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Robust nonconforming virtual element methods for general fourth

order problems with varying coefficients

Andreas Dedner∗ and Alice Hodson

Abstract

We present a class of nonconforming virtual element methods for general fourth order partial
differential equations in two dimensions. We develop a generic approach for constructing the necessary
projection operators and virtual element spaces. Optimal error estimates in the energy norm are
provided for general linear fourth order problems with varying coefficients. We also discuss fourth
order perturbation problems and present a novel nonconforming scheme which is uniformly convergent
with respect to the perturbation parameter without requiring an enlargement of the space. Numerical
tests are carried out to verify the theoretical results. We conclude with a brief discussion on how our
approach can easily be applied to nonlinear fourth order problems.

Keywords: virtual element method; fourth order problems; nonconforming; perturbation problem; DUNE.

1 Introduction

In recent years the discretization of partial differential equations via the virtual element method (VEM) has seen
a rapid increase. Introduced in [9] VEM began as an extension and generalization of both finite element and
mimetic finite difference methods as discussed in [14]. In [9] the appropriate local and global VEM spaces are
constructed and the approximation properties analysed for the Laplace equation. Another discretization of the
Laplace problem was suggested in [1] while a nonconforming approach can be found in [7]. An extension to
general, nonlinear second order elliptic PDEs for both conforming and nonconforming spaces is discussed in [21].
Similarly, another approach is taken in [11] for diffusion-convection-reaction problems.

The versatility of VEM has been showcased through the wide variety of problems it has been applied to over
recent years. This has led to the construction of H(div) and H(curl)-conforming virtual element spaces in [12],
conforming virtual elements for polyharmonic problems in [6], and the construction of methods for Stokes flow in
[15, 20, 23], to name but a few. Especially the ease with which VEM spaces can be constructed to enforce desirable
properties of the discrete functions even on general polygonal meshes makes the approach very interesting for a
wide range of problems. An example of this is the construction of divergence free vector spaces in [15]. A further
example is the construction of discrete spaces with higher order continuity conditions. The construction of even
a lowest order C1 conforming space is not straightforward within the standard finite element setting and higher
order nonconforming spaces suitable for fourth order problems are also not readily available. Consequently, many
software packages provide a large number of spaces for second order problems but often only provide the lowest
order Morley element [32] for discretizing fourth order problems without requiring the use of splitting methods.

To construct conforming elements for fourth order problems, C1 continuity is required which makes the
methods highly complex. It is known that using traditional finite element methods, polynomials of at least
degree five are needed to construct C1 approximations which are piecewise polynomials. In contrast, it is shown
in [19] that the virtual element construction of C1 approximations to fourth order plate bending problems is
much simpler and arguably more elegant. Additionally, the conforming virtual element method for polyharmonic
problems, ∆pu = f for p ≥ 1, has been addressed in [6] where the global VEM space consists of Cp−1 functions. As
well as this, the study of linear elliptic fourth order problems in three dimensions is considered in the conforming
case in [13]. Another example of C1 conforming elements can be seen in the application of the lowest order VEM
space to the Cahn-Hilliard equation, investigated in [3]. Further studies of the application of virtual elements to
the Cahn-Hilliard equation can be found in [30, 31].

In this work we focus on studying nonconforming virtual element methods but for a wide range of problems.
Although we focus on nonconforming VEM for fourth order problems, we highlight that due to the general
framework we present, only minor modifications are needed to also include the study of C1 conforming elements
for these problems. Existing works which study nonconforming fourth order problems include the nonconforming
approximation of the biharmonic plate bending problem, which is considered in [5, 39, 40]. A mixture of spaces
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have been suggested, some fully nonconforming [5, 40] and others which include some level of continuity [39]
though not the full C1 continuity you would see in a fully conforming space. More recently, we see a C0 conforming
approach to fourth order perturbation problems being considered in [38]. There are other general approaches that
can be employed such as hybrid high-order (HHO) methods [28] which, like VEM, can easily handle polyhedral
meshes. The connection between VEM and HHO has been analysed and discussed for the Poisson problem in [29].
Hybrid high-order methods have also been extended to fourth order problems in [16] where a novel HHO method
for the Kirchhoff-Love plate bending problem is presented. To our knowledge, the application of both higher
order VEM and HHO methods to more general nonconstant coefficients and nonlinear fourth order problems is
not available at the time of writing.

Arguably the most important ingredient of VEM is the construction of projection operators. In the available
literature on fourth order problems, projection operators are constructed based on the underlying variational
problem. The main idea of this approach is to construct only one projection which depends on the local contribu-
tion to the bilinear form. In [21, 1] a different approach was taken for discretizing second order problems, which
makes it straightforward to apply the method to nonlinear models. In this paper we generalize this approach and
demonstrate how it can be applied to a wide range of fourth order problems. A major advantage of this approach
is that it can be included more easily into existing software frameworks. A central building block for implementing
Galerkin type schemes is the evaluation of nodal basis functions and their derivatives at given quadrature points.
To extend this to our VEM setting, these methods have to be replaced with the evaluation of projection operators
defined on each element. We implemented this approach within the DUNE [8, 26] software framework, requiring
little change to the existing code base. From the user perspective switching between a finite element to a virtual
element discretization is seamless especially within the available Python frontend [27, 25].

We refer throughout this paper to two well known VEM spaces, the nonconforming space discussed in both
[5, 40] and the C0 conforming space discussed in [39, 38] by demonstrating how they fit into our generalized
framework. The main contributions of this paper are detailed as follows.

(i) We present a general approach for constructing nonconforming VEMs for any order of accuracy, for solving
a general fourth order PDE problem with nonconstant coefficients. We extend the work in [21] on second order
elliptic problems and using the same techniques, we prove optimal error estimates in the energy norm (Section
5).

(ii) In Section 4, we introduce a general approach for constructing VEM projection operators based on con-
straint linear least square formulations that ensures they are fully computable from the available degrees of
freedom.

(iii) The fourth order perturbation problem is studied in Section 6. We discuss how two standard spaces
mentioned previously fit into our framework although note that our approach for constructing the projection
operators differs from the approach taken in [5, 40, 38]. We furthermore present a novel fully nonconforming
scheme which unlike modifications seen in [38], does not require an enlargement of the standard nonconforming
VEM space.

(iv) Lastly, we carry out numerical experiments in Section 7 to confirm the a priori error analysis. We conclude
by showing how our construction of projection operators allows us to straightforwardly solve complex nonlinear
fourth order problems.

2 The continuous problem

Throughout this paper, we adopt the standard notation for Sobolev spaces Hs(D) for nonnegative integers s, and
for a domain D. We denote the norm and seminorm by ‖·‖s,D and | · |s,D respectively. If D = Ω then the subscript
shall be omitted. The notation (·, ·)D will be used to denote the L2(D) inner product. For a nonnegative integer
l, let Pl(D) denote the set of all polynomials up to degree l over D. We use the convention that P−1(D) = {0}.
We denote the standard L2(D) orthogonal projection onto the polynomial space Pl(D) by P lD. The tensor of all
derivatives of a given order |µ| is denoted with D|µ|ϕ. Let ∂nϕ = ∇ϕ ·n denote the normal derivative of a function
ϕ over ∂D and let ∂sϕ = ∇ϕ · τ denote its tangential derivative where we use τ to denote a tangential vector.

Consider a general linear fourth order problem defined on a polygonal domain Ω ⊂ R2 described by a bilinear
form

a(u, v) :=

∫
Ω

κ(x)D2u : D2v dx+

∫
Ω

β(x)Du ·Dv dx+

∫
Ω

γ(x)uv dx (2.1)

for u, v ∈ H2
0 (Ω) with H2

0 (Ω) = {v ∈ H2(Ω) : v = ∂nv = 0 on ∂Ω}.
We make the minimal assumptions that κ, β, γ ∈ L∞(Ω). In later sections we impose further conditions on

the coefficients. For now we assume that the coefficients satisfy κ ≥ κ0 > 0, for a constant κ0 and β, γ ≥ 0. We
define β0 = minβ(x), and γ0 = min γ(x). Note that we could also consider an even more general setting, e.g.,
take β ∈ L∞(Ω)2×2 as in [21]. The results in this paper can be easily extended to cover this case but to keep the
presentation simple we only consider scalar coefficients.

The variational problem for a given f ∈ L2(Ω) reads as follows: find u ∈ H2
0 (Ω) such that

a(u, v) = (f, v) ∀ v ∈ H2
0 (Ω). (2.2)

2



Since the bilinear form is symmetric, we can define an energy norm |||·||| by |||v|||2 = a(v, v). It follows easily
that the bilinear form is coercive and continuous with respect to the energy norm,

a(u, v) ≤ |||u||||||v|||, for all u, v ∈ H2
0 (Ω),

a(v, v) ≥ |||v|||2, for all v ∈ H2
0 (Ω).

Hence it follows from the Lax-Milgram Lemma that (2.2) has a unique solution.

Remark 2.1. Assuming that the solution u to (2.2) is smooth enough, we can derive the corresponding strong
form of the PDE

2∑
i,j=1

∂ij(κ∂iju)−
2∑
i=1

∂i(β∂iu) + γu = f in Ω,

u = ∂nu = 0 on ∂Ω.

(2.3)

Note that if we were considering constant coefficients, taking κ, β, γ ∈ R, as in [13], then the strong form
would reduce to the PDE studied there

κ∆2u− β∆u+ γu = f in Ω,

u = ∂nu = 0 on ∂Ω.

3 The discrete problem and an abstract convergence result

In this section we provide some general ingredients needed for the discretization of our problem and present a
Strang-type abstract error estimate. Let Th denote a tessellation of the computational domain Ω and denote the
set of all edges in Th by Eh. We split this set into boundary edges, Ebdry

h := {e ∈ Eh : e ⊂ ∂Ω} and internal

edges E int
h := Eh\Ebdryh . Similarly, denote the set of vertices in Th by Vh = V int

h ∪Vbdy
h , which again is made up of

interior and boundary vertices.
For an integer s > 0, define the broken Sobolev space Hs(Th) by

Hs(Th) := {v ∈ L2(Ω) : v|K ∈ Hs(K), ∀K ∈ Th},

and on this space define the broken Hs seminorm

|vh|2s,h =
∑
K∈Th

|vh|2s,K .

For a function v ∈ H2(Th) we define the jump operator [·] across an edge e ∈ Eh as follows. For an internal edge,
e ∈ E int

h , define [v] := v+ − v− where v± denotes the trace of v|K± where e ⊂ ∂K+ ∩ ∂K−. For boundary edges,
e ∈ Ebdry

h , let [v] := v|e. We denote with Pk(K) the space of polynomials over a grid element K and define the
piecewise polynomial space Pk(Th) for any k ∈ N with

Pk(Th) := {p ∈ L2(Ω) : p|K ∈ Pk(K), ∀K ∈ Th}.

We now make the following basic assumptions. In particular, we stress that throughout the paper the poly-
nomial order l is fixed.

Assumption 3.1. Assume the following holds for any fixed h > 0 and for a fixed l ≥ 2.

(A1) The mesh Th consists only of simple polygons. A simple polygon refers to the criteria that the boundary of
each element must not intersect itself and is made up of a finite number of straight line segments.

