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Abstract

We investigated the structure and the thermodynamic properties of small water clusters with the nested sampling
computational technique, using two different water models, the coarse-grained mW (up to 25 molecules) and the
flexible version of the TIP3P (up to 16 molecules). With mapping the entire potential energy landscape of the clusters,
we calculated the heat capacity curves, located the structural transitions and identified those local minima basins which
contribute the most to the total partition function. We found that in case of the mW model, trends in first-order-like
and continuous-like transitions can be very well matched to the characteristics of the landscape: cluster sizes with
fewer and narrower local minima basins show a sharper ’melting’ peak on the heat capacity curve. Trends in case
of the TIP3P model were not easily assigned to changing occupation of basins, and the contribution of local minima
were negligible, except for n = 7, 15 and 16.

1. Introduction

Understanding the structural and thermodynamic
properties of small water clusters have been in the focus
of both experimental and theoretical research for sev-
eral decades. Water clusters play a crucial role in at-
mospheric processes[1], affect the geometry and stabil-
ity of macromolecules[2], and as small building blocks
they have importance in helping us to understand the
anomalous behaviour of bulk water[3, 4]. Moreover,
in the field of computational chemistry, water clusters
serve as a testing case for global optimisation and sam-
pling techniques, as they pose a significantly harder
challenge than atomic systems with similar numbers
of particles, because of the translational and orienta-
tional degrees of freedom of the molecules. Due to
the increased computational cost, the majority of the-
oretical studies concentrate on water clusters consist-
ing of fewer than 25 molecules, and on determining the
global minimum structure only. Such studies have been
performed with a variety of methods (e.g. with simu-
lated annealing[5], basin hopping algorithm[6] and ge-
netic algorithm[7]) and for a large number of different
potential models of water, such as the coarse-grained
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model of mW[6], TIP3P[7, 8, 9], different parametri-
sations of TIP4P[9, 7, 10], TIP5P[11], SPC/E[7] and ab
initio methods[12]. These works have shown that differ-
ent potential models often predict significantly different
configurations as the global minimum structure[9, 11].
The water hexamer is of particular controversy and
considerable effort has been invested into studying the
ground state of (H2O)6 both computationally and exper-
imentally [13, 14, 15, 16, 17, 18, 19].

However, to be able to gain a better understanding
on physical processes and on the behaviour of a system,
a more extensive search of the potential energy land-
scape is necessary, determining thermodynamic prop-
erties and local minima configurations at finite temper-
atures. A number of local minima have been mapped
for a few smaller cluster sizes [20], and the discon-
nectivity graph of (H2O)20 has been constructed with
the TIP4P potential [21, 22]. Although a smaller num-
ber of minima were located than in case of atomic
Lennard-Jones clusters with the same number of de-
grees of freedom, the landscape was found to be frus-
trated, with competing low-energy minima of different
morphology, separated by high barriers. Heat capac-
ity curves of several water models have been calcu-
lated for small water clusters, using parallel tempering
calculations[23, 20], Wang-Landau sampling[24, 25]
and multicanonical-ensemble molecular dynamics[26].
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These studies concluded that the thermodynamic prop-
erties of the clusters strongly depend on the potential
model, and while certain cluster sizes show a sharp peak
on the heat capacity curve, others have only a shoul-
der representing a change. This suggests that certain
cluster sizes (e.g. (H2O)8 and (H2O)12) undergo a first-
order-like melting transition[5], while in other cases
(e.g. (H2O)7 and (H2O)11) a continuous-like melting
occurs[26]. It has to be noted that, although phase tran-
sitions are defined for macroscopic systems, the terms
melting and evaporation are routinely used in finite sys-
tems as well, to describe the temperature region where
the cluster starts to explore a much larger phase space,
similarly to a phase transition [27, 28].

In the present work we used the nested sampling tech-
nique to sample the potential energy landscape of small
water clusters, using two different potential models: the
coarse-grained model mW[29] and the flexible version
of the TIP3P[30] potential model. Nested sampling not
only allows us to calculate the partition function, and
thus thermodynamic properties such as the heat capac-
ity, but gives us a unique insight into the structure of the
landscape, allowing us to identify the basins with signif-
icant thermodynamic contribution, and determine their
relative phase space volume.

