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SOLUTION TO A PROBLEM OF NIRENBERG CONCERNING

EXPANDING MAPS

DEAN IVES AND DAVID PREISS

(Communicated by Stephen J. Dilworth)

Abstract. By constructing a map of a separable Hilbert space into itself that
is continuous, expanding, non-surjective, and equal to the identity on the unit

ball we answer a problem stated by Louis Nirenberg.

1. Introduction

We answer the following problem, which was stated (in an equivalent form) by
Louis Nirenberg in [7, End of Section 5.2].

Problem N. If the range of a continuous, expanding map T of a separable Hilbert
space H into itself has non-empty interior, is T surjective?

Recall that T is said to be expanding if ‖Tx−Ty‖ ≥ ‖x− y‖ for every x, y ∈ H.
Of course, since T may be multiplied by an arbitrary constant, in this problem it is
equivalent to require that it is c-expanding for some c > 0 ( i.e., ‖Tx−Ty‖ ≥ c‖x−y‖
for every x, y ∈ H).

Obviously, the above problem may be, and has been, asked for general Banach
spaces and/or for maps between different spaces. On various levels of generality,
a number of papers, including [2, 3, 10] provide additional conditions under which
Nirenberg’s problem is said to have positive answer. However, most of these results
do not use the assumption that the range of T has non-empty interior, and so are in
fact answers to a related but different question: Under what additional conditions
is an expanding map T : X → Y surjective? As far as we see, all assumptions of
Problem N are used only in the result of [1] that T is surjective provided that it is
everywhere Fréchet differentiable and satisfies lim supy→x ‖T ′(y) − T ′(x)‖ < 1 for
every x.

In general Banach spaces the answer to Problem N is known to be negative:
By a clever construction Jean-Michel Morel and Heinrich Steinlein [5] find a coun-
terexample in the space `1 of absolutely convergent sequences. In a Hilbert space,
Janusz Szczepański [8, 9] modified their construction to obtain several ‘almost
counterexamples’. For example, for any ε > 0, he constructed a continuous map
Fε : `2 → `2 that is one-to one, non-surjective, satisfies ‖Fεx − Fεy‖ ≥ ‖x − y‖
whenever ‖y‖ /∈ (1, 1 + ε) and ‖Fεx‖ = cε‖x‖ for every x, and its range contains
the unit ball.
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2 DEAN IVES AND DAVID PREISS

Here we show that Problem N has negative answer even in Hilbert spaces. More
generally, for any 1 ≤ p <∞ we will find a continuous, non-surjective, c-expanding
(for a suitable c > 0, for example for c = 1/10) map T : Lp(0,∞)→ Lp(0,∞), where

Lp(0,∞) is equipped with the norm ‖x‖ := (
∫∞
0
|x(t)|pdt)1/p, which is equal to the

identity on the unit ball (Theorem 4). Since Lp(0,∞) is isometric to Lp(0, 1) (see,
for example, [4, Theorem 2.7.3]), our examples immediately transfer to these more
usually considered spaces. The Hilbert space example required for the Nirenberg’s
problem is, of course, obtained by specifying p = 2. For interest, we slightly
strengthen it in Theorem 5: We modify T to get a continuous, non-surjective,
expanding (so c = 1) map of a separable Hilbert space into itself, which is equal to
the identity on the unit ball. We also notice that all our proofs apply, without any
modification, to real as well as complex spaces.

Our arguments start from an interpretation of some of the ideas of Jean-Michel
Morel and Heinrich Steinlein [5], which we briefly indicate as follows. For x ∈ `1
(with the usual basis e1, e2, . . . ) they join the identity Tx := x when ‖x‖ ≤ 1 to the
shift Tx :=

∑∞
i=2 xi−1ei when ‖x‖ ≥ 2, by choosing for every 1 < ‖x‖ < 2 suitable

n = nx ∈ N and αx, βx ≥ 0 with αx + βx = 1, and defining

(1) Tx :=

n−1∑
i=1

xiei + αxxnen + βxxnen+1 +

∞∑
i=n+2

xi−1ei.

