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Relaying Systems With Reciprocity Mismatch:
Impact Analysis and Calibration

Rongjiang Nie, Li Chen, Nan Zhao, Senior Member, IEEE,
Yunfei Chen, Senior Member, IEEE, F. Richard Yu, Fellow, IEEE, and Guo Wei

Abstract—Cooperative beamforming can provide significant
performance improvement for relaying systems with the help of
the channel state information (CSI). In time-division duplexing
(TDD) mode, the estimated CSI will deteriorate due to the
reciprocity mismatch. In this work, we examine the impact and
the calibration of the reciprocity mismatch in relaying systems.
To evaluate the impact of the reciprocity mismatch for all devices,
the closed-form expression of the achievable rate is first derived.
Then, we analyze the performance loss caused by the reciprocity
mismatch at sources, relays, and destinations respectively to show
that the mismatch at relays dominates the impact. To compensate
the performance loss, a two-stage calibration scheme is proposed
for relays. Specifically, relays perform the intra-calibration based
on circuits independently. Further, the inter-calibration based on
the discrete Fourier transform (DFT) codebook is operated to
improve the calibration performance by cooperation transmis-
sion, which has never been considered in previous work. Finally,
we derive the achievable rate after relays perform the proposed
reciprocity calibration scheme and investigate the impact of
estimation errors on the system performance. Simulation results
are presented to verify the analytical results and to show the
performance of the proposed calibration approach.

Index Terms—Cooperative beamforming, reciprocity calibra-
tion, reciprocity mismatch, time-division duplexing.

I. INTRODUCTION

Relaying is an advanced technique for wireless networks
to improve the system performance significantly, and has
been widely studied in vehicular networks, cognitive radio
networks and ad hoc networks [1]–[3]. A typical relaying
system contains multiple source-destination (S-D) pairs and
multiple relays. The relays support the communications of the
S-D pairs by cooperative beamforming with the knowledge of
channel state information (CSI) [4]–[6].

Generally, CSI is estimated from training pilots in the time
division duplexing (TDD) mode, which will result in reci-
procity mismatch of downlink and uplink CSI. This is because
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the overall channel consists of not only the wireless propa-
gation channel, but also the radio frequency (RF) gains due
to the frequency responses of hardwares [7], e.g., analog-to-
digital converters (ADC), digital-to-analog converters (DAC),
filters and amplifiers. Although uplink and downlink wireless
propagation channels may be reciprocal, the radio frequency
(RF) gains of different hardwares are asymmetric, which
causes the reciprocity mismatch [8].

To investigate the impact of the reciprocity mismatch on
system performance, previous works have provided theoretical
analyses [9]–[12] and experimental results [13], [14]. The
reciprocity mismatch at base station (BS) seriously degrades
the performance of multiple-input multiple-output (MIMO)
system with linear beamforming approaches such as zero-
forcing (ZF) and matched filter (MF). The comparison between
the performance of the two beamforming methods indicates
that ZF outperforms MF [9]. But ZF is also more sensitive
to the reciprocity mismatch than MF, especially in the high
signal-to-noise ratio (SNR) regime [10]. In massive MIMO, ZF
and MF almost achieve the same performance in asymptotic
comparisons [11]. It is noticed that the impact of the mismatch
at user equipment (UE) side is much smaller than that at BS
side [12]. Further, the experimental results in [13], [14] verified
the performance loss due to the reciprocity mismatch and put
forward insights on how the mismatch evolves in time and
frequency domains.

Since the reciprocity mismatch has a great impact on sys-
tem performance, reciprocity calibration is essential for TDD
systems. Calibration approaches can be mainly divided into
the hardware-circuit calibration and the signal-space calibra-
tion. In the hardware-circuit calibration, auxiliary hardwares,
such as switches and couplers, are implemented to connect
transmit antennas and receive antennas. In [15], an automatic
hardware-circuit calibration was first presented for MIMO.
Then, the hardware-circuit calibration was applied to the
wideband wireless systems, where different subcarriers were
independently calibrated in [16]. Unlike the hardware-circuit
calibration requiring extra hardwares, the signal-space cali-
bration only requires over-the-air signals among uncalibrated
antennas. A signal-space calibration called relative calibration
was first proposed to calibrate the TDD single-input single-
output system in the frequency domain [17]. For multi-user
MIMO, the signal-space calibration requires UEs to feed back
CSI to BS and utilizes the total least-square (LS) method to
estimate calibration coefficients [18]. Then, a low-complexity
conjugate gradient algorithm was proposed for solving the
total LS problem in [19]. For wideband MIMO, B. Kouassi et



2

al. presented a time-domain reciprocity calibration, to avoid
calibrating each subcarrier respectively [20].

In massive MIMO, the reciprocity calibration methods of
conventional system encounter challenges due to high circuit
costs or large amounts of the overhead for feeding back CSI.
To reduce the costs of hardwares, a daisy chain interconnection
topology of the circuits was applied to the hardware-circuit
calibration in [21], which reduces transceiver interconnection
effort. To avoid feeding back CSI from UEs in the signal-space
calibration, a series calibration approaches called ”single-
side” or ”one-side” calibration were presented for massive
MIMO based on the results in [22]. In [23], a single-side
calibration method was presented for the massive MIMO
Argos prototype. The Argos calibration only calibrates the
antennas of BS and does not calibrate the antennas of UEs. The
performance of the Argos calibration approach is sensitive to
fading channels and relies on the location of the reference an-
tenna. To overcome the shortages, H. Wei et al. presented the
mutual coupling calibration, which utilized the strong mutual
coupling effects among adjacent antennas rather than fading
channels [24]. In [25], an over-the-air calibration framework
was proposed based on some existing signal-space calibration
schemes which were different special cases of antenna group-
ing schemes in the framework. To further relieve the impact
of the reciprocity mismatch at the UE side, O. Raeesi et al.
proposed an calibration approach incorporating a dedicated
round-trip pilot signaling with feasible pilot overhead for the
acquisition of calibration coefficients at the BS [26].

For distributed MIMO, the reciprocity calibration is also
difficult due to the long distance between BSs or access points.
In [27], R. Rogalin at el. proposed a hierarchical calibration for
distributed MIMO, which applied the LS method to estimate
calibration coefficients. Then, in order to improve the relia-
bility of calibration signals, L. Su at el. used cell-edge UEs
to support the calibration [28], and C. Chen at el. exploited
maximum ratio combining and maximum ratio transmitting
methods to combine calibration signals [29]. For reducing the
overhead of the CSI feedback among BSs, a decentralized
calibration was presented based on decoupling the whole
calibration problem into several BS-level subproblems in [30].

When it comes to relaying systems, the reciprocity mis-
match is not only caused by the RF gains of sources and
destinations, but also caused by the RF gains of relays. As
a result, it results in the complicated reciprocity mismatch
by exploiting relays to assist the communication in wireless
multi-node networks. Hence, relays have to be involved in the
reciprocity calibration. Moreover, due to the involvement of
relays, the two-side reciprocity calibration becomes the three-
side reciprocity calibration. This leads to a large increase of the
overhead and the computational complexity of the reciprocity
calibration. Consequently, both the impact analysis and cali-
bration of the reciprocity mismatch are more challenging than
those in conventional systems.

Motivated by above observations, we investigate the reci-
procity mismatch in TDD relaying systems. We first derive
the closed-form expression of the achievable rate with the
reciprocity mismatch of all devices. Then, the impact of the
mismatch at the source side, the relay side and the destination

side on the system performance is analyzed respectively. The
analytical results show that the mismatch at the relay side dom-
inates the performance loss. Under the guidance of these re-
sults, we propose a two-stage reciprocity calibration consisting
of intra-calibration and inter-calibration. The intra-calibration
is based on hardware circuits and the inter-calibration is based
on space signals with a discrete Fourier transform (DFT)
codebook. After the reciprocity calibration, the achievable
rate is derived to analyze the impact of the estimation errors
of calibration coefficients on the system performance. We
also derive the calibration gain by comparing the achievable
rate before and after calibration, which demonstrates that
the system performance can be improved by the proposed
reciprocity calibration. The main contributions of the work
are summarized as follows.
• Impact analysis of the reciprocity mismatch: We derive

the closed-form expression of the achievable rate with the
reciprocity mismatch caused by the RF gains of sources,
relays, and destinations. Analytical results reveal that
the reciprocity mismatch at the relay side dominates the
impact.

