and Zhu (1988).
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Figure 3.4: Frequency dependence o f  superlattice phonon modes.

The frequency dependence o f  the phonon modes on the wave-vector (qS i) direction when 

qSL —» 0. The direction o f q 5 i is given by the angle 9, where 9 =  0° corresponds to q 5t 

pointing in the growth direction and 9 =  90° corresponds to the direction parallel to the 

layers. The two curves with a strong dependence on 9 correspond to the interface modes. 

The guided modes have frequency independent of 9. The results for the DCM (dotted 

curve) and the the microscopic model (solid curve) are seen to be in good agreement. 

Figure reproduced from Tsuchiya et al 1989.
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for the frequencies o f the guided modes. Raman scattering by the interface modes 

is more conclusive, there is considerable evidence for Raman scattering by the DCM 

interface modes (Sood et al 1985a, Nakayama et al 1988 ). While the interface 

modes of the hydrodynamic continuum model have not been observed.

Sood et al (1985b) uses Raman scattering selection rules (see Cardona 1989 ) to 

deduce the symmetry o f  the scalar potential and W , o f the GaAa/AlAa superlattice 

phonons. In non-resonant Raman scattering the phonons couple to the incident and 

scattered light via the deformation potential. For back scattering in the growth 

direction Raman scattering is by superlattice LO modes which have W , with even 

symmetry within a slab. In resonant Raman scattering the energy of an incident 

photon of light is set very close to the energy of the first exciton state o f the su

perlattice. The phonon-exciton interaction is via the Frohlich mechanism and thus 

only phonon modes which have symmetric scalar potential in the GaAa slabs are 

observed. It is worth pointing out that for resonant Raman scattering conservation 

of crystal momentum (3.21) is not obeyed. Sood et al (1985a) discuss the possible 

causes for this. From their results Sood et al (1985b) deduce that LOl, L 03  and 

L05 have symmetric W ,  and anti-symmetric scalar potential while L02, L 04  and 

L06 have anti-symmetric W ,  and symmetric scalar potential. Where L O l, L02 

etc are mode labels for modes with frequency between and u w>*h LOl

having the highest frequency and L06 the lowest. They then assume that L O l cor

responded to the first guided mode ( m = l), L 02  to the second guided mode (m =2) 

etc. . If this mode assignment is used the results are in good agreement with the 

hydrodynamic continuum model and this work has been used in support o f  that 

model. However we show that this mode assignment is not unambiguous and that
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it is possible to reinterpret the data as supporting the DCM. If we look at fig 3.4 we 

see that the highest frequency mode is not a guided mode but an interface mode, 

thus we may interpret L O l as an interface mode. Then L02 is the first guided mode 

(m = l ), L03 the second guided mode etc. In the light o f this reinterpretation the 

results of Sood at al (1985b) are now in agreement with the DCM. Curiously Sood 

et al did assign one o f the Raman peaks to the interface mode oscillating near 

However none of the Raman peaks were assigned to the interface mode oscillating 

near v fo * “ , this mode should be observed in non-resonant Raman scattering ( since 

it has symmetric W , in the GaAa slabs ) and thus LOl should be interpreted as an 

interface mode.

3.4 D ielectric Continuum  M odel

Although there is still much controversy over the correct form of the optical phonon 

modes in a superlattice, there seems to be considerable evidence that the use of 

the DCM can give a correct treatment of electron -LO phonon scattering in a su

perlattice. We therefore use the DCM to calculate the LO phonon modes in a 

GaAa/GaAlAs superlattice.

An alloy material such as bulk GaAlAs has two LO modes and two TO modes ( 

Baroni et al 1990, Kim et al 1979). One of the LO modes oscillates with a frequency 

close to u>2oAm “ d corresponds to vibrations o f  the Ga cations. The other LO 

mode oscillates near and corresponds to  vibrations of the Al cations. It is

not clear how to include this property of G aA lA s  into the DCM, consequently to 

proceed further we ignore the AlAs like LO and TO modes and consider only the
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GaAa like LO and T O  modes of GaAlAs. An additional feature is that the LO 

phonon branches o f  bulk GaAa and GaAlAa overlap partially, in the DCM this fact 

is not taken into account since spatial dispersion is ignored and the LO branches 

are assumed to be flat. However we can still have confidence in the DCM as the 

superlattice modes o f most significance for transport calculations have frequencies 

in the region where the bulk LO branches do not overlap.

To calculate the scalar potential associated with the optical phonon modes we 

begin by writing down Maxwell’s equations in the absence of free charges and ne

glecting retardation effects

V  x E =  0 , V .D  =  0. (3.33)

These equations are satisfied when

«v(w,)VJ* ,(r ) =  0 (3.34)

where i/,(r) is the scalar potential and the superlattice periodicity implies that it 

must be of the form

*'.(») =  exp(iq,.X| )♦ (*) (3.35)

with

* (z  +  nl) =  ♦ (* ) exp(iQnl). (3.36)

Solutions for guided modes confined in GaAa occur when K°*i4'(u»f ) =  0, i.e. when 

u>f =  ^ <u>A‘  Thus, writing $ (z )  =  ♦ c (z ) we have 

A c  cos(m irz/2a) m = 1,3,5...

* c ( z ) =  i4<;sin(mwz/2a) m =  2,4,6...

0 GaAlAa - a  -  26 <  z <  - a
(3.37)

GaAa
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For the interface modes V 2i/,(r) =  0 and writing $ (z ) =  $ /( z )  we have

(3.38)

The coefficients A /, B§, C / ,  D j are obtained by applying the electrostatic boundary 

conditions that E|| and D * are continuous at an interface. Here E|) is the component 

of the electric field parallel to the interface and D z is the component o f Maxwell’s 

displacement vector in the growth direction. The above conditions are satisfied 

when $ (z ) and k,(u>q)d&/dz are continuous at an interface. Applying the boundary 

conditions the following equations are obtained

««•'•■KIM,/ ,  -  -  D ,A -‘ l«xp(.<3i)

where f\ =  exp(f||a) and f i  =  exp[g||(a — /)]. Non trivial solutions are obtained 

when the following dispersion relation is satisfied :

With 7 =  KGaA,(ujq)lKGaAlA’ (tjjq). There are four interface modes and in the limit 

qil —* 0 they approach the bulk LO and TO  frequencies wg5'4- tu,ro 4j >u;i o J‘ A* and 

uiGqMAm. The normal modes are given in terms o f the scalar potential by

where Cj is material dependent and is given by the Born and Huang equations (3.5):

+  =  C ,/ r' +  D ,f ,

A ,h  +  =  [C ,A  +  D , f i ' ]  cxp(iQI)
(3.39)

-  B ifi]  =  , o ^ ( „ t )| c , /r ‘  -  D , A)G.AM.j

^(7 +  7~1)sm b(29|b)sinh(29|a) + cosh(2gn6)cosh(2oi|a) — cos (Ql). (3.40)

W ,(r) =  c . ( - V o , ( r ) ) (3.41)

c { u , )  =  u t o j [c„ (« o.  -  -  u4o>))~1/J (3.42)
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The subscript t refers to either GaAa or GaAlAa. To ensure that W f (r) is normal

ized

The total ionic displacement is written in terms of the normal modes as (Bruesch

1982)

Having obtained the scalar potential the scattering rates can then be calculated 

using Fermi’s golden rule. For the guided modes the intra-band scattering rate is 

given by

where m =  1,3,5.... For cases considered here the (m w/2a) term is much bigger 

than the |kn -  lt'nl term, consequently scattering by guided modes is approximately 

proportional to (a /m )3. The even m guided modes do not contribute to the intra

band scattering rate since they have a scalar potential which is anti-symmetric 

within the GaAa slabs. As can be seen from the above equation the m = 1 guided 

mode scatters electrons more strongly than the m =  3 guided mode. We find 

that scattering from the m  =  1 guided mode is an order o f magnitude larger than