Although this is not always true, one could imagine that nx → ∞ when ‖x‖ → 1
and nx → 0 when ‖x‖ → 2, and that the splitting of the n-th coordinate using αx
and βx was done in such a way that T becomes continuous. (As pointed out in [6],
T is even Lipschitz.) The proof that T is expanding is rather delicate: in particular,
when trying to estimate the distance between Tx and Ty when nx is much smaller
than ny, the values (Tx)i − (Ty)i = xi−1 − yi for nx + 2 ≤ i ≤ ny − 1 look like
they cannot be estimated in any way that could contribute to the lower estimate
by c‖x− y‖. For this, the choice of nx, αx, βx is subject to the requirement

(2)
∥∥∥ n∑
i=1

(Tx)iei

∥∥∥ = 2− ‖x‖.

Thanks to working in `1, this equality allows an estimate of the ‘bad term’ by
3
∣∣‖x‖ − ‖y‖∣∣ +

∑
i/∈[nx,ny ]

|xi − yi| (see [5, inequality (4)]). If
∣∣‖x‖ − ‖y‖∣∣ is small

compared to ‖x− y‖, this leads to a lower estimate of ‖Tx− Ty‖, and if it is not,
it suffices to use that T preserves the norm. In a modified form, we will reuse this
argument in the proof of our main estimate in Theorem 4 (iv).

The main difference between our approach and [5] is that for ‖x‖ > 1 we wish
to replace (1) (ignoring for a moment the splitting of xn) by

(3) Tx :=

n∑
i=1

xiei +

∞∑
i=n+1

xi−1eϕn(i),

where ϕn : N→ N are strictly increasing and have disjoint ranges. The disjointness
of the ranges of ϕn should allow an easier estimate of the corresponding part of
‖Tx − Ty‖, although in the case when nx is much smaller that ny we still have
some differences |xi − xj | where i 6= j. However, it seems rather difficult to make
the map T defined by any formula similar to (3) continuous. One reason for this is
the discontinuity of nx, which we solve by working in Lp(0,∞) and replacing the
first sum in (3) by x1(0,r(x)) where r is continuous. (By 1E we denote the indicator
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function of the set E.) The second sum would be naturally replaced by distributing
the values of x1(r(x),∞), which leads to

(4) Tx := x1(0,r(x)) + (x1(r(x),∞)) ◦ ψn,

where ψn are suitable maps defined on mutually disjoint sets Gn (so in some sense
are inverses to the maps ϕn from (3)). However, (4) still contains the discontinuous
quantity n = nx. We will solve this difficulty by smoothing, and so get

(5) Tx := x1(0,r(x)) +
∑
n∈N

γ(n− r(x))(x1(r(x),∞)) ◦ ψn,

where γ is a suitable continuous function with compact support.
It remains to explain how to choose r(x) so that for some c > 0 the map T

defined by (5) satisfies ‖Tx− Ty‖ ≥ c‖x− y‖. For that, we return to (2), which in
our space would be ‖x1(0,r(x))‖ = 2− ‖x‖, and write it as

(6) ‖x1(r(x),∞)‖ = ε(x).

We are almost free to choose ε(x). A rather minor restriction is the need for conti-
nuity of r(x), which we solve by a simple averaging trick in (8). More importantly,
this freedom together with the choice of γ is used to obtain a lower estimate of
‖Tx − Ty‖. More precisely, the choice of γ is made so that for any x, y with
r(x) ≤ r(y) either there is n such that γ(n− r(x)) = γ(n− r(y)) = 1 or there is n
such that γ(n−r(x)) = 0 and γ(n−r(y)) = 1. (See Lemma 1.) With one exception,
this allows us to obtain, for Cases 1 and 2 in the proof of Theorem 4 (iv), a lower
estimate of the norm of Tx − Ty by restricting it to a set in which (Tx − Ty)(t)
is not appearing as the difficult term x(u) − y(v) where u 6= v. In the exceptional
case the choice of ε leads to showing that ‖x− y‖ is much bigger than ε(x) + ε(y)
(Lemma 2 (v)), whilst (6) implies that ‖(Tx−Ty)− (x− y)‖ is bounded by a fixed
multiple of ε(x) + ε(y), which easily gives the required lower estimate of ‖Tx−Ty‖
for Case 3 in the proof of Theorem 4 (iv).

2. Proofs and results

From now on we will fix 1 ≤ p < ∞ and denote X := Lp(0,∞). As usual, we
will treat elements x ∈ X as functions and, for example, write x(t) = 0 for t ∈ E
instead of x(t) = 0 for almost all t ∈ E. When G ⊂ (0,∞) is a measurable set,
we denote by |G| its Lebesgue measure, and by PG the standard projection of X
onto {x : x(t) = 0 for t /∈ G} defined by changing to zero the values x(t) for t /∈ G.
When 0 ≤ r ≤ s ≤ ∞, we simplify the notation by letting Pr,s := P(r,s); when r ≥ s
this means that Pr,s is identically zero.

