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Abstract
In this paper a two-dimensional Lagrangian model based on the weakly compressible smoothed
particle hydrodynamics (WCSPH) was developed to explore the hydrodynamics of standing
waves impinge on a caisson breakwater. The developed model is validated against experimental
data and applied then to analyze the wave horizontal velocity in front of a vertical caisson. The
effect of wall steepness was investigated in terms of the steady streaming pattern due to
generation of fully to partially standing waves. The numerical results indicated that the partially
standing waves generated in front of the sloped caisson change the pattern of steady streaming.
For the vertical caisson, the velocity component of recirculating cells increased in front of the
vertical wall; whereas, for the sloped caisson it decreased from the sloped wall with reducing the
wall steepness. In addition, near the milder sloped wall the intensity of velocity component is
higher, which is an important parameter in scour process in front of caisson breakwater.

Keywords: Standing waves, partially standing waves, steady streaming, vertical caisson
breakwater, wall steepness, WCSPH.
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1.

Introduction

Various types of caisson breakwaters have been constructed to protect ports against incoming
waves from the surrounding nearshore environment. The interferences of incoming waves and
the reflected waves from a caisson breakwater produce a series of standing waves. The
characteristics of standing waves depend strongly upon the front wall steepness and may vary
from fully to partially standing waves. As a result of standing wave generation, a complex flow
hydrodynamics is created in the vicinity of caisson breakwater, expressed in terms of the pattern
of steady streaming. This pattern is consisted of the top and bottom recirculating cells attributed
to the formation of bottom boundary layer, as shown in Fig.1. Also the steady streaming plays a
key role in enhancing the scour process in front of a caisson breakwater [Carter et al., 1973].
Several experimental studies have investigated the complex pattern of steady streaming in front
of caisson breakwaters [e.g., Xie, 1981; Sumer and Fredsoe, 2000; Zhang et al., 2001].
Contemporarily, limitation in experimental apparatus has directed many researchers to use the
numerical models as an alternative approach to study the complex hydrodynamic of standing
waves in front of caisson breakwaters [e.g., Gislason et al., 2009; Yeganeh-Bakhtiary et al.,
2010; Hajivalie and Yeganeh-Bakhtiary, 2011; Tofany et al., 2014; Hajivalie et al., 2015]. In
these models, the Reynolds Averaged Navier-Stokes (RANS) equations were solved with
closuring a turbulence model in a fixed Eulerian grid. To track the wave free surface, some
robust techniques were utilized, such as VOF technique [Hirt and Nicholas, 1981], or Marker in
Cell method [Lemos, 1992]. All of the models, however, inherently suffer from the numerical
diffusion arising from the advection terms in Navier–Stokes (N-S) equations. Particularly it
becomes significant when the free surface deformation is rather large, so the tracking of free
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surface becomes very difficult. To overcome these difficulties, using the mesh-free particle
methods might be a superior approach.
The particle methods solve the N-S equations with complicated boundary conditions by using a
set of discrete particles based on Lagrangian formalism. Additionally, Lagrangian behavior of
particles, resolves the problem associated with grid-based calculations by computing the
convection terms without the numerical diffusion [Liu and Liu, 2003; Khayyer et al., 2008].
Among the particle methods, the Smoothed Particle Hydrodynamics (SPH) is widely employed
to simulate the incompressible fluid flows. Generally, there are two discernible approaches of
SPH available for modeling the incompressible flows; namely weakly compressible SPH
(WCSPH), and incompressible SPH (ISPH). The main difference between the two approaches is
how to estimate the pressure filed. In the former approach, a state equation is implemented [e.g.,
Colagrossi and Landrini, 2003; Dalrymple and Rogers, 2006; Becker and Teschner, 2007;
Altomare et al., 2015]; whilst, in the latter one the Poisson equation is solved for the pressure
estimation [e.g. Cummins et al., 1999; Shao, 2006; Shao and Lo, 2003; Gotoh et al., 2014; Gotoh
and Khayyer, 2016].
Comparisons between WCSPH and ISPH are presented by some researchers (among others Lee
et al., 2008; Khayyer and Gotoh, 2010; Shadloo et al., 2012; Zheng et al., 2014; Gotoh et al.,
2016). In general, ISPH has considerable advantages in providing higher accuracy in terms of
pressure calculation and volume conservation, particularly for violent flow [Gotoh et al., 2013].
Whereas, the positive aspects of WCSPH are: it is easier to program, because the pressure is
obtained from an algebraic thermodynamic equation and the diffusion terms are treated explicitly
[Monaghan, 1994]; it is easier to parallelize the numerical computation [Lee et al., 2010]; and it
is easier to implicitly satisfy the free surface condition [Colagrossi et al., 2009]. Moreover, the
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performance and the flexibility of WCSPH are successfully tested in coastal engineering
problems [Monaghan and Kos, 1999; Kim and Ko, 2008; Mahmoudi et al., 2014; Altomare et al.,
2015; Liu and Liu, 2016]. In this study, the WCSPH was adopted for two folds: (i) the WCSPH
is rather easier to program; and (ii) the pressure calculation and volume conservation can be
easily achieved for standing waves in front of a caisson breakwater.
On the other hand, a substantial knowledge has been accumulated so far on the steady streaming
under the fully standing waves; however, very little is known about the hydrodynamics of the
partially standing waves in front of caisson breakwaters. The main purpose of the present work is
to numerically study the wall steepness effects on the hydrodynamics of partially standing waves
via the applicability of WCSPH model. The model was developed to simulate the hydrodynamic
process during interactions of standing waves with vertical and sloped caisson breakwaters. The
numerical result was first validated using both the experimental data and analytical solution.
Then it is applied to the vertical caisson with different wave properties based on Xie [1981] and
Zhang et al. [2001] experiments to systematically analyze the orbital horizontal velocity. Finally,
the developed WCSPH model was implemented to study the hydrodynamics of partially standing
waves in front of caisson breakwaters with different slopes to investigate the wall steepness
effects on the pattern of steady streaming.

2.

Mathematical Formulation

2.1.

