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ABSTRACT
A consistent design approach, performed by second-order inelastic analysis using beam finite
elements with strain limits, is proposed for web-tapered steel members. In the proposed design
approach, a geometrically and materially nonlinear analysis with imperfections (GMNIA) of
the tapered steel member is carried out and the ultimate strength of the member is signified by
reaching either the strain limit defined according to the Continuous Strength Method (CSM) or
the peak load factor, whichever occurs first. To consider the beneficial effect of strain gradients
along the lengths of the members on local cross-section resistances, the strains are averaged
over the local buckling half-wavelength. The accuracy of the proposed design approach is
verified against results from nonlinear shell finite element modelling as well as a number of
experiments on tapered members considering various taper ratios, loading conditions and
member slenderness values. The proposed method provides more accurate and consistent
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ultimate strength predictions than EN 1993-1-1 [1], because the following aspects, which are
ignored in traditional design methods, are captured: (1) the interaction between cross-section
elements for the consideration of local buckling, (2) the influence of local moment gradients
on cross-section resistance, (3) the partial plastification of cross-sections and (4) strain
hardening.
Keywords: Tapered members; Continuous Strength Method (CSM); Strain limits; Combined
loading; Finite element modelling; Steel design; Buckling
1. INTRODUCTION
Web-tapered I-section members are commonly used in steel construction to enhance structural
efficiency. Typically, cross-sections of greater depth are arranged to coincide with the regions
of larger internal forces within the structure, such as at the eaves and apexes of steel portal
frames, as shown in Fig. 1. In keeping with the design of structures comprising uniform
members, the design of structures featuring tapered members also generally involves two steps:
(i) the determination of the internal forces and moments within the structure through a
structural analysis and (ii) the performance of a series of strength and stability checks on the
individual members. The structural analysis is typically carried out using beam finite elements,
which are not able to capture cross-section instabilities, i.e. local buckling is not accounted for
and rotation capacities are unlimited. Hence, in current practice (e.g. EN 1993-1-1 [1]), crosssection instabilities are considered through the concept of cross-section classification, where
cross-sections are placed into discrete classes that define the resistance and permitted analysis
type, based on specified plate width-to-thickness ratios. This does however lead to artificial
steps between different classes in the resistance predictions of steel members and systems.
Tapered steel members are particularly prone to the shortcomings of the cross-section
classification concept since their cross-sections continuously vary along the member length
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and often fall into different classes, leading to abrupt changes in load carrying capacity
depending upon the location of the most heavily utilised cross-section, which may change for
different loading combinations and analysis types.
With the aim of overcoming the above drawbacks, an alternative design approach for tapered
steel members performed using advanced analysis is presented in this paper. In the proposed
approach, a second-order inelastic analysis i.e. a geometrically and materially nonlinear
analysis with imperfections (GMNIA) of the tapered member is carried out using beam finite
elements; the ultimate strength of the member is then determined based on either (i) the load
factor corresponding to the attainment of the CSM (Continuous Strength Method [2]) strain
limit within the member or (ii) the peak load factor, after which the load versus deformation
response descends, whichever occurs first. The proposed approach exploits the benefits of
advanced analysis such as its ability to (i) furnish very accurate ultimate strength predictions
for individual members and systems, (ii) provide realistic structural failure modes and (iii)
avoid the need for conducting member design checks, which can be particularly complex for
tapered steel members [3-6]. The beneficial influence of strain gradients along the member
lengths on the local cross-section strength is also allowed for by limiting averaged compressive
strains over the local buckling half-wavelength rather than peak compressive strains at a
specific cross-section using the CSM; this results in improved capacity predictions. The
accuracy of the proposed design approach is verified against results from nonlinear shell finite
element modelling as well as a number of experiments on tapered members with various taper
ratios and member slenderness values. Furthermore, it is shown that the proposed design
approach leads to a considerably more direct and practical way of designing tapered steel
members relative to traditional design methods provided in design standards such as EN 19931-1 [1].
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2. TRADITIONAL STEEL DESIGN APPROACH FOR TAPERED MEMBERS AND
STRUCTURES
2.1 Shortcomings of current steel design approaches at member and overall structural levels
Structural steel design requires any limit state that is not captured in the structural analysis to
be assessed separately through strength and stability checks. It suffices to state that in current
practice, the most widely used structural analysis types are first-order (with or without
amplification to simulate the effects of the deformed geometry at the overall frame level) or
second-order elastic analysis. Since only the influence of overall geometric nonlinearity is
considered in such an approach, subsequent individual member design checks, against the
corresponding internal forces, are required. The ultimate resistances of the members are
determined using member design equations that incorporate the effects of geometric
imperfections and residual stresses. For regular, prismatic members, member design equations
given in steel design specifications are generally well established, accurate and straightforward
to apply. However, for tapered steel elements, member design equations provided in steel
design specifications [1,7] are typically less well established and less accurate, as shown in
Kucukler and Gardner [8,9], Marques et al. [10-13], and Tankova et al. [14-17]. Other design
methods, developed specifically for tapered steel members [6,11,18-20] and yielding accurate
resistance predictions also exist, but these methods are rather complex to apply, requiring a
series of indirect steps, as outlined in [10-14,21-22], for the consideration of the tapered
geometry and loading conditions on the structural response.
Design by second-order elastic analysis of tapered steel members using beam finite elements
with equivalent member imperfections (i.e. GNIA) is also permitted in EN 1993-1-1 [1]. In this
design approach, member out-of-straightness is explicitly modelled in the structural analysis
using equivalent bow imperfection amplitudes that are greater than the maximum out-of-

