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Abstract
Gaussian Processes (GPs) can be used as flexible, non-parametric function priors. Inspired
by the growing body of work on Normalizing
Flows, we enlarge this class of priors through
a parametric invertible transformation that
can be made input-dependent. Doing so also
allows us to encode interpretable prior knowledge (e.g., boundedness constraints). We derive a variational approximation to the resulting Bayesian inference problem, which is
as fast as stochastic variational GP regression
(Hensman et al., 2013; Dezfouli and Bonilla,
2015). This makes the model a computationally efficient alternative to other hierarchical extensions of GP priors (Lázaro-Gredilla,
2012; Damianou and Lawrence, 2013). The
resulting algorithm’s computational and inferential performance is excellent, and we
demonstrate this on a range of data sets. For
example, even with only 5 inducing points
and an input-dependent flow, our method
is consistently competitive with a standard
sparse GP fitted using 100 inducing points.

1

Introduction

Gaussian Processes (GPs) are perhaps the most wellknown stochastic processes. Their popularity derives
from their two most important features: not only are
they infinite-dimensional generalizations of the multivariate normal distribution, but they also inherit numerous convenient properties from it. Most importantly, like its finite-dimensional counterpart, the GP
∗
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is closed under marginalization and conditioning. Together, these features have made GPs uniquely attractive for modeling natural phenomena in molecular biology (Einstein, 1905), physics (Uhlenbeck and Ornstein, 1930), and spatial statistics (Krige, 1951).
Within Machine Learning, GPs are most commonly
used as non-parametric Bayesian prior beliefs over
functions, an idea dating back to O’Hagan (1978) and
significantly expanded by Williams and Rasmussen
(1996). Though GP priors can describe many functions, an ongoing line of work has constructed ever
more expressive function priors at the expense of computational complexity (Snelson et al., 2003; Damianou
and Lawrence, 2013; Wilson and Ghahramani, 2010;
Lázaro-Gredilla, 2012; Garnelo et al., 2018). For instance, the work of Damianou and Lawrence (2013)
and Lázaro-Gredilla (2012) considers layered compositions of GPs. While these priors are more expressive than single GPs, this comes at a price. For example, in the Deep GP (DGP) inference algorithm of
Salimbeni and Deisenroth (2017), computations are
O(N M 2 · K + M 3 · K), where N is the number of
observations, M << N the number of inducing points
and K the total number of GPs (dozens per layer in
the work of Salimbeni and Deisenroth, 2017).
The current paper produces a method capable of
largely eliminating this trade-off between the expressivity and computational complexity of function priors: We present a simple yet powerful way of enlargening the class of GP priors without substantially
increasing computational cost. Building on Wilson
and Ghahramani (2010) and Wauthier and Jordan
(2010), we apply parametric and invertible transformations (aka Normalizing Flows (Rezende and Mohamed, 2015)) to a GP—yielding a Transformed GP
(TGP). In contrast to previous approaches however, the
TGP also allows for Bayesian, input-dependent transformations. The TGP is more expressive than a GP, and
can encode additional prior knowledge about the latent function (e.g., boundedness constraints). With a
sparse variational inference scheme, the TGP’s run time
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Figure 1: A simplified categorisation of some of the
literature on transforming GPs.
is O(N M 2 + M 3 )—virtually identical to that of standard sparse variational GP (SVGP) regression (Hensman
et al., 2013). Further, the TGP outperforms the SVGP
using only a fraction of its inducing points and produces test performances comparable to a multi-layer
DGP.
While this is not a focus of the current paper, our
inference scheme can also easily incorporate transformations of the data. This means we also provide a
faster approximation to a number of previous models, including the Warped Gaussian Process (Snelson
et al., 2003; Rios and Tobar, 2019).