• Two-stage reciprocity calibration method: To calibrate the
relays, a two-stage calibration is proposed. The relays
first perform the intra-calibration based on the hardware
independently, followed by the inter-calibration based on
a DFT codebook with the assistance of a reference relay.

• Performance analysis after the calibration: We derive the
achievable rate after the two-stage calibration to investi-
gate the impact of the estimation errors of calibration
coefficients. Further, the calibration gain is derived to
demonstrate the performance improvement of operating
the proposed calibration.

The rest of the paper is organized as follows. Section II
describes the system model. The impact of the reciprocity
mismatch analysis is presented in Section III. In section IV, the
two-stage calibration is proposed, and then, the performance
after the calibration is derived. Simulations and numerical
results are given in Section V, and conclusion is given in VI.

Throughout the paper, vectors and matrices are denoted in
bold lowercase and uppercase respectively: a and A. Let AT ,
AH and A−1 denote the transpose, conjugate transpose and
inverse of a matrix A respectively. tr(·) stands for the trace
operator and E(·) represents the expectation operation. Let
‖a‖2 denote the norm of the vector a. ⊗ denotes the Kronecker
product. diag(a1, · · · , aN ) denotes a N by N diagonal matrix
with diagonal entries given by a1, · · · , aN . [A]·i and [A]k·
are the i-th column and k-th row of a matrix A. N (µ, σ2)
represents for normal distribution with mean µ and variance
σ2. U(a, b) denotes uniform distribution on the interval [a, b].

II. SYSTEM MODEL

In this paper, we consider a TDD relaying system illustrated
in Fig. 1, which consists of K independent S-D pairs and
M half-duplex amplify-and-forward relays. Both sources and
destinations are equipped with the single antenna, and each
relay is equipped with N antennas.

The overall channel consists of the reciprocal wireless
propagation channel as well as the non-reciprocal RF gain.
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Fig. 1. A relaying system consisting of K source-destination pairs and M
relays.

The reciprocal wireless propagation channel matrix between
sources and relays is defined as H ∈ CMN×K with the
k-th column hk = Φ

1
2

h,kvh,k, where vh,k is the Rayleigh
fading channel distributed as CN (0, IMN ), and Φh,k =
diag(φh,1,k, · · · , φh,M,k)⊗IN with φh,m,k denoting the large-
scale path loss between the m-th relay and the k-th source.
Let G = [gT1 , · · · ,gTK ]T ∈ CK×MN be the wireless channel
matrix between relays and destinations, where gk is equal to
vg,kΦ

1
2

g,k, vg,k denotes the Rayleigh fading channel and obeys
CN (0, IMN ), and Φg,k = diag(φg,1,k, · · · , φg,M,k) ⊗ IN
denotes the large-scale path loss between the relays and the k-
th destination. Then, the overall uplink and downlink channel
can be modeled as

HDL = RHTS, HUL = RSHTT,
GDL = RDGT, GUL = RGTTD,

(1)

where Ts = diag(ts,1, · · · , ts,K), Rs = diag(rs,1, · · · , rs,K),
tS,k and rS,k respectively denote the transmit and receive
RF gains of the k-th source, TD = diag(tD,1, · · · , tD,K),
RD = diag(rD,1, · · · , rD,K), tD,k and rD,k are the trans-
mit and receive RF gains of the k-th destination, T =
diag(t1,1, · · · , tM,N ) and R = diag(r1,1, · · · , rM,N ), tm,n
and rm,n denote the transmit and receive RF gains of the n-th
antenna in the m-th relay. The amplitudes of RF gains can
be modeled as log-normal distribution and their phases can be
modeled as uniform distribution [24]. Hence, the RF gains can
be characterized as

tS,k = |tS,k|ejϕ
(t)
S,k , rS,k = |rS,k|ejϕ

(r)
S,k ,

tm,n = |tm,n|ejϕ
(t)
m,n , rm,n = |rm,n|ejϕ

(r)
m,n ,

tD,k = |tD,k|ejϕ
(t)
D,k , rD,k = |rD,k|ejϕ

(r)
D,k ,

(2)

with

ln |tS,k| ∼ N (0, δ2
S,t), ϕ

(t)
S,k ∼ U(−θS,t, θS,t),

ln |rS,k| ∼ N (0, δ2
S,r), ϕ

(r)
S,k ∼ U(−θS,r, θS,r),

ln |tm,n| ∼ N (0, δ2
t ), ϕ(t)

m,n ∼ U(−θt, θt),

ln |rm,n| ∼ N (0, δ2
r ), ϕ(r)

m,n ∼ U(−θr, θr),

ln |tD,k| ∼ N (0, δ2
D,t), ϕ

(t)
D,k ∼ U(−θD,t, θD,t),

ln |rD,k| ∼ N (0, δ2
D,r), ϕ

(r)
D,k ∼ U(−θD,r, θD,r).

(3)

The communication process of S-D pairs is conducted in
two phases minutely described as follows.

In the first communication phase, sources transmit signals
to relays. Let xS = [xS,1, · · · , xS,K ]T ∈ CK be the signals
transmitted by sources with E

{
|xS,k|2

}
= 1. The received

signal vector at all relays is denoted as

xR =
√
ρ1HDLxS + nR, (4)

where xR ∈ CMN is the received signal vector, ρ1 is the
common transmit power of the first communication phase and
nR ∈ CMN is the additive white Gaussian noise (AWGN)
vector at relays with each entry distributed as CN (0, σ2

rn).
In the second communication phase, relays transmit the

received signal xR to destinations by amplifying and coop-
erative beamforming. And the received signal vector y =
[y1, · · · , yK ]T ∈ CK at destinations can be given by

y = GDLWxR + ny, (5)

where ny = [ny,1, · · · , ny,K ]T ∈ CK is the received AWGN
vector with the entries distributed as CN (0, σ2

ynIK) and W
denotes the beamforming matrix. To reduce the interference
among the S-D pairs, the beamforming matrix based on ZF
criterion is given by [31]

W =
√
ρ2βG∗UL(GT

ULG∗UL)−1︸ ︷︷ ︸
WG

(HH
DLHDL)−1HH

DL︸ ︷︷ ︸
WH

, (6)

where ρ2 is the common transmit power of the second com-
munication phase, WH transforms the signal received at relays
into parallel streams, WG denotes the precoding matrix of the
second communication phase and β is the normalization scalar
of the transmit signals at relays defined as [31]

β = 1/E
{
‖WGWHxR‖2

}
. (7)

III. IMPACT OF RECIPROCITY MISMATCH

In this section, the closed-form expression of the ergodic
achievable rate is first derived with the reciprocity mismatch.
Then, we further analyze the impact of the mismatch on the
system performance. Finally, the impacts of the reciprocity
mismatch caused by the RF gains of sources, relays and
destinations are discussed and compared.

A. Achievable Rate with Reciprocity Mismatch

According to (4) and (5), the received signal at the k-th
(k = 1, · · · ,K) destination can be further written as

yk =
√
ρ1bk,kxS,k︸ ︷︷ ︸

ESk

+
√
ρ1

K∑
i=1,i6=k

bk,ixS,i︸ ︷︷ ︸
IDIk

+ ñr,k + ny,k︸ ︷︷ ︸
RNk

, (8)

with bk = [bk,1, · · · , bk,K ] =
√
ρ2βgDL,kWG and ñr,k =

gDL,kWnR, where bk,k is the k-th entry of bk and denotes
the equivalent channel gain of the k-th destination, bk,i is the i-
th (i 6= k) entry of bk and denotes the correlation between the
k-th destination and the i-th destination, ESk is the effective
signal, IDIk represents the inter-destination-interference (IDI),
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RNk denotes the equivalent received noise at k-th destination
due to both the first and second communication phases.

The achievable rate of the k-th S-D pair can be defined as

Rk = E {log (1 + γk)} , (9)

where

γk =
ρ1|bk,k|2

ρ1

∑K
i 6=k |bk,i|2 + σ2

rn‖gDL,kW‖2 + σ2
yn

(10)

denotes the signal-to-interference-plus-noise ratio (SINR).
Then, the closed-form expression of the achievable rate can
be given as Proposition 1.