(A2) The finite dimensional function space Vh,l satisfies Pl(Th) ⊂ Vh,l and Vh,l ⊂ H2,nc
l (Th). We define the

nonconforming space H2,nc
l (Th) ⊂ H2(Th) as

H2,nc
l (Th) :=

{
v ∈ H2(Th) : v continuous at internal vertices, v(vi) = 0 ∀vi ∈ Vbdry

h ,∫
e

[ ∂nv ]p ds = 0 ∀ p ∈ Pl−2(e),

∫
e

[ v ]p ds = 0 ∀ p ∈ Pl−3(e), ∀ e ∈ Eh
}
.

(A3) There exists fh ∈ V
′
h,l, which approximates the right hand side of our variational problem (2.2).

(A4) There exists a discrete bilinear form ah : Vh,l × Vh,l → R, such that for any uh, vh ∈ Vh,l,

ah(uh, vh) =
∑
K∈Th

aKh (uh, vh).

The bilinear form aKh : Vh,l|K × Vh,l|K → R is the restriction of ah to an element K. We denote the
restriction of the VEM space Vh,l to an element K by V Kh,l := Vh,l|K .

3



(A5) Stability property: assume that there exists two constants α∗, α
∗ such that

α∗a
K(vh, vh) ≤ aKh (vh, vh) ≤ α∗aK(vh, vh)

for all vh ∈ V Kh,l.

The criteria in the stability property (A5) is required to show that the discrete bilinear form is coercive and
continuous.

Lemma 3.2. The broken Sobolev norm | · |2,h is a norm on the spaces H2
0 (Ω) and H2,nc

l (Th). Define the element
wise discrete energy norm |||wh|||2h =

∑
K∈Th

|||wh|||2K for functions wh ∈ H2,nc
l (Th), where the element wise

contributions are given by

|||wh|||2K = (κD2wh, D
2wh)K + (βDwh, Dwh)K + (γwh, wh)K .

Then, we have that |||·|||h is a norm on H2,nc
l (Th). Therefore, under Assumption (A2), it follows that both | · |2,h

and |||·|||h are a norm on Vh,l.

Proof. From [5, 39, 18] it follows that | · |2,h is a norm on both H2
0 (Ω) and H2,nc

l (Th). Consequently, |||·|||h is a
norm on H2,nc

l (Th) under the given conditions on the coefficients κ, β, γ stated in Section 2.

The following is now a direct consequence of the stability assumption (A5):

Theorem 3.3 (Existence and uniqueness of solutions to the discrete problem). Under Assumption 3.1 the discrete
problem: find uh ∈ Vh,l such that

ah(uh, vh) = 〈fh, vh〉 ∀ vh ∈ Vh,l (3.1)

admits a unique solution.

We now have the following Strang-type error bound, the proof of which is standard and identical to the method
from e.g. [21].

Theorem 3.4 (A priori error bound). Under Assumption 3.1 it holds that

α∗|||u− uh|||h ≤ inf
vh∈Vh,l

α∗|||u− vh|||h + sup
wh∈Vh,l
wh 6=0

|〈fh, wh〉 − (f, wh)|
|||wh|||h

+ sup
wh∈Vh,l
wh 6=0

|N (u,wh)|
|||wh|||h

+ inf
p∈Pl(Th)

(
(α∗ + 1)|||u− p|||h +

∑
K∈Th

sup
wh∈VK

h,l
wh 6=0

|aK(p, wh)− aKh (p, wh)|
|||wh|||K

)
,

(3.2)

where α∗ and α∗ are from the stability property (A5). The nonconformity error is given by

N (u,wh) = a(u,wh)− (f, wh). (3.3)

We finish this section by collecting the remaining technicalities needed for the rest of the paper. In particular,
we make the following regularity conditions on the mesh Th which are standard in the virtual element framework,
see e.g., [9].

Assumption 3.5 (Mesh assumptions). Assume there exists some ρ > 0 such that the following hold.

(A6) For every element K ∈ Th and every edge e ⊂ ∂K, he ≥ ρhK where he = |e| and hK is the diameter of K.

(A7) Assume that each element is star shaped with respect to a ball of radius ρhK .

Finally, we recall some standard results for the L2 projection operator.

Definition 3.6. For any K ∈ Th define the L2(K) orthogonal projection onto the polynomial space Pl(K), that
is P lK : L2(K)→ Pl(K) by,

(P lKv, p)K = (v, p)K for all p ∈ Pl(K),

and for any edge e ⊂ ∂K define the L2(e) orthogonal projection onto Pl(e), P le : L2(e)→ Pl(e) by,

(P lev, p)e = (v, p)e for all p ∈ Pl(e).

A proof of the following error estimates can be obtained using for example the theory in either [17, 22].

Theorem 3.7. Under Assumption 3.5, for l ≥ 0 and for any w ∈ Hm(K) with 1 ≤ m ≤ l + 1, it follows that

|w − P lKw|s,K . hm−sK |w|m,K

for s = 0, 1, 2. Further, for any edge shared by K+,K− ∈ Th and for any w ∈ Hm(K+∪K−), with 1 ≤ m ≤ l+1,
it follows that

|w − P lew|s,e . h
m−s− 1

2
e |w|m,K+∪K−

for s = 0, 1, 2.
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4 The virtual element spaces

We dedicate this section to the virtual element discretization. We specify the chosen degrees of freedom by a
dof tuple which allows us to easily encode a number of different local VEM spaces. A major part of the VEM
method is the construction of projection operators. We detail a new construction of projection operators suitable
for general VEM discretization of a wide range of fourth order problems with nonconstant coefficients.

Throughout this section we provide examples of nonconforming VEM spaces for fourth order problems (C1

nonconforming spaces). In particular, we use as examples the original nonconforming space detailed in [5, 40]
with Vh,l 6⊂ H1

0 (Ω). As well as this space, we look at the C0 conforming space detailed in [39, 38], such that
Vh,l ⊂ H1

0 (Ω). We conclude this section with defining the global VEM spaces and the bilinear forms.

4.1 Degrees of freedom tuple

We begin this section by introducing the concept of a degrees of freedom (dof) tuple, used to generically describe
the degrees of freedom relating to a VEM space on each element of the grid. So let K ∈ Th be fixed in the
following.

Definition 4.1. For the C1 virtual element spaces, let the degrees of freedom tuple, M ∈ Z5, be defined as

M =
(
dv0 , d

v
1 , d

e
0, d

e
1, d

i
0

)
. (4.1)

The entries correspond to the number of moments used in the definition of our degrees of freedom, with dvj , for
j = 0, 1, encoding the information for the vertex moments, dej for j = 0, 1, for the edge moments, and di0 for
the inner moments. The subscript j = 0 corresponds to moments of the function values and j = 1 to derivative
moments on the vertices and edges.

From the dof tuple, we are able to define the corresponding degrees of freedom.

Definition 4.2. For a function vh ∈ H2(K), the local degrees of freedom corresponding to the degrees of freedom
tuple in (4.1) are given by the following.

(D1) The values hjvD
jvh for each vertex v of K for j = 0, 1. Here hv is some local length scale associated to the

vertex v, e.g., an average of the diameters of all surrounding elements.

(D2) The moments of ∂jnvh up to order dej on each e ⊂ ∂K, for j = 0, 1,

|e|−1+j

∫
e

∂jnvhp ds ∀p ∈ Pdej (e).

(D3) The moments of vh up to order di0 inside K,

1

|K|

∫
K

vhp dx ∀p ∈ Pdi0(K).

Remark 4.3. We use the convention that D0vh = vh and ∂0
nvh = vh. If any of the entries in the dof tuple M are

zero, this implies that we take constant moments, if an entry is less than or equal to −1, then this corresponds
to no moments. So for example dv0 = −1 implies that no vertex values are used. The case dv0 = −1 is for example
relevant for the C0 nonconforming space presented in [21] but will not be considered in the discussion here.

Note that for the C1 nonconforming spaces, we always have dv0 = 0 and dv1 = −1. We only begin to prescribe
the vertex derivative values when we consider C1 conforming spaces or even higher order conforming spaces see
for example [6, 13].

We now give some examples of degrees of freedom tuples relating to some common VEM spaces to illustrate
the idea.

Example 4.4. For l ≥ 2, consider the original C1 nonconforming space introduced in [5]. The dof tuple describing
this space is

MC1

nc = (0,−1, l − 3, l − 2, l − 4).

This dof tuple also corresponds to the space considered in [40]. A visualization of these dofs on triangles can be
seen in Figure 1.

For l ≥ 2, consider the C1 space introduced in [39, 38] which is C0 conforming. This space is described by
the dof tuple

MC1

C0conf = (0,−1, l − 2, l − 2, l − 4).

The dofs for this space are shown in Figure 2.
For l ≥ 3, consider the C1 conforming space given in [6]. The dof tuple describing the local dofs for this space

is given by

MC1

conf = (0, 0, l − 4, l − 3, l − 4).

5



l = 2 l = 3 l = 4 l = 5

Figure 1: Degrees of freedom for polynomial orders l = 2, 3, 4, 5 on triangles for the C1 nonconforming space.
Circles at vertices represent vertex dofs, arrows represent edge normal dofs, circles on edges represent edge value
moments and interior squares represent inner dofs.

l = 2 l = 3 l = 4 l = 5

Figure 2: Degrees of freedom for polynomial orders l = 2, 3, 4, 5 on triangles for the C1-C0 conforming space [38].
Circles at vertices represent vertex dofs, arrows represent edge normal dofs, circles on edges represent edge value
moments and interior squares represent inner dofs.

Remark 4.5. As mentioned already, the concept of defining a dof tuple extends to describing the dofs relating
to C0 VEM spaces. Consider the simplest of the C0 conforming serendipity spaces discussed in [10]. The dofs for
this space can be described by the dof tuple

MC0

sc = (0,−1, l − 2,−1, l − 3).

4.2 Local spaces and projection operators

We now focus on the crucial aspect of defining the VEM spaces and projection operators. Following the approach
in [1, 21] we introduce an enlarged local virtual element space to ensure that our projection operators satisfy
certain L2 projection properties which are stated at the end of this section.

Definition 4.6. The enlarged virtual element space Ṽ Kh,l on K ∈ Th is defined as follows.

Ṽ Kh,l := {vh ∈ H2(K) : ∆2vh ∈ Pl(K), vh|e ∈ Pl(e), ∆vh|e ∈ Pl−2(e), ∀ e ⊂ ∂K} (4.2)

with dimension dim Ṽ Kh,l := ÑK
V = nKe (2l − 1) + 1

2
(l + 1)(l + 2), where nKe denotes the number of edges in the

polygon K.
The enlarged space Ṽ Kh,l is characterized by the following extended degrees of freedom tuple, denoted by M̃K

∈ Z5, where
M̃K = (0,−1, l − 2, l − 2, l).

Note that the number of extended dofs is equal to Ñdofs = nKe (2l − 1) + 1
2
(l + 1)(l + 2) so that we have

ÑK
V = Ñdofs. We denote with Λ̃K the set of extended degrees of freedom described by M̃K as given by Definition

4.2. We show next that this set of degrees of freedom is unisolvent in Ṽ Kh,l.

Lemma 4.7. The set of extended degrees of freedom Λ̃K is unisolvent over the space Ṽ Kh,l.

Proof. We show that if all the degrees of freedom vanish for vh ∈ Ṽ Kh,l then vh ≡ 0. Using Green’s formula [22],

for a function vh ∈ Ṽ Kh,l it follows that

|vh|22,K =

∫
K

D2vh : D2vh =

∫
K

∆vh∆vh +

∫
K

2∂12vh∂12vh − ∂11vh∂22vh − ∂22vh∂11vh

=

∫
K

∆2vhvh −
∫
∂K

vh∂n(∆vh) +

∫
∂K

∂nvh(∆vh − ∂ssvh) +

∫
∂K

∂nsvh∂svh.