2

Motivation

Existing literature uses invertible transformations
within GPs either on the prior or the likelihood. For
observations (X, Y) and invertible mappings G, T, a
generative model unifying both approaches is
)
f0 ∼ GP(µ(·), C(·, X)); fK = G(f0 )
(1)
iid
T(Y) = fK + ;  ∼ N (0, Σ).
Denoting I as the identity function, this recovers standard GP regression for G = T = I. Similarly, setting
T 6= I, G = I / G 6= I, T = I amounts to transforming
only the likelihood / prior. Clearly, it is also possible to incorporate additional Bayesian priors about G
and T. In this case, the transformation itself becomes
probabilistic. Fig. 1 illustrates this categorization.
2.1

(Snelson et al., 2003) or integrated out via Bayes’ rule
(Oliveira et al., 1997; Muré, 2018). In essence, transforming the likelihood is an attempt at Gaussianization (Chen and Gopinath, 2000; Meng et al., 2020):
One hopes that T makes T(Y) = Z into a standard GP with additive noise (Lin and Joseph, 2019).
Note that whenever T is non-linear, this implies that
Y = T−1 (Z) is non-Gaussian with non-additive noise.
Thus, one can also see these transformations as aiming to fix model misspecification. This means that
unlike other approaches towards robustifying GPs (see
e.g. Jylänki et al., 2011; Hartmann and Vanhatalo,
2019; Knoblauch, 2019), transformations of the likelihood make sense only if one has sufficient domain
knowledge to locate the source of misspecification.
On the other hand, transformations of the prior (G 6=
I, T = I) have no implications for the likelihood
model or error structure. Further—and unlike transformations of the likelihoods—they are applicable for
discrete-valued data, too. This makes them more compatible with black box models —and so more attractive to the Machine Learning community. This does
not mean that G cannot incorporate domain knowledge however—and we exploit this on two applications
where we force the function prior to be non-negative.
These advantages have made the literature on transforming the GP prior an active research area. Some of
its most prolific outcomes include Wilson and Ghahramani (2010) as well as the work of Wauthier and Jordan (2010) and Murray et al. (2009). In all three
papers, the parameterizations of the transforms are
deterministic. More recently, this was superseded
by a probabilistic treatment (e.g. Monterrubio-Gómez
et al., 2020). Deep GPs (Damianou and Lawrence,
2013) and Warped GPs (Lázaro-Gredilla, 2012) are perhaps the most prominent examples, and transform a
base GP with a layered hierarchy of other GPs. A different line of work transforms the prior via the input X
(see Calandra et al., 2016; Wilson et al., 2016), which
induces non-stationarity relative to the original observation space without affecting the conditional Gaussianity of Y.

Related work
2.2

The arguable more popular subcase of Eq. (1) is applied to the likelihood (T 6= I, G = I). The methods
resulting from this strategy are well-studied in spatial statistics, and also known as Trans-kriging models
(Diggle and Ribeiro, 2007). The earliest work is based
on exponential transforms such as the Box-Cox (Box
and Cox, 1964), but transformations soon took various
other forms, including the Tukey transform (Tukey,
1977), hyperbolic transformations (Tsai et al., 2017),
and the Sinh-Archsinh transforms (Jones and Pewsey,
2009). Transformation parameters can be estimated

Computation

Since the posterior of a standard GP regression (G =
T = I) has closed form, it is important to determine
how much G 6= I or T 6= I complicates computations.
When the likelihood is transformed (T 6= I, G = I),
marginal likelihoods often have closed forms (see e.g.
Snelson et al., 2003). However, predictions need an
explicit computation of the inverse T−1 .
This leaves two options, both with considerable drawbacks: One can use approximation algorithms (e.g.,
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Newton-Raphson) to approximate T−1 , or one can
constrain T to produce closed forms (see e.g. Rios and
Tobar, 2019). The former bloats the computation and
is sensitive to initial conditions, the latter constrains
the model’s flexibility.
When the prior is transformed (T = I, G 6= I), the
inverse G−1 does not have to be computed explicitly.
Such methods pose other challenges however: Their
marginal likelihoods will not have closed form. In prior
work, this has often resulted in rather coarse approximate inference. For example, Wilson and Ghahramani
(2010) and Wauthier and Jordan (2010) set G 6= I to
obtain non-Gaussian marginals, but are forced to use
Laplace approximations for inference.
The problem is compounded if G itself is probabilistic, as is the case for Deep GPs (DGPs). To address
this issue, sparse GP priors and Variational Inference
(VI) are typically used. For instance, Damianou and
Lawrence (2013); Lázaro-Gredilla (2012) use a meanfield normal family. This is extended by Salimbeni and
Deisenroth (2017) to capture uncertainty across layers.
Unfortunately, both approximations have drawbacks,
leading to recent work advocating for structured variational families instead (Ustyuzhaninov et al., 2020).
This appears to produce better inferences, but also
significantly increase the computational overhead.
2.3