4

straightness tolerances provided in the European execution standard EN 1090-2 [23] to allow
for the influence of plasticity, residual stresses and geometric imperfections on member
strengths. Thus, this approach removes the need to apply member design equations and only
requires cross-section strength checks, resulting in very direct, though rather conservative [9],
design approach for tapered steel members.
2.2 Shortcomings of current steel design approaches at cross-section level
In current design specifications, such as EN 1993-1-1 [1] and AISC 360-16 [24], the crosssection resistances of steel members are determined with reference to the cross-section
classification concept. Based on the susceptibility to local buckling, a cross-section can be
classified into one of four classes, namely Class 1 (plastic), Class 2 (compact), Class 3 (semicompact) and Class 4 (slender). With reference to the typical moment-curvature relationships
shown in Fig. 2, the following definitions are used in EN 1993-1-1 [1]: Class 1 cross-sections
can attain their full plastic moment resistance Mpl and have sufficient rotation capacity (R > 3)
for plastic design. Class 2 cross-sections can also reach their full plastic moment capacities Mpl
but, because of their limited rotation capacity, may only be used in elastic design (i.e. no
allowance is made for plastic redistribution). For Class 3 cross-sections, the elastic moment
capacity Mel may be used as the bending resistance, while for Class 4 cross-sections, only the
effective bending moment resistance Meff may be used, which is calculated according to the
effective width method given in EN 1993-1-5 [25]. Although it is straightforward to apply,
there are a number of shortcomings with the cross-section classification concept.
• The first shortcoming is that classification is carried out only by considering the width-tothickness ratio of the most critical plate element within the cross-section by conservatively
assuming the web-to-flange junctions to provide simply-supported boundary conditions to
the individual plates, thus ignoring the beneficial effect of element interaction [26].
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• The second shortcoming relates to the lack of consideration for partial plasticity in Class 3
(semi-compact) cross-sections, though following recent research [27-29], the resulting
artificial step in cross-section resistance has been overcome through the definition of an
elasto-plastic bending resistance. This is due to be incorporated into the next revision to EN
1993-1-1.
• The third shortcoming is the lack of consideration given to material strain hardening in the
determination of the resistance of stocky cross-sections, resulting in overly-conservative
capacity predictions [30].
• The fourth shortcoming relates to the inconsistent allowance for the beneficial effect of
moment gradients on element stability. This beneficial effect is accounted for when
considering member stability, but is disregarded when evaluating local cross-sectional
stability. This is despite numerous studies [31-36] showing improved bending resistances in
beams tested in three-point bending (i.e. with a moment gradient) relative to those tested in
four-point bending (i.e. with uniform moment in the central region).
3. DESIGN BY ADVANCED ANALYSIS USING BEAM ELEMENTS AND CSM
STRAIN LIMITS
To overcome the shortcomings described above, as well as responding to the changing
landscape with regards to the sophistication of available structural analysis software and
computational power, Fieber et. al [37] proposed a new approach to structural steel design. The
new design method involves: (i) using beam finite element models to perform an advanced
inelastic analysis (i.e. GMNIA) and (ii) using either the load factor that corresponds to the
attainment of the CSM strain limit or the peak load factor, whichever occurs first, to define
the ultimate resistance of individual members or structures. The key aspects of the method and
the use of the CSM strain limits in the advanced analysis of uniform members are briefly
introduced below. Then, the extension of this design approach to tapered members is described.
6

3.1 Advanced analysis with CSM strain limits for uniform members
3.1.1 CSM base curve, cross-section slenderness and material model
The Continuous Strength Method (CSM) is a deformation-based approach to structural design
that allows a continuous, rational and accurate treatment of material nonlinearity i.e. the partial
spread of plasticity, strain hardening and inelastic force/moment redistribution, depending on
the cross-section slenderness. The CSM was proposed by Gardner [2], and has been applied to
the design of stainless steel [38,39], carbon steel [40,41] and aluminium alloy [42,43,44]
structural members, as well as planar steel frames [45]. The CSM has two key features: (i) a
base curve, described in the present sub-section, that defines the maximum strain εcsm that a
cross-section can experience prior to its failure; this is presented as a multiple of the yield strain
εy and determined based on the cross-section slenderness 𝜆̅p , defined below; (ii) an appropriate
constitutive model describing the stress-strain response of the structural material, presented
below. The CSM can be used as an alternative to the cross-section classification concept and
provides a more consistent and continuous treatment of the influence of local instabilities on
the ultimate resistances of cross-sections ranging from Class 1 to Class 4.
As shown in Fig. 3, the CSM base curve is split into two parts, and the transition point between
non-slender and slender cross-sections is set at 𝜆̅p = 0.68 [39]. For non-slender cross-sections
(𝜆̅p ≤ 0.68), the CSM strain limit is greater than or equal to the yield strain (i.e. εcsm/εy ≥ 1),
given by Eq. (1), allowing the rational exploitation of the spread of plasticity and strain
hardening. For slender cross-sections (𝜆̅p > 0.68), the CSM strain limit is less than the yield
strain (i.e. εcsm/εy < 1), as given by Eq. (2). In Eq. (1), there are two upper limits for εcsm/εy. The
first upper limit Ω is a project specific design parameter that defines the maximum permitted
level of plastic deformation, for which the value of 15 is recommended, remaining within the
EN 1993-1-1 [1] ductility requirements. The second upper limit C1εu/εy is established to avoid
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over-predictions of material strengths [40], where C1 is a coefficient related to the adopted
material model, as described below.

εcsm 0.25
= 3.6
εy
λp


Cε
but   , 1 u
εy


εcsm  0.222  1
= 1 − 1.05  1.05
εy 
λp  λp





for λp  0.68

(1)

for λp  0.68

(2)

In Eqs. (1) and (2), the cross-section slenderness 𝜆̅p is determined from Eq. (3), where fy is the
material yielding stress and σcr,cs is the elastic local buckling stress of the full cross-section
which can be calculated numerically (e.g. through the finite strip software CUFSM [46]), or
using the equations developed by Gardner et. al [26].

fy

λp =

σcr,cs

(3)

The second key feature of the CSM is the definition of an accurate and appropriate material
model. In this study, the quad-linear stress-strain model for hot-rolled steels developed by Yun
and Gardner Error! Reference source not found. was used for the studied tapered steel
members, which were assumed to be formed by the welding of hot-rolled steel plates. The
model has been shown to provide a very accurate representation of the stress-strain response
of different steel grades, and is illustrated in Fig. 4. Unless otherwise indicated, grade S355
steel was used in all cases considered in this study, thus the three required parameters for the
material model of Error! Reference source not found. were taken as the Young’s modulus E
= 210000 MPa, the yield stress fy = 355 MPa and the ultimate stress fu = 510 MPa. The stressstrain relationship over the full range is defined by Eq. (4), where the strain εsh at which strain
hardening starts, the ultimate strain εu, and the strain hardening modulus Esh, are defined by
Eqs. (5)-(7) respectively.
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Finally, in the adopted material model, the constants C1 and C2 are given by Eqs. (8) and (9)
respectively.

C1 =

εsh + 0.25 ( εu − εsh )
εu

(8)

εsh + 0.4 ( εu − εsh )
εu

(9)

