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Abstract—This paper proposes a novel imperfect transmitter
(TX) model, namely the membrane fusion (MF)-based TX, that
adopts MF between a vesicle and the TX membrane to release
molecules encapsulated within the vesicle. For the MF-based TX,
the molecule release probability and the fraction of molecules
released from the TX membrane are derived. Incorporating
molecular degradation and a fully-absorbing receiver (RX), the
channel impulse response (CIR) is derived for two scenarios:
1) Both TX and RX are static, and 2) both TX and RX are
diffusion-based mobile. Moreover, a sequence of bits transmitted
from the TX to the RX is considered. The average bit error rate
(BER) is obtained for both scenarios, wherein the probability
mass function (PMF) of the number of molecules absorbed in the
mobile scenario is derived. Furthermore, a simulation framework
is proposed for the MF-based TX, based on which the derived
analytical expressions are validated. Simulation results show that
a low MF probability or low vesicle mobility slows the release
of molecules and reduces the molecule hitting probability at the
RX. Simulation results also indicate the difference between the
MF-based TX and an ideal point TX in terms of the inter-symbol
interference (ISI).
Index Terms—Molecular Communication, imperfect transmitter design, membrane fusion, channel impulse response, diffusive
mobile transmitter and receiver.

I. I NTRODUCTION
With the rapid development of nano-technology, communication between nano-machines has become a widelyinvestigated problem. Inspired by nature, one promising solution to this problem is to use chemical signals as information
carriers, which is referred to as molecular communication
(MC) [2]. In MC, a transmitter (TX) releases molecules into
a fluid medium, where the molecules propagate until they
arrive at a receiver (RX). An end-to-end MC system model
consists of a TX, a propagation environment, and a RX as in
a conventional wireless system. Molecule propagation environments and reception mechanisms at the RX have been widely
investigated in previous studies [3]. However, few studies
have investigated the impact on MC system performance by
the signaling pathways inside the TX and the interaction of
molecular signals with the TX surface.
This work was presented in part at 2021 IEEE International Conference on
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Most existing studies have assumed the TX to be an
ideal point source that can release molecules instantaneously
[3]. Compared to realistic scenarios, this ideal TX ignores
TX properties including geometry, signaling pathways inside
the TX, and chemical reactions during the release process.
Recently, some studies considered these TX properties, e.g.,
[4]–[6]. [4] proposed a spherical TX whose boundary reflects
the emitted molecules and investigated the directivity gain
achieved by the reflecting TX, where the directivity gain
measures the degree to which the emitted molecules are
concentrated in a single direction. [5] proposed an ion channelbased TX, where molecule release is controlled by the opening
and closing of ion channels. [6] considered a spherical TX
with a semi-permeable boundary whose permeability is used
to control molecule release. Although these studies stand on
their own merits, none of them considered a chemical reactiondriven process for molecule release.
In nature, exocytosis is a form of active transport in which
a cell transports molecules out of the cell by secreting them
through an energy-dependent process [7]. Exocytosis is common for cells because many chemical substances are large
molecules, e.g., neurotransmitters and proteins, and cannot
pass through the cell membrane by passive means [8]. In
exocytosis, vesicles1 are carried to the cell membrane to
secrete their contents into the extracellular environment. This
secretion is performed by the membrane fusion (MF) process
that fuses the vesicle with the cell membrane. When the vesicle
moves close to the cell membrane, the v-SNARE proteins on
the vesicle membrane bind to the t-SNARE proteins on the cell
membrane, which generates the trans-SNARE complexes that
catalyze MF [9]. Unlike the ideal point TX, exocytosis is an
existing biological process and constrains the perfect release
of molecules. Moreover, a TX model that is designed based on
the exocytosis process has many applications in both natural
and synthetic MC systems. The applications of the TX model
in the natural MC system include facilitating the communication between cells by releasing signaling molecules, modeling
the transportation process of hormones insulin and glucagon
from the pancreas to control the glucose concentration in the
blood, and investigating the process of removing toxins or
waste products from the cell’s interior to maintain homeostasis
[10]. As the TX model captures some basic functions of
the cell, it can be designed by modifying biological cells
[11], which improves the degree of biocompatibility for the
1 A vesicle is a small, round or oval-shaped container for the storage of
molecules and as compartments for particular chemical reactions [9].
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TX model in the human body for targeted drug delivery.
Specifically, drug molecules are stored within the extracellular
vesicles that are released from the MF-based TX by the
exocytosis process [12]. Therefore, a TX that uses MF to
release molecules merits investigation.
Recently, mobile TXs and RXs in MC have drawn considerable attention since they are required in many applications,
e.g., targeted drug delivery, water quality control [13], and
human body monitoring [14]. As the distance between the TX
and the RX in such cases can be continuously changing while
transmitting information, the channel is stochastic and it is
challenging to perform statistical analysis of the received signal at the RX. Unknown statistical properties, e.g., mean and
probability mass function (PMF), of the received signal bring
difficulties in channel performance analysis. Motivated by this,
some studies have investigated mobile MC and established a
stochastic framework for channel modeling, e.g., [15]–[17].
However, these studies considered a mobile ideal point TX
that releases molecules instantaneously while moving. [15]
and [16] considered a mobile transparent RX that does not
interact with molecules and a mobile non-transparent RX,
respectively, where statistical properties of the time-varying
channel were derived. For bit transmission, [15] assumed that
the distance between the TX and the RX is known when bits
are transmitted, and [16] ignored the inter-symbol interference
(ISI) when performing the error probability analysis. [17]
derived the distribution of the number of molecules observed
at a mobile transparent RX. To the best of the authors’ knowledge, no studies have considered stochastic channel modeling
between a mobile non-ideal TX and a mobile non-transparent
RX. Furthermore, the statistical analysis of the received signal
when a mobile TX emits molecules non-instantaneously has
not been investigated.
In this paper, we propose a novel TX model in a threedimensional (3D) environment, namely the MF-based TX,
which uses fusion between a vesicle generated within the
TX and the TX membrane to release molecules encapsulated
within the vesicle. By considering a fully-absorbing RX that
absorbs molecules once they hit the RX surface, we investigate
the end-to-end channel impulse response (CIR) between the
MF-based TX and the RX in two scenarios: 1) A static
TX and a static RX, and 2) a diffusion-based mobile TX
and a diffusion-based mobile RX, where the CIR is the
molecule hitting probability at the RX when an impulse of
vesicles are released from the TX’s center [3]. Moreover, we
consider a sequence of bits transmitted from the TX to the
RX and investigate the error probability at the RX for both
scenarios. For the mobile scenario, the distance between the
TX and RX constantly changes during the non-instantaneous
molecule release process such that the statistical analysis of
the received signal at the mobile RX is more challenging than
that in the instantaneous molecule release process. To tackle
this challenge, we propose a novel method that divides the
molecule release process into multiple intervals to calculate
the PMF of the number of absorbed molecules. In summary,
our major contributions are as follows:
1) We derive the time-varying molecule release probability
and the fraction of molecules released from the TX by a