When G ⊂ (0,∞) is a measurable set of infinite measure, we define the function
ψG : (0,∞) → (0,∞) by ψG(t) = |(0, t) ∩ G|. Then |G ∩ ψ−1G (E)| = |E| for every
measurable set E ⊂ (0,∞), and so

(7)

∫
E

g(t) dt =

∫
G∩ψ−1

G (E)

g(ψG(t)) dt

whenever E ⊂ (0,∞) and g : (0,∞)→ [0,∞) are measurable.
Finally, to avoid possible unpleasant surprises, we agree that 0 belongs to the

set N of natural numbers.
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Fix a continuous function γ : [−∞,∞]→ [0, 1] with support in (−3/2, 3/2) such
that γ(t) = 1 if and only if t ∈ [−1, 1]. We list the properties of γ that will be used
in what follows.

Lemma 1. For any r ∈ [0,∞),

(i) if γ(n− r) = 1, then |n− r| ≤ 1, in particular r ≤ n+ 1;
(ii) γ(n− r) = 0, when |n− r| ≥ 3/2;

(iii) there are at most three values of n ∈ N such that γ(n− r) 6= 0;
(iv) for any s ∈ [r,∞) at least one of the following statements holds:

(a) there is k ∈ N such that γ(k − r) = γ(k − s) = 1;
(b) there is k ∈ N such that γ(k − r) = 0 and γ(k − s) = 1.

Proof. The statements (i)–(iii) are obvious. For (iv), let m ∈ N be such that
m ≤ s < m+ 1; hence γ(m− s) = γ(m+ 1− s) = 1. So, if γ(m− r) = 1, (a) holds
with k = m, and if γ(m − r) < 1, we use r ≤ s to get m − r ≥ m − s ≥ −1 and
infer from γ(m− r) < 1 that m− r > 1. Hence m+ 1− r > 2, which implies that
γ(m+ 1− r) = 0 and (b) holds with k = m+ 1. �

In the following Lemma we define the key function r(x). It will give the position
up to which the values of Tx are the same as those of x.

Lemma 2. Given any 0 < α < 1 and β > 0, there is a function r : X → [0,∞]
such that

(i) r is finite and continuous on {x ∈ X : ‖x‖ > 1};
(ii) r(x) =∞ when ‖x‖ ≤ 1;
(iii) the map S : X → X defined by Sx := Pr(x),∞ x is continuous;
(iv) ε(x) := ‖Sx‖ is continuous and satisfies 0 ≤ ε(x) ≤ max(0, ‖x‖ − 1);
(v) if ε(y) < αε(x) then ‖x− y‖ ≥ βε(x).

Proof. For any choice of parameters 0 < a < b < 1 we define a function r satisfying
(i)–(iv), and at the end of the proof explain how to choose a, b so that (v) holds as
well.

Given 0 < a < b < 1 define η : R2 → [0,∞) by

η(s, t) = max
(
0,min(t− a(s− 1), b(s− 1)− t)

)
.

Observe that η : R2 → [0,∞) is continuous and η(s, t) > 0 if and only if a(s− 1) <
t < b(s − 1); in fact, these are the only properties of η that we will use. We also
remark that a(s− 1) < t < b(s− 1) cannot hold when s ≤ 1, and so η(s, t) = 0 for
s ≤ 1.

For x ∈ X put ξx(t) := ‖Pt,∞x‖ and for ‖x‖ > 1 define

(8) r(x) :=

∫∞
0
tη(‖x‖, ξx(t)) dt∫∞

0
η(‖x‖, ξx(t)) dt

To show (i), notice first that ξx is continuous, non-increasing, ξx(0) = ‖x‖ and
limt→∞ ξx(t) = 0. When ‖x‖ > 1, the functions

ux(t) := η(‖x‖, ξx(t)) and vx(t) := tη(‖x‖, ξx(t))

are non-negative and continuous on [0,∞) and non-zero precisely on the interval
(Ax, Bx) := ξ−1x

(
a(‖x‖ − 1), b(‖x‖ − 1)

)
6= ∅. Hence their integrals are finite and

strictly positive, and so r(x) =
∫∞
0
vx(t) dt/

∫∞
0
ux(t) dt is well defined. For the sake
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of future reference, we also notice that Axux(t) ≤ vx(t) ≤ Bxux(t) for t ∈ (Ax, Bx),
hence Ax ≤ r(x) ≤ Bx and

(9) a(‖x‖ − 1) ≤ ξx(r(x)) ≤ b(‖x‖ − 1).