6



By using integration by parts on the last term and setting all degrees of freedom Λ̃K to zero, we see that

|vh|22,K =

∫
K

∆2vhvh −
∫
∂K

vh
(
∂n(∆vh + ∂ssvh)

)
+

∫
∂K

∂nvh
(
∆vh − ∂ssvh

)
.

Applying integration by parts on the second term we arrive at the following

|vh|22,K =

∫
K

∆2vhvh +

∫
∂K

2∂nvh∆vh.

Since vh ∈ Ṽ Kh,l, it follows from (4.2) that ∆2vh ∈ Pl(K) and ∆vh ∈ Pl−2(e). We therefore see that |vh|22,K = 0.
As in [5], this implies that vh = 0 due to the boundary conditions.

Remark 4.8. In this paper we focus on the construction for C1 nonconforming spaces. However, note that
the following discussion on defining projection operators also covers some conforming spaces suggested in the
literature for solving second order problems, e.g., the spaces from [10]. As well as this, as discussed above a
conforming C1 space can also be described in this framework (using the dof tuple (0, 0, l − 4, l − 3, l − 4)). The
nonconforming C0 space from [21] also fits the framework using the dof tuple (−1,−1, l− 1,−1, l− 2). Note that
both of these spaces require a different enlarged space. Since we are not going to analyse these two spaces, we do
not discuss these choices further but we would like to note that our definition of projection operators cover these
cases as well with only minimum modifications.

We now turn our attention to the local VEM space V Kh,l, which we define as a subspace of the enlarged virtual

element space Ṽ Kh,l. In order to define V Kh,l, we first construct the following projections: an interior value projection,

ΠK
0 : Ṽ Kh,l → Pl(K), an edge value projection Πe

0 : Ṽ Kh,l → Pl(e), and an edge normal projection Πe
1 : Ṽ Kh,l → Pl−1(e).

These projections have to be computable from the degrees of freedom ΛKM of a given vh ∈ Ṽ Kh,l. Using ΠK
0 ,Π

e
0,Π

e
1

we can then define the VEM space V Kh,l, the gradient projection, ΠK
1 : Ṽ Kh,l → (Pl−1(K))2, and finally the hessian

projection ΠK
2 : Ṽ Kh,l → (Pl−2(K))2×2, which satisfy certain L2 projection properties discussed in the following.

These projections are then used to define the discrete bilinear form.
To begin with, we assume that we have a degrees of freedom tuple MK = (0,−1, de0, d

e
1, d

i
0) such that dej ≤ l−2,

for j = 0, 1, and di0 ≤ l. Fixing the dof tuple MK gives us a set of degrees of freedom, ΛKM , such that ΛKM ⊂ Λ̃K .

Definition 4.9. We say that a value projection ΠK
0 , an edge projection Πe

0, and an edge normal projection Πe
1

are dof compatible if for vh ∈ Ṽ Kh,l they are a linear combination of the dofs ΛKM (vh), and satisfy the following
additional properties.

• The value projection ΠK
0 vh ∈ Pl(K) satisfies∫

K

ΠK
0 vhp =

∫
K

vhp ∀ p ∈ Pdi0(K), (4.3)

and ΠK
0 q = q for all q ∈ Pl(K).

• For each edge e ⊂ ∂K, the edge projection Πe
0vh ∈ Pl(e) satisfies∫

e

Πe
0vhp =

∫
e

vhp ∀ p ∈ Pde0(e), Πe
0vh(e±) = vh(e±), (4.4)

and Πe
0q = q|e for all q ∈ Pl(K).

• For each e ⊂ ∂K, the edge normal projection Πe
1vh ∈ Pl−1(e) satisfies∫

e

Πe
1vhp =

∫
e

∂nvhp ∀ p ∈ Pde1(e), (4.5)

and Πe
1q = ∂nq|e for all q ∈ Pl(K).

Note that there are multiple choices for defining the value, edge, and edge normal projections such that
they are dof compatible. We provide an example for defining these projections based on constraint least squares
problems after defining the gradient and hessian projections.

Definition 4.10. The gradient projection ΠK
1 : Ṽ Kh,l → (Pl−1(K))2 is now taken to be∫

K

ΠK
1 vhp = −

∫
K

ΠK
0 vh∇p+

∑
e⊂∂K

∫
e

Πe
0vhpn, ∀ p ∈ Pl−1(K)2 (4.6)

and the hessian projection ΠK
2 : Ṽ Kh,l → (Pl−2(K))2×2 to be∫

K

ΠK
2 vhp = −

∫
K

ΠK
1 vh ⊗∇p+

∑
e⊂∂K

∫
e

(
Πe

1vhn⊗ np+ ∂s(Π
e
0vh)τ ⊗ np

)
, ∀ p ∈ (Pl−2(K))2×2. (4.7)

Here n, τ denote the unit normal and tangent vectors of e, respectively.
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One possible dof compatible choice for the value and two edge projections is shown in the following example.

Example 4.11. We consider projection operators obtained from constraint least squares problems. Consider the
dof tuple (0,−1, de0, d

e
1, d

i
0).

• We define the value projection ΠK
0 vh ∈ Pl(K) as the solution to the problem

Minimize:

Ndof∑
i=1

(dofi(Π
K
0 vh)− dofi(vh))2,

subject to:

∫
K

ΠK
0 vhp =

∫
K

vhp ∀ p ∈ Pdi0(K).

Since ΠK
0 is defined by a linear least squares problem with equality constraints, where the right hand side

is given by dofs, it follows that ΠK
0 is a linear combination of the dofs. From this definition it is clear that

(4.3) holds.

• If we choose the edge projection to be the unique solution in Pl(e) of∫
e

Πe
0vhp =

∫
e

vhp ∀ p ∈ Pde0(e), Πe
0vh(e±) = vh(e±),∫

e

Πe
0vhp =

∫
e

ΠK
0 vhp ∀ p ∈ Pl−2(e)\Pde0(e)

then Πe
0vh ∈ Pl(e) and (4.4) is satisfied. To see this, we note that ΠK

0 is linear and the other equations only
involve linear systems of equations.

• Finally, if we define the normal edge projection Πe
1vh ∈ Pl−1(e) to be the unique solution of∫

e

Πe
1vhp =

∫
e

∂nvhp ∀ p ∈ Pde1(e), and

∫
e

Πe
1vhp =

∫
e

∂n(ΠK
0 vh)p ∀ p ∈ Pl−1(e)\Pde1(e)

then we satisfy (4.5). Note that we could replace the final constraint with∫
e

Πe
1vhp =

∫
e

ΠK
1 vh · np ∀ p ∈ Pl−1(e)\Pde1(e)

since ΠK
1 vh does not depend on Πe

1vh. This is what we use in our implementation.

Note that these definitions also cover the case of the C0 nonconforming space with de1 = −1. The gradient
projection in this case is identical to the one given in [21] but we get a projection for the hessian as well.

We can finally use given dof compatible projections ΠK
0 ,Π

e
0, and Πe

1 to define the local virtual element space
on K.

Definition 4.12. The local virtual element space V Kh,l is given as the following subset of the enlarged space.

V Kh,l :=
{
vh ∈ Ṽ Kh,l : (vh −ΠK

0 vh, p)K = 0 ∀ p ∈ Pl(K)\Pdi0(K),

(∂jnvh −Πe
jvh, p)e = 0 ∀ p ∈ Pl−2(e)\Pdej (e) for j = 0, 1

}
.

(4.8)

We now show that the subset of dofs ΛKM are unisolvent for our local VEM space V Kh,l.

Lemma 4.13. The set of degrees of freedom ΛKM is unisolvent for V Kh,l.

Proof. Let vh ∈ V Kh,l, and set the dofs ΛKM to zero. Then, noting that both the value and edge projection are
computed using the dofs, it follows that ΠK

0 vh = 0,Πe
0vh = 0, and Πe

1vh = 0. From (4.8), we see that

(vh −ΠK
0 vh, p)K = (vh, p)K = 0 ∀ p ∈ Pl(K)\Pdi0(K),

and for j = 0, 1,

(∂jnvh −Πe
jvh, p)e = (∂jnvh, p)e = 0 ∀ p ∈ Pl−2(e)\Pdej (e),

i.e. the inner moments of order l, . . . , l − (di0 + 1) and the edge moments of order l − 2, . . . , l − (de0 + 1) of vh
are also zero. Similarly, the higher order edge normal moments are also zero. So viewing vh as a function in the
enlarged space, vh ∈ V Kh,l ⊂ Ṽ Kh,l it follows that vh ≡ 0 as a function in Ṽ Kh,l with the extended degrees of freedom
set to zero, using Lemma 4.7. Therefore the dofs are unisolvent for V Kh,l.

This leads us to a final crucial result of this subsection. We see in the next Lemma that by construction,
our value, gradient, and hessian projections possess important L2 projection properties. In particular, due to
construction of the VEM space, the value projection is identical to the L2 projection into the space of polynomials
of degree l for all VEM functions.
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Lemma 4.14. If the value, edge, and edge normal projections are dof compatible, then for any vh ∈ V Kh,l it
follows that, for s = 0, 1, 2,

ΠK
s vh = P l−sK (Dsvh).

Proof. From Definition 4.9 it is clear that∫
K

ΠK
0 vhp =

∫
K

vhp ∀p ∈ Pdi0(K)

while the definition of the space V Kh,l (4.8) leads to∫
K

ΠK
0 vhp =

∫
K

vhp ∀p ∈ Pl(K)\Pdi0(K).

Combining the two we obtain the stated L2 projection property of ΠK
0 . Similar arguments are used for the

other projections: due to the polynomial exactness of Πe
0 and the definition of the extended space Ṽh,l we have

Πe
0vh = vh|e and therefore for a polynomial p ∈ Pl−1(K),∫

K

ΠK
1 vhp = −

∫
K

ΠK
0 vh∇p+

∑
e⊂∂K

∫
e

Πe
0vhnp = −

∫
K

vh∇p+
∑
e⊂∂K

∫
e

vhnp

where we used the L2 projection property of ΠK
0 . Applying integration by parts to the RHS completes the proof.

Finally we have for the hessian projection using the results already proven and the dof compatibility of the edge
normal projection, Πe

1,∫
K

ΠK
2 vhp = −

∫
K

ΠK
1 vh∇p+

∑
e⊂∂K

( ∫
e

Πe
1vhn⊗ np+ ∂s(Π

e
0vh)τ ⊗ np

)
= −

∫
K

∇vh∇p+
∑
e⊂∂K

( ∫
e

∂nvhn⊗ np+ ∂svhτ ⊗ np
)

so that the result follows using integration by parts.

Due to the dof compatibility, and the fact that Pl(K) ⊂ Ṽ Kh,l, it holds that Pl(K) ⊂ V Kh,l. This implies that
ΠK
s p = Dsp for p ∈ Pl(K) for each s = 0, 1, 2.

4.3 Global spaces and the discrete bilinear form

We conclude with the definition of the global virtual element space and the discrete bilinear form. We keep the
presentation brief, since it follows the general construction of VEM found in the literature.