(3.43)

the following condition is imposed on $ (z ),

(3.44)

(3.45)

and thus the total scalar potential

(3.46)

(3.47)
x i ( f t  - e , ± 3 w S 4 . )
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scattering from the m =  3 guided mode. For the interface modes the scattering rate 

is given by

X ^ ¿ ( e*' -  «* ±  f^ i )
(3.48)

where u/, is the frequency for the interface mode and

(<■£•■•• x f " ' - ) *’ 1’ (3.49)

Of the four interface modes, the two with frequencies near the bulk TO frequen

cies u/tqA* and u/̂ qMAm hardly contribute to the scattering since only a weak scalar 

potential is associated with these modes i.e. Ci(u/’TO) —► oo. The interface mode 

whose frequency is near u>2oAiAs dominates the scattering since it has a scalar po

tential which is approximately symmetric within the GaAs slabs. The interface 

mode which has frequency near has scalar potential which is approximately

anti-symmetric in the G aAs slabs. We use these results to calculate the optical 

phonon limited mobility in the next chapter.

3.5 Interface Roughness scattering

A scattering mechanism which is not present in bulk materials but which has been 

shown to be important in superlattices and heterostructures is interface roughness 

(IFR) scattering. The interface between a GaAs and a GaAlAs layer is not perfectly
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smooth but contains asperities which scatter the electrons. While extensive studies 

of IFR scattering in Si metal-oxide-semiconductor inversion layers have been carried 

out (Ando, Fowler and Stern 1982) very little work has been done on IFR scattering 

in GaAa/GaAlAs structures. One reason for this is that an early calculations of 

IFR scattering in a GaAs/GaAlAs heterostructure assumed the form o f the IFR of 

a GaAs/GaAlAs interface to be the same as that for a Si/SiO? interface and thus 

concluded that IFR scattering is unimportant in GaAs/GaAlAs structures ( Ando 

1982). However recent work shows that IFR scattering is indeed important and can 

dominate the scattering in GaAs/GaAlAs structures. Sakaki et al (1987) found a 

Lyy dependence for the electron mobility in GaAs/AlAs quantum wells {Lw  is the 

width of the G aA s  layer ) which is characteristic o f IFR scattering.

The IFR scattering is studied within a simple model ( Prange and Nee 1968 ). 

The IFR is assumed to be small and slowly varying and to be characterized by a 

height ft and a  lateral size A. For a Si/Si02 interface, the IFR parameters are usu

ally determined by fitting the calculated IFR limited mobility to the experimentally 

measured mobility. Ando (1977) determines the parameters to be o f the order of 

ft = 4.3 A and A = 15 A. However for a GaAs/GaAlAs interface the IFR param

eter A is o f the order of a 100 A. To calculate the IFR scattering it is necessary 

to derive the scattering potential Hsr due to the IFR and this is obtained by us

ing the effective mass theorem. Experimental evidence shows that the form of the 

IFR of G aAlAs grown on a GaAs surface can be different from that o f GaAs on 

GaAlAs ( Joyce et al 1986). Thus we treat scattering from the two types of inter

faces separately, and use the subscript i =  1 for G aAs grown on GaAlAs and the 

subscript t =  2 for GaAlAs on GaAs. If the deviation o f  the interface at z =  n/ +  o  (
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GaAs grown on GaAlAs ) from a flat plane is given by il*(x , y) then it ’s scattering 

potential for the IFR is

Vo nl +  a +  ny(x, y) <  z <  nl +  a (lj( i,| f) <  0

H I sr — -V o nl +  a < z < n l  +  a +  il" (x , y) ( !? (* ,» )  >0 (3.50)

0 otherwise

where V0 is the barrier potential height and SR  means surface roughness. The 

deviation o f  the interface at z — nl -  a ( GaAlAs grown on GaAs ) from a flat 

plane is given by QJi1 * y)> and its scattering potential fff.SR “  written in a similar 

manner to  H ” SR. The total scattering potential, including the contribution from all 

the interfaces is given by

» «  =  ¿ 1 ^ .  (351)
1=1 *•

Ando, Fowler and Stern (1982) include an additional term in their scattering poten

tial which is produced by the change in the electron density distribution due to the 

IFR. However since we are assuming low doping levels this term should be negligible 

in the present case.

Although there is no definite physical grounds for doing so, it is usually assumed 

that the correlation o f the IFR has a Gaussian form

< n ? ( x , y)  > =  W w f t ? e x p [ - A - a(x , -  x j )2]. (3.52)

Using this auto-correlation function and assuming that the electron envelope func

tion is almost constant near the interface, the scattering matrix element is found to 

be

| <  k|ffs ,|k- >  |J =  » i v 0V ( a ) £ n ? A,J« P  -  k|)*) • (3.53)
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In deriving the above equation, inter-well scattering has been ignored i.e. we make 

use of (1.5). The scattering rate is then given as

T(k. V) =  W(.)èn?A? «XP ( - ^ ( k i  -  k ,) ’ )  6(, -  <■). (3.54)

T he reciprocal o f the electron lifetime is then given by

T - ‘ (k) k,k')rf>k'

'**(<■)È n ? A ? ¿K  ] exp ( - ^ ( k i  -  k ,)1)  <(,

(3.55)

In contrast with previous studies o f IFR scattering we have not taken the barrier 

height Vo to be infinite. While the approximation of infinite barrier height is ade

quate for Si MOSFETs and GaAs/AlAs heterostructures, we find it leads to large 

errors in a GaAs/Gao.jAlojAs system where the barrier height is only 250 meV. In 

appendix A we show

where E0 is the lowest energy level o f a finite potential well of width 2a and barrier 

height Vq. Hence

For an infinite barrier height A =  a-1 2̂ and k0a =  ir/2. We can see why the infinite 

barrier approximation leads to large errors by taking an example: a finite well of 

w idth 30 A and a barrier height 250 meV. In this case Eo =  137m eV  and the 

gradient of 4>(z) at z =  a is one quarter of that predicted for an infinite potential 

well. Since, in the IFR scattering rate, the gradient is taken to the fourth power

(3.56)

(3.57)



this difference is considerably magnified. Consequently the use o f the infinite barrier 

height approximation would overestimate the scattering by two orders of magnitude. 

As the well width is increased this error is reduced. For a well of width 50 A 

assuming an infinite barrier height would overestimate the scattering by one order 

of magnitude. These conclusions have also been reached independently by Wataya 

et al (1989). However it is still interesting to see what the form o f the IFR scattering 

rate is in the infinite barrier approximation. Thus, if we take the limit Vo —* oo (the 

miniband width 2A —* 0 ),

r " '< k> =  2 ( m ') W  g " ? * ?  / ~ p ( - T (k'  “ k")l)  *<e■ "1O  ̂ ki (*■ “ )

FYom the above equation we see that in the infinite barrier approximation the elec

tron lifetime is proportional to (2a)6 where 2a is the width o f a GaAs layer in the 

superlattice.

