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OPTIMAL LOWER BOUNDS FOR MULTIPLE RECURRENCE

SEBASTIAN DONOSO, ANH NGOC LE, JOEL MOREIRA, AND WENBO SUN

ABsTRACT. Let (X, B, u,T) be an ergodic measure preserving system, A € B and ¢ > 0. We study the

largeness of sets of the form
S={neN: puA NTNMAnT WA AT R0 4) > pa)kt+! - €}

for various families (f1,..., fx) of functions f; : N — Z.

For k < 3 and f;(n) = if(n), we show that S has positive density if f(n) = g(pn) where q € Z[z]
satisfies ¢(1) = 0 and (pn) is the sequence of primes; or when f is a Hardy field sequence. If T is
ergodic for some ¢ € N, then for all » € Z, S is syndetic if f(n) = gn + r.

For f;(n) = a;jn, where a; are distinct integers, we show that S can be empty for k& > 4, and for
k = 3 we found an interesting relation between the largeness of S and the existence (and abundance)
of solutions to certain linear equations in sparse sets of integers. We also provide several partial results

when the f; are distinct polynomials.

1. INTRODUCTION

1.1. Historical background. The classical Poincaré recurrence theorem states that for every measure
preserving system (X, B, u,T) and every set A € B with u(A) > 0, there exists some n € N such that
w(ANT~™A) > 0. This result was improved by Khintchine in [17], who showed that under the same

conditions, for every € > 0, the set
Si={n:p(ANT"A) > n(A)* — €}

is syndetic, meaning that it has bounded gaps. Taking a mixing system, one sees that the bound u(A)?
is optimal.

In [14], Furstenberg established a multiple recurrence theorem, showing that for every measure pre-
serving system (X, B, u,T), every k € N and set A € B with u(A) > 0, there exists a syndetic set S C N
such that for all n € S, we have

(1) WANT"AN---NT7F4) > 0.

One could hope to improve Furstenberg’s multiple recurrence theorem in the same way that Khint-
chine’s theorem strengthens Poincaré’s. Since for a system mixing of all orders, the left hand side of (1)

k+1

approaches u(A) as n — oo, one could hope that under the same conditions as Furstenberg’s multiple

recurrence theorem, for every e > 0, the set
2) {n:p(ANT"ANT ™ 2"AN- - AT A) > (A — ¢}

is syndetic. This was showed to be true by Furstenberg when the system is weakly mixing, and the general
case was finally settled by Bergelson Host and Kra in [3], who showed that if the system (X, B, u,T) is
ergodic, then the set in (2) is syndetic when k& = 1,2, 3 (with the case k = 1 following from Khintchine’s

theorem). However, the set in (2) may be empty if the system is not ergodic or if k > 4:
1
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Theorem 1.1 (See [3, Theorems 2.1 and 1.3]). There exist a (non ergodic) measure preserving system
(X,B,u,T) and for each £ € N a set A € B with u(A) > 0 such that for every n € N\ {0}

1
WANT"ANT 2" A) < §M(A)f

There ezist a totally ergodic measure preserving system (X, B, u, T) and for each £ € N a set A € B with
w(A) > 0 such that for every n € N\ {0}

1
pWANT"AN---NT*"A) < §N(A)€

The first part of this theorem explains why one needs to focus on ergodic systems when studying
optimal recurrence.

Furstenberg’s multiple recurrence theorem has been extended in several different directions, each lead-
ing to the question of whether (or under which conditions) can optimal recurrence be achieved. In this

paper, we are mostly concerned with expressions of the form
/J(A NTHANTMAN. .. N Tfk(")A)

for various families (fi,..., fx) of functions f; : N — Z. In most cases where recurrence has been
established, optimal recurrence can be obtained for weakly mixing systems (cf. [1] when the f; are
polynomials and [2, 8, 9] for more general f;), or when the functions are “independent” (see [12, 13] for
the case of linearly independent polynomials and [9] for more general f; with different growth). In the
general case, besides the aforementioned paper [3], the main progress was obtained by Frantzikinakis in

[6], where the case when k < 3 and the f; are polynomials is studied in detail.

1.2. Optimal recurrence along (7, 72f() Tkf(n),
Our first result concerns the sequence (p,)nen of primes and answers a question of Kra. Multiple
recurrence along polynomials evaluated at primes was established by Frantzikinakis, Host and Kra in

[10, 11]. Our result states that one can also obtain optimal recurrence in this setting.

Theorem 1.2. Let (p,)nen be the (increasing) enumeration of the primes, let (X, B, u,T) be an invertible
ergodic measure preserving system and let f € Z[z] be such that f(1) = 0. Then for every A € B, ¢ > 0
and k € {1,2,3}, the set

(3) {neN:puAn T/ AT P AN . AT Pr) A) > (AR — e}
has positive lower density'.

Theorem 1.2 follows from the stronger Theorem 3.2 below. We remark that the set in (3) is not
syndetic in general. In fact, it follows from [22] that when f(z) = x — 1, for every non-trivial finite
system, there exists A € B such that the set in (3) has unbounded gaps.

A similar result can be obtained if the sequence f(p,) is replaced with the sequence | f(n)], where |z ]
is the largest integer not greater than x, and f is a function belonging to a Hardy field with polynomial
growth and sufficiently far away from Q[z]. More precisely, denote by G the set of all equivalence classes
of smooth functions R — R, where f ~ g if there exists a constant ¢ > 0 such that f(z) = g(x) for all
x > c. A Hardy field is a subfield of the ring (G, +, x) which is closed under differentiation. Let H be
the union of all Hardy fields. We say that a function a(z) has polynomial growth if there exists d € N
such that a(x)/z? — 0.

IThe lower density d(E) of a set E C N is the number d(E) = lim inf w
N—oo



OPTIMAL LOWER BOUNDS FOR MULTIPLE RECURRENCE 3

Theorem 1.3. Let a € H have polynomial growth and satisfy ’a(m) — cp(m)|/log(x) — 00 for every
c € R, p € Zlz]. Then for every invertible ergodic measure preserving system (X,B,u,T), every A € B,
every € > 0 and every k € {1,2,3}, the set

(4) {neN: pAnTLMI AT gkl g) > AR+ — ¢}
has positive lower density.

Theorem 1.3 is proved in Section 3.2. Examples of functions that satisfy the conditions in the previous
theorem are a(z) = z¢ where ¢ > 0, ¢ € Z, a(z) = zlogz, a(z) = 222 + 2v/3, and a(z) = 23 + (logx)5.
We point out that in Theorem 1.3 we cannot replace “has positive density” by “is syndetic”. This is easy
to see for certain functions a(z) growing slowly (for instance a(z) = z° when ¢ < 1). For such functions,
|a(n)| is constant in arbitrarily long intervals and takes every value which is large enough. Therefore
there are gaps of the set (4) which are arbitrarily long. On the other hand, we expect the set in (4) to
be thick, i.e. contain arbitrarily long intervals, whenever a € H has polynomial growth. Some evidence
in this direction is given in [4], where the set {n € N: y(AnTl™AN... ATkl A) > 0} is shown
to be thick, as well as the set in (4) when k = 1.

Our third result concerns sequences of the form f(n) = gn +r for fixed ¢,r € Z and was suggested by
Kra.

Theorem 1.4. Let q,r € Z, with g > 0, and (X, B, u,T) be a measure preserving system with TY ergodic.
Let A€ B, e>0 and k € {1,2,3}. Then the set

(5) {n eN: u(AN Tt A2+ 40 .0 T_k(q”‘”)A) > p(A)F — e}
s syndetic.

Theorem 1.4 follows from Theorem 3.5 below, which deals with a more general situation involving
Beatty sequences. Observe that the conclusion of Theorem 1.4 is equivalent to the statement that the

intersection
neN: p(ANT "ANT2"AN - NT*A) > (A — e} N (qZ +7)

is syndetic.

If in (5) one replaces the optimal lower bound u(A)¥*! — € with 0, then the set is syndetic for any
k € N. This was proved in [15] for k = 2 and k = 3, and for larger k this is essentially the content of [5,
Corollary 6.5]; see also [21].

1.3. Optimal recurrence along (7" T—%"  T~%"), Next we study obtaining optimal recur-

rence for the expression

WT~PANT =" AN - N T %" A)

where aq, . ..,aq are distinct integer numbers. In particular, if a; = 7, then the results of Bergelson, Host
and Kra tell us that we have optimal recurrence if and only if d < 4. More generally, in [6] it is proved
that if d < 3, or d = 4 and as 4+ a3 = a1 + a4, then optimal recurrence holds, but any other case is not
known.