C2 =
3.1.2 Concept

Through GMNIA with beam elements, member instabilities can be captured directly, but local
instabilities cannot. Thus, in [37], it has been recommended that the CSM strain limits are
adopted to account for local buckling effects; the maximum compressive strains are checked
against the corresponding CSM strain limits at all cross-sections in the structure at each load
increment. The load factor at failure is defined as either (i) the load factor at which the CSM
strain limit is attained or (ii) the peak load factor obtained from the advanced analysis,
whichever occurs first.
3.1.3 Strain averaging approach
In previous research [31-36], it has been observed that laterally restrained steel beams subjected
to moment gradients exhibit greater cross-section resistances than the same beams under
uniform bending. This has been ascribed to the beneficial effects of strain gradients along
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member lengths on the local stability of cross-sections [37,48], i.e. the critical cross-section
receives support from the adjacent less heavily loaded cross-sections. It was shown in [37] that
this effect could be accurately captured by limiting averaged rather than peak compressive
strains to the CSM strain limit. The length of member of which to average the strains was taken
as the elastic local buckling half-wave length Lb,cs that can be obtained numerically e.g. using
the finite strip method software CUFSM [46] or through the expressions presented in [49].
3.2 Extension to tapered members
3.2.1 Procedure for application of CSM strain limits in GMNIA of tapered members
In the proposed design method, the first step is to use beam element models to perform GMNIA
of the tapered member. In this study, the finite element analysis package Abaqus [50] was used
to carry out the GMNIA simulations. A common method for analysing tapered members is to
divide them into a sufficient number of prismatic segments [22]; at least twenty is
recommended [51]. Although the influence of the inclined flanges of the tapered members on
their internal stress distributions is neglected in this approach, it has been established that, for
tapering angles typically encountered in practice (<15°), this influence is negligible and, hence
the in-plane behaviour of tapered steel members can be accurately modelled using a series of
prismatic beam elements [10]. Thus, in the implementation of the proposed design method in
this paper, the analysed tapered members, all of which had a taper angle of less than 15°, were
modelled as stepped members with prismatic cross-sections for each element, as shown in Fig.
5. The cross-section properties of each element were taken equal to the corresponding crosssection properties at the midspan of the element. The shear deformable prismatic Timoshenko
beam element for open cross-sections, referred to as B31OS in Abaqus [50], was adopted. To
accurately capture the spread of plasticity, each web and flange plate was discretised into 33
section points along the width. To enable the correct application of the strain averaging
approach, used to consider the beneficial influence of strain gradients along the member lengths,
10

the element sizes were taken as less than or equal to the shortest local buckling half-wavelength
Lb,cs determined for all cross-sections within the considered tapered member, in accordance
with the recommendations of [37].
In the application of the proposed method, the quad-linear material model introduced in the
Section 3.1.1 was employed, adopting the engineering stress-strain curve since the crosssectional areas of the beam elements remained constant throughout the analyses. Since the
explicit modelling of residual stress in the design of steel structures with advanced analysis can
be somewhat impractical, the use of the equivalent geometric imperfections provided in prEN
1993-1-1 [52], as developed by Lindner [53], to consider the combined influence of both
geometric imperfections and residual stresses, is recommended in the implementation of the
proposed design method. Since GMNIA explicitly considers the development and spread
plasticity, the equivalent imperfection magnitudes developed for use with elastic cross-section
checks [52,53] were adopted to avoid double-counting the detrimental effect of plasticity.
Further discussion on this issue and recommended equivalent bow imperfection magnitudes
for use specifically in GMNIA of prismatic members are presented in [54]. The geometric
imperfections were assigned to the beam element models in the shape of the lowest global
buckling modes from prior Linear Buckling Analyses (LBA). The investigated tapered
members were pin-ended and laterally restrained in all the considered cases to suppress lateraltorsional buckling effects.
Following the beam element analysis of the tapered member, the ultimate capacity can be
determined according to the proposed procedure illustrated in Fig. 6.
• First, based on the first-order internal force distribution, the local buckling stress of the full
cross-sections of all prismatic beam elements along the member length σcr,cs,m (where m
denotes the number of the beam element) is obtained [26,46].
11

• Then, using Eq. (3), the corresponding cross-section slendernesses 𝜆̅p,m along the member
length are determined.
• According to the value of 𝜆̅p,m , the strain limit for each element εcsm,m is obtained from the
base curve.
• If the strain averaging approach is applied, the local buckling half-wavelength of each crosssection Lb,cs,m needs to be calculated, using CUFSM [46] or the expressions provided in [49];
the average strain for each element εEd,av,m is taken as the average value of strains εEd,m over
the corresponding local buckling half-wavelength Lb,cs,m, as shown in Fig. 7. Note that only
beam elements fully located within Lb,cs,m are considered in the strain averaging approach. It
should be emphasised that, unlike in prismatic members, strain gradients occur along the
lengths of tapered members even under uniform loading.
• Finally, it is necessary to determine (i) the load increment p at which the average strain at
any cross-section m0 attains the corresponding CSM strain limit, i.e. εEd,av,m0,p ≥ εcsm,m0 and (ii)
the load increment j (if any) at which the peak load factor is reached. If j < p, the member is
assumed to have failed primarily due to global instability, and the ultimate load carrying
capacity αu is taken as the peak load factor from the GMNIA αpeak. On the other hand, if j >
p, the tapered member is assumed to have failed due to reaching the cross-section capacity,
and the load factor at which the strain limit is attained is adopted as the ultimate member
resistance αu.
3.2.2 Illustrative examples
The benefits of the proposed design method can be best demonstrated through an illustrative
example. Fig. 8 presents the normalised moment-strain response from a beam finite element
(FE) model of a tapered member under uniform bending. In the figure, the end bending moment
M, is normalised by the full plastic moment capacity at the shallow end of the tapered member
Mpl,s; the strain plotted is the average maximum compressive strain over the local buckling
12

half-wavelength at the critical beam element (m0) εEd,av,m0, normalised by the yield strain εy. In
the beam element GMNIA of this tapered member, no peak load factor was reached, and the
end bending moment continuously increased. Thus, this member was deemed to have failed
when the CSM strain limit was reached at the critical cross-section. The CSM strain limit at
the critical cross-section εcsm,m0 was equal to 7.89εy; when εEd,av,m0 reached εcsm,m0 = 7.89εy, the
analysis was terminated and the bending moment capacity of the beam was calculated as Mu,prop
= 1.053Mpl,s. The corresponding benchmark shell FE model of the same member (whose
development and validation is described in detail in Section 4) reached a peak bending moment
of Mu,shell = 1.112Mpl,s, following the occurrence of local buckling in the compression flange at
the critical cross-section; of course local buckling is explicitly captured in the shell FE model
and hence application of the CSM strain limit is neither appropriate nor required. Compared to
the capacity obtained from the benchmark shell FE model, the prediction obtained using the
proposed design method of beam element GMNIA with strain limits is only 5% lower. On the
other hand, the ultimate load carrying capacity of the member according to EN 1993-1-1 [1]
(using GNIA plus cross-section checks) is signified by reaching the plastic moment capacity
Mpl,s at the shallow end of the member, which is approximately 10% below the shell FE result.
Note that in this example, and all the considered cases in this study, the strain outputs, elastic
local buckling stresses and corresponding defined CSM strain limits, are all compatibly
determined at, or calculated based on, the centreline of the wall thickness, as recommended in
[37].
A further illustrative example of the proposed method applied to a tapered column is presented
in Fig. 9, which shows (i) the variation of the CSM strain limit εcsm (because of the changing
geometry), the total compressive strain εEd,I+II, the first order strain εEd,I and the second order
strain εEd,II along the member length at the load increment when the CSM strain limit is first
reached, and (ii) the corresponding variation in the strain utilisation ratio along the member
13

length. The taper ratio γ (i.e. the ratio of the deep-section height hd to the shallow-section height
hs) of this tapered column is equal to 5, and the major axis normalised member slenderness 𝜆̅y ,
which is defined as the square root of the axial yield load of the shallow end cross-section Npl,s
divided by the elastic buckling load Ncr is equal to 0.8 (i.e. λy = Npl,s / Ncr = 0.8). As can be
seen from Fig. 9, in the proposed design method, (i) the second order effects can be accurately
and directly captured through the GMNIA, (ii) the critical cross-section can be determined in
a straightforward manner and (iii) the contribution of the first order and second order effects
on the strain utilisation can be clearly observed. Considering the strain distribution at the
ultimate state, it is even possible to optimise the geometry of a tapered member in terms of
material use by aiming to achieve a uniform strain utilisation ratio along the member length.