2. Computational details

2.1. Nested sampling

Nested sampling (NS) is a Bayesian statistical ap-
proach [31, 32] adapted to explore the atomic phase
space [33]. It is a top-down sampling technique, starting
from the gas phase and progressing towards the ground
state structure through a series of nested energy lev-
els, estimating the corresponding phase space volume
of each. This way the method samples the different
basins proportional to their volume, and instead of pro-
viding an exhaustive list of the local minima, it iden-
tifies the thermodynamically most relevant states with-
out any prior knowledge of the structures or phase tran-
sitions. The NS algorithm allows the direct compu-
tation of the partition function, and thus gives access
to thermodynamic properties, such as the heat capacity
or the free-energy. The NS method has been applied
to study Lennard-Jones clusters [33, 34] and the hard-
sphere model [35], and it has been shown that it enables
the automated calculation of the complete pressure-
temperature-composition phase diagram [36, 37, 38].

The nested sampling calculations were performed
as presented in Ref. [33], using the pymatnest pro-
gram package [39, 36]. All simulations were run

(H2O)n K L Ne

mW
5-10 1000 600 3× 108

11-15 2500 800 6× 108

16-19 4000 800 1× 109

20-25 5000 800 2× 109

TIP3P
5-10 2000 4000 5× 109

11-15 6000 6000 3× 1010

16 11520 6000 6× 1010

Table 1: Typical nested sampling parameters used in case of different
cluster sizes: number of walkers, K, which determine the resolution
of the sampling, and the length of the walk used for generating new
configurations, L. The table also includes the number of total energy
evaluations in a single run, Ne.

Atom q / e ε / eV σ / Å
Hydrogen 0.415 0.00000 0.00
Oxygen -0.830 0.00660 3.15

K / eV rad−2 θ0 / o K / eV rad−2 r0 / Å
2.39 104.52 19.51 0.9572

Table 2: Potential parameters for the flexible version of the TIP3P
water model.

at constant volume, chosen such that the density is
0.00032 water molecules/Å3 (0.0095 g/cm3) for ev-
ery cluster sizes in case of TIP3P, and 0.000625 water
molecules/Å3 for mW. The initial configurations were
generated randomly in case of the mW model, and
by 6 × 105 Hamiltonian Monte Carlo [37] (all-atom)
moves for every sample in case of the TIP3P model.
New samples were generated by performing Hamilto-
nian Monte Carlo moves for both potential models, us-
ing the LAMMPS package [40] for the dynamics. The
number of walkers were chosen such that the differ-
ence in the melting temperature predicted by indepen-
dent parallel runs is less than 10K, and the solid-solid
transition is found reliably.

2.2. Potential models
The first water model we chose is the mW [29], to

explore the behaviour of particles preferring tetrahedral
arrangement without electrostatic interactions, thus be-
ing computationally more affordable. The mW is a sim-
ple coarse-grained model of water, reparametrised from
the Stillinger-Weber potential [41] to reproduce the den-
sity and melting temperature of water at atmospheric
pressure. Despite having only short-range interactions
and describing the hydrogen bonded network through
the angular dependent term without electrostatic inter-
actions, it reproduces the energetics, anomalies, and the
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liquid and hexagonal ice structure of water remarkably
well. Although the mW model is practically a single
atom, for the ease of readability we will refer to a single
mW site as a molecule throughout the paper.

Our second choice for water model was TIP3P, as
it is expected to show a larger dependency in thermo-
dynamic behaviour on cluster size than other TIPnP
models[24, 25], thus making it an ideal case for testing.
The TIP3P water model is a three-site description of the
water molecule [30], where both hydrogen and oxygen
atoms carry a charge, and a single Lennard-Jones in-
teraction site is placed on the oxygen. Details of the
flexible model are shown in Table 2. We used a cutoff
distance of 12.0 Å to truncate the Lennard-Jones inter-
actions, and the Coulombic interaction was calculated
explicitly within a cutoff of 0.6×(box length), outside
which the Ewald summation was used.