Expanding an argument of Ruzsa, presented in the appendix of [3], we prove that for d > 5, one does

not have optimal recurrence.
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Theorem 1.5. Let a; < ... < a5 be pairwise distinct integers. There exists an ergodic system (X, B, u, T)
such that for every £ > 0, there exists a set A € B with u(A) > 0 such that

1
(T~ "ANT2"AN ... NT %"A) < §M(A)f

for every non-zero integer n.

Theorem 1.5 is proved in Section 4.1. The cases not covered by the above results seem difficult to
address. For instance, it is not known whether for every ergodic measure preserving system, every set A

and every e > 0 there exists (a syndetic set of) n for which
WANT2"ANT 3 "ANT 4" A) > p(A)* —e.

In [6], Frantzikinakis showed that a positive answer to this question would imply the existence of solutions
to a certain linear equation in sparse sets. We obtain a converse result, showing a tight connection between
optimal lower bounds for multiple recurrence and solutions to linear equations in sparse sets. In order to

formulate our result, we need to introduce some notation.

Definition 1.6. Let m,d, N € N. Denote [N] :={0,1,..., N—1}. Given aset E C [N]™ and a subspace
V C Q™™ denote

VN Ed| |E|
D VE)= ————— d F)=——.
m,N( 5 ) |Vﬂ[N]d><m‘ m,N( ) Nm
Observe that a point (x4, ...,%4m) € [N]9*™ belongs to V if and only if the coordinates z1,. .., Zdm

satisfy some system of linear equations. The reader should think of D,, n(V,E) as the proportion of

solutions to that system of equations with all variables in E.

Definition 1.7. A subset S C N is a Bohr if there exist d € N, p > 0 and o € T¢ such that S = {n €
N: ||nallta < p}, where || - ||p« denotes the distance to the identity in T<.

Theorem 1.8. Let ¢ > 4 and ai,...,ay € 7Z be distinct. Let V be the subspace of Q* spanned by
(ai,...,a}) for 0 < i <22 Let C > 0 and suppose that for every m € N, every sufficiently large N
and subset E C [N|™, we have Dy, (V™ E) > Cd,, n(E)*. Then for every invertible ergodic system
(X,B,1,T) and every A € B with u(A) > 0, there exists a Bohry set S C N such that

L
1 4
limsup ——————— Z w(TU"AN-- . NTH"A) > C (1 - ) u(A)°.
N-M-oo |SO M, N)| neSN[M,N) ¢

Theorem 1.8 is proved in Section 4.3.

Remark 1.9. It is easy to see that the conclusion of Theorem 1.8 implies that the set

14
(6) {n EN: p(T“"AN---NT“"A) > C (1 - j) (A" — e}

is syndetic for all € > 0.

Unfortunately, the condition Dy, y(V™, E) > Cd,, n(FE)* seems difficult to verify in concrete instances,
even for m = 1. We obtain a partial converse to Theorem 1.8 which shows that it is essentially as difficult

as establishing optimal lower bounds for the corresponding multiple recurrence problem.

2We adopt the convention that if some a; equals to 0, then a? =0°=1.
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Theorem 1.10. Let £ > 4 and ay,...,aqy € Z be distinct. Let V be the subspace of Q* spanned by
(at,...,a%) for 0 <i < 2. Let C > 0 and suppose that for every ergodic system (X,B,u,T) and every
A € B with u(A) > 0, there exists a Bohry set S C N such that

1
limsup ——— Z w(TAN - NT%"A) > Cu(A)L.
N—M-so0 SN [M, N)| nesSn[M,N)

Then for every m € N, every sufficiently large N and every E C [N]™,
Dy n(V™, E) > CB"dm,n (E)',
where B > 0 is an explicit constant depending only on ay,...,as and £.

Theorem 1.10 is proved in Section 4.2.

We provide some examples to illustrate Theorems 1.8 and 1.10.

Ezample 1.11. (a1,a9,a3,a4) = (0,2,3,4). In this case V is the Q-span of (1,1,1,1), (0,2,3,4) and
(0,4,9,16). It is not hard to show that

V= {(z,y,z,w) €Q4:x—6y+82—3w:0}.

For convenience set m = 1. Then D; n(V, E) is essentially the density of solutions of the equation
x—6y+8z—3w =0in E, i.e. the proportion of tuples (x,y, z,w) € [N]* satisfying z — 6y + 82 — 3w = 0
that belong to £4. The condition in Theorem 1.8 can be rephrased informally as saying that this density
can be bounded from below by the ¢-th power of the density di n(E) of the set E.

Example 1.12. Suppose that a; + as = a3z + a4. In this case, an elementary computation shows that
V:{('x’y7zaw)€(@4$( y)+t2— _0}

where s = a3 — a4 and t = as — a;. We can assume, without loss of generality, that both s and ¢ are
positive.

Given N,m € N and a set E C [N]™, denote by P(n) the number of pairs (z,z) € E? satisfying
sx+tz = n for each n € N™. Observe that if (z,y, z,w) € E*NV™ then sz +tz = sy+tw € [(s+t)N]m
We have

> Pn)=|EP and > Pm)P=[E'nVT

ne [(s+t)N]m ne [(s—i—t)N}m

It follows from the Cauchy-Schwarz inequality that % < |E* N V™|, which in turn implies that

(7) 8" d, N (E)' < Dy n(V; E)

where 0 < 5 < hm ) (it is easy to see that the limit exists and is positive).

3
oo IVNIN ]4|(s+t
The conclusmn (7) also follows from combining Theorem 1.10 with [6, Theorem C].

1.4. Optimal recurrence along polynomials. In [6], Frantzikinakis studied in detail the optimal
recurrence for polynomial sequences with & < 3 and dealt with most cases in that regime. However, some
stubborn questions remain unanswered. For instance, it is not known if there exists £ > 0 such that for

every ergodic system (X, B, u,T'), every A € B and every € > 0, the set

(8) {neN: p(ANT "ANT>"ANT ™" A ) > u(A 76}
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is non-empty (let alone syndetic). Intriguingly enough, if we replace n? by n® (or by n? for any d > 2)
and set £ = 4 in (8), then by Theorem B and Section 4.2 in [6] we deduce that the set obtained is syndetic.

We give a partial positive result for a situation where (8) is syndetic.

Proposition 1.13. Let (X,B,u,T) be an ergodic system and let Z3 be the 3-step nilfactor of X (see
Section 2 for the definition). Assume that Z5 is an inverse limit of nilsystems that can be represented as

G/T, with G is a connected. Then for every A € B and € > 0, the set
{neN: p(ANT"ANT>"AnN T_"2A) > u(A)* — e}
18 syndetic.

Remark 1.14. In particular, the hypothesis of Proposition 1.13 is satisfied if (X = G/T",B,u,T) is an

ergodic nilsystem with G being a connected Lie group.

We are unable to remove the connectedness assumption. Hence the general question regarding optimal
recurrence for (0,7,2n,n?) remains open. However in next result, we provide an example of lack of

optimal recurrence for this family in the case of two commuting transformations.

Proposition 1.15. There exists a system (X, B, u, Ty, 1), with Ty ergodic, T1To = ToTy such that for
every integer £ > 0, there exists A € B with u(A) > 0 such that

2 1
WANTI"ANT 2 "ANT, ™ A) < g,u(A)‘

for every positive integer n.

Proposition 1.13 and Proposition 1.15 are proved in Section 5.
Acknowledgements. We thank Bryna Kra for proposing to us the questions studied in this paper and
for many helpful discussions. We thank the Mathematics Research Communities program of the AMS
for giving us the optimal environment to start this project. The first author is grateful for the support
of Fondecyt Iniciacion Grant 11160061, and the third author is supported by the NSF via grant DMS-
1700147.

2. BACKGROUND

2.1. Nilmanifolds, nilsystems and nilsequences. Given a group G, we denote its lower central series
by G = G1 >G> -+, where each term is defined by G;y1 = [G;, G|, i.e., G471 is the subgroup of G
generated by all the commutators [a,b] := aba~'b~! with a € G; and b € G. The group G is a k-step
nilpotent group if Gy is the trivial group.

Let G be a k-step nilpotent Lie group and let T’ be a uniform (i.e closed and cocompact) subgroup
of G. The compact homogeneous space X := G/I is called a k-step nilmanifold. Let 7: G — X be the
standard quotient map. We write 1x = 7(1g) where 15 is the identity element of G. Denote by G° the
connected component of G containing the identity 1. If X is connected, then X = 7(GP).