Some studies of IFR scattering use as the scattering potential, the fluctuations 

in the lowest energy level o f an infinite potential well due to variations in the well 

width ( Sakaki et al 1987). Proceeding similarly we may write

H s r  =  g ^ | n . ( * , » )  -  « , ( * ,» ) ] .  (3.59)

E0 is the lowest energy level for the infinite potential well o f width Lw and ili(x , y ) -  

iM * . y) is the change in the well width due to  the IFR. Making use o f the autocor

relation function, the scattering rate for quasi-2D electrons in an xy  plane o f area 

A is

2ir6A3 2 / A 2 \
r(k" k'>>- £ n?A?“ p( 4(k*- k' )2J<(*- < « • >

We see that in this case the scattering rate is proportional to to L^,- This means 

that the IF R  scattering rate is much more important for narrow wells and that
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the m obility of an infinite potential well is proportional to L In this case the 

reciprocal o f the electron lifetime can now be calculated as

r " , ( k )
ir4R3 2 . /  *2 \ (3.61)

“ w 3a £  tl?A?/ “ p ( -T (ki -  “*>’) 4<e -  o  ̂
This equation is identical to (3.58) reproducing the L rf dependence. Thus in the 

limit o f  infinite barrier height, the two scattering potentials (3.51) and (3.59) are 

equivalent.
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Chapter 4

Mobility Calculations

Once the superlattice miniband structure and the scattering rates have been calcu

lated , it is then possible to calculate the superlattice transport properties. Since 

the superlattice mini-band structure is highly anisotropic the transport properties 

can be separated into two distinct cases. When the electric field is applied parallel 

to the superlattice layers we have parallel transport. However the more interesting 

case is when the electric field is applied perpendicular to the superlattice layers, this 

is called vertical transport.

4.1 V ertica l Transport

Interest in superlattices arose from the possibility , when the electric field is applied 

perpendicular to  the superlattice layers, of observing negative differential resistance 

and Bloch oscillations (Esaki and Tsu 1970). Thus interest in vertical transport has 

always received much more attention than parallel transport.

There are two fundamentally different approaches to the treatment of vertical
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transport. If the disorder in a superlattice is sufficiently strong then the electron 

states become localized in the growth direction. The electron transport is then 

via the LO phonon assisted hopping o f the electrons through the barriers. This 

approach to the electron transport is suitable for GaAa/GaAlAa superlattices with 

wide barrier ( G aA lA s  ) layers and therefore a small miniband width. Calecki et 

al (1984) have already given a treatment of this hopping transport. Although the 

effect o f the superlattice structure on the LO phonon modes was ignored by Calecki 

et al (1984) and the bulk LO phonon-electron scattering rate (3.19) assumed their 

treatment is adequate since for superlattices with wide layers the superlattice LO 

phonon scattering rate (3.47,3.48) approaches the value o f the bulk LO phonon 

scattering rate (3.19).

If the electrons have extended Bloch states the transport can be described by 

the Boltzmann transport equation. There is considerable experimental evidence that 

for superlattice with narrow enough barrier layers electron transport is by extended 

Bloch states (Duffield et al 1986, Deveaud et al 1988, England et al 1989, Sibille et 

al 1987) and in this section we calculate the superlattice transport properties using 

the Boltzmann transport equation. As yet a more general approach that combines 

both approaches and examines the crossover from Bloch to hopping transport has 

not been carried out. However the crossover from Bloch to hopping transport has 

been experimentally observed (Sibille et al 1987).

4 .1 .1  P olar O p tica l P h o n o n  S catterin g

Electron-LO phonon scattering is the dominant scattering mechanism in bulk GaAs 

at room temperature, it may thus be expected to be important in a GaAs/GaAlAs
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superlattice. Palmier and Chomette (1982) have already made a study of the LO 

phonon limited mobility in a GaAs/GaAlAs superlattice. However they assumed 

the bulk LO phonon scattering rate (3.19) and assumed that the relaxation time for 

LO phonon scattering was equal to to electron lifetime, which is incorrect. For LO 

phonon scattering .which is an inelastic scattering mechanism, no simple formula 

for the relaxation time exists. Warren and Butcher(1986) improved the calculations 

o f  Palmier and Chomette (1982) and used an iterative method to calculate the LO 

phonon limited mobility. This was found to result in an increase in the predicted 

mobility by up to a factor o f two. But it is well known that the optical phonon modes 

in a superlattice are strongly perturbed by the superlattice structure and become 

mostly confined to layers of one material type. There is considerable evidence from 

measurements of energy relaxation times in multiple quantum well (M QW ) systems 

that the electron-LO phonon scattering rate is significantly reduced in these struc

tures. Therefore we recalculate the LO phonon limited mobility including the effect 

o f the superlattice structure on the phonon modes and using the correct scattering 

rates (3.47,3.48).

The experimentally measured energy relaxation time for electrons in (MQW ) sys

tems have been found to  significantly larger than in bulk materials. The predicted 

energy relaxation time for electrons in bulk GaAs is approximately 0.15 ps while 

Ryan et al (1984) measured the electron energy relaxation time in a GaAs/GaAlAs 

M QW  to be 7ps. Since LO phonon scattering is the dominant mechanism by which 

hot electrons lose energy in bulk GaAs, the measurement o f the anomalously long 

energy relaxation time in GaAs/GaAlAs M QW  has led to  speculation that this may 

be due to a reduction o f  the electron-LO phonon scattering rate. This has conse-
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quently led to considerable interest in the form the superlattice optical modes and 

the effect of the ‘confinement’ o f the optical modes on the scattering rates. A discus

sion o f energy relaxation in GaAs/GaAlAs M QW  is given by Ryan(1986). Jain and 

Das Sarma(1989) calculate the energy relaxation time for electrons scattered from 

the first excited miniband to the lowest miniband ( 2 —» 1) in a 50 A GaAs/GaAlAs 

quantum well (QW ) using the phonon modes o f the DCM. For a quantum well of 

width 50 A with barrier height of 250 mev they calculate the energy relaxation time 

r2i =  10.5pa. This result is in good agreement with experimental results ( Seilmeier 

et al 1988). A calculation assuming bulk LO phonon modes would underestimate t 2\ 

by an order of magnitude. Tat ham et al (1989) measured the energy relaxation time 

in a  GaAs/GaAlAs M Q W  with the GaAs slabs of width 146 A. They measured an 

upper limit of lps for r2i and compared it with their theoretical calculations. Using 

the DCM model they calculated r21 to be 630 fs and for Babiker’s hydrodynamic 

continuum model (Babiker 1986) they calculated rn  to be 360 fis. These experi

ments show the strong dependence o f the electron-LO phonon scattering rate on 

the GaAs well widths and, as would be expected, the ‘confinement’ o f the optical 

phonon modes is more important for systems with narrow layers o f GaAs. It has 

been proposed that the presence of a non-equilibrium hot phonon population can 

also significantly increase the energy relaxation time, however this is only important 

for intraband scattering ( Jain and Das Sarma 1989).

T o  calculate the LO phonon limited mobility we consider the application o f  a 

small electric field to the superlattice perpendicular to the layers. The electron 

distribution can then be written as

/  = /o  +  9 (4.1)



where /0 is the Fermi-Dirac distribution function and g is the first order perturba

tion. FYom the linearized Boltzmann transport equation, assuming non-degenerate 

statistics i.e. f 0 < <  1, we have

J (k) =  r ( k ) / j d O P f k ' .k )  d> k" +  (4.2)

where />(k ,k ') =  (V'/8ir3)7 ’(k.k') end

r ( k ) = ( / p ( k . k V k ' ) ' '  (4.3)

is the lifetime o f the electron state k. The LO phonon limited electron lifetimes 

all have a similar form. For electrons with energy less than fuou) the electrons can 

only absorb phonons and this process is proportional to nv. Once the energy of 

the electrons is above hu>uj the electrons can also emit phonons and this process 

is proportional (n , +  1), consequently the electron lifetime begins to fall rapidly. 