3. Results

3.1. mW clusters
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Figure 1: Heat capacity of (mW)n clusters as a function of tempera-
ture for 5 ≤ n ≤ 25. For every cluster size the results of at least two
independent runs are shown. The curves are vertically shifted for ease
of readability. The inset shows the low temperature results for clusters
n = 7 and 20.

Heat capacity curves calculated for clusters with the
mW potential model are shown in Figure 1. The most
prominent peaks represent the gas-liquid transition,
which depends on the density. There is a slight trend
in the evaporation transition shifting to higher tempera-
tures as the cluster size increases, as expected. At tem-
peratures between 200−300 K a smaller peak can be ob-
served, corresponding to the solidification of the cluster,
shifting towards lower temperatures as the size of the

cluster increases. For sizes n = 8, 12, 14, 16, 19, 21, 23
and 25 this peak is sharper, indicating a first-order-like
transition, while for the rest of the clusters it only ap-
pears as a shoulder. In two of the clusters, n = 7 and
20, an additional small peak can be found (see inset of
Fig. 1), suggesting an additional solid-solid transition at
very low temperatures.

In order to distinguish between different structures
found during the sampling, we calculated the Steinhardt
bond-order parameters Q4 and Q6[42], as well as the
average size of the rings formed within the cluster (us-
ing 3.45 Å as cutoff distance), for all configurations gen-
erated during the nested sampling calculation. Figure 2

Figure 2: Average Q4 bond order parameter as a function of tem-
perature, of configurations generated during nested sampling for the
(mW)13 cluster. Each dot corresponds to a configuration and is
coloured according to the average ringsize within the cluster. Tem-
peratures corresponding to the peaks on the heat capacity curve are
shown by vertical dotted lines.

demonstrates this on the example of (mW)13, show-
ing the order parameters as a function of temperature,
and the two transitions, which are clearly visible. Be-
low T ≈ 550K, rings are being formed and the vari-
ance in the order parameter decreases as the molecules
condense and create a cluster. Below T ≈ 280K,
where the shoulder on the heat capacity function can
be observed, two groups of points become clearly dis-
tinguishable, corresponding to two different structures,
the global minimum and one of the local minima. This
indicates that although a large number of other molecu-
lar arrangements must be possible, these two configura-
tions have far the largest phase space volume and thus
thermodynamic relevance.

Using this approach, we are able to identify different
basins and assign which configurations belong to these,
then use this information to calculate the partition func-
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tion, Z, of the different basins separately, as

ZA(β) =
∑
i∈A

(
K

K + 1

)i

exp(−βUi), (1)

where β is the inverse thermodynamic temperature, K
is the number of walkers, U is the energy of the i-th con-
figuration that belongs to basin A. This allows us to de-
termine the partition function ratios and thus the struc-
tures most populated under certain conditions. Partition
function ratio results are shown in Figure 3, together
with the structures of the global and local minima iden-
tified. The plots only show results of individual runs,
however parallel calculations found the same minima
basins in each case, with their relative contribution to
the partition function not differing more than approx.
10% of the ones shown in the figure.

Global minima found by nested sampling are all iden-
tical to those published previously by Farrell et al [6].
At very low temperatures these are the most relevant
structures, as expected, but as the temperature increases
the contribution of certain local minima can increase
significantly, depending on the size of the cluster. For
n < 18, clusters with an even number of molecules,
the contribution of local minima to the partition func-
tion is negligible, while for odd numbers of molecules
at least one of the local minima becomes the most dom-
inant structure at a relatively low temperature. This
trend turns to its opposite once one of the molecules
appears to be in the middle of the cluster, thus sol-
vated, the first such ground-state being n = 19. (It
is interesting to note, that the first solvated molecule
appears in case of the highest energy local minima of
n = 17, see purple band in Fig. 3). Most impor-
tantly this trend aligns perfectly well with observations
on the heat capacity curves: those clusters that show
well-defined peaks – suggesting first-order-like transi-
tions – are the ones where local minima does not have a
significant contribution, while clusters having a poten-
tial energy landscape with multiple basins contributing
substantially to the partition function have a continuous-
like transition, thus only a shoulder on the heat capacity
function. This means that we can directly connect the
thermodynamic behaviour with the inherent structure of
the potential energy landscape.

