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Abstract

Diffusion processes are important tools for modelling time-evolution

of natural, as well as man-made phenomena. Unfortunately, due to in-

tractability of the likelihood functions performing many standard, sta-

tistical analyses for such processes is challenging. For a number of mod-

ern, Bayesian techniques the difficulty of dealing with those objects can

be reduced to the problem of simulating diffusions conditioned on suit-

able random variables or events—solving the latter problem is precisely

the topic of this thesis. The aim of this thesis is to propose novel ex-

tensions to the existing methodologies for simulating diffusions condi-

tioned on an end-point, on partial and noisy observation of the process

and on first passage times. I give a comprehensive introduction to this

topic in the first part of this document. In the second part I first show

how to reduce the computational cost of the so-called exact samplers

(whose distinguishing feature is lack of any discretisation errors) in the

setting of distant bridges and I provide a quantitative asymptotic analy-

sis of this cost reduction. Then, I re-formulate the main computational

routines of the algorithm termed guided proposals, which results in the

reduced computational cost of the procedure as well as simplification

of its implementation. Finally, I show how to extend a number of al-

gorithms discussed in this thesis to conditioning on first passage times

to a threshold. I apply those results to problems encountered in neuro-

science: inference from first passage times for leaky integrate-and-fire

models as well as for the FitzHugh-Nagumo model.





1Introduction
Diffusions find a myriad of applications across the engineering, natural and social

sciences. They have been used with great success for instance in molecular dynam-

ics to represent proportions of reactants undergoing chemical reactions (Boys et al.,

2008) and to model angles between atoms evolving in a force field (Schlick, 2010),

in neuroscience to describe the dynamics of the membrane potential of neurons

(Lansky and Ditlevsen, 2008) and in astrophysics to approximate quasar variability

over time (Kelly et al., 2009). In finance—where they have gained an unparalleled

popularity—they are employed to model bond prices, stock prices, options, ex-

change rates, interest rates and to price a plenitude of other financial instruments

(Karatzas and Shreve, 1998b; Di Nunno et al., 2009). In climatology, attempts have

been made to use diffusions in describing glacial cycles in energy balance models

and variability in the intensity of El Niño and the Southern Oscillation (Imkeller

and Monahan, 2002); in biology intracellular processes have been represented with

them (Golightly and Wilkinson, 2006); whereas in engineering they foster under-

standing of the response of various structures to noise, excitation, turbulence and

other distortions (Sobczyk, 2013). This is but a small list of problems for which

diffusions arise as a natural modelling tool (Kloeden and Platen, 2013; van Zan-

ten, 2013), and in view of the fast-evolving field of numerical techniques for those

processes, the list can only expand with time.

Heuristically, diffusions are continuous-time stochastic processes which can be

completely characterised by specifying their infinitesimal evolution in time. More

formally, a d -dimensional diffusion X is defined as a (Markov) solution to the

stochastic differential equation (SDE) of the form:

dXt = b (Xt )dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ], (1.1)

where b : Rd → Rd denotes the drift coefficient, σ : Rd → Rd×d ′ the volatil-

ity coefficient and W a d ′-dimensional Brownian motion (known also under the

name of the Wiener process), (Øksendal, 2013). Additionally, Γ := σσT is termed

the diffusion coefficient. The drift and diffusion coefficients are respectively the

infinitesimal mean and covariance of the process X :

b (x) = lim
∆→0

1
∆
E
�

Xt+∆−Xt |Xt = x
�

,

1
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Γ (x) = lim
∆→0

1
∆
E
�

�

Xt+∆−Xt −∆b (Xt )
��

Xt+∆−Xt −∆b (Xt )
�T |Xt = x

�

.

Locally, X behaves like a scaled Brownian motion with a drift:

Xt+s −Xt ≈ b (Xt )s +σ(Xt )(Wt+s −Wt ), s ∈ [0,∆], (1.2)

though, over longer periods of time the non-linear effects of functions b and σ

become pronounced and can give rise to paths strikingly different from those of

simple Brownian motion—an example comparing a path of a diffusion based on

the Lotka-Volterra equations with a path of Brownian motion is given in fig. 1.1.

Notice how the latter wanders about the space aimlessly, in contrast to the former,

for which the coordinates of the process regulate each other, keeping the diffusion

confined to an ovoid trajectory. Indeed, an important reason contributing to the

prevalence of use of diffusions in sciences is that simple manipulations of the drift

and volatility coefficients can give rise to an immeasurable diversity of behaviour

of the resulting processes.

Figure 1.1: A sample path of 2-dimensional Brownian motion {Wt , t ∈ [0,40]} (left) and a
sample path of the stochastic Lotka-Volterra model {Xt , t ∈ [0,40]} solving eq. (1.1) with
b : R2 → R

2, b [1](x) := 2x[1]/3− 4x[1]x[2]/3, b [2](x) := x[1]x[2] − x[2] and σ := 0.1I2,
where I2 denotes a 2-dimensional identity matrix and ·[i] denotes the i t h component of a
vector (right). Paths start from the locations marked with crosses and their terminal points
are marked with dots. The changing shade illustrates the progression of time.

The primary focus of this thesis is on the problem of simulating conditioned

diffusion paths on a computer. More precisely, denoting by P the law induced by
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the SDE (1.1) and by Z some random variable of interest, the goal is to simulate

paths distributed according to P(·|Z). Some examples of Z treated in this thesis

include:

DIFFUSION BRIDGES (Z :=XT )

Conditioning on an end-point is perhaps the most commonly considered example

in the statistical literature. The resulting paths are known under the name of dif-

fusion bridges. Figure 1.2 illustrates this concept for P being given by the law of

Brownian motion.

Figure 1.2: Paths of Brownian motion conditioned on an end-point (so-called Brownian
bridges). One path is drawn in bold to emphasise a shape of a single trajectory.

PARTIALLY OBSERVED DIFFUSIONS
�

Z := {Li Xti
+ ξi , i = 1, . . . ,K}

�

Figure 1.3: Paths of Brownian motion conditioned on three observations Li = 1, (i =
1,2,3) distorted by Gaussian noise: ξi ∼ Gsn(0,0.22), (i = 1,2,3). Observations are
given by dots.
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with Li ∈Rdi×d , di ∈N+, ξi ∼ Fi for some known distributions Fi , (i = 1, . . . ,K),

K ∈ N+. In words, it is conditioning on multiple partial and noisy observations

of the process X . Figure 1.3 gives exemplary paths for Brownian motion observed

with Gaussian noise.

FIRST-PASSAGE TIME BRIDGES (Z := τ)

with τ(ω) := inf{t ≥ 0 : Xt (ω)≥ L∗}; i.e. conditioning on the first passage time to

level L∗. Conditioning on the first passage time of Brownian motion is illustrated

in fig. 1.4.

Figure 1.4: Paths of Brownian motion conditioned on the first passage time to level 1.

COMPOSITE FIRST-PASSAGE TIME BRIDGES (Z := τ∗)

with τ∗(ω) := inf{t ≥ 0 : X [1]t (ω)≤ L∗}, τ∗(ω) := inf{t ≥ τ∗(ω) : X [1]t (ω)≥ L∗}

Figure 1.5: Paths of Brownian motion conditioned to be renewed (defined as reaching level
−1) at some point during the time interval [0,2] and conditioned on the first up-crossing
of level 1 (post-renewal) to happen at time 2. Notice that before any path is renewed it is
allowed to cross an upper threshold 1.
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and L∗ < L∗ (where I henceforth use [i] to refer to an i t h coordinate of a vector).

This is an elaboration on the first passage time bridges. Z corresponds to an event

of the first coordinate of the process X falling beneath level L∗ at some time during

[0,τ∗], staying below L∗ from then on, and reaching L∗ only at the time τ∗. Fig-

ure 1.5 illustrates this conditioning when an underlying process is given by Brow-

nian motion.

Before considering any of those cases however, a more fundamental question

needs to be addressed first: since each realisation of the process X is a continuous

and intractable function of time—impossible to be stored in its entirety on a com-

puter with finite resources—what is meant exactly by simulating a diffusion path?

The answer is contingent upon the ultimate reason for sampling this object.

If the goal is to approximate the values of integrals of the form:
∫ T

0
f (Xt )dt or

∫ T
0

f (Xt )dXt or to simply plot realisations of X , it is often enough to fix a dense

enough time-grid: 0 = t0 < t1 < · · · < tM = T , simulate (Xt0
,Xt1

, . . . ,XtM
) jointly

and approximate paths by linear interpolations between Xti
’s. Another objective

could be to obtain an unbiased estimate of
∫ T

0
f (Xt )dt , for which simulation of XU

only at a single time-point U ∈ [0,T ] would suffice1. Numerous other use cases

exist (some of them will be discussed in this thesis); however, a vast majority of

them share a single instrumental component, which leads me to the first definition

of this thesis:

Definition 1.0.1. Simulation of a diffusion path is understood as an algorithm

capable of jointly sampling (Xs0
, . . . ,XsM

) for any fixed sequence of time-points 0≤
s0 <, . . . , sM ≤ T , M ∈N+.

Under certain regularity conditions, a diffusion—which is a strong Markov

process—admits the transition density:

pt (x, y)dy =P
�

Xt0+t ∈ dy|Xt0
= x

�

.
1Indeed, T f (XU ) with U ∼ Unif([0,T ]) could be used as one such unbiased estimator, since:

E [T f (XU )] =E [TEU [ f (XU )]] =E
�

T
∫ T

0

1
T

f (Xt )dt

�

=E
�

∫ T

0
f (Xt )dt

�

,

where EU is used to denote the expectation with respect to a uniform random variable.
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This provides one idea for a sampling algorithm—the joint density can be decom-

posed as:

p(s0, . . . , sM ;Xs0
, . . . ,XsM

) = ps0
(X0,Xs0

)ps1−s0
(Xs0

,Xs1
) . . . psM−sM−1

(XsM−1
,XsM
),

and simulation of (Xs0
, . . . ,XsM

) proceeds by exploiting the Markov structure of

the process: first Xs0
is drawn from ps0

(X0,Xs0
); then, conditionally on Xs0

, Xs1
is

drawn from ps1−s0
(Xs0

,Xs1
), etc. until all elements (Xs0

, . . . ,XsM
) are sampled. Un-

fortunately, the transition density of virtually all but a handful of the simplest dif-

fusions will be intractable and thus sampling diffusion paths directly from pt is

rarely a viable solution (Kloeden and Platen, 2013, §4.4).

To sample unconditioned diffusions it is instead possible to exploit local be-

haviour of SDEs. Indeed, for small time-step ∆, it follows from eq. (1.2) that

Xt+∆−Xt is approximately distributed as a Gaussian random variable:

(Xt+∆|Xt = x)∼ Gsn(x + b (x)∆,Γ (x)∆),

and this approximation gives rise to the celebrated Euler-Maruyama scheme, which

I summarise in algorithm 1.1. Unfortunately, the Euler-Maruyama scheme is not

suitable for sampling conditioned diffusions which this thesis is concerned with,

as the local behaviour of those processes is not only determined by the drift and

volatility coefficients, but also by the conditioned-on variable in a way that (in full

generality) can no longer be captured by a pair of simple, tractable functions.

Algorithm 1.1 Stochastic Euler-Maruyama scheme

1: Set s0← 0
2: for i = 1, . . . , M do
3: Set (x,∆)← (Xsi−1, si − si−1)
4: Draw Xsi

∼ Gsn(x + b (x)∆,Γ (x)∆)

5: return {Xsi
, i = 1, . . . , M} . Sampled path

Over the years a plethora of alternative methods designed specifically for con-

ditioned diffusions have been proposed in the statistics literature. These methods

differ in the assumptions that are imposed on the underlying process X , the compu-

tational costs associated with various sampling regimes and the degree of bias that
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is introduced into simulations. In this thesis I will describe some of those exist-

ing algorithms and build upon them by proposing improvements and introducing

their novel extensions.

A substantial part of this thesis is devoted to a discussion of the so-called exact

algorithms, whose prime characteristic is lack of any discretisation errors. For in-

stance, the Euler-Maruyama scheme would not be classified as an exact algorithm,

because it is based on local approximations to SDEs, resulting in a systematic bias

in the sampling distribution of (Xs0
, . . . ,XsM

). On the other hand, direct sampling

from tractable transition densities pt would belong to this category, as no error

(beyond the one induced by the floating-point precision of a computer) would be

present. Diffusions amenable to exact sampling need to satisfy strict regularity con-

ditions and many computational issues arise when working with those algorithms.

In this document I discuss a number of those computational problems and focus

in particular on showing how to reduce the computational cost in the setting of

simulating long bridges. However, departing from exactness property allows one

to vastly expand the class of diffusions for which sampling of conditional paths is

possible. In the final two chapters I consider a class of algorithms known as guided

proposals. This simulation methodology imposes only mild assumptions on the

underlying process X , allows for an arbitrary control of induced approximation

errors and is robust enough to allow for efficient simulation of conditioned dif-

fusions that lie beyond the capabilities of other, competing methods. My aim is

to provide a number of computational improvements to the original formulation

of the algorithm and expand it to tackle previously unconsidered conditioned-on

variables.

The study of the simulation algorithms for conditioned diffusions is a pivotal

component of a number of modern statistical tools designed to work with observa-

tional data of phenomena driven by stochastic differential equations. In this thesis

I focus primarily on an application to Bayesian inference for diffusion processes.

For it, the underlying process is assumed to follow the dynamics of an SDE:

dXt = bθ(Xt )dt +σθ(Xt )dWt , X0 = x0, t ∈ [0,T ], (1.3)

where ·θ indicates dependence on a vector of unknown and random parameters θ ∈
Θ. Parameter vector θ is equipped with a prior distribution π(θ) and the process
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X is observed at a collection of time-points—I write D to denote an observation

set. Some of the examples of the observation schemes include:

• Exact observations of the process X (i.e. D := {Xti
; i = 1, . . . ,K}).

• Partial and noisy observations (i.e. D := {Vti
; i = 1, . . . ,K}, with Vti

=

Li Xti
+ ξi , Li ∈Rdi×d and ξi ∼ Fi , for some distributions Fi ).

• First-passage time observations of a scalar diffusion (i.e. D := {τi ; i = 1, . . . ,K},
where τ0 := 0 and τi := inf{t ≥ τi−1+ ε : Xt ≥ L∗}, ε > 0).

• Variations on the first-passage time observations (for instance D := {τ∗i ; i =

1, . . . ,K}, where τ∗0 := 0, τ∗i := inf{t ≥ τ∗i−1 : X [1]t ≥ L∗}, τ∗i := inf{t ≥ τ∗i :

X [1]t ≤ L∗}) i = 1, . . . ,K , and L∗ < L∗).

• Exact observation of the entire trajectory: D := {Xt , t ∈ [0,T ]}.

The aim is to find the posterior density of the unknown parameter vector θ for a

given observation set D and a given prior π(θ):

π(θ|D)∝π(θ)π(D|θ).

Bayesian algorithms considered in this thesis rely on the step of imputing the

unobserved parts of the path, conditionally on a fixed value of the parameter vector

θ. To put it differently, it is required to sample paths of diffusions which are solu-

tions to the SDE (1.3) (where θ is just a known vector) and which are conditioned

to be consistent with the observation set D. This is precisely what the law P(·|Z)
above denotes, and in fact the entries from the list of examples of Z are the exact

random variables that need to be considered under the corresponding observation

regime from the list of examples of D (with the last example of D not requiring

any path sampling).

1.1 Thesis structure

The thesis is divided into two parts.

In part I, in chapter 2 I provide a succinct summary of the requisite mathemat-

ical concepts from Monte Carlo methods and I aim to introduce the correspond-

ing methodologies on a path space as early as possible. This means that even a
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reader well-versed in the Monte Carlo methods, but unfamiliar with the methods

of sampling on a path space should find chapter 2 insightful. In chapter 3 I give an

overview of the current statistical literature relevant for the problem of sampling

conditioned diffusions. I single out and describe in detail three methodologies:

exact rejection sampling on a path space, simple diffusion bridges and guided pro-

posals. I put the emphasis on the first and the last one of these three because of

their importance to further results of this thesis and additionally, because of their

unique advantages that make them stand out amongst other diffusion simulation

algorithms. I discuss the second method (simple diffusion bridges) so as to posit a

correction to an error that is present in the original publication. I also provide a

brief (and necessarily, only partial) summary of alternative methods presented in

the vast literature on the topic of sampling conditioned diffusions. In chapter 4

I describe a general protocol for Bayesian inference for diffusion processes, based

on data augmentation. The centrepiece of this algorithm is the step of simulating

conditioned diffusions, so depending on a chosen method for completing this step

the overall procedure needs to be appropriately adjusted. Nonetheless, all of the

considered inference algorithms share common principles that chapter 4 aims to

elicit. Additionally, I provide a brief summary of alternative methods from statis-

tics literature—Bayesian as well as frequentist—used for inference for diffusion pro-

cesses.

In part II I introduce novel extensions of exact algorithms on a path space

(where I use the word “exact” to mean “without any discretisation error”), guided

proposals as well as other, approximate methods. In chapter 5 I detail the necessary

steps for adapting a technique called blocking, so as to cast the exact rejection sam-

pler on a path space in a setting of exact Markov chain Monte Carlo algorithm on

a path space and as a result, reduce the computational cost of the sampling proce-

dure. I provide a detailed analysis comparing asymptotic computational cost of the

two sampling methodologies for simple choices of diffusion processes and illustrate

empirically that the conclusions hold in greater generality.

In chapter 6 I reformulate the core computational routines of guided proposals—

a versatile methodology that scales well to multidimensional settings and imposes

assumptions on the underlying process that are often easier to satisfy in practice—
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leading to substantial reductions in the overall computational cost and preparing it

for applications to high-dimensional problems. In chapter 7 I consider a problem

of inference from first passage time observations. I develop a number of Bayesian

inference algorithms (including one exact one) for the leaky integrate-and-fire mod-

els with observations of first passage times to some fixed threshold (as is often the

case in computational neuroscience). Already at this stage the proposed algorithms

go beyond the capabilities of alternative methods of inference suitable for first pas-

sage time data that has been described in the statistics literature to this date. By

adapting guided proposals I then treat an even more challenging setting of multi-

dimensional, hypoelliptic diffusions with observations of first passage times of a

single coordinate.

1.2 Thesis contribution

The following is a summary of contributions of this thesis to the statistics literature

(in order of appearance in the body of text).

• Quantitative understanding of the cost of blocking (where I define precisely

the blocking technique in chapter 5).

• A novel computational framework for guided proposals, resulting in substan-

tial reductions in the computational costs.

• A novel, exact Bayesian inference algorithm designed for the leaky integrate-

and-fire model with first passage time data.

• Other, novel Bayesian inference algorithms, designed for the leaky integrate-

and-fire model with first passage time data.

• A novel Bayesian algorithm applicable to first passage time data of multi-

dimensional, hypoelliptic models (applicable in particular to the celebrated

FitzHugh-Nagumo model).



PART I

Literature review

11





2Preliminaries
2.1 Assumptions

In this thesis I consider various simulation algorithms, which differ in respect of the

assumptions that are imposed on the underlying process X . It is instructive to pay

close attention to those conditions, as these are often the determining factors for

how practically useful a given simulation methodology can be. In this section I will

discuss in detail only the most fundamental conditions that most of the algorithms

treated in this thesis need to satisfy.

On page 211 I additionally compile a list of all of the assumptions and condi-

tions that appear in the main body of the text. Much of the notation used there is

defined only at the point at which a corresponding condition is introduced in the

main body of this thesis. The list is supposed to act merely as a reference point, for

convenience of the reader.

A solution to a stochastic differential equation (1.1) consists of a filtered prob-

ability space (Ω,F , (Ft )t∈[0,T ],P), standard, d ′-dimensional Brownian motion W

and anFt -adapted,Rd -valued stochastic process X (to which throughout I refer to

as a diffusion) with continuous sample paths, such that:

Xt =X0+
∫ t

0
b (Xs )ds +

∫ t

0
σ(Xs )dWs , t ∈ [0,T ],

(Le Gall, 2016, Definition 8.1). A solution is weakly unique if for a given triplet X0,

b , σ all solutions have the same law (Karatzas and Shreve, 1998a, §5.3, Definition

3.4). It is strongly unique if for a given quadruplet X0, b , σ , W and two strong

solutions X and eX , P(Xt = eXt ; 0≤ t ≤ T ) = 1 holds (Karatzas and Shreve, 1998a,

§5.2, Definition 2.3). It is non-explosive if P(S =∞) = 1, where S := limn→∞ Sn

and Sn := inf{t ≥ 0 : ‖X ‖ > n} (Karatzas and Shreve, 1998a, §5.5, Definition 5.1).

One of the most fundamental assumptions required to study diffusions numerically

is:

Assumption A1. Stochastic differential equation (1.1) admits a unique, weak, non-

explosive solution.

13
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This is a weak assumption and consequently, a great deal of diffusions of interest

will satisfy it. One set of sufficient conditions which implies A1 is (Le Gall, 2016,

§8.2):

Condition C1. Coefficients b and σ are locally Lipschitz continuous and grow at

most linearly at infinity. I.e. for any compact set K there exists a constant cK , such that

for all x, y ∈K:

‖σ(x)−σ(y)‖ ≤ cK‖x − y‖, ‖b (x)− b (y)‖ ≤ cK‖x − y‖,

and there exists a constant c, such that for all x, y ∈Rd :

‖σ(x)‖ ≤ c(1+ ‖x‖), ‖b (x)‖ ≤ c(1+ ‖x‖).

It is not a necessary condition, though it often suffices for a quick verification.

In practice, if condition C1 does not hold it is often because the linear growth

condition—which prevents diffusions from exploding to infinity in finite time—is

violated.

The double-well potential is an example of a process for which condition C1

does not hold, but which nonetheless satisfies assumption A1:

dXt =−ρXt (X
2
t −µ)dt +σ dWt , X0 = x0, t ∈ [0,T ], (2.1)

with ρ,σ > 0 and µ ∈ R some constants. X experiences a super-linear growth,

although, it is only ever directed towards a “correct infinity”. As a result, instead of

being a force leading to an explosion of X , the cubic term contributes to shrinking

of the diffusion’s magnitude. Indeed, for x > 0: b (x) := −ρx(x2 −µ) < c∗ for

some c∗ ∈R and analogously for x < 0: b (x)> c∗, for some c∗ ∈R. Consequently,

the cubic growth is directed towards the infinity on the other side of the origin

and thus acts as a mean-reversion term. The double-well potential is a prototype

example for diffusions with coefficients with super-linear growth that nonetheless

satisfy A1. A weaker set of conditions that imply A1, designed specifically for

such diffusions, can be found for instance in Aït-Sahalia (2002). For yet other tools

aiding in verifying existence and uniqueness of solutions to stochastic differential

equations see for instance Lipster and Shiryaev (2013, §4.4) or Karatzas and Shreve

(1998a, §5).
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To perform inference for the class of diffusions with the most general form of

the volatility coefficient, a slightly stronger assumption is needed:

Assumption A2. Stochastic differential equation (1.1) admits a unique, strong, non-

explosive solution.

It guarantees existence of a one-to-one mapping between a solution X and a

driving Brownian motion W , which turns out to be an essential property requi-

site for the most general, non-centred implementation of guided proposals (see sec-

tion 3.3). Thankfully, a wealth of models used in practice satisfy assumption A2—

in fact, the same condition C1, which implied the strictly weaker assumption A1,

implies A2 as well.

Most algorithms analysed in this thesis are restricted to a uniformly elliptic

setting:

Assumption A3. For all x, y ∈Rd there exists an ε > 0 such that yT Γ (x)y ≥ ε‖y‖2.

Although a class of diffusions satisfying this assumption is vast, many examples

in natural sciences benefit from lifiting this condition. To this end, I also discuss

hypoelliptic diffusions, for which A3 does not hold, but instead A4 does:

Assumption A4. Solution to stochastic differential equation (1.1) admits a smooth

density.

Heuristically, a diffusion is hypoelliptic if its diffusion matrix is not full rank,

but is such that its driving noise W affects—at least indirectly—all its coordinates.

Formally, A4 can be verified by proving that Hörmander’s condition holds (Hör-

mander, 1967).

Finally, let me remark that in full generality the drift and volatility coefficients

may additionally depend on the time variable, so that X could be a solution to the

SDE

dXt = b (t ,Xt )dt +σ(t ,Xt )dWt , X0 = x0, t ∈ [0,T ],

instead of (1.1). In fact, an auxiliary diffusion in eq. (3.20), as well as guided pro-

posals in eq. (3.19) are examples of diffusion processes with time-dependent coef-

ficients. To lighten the notation I nonetheless omit explicit dependence on time;
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however, the reader should be aware that even in succinct representation of eq. (1.1),

the dependence on time is not precluded. Indeed, if the drift and volatility coef-

ficients need to depend on time, one may simply extend the dimension of X by

appending the d -dimensional vector Xt with a coordinate X [d+1]
t , which solves the

degenerate SDE:

dX [d+1]
t = dt , X [d+1]

0 = 0, t ∈ [0,T ].

Such extended, (d + 1)-dimensional process X solves an SDE of the form (1.1) and

yet, its coefficients depend on time.1

2.2 Girsanov Theorem

The Girsanov theorem is perhaps the single most important result for the field

of statistical study of diffusion processes. It gives a recipe for computing the like-

lihood ratio between two diffusion laws. More precisely, denote by Pb the law

induced by the stochastic differential equation (1.1) and by Pµ the law induced by

the same SDE but with a different drift µ :Rd →Rd . Suppose that there exists a

function u :Rd →Rd ′ , such that:

σ(x)u(x) = b (x)−µ(x),

and that the Novikov’s condition A5 holds:

Assumption A5 (Novikov’s condition). Eµ
�

exp
¦

1
2

∫ T
0
[uT u](Xt )dt

©�

<∞, where

expectation Eµ is taken with respect to measure Pµ.

Then, Girsanov theorem states that the diffusion lawsPb andPµ are absolutely

continuous with respect to one another and that the density of Pb with respect

to Pµ, evaluated at a path X (drawn under Pµ) is given by the Radon-Nikodým

derivative:

dPb

dPµ
(X ) = exp

¨

∫ T

0
uT (Xs )dWs −

1
2

∫ T

0
[uT u](Xs )ds

«

, (2.2)

1The coefficients of an SDE are usually allowed to be less regular in the time variable and thus
keeping explicit dependence on t is often helpful to derive the most general results.
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with W denoting here Pµ-Brownian motion (Øksendal, 2013, Thmeorem 8.6.5),

(Karatzas and Shreve, 1998a, §3.5, Theorem 5.1). This is a powerful statement that

makes a notion of the likelihood of a path under a diffusion measure well-defined.

However, it turns out that working jointly with the pair (W ,X ) can be difficult,

and instead it is helpful to transform (2.2) to an equivalent statement involving

solely path X :

Proposition 2.2.1. (Papaspiliopoulos and Roberts, 2012) If σ is invertible, then

(2.2) takes a form:

dPb

dPµ
(X ) = exp

¨

∫ T

0
[(b −µ)T Γ−1](Xs )dXs −

1
2

∫ T

0
[(b −µ)T Γ−1(b +µ)](Xs )ds

«

.

(2.3)

Proof. Notice that

uT (Xs )dWs = [σ
−1(b −µ)]T (Xs )[σ

−1σ](Xs )dWs

= [(b −µ)T (σ−1)Tσ−1](Xs )σ(Xs )dWs

= [(b −µ)T (σσT )−1](Xs )(µ(Xs )ds +σ(Xs )dWs −µ(Xs )ds)

= [(b −µ)T Γ−1](Xs )dXs − [(b −µ)
T Γ−1µ](Xs )ds ,

and

[uT u](Xs )ds = [(σ−1(b −µ))T (σ−1(b −µ))](Xs )ds

= [(b −µ)T Γ−1(b −µ)](Xs )ds

= [(b −µ)T Γ−1(b +µ)](Xs )ds − 2[(b −µ)T Γ−1µ](Xs )ds .

Consequently,

uT (Xs )dWs−
1
2
[uT u](Xs )ds = [(b−µ)T Γ−1](Xs )dXs−

1
2
[(b−µ)T Γ−1(b+µ)](Xs )ds ,

and the result follows.

It should be noted however, that invertibility of σ is not a necessary condition

for ridding (2.2) of an explicit dependence on W , as example 2.2.1 below aims to

illustrate:

Example 2.2.1. Suppose that σ :R2→R2×1 is given by:

σ(x) := (0,σ∗(x))T ,
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for some positive function σ∗ :R2→R+ (satisfying linear growth condition), and

that b and µ are given by:

b (x) := ( f (x), b ∗(x))T , µ(x) := ( f (x),µ∗(x))T ,

for some sufficiently well-behaved, smooth functions: f : R2 → R, b ∗ : R2 → R,

µ∗ :R2→R (so that A1, A4 and A5 hold for Pµ and Pb ). By Girsanov theorem,

(2.2) holds with:

u(x) =
�

b ∗−µ∗

σ∗

�

(x),

and although σ is clearly not invertible, it is still possible to remove the explicit

dependence on W from (2.2):

dPb

dPµ
(X ) = exp

¨

∫ T

0

�

b ∗−µ∗

(σ∗)2

�

(Xs )dX [2]s −
1
2

∫ T

0

�

(b ∗)2− (µ∗)2

(σ∗)2

�

(Xs )ds

«

.

Proof. To see this, notice:

u(Xs )dWs =
�

b ∗−µ∗

σ∗

�

(Xs )
�

σ∗

σ∗

�

(Xs )dWs

=
�

b ∗−µ∗

(σ∗)2

�

(Xs )(µ
∗(Xs )ds +σ∗(Xs )dWs −µ

∗(Xs )ds)

=
�

b ∗−µ∗

(σ∗)2

�

(Xs )dX [2]s −
�

(b ∗−µ∗)µ∗

(σ∗)2

�

(Xs )ds ,

and

[uT u](Xs )ds =
�

(b ∗−µ∗)2

(σ∗)2

�

(Xs )ds

=
�

(b ∗−µ∗)(b ∗+µ∗)
(σ∗)2

�

(Xs )ds − 2
�

(b ∗−µ∗)µ∗

(σ∗)2

�

(Xs )ds .

Consequently,

uT (Xs )dWs −
1
2
[uT u](Xs )ds =

�

b ∗−µ∗

(σ∗)2

�

(Xs )dX [2]s −
1
2

�

(b ∗)2− (µ∗)2

(σ∗)2

�

(Xs )ds .
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2.3 Rejection sampling

Rejection sampler is an ingenious and very general technique for sampling from

one probability measure, using samples from a different probability measure (von

Neumann, 1963). More precisely, denote by f : X → R and g : X → R some

density functions, and suppose that there exists a constant M ∗ > 0, s.t.:

f (x)
M ∗ g (x)

≤ 1, ∀x ∈X . (2.4)

Assume further, that it is possible to obtain iid (independent and identically dis-

tributed) draws from g : Xi ∼ g , (i = 1, . . . ) and that the goal is to sample from

f . A rejection sampling protocol takes independent samples from g and accepts

them independently with probability given by f (Xi )/M ∗ g (Xi ) (and otherwise re-

jects them). It turns out that accepted samples are distributed exactly according

to f . Algorithm 2.1 below summarises this procedure. To see that the output of

Algorithm 2.1 Rejection sampling

1: while True do
2: Draw X ∼ g
3: Draw U ∼ Unif([0,1])
4: if U ≤ f (X )/M ∗ g (X ) then
5: return X . This sample is distributed as X ∼ f

algorithm 2.1 is indeed a sample from f , define A := {X is accepted}, denote by B

any Borel measurable set and notice:

P(X ∈A∩B) =
∫

B
g (x)P(X ∈A|X = x)dx =

∫

B
g (x)

f (x)
M ∗ g (x)

dx =

∫

B
f (x)dx

M ∗
.

It follows that under the measure induced by the output of algorithm 2.1, proba-

bility of any Borel set B is given by:

P(X ∈ B |X accepted) =
P(X ∈ B ∩A)
P(X ∈A)

=

∫

B
f (x)dx

M ∗

Â
∫

X f (x)dx

M ∗
=
∫

B
f (x)dx,

showing that (X |X accepted) is indeed a sample from f .
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2.3.1 Overview of rejection sampling on a path space

Rejection sampling on a path space is simply a special case of the rejection sampler

above (Beskos and Roberts, 2005), in whichX = C([0,T ];Rd ) is a space of diffu-

sion paths (C(A;B) denotes a space of continuous functions form A→ B) and f

and g are two conditioned diffusion measures dPb (·|Z) and dPµ(·|Z) (see Intro-

duction for some examples of the conditioned-on random variables Z). The ratio

of the two densities f and g is now given by the Radon-Nikodým derivative be-

tween the two measures: f (x)/g (x) = [dPb/dPµ](x|Z) and M ∗ is a global upper

bound on this ratio:

1
M ∗

dPb

dPµ
(X |Z)≤ 1, ∀X ∈ C([0,T ];Rd ), which are consistent with Z . (2.5)

The algorithm proceeds by drawing paths from Pµ(·|Z) and accepting them with

probability (2.5). This is summarised in algorithm 2.2 below.

Algorithm 2.2 Rejection sampling on a path space

1: while True do
2: Draw X ∼ dPµ(·|Z)
3: Draw U ∼ Unif([0,1])
4: if M ∗U ≤ [dPb/dPµ](X |Z) then
5: return X . This sample is distributed as X ∼ dPb (·|Z)

2.3.2 Lamperti transformation & potential form

To reiterate, algorithm 2.2 makes it possible to draw paths under some conditioned

diffusion measure Pb (·|Z), so long as:

Condition C2. It is possible to obtain draws from Pµ(·|Z).

Condition C3. There exists a constant M ∗ satisfying (2.5).

Condition C4. The Radon-Nikodým derivative dPb
dPµ
(X |Z) exists and is tractable.

This means that sometimes the problem of drawing from Pb (·|Z) for a given,

fixed b can be reduced to a simpler problem of drawing from Pµ(·|Z), where µ is

a free function-parameter that can be chosen by a practitioner. Unfortunately, as it
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stands, finding a global upper bound M ∗ seems impossible. Recall expressions (2.2)

and (2.3) for the Radon-Nikodým derivative between two unconditioned diffusion

laws. As I will show in eq. (2.10), this term appears in a product form for an ex-

pression for [dPb/dPµ](X |Z) and contains an Itō integral, which is unbounded

on X ∈ C([0,T ];Rd ). To this end a sequence of transformations—starting with

Lamperti transformation (Kloeden and Platen, 2013, §4.4)—needs to be employed.

Assumption A6 (Lamperti transformation). σ is invertible and there exists a func-

tion η :Rd →Rd , such that: (∇xη(x))
T = σ−1(x).

Suppose that assumption A6 holds. The Lamperti transformed diffusion is de-

fined as Y := {η(Xt ); t ∈ [0,T ]}, and it solves the following stochastic differential

equation:

dYt = α(Yt )dt + dWt , Y0 = y0, t ∈ [0,T ], (2.6)

where y0 := η(x0), α
[k](y) :=L η[k](η−1(y)), (k = 1, . . . , d ) and

L f (x) := [b (x)]T∇x f (x)+
1
2
Γ (x) : ∇x∇x f (x), (2.7)

is the infinitesimal generator of the process X (where Γ := σσT and : denotes the

Frobenius inner product2). Many examples in this thesis involve scalar diffusions

(for them A6 is always satisfied), so it is instructive to keep in mind the form of the

new drift α in this particular setting:

α(y) :=
b
σ

�

η−1(y)
�

− 1
2
σ ′
�

η−1(y)
�

.

Notice that a sample path X can be obtained from a sample path Y by virtue of

inverting the Lamperti transformation X := {η−1(Yt ); t ∈ [0,T ]}. Consequently,

so long as A6 holds, SDE (1.1) inducing lawPb can be assumed to have the volatility

coefficient equal to an identity matrix: σ = Id . This in turn means that if A6 and

C2–C4 hold, in order to sample paths of a general diffusion with some pre-defined

drift and volatility coefficients, conditionally on the variable Z , it is enough to

be able to sample from the conditioned diffusion law Pµ(·|Z), where µ is a free

function-parameter and the volatility coefficient is just an identity matrix.
2Frobenius inner product between two real valued matrices A and B is given by: A : B :=

∑

i j Ai j Bi j = tr(AT B). Notice that if B = vvT for some vector v ∈Rd , then A : B = tr(AT vvT ) =
tr(vT AT v) = vT AT v.
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Given tractability of Brownian motion’s transition densities and an ample liter-

ature about the processes related to Brownian motion through various condition-

ings (see Borodin and Salminen (2002)), a choice µ = 0 is often made in practice.3

Suppose further that A7 and A8 hold:

Assumption A7 (Potential form). The drift of a Lamperti transformed diffusion is

of the potential form: i.e. there exists (a potential function) A : Rd → R, such that

∇xA(x) = α(x).

Assumption A8. The drift of a Lamperti transformed diffusion is continuously dif-

ferentiable: α ∈ C1(Rd ; [0,T ]).

Then, the Radon-Nikodým derivative between the lawsPα andP0 (induced by

(2.6) and d -dimensional Brownian motion respectively) is given by:

dPα
dP0

(Y ) = exp

¨

A(YT )−A(Y0)−
∫ T

0
ϕ(Ys )ds

«

, (2.8)

where ϕ(x) :=
1
2

�

‖α(x)‖2+∆xA(x)
�

,

(Dacunha-Castelle and Florens-Zmirou, 1986). In dimension 1, ϕ function takes

the following form:

ϕ(x) :=
1
2

�

α2(x)+α′(x)
�

. (2.9)

Proof. Starting from (2.3) and using stochastic integration by parts:

dPα
dP0

(Y ) = exp

¨

∫ T

0
αT (Ys )dYs −

1
2

∫ T

0
[αTα](Xs )ds

«

= exp

¨

A(YT )−A(Y0)−
1
2

∫ T

0
∆yA(Ys )ds − 1

2

∫ T

0
‖α(Ys )‖

2 ds

«

.

As the stochastic integral has been successfully eliminated, it is reasonable to ex-

pect that under certain regularity conditions onα, the ratio of densities [dPα/dP0](Y )

is bounded uniformly in Y ∈ C([0,T ];Rd ). It is left to connect this ratio with its

conditioned counterpart: [dPα/dP0](Y |Z).
3Wright-Fisher diffusion is an exception to this rule—to sample the Wright-Fisher diffusion

with some general drift b via rejection sampling on a path space, the proposal process is also taken
to be the Wright-Fisher diffusion, though with a drift µ chosen carefully enough so that sampling
Pµ(·|Z) directly from the transition densities is possible, see Jenkins and Spano (2017).
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2.3.3 Factorisation of measures & path space rejection
sampling

Consider the following mild abstraction of the argument of Roberts and Stramer

(2001). Assume that A9 below holds.

Assumption A9. Z admits densities under the proposal Pµ and the target Pb laws

with respect to some dominating measure %(dz).

Write gµ(z) and gb (z) respectively to denote these two densities:

gµ(z)%(dz) :=Pµ(Z ∈ dz), gb (Z)%(dz) :=Pb (Z ∈ dz).

Then, the proposal and the target laws can be factorised as follows:

Pµ =Pµ(·|Z = z)⊗ gµ(z)%(dz), Pb =Pb (·|Z = z)⊗ gb (z)%(dz),

where I use ⊗ to define product measures. As a result:

dPb

dPµ
(X |Z) =

gµ(Z)
gb (Z)

dPb

dPµ
(X )∝

dPb

dPµ
(X ). (2.10)

This makes it possible to formulate rejection sampling on a path space more explic-

itly.

Theorem 2.3.1. Suppose that A1, A3 and A5–A9 hold and that α is sufficiently

regular so that eq. (2.5) holds. Then, the rejection sampling algorithm 2.3 below

outputs paths distributed according to Pb (·|Z):

Algorithm 2.3 Rejection sampling on a path space via conditioned Brownian mo-
tion

1: while True do
2: Draw Y ∼ dPα(·|Z) . Brownian motion conditioned on Z
3: Draw E ∼ Exp(1)
4: if E ≥−A(YT )+A(Y0)+

∫ T
0
ϕ(Ys )ds + log M ∗ then

5: Set X ←{η−1(Yt ); t ∈ [0,T ]}
6: return X . This sample is distributed as X ∼ dPb (·|Z)

Proof. The theorem follows from the discussion above and a well known simula-

tion result, stating that U ∼ Unif([0,1]) if an only if − log(U )∼ Exp(1) (Devroye,

2006).
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Example 2.3.1. (Beskos and Roberts, 2005) Suppose that Z := XT , i.e. that the

goal is to sample a diffusion bridge (for a diffusion with the drift b and the volatility

coefficient σ ) and that A1, A3 and A5–A8 hold (assumption A9 holds by virtue of

existence of transition densities). Notice that conditionally on Z , the end-point

YT := η(XT ) is just a constant and hence (2.10) takes the following form:

dPα
dP0

(Y |Z)∝ exp

¨

−
∫ T

0
ϕ(Ys )ds

«

.

C3 asserting existence of a global upper bound M ∗ is now equivalent to the follow-

ing assumption A10:

Assumption A10. There exists a constant l∗ >∞, s.t. l∗ ≤ inf{ϕ(x); x ∈Rd}.

Consequently, acceptance probability takes the form:

1
M ∗

dPα
dP0

(Y |Z) = exp

¨

−
∫ T

0
φ(Ys )ds

«

, (2.11)

where:

φ(x) := ϕ(x)− l∗ =
1
2

�

‖α(x)‖2+∆xA(x)
�

− l∗, and

M ∗ :=
gµ(Z)
gb (Z)

exp(A(YT )−A(Y0)− l∗T ).
(2.12)

Now, algorithm 2.3 may be fully applied to sample from Pb (·|Z). Line 4 of al-

gorithm 2.3 prompts for evaluation of
∫ T

0
φ(Ys )ds . On the first attempt, for any

realisation of a path Y , I can simply approximate the value of such integral with Rie-

mann sums:
∫ T

0
φ(Ysi

)ds ≈
∑N

i=0φ(Ys )
si+1−si

T , where 0= s0 < · · ·< sM < sM+1 = T

is a sufficiently dense grid. Therefore, in line 2 of algorithm 2.3 (which for this

choice of Z boils down to sampling of Brownian bridges), it is enough to reveal

path Y merely at the grid locations s0, . . . , sM . A well-known sampler can be em-

ployed for this step. It is based on the following identity (Karatzas and Shreve,

1998a, §5.5.6, Problem 6.14)

B d=
n

x0+Wt +(xT − x0−WT )
t
T

; t ∈ [0,T ]
o

, (2.13)

where B denotes a Brownian bridge joining x0 and xT and W is an independent,

d -dimensional Brownian motion. Algorithm 2.4 summarises this last sampler.
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Algorithm 2.4 Sampler of Brownian bridges

1: Draw a Brownian motion (Ws0
, . . . ,WsM

,WT )
2: Set (Bs0

, . . . ,BsM
)← x0+(Ws0

, . . . ,WsM
)+ xT−x0−WT

T (s0, . . . , sM )
3: return (Bs0

, . . . ,BsM
) . Brownian bridge

Surprisingly, it is possible to do better than that. An approximation via Rie-

mann sums is a weak link of the discussed implementation of algorithm 2.3, and it

introduces an approximation error. However, it turns out to be possible to imple-

ment algorithm 2.3 in such a way that no approximation ever needs to be made.

This is the subject of the exact algorithm of Beskos and Roberts (2005); Beskos et al.

(2006, 2008) discussed in section 3.1.

Example 2.3.2. (Beskos and Roberts, 2005) Suppose that Z :=∅, i.e. that the goal

is to sample an unconditioned diffusion with the drift b and the volatility σ and

that A1, A3, A5–A8 and A10 hold. In view of the very efficient samplers based

on stochastic Taylor expansions (Kloeden and Platen, 2013)—of which the Euler-

Maruyama scheme given in algorithm 1.1 is an example—it might seem wasteful to

consider Z := ∅; however, much like example 2.3.1 is a prelude to an algorithm

capable of exact sampling of diffusion bridges, so is this one for exact sampling of

unconditioned diffusions.

In this example YT := η(XT ) is no longer a constant and this makes proposals

from P0 sub-optimal. Instead, start from assuming:

Assumption A11. Function υ(y) := exp{−‖y−z‖2/2T +A(y)} is integrable for any

z ∈Rd .

And define the measure of a biased Brownian motionZ, through the Radon-Nikodým

derivative with respect to P0:

dZ
dP0

(Y )∝ exp{A(YT )}.

The naming convention is clear after realising that conditionally on an end-point

the two laws coincide: Z(·|YT ) = P0(·|YT ), and that under Z, an end-point is dis-

tributed according to υ:

Z(YT ∈ dy) = υ(y)dy.
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Consequently, if Z is used as a proposal law, then acceptance probability is of the

same form as in example 2.3.1:

dPα
dZ
(Y ) =

dP0

dZ
(Y )

dPα
dP0

(Y )∝ exp

¨

−
∫ T

0
φ(Ys )ds

«

. (2.14)

The simulation algorithm takes the following form:

Algorithm 2.5 Rejection sampling on a path space for unconditioned diffusions

1: while True do
2: Draw YT ∼ υ
3: Draw Y ∼P0(·|YT ) . Law of a Brownian bridge, use algorithm 2.4
4: Draw E ∼ Exp(1)
5: if E ≥

∫ T
0
φ(Ys )ds then

6: Set X ←{η−1(Yt ); t ∈ [0,T ]}
7: return X . This sample is distributed as X ∼ dPb

Akin to example 2.3.1, Riemann sums can be used to approximate integrals
∫ T

0
φ(Ys )ds . This prompts for revealing path Y in line 3 of algorithm 2.5 only at a

dense enough time-grid: (s0, . . . , sM ). Naturally, algorithm 2.5 with Riemann sum

approximation does not improve upon competing algorithms based on stochastic

Taylor expansions. However, in section 3.1 I demonstrate a modification due to

Beskos and Roberts (2005); Beskos et al. (2006, 2008), which removes all approxi-

mation errors and constitutes an improvement over the other samplers of uncon-

ditioned diffusions.

2.3.4 Issues with rejection sampling on a path space

Performance of any rejection sampling algorithm is contingent upon the fidelity

with which a proposal law approximates the target. Figure 2.1 illustrates this con-

cept. If a proposal density g puts a great deal of mass on regions of space with low

probability mass under f , then most samples from g are improbable under f (this

manifests itself in very small values of acceptance probability (2.4) and excessively

high rejection rates). Conversely, if the two densities f and g match each other

closely on an entire space, then (2.4) remains close to 1, leading to low rejection

rates and an efficient sampler.
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Figure 2.1: Illustration of an impact that discrepancies between proposal and target laws
have on the performance of rejection sampling. In both plots target f is set to Gsn(2,12).
On the left, proposal g is set to Student-t(3) shifted to the right by 5. On the right,
proposal g is set to Student-t(10) shifted to the right by 2. Density plots are given,
together with 50 random samples from g (scattered randomly in the y-plane for better
transparency). Samples accepted during a test run of a rejection sampler targeting f are
marked with green dots, rejected samples are marked with red crosses. Rejection sampler
on the right, where f and g are closely matched, accepts ∼ 94% of the proposed samples,
clearly outperforming the setting on the left, where most samples (∼ 96%) are rejected.

In the context of rejection sampling on a path space this means that the proposal

law Pµ(·|Z) needs to be close to the target Pα(·|Z). Unfortunately, as argued in

section 2.3.2 or example 2.3.2 the choice of Pµ(·|Z) is often heavily restricted due

to computational considerations, and this means that finding a better proposal is

rarely a viable option for improving performance of the algorithm. Consequently,

the more Pα(·|Z) departs from the law of Brownian motion, the more inefficient

rejection sampling on a path space becomes.

A profound implication of this observation follows from recalling eq. (1.2),

which states that locally, solution to any SDE behaves as a scaled Brownian mo-

tion with a drift. Heuristically, it means that for a small T the two laws Pα(·|Z)
and P0(·|Z) are close, whereas as T → ∞, they become increasingly dissimilar.

In section 3.1.4 I show that the discrepancy increases exponentially quickly in T ,

leading to an exponential explosion in the cost of the sampler.

For unconditioned diffusions this observation can be used to one’s advantage

through a simple application of the Markov property. The interval [0,T ] is chopped

into smaller sub-intervals: 0 = t0 < · · · < tM < tM+1 = T and sampling procedure
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is broken down into a sequence of steps. First, a segment of Y on [t0, t1] is drawn

from P0|t1
to target Pα|t1

(P0|t1
denotes a restriction of P0 to Ft1

). Upon accep-

tance, the next segment on [t1, t2] is drawn fromP0|t2
(·|Ft1

) (a restriction ofP0 to

Ft2
conditioned onFt1

—i.e. conditioned on a path simulated until time t1) and tar-

gets Pα|t2
(·|Ft1

). If the path is rejected, then only a new proposal from P0|t2
(·|Ft1

)

needs to be re-drawn, and Y on [t0, t1] remains unaffected. This continues until

Y is sampled on all sub-intervals. By the Markov property, the final path Y is dis-

tributed according to Pα. This brings down the computational cost of path space

rejection sampler for unconditioned diffusions down to linear in T .

Unfortunately, the same technique cannot be used in general, as the conditioned-

on random variable Z might depend on the parts of the path outside of Fti
. In-

deed, take diffusion bridges or first passage time bridges (see Introduction for defi-

nitions) as examples. In both cases sampling Y on [t0, t1] requires computation of
dPα
dP0
|t1
(Y |Z). Since Z depends on YT this step is intractable.

A substantial part of this thesis is devoted to addressing this computational hur-

dle. In chapter 5 I show that it is possible to modify the path space rejection sampler

by employing the blocking technique, bringing down the scaling of the sampler’s

computational cost down to cubic in T . Nonetheless, this comes at a cost of hav-

ing to define an algorithm in the context of Markov chain Monte Carlo sampler,

presented in section 2.5 below.

Rejection sampling on a path space has a second drawback still and it has to

do with the imposed assumptions: both A6 and A7 are restrictive. Although in

dimension 1 the two are satisfied so long as A3 holds, this changes in a multivariate

setting. Indeed, consider the following example:

Example 2.3.3. Suppose that:

α(x) :=





c1x[2]+ b ∗1 (x)
c2x[1]+ b ∗2 (x)

b ∗3 (x)



 ,

where c1, c2 ∈ R are some constants, b ∗i : Rd → R, (i = 1,2) are some functions

which do not include any linear terms in x[i mod 2+1] (i = 1,2), and b ∗3 :Rd →Rd−2.

If a potential A of α exists, then in particular it must hold:

∂ A
∂ x[1]

(x) = c1x[2]+ b ∗1 (x),
∂ A
∂ x[2]

(x) = c2x[1]+ b ∗2 (x),
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and thus:

c1x[1]x[2]+
∫ x[1]

0
b ∗1

��

u[1]

x[−1]

��

du[1]+ c∗1 (x
[−1]) = c2x[1]x[2]+

∫ x[2]

0
b ∗2









x[1]

u[2]

x[3:d ]







 du[2]

+ c∗1 (x
[−2]),

(2.15)

where v [− j ] := (v1, . . . , v j−1, v j+1, . . . , vd ), v [ j ,k] := (v j , . . . , vk) and c∗i : Rd−1 → R,

i = 1,2 are some functions. The above can be true only if c1 = c2. What it means

for rejection sampling of multivariate diffusions is that if the dynamics of one co-

ordinate are influenced by another coordinate in a linear manner, then the same,

symmetric influence must be exerted by the first coordinate on the latter. This is

an undesirable restriction that most multivariate models used in practice violate

(an exception is the multivariate double-well potential, or more generally, exam-

ples from physics with the distinguishing features that the energy of the system is

conserved). The reason why multivariate models are used in practice is to couple

the dynamics of the coordinates so as to create systems with behaviours that are

impossible to re-create in a 1-dimensional setting. For a handsome number of dif-

fusion models the coupling of dynamics is done exclusively through linear terms

of other coordinates, without needing to include non-linear or interaction terms.