Between hu>u> and 2 A  +  hujLO the electron lifetime continues to fall as the density 

o f  final states the electrons can scatter into increases. Above hu>u) the electron 

lifetime increases as the electrons LO phonon scattering involves phonons with larger 

wavevectors.

To calculate the first order perturbation o f the electron distribution function an 

iterative procedure is used. Beginning with an initial guess 9o(k) =  0 which is sub

stituted into (4.2) to obtain 0i(k ) and so on. Convergence is fairly rapid and we find 

that five iterations sire needed to obtain a reasonable accuracy. Once the perturbed 

distribution function has been calculated the determination o f the mobility is a sim

ple matter. The results are given in fig 4.1 , for comparison the results when bulk 

phonon scattering (3.17) is assumed are also shown. The reader should note that 

Warren et al (1986) ( who also calculated mobility in a superlattice assuming bulk
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phonon scattering) used the wrong value for hui^o** &nd thus considerably overes

timated the scattering rate. We see from fig 4.1 that for superlattices with narrow 

GaAs layers the effect o f phonon ‘confinement’ is to increase the mobility by up to a 

factor of two while for wider GaAs layers this effect becomes negligible. Thus phonon 

‘confinement’ is much more important for interband scattering than for intraband 

scattering. The reason for this is that interband scattering involves phonons with 

large ?n 80 that scattering by interface modes is negligible and the m =  1 guided 

mode does not contribute to scattering from the first excited miniband to the lowest 

miniband ( 2 —» 1) as this mode has scalar potential with even symmetry. The mode 

which dominates 2 —» 1 interband scattering is the m=2 guided mode (Jain and Das 

Sarma 1989).

4 .1 .2  Interface R ou gh n ess  S ca tterin g

The LO phonon limited mobility has already been determined in the previous sec

tion. However it is found that this mobility is up to an order o f magnitude larger then 

the experimentally measured mobility (Sibille at al 1987). This suggests the preva

lence o f additional scattering mechanisms. In particular interface roughness (IFR) 

scattering has been shown to be important for parallel transport in GaAs/AlAa 

quantum wells (Sakaki et al 1987 ) , and we examine the role o f  IFR scattering on 

vertical transport.

The scattering rate for IFR scattering has already been derived in the previous 

chapter and unlike LO phonon scattering a simple formulae for the relaxation time 

does exist for IFR. scattering. Since IFR scattering is elastic and k, randomizing ,

68



M
ob

ili
ty

, 
ii!

/c
m

‘‘V
~'

,

Superlattice periodic length, / /A . 

Figure 4.1: LO-phonon limited at 300 K.

Solid curve:the predicted mobility using the DCM. Broken curve: bulk phonons assumed.



i.e.

T-(k|,k, -  k J X )  =  r (k | .k . -  k J . - O , (4.4)

when the electric field is applied in the growth direction the relaxation time is given 

by

Note that this is only for the specific case when the electric field is applied in 

the growth direction. When the electric field is applied parallel to the layers the 

relaxation time has a significantly different form. The perturbed distribution is then 

given by

Before the mobility can be evaluated the values o f the IFR parameters need to 

be known. Often the IFR parameters are obtained by fitting the calculations to the 

experimental results, however the amount o f experimental data for vertical transport 

in GaAs/G aAlAs superlattices is too small to allow this. Fortunately it is possible 

to obtain values for the IFR parameters from other sources, it has even been possible 

to directly visualize the IFR (Christen et al 1988). The GaAs/GaAlAs interface 

contains terraces with steps o f  one monolayer height and a lateral size which is 

strongly dependent on growth conditions. There is good agreement on the value 

of the IFR  height parameter ft, this is equal to the root mean square value of the 

deviation o f  the interface from a flat plane and is found to be equal to one monolayer 

(Joyce et al 1986, Tanaka et al 1987, Sakaki et al 1987). The value of the IFR lateral 

width parameter A is less certain. In particular growth interruptions of a few seconds 

at the interfaces can significantly increase the lateral size o f the plateaus (Tanaka and

T'<k> = (ihJT̂ ^ ) (4.5)

(46)
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Sakaki 1987, Christen et al 1988). W ithout growth interruptions Joyce et al (1986) 

deduce from RHEED measurements that the GaAa grown on GaAlAa surfaces have 

IFR with a lateral width Ai =  35 A and the GaAlAa grown on GaAa surface have 

IFR with a lateral width A2 =  200 A. Tanaka and Sakaki (1987) obtain very similar 

results from studies of photoluminescence data in GaAa/GaAlAa quantum well. 

They derive values of 40 A and 200 A respectively for the lateral width. FYom 

measurements o f mobility in a GaAs/AlAs quantum well Sakaki et al (1987) derive 

Ai =  50 — 70 A. In fig 4.2 the results o f the mobility calculations are presented using 

the IFR parameters deduced by Joyce at al (1986). The IFR limited mobility is very 

much less then the LO phonon limited mobility and thus we can conclude that in 

G aAa/GaAlAa superlattices IFR scattering is the dominant scattering mechanism 

for transport in the growth direction. This is also confirmed by the temperature 

dependence of the measured mobility. Sibille et al (1987) found the ratio of the 

measured mobilities at 77 K and 300 K to  be

,■,(300*) ” (4.7)

This result is in good agreement with calculations o f the temperature dependence o f 

the IFR limited mobility, (fig. 4.3) when A  is taken to be 100 A. For the LO phonon 

limited mobility the ratio o f mobilities at 77 K and 300 K would be about 10. The 

agreement between experiment and theory on the magnitude of the mobility is not so 

good. Sibille at al (1987) measured the mobility o f a 40 A/20 A (well width/barrier 

width) GaAa/GaojAl0.3Aa superlattice to  be about 1000 cm2V ~la~l . Using the 

IFR parameters for a superlattice grown without growth interruptions (Joyce 1986) 

the calculated IFR limited mobility is found to be a factor of five larger, though
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Figure 4.2: IFR limited n, at 300 K.

The predicted mobility using the IFR parameters of Joyce et al (1986).
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the LO phonon limited mobility is a factor o f twenty larger then the experimental 

value. However the barrier layers of the superlattice are quite narrow and the tight- 

binding approximation used to  calculate the electron envelope functions is likely 

to be inadequate. Using exact envelope functions for the Kronig- Penney potential 

increases the scattering rate and the IFR limited mobility is then a factor of three 

larger than the experimental value. However in view of the uncertainty in the 

exact values o f the IFR parameters, in particular their strong dependence on growth 

conditions, the agreement between experiment and theory is felt to be reasonable. 

The most important point is that the IFR scattering is up to an order o f magnitude 

larger than LO phonon scattering.

In fig 4.4 the dependence o f the mobility px on the IFR lateral width is given. It is 

important to consider the effect o f  the IFR lateral width parameter A on the mobility 

since growth interruptions can significantly increase A. Tanaka and Sakaki (1987) 

conclude that for x > 0.3 only the Ga\-xAlzAs grown on GaAs surfaces are affected 

by growth interruptions , and when x < 0.3 both types of interfaces are affected by 

growth interruptions. Christen et al (1988) found that growth interruptions of 120 

seconds could increase the lateral size A to 6-8 pm. It has been suggested that growth 

interruptions smooth the interface so that IFR scattering would become negligible. 