Our Contribution

We design a Bayesian method that can match the performance of Deep GPs at a fraction of the computational cost. To achieve this, we consider Bayesian
Neural Networks (NNs) as input-dependent parametric transforms. We then derive a sparse variational
approximation extending the ideas of Titsias (2009);
Hensman et al. (2013) and Dezfouli and Bonilla (2015).
Our approximation is also the first scalable variational
method for the methods of Wilson and Ghahramani
(2010); Wauthier and Jordan (2010). Further, our inference algorithm is applicable even if one also transforms the likelihood (G 6= I, T 6= I). This means that
it can easily be adapted to incorporate domain knowledge via G (and T), and we show this on two examples.

3

Model Description

ν

(i)

)}N
i=1 ,

Given N input-output tuples {(X , Y
we arrange them into matrices X ∈ RN ×Dx and Y ∈
RN ×Dy . Throughout, our goal is the Bayesian learning over a set of functions F = {f : X → Y}. To
this end, we place a prior distribution over a subset
of possible functions F. Given a GP specified via its
mean and covariance functions µ(·), Cν (·, ·), we achieve

fK

Y

Gθ (f0 )

X
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λ

Figure 2: Plate diagram of the TGP with Bayesian
input-dependent flows. We use transformations Gθ
with input-dependent (function-valued) parameters
θ = θ(X, W) to transform a base GP f0 with kernel hyperparameters ν into a more expressive prior fK about
the functional relationship between X and Y. In practice, W will be weights of a Neural Network (NN) with
a Bayesian prior depending on hyperparameters λ.

this by additionally transforming it with K invertible parametric transformations {Gθk }K−1
k=0 . More precisely, we define for all k = 0, . . . K − 1 the functions Gθk : F → F as the individual transformations, Gθ = Gθ0 ◦ Gθ1 ◦ · · · ◦ GθK−1 as their composition and θ = {θ0 , θ1 , . . . , θK−1 } as the parameterization of this composition. Transformations of this kind
have recently been popularized in a different context
as flows (Rezende and Mohamed, 2015). While our
model applies for θ ∈ Rp , it also accommodates the
case of function-valued (i.e. input-dependent) parameters θ : X → Rp such as Neural Networks (NNs).
3.1

The Transformed Gaussian Process
(TGP)

Taking f0 ∼ GP(µ(X), Cν (X, ·)) as a sample from the
base GP, we then define the TGP as fK = Gθ (f0 ).
For simplicity, the current paper restricts attention
to element-wise mappings. Because such mappings
produce diagonal Jacobians, they only affect the
marginals of the GP, so that for any fixed X0 ∈ X ,
fK (X0 ) = Gθ (f0 (X0 )). Thus, we will often refer
to them as diagonal /marginal transformations/flows.
Note that the resulting TGP fK can be seen as an inputdependent generalization of the Gaussian Copula Process discussed in Wilson and Ghahramani (2010).
3.2

(i)

f0

Input-dependent Flows

A simple example for a marginal flow is given by stacking K SAL flows (Rios and Tobar, 2019):
f1

= d1 · sinh(b1 · arcsinh(f0 ) − a1 ) + c1





= dK · sinh(bK · arcsinh(fK−1 ) − aK ) + cK




...

fK

(2)
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3.3

Bayesian Priors on Flows

However, we find that a Bayesian treatment of
{Wl }L
l=1 significantly improves test set performance.
This is hardly surprising; input-dependent flows in the
form of NNs introduce a considerable number of additional hyperparameters, making a naive implementation prone to over-fitting. The reason for this is
that enriching GP priors with non-Bayesian flows provides additional fexibility via hyperparameters which
are not regularized via a complexity penalty at inference time. By placing a Bayesian prior p(W) on the
network weights W = {Wl }L
l=1 , we effectively regularize the network weights and avoid this issue. This
means that we integrate over {Wl }L
l=1 , accounting for
uncertainty in θ.
Though the prior could be chosen arbitrarily, we
consider the fully factorized normal prior pλ (W) =
N (W; 0, λ−1 I|W|×|W| ) throughout the paper. The
corresponding graphical model is given in Fig. 2, and
the generative process is
f0 |X ∼ GP(µ(X), Cν (X, ·))

θ(X, W) = NN(X, W)