Governing equations

The governing equations for simulating free surface flow including the conservation of
momentum and mass equations in two-dimensional coordinates are presented in the Lagrangian
formalism as:
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1 𝑑𝑑
+ ∇. 𝑢
�⃗ = 0
𝜌 𝑑𝑑
𝑑𝑢
�⃗
1
1
1
= − ∇𝑃 + ∇(𝜇. ∇𝑢
�⃗) + ∇. 𝜏 + 𝑔⃗
𝑑𝑑
𝜌
𝜌
𝜌

(1)
(2)

where 𝑢�⃗ is flow velocity vector, 𝑃 and 𝜌 are respectively pressure and density, t is time marching,

𝑔⃗ = (0,0, −9.81) 𝑚/𝑠 2 is the gravitational acceleration, ∇ is the vector differential operator, µ is

the kinematic viscosity, and 𝜏 is the SPS stress tensor. Eq. 1 is in the form of a compressible
flow; while in the momentum equation, Eq. 2, the effect of viscosity is very important. The

viscous effect can be simulated by the artificial viscosity [Monaghan, 1992] or by the
approximated laminar viscosity [Morris et al., 1997]. Excluding the artificial viscosity and the
laminar viscosity, the Sub-Particle Scale (SPS) approach was adopted in this study. The SPS
approach was initially introduced by Gotoh et al. [2001] in the context of Moving Particle Semiimplicit method (MPS); hence, to apply it for a compressible fluid, a special averaging method is
required. In the current study, the so-called Favre-averaging scheme was adopted, which is a
density-weighted time averaging approach [Dalrymple and Rogers, 2006].
Using the Favre-averaging scheme for compressible fluid flow, the eddy viscosity assumption
based on the Boussinesq's hypothesis is often used to model the SPS stress tensor ( 𝜏𝑖𝑖 ) as
2
2
2
𝜏𝑖𝑖 = 𝜌 �2𝜈𝑡 𝑆𝑖𝑖 − 𝑘𝑆𝑆𝑆 𝛿𝑖𝑖 � − 𝜌𝐶𝐼 Δ2 𝛿𝑖𝑖 �𝑆𝑖𝑖 �
3
3

(3)

where 𝐶𝐼 is a constant that set to 0.0066 according to Blinn et al. [2002], 𝑘𝑆𝑆𝑆 is the SPS
turbulence kinetic energy, ∆ is the initial particle-particle spacing, 𝑆𝑖𝑖 is the element of SPS

strain-rate tensor, 𝜈𝑡 is the turbulent eddy viscosity, and 𝛿𝑖𝑖 is Kronecker delta.

The standard Smagorinsky model was applied to determine the turbulent eddy viscosity
[Smagorinsky, 1963]
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𝜈𝑡 = (Cs Δ)2 . |𝑆|

(4)
1⁄2

here 𝐶𝑠 = 0.12 is the Smagorinsky constant and |𝑆| = �2𝑆𝑖𝑖 𝑆𝑖𝑖 �
2.2.

is the local strain rate.

SPH formulation

To get a particular quantity at an arbitrary point 𝑥 of the fluid domain, SPH uses the following
interpolation

𝑓(𝑥) = � 𝑓𝑏 𝑊(𝑥 − 𝑥𝑏 )
𝑏

𝑚𝑏
𝜌𝑏

(5)

where 𝑓𝑏 is the value of function 𝑓 associated with particle 𝑏 located at 𝑥𝑏 , 𝑊(𝑥 − 𝑥𝑏 ) is the
weighting function determining the contribution of particle 𝑏 to the value of 𝑓 at 𝑥, and 𝑚𝑏

and 𝜌𝑏 are the mass and density of particle 𝑏, respectively. The variable of 𝑊(𝑥 − 𝑥𝑏 ) is usually
called the kernel function and its amount varies from 0 to 1. By considering the computational
accuracy, a cubic spline function was adopted among various kinds of kernel functions known as
the B-spline function and specified by [Monaghan, 1992]:
10
3
3
�1 − 𝑞 2 + 𝑞 3 �
⎧ 𝑊(𝑟, ℎ) =
2
7𝜋ℎ
2
4
⎪
10
3
⎨ 𝑊(𝑟, ℎ) = 28𝜋ℎ2 (2 − 𝑞)
⎪
⎩𝑊(𝑟, ℎ) = 0

𝑞<1

1<𝑞<2

(6)

𝑞>2

here 𝑞 = 𝑟/ℎ, 𝑟 is the separation distance between the particles, and ℎ is the smoothing distance

of a particle interacts with its neighboring particles. Inside the smoothing distance, an arbitrary

particle 𝑎 interacts only with the particles exist in a radial distance of order 2ℎ. It means, only

the particles within this neighboring distance of particle 𝑎 are contributed to the summation.
Accordingly, it is practical to use the techniques such as the nearest neighbor list to truncate the
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summation to include only the neighboring particle of the particle 𝑎. This technique leads to a
great saving in both of the time and calculation effort.

On the basis of the above discussion, the N-S equations are closured with the SPS turbulence
model to simulate the flow motion, described in the SPH notation as follows:
𝑑𝑑
� � = � 𝑚𝑏 𝑢
�⃗𝑎𝑎 . ∇𝑊𝑎𝑎
𝑑𝑑 𝑎

(7)

𝑏

𝑑𝑢
�⃗
𝑃𝑎 𝑃𝑏
4𝑚𝑏 𝜇𝑟⃗𝑎𝑎 . ∇𝑊𝑎𝑎
� � = − � 𝑚𝑏 � 2 + 2 � ∇𝑊𝑎𝑎 + �
𝑢
�⃗
2
(𝜌𝑎 + 𝜌𝑏 )(𝑟𝑎𝑎
𝑑𝑑 𝑎
𝜌𝑎 𝜌𝑏
+ 𝜙 2 ) 𝑎𝑎
𝑏

𝑏

𝜏𝑎 𝜏𝑏
+ � 𝑚𝑏 � 2 + 2 � ∇𝑊𝑎𝑎 + 𝑔⃗
𝜌𝑎 𝜌𝑏

(8)

𝑏

where 𝑎 and 𝑏 denote respectively the reference particle and its neighbors, 𝑢�⃗𝑎𝑎 = 𝑢�⃗𝑎 − 𝑢�⃗𝑏 ,

𝑟⃗𝑎𝑎 = 𝑟⃗𝑎 − 𝑟⃗𝑏 , and 𝜙 is a small number introduced to keep the denominator non-zero and usually

is 0.1ℎ𝑎𝑎 .