From fig 4.4 it is clear that growth interruptions can reduce IFR scattering. Growth 

interruptions o f  sufficiently long periods would reduce IFR scattering so that perhaps 

LO-phonon scattering becomes dominant.
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Figure 4.3: Temperature dependence o f the IFR limited 

Temperature dependence of the IFR limited mobility of a superlattice with (> 6 0  A and 

Vq =  250T7ieV'. Both types of interfaces are treated as having the same IFR parameters, 

il = 3 A and A =  100 A (solid curve) or 200 A (broken curve). Note the temperature 

dependence of the IFR limited /¿|| is significantly different from that shown here (e.g. see 

Wataya et al 1989).
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Figure 4.4: Dependence o f  the IFR limited fi, on the parameter A. 

Calculated mobility at 300 K for a superlattice with / =  60 A and Vu =  250meV. Both 

types of interfaces are treated as having the same IFR parameters.
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4.2 Parallel Transport

In this section we deal with the superlattice transport properties when the electric 

field is applied parallel to  the layers. The distinct properties o f the superlattice will 

not be as evident for parallel transport as in the case o f vertical transport since the 

electron dispersion in the plane of the layers is taken to be free electron like with 

the electron having an effective mass m* and consequently the parallel transport 

properties of the superlattice are similar to that in SQW and MQW structures. The 

mobility in these structures is generally low (Wataya et al 1989) hence very little 

attention has been given to  their parallel transport properties. The main reason for 

the low measured mobilities is attributed to  the poor quality o f the GaAa grown on 

GaAlAs interface (Drummond et al 1983 , Inoue et al 1984 ). Much higher mobilities 

( at low temperatures ) are found in GaAs/GaAlAs heterojunctions which contain 

only a single interface.

4.2.1 L O  P h o n o n  scattering

For transport in the direction parallel to the superlattice layers, the calculation of 

the mobility follows in the same manner as that for vertical transport. An iterative 

method is used to calculate the perturbed distribution function using

tf.(k) =  r (k )  J s ,(k ')P (k ',k ) r fV  +  ' - E , ^ ^ ,  (4.8)

with j , ( k )  having a simple dependence on the angle 9 in the plane of the slabs

,, (k )  =  j ( k H,k,)cosO . (4.9)
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Once (4.8) has been iterated to calculate ^ (k) it is a relatively simple matter to 

calculate the mobility. As previously determined for the case o f vertical transport it 

is found that for superlattices with small periods l the interface modes dominates the 

scattering while for superlattices with wider GaAa layers the guided modes dominate 

the scattering. Consequently we see a reduction in the LO phonon limited mobility 

as the superlattice period increases ( fig 4.5). For comparison the mobility when 

the bulk phonon scattering rate (3.19) is assumed is also given. Again it is found 

that effect o f the phonon ‘confinement’ is to significantly reduce the LO phonon 

scattering rate.

4 .2 .2  Interface R ou gh n ess  S ca ttering

Sakaki et al (1987) have already shown that transport in GaAa/AlAs SQWs with 

narrow enough wells is dominated by IFR scattering and found a characteristic 

( where Lw is the width of the GaAa well) dependence in the electron mobility. For 

the case of vertical transport it was also found that the IFR scattering is dominant. 

Therefore IFR scattering may be expected to play an important role in parallel 

transport. Unlike the vertical transport case no simple formulae for the relaxation 

time approximation exists. A possible alternative is to use the iterative method 

(2.15). However convergence is extremely slow and more than twenty iterations are 

needed. Therefore we use the following equation for the relaxation time

rr =  / f> (k ,k ') ( l -c o .S )r f ,k (4.10)

The above equation is only strictly valid when the miniband width 2A —* 0. However 

as we show in fig (4.6) it is in good agreement with results using the iterative method
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Figure 4.5: LO phonon limited /iy at 300 K.

Solid curve: predicted mobility using DCM. Broken curve: mobility assuming bulk 

phonons.
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and is therefore a good approximation.

It is worth pointing out the IFR limited relaxation time is much larger for parallel 

transport than for vertical transport. Physically this arises because the effect o f the 

IFR is to reflect the electrons from the interfaces consequently IFR scattering is 

much more important for vertical transport. For parallel transport the effect o f IFR 

scattering is comparable to LO phonon scattering. With IFR scattering showing 

an approximate Lyy dependence and consequently more important for superlattices 

with narrow GaAs layers and LO phonon scattering more important for superlattices 

with wide GaAs layers. The combined effect o f IFR and LO phonon scattering is 

to predict mobilities similar to  those found in bulk GaAs, fig(4.7).

To calculate the IFR limited mobility the IFR parameters o f  Joyce at (1986) 

have been used. However it has been shown that the effect o f growth interruptions 

can significantly affect the IFR parameters , in particular the lateral width A. In 

fig (4.8) the variation of the IFR limited mobility on the lateral width is given. 

This shows that the effect o f  growth interruptions are much more significant for 

parallel transport than for vertical transport. Tanaka and Sakaki (1987) report that 

for GaAs/GaAlAs structures with x  < 0.3 both types o f interfaces are affected 

by growth interruptions and thus it should be possible to reduce the effect o f IFR 

scattering considerably so that LO phonon scattering becomes dominant. However 

for GaAs/GaAlAs structures with x >  0.3 the GaAs grown on GaAlAs interface 

is unaffected by growth interruptions and in these structures IFR would remain an 

important scattering mechanism, Sakaki et al (1987).
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Superlattice periodic length, / /A .

Figure 4.6: IF R  limited at 300 K.

Solid curve: predicted mobility using iterative method. Broken curve: mobility assuming 

relaxation time o f form given by (4.10). Mobilities calculated using the IFR parameters 

of Joyce et al (1986).
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Superlattice periodic length, //A .

Figure 4.7: Mobility /¿h at 300 K including both LO phonon and IFR scattering .
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Figure 4.8: Dependence of n\\ on IFR parameter A.

Mobility calculated for a superlattice with a=b, Z =  60 A and V0 =  250meV at 300 K. 

Both types of interfaces are treated as having the same IFR parameters.
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Chapter 5

Calculation Of The Hall Factors

5.1 Introduction

In the preceding chapters the transport properties o f a superlattice in a weak electric 

field have been considered. We now consider the superlattice transport properties 

when a weak electric field and a magnetic field are applied. There are several distinct 

regimes for different magnetic field strengths applied to the system. Firstly there 

is the low field limit, which is defined by the relationship u Br  «  1, where u B is 

the cyclotron frequency equal to eB /m * and r  is a typical scattering time. The 

interpretation of this equation is that the electron only travels a small distance 

around a constant energy surface before being scattered. For this case the transport 

properties are most strongly influenced by the details of the scattering mechanisms. 

This is the regime considered in this section. Another regime is the classical high 

field limit where u>bt »  1 , but the magnetic field is not so large that quantum 

effects are seen in the band structure. For this situation the electrons are able 

to orbit constant energy surfaces many times before being scattered. Therefore
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the form of these constant energy surfaces such as whether the orbits are open or 

closed may have the dominant influence on the transport properties (Smith et al, 

1967). Perhaps the most interesting case is the quantum field limit, where Landau 

levels are formed, thus fundamentally altering the way the electrons behave. In 

low dimensional structures this leads to the observation of the quantum Hall effect 

(Prange and Girvin 1987).

In this chapter the superlattice transport properties in the presence of weak 

electric and magnetic fields are considered. In sufficiently small external fields, the 

effective mass theorem shows that the equations o f motion are given by

5k =  —e(E +  v  x B )
(5.1)

v  =  h ‘ Vfci*.