W ∼ pλ (W)

fK |θ, X, W = Gθ(X,W) (f0 )

Unlike in previous work (e.g. Wilson and Ghahramani,
2010), we not only quantify uncertainty about the parameter θ, but also make it an input-dependent function.
3.4

Induced Distributions

By virtue of an iterated application of the change of
variable formula and the inverse function theorem (see
e.g. Rezende and Mohamed, 2015), the probability dis-

Marginal F0

0.3

Marginal Fk
0.75

0.2

−2

F

0.50

−4

0.1

Fk
F0
0

0.25

0.0 −2.5

5
10
X
Flow transformation

0.0
2.5
F1
Joint distribution F0

0.00 −2

0
2
F1
Joint distribution FK

2

0

F2

2
F2

We achieve this via Neural Networks (NNs) with L layers so that for any fixed X0 ∈ X , the transformation’s
parameters are {αj (X0 ), βj (X0 ), γj (X0 ), δj (X0 )}K−1
j=0 .
l L
Thus, if the NN’s weights {W }l=1 are fitted without
accounting for parameter uncertainty, θ = {Wl }L
l=1 .
Note that a model of this form will be able to model
non-stationary processes. We illustrate this using a
range of warping functions at different locations in
App. B.7.2.

Draws from the model

Fk

In this example, Gθ is not input-dependent and θj−1 =
{aj , bj , cj , dj }. Fig. 3 illustrates the effect of such a
transform on a base GP for K = 3. We could make
the transformation input-dependent however, the only
thing required is a reparameterization. In particular, one only has to replace the scalar parameters aj ,
bj , cj , and dj with the function-valued parameters
αj , βj , γj , δj : X → R.
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Figure 3: Flow constructed as in Eq. (2) with K = 3.
The parameters of the flow were obtained from one of
the experiments run in this work.
tributions induced by our transformations are:
p(fK |G, X) = p(f0 |X)

K−1
Y
k=0

det

∂Gθk (fk )
∂fk

−1

.

By using a marginal flow, Sklar’s theorem (Sklar,
1959) implies that the dependencies in p(f0 ) and p(fK )
are driven by the same Copula—the GP in our case.
Though the copula is the same, fK will generally have
non-Gaussian marginals (see Fig. 3). While the current paper restricts attention to diagonal mappings for
simplicity, the presented derivations and methods may
be extended to non-diagonal transformations such as
those in Rios (2020). In practical terms, non-diagonal
transformations could be used to model arbitrary copulas and correlation structures; and we elaborate on
this version of the model in App. A. Whether Gθ
is a diagonal or non-diagonal transformation, we require that the resulting fK is a valid stochastic process (and thus a valid function prior). This amounts
to checking whether the resulting collection of random
variables satisfies the necessary consistency conditions,
which holds by simple arguments for marginal flows
(e.g. Rios, 2020). In order to employ flows such as
Real NVP (Dinh et al., 2017), one needs to prove that
these conditions are still satisfied. We leave this for
future work, as the associated theory is highly dependent on the exact flow in question.

4

Inference

Performing inference for the Transformed Gaussian
Process (TGP) is generally intractable. Thus, we derive
an efficient sparse variational approximation which is
amenable to stochastic optimization (Hensman et al.,
2013), utilizes inducing points through sparse GP priors (Titsias, 2009) and works with arbitrary likelihoods

Juan Maroñas, Oliver Hamelijnck, Jeremias Knoblauch, Theodoros Damoulas

(Hensman et al., 2015; Dezfouli and Bonilla, 2015). An
important part of this is a careful choice of the variational posterior, which eliminates the need to compute
Jacobians or the inverse forms of Gθ altogether, yielding a drastic speedup. As a result, our inference algorithm is of order O(N M 2 + M 3 ) (for M << N )
and parameters can be set via stochastic optimization. This makes our method particularly suitable for
large-scale applications—and much faster than previous approaches: for example, the case of deterministic parametric transformations presented by Wauthier
and Jordan (2010) and Wilson and Ghahramani (2010)
relies on O(N 3 ) Laplace approximations. Similarly,
the approximations for the case of hierarchical probabilistic transformations presented in Salimbeni and
Deisenroth (2017) are of order O(N M 2 · K + M 3 · K),
where K is the number of GPs inside the Deep GP
(dozens per layer in the work of Salimbeni and Deisenroth, 2017).
4.1