Proposition 1 (Achievable rate with reciprocity mismatch).
With assumption that both MN and K are large, a lower
bound of the achievable rate of the k-th (k = 1, · · · ,K) S-D
pair can be given by

RL,k = log

(
1 +

Γ̄ES
k

Γ̄ IDI
k + Γ̄ rn

k + Γ̄ yn
k

)
(11)

with

Γ̄ES
k =

(MN −K)(sinc(θt)sinc(θr))
2

eδ
2
r−δ2t

,

Γ̄ IDI
k =

K∑
i 6=k

e2δ2t + e2δ2r − 2e(δ2t +δ2r )/2sinc(θt)sinc(θr)

(MN −K)−1MNψ2
2,iψ

−1
3,k,i

,

Γ̄ rn
k =

(sinc(θt)sinc(θr))
2σ2

rn

ρ1ψ4,ke
3δ2r−δ2t−2δ2S,t

(12)

and

Γ̄ yn
k =

σ2
ynψ1e

2δ2D,t

ρ2
, (13)

where Γ̄ES
k is the power of the effective signal, Γ̄ IDI

k denotes
the power of the IDI, Γ̄ rn

k is the power of the equivalent
received noise of the first communication phase, Γ̄ yn

k de-
notes the power of the equivalent received noise of the sec-
ond communication phase, ψ1 =

∑K
k=1(tr {Φg,k})−1MN ,

ψ2,k = (MN)−1tr {Φg,k}, ψ3,k,i = (MN)−1tr {Φg,kΦg,i}
and ψ4,k = (MN)−1tr {Φh,k}.

Proof: See Appendix A.
Based on Proposition 1, by considering a case with ideal

RF chains, i.e. δ2
t = δ2

r = δ2
S,r = δ2

S,t = δ2
D,r = δ2

D,t = 0 and
θr = θt = θS,r = θS,t = θD,r = θD,t = 0, the achievable rate
without the reciprocity mismatch is given by

Rideal
k = log

(
1 +

ρ1ρ2(MN −K)

ρ2σ2
rnψ
−1
4,k + ρ1σ2

ynψ1

)
, (14)

which is a benchmark of ergodic achievable rate of the relaying
system with ZF beamforming.

Although the achievable rates are derived in (11) and (14),
it is difficult to get significant insights from these expressions

directly. Hence, further impact analysis of the reciprocity
mismatch on the relaying system performance is discussed in
the next section.

B. Impact Analysis of the Mismatch

By comparing RL,k with Rideal
k , the performance loss can

be denoted as

∆Rk = Rideal
k −RL,k

(a)
≈ log

(
γIDI
k + γrn

k + γyn
k

)
, (15)

with

γIDI
k =

(e2δ2t + e2δ2r − 2e(δ2t +δ2t )/2sinc(θt)sinc(θr))e
δ2r−δ

2
t

ψ−1
5 (sinc(θt)sinc(θr))2(σ2

rnψ
−1
4,kρ

−1
1 + σ2

ynψ1ρ
−2
2 )

,

γrn
k =

σ2
rnψ
−1
4,kρ

−1
1 e2δ2S,t−2δ2t

(σ2
rnψ
−1
4,kρ

−1
1 + σ2

ynψ1ρ
−2
2 )

, (16)

γyn
k =

σ2
ynψ1ρ

−1
2 e2δ2D,t+δ

2
r−δ

2
t

(sinc(θt)sinc(θr))2(σ2
rnψ
−1
4,kρ

−1
1 + σ2

ynψ1ρ
−2
2 )

,

where (a) holds at the high SNR regime, i.e. ρ1 � σ2
rn and

ρ2 � σ2
yn, and ψ5 =

∑K
i 6=k ψ3,k,iψ

−2
2,i (MN − K)(MN)−1.

From (16), we find that the impacts of mismatches of sources
and destinations are correlated with the impact of the mis-
match in relays respectively. To obtain the several impacts of
reciprocity mismatches of sources, relays and destinations, we
consider three special cases as follows.

Impact of reciprocity mismatch of sources: By letting RF
chains of relays and destinations be ideal, i.e. δr = δt = δD,r =
δD,t = 0 and θr = θt = θD,r = θD,t = 0, the performance
loss ∆Rk can be rewritten as

∆Rk ≈ log

(
ρ2e

2δ2S,tσ2
rnψ
−1
4,k + ρ1σ

2
ynψ1

ρ2σ2
rnψ
−1
4,k + ρ1σ2

ynψ1

)
, (17)

which denotes the degradation of achievable rate only
caused by the RF gains of sources. In general, sources
are closer to relays than destinations [32], which indi-
cates (MN)−1tr {Φg,k} > (MN)−1tr {Φh,k}. Hence, when
K is large, ψ−1

4,k � ψ1, and then, (ρ2e
2δ2S,tσ2

rnψ
−1
4,k +

ρ1σ
2
ynψ1)/(ρ2σ

2
rnψ
−1
4,k + ρ1σ

2
ynψ1) ≈ 1, which implies the

performance loss ∆Rk is quite small. Moreover, the am-
plitudes of the RF gains of sources slightly degrade the
system performance by increasing the power of the equivalent
received noise of the first communication phase, but the phases
of the RF gains of sources do not affect the achievable rate.

Impact of reciprocity mismatch of relays: By letting
RF chains of sources and destinations be ideal, i.e. δS,r =
δS,t = δD,r = δD,t = 0 and θS,r = θS,t = θD,r =
θD,t = 0, the performance loss ∆Rk can be rewritten as
(18) at the bottom of this page, which denotes the perfor-
mance loss only resulting from the reciprocity mismatch of
relays, where ψ6 = [ρ2e

δ2t−3δ2r (sinc(θt)sinc(θr))
2σ2

rnψ
−1
4,k +

∆Rk ≈ log

(
ψ6 +

e2δ2r + e2δ2t − 2e(δ2t +δ2r )/2sinc(θt)sinc(θr)

(σ2
rn(ψ4,kρ1)−1 + σ2

ynψ1ρ
−1
2 )ψ−1

5

)
+ log

(
eδ

2
r−δ

2
t

(sinc(θt)sinc(θr))2

)
, (18)
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ρ1σ
2
ynψ1]/(ρ2σ

2
rnψ
−1
4,k + ρ1σ

2
ynψ1). According to (18), both

the amplitude mismatch and the phase mismatch of relays
result in IDI, which increases with transmit powers ρ1 and
ρ2 increasing. This indicates that the reciprocity mismatch of
relays causes the severe performance loss, especially at the
high SNR regime.

Impact of reciprocity mismatch of destinations: By
assuming that RF chain of sources and relays are ideal, i.e.
δr = δt = δS,r = δS,t = 0 and θr = θt = θS,r = θS,t = 0, the
performance loss ∆Rk can be rewritten as

∆Rk ≈ log

(
ρ2σ

2
rnψ
−1
4,k + ρ1e

2δ2D,tσ2
ynψ1

ρ2σ2
rnψ
−1
4,k + ρ1σ2

ynψ1

)
, (19)

which denotes the performance loss of achievable rate only
resulting from the mismatch at of destinations. When K is
large and ψ−1

4,k � ψ1, the performance loss term ∆Rk can be
further approximated as ∆Rk ≈ log(e2δ2D,t) = 2(ln 2)−1δ2

D,t.
Accordingly, the amplitude mismatch of destinations degrades
the system performance by increasing the powers of the
equivalent received noises of the second communication phase,
but the phases of RF gains do not affect the achievable rate.
Furthermore, as the variance δ2

D,t of the amplitude mismatch
is limited, the performance loss is limited as well.

Remark 1 (Mismatch at relays dominate impacts). In light
of the above analytical results, we find that the performance
loss ∆Rk resulting from the mismatch of relays increases
as the transmit power increase, while the performance losses
∆Rk caused by the mismatch of both sources and destinations
tend to be a constant. This implies that the performance loss
caused by the mismatch at the relay side is much larger than
the performance losses caused by the mismatch at the source
side and the destination side at the high transmit SNR regime.
Hence, the mismatch at the relay side dominates the impacts
on the system performance.