However, the imposed symmetry c1 = c2 is rarely satisfied. Naturally, any hope of

existence of a potential function A in the even more complicated models, in which

interdependence of coordinates goes beyond linear, decreases further yet.

A very similar argument to the one in example 2.3.3 can be made for assump-

tion A6; however, since a plethora of interesting models exist for which the diffu-

sion coefficient σ has a simple form, focusing on relaxing A6 is a secondary issue.

With that being said, a simple diffusion that is defined on a complicated manifold

will inevitably violate A6, as the local curvature of a manifold is expressed through

the modified coefficients of an SDE (Rogers and Williams, 2000b, Ch.V). Conse-

quently, rejection sampling on a path space is not immediately applicable to such

models.
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2.4 Importance sampling

Heuristically, importance sampler is a rejection sampler for which rejection step is

substituted with weighting. More precisely, suppose as before that f :X →R and

g :X →R are some density functions, and that the following absolute continuity

result holds: for any Borel set B if
∫

B
g (x)dx = 0, then

∫

B
f (x)dx = 0 (written

f � g ). Assume further that it is possible to obtain iid draws from g : Xi ∼ g ,

(i = 1, . . . ) and that functions f and g can be evaluated only up to normalisation

constants, i.e. only fu :X →R and gu :X →R are known, with f (x) = c1 fu(x),

g (x) = c2 gu(x) and c1, c2 > 0 some unknown constants. The goal is to compute

integrals of the form:

f (π) :=
∫

X
π(x) f (x)dx,

for some f -integrable functions π :X →R. Importance sampling is based on the

following observation:

f (π) :=
∫

X
π(x) f (x)dx =

∫

X
π(x)

c1 fu

c2 gu

(x)g (x)dx =
c1

c2

g (πw),

where w(x) := fu
gu
(x) is a weighting function (Kahn and Harris, 1951). Since

g (w) :=
∫

X
w(x)g (x)dx =

∫

X

c2

c1

f (x)
g (x)

g (x)dx =
c2

c1

∫

X
f (x)dx =

c2

c1

,

it follows that

f (π) =
¨

g (πw) if c1 = c2,
g (πw)
g (w) else.

Therefore, integrating function π with respect to density f is equivalent to inte-

grating function πw with respect to another density g and scaling the result by

1/g (w). If f (|wπ|) <∞, then, by Slutsky’s lemma and the strong law of large

numbers:
¨

limN→∞
1
N

∑N
i=1π(Xi )w(Xi ) = f (π) (a.s.), for Xi ∼ g , if c1 = c2,

limN→∞[
∑N

j=1 w(X j )]
−1∑N

i=1π(Xi )w(Xi ) = f (π) (a.s.), for Xi ∼ g , else .

This is the basis for defining the following Monte Carlo estimators:

f (π)≈
¨ 1

N

∑N
i=1π(Xi )w(Xi ),

[
∑N

j=1 w(X j )]
−1∑N

i=1π(Xi )w(Xi ),
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where Xi ∼ g , (i = 1, . . . ,N ). The first estimator is unbiased:

Eg

�

1
N

N
∑

i=1

π(Xi )w(Xi )
�

=
1
N

N
∑

i=1

Eg [π(X1)w(X1)] =E f [π(X1)] ,

however, it is the second—the so-called self-normalised estimator—that is more use-

ful in practice, as normalisation constants of f and g do not need to be known.

Algorithm 2.6 below summarises an importance sampling procedure. Weighted

Algorithm 2.6 Importance sampling

1: for i = 1, . . . ,N do
2: Draw Xi ∼ g
3: Set wi ←

fu
gu
(Xi )

4: return {(Xi , wi ); i = 1, . . . ,N}

particles returned as the output of algorithm 2.6 can then be used to estimate f (π).

2.4.1 Importance sampling on a path space

In the setting of diffusions,X = C([0,T ];Rd ), f and g are given by the target and

proposal conditioned diffusion measures: dPb (·|Z) and dPµ(·|Z) respectively, and

the weighting function is proportional to the Radon-Nikodým derivative between

the two laws:

w(X )∝
dPb

dPµ
(X |Z).

Notice that it is no longer necessary to find a global upper bound M ∗ from C3,

which means that A6 and A7 are not the prerequisites for applying the algorithm.

Indeed, consider the following example:

Example 2.4.1. Suppose that process X solves the following SDE:

dXt =
�

b1+ b2X [2]
�

dt +
�

ρ
p

1−ρ2

σ 0

�p
X [2] dWt , X0 = x0, t ∈ [0,T ],

(2.16)

for some constants ρ,σ > 0 and b1, b2 ∈ R2, b [1]2 = −0.5. This is the celebrated

Heston model (Heston, 1993), in which the first coordinate represents log-price of

an asset and the second is the instantaneous volatility of the price process (i.e. of

the exponentiated first coordinate). Notice that this is an example of a diffusion for
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which Lamperti transformation does not exist—A6 does not hold. Suppose that the

conditioning is on the price of an asset to cross an upper threshold exp(L∗) at some

point during time [0,T ]: Z := {ω ∈Ω : Xt (ω)≥ L∗ for some t ∈ [0,T ]}, and that

parameters b1, b2,ρ,σ , L∗ are fixed in such a way thatZ is extremely unlikely under

Pb .4 Then, consider a proposal diffusion with the same volatility coefficient and a

modified drift:

µ(x) :=µ1+µ2x[2],

whereµ1,µ2 ∈R2 are some to-be-chosen vectors. The Radon-Nikodým derivative

between the target and proposal laws is given by:

dPb

dPµ
(X |Z)∝ exp

¨

c1+ c2XT + c3

∫ T

0

1

X [2]s

I2 dXs + c4

∫ T

0

1

X [2]s

ds + c5

∫ T

0
X [2]s ds

«

,

(2.17)

where

Λ :=
1
(ρσ)2

�

0 ρσ
ρσ −1

�

, c1 := T (µT
1 Λµ2− b T

1 Λb2), c2 := (b2−µ2)
TΛ,

c3 := (b1−µ1)
TΛ, c4 :=

1
2
(µ1− b1)

TΛ(b1+µ1), c5 :=
1
2
(µ2− b2)

TΛ(b2+µ2).

Proof. Notice

Γ−1(x) =
1

x[2]
Λ.

It follows that:
∫ T

0
[(b −µ)T Γ−1](Xs )dXs = (b1−µ1)

TΛ

∫ T

0

1

X [2]s

I2 dXs +(b2−µ2)
TΛ

∫ T

0
dXs

= (b1−µ1)
TΛ

∫ T

0

1

X [2]s

I2 dXs +(b2−µ2)
TΛ(XT −X0)

and
∫ T

0
[(b −µ)T Γ−1(b +µ)](Xs )ds

=
∫ T

0

§

1

X [2]s

(b1−µ1)
TΛ(b1+µ1)+ (b1−µ1)

TΛ(b2+µ2)

+ (b2−µ2)
TΛ(b1+µ1)+ (b2−µ2)

TΛ(b2+µ2)X
[2]
s

ª

ds

4So that simulation from Pb (·|Z) via simulating unconditioned paths X ∼ Pb and accepting
only those for which Z occurs is an inefficient strategy. See next page for details.
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= (b1−µ1)
TΛ(b1+µ1)

∫ T

0

1

X [2]s

ds + 2T (b T
1 Λb2−µ1Λµ2)

+ (b2−µ2)
TΛ(b2+µ2)

∫ T

0
X [2]s ds .

The statement now follows from eqs. (2.3) and (2.10).

If vectorsµ1 andµ2 are chosen carefully enough so thatZ has respectable probabil-

ity of occurring under the unconditioned proposal measurePµ, then samples from

Pµ(·|Z) can be obtained by drawing X ∼ Pµ and accepting only those paths for

which Z occurs. In fact, this is a special case of rejection sampling on a path space,

in which a proposal law is Pµ, the target law is Pµ(·|Z) and the Radon-Nikodým

derivative between the two is proportional to: dPµ(X |Z)/dPµ(X )∝ 1Z . Draws

fromPµ(·|Z)may be weighted according to the expression (2.17) in an importance

sampling scheme, targeting lawPb (·|Z). Algorithm 2.7 summarises this procedure.

Algorithm 2.7 Importance sampling for example 2.4.1

1: for i = 1, . . . ,N do
2: do
3: Draw Xi ∼Pµ
4: while Z does not happen for Xi

5: Set wi ← exp
§

c1+ c2Xi ,T + c3

∫ T
0

1

X [2]i ,s

I2 dXi ,s + c4

∫ T
0

1

X [2]i ,s

ds + c5

∫ T
0

X [2]i ,s ds
ª

6: return {(Xi , wi ); i = 1, . . . ,N}

In fig. 2.2 I give the results of a numerical example illustrating implementation

of algorithm 2.7.

In spite of what it might seem, importance sampling is not a panacea for the

shortcomings of rejection sampling. Despite relaxation of assumptions A6 and A7,

care still needs to be taken to avoid nonsensical answers, as although, by construc-

tion, importance sampling estimator has a finite mean, there are no such guarantees

about its variance. A sufficient (though not necessary) condition implying finite-

ness of the second moment is condition C2 (Robert and Casella, 2013, §3.3).
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Figure 2.2: Importance sampler on a path space for the Heston model. Underlying path
is assumed to follow the dynamics in eq. (2.16), with b1 = (0.1,0.42)T , b2 = (−0.5,−6)T ,
ρ = −0.83 and σ = 0.55 (where I picked these values to mimic the numerical example
considered in Stramer and Bognar (2011)). Diffusion is started from the point (7,0.07)T

and evolved for a period of time T = 1. Threshold L∗ is set to 1800. Top plot illustrates
the output of a rejection sampler, which draws proposals from an unconditioned target
law Pb and accepts only those paths for which the exponentiated first coordinate exceeds
level L∗ at some point during [0,T ]. Because such event Z is unlikely under Pb only 1
out of 100 paths has been accepted. Bottom plot illustrates the output of an importance
sampling scheme. Paths are drawn from the unconditioned diffusion measure Pµ, with
µ1 = (0.35,0.42)T and µ2 = (−0.5,−6). These paths are first sieved through a rejection
sampling step, accepting only those samples for which Z occurs. Accepted samples are
then weighted according to eq. (2.17). The alpha channel of accepted samples is set to be
proportional to the value of computed weights. Consequently, the same number of pro-
posals results in a larger number of weighted samples, that can be used to estimate integrals
of path functionals. The values ofµ1 andµ2 were set in an ad-hoc manner, just to illustrate
the point, more efficient schemes can be devised with more informed choices ofµ1 andµ2.
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Relying on condition C2 is however not ideal, as it introduces back the need for

assumptions A6 and A7. Unfortunately, proving finiteness of variance without

relying on condition C2 is in general non-trivial.

2.5 Markov chain Monte Carlo

Importance and rejection sampling alike suffer from a common drawback: there

needs to be a way to specify a good, global proposal density g . As I discussed in sec-

tion 2.3.4 this feat is sometimes difficult or even impossible to accomplish. Markov

chain Monte Carlo (MCMC) methods address this precise issue, by substituting

global update steps with local ones.

Suppose as before that f : X → R is some density function, but that only

fu : X → R can be evaluated, with f (x) = c1 fu(x), and c1 > 0 some unknown

constant. The goal is to compute integrals of the form:

f (π) :=
∫

X
π(x) f (x)dx,

for f -integrable functions π :X →R. Markov chain Monte Carlo methods solve

this problem by employing f -invariant Markov chains: {X (n); n = 1, . . .}. By Er-

godic theorem, if such a chain is Harris recurrent, then for any f -integrable func-

tion π :X →R the strong law of large numbers

lim
N→∞

1
N

N
∑

n=1

π(X (n)) = f (π), (a.s.),

holds (Robert and Casella, 2013, Thm 6.63). Consequently, estimators of the form

π̂ :=
1
N

N
∑

i=1

π(X (n)),

can be used to approximate f (π).

2.5.1 Metropolis-Hastings

The Metropolis-Hastings algorithm due to Metropolis et al. (1953); Hastings (1970)

is arguably the most popular out of all MCMC methods (for a justification of

this commonly adhered to preference see the results on Peskun ordering (Peskun,

1973)). The chain is initialised at an arbitrary state X (0) and at each new iteration
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n = 1, . . . ,N a new value for the chain is proposed by drawing form a user-defined

density q :

X ◦ ∼ q(X (n−1), ·).

Proposed value X ◦ is then accepted with the probability a(X (n−1),X ◦), where

a(x, x◦) := 1∧
fu(x

◦)q(x◦, x)
fu(x)q(x, x◦)

. (2.18)

If accepted, X (n) is set to X ◦, otherwise, the state is rejected and X (n) is set to X (n−1).

Algorithm 2.8 summarises these steps.

Algorithm 2.8 The Metropolis-Hastings algorithm

1: Initialise X (0)

2: for n = 0, . . . ,N − 1 do
3: Draw X ◦ ∼ q(X (n), ·)
4: Draw U ∼ Unif([0,1])
5: if U < 1∧ fu (X

◦)q(X ◦,X (n))
fu (X (n))q(X (n),X ◦)

then

6: Set X (n+1)←X ◦

7: else
8: Set X (n+1)←X (i)

9: return {X (n); n = 0, . . . ,N} .Markov chain with invariant density f

The Metropolis-Hastings algorithm produces an irreducible chain provided q

satisfies either of the following two conditions:

Condition C5. q(x, x◦)> 0 for all x, x◦ ∈ supp( f ).

Condition C6. (Roberts and Tweedie, 1996) f is bounded on compact sets and there

exist ε > 0 and δ > 0, for which q(x, x◦) > ε, whenever d (x, x◦) < δ , for some

distance metric d .

In practice, satisfying at least one of C5 or C6 is often simple. If the chain is

additionally aperiodic (which, trivially, can be achieved by modifying a transition

kernel through introduction of a low-probability move that keeps the chain’s state

in its current position), by Tierney (1994) the chain is Harris recurrent and since

by construction it is also f -invariant, the Ergodic theorem applies.

It is possible to use more than just one transition kernel q . In fact, any finite

number of kernels qk (k = 1, . . . ,k) can be used so long as the resulting chain is
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irreducible. At each step n of the MCMC algorithm one of the qk ’s is picked and

an update is performed by proposing from it. Various strategies for choosing qk

exist. Perhaps the most common ones are updates done according to the lexico-

graphic order—in which qk ’s are picked systematically according to the schedule

q1, . . . , qk, q1, . . .—and a random order—in which an index is drawn uniformly at

random k ∼ Unif({1,...,k}) and then, the corresponding kernel qk is used to

make an update. Different strategies for choosing index k, applied to the same set of

kernels q1, . . . , qk, may result in a different performance of the MCMC algorithm

(Roberts and Sahu, 1997). I discuss this in more detail in the context of blocking

in chapter 5.

In this thesis the Metropolis-Hastings algorithm is used in two distinct contexts.

By this point, the first use case should be familiar: X = C([0,T ];Rd ) and f is

given by the target diffusion law dPb (·|Z). The choice of a proposal kernel q is

now less restricted than the choice of a proposal law dPµ(·|Z) was for rejection or

importance sampling. Indeed, as a special case, transition kernel q can be chosen to

be dPµ(·|Z), used in a corresponding rejection or importance sampling scheme—

this is summarised in algorithm 2.9. This is a type of the so-called independence

sampler, as the proposals X ◦ are drawn from a density which is independent from

the previously accepted state X (n−1). However, much more efficient algorithms can

be devised if q exploits the possibility of making local updates. I discuss two such

strategies in this thesis: the preconditioned Crank-Nicolson scheme, explained in

section 2.7 and a blocking scheme, treated in chapter 5. For the latter, in section 5.2,

I quantify the computational gains over the corresponding global proposal moves.

Algorithm 2.9 Independence sampler on a path space

1: Draw X (0) ∼Pµ(·|Z)
2: for n = 0, . . . ,N − 1 do
3: Draw X ◦ ∼Pµ(·|Z)
4: Draw U ∼ Unif([0,1])
5: if U < 1∧ dPb

dPµ
(X ◦|Z)

� dPb
dPµ
(X (n)|Z) then

6: Set X (n+1)←X ◦

7: else
8: Set X (n+1)←X (n)

9: return {X (n); n = 0, . . . ,N} .Markov chain with invariant density dPb (·|Z)
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The second application has to do with Bayesian inference for diffusion pro-

cesses. In this context, a Markov chain is constructed to target the posterior distri-

bution of the random and unknown parameter vector θ ∈ Θ parametrising SDE

(1.3). The procedure is discussed in detail in chapter 4.

2.5.2 Gibbs sampler

A particular example of the Metropolis-Hastings algorithm is a Gibbs sampler (Ge-

man and Geman, 1987). It is especially useful for sampling from high-dimensional

distributions for which coordinates are only weakly correlated. For it, a sequence

of transition kernels is defined through unnormalised, conditional target distribu-

tions:

qk(x, x◦)∝ 1{x[−k]}(x
◦[−k]) fu(x

◦|x[−k]), k = 1, . . . ,k.

It is not difficult to see that the Metropolis-Hastings acceptance probability (2.18)

for each one of those transition kernels equals 1:

ak(x, x◦) := 1∧
fu(x

◦) fu(x|x◦[−k])
fu(x) fu(x◦|x[−k])

= 1∧
f (x◦[k], x[−k]) f (x|x[−k])

f (x) f (x◦|x[−k])

= 1∧
f (x◦[k], x[−k]) f (x)

f (x[−k])

f (x) f (x◦[k],x[−k])
f (x[−k])

= 1,

where the second equality follows from x◦[−k] = x[−k]. A Gibbs sampler is defined

as the Metropolis-Hastings algorithm which uses the transition kernels above—it

is summarised in algorithm 2.10 below.

Algorithm 2.10 Gibbs Sampler with the lexicographic order of coordinate updates

1: Initialise X (0)

2: for n = 0, . . . ,N − 1 do
3: Set k← (n mod k)+ 1
4: Draw X ◦ ∼ f (·|X (n)[−k])
5: Set X (n+1)←X ◦

6: return {X (n); n = 0, . . . ,N} .Markov chain with invariant density f

Instead of the single-site updates, the coordinates can be grouped and updated in

blocks instead. More precisely, transition kernels may have the form: qk1
(x, x◦) =

f (x◦|x[−(k1:k2)]) (where v [−(k1:k2)] := (v1, . . . , vk1−1, vk2+1, . . . , vd )), so that ranges of

coordinates k1 : k2 are updates simultaneously. This idea can be taken even further.
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Example 2.5.1. In the context of sampling on a path space, the object that is to

be imputed—path X under some target measure Pb (·|Z)—is conceptually infinite

dimensional. Here, block updates take a form of updating segments of path X . In

the simplest setting, when Z :=XT say, I can define two kernels:

q1(X , ·) = dPb (·|Z ∪{XT /2}), q2(X , ·) = dPb (·|Z ∪{XT /4,X3T /4}).

Due to the Markov property, the conditional update q1 updates segments of X

independently on each of the intervals [0, T
2 ] and [T

2 ,T ]. Update q2 does the same,

but on the intervals [0, T
4 ], [

T
4 , 3T

4 ] and [ 3T
4 ,T ]. In view of the heuristics discussed

in section 2.3.4, it is reasonable to expect that such strategy improves the efficiency

with which the sampler explores a path space. Detailed analysis of this scheme is

given in chapter 5.

In this thesis Gibbs sampling is used extensively for the problem of Bayesian in-

ference for diffusion processes. For numerical experiments, the coordinates of the

unknown, random parameter vectors θ ∈ Θ parametrising SDE (1.3) are updated

one-by-one or possibly in blocks.

Additionally, a modified version of a Gibbs sampler is often employed—the

so-called Metropolis-within-Gibbs algorithm. For it, the transition kernels are al-

lowed to take the form:

qk(x, x◦) = 1{x[−k]}(x
◦[−k])q̃k(x, x◦),

with q̃k(x, x◦) possibly different form f (x◦|x[−k]) (where, as before, single coordi-

nate k can be substituted with a range etc.). Just like with a regular Gibbs sampler,

only subsets of all coordinates are updated at a time, unlike it however, the ability

to sample from full conditionals is not a prerequisite.

2.6 Non-centred parametrisation

Non-centred parametrisation (Papaspiliopoulos, 2003; Papaspiliopoulos et al., 2003)

is an idea of decoupling the source of noise from the specificity of the probability

measure under consideration. More precisely, for any collection of probability

spaces (Ω,F (θ),P(θ))θ, indexed by some parameter θ ∈ Θ, the aim is to define a
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probability space (Ω∗,F ∗,Q∗) and a deterministic function Ψθ : Ω∗ → Ω, so that

the pushforward measure (Q∗)#(Ψθ) coincides with P(θ), i.e. if W ∼ Q∗, then

Ψθ(W )∼P(θ).

Example 2.6.1. Recall rejection sampler on a path space from example 2.3.1. Sup-

pose that now, the goal is to design a sampler suitable for a sequence of diffusion

bridge laws P(θ)b (·|Z) indexed by θ ∈ Θ, with Z := XT and with P(θ)b denoting the

unconditioned law induced by eq. (1.3). The most straightforward solution is to

simply repeat example 2.3.1, each time plugging in a different value of the param-

eter θ; however, the aim here is to use a non-centred parametrisation—the payoff

will be apparent in chapter 4. Assume that A6 and A7 hold. The unconditioned,

Lamperti transformed diffusion Y = {ηθ(Xt ); t ∈ [0,T ]} solves the SDE:

dY = αθ(Y )dt + dWt , Y0 = y0(θ), t ∈ [0,T ]. (2.19)

Additionally, the conditioning can be transformed to involve only path Y : Zθ :=

YT = ηθ(XT ). Notice that both end-points y0(θ) := ηθ(x0) and yT (θ) := ηθ(xT )

depend explicitly on the parameter θ. In example 2.3.1, the randomness enters the

sampler in line 2 of algorithm 2.3, when proposal paths are drawn fromP
(θ)
0 (·|Zθ).

This step amounts to drawing paths of Brownian bridges joining y0(θ) and yT (θ)

on the interval [0,T ], and thus, because of explicit dependence on θ, it is not of a

non-centrally parametrised form. To remedy this, define the following probability

space: let Ω∗ := C([0,T ];Rd ), Q∗ :=W∗ be the law induced by Brownian bridges

joining 0 and 0 on the interval [0,T ] (which I will refer to as 0-0 Brownian bridges)

andF ∗ be a Borel-σ -algebra on C([0,T ];Rd ). In simple terms, the noise is sampled

by drawing 0–0 Brownian bridges on [0,T ]. Define also function Ψθ :X →X as:

Ψθ(W ) :=
n

Wt + y0(θ)
�

1− t
T

�

+ yT (θ)
t
T

; t ∈ [0,T ]
o

. (2.20)

By eq. (2.13) if W ∼W∗, then Ψθ(W ) ∼ P
(θ)
α (·|Zθ). Consequently, a version of

the non-centrally parametrised rejection sampler on a path space may be defined as

given by algorithm 2.11.

This subtle decoupling of a sampling step from the dependence on the parame-

ter θ, in spite of its innocence, has far reaching consequences. Notice that two runs
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Algorithm 2.11 Non-centrally parametrised rejection sampling on a path space

1: while True do
2: Draw W ∼W∗ . 0–0 Brownian bridge, use algorithm 2.4
3: Draw E ∼ Exp(1)
4: if E ≥

∫ T
0
φθ(Ψθ(W )s )ds then

5: Set X ←{η−1
θ
(Ψθ(W )t ); t ∈ [0,T ]}

6: return X . This sample is distributed as X ∼ dP(θ)b (·|Z)

of algorithm 2.11 parametrised by θ1 and θ2 respectively can share the same sam-

ples W , entering the algorithm in line 2, without changing the validity of either of

the procedures. Such property turns out to be an essential attribute sought after in

section 4.1.3.

Non-centred parametrisation is a surprisingly powerful technique that can be

used in a number of settings. For instance, it turns out to be an indispensable tech-

nique for performing Bayesian inference for diffusion processes via data augmen-

tation (Roberts and Stramer, 2001). A necessity of non-centred parametrisation in

this setting is caused by the problem of singularity of measures, discussed further

in section 4.1.3. Another application which can be cast in the form of non-centred

parametrisation is discussed in section 2.7—a collection Θ consists of a single ele-

ment and the purpose of employing non-centred parametrisation is to sample the

noise on a more convenient probability space. This extra convenience dramat-

ically simplifies the search for efficient local updates of the Metropolis-Hastings

algorithm on a path space. A third application is mentioned in section 4.2 and it al-

lows for de-correlating dependence of an auxiliary Poisson point sampler (needed

by a rejection sampling scheme) on a model’s parameters, ultimately leading to

speed-ups of the algorithm.

2.7 Random walk on a path space

The preconditioned Crank-Nicolson scheme introduced in Cotter et al. (2013) (see

also Beskos et al. (2008)) can be used in conjunction with the non-centred parametri-

sation from section 2.6 to perform local moves on a path space under the Metropolis-

Hastings algorithm (van der Meulen and Schauer, 2017a). The technique has been
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derived from Crank-Nicolson approximations of the linear part of the drift in the

context of stochastic partial differential equations (hence its name) but it can be

seen simply as a random walk on a path space under the Wiener measure. It is

based on the identity:

W d=
p
λW +

p

1−λB , (2.21)

which holds for anyλ ∈ [0,1] and either a pair (W ,B) of independent, d -dimensional,

standard Brownian motions, or a pair (W ,B) of independent, d -dimensional, 0–0

Brownian bridges.

Recall example 2.6.1, treating the non-centred parametrisation of a rejection

sampler on a path space. Line 2 of algorithm 2.11 prompts for simulation of Brow-

nian bridges. Instead of drawing them anew at each iteration of the algorithm,

eq. (2.21) suggests to use previously sampled Brownian paths. That way, new pro-

posal paths Ψθ(W ) should be close to the previously accepted ones and thus should

also have respectable chance of being accepted. As the proposals are correlated,

such algorithm can no longer be phrased in a rejection sampling setting; how-

ever, the idea can be rigorously implemented as the Metropolis-Hastings algorithm

(which I summarise in algorithm 2.12 below).

Algorithm 2.12 Metropolis-Hastings sampling on a path space with local updates

1: Draw W (0) ∼W∗ . 0–0 Brownian bridge, use algorithm 2.4
2: Set X (0)←{η−1

θ
(Ψθ(W

(0))t ); t ∈ [0,T ]}
3: for n = 0, . . . ,N − 1 do
4: Draw W ◦ ∼W∗ . 0–0 Brownian bridge, use algorithm 2.4
5: Set W ◦←

p
λW ◦+

p
1−λW (n)

6: Draw E ∼ Exp(1)
7: if E ≥

∫ T
0
φθ(Ψθ(W

◦)s )ds −
∫ T

0
φθ(Ψθ(W

(n))s )ds then
8: Set (X (n+1),W (n+1))← ({η−1

θ
(Ψθ(W

◦)t ); t ∈ [0,T ]},W ◦)
9: else

10: Set (X (n+1),W (n+1))← (X (n),W (n))
11: return {X (n); n = 0, . . . ,N} .Markov chain with invariant density dPb (·|Z)

Naturally, algorithm 2.12 above is merely an extension of example 2.6.1—it

is in particular assumed that A6 and A7 hold and that the conditioning is of the

form Z :=XT . Notwithstanding, the preconditioned Crank-Nicolson scheme is a
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more general concept that can be used in other settings as well: be it with differ-

ent forms of conditioning Z or in conjunction with other proposal laws—guided

proposals are one such example (Schauer et al., 2017). In example 4.1.2, following

Schauer et al. (2017), I show how to define the non-centrally parametrised guided

proposals and then describe how the preconditioned Crank-Nicolson scheme can

be employed for them. Additionally, in section 4.1.6 I describe how to use the pre-

conditioned Crank-Nicolson scheme also in the setting of Bayesian inference for

diffusions processes.

2.8 Commentary

The number and versatility of the Monte Carlo methods—even upon restricting to

only those techniques that are directly relevant to the study of diffusion processes—

goes far beyond what can be summarised in a single introductory chapter. The top-

ics that were omitted, but are nonetheless central to a number of successful algo-

rithms for diffusion processes, include sequential Monte Carlo and particle filters

(Doucet and Johansen, 2009; Fearnhead et al., 2010), Poisson estimators for esti-

mating density functions (Beskos et al., 2006; Fearnhead et al., 2010), Barker’s algo-

rithm (Gonçalves et al., 2017), Monte Carlo Expectation-Maximisation algorithm

(Beskos et al., 2006), continuous time sequential importance sampling (Fearnhead

et al., 2017), non-reversible Markov chains (Diaconis et al., 2000), pseudo-marginal

samplers (Andrieu and Roberts, 2009) and many others.





3Methods for simulating conditioned
diffusions
In chapter 2 I restricted my attention primarly to proposal laws of conditioned

Brownian motion P0(·|Z). However, the issues discussed in section 2.3.4 regard-

ing discrepancies between proposal and target laws apply not only to rejection

sampling on a path space, but to some degree to all Monte Carlo methods. Be-

sides, even though importance sampling and MCMC algorithms on a path space

no longer formally require assumptions A6 and A7 to hold, I never introduced any

general principles for sampling from proposal laws utilising this extended freedom

(I merely considered one example 2.4.1, in which the conditioned-on event Z is

simple enough to rely exclusively on unconditioned samplers). In this chapter I

introduce two techniques from statistics literature that use other proposal laws.

The first method is due to Bladt and Sørensen (2014) and Bladt et al. (2016)

and in the naming convention of the original paper I refer to it as simple diffusion

bridges. It is applicable to ergodic, scalar diffusions as well as some multivariate

ones. The ingenious design of the proposal law Pµ(·|Z) makes Pµ(·|Z) approach

the target law Pb (·|Z) as T increases, ultimately rendering this algorithm a fitting

complement to the arsenal of methods based on the proposals from P0(·|Z).
The second technique—called guided proposals—was introduced in Clark (1990)

and over the years has been considerably extended by Delyon and Hu (2006); Pa-

paspiliopoulos and Roberts (2012); Schauer et al. (2017); van der Meulen and Schauer

(2017a,b, 2018) and Bierkens et al. (2018). It is a versatile and robust instance of the

Metropolis-Hastings algorithm, which does not need assumptions A6 and A7 to

hold. Even in its simple form its proposal laws Pb ◦ tend to approximate the target

Pb (·|Z)more accurately than conditioned Brownian motion would. However, the

algorithm grants an additional, generous degree of flexibility over the choice of the

drift coefficient of a proposal law Pb ◦ , making it possible to reasonably match the

target law even in the multivariate and highly non-linear settings.

Notwithstanding, I start this chapter with another algorithm which aims to ac-

complish a goal of a different kind, and that is to remove all sources of approxima-

tion errors. The result—the exact rejection sampler on a path space due to Beskos

45
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and Roberts (2005); Beskos et al. (2006, 2008)—is an algorithm which outputs in-

dependent draws of paths from the target measure Pb (·|Z), revealed at any user-

specified time-grid (s1, . . . , sM ) (and some additional, random points) in such a way

that no error (beyond that of the floating-point precision of a computer) is present.

At the time of writing this thesis, the publication on simple diffusion bridges

contained a subtle mistake. It changes the formulation of the algorithm and hence it

is important to be aware of it. In this chapter I present an amended version of Bladt

and Sørensen (2014, Theorem 2.1), which corrects this inaccuracy. A corrigendum,

written jointly with M. Bladt and M. Sørensen, will be published soon.

The remaining two algorithms are instrumental to further developments of this

thesis, as I aim to extend both. In chapter 6 I re-formulate the core computational

routines of guided proposals to achieve substantial computational savings, whereas

in chapter 7 I extend the exact rejection sampler on a path space, as well as guided

proposals to tackle conditioning on first passage times. Additionally, in chapter 5

I develop methods and analyses that address some of the shortcomings of the algo-

rithm of Beskos and Roberts (2005).

I conclude this chapter with a review of other methods from statistics litera-

ture for sampling conditioned diffusion bridges. None of the algorithms from this

summary are discussed any further in this thesis and thus their descriptions are

kept adequately succinct.

3.1 Exact rejection sampling on a path space

Rejection sampling on a path space has been introduced in Beskos and Roberts

(2005) and already at its conception an exact version of the algorithm has been for-

mulated. Nonetheless, this thesis separates the exposition of this algorithm into

two parts, in order to make a clear distinction between the conceptual formulation

of rejection sampling on a path space and the existence of one of its concrete im-

plementations, which does not introduce any approximation errors. The former

description has been given in parts of section 2.3, with examples 2.3.1 and 2.3.2

summarising the algorithm. In this section I focus on the second aspect—an im-

plementation of rejection sampling on a path space, that does not introduce any

discretisation errors.
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The algorithm of Beskos and Roberts (2005) is limited to a class of diffusions

which, in addition to A1, A3 A5–A8 and A10 (and if Z =∅ also A11), satisfy the

extra assumption A12 below. Other implementations have since been proposed

with Beskos et al. (2006) relaxing A12 and Beskos et al. (2008) dispensing with it

altogether. In this thesis I discuss the first one and last one of these three settings

(i.e. either assuming A12 or dispensing with it altogether). For the former setting,

instead of presenting the original construction of Beskos and Roberts (2005), I opt

for an—arguably—more elegant version introduced in Beskos et al. (2006). All ex-

act algorithms implementing rejection sampling on a path space described in the

literature to this date are limited to Z =∅ or Z = XT , so throughout this section

I assume Z to be restricted to these two choices. In chapter 7 I introduce a novel

extension to first passage time bridges.

Chen and Huang (2013) proposed a variation on the exact implementation of

rejection sampling on a path space, applicable to unconditioned diffusions (Z =∅).

In spite of it being possible to formally apply the algorithm under weaker condi-

tions than Beskos et al. (2008) (i.e. without assuming A10), a proof of finiteness of

expected computational cost of the algorithm is known solely under the assump-

tion A10, just as in Beskos et al. (2008).

In the statistics literature the algorithms of Beskos and Roberts (2005); Beskos

et al. (2006, 2008) are known under the names of EA1, EA2 and EA3 respectively

(EA stands for Exact Algorithm). I avoid this convention and refer to them explic-

itly as simple, exact rejection sampling on a path space (for EA1) or exact rejection

sampling on a path space via layered construction (for EA3). I use the term exact

rejection sampler on a path space to refer generically to all EA-type algorithms.

3.1.1 p-coins for rejection sampler on a path space

Recall examples 2.3.1 and 2.3.2 summarising conceptual rejection sampling on a

path space with Z = ∅ and Z = XT . Lines 4 and 5 of algorithm 2.5 are common

to both examples and a naïve implementation of this step makes it the source of

approximation error in both cases. Notice however, that the goal of line 5 of al-

gorithm 2.5 is not to evaluate the integral
∫ T

0
φ(Yt )dt , which is impossible to do
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exactly on a computer, but only to draw Bernoulli(p)—a Bernoulli random vari-

able with probability of success equal to p := exp{−
∫ T

0
φ(Yt )dt}. This is a general

principle often used in this thesis, so it deserves an extra emphasis.

Definition 3.1.1. An algorithm, which for a given p ∈ [0,1] outputs iid Bernoulli(p)

random variables is referred to as a p-coin.

In particular, to draw a p-coin, evaluation of p itself need not be necessary,

so long as there exists some procedure which outputs 1 with probability p. For

rejection sampling on a path space Beskos et al. (2006) introduced the following idea

for a p-coin. Consider a unit intensity Poisson point process Φ := {(χ j ,ψ j ); j =

1, . . .} on [0,T ]× [0,∞) and denote by L the law induced by it. Denote also the

epigraph of s →φ(Ys ) with

epi[φ(Y )] := {(s , u) ∈ [0,T ]×R+ :φ(Ys )≤ u},

and consider an event

E := {ω ∈Ω : Φ(ω)⊂ epi[φ(Y (ω))]}=
⋂

j≥1

¦

ω ∈Ω : φ(Yχ j (ω)
(ω))<ψ j (ω)

©

,

that no points ofΦ fall below an epigraph of s →φ(Ys ). By Devroye (2006, §6), the

probability of E happening under the measure L, conditionally on a realisation of

the path Y is given by:

L (E|Y ) = exp

¨

−
∫ T

0
φ(Yt )dt

«

. (3.1)

Consequently, to sample a p-coin with p := exp{−
∫ T

0
φ(Yt )dt} for a given path Y ,

it is enough to draw a Poisson point process Φ of unit intensity on [0,T ]× [0,∞)
and then output 1 if E occurs.

For a moment, disregard the problem of how to sample a Poisson point pro-

cess on an infinite slab [0,T ]× [0,∞)—I will discuss it in detail in sections 3.1.2

and 3.1.3—and consider the following modification to algorithm 2.5. Before sim-

ulating a trajectory Y in line 3 of algorithm 2.5, sample a Poisson point process Φ

with unit intensity on [0,T ]×[0,∞) and only then, sample Y at times {χ j ; j ≥ 1}
(coinciding with the times of the Poisson point process). The “if statement” in line 5
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of algorithm 2.5 can now be substituted with: “if E occurs”. This modification

would have resulted in a valid procedure had the number of Poisson points Φ been

finite. Indeed, Y would have been needed to be revealed only at a finite collection of

random times: {χ j ; j = 1, . . . ,κ} (where I use the convention {·; j = 1, . . . , 0} :=∅)

and the “if statement” would have been reduced to checking if φ(Yχ j
) < ψ j were

true for all j = 1, . . . ,κ. The accepted path Y (revealed at {χ j ; j = 1, . . . ,κ}) would

have been distributed exactly according toPα(·|Z). The following result makes the

last statement rigorous.

Theorem 3.1.1. (Beskos et al., 2008, Theorem 1) If (Y,Φ)∼ [P0⊗L](·|Z ,E ), the

marginal distribution of Y is given byPα(·|Z). An analogous statement holds true

for the unconditioned diffusions: if (Y,Φ)∼ [Z⊗L](·|E ) the marginal distribution

of Y is given by Pα.

Proof. If (Y,Φ)∼ [P0⊗L](·|Z ,E ), the marginal distribution of Y can be denoted

as:

d
∫

[P0⊗L](Y,Φ|Z ,E )dΦ. (3.2)

Since P0(·|Z) is a dominating measure for both (3.2) and Pα(·|Z) it is enough to

show that
d
∫

[P0⊗L](Y,Φ|Z ,E )dΦ
dP0(Y |Z)

∝
dPα
dP0

(Y |Z).

This statement follows easily from Bayes’ theorem and eqs. (2.11) and (3.1) (eq. (2.14)

in place of eq. (2.11) for unconditioned diffusions):

dPα
dP0

(Y |Z)∝ exp

¨

−
∫ T

0
φ(Yt )dt

«

=L (E|Y )

=
d
∫

[P0⊗L](Y,Φ|Z)IE (Y,Φ)dΦ
dP0(Y |Z)

=
d
∫

[P0⊗L](Y,Φ|Z ,E )dΦ
dP0(Y |Z)

[P0⊗L](E|Z)

∝
d
∫

[P0⊗L](Y,Φ|Z ,E )dΦ
dP0(Y |Z)

.

The proof for unconditioned diffusions follows similarly.
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Additionally, after accepting path Y (which post-acceptance would have been

revealed only at a finite and random collection of time points), it would have been

possible to retrospectively reveal it at any other collection of time points by simply

sampling from the proposal measure P0(·|Z), conditionally on all the points that

would have been simulated already {Yχ j
; j = 1, . . . ,κ}—i.e. by sampling from the

laws of d -dimensional Brownian bridges.

Nonetheless, this algorithm remains hypothetical until I show how to simulate

a Poisson point process on an infinite slab [0,T ]× [0,∞) in such a way that only

a finite number of points is relevant. This is the subject of the next two sections

delineating methods that achieve this feat.

3.1.2 Simple, exact rejection sampling on a path space

The simplest way of making the hypothetical algorithm above practically possible

is to assume A12 below holds.

Assumption A12. There exists a constant l ∗ >∞, s.t. l ∗ ≥ sup{φ(x); x ∈Rd}.

The algorithm of Beskos and Roberts (2005) rests on this assumption (note that

Beskos and Roberts (2005) introduced a different p-coin; the p-coin described above

is due to Beskos et al. (2006)). Notice that under this condition any Poisson point

simulated on [0,T ]×(l ∗,∞)must automatically fall on the epigraph of s →φ(Ys ).

Consequently, there is no reason to simulate those points and instead simulating

Poisson point process Φ on [0,T ]× [0, l ∗] is sufficient (and |Φ| := κ <∞ almost

surely). This results in the following algorithm 3.1.

Algorithm 3.1 Simple, exact rejection sampling on a path space

1: while True do
2: Draw Φ∼L on [0,T ]× [0, l ∗] . See Devroye (2006, §VI.1)
3: Draw Y ∼P0(·|Z) at times {χ j ; j = 1, . . . ,κ} .Use algorithm 2.4
4: if φ(Yχ j

)<ψ j for all j = 1, . . . ,κ then
5: Draw Y ∼P0(·|Z ,{Yχ j

; j = 1, . . . ,κ}). Reveal path at additional times
6: Set X ←{η−1(Yt ); t ∈ [0,T ]}
7: return X . This sample is distributed as X ∼ dPb (·|Z)
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As a remark, a non-centrally parametrised version of this algorithm would sub-

stitute line 3 with simulation of W ∼W∗ and subsequent Y ← Ψθ(W ) (with Ψθ
defined in eq. (2.20)).

3.1.3 Layered construction of Brownian bridges

Although assumption A12 can always be artificially enforced by modifying the co-

efficients of an SDE (truncating them at some large enough hypercube) this can

result in a very large upper bound l ∗ and thus expensive simulations; additionally

such amendment introduces bias. Consequently, removing A12 is desirable. To

this end, Beskos et al. (2008) proposed the following modification based on an in-

genious construction of Brownian bridges.

Suppose it were possible to simulate bounds on the minimum and maximum of

each coordinate of d -dimensional Brownian bridges and then, simulate d -dimensional

Brownian bridges conditionally on the minimum and maximum bounds on each

of their coordinates (and conditionally on any other random variables simulated

on the way). By A8, functionφ is bounded on compact intervals (for any compact

set C ∈Rd : supy∈C φ(y)≤ l ∗(C )<∞) and thus, the following modification to al-

gorithm 3.1 can be employed. First, simulate a hypercube which contains proposal

path Y . Use Υ to denote a collection of all random variables that were needed to be

simulated for it. Then, local upper bound l ∗(Υ ) can be computed and the algorithm

can proceed as before. Optionally, local lower bound l∗(Υ ) can also be computed

allowing for an employment of a preliminary rejection step, which slightly accel-

erates the procedure, but for clarity of exposition I omit this extension (see Pollock

(2013)). This is summarised in algorithm 3.2. It remains to show how to execute

lines 2, 5 and 7.

Beskos et al. (2008) propose to use the layered construction of Brownian bridges.

It starts with fixing an increasing sequence: 0 = a0 < ai < . . . with ai ↑ ∞, and

defining the random variable I (taking values inNd
+), via:

{I [ j ] ≤ i} := {Y [ j ]t ∈ [y
[ j ]
0 ∧y[ j ]T −ai , y[ j ]0 ∨y[ j ]T +ai]; t ∈ [0,T ]}, i = i ≥ 1, j = 1, . . . , d .

(3.3)

As the coordinates of the process Y are independent, so are the coordinates of the

random variable I . Equation (3.3) says that I [ j ] takes a value smaller or equal to
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Algorithm 3.2 Exact rejection sampling on a path-space via local bounds

1: while True do
2: Draw Υ . see below
3: Compute l ∗(Υ )
4: Draw Φ∼L on [0,T ]× [0, l ∗(Υ )] . See Devroye (2006, §VI.1)
5: Draw Y ∼P0(·|Z ,Υ ) at times {χ j ; j = 1, . . . ,κ} . see below
6: if φ(Yχ j

)<ψ j for all j = 1, . . . ,κ then
7: Draw Y ∼P0(·|Z ,Υ ,{Yχ j

; j = 1, . . . ,κ}) . see below
8: Set X ←{η−1(Yt ); t ∈ [0,T ]}
9: return X . This sample is distributed as X ∼ dPb

i , if the path Y [ j ] stays on the interior of the interval [y[ j ]0 ∧y[ j ]T −ai , y[ j ]0 ∨y[ j ]T +ai].

Consequently, I can be used to find a hypercube bounding path Y . Elementary

set manipulations show that

{I [ j ] = i}=U [ j ]
i ∪ L[ j ]i , i = 1≥ 1, j = 1, . . . , d ,

where

U [ j ]
i =

�

sup
0≤s≤T

Y [ j ]s ∈ [y
[ j ]
0 ∨ y[ j ]T + ai−1, y[ j ]0 ∨ y[ j ]T + ai )

�

∩
n

inf
0≤s≤T

Y [ j ]s > y[ j ]0 ∧ y[ j ]T − ai

o

,

L[ j ]i =
n

inf
0≤s≤T

Y [ j ]s ∈ (y
[ j ]
0 ∧ y[ j ]T − ai , y[ j ]0 ∧ y[ j ]T − ai−1]

o

∩
�

sup
0≤s≤T

Y [ j ]s < y[ j ]0 ∨ y[ j ]T + ai

�

,

i ≥ 1, j = 1, . . . , d .

Notice that U [ j ]
i says simply that the maximum value reached by the j t h coordinate

of the process Y belongs to the interval [y[ j ]0 ∨y[ j ]T +ai−1, y[ j ]0 ∨y[ j ]T +ai ) and that the

process is also bounded from below by y[ j ]0 ∧ y[ j ]T − ai on [0,T ]. Similar reasoning

applies to L[ j ]i . This is depicted graphically in fig. 3.1. For obvious reasons I is

referred to as a layer or a layer information.

Simulation of I and the subsequent steps of sampling from P0(·|Z ,I ) and

P0(·|Z ,I ,{χ j ; j = 1, . . . ,κ}) are quite involved (they are based on identities from

Wang and Pötzelberger (1997) and a series method for simulating p-coins from De-

vroye (2006, §IV.5)), their details are not of the utmost importance to the results

of this thesis and are thus omitted (see Beskos et al. (2008) for details). With these

samplers in place, Beskos et al. (2008) set Υ :=I and use algorithm 3.2 to perform
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Figure 3.1: Illustration of the 2nd layer on the j t h coordinate of a d -dimensional Brownian
bridge. L[ j ]2 ’th layer is given on the left and U [ j ]2 ’th layer on the right. The path of a
Brownian bridge, drawn here for illustrative purpose, remains latent in practice.

exact rejection sampling on a path space. As a remark, a non-centred parametrisa-

tion of algorithm 3.2 follows easily by drawing layer information I for the pro-

cess W ∼W∗ (a d -dimensional, 0–0 Brownian bridge) instead of Y ∼ P0, setting

Y ← Ψθ(W ) and computing a hypercube bounding Y from a hypercube bounding

W .

3.1.4 Computational cost

As discussed in section 2.3.4, one of the problems afflicting rejection sampling on

a path space is the unfavourable scaling of its computational cost with T (the dura-

tion of the bridge). This is the central motivation for some of the developments of

this thesis, discussed in chapter 5. In this section I will present a formal argument

justifying a commonly repeated claim that the computational cost of the exact re-

jection sampler on a path space scales exponentially with T .

First, recall that a proposal path Y ∼ P0(·|Z) is accepted with the probability

given by eq. (2.11) (so for a given Y the number of trials until the first acceptance

is distributed as a geometric random variable with mean given by the reciprocal of

eq. (2.11)). The computational cost of each proposal draw is proportional to the

number of simulated Poisson points, and for any given Y the expected number of

such points is equal to l ∗(Υ )T . Denote by c1 the average computational complexity

associated with a single Poisson point—I assume all other costs to be negligible.
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The expected computational complexity of each call to rejection sampler on a path

space is therefore given by

R :=EΥ

�

EY

�

c1 l ∗(Υ )T exp

¨

∫ T

0
(ϕ(Ys )− l∗)ds)

«
�

�

�

�

�

Υ

��

,

where the subscript in the expectation indicates a random variable being integrated

out. In simple settings this expression can be used to find an asymptotic lower

bound forR as T →∞.

Suppose that l ∗ is independent of Υ (i.e. that assumption A12 holds). If l∗ is

strictly smaller than the infimum of ϕ, then there exists c2 > 0, s.t. ϕ(y)− l∗ > c2

for all y ∈X , and thus

R = c1 l ∗E

�

exp

¨

∫ T

0
(ϕ(Ys )− l∗)ds)

«�

≥ c1 l ∗T exp{c2T }.

Typically, even if l∗ is the minimum of ϕ, i.e. if l∗ = infy∈X ϕ(y) = ϕ(m̌), then

it is possible to find an ε-ball Bε(m̌) around m̌ such that ϕ(y)− l∗ > c2 holds for

all y ∈ [Bε(m̌)]C . If the end-points of Y belong to [Bε(m̌)]
C it is easy to con-

vince oneself that for any s ∈ [0,T ]: P0(Ys ∈ [Bε(m̌)]C |Z)> c3 for some constant

c3 := c3(Y0,YT )> 0 and T large enough. It then follows by Jensen’s inequality and

Fubini’s theorem:

R ≥ c1 l ∗TE

�

exp

¨

∫ T

0
(ϕ(Ys )− l∗)1[Bε(m̌)]C (Ys )ds

«�

≥ c1 l ∗T exp

¨

∫ T

0
c2P0

�

Ys ∈ [Bε(m̌)]
C � ds

«

≥ c1 l ∗T exp{c2c3T } .

Additionally, under A12 the upper bound onR follows immediately:

R ≤ c1 l ∗T exp{l ∗T }.

The two bounds above, sandwichingR , justify the claim that a computational cost

of exact rejection sampling on a path space scales exponentially with T .

3.2 Simple Diffusion Bridges

Simple diffusion bridges, introduced in Bladt and Sørensen (2014), work with un-

paralleled efficiency at simulating scalar, ergodic diffusion bridges over long time-

intervals. The method has also been extended to multivariate settings in Bladt et al.



3.2. SIMPLE DIFFUSION BRIDGES 55

(2016); however, it is beyond the scope of this thesis, so I restrict the summary be-

low to the results from Bladt and Sørensen (2014) only. In particular Z := XT is

assumed throughout.

The bridges are constructed in an unorthodox manner. The first curiosity

comes from the fact that the algorithm only ever forward simulates unconditioned

diffusions. Such paths of unconditioned diffusions are then carefully spliced to-

gether at a well specified crossing time to form a single proposal path. The pro-

posals are subsequently embedded in the Metropolis-Hastings algorithm, targeting

Pb (·|Z), and the “accept/reject” step is completed through the means of simulat-

ing additional, auxiliary unconditioned diffusions. This method has two convinc-

ing advantages: it uses simpler samplers of unconditioned diffusions, for which

many highly efficient and mature algorithms exist (Kloeden and Platen, 2013) and

additionally, the longer the time interval [0,T ] is, the more efficient the method

becomes.

Throughout, assume that A13 below holds

Assumption A13. The density of the speed measure

m(x) :=
1

σ2(x)
exp

�

2
∫ x

0

b (u)
σ2(u)

du
�

, x ∈R,

of diffusion X solving (1.1) is finite:
∫

R
m(x)dx <∞. I.e. diffusion X is ergodic.