Sparse Variational Objective

Variational methods frame inference as optimization
by minimizing the Kullback-Leibler divergence (KL)
between approximate and true posterior (Blei et al.,
2017). It can also be interpreted as constrained finitedimensional version of the infinite-dimensional variational problem characterizing the exact Bayesian posterior (Knoblauch et al., 2019). Rewriting this minimization as maximization, it becomes an Evidence
Lower Bound (ELBO) (Bishop, 2006).
Sparse GPs augment the prior with M inducing points
u0 ∈ RM at locations Z ∈ RM ×D , typically with
M < N . These points act as ‘pseudo-observations’
and allow low rank approximations to the GP prior
that circumvent the cubic costs traditionally associated with GP inference (Quiñonero Candela and Rasmussen, 2005; Williams and Seeger, 2001).
Taking the inducing points into account, the sparsified
and transformed prior of the TGP is given by
p(fK , uK ) = p(f0 | u0 )JfK p(u0 )JuK ,
{z
} | {z }
|
=p(fK |uK )

(3)

=p(uK )

where p(u0 ) is a GP prior of the same form as that
for f0 in Eq. (1) , p(f0 | u0 ) is conditionally Gaussian
QK−1
∂G (a) −1
and Ja = k=0 det θak
is the (diagonal) Jacobian of the transformation of the stochastic process
a. Rios (2020) formally proves that stochastic processes transformed by such marginal flows induce valid
stochastic processes. In turn, this guarantees that the
transformed sparse stochastic process is consistent—
and thus a valid function prior.
One important property of the original bound pro-

posed by Titsias (2009) is that the variational posterior implicitly cancels the conditional, as this alleviates the need for computing O(N 3 ) matrix inverses
(Bauer et al., 2016). Using the same algebraic tricks,
we define our approximate posterior such that both the
conditional and the Jacobians cancel
q(fK , uK ) = p(fK |uK ) q(u0 )JuK
| {z }
=q(uK )

where the p(fK |uK ) and JuK are defined as before and
q(u0 ) = N (u0 | m, S) is a free form Gaussian with
m ∈ RM ×1 and S ∈ RM ×M . Another crucial sideeffect of defining the variational posterior in this way
is that it allows us to integrate out uK analytically.
Following Hensman et al. (2013) we do not collapse
q(u0 ) in order for stochastic Variational Inference to
scale, resulting in the following ELBO:

)p(u )J 
p(Y | fK )
p(f
|u
K
K
0 uK
L(Y) = Eq(fK ,uK ) log
)q(u )J 

p(f
|
u

K
K
0
u
K


which after some algebraic manipulations (see App.
A) simplifies to our proposed variational lower bound:
N
X
n=1

Eq(f0,n ) [log p(Yn | Gθ (f0,n ))] − KL [q(u0 ) || p(u0 )] .

The use of marginal flows and factorizing likelihoods
results in the expected log likelihood (ELL) term being decomposable across the latent variables q(f0,n )
and observations Yn —making it particularly suitable
for stochastic variational inference and big N (Hensman et al., 2013). The individual ELL components will
generally be unavailable in closed form and computed
using one-dimensional Gaussian quadrature (Hensman
et al., 2015).
4.2

Justification of Approximate Family

To understand the effect of our proposed approximate
family we now compare against the case where the
variational posterior is constrained to be Gaussian. We
denote this model as G-SP and provide the full derivation in App. A.5.1. Because only the prior is transformed, the sparse conditional p(fK | uK ) no longer
cancels; leading to an ELBO requiring O(N 3 ) computations and thus limiting G-SP to only small scale experiments. Additionally, G-SP requires passing samples
of the Gaussian approximate posterior through the inverse prior transformation which can be undefined, for
example, with positive enforcing flows. For G-SP, we
thus only consider flows that leave the output space
unconstrained.
As demonstrated in Fig. 4 the TGP is able to achieve
a superior performance by fitting the flat regions of
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the data. The G-SP, although enriched with a flow on
the prior, cannot learn more complex, space constraining flows, and instead learns a transformation that is
close to identity and hence almost recovers the SVGP.
In comparison TGP enriches both the prior and the approximate posterior family, increasing the flexibility of
both whilst achieving superior performance and maintaining the computation benefits of the SVGP.
4.3