To further compare performance losses of the three cases
intuitively, an numerical example is given as follows. We
set MN = 256, K = 20, and suppose that amplitudes
of RF gains are distributed as {ln |t|, ln |r|} ∼ N (0, 0.05),
phases are distributed as {∠r,∠t} ∼ U(−0.1π, 0.1π), Φh,k =
Φg,k = IMN , σrn = σyn = 1, ρ1 = ρ2 = ρ. From
(17), the performance loss caused by the reciprocity mismatch
at the source side is about ∆Rk = 0.046 bits/s/Hz. Based
on (19), the performance loss resulting from the reciprocity
mismatch at the destination side is ∆Rk = 0.144 bits/s/Hz.
And according to (18), the performance loss caused by the
reciprocity mismatch of relays is ∆Rk = 3.85 bits/s/Hz when
ρ = 20 dB, and ∆Rk = 7.17 bits/s/Hz with ρ = 30 dB. Hence,
the performance loss resulting from the reciprocity mismatch
at the relay side is much larger than the performance loss
caused by the mismatch of sources and destinations, especially
at the high SNR regime.

IV. CALIBRATION FOR RELAYING SYSTEM

In this section, we first model the calibration coefficients of
the relaying system. To estimate the coefficients, a reciprocity
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Fig. 2. The two-stage calibration consists of the intra-calibration and inter-
calibration. The intra-calibration is based on the hardwares, and the inter-
calibration is based on the signal-space calibration.

calibration approach is proposed. After the calibration, the
system performance is investigated.

According to the analyses and comparisons in Section III-B,
the reciprocity mismatch at the relay side dominates the impact
on the system performance. Consequently, to compensate the
system performance loss and reduce the overhead of calibra-
tion, we propose a two-stage calibration approach for relays.
The two stages are intra-calibration and inter-calibration re-
spectively. The calibration coefficients also consist of the intra-
calibration coefficients and inter-calibration coefficients. The
calibration coefficients matrix Fm(m = 1, · · · ,M) of m-th
relay is given by

Fm = cmFiac
m = cmdiag(f iac

m,1, · · · , f iac
m,N ), (20)

where f iac
m,n denotes the intra-calibration coefficient of the n-

th antennas in the m-th relay and cm is the inter-calibration
coefficients of the m-th relay. When the first antenna in the
m-th relay is regarded as the reference of the intra-calibration,
f iac
m,n = αm

tm,n
rm,n

where αm =
rm,1
tm,1

. If the reference relay of
the inter-calibration is the Mref -th relay, cm =

αMref

αm
.

A. Intra-calibration Based on Hardware

To obtain the intra-calibration coefficients and to reduce
the signaling overhead of calibration, we present an intra-
calibration following the idea of the hardware-circuit calibra-
tion in [15], [16]. The hardware-circuit calibration requires
extra circuits to connect uncalibrated antennas, which is il-
lustrated in Fig. 2a. The intra-calibration is done in 3 steps
described as Algorithm 1.
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Algorithm 1 Intra-calibration of the relays
• Step 1 (Antenna self connection): SwA n(n =

1, · · · , N) connects spot a and spot b, and SwB n(n =
1, · · · , N) disconnects. The baseband of each antenna,
e.g., the n-th antenna, transmits a known signal piac

simultaneously. Assuming the gain of wires is 1, the
received signal is denoted as ysc

m,n = rm,ntm,np
iac+zsc

m,n,
where zsc

m,n denotes the thermal noise.
• Step 2 (Antenna parallel connection): SwA 1 holds the

connection, while SwA n(n = 2, · · · , N) disconnects,
and SwB n(n = 1, · · · , N) connects. The baseband of
the first antenna transmit the signal piac to other antennas,
the received signal at the baseband of the n-th antenna is
given as ypc

m,n = tm,1rm,np
iac + zpc

m,n, where zpc
m,n is the

thermal noise.
• Step 3 (Coefficients calculation): The intra-calibration

coefficients is computed as f̂ iac
m,n = ysc

m,ny
sc
m,1/(y

pc
m,n)2.

Since the SNR of the calibration signals is usually high,
the estimating error is small, and hence, f̂ iac

m,n ≈ f iac
m,n.

Since the signaling overhead is expressed by the number
of the slots for transmitting calibration signals, the overhead
of the intra-calibration is 2. Additionally, the computational
complexity mainly results from plenty of multiplications.
Because calculating each intra-calibration coefficient requires
3 multiplications, the asymptotic computational complexity of
the intra-calibration is O(N).

B. Inter-calibration Based on Space Signals

To obtain the inter-calibration coefficients, the calibration
requires uncalibrated relays to communicate with the ref-
erence. This indicates that only the signal-space calibration
can be deployed for the inter-calibration. However, during
the signal-sapace calibration, fading channels and additive
noises severely degrade the SNR of calibration signals. Multi-
node systems use codebooks to improve SNR [33]. Hence,
we propose a signal-space calibration based on a classical
codebook, i.e., DFT codebook [34]. Moreover, to avoid the
overhead of CSI feedback, the local ZF beamforming can be
used for the channel pre-equalization. As shown in Fig. 2b,
the inter-calibration is done in 6 steps and can be described
as Algorithm 2.

Algorithm 2 Inter-calibration of the relays

• Step 1 (Pilots broadcasting from reference): We regard
the M -th relay as the reference relay, where the number
of the antennas that participating in the inter-calibration
is Q(1 ≤ Q ≤ N). The antennas broadcast the pilots
whose power is ρc to the uncalibrated relays in turn.

• Step 2 (Channel estimation at relays): Each uncali-
brated relay, i.e, m-th relay, estimates the channel by
LS method as Ω̂DL,m =

√
φm,MRmΩmTM + Z̃DL,m,

where TM = diag(tM,1, · · · , tM,N ), Ωm is the wireless
channel, φm,M denotes the large-scale path loss between
the reference and m-th relay, and Z̃DL,m is the estimation
error with each entry distributed as CN (0, σ2

z/ρc). Then,

the estimated CSI is calibrated by the intra-calibration
matrix F̂iac

m , and the equivalent CSI after intra-calibration
is denoted as

Ω̄m = F̂iac
m Ω̂DL,m = Ωiac

m + Z̃iac
m , (21)

where Ωiac
m =

√
φm,MαmTmΩmTM with Tm =

diag(tm,1, · · · , tm,N ) and Z̃iac
m = F̂iac

m Z̃DL,m.
• Step 3 (Compute beamforming matrix and power

scalar): The local ZF beamforming matrix of m-th relay
is denoted as Γm = Ω̄∗m(Ω̄T

mΩ̄∗m)−1. Then, the power
control scalar ς = minm

{
1/tr(ΓHmΓm)

}
is determined

by [35, Aglorithm 2].
• Step 4 (Transmit calibration signals concurrently): Let
p(m,u) = e−j

2π
M−1 (m−1)(u−1)(u = 1, · · · ,M−1) denote

the DFT codebook of the m-th relay during the u-th
transmission. And the calibration signal vector during the
u-th transmission is given as xm(u) =

√
ηΓm1Qp(m,u),

where η = ρcς , 1Q = [1, · · · , 1]T ∈ RQ. After the relays
transmit the calibration signals concurrently, the received
calibration signal during the u-th(u = 1, · · · ,M − 1)
transmission at the reference is given as

Sp(u) = bTr

M−1∑
m=1

ΩUL,mxm(u) + bTr zUL(u), (22)

where br = 1
Q
√
η F̂iac

M 1Q is the receive vector, ΩUL,m =√
φm,MRMΩT

mTm denotes the channel from the m-th
relay to the reference and zUL(u) is the complex AWGN
with each entry distributed as CN (0, σ2

z).
• Step 5 (Inter-calibration coefficients estimation): After

the uncalibrated relays transmit M − 1 times calibration
signals to the reference, the inter-calibration coefficients
can be estimated at the reference based on the received
signals by Proposition 2.

• Step 6 (Feedback the calibration coefficients): The
reference transmits the calibration coefficients to the
relays.

Proposition 2 (Calibration coefficients estimation). Based on
the received signals at the reference, the calibration coefficients
vector can be computed by

ĉ = A−1sp, (23)

where sp = [Sp(1), · · · , Sp(M−1)]T and A−1 is a M−1 by
M−1 matrix with the entry [A]n̄,k̄ = e−j

2π
M−1 (n̄−1)(k̄−1)(n̄ =

1, · · · ,M − 1, k̄ = 1, · · · ,M − 1).

Proof: See Appendix B.
From (23), we find that the matrix A is the M − 1 point

DFT matrix. Hence, the inter-calibration coefficients can be
computed by the inverse fast Fourier transform (IFFT) of sp

as ĉ = (M − 1)IFFT{sp}. The computational complexity of
the M−1 point IFFT is 1

2 (M−1) log(M−1), which is much
smaller than that of computing the inverse matrix.