Denote with ν the invariant measure of X and consider three independent diffu-

sions X (i), i = 1,2,3, solutions to (1.1) on [0,T ] (each driven by independent Brow-

nian motion), that are conditioned to start from X (1)0 = x0, X (2)0 = xT , and X (3)0 ∼
ν(·), respectively. I refer to the last of these three as the auxiliary diffusion. Define

further
←−
X (2) :=

←−
X T ,(2) := {X (2)T−t , t ∈ [0,T ]}, τ(Z) := inf{0≤ t ≤ T : X (1)t =

←−
X (2)

t }
and

Zt :=
¨

X (1)t if 0≤ t ≤ τ(Z),
←−
X (2)

t if τ(Z) < t ≤ T .
(3.4)

LetEx denote the set of all functions y ∈ C([0,T ];R) that intersect x ∈ C([0,T ];R):

Ex := {y ∈ C([0,T ];R)|gr(y)∩ gr(x) 6=∅}, (3.5)

where gr(·) denotes a graph of a function—i.e. gr( f ) = {(t , f (t ))|t ∈ [0,T ]} for a

given function f : t 7→ f (t ). Then the following can be shown:
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Theorem 3.2.1 (Corrected Theorem 2.1 from Bladt and Sørensen (2014)). The

following equivalence in distribution holds:

Z
�

�{τ(Z) ≤ T } d= X
�

�{X0 = x0,XT = xT ,X (3) ∈ EX }. (3.6)

In words, path Z is distributed as a target diffusion bridge X ∼ Pb (·|Z) addition-

ally conditioned on being hit by an independent diffusion with the unconditioned

target dynamics Pb , started from an invariant distribution ν.

Proof. Define the following stopping time:

ρ := ρ(X (1)t ,X (3)t ) := inf{t ≥ 0 : X (1)t =X (3)t },

and the process Y by:










Yt :=
¨

X (1)t if 0≤ t ≤ ρ,
X (3)t if ρ< t ≤ T ,

if ρ≤ T ,

Yt :=X (1)t , otherwise.

Notice that by the definition of Y : YT =X (3)T on {ρ≤ T }, and thus

Y
�

�{YT = xT ,ρ≤ T } d= Y
�

�{X (3)T = xT ,ρ≤ T }. (3.7)

Additionally, Bladt and Sørensen (2014, Lemma 2.2) prove that

X (3)
�

�{X (3)T = xT }
d=
←−
X (2),

from which it follows that

Y
�

�{X (3)t = xT ,ρ≤ T } d= Z
�

�{τ(Z) ≤ T }. (3.8)

Combining eqs. (3.7) and (3.8) yields

Y
�

�{YT = xT ,ρ≤ T } d= Z
�

�{τ(Z) ≤ T }. (3.9)

Now, by the strong Markov property Y has the same distribution as X (1), and the

same holds true on {ρ≤ T }, i.e.:

Y
�

�{ρ≤ T } d= X (1)
�

�{ρ≤ T }. (3.10)
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In eq. (3.10) above I can now condition on the end-point of the process whose

distribution is being considered, i.e. YT on the left hand side and X (1)T on the right:

Y
�

�{YT = xT ,ρ≤ T } d= X (1)
�

�{X (1)T = xT ,ρ≤ T }. (3.11)

Combining eq. (3.11) with eq. (3.9) yields:

Z
�

�{τ(Z) ≤ T } d= X (1)
�

�{X (1)T = xT ,ρ≤ T }, (3.12)

which is precisely the statement of the theorem.

Remark 3.2.1. The original statement of Bladt and Sørensen (2014, Theorem 2.1)

read

Z
�

�{τ(Z) ≤ T } d= X
�

�{X0 = x0,XT = xT ,X (4) ∈ EX },

where X (4) was a different auxiliary diffusion, defined to follow the dynamics (1.1)

on [0,T ] and taken to start from a random point with distribution X0 ∼ pT (xT , ·),
where pt denotes the transition density of X . This conclusion was a result of the

erroneous statement of eq. (3.11), which in the paper was assumed to say:

Y
�

�{YT = xT ,ρ≤ T } d= X (1)
�

�{X (1)T = xT ,X (3)
T
= xT ,ρ≤ T }.

The same correction extends to Bladt et al. (2016, Theorem 2.2). An important

consequence of this amendment is that in order to use the algorithms of Bladt and

Sørensen (2014) and Bladt et al. (2016) it is not only enough for the invariant density

ν to exist, but it must also be possible to sample from it. A corrigendum written

jointly with M. Bladt and M. Sørensen will be published shortly.

Using the last, summarising sentence of theorem 3.2.1 it follows that I can de-

note the law of the process Z |{τ(Z) ≤ T } with Pb (·|Z ,{X (3) ∈ EX }). This law can

be chosen to be a proposal law for an MCMC sampler targeting the distribution

Pb (·|Z).
To sample from Pb (·|Z ,{X (3) ∈ EX }) a simple rejection sampling algorithm

can be employed. The pairs (X (1),X (2)) are generated until the first occurrence of

{τ(Z) ≤ T }, upon which Z is returned. Algorithm 3.3 summarises this sampling

procedure.
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Algorithm 3.3 Sampler of proposal bridges for SDB

1: Set (X (1)0 ,X (2)0 )← (x0, xT )
2: while True do
3: Sample path X (1) ∼Pb on [0,T ]
4: Sample path X (2) ∼Pb on [0,T ]
5: Set

←−
X (2)←{X (2)T−t ; t ∈ [0,T ]}

6: Set τ(Z)← inf{t ≥ 0 : X (1)t =
←−
X (2)

t }
7: if τ(Z) <∞ then
8: Set Z←{X (1)t 1{t≤τ(Z)}+

←−
X (2)

t 1{t>τ(Z)}; t ∈ [0,T ]}
9: return Z . Path distributed as Pb (·|Z ,{X (3) ∈ EX })

To sample (X (1),X (2))Bladt and Sørensen (2014) use discretisation schemes based

on stochastic Taylor expansions (Kloeden and Platen, 2013). Correspondingly,

they determine if τ(Z) occurred by linearly interpolating the diffusion path between

the values taken on a sampled time-grid.

The Radon-Nikodým derivative between the target and the proposal diffusion

laws follows easily from Bayes’ formula:

dPb (X |Z)
dPb (X |Z ,{X (3) ∈ EX })

=
Pb ((X ,X (3)) ∈ E|Z)
Pb (X (3) ∈ EX |X )

,

where

E := {(x, y) ∈ C([0,T ];R)× C([0,T ];R)|y ∈ Ex}.

Proof. Notice:

dPb (X |Z ,{X (3) ∈ EX }) =Pb (X
(3) ∈ EX |Z ,X )

dPb (X |Z)
Pb (X (3) ∈ EX |Z)

.

The statement follows from basic algebra and after realising that Z can be dropped

from the conditioning in Pb (X
(3) ∈ EX |Z ,X ).

Define:

π(Z) :=Pb (X
(3) ∈ EZ |Z),

and notice that the Metropolis-Hastings algorithm which uses Z ∼Pb (·|Z ,{X (3) ∈
EX }) to target Pb (·|Z) has acceptance probability of the form:

a(Z (n),Z) = 1∧
π(Z (n))
π(Z)

.
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This expression cannot be evaluated in a closed form; however, it is possible to

obtain a positive, unbiased estimator of 1/π(Z). Such estimator can be simply

plugged in for a value of 1/π(Z) and the invariant distribution of the resulting

Markov Chain is unaltered (Andrieu and Roberts, 2009). This is an example of a

pseudo-marginal MCMC.

For the proposal sample Z ∈ C([0,T ];R) one such estimator can be defined as

T :=min{i ∈N+ : X (3,i) ∈ EZ},

with X (3,i), i ∈N+, iid copies of the auxiliary diffusion X (3) (T is just a Geometric

random variable with probability of success π(Z), and thus E[T ] = 1/π(Z)). A

lower variance estimator (coming at a higher computational cost) is given by an

average of independent realisations of T :

T :=
1
N

N
∑

j=1

T j

The resulting MCMC sampler is given in algorithm 3.4.

Algorithm 3.4 Simple diffusion bridges (SDB; pseudo-marginal independence sam-
pler)

1: Draw Z (0) ∼Pb (·|Z ,{X (3) ∈ EX }) .Use algorithm 3.3
2: Set T (0)← 0
3: for n = 1, . . . ,N do
4: Draw Z ∼Pb (·|Z ,{X (3) ∈ EX }) .Use algorithm 3.3
5: Set T ← 0
6: repeat
7: T ←T + 1
8: Sample X (3)0 ∼ ν . Sampling from the invariant density of Pb
9: Sample X (3) ∼Pb on [0,T ]

10: Set τ(aux)← inf{t ≥ 0 : X (3)t = Zt} .With the convention inf∅ :=∞
11: until τ(aux) <∞
12: Draw U ∼ Unif([0,1])
13: if U ≤T /T (n) then
14: Set (Z (n),T (n))← (Z ,T )
15: else
16: Set (Z (n),T (n))← (Z (n−1),T (n−1))
17: return {Z (n); n = 0, . . . ,N ) . Chain with the invariant density dPb (·|Z)

Bladt and Sørensen (2014) once again rely on discretisations to simulate X (3,i)

and they verify occurrence of τ(aux) accordingly.
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3.3 Guided Proposals

Guided proposals is a Markov chain Monte Carlo algorithm on a path space, de-

signed around the premise of making only the most practical assumptions about the

underlying diffusion process. In particular, the restrictive assumptions A6 and A7

do not need to hold, nor is it necessary for the underlying diffusion to be ergodic.

The first seed of this method can be found in Clark (1990), where the simplest,

one dimensional setting was considered with the diffusion X solving eq. (1.1) hav-

ing the volatility coefficient set to a constant. Delyon and Hu (2006) substantially

extended this preliminary work to multivariate settings, diffusions with general

volatility coefficients and even some limited, hypoelliptic diffusions. Furthermore,

Papaspiliopoulos and Roberts (2012) derived the expression for the normalisation

constants that are required for applying the algorithm of Delyon and Hu (2006) to

inference; they were also the first ones to have coined the term ‘guided proposals‘.

Additionally, the work of Durham and Gallant (2002), set in a discrete-time setting,

bears connections to the work of Delyon and Hu (2006); however the connection

itself has not been made clear until later (see section 3.4 for details).

More recently, Schauer et al. (2017) introduced a further generalisation, which

dispenses with invertibility of the volatility coefficient and grants a generous de-

gree of flexibility over the choice of a proposal process, often bringing simulation

of radically non-linear diffusions into the realm of feasible problems. In van der

Meulen and Schauer (2017b) and van der Meulen and Schauer (2018) guided pro-

posals have been further extended to the conditioning on the partial observations

of the underlying process with additive noise:

Z := {Li Xti
(ω)+ ξi (ω) , i = 1, . . . ,K}, (3.13)

with Li ∈ Rdi×d , di ∈ N+, ξi ∼ Gsn(0,Σi ) and Σi ∈ Rdi×di (i = 1, . . . ,K). In par-

ticular Li ’s are allowed to be rank-deficient, so a setting—frequently encountered

in practice—of latent (i.e. unobserved) coordinates is just a special case of (3.13).

Additionally, the authors simplify and automate a number of computational com-

ponents of the main algorithm, rendering the overall procedure substantially easier

to implement and usually also computationally more efficient. Finally, Bierkens

et al. (2018) extended the method to hypoelliptic diffusions of more general kind
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than considered in Delyon and Hu (2006) and not only under conditioning on the

end-point, but also on (3.13).

The formulation of Schauer et al. (2017) has been applied to Bayesian inference

for diffusion processes (van der Meulen and Schauer, 2017a, 2018); however, more

recent ones of van der Meulen and Schauer (2017b) and Bierkens et al. (2018) lack

some final steps automating computations of the likelihood under the auxiliary

measure (defined below) and in their current form cannot be applied to inference

(at least not in their full generality). Additionally, under the assumption of hypoel-

lipticity or when the matrices Li (i = 1, . . . ,K) are rank-deficient, some of the com-

putations increase in complexity with the size of the dataset. This can be partially

offset with the blocking technique (see chapter 5); however, even then, undesirable

costs may be incurred (see section 6.1). In chapter 6 I show how to finalise the

formulations of van der Meulen and Schauer (2017b) and Bierkens et al. (2018) to

automate all the remaining routines, completing one part of the picture of guided

proposals as a flexible and efficient method of simulating conditioned diffusions,

which once fully implemented requires little to no coding from the user. I also

apply such newly formulated algorithm to a problem of Bayesian inference for dif-

fusion processes. Finally, in chapter 7 I extend the method to novel observational

regimes.

3.3.1 Doob’s h-transform

Guided proposals are based on a fundamental result from stochastic analysis: Doob’s

h-transform (Rogers and Williams, 2000b, Chapter IV.39). This technique, when

applied to diffusion processes, allows to rigorously define a conditioned diffusion as

an unconditioned one by modifying the drift of the original stochastic differential

equation.

In full generality, let X be some continuous time Markov process on a filtered

probability space (Ω,F ,{Ft}t≥0,P)with the transition kernel p(t , t+s , x, y)dy :=

P(Xt+s ∈ dy|Xt = x) (which at times I will also denote with dP(Xt+s = y|Xt = x)),

and let h(t , x) define a space-time harmonic function for X , i.e. a function equipped
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with the following property:

h(t , x) =
∫

X
p(t , t + s , x, u)h(t + s , u)du =E[h(t + s ,Xt+s )|Xt = x],

∀t ∈ [0,T − s], s ∈ [0,T ], x ∈X .

In other words, h needs to be such that Z := {h(t ,Xt ); t ∈ [0,T ]} is a continuous

local martingale. Then, it is possible to define a new measureQ on (Ω,F ) via

dQ
dP

�

�

�

�

t
:= (h(0, x0))

−1Zt =
h(t ,Xt )
h(0, x0)

. (3.14)

Under this new measureQ, the transition kernel of the process X is given by:

q(t , t + s , x, y) =
h(t + s , y)

h(t , x)
p(t , t + s , x, y). (3.15)

Proof. Notice:

q(t , t + s , x, y)dy =EQ
�

1{dy}(Xt+s )|Xt = x
�

=EP

�

dP
dQ

�

�

�

�

t

dQ
dP

�

�

�

�

t+s
1{dy}(Xt+s )

�

�

�

�

�

Xt = x

�

,

from which the result follows.

Suppose that Z is such that h(t , x) := dP(Z |Xt = x) is space-time harmonic.

Then, by the Markov property, eq. (3.15) takes a form

q(t , t+s , x, y) =
dP(Z |Xt+s = y)
dP(Z |Xt = x)

dP(Xt+s = y|Xt = x) = dP(Xt+s = y|Xt = x,Z).

This means that under the measure Q, process X behaves exactly the same as the

conditioned process X |Z does under the measure P, or in other words, that Q

coincides with the conditioned law P(·|Z).
In the context of diffusion processes, X is a diffusion solving the stochastic

differential equation (1.1) and h(t , x) := dPb (Z |Xt = x) for a random variable

(or an event) Z of interest. Provided that such choice of Z does indeed result in a

space-time harmonic h, the new diffusion law Q defined by (3.14) coincides with

the conditioned diffusion law Pb (·|Z). Notice that space-time harmonicity of h is

equivalent to (∂t+L )h = 0, forL denoting an infinitesimal generator of X (given

in eq. (2.7)). Indeed, by Itō’s Lemma:

dh(t ,Xt ) = [∇x h(t ,Xt )]
Tσ(t ,Xt )dWt +(∂t +L )h(t ,Xt )dt ,
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and the rightmost term must vanish if h(t ,Xt ) is to define a local martingale. Ad-

ditionally, notice that the generator of X under the new lawQ is given by:

G = (∂t +L ) f +(Γ∇x log h)T∇x f . (3.16)

Proof.

[G f ](t , x) := lim
s↓0

EQ[ f (t + s ,Xt+s )|Xt = x]− f (t , x)

s

= lim
s↓0

EP[ f (t + s ,Xt+s )
h(t+s ,Xt+s )

h(t ,x) |Xt = x]− f (t , x)

s

=
1

h(t , x)
lim
s↓0

EP[[ f h](t + s ,Xt+s )|Xt = x]− [ f h](t , x)
s

=
1

h(t , x)
[(∂t +L )( f h)](t , x)

=
�

f
h
· (∂t +L )h +(∂t +L ) f +

1
h
(Γ∇x h)T∇x f

�

(t , x)

=
�

(∂t +L ) f +(Γ∇x log h)T∇x f
�

(t , x)

It is now straightforward to write down the stochastic differential equation that

the process X solves under the new lawQ (which, recall, is equal to Pb (·|Z))

dXt = [b (Xt )+ Γ (Xt )∇x log h(t ,Xt )]dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ].

(3.17)

Equation (3.17) takes a form of an unconditioned stochastic differential equation

and yet, paths which solve it follow the conditioned law Pb (·|Z). This seemingly

magical property is a result of a presence of the extra pulling term Γ (Xt )∇x log h(t ,Xt ).

Indeed, it pulls the diffusion paths in just the right way, so that the path is consistent

with Z and the resulting law is given exactly by Pb (·|Z). The following example

is instructive in understanding how the term Γ∇ log h achieves this feat.

Example 3.3.1. Let Z := XT and set h(t , x) := dPb (Z |Xt = x). Then h is space-

time harmonic.
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Proof. In this case dPb (Z |Xt = x) = p(t ,T , x, xT ), and thus the Chapman-Kolmogorov

equations yield
∫

X
p(t , t + s , x, u)h(t + s , u)du =

∫

X
p(t , t + s , x, u)p(t + s ,T , u, xT )du

= p(t ,T , x, xT )

= h(t , x).

This shows that eq. (3.17) can be used to simulate diffusion bridges. Now, re-

strict attention to a special case of eq. (1.1): a d -dimensional Brownian motion. In

this case b = 0 and σ = Id and h is simply a Gaussian probability density function

(pdf). Elementary calculations yield

Γ (x)∇x log h(t , x) =
1

T − t
(xT − x), (3.18)

and thus the SDE for Brownian motion conditioned on an end-point takes the

following form:

dXt =
1

T − t
(xT −Xt )dt + dWt , X0 = x0, t ∈ [0,T ].

Notice how the force of the pulling term 1
T−t (xT − x) is modulated via (T − t )−1.

Diffusion X is pulled towards a point xT —where the process should end-up—on

the entirety of the interval [0,T ]; however, the force increases as t ↑ T , to the

point of explosion. Close to the terminal point T any fluctuations from dWt term

are being dwarfed by the pulling term, so that X must ultimately end-up in xT .

Simulation of paths from the conditioned diffusion law Pb (·|Z) can thus be

achieved by forward-simulating unconditioned diffusion paths from eq. (3.17). Un-

fortunately, this conclusion has one major oversight. With the exception of the

simplest of diffusions, h(t , x) := dPb (Z |Xt = x) is intractable.

3.3.2 Choice of proposals

The idea of guided proposals is initiated with the following inquiry. Is it possible

to substitute an intractable term Γ (x)∇x log h(t , x) := Γ (x)∇x log dPb (Z |Xt = x)

with some other, tractable one, good enough so that it mimics the role of Γ∇ log h
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of a pulling term, forcing the diffusion to be consistent with Z? Is it possible to

devise an even less intrusive approximation and find a suitable term eh to use as a

substitution for h? As Clark (1990) and Delyon and Hu (2006) show for Z :=XT ,

the answer to the former question is affirmative. Schauer et al. (2017) additionally

prove the same conclusion for the latter question. Moreover, they show that the

range of choices for a tractable term eh is reasonably broad. The proofs of Schauer

et al. (2017), though beyond the scope of this thesis, are general enough to translate

to other forms of Z , as used for instance in van der Meulen and Schauer (2018,

Theorem 3.3) and van der Meulen and Schauer (2017b) to apply to Z of the form

in eq. (3.13). I show in chapter 7 how to apply the idea of guided proposals to Z
concerning first passage time events.

The general recipe of Schauer et al. (2017) is to find another, auxiliary process
eX , inducing law eP, and substitute h in eq. (3.17) foreh(t , x) := deP(Z | eXt = x). This

yields the following stochastic differential equation

dXt = b ◦(t ,Xt )dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ],

where b ◦(t , x) := b (x)+ Γ (x)∇x logeh(t , x).
(3.19)

If the auxiliary law eP is chosen carefully enough, then paths X ∼ Pb ◦ simulated

from the unconditioned law induced by (3.19) do indeed end-up inZ . Additionally,

the lawsPb (·|Z) andPb ◦ are absolutely continuous with respect to one another and

it is possible to derive the Radon-Nikodým derivative between the two.

Schauer et al. (2017) give a set of conditions that the auxiliary law eP needs to

satisfy and show in Schauer et al. (2017, Theorem 2) that the family of linear diffu-

sions:

d eXt = eb (t , eXt )dt + eσt dWt , eX0 = x0, t ∈ [0,T ],

where eb (t , x) := eBt x + eβt ,
(3.20)

satisfy those conditions when Z = XT , provided the extra matching condition C7

holds

Condition C7. Volatility coefficients of the auxiliary and the target diffusions match

at the end-point: eσT = σ(XT ).
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They additionally assume that a set of regularity conditions holds, which, inter

alia, simplify proofs of the existence of strong solutions to eq. (3.20) (and include

Lipschitz continuity, linear growth and boundedness of σ and b ); however, work-

ing with diffusions that fall outside of this family is possible, see Schauer et al.

(2017) for details. van der Meulen and Schauer (2018) directly extend the results of

Schauer et al. (2017) to the conditioning of the form in eq. (3.13). Both of these

results rest on the additional assumption of uniformly ellipticity (A3)

This has been further extended in Bierkens et al. (2018) to some hypoelliptic

diffusions (i.e. when A4 holds but not A3), at an expense of imposing additional

assumptions:

Assumption A14. (Bierkens et al., 2018, Assumption 2.7) There exists an invertible

m×m diagonal matrix-valued function S(t ) (where m comes from the m× d obser-

vational operators Li ), which is measurable on [0,T), a t0 < T , γ ∈ (0,1] and positive

constants c , c , c1, c2 and c3 such that for all t ∈ [t0,T )

c(T − t )−1 ≤ λmin(MS(t ))≤ λmax(MS(t ))≤ c(T − t )−1,




[LS(eb − b )](t , x)




≤ c1,

tr
�

[LSΓLT
S ](t , x)

�

≤ c2,




[LS(eΓ − Γ )L
T
S ](t , x)





≤ c3(T − t )γ ,

where LS(t ) := [SeL](t ), MS(t ) := [S
−1
eM S−1](t ), and the pair eL(t ), eM (t ) are defined

in eq. (6.4) and eq. (6.7) respectively.

λmin(·) and λmin(·) denote respectively the smallest and the largest eigenvalue. The

second inequality above is perhaps the most interesting and essentially calls for the

corresponding matching condition C8 on the drift function eb :

Condition C8. Drift coefficients of the auxiliary and the target diffusions match at

the end-point: ebT = b (XT ).

Let me remark that other, technical conditions that are imposed on the drift or

volatility coefficients at various points of Schauer et al. (2017) and Bierkens et al.

(2018)—and which I briefly mentioned above—appear mainly as technical tools

that facilitate proofs and often bear little consequence on the simulation procedure
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(which, unlike exact rejection sampling on a path space, at its core does not stray

away from admitting approximation errors in favour of extending its applicabil-

ity). For instance, to satisfy boundedness assumption, the original SDE (1.1) from

which paths are to be simulated, can be changed, so that the drift b and the volatil-

ity σ are cropped at some arbitrarily large hypercube. The boundaries of such

hypercube can be made arbitrarily large, so that during simulations at no point do

the drift or volatility coefficients need to be evaluated outside of them. Notice that

this is different from the relationship of A10 to rejection sampling on a path space

say, as in the latter case the value of a lower bound l∗ of ϕ directly influences the

simulation procedure.

Example 3.3.2. Suppose that Z := XT and σ is a constant matrix. Take eP to be

the law of a scaled, d -dimensional Brownian motion σWt . Then

Γ (x)∇x logeh(t , x) =
1

T − t
(xT − x).

In particular, eq. (3.19) takes the following form

dXt =
�

b (Xt )+
1

T − t
(xT −Xt )

�

dt +σ dWt , X0 = x0, t ∈ [0,T ].

Example 3.3.2 is quite unusual in that Delyon and Hu (2006) bridges can be

seen as a special case of Schauer et al. (2017) bridges. Delyon and Hu (2006) bridges

are in fact based on a different association and can only coincide with those of

Schauer et al. (2017) if the volatility coefficient of the target diffusion (1.1) is state-

independent. Conversely, the class of Schauer et al. (2017) bridges is not a subclass

of Delyon and Hu (2006) bridges and leads to different types of proposal diffu-

sions. In fact this is what allowed Schauer et al. (2017), van der Meulen and Schauer

(2017b) and Bierkens et al. (2018) to extend the idea of guided proposals to more

general settings than presented in Delyon and Hu (2006). To be more explicit, De-

lyon and Hu (2006) bridges are defined to have either of the two forms below:

dXt =
1

T − t
(xT −Xt )dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ],

dXt =
�

b (Xt )+
1

T − t
(xT −Xt )

�

dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ].
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Consequently it is the entire terms (b + Γ∇ log h) or (Γ∇ log h) from eq. (3.17)

that are being substituted with the corresponding term obtained for a scaled, d -

dimensional Brownian motion. The substitution of Schauer et al. (2017) is less

invasive and can be additionally moulded through more appropriate choices of the

auxiliary diffusion (3.20), so as to better match eh and h. Figure 3.2 illustrates how

a choice of the auxiliary process can influence the law of the proposal in eq. (3.19).

3.3.3 Correcting discrepancies in law

Naturally, exchanging h for a tractable eh renders the law of the proposals X ∼Pb ◦

different from the law of the target Pb (·|Z). This discrepancy can however be

quantified with the likelihood. Absolute continuity of the proposal and the target

laws restricted to any Ft with t < T follows from Girsanov theorem. Schauer

et al. (2017, Proposition 1) formulate the following statement:

Proposition 3.3.1. (Schauer et al., 2017, Proposition 1) Under regularity condi-

tions on eh (satisfied by linear diffusions), the Radon-Nikodým derivative between

the two laws Pb |t (·|Z) and Pb ◦ |t is given by

dPb |t (X |Z)
dPb ◦ |t (X )

=
eh(0, x0)
h(0, x0)

h(t ,Xt )
eh(t ,Xt )

exp
�∫ t

0
G(s ,Xs )ds

�

, t < T ,

where G(s , x) := [(b − eb )T er ](s , x)− 1
2
[(Γ −eΓ ) : ( eH − erer T )](s , x),

and er :=∇x logeh, eH :=−D2 logeh,

where D2
i , j f (t , x) := ∂ 2 f (t , x)/(∂ xi∂ x j ).

Proof. (Schauer et al., 2017) Before considering the pair (Pb |t (·|Z),Pb ◦ |t ), consider

(Pb |t ,Pb ◦ |t ) instead. Girsanov theorem asserts that the two laws are equivalent

and the Radon-Nikodým dPb
dPb◦

�

�

t (X ) between them is given by eq. (2.2), with u

satisfying σu = b − b ◦. Since by definition (3.19): b ◦ := b +σσT
er , it follows that

u =−σT
er and thus:

dPb

dPb ◦

�

�

�

�

t
(X ) = exp

�

−
∫ t

0
[σT

er ](s ,Xs )dWs −
1
2

∫ t

0
[er T Γer ](s ,Xs )ds

�

. (3.21)
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Figure 3.2: Illustration of an impact that a choice of the auxiliary law has on the qual-
ity of the proposals. N ◦1: paths of diffusion bridges joining 0 and 2π over the inter-
val [0,4] with unconditioned diffusion law Pb given by a the sine diffusion: dXt =
(4− 4sin(4Xt ))dt + dWt (the paths for this plot were simulated using an MCMC algo-
rithm on a path space taking sufficiently large number of steps). This is a very difficult,
one-dimensional diffusion model exhibiting multi-modality of transition densities. In ad-
dition, the end-point is chosen in a construed way—it is unlikely to observe it under the un-
conditioned diffusion law. N ◦2: paths of 0–2π Brownian bridges. No aspect of the multi-
modality is captured, making P0(·|Z) decidedly inadequate for sampling from Pb (·|Z).
N ◦3: Delyon and Hu (2006) bridges (which for a unit volatility coefficient coincide with
the guided proposals of Schauer et al. (2017) with the choice of Brownian motion for eP).
The multi-modality is well-captured; however, since the end-point is unlikely to be ob-
served under the unconditioned lawPb , in the initial stages of the interval [0,T ], Γ∇ logeh
does not penalise the positive drift strongly enough, leading to banana-shaped paths that are
not representative of true paths under Pb (·|Z). N ◦4: guided proposals with eP chosen to
be a drifted Brownian motion Wt +4t . eP is chosen so that the positive drift of SINE diffu-
sion is accounted for, leading to a substantial shift in the mass of the lawPb ◦ . Nonetheless,
the shift is too strong, because the end-point takes an unusually small value. N ◦5: guided
proposals with eP chosen to be a drifted Brownian motion Wt + 0.5πt . Instead of taking
a drift of an unconditioned process, a slope of a line joining start-point and end-point is
chosen. Substantially better results are obtained, albeit the end-point is approached from
the top and the bottom alike, in contrast to what is observed under Pb (·|Z). N ◦6: guided
proposals with eP chosen to be a linear diffusion solving: d eXt = (

t
5T
eXt + 0.5π)dt + dWt .

An additional term t
5T x, which increases in magnitude towards the end-point aims at penal-

ising paths under Pb ◦ for approaching the end-point from above. The law of the resulting
bridges closely match the target law P(·|Z).



70 CHAPTER 3. METHODS FOR SIMULATING CONDITIONED DIFFUSIONS

Denote byL , L ◦ and fL the infinitesimal generators under the laws Pb , Pb ◦

andP
eb respectively and notice thatL ◦ f :=L +(Γer )T∇ f (as shown in eq. (3.16)).

Now, by Itō’s Lemma:

d
�

logeh(t ,Xt )
�

= [(∂t +L
◦) logeh](t ,Xt )dt +[(∇x logeh)Tσ](t ,Xt )dWt

= [(∂t +L ) logeh + er T Γer ](t ,Xt )dt +[er Tσ](t ,Xt )dWt .

Notice additionally, that

(∂t + fL ) logeh =
1
eh
(∂t + fL )eh − 1

2eh2
Γ :

�

∇eh[∇eh]T
�

=−1
2
[∇ logeh]TeΓ [∇ logeh]

=−1
2
er T
eΓer ,

where it was used that eh is space-time harmonic under the measure P
eb , i.e. (∂t +

fL )eh = 0. Combining the two equations above yields

d
�

logeh(t ,Xt )
�

= [(L−fL ) logeh+
1
2
er T
�

Γ −eΓ
�

er+
1
2
er T Γer ](t ,Xt )dt+[er Tσ](t ,Xt )dWt .

Comparing this with (3.21), results in

dPb

dPb ◦

�

�

�

�

t
(X ) =

eh(0, x0)
eh(t ,Xt )

exp
�∫ t

0

�

(L − fL ) logeh +
1
2
er T
�

Γ −eΓ
�

er
�

(s ,Xs )ds
�

.

(3.22)

SincePb |t (X |Z) can be seen as the law induced by eq. (3.17), it follows from eq. (3.14)

that
dPb |t (X |Z)

dPb |t (X )
=

h(t ,Xt )
h(0, x0)

. (3.23)

The result follows after combining (3.22), (3.23) and realising:

(L − fL ) logeh = (b − eb )T er − (Γ −eΓ ) : eH .

In the presence of noise on the observations it can be verified by direct calcula-

tions (using for instance van der Meulen and Schauer (2017b, §2.2)) that the term

er stays Lipschitz on the interval [0,T ] and thus Girsanov theorem applies also in

the limit t ↑ T . For details, see the proof of van der Meulen and Schauer (2018,
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Theorem 3.3). Unfortunately, if no noise is present, then the situation is no longer

so simple. For elliptic diffusion bridges Schauer et al. (2017) present a rigorous jus-

tification for taking the limit t ↑ T in a no-noise setting, which is then expanded to

general observations in van der Meulen and Schauer (2018, Theorem 3.3) (which

includes the possibility of presence of noise only on a subset of the coordinates).

These proofs are then expanded upon in Bierkens et al. (2018) to target hypoelliptic

diffusions. It is shown that limt↑T

�

h(t ,Xt )
eh(t ,Xt )

�

→ 1 and the limits inside the integral

are expanded from 0–t to 0–T . Consequently, the following result is presented:

Theorem 3.3.1. (Schauer et al., 2017, Theorem 1& 2), (van der Meulen and Schauer,

2018, Theorem 3.3), (Bierkens et al., 2018, Theorem 2.14) If the auxiliary law eP

is induced by a linear diffusion of the form in eq. (3.20), then under uniform-

ellipticity A3, (and in case of no-noise, also a matching condition C7):

dPb (X |Z)
dPb ◦(X )

=
eh(0, x0)
h(0, x0)

exp

¨

∫ T

0
G(s ,Xs )ds

«

, (3.24)

where G, er and eH are defined in proposition 3.3.1. Additionally, under hypoellip-

ticity A4 (and in case of no-noise, a matching condition C7) and assumption A14,

eq. (3.24) holds as well.

Equation (3.24) can be used to design a Markov chain Monte Carlo algorithm

that targets a diffusion law Pb (·|Z) using proposals from Pb ◦ . Notice that for a

fixed Z ,
eh(0,x0)
h(0,x0)

is just a constant and thus algorithm 3.5 below can be used to sample

paths under Pb (·|Z).

Algorithm 3.5 Independent Metropolis-Hastings sampling using guided proposals

1: Draw X (0) ∼Pb ◦ . This has unconditioned form
2: for n = 0, . . . ,N − 1 do
3: Draw X ◦ ∼Pb ◦ . This has unconditioned form
4: Draw E ∼ Exp(1)
5: if E ≥

∫ T
0

G(s ,X (n)s )ds −
∫ T

0
G(s ,X ◦s )ds then

6: Set X (n+1)←X ◦

7: else
8: Set X (n+1)←X (n)

9: return {X (n); n = 0, . . . ,N} .Markov chain with the invariant density
dPb (·|Z)
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All path-sampling steps need to forward-simulate paths from unconditioned

stochastic differential equations and thus can be completed with the use of very

efficient sampling methods based on stochastic Taylor expansions (Kloeden and

Platen, 2013).

3.3.4 Discussion

It is intuitively clear why guided proposals can be expected to approximate the

target law well, regardless of whether the observations are dense or sparse. The

argument is summarised graphically in fig. 3.3. If T is small, then the discussion

from section 2.3.4 makes it clear that the approximate eh closely matches h and

therefore the two SDEs (3.17) and (3.19) differ only marginally. On the other hand,

if T is large (in a sense T → ∞), then the term Γ∇x log h is small on the initial

part of the interval and increases as t approaches T (one can become convinced of

this fact after examining the form of Γ∇x log h in a simple example 3.3.2). This is a

reciprocal relation to howeh matches h. The largest discrepancies between the latter

pair are on the initial parts (or, depending on the example, a mid-section) of the

interval [0,T ] and the differences between the two shrink as t ↑ T . Consequently,

when the inadequacy of approximating h with eh is at its worst, the term Γ∇x log h

is also at its smallest, and thus the influence of approximation error is conveniently

of little relevance for t � T . Conversely, Γ∇ log h starts to increase in size only as

t ↑ T , but for t close to T , eh closely resembles h and thus the approximation error

is once again being conveniently self-regulated.

Additionally, guided proposals of Schauer et al. (2017) hold a major advantage

over those of Delyon and Hu (2006)—it is possible to further improve the fidelity

with which eh approximates h by picking a better auxiliary process from the family

of linear diffusions in eq. (3.20). This choice is arbitrary, but there are certain rules

of thumb expected to perform particularly well across a vast range of use cases

(van der Meulen and Schauer, 2017a). From the discussion above, it is clear that

the SDE (3.19) of a proposal process induces the largest errors on a range leading

up to T , i.e. on [T − ε,T ), where ε is—vaguely speaking—moderately sized. Con-

sequently, using an auxiliary process eX that contains a term that increases in its

magnitude as t ↑ T and comes from linearising the target diffusion at its end-point,
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Figure 3.3: Qualitative understanding of the error induced by the substitution h → eh,
when Pb is taken to be the law of double-well potential in eq. (2.1), with (ρ,µ,σ) =
(1,1,0.5). Top plot gives a single realisation of a path drawn under the proposal measure
Pb ◦ , where eP is taken to be the law of a scaled Brownian motion σW . Every 0.2 time units
a magnitude of Γ∇ log h and Γ∇ logeh at a given point is plotted, illustrating the difference
between a force with which guided proposal is pulled (Γ∇ logeh) and a force with which it
should be pulled (Γ∇ log h). In the middle row x→ h(t , x) is compared against x→ eh(t , x)
at 4 different time points t ∈ {1,4,9,9.9}. The value taken by a sampled trajectory Xt at a
corresponding time point is marked with an orange circle. In the bottom row analogous
plots of x→ Γ (x)∇x log h(t , x) and x→ Γ (x)∇ logx

eh(t , x) are given.

through say, Taylor expansions of its drift and volatility coefficient, often leads

to good performance improvements. Another possibility is to use some of the

ideas from Whitaker et al. (2017) (discussed further in section 3.4) to find fitting
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candidates from the family of linear diffusions in eq. (3.20) for approximating the

target (1.1). The ideas of Whitaker et al. (2017) are based on solving the system of

ordinary differential equations that result from removing the stochastic term from

eq. (1.1):

dx(t ) = b (x(t ))dt , x(0) = x0. (3.25)

The simplest way to proceed is to use a solution x(t ) of the ODE above to define
eβt := b (x(t )), eBt := 0 and eσt := σ(XT ) in (3.20) (provided XT is known from the

conditioning set). A higher order approximation would instead use eβt := b (x(t ))−
V (x(t ))x(t ), eBt := V (x(t )) and eσt := σ(XT ) with V (x) := ∇x b (x). The impact

that the choice of the auxiliary process eX may have on the quality of the proposals

is illustrated in figure fig. 3.2.

There are two main components to any MCMC algorithm on a path-space that

together determine the overall efficiency of this procedure. The first one is the

accuracy with which proposals approximate the target law—guided proposals have

been shown to be particularly strong in this respect. The second one is just as

important—it is the computational cost associated with each draw of a proposal

path. For guided proposals this amounts to computing er and eH on a time-grid

(t0, . . . , tM ), sampling a diffusion path X ∼ Pb ◦ using, say, the Euler-Maruyama

scheme and then, computing the likelihood (3.24) via Riemann sums. The latter

two steps are very simple and efficient, and their cost scales linearly in T . If the goal

of sampling is to obtain an empirical distribution over a path space, it can be argued

that the cost of computing er and eH is not as important, as the pair needs to be

computed only once—then, once computed, an unbounded number of samples can

be obtained. Nonetheless, in many applications and particularly the one central to

this thesis—of Bayesian inference for diffusion processes—the pair (er , eH ) needs to

be re-computed on a time grid (t0, . . . , tM ) for each new draw of a proposal path (see

chapter 4 for details). Consequently, having fast and accurate routines for deriving

(er , eH ) is crucial.

Derivations of (er , eH ), as presented in Schauer et al. (2017) require repeated, ex-

pensive computations of matrix exponentials. This has been improved upon in

some settings by van der Meulen and Schauer (2017b), where the authors charac-

terise (er , eH ) as appropriately transformed solutions to a system of ordinary differ-
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ential equations (so that only simple and efficient matrix multiplications, additions

and inversions are ever used). Whenever applicable, this modification drastically

decreases the computational cost of the algorithm, and essentially puts the compu-

tation of (er , eH ) on the same scale as the subsequent Euler-Maruyama pass as well as

the final step computing the likelihood. Unfortunately, in some settings, the solu-

tions to those ODEs increase in their dimension with the size of the dataset, creat-

ing unnecessary losses in efficiency. Furthermore, for Bayesian inference for diffu-

sion processes, eh(0, x0) needs to be evaluated alongside (er , eH ) and van der Meulen

and Schauer (2017b) do not give any methods for computing it efficiently. In chap-

ter 6 I show how to solve both of those issues, so that guided proposals can always

be implemented in an efficient manner (including in the setting of Bayesian infer-

ence for diffusion processes).

3.4 Review of alternative methods

Statistics literature is littered with various methods for simulating conditioned dif-

fusion processes, though vast majority of them are suitable solely to the case of dif-

fusion bridges or conditioning on the noisy and partial observations of the process

as in eq. (3.13). In this section I give a brief review of these alternative algorithms.

Naturally, the simplest way of simulating conditioned diffusions is to simply

define a rejection sampler that draws paths from an unconditioned law and accepts

only those paths for which Z = z occurs, for a desired z. Of course, for a num-

ber of interesting cases of Z—such as conditioning on the value of the end-point—

the conditioned-on event happens with probability zero, rendering such sampling

strategy infeasible. For diffusion bridges a simple relaxation of the acceptance con-

dition to 1(xT−ε,xT+ε)
(XT ) for some small enough ε > 0 can lead to an admissible

(albeit highly inefficient) approximation. Alternatively, as proposed by Pedersen

(1995), the unconditioned diffusion can be simulated only up to time (T − ε) and

such sample can then be weighted in an importance sampling setting.

Due to their simplicity, modified diffusion bridges introduced by Durham and

Gallant (2002) (and subsequently extended to observations with errors in Golightly

and Wilkinson (2008)) constitute a popular choice, often made by the practition-

ers. At its conception, the algorithm has been derived by approximating the joint
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distribution of Xti+1
,XT |Xti

, for each i = 1, . . . ,K by freezing the coefficients of an

SDE (1.1) on [ti ,T ], (i = 0, . . . ,K) (resulting in Gaussian laws), and using standard

results on the conditional distributions of multivariate Gaussian random variables

to subsequently derive the distributions of Xti+1
|(XT ,Xti

) = (xT , x):

�

Xti+1
|(XT ,Xti

) = (xT , x)
�

∼ Gsn
�

x +
xT − x
T − ti

∆,
T − ti+1

T − ti

Γ (x)
�

. (3.26)

This viewpoint has an advantage of involving only simple mathematics and it ex-

tends easily to observations of linearly transformed process X with additive Gaus-

sian noise (see Golightly and Wilkinson (2008)); however, it is not clear from it,

whether the approximating bridges come from a law that is even absolutely con-

tinuous with respect to the target law Pb (·|Z). In this respect, presentation of

Papaspiliopoulos et al. (2013) is preferable. There, an update equation eq. (3.26)

is derived by employing the linear approximation due to Shoji and Ozaki (1998b)

and Shoji (1998) to Delyon and Hu (2006) bridges:

dXt =
1

T − t
(xT −Xt )dt +σ(Xt )dWt , X0 = x0, t ∈ [0,T ].

This unmasks a close connection between the modified diffusion bridges and De-

lyon and Hu (2006) bridges and crucially—at least in the case of exactly observed

end-points—allows to inherit the results on the absolute continuity of the target

and proposal laws directly from Delyon and Hu (2006).

Lindström (2012) further extends this method by proposing what is heuristi-

cally a convex combination of the modified diffusion bridges and an unconditioned

dynamics of an original SDE.

Whitaker et al. (2017) propose bridges based on residual processes. First, an

ODE in eq. (3.25) is set up by removing the stochastic term from eq. (1.1). The so-

lution to this ODE is then subtracted from the drift of the SDE in eq. (1.1) in hope

of removing the strongest non-linear effects. As a result, the following stochastic

differential equation is obtained:

dRt = [b (Rt + x(t ))− b (x(t ))] dt +σ(Rt + x(t ))dWt , R0 = 0, t ∈ [0,T ].

(3.27)
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It is easy to see that Rt+x(t ) solves the SDE in eq. (1.1) and thus to simulate Xt |XT

it is enough to simulate [Rt |RT = xT−x(t )] instead and return Rt+x(t ). Whitaker

et al. (2017) propose to use modified diffusion bridges for this last simulation step.

For the cases when x(t ) does not capture the dynamics of the underlying pro-

cess sufficiently well, Whitaker et al. (2017) propose a further improvement. The

dynamics of the residual process R in eq. (3.27) are approximated with a linear

diffusion bR, according to the linear noise approximation (Fearnhead et al., 2014).

Then, the mean process ρt :=E[bRt |R0, RT ] admits closed form expression and in

the same way that x(t ) was subtracted from Xt to eliminate the most pronounced

non-linear effects, ρt is now subtracted from Rt to better centre the process. Mod-

ified diffusion bridges are once again employed, this time to draw paths of {Rt −
ρt |RT ; t ∈ [0,T ]}. All of the aforementioned methods based on residual processes

extend readily to observations of linearly transformed process X with additive,

Gaussian noise, see Whitaker et al. (2017) for details.

An entirely different approach is pursued in the string of papers which char-

acterise the laws of diffusion bridges as invariant laws of certain stochastic partial

differential equations (SPDEs) (Stuart et al., 2004; Hairer et al., 2009, 2005, 2007;

Beskos et al., 2008). The methodology is applicable to diffusions with constant

volatility coefficients, with drifts that consist of a term in a potential form and an

additive linear component, i.e. to processes X ∈Rd solving:

dXu =AXu du+−BBT∇xV (Xu)du+ΣdWu , X0 = x0, XU = xU , u ∈ [0, U ],

(3.28)

where A,B ,Σ ∈ Rd×d , some potential V : Rd → R and where I use index u to

denote a time variable in order to distinguish it from a time variable of the forth-

coming SPDEs.

The idea rests upon Langevin dynamics in infinite dimensional spaces. The

details of the methodology are beyond the scope of this thesis; however, I aim to

provide an intuition behind the sampler. In finite dimensions, it is well-known

that the stationary distribution of a diffusion can be related to the form of its drift

coefficient as follows:
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Theorem 3.4.1. (Hairer et al., 2009, Theorem 3) Let L ∈ Rd×d be a symmetric

matrix such that the SDE:

dZt = LZt dt +
p

2dWt , (3.29)

has a stationary distribution v. Let ϕ ∈ C2(Rd ;R) be a strictly positive probability

density with respect to v. Then, the SDE:

dXt = (LXt +∇ logϕ(Xt ))dt +
p

2dWt ,

has an invariant distribution given by ϕ dv.

Theorem 3.4.1 paves a way for defining an approximate sampler from ϕ dv—it

is enough to simulate XT for some large enough T > 0 via unconditioned diffu-

sion samplers based on stochastic Taylor expansions (Kloeden and Platen, 2013). If

chosen T is large enough, the marginal distribution of XT will be close to that of

ϕ dv. The idea behind bridge sampling through SPDEs relies on extending theo-

rem 3.4.1 into infinite dimensional spaces, and force ϕ dv to be the distribution of

the conditioned diffusion (1.1): Pb (·|Z).
Rigorous justification for the extension can be found in Hairer et al. (2005) and

Hairer et al. (2007). The SDEs are replaced by stochastic evolution equations with

values in real Banach space E = C([0,1];Rd ), continuously embedded into a real

separable Hilbert spaceH := L2([0,1];Rd ). Equation (3.29) is replaced with:

dzt =L zt dt +
p

2dwt , (3.30)

whereL := −C −1 for a valid covariance operator C :H →H (given explicitly

in Hairer et al. (2005, Eqs. (3.2) & (3.7))) and w is a cylindrical Wiener process

onH . The stationary distribution of (3.30) is given by Gsn(m,C ), with m ∈H
(given in Hairer et al. (2005, 2007)). Hairer et al. (2007) show that under certain

regularity conditions the stationary distribution of:

dxt =L (xt −m)dt + F (xt )dt +
p

2dwt , (3.31)

with an appropriately chosen drift F (·) (given in Hairer et al. (2007, Eq. (5.5)) or

Hairer et al. (2009, p. 9)) admits a conditioned diffusion measure Pb (·|Z) as its

stationary distribution. Therefore, the problem of sampling fromPb (·|Z) reduces
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to the problem of findingL and F , and then simulating xT for some large enough

T . To this end, eq. (3.31) is written in an SPDE form, as follows:

∂t x(t , u) =L x(t , u)−∇Ψ(x(t , u))+
p

2∂t w(t , u), ∀ (t , u) ∈ (0,∞)× (0, U ),

x(t , 0) = x0, x(t , 1) = x1, ∀ t ∈ (0,∞),

for an appropriate function Ψ(·) (given in Hairer et al. (2007, Eq. (5.3))) and is

then solved up to time T , using standard numerical techniques for unconditioned

SPDEs (Stuart et al., 2004).

3.5 Commentary

Out of the three main algorithms discussed in this chapter, the literature on the

exact simulation of diffusion bridges received perhaps the most attention, resulting

in its diverse and plentiful extensions. A partial list include extensions to jump-

diffusion bridges (Pollock, 2013; Casella and Roberts, 2011; Pollock et al., 2016), ε-

strong simulations (where a piece-wise constant tunnel (whose width can be refined

to an arbitrary degree) constraining the entire trajectory X is simulated jointly

with the skeletal points) (Beskos et al., 2012; Pollock et al., 2016), simulation of the

Wright-Fisher diffusions (Jenkins and Spano, 2017) and simulation of diffusions

with discontinuous drifts (Papaspiliopoulos et al., 2016). Additionally, within the

context of the exact rejection sampler on a path space, for unconditioned diffu-

sions Chen and Huang (2013) describe an alternative method of constructing vari-

able Υ (which gives local bounds to the simulated path). A completely different

approach—rooted in the theory of rough paths—has been proposed by Blanchet

and Zhang (2017); it relaxes assumptions A6 and A7, but suffers from the infinite

computational cost.





4Bayesian inference for diffusion processes
One of the reasons why simulation of conditioned diffusions is such an important

topic, is because it constitutes a vital component of the modern Bayesian infer-

ence methods for diffusion processes. Typically, some phenomenon is modelled

through a stochastic differential equation (1.3), whose form I repeat below for con-

venience:

dXt = bθ(Xt )dt +σθ(Xt )dWt , X0 = x0, t ∈ [0,T ]. (4.1)

The drift and volatility coefficient are allowed to depend on a vector of unknown

parameters θ ∈ Θ. For a given parameter θ, I also use P(θ)b to denote the law in-

duced by eq. (4.1). Perhaps a more telling statement is that (4.1) defines a family of

diffusions, indexed by θ ∈ Θ, with some members of {P(θ)b ; θ ∈ Θ} describing the

true dynamics of the underlying process “better” than others. A priori, the beliefs

about the distribution of more appropriate values for the parameter θ are captured

through a prior distributionπ(θ). The observations of the process X —denoted by

D—are then gathered in some form. Some examples of D can be found at the end

of Introduction.

The aim is to derive the posterior density over the unknown parameters θ for a

given prior π(θ) and an observation set D. It is proportional to:

π(θ|D)∝π(θ)π(D|θ), (4.2)

where π(D|θ) denotes the likelihood for observingD. The prior is known and set

by the practitioner, whereas the likelihood function is typically intractable. For

instance, in the case of exact observations, it is given as a product of transition

densities:

π({Xti
= xi ; i = 1, . . . ,K}|θ) :=

K−1
∏

i=1

p (θ)ti+1−ti
(xi , xi+1),

or in the case of partial and noisy observations it is instead given by:

π({Li Xti
+ ξi = vi}

K
i=1|θ) :=

∫

X
· · ·
∫

X
pt1−t0

(x0, x1)dF (θ)K (vK − LK xK)

·
K−1
∏

i=1

�

p (θ)ti+1−ti
(xi , xi+1)dF (θ)i (vi − Li xi )

�

dx1 · · · dxN ,

81
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where dF (θ)i , (i = 1, . . . ,K) denote the densities of ξi , (i = 1, . . . ,K). In both expres-

sions above (and in general, in the expressions for π(D|θ)) the transition densities

appear, and these are typically intractable. The problem of inference for diffusion

processes is thus well-known for its difficulty.

4.1 Inference via data-augmentation

There have been many solutions proposed in the statistics literature to the prob-

lem of inference for diffusion processes, I discuss some of them at the end of this

section. The solution central to this thesis has been shown to be very successful

in a broad range of applications (Beskos et al., 2008; Beskos and Stuart, 2009; Go-

lightly and Wilkinson, 2008), is Bayesian—and thus provides not only estimates for

θ, but also, at no extra cost, quantification of uncertainty—and essentially reduces

the problem of inference to the problem of sampling from the conditioned diffu-

sion lawP(θ)b (·|D). The robustness and efficiency of the final algorithm is inherited

from the properties of the corresponding conditioned diffusion sampler.