A Sparsification of Previous Models

Note that our approximation directly provides a new
sparse variational inference algorithm for the models
proposed by Wilson and Ghahramani (2010) and Wauthier and Jordan (2010). In methodological terms, it
is a direct generalization of Hensman et al. (2013) (for
Gθ 6= I). Crucially, this means that while our model
allows for substantially more expressive function priors, it inherits the computational efficiency of the standard variational GP model.
While we focus mainly on prior transformations, our
variational approximation also allows for transformations of the likelihood. Following Snelson et al. (2003)
the transformed likelihood is given by:
p(Y | T, fK ) = p(T(Y) | fK )

K−1
Y

Tk (Yk )
.
Yk
{z
}

det

k=0

|

Zoom In Learnt Flow
SVGP

0
−1
1

G-SP

0
−1
1

TGP

0
−1

0

1

2

Figure 4: We generate 150 observations by passing
evenly spaced evaluations of a sine curve, through a
tanh flow and additionally applying Gaussian noise.
For TGP we use a tanh flow and for G-SP we use a SAL,
because G-SP requires a flow that does not constrain the
output space. For all models we use a periodic kernel
and perform a grid search across and a period initial
value of [0.6, 0.7, 0.8, 0.9, 1.0] and flow initialisation of
identity, random and from data. We plot the best
performing result from each model. The SVGP is unable
to accurately model the flat regions of the dataset,
whereas TGP can due to the prior transformation. GSP uses a less suitable flow and so almost recovers the
SVGP.

JYK

where the Jacobian term does not depend on f0 . Substituting this into our bound results in
L̄ = L(T(Y)) + log JYK .
Setting Gθ = I, this constitutes the first sparse variational approximation to the work of Snelson et al.
(2003) and Rios and Tobar (2019). Unlike previous inference schemes available for these models, this makes
them applicable to large-scale applications through
sparse GPs and mini-batching. We demonstrate this
contribution in our experiments, and call this new inference scheme variational Warped GP (V-WGP).
4.4

Predictions
1

Bayesian Input-dependent Flows

For input-dependent flows whose parameters have
Bayesian priors, we specify priors and variational posteriors that are independent of fK . For the case of the
input-dependent flow being a NN, this means that
p(fK , W) = p(fK )pλ (W)
q(fK , W) = q(fK )q(W)
Absorbing these additional terms into the ELBO adds
−KL[q(W)||p(W)] to our bound. Additionally, the
ELL term now requires integration over q(W). The resulting integral could be approximated with S Monte

Carlo samples {Ws }Ss=1 using reparameterization, allowing unbiased gradient estimates of low variance to
be computed via the approximation
N
X
n=1
N
X

Eq(W)q(f0,n ) [log p(Yn | Gθ (f0,n ))] ≈

S


1X
Eq(f0,n ) log p(Yn | Gθ(X,Ws ) (f0,n )) ;
S s=1
n=1

In our experiments however, we instead use the Monte
Carlo Dropout approximation (Gal and Ghahramani,
2016) as it is more memory-efficient and avoids wellknown pathologies introduced by mean field approximate posteriors q(W) (e.g. Turner and Sahani, 2011).
To study the effect this has relative to standard Variational Bayes, we provide a comparative study in App.
B.6.3.
4.5

Prediction

To predict using the TGP (Gθ 6= I, T = I) we substitute
the true posterior for its approximation q(fK ). The
predictive distribution is then given by
Z
p(Y∗ ) = p(Y∗ | Gθ (f0 ))q(f0 ) df0 .
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Figure 5: Spatial median predictions from a V-WGP,
TGP and GP on the Switzerland daily rainfall dataset
(units in 10 µm). The V-WGP (left) is guaranteed to
have non-negative predictions. The TGP and GP (right)
do not and predict negative rainfall in Graubünden.
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For predictions, we use one-dimensional quadrature
to approximate the first moment of p(Y∗ ). Confidence intervals are obtained by sampling from p(Y∗ ).
Further details on predicting with Bayesian inputdependent flows and transformed likelihoods are in
App. A.

5

2019-03-30

2019-04-01

2019-04-03

2019-04-05

Figure 6: Model fits on PM25 with 5% of inducing
points. The TGP’s added flexibility provides the best
fit. Top: the TGP with compositional SAL and softplus flow. Middle: V-WGP with the same flow, but in
reverse and applied to the likelihood. Bottom: SVGP.