According to (20), the calibration coefficient cm(m =
1, · · · ,M − 1) is a ratio as cm = αref/αm, where αref

is the actual inter-calibration coefficient of the reference.
Hence, when the M -th relay is set to the reference, the inter-
calibration coefficient cM is 1 since cM = αM/αM = 1.
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Remark 2 (Overhead of the inter-calibration). The total
signaling overhead consists of over-the-air signaling overhead
and backhaul signaling overhead. Since the antennas of the
reference broadcast pilots in turn and the uncalibrated relays
transmit signals whose length is M − 1 to the reference
concurrently, the over-the-air signaling is given by Q+M−1.
The overhead of determining the power scalar ς is a constant
related to the bit width L of the quantization and is denoted
as L + 2 [35]. Because the reference relay feeds back the
estimated calibration coefficients to other relays, the backhaul
overhead is denoted as M − 1. Hence, the overhead of the
inter-calibration is given as 2(M − 1) +Q+ L+ 2, which is
linearly proportional to the number M of the relays.

Remark 3 (Computational complexity of the inter-calibra-
tion). Each uncalibrated relay requires QN multiplications
to calculate the equivalent CSI Ω̄m, and (M − 1)NQ +
2Q2N + 1

3Q
3 multiplications to calculate the transmit signal

xm(u)(u = 1, · · · ,M − 1). Then, the asymptotic computa-
tional complexity at each relay is O(MNQ + Q2N + Q3).
At the reference, the times of multiplications is 1

2 (M −
1) log[(M − 1)] due to computing the calibration coef-
ficients by the IFFT. Similarly, the asymptotic complex-
ity is given as O(M logM). Hence, the asymptotic com-
putational complexity of the inter-calibration is given as
max

{
O(MNQ+Q2N +Q3),O(M logM)

}
.

C. Performance Analysis of the Reciprocity Calibration

According to Proposition 2, the estimated inter-calibration
coefficients vector is denoted as

ĉ = c + e, (24)

with the estimation errors of the inter-calibration co-
efficients denoted as e = A−1z̃UL − Υc , where
z̃UL = [bTr zUL(1), · · · ,bTr zUL(M − 1)]T and Υ =
diag(τ1, · · · , τM−1) with τm = Q−11TQ(Z̃iac

m )TΓm1Q. Based
on (20), the channel of m-th relay after the reciprocity
calibration is denoted as

F̂m = ĉmF̂iac
m = (cm + em)Fiac

m , (25)

where em(m = 1, · · · ,M − 1) is the m-th entry of e and
eM = 0. After reciprocity calibration, the equivalent channel
is denoted as Ḡ = F̂GUL, where F̂ = diag(F̂1, · · · , F̂M ).
Then, by substituting the equivalent channel into the beam-
forming matrix, the achievable rate after the reciprocity cali-
bration is given as follows.

Proposition 3 (Achievable rate after calibration). With as-
sumption that N and Q are large, a lower bound of the
achievable rate can be given by

Rcal
L,k = log

(
1 +

Γ̄ES
cal,k

Γ̄ IDI
cal,k + Γ̄ rn

cal,k + Γ̄ yn
cal,k

)
(26)

with

Γ̄ES
cal,k =

(MN −K)e2δ2t |1− λτ |2

1 + λτ2 − λτ + e2δ2t +2δ2r λñ
,

Γ̄ IDI
cal,k =

K∑
i 6=k

(MN −K)(λτ2 + e2δ2t +2δ2r λñ)

MN(e2δ2tψ3,k,i)−1ψ2
2,i

,

Γ̄ rn
cal,k =

|1− λτ |2e2δ2S,tψ−1
4,kσ

2
rn

ρ1(1 + λτ2 − λτ + e2δ2t +2δ2r λñ)

(27)

and

Γ̄ yn
cal,k =

e2δ2D,tψ1σ
2
yn

ρ2
, (28)

where λτ = 1
M−1

∑M−1
m=1 1/[ρcφm,M/(σ

2
ze

2δ2t +2δ2r ) + 1],
λτ2 = 1

M−1

∑M−1
m=1 1/[ρcφm,M/(σ

2
ze

2δ2t +2δ2r ) + 1]2 and λñ =

σ2
ze

2δ2r−2δ2t minm{φM,m}/[ρc(M − 1)(N −Q+ 1)].

Proof: See Appendix C.

Remark 4 (Calibration gain). According to Rcal
L,k in (26) and

the achievable rate Rk in (11), the calibration gain at the high
SNR regime is approximated as

Gcal
k =Rcal

L,k −RL,k

≈ log

(
(ε1 + ε2ρ

−1
1 + ε3ρ

−1
2 )ε5

ε4ρ
−1
c + ε2ρ

−1
1 + ε3ρ

−1
2

)
,

(29)

where ε1 = Γ̄ IDI
k , ε2 = e2δ2S,tσ2

rnψ
−1
4,k, ε3 =

σ2
ynψ1e

2δ2D,t , ε4 = (MN−K) minm{φM,m

∑K
i6=k ψ3,k,i[(M−

1)(N − Q + 1)ψ2
2,i]
−1}(MN)−1e4δ2t +2δ2r σ2

z and ε5 =

eδ
2
t +δ2r (sinc(θt)sinc(θr))

−2. From (29), the calibration gain
increases when the SNRs of both the transmit signals and
the calibration signals increase. Hence, if ρc, ρ1 and ρ2 are
large enough, the calibration gain Gc > 0. It also implies that,
at the high SNR regime, the reciprocity calibration is more
necessary to compensate the system performance loss caused
by the reciprocity mismatch.

By comparing Rcal
k with Rideal

k in (14), we find that the
imperfect calibration can not compensate the performance
degradation completely because of the estimation errors of the
calibration coefficients. At high SNR regime, the performance
loss of imperfect calibration is approximated as

∆Rcal
k = Rideal

k −Rcal
L,k

≈ log

(
µ1 +

ρ1ρ2µ2 (ρc − µ3)
−1

σ2
rnρ2ψ

−1
4,k + σ2

ynψ1ρ1

)
,

(30)

where µ1 = e2δ2D,t , µ2 = minm{φM,m}(MN −
K)σ2

ze
2δ2t +2δ2r

∑K
i 6=k ψ3,k,i[MN(M − 1)(N −Q+ 1)ψ2

2,i]
−1

and µ3 = 2σ2
ze

2δ2t +2δ2r 1
M−1

∑M−1
m=1 φm,M . According to (30),

∆Rcal
k decreases as the calibration SNR ρc/σ

2
z increases, but

increases with the transmit SNR increasing, which implies that
the calibration requires higher calibration SNR at the higher
transmit SNR regime.

Further, the location of the reference has impact on the
large-scale path loss φm,Mref

between the uncalibrated relays
and the reference relay, where Mref is the index of the
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reference. Further, φm,Mref
determines τm and the power

scalar ς , which affect the performance after calibration. Ac-
cordingly, the reference can be determined by minimizing the
performance loss ∆Rcal

k .

Proposition 4 (Selection of the inter-calibration reference).
When the positions of all relays are known globally, the
reference relay can be selected by

Mref = arg min
o

{
maxm

{
dξm,o

}
v1 − 1

M

∑M
m=1 d

ξ
m,o

}
, o = 1, · · · ,M,

(31)
where v1 = ζρc/(2σ

2
ze

2δ2t +2δ2r ) denoting a constant unrelated
to the reference, ζ is the median of the mean path gain at 1
km, dm,o is the distance between the node m and the node o,
and ξ is the path loss exponent.

Proof: The reference can be determined by minimizing
the performance loss as Mref = arg min

{
∆Rcal

k

}
. Since only

µ2 and µ3 in ∆Rcal
k are related to the large-scale path loss,

the equivalent express can be denoted as

Mref = arg min

{
µ2

ρc − µ3

}
. (32)

The path loss gain can be modeled as φm,o = ζd−ξm,o, where
ζ is the median of the mean path gain at 1 km, dm,o is the
distance between node m and node o, ξ is the path loss ex-
ponent [36]. By substituting φm,o into (32) and separating the
multiplicative constants, the reference of the inter-calibration
is determined by (31).

As relays know the positions of each other as well as the
parameters of the large-scale path loss, the reference can be
determined by the numerical computation of (31).