The underpinning idea is that of data augmentation, which, in the setting of

inference for diffusions, goes back to Roberts and Stramer (2001). Notice that had

the path X been observed exactly and in its entirety, then the likelihood would have

been given by the Girsanov formula (2.3) (or (2.2), for non-invertible Γ ). Conse-

quently, it turns out to be easier to consider the joint posterior over a path space

and a parameter space: π(θ,X |D), and define a Gibbs sampler which targets this

joint posterior by alternately updating unknown parameters (by sampling from

π(θ|X ,D)) and imputing a diffusion path (by sampling fromπ(X |θ,D)). The out-

put of such algorithm is a Markov chain {(θ(n),X (n)) ; n = 0, . . . ,N}, whose invari-

ant density is given by π(θ,X |D). Then, the marginal chain {θ(n) ; n = 0, . . . ,N},
obtained by removing all samples of the path X , has the desired invariant density

π(θ|D). Algorithm 4.1 summarises these steps.

Notice that since algorithm 4.1 is a Markov chain Monte Carlo sampler, inde-

pendent draws fromπ(X |θ,D) orπ(θ|X ,D) are not essential—it is possible to sub-

stitute lines 3 and 4 of algorithm 4.1 with the corresponding Metropolis-Hasting

updates. As a result, algorithm 4.2 is often used in place of algorithm 4.1. Natu-

rally, modifications of algorithm 4.1 when only one of: parameter update or path
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Algorithm 4.1 Gibbs sampler for inference for diffusion processes

1: Initialise θ(0)

2: for n = 1, . . . ,N do
3: Draw X (n) ∼π(X |θ(n−1),D) . Path imputation according to P(θ

(n−1))
b (·|D)

4: Draw θ(n) ∼π(θ|X (n),D)
5: return {θ(n); n = 0, . . . ,N} .Markov chain with the invariant density π(θ|D)

Algorithm 4.2 Metropolis-within-Gibbs for inference for diffusion processes

1: Initialise (θ(0),X (0))
2: for n = 1, . . . ,N do
3: Draw X ◦ ∼ qθ(n−1)(X (n−1), ·) . Proposal path imputation
4: Draw U1 ∼ Unif([0,1])

5: if U1 ≤
π(θ(n−1),X ◦,D)q

θ(n−1) (X ◦,X (n−1))

π(θ(n−1),X (n−1),D)q
θ(n−1) (X (n−1),X ◦) then

6: X (n)←X ◦

7: else
8: X (n)←X (n−1)

9: Draw θ◦ ∼ qX (n)(θ
(n−1), ·) . Proposal parameter update

10: Draw U2 ∼ Unif([0,1])

11: if U2 ≤
π(θ◦,X (n),D)q

X (n)
(θ◦,θ(n−1))

π(θ(n−1),X (n),D)q
X (n)
(θ(n−1),θ◦) then

12: θ(n)← θ◦

13: else
14: θ(n)← θ(n−1)

15: return {θ(n); n = 0, . . . ,N} .Markov chain with the invariant density π(θ|D)

imputation step are substituted with the corresponding Metropolis-Hastings step

are also valid.

The step of path imputation—which is nothing else but a simulation of condi-

tioned diffusion—is exactly the topic of this thesis.

4.1.1 Overview of the path imputation step

Line 3 of algorithm 4.1 prompts for independent draws from a conditioned diffu-

sion law and (if possible) can be completed via rejection sampling on a path space,

as discussed in sections 2.3 and 3.1. On the other hand, sampling from qθ(X , ·)
in line 3 of algorithm 4.2 amounts to drawing a proposal path in the setting of

an MCMC sampler on a path space. Based on the proceedings of chapter 3, it is
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clear that there are many choices available for this step. I discuss some possibilities

below.

The most immediate choices of qθ(X , ·) cast algorithm 4.2 in the setting of in-

dependence sampler. For exactly observed diffusions (D := {Xti
; i = 1, . . . ,K}) a

factorisation of the target law at the times of the observations (based on the Markov

property) givesP(θ)b (·|D) =
⊗K

i=1P
(θ)
b |[ti−1,ti ]

(·|D[ti−1,ti ]
), where⊗ denotes a product

measure, P(θ)b |[a,c] denotes a restriction of the law P
(θ)
b to the interval [a, c] and

D|[a,c] denotes a restriction of the observations to those falling inside the interval

[a, c] (in particular D|[ti−1,ti ]
= {Xti−1

,Xti
}).

For instance, if the simple diffusion bridges are chosen to be a method of draw-

ing conditioned paths, then qθ(X , ·) becomes the law
⊗K

i=1P
(θ)
b |[ti−1,ti ]

(·|D|[ti−1,ti ]
,{X (3) ∈

EX }) (where, with an abuse of notation, Ex is defined in eq. (3.5), separately for

each sub-interval [ti−1, ti]). If instead guided proposals are chosen, then qθ(X , ·) be-

comes
⊗K

i=1P
(θ)
b ◦ |[ti−1,ti ]

, defined in eq. (3.19), with eh(t , x) := dP(θ)b (D|[ti−1,ti ]
|Xt =

x) set on the time intervals [ti−1, ti], (i = 1, . . . ,K). On the other hand, if noisy

and partial observations are made, then guided proposals may be employed again,

this time with eh(t , x) := dP(θ)b (D|[ti−1,T ]|Xt = x) set on the time intervals [ti−1, ti],

(i = 1, . . . ,K).

Concrete implementations of the transition kernel qθ(X
(n−1), ·), listed above,

completely disregard the value of the previous state X (n−1) and therefore may be

sub-optimal. In this thesis I discuss two generic techniques that aim to improve

the efficiency of the path imputation step by exploiting this dependence on X (n−1):

blocking and the preconditioned Crank-Nicolson step. I introduce the former one

in chapter 5. The latter one has been introduced in section 2.7, whereas in sec-

tion 4.1.6 below I show how to embed it in algorithm 4.2. Recall that in order to

implement the precondition Crank-Nicolson scheme, a non-centrally parametrised

version of a conditioned diffusion path sampler needs to be defined first. However,

it was shown in Roberts and Stramer (2001) that the connection between non-

centred parametrisation and Bayesian inference for diffusion processes goes even

further then that—the former is a prerequisite for the step of parameter update—I

discuss this connection in section 4.1.3.
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4.1.2 Overview of the parameter update step

For the step of parameter update, notice that by Bayes theorem:

π(θ,X ,D) =π(X |θ,D)π(D|θ)π(θ) =
dPb (X |D)

dQ(X )
gb (D|θ)π(θ), (4.3)

where π(θ) is a prior, gb (D|θ) is the density for observingD under the target mea-

sure Pb and Q denotes a proposal diffusion measure. For instance, in the case of

rejection sampling on a path space Q := Pµ(·|D), or in the case of guided propos-

als Q :=Pb ◦ . Comparing directly with eqs. (2.10) and (3.24) a crucial observation

can be made that in both of those examples the intractable density gb (D|θ) cancels

with the same term appearing in the expression for dPb (X |D)
dQ(X ) . Therefore, employing

the Metropolis-Hastings step is often a reasonable strategy.

Denote with θb the subset of parameters θ that enter the drift coefficient. Sim-

ilarly denote with θσ the subset of parameters that enter the volatility coefficient.

I remark that θb and θσ need not necessarily be disjoint and thus define θb\σ :=

θb\θσ to be the set of parameters that enter the drift, but not the volatility coeffi-

cient. It is easy to see that if θb\σ enters the drift in a linear manner (i.e. if there

exist functions f1(x|θσ ) :Rd →Rd and f2(x|θσ ) :Rd →Rd×db\σ , with db\σ denot-

ing the dimension of θb\σ , such that b (x) = f1(x|θσ ) + f2(x|θσ )θb\σ ) then, using

arguments analogous to van der Meulen and Schauer (2017a, §3.3) it can be shown

that the likelihoodπ(θb\σ |θσ ,X (n),D) is conjugate to Gaussian priors and thus any

subset of the parameters θb\σ can be sampled directly from the full conditional dis-

tribution. I illustrate this on the example of the Ornstein-Uhlenbeck process in

example 4.1.1 below. I also show in section 7.4.2.2 how to extend this idea to a

particular type of hypoelliptic diffusions. Otherwise, if the relationship of θb\σ

is not linear, because the form of π(θb\σ |θσ ,X (n),D) is known, implementing the

Metropolis-Hastings algorithm with any reasonable kernel q (say a random walk)

is simple. Surprisingly, the step of updating π(θσ |θb\σ ,X (n),D) is ill-defined and

thus modifications to algorithms 4.1 and 4.2 are essential to correct this fault.

4.1.3 Mutual singularity of measures

Roberts and Stramer (2001) showed emphatically the degeneracy of the parameter

update step π(θσ |θb\σ ,X (i),D). Notice that conditionally on the path X (n), the
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diffusion coefficient Γθ is uniquely identified via the relation:

[X ,X ]t =
∫ t

0
Γθ(Xs )ds ,

where [·, ·] denotes the quadratic variation and therefore

π(θσ |θb\σ ,X (n),D)∝ 1{ϑ∈Rdσ :σϑσ
T
ϑ
=Γ }(θσ ),

where dσ is the dimension of the θσ vector. Consequently, once θσ is set, algo-

rithms 4.1 and 4.2 are never allowed to update it (and if the integrals in eq. (2.3) are

approximated with Riemann sums, then Roberts and Stramer (2001) showed that

the mixing of the chain updating parameter θσ slows down quadratically with the

number of imputed points). In other words, the diffusion laws Pb with different

volatility coefficients are mutually singular.

4.1.4 Non-centred parametrisation

As shown in Roberts and Stramer (2001), non-centred parametrisation of the dif-

fusion path sampler allows to remove the aforementioned degeneracy and is thus

indispensable in the setting of Bayesian inference for diffusion processes. As in

section 2.6, I use (Ω∗,F ∗,Q∗) to denote a non-centred probability space and let

Ψθ : Ω∗ → Ω be a deterministic function for which the pushforward measure

(Q∗)#(Ψθ) coincides with the proposal measure P(θ)0 , θ ∈ Θ. The goal is to define

a Markov chain {(θ(n),X (n),W (n)) ; n = 0, . . . , 2N} whose invariant distribution is

characterised by the following two properties:

• The invariant density of the marginal chain {(θ(n),X (n)) ; n = 0, . . . , 2N} is

equal to π(θ,X |D).

• For each n = 0, . . . , 2N , the following identity holds: Ψθ(n)(W
(n)) =X (n).

Such parametrisation can be defined readily by making minimal changes to algo-

rithm 4.2, so that instead of directly updating path X , it is only every calculated as

a by-product from the pair of (W ,θ)—the fact that (Q∗)#(Ψθ) coincides with P(θ)0

guarantees that the algorithm is still valid. An updated procedure is summarised in

algorithm 4.3.
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Algorithm 4.3 Non-centrally parametrised inference for diffusion processes

1: Initialise (θ(0),W (0)), set X (0)← Ψθ(0)(W (0))
2: for n = 0, . . . ,N − 1 do
3: Draw W ◦ ∼ qθ(2n)(W (2n), ·) . Proposal path imputation
4: Set X ◦← Ψθ(2n)(W ◦)
5: Draw U1 ∼ Unif([0,1])

6: if U1 ≤
π(θ(2n),X ◦,D)q

θ(2n) (W (2n),W ◦)

π(θ(2n),X (2n),D)q
θ(2n) (W (2n),W ◦) then

7: (θ(2n+1),X (2n+1),W (2n+1))← (θ(2n),X ◦,W ◦)
8: else
9: (θ(2n+1),X (2n+1),W (2n+1))← (θ(2n),X (2n),W (2n))

10: Draw θ◦ ∼ qW (2n+1)(θ(2n+1), ·) . Proposal parameter update
11: Set X ◦← Ψθ◦(W (2n+1))
12: Draw U2 ∼ Unif([0,1])

13: if U2 ≤
π(θ◦,X ◦,D)q

W (2n+1) (θ◦,θ(2n+1))

π(θ(2n+1),X (2n+1),D)q
W (2n+1) (θ(2n+1),θ◦) then

14: (θ(2n+2),X (2n+2),W (2n+2))← (θ◦,X ◦,W (2n+1))
15: else
16: (θ(2n+2),X (2n+2),W (2n+2))← (θ(2n+1),X (2n+1),W (2n+1))
17: return {θ(2n); n = 0, . . . ,N}.Markov chain with the invariant density π(θ|D)

In particular, notice that unlikeπ(θ◦,X (n),D) in line 11 of algorithm 4.2, which

is non-zero only for θ◦σ ∈ {ϑ ∈ R
dσ : σϑσ

T
ϑ = Γθ(n)} and renders algorithm 4.2

degenerate, π(θ◦,X ◦,D) in line 13 of algorithm 4.3 is well defined for all θ◦ ∈ Θ,

because X ◦ is updated alongside θ◦.

4.1.5 Examples

Example 4.1.1. Suppose that D := {Xti
; i = 1, . . . ,K} and that the underlying

process is modelled with the Ornstein-Uhlenbeck process:

dXt = [θ
[1]−θ[2]Xt ]dt +θ[3] dWt , X0 = x0, t ∈ [0,T ]. (4.4)

The Ornstein-Uhlenbeck process is one of those rare diffusions for which transi-

tion densities are available in closed forms. Nonetheless, for didactic purposes I

will not resort to them and instead show how to perform inference via data aug-

mentation. For the step of path imputation I will employ rejection sampling on a

path space and whenever appropriate approximate the integrals with left-Riemann

sums.
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First, Lamperti transformation takes the following, simple form:

ηθ(x) :=
x
θ[3]

,

and thus the Lamperti transformed diffusion Y := {ηθ(Xt ) ; t ∈ [0,T ]} solves:

dYt =
�

θ[1]

θ[3]
−θ[2]Yt

�

dt + dWt , Y0 = y0 :=
x0

θ[3]
, t ∈ [0,T ]. (4.5)

The non-centred probability space is defined similarly to the one in example 2.6.1.

Let the non-centred process Z := {Z [i] ; i = 0, . . . ,K−1} be defined on a probability

space (Ω∗,F ∗,Q∗) and take values in a measurable space (X ∗,Σ), where Ω∗ ≡X ∗

are defined as:

Ω∗ ≡X ∗ :=
K−1
∏

i=0

C([0,∆i];R), where∆i := ti+1− ti , t0 := 0,

where
∏

denotes a Cartesian product,Σ≡F ∗ =B(X ∗) are Borel-σ -algebras and

Q∗ is the product measure of K independent laws induced by 0–0 Brownian bridges

on [0,∆i], (i = 0, . . . ,K − 1). Function

Ψθ :
K−1
∏

i=0

C([0,∆i];R)→ C([0,T ];R),

takes the form analogous to (2.20):

Ψθ(Z) :=
¨

K−1
∑

i=0

Ψ[i]
θ
(Z)1(ti ,ti+1]

(t ) ; t ∈ [0,T ]
«

, where

Ψ[i]
θ
(Z) :=

�

Z [i]t−ti
+

xi

θ[3]
(θ)

�

1−
t − ti

∆i

�

+
xi+1

θ[3]
t − ti

∆i

; t ∈ [ti , ti+1]
�

,

(4.6)

and xi := Xti
, (i = 0, . . . ,K). To put it simply, the non-centred process Z con-

sists of K independent 0–0 Brownian bridges, which Ψθ defined in eq. (4.6) linearly

translates in such a way that the end-points at which the bridges are anchored agree

with the Lamperti transformed observation set D. This is illustrated graphically

in fig. 4.1.

By the Markov property, a path imputation step can be performed indepen-

dently on each sub-interval [ti , ti+1], (i = 0, . . . ,K − 1). Correspondingly, the like-

lihood function for the path Y factorises at the observation times (it follows readily

after combining eqs. (2.8) and (2.10)) and is given by:

π(Y |θ,D)∝
K−1
∏

i=0

exp

¨

−
(θ[2])2

2

∫ ti+1

ti

�

Yt −
θ[1]

θ[2]θ[3]

�2

dt

«

≤ 1.
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Figure 4.1: Illustration of function Ψθ linearly translating non-centrally parametrised
bridges to proposal bridges. Top row gives samples of the non-centred process on 4 inter-
vals. These samples are then linearly translated in the bottom plot so that their end-points
agree with the Lamperti transformed observations.

The step of path imputation can therefore be completed with the following algo-

rithm 4.4, which is a concrete, non-centrally parametrised implementation of line 3

of algorithm 4.1

To update parameter θ, notice that by eqs. (2.3), (2.10) and (4.3) the joint like-



90 CHAPTER 4. BAYESIAN INFERENCE FOR DIFFUSION PROCESSES

Algorithm 4.4 Non-centred path imputation at the n t h iteration of a Markov chain

1: for i = 0, . . . ,K − 1 do
2: Set accepted← False
3: repeat
4: Draw Z◦[i] ∼W∗[0,∆i] on . 0–0 Brownian bridge on [0,∆i]
5: Set Y ◦|[ti ,ti+1]

← Ψ[i]
θ
(Z◦[i])

6: Draw E ∼ Exp(1)

7: if E ≥ (θ[2])2

2

∫ ti+1

ti

�

Y ◦t −
θ[1]

θ[2]θ[3]

�2
−
�

Y (n)t −
θ[1]

θ[2]θ[3]

�2
dt then

8: accepted← True
9: until accepted

10: Set (θ(n+1),Y (n+1),Z (n+1))← (θ(n),Y ◦,Z◦)
11: return (θ(n+1),Y (n+1),Z (n+1)) .New state of a Markov chain

lihood can be written as:

π(θ,X ,D) =π(θ)gb (D)
dP(θ)b

dP(θ)µ
(X |D) =π(θ)eg0(D)

dP(θ)b

dP(θ)0

(X )

=π(θ)(2π)−
K
2 (θ[3])−K exp

¨

− 1
2(θ[3])2

�

(θ[1:2]−Λ−1W )TΛ(θ[1:2]−Λ−1W )

− W TΛ−1W +
K−1
∑

i=0

(xi+1− xi )
2

�«

,

(4.7)

where

W :=
∫ T

0

�

1
−Xs

�

dXs , Λ :=
∫ T

0

�

1 −Xs
−Xs X 2

s

�

ds ,

and gb (D) and eg0(D) denote the density functions for observingD under the target

lawP(θ)b (induced by eq. (4.4)) and the proposal lawP(θ)0 (induced by a scaled Brow-

nian motion θ[3]W ) respectively. If the prior factorises as π(θ) :=π(θ[1:2])π(θ[3]),

where π(θ[1:2]) is a Gaussian prior with mean µp r and precision Λp r , then one

full-conditional distribution follows easily:

π(θ[1:2]|θ[3],X ,D)∼ Gsn

�

�

1
(θ[3])2

Λ+Λp r

�−1 � 1
(θ[3])2

W +Λp rµp r

�

,
�

1
(θ[3])2

Λ+Λp r

�−1�

,

and thus update of θ[1:2] is clear. For updating θ[3] the Metropolis-Hastings algo-

rithm is necessary, and although the form of the joint density given in eq. (4.7) can

be used to complete this step, it is preferable to derive an expression which does
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not involve any stochastic integrals. They enter eq. (4.7) through W , and due to

their non-zero quadratic variation have higher variance than their Lebesgue coun-

terparts.

From eqs. (2.8), (2.10) and (4.3) it follows that the joint density can be decom-

posed as follows:

π(θ,X ,D) =π(θ)gb (D)
g0(Dθ)
gα(Dθ)

dP(θ)b

dP(θ)0

(Y ) =π(θ)|det(σθ)|
−K g0(Dθ)

dP(θ)α
dP(θ)0

(Y )

=π(θ)(2π)−
K
2 (θ[3])−K exp

¨

Aθ(YT )−Aθ(Y0)−
∫ T

0
ϕθ(Ys )ds

«

,

(4.8)

where

Aθ(y) :=
θ[1]

θ[3]
y − θ

[2]

2
y2, and ϕθ(y) :=

1
2

�

�

θ[1]

θ[3]
−θ[2]y

�2

−θ[2]
�

,

where Dθ denotes the Lamperti transformed data, and where g0(Dθ) and gα(Dθ)
denote the density functions for observing Dθ under the Lamperti transformed

target law P
(θ)
α (induced by eq. (4.5)) and under the proposal law P

(θ)
0 (of a Brow-

nian motion) respectively. I additionally used gb (D) = |det(σθ)|−K gα(Dθ), which

follows by the change of variables formula. A parameter update step can now be

performed; its summary is given in algorithm 4.5. Mind the notation (n)[i]—a num-

ber in the parenthesis indicates an iteration of a Markov chain, whereas the number

in the square bracket indicates an index of a coordinate.

Example 4.1.2. Consider again the setting from example 4.1.1 of the exactly and

discretely observed Ornstein-Uhlenbeck process. Let me illustrate how to repeat

the inference via data-augmentation using guided proposals instead of rejection

sampling on a path space. For simplicity of exposition I set the auxiliary process
eX to be given by a scaled Brownian motion θ[3]W . This results in the following

proposals:

dXt =
�

θ[1]−θ[2]Xt +
xi+1−Xt

ti+1− t

�

dt +θ[3] dWt , Xti
= xi , t ∈ [ti , ti+1], (4.9)
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Algorithm 4.5 Parameter update at the n t h step of a Markov chain

1: SetW ←
∫ T

0

�

1
−X (n)s

�

dX (n)s

2: Set Λ←
∫ T

0

�

1 −X (n)s

−X (n)s (X (n)s )2

�

ds

3: Drawθ◦[1:2] ∼ Gsn
�

�

1
(θ(n)[3])2Λ+Λp r

�−1 � 1
(θ(n)[3])2W +Λp rµp r

�

,
�

1
(θ(n)[3])2Λ+Λp r

�−1
�

4: Draw θ◦[3] ∼ q(θ(n)[3], ·) . Say, a random walk
5: Set Y ◦← Ψθ◦(Z (n))
6: Set θ∗[1:2]← θ◦[1:2], and θ∗[3]← θ(n)[3] .Update of θ◦[1:2] is always accepted
7: Set Y ∗← Ψθ∗(Z (n))
8: Set ll∗← log(π(θ∗[3]))−K log(θ∗[3])+Aθ∗(Y

∗
T )−Aθ∗(Y

∗
0 )−

∫ T
0
ϕθ∗(Y

∗
s )ds

9: Set ll◦← log(π(θ◦[3]))−K log(θ◦[3])+Aθ◦(Y
◦
T )−Aθ◦(Y

◦
0 )−

∫ T
0
ϕθ◦(Y

◦
s )ds

10: Draw E ∼ Exp(1)
11: if E ≥−ll◦+ ll∗ then
12: Set (θ(n+1),Y (n+1),Z (n+1))← (θ◦,Y ◦,Z (n))
13: else
14: Set (θ(n+1),Y (n+1),Z (n+1))← (θ∗,Y ∗,Z (n)) . Reject update of θ[3], but

accept θ[1:2]

15: return (θ(n+1),Y (n+1),Z (n+1)) .New state of a Markov chain

(i = 0, . . . ,K − 1). The likelihood function for an imputed path X follows from

eq. (3.24) and is equal to:

π(X |θ,D)∝
K−1
∏

i=0

exp

¨

∫ ti+1

ti

(θ[1]−θ[2]Xs )
xi+1−Xs

ti+1− s
ds

«

.

A suitable non-centred probability space can be defined as in example 4.1.1, with

the exception that the law Q∗ is now induced by the product measure of K inde-

pendent laws induced by standard Brownian motion on [0,∆i], (i = 0, . . . ,K − 1).

Function

Ψθ :
K−1
∏

i=0

C([0,∆i];R)→ C([0,T ];R),

(with
∏

denoting the Cartesian product) has a deceptively similar form as before:

Ψθ(Z) :=
¨

K−1
∑

i=0

Ψ[i]
θ
(Z)1(ti ,ti+1]

(t ) ; t ∈ [0,T ]
«

, (4.10)

but now, Ψ[i]
θ
(Z) are defined as solutions to eq. (4.9) when the driving Brownian

motion W takes a path-value Z [i], (i = 0, . . . ,K − 1) (hence the need for assump-

tion A2, mentioned in chapter 2). For instance, when using the Euler-Maruyama
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scheme, the increments of Z [i]: {Z [i]s j+1
−Z [i]s j

; j = 0, . . . , m} are used to recursively

compute X |[ti ,ti+1]
via:

Xs j+1
=
�

θ[1]−θ[2]Xs j
+

xi+1−Xs j

ti+1− s j

�

(s j+1− s j )+θ
[3](Z [i]s j+1

−Z [i]s j
), j = 0, . . . , m,

where ti = s0 < · · · < sm+1 = ti+1, (i = 0, . . . ,K − 1). Ψ[i]
θ
(Z) is therefore given

exactly by the recursive mapping above, taking the driving noise Z and mapping

it to a proposal path X . Algorithm 4.6 summarises the path imputation step, with

G[i]
θ

defined as

G[i]
θ
(s , x) := (θ[1]−θ[2]x)

xi+1− x
ti+1− s

.

Algorithm 4.6 Path imputation for guided proposals at the n t h step of a Markov
chain

1: for i = 0, . . . ,K − 1 do
2: Draw Z◦[i] ∼W∗ . Brownian motion on [0,∆i]
3: Set X ◦|[ti ,ti+1]

← Ψ[i]
θ(i)
(Z◦) . the Euler-Maruyama scheme

4: Draw E ∼ Exp(1)
5: if E ≥−

∫ ti+1

ti
G[i]
θ(n)
(s ,X ◦s )ds +

∫ ti+1

ti
G[i]
θ(n)
(s ,X (n)s )ds then

6: Set (X (n+1)|[ti ,ti+1]
,Z (n+1)[i])← (X ◦|[ti ,ti+1]

,Z◦[i])
7: else
8: Set (X (n+1)|[ti ,ti+1]

,Z (n+1)[i])← (X (n)|[ti ,ti+1]
,Z (n)[i])

9: Set θ(n+1)← θ(n)

10: return (θ(n+1),Y (n+1),Z (n+1)) .New state of a Markov chain

Parameter update can be performed in a similar manner as in example 4.1.1.

In particular, the conditional law π(θ[1:2]|θ[3],X ,D) remains unchanged and even

(4.8) could in principle be reused. However, now it is also possible to use a different

representation for the joint density:

π(θ,X ,D) =π(θ)gb (D)
dPb (X |D)
dPb ◦(X )

=π(θ)(2π)−
K
2 (θ[3])−K

K−1
∏

i=0

exp

¨

−
∑K−1

i=0 (xi+1− xi )
2

2(θ[3])2

«

exp

¨

∫ ti+1

ti

G[i]
θ
(Xs )ds

«

.

Modifications to algorithm 4.5 for accommodating guided proposals follow triv-

ially.
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The procedures developed in examples 4.1.1 and 4.1.2, even though aimed at a

simple problem of inference for the Ornstein-Uhlenbeck process, differ very little

from the corresponding steps that would have needed to be taken under a more

elaborate diffusion model or in another observational setting (which does not mean

that the changes that would have needed to be made are trivial). In general, the

step of updating θb\σ , which in examples 4.1.1 and 4.1.2 was performed via direct

sampling fromπ(θb\σ |θσ ,X ,D), might need to be substituted with the Metropolis-

Hastings step, as per algorithm 4.3. It can thus be performed in an analogous way

to how the update of θσ was completed in examples 4.1.1 and 4.1.2. Computations

of Gθ, ϕθ, αθ etc. will also change accordingly.

Under different observational schemes or, for guided proposals, more elaborate

choices of eX , g0(D) or eg0(D)might also change their forms. In fact, for guided pro-

posals, if eX is complicated enough, then computations of er and eH from their closed

form expressions might be inefficient and it might be preferable to use schemes

from chapter 6 to find their accurate approximations instead. In chapter 7, where

different observational scheme is considered, I also alter the proposal process ac-

cordingly. Additionally, the algorithms admit certain extensions, such as the pre-

conditioned Crank-Nicolson scheme (see section 4.1.6) or blocking (see chapter 5),

that slightly alter the form of the protocol. Beyond those remarks, the method-

ology of examples 4.1.1 and 4.1.2 is representative of the general proceedings for

Bayesian inference for diffusion processes via data augmentation.

4.1.6 Preconditioned Crank-Nicolson scheme

The preconditioned Crank-Nicolson scheme, discussed in section 2.7, has been in-

troduced in the context of MCMC sampler on a path space as a way of making

local moves on that space. Algorithm 4.3 is formulated in such a way that it is

straightforward to see how the preconditioned Crank-Nicolson scheme can be em-

bedded inside the step of path imputation. Notice that line 3 of algorithm 4.3 is

all that needs to change. In particular, W ◦ ∼ qθ(2n)(W (2n), ·) takes the form given in

algorithm 4.7. Whether W∗ denotes a law of a 0–0 Brownian bridge, or standard

Brownian motion depends on which path sampling algorithm is being employed.
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Algorithm 4.7 Preconditioned Crank-Nicolson update at the 2n t h step of a
Markov chain

1: Draw W ◦ ∼W∗ . 0–0 Brownian bridge, or standard Brownian motion
2: Set W ◦←

p
λW ◦+

p
1−λW (2n)

3: return W ◦ . Locally perturbed driving noise

4.2 Exact Bayesian inference for diffusion processes

In section 3.1 I described the exact rejection sampling on a path space, due to Beskos

and Roberts (2005); Beskos et al. (2006, 2008), which is a method of sampling dif-

fusion bridges that does not introduce any discretisation errors. In the setting of

Bayesian inference for diffusion processes, formulation of algorithm 4.3 hints that

imbuing a path imputation step with the exactness property might be a wasteful

exercise, as the property is— seemingly—immediately lost in a subsequent step of

updating parameters (the joint likelihood functionπ(θ,X ,D) involves expressions

with integrals over path functionals and approximating those with left-Riemann

sums introduces discretisation error). Surprisingly, as shown in Beskos et al. (2006)

and Sermaidis et al. (2013), a careful formulation of the Bayesian inference algo-

rithm need not be burdened with errors due to approximations. Beskos et al. (2006)

discuss a number of interesting possibilities for exact inference algorithms for dif-

fusion processes; however, it is the methodology of Sermaidis et al. (2013) that is

the most relevant to the developments of this thesis.

Conceptually, Sermaidis et al. (2013) work with the same Markov chain {(θ(n),X (n)) ; n =

0, . . . ,N} whose invariant density is given by π(θ,X |D), although a concrete im-

plementation uses a slightly different chain. Recall from algorithms 3.1 and 3.2

that the exact rejection sampler on a path space prompts for simulation of a unit

intensity Poisson point process Φ on [0,T ]× [0, l ∗(Υ )] and an acceptance decision

is made solely on the basis of revealing a path of the Lamperti transformed diffu-

sion Y at the times {χ j ; j = 1, . . . ,κ}. It turns out that if this algorithm is used

for the path imputation step, post-acceptance there is no need for revealing Y at

any additional time points and instead, working directly with {Yχ j
; j = 1, . . . ,κ}

is possible.
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Under the exact observation scheme D := {Xti
; i = 1, . . . ,K}, Sermaidis et al.

(2013) define a Markov chain {θ(n),S (n) ; n = 0, . . . ,N}, where

S :=
K−1
⋃

i=0

��

Z [i]
χ (i)j

; j = 1, . . . ,κi

�

∪{l ∗(Υi )}
�

,

(with Z := (Z [i])K−1
i=0 and Z [i] denoting the non-centred process on an interval

[ti , ti+1], i = 0, . . . ,K − 1) is a finite dimensional summary information about

the imputed path Y , obtained from collating all random variables produced by

the exact rejection sampler on a path space in the process of generating a single,

accepted sample of Y . I refer to S as a surrogate path or a surrogate variable.

{θ(n),S (n) ; n = 0, . . . ,N} is constructed by modifying a non-centrally parametrised

instance of the Metropolis-within-Gibbs algorithm 4.3 to accommodate a change

from X to S . A path imputation step now boils down to drawing a surrogate

path S via the non-centrally parametrised exact rejection sampler on a path space

(see section 3.1). To update parameter θ, the joint density for the parameter θ, the

surrogate variable S and the observations D is derived in Sermaidis et al. (2013,

Theorem 1):

π(θ,S ,D) =π(θ)exp{Aθ(Ψθ(Z)T )−Aθ(Ψθ(Z)0)− (l∗θ− 1)T }

·
K
∏

i=1

§

Dθ(xi )exp{−l ∗θ (Υi )∆i}N∆i
[η−1
θ
(xi+1)−η

−1
θ
(xi )] · [l

∗
θ (Υi )]

κi

·
κi
∏

j=1

�

1−φθ(Ψ
[i]
θ
(Z)

χ (i)j
)/l ∗θ (Υi )

�ª

,

(4.11)

where ∆i := ti+1 − ti and NΣ(x) denotes a Gaussian pdf with mean 0 and vari-

ance Σ, evaluated at x and where Dθ(x) := |det(σθ(x))|−1. See the proof of Ser-

maidis et al. (2013, Theorem 1) for derivation details. The Metropolis-Hastings

algorithm can thus be employed to update parameter θ, leading to a single sweep

of the entire Metropolis-within-Gibbs algorithm consisting of a draw from S ∼
π(S |θ(n−1),D), followed by a proposal θ◦ sampled from some transition kernel q

and a decision to accept it, taken with the probability:

a(θ(n−1),θ◦) := 1∧
π(θ◦,S ,D)q(θ◦,θ(n−1))
π(θ(n−1),S ,D)q(θ(n−1),θ◦)

. (4.12)

A complete procedure is summarised in algorithm 4.8 below.
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Algorithm 4.8 Exact inference for diffusion processes via data augmentation

1: Initialise θ(0)

2: for n = 1, . . . ,N do
3: for i = 0, . . . ,K − 1 do
4: repeat . Path imputation on [ti , ti+1] via exact rejection sampling
5: Set accepted← True
6: Draw Υ [i] . Layer information, see section 3.1
7: Draw Φ := {(χk ,ψk) ; k = 1, . . . ,κ} ∼L on [ti , ti+1]× [0, l ∗

θ(n−1)(Υi )]
8: Draw W ◦ ∼P0(·|D|[ti ,ti+1]

∩Υi ) at times {χk ; k = 1, . . . ,κ}
9: Set Y ◦χk

← [Ψ[i]
θ(n−1)(W ◦)]χk

, (k = 1, . . . ,κ) . See eq. (4.6)
10: for k = 1, . . . ,κ do
11: if ψk <φθ(n−1)(Y ◦χk

) then
12: Set accepted← False
13: until accepted
14: Set Y

eχk
← Y ◦

eχk
, (k = 1, . . . ,κ) . Accepted S

15: Draw θ◦ ∼ q(θ(n−1), ·)
16: Draw U ∼ Unif([0,1])
17: if U < a(θ(n−1),θ◦) then . See eqs. (4.11) and (4.12)
18: Set θ(n)← θ◦

19: else
20: Set θ(n)← θ(n−1)

21: return {θ(n) ; n = 0, . . . ,N} .Markov chain with invariant measure π(θ|D)

Sermaidis et al. (2013) address one more issue: to accelerate mixing of the θ-

chain, a correlation between the simulated Poisson points Φ and a value of the pa-

rameter θ can sometimes be reduced by defining Φ in a non-centred way. To this

end, a non-centred process eΦ : {(χ j ,ψ j ) ; j = 1, . . .} is defined as a unit intensity

Poisson point process on an infinite slab [ti , ti+1]×[0,∞) and a function eΨ[i]
θ

, that

takes eΦ to Φ is given by:

eΨ[i]
θ
(eΦ) := {(χ ,ψ) ∈ eΦ : ψ< l ∗θ (Υi )}, i = 1, . . . ,K .

Notice that a surrogate variable for this parametrisation is given by:

S :=
K−1
⋃

i=0

nn

Z
χ (i)j

; j = 1, . . .
o

∪{l ∗(Υi )}
o

,

which comprises of an infinite number of points, although, as will be clear from

eq. (4.13) below, only a finite number of them ever needs to be revealed. The cor-

responding density for the parameter θ conditioned on the surrogate variable S



98 CHAPTER 4. BAYESIAN INFERENCE FOR DIFFUSION PROCESSES

and the observations D is derived in Sermaidis et al. (2013, Theorem 3):

π(θ|S ,D)∝π(θ)exp{Aθ(Ψθ(Z)T )−Aθ(Ψθ(Z)0)− l∗θT }

·
K
∏

i=1

§

Dθ(xi )N∆i
[η−1
θ
(xi+1)−η

−1
θ
(xi )]

·
∞
∏

j=1

�

1−1(−∞,l ∗
θ
(Υi ))
(ψ(i)j )φθ(Ψ

[i]
θ
(Z)

χ (i)j
)/l ∗θ (Υi )

�ª

.

(4.13)

Notice that only (χ ,ψ) ∈ eΦ, for which ψ < l ∗θ (Υi ) contribute to the value of

eq. (4.13) and there is only an almost surely finite number of those points.

Before summarising this doubly non-centred algorithm (non-centred for paths

Z and non-centred for the Poisson points eΦ), one more obstacle needs to be over-

come. Notice that if Brownian bridges are sampled via localisation construction,

then for a new parameter draw θ◦ it is possible that l ∗θ◦(Υi ) > l ∗
θ(n−1)(Υi ) for some

i ∈ {0, . . . ,K − 1}. Since S is drawn and accepted under the assumption that

θ = θ(n−1), a Poisson point process eΦ needs to be sampled only on [ti , ti+1] ×
[0, l ∗

θ(n−1)(Υi )], (i = 0, . . . ,K−1) and Y revealed accordingly for this step. Nonethe-

less, if the same path Y were accepted under the assumption of θ = θ◦, then, a

Poisson point process eΦwould have needed to be simulated on a strictly larger rect-

angle [ti , ti+1]×[0, l ∗θ◦(Υi )]. Consequently, to evaluateπ(θ◦|S ,D) in eq. (4.13),S
needs to be revealed at additional time points corresponding to the time-positions

of a unit intensity Poisson point process on [ti , ti+1]× (l ∗θ(n−1)(Υi ), l ∗θ◦(Υi )]. A naïve

way of solving this issue is to sample additional points of eΦ post-acceptance of S
and reveal the latter at additional time points via techniques from, say, Pollock

(2013). However, this approach involves some relatively inefficient computational

routines and is inferior to a simple re-arrangement of the simulation steps.

For the rearrangement, θ◦ is drawn from q first; then, a common upper bound

l ∗
θ(n−1),θ◦

(Υi ) := l ∗θ◦(Υi )∧ l ∗
θ(n−1)(Υi ) is set, a Poisson point process eΦ is drawn on a rect-

angle [ti , ti+1]×[0, l ∗
θ(n−1),θ◦

(Υi )] andS revealed at time-points corresponding to all

simulated Poisson points. Only those points which fall on [ti , ti+1]×[0, l ∗
θ(n−1)(Υi )]

are used in the accept/reject step of the path space rejection sampler. However,

now, post-acceptance, S is already known at all points needed for the evaluation

of π(θ◦|S ,D), even if l ∗θ◦(Υi )> l ∗
θ(n−1)(Υi ). A complete formulation of this doubly
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non-centrally parametrised exact inference algorithm of Sermaidis et al. (2013) is

given in algorithm 4.9.

Algorithm 4.9 Doubly non-centred exact inference for diffusion processes

1: Initialise θ(0)

2: for n = 1, . . . ,N do
3: Draw θ◦ ∼ q(θ(n−1), ·)
4: for i = 0, . . . ,K − 1 do
5: repeat . Path imputation on [ti , ti+1] via exact rejection sampling
6: Set accepted← True
7: Draw Υ [i] . Layer information, see section 3.1
8: Set l ∗

θ(n−1),θ◦
(Υi )← l ∗θ◦(Υi )∧ l ∗

θ(n−1)(Υi )

9: Draw eΦ := {( eχk , eψk) ; k = 1, . . . , eκ} ∼ L on [ti , ti+1] ×
[0, l ∗

θ(n−1),θ◦
(Υi )]

10: Set Φ := {(χk ,ψk) ; k = 1, . . . ,κ}← {(χ ,ψ) ∈ eΦ : ψ< l ∗θ◦(Υi )}
11: Draw W ◦ ∼P0(·|D|[ti ,ti+1]

∩Υi ) at times { eχk ; k = 1, . . . , eκ}
12: Set Y ◦χk

← [Ψ[i]
θ(n−1)(W ◦)]χk

, (k = 1, . . . ,κ) . See eq. (4.6)
13: for k = 1, . . . ,κ do
14: if ψk <φθ(n−1)(Y ◦χk

) then
15: Set accepted← False
16: until accepted
17: Set Y

eχk
← [Ψ[i]

θ(n−1)(W ◦)]
eχk

, (k = 1, . . . , eκ) . Reveal Y at all Poisson

points eΦ
18: Draw U ∼ Unif([0,1])
19: if U < a(θ(n−1),θ◦) then . See eqs. (4.12) and (4.13)
20: Set θ(n)← θ◦

21: else
22: Set θ(n)← θ(n−1)

23: return {θ(n) ; n = 0, . . . ,N} .Markov chain with invariant measure π(θ|D)

4.3 Review of alternative methods

For the setting of exact observations, many frequentist inference methods are based

on maximising the log-likelihood function:

logπ(D|θ) =
K−1
∑

i=0

log
�

p (θ)ti+1−ti
(Xti

,Xti+1
)
�

. (4.14)

Dacunha-Castelle and Florens-Zmirou (1986) prove that under mild regularity con-

ditions on X , using (4.14) to derive a maximum likelihood estimate (MLE) of θ re-
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sults in consistent and asymptotically (as K →∞) Normal estimators. Of course,

as p (θ)t is typically intractable, approximations bp (θ)t to p (θ)t must be employed. The

simplest—Euler-type—approximation is obtained by fixing the values of the drift

and volatility coefficients of X on each [ti , ti+1), (i = 0, . . . ,K − 1) (to values taken

at the observation times). This results in a process ÒX with piece-wise linear coeffi-

cients. The transition densities bp (θ)t of such a process, evaluated at the observation

times, are tractable and can be used as a proxy for p (θ)t . This approach is analysed

by Florens-Zmirou (1989) and Yoshida (1992). Similarly motivated idea has been

proposed by Shoji (1998) and Shoji and Ozaki (1998a); however, there, an improved

approximation ÒX to the true process X is investigated.

Potentially more accurate estimators to p (θ)t , based on solving Kolmogorov for-

ward (or backward) equations—which p (θ)t is known to solve under mild regularity

conditions on X (Karatzas and Shreve, 1998a, p. 368–369)—have been studied for

instance in Poulsen (1999). Standard numerical techniques for partial differential

equations can be used to derive pointwise estimators of p (θ)t . Unfortunately, such

approach is often computationally prohibitively expensive.

Another type of approximations to p (θ)t was suggested by Aït-Sahalia (2002)

(assuming A6 and A7) and Aït-Sahalia (2008) (for more general diffusions). The

authors propose to expand p (θ)t around Gaussian densities using Hermite polyno-

mials and define bp (θ)t by truncating these expansions after including a sufficiently

large number of terms.

Pedersen (1995) exploit Chapman-Kolmogorov equations to write a transition

density p (θ)t as the convolution of p (θ)s j+1−s j
, j = 1, . . . , m−1 defined over sub-intervals

[s j , s j+1] of t , (0= s0 < · · ·< sm = t ). This leads to a representation of the transition

density p (θ)t as an expectation of certain (Gaussian) function over the path measure

of an unconditioned diffusion. Consequently, a Monte Carlo estimator (based on

repeated simulations of unconditioned diffusions) can be used in place of bp (θ)t . An

additional importance sampling step, introduced in Durham and Gallant (2002),

allows to further improve the quality of bp (θ)t .

Dacunha-Castelle and Florens-Zmirou (1986) find an important representation

of p (θ)t as an expectation with respect to a (tractable) Wiener measure (which can be

derived from eqs. (2.8) and (2.10) by taking expectation on both sides of eq. (2.10)
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with respect to a measureP0(·|Z) and realising that the left hand side is equal to 1).

p (θ)t (x0, xt ) = |det(σθ)|
−1Nt (yt−y0)EP0

�

exp
�

Aθ(Yt )−Aθ(Y0)−
∫ t

0
ϕθ(Ys )ds

�

�

�

�

�

�

Yt = yt

�

,

(4.15)

where as usual yu := ηθ(xu), u ∈ {0, t}. Nicolau (2002) use representation in

eq. (4.15) to define bp (θ)t as a suitable Monte Carlo estimator.

Beskos et al. (2006, 2008, 2009) and Fearnhead et al. (2008) refine the idea of

Nicolau (2002), by proposing more elaborate Monte Carlo estimators based on

eq. (4.15). These can be equipped with a desirable property of unbiasedness and

some may even be restricted to be positive and bounded. Monte Carlo Expectation-

Maximisation and a number of other techniques can then be used to find MLEs for

such estimators (Beskos et al., 2006).

Another successful strand of frequentist techniques are based on defining suit-

able estimating functions EK(θ) := EK(θ,X1, . . . ,XK) (see Bibby et al. (2010) or

Kessler et al. (2012) for a comprehensive review), ideally equipped with a property:

E[EK(bθ)] = 0 ⇐⇒ bθ was used to generate the data.

bθ is sought by finding the roots of θ 7→ E[EK(θ)]. The if and only if statement is

sometimes too difficult to satisfy in practice and therefore less efficient estimators

are often admissible.

A natural environment for Bayesian techniques is that of data-augmentation

and thus many “alternative” methods to the ones considered in this thesis can be

obtained by simply changing a sampler of the conditioned diffusions (see section 3.4

for examples of those). Additionally, unbiased and positive estimators of p (θ)t due

to Fearnhead et al. (2008) (mentioned above) can be used to define pseudo-marginal

samplers (Andrieu and Roberts, 2009).

Some methods above—such as most schemes based on data-augmentation, as

well as techniques relying on approximations via Gaussian densities (say, Durham

and Gallant (2002))—are particularly easy to extend to the setting of partially ob-

served diffusions with noise (see respective sources). Others—and especially those

relying on numerical approximations to the transition densities—are restricted mainly

to the exact observational setting. However, only a handful of the approaches

above have seen extensions to other observational regimes.
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For instance, observations of the first passage times of scalar diffusions (used

in so-called leaky integrate-and-fire models) have been treated almost exclusively

in the context of frequentist literature and within a limited range of diffusion pro-

cesses (see Lansky and Ditlevsen (2008) for a review). They are mainly restricted

to methods based on Fortet’s equation (Fortet, 1943) (relating transition density

of the process to its first passage time density) or on the recursive formulas for

the moments of the first passage time distribution (Siegert, 1951), and include nu-

merical approximations to the first passage time densities, maximum likelihood

estimators or employments of methods of moments to find other estimators (Ric-

ciardi and Sato, 1988; Ricciardi et al., 1999; Ditlevsen and Lansky, 2005, 2006, 2007;

Ditlevsen and Ditlevsen, 2008). A single Bayesian approach has been put forth in

Iolov et al. (2017) and it is based on solving partial differential equations (arising

from combining Fokker-Planck equations with a problem of maximising mutual

information between parameters and the data). To the best of my knowledge no

results are known on the more elaborate, composite first passage time bridges pre-

sented in the Introduction, despite such observational setting being more faithful

to the mechanisms underlying phenomena studied in neuroscience (Leon et al.,

2018).

Methods discussed thus far are suitable for the parametric setting (i.e. when the

functional form of bθ and σθ are known up to a finite-dimensional parameter θ).

The non-parametric setting (i.e. when θ is infinite-dimensional and the inference

is done directly on the space of functions), has also been studied extensively in the

frequentist context, however Bayesian literature is lacking. The former is domi-

nated by kernel-type estimators. Examples include those of Banon (1978); Stanton

(1997), locally linear smoothers with adaptive bandwidth (Spokoiny, 2000), and es-

timators derived via penalised likelihood (Comte et al., 2007). Showing consistency

and contraction rates of the estimators is, however, non-trivial (Dalalyan and Ku-

toyants, 2002; Gobet et al., 2004; Tuan, 1981; van Zanten, 2001). van Zanten (2013)

provide a review of the short literature on the Bayesian non-parametric inference

methods. To the best of my knowledge, in the setting of low-frequency observa-

tions only methods of inference of the drift coefficient have been described to date.

In Papaspiliopoulos et al. (2012) the unknown drift function is equipped with a
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prior measure in function space, which is taken to be Gaussian with mean 0 and

covariance defined by a certain differential operator. A data-augmentation scheme

(Roberts and Stramer, 2001) is then used to compute an MCMC approximation

to the posterior. Consistency results for this setting are shown by Pokern et al.

(2013), and improved contraction rates are derived by van Waaij and van Zanten

(2016). van der Meulen et al. (2014) proposed an algorithmic modification to the

procedure of Papaspiliopoulos et al. (2012), using a different basis expansion for

the drift function and employing random truncation of this expansion (with the

truncation point equipped with a prior and explored with a reversible jump step).

Contraction rates for this approach were derived in van der Meulen et al. (2018).

Finally, Gugushvili et al. (2018) recently proposed a Bayesian method of inference

of the diffusion coefficient for densely observed processes.

4.4 Commentary

Bayesian inference is not the only application for simulation methods of condi-

tioned diffusions. Another extensive area of research where these techniques find

use is in estimating rare event probabilities (Cérou et al., 2012; Vanden-Eijnden and

Weare, 2012). Example 2.4.1 had a flavour of many of the problems treated in this

field. Another application comes from the literature on signal processing and it

has to do with non-linear filtering (Jazwinski, 2007). Just like in sequential Monte

Carlo algorithms, the signal is known at time 0: X0, and its noisy observation is

made at time T : LXT +ξ . The interest lies in estimating the marginal distribution

of a signal at time T , given (X0, LXT + ξ ). A third application is to estimating ex-

pectations over path functionals. These last problems are of particular relevance

for pricing financial options (Fournié et al., 2001).
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5Reducing computational cost with
blocking

This chapter is based on joint work with Paul A. Jenkins, Murray Pollock and

Gareth O. Roberts.

Exact rejection sampling on a path space due to Beskos and Roberts (2005); Beskos

et al. (2006, 2008) (summarised in section 3.1) has one distinguishing feature that

makes it stand out among other diffusion bridge simulation algorithms—it is de-

void of any discretisation errors. Consequently, as shown in section 4.2 it can be

applied to Bayesian inference for diffusion processes and it is guaranteed that no

bias (beyond that of a burn-in and finiteness of the Markov chain) enters the result-

ing inference algorithm. Some competing methods—such as guided proposals and

simple diffusion bridges—allow to exert direct control over introduced bias, mak-

ing it possible to shrink it to arbitrarily small levels by increasing the density of the

grid at which paths are imputed; however, this comes at an expense of increased

computational cost. If the bias tolerance is sufficiently low, then the incurred costs

might be prohibitively large.

Nonetheless, exact rejection sampling on a path space is not without its drawbacks—

I discuss those in section 2.3.4. One of them is unfavourable scaling of its com-

putational cost with the duration of the bridges. More precisely, as I showed in

section 3.1.4, the computational cost of obtaining any diffusion bridge sample in-

creases exponentially with T . Consequently, exact rejection sampling on a path

space is not well suited for the problem of Bayesian inference for sparsely observed

diffusions. This shortcoming is a motivation for a detailed analysis of the blocking

technique in this chapter.

Heuristically, blocking breaks down the sampling of an entire trajectory into in-

dependent problems of sampling paths on shorter time segments, effectively trans-

forming a rejection sampler on a path space into a Gibbs sampler on a path space.