We define the global space Vh,l by

Vh,l := {vh ∈ H2(Th) : vh|K ∈ V Kh,l ∀K ∈ Th}. (4.9)

Definition 4.15. A dof tuple is said to be H2,nc
l (Th) conforming if the entries satisfy: dv0 = 0, dv1 = −1, de0 ≥ l−3,

de1 ≥ l − 2, and di0 ≥ l − 4.
Recall that H2,nc

l (Th) is the H2 nonconforming space detailed in (A2). Observe that a VEM space Vh,l defined
by an H2,nc

l (Th) conforming dof tuple satisfies Vh,l ⊂ H2,nc
l (Th).

We extend Definition 4.2 to arrive at the global degrees of freedom.

Definition 4.16. Global degrees of freedom are given by the following.

(D1) The values hjvD
jvh for each internal vertex v of Th for j = 0, 1.

(D2) The moments of ∂jnvh up to order dej for j = 0, 1, on each internal edge e ∈ E int
h

|e|−1+j

∫
e

∂jnvhp ds ∀p ∈ Pdej (e).

(D3) The moments of vh up to order di0 inside each K ∈ Th

1

|K|

∫
K

vhp dx ∀p ∈ Pdi0(K).

We set the local degrees of freedom which correspond to boundary vertices and boundary edges, e ∈ Ebdryh ,
to zero. Note that the global degrees of freedom are unisolvent - this follows from the unisolvency of the local
degrees of freedom and the definition of the local spaces.

Lastly, we define the discrete bilinear form.
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Definition 4.17. For any uh, vh ∈ V Kh,l, define the local discrete bilinear form aKh as

aKh (uh, vh) :=

∫
K

κΠK
2 uh : ΠK

2 vh +

∫
K

βΠK
1 uh ·ΠK

1 vh +

∫
K

γΠK
0 uhΠK

0 vh + SK(uh −ΠK
0 uh, vh −ΠK

0 vh).

We take the stabilization term SK(·, ·) to be a symmetric, positive definite bilinear form satisfying

c∗a
K(vh, vh) ≤ SK(vh, vh) ≤ c∗aK(vh, vh) (4.10)

for constants c∗, c
∗ independent of h and K.

It is clear that the choice of aKh in Definition 4.17 with SK satisfying (4.10), will satisfy the stability property
from (A5) see e.g., [9, 21]. We take the standard choice for SK based on the scalar product of the local degrees of
freedom scaled appropriately with some element wise constant approximations of the coefficients κ̄K , β̄K , and γ̄K .
In our implementation we use the average of each coefficient κ, β, and γ evaluated at the vertices of an element
K to calculate κ̄K , β̄K , and γ̄K . Then SK is given by:

SK(uh, vh) :=
(
κ̄Kh

−2
K + β̄K + γ̄Kh

2
K

)Ndof∑
j=1

dofj(uh)dofj(vh).

Then, as in [21], it follows that this choice of SK satisfies (4.10) and therefore (A5) holds in Assumption 3.1.

Remark 4.18. Furthermore, notice that due to Lemma 4.14, it holds that ΠK
0 p = p for all p ∈ Pl(K) and

therefore the stabilization term vanishes when one of uh or vh is a polynomial of degree l. The discrete bilinear
form therefore possesses the standard polynomial consistency property.

5 Error analysis

In this section we collect all the building blocks needed to prove a general convergence result in the energy norm,
which is presented in Theorem 5.7. Throughout this section we now assume that our dof tuple is H2,nc

l (Th)
conforming (recall Definition 4.15) and so (A2) is satisfied in Assumption 3.1, meaning that Theorem 3.4 holds.
Proving convergence involves bounding all of the terms in the Strang-type estimate presented in Theorem 3.4. In
the following we consider each term from (3.2) in the order in which they appear, starting with the approximation
error.

5.1 Interpolation error estimate

The following estimate for the interpolation error, the first term in equation (3.2), is simply a consequence of
standard scaling arguments.

Theorem 5.1 (Approximation error estimate). Let (A1) - ( A7) hold, defined in Assumptions 3.1 and 3.5. If
u ∈ Hl+1(Ω) is the solution to the continuous problem (2.2). Then, it follows that

inf
vh∈Vh,l

|||u− vh|||h ≤ C
(
hl−1‖κ‖

1
2
L∞ + hl‖β‖

1
2
L∞ + hl+1‖γ‖

1
2
L∞
)
|u|l+1.

for a constant C independent of h.

5.2 Load term

The next term to appear in the a priori bound (3.2) is an error estimate for the load term. To treat this term,
following the methods in [5, 21], we define fh to be the piecewise L2 projection of f on Th, fh := P lKf . Using
Lemma 4.14 we observe that for wh ∈ V Kh,l,

〈fh, wh〉 =
∑
K∈Th

(P lKf, wh)K =
∑
K∈Th

(f,P lKwh)K =
∑
K∈Th

(f,ΠK
0 wh)K .

Consequently, the right hand side of the discrete variational problem (3.1) is computable. The following estimate
now follows easily using for example, the method in [5].

Lemma 5.2. For l ≥ 2, let s be an integer with f ∈ Hs(Ω) and define r := min(s − 1, l). Then, the following
estimate holds

|〈fh, wh〉 − (f, wh)| ≤ Chr+2|f |r+1|wh|1,h (5.1)

for a constant C independent of h.
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Proof. We can show the following using the bounds of Theorem 3.7∣∣〈fh, wh〉 − (f, wh)
∣∣ =

∣∣∣∣ ∑
K∈Th

∫
K

(
P lKf − f

)
wh

∣∣∣∣ =

∣∣∣∣ ∑
K∈Th

∫
K

(
P lKf − f

)(
wh − P0

Kwh
)∣∣∣∣

≤
∑
K∈Th

‖P lKf − f‖0,K‖wh − P0
Kwh‖0,K ≤ Chr+1|f |r+1h

1|wh|1,h,

hence (5.1) holds, as required.

5.3 Nonconformity error

We now turn our attention to the next term in the a priori bound (3.2), the nonconformity error N (u,wh). From
now on we assume that l ≥ 2. Recall that our dof tuple is H2,nc

l (Th) conforming and as per Definition 4.15, the
values in our degrees of freedom tuple satisfy the following dv0 = 0, dv1 = −1, de0 ≥ l − 3, de1 ≥ l−2, and di0 ≥ l−4.
Recall that as a consequence of this for wh ∈ Vh,l, and for any edge e in the grid∫

e

[wh ]p ds = 0 ∀ p ∈ Pl−3(e), (5.2)∫
e

[ ∂nwh ]p ds = 0 ∀ p ∈ Pl−2(e). (5.3)

Applying integration by parts gives us, for any q ∈ Pl−2(e),∫
e

[ ∂swh ]q ds = 0. (5.4)

This follows since the jump is zero at the vertices on the edges and ∂sq ∈ Pl−2−1(e) = Pl−3(e) which means that
we can apply (5.2).

Lemma 5.3 (Nonconformity error). We assume that the coefficients satisfy κ ∈ W 2,∞(Ω) and β ∈ W 1,∞(Ω).
Assume that the solution u to (2.2) satisfies u ∈ H4(Ω). Then, for wh ∈ Vh,l the nonconformity error N (u,wh)
satisfies

N (u,wh) =
∑
e∈Eh

{∫
e

κ
(
∆u− ∂ssu

)
[∂nwh] +

∫
e

κ∂nsu [∂swh]

+

∫
e

(
∂ssu∂nκ− ∂nsu∂sκ+ β∂nu− ∂n(κ∆u)

)
[wh ]

}
.

(5.5)

Proof. Using integration by parts, we can express the hessian and gradient terms as follows∫
K

κD2u : D2wh = −
∫
K

2∑
i,j=1

∂j(κ∂iju)∂iwh +

∫
∂K

2∑
i,j=1

κ∂iju∂iwhnj (5.6)∫
K

βDu ·Dwh = −
∫
K

D · (βDu)wh +

∫
∂K

β∂nuwh. (5.7)

Since we assume u ∈ H4(Ω) we use (2.3) and an application of integration by parts to see that

(f, wh) =
∑
K∈Th

−
∫
K

2∑
i,j=1

∂j(κ∂iju)∂iwh +

∫
∂K

2∑
i,j=1

∂j(κ∂iju)whni −
∫
K

D · (βDu)wh +

∫
K

γuwh.

Therefore the nonconformity error is equal to

N (u,wh) = a(u,wh)− (f, wh) =
∑
K∈Th

{∫
∂K

2∑
i,j=1

κ∂iju∂iwhnj −
∫
∂K

2∑
i,j=1

∂j(κ∂iju)whni +

∫
∂K

β∂nuwh
}
.

(5.8)

We also use the following identities for rewriting the boundary terms in a way that is useful later on in
Theorem 5.5. ∫

∂K

2∑
i,j=1

κ∂iju∂iwhnj =

∫
∂K

κ
(
(∆u− ∂ssu)∂nwh + ∂nsu∂swh

)
(5.9)

∫
∂K

2∑
i,j=1

∂j(κ∂iju)whni =

∫
∂K

(
∂nsu∂sκ− ∂ssu∂nκ+ ∂n(κ∆u)

)
wh (5.10)

It is straightforward albeit tedious to show that (5.9) and (5.10) hold. It is now clear that the result (5.5) follows
from these expressions and equation (5.8).
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The next corollary looks at how (5.5) simplifies when our VEM space is C0 conforming.

Corollary 5.4. Under the assumptions of Lemma 5.3 and assuming that Vh,l ⊂ H1
0 (Ω), it follows that

N (u,wh) =
∑
e∈Eh

∫
e

κ
(
∆u− ∂ssu

)
[ ∂nwh ] ds. (5.11)

We now bound each term in (5.5) to achieve an error estimate for the nonconformity error. This essentially
involves the jump properties of the VEM space (5.2) - (5.4) as well as standard interpolation estimates detailed
in Theorem 3.7.

Theorem 5.5 (Nonconformity error bound). Let (A1) - ( A7) hold. Assume that the solution u to (2.2) satisfies
u ∈ Hl+1(Ω) and assume that the coefficients satisfy κ ∈ W l−1,∞(Ω) and β ∈ W l−2,∞(Ω). Then, for l ≥ 3 the
nonconformity error satisfies the following estimate

|N (u,wh)| ≤

{
Chl−1

(
‖κ‖W l−1,∞(|u|l+1 + |u|l) + ‖β‖W l−2,∞ |u|l−1)|wh|2,h, if Vh,l 6⊂ H1

0 (Ω),

Chl−1‖κ‖W l−1,∞ |u|l+1|wh|2,h, if Vh,l ⊂ H1
0 (Ω),

(5.12)

for any wh ∈ Vh,l, for a constant C independent of h. For l = 2, the nonconformity error satisfies

|N (u,wh)| ≤

{
Ch
(
(‖κ‖W1,∞ |u|3 + ‖β‖L∞ |u|1)|wh|2,h + (‖γ‖L∞ |u|0 + |f |0)|wh|1,h

)
, if Vh,l 6⊂ H1

0 (Ω),

Ch‖κ‖W1,∞ |u|3|wh|2,h, if Vh,l ⊂ H1
0 (Ω),

(5.13)

for a constant C independent of h.

Proof. Firstly, consider the case l ≥ 3. Then since u ∈ H4(Ω), using Lemma 5.3, it holds that

N (u,wh) =
∑
e∈Eh

∫
e

κ(∆u− ∂ssu)[ ∂nwh ] +
∑
e∈Eh

∫
e

κ∂nsu[ ∂swh ]

+
∑
e∈Eh

∫
e

(
∂ssu∂nκ− ∂nsu∂sκ− ∂n(κ∆u) + β∂nu

)
[ wh ] =: I1 + I2 + I3.