To prove continuity of r, consider a sequence xk → x where ‖x‖ > 1 and choose
t0 ∈ (0,∞) such that ξx(t0) < a(‖x‖ − 1). Since ξxk

converge uniformly to ξx,
xk(t0) < a(‖x‖ − 1) for sufficiently large k. For these k the continuous functions
uxk and vxk have support in [0, t0]. Since they converge uniformly to ux and vx,
respectively, r(xk) converge to r(x).

To satisfy (ii), it suffices to define r(x) =∞ for ‖x‖ ≤ 1.
For (iii) and (iv) we first observe that the inequality in (iv) is obvious when

‖x‖ ≤ 1 since then r(x) = ∞ and so ε(x) = 0, and follows from (9) when ‖x‖ > 1
since then ε(x) = ξx(r(x)) and b < 1. This inequality immediately implies that S
and ε are continuous at every x with ‖x‖ ≤ 1. On the set Y := {x ∈ X : ‖x‖ > 1},
S is a composition of continuous maps x ∈ Y → (r(x), x) ∈ [0,∞) × X and
(t, x) ∈ [0,∞)×X → Pt,∞x ∈ X, and so S and ε are continuous also on Y .

To prove (v), we notice that ε(x) > 0, so ‖x‖ > 1 and ε(x) = ξx(r(x)). Hence
by (9), ε(x) ≤ b(‖x‖ − 1). If ‖y‖ ≤ 1, we use this to get

(10) ‖x− y‖ ≥ ‖x‖ − ‖y‖ ≥ ‖x‖ − 1 ≥ ε(x)/b.

If ‖y‖ > 1, we infer from (9) that

a(‖y‖ − 1) ≤ ε(y) < αε(x) ≤ αb(‖x‖ − 1).

Dividing this inequality by a and rearranging leads to

‖x‖ − ‖y‖ ≥ (a− αb)(‖x‖ − 1)/a

and using ‖x‖ − 1 ≥ ε(x)/b once more gives

(11) ‖x− y‖ ≥ ‖x‖ − ‖y‖ ≥ (a− αb)(‖x‖ − 1)/a ≥ (a− αb)ε(x)/(ab).

We are now ready to explain the choice of a, b for which (v) holds: First choose
0 < b < min(1, (1 − α)/β), and then use lima↗b(a − αb)/(ab) = (1 − α)/b > β to
choose 0 < a < b so that (a− αb)/(ab) > β. Then the right side of (10) as well as
the right side of (11) is ≥ βε(x), as required. �

For n ∈ N choose mutually disjoint measurable sets Gn such that |Gn| =∞ and

Gn ⊂ (n+ 4,∞) ∩
∞⋃
k=0

(2k, 2k + 1).

For example, we may take Gn :=
⋃∞
k=n+2

(
2k+2−n−1, 2k+2−n

)
. Then, simplifying

the notation by letting ψn := ψGn
and defining Tn : X → X by

(Tnx)(t) :=

{
x(ψn(t)) when t ∈ Gn
0 when t ∈ (0,∞) \Gn,

the equation (7) with g(t) := |x(t)|p gives

(?)

∫
E

|x(t)|pdt =

∫
Gn∩ψ−1

n (E)

|x(ψn(t))|pdt =

∫
ψ−1

n (E)

|(Tnx)(t)|pdt
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We now fix 0 < α < 1 and β > 0, and use the function r from Lemma 2 to define
T : X → X by

(12) Tx := P0,r(x)x+

∞∑
n=0

γ(n−r(x))Tn(Pr(x),∞x) = x−Sx+

∞∑
n=0

γ(n−r(x))Tn(Sx)

The following Lemma lists some easy to prove properties of T that will be used
in our arguments.