The space X is endowed with a unique probability measure that is invariant under translations by
G. This measure is called the Haar measure for X, and denoted by ux. For every 7 € GG, the measure
preserving system (X, B, ux,T) given by Te = 7 -z, € X is called a k-step nilsystem, where B is the
Borel g-algebra of X.

Let C(X) denote the set of continuous functions on X. For f € C(X) and z € X, the sequence
Y(n) := f(T™x) is called a basic k-step nilsequence. A k-step nilsequence is a uniform limit of basic

k-step nilsequences.
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We say that a sequence (z,,)nen is equidistributed on a nilmanifold X if for every F' € C(X), we have

A}gr}x)—ZF T, 7/XFdMX.

Similarly, we say that (z,)nen is well distributed on X if

N-1

. 1

for all F € C(X).

2.2. Nilfactors. Let (X, B, u,T) be an ergodic measure preserving system. Suppose (s;(n))nen is an

integer valued sequence for 1 < j < k. A factor (Y,D,r,5) of X is said to be characteristic for

(s1(n),...,sk(n)) if for any bounded functions fi, ..., fr on X, we have
| Nk | Nk
i — ECON F— s5(n) . -
N NZ;HlT] fi NZ:IHITME(MY) =0,

where E (f]Y) denotes the conditional expectation of f onto the factor Y and the limit is taken in
L?*(X,p). Host and Kra [16] showed that there exists a characteristic factor for (n,2n,...,kn) which is
an inverse limit of (k — 1)-step nilsystems. We call this factor the (k — 1)-step nilfactor of X and denote
it by Z;_1(X) (or Zx_1 when there is no confusion).

2.3. Limit formula for multiple averages on nilsystems. The following description of the limiting

distribution of multiple ergodic averages in nilsystems is essentially due to Ziegler [23].

Theorem 2.1. Let ay,...,aq € Z be distinct, let (X = G/T,B,u,T) be a k-step ergodic nilsystem and
let f1, fo,..., fa € L™(u). Foreachi=1,...,k, letT; = TNG; and let u; be the Haar measure of G;/T;.
Then for p-a.e. © = gl' € X, we have

N—

(9) lim Z (T"z) ... fq(T"z) =

N—M—oo N —
=M
/ / Hfz (991 ( r )duk(gkfk) ~dp(91T'1).
G1/F1 Gi/Tk 1

Remark 2.2. Theorem 2.1 in particular asserts that the right hand side of (9) does not depend on the

choice of representative g; for the co-set g;I;.

Remark 2.3. The statement in [23, Theorem 1.2] requires G to be connected and simply connected. These
restrictions were removed in [3, Theorem 5.4], although in that paper the limit is described in a different

(but equivalent) form; see also [20, Theorem 6.3].

Let (X = G/T,B,u,T) be an ergodic nilsystem. Then its Kronecker factor 2 is (G/(G2I'),T). Let
m: X — Z; be the natural projection. Suppose that Tz = 7 -z for all x € X and some 7 € G. Let a be

the projection of 7 on Z;. Define

(10) Ss :={n eN: a" € B(4)},
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where B(0) is the ball in Z; centered at 0 with radius 6. Observe that Ss is a Bohrg set and by ergodicity,
the uniform density d(Ss) of Ss is

L |Ss N[M,N)| _
d(Ss) = Nfl]lwnioo T N_—M M= (B(3)),
where 1z, is the Haar measure on Z;.

We need the following proposition, whose proof for case d = 3 is sketched in [6, Page 35]. The proof

for general d is similar and included here for completeness.

Proposition 2.4. Let a1,...,aq € Z be distinct, let (X = G/T',B,u,T) be a k-step ergodic nilsystem
and let f1, fo,..., fa € L°(u). For eachi=1,...,k, letT; =T NG; and let p; be the Haar measure of
G;/T;. Also, for each 6 > 0 let S5 be defined by (10). Then for p almost every x = gI' € X, we have:

1
lim lm —8w—— fi(T%"x)
§—0 N—M—o0 |S§ N [M N)| neS(g%:M,N) zl;ll

/ / / / Hfz <991 ( )F> dp(grlx) - - - dpa (9211 )dpa(g1T'1).
G2 /T2 JG2 /T2 GS/FS Gr/Tk 4

Proof. Let m : X — Z; be the natural projection. For any character xy of the compact abelian group
21 = X/G3, the composition y o 7 is in L(u), and x o 7(T"z) = x(na + w(z)) for all n € N and
x € X. On the other hand, x o m(ghl') = x o w(gI") whenever h € G3. By Theorem 2.1, for p-almost
every x = gI' € X, we have

N-1

d
(11) lim Hf-(T‘“"x) -

N—M—oo N — M
n=—

M
d a; ag
/GI/FI /Gk/n gglF))Efi (gggl)---g;(f)F) dpk(grlx) - - dpa(gal').

As y is a character of Z, we have x (na+m(z)) = x(na)x;(7(x)), and x(7(991T)) = x(7(gD)) x (7 (1T)).
Note that # = gI'. After canceling x (7 (z)) from both sides of (11), we get:

d
02 Z (ne) [ L") =

n= =1

d a; ag
/Gl/rl--~/Gk/rkx(7f(91F))i1:[1fi (gggl)---glg’“)F) dpr(grTk) - - dpa (91T1).

We can approximate the Riemann integrable function 1p(s) by finite linear combinations of characters,

and so we can replace x in (12) with 1pz(s) to get:

N— d
(13) N ljlérgoo N M ;4]13(5) no li[lfz(Tamx) =

d a; a;
/Gl/rl M/Gk/rk 1) (m(91])) il;[lfi (99§1)--~9£k)r> dpr(gel's) - - - dpa(ga ).

The left hand side of (13) is equal to:

: 1 : a;n
mz(B(9)) N_l}vgn_mm > ] fi@ema)

neSsN[M,N) i=1
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On the other hand, the right hand side of (13) is equal to:

d aq a;g
/1(3(5))/G /F Hfz <gg£1) g,g’“)F> duk(gkl“k)...dul(gll“l).

Gr/Th =1

Let us be the probability measure on X defined by

1
dus = ————— d C .
/X f dus pz, (B(9)) /771(3(5)) faux  ¥f€CX)

Since px is invariant under the action of G (and hence of G3) and the set 7—1(B(6)) is invariant under
G2, we have that us is invariant under the action of G3. Moreover, any limit point of {us : § > 0} is
supported on Gg/T'y. This shows that us — pq,/r, as & — 0, where pg, r, is the Haar measure on
G2/Ts.

Therefore, dividing both sides of (13) by pz, (B(d)) and taking the limit as 6 — 0, we obtain the

desired conclusion. O
We also need the following proposition whose proof is sketched in [6, Page 34].

Proposition 2.5. Let (X,B,u,T) be an ergodic system and define Ss as in (10). Let aq,a2,a3 € Z be
distinct and f1, fa, f3 € L>®(u). Assume that E(f;|Z2) =0 for some 1 <i < 3. Then

1
(14) m s > AT ) (T ) (T ) = 0,

im
N—M—oco ‘55 M [M, N)‘ nESunMLN)
where the limit is taken in L?(u).

Proof. Without loss of generality, we assume E(f1|Z23) = 0. Let L be the limit on the left hand side of
(14) and d(Ss) be the Banach density of Ss. Then

N-1
(15) d(Ss)L= lim ﬁ Ls, (n) fL(T™ ") fo(T"z) f3(T%"x) =
n=M
N-1

: 1 aln az2n a3n
v m N7 _ZM]lB(é)(na)fl(T ") fo(T*"x) f5(T*" ).

Approximating the Riemann integrable function 1p(s) by linear combinations of characters, it suffices to

show
N-1

S () AT ) (T 2) fo(T7) = 0

(16) N Moo N — M
n=M

for all character x of Z;. Note that the limit in the left hand side of (16) is equal to

N-1

(17) )Z(ﬂf) NJ;I\/I[ILOO N _1 i n;/[ X(nOé + x)fl (Talnﬂf)fQ(Tain‘)fg(Ta3naj)_

By [16, Theorem 1.1 and 12.1], the above limit exists in L?(;) and does not change if we replace f; by
E(f;|Z3). Therefore, by approximation, we can assume that (X, B, u,T) is a 3-step nilsystem.