For I1, we apply (5.3), to see that,

I1 ≤
∣∣∣ ∑
e∈Eh

∫
e

(
κ(∆u− ∂ssu)− P l−2

e

(
κ(∆u− ∂ssu)

))(
[ ∂nwh ]− P0

e [ ∂nwh ]
)∣∣∣

≤
∑
e∈Eh

∥∥κ(∆u− ∂ssu)− P l−2
e

(
κ(∆u− ∂ssu)

)∥∥
0,e

∥∥[ ∂nwh ]− P0
e [ ∂nwh ]

∥∥
0,e
.

Where we have used the properties of the L2 projection, as well as Cauchy-Schwarz in the last step. Using the
estimates

‖κ(∆u− ∂ssu)− P l−2
e

(
κ(∆u− ∂ssu)

)
‖0,e ≤ Chl−2+1−1/2|κ(∆u− ∂ssu)|l−1,

‖[ ∂nwh ]− P0
e [ ∂nwh ]‖0,e ≤ Ch1−1/2|∂nwh|1,h.

It therefore follows that,

I1 ≤
∣∣∣∑
e

∫
e

κ(∆u− ∂ssu)[ ∂nwh ]ds
∣∣∣ ≤ Chl−1‖κ‖W l−1,∞ |u|l+1|wh|2,h. (5.14)

Notice that (5.14) gives the desired result when Vh,l ⊂ H1
0 (Ω), as required.

For the term I2, we apply (5.4), introduce the polynomial P l−2
e (κ∂nsu) and use standard interpolation esti-

mates to get,

I2 ≤
∣∣∣ ∑
e∈Eh

∫
e

(
κ∂nsu− P l−2

e (κ∂nsu)
)(

[ ∂swh ]− P0
e [ ∂swh ]

)
ds
∣∣∣ ≤ Chl−1‖κ‖W l−1,∞ |u|l+1|wh|2,h. (5.15)

Finally, consider the term I3. For ease of notation, let us set u∗ := ∂ssu∂nκ − ∂nsu∂sκ − ∂n(κ∆u) + β∂nu and
note that

|u∗|l−2 ≤ ‖κ‖W l−1,∞
(
|u|l + |u|l+1

)
+ ‖β‖W l−2,∞ |u|l−1.

For this term, I3, we follow the approach taken in [40] and introduce the interpolation of wh into the lowest order
conforming VEM space Π1wh ∈ H1

0 (Ω).

I3 ≤
∣∣∣ ∑
e∈Eh

∫
e

(u∗ − P l−3
e (u∗))[wh −Π1wh ]

∣∣∣ ≤ ∑
e∈Eh

∥∥u∗ − P l−3
e (u∗)‖0,e

∥∥[wh −Π1wh ]
∥∥

0,e
.
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Therefore,

I3 ≤
∣∣∣ ∑
e∈Eh

∫
e

(
∂ssu∂nκ− ∂nsu∂sκ− ∂n(κ∆u)− β∂nu

)
[wh ] ds

∣∣∣ ≤ Chl−1|u∗|l−2|wh|2,h. (5.16)

Hence, when l ≥ 3, combining (5.14), (5.15), and (5.16), the result (5.12) follows.
Now consider the case l = 2. . For a test function v ∈ H1

0 (Ω) (and for u ∈ H3(Ω)) it holds that

(f, v) =
∑
K∈Th

{
−
∫
K

2∑
i,j=1

∂j(κ∂iju)∂iv +

∫
K

βDu ·Dv +

∫
K

γuv
}
. (5.17)

Using (5.6) to express the hessian term in the bilinear form, it follows that

N (u,wh) = a(u,wh)− (f, wh)

=
( ∑
K∈Th

{
−
∫
K

2∑
i,j=1

∂j(κ∂iju)∂iwh +

∫
K

βDu ·Dwh +

∫
K

γuwh
}
− (f, wh)

)

+
∑
K∈Th

∫
∂K

2∑
i,j=1

κ∂iju∂iwhnj =: E1 + E2.

Using arguments as in the proof of Lemma 5.3 it follows that E2 = I1 + I2. These terms can be bounded as in
(5.14) and (5.15) respectively. Therefore, it follows that

E2 ≤ Ch‖κ‖W1,∞ |u|3|wh|2,h.

Note that when the VEM space is conforming, Vh,l ⊂ H1
0 (Ω), it follows that wh is a viable test function in H1

0 (Ω)
and therefore we can take v = wh in (5.17). Hence, the nonconformity error reduces to the following

N (u,wh) = E2 ≤ Ch‖κ‖W1,∞ |u|3|wh|2,h.

To treat E1 in the case that Vh,l 6⊂ H1
0 (Ω) we now introduce the interpolation of wh into the lowest order

conforming VEM space, Π1wh ∈ H1
0 (Ω). Then, it holds that

E1 =
∑
K∈Th

{∫
K

div(κD2u) ·D(Π1wh − wh) +

∫
K

βDu ·D(wh −Π1wh) +

∫
K

γu(wh −Π1wh)
}

+ (f,Π1wh − wh).

Using standard estimates, we see that∑
K∈Th

∫
K

div(κD2u) ·D(Π1wh − wh) ≤ Ch‖κ‖W1,∞ |u|3|wh|2,h,

∑
K∈Th

∫
K

βDu ·D(wh −Π1wh) ≤ Ch‖β‖L∞ |u|1|wh|2,h,

∑
K∈Th

∫
K

γu(wh −Π1wh) ≤ Ch‖γ‖L∞ |u|0|wh|1,h,

and finally,

(f,Π1wh − wh) ≤ Ch|f |0|wh|1,h.

This concludes the proof.

5.4 Energy norm estimate

Now that we have successfully bounded the nonconformity error, we look at the final term in Theorem 3.4 and
prove convergence in the energy norm.

To ease the presentation of the next Theorems and Corollary, we observe that the following inequality holds

|wh|s,h ≤ Cηs|||wh|||h (5.18)

for each s = 0, 1, 2, where η2 = 1√
κ0

, η1 = 1
max (

√
κ0,
√
β0)

, and η0 = 1
max (

√
κ0,
√
β0,
√
γ0)

. Notice that the inequality

in (5.18) holds due to standard discrete Poincaré inequalities, and for example can be shown similarly as in [5].
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Theorem 5.6. Assume that (A1) - ( A7) hold, defined in Assumptions 3.1 and 3.5. Let u ∈ Hl+1(Ω) be the
solution to continuous problem (2.2). Assume that the coefficients satisfy κ ∈ W l−1,∞(Ω), β ∈ W l,∞(Ω), and
γ ∈W l+1,∞(Ω). Then it holds that

inf
p∈Pl(Th)

[
|||u− p|||h +

∑
K∈Th

sup
wh∈VK

h,l

|aK(p, wh)− aKh (p, wh)|
|||wh|||K

]
≤ C

(
hl−1c2 + hlc1 + hl+1c0

)
|u|l+1 (5.19)

for a constant C independent of h. We define the remaining constants c0, c1, and c2 as follows; let c2 = ‖κ‖
1
2
L∞ +

η2‖κ‖W l−1,∞ , c1 = ‖β‖
1
2
L∞ + η1‖β‖W l,∞ , and c0 = ‖γ‖

1
2
L∞ + η0‖γ‖W l+1,∞ .

Proof. To show that (5.19) holds, we note that

inf
p∈Pl(Th)

[
|||u− p|||h +

∑
K∈Th

sup
wh∈VK

h,l

|aK(p, wh)− aKh (p, wh)|
|||wh|||K

]

≤
∣∣∣∣∣∣∣∣∣u− P lu∣∣∣∣∣∣∣∣∣

h
+
∑
K∈Th

sup
wh∈VK

h,l

|aK(P lKu,wh)− aKh (P lKu,wh)|
|||wh|||K

.

Note that the first term is bounded easily by standard interpolation estimates. For the other term, we recall
Remark 4.18, which implies that the stabilization part of the discrete bilinear form vanishes. Therefore,

|aK(P lKu,wh)− aKh (P lKu,wh)| ≤
∣∣∣ ∫
K

κD2(P lKu) : D2wh −
∫
K

κΠK
2 (P lKu) : ΠK

2 wh

∣∣∣
+
∣∣∣ ∫
K

βD(P lKu) ·Dwh −
∫
K

βΠK
1 (P lKu) ·ΠK

1 wh

∣∣∣
+
∣∣∣ ∫
K

γ(P lKu)wh −
∫
K

γΠK
0 (P lKu)ΠK

0 wh

∣∣∣
=: T2 + T1 + T0.

Then, denoting the coefficients as α2 := κ, α1 := β and α0 := γ, we can show that

Ts ≤ Chl−s+1
K ‖αs‖W l−s+1,∞ |u|l+1|wh|s,K . (5.20)

To see that (5.20) holds, we use the results of Lemma 4.14 to express our projections as L2 projections. Hence,
it follows that

Ts =

∣∣∣∣ ∫
K

αs
(
Ds(P lKu) : Dswh − P l−sK Ds(P lKu) : P l−sK Dswh

)∣∣∣∣ =

∣∣∣∣ ∫
K

αsD
sP lKu : (I − P l−sK )Dswh

∣∣∣∣
≤ ‖(I − P l−sK )αsD

sP lKu‖0,K‖Dswh‖0,K ≤ Chl−s+1
K ‖αs‖W l−s+1,∞ |u|l+1|wh|s,K .

The result now follows.

We now have the following convergence theorem which is a result of Theorems 5.1, 5.5, 5.6 and Lemma 5.2.

Theorem 5.7 (Convergence in the energy norm). Assume that (A1) - ( A7) hold, defined in Assumptions 3.1
and 3.5. Assume that u ∈ Hl+1(Ω) is the solution to the continuous problem (2.2) and suppose that uh ∈ Vh,l
is the solution to the discrete problem (3.1). Assume that the coefficients satisfy κ ∈ W l−1,∞(Ω), β ∈ W l,∞(Ω),
and γ ∈ W l+1,∞(Ω). Let f ∈ Hs(Ω) and define r := min(s− 1, l). Then, under these assumptions there exists a
constant C independent of h such that

|||u− uh|||h ≤ C
{
hl−1(c2|u|l+1 + c3|u|l + c4|u|l−1

)
+ hlc1|u|l+1 + hl+1c0|u|l+1 + hr+2η1|f |r+1

}
. (5.21)

Recall that the constants c0, c1, and c2 are defined in Theorem 5.6 and define c3 = η2‖κ‖W l−1,∞ and c4 =
η2‖β‖W l−2,∞ .

If Vh,l ⊂ H1
0 (Ω) then it follows that

|||u− uh|||h ≤ C
{(
hl−1c2 + hlc1 + hl+1c0

)
|u|l+1 + hr+2η1|f |r+1

}
. (5.22)

6 Perturbation problem

We turn our attention to the following fourth order perturbation problem. For a polygonal domain Ω ⊂ R2 the
perturbation problem reads as follows

ε2∆2u−∆u = f, in Ω,

u = ∂nu = 0, on ∂Ω.
(6.1)
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We make the minimal assumptions that f ∈ L2(Ω) and ε ∈ R such that 0 < ε ≤ 1. Taking κ(x) = ε2, β(x) = 1,
and γ(x) = 0 we can examine the error analysis from the previous section, with the energy norm now becoming
|||v|||2h = ε2|v|22,h + |v|21,h.