The methodology does not limit the class of diffusions to which rejection sampling

on a path space can be applied to, and in this chapter I show that it leads to scaling

107
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of the computational cost that is only polynomial in T (which in some instances

can be shown to be slightly in excess of cubic).

The blocking technique goes back at least to Shephard and Pitt (1997), where

it was used in the context of time-series analysis. In the context of simulating dif-

fusion processes this technique has been employed by a number of authors: Chib

et al. (2004); Kalogeropoulos (2007); Kalogeropoulos et al. (2010); Golightly and

Wilkinson (2008); Fuchs (2013); van der Meulen and Schauer (2018) and many

others, with Stramer and Roberts (2007) employing it even to NLCAR models

(continuous-time non-linear autoregressive models). Furthermore, some authors

(such as Sermaidis et al. (2013)), mentioned blocking in passing exactly in the set-

ting of rejection sampling on a path space as a possible extension. Nonetheless,

despite the apparent popularity of this technique no formal quantification has ever

been provided for the reduction in the computational cost arising from the use of

blocking.

It turns out that such quantification can be made reasonable precise under the

choices of simple diffusion processes: Brownian bridges and the Ornstein-Uhlenbeck

bridges. The conclusions drawn from these two examples are similar: in both cases

the blocking-imbued rejection sampling on a path space has computational cost

that scales at a rate that can be bounded by a quartic function of the duration of

the bridges (in fact, a relation only slightly larger than cubic is needed). Despite the

results being limited to the two special diffusions above, the numerical examples

given in section 5.4 indicate much broader applicability of those conclusions and

include empirical evidence supporting extension to substantially more non-linear

diffusion processes.

5.1 Blocking technique

As usual, let Pb denote the unconditioned diffusion law induced by the SDE (1.1)

and consider a problem of drawing paths from the conditioned lawPb (·|Z), where

for simplicity of exposition I takeZ :=XT . Rejection sampling on a path space pro-

ceeds by transforming Pb (·|Z) to Pα(·|Z) (induced by (2.6)) and proposing paths

from P0(·|Z) until the first acceptance (see section 2.3 for details).



5.1. BLOCKING TECHNIQUE 109

To modify this algorithm with a blocking technique, first, define a set of stochas-

tic knots (which I refer to as knots for short):

K (ω) := {Xk1
(ω), . . . ,Xkm

(ω)},

spread across the time domain: 0< k1 < · · ·< km < T . Now, divide the knots into

k disjoint subsets:

Ki (ω) := {Xri j
(ω) ; j = 1, . . . , mi}, i = 1, . . . ,k,

(where ∪iKi =K andKi ∩K j =∅ if i 6= j ).

For notational convenience, define also the set of all knots which do not belong to

Ki :

K−i (ω) :=
⋃

j 6=i

K j (ω), i = 1, . . . ,k,

and the expanded sets of conditioned-on random variables:

Z−i (ω) :=Z ∪K−i ∪{X0} := {Xe (i)j
(ω) ; j = 0, . . . , (m−mi + 1)}, (5.1)

(where e (i)j are simply new index labels) so that in the case of Z := XT , Z−i (ω)

consist of an initial point, an end point and all stochastic knots which do not be-

long toKi . Define also the convenience function ι, which takes a set of knots (or

expanded set of conditioned-on random variables) and returns the times at which

the knots are anchored, so, for instance:

ι(Ki ) := {ri j ; j = 1, . . . , mi}, or ι(Z−i ) := {e
(i)
j ; j = 0, . . . , (m−mi + 1)}.

Finally, define

Ei :=
¦

(e (i)j , e (i)j+1)
�

�

� ∃r ∈ ι(Ki ) s.t. r ∈ [e (i)j , e (i)j+1]
©m−mi

j=0
,

to be only those intervals in-between the end-points or knots fromZ−i , which con-

tain at least one knot belonging toKi . The path segments X |Ei
, obtained through

restricting X to Ei , are termed blocks. Knots and blocks are illustrated graphically

in fig. 5.1.

A blocked rejection sampler on a path space is an MCMC algorithm (or, more

precisely, a Gibbs sampler), which instead of updating path X in full by sampling
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Figure 5.1: Illustration of knots and blocks. On left-most plot an entire trajectory of X is
drawn. Two sets of knots are given (k= 2). K1 = {Xk1

,Xk2
,Xk4
} are marked with yellow

crosses andK2 = {Xk3
,Xk5
} are marked with orange dots. In the middle plot, only blocks

belonging to X |E1
are drawn, whereas in the right-most plot only blocks belonging to X |E2

are given.

from P0(·|Z), updates blocks X |Ei
, (i = 1, . . . ,k) sequentially and multiple times.

The steps are given explicitly in the algorithm 5.1 below.

Algorithm 5.1 Blocked rejection sampler on a path space

1: Initialise X
2: for n = 1, . . . ,N do
3: for i = 1, . . . ,k do .One full blocking sweep
4: Draw I ∼ qI (i , ·) . qI (i , ·) is a user-chosen pmf, see below
5: Draw X |EI

∼Pb |EI
(·|Z−I ) .Using PSRS, see below

Each step of the Gibbs sweep starts in line 4 of algorithm 5.1, where it is decided

which block is to be updated. Different transition kernels qI (i , ·) give raise to dif-

ferent updating strategies—below, I define some of them. After the block is picked,

it is then updated in line 5 of algorithm 5.1 by drawing from X |EI
∼Pb |EI

(·|Z−I ).

By the Markov property the law Pb |EI
(·|Z−I ) factorises at the times t ∈ ι(K−I )

and thus updates of X |[e (i)j ,e (i)j+1]
on each sub-interval [e (i)j , e (i)j+1] can be done indepen-

dently from one another using rejection sampling on a path space. An entire, single

sweep is illustrated graphically in fig. 5.2.

Definition 5.1.1. Let k = 2. K1 andK2 are termed interlaced if whenever a, c ∈
ι(Ki ), with a < c , then there exists b ∈ ι(K(i mod 2)+1) s.t. a < b < c , i = 1,2.
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Figure 5.2: Single sweep (done in the lexicographic order) of a blocked rejection sampler
on a path space. N ◦1: X needs to be sampled on the segment E1 = (0, k2), so the knot
Xk1

is temporarily forgotten. N ◦2: the update is performed by sampling from the law
Pb |E1

(·|Z−1). This leads to the knot Xk1
taking a new value. N ◦3: X needs to be sampled

on the segment E1 = (k1, k3), so the knot Xk2
is temporarily forgotten. N ◦4: the update is

performed by sampling from the lawPb |E2
(·|Z−2). This leads to the knot Xk2

taking a new
value. N ◦5: X needs to be sampled on the segment E1 = (k2,T ), so the knot Xk3

is tem-
porarily forgotten. N ◦6: the update is performed by sampling from the law Pb |E3

(·|Z−3).
This leads to the knot Xk3

taking a new value. The cycle is then repeated.

Definition 5.1.2. (CBUS) Let k= 2,K1 andK2 be interlaced and qI (i , j ) := 1{i}( j ).

Then, I refer to algorithm 5.1 as a chequerboard blocking update scheme—CBUS for

short.

Definition 5.1.3. (LBUS) Letk= m,Ki (ω) := {Xki
(ω)}, i = 1, . . . , m and qI (i , j ) :=

1{i}( j ). Then, I refer to algorithm 5.1 as a lexicographic blocking update scheme—

LBUS for short.

Definition 5.1.4. (RBUS) Letk= m,Ki (ω) := {Xki
(ω)}, i = 1, . . . , m and qI (i , j ) :=

1
m1{1,...,m}( j ). Then, I refer to algorithm 5.1 as a random blocking update scheme—

RBUS for short.
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5.2 Quantifying computational cost

As discussed in section 3.1.4 the expected computational cost of a single call to path

space rejection sampler is:1

RP SRS(T ) =Θ(T exp{cT }), as T →∞, (5.2)

and each such call outputs an independent draw from the target law. For simplicity

I assume that the knots are set on an equidistant time-grid k0 := 0< k1 < · · ·< km <

T =: km+1, with:

∆ :=∆(T , m) :=
T

m+ 1
= ki+1− ki , i = 0, . . . , m,

so that CBUS, LBUS and RBUS always update segments of X on intervals of length

2∆. In particular, each call to path space rejection sampler made under any of the

schemes above involves updates on intervals of length 2∆, and not T . This means

that the cost of a single sweep (lines 3–5 of algorithm 5.1) under any of the three

updating strategies is given by:

Rs wee p(T , m) =Θ(mRP SRS(2∆)) =Θ(T exp{2c∆}), as T →∞. (5.3)

The exponential explosion in the computational expense in (5.2) can therefore be

combated by increasing m (the number of knots). However, this remedy has its

price—the larger the m, the more correlated the samples of a single Gibbs sweep

become. Since it is only fair to compare rejection sampling on a path space with

the algorithm that outputs “almost independent” samples from the target law, tak-

ing larger m means that a greater number of steps N needs to be taken before the

blocked sampler “forgets” the initial state of the path. Therefore, it is apparent that

blocking involves a non-trivial trade-off of costs.

To formally quantify this trade-off, a rigorous definition of “forgetting” needs

to be proposed. To this end, first notice that instead of analysing the chain targeting

the law of paths X |(X0,XT ): Pb (·|Z), it is sufficient to consider the chain targeting

the law P∗b (·|Z), defined as the marginal law of the vector

G := (Xk1
, . . . ,Xkm

)|(X0,XT ) =K |(X0,XT ). (5.4)
1In this section O (·), Θ(·), Ω(·) and o(·) take the meaning defined by the standard, Bachmann–

Landau notation.
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To see this, notice that conditionally on the knotsK being distributed exactly from

P∗b (·|Z), a path X returned after a single Gibbs sweep of, say, CBUS is distributed

exactly from Pb (·|Z). Next, define: P n to be the n-step transition kernel of algo-

rithm 5.1, with a single step P corresponding to an entire Gibbs sweep (lines 3–5).

For conciseness of notation let π :=P∗b (·|Z). Then, I use the following statement

as a proxy for “forgetting” the initial state.

Definition 5.2.1. A Markov chain with the transition kernel P , an invariant den-

sity π and started from G (0) is said to output a sample after n steps that is indepen-

dent at an ε-tolerance level if

‖P n(G (0), ·)−π(·)‖T V ≤ ε. (5.5)

To justify the use of definition 5.2.1, it can be shown that if eq. (5.5) is satisfied

then a random variable Z (G (0)) ∼ P n(G (0), ·) admits the following decomposition:

Z (G
(0)) = (1−B)Z +BH ,

where Z ∼ π(·), B ∼ Bernoulli(ε) and H is some independent random variable

(see Huber (2016, Fact 3.3) for a proof). Therefore, with probability (1− ε) the

value taken after the n t h step of a Markov chain is distributed exactly according to

the target law—in particular, it is independent from the initial state G (0).
Denote with N :=N (T , m,ε,G (0)) the total number of steps of the Gibbs sam-

pler in the algorithm 5.1 for which output is independent at an ε-tolerance level.

Once N is found, it can be used in conjunction with the estimate for the com-

putational cost of a single sweep from eq. (5.3) so as to derive the asymptotic (as

T , m→∞) computational cost of blocked rejection sampling on a path space:

Rb l ocki n g (T , m,ε,G (0)) = O
�

N (T , m,ε,G (0))T exp{2c∆(T , m)}
�

, as T , m→∞.

To derive N (T , m,ε,G (0)) I will resort to results on convergence rates of Markov

chains. A natural metric for measuring convergence rate of a Gibbs sampler is L2-

norm (Amit, 1991). More precisely, define



114 CHAPTER 5. REDUCING COMPUTATIONAL COST WITH BLOCKING

Definition 5.2.2. (Roberts and Sahu, 1997) The convergence rate ρ of a Markov

chain with the transition kernel P and an invariant density π is defined as the min-

imum number for which for all square π-integrable functions f , and for all r >ρ

‖P n f (G (0))−π( f )‖L2(π) :=Eπ
�

{P n f (G (0))−π( f )}2
�

≤V f (G
(0))r n,

where P n f (G (0)) :=Eπ[ f (G (n))|G (0)], π( f ) :=Eπ[ f (G )] and V f is some function

of G (0), allowed to depend on f .

I will derive the asymptotic (as T , m → ∞) convergence rate of the Markov

chain defined by algorithm 5.1 as a function of G (0), ε, T and m, under the as-

sumption thatPb is either the law of Brownian motion or the law of the Ornstein-

Uhlenbeck process. I will then show how to translate the derived statement about

L2 convergence rate into the corresponding statement regarding the total variation

distance of the form of eq. (5.5). Expression for N (T , m,ε,G (0)) will then follow.

5.2.1 L2 convergence rate

Assumption A15. The target law Pb is such that G is a Gaussian process.

Assume throughout that A15 above holds. Restriction to Gaussian processes

is the key technical simplification that renders many of the calculations tractable,

making it possible to derive closed form expressions for the asymptotic conver-

gence rates.

A single Gibbs step of algorithm 5.1 (lines 4 and 5) has a tractable transition

density and so does an entire sweep G (n) → G (n+1) (lines 3–5 of algorithm 5.1).

Denote by Σ the covariance matrix of G . By Roberts and Sahu (1997, Lemma

1), the chain {G (n) ; n = 0, . . .} has the Normal transition density with mean and

covariance matrix given respectively by:

E[G (n+1)|G (n)] = BG (n)+ b , Va r [G (n+1)|G (n)] =Σ−BΣBT , (5.6)

where B ∈ Rm×m and b ∈ Rm. Both B and b admit closed form expressions and

can be computed using techniques from Roberts and Sahu (1997, §2.2). I omit the

details as, in the setting of this chapter, neither object is necessary for finding the



5.2. QUANTIFYING COMPUTATIONAL COST 115

convergence rate ρ. Denote with Λ := Σ−1 the precision matrix of G , and define

the matrix A via:

A := I − diag{Λ−1
11 , . . . ,Λ−1

mm}Λ.

Then, the following holds true:

Lemma 5.2.1. (Roberts and Sahu, 1997) Under A15, the L2 convergence rate of a

blocked rejection sampler on a path space is given by a spectral radius of the matrix

B : ρspec(B). In particular, under CBUS, LBUS and RBUS respectively it can be shown

to be equal to:

ρCBUS = ρLBUS = λ
2
max(A), ρRBUS =

�

m− 1+λmax(A)
m

�m

,

where λmax(A) denotes the maximum eigenvalue of the matrix A.

The entries of the precision matrix Λ share a close connection with partial cor-

relations, rendering A simple to compute (it is given in eq. (5.17)). This in turn

makes it possible to derive λmax(A):

Theorem 5.2.1. Under A15:

λmax(A) = 2|c(∆)|cos
�

π

m+ 1

�

,

where c(∆) :=Co r r (X∆,X2∆|X0,X3∆). In particular, the L2 convergence rate of a

blocked rejection sampler on a path space under CBUS, LBUS and RBUS respectively

is given by:

ρCBUS = ρLBUS = 4c2(∆)cos2
�

π

m+ 1

�

, ρRBUS =
�

m− 1+ 2|c(∆)|cos
� π

m+1

�

m

�m

.

It is now possible to specialise to particular choices of Pb . Suppose first that

Pb is the law of Brownian motion. Then, G is a Gaussian process with covariance

matrix Σ, whose (i , j )t h entry is given by:

Σi , j =
(ki ∧ k j − k0)(km+1− ki ∨ k j )

km+1− k0

,

and thus the following holds.
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Corollary 5.2.1. If Pb is the law of a Brownian motion, then the L2 convergence

rate of a blocked rejection sampler on a path space under CBUS, LBUS and RBUS

respectively is given by:

ρCBUS = ρLBUS = cos2
�

π

m+ 1

�

, ρRBUS =
�

m− 1+ cos
� π

m+1

�

m

�m

.

In particular, as m→∞

ρCBUS = ρLBUS = 1−
�

π

m+ 1

�2

+O (m−4), ρRBUS = 1−
�

π

m+ 1

�2

+O (m−4). (5.7)

On the other hand, if Pb is taken to be the law of the Ornstein-Uhlenbeck

process (which without loss of generality can be centred at 0):

dXt =−θXt dt +σ dWt , X0 = x0, t ∈ [0,T ], (5.8)

thenG is again a Gaussian process, but computation ofΣ is more cumbersome. Its

form follows from:

Cov
��

Ys
Yt

�
�

�

�

�

Y0,YT

�

=
σ2

θ

�

e−θs sinh(θs) e−θt sinh(θs)
e−θt sinh(θs) e−θt sinh(θt )

�

−
σ2

θ

 

e−θT sinh2(θs)
sinh(θT ) e−θT sinh(θs) sinh(θt )

sinh(θT )

e−θT sinh(θs) sinh(θt )
sinh(θT ) e−θT sinh2(θt )

sinh(θT )

!

, 0< s < t < T .

(5.9)

It is now possible to establish the following result.

Corollary 5.2.2. IfPb is the law of the Ornstein-Uhlenbeck process (5.8), then the

correlation c(∆) is given by:

c(∆) =
e−2θ∆ sinh(θ∆)− e−3θ∆ sinh(θ∆) sinh(2θ∆)

sinh(3θ∆)
√

√

√

�

e−θ∆ sinh(θ∆)− e−3θ∆ sinh2(θ∆)
sinh(3θ∆)

��

e−2θ∆ sinh(2θ∆)− e−3θ∆ sinh2(2θ∆)
sinh(3θ∆)

�

.

(5.10)

In particular, as m→∞ and for a fixed T or T = o(m)

ρCBUS = ρLBUS = 1−
� a1

m+ 1

�2

+O (m−4), ρRBUS = 1−
� a2

m+ 1

�2

+O (m−4),

for some constants a1, a2.
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5.2.2 Relating Total Variation and L2 distance

L2 bounds of the form found in definition 5.2.2 are well known to be closely related

to statements about the total variation distance of the kind found in definition 5.2.1.

By following the methods from (Roberts and Rosenthal, 1997; Papaspiliopoulos

et al., prep) I can relate the L 2 convergence rate of the Markov chain {G (n) , n =

0, . . .} to bounds on its total variation distance in the following way:

Theorem 5.2.2. Under the assumption A15 and the assumption that the transi-

tion kernel P with invariant density π and L2 convergence rate ρ := ρ(m,T ) is

reversible, there exists a function V such that for all δ > 0

‖P n(G (0), ·)−π(·)‖T V ≤V (G (0), m,T )(ρ(m,T )+δ)n. (5.11)

It should be noted that out of the three updating schemes presented above only

RBUS induces a reversible Markov chain, so in view of the prerequisites of theo-

rem 5.2.2 any further conclusions can be rigorously applied only under the assump-

tion that RBUS was chosen. Nonetheless, it is straightforward to modify both CBUS

and LBUS so that the resulting chains are reversible. Indeed, notice that if the reg-

ular update of CBUS or LBUS is immediately followed by the same update but in a

reversed order, then the resulting chain (consisting of two sweeps) is reversible. De-

riving the L2 convergence rate for such modified chains is possible, but it requires

involved computations of matrices and eigenvalues related to matrix B and in view

of the same asymptotic results for CBUS, LBUS and RBUS and simultaneous possibil-

ity to use RBUS rigorously, derivations of the convergence rates for the modified

CBUS and LBUS are omitted.

Conjecture 5.2.1. Dependence of V on m and T (for large enough m and T ) is

sub-exponential, i.e. V (G (0), m,T )≤ c1(1+m)c2(1+T )c3 f (G (0)) for some function

f and some constants c1, c2, c3 > 0.

Conjecture 5.2.1 is not going to be possible to be verified in practice, as there

is no known method for finding function V explicitly (except for direct compu-

tations of total variation, which quickly become overwhelming). Despite that, it

is reasonable to believe it to be true. For instance, in the case of Pb being given

by the law of Brownian motion, the matrix of partial correlations of G (computed
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in part in (5.18)) turns out to be entirely independent from T and thus T should

have little influence over the Markov chain {G (n) ; n = 1, . . .}. To investigate the

dependence on m, notice from eq. (5.6) that {G (n) ; n = 1, . . .} defines an AR(1) pro-

cess (Roberts and Sahu, 1997), and thus all eigenvalues of matrix B must be smaller

in magnitude than unity (ρspec(B) < 1). Meyn and Tweedie (2012, §16.5.1) show

that for the appropriate multidimensional random coefficient autoregressive mod-

els (defined by the recurrence Xn+1 = (B + Γn)Xn +Wn for a sequence of random

matrices Γn) the Foster-Lyapunov drift condition (Meyn and Tweedie, 2012, p. 18)

holds with V (x) := ‖x‖2. Heuristically, taking the random contribution (Γn) to

approximate the delta function at the 0-matrix results in a multidimensional AR(1)

process that is under consideration. This implies that (heuristically) a counterpart

of eq. (5.11) holds for a V -norm, i.e.:

‖P n(G (0), ·)−π(·)‖V ≤ R(m,T )V (G (0), m,T )(ρ(m,T )+δ)n.

For it, the form of the function V used on the right hand side of the inequality

coincides with the choice of V for a V -norm (V (x) := ‖x‖2) and thus: ‖P n(G (0), ·)−
π(·)‖V ≤ R(m,T )‖G (0)‖2(ρ(m,T ) + δ)n, for some function R(m,T ). In fact, it

should be expected that the dependence on m comes only indirectly, through the

dependence on G (0), therefore it is reasonable to anticipate R(m,T ) to be only

weakly dependent on m. Moreover, ‖G (0)‖2≤
p

m max{|G (0)[i]| ; i = 1, . . . , m},
therefore, at least for the convergence in V -norm, the statement of conjecture 5.2.1

seems particularly weak.

Corollary 5.2.3. Under conjecture 5.2.1, if Pb denotes the law of Brownian mo-

tion, the Markov chain defined by the blocked rejection sampler on a path space

outputs an independent sample at an ε-tolerance level after N (T , m,ε,G (0)) steps,

with

N (T , m,ε,G (0)) =Ω
�

m2 [log(m)+ log(T )]
�

+Ω
�

m2 [− log(ε)]
�

+Ω
�

m2
�

�

�log( f (G (0)))
�

�

�

�

, for m,T →∞ and ε ↓ 0,

with f being some appropriate, fixed function. IfPb denotes the law of the Ornstein-

Uhlenbeck process, then the same holds true if T = o(m).

Remark 5.2.1. In particular, it is possible that for the Ornstein-Uhlenbeck process

a smaller N (T , m,ε,G (0)) can be taken if m is not required to grow faster than T .
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It now follows from corollary 5.2.3 that for a fixed G (0), and a fixed, small

enough ε, the computational cost of blocked rejection sampler on a path space

can be bounded by:

Rb l ocki n g (T , m) = O (T m2 (log(m)+ log(T ))exp{2cT /m}), as T , m→∞,

where the corresponding restriction of m growing at a faster rate than T is made

whenever necessary.

It is now possible to make an informed decision about the choice of m. Clearly,

as T →∞, the most worrying contribution comes from the term exp{2cT /m},
thus to prevent an explosion of cost, m must be at least of the same order as T .

On the other hand, m should not be any larger, due to contribution of the term

m2 log(m). Consequently, setting m =Θ(T ) under the assumption ofPb denoting

the law of Brownian motion and m = Θ(T log(T )) under the assumption of the

Ornstein-Uhlenbeck process results in a bound:

Rb l ocki n g (T ) = O (T
3 log3(T )), as T →∞. (5.12)

This shows that blocking can reduce the scaling of the computational cost of the

algorithm from exponential in T to slightly in excess of cubic.

5.3 Non-centred parametrisation

The running application of this thesis is Bayesian inference for diffusion processes

via data augmentation. For it, a non-centrally parametrised version of the condi-

tioned diffusion sampler is needed (see sections 2.6 and 4.1.4 for an introduction

to non-centred parametrisation). In this section I will show how a non-centrally

parametrised rejection sampler on a path space with blocking can be formulated in

two distinct ways. I follow the notation from section 2.6.

5.3.1 Multiple non-centred spaces

For the first approach, the centred probability spaces (Ωi ,F
(θ)
i ,P(θ)i )(θ,i), (i = 1, . . . ,k),

θ ∈Θ are indexed not only with a parameter θ, but also with a knot index i . There

are also k non-centred probability spaces—one for each set of knots—(Ωi ,Fi ,Pi ),

(i = 1, . . . ,k), with their corresponding stochastic processes Wi ∼Q∗i , (i = 1, . . . ,k).



120 CHAPTER 5. REDUCING COMPUTATIONAL COST WITH BLOCKING

Finally, k functions Ψθ,i : Ω∗i → Ω, (i = 1, . . . ,k) are defined, for which the push-

forward measures (Q∗i )#(Ψθ,i ) coincide with the laws P(θ)i , (i = 1, . . . ,k). The goal

is to define a Markov chain

{(X (n),W (n)
1 , . . . ,W (n)

k
) ; n = 0, . . . ,kN},

whose invariant distribution is characterised by the following two properties:

• The invariant density of the marginal chain {X (kn) ; n = 1, . . . ,N} is equal to

P(θ).

• The following identity holds Ψθ,1(W
(n)

1 ) = · · · = Ψθ,k(W
(n)
k
) = X (n) for each

n = 0, . . . ,kN .

Additionally, it is only permitted to sample fromQ∗i , i = 1, . . . ,k (and any standard

laws, such as Unif([0,1]) or Exp(1)).

In the context of rejection sampling on a path space with blocking, the cen-

tred probability laws are given by the proposal diffusion law conditioned on the

expanded conditioning set Z−i (defined in eq. (5.1))

P
(θ)
i :=P(θ)0 (·|Z−i ).

Notice that the laws above, restricted to Ei , i = 1, . . . ,k, are used by the blocked re-

jection sampler on a path space in line 5 of algorithm 5.1 as proposals forP(θ)α |Ei
(·|Z−i ).

For convenience, I refer to the elements of ι(Z−i ) as:

ι(Z−i ) := {k j i ; j = 0, . . . ,κi}.

The non-centred probability spaces are defined through:

Ω∗i :=
κi−1
∏

j=0

C([0,∆(i)j ];R
d ),

�

∆(i)j := k( j+1)i − k j i , j = 0, . . . , (κi − 1)
�

.

F ∗i :=B(Ω∗i ), Q∗i =
κi−1
⊗

j=0

W∗[∆(i)j ], (i = 1, . . . ,k),

(5.13)

where B denotes a Borel-σ -algebra and W∗[∆(i)j ], (i = 1, . . . ,k) denote the laws

of independent, 0–0 Brownian bridges defined on the intervals [0,∆(i)j ]. Corre-

spondingly, the non-centred stochastic process Wi consists of κi independent, 0–0
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Brownian bridges, which I denote with: Wi := {W [ j ]
i ; j = 0, . . . , (κi −1)}. Finally,

functions Ψθ,i are defined as:

Ψθ,i (W ) :=

(

κi−1
∑

j=0

Ψ[ j ]
θ,i (W )1(k j i ,k( j+1)i ]

(t ) ; t ∈ [0,T ]

)

, where

Ψ[ j ]
θ,i (W ) :=







W [ j ]
i ,t−k j i

+Yk j i
(θ)



1−
t − k j i

∆(i)j



+Yk( j+1)i
(θ)

t − k j i

∆(i)j

; t ∈
�

k j i , k( j+1)i

�







,

(5.14)

(i = 1, . . . ,k). To put it simply, for each i = 1, . . . ,k the interval [0,T ] is chopped

into smaller sub-intervals [k j i , k( j+1)i], j = 0, . . . ,κi−1 and on each one of those a 0–

0 Brownian bridge is sampled. Then, function Ψθ,i (W ) linearly translates sampled

bridges, so that the end-points agree with the path values {Yt (θ) ; t ∈ ι(Z−i )}, akin

to how it is done in fig. 4.1, but for an expanded set of observations Z−i instead of

the set of observations Z . Algorithm 5.1 can now be modified as follows

Algorithm 5.2 Non-centrally parametrised blocked rejection sampler on a path
space I

1: Draw Y ∼P0(·|Z)
2: Set X ←{η−1

θ
(Yt ) ; t ∈ [0,T ]} . In practice, this step can be omitted

3: for n = 1, . . . ,N do
4: for i = 1, . . . ,k do
5: Draw I ∼ qI (i , ·)
6: accepted← False
7: repeat . Equivalent to sampling Y |EI

∼P(θ)α |EI
(·|Z−I )

8: Draw WI |EI
∼Q∗I |EI

. See eq. (5.13)
9: Set Y ← Ψθ,I (WI ) . See eq. (5.14)

10: Set accepted← True, with probability∝ dPα
dP0
(Y |Z−I )

11: until accepted
12: Set X |EI

←{η−1
θ
(Yt ) ; t ∈ EI } . In practice, this step can be omitted

13: Set W j ← Ψ−1
θ, j (Y ), for j 6= I

A restriction to EI in line 8 of algorithm 5.2 indicates that the sampling of 0–0

Brownian bridges needs to be done only on those intervals which belong to EI , in

particular, WI on EC
I remains unaffected (see remark 5.3.1 for a minor exception

to this convention). Notice that this does not impact the tractability of the law

Q∗I |EI
. Let me also remark that in line 13 it is not necessary to compute all W j with
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j 6= I . This step can be temporarily put on hold, the algorithm can proceed to

line 5 and a new index eI can be sampled. Then, line 13 which was put on hold may

be retrospectively executed by computing W
eI only (notice that other W j ’s are not

used in any of the steps in lines 6–12 and once line 13 is reached again, all of them

would have needed to be re-computed anyway).

Algorithm 5.2 is the most literal translation of the algorithm 5.1 to a non-

centrally parametrised setting. This is also the approach taken by van der Meulen

and Schauer (2018) in defining a non-centrally parametrised version of guided pro-

posals with blocking. For the latter algorithm this seems to be the only reasonable

solution, but for the rejection sampler on a path space with blocking there exists

an alternative formulation that gives rise to slightly more elegant computer code.

5.3.2 Blocking directly on a non-centred space

For the second approach, the centred probability spaces (Ωi ,F
(θ)
i ,P(θ)i )(θ,i) are again

indexed not only by θ ∈ Θ but also by i = 1, . . . ,k, although now, a single, non-

centred probability space (Ω∗,F ∗,Q∗), with a stochastic process W and a single

function Ψθ are used. Additionally, certain random variables eZ−i , i = 1, . . . ,k need

to be defined for which the conditioned pushforward measures satisfy

(Q∗(·| eZ−i ))#(Ψθ)(B) :=Q
∗(Ψ−1

θ
(B)| eZ−i ) =P

(θ)
i (B), ∀B ∈F (θ)i . (5.15)

In the context of blocked rejection sampling on a path space, this type of non-

centred parametrisation can be succinctly described as blocking performed directly

on the non-centred probability space (Ω∗,F ∗,Q∗). Following this analogy, define

the set of knots fK for the process W (instead of X ), as well as related fKi , fK−i , eZ−i

and eEi analogously to how it was done at beginning of section 5.1, by replacing X

with W . Just as in section 5.3.1, define the centred probability spaces as P(θ)i :=

P
(θ)
0 (·|Z−i ). This time however, let the non-centred probability space be given by:

(Ω∗,F ∗,Q∗) =
�

C([0,T ];Rd ),B
�

C([0,T ];Rd )
�

,W∗� ,

where W∗ denotes the law induced by 0–0 Brownian bridges on [0,T ]. Finally,

define Ψθ via:

Ψθ(W ) :=
n

Wt +Y0(θ)
�

1− t
T

�

+YT (θ)
t
T

; t ∈ [0,T ]
o

.
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The bridges W —instead of being sampled in full—are updated in blocks, by sam-

pling from W∗(·| eZi ). Function Ψθ linearly translates paths W in such a way that

the end-points agree with the end-points of Y . Notice that because the update

W ∼W∗(·| eZi ) holds the points Wt , t ∈ ι( eZ−i ) stationary, the points Xt , t ∈ ι(Z−i )

also remain unaffected during this procedure. It is thus clear that eq. (5.15) holds

true. Algorithm 5.3 summarises these steps.

Algorithm 5.3 Non-centrally parametrised blocked rejection sampler on a path
space II

1: Draw Y ∼P0(·|Z)
2: Set X ←{η−1

θ
(Yt ) ; t ∈ [0,T ]} . In practice, this step can be omitted

3: for n = 1, . . . ,N do
4: for i = 1, . . . ,k do
5: Draw I ∼ qI (i , ·)
6: accepted← False
7: repeat . Equivalent to sampling Y |EI

∼P(θ)α |EI
(·|Z−I )

8: Draw W |EI
∼Q∗|EI

(·| eZI )
9: Set Y ← Ψθ(W )

10: Set accepted← True, with probability∝ dPα
dP0
(Y |Z−I )

11: until accepted
12: Set X |EI

←{η−1
θ
(Yt ) ; t ∈ EI } . In practice, this step can be omitted

Remark 5.3.1. A step of parameter update for Bayesian inference for diffusion

processes requires special care. Recall from eq. (4.11) that this step hinges upon

the possibility to write down in closed form the joint density for the parameter θ,

the data and a surrogate S for the entire imputed path. In particular, to achieve

that, each path imputation step needs to update an entire unobserved path and not

only X |Ei
, i = 1, . . . ,k (which would be sufficient if parameter θ were fixed). Con-

sequently, when blocking is employed for Bayesian inference, all steps updating

W |Ei
, i = 1, . . . ,k need to be substituted with the corresponding steps updating W

on [0,T ]. The modifications required for this change follow trivially.

5.4 Numerical examples

The arguments employed in section 5.2 to derive the asymptotic bound (5.12) break

down when assumption A15 does not hold. Nonetheless, the inequality (5.12) ap-
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pears to still hold empirically even for highly non-linear diffusions. To illustrate

this (wider than anticipated) applicability, I will present detailed analysis of the

computational cost of blocked rejection sampler on a path space for one of the

notoriously difficult to sample, one-dimensional diffusion models, often used as a

benchmark—bridges of the sine diffusion. Not only will I demonstrate that block-

ing renders feasible the problem of exact sampling of such a challenging process, I

will also show that the adherence to the bound in eq. (5.12) is surprisingly faithful.

5.4.1 Sine example

Suppose that the target process solves the following stochastic differential equation:

dXt = (2− 2sin(8Xt ))dt +
1
2

dWt , X0 = 0, t ∈ [0,T ]. (5.16)

As usual, I denote the law induced by it withPb . I consider six problems—increasing

Figure 5.3: Typical paths of the sine diffusion in eq. (5.16), conditioned on an end-point:
X0.2 = 0.1 (top-left), X0.4 = 0.85 (top-centre), X0.5 = 0.85 (top-right), X1 = 0.95 (bottom-
left), X2 = 2.5 (bottom-centre), X4 = 4.85 (bottom-right). Paths were simulated using
rejection sampling on a path space with blocking. The number of knots used to produce
the plots were chosen to be 0, 0, 0, 2, 12 and 40 respectively and for the latter three plots
MCMC chain was run for 106 iterations—the 100 plotted paths come from thinning the
latter half of these chains.
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in difficulty—of simulating conditioned processes Pb (·|Z), with Z =XT , when T

is set to 0.2, 0.4, 0.5, 1, 2 or 4 and XT is respectively equal to 0.1, 0.85, 0.85, 0.95,

2.5 or 4.85. Typical paths simulated under the respective laws are given in fig. 5.3. I

chose the values of the end-points by simulating unconditioned paths of the SDE in

eq. (5.16), plotting marginal distribution of the simulated paths at the given time-

points and picking some points in the vicinity of modes.

For T = 0.2 paths resemble Brownian bridges, but as T increases, the non-

linear dynamics becomes pronounced: the diffusion is effectively attracted to a

ladder of values and it is repelled at the intermediate points, leading to a multimodal

behaviour of the trajectories. As a result, it is virtually impossible to draw paths

from the bottom row of fig. 5.3 using rejection sampling on a path space without

blocking.

For each one of the six problems I drew 105 trajectories (in an MCMC setting)

using blocked rejection sampling on a path space with CBUS, for various number

of knots. For the first three problems I also employed regular rejection sampler,

without blocking. I recorded the time required to sample a single path (which for a

blocked sampler is counted as a single Gibbs sweep—lines 3–5 of the algorithm 5.1)

and plotted it against the number of knots used in fig. 5.4 (knots were always placed

at an equidistant grid). Notice that for T = 0.2, rejection sampling on a path space

Figure 5.4: Time (in seconds) required to sample a single path of the sine diffusion from
eq. (5.16) (for the blocked sampler it corresponds to a single Gibbs sweep—lines 3–5 of
algorithm 5.1) as a function of the number of knots used (mind the log-scale on the y-axis).
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clearly outperforms any blocking scheme, because paths under Pb (·|Z) closely re-

semble Brownian bridges. Nonetheless, as T increases, this is no longer the case

and blocking makes it possible to substantially reduce the cost of obtaining any

single sample path. For instance, note the steep (exponential) reduction in cost for

T = 1, xT = 0.95. The same steep curve (and in fact much steeper ones) would

have been drawn for the two most challenging setups: x2 = 0.95 and x4 = 4.85, had

the experiments with smaller number of knots were run; however, due to time con-

straints executing such experiments would have taken prohibitively long execution

times. This clearly illustrates cost reductions resulting from eq. (5.3).

Nevertheless, as argued in section 5.2, there is another cost that needs to be

accounted for—correlation between sampled paths. The autocorrelation plots for

X (n)t ∗ , when t ∗ coincides with the position of the most central knot (or in the case

of an even number of knots: one of the two of the most central knots) given in

fig. 5.5 illustrate this concept. Notice that for all examples as the number of knots

Figure 5.5: Autocorrelation plots for the sine example. Top-left: T = 0.2, xT = 0.1; top-
centre: T = 0.4, xT = 0.85, top-right: T = 0.5, xT = 0.85, bottom-left: T = 1, xT = 0.95,
bottom-centre: T = 2, xT = 2.5, bottom-right: T = 4, xT = 4.85. Each line corresponds to
an experiment run with different number of knots used (number of knots corresponding
to a colour used are given in the colormaps to the right of autocorrelation plots)
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increases, the autocorrelation tapers off at a later lag. This means that even though

each trajectory can be sampled quicker, a greater number of them needs to be drawn

before an independent sample at an ε-tolerance level is obtained.

In order to quantify all of the involved costs it is thus better to examine fig. 5.6

below, relating time-adjusted effective sample size and the (half-) length of blocks.

Figure 5.6: Time-adjusted effective sample size (taESS: (effective sample size)/(elapsed time
in sec to sample entire chain)) vs half-length of blocks.

For computing the effective sample size (ESS) I used the function effective_n im-

plemented in the package PyMC3. The time-adjusted effective sample size (taESS)

is defined here as ESS divided by the amount of time taken to sample the entire

chain {X (n), n = 1, . . . ,N}. Consequently, taESS is approximately equal to a num-

ber of independent samples that can be drawn in one second. Clearly, the larger

the taESS, the more efficient the algorithm is.

It is important to note that for any sampling setting, there will always exist a

point for which increasing the number of knots any further will only lead to a de-

crease in taESS (illustrated by the sharp dips of curves on the left side of the fig. 5.6).

It is equally important to realise that for regimes with large enough T placing too

few knots also leads to suboptimal strategies with lower than possible taESS. Even

though the curves in fig. 5.6 clearly illustrate this concept by decreasing towards the

right side of the graph, the degree of steepness that such declines can reach cannot

be fully illustrated, simply because performing experiments needed for it would
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take prohibitively long time. As a result, each problem admits a range of opti-

mal values for the number of knots that yield the highest levels of taESS. Based on

fig. 5.6 choosing the number of knots in such a way that the half-lengths of blocks

are approximately equal to 0.1 seems to give uniformly superior performance.

Figure 5.7: Computational cost as a function of time for the sine example. Inverse of time-
adjusted effective sample size is used as a proxy for computational cost of the sampler.

As the last point, let me illustrate how the bound in eq. (5.12) can be verified

in practice. First, notice that the inverse of taESS is approximately equal to the

amount of time needed for obtaining a single sample that is independent at an ε-

tolerance level. This is precisely how the computational cost of blocked rejection

sampler on a path space has been defined in section 5.2. Equation (5.12) says that

this cost as a function of T scales at most cubically (or to be precise is bounded by a

term slightly in excess of cubic in T ), so long as the number of knots is taken to be

(almost) proportional to T . This means that for T /(number of knots+1)≈ c , for

some constant c ∈R+ taESS(T ) should be at most a cubic function of T . If plotted

on the log-log scale (where both axis are transformed to log-scales), eq. (5.12) is

equivalent to taESS(T ) being dominated by some line with slope 3. Figure 5.6

gives this precise plot, showing that in fact the bound is reached, because on log-

log scale taESS(T ) as a function of T appears to be a line with slope 3. This means

that taESS(T )∝ T 3.
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5.5 Discussion

In this chapter I quantified the asymptotic reduction in the computational cost of

the exact rejection sampler on a path space offered by employment of the blocking

technique. I showed that for the two simple choices of diffusion processes: Brow-

nian motion and the Ornstein-Uhlenbeck process, this quantification can be made

reasonably precise (though, due to conjecture 5.2.1 perhaps not to a satisfactorily

rigorous extent). I showed that for these two examples the computational cost of

a blocked rejection sampler on a path space scales at a rate that as a function of the

duration of the bridges is at most (slightly in excess of) cubic. In the numerical sec-

tion I considered a highly non-linear, scalar diffusion example and I showed that

the theoretical upper bound that has been derived for Brownian motion and the

Ornstein-Uhlenbeck process holds empirically also in this more elaborate setting.

The results offer certain heuristics for choosing the number of blocks. As

pointed out in section 5.2.2, the number of knots ought to be chosen to be roughly

proportional to the interval length, yielding constant effective length over which

path-segments are ever imputed (say, if T is the interval length and the number of

knots is m, then the effective length is 2T /(m+ 1), just like in the discussion pre-

ceding eq. (5.3)). The optimal effective length is not known a priori, but can be

found experimentally for a single interval length and then used to find the optimal

number of knots for any other interval length. In practice, one could depart from

the assumption of an equidistant grid and investigate the problem of the optimal

placement of knots.

As argued in chapter 4, simulation of conditioned diffusions is often just a com-

ponent of more composite algorithms. In such scenarios it is the impact that block-

ing has on the cost of the overall procedure that is of interest to a practitioner. For

instance, in the setting of Bayesian inference for diffusion processes via data aug-

mentation, path updates constitute just one half of all the algorithmic steps. An-

other half comprise of parameter updates. Additionally, it is the mixing time of the

parameter chain θ(n) and not the path X (n) that is of interest. It would be of great

practical interest to extend the results of this chapter to the characterisation of the

computational cost of the parameter chain.
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Proofs

Proof of lemma 5.2.1. G under assumption A15 is a special case of the Gaussian pro-

cess considered by Roberts and Sahu (1997). Therefore, the statement of Roberts

and Sahu (1997, Theorem 1) applies and the convergence rate is given by ρspec(B).

Due to tridiagonal structure of the precision matrix Λ (which follows from the

Markov property of the process G , see also the proof of theorem 5.2.1), Roberts

and Sahu (1997, Corollary 3) applies, meaning that the L2 convergence rate of CBUS

is equal to that of LBUS. By the same token, Roberts and Sahu (1997, Theorem 5)

applies as well, yielding ρspec(B) = λ
2
max(A) under CBUS and LBUS. Finally, the L2

convergence rate of RBUS follows from Roberts and Sahu (1997, Theorem 2).

Proof of theorem 5.2.1. The precision matrix Λ of any random vector G with non-

degenerate covariance matrix can be related to the matrix of partial correlations via

(Lauritzen, 1996, p. 130):

Co r r (G [i],G [ j ]|G\{G [i],G [ j ]}) =− Λ[i , j ]

p
Λ[i ,i]Λ[ j , j ]

.

By the definition ofG in eq. (5.4), it is easy to see thatCo r r (G [i],G [ j ]|G\{G [i],G [ j ]}) =
0 whenever |i − j | > 1; that by symmetry Λ[i ,i+1] = Λ[i+1,i], (i = 1, . . . , m); and

that Λ[i ,i] = Λ[ j , j ], (i , j = 1, . . . , m), because Va r (G [i]|G\G [i]) = (Λ[i ,i])−1, (i =

1, . . . , m) (Roberts and Sahu, 1997, p.296). In addition, under assumption A15, the

covariance matrix depends only on time and not on the state variable, thus un-

der the assumption of the equidistant grid Co r r (G [i],G [i+1]|G\{G [i],G [i+1]}) =:

c(∆), (i = 1, . . . , m− 1). Consequently Λ is a Toeplitz matrix whose non-zero en-

tries are related via Λ[i ,i+1] =Λ[i+1,i] =−Λ[i ,i]c(∆), (i = 1, . . . , m). The form of the

matrix A follows:

A=

















0 c(∆) 0 . . . 0

c(∆) 0 c(∆) . . . ...

0 ... . . . . . . 0
... . . . c(∆) 0 c(∆)
0 . . . 0 c(∆) 0

















. (5.17)

By Smith (1985) (or alternatively Kulkarni et al. (1999)) the eigenvalues of matrix

A are given by

−2c(∆)cos
�

πl
m+ 1

�

, l = 1, . . . , m.
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Depending on the sign of c(∆) the maximal eigenvalue of A is therefore given by:

λmax(A) =
¨

−2c(∆)cos
� πm

m+1

�

= 2c(∆)cos
� π

m+1

�

, if c(∆)> 0,
−2c(∆)cos

� π
m+1

�

if c(∆)< 0,

and the result concerning λmax(A) follows. The statement about convergence rates

follows as well by substituting the expression for λmax(A) into lemma 5.2.1.

Proof of corollary 5.2.1. By theorem 5.2.1 only c(∆) needs to be computed. This

can be done using standard properties of Brownian motion and Brownian bridges:

c(∆) =
Cov

�

X∆,X2∆

�

�X0,X3∆

�

p

Va r (X∆|X0,X3∆)Va r (X2∆|X0,X3∆)
=

1
3∆

r

�

2
3∆
�2
=

1
2

. (5.18)

The asymptotic convergence (as m → ∞) of ρCBUS and ρLBUS in eq. (5.7) follows

immediately from the Taylor expansion of cos2(x) around 0. For asymptotic con-

vergence of ρRBUS, notice that by Taylor expansions of cos(x) around 0, log(1− x)

around 0 and exp(x) around 0 respectively:

ρRBUS = exp
§

m log
�

m−1
§

m− 1+ cos
�

π

m+ 1

�ª�ª

= exp
§

m log
�

1− 1
m

�

π

m+ 1

�2

+O (m−5)
ª�ª

= exp
§

−
�

π

m+ 1

�2

+O (m−4)
ª

= 1−
�

π

m+ 1

�2

+O (m−4).

Proof of corollary 5.2.2. c(∆) in eq. (5.10) follows by direct substitution of relevant

terms from eq. (5.9) into the definition of the partial correlation (used for instance

in eq. (5.18)). To derive the asymptotic convergence rates (as m→∞), I use Taylor

expansions to compute the following identity

e−a∆ sinh(b∆) sinh(d∆) =
�

1− a∆+
1
2
(a∆)2− 1

6
(a∆)3+O (∆4)

�

·
�

b∆+
1
6
(b∆)3+O (∆5)

��

d∆+
1
6
(d∆)3+O (∆5)

�
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=
�

1− a∆+
1
2
(a∆)2− 1

6
(a∆)3+O (∆4)

��

b d∆2+
1
6
(b 3d + b d 3)∆4+O (∆6))

�

= b d∆2− ab d∆3+
�

1
6

�

b 3d + b d 3�+
1
2

a2b d
�

∆4

− 1
6

�

ab 3d + ab d 3+ a3b d
�

∆5+O (∆6),

from which it follows that

c(∆) =
��

3∆2− 6∆3+ 11∆4− 14∆5+O (∆6)
�

−
�

2∆2− 6∆3+
32
3
∆4− 14∆5+O (∆6)

��

·
��

3∆2− 3∆3+
13
2
∆4− 11

2
∆5+O (∆6)

�

−
�

∆2− 3∆3+
29
6
∆4− 11

2
∆5+O (∆6)

��−1/2

·
��

6∆2− 12∆3+ 25∆4− 34∆5+O (∆6)
�

−
�

4∆2− 12∆2+
70
3
∆4− 34∆5+O (∆6)

��−1/2

=
∆2+ 1

3∆
4+O (∆6)

2∆2+ 5
3∆

4+O (∆6)
=

1
2
−

3∆2+O (∆4)
12+ 10∆2+O (∆4)

.

This yields the asymptotic convergence rates ρCBUS and ρLBUS:

4c2(∆)cos2
�

π

m+ 1

�

= 4
�

1
2
−

3∆2+O (∆4)
12+ 10∆2+O (∆4)

�2�

1−
�

π∆

T

�2

+O (∆4)
�

= 1−∆2

�

π2

T 2
+

6
6+ 5∆2+O (∆4)

�

+O (∆4).

Asymptotic convergence rate of ρRBUS follows similarly:

ρRBUS = exp
§

m log
�

m−1
§

m− 1+
�

1−
3∆2+O (∆4)

6+ 5∆2+O (∆4)

��

1− 1
2

�

π∆

T

�2

+O (∆4)
�ª�ª

= exp
§

m log
�

1− 1
m
∆2
�

π2

2T 2
+

3
6+ 5∆2+O (∆4)

�

+
1
m
O (∆4)

ª�ª

= exp
§

−∆2
�

π2

2T 2
+

3
6+ 5∆2+O (∆4)

�

+O (∆4)
ª

= 1−∆2
�

π2

2T 2
+

3
6+ 5∆2+O (∆4)

�

+O (∆4).
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Proof of theorem 5.2.2. First, define:

L2(π) :=
¨

µ :π

�

�

dµ
dπ

�2�

<∞
«

,

and notice that for any µ ∈ L2(π):

‖µ‖2
L2(π) :=

∫
� dµ

dπ
(x)
�2

π(dx) =








dµ
dπ









L2(π)
.

By Papaspiliopoulos et al. (prep, Proposition 14.9.2):

‖P n f (G (0))−π( f )‖L2(π) = ‖µ(P
∗)n −π‖L2(π), (5.19)

where µ is defined through the Radon-Nikodým derivative f := dµ/dπ a.s., P ∗

denotes the adjoint transition operator and µP :=
∫

µ(dx)P (x, ·). Consequently

the statement about L2 convergence rate found in definition 5.2.2 can be written

equivalently as: for all δ > 0 and for all measures µ ∈ L2(π):

‖µ(P ∗)n −π‖L2(π) ≤Vµ(m,T )(ρ(m,T )+δ)n. (5.20)

By assumption, the chain is reversible, so P ∗ = P . Therefore, if the L2 convergence

rate of the chain equals ρ(m,T ), by the Cauchy-Schwarz inequality:

‖µ(P )n −π‖T V ≤ ‖µ(P
∗)n −π‖L2(π) ≤Vµ(m,T )(ρ(m,T )+δ)n.

Papaspiliopoulos et al. (prep, proof of Proposition 14.9.2) then implies:

‖P n(G (0), ·)−π(·)‖T V ≤V ◦(G (0), m,T )(ρ(m,T )+δ)n, (5.21)

for all δ > 0, some function V ◦ and π-almost all G (0). It is left to show that

eq. (5.21) remains valid for all starting G (0). This follows easily from the smooth-

ness of the Gaussian kernels. In particular, since P is Gaussian, P n is the n-convolution

of Gaussian kernels, and thus Gaussian and smooth itself. Fix δ, n and G (0). By

smoothness, there exists eδ := eδ(m,T )> 0 s.t. for all eG (0) with d ( eG (0),G (0))< eδ:

‖P n( eG (0), ·)− P n(G (0), ·)‖T V ≤V ◦(G (0), m,T )(ρ(m,T )+δ)n.