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, we use Monte Carlo simulations with the
average of 10000 independent channel and mismatch realiza-
tions to investigate the impact of the reciprocity mismatch on
the system performance and to verify the theoretical analysis
in Section III. The proposed two-stage calibration in Section
IV is also verified by simulation compared with a previous
work.

The system parameters for simulations are set as follows.
A relaying system consisting of M = 16 relays and K = 20
S-D pairs is considered. Each relay is equipped with N = 20
antennas. The cell radius is normalized to 1 and the minimum
distance between any two nodes is set to 0.01 [36]. In the
simulation, the path loss between the k-th source and m-th
relay is modeled as φh,m,k = ζd−ξh,m,k, where ζ is the median
of the mean path gain at 1 km, dh,m,k is the distance between
the source k and the relay m, and ξ is the path loss exponent
[36]. Similarly, the path loss between the m-th relay and k-th
destination can be given by φg,m,k = ζd−ξg,m,k, where dg,m,k

is the distance between the relay m and the destination k. We
set the path loss exponent ξ to be 4 and assume parameter
ζ to be 1. The amplitudes of all RF gains are distributed as
{ln |r|, ln |t|} ∼ N (0, δ2) and the phases of all RF gains are
distributed as {∠r,∠t} ∼ U(−θ, θ). In simulations, we set
that σ2

rn = σ2
yn = σ2

z = 1, and ρt = ρ1 = ρ2 denoting the
downlink transmit SNR, and ρc denotes the calibration SNR.
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Fig. 3. Normalized sum rate with the reciprocity mismatch at relay side,
destinations and sources respectively, ρt = 10 dB.

A. Impact of the Reciprocity Mismatch

To facilitate analysis, we define the normalized sum rate
as RN = (

∑K
k=1Rk)/(

∑K
k=1R

ideal
k ) for every S-D pair.

The impact of the amplitudes mismatch of the RF gains is
illustrated in Fig. 3a for different δ2 with the downlink transmit
SNR ρt = 10 dB. From the figure, it can be seen that the
achievable rates generally decrease with the increase in the
variance at the relay side and the destination side, but the
rate remains the constant as the amplitude variance of the RF
gains at the source side increases. Compared with the ideal
performance, the loss of the achievable rate is more than 25%
when the amplitude variance at the relays is 0.1 and is up to
40% when the amplitude variance is 0.2. The performance loss
is around 4% and 7% of the ideal case when the variance at
the destinations is 0.1 and 0.2, respectively. Hence, the impact
of the amplitude mismatch at relay side is much more severe
than those of sources and destinations, which is consistent with
the theoretical analysis in (17), (19), and (18).

The impact of the phase mismatch of the RF gain is
illustrated in Fig. 3b versus the scale θ of the phase with
downlink transmit SNR ρt = 10 dB. With the increase in θ of
relays, the achievable rate decreases fast and almost linearly.
When θ = π/6 of the RF gains of relays, the achievable rate is
about 75% of the ideal rate. And when θ = π/2 at the relays,
the rate drops to about 20% of the ideal case, which indicates
that the degradation is so large. Additionally, the phases of
the RF gains of sources and destinations do not affect the
performance of the relaying system.

For illustrating the impact of the transmit SNR on the
performance loss, we define the average performance loss as
∆R̄ = 1

K

∑K=1
k=1 ∆Rk. Fig. 4 shows the average performance

loss of the achievable rate versus downlink transmit SNR ρt
in three different cases. From the illustration, it is found that
the performance loss resulting from the reciprocity mismatch
at the relay side increases when the downlink transmit SNR
ρt increases, and it also increases almost linearly at the high
SNR regime. The simulation result verifies the theoretical
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analysis in (18). Additionally, the performance loss caused by
the mismatch at destination side is unrelated to transmit SNR.
Consequently, as analyzed in Remark 1, the performance loss
caused by the reciprocity mismatch of relays is much more
severe than those caused by the mismatch of both sources and
destinations, especially at the high SNR regime. As a result,
it is essential for reciprocity calibration at the relay side.

Finally, we illustrate how the number of S-D pairs and the
number of antennas in each relay affect the average achievable
rate of the relaying system. Fig. 5 shows that the achievable
rate decreases with the number K of S-D pairs increasing. This
is because the power allocated to each user decreasing with the
increasing of K, while the multiplexing gain of the cooperative
relaying system increases, which can be analytically concluded
from (11). Moreover, the figure also demonstrates that the
achievable rate increases slowly with the increase of antennas,
which implies that the system where relays are equipped with
more antennas is more robust to the reciprocity mismatch. This
is because increasing the antennas of relays leads to a good
condition number of the channel matrix, hence, achieves larger
antenna array gain.

B. Calibration Performance

The variance of the amplitudes of RF gains is set to δ2 = 0.1
and the phases scale of the RF gains is set to θ = π/6. The
number of the antennas in the inter-calibration reference is set
to Q = N/2 = 10. And we assume that the bit width of the
power scalar ς is L = 32. For illustrating the effectiveness
of the two-stage calibration approach proposed in this paper,
we compare it with the existing work in [27]. The calibration
approach is called hierarchical calibration proposed for the
distributed MIMO, where BSs are distributed and similar to
relays. The hierarchical calibration reduces the overhead and
computational complexity of the reciprocity calibration to a
certain degree, but it does not deal with fading channels and
noises.
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Fig. 6. Average achievable rate after the reciprocity calibration versus the
calibration SNR ρc. The parameters of the RF gains are δ2 = 0.1 and θ =
π/6, while the downlink transmit SNR ρt = 10 dB and ρt = 20 dB.

Firstly, we compare the overhead and the computational
complexity by numerical results. The overhead and the com-
plexity of hierarchical calibration can be given by 2560 and
33600, respectively. For the proposed two-stage calibration,
the signaling overhead and computational complexity are 73
and 6200, respectively. Hence, both the overhead and the
computational complexity of the two-stage calibration is less
than those of the hierarchical calibration. This implies the
proposed two-stage calibration further reduce the overhead and
computational complexity of the reciprocity calibration.

To show the performance of the calibration approaches,
we define the average achievable rate as R̄ = 1

K

∑K
k=1Rk.

The average achievable rate after the reciprocity calibration is
illustrated in Fig. 6 versus calibration SNR ρc with downlink
transmit SNR ρt being 10 dB and 20 dB. From the illustration,
the achievable rates of both the two-stage calibration and the
hierarchical calibration increase with the increase in calibra-
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Fig. 7. Average performance loss after the reciprocity calibration versus the
calibration SNR ρc. The parameters of the RF gains are δ2 = 0.1 and θ =
π/6, while the downlink transmit SNR ρt = 10 dB, ρt = 20 dB and ρt = 30
dB.

tion SNR. At the low SNR regime, the achievable rate of the
two-stage calibration increases faster than that of the hierar-
chical calibration. And when the achievable rate approaches to
the perfection, the two-stage calibration requires lower SNR
than the hierarchical calibration. Moreover, compared with
the case where the downlink transmit SNR ρt = 10 dB, the
higher SNR case requires lower calibration SNR to achieve
the same system performance, which implies that both the
downlink transmit SNR and the calibration SNR contribute
to the improvement of the system performance. This result
is consistent to the theoretical analysis in (29). Also, the
proposed two-stage calibration needs lower SNR to achieve
the same performance, especially at the lower SNR regime.

Fig. 7 illustrates the average performance loss versus cali-
bration SNR with downlink transmission SNR ρc set to 10 dB,
20 dB and 30 dB. As seen from the figure, the performance
loss after the reciprocity calibration decreases as calibration
SNR ρc increases, and it approaches to a lower bound when
ρc is large. In contrast, when calibration SNR is fixed, the
performance loss increases with downlink transmit SNR ρt
increasing. When the performance loss approaches to the lower
bound, the case with ρt = 20 dB requires higher SNR than the
case where ρt = 10 dB. Similarly, the scenario with ρt = 30
dB requires higher SNR than the case with ρt = 20 dB. Hence,
consistent with the theoretical results in (30), the system with
the higher transmit SNR requires higher calibration SNR to
compensate the performance loss caused by the reciprocity
mismatch.