It is well known that for example the lowest order C1 nonconforming space on triangles (the Morley element,
[32]) does not lead to a scheme that is robust with respect to ε → 0 (see for example [35, 33]). There have
been a range of modifications suggested to the original Morley element, for example in [34, 37, 38]. In [33]
a modification is suggested which on triangles corresponds to our C1-C0 conforming space in the lowest order
setting and convergence of the method is proven in this case. We give error estimates for the higher order version
of those two spaces in the following. In addition we study a new modified C1 nonconforming discretization,
C1-mod, which has the same degrees of freedom as the original C1 nonconforming space but is stable with respect
to the perturbation paramter ε. This is achieved by a modification to the gradient projection, ΠK

1 , given next.

Definition 6.1. We define the modified gradient projection to be the following∫
K

ΠK
1 vhp = −

∫
K

ΠK
0 vh∇p+

∑
e⊂∂K

∫
e

Πl−1vhpn, ∀ p ∈ Pl−1(K)2 (6.2)

for any vh ∈ V Kh,l. We denote with Πl−1 the interpolation into a H1 conforming VEM space of order l−1. We use
the “lazy” version of the serendipity spaces discussed in [10]. The dofs for this space were mentioned in Remark
4.5 and for order l − 1 are described by the dof tuple (0,−1, l − 3,−1, l − 4). Therefore the dofs are a subset of
the dofs defining the nonconforming C1 space. The vertex values and the l − 3 moments on the edges uniquely
define Πl−1v|e ∈ Pl−1(e) so that the gradient projection given above is computable using the dofs for the C1

nonconforming space.

The following property is now obtained for the modified gradient projection.

Lemma 6.2. For the modified gradient projection detailed in Definition 6.1 it holds that

ΠK
1 vh = P l−2

K (DΠl−1vh) for any vh ∈ V Kh,l.

Our discrete bilinear form ah(·, ·) is now chosen as in Definition 4.17 with coefficients κ(x) = ε2, β(x) = 1, and
γ(x) = 0 but using the modified gradient projection operator as detailed in Definition 6.1. So for any uh, vh ∈ V Kh,l,
define the local discrete bilinear form aKh as

aKh (uh, vh) := ε2
∫
K

ΠK
2 uh : ΠK

2 vh +

∫
K

ΠK
1 uh ·ΠK

1 vh + SK(uh −ΠK
0 uh, vh −ΠK

0 vh). (6.3)

where we choose the same stabilization term SK presented previously.
To prove convergence in the energy norm for this modified scheme we use the ideas seen in [37, 36]. We

consider a modified bilinear form b(·, ·) by changing the lower order contribution.

b(w, v) := ε2
∫

Ω

D2w : D2v +

∫
Ω

DΠl−1w ·DΠl−1v

for all w, v ∈ H2
0 (Ω). Using b(·, ·) we can prove a a Strang-type lemma similar to Theorem 3.4.

Theorem 6.3 (Abstract a priori error bound). Let l ≥ 1 be an integer. Let u be the solution to problem (2.2)
with coefficients κ(x) = ε2, β(x) = 1, and γ(x) = 0. Suppose that uh ∈ Vh,l is the solution to (3.1) using the
modified local bilinear form (6.3). Under Assumptions 3.1, it holds that

|||u− uh|||h ≤ inf
vh∈Vh,l

|||u− vh|||h + sup
wh∈Vh,l
wh 6=0

|〈fh, wh〉 − (f,Πl−1wh)|
|||wh|||h

+ sup
wh∈Vh,l
wh 6=0

|b(u,wh)− (f,Πl−1wh)|
|||wh|||h

+ inf
p∈Pl(Th)

[
|||u− p|||h +

∑
K∈Th

sup
wh∈VK

h,l
wh 6=0

|bK(p, wh)− aKh (p, wh)|
|||wh|||K

]
.

(6.4)

As in the previous section we can bound each term in the above abstract estimate to obtain an error estimate
in powers of h and ε.

Theorem 6.4. Assume that (A1) - ( A7) hold, defined in Assumptions 3.1 and 3.5. Let l ≥ 2 and suppose
that u ∈ Hl+1(Ω) is the solution to the continuous problem (2.2) with coefficients κ(x) = ε2, β(x) = 1, and
γ(x) = 0. Suppose that uh ∈ Vh,l is the solution to the discrete problem (3.1) using the modified gradient projection
(Definition 6.1) in the discrete bilinear form. Assume that f ∈ Hl−1(Ω). Then, under these assumptions it follows
that

|||u− uh|||h ≤ C
{
εhl−1|u|l+1 + hl−1|u|l + hl−1(|f |l−1 + |f |l−2)

}
for a constant C independent of h.
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Proof. The proof follows similar arguments used in Section 5 and therefore we keep the presentation here brief.
It is straightforward to show the following two bounds

inf
vh∈Vh,l

|||u− vh|||h ≤
∣∣∣∣∣∣∣∣∣u− P lu∣∣∣∣∣∣∣∣∣

h
≤ Chl−1(ε|u|l+1 + |u|l)

|〈fh, wh〉 − (f,Πl−1wh)| ≤ Chl−1(|f |l−1 + |f |l−2)|||wh|||h.

We focus on the remaining two terms involving the modified bilinear form b(·, ·).
For the nonconformity type error term, it holds that

|b(u,wh)− (f,Πl−1wh)| ≤ C(εhl−1|u|l+1 + hl−1|u|l)|||wh|||h.

We show this by multiplying the strong equation (6.1) by Πl−1wh ∈ H1
0 (Ω) and integrating over Ω

(f,Πl−1wh) = ε2
∫

Ω

∆2uΠl−1wh −
∫

Ω

∆uΠl−1wh =

∫
Ω

(
− ε2D(∆u) +Du

)
·DΠl−1wh

and similarly

b(u,wh) = −
∑
K

(
ε2
∫
K

D(∆u) ·Dwh − ε2
∫
∂K

(
∆u− ∂ssu

)
∂nwh + ∂nsu∂swh −

∫
K

DΠl−1u ·DΠl−1wh
)
.

Therefore, it holds that

b(u,wh)− (f,Πl−1wh) = ε2
∑
K∈Th

∫
K

D(∆u) ·D(Πl−1wh − wh) + ε2
∑
K∈Th

∫
∂K

(∆u− ∂ssu)∂nwh + ∂nsu∂swh

+
∑
K∈Th

∫
K

D(Πl−1u− u) ·DΠl−1wh

=: J1 + J2 + J3.

Notice that J2 can be bounded as before in the nonconformity error proof (Theorem 5.5). Then for J1 using
Cauchy-Schwarz and standard estimates,

J1 ≤ ε2
∑
K∈Th

‖D(∆u)− P l−3
K (D∆u)‖0,K |Πl−1wh − wh|1,K ≤ Cεhl−1|u|l+1|||wh|||h.

Now, for J3 we bound this term using the optimal interpolation properties of the lower order VEM space as well
as stability of the interpolation operator.

J3 ≤
∑
K∈Th

|u−Πl−1u|1,K |Πl−1wh|1,K ≤ Chl−1|u|l|||wh|||h.

Finally, for the last term in (6.4) we can show that

inf
p∈Pl(Th)

(
|||u− p|||h +

∑
K∈Th

sup
wh∈VK

h,l
wh 6=0

|bK(p, wh)− aKh (p, wh)|
|||wh|||K

)
≤ Chl−1(ε|u|l+1 + |u|l).

This follows from

bK(P lKu,wh)− aKh (P lKu,wh) = ε2
∫
K

D2P lKu : D2wh − ε2
∫
K

ΠK
2 P lKu : ΠK

2 wh

+

∫
K

DΠl−1P lKu ·DΠl−1wh −
∫
K

ΠK
1 P lKu ·ΠK

1 wh.

Due to the L2 properties in Lemma 4.14 the hessian terms cancel. Secondly, using the property in Lemma 6.2 it
holds that ΠK

1 vh = P l−2
K (DΠl−1vh). Therefore for any vh ∈ V Kh,l it holds that∫
K

DΠl−1P lKu ·DΠl−1wh −
∫
K

ΠK
1 P lKu ·ΠK

1 wh ≤ Chl−1
K |u|l|||wh|||K .

Therefore, the result follows from combining all of the intermediary results.

The next corollary details all error estimates for the following spaces applied to the perturbation problem (6.1).
We analyse the fully nonconforming space, C1-nc, with dof tuple (0,−1, l − 3, l − 2, l − 4), the C1-C0 conforming
space with dof tuple (0,−1, l − 2, l − 2, l − 4) (see Example 4.4), and finally the new modified scheme C1-mod
with dof tuple (0,−1, l − 3, l − 2, l − 4). For completeness, we repeat the result obtained in Theorem 6.4 for the
modified scheme C1-mod. Recall that this space has the same dof tuple as the C1-nc space however we define the
discrete bilinear form for this problem using the modified gradient projection (Definition 6.1). Due to keeping
track of the coefficients in the previous error analysis section, the following corollary is simply a consequence of
Theorem 5.7 and Theorem 6.4.
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Corollary 6.5. Under the same assumptions as Theorem 5.7 with f ∈ Hl−2(Ω) the approximate solution in the
C1 nonconforming space C1-nc of order l satisfies

|||u− uh|||h ≤ C
{

(hl−1ε+ hl)|u|l+1 +
hl−1

ε
|u|l−1 + hl−1|f |l−2

}
.

The solution in the C1-C0 conforming space, assuming that f ∈ Hl−1(Ω), satisfies the following error estimate

|||u− uh|||h ≤ C
{

(hl−1ε+ hl)|u|l+1 + hl|f |l−1

}
.

Finally, for the modified C1 nonconforming scheme defined by the modified gradient projection in Definition 6.1
and assuming that f ∈ Hl−2(Ω), it holds that

|||u− uh|||h ≤ C
{
hl−1ε|u|l+1 + hl−1|u|l + hl−1(|f |l−1 + |f |l−2)

}
.

In all three cases, the constant C remains independent of h and ε.

Remark 6.6. Note that for ε = O(1) all methods converge in the energy norm with order l−1 while for ε = O(h)
the convergence rate of the original C1-nc method reduces to O(hl−2) while the modified scheme retains the order
hl−1. The H1 conformity of the C1-C0 space leads to an improvement of the order to O(hl) but requires more
degrees of freedom.

7 Numerical results

In this section we show some numerical results to verify the a priori bounds from the previous sections for three
virtual element spaces.

• C1-nc: the nonconforming space from [5, 40] defined by the dof tuple (0,−1, l− 3, l− 2, l− 4) (see Example
4.4) and using the default projection operators (see Example 4.11).

• C1-mod: the nonconforming space defined by the dof tuple (0,−1, l− 3, l− 2, l− 4) (see Example 4.4) and
using the modified gradient projection (see Section 6).

• C1-C0: the continuous space from [39, 38] defined by the dof tuple (0,−1, l − 2, l − 2, l − 4) (see Example
4.4) and using the default projection operators (see Example 4.11).

We focus on results for l = 2, 3, 4 on both structured triangular grids and to demonstrate the flexibility of the
virtual element method, on grids consisting of Voronoi cells. Figure 3 contains the images of the first few mesh
refinements for this choice of grid. Grid data for all considered spaces and mesh refinements is shown in Table 1.