Incompressibility approximation is a common trick in the SPH formulation, hence, in this model
the incompressible flow condition was assumed with a weak compressibility. In other words,
instead of solving the Poisson equation to approximate the pressure field, a state equation is
utilised. In the state equation, the sound speed, set to at least ten times of the maximum fluid
velocity, is used for the calculation of coefficients. To satisfy the Courant–Friedrichs–Lewy
(CFL) condition, the time step is limited to a very small value that slows down the simulation
efficiency [Monaghan, 1992]. Compressibility causes problems with the sound wave reflection at
the boundaries; due to its simplicity, however, the state equation is still widely used in the
pressure calculation of the simulations. The state equation is
𝜌 𝛾
𝑃 = 𝐵 �� � − 1�
𝜌0

(9)
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here 𝛾 = 7 is a constant, 𝐵 = 𝑐02 𝜌0 ⁄𝛾 in which the 𝜌0 is the reference density, 𝑐0 is the speed of

sound at the reference density, and 𝑐0 = 𝑐(𝜌0 ) = �∂𝑃⁄𝜕𝜕. The exact sound speed was not used

because it requires very small time steps to ensure the numerical stability [Monaghan, 1992]. The
appropriate sound speed was chosen large enough to keep the relative density fluctuation small
[Monaghan, 2005]. In fact, the advantage of implementing this technique is to define a direct
relation between the flow pressure and the fluid’s local density; consequently, there is no need to
solve the Poisson equation to approximate the fluid pressure.

2.3 Particles movement and time marching
Particles in the numerical domain move according to the following equation:
𝑑𝑟⃗
𝑚𝑏
(𝑢
� � =𝑢
�⃗𝑎 + 𝜀 �
�⃗ − 𝑢
�⃗𝑎 )𝑊𝑎𝑎
𝑑𝑑 𝑎
𝜌̅𝑎𝑎 𝑏

(10)

𝑏

here 𝜀 is a constant (= 0.5) and 𝜌̅𝑎𝑎 = (𝜌𝑎 + 𝜌𝑏 )⁄2. The last term in the equation is called XSPH

correction, which guarantees that the neighboring particles possess approximately the same
velocity components [Monaghan, 1994].
In this study, an Euler Predictor-Corrector time marching scheme was employed to develop the

solution of the WCSPH equations with time [Monaghan, 1989]. Considering respectively the
momentum (Eq. 2), density (Eq. 7) and position (Eq. 10) equations, in the following form
𝑑𝑢
�⃗
⎧ 𝑎 = 𝐹⃗𝑎
⎪ 𝑑𝑑
𝑑𝜌𝑎
= 𝐷𝑎
⎨ 𝑑𝑑
⎪ 𝑑𝑟⃗𝑎 �⃗
⎩ 𝑑𝑑 = 𝑈𝑎

(11)
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�⃗𝑎 represents the velocity contribution of particle 𝑎 from the neighboring particles (XSPH
where 𝑈
correction). This scheme predicts the time-marching progress as

∆𝑡
𝑛+1/2
�⃗𝑎
=𝑢
�⃗𝑎𝑛 + 𝐹⃗𝑎𝑛
⎧𝑢
2
⎪
∆𝑡
𝑛+1/2
𝜌𝑎
= 𝜌𝑎𝑛 + 𝐷𝑎𝑛
2
⎨
∆𝑡
⎪ 𝑛+1/2
�⃗ 𝑛
= 𝑟⃗𝑎𝑛 + 𝑈
⎩ 𝑟⃗𝑎
2 𝑎
𝑛+1/2

computing 𝑃𝑎

(12)

𝑛+1/2

= 𝑓(𝑃𝑎

) with Eq. 9. The updated value of the above-mentioned variables

are then corrected using forces at the half time step
∆𝑡 𝑛+1/2
𝑛+1/2
�⃗𝑎
=𝑢
�⃗𝑎𝑛 + 𝐹⃗𝑎
⎧𝑢
2
⎪
∆𝑡
𝑛+1/2
𝑛+1/2
𝜌𝑎
= 𝜌𝑎𝑛 + 𝐷𝑎
2
⎨
∆𝑡 𝑛+1/2
⎪ 𝑛+1/2
𝑛
�⃗
𝑟
⃗
=
𝑟
⃗
+
𝑈
𝑎
𝑎
⎩
2 𝑎

(13)

Finally, the values are calculated at the end of the time step following:
𝑛+1/2

𝑢
�⃗𝑎𝑛+1 = 2𝑢
�⃗𝑎

−𝑢
�⃗𝑎𝑛

�𝜌𝑎𝑛+1 = 2𝜌𝑎𝑛+1/2 − 𝜌𝑎𝑛
𝑟⃗𝑎𝑛+1 =

𝑛+1/2
2𝑟⃗𝑎

(14)

− 𝑟⃗𝑎𝑛

𝑛+1/2

The pressure was calculated from the density using both 𝑃𝑎

𝑛+1/2

= 𝑓(𝑃𝑎

) and Eq. 9.

Practically, the midpoint values of the previous time step were used instead of computing the
values at time 𝑛; it saves computational time and produces only a negligible error. The aforementioned scheme is second order and conserves both the linear and angular momentum
[Monaghan, 1989].

2.4 Computational domain and boundary conditions
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A rectangular computational domain was considered in this study (Fig. 2). The spatial
discretization of computational domain was set up with the initial arrangement of particles. At
the inlet boundary, a hinged flap wavemaker was considered and at the outlet and bottom
boundaries, solid walls were used to prevent the inner particles from penetrating into the
boundaries. In the present study, the treatment of wall boundaries was simulated similar to the
model of Koshizuka et al. [1998]. In order to keep the density at the wall in consistent with that
of the inner particles, several lines of dummy particles were placed outside the solid wall. The
velocity of boundary particles were set to zero to satisfy no-slip boundary condition; while, to
obtain the pressure for dummy particles the homogeneous Neumann conditions were applied.
The lack of enough particles near or on the boundary is an important issue in SPH, resulting from
truncation of the integral in the boundary region. For particles near or on the boundary, only
particles inside the boundary contribute to the summation of the particle interface, and no
contribution comes from the outside since there are no particles beyond the boundary. With a
basic discretization, it was observed that particles can penetrate and even cross the walls; as a
result, a repulsive force and ghost particles were employed here.
In the ghost particle approach, boundary particles are forced to satisfy the same equations as the
fluid or solid particles, namely the continuity (Eq. 1), momentum (Eq. 2), and the state (Eq. 9)
equations. However, the ghost particles were not moving by activating the XSPH scheme Eq. 10.
They remained fixed in their position (fixed boundaries) or moved according to some externally
imposed function (moving boundaries such as wavemaker). When the fluid or the solid particle
approaches the boundary the density of the boundary particles increase according to Eq. 7,
resulting in a pressure increase presented by Eq. 9. The force exerted on the fluid particle
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increased due to the pressure term, 𝑃𝑎 ⁄𝜌𝑎2 , in the momentum equation, and therefore that particle
cannot penetrate into the boundary.