Lemma 3. For any x ∈ X,

(i) (Tx)(t) = 0 for t ∈ (r(x),∞) ∩
⋃∞
n=1(2n− 1, 2n);

(ii) (Tx)(t) = 0 when r(x) < t < r(x) + 2;
(iii) (Tx)(t) = 0 when t ∈ Gn for some n > r(x)− 1 such that γ(n− r(x)) = 0;
(iv) (Tx)(t) = 0 if there is t ∈ Gn such that γ(n− r(x)) 6= 0 and ψn(t) < r(x);
(v) (Tx)(t) = x(t) for t < r(x);
(vi) (Tx)(t) = (Tnx)(t) when γ(n− r(x)) = 1 and t ∈ Gn.

Proof. If (Tx)(t) 6= 0, either t < r(x) or there is m for which t ∈ Gm. Moreover,
when t > r(x), then the latter case has to occur, m is unique and so (12) gives
0 6= (Tx)(t) = γ(m − r(x))(Pr(x),∞x)(ψm(t)). It follows that ψm(t) > r(x) and
γ(m− r(x)) 6= 0, implying m > r(x)− 3/2 and Gm ⊂ (m+ 4,∞) ⊂ (r(x) + 2,∞).
These facts and (12) easily imply all statements of the Lemma. �

We are now ready to prove the main result of this note.

Theorem 4. There are 0 < α < 1 and β > 0 such that the map T has the following
properties.

(i) Tx = x for ‖x‖ ≤ 1.
(ii) It is a well defined continuous map of X to X.

(iii) ‖Tx− x‖ ≤ 4ε(x) for every x ∈ X.
(iv) There is c > 0 such that ‖Tx− Ty‖ ≥ c‖x− y‖ for any x, y ∈ X.
(v) The T image of {x ∈ X : ‖x‖ ≥ 1} is nowhere dense in X.

(vi) T is not surjective.

Proof of (i). When ‖x‖ ≤ 1 then Sx = 0 and so the formula (12) defining T gives
Tx = x. �

Proof of (ii). On the ball {x ∈ X : ‖x‖ ≤ 1}, T is well defined and continuous
by (i).

When x ∈ X and ‖x‖ > 1, we use continuity of r established in Lemma 2 (i) to
find δ > 0 such that |r(y)−r(x)| < 3/2 for ‖y−x‖ < δ and infer from Lemma 1 (ii)
that γ(n − r(y)) = 0 whenever ‖y − x‖ < δ and |n − r(x)| ≥ 3. Hence T is well
defined and, by Lemma 2 (iii), is continuous on the ball {y : ‖y−x‖ < δ}. Since this
holds for every x with ‖x‖ > 1, T is well defined and continuous on {x : ‖x‖ > 1}.

It remains to show that xk → x, ‖xk‖ > 1 and ‖x‖ = 1 implies Txk → x. This
will follow once we prove (iii) since it and Lemma 2 (iv) will show that ‖Txk−xk‖ ≤
4ε(xk)→ 0. �

Proof of (iii). By Lemma 1 (iii) there are at most three values of n ∈ N for which
γ(n− r(x)) 6= 0. Hence by the triangle inequality, (12) and (?),

‖Tx− x‖ ≤ ‖Sx‖+

∞∑
n=0

γ(n− r(x))‖Tn(Sx)‖ ≤ 4ε(x). �
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Proof of (iv). We fix c ∈ (0, 1), suppose there are x, y ∈ X such that r(x) ≤ r(y)
and ‖Tx−Ty‖ < c‖x− y‖, and obtain various estimates of ‖Tx−Ty‖. At the end
these estimates will allow us to pick particular values of α, β and c for which (iv)
holds.

Notice that r(x) < ∞ (which is equivalent to ‖x‖ > 1), since r(x) = ∞ implies
‖Tx− Ty‖ = ‖x− y‖ ≥ c‖x− y‖.

We will consider three cases.
Case 1. There is k ∈ N such that γ(k − r(x)) = γ(k − r(y)) = 1. In particular,

Lemma 1 (i) implies

(13) r(x) ≤ r(y) ≤ k + 1 ≤ r(x) + 2.

Let U1 := (0, r(x)), U2 := (r(x), r(y)), U3 := (r(y),∞), E1 := U1, E2 := U2,
E3 := Gk ∩ ψ−1k (U2) and E4 := Gk ∩ ψ−1k (U3). Since Gk ⊂ (k + 1,∞) ⊂ (r(y),∞)
by the middle inequality in (13), the sets Ej , 1 ≤ j ≤ 4, are mutually disjoint. So
we may estimate

(14) ‖Tx− Ty‖p ≥
4∑
j=1

Ij where Ij :=

∫
Ej

|(Tx− Ty)(t)|pdt.