We first study convergence of the methods for a linear problem of the general form (2.2) with varying coeffi-
cients. As a second example we study the simple perturbation problem (6.1) with constant coefficients, and we
show results with varying h, ε. For both examples, we solve the problem on the domain Ω = (0, 1) × (0, 1). The
approximation errors are measured in the relative energy norm.

Finally we highlight how our approach based on general projection operators allows us to handle nonlinear
problems by showing results for the Cahn-Hilliard equation and the Willmore flow of graphs.

The code used to perform the simulations is based on the DUNE software framework [8]. We implemented
our VEM approach within the module DUNE-FEM [26]. This is an extension module for DUNE that provides
interfaces for the implementation of general grid based numerical schemes on general unstructured grids. It is
open source software implemented in C++. In our implementation we construct quadrature rules by subdividing
polygons into triangles and applying a quadrature of sufficient order on each triangle. The required order of the
quadrature is the same as required by standard finite elements. The consistency error due to quadrature was
studied in [21] for the second order method and similar arguments can be applied here. Other possibly more
efficient methods for constructing quadrature rules are available for general polygons, for example, [4]. Recently
a Python based frontend was added to DUNE [27, 25]. The domain specific language UFL [2] can be used to
describe mathematical models. A detailed tutorial including some VEM examples, e.g., for linear elasticity and
also the Willmore flow example described here, showcases the flexibility of the approach [25].

7.1 Linear varying coefficient problem

We start by studying the more general linear fourth order problem with varying coefficients.

Example 7.1. Consider problem (2.2) using

κ(x, y) =
1

1 + x2 + y2
, β(x, y) = e−xy, γ(x, y) =

(
sin(x2 + y2)

)2
.

We choose the forcing so that u(x, y) = (sin(2πx) sin(2πy))2 is the exact solution on the domain Ω =(0, 1)2. We
show results on both the structured simplex grid and the Voronoi cells for polynomial orders l = 2, 3, 4 in Table 2.
All methods converge with the expected order of l − 1 and produce very similar errors on a given grid with the
C1-C0 space requiring more degrees of freedom.
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Figure 3: First three mesh refinements for the Voronoi grid on the domain Ω = (0, 1)2.

Table 1: Grid data and total number of degrees of freedom of the sequence of simplex meshes (top) and Voronoi
meshes (below) for all three spaces C1-nc, C1-mod, and C1-C0. The second and third columns correspond to the
number of grid elements and the mesh size, h, respectively. The final columns show the total number of degrees
of freedom for the three VEM spaces, for each order l = 2, 3, and 4. Notice that the C1-nc and C1-mod spaces
have the same dof tuple and hence share the same number of dofs for all polynomial orders and grids.

Simplex meshes grid data

grid size mesh size
l = 2 l = 3 l = 4

C1-nc C1-mod C1-C0 C1-nc C1-mod C1-C0 C1-nc C1-mod C1-C0

0 18 0.471405 49 49 82 115 115 148 199 199 232
1 72 0.235702 169 169 289 409 409 529 721 721 841
2 288 0.117851 625 625 1081 1537 1537 1993 2737 2737 3193
3 1152 0.058926 2401 2401 4177 5953 5953 7729 10657 10657 12433
4 4608 0.029463 9409 9409 16417 23425 23425 30433 42049 42049 49057
5 18432 0.014731 37249 37249 65089 92929 92929 120769 167041 167041 194881
6 73728 0.007366 148225 148225 259201 370177 370177 481153 — — —

Voronoi meshes grid data

grid size mesh size
l = 2 l = 3 l = 4

C1-nc C1-mod C1-C0 C1-nc C1-mod C1-C0 C1-nc C1-mod C1-C0

0 13 0.353416 68 68 108 148 148 188 241 241 281
1 52 0.186351 263 263 420 577 577 734 943 943 1100
2 208 0.098618 1043 1043 1668 2293 2293 2918 3751 3751 4376
3 832 0.047502 4163 4163 6660 9157 9157 11654 14983 14983 17480
4 3328 0.025168 16643 16643 26628 36613 36613 46598 59911 59911 69896
5 13312 0.012486 66563 66563 106500 146437 146437 186374 239623 239623 279560
6 53248 0.006444 266243 266243 425988 585733 585733 745478 — — —
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Table 2: Example 7.1 for l = 2, 3, 4 (top to bottom) on simplex (left) and Voronoi grids (right). The errors
and eocs are computed with respect to the relative energy norm. The observed convergence rates of l − 1 are
in accordance with our convergence results summarized in Theorem 5.7. For a given grid all methods produce
comparable errors but require a varying number of degrees of freedom as discussed in Table 1.

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 1.4561e+00 — 1.4088e+00 — 1.2460e+00 —
1 9.5268e-01 0.61 9.4683e-01 0.57 8.3299e-01 0.58
2 5.5475e-01 0.78 5.5435e-01 0.77 4.8641e-01 0.78
3 2.9218e-01 0.92 2.9233e-01 0.92 2.5887e-01 0.91
4 1.4813e-01 0.98 1.4825e-01 0.98 1.3190e-01 0.97
5 7.4329e-02 0.99 7.4395e-02 0.99 6.5994e-02 1.00
6 3.7198e-02 1.00 3.7231e-02 1.00 3.2984e-02 1.00

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.8844e-01 — 8.8176e-01 — 9.6512e-01 —
1 2.6370e-01 1.75 2.6376e-01 1.74 2.6919e-01 1.84
2 7.5506e-02 1.80 7.5546e-02 1.80 7.5609e-02 1.83
3 2.0295e-02 1.90 2.0304e-02 1.90 2.0324e-02 1.90
4 5.2140e-03 1.96 5.2159e-03 1.96 5.2225e-03 1.96
5 1.3127e-03 1.99 1.3132e-03 1.99 1.3148e-03 1.99
6 3.2910e-04 2.00 3.2921e-04 2.00 3.2962e-04 2.00

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 4.9566e-01 — 4.9328e-01 — 7.7064e-01 —
1 1.1762e-01 2.08 1.1708e-01 2.07 1.2327e-01 2.64
2 2.0309e-02 2.53 2.0245e-02 2.53 1.9575e-02 2.65
3 2.7562e-03 2.88 2.7503e-03 2.88 2.6595e-03 2.88
4 3.5277e-04 2.97 3.5212e-04 2.97 3.4121e-04 2.96
5 4.4191e-05 3.00 4.4113e-05 3.00 4.2735e-05 3.00

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 1.0681e+00 — 1.0673e+00 — 1.0757e+00 —
1 6.3424e-01 0.81 6.4477e-01 0.79 6.2755e-01 0.84
2 3.3367e-01 1.01 3.3724e-01 1.02 3.3168e-01 1.00
3 1.6561e-01 0.96 1.6618e-01 0.97 1.6376e-01 0.97
4 8.1813e-02 1.11 8.1914e-02 1.11 8.1217e-02 1.10
5 4.0523e-02 1.00 4.0547e-02 1.00 4.0366e-02 1.00
6 2.0073e-02 1.06 2.0080e-02 1.06 2.0028e-02 1.06

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.0649e-01 — 8.0454e-01 — 8.1866e-01 —
1 4.4383e-01 0.93 4.4233e-01 0.93 4.4265e-01 0.96
2 1.8880e-01 1.34 1.8817e-01 1.34 1.8826e-01 1.34
3 5.8297e-02 1.61 5.8130e-02 1.61 5.8119e-02 1.61
4 1.3256e-02 2.33 1.3222e-02 2.33 1.3213e-02 2.33
5 2.5665e-03 2.34 2.5596e-03 2.34 2.5600e-03 2.34
6 5.4140e-04 2.35 5.3985e-04 2.35 5.4051e-04 2.35

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 7.7981e-01 — 7.7476e-01 — 7.6938e-01 —
1 1.9288e-01 2.18 1.9199e-01 2.18 1.9056e-01 2.18
2 2.6162e-02 3.14 2.6157e-02 3.13 2.6103e-02 3.12
3 2.6309e-03 3.14 2.6279e-03 3.15 2.6224e-03 3.15
4 3.0888e-04 3.37 3.0821e-04 3.37 3.0738e-04 3.38
5 3.8858e-05 2.96 3.8761e-05 2.96 3.8665e-05 2.96

7.2 Perturbation problem

We now study the perturbation problem considered in Section 6 for various values of ε ∈ (0, 1] and mesh size h.
The aim is to verify the convergence orders discussed in Section 6 especially the improved order of the new scheme
C1-mod compared to the original C1-nc space. We are only considering problems without boundary layers, a
discussion of problem (6.1) with boundary layers can be found in [38].

Example 7.2. Consider problem (6.1) with right hand side given by f = ε2∆2u−∆u. As exact solution we use
u(x, y) = (sin(2πx) sin(2πy))2 which satisfies the Dirichlet boundary conditions on the domain Ω = (0, 1)2. The
results on both the structured triangular grid and the Voronoi grid for the values ε = 10−2, ε = 10−8 and for
polynomial orders l = 2, 3 are summarized in Table 3, the results for l = 4 are in line with expectations.

7.3 Nonlinear problems

We conclude this section with some preliminary results, which demonstrate that the method discussed in this
paper is well suited to solve complex nonlinear fourth order problems. We choose two problems which have been
studied in the literature, both energy minimization problems solved by a gradient descent algorithm. In both
cases the mathematical models are time dependent fourth order problems. We use a Rothe approach in which
first the problem is discretized in time. The resulting spatial problems are stationary fourth order problems with
linearizations of the form studied here.

Note that no special linearization is required, we use a standard Newton solver to handle the fourth order
nonlinear problems arising from the implicit time discretization. Please note that this final subsection is only
a first investigation into applying our approach to more complicated settings and it is beyond the scope of this
paper to do a detailed analysis. We therefore restrict the presentation to the C1-nc space with l = 3. We show
results on triangular grids on Ω = (0, 1)2.

Example 7.3. For our first problem we solve the Cahn-Hilliard equation using a fully implicit backward Euler
method to discretize the problem in time. A virtual element method for this problem was studied in [3] where a
different approach for defining the projection operators, requiring a special linearization, restricted the method
to l = 2.

Let ψ : R→ R be defined as ψ(x) = (1−x2)2

4
and define φ(x) = ψ(x)′. Then, the Cahn-Hilliard problem reads

as follows: find u : Ω× [0, T ]→ R such that
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Table 3: Example 7.2 with ε = 10−2 (l = 2, 3 correspond to first two rows of tables) and ε = 10−8 (l = 2, 3
correspond to last two rows of tables). Relative energy errors and eocs on simplex grids (left column) and Voronoi
grids (right column) are shown. The observed convergence rates of l − 1 for ε

h
large are in accordance with our

convergence results summarized in Corollary 6.5 and confirm results from Example 7.1. Note that the errors on a
given grid are larger for the standard C1-nc method compared to the other two due to lower convergence on the
coarser grids (see two top tables). In the case of small ε shown in the lower two rows of tables, the convergence of
the three methods differs considerably as expected from Corollary 6.5. The C1-nc method converges with order
l−2, the C1-mod methods converges with order l−1 while the C1-C0 method converges with order l but requires
more degrees of freedom (see Table 1).