The full Boltzmann equation in the steady state with magnetic field included is 

given by (Butcher 1973)

v .V /  -  ±  (e(E +  v x B ) +  V**]. V k/  =  ( % )  (5.2)
h yft/ coL L

and is linearized, when the temperature and Fermi level are constant throughout 

the superlattice, to give

In the absence o f a thermal gradient, the electric current when external electric and 

magnetic fields are applied to a cubic crystal (Butcher, 1973)

where D is a diagonal tensor with Dtl =  B h  The coefficients in the expression above 

are not measured directly, rather the coefficients in the corresponding expression for

(5.3)

J =  a0E +  aE x B +  /3B2E +  '/(B.EJ.B +  ¿Z?E (5.4)
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E  are measured.

E =  -  ÄJ x B  +  A iliS ’ J +  c (B .J )B  +  dD.J] (5.5)

where po is the low field resistivity in zero magnetic field, R is the Hall constant 

and 6, c, d are called the Seitz magnetoresistance coefficients.In this chapter we deal 

with the calculation of the Hall constant.

To solve the Boltzmann equation with a magnetic field present, it is often written 

in terms of operators (Smith et al 1967). The linearized Boltzmann equation can be 

written in the form

The function </>(k, r) can be related to g(k, r) the first order perturbation to the 

distribution function by

The operators C  and Q' are the collision and magnetic operators respectively, defined 

by

The most common approach to solve the Boltzmann transport equation with a 

magnetic filed present is to use the Jones-Zener expansion (Smith et al 1967). This 

method is applicable when the relaxation time is known. In the relaxation time

( C + ( t ) d = - e % . y ^ . (5.6)

(5.7)

(5.8)

n'* = - dri(vxB)-v ‘ *
The formal solution for tf> is then given by

♦ -  - ( C  +  i l T 'e E . v ^ . (5.9)
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approximation the collision operator is given by

and the formal solution o f the linearized Boltzmann transport equation is found to 

be </> =  -[1  -  Tril +  (rrii)2 -  ...JrreE.v (5.11)

where

» = j ( v « B ) . V , ,  (5.12)

The operator equation (5.11) is similar to the geometric series

( 1 + i ) - ‘ =  1 - *  +  i J -  ... (5.13)

which is known to converge only when |x| < 1. Similarly there is a limit on the 

convergence of (5.11). The magnitude o f (rri2) increases linearly with magnetic 

field, consequently to obtain convergence of (5.11) an upper limit is imposed on the 

magnetic field strength. In practice this limit is very difficult to determine however 

we shall assume that the magnetic field is below this limit and that the term low 

magnetic field region is understood to comply with this requirement as well as the 

condition, u/gr < <  1.

To solve the Jones-Zener expansion it is then necessary to  find the form o f the 

relaxation time. However in the previous chapters we have calculated the first 

order perturbation to the distribution function g(k) and not the relaxation time. 

Warren (1988) has developed a formalism similar to the Jones-Zener expansion, but 

which only requires the functions g(k) to be known for three mutually perpendicular 

directions o f the electric field ( with no magnetic field present) to calculate the Hall



constants for the system. Since we have already solved the zero magnetic field 

Boltzmann transport equation it is a relatively simple matter to calculate the Hall 

constants.

5.2 M eth od  O f Calculation

The formalism to calculate the Hall factors has already been developed by War- 

ren(1988). Here we correct some errors in the original formulae and describe the 

method for calculating the Hall Factors in a superlattice. This is a novel method 

that can be used for many different systems and is particularly useful when the 

Jones-Zener expansion cannot be used. Using this method little further work is 

necessary if the zero magnetic field Boltzmann equation has already been solved.

The superlattice system has cylindrical symmetry, Consequently the macroscopic 

current density J  and the electric field E take the form

J =J|+J,

=  (7||E|| +  axE , +  CE x B|| +  »7E  x B .
(5.14)

where J|| =  (Jx , Jy,0), Jx =  (0 ,0, J ,) and E|,ES and B||,B, have a  similar inter

pretation. The transport coefficients a^ aMtÇtV in (5-14) are expressed in terms of 

appropriate solutions of Boltzmann’s equation in section 3. The associated Hall 

factors may be obtained by solving (5.14) to express E  in terms o f  J when B  is 

small. We find that

E h =  O*1 fj|| -  X Bn -  X B s]
1 1 J (5.15)

E , =  a~l [ j ,  -  J|| x B||].
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The two independent Hall constants involved in these equations are

J,B . 
E ,

=  - Vc t

The Hall factors are simply related to the Hall constants by

(5.16)

r‘>* =  - n i l ? ’ * (5.17)

where the first superscript i gives the direction of the H&ll field K w the second 

superscript the direction of the current density J and the third superscript k gives 

the direction o f the magnetic field B. To calculate £ and rj we begin with the formal 

solution to the Boltzmann transport equation

d = - ( c  +  n ,) - ‘ eE .v /;. (5.18)

Now if we start with the case of no magnetic field present, we can write the solution 

in terms of the inverse collision operator Go =  C~l .

=  —G0eE.v/J. (5.19)

It is worth noting here that the solution in an electric field E ' is similarly given by 

K  =  —GoeE'.v/J. (5.20)

For the case where a magnetic field is present, the solution is given by

<t> =  -G e E .v /i  (5.21)

where the operator G  =  (G  +  O ')“ 1. Performing a small amount o f  manipulation 

(Warren 1988), we find

G =  (1 +  G0n ') - , Gfl 

~  (1 -  GoiTJGo
(5.22)



to first order in B. Then the solution <f> is given by



Once <t>x, <py and tj>, have been determined by iterative numerical solution of the 

appropriate linearized Boltzmann equations with B  =  0, we may use (5.28,5.29) to 

calculate £ and r). These results, together with the mobility calculations allow us to 

evaluate the Hall factors.

5.3 R esults

In this section we present results for the calculation of the Hall factors. Unlike 

the calculations o f Warren (1988) we use the correct scattering rates (3.47,3.48) 

including the effect of optical phonon ‘confinement’ and also scattering by interface 

roughness. As might be expected from the cylindrical symmetry o f  the problem we 

find two independent Hall factors, both of which remain close to  one. Numerical 

results are presented in fig 5.1, for a temperature T=300 K and assuming non

degenerate statistics, both optical phonon and IFR scattering are included. When 

the magnetic field is applied perpendicular to the interface planes, the Hall factor 

r1*' remains o f the order of one with some minor structure when the superlattice 

period l =  80 and 90 A. When the magnetic field is applied parallel to  the interface 

planes, the Hall factor r*** is again close to one, but exhibits a peak near l =  80 A. A 

simple kinetic theory would predict both Hall factors equal to one and it is difficult 

to interpret the exact reason for the deviation of the Hall factors from one. Both 

the non-parabolicity of the energy band structure and the wavevector dependence 

of the relaxation time contribute to the deviation of the Hall factors from one. For 

a system with with spherically symmetric energy bands and a relaxation time that
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Figure 5.1: Calculated Hall factors at 300 K.

H«U factors calculated including both IFR scattering and LO phonon scattering. Solid 

curve: magnetic field applied in the growth direction, Hall factor r*»*. Broken curve: 

magnetic field applied parallel to the interface layers, Hall factor r " »  =  r » " .
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is only dependent on energy rr = rr(e*), the Hall factor is given by

<  T2 >

<  T  > 2
(5.30)

where the averaging bracket is defined as

< s(tt) > =
'» (• * )^  <U„

,3/2 #0 .
e*

(5.31)

This is a standard result that can be readily derived from the present theory (War

ren 1988). Thus the deviation of the Hall factor from one depends on the energy 

dependence of the relaxation time and the actual value o f the Hall factors depends

on the predominance o f the various scattering mechanisms.
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Chapter 6

Conclusions and Suggestions

The objective o f this work has been to improve the understanding o f electron trans

port in GaAa/GaAlAa superlattices and to examine the validity o f the Boltzmann 

transport formalism used to describe it. In this chapter the final conclusions are 

presented and suggestions made for future work.