Experiments

We first compare the TGP with likelihood-transforming
methods. Second, we demonstrate the TGP’s excellent performance as a black box model by using input-dependent Bayesian flows on a range of
UCI datasets (Lichman, 2013). All code is written in PyTorch (Paszke et al., 2019) using GPyTorch (Gardner et al., 2018). Details can be found
in App. B, and the code is publicly available at
https://github.com/jmaronas/TGP.pytorch.
For all figures, we use the following acronyms: TGP
(non input-dependent TGP), BA-TGP (input-dependent
TGP with Bayesian flows) and PE-TGP (input-dependent
TGP whose flow parameterization is obtained through
a point estimate).
5.1

2019-03-28

Applications

We first study two applications to compare transformations of priors with those of likelihoods. We restrict
the TGP to non-input-dependent flows and we compare
it against a scalable variational approximation for the
Warped GP model of Snelson et al. (2003) (henceforth
V-WGP) that we derive in Sec. 4.3 and the Sparse Variational GP (SVGP) of Hensman et al. (2013).
Air Quality
Consider Particulate Matter of 2.5
µm size (PM25) in London (London, 2020) as depicted
in Fig. 6. Measurements of PM25 are non-negative,
exhibit periodic fluctuations due to vehicle traffic, and
irregular peaks arising from weather conditions or traffic jams. Thus, we choose a SAL and softplus compo-

sition (SAL+SP). This makes the TGP’s latent function
positive and guarantees T(Y) ≥ 0 for the V-WGP.
The difference between methods is noticeable for low
numbers of inducing points (see Fig. 6 & 7). As discussed in Sec. 2, the V-WGP implicitly models Y with
non-additive noise while the TGP transforms the prior,
but models the noise additively. Hence, the TGP will
attribute fluctuations to the underlying latent function, while the V-WGP is prone to absorb oscillations
into the observation noise, as in Fig. 6. Unsurprisingly, the TGP’s fit is superior to that of the GP due
to its additional flexibility. However, even though Gθ
is chosen so that Gθ (f0 ) ≥ 0, the TGP assigns positive
probability mass to PM25 being negative.
Switzerland Rainfall
We also model daily rainfall in Switzerland (Dubois, 2003), see Fig. 5. As observations are non-negative, we again employ SAL+SP
flows. Unlike the TGP and GP, the V-WGP does not fit
the latent function to peaks in the data and guarantees positive predictions. The resulting smoother fit
is desirable and explains why the V-WGP’s predictive
performance in Fig. 7 outperforms that of the TGP.
5.2

Black Box results

We also highlight our model’s capability to learn arbitrary functions in a Bayesian way on a range of regression and classification problems. Throughout, the TGP
uses 1- or 2-layer NNs to parameterize input-dependent
flows. While the inverses of these flows would be dif-
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Figure 7: RMSE results (left is better) from the Air
quality and Rainfall application. Left: Air quality
experiments with 5%, 10% and 100% inducing points
and a SAL plus softplus flow. The TGP consistently
outperforms the GP and V-WGP because it can better
fit to irregular patterns in the data. Right: Rainfall
experiments with 100% inducing points and Softplus
flows (S) versus SAL plus softplus flows (SS). When
both the TGP and V-WGP use the more expressive SS
flow, the V-WGP is superior, reflecting that the source
of misspecification is the likelihood, not the prior.
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Figure 8: Comparison of NLL (top; left is better) and
RMSE (bottom; left is better) for a standard SVGP
with a non input-dependent flow (TGP), the inputdependent counterpart indexed by a NN when the NN
is fitted using a point estimate (PE-TGP) or integrated
out in a Bayesian fashion (BA-TGP)