First suppose that (X, B, u,T) is totally ergodic. Then we can assume that its Kronecker factor Z;
has the form (G,G,m,«), where G is a connected compact abelian group, G is the Borel o-algebra, m
is the Haar measure and « is the rotation defined above. Since G is connected, there exists g € G such
that a2g = a. Let a/as denote that element. Consider the system Y = (X x G,Bx G, uxm,T X a/az).
Since E(f1|22(X)) = 0, for almost every ergodic component Y; of Y we have E(f; ® 1|22(Y;)) = 0 (one
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way to verify is to show || f; ® 1||3 = 0 where ||-||x is Host-Kra’s seminorm defined in [16]). Hence by [16,
Theorem 12.1],

N-1

Y (T xaja)™ " fL @1 (T x afaz)™" fo @ x - (T x afaz)™" fs @1 =0,
n=M

, 1
(1s) - lim

where the limit is taken in L?(u x m). Rewriting the left hand side of (18), we get

N-—1
3 X(na+ ) fi(T5") fo(T9" ) f5 (T ") =

n=

19) 1 !
NeMosoo N — M

N-1

> X(na) A1 (T ") fo(T*"x) f3(T*"x) = 0

n=

for all y € G. Since x(y) # 0 for all y € G, (19) implies (16).

We now return to general situation without the total ergodicity assumption. Let k be the number of

1

Xw)  tm g

connected components of X. Since (X, B, i, T) is ergodic, (X, B, u, T*) is totally ergodic. For all 0 < i <
k—1, applying the above argument with 7%, T f;, T f,, T f5 replacing T, f1, fa, f3, respectively, we

get
N-1

: . ay (kn+1) az(kn+1) ag(kn+1) —
yAm 7Mx((/m +i)a) f1(T z) f2(T z) f3(T z) =0
for all character x of Z;. Taking the average over all 0 < ¢ < k — 1, we derive (16). This finishes the

proof. O
3. OPTIMAL RECURRENCE ALONG (T~ 7=2f(n)  p=kf(n)
3.1. Optimal recurrence for the sequence of shifted primes. We begin this section by recalling

the following classification of certain tuples (Q1(n), Q2(n), @s(n)) of polynomials, introduced in [6].

Definition 3.1. A family of polynomials Q1(n), Q2(n), Qs(n) € Z[n] is said to be of type (e1), (e2) or
(e3) if some permutation of them has the form

(e1) {lg,mq,rq} with0 <l <m<randl+m#r.

(e2) {lg,mq,kq* +rq}

(es) {kq® +1q,kq® +mq, ke +rq}
for some ¢ € Q[n] and constants k,I, m,r € Z with k # 0.

We prove a stronger version of Theorem 1.2.

Theorem 3.2. Let (pn)nen be the increasing enumeration of the primes. Let (X, B, p,T) be an ergodic
measure preserving system, A € B and e > 0. Suppose Q1,Q2, Q3 are integer polynomials with Q;(0) =0
fori=1,2,3. Then the sets

{neN:puANT P A) > [(A)2 — ¢}
and
(neN:pu(ANT-QPe=DANT= Qe A) > 4 (A)3 — €}
have positive lower density. Moreover, the set

(20) {neN:pu(ANT= QP AN~ @En= AN T=E=D 4) > [(A)* — €}

also has positive lower density unless the polynomials are pairwise distinct and of type (e1), (e2) or (es).
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Proof. We only prove that the set in (20) has positive density under the given hypothesis, as the proofs
for the other two sets are similar. Fix € > 0 and assume that the family Q1, Q2, Q3 is not of type (e1), (e2)
nor (e3). Denote
c(n) = W(ANT= MW AN T=M) AN =R )
for n € N.
By [19, Theorem 4.1], the sequence c¢(n) can be decomposed as ¢(n) = (n) + §(n), where ¢)(n) is a

nilsequence and

N-1
: 1 _
G0 s T a7 2 19l =0

n

By [18, Theorem 1.1], we also have

1

N
(22) Jim, 37 2 1w, = 1) =o.

Since a nilsequence is a uniform limit of basic nilsequences, there exists a basic nilsequence F(b"1y )
such that |i(n) — F(b"1y)| < ¢/4 for all n € N. Here F' is a continuous function on a nilmanifold
Y = G/T, b € G acts ergodically on Y and 1y = n(lg) € Y. Assume that Y has d connected
components and Y is the component containing 1y. Observe that b1y € Y, for all n € N. Since
the polynomial family @(n), Q2(n), @s(n) is not of the types (e1), (e2) nor (es), the polynomial family
Pi(n) = Q1(dn), P2(n) = Q2(dn), Ps(n) = Q3(dn) is also not of these types. Hence by [6, Theorem C],
the set S = {n € N: ¢(dn) > u(A)* — ¢/4} is syndetic. Together with (21), we get

lim > [8(dn)| =0,

N—oo |[[N]N S| nelNINS

which implies

1
lim sup ———— c(dn) — F(b%"1 < €/4.
msup e 3 leldn) — F1y)| < ¢f
n€[N]NS

We deduce that there exists an n such that F(b¥1y) > u(A)* — /2.

Since b%"1y € Y and F is continuous, there is an open subset U of Yy such that F' > pu(A)* — 3¢/4
on U. By [18, Corollary 1.4], the sequence b*»~11y is equidistributed on Yy when restricted to p, = 1
mod d. Hence the set R := {n € N: b’»~'1y € U} has positive density, and for every n € R we have
F(bP»~11y) > p(A)* — 3¢/4. On the other hand, from (22) it follows that the set R’ := {n € R :
c(pn — 1) < u(A)* — €} has 0 density. Therefore the set R\ R’ has positive density and is contained in
the set (20). This finishes the proof. O

3.2. Optimal recurrence for Hardy sequences. We prove a slight generalization of Theorem 1.3.

Theorem 3.3. Let a € H have polynomial growth and satisfy ’a(x) — ep(z)|/log(z) — oo for every
c € R, p e Zx]. Let (X,B,u,T) be an ergodic measure preserving system, A € B and ¢ > 0. Let
0<1I<m<reZ. Then the sets

{neN:p(AnTHeMIA) > 1(A)2 — ¢}

and
{neN:pAnT el gnr=mlat] ) > 1 (A)3 — ¢}

have positive lower density. If r =1 4+ m then the set

(23) {neN:pAnT eI gnp—mlem] g qp-rlem]g) > (A — €}
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also has positive lower density.
Proof. The proof is similar to that of Theorem 3.2. Let

c(n)=pu(ANTMANT ™ ANT™A)

and write ¢(n) = ¢ (n) + §(n), where 1)(n) is a nilsequence and d(n) satisfies

N-1

, 1
NjﬁmN—Mg%ww_&

Let F'(b™1y) be an approximation of ¥(n) as in proof of Theorem 3.2. By [18, Theorem 1.1],

N
1
gaﬁgy&mmm=a
This implies
1 N
24 lim sup — — F(bl*™I1y)] < /4.
(24) IJIVHSBOPNEIC(LG(H)J) ( v)| <e/

As in the proof of Theorem 3.2, there is an open subset U of Y such that F > u(A)* — 3¢/4 on
U. By [7, Theorem 1.2], the sequence (bl*(™11x) is equidistributed on V. Hence the set {n € N :
F(bletI1y) > u(A)* — 3¢/4} has positive lower density. This fact combined with (24) implies the set
{n € N:c(la(n)]) > u(A)* — €} has positive lower density. O

Remark 3.4. In above proof, we do not utilize the fact that the open set U is inside the identity component
Yo. This is because the orbit along |a(n)] is equidistributed on the entire Y. On the other hand, the
orbit along primes minus 1 is only equidistributed on some connected components of Y (Yj is one of
them).

3.3. Optimal recurrence for Beatty sequences. Let (X, B, u,T) be a measure preserving system.
The discrete spectrum o(T) is the set of eigenvalues § € T := R/Z for which there exists a non-zero
eigenfunction f € L?(u) satisfying f(Tz) = e*™ f(x) for y-almost every z € X.

Given a measure preserving system (X, B, u, T'), the transformation T is ergodic if and only if o(7) N
(1/¢q) = {0}, where (a) denotes the abelian group generated by a, as we view 1/¢ as an element of the

group T. Theorem 1.4 follows from the next result.

Theorem 3.5. Let 0,y € R with 8 > 0 and (X,B,u,T) be an ergodic system whose discrete spectrum
o(T) satisfies o(T) N (071 = {0}. Let 0 <1 <m <r €Z. Then for any A € B and € > 0, the sets

{neN:pu(AnT W 4) > 1(A)2 — ¢}

and

[n e N: (AN T-10m90 4 A T-m10m43) ) 5 u(4)? — e}
are syndetic. If r =1+ m then the set
{neN:pAnT Wt gqp=—mlonl gnr=rlintrl ) > (A — €}

18 also syndetic.
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Proof. 1f 0 < 6 <1, then the set S = {|#n+ ] : n € N} is co-finite in N and the conclusion follows from
[3, Theorem 1.2].