given time.
2) For the static scenario, we derive the end-to-end i)
molecule hitting probability, ii) the fraction of molecules
absorbed, and iii) the asymptotic fraction of molecules
absorbed at the RX due to the MF-based TX as time
approaches infinity. For the mobile scenario, we derive
the expected end-to-end molecule hitting probability at
the mobile RX.
3) By considering a sequence of bits transmitted from the
TX and a threshold detector at the RX, we calculate the
average bit error rate (BER) for the static and mobile
scenarios. To derive the average BER in the mobile
scenario, we also derive the PMF for the number of
molecules absorbed at the mobile RX.
4) We propose a simulation framework for the MF-based
TX model to simulate the diffusion and fusion of vesicles
within the TX. In this simulation framework, the release
point on the TX membrane and the release time of each
molecule are determined.
Aided by the proposed simulation framework, we demonstrate
the accuracy of our analytical derivations. Our numerical
results show that a low MF probability or low vesicle mobility
slows the release of molecules from the TX, increases the time
to reach the peak molecule release probability, and reduces the
end-to-end molecule hitting probability at the RX. Moreover,
numerical results show the difference between the MF-based
TX and an ideal point TX from the perspective of ISI. For
the ideal point TX, ISI is only caused by the diffusion of
molecules in the propagation environment. For the MF-based
TX, ISI can also be introduced by signaling pathways inside
the TX.
This paper extends our preliminary work in [1] as follows.
First, we add transceiver mobility while [1] only considered
the static scenario. Second, we add the analysis of the end-toend fraction of molecules absorbed and the asymptotic fraction
of molecules absorbed at the RX for the static scenario.
Third, we add channel performance analysis by considering
the transmission of a bit sequence in both scenarios.
The rest of this paper is organized as follows. In Section II,
we introduce the system model. In Section III, we derive the
release probability and fraction of molecules released from the
TX. We also derive the end-to-end hitting probability, fraction
of molecules absorbed, and asymptotic fraction of molecules
absorbed at the RX for the static scenario. In Section IV,
we derive the expected end-to-end hitting probability for the
mobile scenario. In Section V, we derive the average BER
for both scenarios. For the mobile scenario, we also derive
and verify the PMF of absorbed molecules. In Section VI,
we propose a simulation framework for the MF-based TX. In
Section VII, we discuss the numerical results, and conclusions
are presented in Section VIII.
II. S YSTEM M ODEL
In this paper, we consider an unbounded 3D environment
where an MF-based TX communicates with a fully-absorbing
RX, as depicted in Fig. 1. We investigate two scenarios: 1) A
static TX and a static RX, and 2) a diffusive mobile TX and
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Fig. 1. Illustration of the system model where one MF-based TX communicates with one fully-absorbing RX in a 3D environment. Fig. 1(a) shows static
TX and RX such that the TX-RX distance is fixed and Fig. 1(b) shows diffusive mobile TX and RX such that the TX-RX distance changes over time.

a diffusive mobile RX, as depicted in Figs. 1(a) and 1(b), respectively. Both TX and RX are spheres with radius rT and rR ,
respectively. We assume that the propagation environment outside the spherical TX and RX is the fluid medium with uniform
temperature and viscosity. Once information molecules σ are
released from the TX, they diffuse randomly with a constant
diffusion coefficient Dσ . Moreover, we consider unimolecular
degradation in the propagation environment, where type σ
molecules can degrade into type σ̂ molecules that cannot be
 
kd
identified by the RX, i.e., σ −→
σ̂ [18, Ch. 9], and kd s−1
is the degradation rate. In addition, we model the RX as a
fully-absorbing RX by which molecules σ are absorbed once
they hit the RX surface.
A. MF-based TX Model
We assume that the spherical TX releases molecules from
its outer membrane after fusion between the membrane and
vesicles. Each vesicle stores and transports η type σ molecules.
We consider that the TX is filled with the fluid medium that
has uniform temperature and viscosity. Generally, vesicles can
diffuse in the fluid medium based on the experiment in [19]
or can be actively transported along microtubules by motor
proteins [20]. In this paper, we focus on the diffusion of
vesicles. We assume that a vesicle cluster [21] exists within the
TX. Vesicle clustering is a biological phenomenon observed
in the presynaptic neuron, where vesicles can form clusters to
sustain a high release probability of neurotransmitters. Vesicles
can be released from the cluster via dephosphorylation [22].
Since we assume that the size of a vesicle [23] is relatively
small compared to the size of the TX, we mathematically
model the vesicle release process as an instantaneous release
from a point within the TX. Once vesicles are released, they
diffuse randomly with a constant diffusion coefficient Dv .

According to [9], the natural fusion of a vesicle and the
cell membrane can be considered as two steps: 1) v-SNARE
proteins (Sv ) on the vesicle membrane bind to t-SNARE
proteins (St ) on the cell membrane to generate trans-SNARE
complexes (Sc ), and 2) Sc catalyzes the fusion of vesicular
and cell membranes. For tractability, we apply the following
main assumptions to the TX model:
A1) Vesicles are released from the TX’s center. This assumption ensures that molecules are uniformly released from
the TX membrane. Considering vesicles released from
any point within the TX is an interesting topic for future
work.
A2) The interaction between Sv and St is modeled as the
irreversible reaction Sv + St → Sc , which indicates that
we only focus on the forward reaction between Sv and St .
The backward reaction for the disassembly of Sc occurs
after MF, wherein the free Sv and St are used for the
subsequent rounds of transport [24]. This is beyond the
scope of our system model. After Sc is generated, it
catalyzes MF, which is Sc → MF [25]. We simplify this
reaction network by removing the intermediate product Sc
and combining these two reactions [26], which is given
by
k

f
Sv + St −→
MF,

(1)