4. BENCHMARK SHELL FINITE ELEMENT MODELLING
4.1 Modelling approach
The accuracy of the proposed design approach is verified for a large number of tapered
members against results obtained from benchmark shell finite element models. The finite
element analysis software Abaqus [50] was used to create the shell finite element models in
this study. The element type S4R, a four-noded shell element taking into account transverse
shear deformation and finite membrane strains with reduced integration and a large-strain
formulation, which has been successfully employed in previous study for similar applications
[9,37,55,56], was used to create the models. All cross-sections were subdivided into 16
elements along the flange width and the web depth. The element number along the longitudinal
axis of a tapered member was defined such that the element aspect ratio at the midspan crosssection was close to unity. The Simpson integration method was used, and five integration
points were employed through the thickness of the shell elements [50].

14

The quad-linear stress-strain model developed by Yun and Gardner Error! Reference source
not found. for hot-rolled steel was used in the models. The Poisson’s ratio was taken as ν =
0.3 in the elastic range and ν = 0.5 in the plastic range. As required by Abaqus [50], for shell
finite element models, the engineering stress-strain relationships were transformed into the true
stress-strain relationships.
Beam multi-point constraints were used to couple the web and two flange plates making up the
investigated members. To avoid overlapping of the web and flange plates, the web nodes were
offset by half the flange thickness at the top and bottom, in line with the approach adopted in
[9,57,58]. Since this study focuses only on the in-plane behaviour of tapered steel members,
lateral-torsional buckling effects were suppressed by laterally restraining the models at the
web-to-flange junctions along their lengths. Boundary conditions and concentrated forces and
moments were applied at the member ends by defining coupling constraint relationships. The
ECCS [59] residual stress pattern illustrated in Fig. 10, which is recommended for steel
members fabricated by the welding of individual steel plates [9,60], was adopted in the finite
element models. Global geometric imperfections were assigned to the models in the shape of
the lowest global buckling modes. Unless otherwise indicated, the magnitudes of the global
geometric imperfections were taken as l/1000, where l is the member length. As shown in Fig.
11, local imperfections were applied to the shell finite element models by adopting a series of
sinusoidal subpanel imperfections complying with the recommendations provided in Annex C
of EN 1993-1-5 [25]. For the cases where the web plate was more susceptible to local buckling
than the flange plates, i.e. when σcr,w < σcr,f (where σcr,w and σcr,f are the elastic local buckling
stresses of the isolated web and flange plates respectively with simply-supported boundary
conditions along the adjoined edges), the magnitudes of the local web imperfection was taken
as 1/200 of the web height hw (i.e. hw/200). Similarly, for the cases where the flange plates were
more susceptible to local buckling than the web plate, the magnitude of the local flange
15

imperfection was taken as 1/100 of the flange widths b (i.e. b/100). The local imperfection
magnitudes of the non-critical plate elements were defined such that the web-to-flange
junctions remained at 90°. The half-wavelengths Lb,cs of the local imperfections were obtained
from the expressions in [49]. Since tapered members have variable cross-section depths along
their lengths, there are different local buckling half-wavelengths for each cross-section; to
reflect this, the local buckling half-wavelengths Lb,cs used to represent the local imperfections
were also varied along the member length, as explained in Fig. 12. Starting at the deep end of
the member, the local buckling half-wavelengths Lb,cs,n were calculated at sequential crosssections (separated by the distances Lb,cs,n) until the shallow end of the member was reached.
In the event that the sum of the local buckling half-wavelengths (i.e. ∑Lb,cs,n) was not exactly
equal to the member length L, which was generally the case, an integer number of half-waves
was ensured by uniformly stretching or contracting the Lb,cs,n values by a factor x, such that the
ratio L/∑xLb,cs,n was equal to unity – see Fig. 12.
4.2 Validation of shell FE models
The shell FE models were validated against the results from eighteen tapered member
experiments collected from the literature. In the experimental studies [5,16,61,62] considered
for the validation of the shell FE models developed herein, tapered members with different
taper ratios were tested, including columns [16], beams under different bending moment
gradients [61] and beam-columns [5,62] which had either (i) no intermediate lateral restraint
(NR), (ii) lateral restraints only (LR) or (iii) both lateral and torsional restraints (TR) between
the end supports. Although the focus of the present study is the in-plane behaviour and design
of tapered steel members, a few experiments on tapered members without out-of-plane
restraints and susceptible to lateral-torsional buckling were also included in the validation study;
in these cases, the boundary conditions applied in the FE models mirrored those adopted in the
tests. In the validation study, the measured magnitudes of the global geometric imperfections
16