Assume 6 > 1. Define ¢(n),¥(n),d(n),Y = G/T,F(b"1y) as in the proof of Theorem 3.3. Then by
[21, Theorem 2.1], the discrete spectrum of (Y, uy,b) is contained in the discrete spectrum of (X, p, T).
Hence o (b) N (~1) = {0}.

Claim 3.6. The sequence (bL9"T711y), cn is well distributed on Y.

Proof. Let F € C(Y). It suffices to show

(25) F(blom+l1y) = / Fduy.
Y

N—lll\?l—>oo N-—-M
n=M
Let S = {|0n + | : n € N}. Then an integer m belongs to S if m = |6n + ] for some n € N. This is
equivalent to

n+y—1<m<éln+vy

or

1—
oYty T
for some n € N. This is equivalent to {m#~1} € J, where J = [0,~/0] U ((1 —~)/6,1).

Let W = {nf~! mod 1:n € N}. Then W is a closed subgroup of T. Since o(b) N (#~1) = {0}, for

any F € C(Y) and G € C(W), we have that

m —1\ _
Nljlén_)ooN i Z F(b™1y)G(m# )_/Ydey/WGduW.

Approximating the Riemann integrable function 1~y by continuous functions, we then get

N—

Z b ly ]].an(me ) ;Lw(JﬂW)/ Fduy,
Y

N— ]W%oo N

or equivalently

1 1

(26) (JO W) N 1M—>oo N-—-M

N—
Z b ly)]lme(mH ) / quy.
m=M Y

Note that {m#~1} € JNW if and only if m € S, and the uniform density of S is exactly pw (J N W).
Therefore the left hand side of (26) is the same as the left hand side of (25) This proves our claim. O

As pointed out in the proof of Theorem 3.2, there is an open set U of Y such that F > u(A)* —3¢/4 on
U. Since (0971711 x),en is well distributed on Y, the set S = {n € N: F(bl9" T 1x) > u(A)* — 3¢/4} is
syndetic. Since the sequence (§(n)),en tends to zero in the uniform density, and the set {|On+~| : n € S}
has positive uniform density, we have

m S [5([6n ) =

N-M—oo |[SN[M,N)| nESHIMLN)

Hence

1
limsup ————— Z le(|6n 4 ]) — F(L"1y)] < ¢/4.
N-Moo |S O M, N)| neSn[M,N)

Since F(bl"t71y) > u(A)* — 3¢/4 when n € S, we get that the set of n € S such that ¢(|fn +v]) >
u(A)* — € is syndetic. This finishes the proof. O
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4. OPTIMAL RECURRENCE ALONG (T'~@n T—an T—%n)

4.1. Poor lower bound for £ = 5. In this subsection, we prove Theorem 1.5. We adapt the proof of
Theorem 1.3 in [3].

We use the measure preserving system (X, B, u, T) where X = T? is the 2-dimensional torus, u is the
Haar measure, and T'(z,y) = (z + o,y + 2z + «) for some irrational o € R. It is well known that this
system is totally ergodic. For every n € Z and every point (z,y) € T? a quick computation shows that
T"(x,y) = (x + na, y + 2nz + na).

Let £ > 1. We take a suitably large L,C € N and a set A C {0,...,L — 1} to be chosen later. Let

B:= bLeJAIb where I, := % % + OiL)
and let A =T x B. For each n € Z, in order for a point (z,y) to belong to ANT~*"AN...NT"%"A
we need y; := y + 2a;nz + a?n’a € B for each i = 1,...,5. Let b; € A be such that y; € I,.

We now need the following elementary lemma.

Lemma 4.1. Let a1,...,a4 € Z be distinct and let M be the 4 x 3 matriz whose (i,7) entry is a{ for
i=1,...,4 and j = 0,1,2. For each i = 1,...,4, let v; be (—1)% times the determinant of the matriz
obtained from M by deleting the ith row. Then for every quadratic polynomial f € Rz],

v1f(ar) +vaf(az) +vsf(as) +vaf(as) = 0.

Proof. The claim amounts to the statement that the matrix

flar) 1 a3 a3

flaz) 1 ay d3

flaz) 1 a3 d3

flag) 1 aq a2
has determinant 0. But this follows from the fact that any quadratic polynomial is a linear combination
of the polynomials 1, z, 2. O
In view of Lemma 4.1, there exist integers vy,...,v4 and ¥,...05 (depending only on ay,...,as)

such that viy; + -+ + vgys = 0 and Voys + - -+ + U5ys = 0. Therefore, if C' is large enough, then also
v1b1 + - -+ +vgby = Voby + - - - + Usbs = 0, as it will be an integer which can be made smaller than 1 when
C is large enough.

Suppose now that A does not contain any solution to v1by + - -+ + v4bg = Uoby + - - - + U5b5 = 0 except
when by = -+ = bs. Then, if (z,y) € ANT " “"AN..-NT~*"A_ all the y; must belong to the same I,
which implies that x € X,,, where X, is the set of points = € T satisfying ||2n(a2 — al)xHT < 1/C*L.
Since y; € B, the point y must belong to the set B — 2a;nx — a?n’a, which being a shift of B has the

same measure as B. We conclude that

—ain —aaqn 2
uw(ANT AN---NT A) < pr(Xy)pr(B) = WM\.

Since u(A) = |A|z7, a quick computation now shows that the proof will be complete once we construct
aset A C {0,...,L — 1} with |[A| > L'='/* and without non-constant solutions to v1b 4 --- + vaby =

Ugbg + + - - 4+ U5b5 = 0. The existence of such a set A is provided by the following lemma.

Lemma 4.2. Let ay,...,a5 € Z be pairwise distinct and let v; and v; be described in the paragraph after

Lemma 4.1. For every € > 0 and every large enough L € N, there exists a set A C {0,...,L — 1} with
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|A| > L'=¢ such that the only by, ...,bs € A satisfying viby +- - +vaby = Daba +- - - +Tsbs = 0 also satisfy
by =---=bs.

Lemma 4.2 is a generalization of [3, Theorem 2.4], due to I. Ruzsa, corresponding to a; = i. The key

to proving Lemma 4.2 is the following intermediate result.

Lemma 4.3. Let a; < --- < a5 be integers and let v; and U; be as described above. Let d € N and let
b1,...,b5 € RY qll have the same Euclidean norm. If viby + -+ 4+ v4by = Voby + -+ + U5b5 = 0 then
by =---=bs.

Unfortunately Lemma 4.3 does not hold for arbitrary v; and 9;, as seen by the example v; = v3 =
v3 = U5 = 1 and v = v4 = U2 = ¥4 = —1 which would provide a counterexample with d = 1 and
b1 =by =05 =1 and b3 = by = —1. Indeed we will need to use the description of the v; and v; given by

Lemma 4.1 and this makes the proof somewhat cumbersome.

Proof. The condition a; < --- < a5 implies that vy,vs > 0 and vy, v4 < 0. Let

b b
g WOt Ushs S B=by-S.

v+ V3
Applying Lemma 4.1 to a constant polynomial, we get that v; 4+ vo + v3 + v4 = 0 and hence, together
with v1by + -+ + v4by = 0, that S = (vaby + v4b4)/(va + v4). Then we have

by =85+ A, by =S+ B, bgisfﬁA’ b4:5fv£B.
V3 V4

Our goal is to show that by = by = b3 = by = S, and so it suffices to show that A = B = 0 (the fact that
also b5 = S would then immediately follow from the equation 03bg + - -+ 4 U5bs = 0). Since the quantity

|6:]]? — ||S]|* does not depend on i, we find that the following 4 numbers are equal

2’()1 2’()2

U2 'U2

V3 V4

Equality between the first and third gives 2(S, A) = ||A|? (5—; - 1); equality between the second and
fourth gives 2(S, B) = || B||? (Z—i - 1) and then equality between the first two numbers implies
(28) [A]?v1vs = || Bl*vzvs.