We express each of the integrals Ij with the help of integrals involving x and y.

(1) For t ∈ E1, Lemma 3 (v) gives (Tx− Ty)(t) = (x− y)(t), hence

I1 =

∫ r(x)

0

|(x− y)(t)|pdt.

(2) For t ∈ E2, Lemma 3 (v) gives (Ty)(t) = y(t) and (13) together with
Lemma 3 (ii) imply (Tx)(t) = 0. Hence

I2 =

∫ r(y)

r(x)

|y(t)|pdt.

(3) For t ∈ E3 we have r(x) < ψk(t) < r(y), hence Lemma 3 (iv) and (vi)
imply (Ty)(t) = 0 and (Tx)(t) = (Tkx)(t), respectively. Hence (?) gives

I3 =

∫
E3

|(Tx)(t)|pdt =

∫
Gk∩ψ−1

k (U2)

|(Tkx)(t)|pdt =

∫ r(y)

r(x)

|x(t)|pdt.

(4) For t ∈ E4 we have r(x) ≤ r(y) < ψk(t), hence Lemma 3 (vi) implies
(Tx− Ty)(t) = (Tkx− Tky)(t) = (Tk(x− y))(t). So (?) gives

I4 =

∫
E4

|(Tx− Ty)(t)|pdt =

∫
ψ−1

k (U3)

|(Tk(x− y)(t)|pdt =

∫ ∞
r(y)

|(x− y)(t)|pdt.
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Adding these estimates, we get from (14) that

‖Tx− Ty‖p ≥
∫ r(x)

0

|(x− y)(t)|p dt+

∫ r(y)

r(x)

|(y(t)|p dt+

∫ r(y)

r(x)

|(x(t)|p dt

+

∫ ∞
r(y)

|(x− y)(t)|p dt

≥
∫ r(x)

0

|(x− y)(t)|p dt+ 21−p
∫ r(y)

r(x)

|(x− y)(t)|p dt

+

∫ ∞
r(y)

|(x− y)(t)|p dt

≥ 21−p‖x− y‖p.
Hence

(15) ‖Tx− Ty‖ ≥ 2(1−p)/p‖x− y‖ ≥ ‖x− y‖/2.
By Lemma 1 (iv), in the remaining cases we have k ∈ N such that γ(k−r(x)) = 0

and γ(k − r(y)) = 1.
Case 2. If ε(x) ≤ ε(y)/α, we use k ≥ r(y) − 1 ≥ r(x) − 1, γ(k − r(x)) = 0 and

Lemma 3 (iii) to infer that (Tx)(t) = 0 for t ∈ Gk. Since (Ty)(t) = (Tky)(t) for
t ∈ Gk by Lemma 3 (vi), (?) implies

‖Tx− Ty‖p ≥
∫
Gk

|(Tky)(t)|pdt =

∫ ∞
r(y)

|y(t)|pdt = ε(y)p.

To get from this a more usable estimate, we observe that by (iii),

‖x− y‖ ≤ ‖Tx− Ty‖+ 4(ε(x) + ε(y)) ≤ c‖x− y‖+ 4(ε(x) + ε(y)).

Hence (1− c)‖x− y‖ ≤ 4(ε(x) + ε(y)) ≤ 4(1 + α)ε(y)/α, and we conclude that

(16) ‖Tx− Ty‖ ≥ ε(y) ≥ (1− c)α‖x− y‖/(4(1 + α)).

Case 3. If ε(y) < αε(x), Lemma 2 (v) implies

‖x− y‖ ≥ βε(x) ≥ β(ε(x) + ε(y))/(1 + α).

This and (iii) imply

(17) ‖Tx− Ty‖ ≥ ‖x− y‖ − 4(ε(x) + ε(y)) ≥ ‖x− y‖ − 4(1 + α)‖x− y‖/β.
It follows from (15), (16) and (17) that (iv) holds provided α, β and c were

chosen so that

0 < c ≤ min(1/2, (1− c)α/(4(1 + α)), 1− 4(1 + α)/β).