Because a eδ-ball around G (0): B
eδ
(G (0)), has positive measure under π, there exists

a starting vector ÒG (0) ∈ B
eδ
(G (0)) for which (5.21) holds and thus:

‖P n(G (0), ·)−π(·)‖T V ≤ ‖P
n(G (0), ·)− P n( ÒG (0), ·)‖T V+

‖P n( ÒG (0), ·)−π(·)‖T V ≤ 2V ◦(G (0), m,T )(ρ(m,T )+δ)n,

and hence the statement of the theorem holds with V := 2V ◦.
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Proof of corollary 5.2.3. Fix T , m and ε. Then, by theorem 5.2.2, a Markov chain

defined by the blocked rejection sampler on a path space outputs an independent

sample at an ε-tolerance level if N (the total number of steps of this Markov chain)

is such that

V (G (0), m,T )(ρ(m,T )+δ)N < ε.

This is equivalent to:

N >−
log

�

V (G (0), m,T )
�

− log(ε)
log (ρ(m,T )+δ)

. (5.22)

Set δ = 1/(m + 1)2. By corollaries 5.2.1 and 5.2.2 and the Taylor expansion of

log(1− x) around 0, eq. (5.22) is implied by:

N >

�

m+ 1
a1

�2
�

log
�

V (G (0), m,T )
�

− log(ε)
�

,

with an appropriate constant a1. Under conjecture 5.2.1, the above is implied by:

N >

�

m+ 1
a1

�2
�

a2

�

log(1+m)+ log(1+T )+ log( f (G (0)))
�

− log(ε)
	

,

for some appropriate constant a2. Consequently, for a fixed ε, the number of steps

that need to be taken by the Markov chain to output an independent sample at an

ε-tolerance level is:

N (T , m,ε,G (0)) =Ω
�

m2 [log(m)+ log(T )]
�

+Ω
�

m2 [− log(ε)]
�

+Ω
�

m2
�

�

�log( f (G (0)))
�

�

�

�

.



6Automation of Guided Proposals

This chapter is based on joint work with Moritz Schauer and Frank van der Meulen.

Arguably, the three of the most important facets of any simulation algorithm

are: its applicability (and closely related—robustness), its efficiency and its sim-

plicity. Indeed, take the most widely used algorithm for sampling unconditioned

diffusions—the Euler-Maruyama scheme. It is the three features above that ulti-

mately led to its popularity: weak assumptions on the form of the drift and volatil-

ity coefficients guarantee broad applicability of this method to a wide range of

diffusion models; the only computational steps comprise of matrix additions and

multiplications, both of which are highly efficient and make it possible for the al-

gorithm to be exceptionally fast; finally, computer code implementing the routine

can be written even with a very limited knowledge of computer programming in a

matter of minutes and within a few lines of code.

The problem of sampling conditioned diffusions is substantially more difficult

than of simulating unconditioned ones and to the best of my knowledge there

exist no algorithm suitable for this setting that would excel in all three domains

above as emphatically as the Euler-Maruyama scheme does. With that being said,

in this chapter I will show that guided proposals of Schauer et al. (2017) admit a

certain formulation for which all three factors above—applicability, efficiency and

simplicity—can be listed as its strengths.

As discussed in section 3.3.4, the applicability of guided proposals comes as a

derivative of the weak assumptions imposed on the underlying diffusion. In par-

ticular, the restrictive assumptions A6 or A7 imposed by some of the competing

methods do not apply, and thus the algorithm is particularly well-suited for multi-

dimensional processes. An additional degree of flexibility awarded by the freedom

over the choice of the auxiliary process means that guided proposals scale particu-

larly well to sparse observations and high-dimensional settings. Additionally, even

some hypoelliptic diffusions (when A3 does not hold but A4 does) can be tackled

135
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with this method. As shown by van der Meulen and Schauer (2017b) and as I show

in a different setting in chapter 7, various forms of conditioning can also be used.

The reasons above imply that the range of diffusion-simulation problems that can

be solved with guided proposals is strikingly broad.

The other two properties: efficiency and simplicity may not be as apparent. In

fact, the way in which Schauer et al. (2017) compute the terms er and eH—which

are defined in proposition 3.3.1 and are required for simulation of proposal paths—

as well as eh(0, x0)—which is defined in section 3.3.2 and is needed for evaluations

of the likelihood functions—all involve repeated, expensive evaluations of matrix

exponentials. Therefore, at least at the stage of the formulation of Schauer et al.

(2017), efficiency of guided proposals could be put into question. To a certain ex-

tent, this has changed with a revamped formulation of van der Meulen and Schauer

(2017b) in which er and eH were shown to be related to the solutions of a system

of certain backward ordinary differential equations. As a result, er and eH could

be computed by relying solely on the matrix addition, multiplication and inverse

operations. This was an important improvement over the original approach of

Schauer et al. (2017), but the formulation of van der Meulen and Schauer (2017b)

is burdened with certain shortcomings. First, under many sampling regimes of in-

terest (say, when the target diffusion is hypoelliptic), the dimension of the solution

to the system of ordinary differential equations proposed by van der Meulen and

Schauer (2017b) increase with the dimension of the dataset1. Second, the problem

of accelerating computations of eh has not been addressed and thus in the setting

of statistical inference—where repeated evaluations of eh are necessary—the only

(fully general) way of obtaining eh relies on performing multiple, expensive matrix

multiplications.

In this chapter I will define a new set of backward ordinary differential equa-

tions which exist for all settings for which guided proposals are defined and which

have a property that the dimension of their solution is constant in the size of the

dataset. All of the er , eH and eh can be derived from the solutions to these ODEs by

means of matrix additions and multiplications and scalar operations. This means

that simulating proposal paths consists of the following two steps:
1This can be managed to a certain extend by employing blocking—see van der Meulen and

Schauer (2018) for details
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• Solving a system of backward ODEs, so as to compute er , eH and eh (notice

that the computational cost of this step has the same order of magnitude as a

forward simulation using the Euler-Maruyama scheme—in fact, in principle,

the deterministic Euler scheme may be used to solve these ODEs2).

• Simulating an unconditioned proposal path defined by the SDE in eq. (3.19),

using, say, the Euler-Maruyama scheme.

Consequently, simulating any proposal path is very efficient (it has the same order

of cost as an unconstrained, forward simulation). This is not yet to say that the

overall algorithm is efficient—for that it still needs to be shown that it is enough

to simulate only a handful of such proposal paths. However, this follows immedi-

ately after recalling that guided proposals award the possibility of crafting better

proposal laws by picking more fitting auxiliary processes. Because of the generic

way in which er , eH and eh are computed there is no price to pay for even the most

elaborate choices, so long as they belong to the family of linear diffusions defined in

eq. (3.20). Therefore “good” proposal laws are free from any computational over-

head and consequently, an MCMC algorithm on a path space correcting for the

discrepancies between the target (Pb (·|Z)) and the proposal (Pb ◦) laws need not

take many steps before an independent sample at an ε-tolerance level is outputted

(using definition 5.2.1). In fact, as shown in van der Meulen and Schauer (2017b),

even in highly non-linear settings the auxiliary law may be chosen carefully enough

so that the proposal law faithfully approximates the target. As a result, the overall

computational cost of guided proposals (as compared to competing algorithms) is

low.

Finally, there are two arguments to be made in favour of the claim about sim-

plicity of guided proposals. First, once a generic version of the algorithm is imple-

mented, any concrete implementation for a particular diffusion model boils down

to two simple steps

• defining two functions—one evaluating the drift and another evaluating the

volatility coefficient of the target process
2In practice, due to reasons explained below it is much better to use some higher-order Runge-

Kutta schemes. I emphasise that their cost is still of the same order as the Euler scheme.
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• specifying two other functions defined analogously for the auxiliary process

All of the remaining computations can be handled by a well-designed, generic im-

plementation. Such implementation is currently available in Julia programming

language upon installation of two packages: Bridge.jl and BridgeSDEInference.jl.3

There is also a second argument speaking in support of the simplicity of guided

proposals and that is that (a bare-bone version of) the algorithm is conceptually

straightforward to implement and can be written by anyone familiar with com-

puter programming without having to know the sophisticated mathematical ma-

chinery that justifies validity of all the steps. The three main ingredients are: solv-

ing a system of ordinary differential equations (from which er , eH and eh can be

derived) with standard techniques for ODEs; forward simulating proposal paths

via the Euler-Maruyama scheme; and employing the Metropolis-Hastings correc-

tion by computing log-likelihoods via left-Riemann sum approximations to the

integrals.

On top of presenting the new approach for deriving er , eH andeh, in this chapter I

will also give a detailed explanation on how to generically handle uncertainty about

the value of the starting point. One solution has been given in van der Meulen

and Schauer (2017b); however, it suffers from the same computational issues as

derivations of er and eH do. The novelty of the approach presented in this chapter

lies in the fact that no such increase in cost ever needs to be present.

6.1 Backward ordinary differential equations

In this section I provide a new set of backward ordinary differential equations that

can be used to compute er , eH and eh. For completeness, let me start with repeating

the relevant equations from the previous chapters.

The auxiliary process eX is defined as the solution to the following stochastic

differential equation

d eXt = eb (t , eXt )dt + eσt dWt , eX0 = x0, t ∈ [0,T ],

where eb (t , x) := eBt x + eβt ,
3I have primarily contributed to the BridgeSDEInference.jl package

(10.5281/zenodo.3446184). Please see the github pages for a full and up-to-date list of all
the contributors.
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where eβ, eBt and eσt may all depend on time and eΓt := eσt eσ
T
t . Denote by eP the law

induced by the SDE above. Additionally, define

eh(t , x) := deP(Z | eXt = x),

where either Z := eXT (in which case deP(Z | eXt = x) = ep(t ,T , x,XT ) denotes a

transition density of the auxiliary process eX ) or Z := {Li
eXti
+ ξi , i = 1, . . . ,K},

with ξi independent Gaussian random variables with mean 0 and covariance matrix

Σi (in which case:

deP(Z | eXt = x) =
∫

X
· · ·
∫

X
ep(t , t1, x, x1)NΣK

(vK − LK xK)

·
K−1
∏

i=1

�

ep(ti , ti+1, xi , xi+1)NΣi
(vi − Li xi )

�

dx1 · · · dxK ,

withNΣi
denoting the pdf of a multivariate Gaussian random variable, centred at

zero and with a covariance matrix Σi (i = 1, . . . ,K)).

In fact, as was shown in van der Meulen and Schauer (2017b, Remark 2.11)

the results derived for the former conditioning are a special case of the latter one

with the choice K = 1, L1 = I and Σ1 ↓ 0. Therefore, without loss of generality, I

henceforth assume that

Z := {Li
eXti
+ ξi , i = 1, . . . ,K}. (6.1)

Now, define:

er (t , x) :=∇x logeh(t , x), and eH (t ) :=−D2 logeh(t , x),

where D2
i j f (t , x) := ∂ 2 f (t , x)/(∂ xi∂ x j ) and where independence of eH (t ) from

the state variable can be verified by direct computations.

The aim is to evaluate eh(0, x0) and compute er (t , x) and eH (t ) on any

pre-specified time grid 0 = t0 < · · · < tM < T and for any set of corre-

sponding state variables x0, . . . , xM . The three objects are the only non-

trivial unknowns needed for an implementation of guided proposals.
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As observed by Schauer et al. (2017, §5) (and justified for instance in Jacobsen

(1991)), eX is a Gaussian process with mean µt (s , x) := E[ eXt | eXs = x] and covari-

ance Kt (s) :=Cov( eXs , eXt ):

µt (s , x) = Φ(t , s)x+
∫ t

s
Φ(s ,τ) eβτ dτ, Kt (s) :=

∫ t

s
Φ(t ,τ)eΓτΦ(t ,τ)T dτ, (6.2)

where Φ(t , s) := Φ(t )Φ(s)−1 and Φ(t ) ∈ Rd×d , t ∈ [0,T ] is a fundamental matrix

solution to:

Φ(t ) = I +
∫ t

0

eBτΦ(τ)dτ.

For notational clarity it is easier to illustrate the results of van der Meulen and

Schauer (2017b) and derive the novel backward ordinary differential equations un-

der the assumption that the conditioning in eq. (6.1) comprises of only two obser-

vations:

Z :=
¦

LS
eXS + ξS and LT

eXT + ξT

©

, (6.3)

with 0< S < T . I will denote the observed values with vS and vT respectively (so

that vS = LS
eXS+ξS and vT = LT

eXT +ξT ). A general case will follow immediately

by induction.

As in van der Meulen and Schauer (2017b, §2.2) define

Υt :=











Cov

��

ξS

ξT

��

=
�

ΣS 0
0 ΣT

�

, t ∈ [0, S],

Cov(ξT ) =ΣT , t ∈ (S,T ],

eLt :=











�

LSΦ(S, t )
LTΦ(T , t )

�

, t ∈ [0, S],

LTΦ(T , t ), t ∈ (S,T ],
(6.4)

as well as

eµt :=
∫ T

t

eLτ
eβτ dτ, t ∈ [0,T ], xobs(t ) :=











�

vS

vT

�

, t ∈ [0, S],

vT , t ∈ (S,T ].
(6.5)

Finally, define a real-valued, time-dependent matrix:

eM †
t :=

∫ T

t

eLτeΓτeLτ dτ+Υt , t ∈ [0,T ], (6.6)

and assume:

Assumption A16. For t ∈ [0,T ) eM †
t is invertible.
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Remark 6.1.1. The assumption of uniform ellipticity A3 implies assumption A16;

however, if A3 does not hold and only A4 does, then assumption A16 might be

violated (Bierkens et al., 2018).

Under A16, define:

Mt := (M †
t )
−1. (6.7)

With these definition in place it is possible to derive the density for the observa-

tions.

Proposition 6.1.1. The density eh(t , x) := eρ(xobs(t )|x, t ), t ∈ [0, S) under the aux-

iliary law eP for observing vS at time S and vT at time T when the diffusion is

conditioned to start from Xt = x, t ∈ [0, S) and the observations are generated via:

vu = Lu
eXu + ξu , with ξu ∼ Gsn(0,Σu) and Lu ∈Rdu×d , u ∈ {S,T } is given by:

eρ(xobs(t )|x, t ) = (2π)−(dS+dT )/2| eMt |
1/2

· exp
§

−1
2

�

xobs(t )− eµt − eLt x
�T

eMt

�

xobs(t )− eµt − eLt x
�

ª

.

(6.8)

The density eρ(xobs(t )|x, t ), t ∈ [S,T ] can be written in exactly the same way, ex-

cept for a factor (2π)−dT /2 in place of (2π)−(dS+dT )/2.

A density for a similar observational scheme has been derived in van der Meulen

and Schauer (2018, proof of lemma 2.5), where the terminal point was assumed to

be observed exactly. This case can be recovered with proposition 6.1.1 by setting

LT = I and ΣT ↓ 0.

Simple calculations now reveal that

Proposition 6.1.2. (van der Meulen and Schauer, 2017b, Theorem 2.3), (Bierkens

et al., 2018, Lemma 2.5)

er (t , x) = eLT
t
eMt (xobs(t )−eµt−eLt x), t ∈ [0,T ], eH (t ) := eHt = eL

T
t
eMt
eLt , t ∈ [0,T ].

Therefore, one way of obtaining the expressions

(eh(0, x0),{er (t , x), eH (t ) ; (t , x) ∈ {(t0, x0), . . . , (tM , xM )}}),

is to simply evaluate the matrix exponentials Φ(t ) at a time-grid t ∈ {t0, . . . , tM} and

then perform relevant computations according to eqs. (6.4)–(6.6) and propositions
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6.1.1 and 6.1.2. This has been the approach of Schauer et al. (2017), van der Meulen

and Schauer (2017a) and van der Meulen and Schauer (2018), however there are

two problems with it. First, exponentiating matrices becomes excessively costly as

the dimension of the diffusion increases and even for moderate dimensions it is a

sub-optimal solution. Second, if a diffusion is observed with noise or if some coor-

dinates are latent, then the Markov property cannot be used to split the problem

into independent components, segmented at the times of the observations. It then

follows directly from the definitions of eLt , eMt and eµt that the dimensions of all

three elements above increase with the size of the dataset.

To remedy the problem of matrix exponentiation, van der Meulen and Schauer

(2017b) show the following

Lemma 6.1.1. (van der Meulen and Schauer, 2017b, Lemma 2.4) eL, eM † and eµ solve

the following backward ordinary differential equations:










deLt =−eLt
eBt dt ,

d eM †
t =−eLt

eΓt
eLT

t dt ,

deµt =−eLt
eβt dt ,

on t ∈ (S,T ], with











eLT = LT ,
eM †

T =ΣT ,
eµT = 0,

and on t ∈ (0, S],

with eLS =
�

eLS
eLS+

�

, eM †
S =

�

eΣS 0
0 eM †

S+

�

, eµS =
�

0
eµS+

�

,

and where eLS+ := limε↓0
eLS+ε (with eM †

S+ and eµS+ defined analogously).

This means that matrix exponentials are not necessary for evaluations of eL, eM

and eµ, and the triplet can instead be approximated by solving the system of ODEs

from lemma 6.1.1. Nonetheless, the second issue—of increasing dimension with

the size of the dataset—persists. To solve also the second issue van der Meulen

and Schauer (2017b) define another set of ordinary differential equations under the

assumption:

Assumption A17. The null-space of eLt , t ∈ [0,T ] is equal to {0}.

Under A17, it follows directly from proposition 6.1.2 that the process eH †
t := ( eHt )

−1,

t ∈ [0,T ] exists and as a consequence the following ODEs can be defined
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Proposition 6.1.3. (van der Meulen and Schauer, 2017b, Lemma 2.9, 2.10) Let

eνt := eH †
t
eLT

t
eMt (xobs(t )− eµt ). Then eνt and eH †

t solve the following backward ODEs
(

d eH †
t =

�

eBt
eH †

t + eH †
t
eBT

t −eΓt

�

dt ,

deνt =
�

eBteνt + eβt

�

dt ,
on t ∈ (S,T ], with

¨

eH †
T = (L

T
TΣ
−1LT )

−1,
eνT = (L

T
TΣ
−1LT )

−1LT
TΣ
−1
T vT ,

and on t ∈ [0, S], with

(

eH †
S = eH †

S+− eH †
S+LT

S

�

ΣS + LS
eH †

S+LT
S

�−1
LS
eH †

S+,

νS = eH †
S

�

LT
S Σ
−1
S vS + eHS+νS+

�

.

Remark 6.1.2. The set of evolution equations defined in proposition 6.1.3 is in fact

exactly the Kalman–Bucy filter (Bucy and Joseph, 2005) defined for a backward-

evolving linear process eX , with no observation noise.

Since by proposition 6.1.2: er (t , x) = eHt (eνt − x), so long as assumption A17

holds, er and eH can be computed on a time grid by solving backward ODEs from

proposition 6.1.3. Unlike the solutions to ODEs from lemma 6.1.1, those from

proposition 6.1.3 are of constant dimensions in the size of the dataset (∀t ∈ [0,T ]

νt ∈Rd and eHt ∈Rd×d ) and thus can be found numerically in a much more efficient

way. Nonetheless, they are still sub-optimal for a number of reasons.

First, an extra assumption A17 had to imposed. If it is not satisfied, then the

only possibility is to fall back on lemma 6.1.1. Second, a new operation of matrix

inverse had to be used—this is not a problem for the computational complexity (as

it equals that of matrix multiplication) but it is a source of subtly introduced nu-

merical errors that necessitates very dense (and thus expensive) time grids. Third,

perhaps most importantly, these ODEs do not help in evaluating eh(0, x0). Eval-

uation of eh(0, x0)—though not necessary when the drift and volatility coefficient

remain fixed throughout the sampling procedure—is essential for applications to

Bayesian inference for diffusion processes and is thus a very important ingredient

of the algorithm. Notice from proposition 6.1.1 that at a minimum, eM0 needs to

be known to evaluate the normalisation constant of eh(0, x0).
4 Directly from the

definition (i.e. eqs. (6.6) and (6.7)), eM0 is given as an inverse of an integral over the

entire time domain of an expression that involves matrix exponentialsΦ(t ). Conse-

quently, an approximation to eh(0, x0) via left-Riemann sums necessitates repeated

evaluations of matrix exponentials on a grid of time-points.
4In fact, some additional computations reveal that more terms remain unknown



144 CHAPTER 6. AUTOMATION OF GUIDED PROPOSALS

Motivated by these shortcomings, I propose to use an alternative set of variables

and the corresponding set of backward ordinary differential equations. First, define

the following:

eFt := eLT
t
eMt (xobs− eµt ), t ∈ [0,T ], and

ect :=
1
2
(xobs− eµt )

T
eMt (xobs− eµt )+ log

�
∫

e qt (v,x0) dv
�

, t ∈ [0,T ],

where qt (v, x) :=−1
2

�

v − eµt − eLt x
�T

eMt

�

v − eµt − eLt x
�

.

(6.9)

It is possible to express er and eh in terms of eH , eF and ec as follows:

Proposition 6.1.4. er and logeh(0, x0) admit the following decompositions

er (t , x) = eFt − eHt x, t ∈ [0,T ], logeh(0, x0) =−
1
2

¦

xT
0
eH0x0− 2eF T

0 x0

©

− ec0.

It also turns out that the triplet ( eH , eF ,ec) can be defined as a solution to a system

of ordinary differential equations that have a particularly simple form:

Theorem 6.1.1. eH , eF and ec solve the following ODEs














d eHt =
�

−eBT
t
eHt − eHt

eBt + eHt
eΓt
eHt

�

dt ,

deFt =
�

−eBT
t
eFt + eHt

eΓt
eFt + eHt

eβt

�

dt ,

dect =
�

eβT
t
eFt +

1
2
eF T

t
eΓt
eFt −

1
2
eHt :eΓt

�

dt ,

on t ∈ (S,T ], with

eHT = LT
TΣ
−1
T LT , eFT = LT

TΣ
−1
T vT ecT =

1
2

vT
T Σ

−1
T vT +

dT

2
log(2π)+

1
2

log |ΣT |,

and on t ∈ [0, S], with eHS = eHS++ LT
S Σ
−1
S LS , eFS = eFS++ LT

S Σ
−1
S vS

ecS = ecS++
1
2

vT
S Σ

−1
S vS +

dS

2
log(2π)+

1
2

log |ΣS |.

There are a couple of remarks to be made about theorem 6.1.1. First, A17 is no

longer a prerequisite, so ODEs above can be used to evaluate eH and er whenever

guided proposals are applicable. Second, the dimension of each of eHt , eFt and ect is

constant on the entire interval [0,T ], regardless of the number of the observations.

The only operations that need to be performed are matrix additions and multipli-

cations (and an even simpler Frobenius inner product A : B := tr(AT B), for A, B

real-valued matrices; inversions of ΣS and ΣT have negligible cost, because they do

not need to be evaluated on the grid t0, . . . , tM and instead only at the times of the
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observations). Third, for numerical purposes, if the observations are made with-

out noise, matrices ΣS and ΣT are approximated with εI for some small enough ε

and the inversion is performed accordingly.

The general case of K observations (i.e. when the set of conditioned-on variables

is given by (6.1), and not by (6.3)) follows from theorem 6.1.1 by induction

Corollary 6.1.1. eH , eF and ec solve the same ODEs as in theorem 6.1.1, on t ∈
(tK−1,T ], with

eHT = LT
TΣ
−1
T LT , eFT = LT

TΣ
−1
T vT ecT =

1
2

vT
T Σ

−1
T vT+

dT

2
log(2π)+

1
2

log |ΣT |,

and on t ∈ (ti−1, ti], (i =K − 1, . . . , 1), with

eHti
= eHti+

+ LT
ti
Σ−1

ti
Lti

, eFti
= eFti+

+ LT
ti
Σ−1

ti
vti

ecti
= ecti+

+
1
2

vT
ti
Σ−1

ti
vti
+

dti

2
log(2π)+

1
2

log |Σti
|, (i =K − 1, . . . , 1).

The procedure summarising computations of the terms eH , eF and ec is given in

algorithm 6.1 below.

Algorithm 6.1 Solver for eH , eF and ec

1: Set eHtK
← LT

TΣ
−1
T LT

2: Set eFtK
← LT

TΣ
−1
T vT

3: Set ectK
← 1

2 vT
T Σ

−1
T vT +

dT
2 log(2π)+ 1

2 log |ΣT |
4: for k =K − 1,0 do . Find solutions on dense enough time-grids
5: Solve backward ODEs on t ∈ (tk , tk+1]















d eHt =
�

−eBT
t
eHt − eHt

eBt + eHt
eΓt
eHt

�

dt ,

deFt =
�

−eBT
t
eFt + eHt

eΓt
eFt + eHt

eβt

�

dt ,

dect =
�

eβT
t
eFt +

1
2
eF T

t
eΓt
eFt −

1
2
eHt :eΓt

�

dt ,

6: if k 6= 0 then
7: Set eHtk

← eHtk+
+ LT

tk
Σ−1

tk
Ltk

8: Set eFtk
← eFtk+

+ LT
tk
Σ−1

tk
vtk

9: Set ectk
← ectk+

+ 1
2 vT

tk
Σ−1

tk
vtk
+

dtk
2 log(2π)+ 1

2 log |Σtk
|
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6.2 Re-sampling of the starting point

In the statistics literature it is often assumed for simplicity that the exact value of

the starting point x0 is known (Delyon and Hu, 2006; Bladt et al., 2016). Naturally,

this is a somewhat unnatural assumption to be made in practice if all the remain-

ing observations exclude some latent coordinates or are influenced by substantial

amount of noise. Thankfully, there is no need to adhere to such artificial constraint

when using guided proposals. The procedure for re-sampling the starting point has

been described in van der Meulen and Schauer (2017b) under the assumption that

v0 = L0X0 + ξ0, ξ0 ∼ Gsn(0,Σ0) are observed at time 0 and that A17 holds. In

this section I will provide a slightly re-formulated version of this statement, which

thanks to the results from the previous section need not require assumption A17

to hold.

The main result is as follows:

Theorem 6.2.1. Suppose that X0 is equipped with a Gaussian prior

π(X0)∝ exp
§

−1
2
(X0−µpr)

TΣ−1
pr (X0−µpr)

ª

.

Then, the posterior density of X0 under the auxiliary law eP conditioned on the set

of observations vi , (i = 1, . . . ,K) is Gaussian with mean and covariance:

µpost :=
�

eH0++Σ
−1
pr

�−1 �
eF0++Σ

−1
prµpr

�

, Σpost :=
�

eH0++Σ
−1
pr

�−1
,

i.e.

eρ(x0|Z)dx0 = (2π)
−d/2|Σpost|

−1/2 exp
§

−1
2
(x0−µpost)

TΣ−1
post(x0−µpost)

ª

dx0.

Remark 6.2.1. Notice that under A17, the statement of van der Meulen and Schauer

(2017b, Algorithm 5.1, point 3) follows from theorem 6.2.1, when the prior π(X0)

is Gaussian with mean (LT
0 Σ
−1
0 L0)

−1LT
0 Σ
−1
0 v0 and covariance (LT

0 Σ
−1
0 L0)

−1.

It is always possible to choose an appropriate prior covariance matrix Σpr so

that eH0+ +Σ
−1
pr is non-singular, which means that the problem of sampling from

eρ(x0|Z) is well-defined and easy to execute. Nonetheless, I still need to explain

how sampling from the posterior over the starting point under the auxiliary law is
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supposed to help in handling uncertainty over the starting point under the target

law.

To illuminate this connection, let me start from a standard decomposition based

on Bayes’ rule:

Pb (X ∈ ·|Z)∝π(X0)dPb (Z |X0)Pb (X ∈ ·|Z ,X0).

It says that in order to sample a path X under the conditioned target measure

Pb (·|Z) one needs to first sample a starting point according to its posterior under

the target law:

dPb (X0|Z)∝π(X0)dPb (Z |X0),

and then, conditionally on the sampled value of X0, draw the remaining part of

the path according to Pb (X ∈ ·|Z ,X0). The latter step is exactly the simplified

problem of simulating paths under the conditioned target law started at a known,

fixed point. For the former step one would ideally wish to sample directly from

the posterior under the target law dPb (X0|Z); however, much like in the case of

sampling fromPb (X ∈ ·|Z ,X0) this will be impossible and the Metropolis-Hastings

step will be indispensable.

This is where theorem 6.2.1 becomes useful. If the auxiliary law is chosen well,

then it is reasonable to expect that the density eρ(x0|Z) approximates dPb (x0|Z)
faithfully and thus may be used as a proposal density for it. Additionally, because

eρ(x0|Z) is Gaussian, it is possible to further improve the proposals by exploiting

local moves with the preconditioned Crank-Nicolson scheme. To this end, define

the centring function for the starting point as

Ψ[1]
θ
(Z) :=Σ1/2

post(θ)Z +µpost(θ), (6.10)

so that if Z ∼ Gsn(0, Id), then Ψ[1]
θ
(Z) ∼ G(µpost(θ),Σpost(θ)). The sampling is

then performed on the space on which the non-centred variable Z is defined. A

single update step of the entire path is summarised in algorithm 6.2 below. Note

that the update of the path conditioned on the starting point makes use of the

preconditioned Crank-Nicolson scheme as well. Its centring function is given by:

Ψ[2]
θ
(W ,X ◦0 ) :=

�

X ◦0 +
∫ t

0
b ◦θ
�

Ψ[2]
θ
(W ,X ◦0 )s

�

ds +
∫ t

0
σθ
�

Ψ[2]
θ
(W ,X ◦0 )s

�

dW ◦
s ; t ∈ [0,T ]

�

,

(6.11)
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which in practice is determined by an evaluation of the Euler-Maruyama scheme

(see example 4.1.2 for details). Function G used below is defined in proposition 3.3.1.

Algorithm 6.2 Non-centrally parametrised path update via guided proposals

1: Set µpost←
�

eH0++Σ
−1
pr

�−1 �
eF0++Σ

−1
prµpr

�

2: Set Σpost←
�

eH0++Σ
−1
pr

�−1

3: Draw Z ∼ Gsn(0, Id)
4: Set Z◦←

p
λZ (n)+

p
1−λZ

5: Set X ◦0 ← Ψ
[1]
θ
(Z◦) . See eq. (6.10)

6: Draw W ∼W . Law of d ′-dimensional Brownian motion on [0,T ]
7: Set W ◦←

p
λW (n)+

p
1−λW

8: Set X ◦← Ψ[2]
θ
(W ◦,X ◦0 ) . See eq. (6.11)

9: Draw E ∼ Exp(1)
10: if E > logπ(X (n))− logπ(X ◦0 )−

∫ T
0

G(s ,X ◦s )ds +
∫ T

0
G(s ,X (n)s )ds then

11: Set (X (n+1),Z (n+1),W (n+1))← (X ◦,Z◦,W ◦)
12: else
13: Set (X (n+1),Z (n+1),W (n+1))← (X (n),Z (n),W (n))
14: return (X (n+1),Z (n+1),W (n+1))

Algorithm 6.2 summarises just a single step of the Metropolis-Hastings algo-

rithm imputing the path. Repeating this step multiple times yields a chain of paths

{X (n) ; n = 0, . . . ,N}, whose invariant law is given by Pbθ
(·|Z). Additionally, al-

gorithm 6.2 can be embedded in the Metropolis-within-Gibbs algorithm that al-

ternately updates parameters and the path (as it was explained chapter 4) so as to

perform Bayesian inference. Finally, another way to improve the mixing of the

chain {X (n) ; n = 0, . . . ,N}, could be to employ the blocking scheme, similarly to

how it was done in van der Meulen and Schauer (2018).

Remark 6.2.2. Let me repeat a very important observation from Clark (1990) that

as the times of observations are approached from the left, the significance of the

guiding term increases (even up to the point of explosion in the exactly observed

setting), so in order to prevent numerical instabilities it is important to keep the

discretisation step particularly short for those time-spans. Clark (1990) suggested

a certain time-change and scaling aimed at reducing the numerical instabilities and

van der Meulen and Schauer (2017a) proposed its further extension. For the setting

considered in this thesis, the joint space-time transformation cannot be applied in
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full generality (this happens for instance when some coordinates remain latent).

Consequently, I resort to a partial transformation of the one presented in van der

Meulen and Schauer (2017a): i.e. I set up an equidistant time-grid and then trans-

form it via: τi (s) : [ti−1, ti]→ [ti−1, ti] given by τi (s) = ti−1+ s(2− s/(ti − ti−1)),

(i = 1, . . . ,K). I used this transformation in the numerical examples in the subse-

quent section.

Additionally, let me remark that the ordinary differential equations for eL, eM †

and eµ hold one advantage over those for eH , eF and ec and that is that they numer-

ically more stable. The difference between the two is negligible for most regimes

that I have tested—especially after employing a high level numerical solver (I used

7th order, 7/6 Runge-Kutta method due to Verner (1978))—except for the time di-

rectly adjacent to the time of exact and full observations of the process (exact, but

partial observations are not afflicted). At those times the “zero-level noise” is ap-

proximated with a Gaussian noise, whose covariance matrix is εI with ε very small.

Employing eH , eF and ec in such settings either calls for very dense time-grids or use

of an insufficiently small ε. Fortunately, an easy to implement and a very success-

ful remedy to this problem is to simply employ the solvers for eL, eM † and eµ on the

short time segments directly adjacent to the times of the exact observations (for

which eL, eM † and eµ have a fixed and small dimension) and use eH , eF and ec for all

the remaining times.

6.3 Numerical results

In this section I apply guided proposals to the problem of parameter inference for a

stochastic version of the Lorenz system (Lorenz, 1963). At the time of its concep-

tion, this system of ODEs has been developed to model atmospheric convection;

however, since then it has found applications across engineering and other sciences

(Sparrow, 2012). The system is perhaps best known for its chaotic behaviour, with

trajectories resembling (under certain choices of parametrisations) the shape of a

butterfly. The problem of inference for a stochastic version of this system is well-

known for its difficulty. Additionally, the drift is not of the potential form (i.e.

assumption A7 does not hold), so a number of competing, Bayesian inference meth-

ods cannot even be applied. As I demonstrate below, even when this problem is
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made much more difficult by recording only partial and noisy observations of the

process, guided proposals are successful in recovering the posterior over the param-

eters.

6.3.1 Stochastic Lorenz system

The stochastic version of the Lorenz system is defined by the following three di-

mensional stochastic differential equation:

dXt = bθ(Xt )dt +θ[4]I3 dWt , X0 = x0, t ∈ [0,T ],

where bθ(x) :=





−θ[1](x[2]− x[1])
x[1](θ[2]− x[3])− x[2]

x[1]x[2]−θ[3]x[3]



 ,
(6.12)

θ[1:3] ∈ R3, θ[4] ∈ R+ are some parameters of interest, I3 denotes a 3× 3 identity

matrix and W is a 3-dimensional Brownian motion.

For the experiments I simulated K = 20 equidistant observations on the inter-

val [0,T ], with T = 4 (i.e. ti = 0.2i , i = 1, . . . ,K). The first coordinate was latent

whereas the trailing two were disturbed by addition of some Gaussian noise, cen-

tred at 0 and with covariance matrix I2. Consequently, the observational scheme

can be encoded with:

Li =
�

0 1 0
0 0 1

�

, Σi =
�

1 0
0 1

�

, i = 1, . . . ,K .

The full trajectory from which the observations were recorded is plotted in

fig. 6.1. Notice that between each observation the process follows highly non-linear

trajectories. Removing all information about the location of the first coordinate

and disturbing the remaining two with some Gaussian noise adds on an extra layer

of difficulty to this problem.

6.3.1.1 Auxiliary law for guided proposals

The auxiliary law for guided proposals was initially chosen to be induced by the

stochastic differential equations defined separately on each sub-interval [ti−1, ti],

i = 1, . . . ,K by linearising the Lorenz system at the terminal observation of this
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Figure 6.1: Observations of the stochastic Lorenz system. The entire (unobserved) trajec-
tory of the three dimensional process X is plotted with a solid line that changes colour
from dark blue to light yellow so as to indicate the temporal component. Exact, discrete
observations, recorded at times ti = 0.2i , i = 1, . . . ,K are marked with two-coloured dots,
though they are not observed. Their projections onto the YZ plane are marked with blue
dots, these are not observed either. The noisy versions of the projected observations are
marked with crosses and these are the observations for the experiments.

interval, i.e.:

d eXt =
�

Bθ[x̄
[1]] eXt +βθ[x̄

[1]]
�

dt +θ[4]I3 dWt , t ∈ [ti−1, ti],

where Bθ[x] :=





−θ[1] θ[1] 0
θ[2]− v [3]i −1 −x

v [2]i x −θ[3]



 , and βθ[x] :=





0
xv [3]i

−xv [2]i



 ,

(6.13)
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where v [2:3]
i is the observation recorded at the time ti and where x̄[1] ∈ R is some

arbitrary constant that ideally should be equal to the unobserved value of the first

coordinate at the time ti . In practice, the algorithm is robust to the choice of x̄[1],

because as I explain below, it is possible to tune the auxiliary law in an adaptive

way.

6.3.1.2 Adapting the auxiliary law

As suggested in van der Meulen and Schauer (2017b) in the setting of path-sampling,

it is possible to adaptively tune the auxiliary law so as to improve the quality of the

proposal paths. Owing to the results presented in this chapter, this approach can

now also extended to the setting of statistical inference.

The idea is based on a technique from Whitaker et al. (2017) for approximating

non-linear diffusions with linear ones. In particular, to approximate a non-linear

diffusion:

dVt = α(Vt )dt +σ dWt , V0 = v0, t ∈ [0,T ],

where σ is some constant volatility matrix, one could use a linear diffusion whose

drift is obtained from Taylor expansion of α around the mean trajectory x̄t :=

E[Xt |D], i.e. it is given by:

eα(t , x) := eα(x̄t )+Jα(x̄t ) (x − x̄t ) ,

where Jα denotes the Jacobian matrix of α.

Consequently, if X̄ (θ)t :=E[Xt |θ,D]were known for each parameter θ, then in

the example of the Lorenz system the following process could be chosen to induce

the auxiliary law:

eXt =
�

Badpt
θ
[X̄ (θ)t ] eXt +β

adpt
θ
[X̄ (θ)t ]

�

dt +θ[4]I3 dWt , t ∈ [ti−1, ti], where

Badpt
θ
[x] :=





−θ[1] θ[1] 0
θ[2]− x[3] −1 −x[1]

x[2] x[1] −θ[3]



 , and βadpt
θ
[x] := bθ(x)−Badpt

θ
[x]x,

(6.14)

with bθ(x) defined in eq. (6.12). Of course, in practice, X̄ (θ)t is unknown, but during

the initial stages of running an MCMC sampler it is possible to learn an approxi-

mation X̄t ≈ Eθ[E[Xt |θ,D]|D] and use it in eq. (6.14) in place of X̄ (θ)t . To avoid
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common pitfalls with adaptive schemes, the number of times that the auxiliary law

is adapted needs to be fixed a-priori. Additionally, departure from the initial choice

of the auxiliary law can be done incrementally, by using the following process eX :

d eXt =
¦�

ρBθ[X̄
[1]
ti
]+ (1−ρ)Badpt

θ
[X̄t ]

�

eXt +ρβθ[X̄
[1]
ti
]+ (1−ρ)βadpt

θ
[X̄t ]

©

dt

+θ[4]I3 dWt , eX0 = x0, t ∈ [ti−1, ti],
(6.15)

where ρ is gradually decreased from 1 to a ≥ 0, for some user-chosen constant a

and where X̄ [1]ti
is initially chosen to be equal to some arbitrary constant x̄[1] ∈R.

6.3.1.3 Inference results

For the results presented below I used auxiliary law given in eq. (6.15), initially

with ρ = 1 and used preconditioned Crank-Nicolson scheme with memory pa-

rameter λ = 0.92. After 500 iterations I computed the mean trajectory X̄ using

the accepted paths of the Markov chain and I updated the auxiliary law according

to eq. (6.14), setting ρ = 0.7. After further 500 iterations I re-computed the mean

trajectory X̄ using the most recent 500 paths and updated the auxiliary law accord-

ing to eq. (6.14), setting ρ = 0.4. The memory parameter was updated to λ = 0.9.

The adaptation was repeated 3 more times, each time based on the most recent 500

iterations, with ρ set to 0.2 each time and the memory parameter being decreased

to 0.88, 0.83 and finally 0.8. No further adaptations were performed beyond that

point (i.e. after 2500th iteration). The results of the inference are given in fig. 6.2.

The joint posterior over all four parameters has been successfully identified. The

volatility parameter is particularly difficult to identify in this setting because of

two reasons: first, the observations are rather sparse and the number of observa-

tions low, which means that the data carries relatively little information about the

quadratic variation; second, the observation noise is of a similar order as the mag-

nitude of the volatility, which further clouds information about this parameter.

6.4 Discussion

In this chapter I re-formulated some of the core computational routines of guided

proposals and this in turn resulted in two improvements: one, in a reduction of
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Figure 6.2: Inference results for the stochastic Lorenz system. The chain was initialised at
θ(0) = (5,15,6,8).

the computational cost of the algorithm, and two, in a possibility of automating

statistical inference with guided proposals through encapsulation of the vast ma-

jority of the necessary computer code within a generic implementation. Only the

details pertinent to any particular example need to be coded by a practitioner. The

novel formulation was achieved by deriving a set of ordinary differential equations

(whose solutions are constant in the dimension of the dataset), which can be used

to compute all the non-trivial, unknown terms required for an implementation of

guided proposals.

In the numerical section I illustrated that thanks to a generic way in which

computations are performed, the auxiliary law may be chosen very fittingly to the
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Figure 6.3: Paths of the Lorenz system simulated during inference. The 20 plotted paths
were obtained as a result of thinning the chain of trajectories that were drawn during infer-
ence from the iterations numbered 8 · 103–104. Recall that only partially and noisy obser-
vations were recorded, the exact observations are plotted merely as a visual aid.

task and as a result I showed that guided proposals may achieve high performance

on challenging inference problems.

Nonetheless, in some sense this is but a modest display of what this method may

be capable of. All the computations have been performed on a single thread of a

mid-range, customer-grade, 6th generation Intel CPU (i7-6850K CPU) in less than

15 minutes. Since nearly all of the computational resources are invested into matrix

additions and multiplications one can move nearly all of these computations onto

a GPU and run the code on a newer machine to tackle high-dimensional diffusion
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problems, without resorting to any improvements to the methodology.

However, even the progress on the methodology itself is possible and this the

subject of an ongoing research. The path for some of those enhancements is quite

clear. First, as written by F. van der Meulen in the Bridge.jl package (and soon to

appear in a publication), it is possible to leverage automatic differentiation libraries

so as to derive gradients of the log-likelihood function with respect to the value of

the starting point and implement updates of this point via Hamiltonian Monte

Carlo or Metropolis-adjusted Langevin algorithm. The same extension can be im-

plemented for the updates of the parameters. Additionally, many high-dimensional

diffusion problems (such as, say, finite-dimensional approximations to stochastic

partial differential equations) have an element of sparsity to them, and this may

be leveraged by a number of computations—from solving the system of ODEs, to

sampling the proposal paths. All of the above and more to come will be added on

a continual basis to the BridgeSDEInferece.jl package.

Proofs

Proof of proposition 6.1.1. Notice that V := (V T
S ,V T

T )
T := ((LS

eXS+ξS)
T , (LT

eXT +

ξT )
T )T must be Gaussian, as it is constructed from a linear combination of Gaus-

sian vectors. Its mean and covariance follow easily from the expressions in eq. (6.2):

v̄ :=
�

LSµS(t , x)
LTµT (t , x)

�

, Ω̄ :=
�

LSKSS LT
S +ΣS LSKST LT

T
LT KT S LT

S LT KT T LT
T +ΣT

�

,

with Kτν := Kτ∧ν(t ), τ, ν ∈ [t ,T ]. Careful comparison of v̄ and Ω̄ with the defini-

tions of eM †
t , eLt and eµt reveals that

v̄ = eLt x + eµt , Ω̄= eM †
t ,

and the result follows (the density under the assumption t ∈ [S,T ] follows analo-

gously).

Proof of proposition 6.1.4. The expression for er follows immediately from propo-

sition 6.1.2 and the definition of eF . To derive the expression for eh, I start from

eq. (6.8). Notice that (using the notation from eq. (6.9)):

eh(t , x) = eρ(xobs(t )|x, t ) =
1
Z

exp{qt (xobs, x)} , where Z := (2π)(dS+dT )/2| eMt |
−1/2.

(6.16)
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Z is a normalisation constant and thus it can also be written as:

Z =
∫

exp{qt (v, x)} dv.

Derivation of logeh now follows by simple algebra and the definitions of eF , eH and

ec :

logeh(t , x) = qt (xobs(t ), x)− logZ

=−1
2
(xobs(t )− eµt )

T
eMt (xobs(t )− eµt )− log

∫

e qt (v,x) dv

− 1
2

�

−2xT
eLT

t
eMt (xobs(t )− eµt )+ xT

eLT
t
eMt
eLt x

�

=−ect −
1
2

�

−2eF T
t x + xT

eHt x
�

.

Setting t = 0 and x = x0 in the expression above yields the result.

Proof of theorem 6.1.1. The proof is split into two parts. In the first one I derive

the set of backward ordinary differential equations solved by eHt , eFt and ect . In the

second part I show how to compute the update equations giving values of eHu , eFu

and ecu , u ∈ {S,T } at the times of the observations.

Backward ordinary differential equations An ordinary differential equation solved

by eHt has been derived as a by-product in the proof of van der Meulen and Schauer

(2017b, Lemma 2.9). For completeness, I re-state the relevant part of this proof in

eqs. (6.17)–(6.19):

d
dt

eHt =
�

d
dt
eLt

�T
eMt
eLt + eL

T
t

�

d
dt

eMt

�

eLt + eL
T
t
eMt

�

d
dt
eLt

�

=−eBT
t
eLT

t
eMt
eLt + eL

T
t

�

d
dt

eMt

�

eLt − eL
T
t
eMt
eLt
eBt

− eBT
t
eHt − eHt

eBt + eL
T
t

�

d
dt

eMt

�

eLt .

(6.17)

Since eMt := ( eM †
t )−1:

d
dt

eMt =− eMt

�

d
dt

eM †
t

�

eMt = eMt
eLt
eΓt
eLT

t
eMt , (6.18)

and thus:
eLT

t

�

d
dt

eMt

�

eLt = eHt
eΓt
eHt . (6.19)
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Substituting this back into eq. (6.17) yields:

d eHt =
�

−eBT
t
eHt − eHt

eBt + eHt
eΓt
eHt

�

dt

For eFt notice:

d
dt
eFt =

�

d
dt
eLt

�T
eMt (xobs(t )− eµt )+ eL

T
t

�

d
dt

eMt

�

(xobs(t )− eµt )− eL
T
t
eMt

�

d
dt
eµt

�

=−eBT
t
eLT

t
eMt (xobs− eµt )+ eL

T
t
eMt
eLt
eΓt
eLT

t
eMt (xobs(t )− eµt )+ eL

T
t
eMt
eLt
eβt

=−eBT
t
eFt + eHt

eΓt
eFt + eHt

eβt .

To derive an ODE for ec I first split ec into two terms:

ect :=
1
2

C (1)t +C (2)t , where

C (1)t := (xobs− eµt )
T
eMt (xobs− eµt ) and C (2)t := log

�
∫

e qt (v,x0) dv
�

.
(6.20)

An ODE for the first term follows by simple algebra, eq. (6.18) and a definition of
eFt in eq. (6.9)

d
dt

C (1)t =−2
�

d
dt
eµt

�T
eMt (xobs(t )− eµt )+ (xobs(t )− eµt )

T
�

d
dt

eMt

�

(xobs(t )− eµt )

= 2 eβT
t
eLT

t
eMt (xobs(t )− eµt )+ (xobs(t )− eµt )

T
eMt
eLt
eΓt
eLT

t
eMt (xobs(t )− eµt )

= 2 eβT
t
eFt + eF

T
t
eΓt
eFt .

(6.21)

To find an ordinary differential equation solved by C (2)t observe that:

d
dt

C (2)t = e−C (2)t

∫

e qt (v,x) · d
dt

§

−1
2

�

v − eµt − eLt x
�T

eMt

�

v − eµt − eLt x
�

ª

dv

=−1
2

e−C (2)t

∫

e qt (v,x)
n

2
�

eLt
eβt + eLt

eBt x
�T

eMt

�

v − eµt − eLt x
�

+
�

v − eµt − eLt x
�T

eMt
eLt
eΓt
eLT

t
eMt

�

v − eµt − eLt x
�

o

dv

=−1
2

n

2
�

eβt + eBt x
�T
eLT

t
eMt

�

−eµt − eLt x
�

+
�

eµt + eLt x
�T

eMt
eLt
eΓt
eLT

t
eMt

�

eµt + eLt x
�

o

e−C (2)t

∫

e qt (v,x) dv

− 1
2
· 2
n

�

eβt + eBt x
�T
eLT

t
eMt −

�

eµt + eLt x
�T

eMt
eLt
eΓt
eLT

t
eMt

o

e−C (2)t

∫

ve qt (v,x) dv

− 1
2

e−C (2)t

∫

vT
eMt
eLt
eΓt
eLT

t
eMt ve qt (v,x) dv.

(6.22)
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where I used the Leibniz rule to exchange integration and differentiation, defini-

tions of eµt and eLt (given in eqs. (6.4) and (6.5)) to express their derivatives with

respect to t and eq. (6.18). Since by eq. (6.16):

eh(t , x) = e−C (2)t e qt (xobs(t ),x),

is the density for the observations xobs(t ), which is Gaussian with mean eµt + eLt x

and covariance matrix eM †
t , I have

e−C (2)t

∫

e qt (v,x) dv = 1, and e−C (2)t

∫

ve qt (v,x) dv = eµt + eLt x.

Consequently, the first two terms in the final expression of eq. (6.22) simplify to:

1
2

�

µt + eLt x
�T

eMt
eLteat

eLT
t
eMt

�

µt + eLt x
�

. (6.23)

The third and final term in the rightmost expression of eq. (6.22) multiplied by−2

expands to:

e−C (2)t

∫

vT
eMt
eLt
eΓt
eLT

t
eMt ve qt (v,x) dv = tr

�

eMt
eLt
eΓt
eLT

t
eMt
eM−1

t

�

+
�

eµt + eLt x
�T

eMt
eLt
eΓt
eLT

t
eMt

�

eµt + eLt x
�

= tr
�

eLT
t
eMt
eLt
eΓt

�

+
�

eµt + eLt x
�T

eMt
eLt
eΓt
eLT

t
eMt

�

eµt + eLt x
�

= tr( eHt
eΓt )+

�

eµt + eLt x
�T

eMt
eLteat

eLT
t
eMt

�

eµt + eLt x
�

,
(6.24)

where I used that the expected value of a quadratic form Y T AY , with a symmetric

A ∈ Rd×d and Y denoting a random variable with mean µ and covariance Σ, is

given by:

E[Y T AY ] = tr(AΣ)+µT Aµ.

Finally, by (6.22), d
dt C (2)t is given by the sum of (6.23) and a negative one half of

(6.24), which yields:

d
dt

C (2)t =−
1
2

tr( eHt
eΓt ) =−

1
2
eHt :eΓt (6.25)

The decomposition in eq. (6.20), together with the expressions in eqs. (6.21) and (6.25)

yield:

dect =
�

eβT
t
eFt +

1
2
eF T

t
eΓt
eFt −

1
2
eHt :eΓt

�

dt .
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Update equations The boundary conditions for eHT , eFT and C (1)T :

eHT = LT
TΣ
−1
T LT , eFT = LT

TΣ
−1
T vT , C (1)T = vTΣ

−1
T vT ,

follow directly from the definitions: eLT := LT , eMT := Σ−1
T and eµT := 0; as well

as the expressions for eHt , eFt and C (1)t given in proposition 6.1.2, eq. (6.9) and

eq. (6.20) respectively. The boundary condition for C (2)T follows from the defi-

nition eq. (6.20), and the fact that
∫

e qt (v,x) dv is a normalisation constant Z from

(6.16), and thus:

C (2)T =
dT

2
log(2π)+

1
2

log |ΣT |.