where kf is the forward reaction rate in µm/s.
A3) The membrane is fully covered by an infinite number of
St and the occupancy of St by Sv is ignored. Assuming
perfect receptor coverage and ignoring occupancy are for
the sake of tractability and have been widely adopted in
previous studies, e.g., [27], [28].
A4) Once molecules are released, the spherical TX is assumed
to not hinder the random diffusion of molecules in the
propagation environment, i.e, the TX is transparent to
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the diffusion of released molecules. [4] analyzed the
hindrance of the TX membrane to the diffusion of
molecules using simulation. The joint consideration of the
hindrance of the TX membrane and the absorbing RX is
cumbersome for theoretical analysis. We will investigate
the impact of the TX membrane on molecule diffusion in
the propagation environment in future work. In Fig. 7(b)
and Table IV, we relax this assumption by treating the TX
membrane as a reflecting boundary for molecules in the
propagation environment and perform the corresponding
particle-based simulation [29]. Results indicate that an
obvious deviation is caused only when the TX and RX
are very close to each other.
Based on assumptions A2 and A3, if a vesicle hits the TX
membrane,
it fuses to the membrane with a probability of
q
kf π∆t
during
a time interval ∆t [30]. We define this
Dv
2
probability as the MF probabilityq
. The equation of the MF
Dv
probability is accurate if kf ≪
π∆t . The MF probability
is applied in the simulation process in Section VI. After MF,
the type σ molecules stored by the vesicle are instantaneously
released into the propagation environment. The location and
time for the occurrence of MF are the initial location and time
for molecules to start moving in the propagation environment.
We note that the time scale for the MF process is ignored
since it is relatively small compared to the entire transmission
process [31].
B. Transceiver Mobility
We consider the following two cases for TX and RX
mobility:
1) Static MC: We choose the center of the TX as the origin
of the environment, as depicted in Fig. 1(a). The center of the
RX is distance l away from the center of the TX. We consider
an impulse of Nv vesicles released within the TX at time
t = 0. In this case, the channel response is time-invariant.
2) Mobile MC: We choose the center of the TX at time t =
0 as the origin of the environment, as depicted in Fig. 1(b). The
TX and RX start to diffuse randomly with constant diffusion
coefficients DT and DR , respectively, from time t = 0, and
the distance between their centers at t = 0 is l0 . Different
from the static MC case, the channel response is time-variant
such that the CIR depends on the release time of vesicles.
To ensure generality, we consider an impulse of Nv vesicles
released within the TX at time t′ . We further denote lt′ as the
distance between the centers of the TX and RX at time t′ . In
this model, we assume that the diffusion of vesicles is relative
to the TX and remains symmetric.

a sequence of binary bits with length W . The sequence of
binary bits is b1:W = [b1 , b2 , ...bW ] and bw is the wth bit.
We denote φ as the bit interval length. We assume that each
bit is transmitted at the beginning of the current bit interval
with probabilities Pr(bw = 1) = P1 and Pr(bw = 0) = P0 =
1 − P1 , where Pr(·) denotes the probability. For the static
scenario, we consider that b1 is transmitted at time t = 0.
For the mobile scenario, we consider that b1 is transmitted at
time t′ such that the distance between the centers of the TX
and RX is a random variable (RV) when b1 is transmitted. We
adopt ON/OFF keying for the modulation, which means that
Nv vesicles are released from the TX’s center at the beginning
of the bit interval to transmit bit 1 while no vesicle is released
to transmit bit 0. We further assume that the TX and RX are
perfectly synchronized since several practical synchronization
schemes for MC have been studied and proposed in [32]. For
demodulation of bw at the RX, we adopt a widely-investigated
threshold detector that compares the number of molecules
absorbed during the wth bit interval with a detection threshold
[16]. In this paper, we consider the threshold of the detector is
fixed for simplicity. More complex detectors, e.g., an adaptive
threshold detector, are summarized in [33].
III. A NALYSIS

OF

C HANNEL I MPULSE R ESPONSE FOR
S TATIC MC

In this section, we first derive the molecule release probability and the fraction of molecules released from the TX
membrane due to the impulsive emission of vesicles from
the TX’s center. We define the molecule release probability
as the probability of one molecule being released during
the time interval [t, t + δt] from the TX membrane, when
this molecule is released from the origin at time t = 0.
Here, δt represents a very small value of time t. We then
derive the molecule hitting probability at the RX when the
TX releases molecules uniformly over the TX membrane.
Using the previously-derived release probability and hitting
probability, we finally derive the end-to-end i) molecule hitting
probability, ii) fraction of molecules absorbed, and iii) the
asymptotic fraction of molecules absorbed at the RX as t → ∞
due to the impulsive emission of vesicles from the TX’s center.
We define the molecule hitting probability and end-to-end
molecule hitting probability as the probability of one molecule
hitting the RX during the time interval [t, t + δt] when this
molecule is released from the TX membrane and TX’s center
at time t = 0, respectively.

A. Release Probability from TX Membrane
C. Bit Transmission
We assume for both static and mobile scenarios that information transmitted from the TX to the RX is encoded into
2 Based on this definition, the MF-based TX can be regarded as a TX with
a semi-permeable boundary as in [6]. We clarify that the major difference
between our work and [6] is the method of analysis. The authors in [6] applied
the transfer function approach to investigate the molecule concentration within
the TX, while we focus on the end-to-end communication channel and derive
analytical expressions for the CIR in this channel.

As MF guarantees the release of molecules from vesicles
to the propagation environment, the probability of releasing
molecules equals the vesicle fusion probability. Thus, we need
to obtain the distribution of vesicle concentration within the
TX to derive the release probability from the TX membrane.
In the spherical coordinate system, we denote C(r, t), 0 ≤ r ≤
rT , as the distribution of vesicle concentration at time t and
distance r from the TX’s center. When an impulse of vesicles
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is released from the TX’s center at t = 0, the initial condition
is expressed as [34, eq. 3(c)]
1
δ(r),
(2)
C(r, t → 0) =
4πr2
where δ(·) is the Dirac delta function. We then apply Fick’s
second equation to describe the diffusion of vesicles within
the TX. In general, Fick’s second equation is a spatially 3D
partial differential equation. As we consider that vesicles are
released from the TX’s center, the TX model is spherically
symmetric such that the diffusion of vesicles is described as
[35, eq. (2.7)]
∂ 2 (rC(r, t))
∂ (rC(r, t))
=
.
(3)
2
∂r
∂t
Based on assumption A2, the boundary condition is described by the irreversible reaction given by (1), which can
be characterized by the radiation boundary condition [36, eq.
(3.25)]
Dv

∂C(r, t)
= kf C(rT , t),
(4)
r=rT
∂r
where the left-hand side represents the diffusion flux3 over the
TX membrane. Since the flux is in the positive radial direction,
the right-hand side is positive.
negative sign on the right-hand side indicates that the
condition is over the inner boundary.
Based on the initial condition in (2), Fick’s second law in
(3), and the boundary condition in (4), we derive the analytical
expression for the molecule release probability from the TX
membrane, denoted by fr (t), in the following theorem:
Theorem 1: The molecule release probability from the TX
membrane at time t is given by
−Dv