The performance loss due to calibration errors is illustrated
in Fig. 8 versus difference mismatch parameters with data
transmission SNR ρt = 20 dB. From the figure, it is seen that
the performance loss increases with the amplitude mismatch
parameter δ2 increasing, which implies the system with severer
hardware imperfection requires more power to compensate
the performance loss caused by the hardware imperfection.
In contrast, the performance is hardly influenced by the phase

-10 -5 0 5 10 15 20 25 30

c
 (dB)

0

2

4

6

8

10

12

A
v
er

ag
e 

p
er

fo
rm

an
ce

 l
o
ss

 (
b
it

s/
s/

H
z/

u
se

r)

=0.05, = /12

=0.05, = /6

=0.1, = /6

=0.15, = /6

Two-stage

Method in [2 ]

Fig. 8. Average performance loss after the reciprocity calibration versus the
calibration SNR ρc and mismatch parameters δ2 and θ. The SNR ρt of data
transmission is set to 20 dB.
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Fig. 9. Average achievable rate with calibration errors versus the number of S-
D pairs K. The number of relays is M = 16. And the powers of transmission
and calibration are set to ρt = 20 dB and ρd = 20 dB respectively.

mismatch parameter θ. This is because the error of imperfect
calibration is unrelated to the phase range .

Finally, Fig. 9 demonstrates the average achievable rate after
calibration with different number K of S-D pairs and antennas
number N of each relay. Both the transmission power ρt

and calibration power ρd are set to 20 dB. The number Q
of antennas of the inter-calibration reference relay is set to
Q = N/2. From the figure, it is seen that the achievable rate of
per S-D pair decreases with the number of S-D pairs increasing
and increases with the increase of number of antennas in the
relays. And we also find that the performance gap between
two-stage calibration and the method in [27] becomes wider
when the number of antennas in each relay becomes larger.
This is because more antennas can be used to inter-calibration
with the increase of antennas of each relay in the proposed
two-stage calibration, but the calibration approach in [27] only
uses part of antennas in the calibration to avoid large overhead
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of the CSI feedback.

VI. CONCLUSIONS

In this paper, we have studied the reciprocity mismatch of
the relaying system, including the impact analysis and the
reciprocity calibration. By considering RF gains as the multi-
plicative uncertainties in the channel matrix, we have derived
the closed-form of the achievable rate with the reciprocity mis-
match at first. And the performance losses resulting from the
mismatch at the source side, the relay side and the destination
side have been investigated as well. The analytical results
demonstrated that the mismatch at the relay side severely
degrade the system performance, but the mismatch of sources
and destinations causes the slight impact. Then, we proposed
a two-stage reciprocity calibration approach for the relaying
system to calibrate relays. After operating the reciprocity
calibration, the closed-form expression of the achievable rate
with the estimation errors of calibration coefficients has been
derived, and it showed that the imperfect calibration could not
cancel IDI completely. Finally, we derived the calibration gain
by comparing the performance before and after calibration,
which demonstrated that the proposed calibration significantly
improved the system performance.

APPENDIX A
PROOF OF PROPOSITION 1

A. Derivation of β

By substituting the received signals at relays into the
normalization scalar β of the beamforming matrix, the de-
nominator of β is further written as

E
{
‖WGWHxR‖2

}
= ρ1E

{
‖WGxS‖2

}
+

E
{
‖WGWHnR‖2

}
.

(33)

Then, the addends are derived as follows respectively.

E
{
‖WGxS‖2

}
=E

{
tr
[
(TSGRR∗GHT∗S)−1

]}
=tr

{
(TST∗S)−1E

[
(GRR∗GH)−1

]}
.

(34)

The distribution of GRR∗GH can be approximated as
W( 1

MN

∑M
m=1

∑N
n=1 Σm,n,K,MN) [8], where

Σm,n = |rm,n|2diag(φg,m,1, · · · , φg,m,K). (35)

Hence, (GRR∗GH)−1 is inverse Wishart distribution, and
(34) can be approximated as

E
{
‖WGxS‖2

}
(a)
=
MNtr

{
(TST∗S

∑M
m=1

∑N
n=1 Σm,n)−1

}
MN −K

(b)
=
MNE

{
|tD,k|−2

}∑K
k=1(tr {Φg,k})−1

(MN −K)E {|rm,n|2}
,

(36)

where (a) holds due to E
{

(GRR∗GH)−1
}

≈
MN(

∑M
m=1

∑N
n=1 Σm,n)−1

MN−K and (b) is due to Law of Large
Numbers (LLN) when MN and K are large [10], [24].

Similarly, the second addend in (33) is approximated as

E
{
‖WGWHnR‖2

}
(c)
=σ2

rntr
{
E
[
(GT

ULG∗UL)−1
]
E
[
(HT

DLH∗DL)−1
]}

(d)
=

∑K
k=1(|tD,ktS,k|2tr {Φg,kR

∗R} tr {Φh,kR
∗R})−1

(MN −K)2(MNσrn)−2

(e)
=

E
{
|tD,ktS,k|−2

}∑K
k=1(tr {Φg,k} tr {Φh,k})−1

((MN −K)E {|rm,n|2})2(MNσrn)−2
,

(37)

where (c) is obtained due to the independence between
channels HDL and channels GUL , (d) follows (36) since
both (GRR∗GH)−1 and (HRR∗HH)−1 are inverse Wishart
distribution, and (e) is due to LLN.

According to (36) and (37), the following equalities can be
obtained as E

{
‖WGWHn‖2

}
� 1 and E

{
‖WGxH‖2

}
�

E
{
‖WGWHn‖2

}
, when MN is much large than K. Hence,

compared with E
{
‖WGxH‖2

}
, E

{
‖WGWHn‖2

}
is too

small to be ignored. Accordingly, by substituting the (36) into
(33), the normalization factor is approximated as

β ≈
(MN −K)E

{
|rm,n|2

}
ρ1MN

∑K
k=1(tr {Φg,k})−1E {|tD,k|−2}

. (38)

B. Derivations of |bk,k|2 and |bk,i|2

By substituting the beamforming matrix W into the sec-
ond communication phase, the effective channel bk,i(i =
1, · · · ,K) of the k-th destination is denoted as

bk,i =
√
ρ2βgDL,k[G∗UL(GT

ULG∗UL)−1]·i. (39)

When MN is large, (GT
ULG∗UL)−1 can be approximated as

a diagonal matrix in the following form [8](
GT

ULG∗UL

)−1

=
(
TDGTRR∗G∗T∗D

)−1

=
diag

(
(|tD,1|2ψ2,1)−1, · · · , (|tD,K |2ψ2,K)−1

)
MNE {|rm,n|2}

,

(40)

where ψ2,k = (MN)−1tr {Φg,k}.
Then, we have

|bk,k|2 = ρ2|gDL,k[G∗UL(GT
ULG∗UL)−1]·k|2

=
ρ2β|rD,k|2|gkTR∗gHk |2

|tD,kE {|rm,n|2}ψ2,k|2

(a)
=

ρ2β|E
{
tm,nr

∗
m,n

}
ψ2,krD,k|2

|E {|rm,n|2}ψ2,ktD,k|2

(b)
≈
ρ2(MN −K)|E

{
tm,nr

∗
m,n

}
|2

ρ1E {|rm,n|2}ψ1E {|tD,k|−2}
,

(41)

where (a) follows because gkTR∗gHk tends to be
E
{
tm,nr

∗
m,n

}
tr {Φg,k} when MN is large and (b) holds due

to |tD,k|2/|rD,k|2 ≈ 1 when the amplitude mismatch is small.
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Similarly, |bk,i|2(i 6= k) can be given as

|bk,i|2 =ρ2β|gDL,k[G∗UL(GT
ULG∗UL)−1]·i|2

(c)
=
ρ2β|gk(T−R)R∗gHi |2(MN)−1

(E {|rm,n|2})2ψ2
2,i|rD,k|−2|tD,i|2

(d)
=
ρ2βE

{
|tm,n − rm,n|2

}
ψ3,k,i|rD,k|2

MNE {|rm,n|2}ψ2
2,i|tD,i|2

(e)
≈
ρ2(MN −K)E

{
|tm,n − rm,n|2

}
ψ3,k,i

ρ1MNψ1ψ2
2,iE {|tD,k|−2}

,

(42)

where ψ3,k,i = (MN)−1tr {Φg,kΦg,i}, (c) is
due to gkT[R∗G∗(GRR∗G)−1]·i = gk(T −
R)[R∗G∗(GRR∗G)−1]·i, (d) is obtained due to the
independence between gk and gi(i 6= k) and (e) holds due
to |rD,k|2/|tD,i|2 ≈ 1 when the amplitude mismatch is small.