from the considered experiments were applied to the FE models in the shape of their lowest
global elastic buckling modes. For the cases where the geometric imperfection magnitudes
were not reported, the lowest global elastic buckling modes were scaled to 1/1000 of the
member lengths. A summary of the results of the validation study, including the mean,
coefficient of variation (CoV), minimum and maximum values of the ratios of the ultimate load
carrying capacities determined using the shell FE models to those obtained from the
experiments (αu,shell/αu,test), are given in Table 1. As can be seen from the table, the shell FE
models are able to provide ultimate strength predictions very close to those observed in the
physical experiments for tapered columns, beams and beam-columns.
Fig. 13 shows experimental and numerical load-displacement curves for the tapered column
specimen C1 tested in [16], while Fig. 14 shows experimental and numerical moment-rotation
curves for the tapered beam-column specimens with lateral and torsional restraints (C1-8-TR)
and without lateral restraints (C2-6-NR) tested in [62]. As can be seen from the figures, the
load-deformation paths obtained from the shell finite element models developed in this study
closely follow the corresponding experimentally determined paths; this indicates that the
developed models are able to replicate the observed structural response of tapered members
and can be used to generate benchmark data to evaluate the accuracy and safety of the proposed
design approach in this paper.
5. APPLICATION OF PROPOSED DESIGN METHOD TO MEMBERS UNDER
PURE COMPRESSION, UNIFORM BENDING AND COMBINED COMPRESSION
AND UNIFORM BENDING
In this section, the accuracy of the proposed design method of advanced analysis with strain
limits, implemented in beam finite element models, is assessed against the results from the
benchmark shell finite element models for tapered members subjected to compression, uniform
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bending and combined compression and uniform bending. The accuracy of the traditional
design method presented in Eurocode 3 [1] for tapered members, i.e. second-order elastic
analysis with equivalent imperfections (GNIA) plus cross-section checks, is also presented in
order to highlight the benefits brought about by the proposed design approach. It should be
noted though that even greater benefits arise when performing system-level, rather than
member-level, design.
As listed in Table 2, the investigations carried out in this section cover a range of normalised
slenderness values λy = Npl,s / Ncr = 0.2, 0.5, 0.8, 1.2, 1.5 and a range of taper ratios γ = hd/hs
= 1, 2, 3, 4, 5. A series of different shallow end cross-section geometries were also considered
– the employed cross-section geometries were those of European HEM 100, HEM 120, HEB
140, IPE 160, HEM 180, HEB 200, HEB 220, HEB 240 profiles, but without the presence of
the fillet radii. Note that the maximum cross-section slenderness 𝜆̅p along the length of the
tapered members did not exceed 1.5.
5.1 Tapered steel members subjected to pure compression
Fig. 15 (a) and Table 2 show that the ultimate capacities of 200 the tapered columns (5 values
of 𝜆̅y × 5 taper ratios × 8 cross-sections) predicted using the proposed design method generally
agree well with those obtained from the benchmark shell element models. With increasing taper
ratios, the accuracy of the ultimate resistances obtained using the proposed design method
decreases slightly. However, even for the tapered columns with a taper ratio of γ = 5 (which
are generally rarely used in practice), the average value of the ratios of the resistance
predictions determined using the proposed design method to those obtained from the
benchmark shell FE models, i.e. Nu,prop/Nu,shell, is equal to 0.894, indicating that even for very
large taper ratios, the proposed method provides accurate and safe-sided ultimate strength
predictions. In contrast, the predictions obtained from Eurocode 3 (GNIA + cross-section
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checks) are more conservative and scattered, highlighting the significantly more accurate and
consistent ultimate strength predictions achieved when the proposed method is used for the
design of tapered columns.
5.2 Tapered steel members subjected to pure uniform bending
Fig. 15 (b) and Table 2 present comparisons of the ultimate bending capacities of the considered
200 tapered beams obtained using the proposed design method and EN 1993-1-1 [1] against
the results from their benchmark shell element model counterparts. According to the proposed
design method, all the tapered beams failed by reaching their CSM strain limits. As can be seen
from Fig. 15 (b), the predicted ultimate bending moment capacities are generally very accurate,
though in some cases, the predictions are somewhat lower than those obtained from the shell
FE models, e.g. Mu,prop/Mu,shell ≈ 0.8. These conservative predictions occurred for tapered
members with very stocky (𝜆̅p,cr ≲ 0.32) critical cross-sections (i.e. the cross-sections where
the strain limit was attained), as shown in Fig. 16. However, if the upper strain limit εcsm/εy
adopted for these members is relaxed from 15 to 30 (i.e. if additional strain hardening is allowed
for these members), higher and thus more accurate bending moment resistances can be attained.
Hence, although to prevent excessive deformations, the upper strain limit of 15εy is usually
recommended, if higher strains can be tolerated at the ultimate limit state, the upper limit of
30εy can be adopted to improve accuracy. In contrast with the proposed design approach, the
EN 1993-1-1 [1] approach (in which moments cannot exceed the plastic moment capacity) is
generally overly-conservative, thus indicating that the proposed design approach leads to
considerably more accurate ultimate strength predictions for tapered members under bending.
The high accuracy of the proposed design method is achieved partly through the adoption of
the strain averaging approach, which allows for the beneficial effect of local strain gradients
along the member length on the resistance of cross-sections, as explained in Section 3.1.4. This
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is illustrated in Fig. 17, which shows the variation of the CSM strain limit εcsm, the maximum
longitudinal compressive strain εEd (at the mid-thickness of the compression flange) and the
average maximum longitudinal compressive strain over the local buckling half-wavelength
εEd,av at the load increment when the CSM strain limit is first reached. According to EN 19931-1 [1], the critical cross-section of this tapered beam is at the shallow end, which falls into the
Class 1 category. Thus, the ultimate resistance of this beam arises when the bending moment
at the shallow end of the member reaches the plastic moment resistance of the shallow end
cross-section i.e. Mu,EC3/Mpl,s = 1.000; this is however a significant underestimation of the
ultimate strength of the beam, determined as Mu,shell/Mpl,s = 1.322 from the benchmark shell
finite element model. Using the proposed design method, but without employing strain
averaging, the ultimate resistance of the beam is calculated as Mu,prop/Mpl,s = 1.010; this
corresponds to the point at which the CSM strain limit is reached at the shallow end crosssection, which has a cross-section slenderness equal to 𝜆̅p = 0.39. On the other hand, if the
strain averaging approach is applied in the implementation of the proposed design method by
limiting εEd,av over Lb,cs (rather than εEd) to εcsm, the beneficial influence of the strain gradient
along the beam length is considered; this results in an ultimate design resistance of the beam
of Mu,prop/Mpl,s = 1.184, which represents an improvement of 15% relative to the ultimate
resistance determined according to EN 1993-1-1 [1].
5.3 Tapered steel members subjected to combined compression and uniform bending
In this subsection, the accuracy of the proposed design method of advanced analysis with strain
limits implemented by beam elements is assessed for 2000 tapered members (5 𝜆̅y × 5 γ × 8
cross-sections × 10 N to M ratios) under uniform bending plus axial compression. As shown
in Fig. 18 (a) and Table 2, the proposed method is able to provide very accurate capacity
predictions with a mean value of 0.950 and a CoV of 7.4% for the ratios of the ultimate load

20

carrying capacities determined by the proposed method to those obtained from the benchmark
shell FE models. On the other hand, EN 1993-1-1 [1] yields less accurate and more scattered
predictions with a mean value of 0.888 and a CoV of 11.2%. Note that EN 1993-1-1 [1] is
particularly conservative for tapered members with large taper ratios γ, as shown in Fig. 18 (b).
Comparing Fig. 18 (a) and Fig. 18 (b) shows that the proposed method provides more reliable
ultimate strength predictions relative to EN 1993-1-1 [1], where the majority of the predictions
obtained through the proposed design approach are very close to those obtained from the
benchmark shell finite element models.
Normalised moment-axial force interaction diagrams for a series of tapered members with HEB
140 and HEB 220 sections at the shallow ends and subjected to combined compression and
major axis bending are shown in Fig. 19. According to EN 1993-1-1 [1], the critical crosssections (i.e. the cross-sections where the cross-section resistance is attained) of these tapered
members all fall into the Class 1 category, and thus the ultimate resistances of these members
were determined using the linear plastic bending moment-axial force (M-N) interaction
equation provided in the standard and the corresponding imperfection amplitudes provided in
prEN 1993-1-1 [52] for a linear plastic cross-section strength check. The EN 1993-1-1 [1]
strength predictions for these members are rather conservative. By contrast, the proposed
design method is able to accurately capture the behaviour observed in the benchmark shell
finite element models. According to the proposed design approach, mirroring the shell finite
element models, for the short members and for the members where bending is dominant, the
load carrying capacities are governed by reaching the CSM strain limit at the critical crosssections, while for the longer members, where global instability effects are dominant, the
ultimate capacities correspond to the peak load factor obtained from the beam element analyses.
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Similar observations can also be made in Fig. 20, which presents comparisons between the
ratios of the ultimate capacities determined using the proposed design method and EN 1993-11 [1] to those determined from the benchmark shell finite element models (αu/αu,shell) versus the
cross-section slenderness at the critical location 𝜆̅p,cr for all the analysed tapered members. The
critical location refers to the cross-section where the strain limit is attained or the shallow end
cross-section when the ultimate capacity is predicted by the peak load factor. For the tapered
members with critical cross-sections of intermediate slenderness (0.32 ≲ 𝜆̅p,cr ≲ 0.5), the
improved accuracy and enhanced resistances achieved using the proposed design method
relative to EN 1993-1-1 [1] arise due to the rational exploitation of the spread of plasticity and
the allowance for local moment gradients through strain averaging. For the tapered members
with critical cross-sections of stocky proportions (𝜆̅p,cr ≲ 0.32), the proposed design method
also allows for material strain hardening, which leads to further improvements in the accuracy
of the resistance predictions. For the members with very stocky critical cross-sections, if the
upper strain limit is increased from 15εy to 30εy, the accuracy of the proposed design method
improves even further, as shown in Fig. 21. For the tapered members with slender critical crosssections (𝜆̅p,cr ≥ 0.68), the ultimate resistances predicted by the proposed design method are
close to those obtained from EN 1993-1-1 [1], as shown in Fig. 20. However, note that the
cumbersome process of the determination of the effective section properties for Class 4 crosssections is not required in the application of the proposed design method.
Similar to EN 1993-1-1 [1], in which cross-section classification is typically based on crosssection stress distributions determined from a first order elastic analysis of a steel member, in
this study, cross-section slendernesses 𝜆̅p =