In order to show that A = B = 0, we first show that B is a positive scalar multiple of A. Once we do

that, we have from (28) that B = , /2% A and hence, equality between the first and last quantities from

V2V3

(27) (together with 2(S, A) = [|A|? (7 - 1)) gives

JAJR = U2 g2 g [0 g gy ||A2,/"“(,/“—,/“2) (1+ ””’2)=0.
V3 V34 V3V4 V3 V3 (] V34

This implies that A = 0 unless Z—; = Z—z Using the description of each v; from Lemma 4.1 as a

Vandermonde determinant, this is equivalent to (a; — a4)? = (a2 — az)?. Since we are assuming that
a1 < as < az < a4 this can not happen and hence A = 0.

We have reduced the proof to showing that B is a positive scalar multiple of A. It is now the time to
use the fact that also U9bg + - -+ + 05b5 = 0. From Lemma 4.1, we deduce that 95 = v, and so we can

write by in terms of S, A, B as

. ]
by = — (—oby — gby — Gaba) = S + B A+

Vo4 — Uy
U1 U3

>BS+0¢A+ﬂB,
V4V1
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where o := 2—2 and 3 := “2%-%v Tsing the relations established above to write || B||?, (S, A) and (S, B)

V4V1
in terms of || AJ|?> we compute
v v V1V
ol = 1517 = 20804, 5) + I? [ +a (2= 1)+ (245 (2 1) ) 24
U3 V4 V3V2
Since ||bs|| = ||b1]|, we deduce that ||bs|* — ||S]|*> = ||AH25—; After a somewhat tedious computation, we
eventually arrive at (A, B) = ||A]|?,/%%2 = ||A| - || B||. But this implies that B must be a positive scalar

V3V4

multiple of A as desired, finishing the proof. |

Proof of Lemma 4.2. Let C = |v1| + -+ + |va| 4+ |[D2] + - + |05], let d > 2/e be a natural number and
then let m € N be large enough multiple of C' depending only on C,d and € (in fact, we need that
m=2 > C9-2d). Set L = m?. We can express each number in {0,..., L — 1} using d digits in base m
expansion. Let

F = {xo—i—xlm—i—...—l—xd,lmd_l:xie [0,...,%)}.

We have |F| = (m/C)%. Let r : F — N be the sum of the squares of the digits in base m, in other words,
r(zo +x1m + ...+ 2g-1mé ) = 22 + .-+ 22_,. Then r(F) C [0,dC?/m?). Therefore there exists
ro € [0,dC?/m?) such that
A:={x e F:r(z)=ro}

has cardinality |A| > (m/C)¢~2/d. The choice of parameters above yields |A| > L'~

Finally, suppose that by,...,b5 € A satisfy v1by + -+ + v4bgy = Tobo + -+ - + 0505 = 0. We identify
each b; with the vector in R? obtained from its digits in base m. Then ||b;| = --- = ||b5. Since each
digit in b; is at most m/C, there is no carryover when multiplying by v; or ¢; and thus, the equations
v1b1 + - - - +vgbg = Vobs + - - - + U5b5 = 0 apply even when multiplication and addition is being performed

in R?. Applying Lemma 4.3, we conclude that indeed b; = --- = b5 as desired. O

4.2. Lack of solutions implies poor lower bounds for k£ = 4. In this subsection we prove Theo-
rem 1.10. We need the following well known equidistribution result whose short proof we include for

completeness.

Lemma 4.4. For every Bohry set S, every a € R™ whose coordinates are rationally independent, and
every cube I C T™, we have that
i |{n€Sﬁ[M,N):n2amodZm€I}’
N Moo ISOM,N)|

= prm (1).

Proof. By assumption, we can write S = {n € N: nz € U}, where K is a compact abelian group,
U C K is a neighborhood of 1x such that 1; is Riemann integrable, and = € U is a point such that
{nz:n€Z} =K and S = {n € N: nx € U}. Then it suffices to show that as N — M — oo,

{ne SN[M,N):n*ael}| |{ne[M,N): (nz,n*a)ecU x I}
N-M B N-M
converges to pg (U) X prm(I) = prxrm (U X I), where pg, purm and pg <= are the Haar measures on

K, T™ and K x T™, respectively. This follows once we show that the sequence (nz,n?a),en is well
distributed on K x T™. Since 1y is Riemann integrable, it suffices to show that for every character
x: K — 8! C Cof K and every b € Z™, if either x is non-trivial or b # 0, then

N-1

Z eQTrib-anQX(l,)n —0.

n=M

i 1
im
N-M—oo N — M

(29)
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Let & € T be such that y(z) = ¢*™?. Since the group generated by z is dense in K, § ¢ Z unless x
is trivial. Then we can write e27P-an’y(g)n = 2mi(n*b-atnd) If b £ 0 then (29) follows from Weyl's
equidistribution theorem, and if b = 0 then 6 ¢ Z and (29) follows quickly from evaluating the resulting

geometric series. |

Proof of Theorem 1.10. Let £,aq,...,a4,C and V be as in the statement of the theorem. Since V' has
a basis of rational vectors, there exists a positive constant e such that any point x € Z* at a distance
(say in the £ norm) less than e from the closure V' C R* must in fact belong to V. Fix m, Ny € N and
E C [No]™.

Let X = T?™ be the 2m dimensional torus endowed with the Lebesgue measure p. Define the map
T: X — X via the formula T'(x,y) = (x+ o,y +2x+ ), x,y € T™ for some o € T™ whose coordinates
are rationally independent. Then (X, B, u,T') is ergodic, and for each n € N,

T™(x,y) = (x + na,y + 2nx + n’a).
Fori= (c1,...,¢m) € [No]™, denote

c1 C1te Cm Cm T €
Bi: —, X X | —=—, — ], A= TmXBi.
{No No ) {No No ) ig

We can directly compute that p(A) = ﬁ\ﬂ = €"dy, N, (E). Let (x,y) € T?*™ and n € N. Note that for
all 1 < j <4, T%"(x,y) € Aif and only if

(30) uj = u;(x,y,n) ==y + 2a;nx + a;n’o € B;,
for some i; € E. Fix such a point (x,y,n) € T*™ x N. Then the vector
(ur,...,ug) =y(1,...,1) +2nx(ay,...,a4) +n’a(al,... ,a3) € By, x --- x By,

belongs to the closure in R™*4 of V™. Since Nou; is at most € away from the integer vector i; (in the
£°°([m]) distance), from the definition of € we deduce that (i1, ..., i) belongs to V™™ as well. Let W denote
the collection of all tuples (iy,...,is) € V™ with i; € E. By definition, Dy, n,(V™, E) = %

By the discussion above,

4
(31) prenancnrea) = 3 | T, (6y.m) dutey)
(1, i)ew /X j=1

Fix (iy,...,14) € W. If n € Nis such that (30) holds for all 1 < ¢ < 4, then considering (30) as a linear

2a as unknowns (i.e. 3m unknowns

equation system with 4m equations and the coordinates of y,nx,n
in total), we deduce that there exists 3 cubes I, Is and I3 in T™ with side length at most N%J such that
y € I1,nx € I,,n%a € I5.

Lemma 4.4 implies that for any Bohrg set S,

. {n € SN[M,N): na € I3}| 1
lim =L —
N—M—o0 |SN[M,N)|
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Since p(Ih) < 7 and pu({x € T™: nx € I }) = p(lz) < 16“ for any n # 0, by (31) we conclude that

1
Dm Vm,E == _—
7N0( ) . Z |VQ[N0]4|m
(i1,---,1a)EW
S S limsup ; 3 /HﬂB u;(x,y,n)) du(x, y)
T VAN ™ A= N-M—oo [S N M, N iy
(i1,.., i) EW n€SN[M,N)
ﬂ hmsup ; Z M(TalnA NN TadnA)
T VAN Nonso SN L
N3m ML \T3m
[V N [Nol* |m u(4) [V N [No)4|™ No(E)
which finishes the proof by taking 8 < hm % O

4.3. Solutions to linear equations imply optimal lower bounds for k£ = 4. In this section we
prove Theorem 1.8. We first need to reformulate the assumptions in terms of functions on a torus; this
is the content of Lemma 4.6 below. We start with an estimate from harmonic analysis. Let A be a finite
set, f : A — R a function and p > 0. We denote by | f||z» its usual LP quasinorm when A is endowed

with the normalized counting probability measure, i.e.

IFle = <A| >l >/

acA
We will also make use of the weak LP quasinorm:
[{a € A: [f(a)] > s})””
4]

We remark that when p < 1 these quasinorms do not satisfy the triangle inequality. We will only use

1l = sup s- (
s>0

these quasinorms with p < 1 to invoke the following well known interpolation lemma. We include its

short proof for completeness.