C. Derivation of the Power of Received Noises

By substituting the beamforming matrix W into (8),
‖gDL,kW‖2 is further derived as

‖gDL,kW‖2

=ρ2β ‖gDL,kWGWH‖2

=ρ2βgDL,kWG(HH
DLHDL)−1WH

G gDL,k
H

(a)
=ρ2β

gDL,kWG(TST∗S)−1WH
G gDL,k

H

ψ1ψ6,k

(b)
=

∑K
i=1 |bk,i|2|tS,i|−2

(MN −K)E {|rm,n|2}ψ4,k
,

(43)

where ψ4,k = 1
MN tr {Φh,k}, (a) follows because of (35)

and the independence between GDL and HDL, and (b) holds
according to (38), (40), (41), and (42).

Since the large-scale path loss is always large than 0 and
MN is large, ψ2

2,i � ψ3,k,i and (MN−K)/(MN)�MN−
K. Hence, |bk,k|2 � |bk,i|2. Then, it is approximated as

‖gDL,kW‖2 ≈
|bk,k|2|tS,k|−2

(MN −K)E {|rm,n|2}ψ4,k

=
ρ2|E

{
tm,nr

∗
m,n

}
|2|tS,k|−2

ρ1ψ1ψ4,k(E {|rm,n|2})2E {|tD,k|−2}
.

(44)

D. Achievable Rate

By substituting (41), (42) and (44) into (10), the closed-form
of the SINR at the k-th destination can be given as

γk =
ΓES
k

Γ IDI
k + Γ rn

k + Γ yn
k

, (45)

where

ΓES
k =

(MN −K)|E
{
tm,nr

∗
m,n

}
|2

E {|rm,n|2}
,

Γ IDI
k =

K∑
i 6=k

(MN −K)E
{
|tm,n − rm,n|2

}
MNψ2

2,iψ
−1
3,k,i

,

Γ rn
k =

|E
{
tm,nr

∗
m,n

}
|2σ2

rn

ρ1(E {|rm,n|2})2ψ4,k|tS,k|2
,

(46)

and

Γ yn
k =

σ2
ynψ1E

{
|tD,k|−2

}
ρ2

. (47)

According to E
{

log
(
1 + 1

x

)}
≥ log

(
1 + 1

E{x}

)
, a lower

bound of the achievable rate at the k-th S-D pair defined in
(9) can be given as

Rk ≥ log

(
1 +

ΓES
k

E
{
Γ IDI
k + Γ rn

k + Γ yn
k

})

= log

(
1 +

Γ̄ES
k

Γ̄ IDI
k + Γ̄ rn

k + Γ̄ yn
k

)
,

(48)

where Γ̄ES
k = ΓES

k , Γ̄ IDI
k = Γ IDI

k , Γ̄ yn
k = Γ yn

k and

Γ̄ rn
k =

|E
{
tm,nr

∗
m,n

}
|2E
{
|tS,k|−2

}
σ2

rn

(E {|rm,n|2})2ψ4,kρ1
. (49)

Lastly, by exploiting the statistic properties of RF gains
[24], the lower bound of the achievable rate with reciprocity
mismatch is denoted in Proposition 1.

APPENDIX B
PROOF OF PROPOSITION 2

According to (21), Ωiac
DL,m = Ω̄m − Z̃iac

m . By substituting
Ωiac

DL,m into the calibration signal xm(u)(m = 1, · · · ,M −
1, u = 1, · · · ,M − 1), we have

bTr ΩUL,mxm(u) =
1
√
ηQ

1TQF̂iac
M ΩUL,mxm(u)

=
cm√
ηQ

1TQ(Ω̄m − Z̃iac
m )Txm(u)

= cm(1− τm)p(m,u),

(50)

where τm = 1
Q1TQ(Z̃iac

m )TΓm1Q.
Hence, the received signal (22) at the reference can be

further denoted as

Sp(u) =

M−1∑
m=1

cm(1− τm)p(m,u) + bTr zUL(u)

=

M−1∑
m=1

cme
−j 2π

M−1 (u−1)(m−1) + z̃(u),

(51)

where z̃(u) = bTr zUL(u)−
∑M−1
m=1 cmτme

−j 2π
M−1 (u−1)(m−1).

Then, by defining some vectors as c = [c1, · · · , cM−1]T ,
z̃ = [z̃(1), · · · , z̃(M−1)], and sp = [Sp(1), · · · , Sp(M−1)]T ,
the received signals vector is given as

sp = AM−1c + z̃, (52)

where AM−1 is a M − 1 by M − 1 matrix with the entry
[AM−1]m,u = p(m,u)(m = 1, · · · ,M − 1, u = 1, · · · ,M −
1). According to the approach of solving the matrix equation
in [37], the coefficients can be estimated by LS algorithm.
Since AM−1 is full rank, the inter-calibration coefficients can
be computed by

ĉ = A−1
M−1sp. (53)

It completes the proof of Proposition 2.
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APPENDIX C
PROOF OF PROPOSITION 3

A. Property of Υ

According to the equivalent channel after intra-calibration
in (21), τm(m = 1, · · · ,M − 1) can be further denoted as
τm = 1 − τ−m with τ−m = 1

Q1TQ(Ωiac
m )TΓm1Q. Since N is

large and Ωiac
m is independent with Z̃iac

m , τ−m can be further
denoted as

τ−m =
1

Q

Q∑
q=1

ρcφm,M |tM,q|2

E {|rm,n|−2}σ2
z + ρcφm,M |tM,q|2

(a)
= E

{
ρcφm,M |tM,q|2

E {|rm,n|−2}σ2
z + ρcφm,M |tM,q|2

}
(b)

≥ ρcφm,M
E {|rm,ntM,q|−2}σ2

z + ρcφm,M
,

(54)

where (a) follows due to LLN and (b) is due to the Jensen’s
inequality as E {1/(1 + x)} ≥ 1/(1 + E {x}). When the
amplitude mismatch is small, τm can be approximated as

τm ≈
σ2
zE
{
|rm,ntM,q|−2

}
σ2
zE {|rm,ntM,q|−2}+ ρcφm,M

=
σ2
ze

2δ2r +2δ2t

σ2
ze

2δ2r +2δ2t + ρcφm,M
.

(55)

Hence, when N and Q are large, τm tends to be a constant,
which is unrelated to cm.

B. Property of ñ = A−1z̃UL

Since entries of A(U) are constant, the mean of ñ can be
given as

E {ñ} = A−1E {z̃UL} = 0. (56)

And the variance of ñ can be denoted as

var {ñ} = E
{
A−1z̃ULz̃HULA−H

}
=
|αM |2E

{
|tM,qr

−1
M,q|2

}
σ2
z

(M − 1)ρcQς
IM−1.

(57)

When N is large, ς tends to be a constant as

ς
(36)
≈

(E
{
|tm,n|2

}
)2

(N −Q+ 1)−1Q
min
m
{φM,m}. (58)

Then, as the mismatch is slight, it is further denoted as

var {ñ} ≈ |αM |2λñIM−1, (59)

with

λñ =
σ2
ze

2δ2r−2δ2t minm{φM,m}
ρc(M − 1)(N −Q+ 1)

. (60)

C. Achievable Rate After Calibration

Same as Appendix A, by substituting the equivalent channel
Ḡ into the beamforming matrix W, |bcal

k,k|2, |bcal
k,i|2 and the

power of equivalent noises can be denoted as

|bcal
k,k|2 =

ρ2(MN −K)E
{
|tm,n|2

}
|1− λτ |2

(1 + λτ2 − λτ + E {|αm|2}λñ)E {|tD,k|−2}ψ1
,

|bcal
k,i|2 =

K∑
i 6=k

ρ2(MN −K)(λτ2 + E
{
|αm|2

}
λñ)

MN(E {|tm,n|2}ψ3,k,i)−1E {|tD,k|−2}ψ1ψ2
2,i

,

‖ḡkW̄‖2 =
ρ2|1− λτ |2|tS,k|−2(ψ4,kψ1)−1

ρ1(1 + λτ2 − λτ + E {|αm|2}λñ)E {|tD,k|−2}
.

(61)

where λτ = 1
M−1

∑M−1
m=1 τm and λτ2 = 1

M−1

∑M−1
m=1 τ

2
m.

Then, same as (48), by using the Jansen’s equality and
exploiting the statistics properties of RF gains, the achievable
rate after calibration can be approximated as Proposition 3.
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