As stated before, the fluid particles were initially arranged in a regular form. The initial
computational domain of the problem was discretized with separate particles [see Fig. 2]. In the
computation process a constant time step of ∆𝑡 = 4.5 × 10−5 s was employed and the time
duration of simulation was equal to ten wave period time for each case study.

A flap type wavemaker was utilized to generate the wave in the numerical domain. The
schematic sketch of the wavemaker is depicted in Fig. 3. The Stokes wave theory was applied to
generate the incident wave at the inlet boundary; to generate the Stokes wave by the flap type
wavemaker, the relation between the flap stroke length (𝑆), water depth (𝑑) and wave height (𝐻)
is given according to Dean and Dalrymple [1984] as
𝑆=

H sinh 𝑘𝑘 + 𝑘𝑘
2 (cosh 𝑘𝑘 − 1)

(15)

then the displacement of the flap is given by
1
𝑥𝑓 (𝑡) = �(𝑧 − ℎ𝑓 )/(𝐷 − ℎ𝑓 )� × 𝑆 × sin(𝜔𝜔)
2

(16)

where 𝑥𝑓 is the displacement of flap particles at corresponding 𝑧 location, ℎ𝑓 and 𝐷 are the

beginning and the end of flap in 𝑧 direction, respectively. Here ℎ𝑓 is set to zero (ℎ𝑓 = 0).
3. Result and Discussions
3.1.

Model validation

Two series of experimental data sets of Xie [1981] and Zhang et al. [2001] were utilized to
investigate the capability of the developed WCSPH model. Zhang et al. [2001] experiment was
conducted in a 63×1.25×1.25 m wave flume. The crown elevation of the caisson in all of the
12

experimental configurations was 0.75 m. The standing waves were generated in still water depths
of 0.55, 0.60, and 0.65 m; with the incident wave heights of 0.09, 0.12, 0.15, and 0.18 m. For the
wave heights greater than 0.09 m the wave overtopping occurs. In the experiments the wave
steepness (H/L) ranged from 0.021 to 0.068 and the relative water depth (d/L) ranged from 0.139
to 0.353. The horizontal particle velocity was measured at 0.25 m from the bed near the first
node of standing waves. In the numerical simulations, the cases with no overtopping considered,
in which the incident wave height set to 0.09 m. Table 1 summarizes the specifications of three
test cases of Lagrangian model based on Zhang et al. [2001] experiment.
Xie [1981] experiments carried out in a wave flume with 38 m long, 0.8 m wide and 0.6 m deep.
The water depth is equal to 0.45 m in the beginning of the flume and reaches to 0.3 m at the flat
bed near the breakwater by a 1:30 slope. Fig. 4 depicts schematically the sketch of Xie [1981]
experimental set up. He measured the distribution of the horizontal velocity of water particles in
front of a caisson breakwater at nodes and between nodes and antinodes and compared the
experimental results with those of the linear wave theory and Miche [1944] second order
standing wave theory. In the experiments, wave steepness, 𝐻/𝐿, ranged from 0.0083 to 0.0375,

relative water depths 𝐻/𝑑 ranged from 0.05 to 0.175 (where 𝐻 and 𝐿 are respectively the

incident wave height and length, and 𝑑 is the water depth). Four test cases of numerical model

properties based on Xie [1981] experiments were simulated, which characteristics are
summarized in Table 2.
We combined both of the Xie [1981] and Zhang et al. [2001] experimental data; the test cases
covered were ranged from 0.05 to 0.353 for wave steepness, and 0.01 to 0.049 for the relative
depth. Therefore, a wide range of experimental data was employed to explore the hydrodynamics
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of standing wave in front of caisson breakwaters. To save the computation CPU time, the length
of computational domain was reduced to 2𝐿.

Fig. 5 shows the snapshots of standing wave generated in front of a vertical caisson in one wave
period (for test No. 2). The time interval between each frame is 0.2 s after the standing wave was
fully developed (𝑇 = 1.4 𝑠). The figure shows the interaction of the incident and reflected waves

as well as the development of standing waves and their subsequent impact on the caisson. As
expected the standing wave forms the higher and more symmetric wave envelopes, during which
the crest height of the standing wave reaches to twice of the crest height of incident wave in
vicinity of the vertical caisson.
Tracking of the wave surface was performed using the Lagrangian model for two different time
spot of simulation, namely at the half-wave period (𝑡 = 𝑇/2) and at one-wave period (𝑡 = 𝑇).

Fig. 6 shows the comparison of wave configuration between the numerical result and the

theoretical wave solution for test No. 2. The finite-amplitude standing waves based on Miche
[1944] theory was adopted, in which the water elevation profile 𝜂 and velocities components
𝑈 and 𝑉are expressed as follows:

𝐻
𝜋𝜋
3𝑐𝑐𝑐2𝜔𝜔 + 𝑡𝑡𝑡ℎ2 𝑘𝑘
2
𝜂 = 𝑐𝑐𝑐𝑐𝑐. 𝑠𝑠𝑠𝑠𝑠 −
𝑐𝑐𝑐ℎ𝑘𝑘 �𝑠𝑠𝑠 𝜔𝜔 −
� 𝑐𝑐𝑐2𝑘𝑘
2
2𝐿
4𝑠𝑠𝑠ℎ2 𝑘𝑘
𝑈=