6.1 Conclusions

It is clear from the introductory chapters that the physics o f superlattices displays 

many interesting features. In particular the prospect of observing Bloch oscillations 

and negative differential resistance with implications for device applications have 

produced much interest in these structures. We have shown that there is considerable 

experimental evidence that electron transport in superlattices in the growth direc

tion can proceed by extended Bloch states. Consequently the Boltzmann transport 

formalism has been used to calculate the electron mobilities. The main challenge 

in calculating the mobilities has been to identify the important electron scattering
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mechanisms and to determine the form of the scattering rates. Once this is done the 

the calculation o f the mobility is straight forward. Though care must be taken as 

often no simple formulae for the relaxation time exists. In this case we have shown 

how an iterative method may be used. The assumption that the relaxation time is 

equal to the electron lifetime can lead to large errors, for longitudinal-optical phonon 

scattering this assumption can underestimate the mobility by about a factor of two. 

For interface roughness scattering the mobility parallel to the superlattice layers is 

underestimated by an order of magnitude by this approximation.

The dominant scattering mechanism in bulk GaAa at room temperature is LO- 

phonon scattering. Therefore it has been expected to be an important scattering 

mechanism in a GaAs/GaAlAs superlattice. The original calculations of the LO 

phonon scattering assumed that the optical phonons were unperturbed by the su

perlattice structure and used the bulk LO phonon scattering rate. However this 

assumption is incorrect and we have shown that there is a large amount of experi

mental and calculated data that shows that the optical phonon modes are strongly 

perturbed by the superlattice structure, leading to a strong modification of the 

electron-LO phonon scattering rate. For the purposes of transport calculations, sim

ple continuum models are used to describe the superlattice phonon modes. However 

no unambiguous formulation of the boundary conditions exists for these continuum 

models. The most commonly used boundary conditions are either the standard 

electrostatic boundary conditions which are used by the dielectric continuum model 

(DCM) or the hydrodynamic boundary conditions used by the hydrodynamic con

tinuum model. There has been considerable controversy as to which, if either, of 

these two models can give a correct description o f electron-LO phonon scattering in
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a superlattice. Comparing the results of the continuum models with realistic micro

scopic models shows that neither o f the continuum models gives a good  description 

o f the optical displacement of the ions. However the work of Huang and Zhu (1988) 

shows that the DCM does give a good description of the scalar potential associated 

with the optical displacement and can therefore give a correct description o f the 

electron-LO phonon scattering rate in a superlattice. Calculations o f  electron en

ergy relaxation times in a quantum well using the DCM are also in good  agreement 

with experiment and it has been shown that the ‘confinement’ of the optical phonon 

modes leads to  a reduction of up to an order of magnitude of the electron energy 

relaxation time (Jain and Das Sarma 1989). The intraband scattering rate is not so 

strongly affected by the ‘confinement’ o f the optical phonon modes, and the scat

tering is reduced by a factor o f two for both transport parallel and perpendicular 

to the superlattice layers. As might be expected this reduction is more important 

for superlattices with narrow layers and becomes insignificant for superlattices with 

wide layers.

Comparing the calculated LO phonon limited electron mobility in the growth 

direction with experimental data, we find that the predicted mobility is larger by 

a factor o f  twenty. The experimentally measured mobility is too large to be due 

to hopping transport consequently this suggests the prevalence o f  other scatter

ing mechanisms. We have shown that the unavoidable roughness o f the superlattice 

interfaces can account for this additional scattering. Interface roughness (IFR) scat

tering is particularly interesting since it is not found in bulk materials and the IFR 

scattering is much more important for transport in the growth direction than for 

transport parallel to the interface planes. The reason for this is that the effect of
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the IFR is to reflect the electrons from the interfaces. IFR scattering is found to be 

the dominant scattering mechanism in limiting the mobility in the growth direction. 

Unfortunately a  detailed comparison of the magnitude of the calculated mobilities 

with the experimental values is difficult due to uncertainties in the IFR parameters. 

There are two IFR parameters, one to describe the root mean square height of the 

deviation of the interface from a flat plane il and the other A to describe the lateral 

size of the IFR and these parameters have a strong influence on the actual mag

nitude of the mobility. This matter is further complicated by the effect o f growth 

interruptions at the interfaces during the growth of the superlattice. These growth 

interruptions have a significant effect on the IFR parameter A. The effect o f growth 

interruptions is to  reduce the IFR scattering and for sufficiently long growth in

terruption times this effect can result in LO-phonon scattering becoming dominant 

in a GaAs/Gao.jAlojAa superlattice. However, in a GaAa/AlAa superlattice IFR 

scattering would remain important since the GaAa grown on G a i-,A lsAa  interface 

is unaffected by growth interruptions provided x  >  0.3 (Tanaka and Sakaki 1987).

For transport parallel to the interfaces the effect of IFR scattering is not as im

portant as for transport in the growth direction. For a superlattice grown without 

growth interruptions the IFR scattering is of about the same importance as LO 

phonon scattering. With IFR scattering being the most important for superlattices 

with narrow GaAa layers and LO phonon scattering more important for wide GaAa 

layers. Consequently the effect of this is an electron mobility in a GaAa/GaotAlo i Aa 

superlattice, similar to that found in bulk GaAa. Again the effect o f growth inter

ruptions is to reduce the IFR scattering so that LO phonon scattering becomes the 

dominant scattering mechanism for transport parallel to the layers. We have also
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calculated the Hall factors. We find two independent Hall factors both of which 

remain close to one.

6.2 Prospects for further developm ents

We have tried to develop a simple formalism to calculate the low field transport 

properties o f a non degenerate electron gas in a GaAa/GaAlAa superlattice. The 

present work can be extended by relaxing some of the approximations we have 

made. In particular the Kronig-Penney model can be solved exactly to  calculate the 

electron envelope function rather than using a tight binding formalism, additionally 

the difference in effective mass between the GaAa and GaAlAs layers can also be 

included in the calculations. This can be important for IFR scattering rate since this 

depends on the value of the envelope function at the interfaces. An alloy material 

such as bulk GaAlAa has two LO modes and two TO modes and it would also be 

desirable to include this feature o f GaAlAa into future work. We can also consider 

the transport properties as the electron concentration is increased. An effect of this 

would be the need to include screening and interband scattering.

Perhaps the most interesting approach would be to calculate the hot electron 

transport properties of the superlattice. In this regime we can expect to  see negative 

differential resistivity(NDR). NDR has already been observed in a superlattice and it 

is claimed that this is due to the effect originally proposed by Esaki and Tsu (Sibille 

et al 1990). Unfortunately there is little hope for useful analytical calculations in 

this regime. The most physically transparent numerical approach is the Monte carlo 

simulation. Very high electric fields applied in the growth direction can also induce
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localization of the electron states. A study which incorporates transport both by 

extended states and localized states and can describe the change from Bloch to 

hopping transport represents a considerable challenge.
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Appendix A

Kronig-Penney Model

Using the tight-binding theory in the nearest neighbor approximation the electron 

envelope wavefunction is written as

n \ 1'2
F (r ) =  exp(ik||.X|)£*(z -  nl)exp(ik ,n l) (A .l)

where <t>(z) is the eigenfunction for the Hamiltonian o f  a  single potential well of 

width 2a and height Vo- The form o f 4>(z) is given by;

C exp(A i) z <  —a

¿ i 2) =  Acoa(koz) - a  < z <  —a ■ (A.2)