To see that such a choice is possible, we may first pick any 0 < α < 1, then find
0 < c ≤ 1/2 small enough to satisfy c ≤ (1 − c)α/(4(1 + α)) and finally choose
β > 0 so that c ≤ 1− 4(1 +α)/β. A particular choice coming from this is α = 4/5,
β = 8 and c = 1/10. �

Proof of (v). Let Ym := {y ∈ X : y(t) = 0 for t ∈ (m,∞)∩
⋃∞
n=1(2n−1, 2n)}. Then

Ym is nowhere dense in X and by Lemma 3 (i), {Tx : x ∈ X, r(x) ≤ m} ⊂ Ym for
every m. Hence

M := {Tx : ‖x‖ ≥ 1} ⊂ {z ∈ X : ‖z‖ = 1} ∪
∞⋃
m=1

Ym
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is a first category subset of X. Finally, using that (iv) implies that M is closed, we
infer from the Baire Category Theorem that it is a nowhere dense subset of X. �

Proof of (vi). By (v) there are points y with ‖y‖ > 1 that do not belong to the
T -image of {x : ‖x‖ ≥ 1}. Since by (i) such points cannot belong to the T -image
of {x : ‖x‖ ≤ 1}, they do not belong to the range of T . �

Theorem 4 says that T multiplied by 1/c provides a counterexample to Prob-
lem N in any Lp(0,∞), 1 ≤ p <∞, and so, as already pointed out, also in Lp(0, 1).
In the Hilbert space case, which is our main interest, we strengthen this example
by modifying T in such a way that the resulting map is expanding and equal to the
identity on the unit ball.

Theorem 5. There is a map of a separable Hilbert space into itself that is contin-
uous, expanding, non-surjective, and equal to the identity on the unit ball.

Proof. We will work in the space H := L2(0,∞) and modify the map T from
Theorem 4 to get a map with the required properties.

Let C = 4/c where c is the constant from Theorem 4, define a : H → [0,∞) by

a(x) :=


C when ‖x‖ ≥ c
1 when ‖x‖ ≤ c/2
1 + (C − 1)(2‖x‖/c− 1) when c/2 ≤ ‖x‖ ≤ c

and T0 : H → H by T0x = a(x)Tx.
We suppose ‖x‖ ≤ ‖y‖ and, considering several cases, estimate ‖T0x−T0y‖. For

that we will use the simple inequality

‖au− bv‖ ≥ max
(
a‖u− v‖, (b− a)‖v‖

)
when ‖u‖ ≤ ‖v‖ and 0 ≤ a ≤ b, which follows by expanding ‖a(u− v)− (b− a)v‖2
and using that the scalar product of u − v and v is negative. We also notice that
c ≤ 1, C ≥ 4 and a(d) = C/2 for d := (3C − 4)c/(4(C − 1)).

Case ‖y‖ ≤ 1: Then Tx = x, Ty = y and 1 ≤ a(x) ≤ a(y), so

‖T0x− T0y‖ = ‖a(x)x− a(y)y‖ ≥ a(x)‖x− y‖ ≥ ‖x− y‖.
Case ‖x‖ ≥ c: Then a(x) = a(y) = C, so

‖T0x− T0y‖ = C‖Tx− Ty‖ ≥ Cc‖x− y‖ ≥ ‖x− y‖.
Case d ≤ ‖x‖ < c and ‖y‖ > 1: Then a(x) ≥ C/2 and ‖Ty‖ ≥ 1 ≥ ‖Tx‖, so

‖T0x− T0y‖ ≥ a(x)‖Tx− Ty‖ ≥ Cc‖x− y‖/2 ≥ ‖x− y‖.
Case ‖x‖ < d and ‖y‖ > 1: Then a(y)− a(x) ≥ C/2 and ‖Ty‖ ≥ ‖Tx‖, so

‖T0x− T0y‖ ≥ C‖Ty‖/2 ≥ Cc‖y‖/2 ≥ ‖y‖+ 1 ≥ ‖x− y‖.
Since this covers all possible cases for x and y, T0 is expansive. Also, it is

continuous and satisfies T0x = x when ‖x‖ ≤ c/2. To see that it is not surjective,
we use Theorem 4 (v) to find y with ‖y‖ > 1 that does not belong to the T -image
of {x : ‖x‖ > 1}. We show that Cy does not belong to the range of T0. Suppose
for a contradiction that Cy = T0x. Then ‖x‖ > 1 since otherwise ‖T0x‖ ≤ C‖x‖ ≤
C < ‖Cy‖. Hence Tx = T0x/C = y, contradicting the choice of y.

To finish the proof, it suffices to infer from the above that the map U : H → H
defined by Ux := 2T0(cx/2)/c is non-surjective, continuous, expansive and equal to
the identity on the unit ball. �
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