Lemma 4.5. Let 0 < p <r < 0o and let A be a finite set. For every function f: A — R we have

£z < 7||f| Flle

P
Ly

Proof. Combining the identity

xh = / rs" tds = r/ Srfl]l[O,x](s) ds = 7’/ 5T711{$>S} ds
0 0 0

with the definition of L" norm, we deduce the formula
= o €A: >
I =r [ e S s =1 [ faca:lf@l>s)]
0 0

acA |A|
Finally, using the definition of the weak LP norm we conclude

oo
T —
(malv Sr/ ST ds——_pllfll’;ﬁ\\fllzmp.
0

O

The following lemma makes use of the quantities d,, x(E) and Dy, y(V, E) introduced in Definition 1.6.

Lemma 4.6 (Equivalent inequalities). Let m,d,¢ € N with £ > d, let C > 0, V. C Q% be a subspace
containing the vector (1,...,1) and V € R? be its closure in R%. Then (1) & (2) = (3) = (4):
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(1) For every large enough N and every subset E C [N]™, we have D,, x(V™, E) > Cd,, n(E)*.
(2) For every large enough N and every function c¢: [N]™ — [0, 1], we have
1
W ’ Z C(al)C(ClQ) . C(ad) Z CHC”iz,ﬂ.
a; €[N]™ (a1,...,ag)EV™

(3) For every large enough N and every function c: [N]™ — [0, 1], we have

4
W 2. c(ar)e(az). .. c(aq) > C (1 - j) [Es

a;€[N]™ (a1,....,aq)EV™

(4) LetY = (V/Zd)m be a subtorus of T¥*™. For every measurable function f: T™ — [0,1],

!Lf@ﬂﬂm)~f@@@w@uuww)20(liY(/Pf@w){

Remark 4.7.

e Whenever we have a point = in [N]9" (or analogously for Q4™ T9™ etc.) we consider x =
(@i5)i=1,...m, j=1,...a With each z; ; € [N]. We then write = (z1,...,xq) where each z; € [N]™
is the vector ; = ().
where now each z; € [N]? is the vector z; = (x; ;)% (it should be clear at any point which

Depending on the context, we may also write z = (z1,...,Zm),

vectors we are referring to).

For instance if v = (v; j)i=1,....m, j=1,...d € Q®™ then v is in V™ if for every i the vector (Ui,j)?:1
of Q% belongs to V; and v is in Ed if for every j the vector (v; ;) is in E. Similarly in (2) and
(3), the statement that (aq,...,aq) € V™ should be interpreted by writing each a; as (a; ;)%
and requiring that each vector (a;;)9_, is in V.
e It might be true that (3) and (4) are also equivalent to (1) and (2), but we don’t have a proof

and it is not needed in this paper.

Proof. (2)= (1). Take c(a) = 1g(a).
(1)= (2). Let p := d/¢, observe that [|c||zs = Fmma Sup.s sl{a € [N]™: ¢(a) > s}f/4 and assume
that the maximum is obtained at s =¢. Let E = {a € [N]™: ¢(a) > t}. Since ¢ > t1g, we have

W Z clar)e(az) ... claq) > thm,N(Vm, E).

Invoking (1), we get tD,, y(V™, E) > C’tN‘f:l = Cllc||¢ Tr-

(2)= (3). We only need to show (3) for ¢ # 0. By Lemma 4.5,

lell7, d\'
el > (1- )HVd_1£|Mh

we U THI [ %) e

a€(VN[N]d)m i=1j=1

(3)=(4). Let

and let uy be the normalized probability measure supported on Yy. We claim that puyi — py as
N — oco. Indeed, any limit point of the sequence (uy)yeny must be supported on Y. Moreover, for any
v € (V/Z¥)™, if N is larger than the denominators of all coordinates of v, then pyy is invariant under
v. We conclude that any limit point of the sequence (1) nven is supported on Y and invariant under Y,

hence it must be py.
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Now given f: T™ — [0, 1], let ¢ : [N]™ — [0, 1] be the function

cla) = Nm/ f(a/N + z)dzx.
[-1/N,0)™

When N is large enough, we have that

/YNnyZ duN(yl,...,yd)m Z / def(%ﬁin)d(xl,...,zd)

i=1 ac(VN[N

1
> W Z c(ar)c(as) ... claq)

J€[N]™,(a1,...,aa) EV™

>C(1=4) Nl = C (1= 9" (fm fduzn)".

We are now ready to prove Theorem 1.8.

Proof of Theorem 1.8. Fix an ergodic system (X,B,u,T) and a set A € B with u(A) > 0. Let Z5 be
the 2-step nilfactor of X, defined in Section 2.2. Using a standard approximation argument, we can
assume that Z5 is a 2-step nilsystem, so that Z; = (G/T', uz,,7), where G is a 2-step nilpotent Lie
group, I' C G is a uniform subgroup and 7 € G. By a slight abuse of notation, we use Z; to denote the
measure preserving system, as well as the underlying topological dynamical system and the underlying
nilmanifold.

In view of ergodicity, the topological system Z5 is minimal (see, for instance, [3, Theorem 4.1.1]). We
can assume that G is generated by the connected component of the identity and 7. Indeed, the projection
of the connected component of G onto Z5 = G/T is an open subset of Z (as its pre-image under the
natural map G — 2, is the union of all connected components of G having non-empty intersection with
I' and hence it is open) and by minimality of Z, its orbit under 7 is all of Z5. Therefore, if we let
G be the subgroup of G generated by the connected component of the identity and 7, it follows that

=G/TNG).

Since G is a 2-step nilpotent group, the commutator Gy = [G, G] is inside the center of G, and hence
the subgroup I'; = G2 NT' is normal in G. Therefore Z; = (G/T'2)/(I'/T'z) and thus after modding out
by I's we can assume that Go NT" = {e}, which implies that G5 is a compact abelian Lie group. From [3,
Theorem 4.1.4], it follows that G is connected, and so G2 must be a finite dimensional torus.

Let K be the quotient K := Z5/G2 = G/(I'G2) and note that it is also a compact abelian Lie group
(but it may be disconnected). Let m: G — K be the natural projection, let @ = 7(7) and define

Ss ={n eN:a" € B(9)},
where B(9) is the ball in K centered at the identity of K with radius . It suffices to show that
1 ¢
li li —_— T%" ) > 1—-
(32) S AL )| 2 /Hf ) dp(z) C( ) (/de“)
neSsN[M,N)

for all 0 < f < 1. By Proposition 2.5, the left hand side of (32) is 0 if we replace at least one of the
four f’s with f — E(f|22). Since 0 < E(f|23) < 1, it suffices to prove (32) under the assumption that
X =2, =G/T.
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Since G is 2 step nilpotent, by Proposition 2.4, the left hand side of (32) equals to

(33) /Z 2 /G 2 /G f[f (gggaf)gga;)F> dpe,(92) dpc, (91) dpz, (91),

2 j=1
where px and pg, are the Haar measures on X and G3. Recall that G is a torus, say Go = T™. Consider

the subgroup

a; a;
V. {(yl,...,y4) e (T™)*: (3g1,90 € T™) y; = (1>91 + (2>gg} c ™,

where we now changed to the additive notation. Then we may rewrite

4
(33) =/Z2/Yi1:[1f(gyiF) dpy (Y1y2, Y3, ya) dppz, (9T),

where py is the Haar measure on Y. We can also describe YV in terms of V as ¥ = (V/Z4)m, where V/
is the closure V in R* (or, equivalently, its R-span).

For each g € G let f;: Go — R be the function defined by the formula f,(goI') = f(ggoI') for all
g2 € Go. Then by Lemma 4.6, (1) = (4), and then Jensen’s inequality, we conclude that

4 4 Y4 Y4
/Z2LEf(gy¢F) dpy (Y1y2, y3, ya) dpz, (gI') > C (1 - £> /Z ( . fq duG2> dpz(gT)

4 l ¢ 4 l ¢
zc(l—g) (/Z G2fgduazduzz(gr)) =0(1—€) (ZQfdu@) .

5. OPTIMAL RECURRENCE ALONG POLYNOMIALS

To state our results, we need to introduce a notion defined and studied in detail by Leibman in [20].
The C-complezxity of a family of integer-valued polynomials {p1,...,pq} is the minimum integer &k for
which the factor Zj is characteristic for this family in every ergodic nilsystem (G/T,B,u,T) with G
being connected. Note that the minimum value of k for general ergodic systems is an upper bound of the

C-complexity and in some cases it is strictly larger.