Consequently, the boundary condition for ecT is given by

ecT =
1
2

C (1)T +C (2)T =
1
2

vTΣ
−1
T vT +

dT

2
log(2π)+

1
2

log |ΣT |.

To derive the update equations at time S, recall from lemma 6.1.1 the update equa-

tions for eLS , eMS and eµS :

eLS =
�

eLS
eLS+

�

, eMS =
�

eΣS 0
0 eM †

S+

�

, eµS =
�

0
eµS+

�

.

Combining the expressions for eHt , eFt and C (1)t given in proposition 6.1.2, eq. (6.9)

and eq. (6.20) respectively, with the update equations above yields the update equa-

tions for eHS , eFS and C (1)S :

eHS = eHS++ LT
S Σ
−1
S LS , eFS = eFS++ LT

S Σ
−1
S vS , C (1)S =C (1)S++ vSΣ

−1
S vS .

To derive the update equations for C (2)S , notice first:

qS(v, x) =−1
2

�

�

vS
xobs(S+)

�

−
�

0
eµS+

�

−
�

LS
eLS+

�

x
�T �Σ−1

S 0
0 eMS+

�

·
�

�

vS
xobs(S+)

�

−
�

0
eµS+

�

−
�

LS
eLS+

�

x
�

=−1
2
(vS − LS x)T Σ−1

S (vS − LS x)+ qS+(xobs(S+), x).
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I can now write:

C (2)S := log
�
∫

e qS (v,x) dv
�

= log
�
∫

e−
1
2 (vS−LS x)TΣ−1

S (vS−LS x)+qS+(xobs(S+),x) dvS d(xobs(S+))
�

=C (2)S++ log
�
∫

e−
1
2 (vS−LS x)TΣ−1

S (vS−LS x) dvS

�

=C (2)S++
dS

2
log(2π)+

1
2

log |ΣS |,

where I used that
∫

e−
1
2 (vS−LS x)TΣ−1

S (vS−LS x) dvS is the normalisation constant of a

(dS -dimensional) Gaussian density with mean LS x and covariance ΣS . The update

equation for ecS follows readily

ecS =
1
2

C (1)S +C (2)S = ecS++ vSΣ
−1
S vS +

dS

2
log(2π)+

1
2

log |ΣS |.

Proof of theorem 6.2.1. Assume for simplicity thatZ takes a form (6.3). The general

case (6.1) follows by induction. By Bayes’ rule, the density eρ(x0|Z)dx0 is propor-

tional to the product of a prior and the density eρ(xobs(0+)|x0, 0+) given in eq. (6.8).

Completing a square for Gaussian densities then yields:

log eρ(x0|Z)∝ logπ(x0)+ log eρ(xobs(0+)|x0, 0+)

∝−1
2
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TΣ−1
pr (x0−µpr)
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7Inference for diffusions from first passage
time observations

This chapter is based on joint work with Susanne Ditlevsen and Moritz Schauer.

Bayesian inference methods for diffusion processes are discussed in abundance

in the statistics literature within the context of exact observations: D := {xi |Xti
=

xi ; i = 1, . . . ,K} (where X denotes the underlying process) as well as partial ob-

servations with noise: D := {vi |Li Xti
+ ξi = vi , i = 1, . . . ,K} (with Li ∈ Rdi×d ,

di ∈N+ and ξ ∼ Fi for some distributions Fi , i = 1, . . . ,K). However, the topic of

inference from first passage time observations is comparatively underrepresented.

To the best of my knowledge, to date, only a single Bayesian method that addresses

the problem of inference for diffusion processes from their first passage observa-

tions has ever been published (Iolov et al., 2017) (not to mention that it is applicable

merely to a single—albeit often used—diffusion model: the Ornstein-Uhlenbeck

process with time-dependent mean). All of the remaining techniques treating this

problem are frequentist and include maximum likelihood estimators obtained via

inverting Laplace transforms (Mullowney and Iyengar, 2008) or via numerical ap-

proximations to certain representations of the first passage time densities (Zhang

et al., 2009), methods of moments (Ditlevsen and Lansky, 2005, 2006) or solutions

to Fortet’s equations (Ditlevsen and Lansky, 2007; Ditlevsen and Ditlevsen, 2008).

Additionally, they are limited to three simple diffusion models: Brownian motion,

the Ornstein-Uhlenbeck process and the Cox-Ingersoll-Ross process.

Barring the intractable nature of the first passage time observational setting and

the challenge it may present, there is no good reason for its all too seldom presence

within the modern statistical discourse, because it arises naturally under a number

of experimental designs in biology, survival analysis, physics as well as many other

sciences (Ditlevsen and Lansky, 2007; Bachar et al., 2012). However, it is perhaps

best known for its relevance to the field of computational neuroscience. Within

this field, scientists study time-evolution of neurons’ membrane potentials so as to,

inter alia, understand and decipher communication between those cells (Dayan and

163
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Abbott, 2001). Briefly, membrane potential is the difference in the electric poten-

tial between the inside and the outside of a cell and it is generated by the inequality

in the concentrations of ions that is inside relative to the outside of a cell. At rest,

neurons (depending on their type) are polarised somewhere between −90mV and

−40mV (millivolts); however, some neuronal cells are capable of producing very

rapid disturbances to this otherwise only moderately fluctuating level, either as a re-

sponse to an external stimulus or doing so spontaneously (Tuckwell, 1988). These

changes manifest themselves in the forms of spikes—periods of a rapid depolarisa-

tion, followed by a delayed repolarisation, which, ceteris paribus, bring membrane

potential back to its resting value (Tuckwell, 1988). An example of the evolution of

membrane potential of a neuronal cell is given in fig. 7.1. It illustrates eleven spikes,

each lasting around 5ms (milliseconds). In practice, due to well-documented em-

pirical evidence, it is possible to reduce the temporal characterisation of the spiking

events to the first passage times of membrane potential to some pre-specified, high

enough threshold (Bachar et al., 2012) (a threshold, which, for instance, under the

example illustrated by fig. 7.1 could be set to level −20mV). Consequently, an ob-

servational setting in which only the times of spike occurrences are recorded are

exactly the types of observations I will be considering in this chapter.

Figure 7.1: Mock-up of the time-evolution of membrane potential, illustrating eleven
spikes. Simulated using the stochastic FitzHugh-Nagumo model.

In the subsequent sections I present a comprehensive treatment of the prob-

lem of Bayesian inference for diffusion processes from first passage time observa-

tions using methods based on data-augmentation. I start from the simplest, one

dimensional stochastic leaky integrate-and-fire models (Bachar et al., 2012, §5.3),

which, presently, are at the limits of the state-of-the-art inference methodologies
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(Bachar et al., 2012, §5.5.2). Already at this level the techniques I introduce in this

chapter are cable of handling diffusion processes outside of the class discussed in

the literature to this date. In appendix A I additionally show how to naturally

extend some of the proposed algorithms to multidimensional settings in which

first passage times of a single coordinate are observed. Furthermore, it turns out

that simulation-based methods are flexible enough to admit extensions to far more

complicated models than that—in particular, I show how to tackle certain types of

multidimensional, hypoelliptic diffusions, with observations of first passage times

of their “smooth” coordinates. These results are of particularly high relevance, be-

cause they include the celebrated (stochastic version of) FitzHugh-Nagumo model,

devised specifically for modelling neuronal activity (for work applicable to Bayesian

inference in a simpler setting of an elliptic version of the FitzHugh-Nagumo model

with both coordinates observed at a discrete collection of time-points see for in-

stance Jensen et al. (2012)).

My focus is set primarily on the applications to neuroscience and thus through-

out this chapter I lean on the terminology from this field and consider only typical

problems relevant to this science; however, it should be made clear that the appli-

cability of the introduced algorithms extends beyond neuroscience and includes

some composite observational settings (say, combinations of partial observations

and first passage time observations), as well as other diffusion models.

7.1 Diffusion models

7.1.1 Leaky integrate-and-fire

Stochastic leaky integrate-and-fire model, due to its simplicity and despite its lim-

itations, is perhaps the most widely used tool for representing activity of a single

neuron (Brunel and Van Rossum, 2007). Because of the mean reversion property

and the tractability of the transition densities, the underlying process X is most

commonly assumed to follow the dynamics of the Ornstein-Uhlenbeck process or

the Cox-Ingersoll-Ross process. Nonetheless, because the novel methodology in-

troduced in this chapter does not share the limitations of the present state-of-the-art
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algorithms, I assume in full generality that the underlying process follows the dy-

namics determined by the stochastic differential equation (1.3)1, with d = 1, until

the first stopping time τ (instead of a fixed time T ):

dXt = bθ(t ,Xt )dt +σθ(t ,Xt )dWt , X0 = L∗, t ∈ [0,τ],

where τ := inf{t ≥ 0 : Xt ≥ L∗}.
(7.1)

The Ornstein-Uhlenbeck process and the Cox-Ingersoll-Ross process are just two

special cases of the dynamics above. Upon hitting level L∗ for the first time, it is

assumed that the process takes on a deterministic trajectory that first rapidly depo-

larises the cell and then returns the process to a reset level L∗. The dynamics are

then renewed i.e. X once again follows the dynamics of eq. (7.1) until the first cross-

ing time of level L∗ (after renewal). This is illustrated in fig. 7.2. Experimentally,

the easiest way to measure the activity of a neuron is to record the times at

Figure 7.2: Illustration of the leaky integrate-and-fire model. Path X is started from a
known level L∗ and follows the dynamics from eq. (7.1) until the first time it reaches level
L∗ (in the plot above this happens at time τ1). Then, the path takes on a deterministic
trajectory that acts out a spike. After known and fixed time ε the process is reset at level
L∗ (in the plot above this happens at time t ∗1 := τ1 + ε). Then, the process once again
follows the dynamics from eq. (7.1) until it hits L∗ again and the construction is repeated.
Assuming that ε—the length of the spiking events—is known and only the times of the first
passage times are recorded: τ1, t ∗1 +τ2, . . . , without loss of generality one can transform the
dataset to τ1,τ2, . . . , which consists of inter-spike-intervals (ISI) and consider those latter
times only.

1Because X is defined here as necessarily a one-dimensional process and the methodology re-
mains valid when the coefficients are time-dependent I introduce explicit dependence of the coeffi-
cients on t .
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which the membrane potential spikes (Tuckwell, 1988) and τ can be taken as a

proxy for such spiking events. Then, as shown in fig. 7.2, the data consist of inde-

pendent and identically distributed realisations of τ—the so-called inter-spike in-

tervals (often abbreviated as ISI):

D := {τi ; i = 1, . . . ,K}. (7.2)

7.1.2 Multidimensional models

The issue with the leaky integrate-and-fire models is that—by design—the first pas-

sage time events are independent and identically distributed, which is contrary to

the empirical evidence for the activity of neurons (Dayan and Abbott, 2001). In

fact, a number of phenomena contributing towards spiking mechanism are well

documented and prompted neuroscientists to posit more complete descriptions of

the neuron’s behaviour, better captured for instance by the celebrated Hodgkin-

Huxley model (Hodgkin and Huxley, 1952). Some of the more complex models

exhibit certain important properties—such as direct production of spiking events

(without the need for artificial, deterministic trajectories), presence of mechanisms

producing clumps of increased spiking activity or extended periods of lack thereof—

that are important for working with real data. However, those behaviours cannot

be reproduced with simple, one dimensional diffusion models and thus extension

to multidimensional processes is necessary.

I assume that the underlying process follows the dynamics given in eq. (1.3)2,

with dimension d > 1:

dXt = bθ(Xt )dt +σθ(Xt )dWt , X0 = x0, t ∈ [0,T ]. (7.3)

This time, the resetting mechanism is acted out by the internal dynamics of the

model, without any artificial declarations that the process takes on a determinis-

tic trajectory upon hitting certain pre-specified threshold. In particular, the first

passage times are no longer the guarantors of the ensuing spikes; however, it is still

reasonable to ascribe them this role, so long as the underlying model in eq. (7.3) is
2Now, X can be multidimensional and the usual comment regarding extension to time-

inhomogeneous processes applies (see the final paragraphs of section 2.1). For that reason I drop
the explicit dependence on time from the notation.
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chosen fittingly to the task3 (Leon et al., 2018). Mathematically, define a series of

stopping times:

τ∗1 := inf{t ≥ 0 : X [1]t ≥ L∗},

τ∗i := inf{t ≥ τ∗i : X [1]t ≤ L∗}, i = 1,2 . . . ,

τ∗i := inf{t ≥ τ∗i−1 : X [1]t ≥ L∗}, i = 2,3 . . . .

(7.4)

τ∗i ’s, (i = 1, . . . ) denote the renewal times of the first coordinate process X [1] (the

times at which diffusion’s first coordinate is brought down to the reset level L∗ for

the first time after spiking). τ∗i ’s, (i = 1, . . . ) denote the first passage times to level

L∗ of the first coordinate process X [1] since the last renewal times (initially taken to

be 0). This is illustrated graphically in fig. 7.3. The observed times of occurrences

of spikes are then associated with the stopping times τ∗i , (i = 1, . . . ). The renewal

times τ∗i , (i = 1, . . . ) remain latent. Consequently, the data takes the following

form:

D := {τ∗i ; i = 1, . . . ,K}. (7.5)

Remark 7.1.1. Note that τ∗i ; i = 1, . . . ,K denote absolute times at which spikes

occur. To talk about inter-spike-intervals one should look at {τ∗1}∪{τ∗i+1−τ
∗
i , i =

1, . . . ,K − 1} instead.

7.1.3 Hypoelliptic models

Hypoelliptic diffusions (i.e. when assumption A3 does not hold, but A4 does) that

are treated in this chapter must be of a particular form: they satisfy SDE in eq. (7.3),

but the coordinate4 whose first passage times are observed has a degenerate noise

structure. More precisely, (if the first coordinate is the one being observed) the

first row of the volatility coefficient in eq. (7.3) describing the dynamics of X is

identically equal to a 0-vector, i.e.:

σ [1,1:d ′]
θ

(x) = 01×d ′ , ∀x ∈Rd . (7.6)
3For instance, if a strong oscillatory component is encoded in the diffusion’s dynamics, such as

is the case with the FitzHugh-Nagumo model.
4Or coordinates, as the introduced methodology readily extends to settings in which first pas-

sage times of more than one coordinate are observed.
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Figure 7.3: Illustration of multidimensional models for neuron’s spiking behaviour. Path
X is started from some initial position x0 that remains latent (though, for simplicity, it
can be taken to be known) and follows the dynamics from eq. (7.3) throughout the entire
time-domain. All coordinates apart from the first one (i.e. the second coordinate in the
plot above) are entirely unobserved. Depending on the model, the latent coordinates can
have well-defined biological meaning (such as is the case for the Hodgkin–Huxley model,
in which the latent coordinates represent various voltage-gated ion channels, leak channels
and others (Hodgkin and Huxley, 1952)). Only the times of the first crossing of level L∗ by
the first coordinate (since the last renewal) are recorded (in the plot above these comprise
of τ∗i , i = 1,2,3,4). The renewal times (τ∗i i = 1,2,3,4 above) remain latent.

Additionally, the drift term of this same coordinate must be a linear function of

the process X , i.e. there must exist a vector bB ∈Rd and a scalar bβ ∈R, so that:

b [1]
θ
(x) = bBT x + bβ. (7.7)

The former restriction is vital. The latter one might be stronger than necessary,

although, it is essential for a rigorous application of the results from this chapter

(indeed, in practice, the algorithm presented below works with non-linear drifts as

well). See Bierkens et al. (2018) for a conjecture about possible extensions of guided

proposals (which is a central component to some of the algorithms of this chapter)

to wider class of hypoelliptic diffusions, for which eq. (7.7) need not hold.

The difficulty of treating hypoelliptic diffusions is not restricted to the setting

of first passage times observations—the degeneracy of the volatility matrix intro-
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duces subtle complications that put such models beyond capabilities of many of

the inference algorithms. However, often, the use of such models is backed up

by much stronger motivating arguments, than the use of their uniformly elliptic

counterparts. For instance, consider a deterministic model based on the following

second order, ordinary differential equation, ubiquitous to applications in physics:
¨

dxt = ẋt dt ,
dẋt = b (xt , ẋt )dt , t ∈ [0,T ],

(7.8)

where b :R2→R is some smooth enough function. A physics’ interpretation of

such ODE is that xt is a position of a particle and ẋt is its velocity. The system

can be transformed to an SDE by virtue of adding a “noise term” σ dWt to either

(or both) of the coordinates. Nonetheless, adding it to the latter coordinate, which

results in:
¨

dXt = Ẋt dt ,
dẊt = b (Xt , Ẋt )dt +σ dWt , t ∈ [0,T ],

(7.9)

conceptually makes more sense (Rogers and Williams, 2000a, Chapter 1, §3.23).

Injecting continuous noise directly into the first coordinate would indicate that the

state-space that the particle is travelling in experiences some external, continuous,

random “shakes”, which jitter the particle’s position independently of the velocity

with which it travels. This is unlikely, as state space is usually understood to be

fixed. Instead, any randomness affecting the particle’s position comes indirectly,

by first affecting its velocity, and then propagating via natural definition of the

position as the integrated velocity.

The celebrated FitzHugh-Nagumo model has been designed specifically for ap-

plications to neuroscience (FitzHugh, 1961; Nagumo et al., 1962). In the source

publication of FitzHugh (1961), it has been defined through a modification to the

Van der Pol oscillator (van der Pol and van der Mark, 1928). A natural representa-

tion of the latter system takes a form akin to eq. (7.8) and thus it is not surprising

that the FitzHugh-Nagumo model can also be transformed to this form (see sec-

tion 7.4.2). This is why a stochastic version of the FitzHugh-Nagumo model, and

by extension, also many other neuronal models, natively take hypoelliptic forms,

and why methods capable of dealing with hypoelliptic models are highly relevant

to the field of computational neuroscience.
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The mathematical description of the spiking behaviour, given in eq. (7.4), as

well as the type of collected data, given in eq. (7.5), remain unchanged from sec-

tion 7.1.2 for hypoelliptic models.

7.2 Simulating diffusions conditioned on first
passage times

As I have shown in multiple scenarios in this thesis, simulating appropriately con-

ditioned diffusions is an essential (and also the most challenging) ingredient of the

imputation-based, Bayesian inference methods for diffusion processes. In this sec-

tion (as well as in appendix A), I will describe how to simulate conditioned diffu-

sions corresponding to the observational regimes listed in section 7.1.

7.2.1 Leaky integrate-and-fire models

Consider the simplest setting of leaky integrate-and-fire model in eq. (7.1) and de-

note withP(θ)b the unconditioned law induced by this SDE. It is easy to see that by

the Strong Markov property the conditioning corresponding to the dataset (7.2) is

given simply by:

Z := τ, (7.10)

where τ is defined in eq. (7.1), and for the observation set from eq. (7.2) it takes

values τi , (i = 1, . . . ,K). Simulating diffusion paths from the law P
(θ)
b (·|Z) is then

done independently on each interval [0,τi], (i = 1, . . . ,K).

7.2.1.1 Rejection sampling via conditioned Wiener law

The first approach that I introduce is an adaptation of the rejection sampler on a

path space (see sections 2.3 and 3.1) to the conditioning of the form (7.10). Conse-

quently, assumptions A1, A3, A5–A8 and A10 must hold. Process X is first trans-

formed to the diffusion Y via Lamperti transformation ηθ, which for the time-

dependent volatility coefficient is given by:

ηθ(t , x) :=
∫ x 1

σθ(t , u)
du.
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This yields the following stochastic differential equation solved by Y :

dYt = αθ(t ,Yt )dt + dWt , Y0 = L∗θ, t ∈ [0,τ(θ)],

where τ(θ) := inf{t ≥ 0 : Yt = L∗θ},
(7.11)

with L∗θ := ηθ(0, L∗), L∗θ := ηθ(τ, L∗) and the drift given by:

αθ(t , y) :=
�

∂tηθ+
bθ
σθ
− 1

2
∂yσθ

�

�

η−1
θ
(t , y)

�

.

The problem of sampling fromP
(θ)
b (·|Z) is thus reduced to the problem of sam-

pling from P
(θ)
α (·|Z) (with the latter denoting the law induced by eq. (7.11)). As

usual, define also P(θ)0 (·|Z)—the law of Brownian motion conditioned on Z . I will

use P(θ)0 (·|Z) as the proposal law for P(θ)α (·|Z). The following theorem then pre-

scribes the likelihood between those two laws.

Theorem 7.2.1. On τ <∞, the law P
(θ)
α (·|Z) is absolutely continuous with re-

spect to P(θ)0 (·|Z) and the likelihood between the two is given by:

dP(θ)α
dP(θ)0

(Y |Z) =
g (θ)0 (τ)

g (θ)α (τ)
exp

�

Aθ(τ, L∗θ)−Aθ(τ, L∗θ)−
∫ τ

0
ϕθ(s ,Ys )ds

�

,

where

Aθ(t , y) :=
∫ y

αθ(t , u)du, ϕθ(t , y) :=
�

α2
θ+ ∂yαθ+ 2∂t Aθ

�

(t , y),

and where g (θ)0 (τ) and g (θ)α (τ) denote the densities of Z (= τ) under the proposal

Wiener law P
(θ)
0 and the target law P

(θ)
α respectively:

g (θ)0 (t )dt :=P(θ)0 (τ ∈ dt ), g (θ)α (t )dt :=P(θ)α (τ ∈ dt ).

Theorem 7.2.1 paves a clear way for sampling from P
(θ)
α (·|Z). As in assump-

tion A10, denote by l∗(θ) the lower bound on ϕθ and similarly to eq. (2.12), define:

φθ(t , y) := ϕθ(t , y)− l∗(θ). Then, proposal paths Y are generated from P
(θ)
0 (·|Z)

and are accepted with probability exp{−
∫ τ

0
φθ(s ,Ys )ds}. Accepted samples are dis-

tributed exactly according toP(θ)α (·|Z) and when transformed via inverse Lamperti

transformation η−1
θ

, they yield samples from P
(θ)
b (·|Z).

There are two ways of executing the accept-reject step. The first solution relies

on approximation of exp{−
∫ τ

0
φθ(s ,Ys )ds} via Riemann sums (which prompts for
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revealing Y on a dense enough time-grid). The second one is based on the construc-

tion involving Poisson point processes, as delineated in section 3.1 (which prompts

for revealing Y on a random time-grid). The former solution introduces discreti-

sation errors; however, the latter one is free from them. In view of the algorithms

presented in this thesis thus far, the only procedure that requires additional clarifi-

cations is the step of sampling from the proposal measure P(θ)0 (·|Z).
In order to implement this, notice that Y ∼ P(θ)0 (·|Z) is simply a Brownian

motion conditioned to stay below level L∗θ on the interval [0,τ) and conditioned

to end up in L∗θ at the time τ. Define:

Zt := L∗θ−Yτ−t , t ∈ [0,τ]. (7.12)

Then, Z is distributed as standard Brownian motion conditioned to stay positive

on (0,τ] and conditioned to end-up in L∗θ− L∗θ at time τ. It follows by Williams

(1970) and Imhof (1984) that the law of Z coincides with the law of a three dimen-

sional Bessel bridge (joining 0 at time 0 and (L∗θ− L∗θ) at time τ). By Pitman and

Yor (1982, 5.d) the path of the latter process admits a decomposition based on three

independent Brownian bridges B := {B [i]}3i=1 joining 0 and 0 on the time-interval

[0,τ]:

Z d=
¨s

�

B [1]t +(L∗θ− L∗θ)
t
τ

�2
+
�

B [2]t

�2
+
�

B [3]t

�2
, t ∈ [0,τ]

«

. (7.13)

Consequently, in order to sample proposal paths Y ∼P(θ)0 (·|Z) (in a non-centrally

parametrised way), I can first draw three independent, 0–0 Brownian bridges and

then transform them via Ψθ defined through eqs. (7.12) and (7.13) as follows:

Ψθ(B) =







L∗θ−

√

√

√

�

B [1]τ−t +(L∗θ− L∗θ)
τ− t
τ

�2
+
�

B [2]τ−t

�2
+
�

B [3]τ−t

�2
, t ∈ [0,τ]







.

(7.14)

Ψθ(B) may then be used as proposal draws in a rejection sampling setting as can-

didates for the draws from the target law P
(θ)
α (·|Z). This is summarised in algo-

rithm 7.1 below.
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Algorithm 7.1 Path space rejection sampler for leaky integrate-and-fire model

1: while True do
2: for i = 1,2,3 do
3: Draw B [i] ∼W∗[τ] . 0–0 Brownian bridge on [0,τ]
4: Set Y ◦← Ψθ(B) . See eq. (7.14)
5: Draw E ∼ Exp(1)
6: if E >

∫ τ

0
φθ(s ,Ys )ds then . See sections 2.3 and 3.1 for details

7: Set X ←{η−1
θ
(s ,Ys ), s ∈ [0,τ]}

8: return X . A sample distributed exactly according to P(θ)b (·|Z)

Remark 7.2.1. Notice that neither of g (θ)0 (τ) and g (θ)α (τ) is needed for the step

of imputing the unobserved path. Nonetheless, the former density will turn out

to be essential for the step of updating values of the unknown parameter θ. In

preparation for that, denote by Ja(t )dt the first passage time density of a standard

Brownian motion to the level a. This density is known in closed form (see for

instance Karatzas and Shreve (1998a, §2.8, e.q. 8.5)):

Ja(t )dt :=
|a|
p

2πt 3
exp

�

− a2

2t

�

dt . (7.15)

Since g (θ)0 (τ) is simply the first passage time density to the level L∗θ of Brownian

motion started from L∗θ, by translation invariance

g (θ)0 (τ) = JL∗θ−L∗θ
(τ). (7.16)

7.2.1.2 MCMC on a path space, blocking and other extensions

In the same way that rejection sampling on a path space for diffusions conditioned

on an endpoint (described in section 2.3) could be seen as a blueprint for defining a

corresponding importance sampler (see section 2.4.1) or an MCMC algorithm on

a path space (see algorithm 2.9), the rejection sampler presented in section 7.2.1.1

can act as a starting point for a search of more computationally efficient algorithms.

In particular, defining an importance sampler or an independence sampler that is

based on algorithm 7.1 proceeds in exactly the same way as it was described in

section 2.4.1 and in algorithm 2.9 respectively. For an independence sampler it

is further possible to improve the mixing of the chain by, for instance, employ-

ing the preconditioned Crank-Nicolson scheme, similarly to how it was done in
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section 4.1.6,5 or by employing blocking, which can be done by following the pre-

sentation from section 5.3.6

In practice, I found that independence samplers combined with the precondi-

tioned Crank-Nicolson scheme perform exceptionally well across all of the tested

settings. I found that in general, first passage time problems that involve scalar

diffusions and that are encountered in neuroscience are “simple” enough for the

methods based on sampling from conditioned Wiener measures (described in sec-

tions 7.2.1.1 and 7.2.1.2) to perform at high efficiency.7 As I show in section 7.4,

because of the very flexible nature of the presented simulation-based methods it is

now possible to tackle practical inference problems lying well beyond the capabil-

ities of the state-of-the-art methodologies. This refers not only to applications to

a much wider class of diffusion processes, but also to a newly granted flexibility

for the experimental design: where combination of various observational settings

or integration of multiple experiments that differ in their set-ups can be easily han-

dled by the algorithms. The last point is particularly important for the first passage

time observational setting, as the observations from this regime are only weakly

informative about the dynamics of the process, much less so than, say, partial ob-

servations would be. By pooling the results from multiple experiments that differ

in their set-ups and performing joint inference on them it is possible to achieve

synergies, increasing the amount of information that each experiment would carry

on its own. This last point also extends to other methodologies introduced in this

chapter.
5More precisely, casting algorithm 7.1 in an MCMC setting and denoting by B∗ := {B∗[i], i =

1,2,3} the three Brownian bridges accepted at a previous iteration, line 3 of algorithm 7.1 can now
be substituted with the two lines below.
1: Draw B◦ ∼W∗[τ] . 0–0 Brownian bridge on [0,τ]
2: Set B [i]←

p
λB◦+

p
1−λB∗[i]

6The version of the non-centrally parametrised rejection sampler with blocking from sec-
tion 5.3.2 (where blocking is done directly on a non-centrally parametrised space) adapts particu-
larly well to the new setting of section 7.2.1.1: notice that then, each of the three Brownian bridges
is simply divided into shorter, overlapping chunks and the paths are drawn consecutively on those
segments.

7The methods can be tested by the reader on his/her own examples using the code from https:
//github.com/mmider/FirstPassageTimeInference.jl
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7.2.2 Multidimensional, uniformly elliptic models

The methods from section 7.2.1 developed for the stochastic leaky integrate-and-

fire model can be extended to uniformly elliptic (A3), multidimensional settings.

Unfortunately, when applied in practice, the algorithm’s performance is under-

whelming. The sampler deals with simple, multidimensional diffusions (say lin-

ear diffusions from eq. (3.20)), but seems to be unable to efficiently handle highly

non-linear cases (say, the uniformly elliptic FitzHugh-Nagumo model). Nonethe-

less, this outcome should not be surprising: highly non-linear, multivariate diffu-

sions are difficult to deal with even when they are observed exactly on a discrete

time-grid. Under conditioning from eq. (7.5), the interval lengths over which dif-

fusion paths need to be imputed are far longer than they are in the vast majority

of cases dealt with in the statistics literature today and thus the discussion from

section 2.3.4 might provide an intuition for why samplers based on conditioned

Wiener measures are not suitable for dealing with highly non-linear diffusion pro-

cesses conditioned on (7.5).

As a result, due to comparatively low performance of the method crafted for the

multidimensional, uniformly elliptic settings and the relatively weaker relevance

for the problems at hand, I defer the exposition of the solution for this regime

to appendix A. I stress however, that the methodology may still be of interest to

applications, which deal with “better behaved” diffusion processes.

7.2.3 Multidimensional, hypoelliptic models

Fortunately, the issues with the uniformly elliptic setting do not impact prospects

for solving many problems from neuroscience or physics, where it is the hypoellip-

tic diffusions that are being studied. Despite inherent difficulties with hypoelliptic

diffusions, a different approach to solving the problem yields spectacularly differ-

ent results, allowing to treat highly non-linear diffusions with great efficiency.

Denote by P(θ)b the unconditioned law induced by eq. (7.3) and notice that the

conditioning corresponding to the dataset (7.5) is given by:

Z := {τ∗i ; i = 1, . . . ,K}.
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For simplicity of exposition I assume that K = 2, so that:

Z := {τ∗1 , τ∗2}, (7.17)

the general case follows immediately by induction. Unlike in the simple, scalar

model of section 7.2.1, the stopping times τ∗i , (i = 1, . . . ,K) no longer lead to a

factorisation of the target law into independent laws defined on shorter time seg-

ments. Instead, global proposals need to be sought.

Hypoellipticity of the form asserted in section 7.1.3, which—due to mathemat-

ical complications that arise from it—is normally seen as a burden, awards a crucial

simplification for the conditioning given in eq. (7.17). Indeed, it is immediate from

eq. (7.6) that the paths of the first coordinate process X [1] are “smoother” than the

paths of Brownian motion, because their time-derivatives exist almost everywhere.

This is indicative that the conditioning on (7.17) with τ∗1 and τ∗2 taking values τ1

and τ2 respectively (with τ1 and τ2 some constants) and the conditioning on:

ÒZ := {X [1]τ1
= L∗, X [1]τ2

= L∗, ∃t ∈ [τ1,τ2] s.t. Xt ≤ L∗}, (7.18)

share a close connection. Under uniform ellipticity, trivially Pb (Z |ÒZ) = 0; how-

ever, this is no longer the case under hypoellipticity. More precisely, it can be seen

from eq. (7.6) that there is positive probability for the first coordinate of a trajectory

X conditioned on ÒZ to have positive time-derivatives in some open balls around

τ1 and τ2. More rigorously, considering first only a single stopping time, it can be

shown that:

Lemma 7.2.1. P(θ)b ({ω ∈Ω : τ∗1(ω) = τ1}|X
[1]
τ1
= L∗)> 0, for all τ1 ∈R+, i.e. that

when the process X is conditioned to take value L∗ at some fixed time τ1, then the

probability that this is the first time that value L∗ has been reach is positive.

But then, an extension to arbitrary number of τ∗i ’s follows immediately by

Bayes’ rule and induction. I summarise this in the following, central result of this

section.

Theorem 7.2.2. If (7.6) holds, then P(θ)b (Z |ÒZ) > 0, where Z and ÒZ are as given

by eq. (7.17) and eq. (7.18) respectively (and the conditioned-on random variables

τ∗1 and τ∗2 in eq. (7.17) take values τ1 and τ2 that coincide with the those taken in

eq. (7.18)). The same statement remains valid for an arbitrary number of τ∗i ’s.
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Theorem 7.2.2 and Bayes’ theorem now yield:

dP(θ)b (X |Z)

dP(θ)b (X |ÒZ)
=

1Z(X )

P
(θ)
b (Z |ÒZ)

∝ 1Z(X ). (7.19)

In turn, eq. (7.19) makes it possible to define a suitable rejection sampling algo-

rithm, whose strength lie in reducing the problem of sampling from P
(θ)
b (·|Z) to a

simpler one of sampling fromP
(θ)
b (·|ÒZ). An algorithm for simulating from the lat-

ter law has already been proposed in the statistics literature by Bierkens et al. (2018)

and it is summarised in section 3.3 of this thesis (see algorithm 3.5 for its extract).

The algorithm of Bierkens et al. (2018)—which is based on guided proposals—

is well-suited for highly non-linear diffusions of the type encountered in neuro-

science. Additionally, I can fully leverage the extensions from chapter 6 to further

improve the computational efficiency of the original formulation from Bierkens

et al. (2018), as well as use guided proposals in the context of statistical inference

for hypoelliptic diffusions—achieving something that has not been explored in

Bierkens et al. (2018).

Consequently, modification of Bierkens et al. (2018) to conditioning on the

first passage time observations takes a form of an MCMC sampler on a path space,

targeting law P
(θ)
b (·|Z) and using proposals drawn from the law P

(θ)
b ◦ induced by

eq. (3.19), with eh(t , x) := deP(θ)(ÒZ | eXt = x). Notice that the Radon-Nikodým

derivative between the target and the proposal laws is given by:

dP(θ)b (X |Z)

dP(θ)b ◦ (X )
=

dP(θ)b (X |Z)

dP(θ)b (X |ÒZ)

dP(θ)b (X |ÒZ)

dP(θ)b ◦ (X )
=

1Z(X )

P
(θ)
b (Z |ÒZ)

dP(θ)b (X |ÒZ)

dP(θ)b ◦ (X )
. (7.20)

Therefore, the Metropolis-Hastings acceptance probability takes a form:

aθ(X
(n),X ◦) = 1∧





dP(θ)b (X
◦|Z)

dP(θ)b ◦ (X
◦)

Â

dP(θ)b (X
(n)|Z)

dP(θ)b ◦ (X
(n))





= 1∧





dP(θ)b (X
◦|ÒZ)

dP(θ)b ◦ (X
◦)
1Z(X

◦)
Â

dP(θ)b (X
(n)|ÒZ)

dP(θ)b ◦ (X
(n))



 ,

(7.21)

where I used that 1Z(X
(n)) ≡ 1. Equation (7.21) is tractable and its constituent

components are given in eq. (3.24), which brings me to the following summary in

algorithm 7.2.
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Algorithm 7.2 Path imputation for hypoelliptic diffusions conditioned on FPTs
1: accepted← False
2: repeat . Initialisation
3: Draw X (0) ∼ dP(θ)b ◦ . As per eq. (3.19), with eh(t , x) := deP(θ)(ÒZ | eXt = x)
4: if Z occurs then
5: accepted← True
6: until accepted
7: for n = 1, . . . ,N do .MCMC on a path space
8: Draw X ◦ ∼ dP(θ)b ◦ . As per eq. (3.19), with eh(t , x) := deP(θ)(ÒZ | eXt = x)
9: Draw U ∼ Unif([0,1])

10: if U ≤ aθ(X
(n−1),X ◦) then . See eq. (7.21)

11: Set X (n)←X ◦

12: else
13: Set X (n)←X (n−1)

14: return {X (n) ; n = 1, . . . ,N} .Markov chain with invariant law P
(θ)
b (·|Z)

Naturally, in view of the central application to Bayesian inference, a non-centrally

parametrised version of algorithm 7.2 is needed. In example 4.1.2 and in algo-

rithm 6.2 I have already described how to define a non-centrally parametrised ver-

sion of guided proposals for conditioning of the form (6.1). Amending algorithm 7.2

so as to introduce the main ideas from algorithm 6.2 follows trivially. Afterwards,

optional implementation of the preconditioned Crank-Nicolson scheme and/or

blocking follows as per descriptions in section 4.1.6 and section 5.3 respectively.

7.3 Inference

The samplers of conditioned diffusions introduced in the previous section make

it possible to define Bayesian inference algorithms based on data augmentation for

the models listed in section 7.1. I assume that θ ∈Θ is random and comes equipped

with a prior density π(θ). The aim is to derive the posterior density:

π(θ|D)∝π(D|θ)π(θ).

The approach I take here follows the one delineated in chapter 4. I define a Gibbs

sampler, which alternately imputes the unobserved parts of path (by sampling from

π(X |θ,D)) and updates unknown parameter θ (by sampling fromπ(θ|X ,D)). The

invariant density of the resulting chain {(θ(n),X (n)) ; n = 1, . . . ,N} is π(θ,X |D),
whereas in the case of the marginal chain {θ(n) ; n = 1, . . . ,N} it is π(θ|D).



180 CHAPTER 7. INFERENCE FROM FIRST PASSAGE TIME OBSERVATIONS

7.3.1 Leaky integrate-and-fire models

In this case, the imputation density π(X |θ,D) is given by
⊗K

i=1 dP(θ)b (·|Zi ), with

Zi , (i = 1, . . . ,K) defined in eq. (7.10) for each observation τi , (i = 1, . . . ,K). As

discussed in section 7.2.1, sampling fromP
(θ)
b (·|Zi ) on each sub-interval [0,τi], (i =

1, . . . ,K) can be completed by either of the following:

• Exact rejection sampling on a path space (as per algorithm 7.1), with Pois-

son point process construction completing the accept-reject step (as per sec-

tion 3.1)

• Rejection sampling on a path space (as per algorithm 7.1), with left-Riemann

sum approximations to the integrals in the accept-reject step

• Independence sampler using proposal draws fromP
(θ)
0 (·|Zi ) to targetP(θ)α (·|Zi )

• The Metropolis-Hastings step using blocked proposals fromP
(θ)
0 (·|Zi ) to tar-

get P(θ)α (·|Zi )—updates of each block can be completed with either of the

techniques from the former three bullet points

Additionally, the latter two algorithms may be modified with the preconditioned

Crank-Nicolson scheme.

7.3.1.1 Unbiased inference

If an “exact” version of the sampler is chosen (this refers to the first bullet point

from the list above or the last one, so long as each block is updated by the exact

rejection sampler on a path space), then it is possible to preserve this exactness

and define an inference algorithm devoid of any discretisation errors, just as it was

done in section 4.2. To this end, assume for simplicity that samples fromP
(θ)
b (·|Zi )

are drawn according to the exact rejection sampler of Beskos et al. (2008) (see sec-

tion 3.1 for details) that is appropriately modified for algorithm 7.1 (a version of

the algorithm with blocking follows analogously). Then, each accepted imputation

sample X := {X [i]}Ki=1 (which consist of K independent trajectories X [i] defined

on the time-intervals [0,τi], i = 1, . . . ,K , that I collect into a single object X for

brevity) has been revealed at a finite collection of random time points

{X [i]
χ [i]j

; j = 1, . . . ,κi}, (i = 1, . . . ,K), (7.22)
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coinciding with the times of a simulated Poisson point process Φ := {Φi , i =

1, . . . ,K}. To be more precise, since a non-centrally parametrised version of the

algorithm has to be used, it is in fact the three Brownian bridges from line 3 of al-

gorithm 7.1 that are being revealed at timesχ [i]j , ( j = 1, . . . ,κ) on each time-interval

[0,τi], (i = 1, . . . ,K):

{B [k ,i]

χ [i]j

; k = 1,2,3; j = 1, . . . ,κi}, (i = 1, . . . ,K), (7.23)

and path X in eq. (7.22) is then derived as a by-product via transformation Ψ[i]
θ

defined for each interval [0,τi], (i = 1, . . . ,K) analogously to eq. (7.14).

Additionally, other random variables Υi , (i = 1, . . . ,K) (such as layered infor-

mation) might have been simulated along the way. For notational convenience

denote with νi , i = 1, . . . ,K the absolute times of the renewal times associated with

the beginnings of the intervals [0,τi], i = 1, . . . ,K (i.e. so that the absolute times

of spike occurrences are given by νi +τi (i = 1, . . . ,K)) and write L∗
[i]
θ

:= ηθ(νi , L∗)

and L∗[i]
θ

:= ηθ(νi +τi , L∗), (i = 1, . . . ,K). Then, similarly to Sermaidis et al. (2013,

theorem 1), I can show the following.

Theorem 7.3.1. Under a leaky integrate-and-fire model and an assumption of sam-

pling from P
(θ)
b (·|Zi ), (i = 1, . . . ,K) being completed via exact rejection sampling

on a path space, the joint density for the data D, parameter θ and simulated vari-

ables

S := {{B [k ,i]

χ [i]j

; k = 1,2,3; j = 1, . . . ,κi} ∪Υi}
K
i=1, (7.24)

is given by

π(S ,θ,D) =π(θ)
K
∏

i=1

§

exp
¦

Aθ(νi +τi , L∗[i]
θ
)−Aθ(νi , L∗

[i]
θ
)
©

JL∗[i]
θ
−L∗

[i]
θ

(τi )

· [l ∗θ (Υi )]
κi · exp{− [l∗θ− 1+ l ∗θ (Υi )]τi}1Zi

�

Ψ[i]
θ
(B [1:3,i])

�

·
κi
∏

j=1

�

1−φθ(νi +χ
[i]
j ,Ψ[i]

θ
(B [1:3,i])

χ [i]j
)/l ∗θ (Υi )

�ª

,

(7.25)

where l ∗θ and l∗θ are defined in assumptions A10 and A12 respectively and where J

is given by eq. (7.15).
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With theorem 7.3.1 in place, it possible to update parameterθ by employing the

Metropolis-Hastings algorithm: proposing a new value for the parameter θ from

some transition kernel q(θ(n),θ◦) and accepting it with the probability

a(θ(n),θ◦) = 1∧
�

π(S (n),θ◦,D)q(θ◦,θ(n))
π(S (n),θ(n),D)q(θ(n),θ◦)

�

.

The expression for the acceptance probability a(θ(n),θ◦) involves only a finite num-

ber of variables, all of which are known and thus it can be evaluated without mak-

ing any approximation errors. Naturally, the commentary applicable to the algo-

rithm of Sermaidis et al. (2013), summarised in the second part of section 4.2 still

applies here, with perhaps the most important point being that for a new sample

θ◦ it is possible that l ∗θ◦(Υi )> l ∗θ (Υi ). This means that, potentially, an extra Poisson

point process on [0,τi]×[l ∗θ (Υi ), l ∗θ◦(Υi )] needs to be sampled, followed by revealing

an already accepted path X at additional time points. This is a suboptimal strat-

egy and for more details on this issue and a more practical way of revealing path

X , see algorithm 4.9 in section 4.2 or Sermaidis et al. (2013, §4.1). The unbiased

inference algorithm for stochastic leaky integrate-and-fire models with first passage

time observations is summarised in algorithm 7.3 below.

Algorithm 7.3 Exact inference for stochastic leaky integrate-and-fire models from
first passage times (FPTs)

1: Initialise θ(0)

2: for n = 1, . . . ,N do
3: Draw X ∼

⊗K
i=1P

(θ(n−1))
b (·|Zi ), effectively revealing S in eq. (7.24) .Use

non-centrally parametrised, exact version of algorithm 7.1
4: Draw θ◦ ∼ q(θ, ·)
5: Draw U ∼ Unif([0,1])
6: if U ≤ π(θ◦,S ,D)q(θ(n−1),θ◦)

π(θ(n−1),S ,D)q(θ◦,θ(n−1)) then . see eq. (7.25)

7: Set θ(n)← θ◦

8: else
9: Set θ(n)← θ(n−1)

10: return {θ(n) ; n = 0, . . . ,N}.Markov chain with the invariant density π(θ|D)

7.3.1.2 Inference with an approximation step

As an alternative to algorithm 7.3, an approximate procedure can be employed,

in which imputation via algorithm 7.1 (or via an independence sampler or the
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Metropolis-Hastings algorithm derived from algorithm 7.1) employs approxima-

tions to the integrals via left-Riemann sums. Then, the following counterpart to

theorem 7.3.1 gives a way to update the parameter θ:

Theorem 7.3.2. Under leaky integrate-and-fire model, the joint density under the

target measure for the dataD, parameter θ and the non-centrally parametrised im-

putation variables B := {B [k ,i], k = 1,2,3, i = 1, . . . ,K} is given by:

π(θ,B ,D) =π(θ)
K
∏

i=1

§

exp
¦

Aθ(νi +τi , L∗[i]
θ
)−Aθ(νi , L∗

[i]
θ
)
©

JL∗[i]
θ
−L∗

[i]
θ

(τi )

· exp
�

−
∫ τi

0
ϕθ
�

νi + t ,Ψ[i]
θ
(B [1:3,i])t

�

dt
�

1Zi

�

Ψ[i]
θ
(B [1:3,i])

�

ª

(7.26)

Evaluation of the joint density from theorem 7.3.2 can once again be completed

with approximations of the integrals via left-Riemann sums and thus the updates of

the parameter θ can be completed with the Metropolis-Hastings algorithm. The

scheme is summarised in algorithm 7.4 below. For simplicity I assume that the

path is updated via independence sampler using proposals fromP
(θ)
0 (·|Zi ) to target

P
(θ)
α (·|Zi ), although in full generality any other scheme from the bullet-point list

above can be employed.

7.3.2 Multidimensional, hypoelliptic models

For the reasons listed in section 7.2.2 I defer the exposition of an inference algo-

rithm suitable for multidimensional, uniformly elliptic models until appendix A

and instead focus directly on the hypoelliptic setting. The general outline of the

inference algorithm remains unchanged from the previous section—only its indi-

vidual steps need to be adjusted so as to accommodate the results from section 7.2.3.

Naturally, the imputation step is performed according to a non-centred version

of algorithm 7.2. It is the parameter update step that needs further explanations.

First, recall that under this observational regime Z and ÒZ are respectively given

by:

Z := {τ∗i ; i = 1, . . . ,K}, where τ∗i ’s are stopping times defined in eq. (7.4),

ÒZ := {X [1]τ = L∗,τ ∈ {τ∗1 , . . . ,τ∗K} and ∀i = 1, . . . ,K ∃t ∈ [τ∗i−1,τ
∗
i ] s.t. Xt ≤ L∗},

where τ∗i ’s are simply constants, and τ∗0 := 0.
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Algorithm 7.4 Inference for stochastic leaky integrate-and-fire models from FPTs

1: Initialise θ(0)

2: Draw Y (0) ∼
⊗K

i=1P
(θ(0))
0 (·|Zi ) (revealing B (0) on a dense enough time grid)

3: for n = 1, . . . ,N do
4: for i = 1, . . . ,K do
5: for k = 1,2,3 do
6: Draw B◦[k ,i] ∼W∗[τi] . 0–0 Brownian bridge on [0,τi]
7: Set Y ◦← Ψ[i]

θ(n−1)(B◦[1:3])
8: Draw E ∼ Exp(1)
9: if E ≥

∫ τi

0
φθ(n−1)(νi + s ,Y ◦s )ds then

10: Set B (n)[1:3,i]← B◦[1:3,i]

11: else
12: Set B (n)[1:3,i]← B (n−1)[1:3,i]

13: Draw θ◦ ∼ q(θ(n−1), ·)
14: Draw U ∼ Unif([0,1])
15: if U ≤ π(θ◦,B (n),D)q(θ(n−1),θ◦)

π(θ(n−1),B (n),D)q(θ◦,θ(n−1)) then . See eq. (7.26)

16: Set θ(n)← θ◦

17: else
18: Set θ(n)← θ(n−1)

19: return {θ(n) ; n = 0, . . . ,N}.Markov chain with the invariant density π(θ|D)

The following result is instrumental:

Theorem 7.3.3. For the hypoelliptic models of the form asserted in section 7.1.3,

the joint density for the observations D, the parameter θ and the non-centrally

parametrised imputation variables W is given by:

π(θ,W ,D) =π(θ)ehθ(0, x0)exp
�∫ L∗K

0
Gθ(Ψθ(W )t )dt

�

1D(Ψθ(W )),

where ehθ(0, x0) := deP(θ)(ÒZ |Xt = x), and where Gθ is defined in proposition 3.3.1.

Notice that deP(θ)(ÒZ |Xt = x) above denotes the density that concerns partial

observations and not first passage time observations. This means that the results

from chapter 6 can be used to compute this term. Consequently, π(θ,W ,D) above

is tractable and to update θ it is possible to employ the Metropolis-Hastings algo-

rithm analogously to how it was done in section 7.3.1, except using the density

from theorem 7.3.3 whenever appropriate. The full procedure is summarised by

algorithm 7.5.
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Algorithm 7.5 Inference from first passage times for hypoelliptic diffusions

1: Initialise θ(0)

2: accepted← true
3: repeat . Path initialisation
4: Draw W (0) ∼

⊗K
i=1W

∗([τ∗i−1,τ
∗
i ]) . indep. Brownian motions on

[τ∗i−1,τ
∗
i ]

5: Set X (0)← Ψθ(0)(W (0))
6: if Z occurs then
7: accepted← True
8: until accepted
9: for n = 1, . . . ,N do .MCMC algorithm

10: Draw W ◦ ∼
⊗K

i=1W
∗([τ∗i−1,τ

∗
i ]). indep. Brownian motions on [τ∗i−1,τ

∗
i ]

11: Set X ◦← Ψθ(n−1)(W ◦)
12: Draw U ∼ Unif([0,1])
13: if U ≤ aθ(n−1)(X (n−1),X ◦) then . a is defined in eq. (7.21)
14: Set W (n)←W ◦

15: else
16: Set W (n)←W (n−1)

17: Draw θ◦ ∼ q(θ(n−1), ·)
18: Draw U ∼ Unif([0,1])
19: if U ≤ π(θ◦,W (n),D)q(θ(n−1),θ◦)

π(θ(n−1),W (n),D)q(θ◦,θ(n−1)) then . See the density in theorem 7.3.3

20: Set (θ(n),X (n))← (θ◦,Ψθ◦(W (n)))
21: else
22: Set (θ(n),X (n))← (θ(n−1),Ψθ(n−1)(W (n)))
23: return {θ(n) ; n = 0, . . . ,N}.Markov chain with the invariant density π(θ|D)

7.4 Numerical results

I start this section with the treatment of stochastic, leaky integrate-and-fire mod-

els. I show that the problem of inference from first passage time observations of the

Ornstein-Uhlenbeck process can be easily handled with the introduced methodol-

ogy. First passage time observations are not informative enough to make it possible

to conduct joint inference on both parameters in the drift (an issue that is recog-

nised in the literature); however, any one of the two drift parameters can be esti-

mated jointly with the volatility coefficient. I then consider a modified problem, in

which the underlying process is assumed to follow the dynamics of the Ornstein-

Uhlenbeck process that is modified by inclusion of an extra, time-dependent term

in its drift. This term could be interpreted as the external modulation of the synap-
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tic input exerted by the scientist (which he or she has a direct control over) with

the aim of changing the voltage evolution of a cell. Already in this setting simul-

taneous inference of all parameters is possible; however, for the didactic purposes

I consider a non-standard set-up (which, arguably, might be more relevant to fields

other than neuroscience) in which data is pooled from three independent experi-

ments with different levels of firing and renewal thresholds and show that all three

parameters can be estimated jointly. Finally, I consider a non-standard diffusion

model—a Langevin diffusion with t-distribution as its invariant measure—to point

to the fact that the introduced methodology extends to an array of other diffusion

models that might have not been considered previously due to their intractability.