In the studied range of clusters, sizes n =
7, 13, 15, 17 and 20 are the cases where the global min-
imum basin is not the most populated basin below the
melting transition. The (mW)20 cluster is the most ex-
treme case, where the fraction of the partition function
corresponding to the global minimum basin is almost
zero at 200 K, indicating that at that point the highly

symmetrical cage-like structure has a very low propor-
tion among the configurations, thus the funnel leading to
the ground state structure is extremely narrow, making
the sampling more challenging. As a consequence, we
needed a higher number of walkers to converge n = 20
sufficiently during the nested sampling calculations. Al-
though the location of the low temperature heat capac-
ity peak observed in case of n = 20 can be aligned well
with the temperature where the proportion of the global
basin contribution is around 0.5, this is not obvious in
case of n = 7. Moreover, no additional solid-solid tran-
sition heat capacity was observed in case of n = 13, 15
or 17, however it could have been expected according to
the partition function ratios.

Figure 4 shows the energy per molecule for the differ-
ent global and local minima identified during the sam-
pling, and coloured by the average number of neigh-
bours (molecules were treated as nearest neighbours
if closer than 3.3 Å). Clusters of even number of
molecules have lower energy per molecule, up to n <
18, a trend which aligns well with our observations of
first-order-like transitions on the heat-capacity curves.
In case of these global minima configurations, all the
molecules have exactly three neighbours. The trend
changes when configurations with a solvated molecule
start to appear, and above n = 20 clusters with odd
number of molecules become lower in energy. In the
studied range the largest number of neighbours has
been seen in the second lowest energy local minima of
(mW)17, (structure corresponding to the green band in
Figure 3), with 3.88 average neighbours and the average
angle being 93.89.

It could also be noted that the global minima of clus-
ters n = 17, 19, 21 and 22 are chiral structures and both
enantiomers have been found among the sampled con-
figurations.

3.2. TIP3P clusters
Heat capacity curves calculated for clusters mod-

elled by the TIP3P potential are shown in Figure 5.
The most prominent peaks correspond to the evapo-
ration of the cluster, and similarly to our results with
the mW model, some cluster sizes exhibit a clear sec-
ond peak suggesting a first-order-like melting transi-
tion (n = 8, 9, 10, 11, 14, 15), while others have only a
shoulder or no sign of transition at all. Although the wa-
ter octamer shows a pronounced melting peak for both
the mW and the TIP3P model, it is not surprising that
this similarity does not hold for larger clusters, and the
same sizes show different behaviour and trend. This is
in line with the work of Yin and Landau [25], who found
that for certain cluster sizes the characteristics of the
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Figure 3: Partition function ratio of different basins (Qbasin/Qtotal) as a function of temperature for water clusters with the mW potential. Dark
blue corresponds to the global minimum structure; orange, green, light blue and purple are different local minima, while grey corresponds to
basins of smaller volume or structures difficult to assign to well defined basins (e.g. melt-like configurations). Snapshots of the structures and
corresponding energies are also shown.
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Figure 4: Energy per molecule (mW) as a function of clustersize,
for the structures identified (and shown in Fig.3). Global minima are
connected by a black line and points are coloured according to the
average number of nearest neighbours within the cluster.

heat capacity curves can strongly depend on the poten-
tial model employed. A comparison of the nested sam-
pling results to heat capacity curves calculated by paral-
lel tempering and Wang-Landau sampling are shown in
Figure 6, showing an overall good agreement. Similarly
to mW, n = 7 shows a small peak at very low tempera-
ture, suggesting a solid-solid transition in the structure.