fy / σcr,cs and hence the corresponding CSM strain

limits εcsm are also calculated using local buckling stresses σcr,cs corresponding to the stress
distribution from a first order elastic analysis. Typically, CSM strain limits εcsm based on cross22

section stress distributions determined from the GMNIA of members will result in an increase
in deformation capacity, because the ratio of bending moment to axial force generally increase
during the analysis as second order effects become increasingly dominant. This results in a
more favourable stress distribution for local buckling, with increasing values of σcr,cs leading
to lower values of slenderness 𝜆̅p and hence increased deformation capacities. This is
illustrated in Fig. 22, which shows that higher strain limits and improved accuracy can be
achieved when the stress distribution associated with the deformed geometry (i.e. allowing for
second order effects) is considered in the determination in σcr,cs (and hence 𝜆̅p and εcsm/εy), but
at the expense of greater calculation effort. Note that the slightly unconservative results in
Fig.21 are not affected by this issue, since these members are either relatively short or their
critical cross-sections are located near to one of the ends of the members; in both cases, second
order effects are not significant.
6. APPLICATION OF PROPOSED DESIGN METHOD TO MEMBERS UNDER NONUNIFORM BENDING AND COMBINED COMPRESSION AND NON-UNIFORM
BENDING
In this section, the proposed design method of advanced analysis with strain limits is applied
to 1680 tapered members subjected to different shapes of bending moment diagrams along
their lengths, with or without axial compression. As summarised in Table 3, the following
parameters were varied in the study: (i) the ratio of applied compression to bending moment,
(ii) the ratio ψ of the bending moment applied at the shallow end of the member Ms to that
applied at the deep end Md, with values of ψ = Ms/Md = -1, -0.5, 0 and 0.5, as shown in Fig. 23,
(iii) the normalised member slenderness with values of 𝜆̅y = 0.5, 1 and 1.5, (iv) the taper ratio
with values of γ = 1, 2, 3, 4 and 5 and (v) the cross-section profile at the shallow end of the
tapered members, whose geometric properties were taken as the same as those of European
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HEM 100, HEM 120, HEB 140, IPE 160, HEM 180, HEB 220 and HEB 240 cross-sections.
For all the considered tapered members, the maximum cross-section slenderness 𝜆̅p along the
length did not exceed 1.5.
The presence of a moment gradient implicitly means that a tapered member is also subjected
to shear forces, and high shear forces may negatively influence the ultimate load carrying
capacities of tapered steel members. To allow for this effect, in this study, the approach
proposed in [37] was adopted; thus, when the design shear force VEd exceeded half of the plastic
shear force capacity of the cross-section Vpl,Rd, the interaction between bending and shear was
accounted for through a reduction factor ρcsm applied to the CSM strain limit, as described in
[37]. The expression for the determination of the reduction factor ρcsm is given by Eq. (10). The
CSM shear reduction factor ρcsm utilises the shear reduction factor defined in EN 1993-1-1 [1]
ρ, which is given by Eq. (11). Note that separate cross-section shear capacity and shear
buckling checks are still required in the application of the proposed design method which can
be carried out using the provisions of EN 1993-1-1 [1] and EN 1993-1-5 [25].

ρcsm

for VEd  0.5Vpl,Rd

1

=  0.5
 0.5 + ρ

for VEd  0.5Vpl,Rd

 2V

ρ =  Ed − 1
 Vpl,Rd


(10)

2

(11)

Frequency distributions of the ratios of the ultimate resistances predicted by the proposed
design method and EN 1993-1-1 [1] to those determined from the benchmark shell finite
element models are shown in Fig. 24. As can be seen from the figure, the proposed design
method provides accurate and generally safe-sided resistance predictions for tapered members
subjected to compression plus non-uniform bending. As presented in Fig. 24 and Table 3,
relative to EN 1993-1-1 [1] (i.e. GNIA plus cross-section checks), the proposed design method
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offers an average of 4% to 9% improvement in accuracy, depending on the loading case
considered, as well as a consistent reduction in the scatter of the predictions. As shown in Fig.
25, the traditional method presented in EN 1993-1-1 [1] becomes increasingly conservative for
larger taper ratios γ.
Normalised bending moment-axial force interaction diagrams for a series of tapered members
subjected to compression plus non-uniform bending are shown in Fig. 26. In the figure, Mu,s
and Mu,d are the ultimate bending moments at the shallow and deep ends of the tapered members
respectively, and Mpl,s and Mpl,d are the plastic bending moment resistances of the cross-sections
at the shallow and deep ends. According to EN 1993-1-1 [1], the critical cross-sections (i.e. the
cross-sections where the internal bending moment and axial compression reached the ultimate
cross-section resistance) of these members fall into the Class 1 category; hence, the ultimate
load carrying capacities of these tapered members are determined using the linear plastic
bending moment-axial force (M-N) interaction equations provided in EN 1993-1-1 [1]. Similar
to the observations made in Section 5 for tapered members under compression plus uniform
bending, the design method presented in EN 1993-1-1 [1], i.e. GNIA plus cross-section checks,
is rather conservative for tapered members under compression plus non-uniform bending. On
the other hand, the proposed design method offers more accurate but still generally safe-sided
strength predictions.
Similar observations can also be made based on Fig. 27, which presents comparisons between
the ratios of the ultimate capacities predicted using the proposed design method and EN 19931-1 [1] to those determined from the benchmark shell FE models (αu/αu,shell) versus the crosssection slenderness at the critical location 𝜆̅p,cr for all the analysed tapered members. The
critical location refers to the cross-section where the strain limit is attained or the shallow end
cross-section when the ultimate capacity is predicted by the peak load factor. It can be seen