C  exp(—Az) z > a

Where A2 =  ( V0 -  t0)2m*/h2 and e0 =  fta*o/2m*. Note that when z >  a

(A.3)

this expression has been used when calculating the interface roughness scattering 

rate. The values for the parameters in the equation for 4>(z) are obtained by applying 

standard boundary conditions. By matching <f>{z) at z  =  a  we obtain

C  =  A  cos(&o<0 exp(Aa) (A.4)



and A is found by normalizing <t>(z). By matching the derivative d^/dz at z =  a

and z =  —a we find

tan(Ar0a) = (A .5)kva

The above equation is solved numerically, but in the tight-binding limit it is approx

imately given by

l °a ~  i/F+T  <A 6 >

where 0  =  (2m*Voaaft-a )1/a. similarly

Â \irrv  <A -7 >

In the nearest neighbor approximation the miniband structure of the superlattice 

can be written as

2A  is the miniband width and is calculated from the superlattice dispersion relation 

(1.7). However an approximate analytic form for delta can be obtained from the 

tight-binding approximation (Kittel 1953)

where Hk p  is the Hamiltonian for the Kronig-Penney potential. Solving the above 

integral we find

The important point to note about the above equation is that the dependence o f A  

on the width of the superlattice layers will be dominated by the exp(—2A6) term. 

This explains the form o f the miniband width given in fig. 1.2 .

(A .*)

2 J 4 ,(z)H k p* ( i  -  I) dz (A .9)

A  ~  4i4a6 ^ s in a(toa)i0exp(-2A6). (A. 10)

100



We can investigate the effect of this highly anisotropic miniband structure on 

the superlattice transport properties using a simple model, a relaxation time which 

is independent of energy or wavevector is assumed. Then for transport parallel to 

the superlattice layers the mobility is given by

n  = -7 (A.ii)m

For transport in the growth direction the effect o f the miniband structure is more 

obvious. Using the Boltzmann transport equation the mobility is given by

er A V1°° ̂  *  /-T “n,(W) d t - (A.12)

■ “ i “ * ' 1 ( ' - i )  e <J
(A.13)

/
e >  2A

The above equation for n, has a simple form when A  > > kgT. Then the superlattice 

miniband structure can be written as

n2k\ nak*
2m* +  2m*

(A.14)

where =  Aa/(A /* ) and for this case the approximation a  =  (2m*e*ft 2)1/2 is 

used. Then the mobility is given by

=  eTT T - (A.15)

The mobility also has a simple form when A  < <  kgT. In this case we use the 

approximation a  =  k/1. The form of the mobility is then found to  be

H, =  CT
A  f2 A  
W  2kbT'

(A.16)

101



This is a particularly interesting result since the mobility shows a temperature de

pendence. Usually the temperature dependence of the mobility is due to  the form 

of the scattering mechanisms. However in this case the temperature dependence is 

due to the form o f the miniband structure. This ‘thermal saturation’ o f the band 

transport has been observed experimentally by Brozak et al 1990.
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Appendix B

Modified Dielectric Continuum 

Model

We have shown in chapter 3 that the dielectric continuum model (DCM) gives a 

good description o f the scalar potential associated with the LO modes of the su

perlattice but a poor description of the displacement of the ions. In this section a 

modified DCM is introduced which is shown to give a good description o f both the 

displacement of the ions and the scalar potential. The longitudinal optical vibra

tions have associated with them an electric field and a scalar potential. Maxwell’s 

equations when we neglect retardation effects are given by

V.D = 0 , V x E = 0 (B .l)

and we obtain the following condition on the scalar potential

*,(w)V2i/(r) =  0. (B.2)

Where k,(o/) is the dielectric function in material i. We apply this model to  a 

GaAs/AlAs single quantum well of width 2a centered at z =  0. From the periodicity
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of the system Bloch’s condition implies that the scalar potential associated with the 

LO modes can be written as

*'(*) = e*p(«q|-X|)*(*). (B.3)

Thus (B.2) is satisfied when

♦(*) = [>4cexp(i9*) +  BGex p (-iq 2)\6K'{u)'0 + ¿ /e x p ^ z )  + Bl ex p (-q i z). (B.4)

We have written 4>(z) in an unusual form, previous calculations of the dielectric 

continuum model have taken either the first or second term on the right hand side 

of (B.4) but have not allowed mixing of the two terms. In the absence o f mixing 

standard Fuchs and Kliewer like modes are obtained. However we show below that 

when mixing is allowed it is possible to obtain results in good agreement with realistic 

microscopic models. Since we now have four unknown coefficients in * (z )  there is a 

need for additional boundary conditions as well as the usual electrostatic boundary 

conditions.lt has been shown that for systems where the bulk LO phonon branches 

of the constituent materials do not overlap (eg GaAa/AlAa) it sufficient to demand 

that ux and U|| both have nodes at the interfaces (Tsuchiya et al 1989). The optical 

displacement vector is derived from the scalar potential using the Born and Huang 

phenomenological equations.

«¿o(r,u») = CjV»/(r). (B.5)

Where c, can be derived from the Born and Huang equations and is material depen

dent.

Using the above equations it is a simple matter to derive the form of the scalar
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wavelength limit this reduces to tan(qaa) =  qaa and Caq\\a =  - A a sin(qaa). The 

exact values of qa and Ca are obtained numerically and we find that in the long

wavelength limit qaa ~  rnr/2 where n=3,5,7 ... and Caqna ~  - ¿ . ( - l ) * ^ .  

Thus we can write for symmetric modes, when u =

♦(*) =
A , cos(qtz) +  C. cosh(?||2) - a  < z <  a 

0 otherwise
(B .9 )

For anti-symmetric modes

♦(*) =
Aa sin(qaz) +  C0sinh(ç||2) - a  < z <  a

(B .10)
0 otherwise

These new modes are the analogue of the Fuchs and Kliewer guided modes. In 

fact similar expressions for the analytical form o f $ ( 2) (B.9.B.10) have already been 

guessed by Huang and Zhu(1988). They assumed that $ (z )  could be written for the 

symmetric (anti-symmetric ) modes as a cosine (sine ) term plus a constant (linear 

in z) term and applied the boundary conditions that Q (z) and d$/dz disappear 

at the interfaces. Their simple analytical expressions for <fr(z) were found to fit 

well the results of their microscopic model in the long wavelength limit (q|| —» 0). 

However our model is more general and can be extended to the case when the scalar 

potential does not disappear at the interfaces such as the case of interface modes or 

systems where the bulk LO phonon branches o f the constituent materials overlap 

(eg InAs/GaSb). Our model is shown to follow simply from the DCM and explicitly 

satisfies (B.2) whereas the simple analytical expressions o f Huang and Zhu (1988) 

have been guessed.

This is not the first study to consider the mixing o f guided and interface modes. 

Chu and Chang (1988) have already suggested this, however they assumed that mix-
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Figure B .l: Results o f modified DCM. 

curve: Wy. Broken curve: W ,.
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ing could only occur when spatial dispersion o f the phonon modes was included and 

they were unsure what the additional boundary conditions should be, consequently 

no calculations were performed. Our model does not include spatial dispersion (since 

the Born and Huang equations do not include spatial dispersion) but we have shown 

that mixing can still occur when u> =  If we include spatial dispersion, mixing

will also occur at other frequencies and this is likely to strongly affect the Fuchs 

and Kliewer like interface modes. It is known that the dielectric continuum model 

gives a very good description of the frequencies of the interface modes and the scalar 

potential associated with them however the actual form of the optical displacement 

vector is very poorly described, compared to realistic microscopic models. We may 

speculate that when mixing is allowed agreement with realistic microscopic models 

will improve significantly. However actual calculations are beyond the scope o f  this 

thesis.
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