In the second part of this section I consider hypoelliptic diffusions and focus

on an application to the FitzHugh-Nagumo model. To the best of my knowledge,

despite the relevance of this system to neuroscience, the problem of inference for

it from first passage time observations has not been treated in the literature.

7.4.1 Leaky integrate-and-fire models

7.4.1.1 The Ornstein-Uhlenbeck process

I assume that the underlying process X from eq. (7.2) is given by the Orsnetin-

Uhlenbeck process. Equation (7.2) then becomes

dXt = θ
[1](θ[2]−Xt )dt +θ[3] dWt , X0 = L∗, t ∈ [0,τ],

where τ := inf{t ≥ 0 : Xt ≥ L∗}.
(7.27)

I set (L∗, L∗) = (0,10) and θ = (0.1,15,1)T and simulated K = 30 observations

of first passage times; they are plotted in fig. 7.4. For this example, the dura-

Figure 7.4: First passage time observations of the Ornstein-Uhlenbeck process

tion of spikes, as well as the absolute times at which the intervals start are irrel-

evant and only the duration of the inter-spike-intervals matter. Therefore, without

loss of generality I assume that at the moment of the first passage time to level
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L∗ the membrane potential instantaneously jumps to renewal level L∗ and starts

anew with the dynamics from eq. (7.27), see fig. 7.5 for an illustration. Simulta-

Figure 7.5: Imputed path of the Ornstein-Uhlenbeck process under first-passage time ob-
servational regime. Samples of 100 paths on the first 5 inter-spike-intervals, imputed during
inference for θ[1] and θ[3]. The spikes were removed due to irrelevance for this model.

neous estimation of the two parameters present in the drift term—θ[1] and θ[2]—

appears to be impossible due to identifiability issues. This observation is consis-

tent with the remarks made in the statistics literature (Ditlevsen and Lansky, 2007;

Iolov et al., 2017). I applied algorithm 7.4 to conduct two separate inference pro-

cedures: the first one has been done for parameters (θ[1],θ[3]) (assuming θ[2] to

be known), the second one for (θ[2],θ[3]) (assuming θ[1] to be known). I used

improper priors π(θ[1],θ[3]) ∝ 1
θ[1]θ[3]

in the former case and π(θ[2],θ[3]) ∝ 1
θ[3]

in the latter. For updates of θ[2] I used random-walk proposals q(x, ·) = x + U ,

with U ∼ Unif([− ε,ε]). For the other two parameters I used an exponenti-

ated random-walk: q(x, ·) ∼ xeU , U ∼ Unif([− ε,ε]). ε parameter was tuned

for each parameter separately to target acceptance rate ∼ 0.23. Neither of the pre-

conditioned Crank-Nicolson scheme nor blocking were used, as the imputation ac-

ceptance rate stayed above 80% across most inter-spike-intervals. Figure 7.5 shows

a sample of paths that were imputed by the inference algorithm on the first 5 inter-

spike-intervals. Figure 7.6 gives the results of inference for parameters θ[1] and θ[3].

The results of inference for parameters θ[2] and θ[3] are given in fig. 7.7.

7.4.1.2 A modified Ornstein-Uhlenbeck process

Let the underlying process X from eq. (7.2) be given by the Orsnetin-Uhlenbeck

process that is modified by a presence of an extra, time-dependent term. Equa-
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Figure 7.6: Traceplots for the inference on the Ornstein-Uhlenbeck process from first pas-
sage time observations. The chain of θ[1] and θ[3] was initialised at θ[1](0),θ[3](0) = (0.3,3).

tion (7.2) takes the following form

dXt = (θ
[1]+ f (νi + t )−θ[2]Xt )dt +θ[3] dWt , X0 = L∗, t ∈ [0,τ],

where τ := inf{t ≥ 0 : Xt ≥ L∗}.

For the experiments I took f (t ) = 0.5 sin
�πt

20

�

(note that in the above SDE, f (νi + t )

is started from νi —the absolute time of the renewal that initiated given inter-spike-

interval). Notice that I used different parametrisation of the Ornstein-Uhlenbeck

process from the one presented in section 7.4.1.1—this is for the reasons related to

conjugate updates that I address in more detail below. I setθ= (0.1,1.5,1)T and per-

formed three independent experiments with (L∗
[1], L∗[1]) = (0,10), (L∗

[2], L∗[2]) =

(0,5) and (L∗
[3], L∗[3]) = (5,8) respectively, each time simulating 40 first passage

time observations. I set the length of each spiking event to 1. The observations

from all three experiments are plotted in fig. 7.8. For inference I set improper prior

on the parameter θ[3]: π(θ[3])∝ 1
θ[3]

and independent Gaussian priors on θ[1] and

θ[2], both with mean 0 and variance 1000. The updates of θ[3] were completed with

an exponentiated random-walk, as in section 7.4.1.1; however, for the joint updates
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Figure 7.7: Traceplots for the inference on the Ornstein-Uhlenbeck process from first pas-
sage time observations. The chain of θ[2] and θ[3] was initialised at θ[2](0),θ[3](0) = (10,3).

of θ[1:2] I employed conjugate updates whose form is easily derivable from exam-

ple 4.1.1 by introducing modifications that accommodate presence of the function

f (t ). It is possible to employ the Metropolis-within-Gibbs algorithm for the up-

dates of θ[1] and θ[2], but due to severe correlation between the two parameters, the

mixing of the resulting chain is a couple of orders of magnitudes slower than the

one based on the conjugate updates. The results of inference are given in fig. 7.9.

All three parameters have been successfully identified.

If the inference algorithm were to be re-run with a sufficiently large number of

observations from the three experiments, but for a model without a time-dependent

term (i.e. using the classical Ornstein-Uhlenbeck process in eq. (7.27)), then iden-

tification of all three parameters would have still been possible. Vice-versa, if only

one experiment with sufficiently large number of observations were conducted

(so that L∗ and L∗ were fixed for all observations), then identification of all three

parameters would have been possible as well. The combination of various firing

thresholds and inclusion of the time-dependent term were chosen to illustrate the

flexibility of the introduced methodology.
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Figure 7.8: First passage time observations of the modified Ornstein-Uhlenbeck process
from three independent experiments. (L∗

[1], L∗[1]) = (0,10) was used to produce the top
plot, (L∗

[2], L∗[2]) = (0,5) for the middle and (L∗
[3], L∗[3]) = (5,8) for the bottom. Curves

proportional to the injected current as a function of time are plotted in the background.
Notice the clumping behaviour that arises as a by-product of the correlation between the
injected current and the spike production.

Furthermore, it takes only a slight change of perspective to interpret the pres-

ence of a time-dependent term in the drift in an entirely different way. Notice that

if X ( f ) denotes the diffusion from eq. (7.27), X (0) the corresponding diffusion with

f (t )≡ 0 and F (t ) :=
∫ t

0
f (s)ds , then d(X ( f )t −F (t )) = dX ( f )t − f (t )dt = dX (0)t and

therefore, since F (0) = 0, it follows that X (0) = {X ( f )t − F (t ), t ∈ [0,T ]}. Conse-

quently, asking a question about the first passage time of the original process X (0)

(defined by eq. (7.27)) to some time-dependent boundary L∗t := L∗ − F (t ) can be

re-formulated as:

inf{t ≥ 0 : X (0) ≥ L∗t}= inf{t ≥ 0 : X ( f )t −F (t )≥ L∗−F (t )}= inf{t ≥ 0 : X ( f )t ≥ L∗},

which is exactly in the form considered in this section.
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Figure 7.9: Traceplots for the inference on the modified Ornstein-Uhlenbeck process from
first passage time observations. The θ chain was initialised at θ(0) = (0.4,3,3).

7.4.1.3 Langevin diffusion

Let eq. (7.2) take the following form

dXt =−
(θ[1]+ 1)(x −θ[2])

2 [θ[1]+(x −θ[2])2]
dt +θ[3] dWt , X0 = L∗, t ∈ [0,τ],

where τ := inf{t ≥ 0 : Xt ≥ L∗}.
(7.28)

When θ[3] = 1, then the process X above describes a Langevin diffusion that has

t -distribution centred at θ[2] with θ[1] degrees of freedom as its invariant measure.

The diffusion has similar properties to the Ornstein-Uhlenbeck process (indeed, as

θ[1] →∞ the t-distribution approaches the Gaussian distribution); however, the
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tails of the diffusion from eq. (7.28) are lighter. Because of the problems related to

intractability issues, many diffusion models might have been left out from consid-

eration in the literature on inference from first passage time observations, despite

the fact that they might provide better fits. The process defined by eq. (7.28) is just

one example that could be explored with the methodology introduced in this chap-

ter that could not have been considered before. The results of the two inference

procedures—one, jointly estimating (θ[1],θ[3]), another, doing so for (θ[2],θ[3]) are

given in appendix B.

7.4.2 FitzHugh-Nagumo model

I assume that the underlying process, which I temporarily call V , solves the follow-

ing stochastic differential equation:

dV [1] =
1
ϑ[1]

�

V [1]
t −

�

V [1]
t

�3
−V [2]

t +ϑ
[2]
�

dt ,

dV [2] =
�

ϑ[3]V [1]−V [2]
t +ϑ

[4]
�

dt +ϑ[5] dWt , V0 = v0, t ∈ [0,T ].
(7.29)

It can be shown that eq. (7.29) describes a hypoelliptic diffusion (Ditlevsen and

Samson, 2019). Equation (7.29) gives the form—most commonly appearing in the

literature–of the stochastic differential equation describing the FitzHugh-Nagumo

model. However, this is not a form for which guided proposals can be rigorously

applied to and thus it is imperative to transform it into the form asserted in sec-

tion 7.1.3. This can be achieved by defining a simple transformation

fϑ(v) :=
�

v
�

v [1]−
�

v [1]
�3− v [2]+ϑ[2]

�

/ϑ[1]

�

,

and associating the FitzHugh-Nagumo model with the process X := { fϑ(Vt ); t ∈
[0,T ]} instead. Process X solves the following stochastic differential equation:

dX [1]t =X [2]t dt ,

dX [2]t =
1
ϑ[1]

h

�

1−ϑ[3]
�

X [1]t +
�

1− 3
�

X [1]t

�2
−ϑ[1]

�

X [2]t −
�

X [1]t

�3
+ϑ[2]−ϑ[4]

i

dt

+
ϑ[5]

ϑ[1]
dWt , X0 = x0, t ∈ [0,T ].

Additionally, for the reasons I discuss in section 7.4.2.2 below, related to the pos-

sibility of employing conjugate updates, I additionally re-parametrise the model
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via:

ϑ→ θ :=
�

1
ϑ[1]

,
ϑ[2]

ϑ[1]
,
ϑ[3]

ϑ[1]
,
ϑ[4]

ϑ[1]
,
ϑ[5]

ϑ[1]

�

,

so that the underlying process X is defined as a solution to the SDE:

dX [1]t =X [2]t dt ,

dX [2]t =
h

�

θ[1:4]�T
, 1
i

ψ(Xt )dt +θ[5] dWt , X0 = x0, t ∈ [0,T ],

where ψ(x) :=
�

x[1]−
�

x[1]
�3+ x[2]− 3

�

x[1]
�2

x[2], 1,−x[1],−1,−x[2]
�T

.
(7.30)

I simulated K = 20 observations from the SDE given by eq. (7.30), with the

parameters set to θ = (10,−5,10,0,3)T and (L∗, L∗) = (−0.5,0.5). The diffusion

was initialised at x0 = (−0.5,−0.975).

7.4.2.1 Auxiliary law

For the imputation step, I used guided proposals with the auxiliary diffusion cho-

sen separately for each sub-interval [τ∗i−1,τ
∗
i ], (i = 1, . . . ,K) by linearising the target

SDE in eq. (7.30) at the terminal observation of this interval. More precisely, the

auxiliary diffusion eX on an interval [τ∗i−1,τ
∗
i ], (i = 1, . . . ,K) was chosen to be the

solution to:

d eXt =
�

Bθ eXt +βθ
�

dt +
�

0
θ[5]

�

dWt ,

where Bθ :=
�

0 1
θ[1]

�

1− 3 (L∗)2
�

−θ[3] θ[1]
�

1− 3 (L∗)2
�

− 1

�

and βθ :=
�

0
2 (L∗)3+θ[2]−θ[4]

�

.

7.4.2.2 Conjugate updates

It is always possible to complete the step of parameter update by employing the

Metropolis-Hastings algorithm based on the expression for the joint density from

eq. (7.26). However, in the case of FitzHugh-Nagumo model this happens to be

a sub-optimal strategy. Notice from eq. (7.30), that the drift is a simple, linear

function of the parameter vector θ[1:4]. This makes it possible to employ conjugate

updates, which I summarise in theorem 7.4.1 below.



194 CHAPTER 7. INFERENCE FROM FIRST PASSAGE TIME OBSERVATIONS

Theorem 7.4.1. Let ϑ be some parameter of interest and let X be the solution to

a two-dimensional, hypoelliptic stochastic differential equation of the form :

dXt = bϑ(Xt )dt +
�

0
σ(Xt )

�

dWt , X0 = x0, t ∈ [0,T ],

where b [1]
ϑ
≡ b [1] is independent of ϑ and b [2]

ϑ
is a linear function of ϑ, i.e. there

exist a functionψ1(x) :R
2→Rd̄ , where d̄ := d i m(ϑ) and a functionψ2(x) :R

2→
R, both independent of ϑ, such that:

b [2]
ϑ
(x) = ϑTψ1(x)+ψ2(x).

Define:

µ[i] :=
∫ T

0

ψ[i]1 (Xt )
σ2(Xt )

dX [2]t −
∫ T

0

ψ[i]1 (Xt )
σ2(Xt )

ψ2(Xt )dt , i = 1, . . . , d̄

W [i , j ] :=
∫ T

0

ψ[i]1 (Xt )ψ
[ j ]
1 (Xt )

σ2(Xt )
dt , i = 1, . . . , d̄ , j = 1, . . . , d̄ .

Then, the likelihood function forϑ is conjugate to a Gaussian prior Gsn(µpr,Σpr),

and the posterior over ϑ (conditioned on the entire path X ) takes the form:

ϑ|X ∼ Gsn
�

�

W +Σ−1
pr

�−1 �
µ+Σ−pr1µpr

�

,
�

W +Σ−1
pr

�−1� .

Consequently, updates of any subset of the parameters θ[1:4] can be performed

with efficient conjugate updates and only the updates of θ[5] need to be done with

the Metropolis-Hastings algorithm based on eq. (7.26).

7.4.2.3 Inference results

I performed joint inference of the parameters θ[2] and θ[3]. I used independent

Gaussian priors with mean 0 and variance 1000. The starting point was assumed

to be unobserved. I put an independent Gaussian prior with mean 0 and variance

100 on each coordinate of the starting point. I used 7th order 7/6 Runge-Kutta

method (Verner, 1978) for solving ODEs that determine eH , er and eh terms. I also

started with an equidistant time-grid with a step size 0.002 that I subsequently trans-

formed according to the usual guidelines (see remark 6.2.2). I used the precondi-

tioned Crank-Nicolson scheme with memory parameter λ = 0.997, but did not

use any blocking. The MCMC chain was initiated at θ[2:3](0) = (−5,10)T and it
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Figure 7.10: Results of inference from first passage time observations for the FitzHugh-
Nagumo model.

was run for 5 · 105 iterations. Figure 7.10 summarises the results of this inference

run. Even at such a small sample size, the joint posterior over both parameters

have been successfully identified. Additionally, in fig. 7.11 I plot a sample of paths

that were imputed during the inference. The trajectories were transformed back to

the original parametrisation in eq. (7.29). Notice that only the points marked with

dots are the observations, everything else, including the entire second coordinate

of the trajectory, as well as the starting point, was unobserved.

7.5 Discussion

In this chapter I presented a detailed treatment of the problem of Bayesian inference

for diffusion processes from first passage time observations. I considered one di-

mensional, stochastic leaky integrate-and-fire models, multidimensional uniformly

elliptic models and multidimensional hypoelliptic models.

For the former ones I introduced a number of imputation-based inference algo-

rithms that provide solutions for a much broader class of diffusion processes and

work under a wider array of experimental designs than the current state-of-the-art
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Figure 7.11: Paths of the FitzHugh-Nagumo model that were imputed during inference.
The trajectories were transformed back to the original parametrisation in eq. (7.29).

methodologies do. Additionally, one of the introduced procedures allows for in-

ference devoid of any discretisation errors. In appendix A I also showed how to

naturally extend some of those algorithm to target multidimensional, uniformly

elliptic diffusions.

For the hypoelliptic models I introduced an inference algorithm that effectively

allows to employ the version of guided proposals suitable for partially observed

diffusions by appending an additional rejection step.

In the numerical section I illustrated the flexibility of the introduced method-

ologies by considering intractable diffusion processes and composite observational

regimes. Additionally, I illustrated that even the complex and highly relevant FitzHugh-

Nagumo model can be tackled with the introduced algorithms.

There are a number of extensions to models in neuroscience that could be han-

dled by modified versions of the algorithm presented in this chapter. For instance,

the assumption about a constant firing threshold L∗ could be lifted and substituted

with a height-dependent firing intensity. Research on this and other extensions

relevant for neuroscience is ongoing.

Throughout, I focused on the applications to neuroscience; however, there are

other fields that can immediately benefit from the results presented here. In partic-

ular, extensions to some problems from particle physics and population dynamics

are currently being researched.
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Proofs

Proof of theorem 7.2.1. Following the argument from section 2.3.3 (see also Roberts

and Stramer (2001)), taking Z := τ and %(dz) to be the Lebesgue measure I have

the following factorisation:

P
(θ)
0 ·1τ<∞ =P

(θ)
0 (·|τ)⊗g (θ)µ (τ)%(dτ)1τ<∞, P(θ)α ·1τ<∞ =P

(θ)
α (·|τ)⊗g (θ)α (τ)%(dτ)1τ<∞,

from which it follows that

dP(θ)α
dP(θ)0

(Y |Z) =
g (θ)0 (τ)

g (θ)α (τ)

dP(θ)α
dP(θ)0

(Y ).

The statement of the theorem follows after deriving [dP(θ)α
�

dP(θ)0 ](Y ), which can

be done by adapting calculations from section 2.3 in a straightforward way so as to

accommodate time-dependent coefficients.

Proof of lemma 7.2.1. Write Q(·) := P
(θ)
b (·|X

[1]
τ1
= L∗), for some fixed τ1 ∈ R+.

Then, for ε ∈ (0,τ1):

P
(θ)
b ({ω ∈Ω : τ∗1(ω) = τ1}|X

[1]
τ1
= L∗) =Q

�

X [1]t < L∗,∀t ∈ [0,τ1)
�

=
∫

Q
�

X [1]t < L∗,∀t ∈ [0,τ1)
�

�Xτ1−ε = x
�

·Q(Xτ1−ε ∈ dx)

=
∫

Q
�

X [1]t < L∗,∀t ∈ [0,τ1− ε)
�

�Xτ1−ε = x
�

·Q
�

X [1]t < L∗,∀t ∈ [τ1− ε,τ1)
�

�Xτ1−ε = x
�

· fL∗(0, x0,τ1− ε, x)dx,

where fL∗(0, x0, t , x) denotes the transition density of X under the lawQ:

fL∗(0, x0, t , x)dx :=Q(Xt ∈ dx), t ∈ [0,τ1), x ∈ (−∞, L∗)×Rd−1,

(which is well-defined by the virtue of X being hypoelliptic), and where condition-

ing on Xτ1−ε = x granted the use of Markov property. Define Rε := {x ∈ X :

b [1](x) > ε} andHδ := {x ∈ (−∞, L∗−δ]×Rd−1}, and notice that in order for

τ∗ to be well defined, there must exist an ε > 0 and δ > 0 for whichRε∩Hδ has a

positive mass under the target measureP(θ)b . Indeed, since the function b is contin-

uous, if there were no ε > 0 and δ > 0 for whichRε∩Hδ had positive mass under



198 CHAPTER 7. INFERENCE FROM FIRST PASSAGE TIME OBSERVATIONS

the target measure, then whenever X0 ∈
⋃

δ>0Hδ : dX [1]t := b (Xt )dt ≤ 0 with

probability one and consequently, with probability one, X [1] would have never

reached L∗. Fix ε and δ to such values. It now follows that

P
(θ)
b ({ω ∈Ω : τ∗1(ω) = τ1}|X

[1]
τ1
= L∗)≥

∫

Hδ∩Rε

Q
�

X [1]t < L∗,∀t ∈ [0,τ1− ε)
�

�Xτ1−ε = x
�

·Q
�

X [1]t < L∗,∀t ∈ [τ1− ε,τ1)
�

�Xτ1−ε = x
�

· fL∗(0, x0,τ1− ε, x)dx > 0,

where I used that by the definitions ofHδ and Rε (and hypoellipticity of X , im-

plying smoothness of the transition densities):

Q
�

X [1]t < L∗,∀t ∈ [0,τ1− ε)
�

�Xτ1−ε = x
�

> 0, on x ∈Hδ ,

and

Q
�

X [1]t < L∗,∀t ∈ [τ1− ε,τ1)
�

�Xτ1−ε = x
�

> 0, on x ∈Rε ∩Hδ .

Proof of theorem 7.2.2. The result follows immediately from lemma 7.2.1 and Bayes’

theorem.

Proof of theorem 7.3.1. This proof follows by directly adapting the proof of Ser-

maidis et al. (2013, Theorem 1). There are three differences I would like to point

out. First, unlike Sermaidis et al. (2013), who take Zi to be the conditioning on

the exact observation of the diffusion X at its terminal point, which leads to ap-

pearance of the term g0(Zi ) (representing the transition density under the Wiener

measure) I take Zi to represent first passage time to level L∗ and this leads to ap-

pearance of the term JL∗θ−L∗θ
(τi ) instead (representing the first passage time density

under the Wiener measure). Second, because g0(Zi ) concerns the state variable

and the diffusion X is transformed via Lamperti transformation to diffusion Y an

additional term appears in the density of Sermaidis et al. (2013, Theorem 1) (the

determinant of a Jacobian of the Lamperti transformation). This term is no longer

present in eq. (7.25), as JL∗θ−L∗θ
(τi ) is not a function of the state variable. Finally,

I introduced explicit dependence on the time variable, which is straightforward to

accommodate. All other reasoning remains unchanged.
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Proof of theorem 7.3.2. This follows by the standard arguments, for instance from

Beskos and Roberts (2005), appropriately modified to accommodate time-dependent

terms. For completeness I write out the argument. If the pair (B ,θ) are such that

D occur for a trajectory Ψθ(B), then:

π(θ,B ,D) =π(θ)π(D|θ)π(B |D,θ)

=π(θ)g (θ)α (D)
g (θ)0

g (θ)α
(D) dP

(θ)
α

dP(θ)0

(Ψθ(B))

=π(θ)g (θ)0 (D)
K
∏

i=1

exp
¦

A(νi +τi , L∗[i]
θ
)−A(νi , L∗

[i]
θ
)

−
∫ τi

0
ϕθ
�

νi + t ,Ψ[i]
θ
(B [1:3,i])t

�

dt
�

.

Now, g (θ)0 (D) :=
∏K

i=1 g (θ)0 (τi ), where each g (θ)0 (τi ) is the density for the first pas-

sage time of Brownian motion (started from L∗
[i]
θ

) to the level L∗[i]
θ

, that is evaluated

at the time τi , and it is given in eq. (7.16). Otherwise, if path Ψθ(B) does not go

through D, the density vanishes.

Proof of theorem 7.3.3. Using that Z ≡D and Z ⊂ ÒZ :

π(θ,W ,D) =π(θ,W ,Z) =π(θ,W ,Z , ÒZ) =π(θ)π(ÒZ |θ)π(Z |ÒZ ,θ)π(W |Z ,θ).

Now, denoting by bhθ(0, x0) := dP(θ)b (
ÒZ), I have by eq. (7.20) and eq. (3.24):

π(θ,W ,D) =π(θ)bhθ(0, x0)P
(θ)
b (Z |ÒZ)

1Z(Ψθ(W ))

P
(θ)
b (Z |ÒZ)

dP(θ)b (Ψθ(W )|ÒZ)

dP(θ)b ◦ (Ψθ(W ))

=π(θ)bhθ(0, x0)
ehθ(0, x0)
bhθ(0, x0)

exp
�∫ τK

0
Gθ[Ψθ(W )]dt

�

1Z(Ψθ(W ))

=π(θ)ehθ(0, x0)exp
�∫ τK

0
Gθ[Ψθ(W )]dt

�

1D(Ψθ(W )).

Proof of theorem 7.4.1. Define a two-dimensional process V as a solution to the fol-

lowing SDE:

dVt = a(Vt )dt +
�

0
σ(Vt )

�

dWt , V0 = x0, t ∈ [0,T ],
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where a[1] ≡ b [1] and a[2] ≡ 0. Denote by Q the law induced by it. Then, recall

from example 2.2.1, that for a diffusion that has a form from theorem 7.4.1, the

Radon-Nikodým derivative between its law and the lawQ is given by:

dP(ϑ)b

dQ
(X ) = exp

¨

∫ T

0

�

b [2]
ϑ

�

σ2
�

(Xs )dX [2]s −
1
2

∫ T

0

�

b [2]
ϑ

�

σ
�2
(Xs )ds

«

.

Using the (µ,W ) notation, the above can be re-written as:

dP(ϑ)b

dQ
(X ) = exp

§

ϑTµ− 1
2
ϑTWϑ+R

ª

,

where

R :=
∫ T

0
ψ2(Xt )/σ

2(Xt )dX [2]t −
1
2

∫ T

0

�

ϑTψ2(Xt )
�2
/σ2(Xt )dt .

The conditioned Radon-Nikodým derivative becomes:

dP(ϑ)b

dQ
(X |D) =

q(D)
g (ϑ)b (D)

exp
§

ϑTµ− 1
2
ϑTWϑ+R

ª

,

where q(D) is the density for observing the data under the measureQ, and where

g (ϑ)b (D) is the corresponding density under the target measureP(ϑ)b . It now follows

that the joint density over the parameters, path and the data is given by:

π(ϑ,X ,D) =π(ϑ)π(D|ϑ)π(X |ϑ,D)

=π(ϑ)q(D)exp
§

ϑTµ− 1
2
ϑTWϑ+R

ª

.

Finally, deriving π(ϑ|D,X ) for a choice of prior from the theorem follows readily

after completing the square for Gaussian densities.

A Appendix

A.1 Multidimensional, uniformly elliptic models

Just as in section 7.2.3, I denote byP(θ)b the unconditioned law induced by eq. (7.3);

notice that the conditioned-on variable, corresponding to the dataset (7.5) is given

by:

Z := {τ∗i ; i = 1, . . . ,K}.
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For simplicity of exposition I assume that K = 2, so that:

Z := {τ∗1 , τ∗2},

where the general case will follow immediately by induction.

A.1.1 Sampling conditioned diffusion paths

Throughout, I assume that first passage times of the first coordinate X [1] are ob-

served. The target law is not factorised by the stopping times τ∗i , (i = 1, . . . ,K)

into independent laws defined on shorter time segments, and thus global proposals

need to be found.

To this end, define:

ÒZ :=Z ∪{τ∗1}= {τ
∗
1 , τ∗1, τ

∗
2},

and consider a simpler problem of sampling fromP
(θ)
b (·|ÒZ). It is the law of the tar-

get diffusion (7.3), conditioned on the first up-crossing time τ∗1 , subsequent down-

crossing time τ∗1 and a final up-crossing time τ∗2 . Assume A1, A3, A5–A8 and A10

hold. Additionally assume:

Assumption A18. The first coordinate of the image of the Lamperti transformation

η[1]
θ
(·) does not depend on the latent coordinates X [2:d ]. In particular, for any x ∈ R

there exist cx ∈R such that: η[1]
θ
((x, eT

1 )
T ) = η[1]

θ
((x, eT

2 )
T ) = cx , for all e1, e2 ∈Rd−1.

First, using Lamperti transformation ηθ define the process Y as: Y := {ηθ(Xt ), t ∈
[0,T ]}, which solves

dYt = αθ(Yt )dt + dWt , Y0 = y0 =: ηθ(x0), t ∈ [0,T ].

The stopping times (τ∗1 ,τ∗1,τ
∗
2) may be expressed in terms of the process Y as fol-

lows:










τ∗1(θ) = inf{t ≥ 0 : Y [1]t = L∗θ},
τ∗1(θ) = inf{t ≥ τ∗1(θ) : Y [1]t = L∗θ},
τ∗2(θ) = inf{t ≥ τ∗1(θ) : Y [1]t = L∗θ},

where L∗θ := η[1]
θ
((L∗, ·)T ) and L∗θ := η[1]

θ
((L∗, ·)T ).
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Consider the proposal law P
(θ)
0 (·|ÒZ), given by the d -dimensional Wiener mea-

sure conditioned on ÒZ . By the same token as theorem 7.2.1, the Radon-Nikodým

derivative between the target and the proposal laws is given by:

dP(θ)α
dP(θ)0

(Y |ÒZ) =
g (θ)0 (ÒZ)

g (θ)α (ÒZ)
exp

�∫ τ2

0
αT
θ (Ys )dYs −

1
2

∫ τ2

0
‖αθ(Ys )‖

2
2 ds

�

, (7.31)

where I used the statement of the Girsanov theorem from eq. (2.3), instead of

eq. (2.8) that was used in the proof of theorem 7.2.1. g (θ)0 (ÒZ) (resp. g (θ)α (ÒZ)) de-

notes the density under the proposal (resp. target) measure for observing ÒZ .

To make use of eq. (7.31), I can sample from the proposal law P
(θ)
0 (·|ÒZ) and

correct for the deviation from the target law using the Radon-Nikodým deriva-

tive above. Under the proposal law, coordinates of Y are independent and thus

(τ∗1 ,τ∗1,τ
∗
2) factorise the law of the first coordinate Y [1] into three independent

laws defined on the time-segments [0,τ∗1], [τ
∗
1 ,τ∗1] and [τ∗1,τ

∗
1]. Define:

Z [1]t := L∗θ−Y [1]τ∗1−t , t ∈ [0,τ∗1], Z [2]t := Y [1]τ∗1−t − L∗θ, t ∈ [0,τ∗1−τ
∗
1],

Z [3]t := L∗θ−Y [1]τ∗2−t , t ∈ [0,τ∗2 −τ∗1].

By the same arguments as the ones used in section 7.2.1.1, it follows that if Y is a

sample from the proposal lawP(θ)0 (·|ÒZ) then Z [k], k = 1,2,3 are three independent

Bessel bridges that admit decomposition in eq. (7.13) and thus can be simulated

using, altogether, nine independent Brownian bridges. Notice that the remaining

coordinates {Y [2:d ]
t , t ∈ [0,τ∗2]} are distributed jointly as a (d − 1)-dimensional

Brownian motion started from y[2:d ]
0 .

Neither g (θ)α (ÒZ) nor g (θ)0 (ÒZ) has to be known to complete the step of path im-

putation; however, the latter density will be essential for the step of updating un-

known variables. Similarly to the explanation in remark 7.2.1, it follows directly

from the definition of the proposal measure and the strong Markov property that

g (θ)0 (ÒZ) can be expressed as a product of three first passage time densities of Brow-

nian motion:

g (θ)0 (ÒZ) = JL∗θ−y[1]0
(τ∗1)JL∗θ−L∗θ

(τ∗−τ
∗
1)JL∗θ−L∗θ

(τ∗2 −τ∗1). (7.32)

For the reasons that will shortly become apparent, take the non-centred process

to be given by nine independent 0–0 Brownian bridges on [0,1]: B := (B [i])9i=1, to-

gether with a (d−1)-dimensional, standard Brownian motion on [0,1]: W (notice
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that (B ,W ) is not only independent from θ, but also from τ∗1 ,τ∗1 and τ∗2 ). Then,

define function Ψθ ,τ∗1
by specifying separately what is done to the first coordinate

and the remaining (d − 1) coordinates:

Ψ[1]
θ,τ∗1
(B ,W ) :=

¦

L∗θ− bΨθ
�

B [1:3], t ,τ∗1 ,τ∗1
�

, t ∈ [0,τ∗1]
©

∪
¦

bΨθ
�

B [4:6], t ,τ∗1,τ∗1−τ
∗
1

�

− L∗θ, t ∈ [τ∗1 ,τ∗1]
©

∪
¦

L∗θ− bΨθ
�

B [7:9], t ,τ∗2 ,τ∗2 −τ∗1
�

, t ∈ [τ∗1,τ
∗
2]
©

, where

bΨθ(x, t ,τ, τ̄) :=

√

√

√

�p
τ̄x[1](τ−t )/τ̄ +(L

∗
θ− L∗θ)

τ− t
τ̄

�2
+ τ̄

�

x[2](τ−t )/τ̄

�2
+ τ̄

�

x[3](τ−t )/τ̄

�2
,

Ψ[2:d ]
θ,τ∗1
(B ,W ) :=

¦

y[2:d ]
0 +

p

τ∗2Wt/τ∗2
; t ∈ [0,τ∗2]

©

.

In particular, Ψθ ,τ∗1
(B ,W )∼P(θ)0 (·|ÒZ).

The above gives a recipe for sampling from P
(θ)
b (·|ÒZ). Recall however that,

in practice, τ∗1 is latent and it is an algorithm for sampling from P
(θ)
b (·|Z) that

is sought after. To address this, I define a Gibbs sampler which alternately samples

fromπ(B ,W |τ∗1,Z) andπ(τ∗1|B ,W ,Z). The resulting chain of {Ψθ ,τ∗
(n)
1
(B (n),W (n)) ; n =

1, . . . ,N} has P(θ)α (·|Z) as its invariant measure. The former update can be com-

pleted with a non-centrally parametrised version of the Metropolis-Hastings algo-

rithm targeting law P
(θ)
α (·|ÒZ) that has been described above. For the latter step,

notice that:

π(τ∗1|B ,W ,Z)∝π(τ∗1,Z)π(B ,W |τ∗1,Z)

= g (θ)α (ÒZ)
dP(θ)α
dP(θ)0

(Ψθ ,τ∗1
(B ,W )|ÒZ)

= g (θ)0 (ÒZ)exp
�∫ τ2

0
αT
θ

��

Ψθ ,τ∗1
(B ,W )

�

s

�

d
�

Ψθ ,τ∗1
(B ,W )

�

s

−1
2

∫ τ2

0





αθ
��

Ψθ ,τ∗1
(B ,W )

�

s

�






2

2
ds
�

,

(7.33)

where the final equality followed from eq. (7.31). Since eq. (7.33) can be approx-

imated with left-Riemann sums, it is possible to employ the Metropolis-Hastings

algorithm for updating τ∗1. The entire procedure for sampling from P
(θ)
α (·|Z) is

summarised in algorithms 7.6 and 7.7 below.
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Algorithm 7.6 Metropolis-within-Gibbs sweep for sampling from P
(θ)
α (·|Z)

1: Draw W ◦ ∼
⊗d−1

i=1 W . (d − 1)-dimensional Brownian motion on [0,1]
2: Draw B◦ ∼

⊗9
i=1W

∗ .Nine 0–0 Brownian bridges on [0,1]
3: Set Y ◦← Ψθ ,τ∗

(n−1)
1
(B◦,W ◦)

4: Draw E ∼ Exp(1)
5: if E ≥ −

∫ τ2

0
αT
θ (Y

◦
s )dY ◦s +

1
2

∫ τ2

0
‖αθ(Y ◦s )‖2

2 ds +
∫ τ2

0
αT
θ (Y

(n−1)
s )dY (n−1)

s −
1
2

∫ τ2

0
‖αθ(Y

(n−1)
s )‖2

2 ds then
6: Set (B (n),W (n))← (B◦,W ◦)
7: else
8: Set (B (n),W (n))← (B (n−1),W (n−1))
9: Draw τ∗

◦
1 ∼ q(τ∗

(n−1)
1 , ·) . From some proposal kernel q

10: Draw U ∼ Unif([0,1])

11: if U ≤ π(τ∗1|B (n),W (n),Z)q(τ∗◦1,τ∗
(n−1)
1 )

π(τ∗1|B (n),W (n),Z)q(τ∗
(n−1)
1 ,τ∗

◦
1)

then . See eq. (7.33)

12: Set (τ∗
(n)
1 ,Y (n))← (τ∗◦1,Ψθ ,τ∗

◦
1
(B (n),W (n)))

13: else
14: Set (τ∗

(n)
1 ,Y (n))← (τ∗

(n−1)
1 ,Ψθ ,τ∗

(n−1)
1
(B (n),W (n)))

15: return (τ∗
(n)
1 ,B (n),W (n),Y (n))

Algorithm 7.7 Metropolis-within-Gibbs algorithm for sampling from P
(θ)
α (·|Z)

1: Initialise τ∗
(0)
1

2: Draw W (0) ∼
⊗d−1

i=1 W . (d − 1)-dimensional Brownian motion on [0,1]
3: Draw B (0) ∼

⊗9
i=1W

∗ .Nine 0–0 Brownian bridges on [0,1]
4: Set Y (0)← Ψθ ,τ∗

(0)
1
(B (0),W (0))

5: for n = 1, . . . ,N do
6: Draw (B (n),W (n),Y (n),τ∗

(n)
1 ) as per algorithm 7.6

7: return {Y (n) ; n = 0, . . . ,N} .Markov chain with invariant law P
(θ)
α (·|Z)

Usual remarks about blocking and the preconditioned Crank-Nicolson scheme

apply.

A.1.2 Inference

To perform inference it is enough to introduce a small modification to algorithm 7.7,

analogously to how it was done in sections 7.3.1 and 7.3.2. To this end, define a

Gibbs sampler which alternately updates parameter θ, τ∗1 and (B ,W ). Updating

the latter two is done via algorithm 7.6. To update the former, notice that the joint
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density is given by:

π(θ,B ,W ,τ∗1,D) =π(θ)π(τ∗1,Z |θ)π(B ,W |τ∗1,Z ,θ)

=π(θ)g (θ)0 (ÒZ)exp
�∫ τ2

0
αT
θ

��

Ψθ ,τ∗1
(B ,W )

�

s

�

d
�

Ψθ ,τ∗1
(B ,W )

�

s

−1
2

∫ τ2

0





αθ
��

Ψθ ,τ∗1
(B ,W )

�

s

�






2

2
ds
�

,

(7.34)

In view of the expression in eq. (7.32), the density in eq. (7.34) can be approxi-

Algorithm 7.8 Inference from FPT for multidimensional, uniformly elliptic dif-
fusions

1: Initialise τ∗
(0)
1 and θ(0)

2: Initialise W (0), B (0) and Y (0) as in algorithm 7.7
3: for n = 1, . . . ,N do
4: Draw (B (n),W (n), _,τ∗

(n)
1 ) as per algorithm 7.6

5: Draw θ◦ ∼ q(θ(n−1), ·) . For some transition kernel q
6: U ∼ Unif([0,1])

7: if U ≤ π(θ◦,B (n),W (n),τ∗
(n)
1 ,D)q(θ◦,θ(n−1))

π(θ(n−1),B (n),W (n),τ∗
(n)
1 ,D)q(θ(n−1),θ◦)

then . See eq. (7.34)

8: Set (θ(n),Y (n))← (θ◦,Ψθ◦ ,τ∗(n)1
(B (n),W (n)))

9: else
10: Set (θ(n),Y (n))← (θ(n−1),Ψθ(n−1) ,τ∗

(n)
1
(B (n),W (n)))

11: return {θ(n) ; n = 0, . . . ,N} .Markov chain with invariant density π(θ|Z)

mated with left-Riemann sums. Consequently, it is possible to employ Metropolis-

Hastings algorithm for updatingθ. The full procedure delineating inference is sum-

marised in algorithm 7.8.

B Appendix

B.1 Inference results for a Langevin diffusion

The parameters of the stochastic differential equation in eq. (7.28) were set to θ =

(5,0,1) and (L∗, L∗) = (−10,−6) and K = 40 observations were simulated. Then,

I conducted two separate inference procedure: one, estimating (θ[1],θ[3]), another,

estimating θ[2:3]. The results are plotted in figs. 7.12 and 7.13 respectively. The

priors and transition kernels have been set in the same way as in section 7.4.1.1.
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Figure 7.12: Traceplots from inference for the parameters (θ[1],θ[3]) for the Langevin dif-
fusion from eq. (7.28). The chain was initialised at (θ[1](0),θ[3](0)) = (20,4).

Figure 7.13: Traceplots from inference for the parameters θ[2:3] for the Langevin diffusion
from eq. (7.28). The chain was initialised at θ[2:3](0) = (5,4).



8Conclusion
The central topic of this thesis has been the problem of simulating conditioned

diffusions on a personal computer. Considered types of conditioning took vari-

ous forms and included the terminal point of the process, a sequence of its par-

tial and noisy observations, the first passage time to some fixed threshold or time-

dependent barrier, as well as other, composite observational settings combining the

previous ones. Throughout, I motivated the relevance of the solutions to this prob-

lem by using them in applications to Bayesian inference for diffusion processes—

some of those applications culminated in novel inference results that could not have

been obtained with alternative methods.

Two existing simulation algorithms have been instrumental to the develop-

ments of this thesis: rejection sampling on a path space due to Beskos and Roberts

(2005) and guided proposals due to Schauer et al. (2017). They differ in their strengths

and weaknesses, but in their own ways they are both at the forefront of relevance

to the problem of simulating conditioned diffusions. The first algorithm distin-

guishes itself from any other, competing method in being devoid of any discretisa-

tion errors. Additionally, if implemented as a rejection sampler, it outputs indepen-

dent draws of trajectories from the diffusion law of interest (revealed at a skeleton

of points that, post-acceptance, can be filled-in at any other, arbitrary time-points).

On the other hand, to apply the latter algorithm—guided proposals—the underly-

ing diffusion needs to satisfy assumptions that often in practice are easy to satisfy.

The diffusion matrix need not be invertible, Lamperti transformation need not ex-

ist, the drift need not be of a potential form and the process need not be uniformly

elliptic (all of which are the pre-requisites for, say, rejection sampling on a path

space) and yet, the algorithm may still apply (so long as other, weaker, technical

conditions are satisfied). My aim in this thesis was to provide further extensions to

those two methodologies.

In chapter 5 I examined the blocking technique in the context of simulating

diffusion bridges. The methodology transforms the exact rejection sampler on a

path space into a Gibbs sampler on a path space and induces a non-trivial trade-

off of costs. I showed that the resulting algorithm, which is still devoid of any

207
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discretisation errors, allows to reduce the scaling of the computational cost of the

original algorithm from the exponential with the duration of the bridges down to

being slightly in excess of cubic.

In chapter 6 I re-formulated core computational routines of guided proposals,

which rendered the algorithm more efficient, as well as made it easier to write a

generic implementation of it. To this end, I introduced a new set of backward

ordinary differential equations, with solutions whose dimension is independent

from the size of the dataset and which make it possible to compute all non-trivial

terms required for a full implementation of guided proposals.

Finally, in chapter 7 I introduced a comprehensive treatment of the problem

of simulating diffusions conditioned on their first passage times to some threshold

(as well as related events). This allowed me to derive multiple Bayesian algorithms

suitable for inference from first passage time observations—a problem relevant to a

number of sciences. I focused primarily on the applications to neuroscience and I

demonstrated that the introduced methodology can be used to efficiently find nu-

merical solutions to first passage time inference problems for leaky integrate-and-

fire models for a much broader range of the underlying diffusion processes than

currently studied in the literature. Additionally, I introduced algorithms suitable

for hypoelliptic diffusions conditioned on (composite) first passage time observa-

tions and I showed that the celebrated FitzHugh-Nagumo model, often employed

in neuroscience, can be tackled with this methodology.

Going forward, there are a number of interesting directions that can be further

developed. For blocking, further progress on the theory is needed so as to avoid

the problem of relying on conjecture 5.2.1 and extend the results to inference. Ad-

ditionally, one could try to come up with an adaptive scheme of knot placement so

as to make maximal use of the available knots. Regarding the latter two chapters,

guided proposals are steadily becoming a very flexible and efficient tool for simu-

lating conditioned diffusions. With the results from chapter 6 I contributed to the

development of the Julia package BridgeSDEInference.jl, which is a general

implementation of the inference algorithm based on guided proposals that makes

tackling any new inference problem straightforward to code. Integrating auto-

mated differentiation techniques and employing gradient-based inference methods
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would allow to substantially speed-up the inference procedure and tackle higher di-

mensional problem with greater efficiency. To further improve the effectiveness of

dealing with high-dimensional problems that exhibit elements of sparsity it would

be invaluable to study numerical methods for sparse systems and develop appro-

priate modifications to the underlying algorithm. Space-discretisation of stochastic

partial differential equations constitute an immensely broad and important group

of process of this type. To tackle these with a satisfactory level of rigour, appro-

priate mathematical theory justifying use of guided proposals would have needed

to be developed. Finally, there is a range of applications from physics, population

dynamics and neuroscience for which the results on inference from first passage

time observations could be applied to.





Reference list with all assumptions
Assumption A1. Stochastic differential equation (1.1) admits a unique, weak, non-

explosive solution.

Condition C1. Coefficients b and σ are locally Lipschitz continuous and grow at

most linearly at infinity. I.e. for any compact set K there exists a constant cK , such that

for all x, y ∈K:

‖σ(x)−σ(y)‖ ≤ cK‖x − y‖, ‖b (x)− b (y)‖ ≤ cK‖x − y‖,

and there exists a constant c, such that for all x, y ∈Rd :

‖σ(x)‖ ≤ c(1+ ‖x‖), ‖b (x)‖ ≤ c(1+ ‖x‖).

Assumption A2. Stochastic differential equation (1.1) admits a unique, strong, non-

explosive solution.

Assumption A3. For all x, y ∈Rd there exists an ε > 0 such that yT Γ (x)y ≥ ε‖y‖2.

Assumption A4. Solution to stochastic differential equation (1.1) admits a smooth

density.

Assumption A5 (Novikov’s condition). Eµ
�

exp
¦

1
2

∫ T
0
[uT u](Xt )dt

©�

<∞, where

expectation Eµ is taken with respect to measure Pµ.

Condition C2. It is possible to obtain draws from Pµ(·|Z).

Condition C3. There exists a constant M ∗ satisfying (2.5).

Condition C4. The Radon-Nikodým derivative dPb
dPµ
(X |Z) exists and is tractable.

Assumption A6 (Lamperti transformation). σ is invertible and there exists a func-

tion η :Rd →Rd , such that: (∇xη(x))
T = σ−1(x).

Assumption A7 (Potential form). The drift of a Lamperti transformed diffusion is

of the potential form: i.e. there exists (a potential function) A : Rd → R, such that

∇xA(x) = α(x).
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Assumption A8. The drift of a Lamperti transformed diffusion is continuously dif-

ferentiable: α ∈ C1(Rd ; [0,T ]).

Assumption A9. Z admits densities under the proposal Pµ and the target Pb laws

with respect to some dominating measure %(dz).

Assumption A10. There exists a constant l∗ >∞, s.t. l∗ ≤ inf{ϕ(x); x ∈Rd}.

Assumption A11. Function υ(y) := exp{−‖y−z‖2/2T +A(y)} is integrable for any

z ∈Rd .

Condition C5. q(x, x◦)> 0 for all x, x◦ ∈ supp( f ).

Condition C6. (Roberts and Tweedie, 1996) f is bounded on compact sets and there

exist ε > 0 and δ > 0, for which q(x, x◦) > ε, whenever d (x, x◦) < δ , for some

distance metric d .

Assumption A12. There exists a constant l ∗ >∞, s.t. l ∗ ≥ sup{φ(x); x ∈Rd}.

Assumption A13. The density of the speed measure

m(x) :=
1

σ2(x)
exp

�

2
∫ x

0

b (u)
σ2(u)

du
�

, x ∈R,

of diffusion X solving (1.1) is finite:
∫

R
m(x)dx <∞. I.e. diffusion X is ergodic.

Condition C7. Volatility coefficients of the auxiliary and the target diffusions match

at the end-point: eσT = σ(XT ).

Assumption A14. (Bierkens et al., 2018, Assumption 2.7) There exists an invertible

m×m diagonal matrix-valued function S(t ) (where m comes from the m× d obser-

vational operators Li ), which is measurable on [0,T), a t0 < T , γ ∈ (0,1] and positive

constants c , c , c1, c2 and c3 such that for all t ∈ [t0,T )

c(T − t )−1 ≤ λmin(MS(t ))≤ λmax(MS(t ))≤ c(T − t )−1,




[LS(eb − b )](t , x)




≤ c1,

tr
�

[LSΓLT
S ](t , x)

�

≤ c2,




[LS(eΓ − Γ )L
T
S ](t , x)





≤ c3(T − t )γ ,

where LS(t ) := [SeL](t ), MS(t ) := [S
−1
eM S−1](t ), and the pair eL(t ), eM (t ) are defined

in eq. (6.4) and eq. (6.7) respectively.
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Condition C8. Drift coefficients of the auxiliary and the target diffusions match at

the end-point: ebT = b (XT ).

Assumption A15. The target law Pb is such that G is a Gaussian process.

Assumption A16. For t ∈ [0,T ) eM †
t is invertible.

Assumption A17. The null-space of eLt , t ∈ [0,T ] is equal to {0}.





List of symbols

C(A;B) Space of continuous functions from A→ B
CBUS Chequerboard blocking updating scheme
D Observations
F ∗ σ -algebra of the non-centrally parametrised probability space
F σ -algebra onX
Ft Filtration
G Projection of the diffusion path on a discrete grid of time-points
Γ Diffusion coefficient (= σσT )
h ‘h’ function of the Doob’s h-transform
eh ‘h’ function of the Doob’s h-transform for the auxiliary diffusion
H Hypercube
I Sampled layer index
K Total number of observations in D
K Stochastic knots used in chapter 5
k Total number of transition kernels
κ Total number of points at which Poisson point process Φ is sampled
L Infinitesimal generator
L Law of the Poisson point process
l∗ Lower bound on the ϕ function inside the Radon-Nikodým derivative
l ∗ Upper bound on the φ function inside the Radon-Nikodým derivative
L∗ Threshold level for first passage times
L∗ Renewal level
LBUS Lexicographic blocking updating scheme
M ∗ Upper bound on the ratio of the densities for a rejection sampler
Pb Target diffusion law (induced by SDE with drift b and volatility σ )
Pb ◦ Proposal diffusion law for guided proposals
Pα Lamperti-transformed target diffusion law (induced by SDE with

drift α and unit volatility coefficient)
P0 Wiener law
eP The law of the auxiliary diffusion
Q Diffusion law
Q∗ Law of the non-centrally parametrised variable
RBUS Random blocking updating scheme
S Surrogate random variable
τ∗ First passage time to a fixed threshold
τ∗ Renewal time
Υ Layered information
X State-space
eX Auxiliary diffusion
Φ Poisson point process
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χ j Time-positions of the sampled Poisson point process Φ
ψ j State-positions of the sampled Poisson point process Φ
Ψθ Function transforming non-centrally parametrised variable to centrally

parametrised one
W∗ Law of Brownian bridges
W∗[T ] Law of a 0–0 Brownian bridge defined on [0,T ]
W Law of Brownian motion
W[T ] Law of a standard Brownian motion defined on [0,T ]
Z Conditioned-on random variable
ÒZ Temporarily defined auxiliary conditioned-on random variable
Z Law of a biased Brownian motion
Ω∗ Sample space of the non-centrally parametrised probability space
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