25

from Fig. 27 that, similar to the observations made in Section 5, for the tapered members with
critical cross-sections of intermediate slenderness (0.32 ≲ 𝜆̅p,cr ≲ 0.5), the improved accuracy
and enhanced resistances achieved using the proposed design method relative to EN 1993-1-1
[1] arise due to the rational exploitation of the spread of plasticity and the allowance for local
moment gradients through strain averaging. For the tapered members with critical crosssections of stocky proportions (𝜆̅p,cr ≲ 0.32), the proposed design method also allows for strain
hardening, which results in further improvements in the accuracy of the resistance predictions.
For the members with very stocky critical cross-sections, if the upper strain limit is increased
from 15εy to 30εy, the accuracy of the proposed design method improves even further, as shown
in Fig. 28. For the tapered members with slender critical cross-sections (𝜆̅p,cr ≥ 0.68), the
ultimate resistances predicted by the proposed design method are close to those obtained from
EN 1993-1-1 [1].
In addition to the verification of the accuracy of the proposed design approach against the
results from the benchmark shell finite element models, its accuracy is also assessed against
the results obtained from available experiments on tapered members under uniform and nonuniform bending reported in the literature [5,16,61,62], as shown in Table 1. As can be seen
from the table, the ultimate strengths determined using the proposed design method are
somewhat conservative, but substantially more accurate and consistent than EN 1993-1-1 [1].
The conservatism is attributed to the use of the lowest eigenmode affine geometric
imperfections with equivalent imperfection magnitudes in the proposed design method, both
of which are more severe than the actual measured imperfections in the test specimens.
7. CONCLUSIONS
A consistent design method for tapered steel members performed by advanced inelastic
analysis using beam finite elements with CSM strain limits has been put forward in this paper.
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The proposed design method was applied to a total of 2000 tapered members subjected to
compression, uniform bending and combined compression and uniform bending, and also to a
total of 1680 tapered members under non-uniform bending and combined axial compression
and non-uniform bending. Various taper ratios, geometrical properties, loading conditions and
member slenderness values were considered. The accuracy of the proposed design method was
extensively verified against results from nonlinear shell finite element modelling as well as a
number of experiments on tapered members. It was shown that the proposed method provides
consistently more accurate ultimate strength predictions relative to the traditional design
method provided in EN 1993-1-1 [1] for the design of tapered steel members owing to (i) taking
account of the interaction between cross-section elements in the determination of local
slenderness, (ii) allowing for strain hardening in stocky cross-sections, (iii) exploiting partial
plastification in cross-sections and (iv) considering the beneficial effects of strain gradients
along the member lengths. The proposed method also precludes the need for cross-section
classification, the cumbersome process of determining effective section properties for Class 4
cross-sections, individual member buckling design checks and the calculation of effective
lengths in the determination of the ultimate strengths of tapered steel members. Future research
will focus on extension of the proposed design method to steel frames made of tapered steel
members and to uniform and tapered steel members susceptible to out-of-plane buckling.
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Fig. 1 Downward loading with corresponding bending moment diagram (BMD) on a typical portal frame with
tapered beams and tapered columns
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Fig. 2 Cross-section classification and corresponding identical bending resistances according to EN 1993-1-1 [1]
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Fig. 3 CSM base curve: a continuous relationship between the cross-section slenderness 𝜆̅p and the deformation
capacity expressed by the normalised limiting strain εcsm/εy.
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Fig. 4 Quad-linear material model for hot-rolled steel adopted in this study [47]
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Fig. 5 Variation in cross-section classification along the length of a tapered member under combined axial
compression and uniform major axis bending
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Fig. 6 Process to apply the method of beam element advanced analysis with CSM strain limit to tapered members
(where αu, αpeak, and αp are the predicted ultimate load factor, the peak load factor, and the load factor at increment
p respectively)
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Fig. 7 Schematic representation of the strain averaging approach along a member with 10 beam elements; the
average strains for elements 1 and 8, εEd,av,1 and εEd,av,8 respectively, are shown.
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Fig. 8 An illustrative example of the proposed design method using advanced analysis with strain limits on a
tapered member under uniform bending (member length L = 5300 mm)
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Fig. 9 (a) CSM strain limit and strain distribution and (b) variation of strain utilisation ratio at the ultimate state
(i.e. when εEd,I+II = εcsm) along the length of a tapered column, where the shallow-section end is an HEB 220, the
taper ratio γ = 5 and 𝜆̅y = 0.8
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Fig. 10 Residual stress pattern applied to shell finite element models (+ve = tension; -ve = compression)
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Fig. 12 Illustration of procedure adopted in the application of local imperfections
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Fig. 13 Comparison of experimental and numerical load-displacement curves of the tapered column specimen
C1 tested in [16]
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Fig. 14 Comparison of experimental and numerical moment-rotation curves of beam-columns tested in [62] (a)
specimen C1-8-TR with lateral and torsional restraints; (b) specimen C2-6-NR without lateral restraints.
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Nu / Nu,shell

Taper ratio γ

Mu / Mu,shell

(a) Compression

Taper ratio γ
(b) Uniform bending
Fig. 15 Comparison of the ratios of the ultimate load carrying capacities obtained using the proposed design
approach and Eurocode 3 to those obtained from the benchmark shell element models versus taper ratio γ for
tapered members under (a) axial compression and (b) uniform major axis bending
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Fig. 16 Comparison of the ratios of the ultimate capacities obtained from shell FE, the proposed design approach
and Eurocode 3 to that corresponding to the attainment of the plastic moment at the shallow end cross-section
Mu/Mpl,s versus cross-section slenderness at the critical location ̅
𝜆p,cr for tapered members under uniform bending;
all tapered beams are governed by the CSM strain limit, rather than peak load
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Fig. 17 Variation of CSM strain limit εcsm, maximum longitudinal compressive strain εEd (for the load level at
which εEd = εcsm) and average maximum longitudinal compressive strain εEd,av (for the load level at which εEd,av =
εcsm), along the length of a tapered member under uniform bending. The critical element m0 when strain averaging
is considered (i.e. that in which εEd,av first reaches εcsm, signifying failure) is close to the shallow end of the beam,
mirroring the failure location indicated by the benchmark shell FE model. The local buckling half-wavelength for
the cross-section at this location Lb,cs,m0 = 413 mm. The average strain for the critical element εEd,av,m0 is obtained
by averaging the maximum longitudinal compressive strains for all elements (of which there are 28 in the present
example) that lie entirely within Lb,cs,m0, as illustrated in Fig. 7.
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Fig. 18 Comparison between the ratios of the ultimate capacities predicted by the proposed design method and
Eurocode 3 to those obtained from benchmark shell finite element models αu/αu,shell for tapered members under
uniform bending plus axial compression
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Fig. 19 Comparison of the ultimate strengths determined using the proposed design approach against benchmark
shell element models and Eurocode 3 for tapered members with different member slendernesses under axial
compression and uniform major axis bending