𝐻𝐻𝐻𝐻𝐻ℎ𝑘𝑘
3 2
𝑐𝑐𝑐ℎ2𝑘𝑘
𝑠𝑠𝑠𝑠𝑠. 𝑐𝑐𝑐𝑐𝑐 +
𝐻 𝜔𝜔
𝑠𝑠𝑠2𝑘𝑘. 𝑠𝑠𝑠2𝜔𝜔
2𝑠𝑠𝑠ℎ𝑘𝑘
32
𝑠𝑠𝑠ℎ4 𝑘𝑘

𝑉=−

𝐻𝐻𝐻𝐻𝐻ℎ𝑘𝑘
3
𝑠𝑠𝑠ℎ2𝑘𝑘
𝑐𝑐𝑐𝑐𝑐. 𝑐𝑐𝑐𝑐𝑐 + 𝐻 2 𝜔𝜔
𝑐𝑐𝑐2𝑘𝑘. 𝑠𝑠𝑠2𝜔𝜔
2𝑠𝑠𝑠ℎ𝑘𝑘
32
𝑠𝑠𝑠ℎ4 𝑘𝑘

(17)

(18)
(19)

where 𝐻 and 𝜔(= 2𝜋⁄𝑇) are the maximum wave height and frequency of standing waves,

respectively. The wave number 𝑘 is defined by 𝑘 = 2𝜋⁄𝐿. The wave length 𝐿 can be expressed
by
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𝐿=

𝑔 2
2𝜋𝜋
𝑇 𝑡𝑡𝑡ℎ
2𝜋
𝐿

(20)

As seen from Fig. 6, the numerical results match well with the predication of finite amplitude
wave; however, a slight difference between the numerical result and the theoretical value was
observed. This difference is due to the Lagrangian behavior of the WCSPH model.
To check the numerical convergence, the fluctuation of wave profile and the horizontal orbital
velocity due to development of standing waves were monitored. Fig. 7 shows the time variation
of water level at 𝐿/4 and 𝐿/2 from the caisson wall (see Fig. 7a and b). The free surface
deformation was measured at the first antinode (𝑥 = 4.05 𝑚) from the caisson wall, where the
fluctuation rate is very significant. The fluctuation of horizontal orbital velocity at the first

antinode and node from the caisson wall are also presented in the figure. As seen, after
fluctuating for few seconds - considered as the warm up time of numerical calculation- both of
the water wave profile and horizontal orbital velocity are converged.
Furthermore, after fully development of standing wave, at nodes the free surface deformation is
the minimum, and the maximum horizontal velocity components of fluid particle motions occur
at this point; whereas the process is completely reverse at the antinodes. The same tendency was
reported for the horizontal and vertical velocity components of standing waves, in front of a
vertical wall [Sumer and Fredsøe, 2000]. The first node and antinode were located precisely at
the position of 𝐿/4 and 𝐿/2 from of the caisson wall, respectively.

As the final check for the numerical convergence, an additional computation with four different
spatial resolutions through the different particle spaces 𝑑𝑑 was implemented. The particle

numbers used were 𝑁 = 9200, 16200, 35900, and 55900. The generated standing wave for test

No. 2 was simulated for this analysis. The relative error was estimated as the maximum
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differences between the wave heights of numerically generated standing wave with that of the
theoretical value by using the formulation introduced by Xu et al. [2009] as
𝜀 = ��

𝐻𝑛𝑛𝑛 − 𝐻𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
�� × 100%
𝐻𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

(21)

Fig. 8 depicts the relative error of WCSPH for different resolution ranges. The error is
approximately 8% for the roughest resolution and 2% for the finest one. As seen, by increasing
the number of particles, the relative error sharply decreases to reach to below 2%. For the finer
resolutions, however, the error is decreasing slowly compared to the rough resolution indicating
the convergence of the current WCSPH model.
To have a better insight to performance of the developed model, the pattern of steady streaming
was explored sophistically in front of a caisson breakwater for test No.2. Fig. 9 plots the pattern
of steady streaming generated by standing waves in front of caisson. To have a proper depiction
of the figure, a non-dimensional axis in 𝑧 direction was used and denoted by 𝑧/𝑑𝑑𝑑𝑑𝑑; 𝑑𝑑𝑑𝑑𝑑 =

�2𝜈/𝜔 is the boundary layer thickness. The orbital velocity of water particles was averaged

during a whole period after the development of standing waves. As seen, the pattern of steady
streaming (mass transport) current is clearly generated and consisted of the top and bottom
recirculating cells. In front of the caisson, the direction of the steady streaming current is

changing. In other words, the flow direction of the steady streaming is from the antinodes to
nodes for the bottom cells, but in the top cells it is completely reversed. The flow rate of steady
streaming along the distance from the caisson is also changing. At the midpoint between nodes
and antinodes, the velocity reached to its maximum; however, at the nodes or antinodes the
velocity shifted to the minimum. This is why the local scouring in front of a vertical breakwater
can be attributed to the pattern of steady streaming. The upward component of water particle
causes the incident wave crests to rise to double of its initial wave height, and consequently it
16

shows a remarkable effect on the averaging process for the top recirculating cells in the pattern
of steady streaming. The downward component of the water particle induces very high velocities
at the toe of the wall and horizontally away from the wall at 𝐿/4. The latter component shows its
significant effect in the bottom recirculating cells.

The wave pressure due to the standing wave on the vertical caisson was also estimated. The
result for the evaluation of the pressure field is presented in Fig. 10. As can be seen from the
figure the computed pressure fields are stable and there is no serious pressure noise, which is an
indication that the pressure solution of WCSPH model is reliable. For more details, the numerical
distribution of wave pressure on the vertical caisson was compared with the Sainflou empirical
formula. Sainflou [1928] estimated the wave pressures induced by the standing waves on a
vertical wall with assuming both the non-breaking second order wave theory and the linear
pressure distribution below the water level for wave crest and trough as follows:
Wave crest:
𝑃
𝑐𝑐𝑐ℎ𝑘(ℎ + 𝑧0 ) 𝑠𝑠𝑠ℎ𝑘(ℎ + 𝑧0 )
= −𝑧0 + 𝐻 �
−
�
𝛾
𝑐𝑐𝑐ℎ𝑘ℎ
𝑠𝑠𝑠ℎ𝑘ℎ

(22)

at free surface (𝑧0 = 0), 𝑃 = 0; and at bottom (𝑧0 = −ℎ), 𝑃 = 𝛾(ℎ + 𝐻 ⁄𝑐𝑐𝑐ℎ𝑘ℎ)
Wave trough:

𝑃
𝑐𝑐𝑐ℎ𝑘(ℎ + 𝑧0 ) 𝑠𝑠𝑠ℎ𝑘(ℎ + 𝑧0 )
= −𝑧0 − 𝐻 �
−
�
𝛾
𝑐𝑐𝑐ℎ𝑘ℎ
𝑠𝑠𝑠ℎ𝑘ℎ

(23)

at free surface (𝑧0 = 0), 𝑃 = 0; and at bottom (𝑧0 = −ℎ), 𝑃 = 𝛾(ℎ − 𝐻 ⁄𝑐𝑐𝑐ℎ𝑘ℎ), here 𝛾 is the
water density and 𝑧0 is the origin of coordinate at water surface.