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.6620e-01 — 8.6005e-01 — 6.5528e-01 —
1 6.5538e-01 0.40 5.8568e-01 0.55 2.3493e-01 1.48
2 8.3186e-01 -0.34 3.7994e-01 0.62 7.6406e-02 1.62
3 7.5196e-01 0.15 2.7569e-01 0.46 3.1562e-02 1.28
4 5.1395e-01 0.55 1.6165e-01 0.77 1.7037e-02 0.89
5 2.9106e-01 0.82 8.3481e-02 0.95 9.1284e-03 0.90
6 1.5119e-01 0.94 4.2045e-02 0.99 4.6942e-03 0.96

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 5.3974e-01 — 4.9962e-01 — 3.9094e-01 —
1 3.0540e-01 0.82 2.2405e-01 1.16 8.2201e-02 2.25
2 1.4972e-01 1.03 6.5526e-02 1.77 1.2373e-02 2.73
3 5.8172e-02 1.36 1.7814e-02 1.88 2.6009e-03 2.25
4 1.8078e-02 1.69 4.7389e-03 1.91 6.8328e-04 1.93
5 4.8713e-03 1.89 1.2134e-03 1.97 1.8207e-04 1.91
6 1.2455e-03 1.97 3.0544e-04 1.99 4.6780e-05 1.96

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.5877e-01 — 8.5917e-01 — 6.4609e-01 —
1 6.5097e-01 0.40 5.7891e-01 0.57 2.2744e-01 1.51
2 8.9793e-01 -0.46 3.3200e-01 0.80 7.3729e-02 1.63
3 1.0011e+00 -0.16 1.7292e-01 0.94 2.0751e-02 1.83
4 1.0297e+00 -0.04 8.7387e-02 0.98 4.6582e-03 2.16
5 1.0370e+00 -0.01 4.3811e-02 1.00 1.1082e-03 2.07
6 1.0389e+00 -0.00 2.1920e-02 1.00 2.7320e-04 2.02

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 5.3752e-01 — 4.9718e-01 — 3.8838e-01 —
1 3.1739e-01 0.76 2.2192e-01 1.16 7.8389e-02 2.31
2 1.7739e-01 0.84 5.6318e-02 1.98 9.3143e-03 3.07
3 9.1963e-02 0.95 1.4081e-02 2.00 1.1839e-03 2.98
4 4.6623e-02 0.98 3.6443e-03 1.95 1.4773e-04 3.00
5 2.3454e-02 0.99 9.2168e-04 1.98 1.8430e-05 3.00
6 1.1760e-02 1.00 2.3113e-04 2.00 2.3017e-06 3.00

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.4665e-01 — 8.1639e-01 — 8.2302e-01 —
1 2.3787e-01 1.98 3.1611e-01 1.48 2.3225e-01 1.98
2 1.5968e-01 0.63 1.4442e-01 1.23 6.7207e-02 1.95
3 1.3462e-01 0.23 6.2298e-02 1.15 2.4902e-02 1.36
4 1.0860e-01 0.34 3.1004e-02 1.10 1.1665e-02 1.19
5 6.0813e-02 0.83 1.5579e-02 0.98 5.8586e-03 0.98
6 2.5955e-02 1.29 7.8050e-03 1.04 2.9069e-03 1.06

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 4.6137e-01 — 4.1236e-01 — 4.3589e-01 —
1 2.1238e-01 1.21 6.1344e-02 2.98 6.0831e-02 3.08
2 1.2734e-01 0.80 1.0752e-02 2.74 1.0077e-02 2.83
3 6.2350e-02 0.98 3.1436e-03 1.68 2.9684e-03 1.67
4 2.6306e-02 1.36 1.3123e-03 1.38 1.2834e-03 1.32
5 8.4011e-03 1.63 4.6954e-04 1.47 4.6350e-04 1.45
6 2.1721e-03 2.05 1.1816e-04 2.09 1.1686e-04 2.08

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 8.4602e-01 — 8.1569e-01 — 8.2237e-01 —
1 2.2460e-01 2.07 3.1350e-01 1.49 2.2157e-01 2.05
2 1.5228e-01 0.61 1.4361e-01 1.23 5.1926e-02 2.28
3 1.3845e-01 0.13 6.1106e-02 1.17 1.1795e-02 2.03
4 1.4227e-01 -0.04 2.9420e-02 1.15 2.8687e-03 2.23
5 1.3795e-01 0.04 1.4242e-02 1.03 7.1092e-04 1.99
6 1.3925e-01 -0.01 6.9820e-03 1.08 1.7657e-04 2.11

C1-nc C1-mod C1-C0

error eoc error eoc error eoc

0 4.5379e-01 — 4.0824e-01 — 4.3257e-01 —
1 1.7132e-01 1.52 5.3975e-02 3.16 5.3958e-02 3.25
2 7.6736e-02 1.26 7.5116e-03 3.10 7.0484e-03 3.20
3 3.3586e-02 1.13 1.1450e-03 2.58 8.9886e-04 2.82
4 1.6043e-02 1.16 2.1365e-04 2.64 1.1410e-04 3.25
5 7.8712e-03 1.02 4.8106e-05 2.13 1.4131e-05 2.98
6 3.9540e-03 1.04 1.1722e-05 2.13 1.7628e-06 3.15
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∂tu−∆(φ(u)− γ2∆u) = 0 in Ω× [0, T ],

u(·, 0) = u0(·) in Ω,

∂nu = ∂n
(
φ(u)− γ2∆u

)
= 0 on ∂Ω× [0, T ].

Note that this problem requires slightly different boundary conditions compared to the problems studied so far.
Some snapshots from a simulation with γ = 0.02 on a 60×60 grid and time step τ = 10−3 are displayed in Figure
4. The initial conditions were a small perturbation in the centre of the domain. The first snapshot is taken at
a point in time where the phase separation is already well developed. The following figures then show the usual
coarsening ending with the red phase concentrated in approximately a circle in the centre of the domain.

Figure 4: Some snapshots from the simulation of the Cahn-Hilliard problem.

Example 7.4. In our final example we study the minimization of the Willmore energy of a surface, in the case
where the surface is given by a graph over a flat domain Ω. The corresponding Euler-Lagrange equations can be
rewritten as a fourth order problem for a function u defined over Ω. We use a second order two stage implicit
Runge-Kutta method as suggested in [24]. The resulting problem is a system of two nonlinear fourth order partial
differential equations. The corresponding linearized problem is a system of equations for the two Runge-Kutta
stages which is of the form (2.1).

As detailed for example in [24], the Willmore functional for the graph of a function u ∈W 2,∞(Ω) is given by

W (u) =
1

2

∫
Ω

[ E(Du) : D2u ]2 dx.

The function u satisfies the same Dirichlet boundary conditions given in (2.3). The function E : R2 → Sym(2),
where Sym(2) denotes the space of symmetric 2× 2 matrices, is given by

Eij(w) :=
1

(1 + |w|2)
1
4

(
δij −

wiwj
1 + |w|2

)
for i, j = 1, 2, and w ∈ R2.

We initialize the gradient descent algorithm with u(x, y) =
(

sin(2πx) sin(2πy)
)2

.
The time stepping scheme [24] produces an approximation unh which can be constructed in the following way:

given unh and time step τn, solve the following coupled system for the two functions un,1h , un,2h ,

2∑
j=0

α̂1,j

τn

∫
Ω

un,jh ϕh√
1 + |∇(un,1h )|2

dx+ 〈W ′(un,1h ), ϕh〉 = 0

2∑
j=0

α̂2,j

τn

∫
Ω

un,jh ϕh√
1 + |∇(un,2h )|2

dx+ 〈W ′(un,2h ), ϕh〉 = 0

setting un,0h = unh, where α̂1,j = (−2, 3
2
, 1

2
) and α̂2,j = (2,− 9

2
, 5

2
), for j = 0, 1, 2. Then set un+1

h = un,2h .

Figure 5 shows the evolution of the surface and a graph showing the decay of the Willmore energy over time.
Overall the results indicate the method is well suited for solving this type of problem.

21



 0.1

 1

 10

 100

 0  0.0005  0.001  0.0015  0.002  0.0025  0.003  0.0035  0.004

e
n

e
rg

y

time

coarse simplex grid
fine simplex grid 

coarse voronoi grid
fine voronoi grid 

Figure 5: Some snapshots from the Willmore flow problem (top row, left to right: t = 2.5×10−5, 2.5×10−4, 1.5×
10−3, 2.5 × 10−3, 4.0 × 10−3). The evolution of the Willmore energy computed on simplicial and Voronoi grids
with approximate resolutions of (40× 40 and 80× 80) is shown in the bottom figure.

8 Conclusion

We have presented a general approach for constructing nonconforming VEM projection operators suitable for
solving a wide range of fourth order problems. We have analysed the resulting methods and shown that the
virtual element approximation in each of the considered spaces converges to the true solution in the energy norm
with optimal convergence rates. We also introduced a novel modified nonconforming scheme for solving the fourth
order perturbation problem which remained convergent as ε→ 0. Unlike modifications seen in the literature, our
change did not require an enlargement of the space and was obtained via an adjustment to the gradient projection.
These results were verified with numerical experiments on a variety of polygonal meshes.

We introduced a new concept of describing the degrees of freedom via a dof tuple which allowed us to easily
encode a variety of different VEM spaces. We followed the approach taken in [1, 21] and introduced dof compatible
projections which were constructed in a way that made them computable entirely from the available degrees of
freedom. In particular, we gave examples of how dof compatible projections could be constructed based on
constraint least squares problems. We were then able to construct the VEM spaces in a way that ensured that
the value, gradient, and hessian projections were all identical to L2 projections.

The ease with which our approach can extend to the application of nonlinear fourth order problems was also
demonstrated with some additional numerical experiments. However, note that the theory behind the numerical
results displayed is out of the scope of this paper and is future work.

Acknowledgements

The authors would like to thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, for support and
hospitality during the programme Geometry, compatibility and structure preservation in computational differential
equations, where work on this paper was carried out.

References

[1] Ahmad, B., Alsaedi, A., Brezzi, F., Marini, L., and Russo, A. Equivalent projectors for virtual element
methods. Comput. Math. Appl. 66, 3 (Sept. 2013), 376–391.

[2] Alnæs, M. S., Logg, A., Ølgaard, K. B., Rognes, M. E., and Wells, G. N. Unified form language: A
domain-specific language for weak formulations of partial differential equations. ACM Trans. Math. Softw.
40, 2 (2014), 1–37.

[3] Antonietti, P. F., Beirão da Veiga, L., Scacchi, S., and Verani, M. A C1 virtual element method
for the Cahn–Hilliard Equation with polygonal meshes. SIAM J. Numer. Anal. 54, 1 (Jan. 2016), 34–56.

22



[4] Antonietti, P. F., Houston, P., and Pennesi, G. Fast numerical integration on polytopic meshes with
applications to discontinuous galerkin finite element methods. J. Sci. Comput. 77, 3 (2018), 1339–1370.

[5] Antonietti, P. F., Manzini, G., and Verani, M. The fully nonconforming virtual element method for
biharmonic problems. Math. Models Methods Appl. Sci. 28, 02 (Feb. 2018), 387–407.

[6] Antonietti, P. F., Manzini, G., and Verani, M. The conforming virtual element method for polyhar-
monic problems. Comput. Math. Appl. 79, 7 (2020), 2021–2034.

[7] Ayuso de Dios, B., Lipnikov, K., and Manzini, G. The nonconforming virtual element method. ESAIM
Math. Model. Numer. Anal. 50, 3 (2016), 879–904.

[8] Bastian, P., Blatt, M., Dedner, A., Engwer, C., Klöfkorn, R., Kornhuber, R., Ohlberger, M.,
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