∞
X
fr (t) =

n=1


4rT2 kf λ3n
j0 (λn rT ) exp −Dv λ2n t , (5)
2λn rT −sin (2λn rT )

where j0 (·) is the zeroth order spherical Bessel function of
the first type [37] and λn is obtained by solving
−Dv λn j0′ (λn rT ) = kf j0 (λn rT ) ,

(6)

0 (z)
with j0′ (z) = ∂j∂z
and n = 1, 2, .... In particular, (6) is
directly obtained from the radiation boundary condition in (4)
with eigenfunction j0 (λn rT ) and discrete eigenvalue λn .
Proof: Please see Appendix A.
Remark 1: We note that (5) becomes accurate when
n increases. We also note that the number n applied
in (5) can be determined mathematically. We denote
n∗ as the maximum n applied in (5) and fr,n (t) =

4rT2 kf λ3n
2
∗
2λn rT −sin(2λn rT ) j0 (λn rT ) exp −Dv λn t . When n ≥ n ,
∗
fr,n (t) = 0. The value of n increases when t decreases.
In this paper, we choose t = t̂ = 0.01 s as a criterion to
obtain n∗ . Therefore, n∗ is obatined by numerically finding
the minimum n satisfying fr,n (t̂) = 0.
We denote Fr (t) as the fraction
R t of molecules released by
time t and obtain it via Fr (t) = 0 fr (u)du. We present Fr (t)
in the following corollary:

3 The diffusion flux [molecule · m−2 · s−1 ] is the rate of movement of
molecules across a unit area in unit time [35].

Corollary 1: The fraction of molecules released from the
TX by time t is given by
∞
X

4rT2 kf λn j0 (λn rT )
1 − exp −Dv λ2n t .
Fr (t) =
D
(2λ
r
−
sin(2λ
r
))
v
n T
n T
n=1
(7)
As each molecule has the same probability to be released by
time t, i.e., Fr (t), the number of molecules released by time
t is Nv ηFr (t).
B. Hitting Probability at RX with Uniform Release of
Molecules
In this subsection, we derive the hitting probability when
molecules are uniformly released from the TX membrane, i.e.,
ignoring the internal molecules’ propagation within vesicles
inside the TX and the TX’s MF process. This hitting probability establishes the foundation for deriving the end-to-end
molecule hitting probability at the RX surface in Section III-C.
We consider that molecules are initially uniformly distributed
over the TX membrane and released simultaneously at t = 0.
We denote ΩT as the membrane area and pu (t) as the hitting
probability at the RX due to the uniform release of molecules.
We clarify that uniformly-distributed molecules means that the
likelihood of a molecule released from any point on the TX
membrane is the same. We denote this probability by ρ, where
−1
. We further consider an arbitrary
we have ρ = 4πrT2
point α on the TX membrane. Based on [38, eq. (9)], the
hitting probability of a molecule at the RX at time t when the
molecule is released from the point α at time t = 0, pα (t), is
given by
!
rR (lα − rR )
(lα − rR )2
− kd t , (8)
pα (t) = √
exp −
4Dσ t
lα 4πDσ t3
where lα is the distance between the point α and the center
of the RX.
Given that molecules are distributed uniformly over the TX
membrane, pu (t) is obtained by taking the surface integral of
pα (t) over the spherical TX membrane. Using this method,
we solve pu (t) in the following lemma:
Lemma 1: The molecule hitting probability at the RX at
time t when the TX uniformly releases molecules over the
TX membrane at time t = 0 is given by
r
 



2ρrT rR πDσ
β1
β2
pu (t)=
exp − −kd t −exp − −kd t ,
l
t
t
t
(9)
where

β1

=

(rT −rR )(rT −rR +2l)+l2
.
4Dσ

(rT +rR )(rT +rR −2l)+l2
4Dσ

and

β2

=

Proof: Please see Appendix B.
We denote Pu (t) as the fraction of molecules absorbed by
time t when the
R tTX uniformly releases molecules and obtain
it via Pu (t) = 0 pu (u)du. We present Pu (t) in the following
corollary:
Corollary 2: The fraction of molecules absorbed at the RX
by time t when the TX uniformly releases molecules over the
TX membrane at time t = 0 is given by (10) on the top of
next page.
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!
!
r
r



 p
 p
 p
Dσ
β1 p
β1 p
exp −2 β1 kd erfc
− kd t − exp 2 β1 kd erfc
+ kd t − exp −2 β2 kd
kd
t
t
!
!#
r
r

 p
β2 p
β2 p
×erfc
− kd t + exp 2 β2 kd erfc
+ kd t
.
(10)
t
t

ρrT rR π
Pu (t) =
l

r

C. End-to-End Hitting Probability at the RX
We denote pe (t) as the end-to-end molecule hitting probability at the RX when an impulse of vesicles is released from
the TX’s center at time t = 0. The molecule release probability
from the TX membrane at time u, 0 ≤ u ≤ t, is given by (5),
which is fr (u). For molecules released at time u, the molecule
hitting probability at the RX at time t is given by (9), which
is pu (t − u).
R t Based on fr (u) and pu (t − u), pe (t) is given
by pe (t) = 0 pu (t − u)fr (u)du. Applying (5) and (9) to this
equation, we derive pe (t) in the following theorem:
Theorem 2: The end-to-end molecule hitting probability at
the RX at time t for an impulsive emission of vesicles from
the TX’s center at time t = 0 is given by
√
∞
λ3n j0 (λn rT )
8ρrT3 rR kf πDσ exp (−kd t) X
pe (t) =
l
2λn rT − sin (2λn rT )
n=1
× [ε(β1 , t) − ε(β2 , t)] ,
(11)


Rt 1
β
− (Dv λ2n − kd )u du.
where ε(β, t) = 0 √t−u exp − t−u
ε(β, t) can be calculated numerically using MATLAB or
Mathematica, e.g., using the built-in function integral in
MATLAB or the built-in function NIntegrate in Mathematica.
We denote Pe (t) as the end-to-end fraction of molecules
absorbed
at the
Rt
R t RX by time t and obtain it via Pe (t) =
p
(u)du
=
P (t − u)fr (u)du. We present Pe (t) in the
0 e
0 u
following corollary:
Corollary 3: The end-to-end fraction of molecules absorbed
at the RX by time t for an impulsive emission of vesicles from
the TX’s center at time t = 0 is given by
r
∞
λ3n j0 (λn rT )
4r3 rR kf ρπ Dσ X
Pe (t) = T
[ǫ1 (β1 , t)
l
kd n=1 2λn rT − sin(2λn rT )
−ǫ2 (β1 , t) − ǫ1 (β2 , t) + ǫ2 (β2 , t)] ,