Fig. 11 depicts the numerical distribution of hydrodynamic pressure of the standing wave
impinge on the vertical caisson against the Sainflou formula. Tthere is a nearly good agreement
between them for both of the wave crest and trough cases. However, a slight fluctuation can be
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seen between the numerical and theoretical distribution of hydrodynamic pressure. Although the
pressure fluctuation is relatively higher for the wave crest, the pressure field of standing wave in
front of vertical breakwater is quite acceptable in this simulation.
Fig. 12 illustrates the distribution of the horizontal velocity of water particles for test cases No. 4
and 7. Horizontal velocities were measured in nodes and a point between nodes and antinodes at
distance of 5 cm, 10 cm, and 20 cm from the bed in Xie [1981] experiments. The comparison of
numerical, analytical and experimental results is shown in the figure. There are nearly good
agreement between the numerical, analytical and experimental results, but there is a slight
discrepancy in the numerical results compared with those of the experimental and analytical data.
This discrepancy can be attributed to the Lagrangian behavior of the WCSPH model.
To study how the standing wave velocity varies with the water depth, the non-dimensional
velocity is drawn against 𝑑/𝐿 in Fig. 13. In the figure, the numerical, analytical and experimental

results of the non-dimensional velocity (𝑢𝑢/𝐻) are compared against the relative water depth for
the test cases based on Xie [1981] experiments. In the experiment, the non-dimensional velocity
(𝑢𝑢/𝐻) was measured at the first node and a point between node and antinode at 5 cm, 10 cm,
and 20 cm from bed. As seen the agreement between them is acceptable; hence, it is evident that
the non-dimensional velocity decreases by increasing of the relative water depth. This
consequence is similar to the numerical results of the test cases based on Zhang et al. [2001]
experimental data, as shown in Fig. 14.

3.3 Numerical results
The validation results given in Figs. 4 to 14 are indicated that the developed WCSPH model is
capable enough for simulation of the wave hydrodynamics impinge on a caisson breakwater. To
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analyze the effect of the wall steepness on the pattern of standing waves, three numerical
simulations were carried out. The hydrodynamic of the numerical simulations are summarized in
Table 3. Three different simulations were set up in front of a vertical caisson, a 1:2 and a 2:1
sloped wall. Fig.15 gives a schematically view of the numerical domains. The simulations were
performed in a numerical domain with 4 m length and 0.5 m height, water depth was equal to 0.3
m and the distant between wave generator and the caisson was 4 m, equal to a one wave length.
For the case of sloped breakwater the toe of the breakwater is positioned at 𝐿′ = 𝐿 − 𝑑/𝑡𝑡𝑡𝑡,
where 𝛼 is the angle of the sloped wall.

The simulation takes place for 24.1 s equal to ten wave periods for every run. By inception of the
simulation, the incident wave is generated by the wavemaker at the inlet boundary and
propagated into the numerical domain. The superposition of the incident wave impinges on and
the reflected wave from the caisson produces the standing wave. For the vertical caisson (test
No. 8), from the second wave period the fully standing waves started to be generated; while,
simultaneously the partially standing waves forms in front of the sloped wall caisson (tests No. 9
and 10). Fig. 16 shows the snapshots of generation of the partially standing wave in front of the
sloped wall caisson for test No. 10. As seen from the figure, the incident wave impinging on the
sloped caisson and then reflected from it. The interface of the incident and the reflected waves
produce a series of standing waves consisting of the nodes and antinodes. The crest of incident
wave rush up over the sloped wall to reach its maximum run up height at which its total energy
transferred to the reversed momentum; from this point the reflected wave rush down over the
sloped wall. The wave rush up and rush down is a complex process and depends on both the
caisson’s slope and the incident wave characteristics. The milder slope induces the rush up and
down to decrease. As Sumer and Fredsøe [2000] earlier mentioned characteristics of the reflected
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waves from a caisson wall depends on its front wall steepness. This is attributed to wave energy
consumption during the rush up and rush down process [Tofany et al., 2014]. Also, Hajivalie and
Yeganeh-Bakhtiary [2009] pointed out that the caisson wall steepness significantly changes not
only the characteristics of the partially standing waves but also the pattern of steady streaming.
To have a better understanding of the effect of wall steepness on caisson breakwaters, the
standing wave configuration is illustrated in Fig. 17. The standing waves are depicted at 𝑡 = 𝑇/

2, and 𝑡 = 𝑇 for vertical, 2:1 sloped, and 1:2 sloped caisson. As seen for the case of the fully
standing waves in front of vertical caisson, the feature of maximum and minimum water free
surface is rather symmetrical, but this symmetrical pattern starts to switched to the asymmetrical
ones as the wall steepness increases. In addition, the positions of nodes and antinodes in 𝑥 and 𝑧

directions alter due to increase in the wall steepness. It can be seen that, the node and antinode
points, in the 𝑧 direction, are descending; whereas, in the 𝑥 direction with increasing of the wall

steepness these points shift towards the caisson wall. Thus, these circumstances can change the
pattern of steady streaming in front of the caisson breakwaters, as well.
To further investigate the effect of the wall steepness on waves hydrodynamics in front of
caisson breakwaters, the pattern of steady streaming for both of the fully and partially standing
waves were explored. Fig. 18 plots the pattern of steady streaming generated by standing waves
in front of caisson breakwaters with different wall steepness. The pattern of steady streaming in
Fig. 18 is not as symmetrical as that of Fig. 9, which can be attributed to the following reasons:
(i) it was found that the symmetrical pattern of steady streaming highly depends on the ratio
of 𝑑/𝐿. For deep water condition the pattern is symmetrical, but at the shallow water condition

the pattern of steady streaming is not as symmetric as the deep water condition; and (ii) the SPH
is a meshless method and has no limitation in particle arrangement, in the simulation process