In order to describe the structures, we used the Q4,
Q6 and the average ring size as order parameters to char-
acterise the relative position of the oxygen atoms. For
clusters n = 14, 15, 16 we observed different hydro-
gen bonding networks of the same oxygen backbone in
some cases, and if so, the relative energy of these were
less than 0.001 eV. We also treated these as belonging
to the same basin when calculating the partition func-
tion ratios. These results are shown in Figure 7 along
with the structure and energies of the global and local
minima found.

The global minima structures we identified are all
identical to the ones published by Kabrede et al. [7],
except for n = 11, 13. For n = 11, we found a highly
symmetrical structure lower in energy, while the previ-
ously known global minimum is the structure we iden-
tified as the single other explored local minimum, its
hydrogen bonding network identical to the one reported
in Refs. [7, 9] (and not the one found in Ref [8]). For
n = 13, the lowest energy structure identified by nested
sampling is novel as well. The previously known global
minimum (as in Ref [7]) was found to be the second
lowest energy minimum, and the structure reported in
Ref. [8] was the third lowest energy minimum in our
calculations, although the phase space volume of both
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structures were found to be very small. We have to
emphasize, that in the current work the flexible ver-
sion of the TIP3P model was used with a long-range
Coulombic solver, thus we can expect some variations
in the energy. We found the interaction cutoff distance
has far the strongest effect in this case: with shorten-
ing the Lennard-Jones cutoff considerably (from 12 Å
to 7.5 Å), the order of minima in energy changes, and
one of the local minima becomes the lowest in energy
for n = 11 and 13. However, the fact that the rest of the
cluster sizes agree with previous reports, suggests that
the global minimum is robust in respect to variations
of the TIP3P model, but sizes n = 11 and 13, which
indeed attracted more attention due to inconsistencies
of their global minima before [9, 8, 43], are in contrast
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much more sensitive.
From Fig.7 the transition seen in n = 7 is obvious,

the local minima becomes the dominant above 20 K,
consistently with the small peak observed on the heat
capacity curve. For larger clusters, both the number of
local minima and the ratio of their contribution to the
partition function is generally small. The most domi-
nant heat capacity peaks were observed for n = 8, 9, 10,
and although in these cases the transition from global
minima to other structures is relatively sharp, the tem-
perature dependence of the partition function ratios are
not significantly different from that of n = 11 and 12,
where the heat capacity shows only a shoulder. Overall,
the connection between the shape of the melting peak
and the partition function ratio picture is not as clear as
in the case of the mW model. As the size of the cluster
increases the potential energy landscape becomes more
complex, and we found converging n = 15 and 16 sig-
nificantly more challenging. Apart from n = 7, these
were the only TIP3P clusters where a dominant local
minimum was identified, thus, below the melting transi-
tion, the global minimum structure is not the most pop-
ulated. However, no corresponding peak on the heat ca-
pacity curve was identified.

4. Conclusions

We have sampled the potential energy landscape of
small water clusters described by the mW (5 ≤ n ≤ 25)
and TIP3P (5 ≤ n ≤ 16) potential models using the
nested sampling method. Using different order parame-
ters we identified the thermodynamically most relevant
minima basins, and calculated their relative contribution
to the total partition function. This also allowed us to
connect thermodynamic properties to features of the en-
ergy landscape: in systems where local minima gave an
overall small contribution to the total partition function,
a sharp ’melting’ peak was observed on the heat capac-
ity curve, suggesting a first-order-like transition. This
was true for clusters with global minimum of particu-
larly low energy. For clusters, where the global mini-
mum basin is not the most populated at finite tempera-
ture and at least two structures compete below the ’melt-
ing’ temperature, the heat capacity shows only a shoul-
der, consistent with observations of a more continuous-
like transition. These findings were particularly clear
for the mW model, however the behaviour of the clus-
ters described by the TIP3P potential were more com-
plex.

Supplementary Information

All the minimised structures shown on Figures 3 and
7 are available in xyz format in the Supplementary File.
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