Proposition 5.1. Let (G/T,B,u,T) be an ergodic nilsystem where G is connected. Let Zy be its Kro-
necker factor and let « € Z1 be the rotation induced by T. Let g1(n), g2(n) be two linearly independent
(over Q) integer polynomials with 0 constant term and set py = aqi, pa = bga and ps = cq1 + dqa,
a,b,c,d € Z. Assume that the C-complexity of the family {p1,p2,ps} is equal to one.

For § > 0, let By be the ball in Z, centered at 0 of radius 6 and define Ss = {n € N: (¢1(n)a, g2(n)a) €
B(9) x B(d)}. Let f1, fa, fs € L™ () and assume E(f;|Z1) =0 for some 1 <i < 3. Then

1
(34) lim FUTP ) fo (TP2 (M ) f5 (TP (M) = 0
N—M—o00 |S§ N [M, N)| neSgﬂZ[M,N)

where the limit is taken in L?(u).

Proof. The proof is similar to that of Proposition 2.5, subject to some minor changes that we write

explicitly. In this proof, all the limits are taken in L?(x). Without loss of generality, we assume E(f;|21) =
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0. Let L be the limit on the left hand side of (34) and d(Ss) be the uniform density of Ss. Since
{(g1(n)a, g2(n)a)} is well distributed on Z; x Z; (because ¢; and g2 are independent), we have

N-—
(35) d(S5)L = N_lzlv?l_)oo N ZM n)fi( TP1(n )fQ(sz(")x)fg(Tm(")m) =
N

. 1 — n n n
N_%/jm_}Oo NI ;4 Lp(5)x B(5) (@1 (), g2(n)a) fL (TP M) fo(TP* M) f3(TP M ).
Approximating the Riemann integrable function 1p(s)x p(s) by finite linear combination of characters, it
suffices to show

N-1

CONN T 2 @ ma)e(ama) T On LI On (I =0

for all characters (x1,x2) of Z1 X Z1. Note that the limit in the left hand side of (36) is equal to

N-1

R 3 xalaa-+yala(a + ) () T (T )

(37) x1(y)x2(2)

for every y, z € Z;. Since G is connected, there exist g, h € G such that ag = a and bh = «. Let a/a and
a/b denote the elements g and h respectively. Consider the system Y = (X x Z1 X 21, BXG, uxmxm, T),
where T =T x (a/a) x (o/b). We can write then

N-1

(38) x1(¥)xa(2)  Mim ﬁ n:ZM xi(@(n)a +y)xz(a2(n)a + 2) {1 (TP V) fo(TP M) f3 (TP V)

= 1 ™™ @1l - TP 1.7 fy @1 :
ym e 2 hele f20x1® fs®1®x2
Since E(f1|21(X)) = 0, for almost every ergodic component Y; of Y, we have E(f1 @ x1 ®1|Z1(Y;)) =0
(one way to verify is to show || f1 ® x1 ® 1||2 = 0 where ||| is Host-Kra’s seminorm defined in [16]).
Since almost every ergodic component Y; can be written as G;/I'; with G; being connected, using the
assumption that the C-complexity of the family of polynomials {p1,p2,ps} is one, we get

N-1

1 . . _
(39) lim Y WA R1el-T?MHhoxi@1- TP 1@ x, =0
N—-M—-oo N — M =

for almost every t. It follows that (37) equals to 0 in L?(u x m x m), which implies that the left hand
side of (34) is equal to 0 in L?(u). This finishes the proof. O

Proposition 5.2. Let (G/T', u,T) be a nilsystem with G being connected. Let p1,pa,ps be three polyno-
mials as in Proposition 5.1. Then for all A € B and every € > 0, the set

{neN: p(ANT P MANT P2 ANT P A) > pi(A)* — €}
s syndetic.

Proof. Let € > 0 and A € B and set f = E(L4|21). Let € > 0 and let & > 0 such that the translation
Je(-) = f(- +t) satisfies that ||f — fillpim) < § if t € B(d'). Let & > 6 > 0 such that if ¢;(n)a
and gz(n)a are in B(d) then p(n)a, p2(n)a and ps(n)a are in B(d"). Then, for n € S5, we have that
1f = TP f|| gy < 5 fori=1,2,3 and thus
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(40) /f L) e poes(n) £ g > /f4dm _ 3§ > u(A)* — e
By (40) and Proposition 5.1, we get that

1
41 lim @ @——— WANT P (A NT P2 ANT P A) > (A — ¢,
W sy 3 HANT) ) ula)

which finishes the proof. O

Proposition 5.3. Let (X, B, u,T) be an ergodic system and let Z3 be the 3-step nilfactor of X. Assume
that Z3 is the inverse limit of nilsystems that can be represented as G/, where G is a connected 3-
step mnilpotent Lie group and T' is a discrete cocompact subgroup. If the C-complexity of the family of

polynomials {p1, p2,ps} is equal to one, then the set
{neN: p(ANT P MWANT P2 ANT P A) > 1y(A)* — €}
1s syndetic.

Proof. For A € B, let a(n) = [14-14 0771 . 14072 .1, 0TP"dy and a(n) = [E(1a|Z23) -
E(14]23) 0o TP - E(14]23) o TP . E(1 4|23) 0 TP*(™dy. We claim that the sequence a(n) — a(n) is

uniformly-null, meaning that

N-1
1
lim su a(n) —an)?>=0
limsp w7 3 lalo) - a(w)

The proof is essentially given in [3, Corollary 4.5]. Using a telescoping difference between a(n) and a(n),
it suffices to show that if some f;,0 <4 < 3 has 0 conditional with respect to Z3(X), then

N

2
lim ! Z (/ fo(.%‘)fl(Tpl(n)x)fz(TT’?(n)x)fg(TT’s(n)q;)dM) =0.

N-—M—-oco N — M
n=M

We assume without loss of generality that E(fo|Z5(X)) = 0. Let u x pu = [, dusdm(s) be the ergodic
decomposition of 1 x p under T x T. By [3, Proposition 4.3], for almost every s, E(fo® fo|Z22(X x X)) =0,
where X x X is endowed with the measure u, and the transformation 7' x T. By [6, Theorem B|, the

2-step nilfactor is characteristic for the average limsup ﬁ Zf\;}} froTPr() . fy 0 TP2(n) . fu0TPs(n)
N—M —o0

for any bounded measurable functions f1, fo, f3 of any measure preserving system. Therefore, the limit
as N — M goes to infinity of
(42)
1
N-—-M

N
> / fola) fola) fr (TP M) fr (TP M a!) fo (TP ) fo (TP M) f5 (TP M ) fo (TP V2V dpas (, 2
n=M

is equal to 0 for almost every s. Integrating (42) with respect to s we deduce the claim.
By the claim, it suffices to prove the result under the assumption that X = Z3. By an approximation
argument we can assume that (X = G/T',B,u,T) where G is connected. Proposition 5.2 give us the

desired conclusion. O

Proof of Proposition 1.15. It follows immediately from Proposition 5.3, since the C-complexity of the

family {n,2n,n?} is equal to one. This is computed for instance in [20, Section 9.8]. |
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Proof of Proposition 1.15. Let X = T2, j be the Lebesgue measure on T2, T} : (z,y) — (v +a, y+22+a),
and Ty: (z,y) — (2,y — 2a). Then T} and T» commute, preserve the measure u, and moreover, T} is
ergodic for p.

We have that T7(z,y) = (z4+na, y+2nz+n2a), T2"(z,y) = (z+2na, y+4nz+4n2a) and T (z,y) =
(x,y—2n%a). Write u = y+2nx +n?a, v = y+4nxr +4n?a and w = y +2n2a. Then v —2u+w = 0. Let

A C [N] be a subset with no arithmetic progression of length 3 and set A =T x |J (& — 7% % + 7 )-

a€A
If 1a(z, y)La(T(z,y))1a(T2" (2, y)LA(TY (z,y)) > 0, then there exist ag,ai,as € A such that u €

(60 ko + ) 0 € 01— v + ) w € (a2 ys0a + k). Ths
a; —2ag+ax+t=0

for some [t] < % So a1 — 2ag + a2 = 0 and then ag = a1 = as. It follows that nz € (1/4N,1/4N) and

[ LA ) LA () LA (T o ) LT3 o )i 0) < 5 1AL

A quick computation shows that

1 1/ANS 1,
— A<= ([ E) =zpA
log(|A)|—2log(N)+log(2)

as long as [ < Tog(AD-log(™) - Taking A of cardinality N'~¢, the right hand side can be arbitrarily

large, finishing the proof.
d
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