ficult to approximate, inference for the TGP can proceed without computing the inverse transformations.
This is a clear distinction to methods like the V-WGP,
which relies on transforming the likelihood instead of
the prior. We present results for the negative log likelihood (NLL) as they are representative for the overall findings and defer RMSE values, 95% COVERAGE and
accuracy metrics to App. B together with details on
choosing flows and NN architectures. For all plots, subscripts denote the number of inducing points used.
Bayesian Regularization
First, we investigate
the effect of Bayesian marginalization of the inputdependent flows by comparing RMSE and NLL. In par-
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Figure 9: Comparing NLL (left is better) for some
medium-sized regressions with 5 and 100 inducing
points. Remaining data sets in App. B.
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Figure 11: Average clock times for 100 runs with 1200
epochs on energy. Predictions use 100 samples from
the posterior. The variance of training and prediction
repetitions is negligible (< 10−5 ).
ticular, we use a NN to induce input-dependence for
the flow and compare the results obtained by using a point estimate via standard dropout (Srivastava
et al., 2014) versus those obtained with approximate
Bayesian marginalization via Monte Carlo Dropout
(Gal and Ghahramani, 2016). The results are depicted in Fig. 8 and demonstrate that preventing the
NN from overfitting with a Bayesian treatment yields
a significant performance boost in terms of predictive uncertainty. We also illustrate how non inputdependent flows are much less expressive than the
input-dependent counterpart.
Medium Scale Regression
We compare TGPs,
SVGPs and DGPs with 2, 3, 4 layers on a range of
medium-sized data sets. For Dx denoting the dimension of X, each DGP layer has at least min(Dx , 16) GP’s
per layer, and we set kernel parameters and perform
inference as in Salimbeni and Deisenroth (2017). Results over 10 training:test (90:10) splits are shown in
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Figure 12: Comparing NLL (left is better) across 9 data sets. Bottom rightmost panel: Ranking of the
methods across all 9 data sets and repetitions shows that the TGP performs as well as a 3- or 4-layer DGP.
Fig. 12. They demonstrate that the TGP clearly outperforms the GP and, on 5/9 datasets, the TGP even
manages to outperform the 4-layer DGP. When ranking
the results, this implies an overall performance comparable to that of a 3-layer DGP (see the rightmost
bottom plot in Fig. 12).
Large Scale Regression
We also benchmark the
TGP on two large scale regression datasets. The Year
has 0.5M, and the airline around 2M training data
points. Fig. 10 shows the results and mirrors the
findings for the medium-sized regressions.
Classification
Unlike transformations of the likelihood, prior transformations can be used to improve
performance for discrete-valued data. Fig. 13 makes
this point using a range of classification problems.
Computational Cost
Impressively, the TGP can
match the 3-layer DGP’s performance at a fraction of
the computational complexity: Even on the energy
data set—where the DGP has only 8 GPs per layer—
computation times for the 3-layer DGP are 3× (training) and 10× (prediction) that of the TGP (Fig. 11).
This is true even though our implementation of the
DGP fully exploits parallelization on a GPU cluster,
while our current TGP implementation does not exploit
potential parallelization across GP parameters. We further emphasize that our predictions use a 100 point
quadrature integration rule per Monte Carlo sample,
i.e we use 100 × 100 integration points, see App. A.4,
in contrast to the DGP—which only uses 100.
Fewer Inducing Points
The TGP can match or
outperform standard GPs using 20 times fewer inducing points, and we illustrate this in Fig. 9. We provide evidence on additional data sets in App. B which
also shows that Cov[q(f0 )] does not collapse to a point
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Figure 13: Comparing NLL (left is better) on three
classification problems with up to C = 12 classes.

mass. This implies that the Bayesian NN flow does not
make the GP redundant—in fact, the TGP’s base GP is
essential to our model’s quantification of uncertainty.

6

Conclusions and Future Work

We introduced Transformed Gaussian Processes
(TGPs)—a new and flexible family of function priors—
by enriching GPs with parameterized, invertible, inputdependent, and Bayesian transformations (aka flows).
While the computational overhead of our inference
scheme is comparable to that of sparse variational GP
regression, its predictive performance matches that of
multi-layered DGPs. The variational approximation we
derived also speeds up inference in a host of other models (e.g. Wilson and Ghahramani, 2010; Wauthier and
Jordan, 2010; Snelson et al., 2003) to O(N M 2 + M 3 ).
Our work can be used within inter-domain inducing
point approximations (Lázaro-Gredilla and FigueirasVidal, 2009; Dutordoir et al., 2020), to improve multitask GPs (Bonilla et al., 2007; Álvarez et al., 2012;
Hamelijnck et al., 2019), density estimation (Dutordoir et al., 2018), model calibration (Maroñas et al.,
2020), and probabilistic dimensionality reduction (Titsias and Lawrence, 2010).
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