(12)

where ǫ̟ (β, t), ̟ = 1, 2, is given by
Z t


p
ǫ̟ (β, t) =
exp (−1)̟ 2 βkd − Dv λ2n u
0
!
r
p
β
̟
+ (−1)
× erfc
kd (t − u) du. (13)
t−u

We further denote Pe,∞ as the end-to-end asymptotic fraction of molecules absorbed as t → ∞. We present Pe,∞ in
the following corollary:
Corollary 4: As t → ∞, the end-to-end asymptotic fraction
of molecules absorbed at the RX for an impulsive emission of
vesicles from the TX’s center at time t = 0 is given by
r

 p
i
2rT rR ρπ Dσ h  p
exp −2 β1 kd −exp −2 β2 kd .
Pe,∞ =
l
kd
(14)

Proof: Please see Appendix C.
Remark 2: Eq. (14) indicates that the end-to-end asymptotic
fraction of molecules absorbed only depends on the size of the
TX and RX, the distance between centers of the TX and RX,
and the diffusion coefficient and molecule degradation rate in
the propagation environment. Pe,∞ is independent of other TX
properties, e.g., the forward reaction rate in MF and the vesicle
diffusion coefficient. This is because, with sufficient time, all
molecules are released from the TX.
IV. A NALYSIS OF E XPECTED C HANNEL I MPULSE
R ESPONSE FOR M OBILE MC
In this section, we consider the scenario that both the TX
and RX are mobile using diffusion. Since the distance between
the centers of the TX and RX is a RV, the CIR is time-variant
and modeled as a stochastic process [15]. Hence, in this section
we focus on the expected CIR, i.e., the mean of the CIR over
the varying distance. We first derive the expected molecule
hitting probability at the RX when the TX releases molecules
uniformly over the TX membrane. Using this probability, we
then derive the expected end-to-end molecule hitting probability at the RX due to an impulsive emission of vesicles from the
TX’s center. For the mobile scenario, we define the expected
hitting probability and expected end-to-end hitting probability
as the probability of one molecule hitting the RX during the
time interval [t′ + τ, t′ + τ + δτ ], τ ≥ 0, when this molecule is
released from the TX membrane and TX’s center at time t′ ,
respectively. Here, τ is a relative time of observing absorbed
molecules at the RX for a fixed t′ and δτ represents a very
small value of time τ .
A. Expected Hitting Probability at Mobile RX with Uniform
Release of Molecules
We denote g(lt′ |l0 ) as the probability density function
(PDF) of lt′ , which is the distance between centers of
the TX and RX at time t′ , given that the initial distance
between the centers of the TX and RX is l0 at t = 0.
The coordinates of the TX’s center and RX’s center at
time t′ are [xT (t′ ), yT (t′ ), zT (t′ )] and [xR (t′ ), yR (t′ ), zR (t′ )],
respectively. As both TX and RX perform Brownian
motion, the displacement of each coordinate follows
a Gaussian distribution. lt′ is calculated as lt′ =
p
(xT (t′ ) − xR (t′ ))2 + (yT (t′ ) − yR (t′ ))2 + (zT (t′ ) − zR (t′ ))2 ,
where xT (t′ ) − xR (t′ ), yT (t′ ) − yR (t′ ), and zT (t′ ) − zR (t′ )
lt′
follows a
follow the Gaussian distribution. Thus, √2D
′
1t
noncentral chi distribution with three degrees of freedom
[39], and g(lt′ |l0 ) is given by [16, eq. (8)]
3
 

 2
lt2′
lt′ l0
lt′ + l02
′
√ exp −
g(lt |l0 ) =
I 12
, (15)
4D1 t′
2D1 t′
2D1 t′ l0
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where D1 = DT +DR and I 12 (·) is the modified Bessel function
of the first kind [36]. We note that DT , DR , and t′ should not
be very large. Otherwise, lt′ may become less than rT + rR
such that the TX and RX overlap with each other.
We denote pu,m (τ, t′ ) as the expected hitting probability at
the mobile RX at time t′ + τ when the mobile TX releases
molecules uniformly over the TX membrane at time t′ . To
describe the relative motion between released molecules and
the RX, we define an effective diffusion coefficient D2 as
D2 = DR + Dσ [40]. By replacing l, t, and Dσ in (9) with
lt′ , τ , and D2 , respectively, we obtain the hitting probability
at time t′ + τ , i.e., pu (τ ) l=l ′ ,Dσ =D2 , for a given lt′ . We note
t
that lt′ is a RV with the PDFR given by (15). Hence, we obtain
∞
pu,m (τ, t′ ) as pu,m (τ, t′ ) = 0 g(lt′ |l0 )pu (τ ) l=l ′ ,Dσ =D2 dlt′
t
and present it in the following lemma:
Lemma 2: The expected molecule hitting probability at the
mobile RX at time t′ + τ when the mobile TX uniformly
releases the molecules over the TX membrane at time t is
given by (16) on the top of next page,
τ, t′ ) =
q where θ(ζ,
ζ
l0 ζ
D1 t′
′
exp 2(D1 t′ +D2 τ ) , ϑ̂(ζ, τ, t ) = 2 D2 τ (D1 t′ +D2 τ ) , and
q
ϑ(τ, t′ ) = l20 D1 t′ (DD12t′τ+D2 τ ) .
B. Expected End-to-End Hitting Probability at the Mobile RX
We denote pe,m (τ, t′ ) as the expected end-to-end molecule
hitting probability at the mobile RX at time t′ + τ when
an impulse of vesicles is released from the TX’s center at
time t′ . The molecule release probability from the TX at
time t′ + u, 0 ≤ u ≤ τ , is given by (5), which is fr (u).
For molecules released at time t′ + u, the expected hitting
probability at time t′ + τ at the RX is given by (16), which
′
is pu,m (τ − u,
pe,m (τ, t′ ) is given by
R τt + u). Based on that,
′
′
pe,m (τ, t ) = 0 fr (u)pu,m (τ − u, t + u)du. Applying (5) and
(16) to this equation, we derive pe,m (τ, t′ ) in the following
theorem:
Theorem 3: The expected end-to-end molecule hitting probability at the mobile RX at time t′ + τ for an impulsive
emission of vesicles from the mobile TX’s center at time t′ is
given by
√
∞
X
4rT3 rR ρD2 kf λ3n πj0 (λn rT )
′
pe,m (τ, t ) =
l0 (2λn rT − sin(2λn rT ))
n=1