20

after several time steps due to Lagrangian resolution of the governing equations, however, the
arrangement of fluid particles becomes very untidy. To overcome this shortcoming, a spatial
averaging scheme over the whole domain of simulation was implemented with using of the
kernel function in SPH.
Referring again to Fig. 18, it is noted that the orbital velocity of water particles were averaged
during a whole wave period after the standing waves were completely developed. Formation of
clock wise and anti-clock wise recirculating cells in front of all three breakwaters is clearly
displayed in the figure. As seen, there is a slight difference in the pattern of steady streaming in
front of vertical caisson with that of the steep sloped ones; in both cases the recirculating cells of
steady streaming have almost regular and symmetrical pattern. In contrast, in front of the mild
sloped caisson, this regularity is markedly disturbed. The velocity component of recirculating
cells increased in front of the vertical caisson, but decreased away from the walls by reducing the
wall steepness. Near the milder slope caisson the pattern of recirculating cells is more
complicated and the intensity of velocity component increased, which is an important key in
scour process at toe of the caisson wall. The pattern of recirculating cells can strongly justify the
reason of occurrence of scour at toe of the sloped caisson mentioned earlier by Sumer and
Fredsøe [2000].
The horizontal mass transport velocity of water particles is compared for the above-mentioned
three cases in Fig.19. In Fig. 19a, the plotted velocities were measured at the distance between
caisson’s toe and the first node of standing waves (= 𝐿/4) and at 6 cm height from the bottom.

The figure shows that the maximum horizontal velocity near the caisson is much higher for the
milder sloped one. While, away from the vertical caisson nearly at the node of standing waves,
the horizontal velocity is higher; this fact clearly justifies the deeper scour hole in front of the
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vertical caisson. The figure also indicates that the difference between steep sloped and vertical
breakwater is rather negligible. Fig. 19b compares the vertical distribution of horizontal mass
transport velocity at a point between node and antinode near the caisson. As shown, for the
milder sloped case the horizontal velocity is higher than the other cases at the lower half water
depth. For three cases at the upper half of water depth the horizontal velocities are in reverse
direction. It is evident that variations of the horizontal velocities of tests No. 8 and 9 are nearly
the same in water column near the caisson wall.
The distribution of turbulence kinetic energy 𝑘𝑆𝑆𝑆 (𝑚2 ⁄𝑠 2 ) around the 2:1 sloped caisson (test

No. 10) is shown in Fig. 20. The figures present the snapshots of waves rush up and rush down
over the caisson slope. As seen, the intensity of turbulent kinetic energy increases in the vicinity
of free surface during the wave rush up, but the turbulent energy decreases as the wave rushes
down. To have a better picture of the turbulence effect, Fig. 21 depicts the turbulent energy
effect on the fluid particle movements on the sloped wall at t = T/2 (top figure) and t = T (bottom
figure) for test No. 10. As seen near the milder slope caisson, the pattern of recirculating cells is
rather complicated; it seems that a secondary recirculating cell is formed near the toe of caisson,
which is more visible at t = T/2 (top figure). This procedure may justify the occurrence of higher
scour depth near the toe of the sloped caisson, reported earlier by Sumer and Fredsøe [2000].

4. Conclusion
In this paper a two-dimensional Lagrangian model based on the Weakly Compressible Smoothed
Particle Hydrodynamics (WCSPH), was developed to simulate the hydrodynamic process during
impinges of standing waves on a caisson breakwater. The effects of caisson wall steepness on
standing wave properties were investigated. The Sub-Particle Scale (SPS) model was closured to
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the WCSPH model to account for the turbulence effects. The hydrodynamic process induced by
standing waves was explored systematically in terms of maximum horizontal velocity
distribution at some key points. Also, the tracking of wave free surface and the pattern of steady
streaming generated in front of caisson breakwater with different wall steepness were
investigated. A wide range of experimental and analytical data was used to analyze this work.
From this numerical investigation, the following conclusions are drawn:
• The numerical model provides a useful approach to improve the engineering perceptions of
the kinematic and dynamic properties of the standing wave generated in front of caisson
breakwaters.
• Partially standing waves, generated in front of the sloped caisson, changes the pattern of
steady streaming. The velocity component of recirculating cells increased in front of the
vertical caisson, but it decreased away from the walls by reducing the wall steepness, which is
a key issue in scour process at toe of the caisson wall.
• The horizontal velocity of mass transport in front of vertical caisson is stronger than that of
the milder sloped caisson.
• The hydrodynamic conditions in front of vertical and steep sloped caisson are nearly the
same.
• A secondary recirculating cell was realized near the milder sloped breakwater due to turbulent
kinetic energy, which might have a major effect on the scour depth near the toe of sloped
caisson wall.
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Table Caption
Table 1: Numerical simulation models based on Zhang et al. [2001] experimental data
Table 2: Numerical simulation models based on Xie [1981] experimental data
Table 3: Numerical simulation characteristics and initial condition of wave and breakwater
properties in sloped breakwater models

Figure Caption
Fig. 1: Schematic view of standing waves and steady streaming pattern in front of vertical
caisson, Carter et al. [1973].
Fig. 2: Schematically view of numerical domain for vertical caissons, (a) discretization domain,
and (b) boundary condition.
Fig. 3: Flap type wavemaker mechanism
Fig. 4: The sketch of Xie [1981] experimental set up
Fig. 5: Snapshots of standing wave generation in front of vertical breakwater in one wave period
(T=1.4 sec) for test No.2.
Fig. 6: Comparison of wave configuration between numerical result and the analytical wave
solution for test No. 2.
Fig. 7: Developing of standing wave during whole simulation time for test No.2; (a) and (b) the
free surface fluctuation of water wave at near first antinode 𝐿/2 and node 𝐿/4 from caisson wall,
respectively; (c) and (d) fluctuation of horizontal orbital velocity at near first antinode and node
from wall, respectively (𝑢𝑚𝑚𝑚 is the maximum analytical orbital velocity).

Fig. 8: Relative error in standing wave height estimated by WCSPH model using four different
particle resolutions
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Fig. 9: Steady streaming pattern consisting top and bottom recirculating cells during in standing
waves formation in test No.2.
Fig. 10: Pressure field of standing wave in front of vertical caisson in test No. 2.
Fig. 11: Distribution of hydrodynamic pressure on vertical caisson for wave trough (left figure)
and for wave crest (right figure) in test No. 2.
Fig. 12: Comparison of numerical results of maximum horizontal velocity with Xie [1981]
experimental data as well as the analytical data near the first node and at a point between the first
node & antinode for tests Nos.4-7.
Fig. 13: Variation of non-dimensional velocity component against 𝑑/𝐿 at nodes and at a point

between nodes & antinodes based on Xie (1981) experimental data (tests No.4-7).