42

εcsm
= 15
εy
1.1

1

αu / αu,shell

0.9

0.8
0.7

0.6
Proposal (peak load)
Proposal (strain limit)

0.5

EC3

0.32

0.4
0

0.25

0.68
0.5

0.75

1

1.25

1.5

Cross-section slenderness at critical location λp,cr
Fig. 20 Comparison of the ratios of the ultimate capacities obtained from proposed design approach and Eurocode
3 to those obtained from benchmark shell finite element models αu/αu,shell versus cross-section slenderness at the
critical location 𝜆̅p,cr for tapered members under combined compression and uniform major axis bending
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Fig. 21 Ratios of the ultimate load carrying capacities predicted by the proposed design method using 15εy or 30εy
as the maximum strain limit to those determined from the benchmark shell finite element models αu/αu,shell for
tapered members under combined compression and uniform major axis bending, considering only cases when the
strain limit, rather than the peak load, governed.
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Fig. 22 An illustrative example to show the difference between the ultimate member resistances predicted by the
proposed design method using strain limits determined based on first order or second order internal force / moment
distributions
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Fig. 23 Load cases considered for tapered members under combined compression and non-uniform bending along
the member length
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Fig. 24 Frequency distributions of the ratios of the ultimate capacities predicted using the proposed design method
and Eurocode 3 to those obtained from the benchmark shell finite element models αu/αu,shell for tapered members
under combined compression and non-uniform bending
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Fig. 25 Comparison between the ratios of the ultimate load carrying capacities predicted using the proposed design
method and Eurocode 3 to those determined from the benchmark shell finite element models versus taper ratio γ
for tapered members under combined compression and non-uniform bending
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Fig. 26 Comparison of the ultimate strengths determined using the proposed design approach with the benchmark
shell finite element models and Eurocode 3 for tapered members with different member slendernesses under axial
compression and non-uniform major axis bending
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Fig. 27 Comparison of the ratios of the ultimate load carrying capacities obtained using the proposed design
approach and Eurocode 3 to those obtained from the benchmark shell finite element models αu/αu,shell versus crosssection slenderness at the critical location 𝜆̅ p,cr for tapered members under combined compression and nonuniform bending
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Fig. 28 Ratios of ultimate load carrying capacities predicted using the proposed design method using 15εy or 30εy
as the maximum strain limit to those obtained from the benchmark shell finite element models αu/αu,shell for tapered
members under non-uniform bending, considering only cases when the strain limit, rather than the peak load,
governed.
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Table 1 Summary of validation of shell finite element models, and comparison of results obtained from the
proposed design method and Eurocode 3 relative to experimental results. LR = lateral restraints; NR = no restraints;
TR = lateral and torsional restraints. The ultimate load factors obtained from the tests, shell FE modelling,
proposed design method and Eurocode 3 are denoted αu,test, αu,shell, αu,prop and αu,EC3, respectively.
Reference

Test

Member
shape

Member
type

Tankova et al.
(2018) [16]

C1
C2
C3
BC

V
V
L
L

Column
Column
Column
Beam-column

Taper
Lateral
Material
α
/α
α
/α
α
/α
ratio γ
restraints u,shell u,test u,prop u,test u,EC3 u,test
4
2
3
3

S355

2.67

ASTM
A242

LR

LB-3
Prawel et al.
(1974) [61]

LB-5

L

Beam

LR

LB-6
IT-1.4-1
IT-1.6-2
Shiomi &
Kurata (1984) IT-1.8-3
[5]
IT-2.2-5

V

1.36
1.50
Beam-column 1.76
2.15

IT-2.4-6

SS-41

LR

2.30

0.993
0.945
0.974
0.990

0.862
0.830
0.859
*

0.779
0.829
0.781
*

0.982

*

*

0.937

0.816

0.804

1.012

*

*

1.024
1.013
0.998
1.103

0.760
0.756
0.734
0.811

0.698
0.688
0.634
0.702

1.040

0.775

0.678

C1-8-NR

NR

0.981

*

*

C1-8-LR

LR

1.015

*

*

TR

0.958

0.904

0.803

NR

1.017

*

*

C2-6-LR

LR

1.038

*

*

C2-6-TR

TR

1.029

0.934

0.910

Cristutiu et al. C1-8-TR
(2012) [62] C2-6-NR

L

Beam-column

2.4

S355

Mean
1.003
0.822
0.755
CoV
0.039
0.077
0.108
Max
1.103
0.934
0.910
Min
0.937
0.734
0.634
Total number of tests
18
11
11
*Test specimens exhibited large out-of-plane deformations and are therefore outside the scope of the in-plane
design methods examined in the present study
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Table 2 Summary of varied parameters considered and accuracy of the proposed design method and Eurocode 3
in comparison to the results from benchmark shell FE models for tapered members under axial compression,
uniform bending, and combined of compression and uniform bending
Loading
condition

Member
slenderness
𝜆̅ y

Taper
ratio
γ

Compression
Bending

0.2, 0.5,
0.8, 1.2,
1.5

1, 2,
3, 4,
5

Compression
+ bending

Shallow-end
cross-section
HEM 100,
HEM 120,
HEB 140,
IPE 160,
HEM 180,
HEB 200,
HEB 220,
HEB 240

No. of
cases
N
200
200
2000

Design
method

αu/αu,shell

Proposed

Mean
0.926

CoV
0.052

Max
1.009

Min
0.848

EC3

0.875

0.068

1.011

0.771

Proposed

0.881

0.092

1.016

0.752

EC3

0.813

0.130

1.000

0.601

Proposed

0.950

0.074

1.066

0.641

EC3

0.888

0.112

1.051

0.469

Table 3 Summary of varied parameters considered and accuracy of the proposed design method and Eurocode 3
in comparison to the results from benchmark shell FE models for tapered members under non-uniform bending
with or without axial compression
Moment
ratio
ψ

Member
slenderness
𝜆̅ y

Taper
ratio
γ

-1
-0.5
0.5, 1.0, 1.5
0
0.5

1, 2, 3,
4, 5

Shallow-end
cross-section

No. of
cases
N
420

HEM 100,
HEM 120,
HEB 140,
IPE 160,
HEM 180,
HEB 220,
HEB 240

420
420
420

Total

1680
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Design
method
Proposed
EC3
Proposed
EC3
Proposed
EC3
Proposed
EC3
Proposed
EC3

αu/αu,shell
Mean
0.922
0.848
0.918
0.832
0.947
0.907
0.961
0.913
0.937
0.875

CoV
0.073
0.099
0.083
0.106
0.063
0.066
0.078
0.094
0.077
0.101

Max
1.035
0.985
1.095
1.028
1.057
1.027
1.064
1.042
1.095
1.042

Min
0.706
0.597
0.703
0.586
0.730
0.681
0.709
0.630
0.703
0.586