× κ (rT + rR )2 − 2l0 rT − 2l0 rR , rT + rR , −1, τ, t′
−κ((rT + rR )2 + 2l0 rT + 2l0 rR , rT + rR , 1, τ, t′ )

−κ((rT − rR )2 − 2l0 rR + 2l0 rT , rR − rT , −1, τ, t′ )

+κ((rT − rR )2 + 2l0 rR − 2l0 rT , rR − rT , 1, τ, t′ ) ,

(17)

where κ(ζ1 , ζ2 , ζ3 , τ, t′ ) is given by (18) on the top of next
page with µ(τ, t′ ) = D1 t′ + D2 τ and ν = D1 − D2 .
Remark 3: The expected end-to-end fraction of molecules
absorbed by time t′ + τ at the mobile RX for an impulsive
emission of vesicles from the mobile TX’s center at time t′ is
obtained from the integral of (17), wherein the double integral
can be calculated using MATLAB or Mathematica.

V. E RROR P ROBABILITY

FOR

S TATIC AND M OBILE MC

In this section, we consider the transmission of a sequence
of bits from the TX to the RX. For the static scenario, we
calculate the average BER, following the formulation in [15]
and similar studies. For the mobile scenario, we first calculate
the PMF for the number of molecules absorbed within a bit
interval. Based on the derived PMF, we then calculate the
average BER in the mobile scenario.
A. Average BER for Static MC
Due to the delay of molecule transport, the RX may receive
molecules released from the current and all previous bit intervals. According to (12), the fraction of molecules absorbed
during the wth bit interval when vesicles for storing those
molecules released at the beginning of the ith bit interval,
0 ≤ i ≤ w, is expressed as Pe ((w − i + 1)φ) − Pe ((w −
i)φ), where φ is the bit interval length. We denote Nw,i
as the number of molecules absorbed during the wth bit
interval for transmitting bi . As the diffusion of vesicles and
released molecules are independent and molecules have the
same probability to be absorbed, Nw,i can be approximated
as a Poisson RV when the number of emitted vesicles is
large and the success probability Pe (t) is small [41], i.e.,
Nw,i ∼ bi Poiss (Nv η (Pe ((w − i + 1)φ) − Pe ((w − i)φ))).
Here, Poiss(·) refers to a Poisson distribution. This is because
sufficient diversity in the vesicle fusion points over the TX
membrane is required to match the derivation of the end-to-end
channel that includes integration over the entire TX membrane.
As the sum of independent Poisson RVs is also a Poisson RV,
we model the total number of molecules absorbed during the
wth bit interval, denoted by Nw , as

Pw

Nw ∼ Poiss(ψ),

(19)

where ψ = Nv η i=1 bi (Pe ((w − i + 1)φ) − Pe ((w − i)φ)).
Based on (19), the cumulative distribution function (CDF) of
the Poisson RV Nw is written as
Pr (Nw < ξ|b1:w ) =

ξ−1 h
X
ψ exp(−ψ)
.
h!

(20)

h=0

In Table I, we calculate the coefficient of determination
[42], denoted by R2 , for the CDF of Nw , where we vary
Nv and η and keep the total number of molecules emitted as
1000. We set w = 1, Dv = 18 µm2 /s, kf = 30 µm/s, and
bw = 1. For other parameter values, please see Table III. For
the simulation details, please see Section VI. The R2 is used
to measure the preciseness between simulation and theoretical
analysis. Specifically, R2 is given by R2 = 1 − SSres /SStot ,
where SSres is the sum of squared differences between the
theoretical analysis and simulation, and SStot is the sum of
squared differences between the simulation and its mean. Since
SSres /SStot represents the fraction of variance unexplained,
the closer the value of R2 is to 1, the more accurate the
theoretical analysis. In this table, we observe that the R2
increases with an increase in the number of vesicles from 10
to 50, which indicates that the accuracy of (20) increases when
the number of vesicles emitted increases. This is due to the
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r
(rT + rR )2
l02
ρrT rR D2
π
exp −
θ(rT , τ, t′ )θ(rR , τ, t′ )
exp −
pu,m (τ, t ) =
l0
D 1 t′ + D 2 τ
4(D1 t′ + D2 τ )
4(D1 t′ + D2 τ )




′
′
′
′
′
′
′
′
× erfc −ϑ̂(rT , τ, t ) − ϑ̂(rR , τ, t ) − ϑ(τ, t ) − θ(−rT , τ, t )θ(−rR , τ, t ) × erfc ϑ(τ, t ) − ϑ̂(rT , τ, t ) − ϑ̂(rR , τ, t )

h


(rT − rR )2
− exp −
θ(rR , τ, t′ )θ(−rT , τ, t′ )erfc −ϑ̂(rR , τ, t′ ) + ϑ̂(rT , τ, t′ ) − ϑ(τ, t′ ) − θ(−rR , τ, t′ )θ(rT , τ, t′ )
′
4(D1 t + D2 τ )

i 
,
(16)
×erfc ϑ(τ, t′ ) − ϑ̂(rR , τ, t′ ) + ϑ̂(rT , τ, t′ )
′

× erfc
R2

τ




l02 + ζ1
1
2
p
u
−
k
τ
+
k
−
D
λ
exp −
d
d
v n
4(µ(τ, t′ ) + νu)
µ(τ, t′ ) + νu
0
s
s
!
ζ3 l0
D2 (τ − u)
D1 (t′ + u)
ζ2
du,
−
′
′
2
D1 (t + u)(µ(τ, t ) + νu)
2 D2 (τ − u)(µ(τ, t′ ) − νu)

κ(ζ1 , ζ2 , ζ3 , τ, t′ ) =

FOR THE

Z

(18)

TABLE I
CDF OF Nw , WHERE THE TOTAL NUMBER OF MOLECULES EMITTED IS Nv η = 1000

Nv , η
R2

10, 100
0.9771

20, 50
0.9913

50, 20
0.9969

fact that the Poisson approximation is impacted by two sets of
trials, i.e., the number of emitted vesicles and molecules, and
the approximation is more sensitive to the number of emitted
vesicles since it determines the initialization of the emission
of molecules. When Nv is larger than 50, we observe a small
variation of R2 for Nv from 50 to 1000. We further increase
the number of realizations applied in Table I by ten times for
the simulation when Nv = 10 and η = 100, and obtain that
R2 = 0.9771. This indicates that the number of realizations
applied for the simulation in Table I is sufficient.
We adopt a simple threshold detector, where Nw is compared with a detection threshold to demodulate bw . We present
the threshold detector as