Fig. 14: Comparison of non-dimensional velocity against Zhang et al. [2001]experimental data
for tests Nos.1-3.
Fig. 15: Numerical domain for (a) vertical caisson (test No.8) and (b) sloped caissons (test No.9
and test No.10)
Fig. 16: Snapshots of standing wave generation in front of sloped caisson (test No.10)
Fig. 17: Superposition of free water surface at 𝑡 = 𝑇/2, and 𝑡 = 𝑇 for vertical (𝛼 = 90𝑜 ), 2: 1
sloped (𝛼 = 63.43𝑜 ), and 1: 2 sloped (𝛼 = 26.56𝑜 ) caissons.

Fig. 18: Steady streaming pattern in front of vertical, 2: 1 sloped, and 1: 2 sloped caissons.

Fig. 19: Distribution of horizontal mass transport velocity; a) in 𝑥 direction, and b) in 𝑧 direction
for vertical and sloped caissons (test Nos.8-10).

Fig. 20: Turbulence energy distribution (m2/s2) around the 2:1 sloped caisson (test No.10)
Fig. 21: Effect of turbulence (SPS) model on the movement of fluid particles at t=T/2 (top figure)
and t=T (bottom figure) for test No. 10

30

Table 1: Numerical simulation models based on Zhang et al. [2001] experimental data

1.84

𝐻 (𝑚)

0.09

𝑑 (𝑚)

0.65

𝑑/𝐿

0.353

𝐻/𝐿

0.049

𝐻𝑤𝑤𝑤𝑤

Simulation (s)

1.1

𝐿 (𝑚)

Overtopping

1

𝑇 (𝑠)

0.75

No

11

2

1.4

2.76

0.09

0.65

0.235

0.033

0.75

No

14

3

1.9

4.1

0.09

0.60

0.147

0.022

0.75

No

19

Test
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Table 2: Numerical simulation models based on Xie [1981] experimental data

2.40

𝐻 (𝑚)

0.065

𝑑 (𝑚)

0.30

𝑑/𝐿

0.12

𝐻/𝐿

0.027

𝐻𝑤𝑤𝑤𝑤

Simulation (s)

1.53

𝐿 (𝑚)

Overtopping

4

𝑇 (𝑠)

0.50

No

15.3

5

1.86

3.00

0.057

0.30

0.10

0.019

0.50

No

18.6

6

2.41

4.00

0.05

0.30

0.07

0.012

0.50

No

24.1

7

3.56

6.00

0.06

0.30

0.05

0.01

0.50

No

35.6

Test
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Table 3: Numerical simulation characteristics and initial condition of wave and breakwater
properties in sloped breakwater models
Test No. 𝑇 (𝑠) 𝐿 (𝑚) 𝐻 (𝑚) 𝑑 (𝑚) Breakwater slope Angle (degree) Simulation (s)
8

2.41

4.00

0.05

0.30

Vertical

900

24.1 sec

9

2.41

4.00

0.05

0.30

63.430

24.1 sec

10

2.41

4.00

0.05

0.30

2: 1

26.560

24.1 sec

1: 2
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Fig. 1: Schematic view of standing waves and steady streaming pattern in front of vertical
caisson, Carter et al. [1973].
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Fig. 2: Schematically view of numerical domain for vertical caisson; (a) discretization domain,
and (b) boundary condition.
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Fig. 3: Flap type wavemaker mechanism

36

Fig.4: The sketch of Xie [1981] experimental set up
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Fig. 5: Snapshots of standing wave generation in front of vertical caisson in one wave period
T=1.4s for test No.2.
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Fig.6: Comparison of wave configuration between numerical result and the analytical wave
solution for test No. 2.
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Fig.7: Developing of standing waves during whole simulation time for test No.2; (a) and (b) the
free surface fluctuation of water wave at near first antinode 𝐿/2 and node 𝐿/4 from caisson wall;
(c) and (d) fluctuation of horizontal orbital velocity at near first antinode and node from wall,
respectively (𝑢𝑚𝑚𝑚 is the maximum analytical orbital velocity).
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Fig 8: Relative error in standing wave height estimated by WCSPH model using four different
particle resolutions
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Fig.9: Steady streaming pattern consisting top and bottom recirculating cells during in standing
waves formation in test No.2.
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Fig. 10: Pressure field of standing waves in front of vertical caisson in test No. 2
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Fig. 11: Distribution of hydrodynamic pressure on vertical caisson for wave trough (left figure)
and for wave crest (right figure) in test No. 2
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Fig.12: Comparison of numerical results of maximum horizontal velocity with Xie [1981]
experimental data as well as the analytical data near the first node and at a point between the first
node & antinode for tests Nos.4-7
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Fig.13: Variation of non-dimensional velocity component against 𝑑/𝐿 at nodes and at a point
between nodes & antinodes based on Xie [1981] experimental data (tests No.4-7).
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Fig. 14: Comparison of non-dimensional velocity against Zhang et al. [2001] experimental data
for tests Nos. 1-3.
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(a)

(b)

Fig.15: Numerical domain for (a) vertical caisson (test No.8) and (b) sloped caisson (test No.9
and test No.10)
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Fig.16: Snapshots of standing wave generation in front of sloped caisson (test No.10)
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Fig. 17: Superposition of free water surface at 𝑡 = 𝑇/2, and 𝑡 = 𝑇 for vertical (𝛼 = 90𝑜 ), 2: 1
sloped (𝛼 = 63.43𝑜 ), and 1: 2 sloped (𝛼 = 26.56𝑜 ) caissons.
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Fig.18: Steady streaming pattern in front of vertical, 2: 1 sloped, and 1: 2 sloped caissons.
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Fig. 19: Distribution of horizontal mass transport velocity; a) in 𝑥 direction, and b) in 𝑧 direction
for vertical and sloped caissons (test Nos.8-10).
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Fig. 20: Turbulence energy distribution (m2/s2) around the 2:1 sloped caisson (test No.10)
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Fig. 21: Effect of SPS turbulence (m2/s2) model on the movement of fluid particles at t=T/2 (top
figure) and t=T (bottom figure) for test No. 10

54