1, if Nw ≥ ξ
b̂w =
(21)
0, if Nw < ξ,
where b̂w is the demodulated bit of bw at the RX and ξ is
the detection threshold. Based on (20) and (21), the error
probability of b̂w for bw = 1 and bw = 0 are


Pr b̂w = 0|bw = 1, b1:w−1 = Pr (Nw < ξ|bw = 1, b1:w−1 )
(22)
and


Pr b̂w = 1|bw = 0, b1:w−1 = 1−Pr(Nw < ξ|bw = 0, b1:w−1) ,
(23)
respectively. The BER of the wth bit, denoted by
Qs [w|b1:w−1 ], is given by


Qs [w|b1:w−1 ] =P1 Pr b̂w = 0|bw = 1, b1:w−1


+ P0 Pr b̂w = 1|bw = 0, b1:w−1 . (24)

100, 10
0.9962

200, 5
0.9974

500, 2
0.9957

1000, 1
0.9974

0.035

0.03

0.025

0.02

0.015

0.01

0.005

0
0

50

100

150

200

250

300

m plotted by simulation and Poisson distribution,where
Fig. 2. PMF of Nw,i
w = i = 1, Dv = 9 µm2 /s, kf = 30 µm/s, and DT = DR = 8 µm2 /s.
For other parameter values, please see Table III. For the simulation details,
please see Section VI.

We denote Qs as the average BER over all realizations of
b1:w−1 and all bits from 1 to W for the static scenario. We
present Qs as
P
W
1 X b1:w−1 ∈Ψw Qs [w|b1:w−1 ]
Qs =
,
(25)
W w=1
2w−1
where Ψw stands for all realizations of b1:w−1 .
B. Average BER for Mobile MC
1) Statistical Analysis of Absorbed Molecules: We denote
m
Nw,i
as the number of molecules absorbed during the wth bit
interval when vesicles that store these molecules are released
at the beginning of the ith bit interval in the mobile scenario.
Due to the distance between the centers of the TX and RX
m
being a RV when releasing molecules, we clarify that Nw,i
cannot be approximated as a Poisson RV as shown in Fig. 2.
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0.01
0.009
0.008
0.007
0.006
0.005

(a) Definition of the release duration

0.004
0.003
0.002
0.001
0
0

(b) Division of the release duration
Fig. 3. (a). Definition of the release duration [Ti , Te,i ], where 1) Te,i =
Ti + τp if Ti + τp ≤ Tw+1 and 2) Te,i = Tw+1 if Ti + τp ≥ Tw+1 .
(b). Dividing release duration [Ti , Te,i ] into C release intervals, where the
release of molecules during the cth release interval is assumed as an impulsive
emission at time τ̂i,c = Ti + (2c−1)∆τ
.
2

50

150

200

250

300

m , where D = 50 m2 /s w = i = 1, k = 30 µm/s,
Fig. 4. PMF of Nw,i
v
f
and DT = DR = 8 µm2 /s. For other parameter values, please see Table
III. For the simulation details, please see Section VI.

ber of molecules absorbed during the wth bit interval for
transmitting bi is
m
ψw,i
= bi

C
X
c=1

To obtain the accurate PMF for mobile MC, we divide the
molecule release process into multiple intervals, detailed as
follows.
m
To obtain the PMF of Nw,i
, we first define a release
duration, denoted by [Ti , Te,i ], of transmitting bi if bi = 1
as shown in Fig. 3(a). We denote Ti as the start time of
the ith bit interval, i.e., Ti = t′ + (i − 1)φ, and Te,i as
the end time of the release duration. We then denote τp as
the period for all molecules released from the TX membrane,
where τp is calculated by finding the minimum τp that satisfies
Fr (τp ) ≥ 0.998 when n = 10000 in (7). Here, we set the
threshold at 0.998 such that the calculation of τp is sufficiently
accurate. Since detection in the wth bit interval only depends
on molecules released before or within the current bit interval,
we have Te,i = Ti + τp if Ti + τp ≤ Tw+1 . Otherwise,
Te,i = Tw+1 . We then consider the discretization of the release
duration into C release intervals, as shown in Fig. 3(b). We
denote ∆τ as the length of each release interval, which is given
T −T
by ∆τ = e,iC i . The expected number of molecules released
within the cth interval is Nv η(Fr (Ti + c∆τ ) − Fr (Ti + (c −
1)∆τ )). We denote τ̂i,c as the middle time of the cth release
interval, which is obtained as τ̂i,c = Ti + (2c−1)∆τ
. Since it is
2
cumbersome to incorporate into the theoretical analysis of the
precise distance between the TX and RX when each molecule
is released, we assume that all molecules released within the
cth release interval are combined into an impulsive emisson
in the middle of the cth release interval, i.e., the number of
molecules Nv η(Fr (Ti + c∆τ ) − Fr (Ti + (c − 1)∆τ )) are
impulsively released at time τ̂i,c from the TX membrane in
the subsequent analysis.
We denote lτ̂i,c as the distance between centers of the
TX and RX at time τ̂i,c . We further denote li as the vector that contains all lτ̂i,c for c from 1 to C, i.e., li =
[lτ̂i,1 , lτ̂i,2 , ..., lτ̂i,c , ..., lτ̂i,C ]. For a given li , the expected num-

100

Nv η (Fr (Ti + c∆τ ) − Fr (Ti + (c − 1)∆τ ))

× (Pu (Tw+1 − τ̂i,c ) − Pu (Tw − τ̂i,c ))

l=lτ̂i,c ,Dσ =D2

. (26)

m
For a given li , we can approximate Nw,i
as a Poisson RV
that is given by


m
m ξ
exp −ψw,i
ψw,i
m
.
(27)
Pr(Nw,i = ξ|li ) =
ξ!

For the mobile TX and RX, each element in li is a RV,
and we need to determine the joint PDF for each element
in li , denoted by g(li |l0 ). By considering free diffusion as a
memoryless process, i.e., the current state only depends on the
previous one state, g(li |l0 ) is given by [43, eq. (65)]
g(li |l0 ) =

C
Y

c=1

g(lτ̂i,c |lτ̂i,c−1 ),

(28)

where lτ̂i,0 = l0 .
m
Based on (27) and (28), we derive the PMF of Nw,i
as
Z ∞ Z ∞

m
m
Pr(Nw,i
= ξ) = ...
Pr Nw,i
= ξ|li g(li |l0 )dlτ̂i,1 ...dlτ̂i,C .
0

0

(29)

m
We present Pr(Nw,i
= ξ) in the following theorem:
Theorem 4: The PMF for the number of molecules absorbed
within the wth bit interval when vesicles that store these
molecules are released at the beginning of the ith bit interval,
is given by
Z
Z ∞


1 ∞
m
m ξ
m
Pr(Nw,i
= ξ) =
...
ψw,i
exp −ψw,i
ξ! 0
0
C
Y
×
g(lτ̂i,c |lτ̂i,c−1 )dlτ̂i,1 ...dlτ̂i,C , (30)
c=1

where the multiple integral can be calculated numerically
using the built-in function NIntegrate in Mathematica.
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TABLE II
m , WHERE N = 200
R2 FOR THE CDF OF Nw
v
η
R2

5
0.999

10
0.9988

20
0.9967

30
0.9965

40
0.9503

50
0.8415



Prm b̂w = 1|b̂w = 0, b1:w−1 , as


Prm b̂w = 0|bw = 1, b1:w−1 = Pr (Nwm < ξ|bw = 1, b1:w−1 )
(32)
and

m
Nw,i

In Fig. 4, we plot the PMF of
using (30) and
simulations to validate (30), where the number of intervals
from 1 to 3 is adopted. We also set the length of the release
duration to be equal to the bit interval φ, i.e, Te,i − Ti = φ.
We further calculate the R-squared coefficient for (30) with
varying C. The R-squared coefficient is 0.9741, 0.9709, and
0.8637 for C varying from 3 to 1. This indicates that the
accuracy of (30) increases with an increase in the number of
release intervals.
2) Average BER: We denote Nwm as the number of
molecules absorbed within
wth bit interval, which is
Pw the
m
given by Nwm =
i=1 Nw,i . As in [44], we assume
that φ is sufficiently long such that elements in Nm
w =
m
m
m
[Nw,1
, Nw,2
, ..., Nw,w
] are independent of each other. Therefore, the PMF of Nwm equals the convolution of the PMF
of each element in Nm
w [45]. We consider a vector î =
[î1 , î2 , ..., îΓ ], where î1 < î2 < ... < îΓ , as a subset of vector
[1, 2, ..., w], where î contains all subscripts of bit 1 for a given
bit sequence b1:w , i.e., bî1 = bî2 = ... = bîΓ = 1. Thus, we
express the PMF of Nwm as



n 
m
m
=
0
:
ξ
=
0
:
ξ
∗
Pr
N
Pr (Nwm = ξ|b1:w ) = Pr Nw,
w,î2
î1

o
m
∗... ∗ Pr Nw,îΓ = 0 : ξ [ξ + 1],
(31)


m
=
0
:
ξ
=
where
Pr Nw,
i



 îγ
h 
m
m
m
=ξ
= 1 , ..., Pr Nw,
= 0 , Pr Nw,
Pr Nw,
îγ
îγ
îγ
with each element given by (30) and {·} [ξ + 1] represents
the (ξ + 1)th elementPin {·}. The CDF of Nwm is given as
ξ−1
Pr (Nwm < ξ|b1:w ) = h=0 Pr (Nwm = h|b1:w ) .
In Table II, we calculate the R2 for the CDF of Nwm , where
we vary η and set Nv = 200, w = 1, Dv = 50 µm2 /s,
kf = 30 µm/s, DT = DR = 8 µm2 /s, and C = 3.
For other parameter values, please see Table III. We observe
that the R2 decreases with an increase in η when Nv is
fixed, which indicates that the accuracy of the theoretical
analysis for the CDF of Nwm decreases with the increase in the
number of stored molecules in each vesicle. This is caused by
the assumption that all molecules released within the release
interval are combined into an impulsive emission. When η
increases, the number of molecules in each release interval
increases such that the inaccuracy of this assumption increases.
One method to reduce this inaccuracy is increasing the number
of release intervals, which incurs an increase in computational
complexity.
By adopting the same detection criterion as in (21), except replacing Nw with Nwm , we derive the error probability of b̂w for bw = 1 and
 bw = 0 for the mobile scenario, denoted by Prm b̂w = 0|bw = 1,b1:w−1 and



Prm b̂w = 1|bw = 0, b1:w−1 = 1−Pr(Nwm < ξ|bw = 0, b1:w−1) ,
(33)
respectively. The BER of the wth bit, denoted by
Qm [w|b1:w−1 ], is given by


Qm [w|b1:w−1 ] =P1 Prm b̂w = 0|bw = 1, b1:w−1


+ P0 Prm b̂w = 1|bw = 0, b1:w−1 . (34)

We denote Qm as the average BER over all realizations of
b1:w−1 and all bits from 1 to W . Qm is obtained as
P
W
1 X b1:w−1 ∈Ψw Qm [w|b1:w−1 ]
.
(35)
Qm =
W w=1
2w−1
VI. S IMULATION F RAMEWORK

FOR

MF- BASED TX

In this section, we describe the stochastic simulation framework for the MF-based TX. We use a particle-based simulation
method that records the exact position of each vesicle. In
particular, we determine coordinates of the release point and
release time of each molecule for both scenarios.
For the static scenario, we denote the locations of a
vesicle at the start and end of the χth simulation interval
by (xχ−1 , yχ−1 , zχ−1 ) and (xχ , yχ , zχ ), respectively. If the
distance between a vesicle and the TX’s center is larger than
rT at the end of the χth interval, we assume that the vesicle
has hit the TX membrane. As described in Section II-A, this
vesicle
q probability
q then fuses with the TX membrane with
π∆ts
π∆ts
kf
Dv and is reflected with probability 1−kf
Dv , where
∆ts is the simulation interval. Molecules stored in a vesicle
are released at the time and location where the vesicle is fused
with the TX membrane. Thus, we need to derive where and
when the fusion of vesicles with the membrane occurred in the
simulation. For a vesicle fusing with the TX membrane during
the χth simulation interval, we assume that the intersection
between the line that is formed by (xχ−1 , yχ−1 , zχ−1 ) and
(xχ , yχ , zχ ) and the membrane is the fusion point whose
coordinates, denoted by (xf,χ , yf,χ , zf,χ ), are given by [46,
eqs. (38)-(40)]
p
−Λ2 ± Λ22 − 4Λ1 Λ3
xf,χ =
,
(36)
2Λ1
yf,χ =

(xf,χ − xχ−1 )(yχ − yχ−1 )
+ yχ−1 ,
xχ − xχ−1

(37)

zf,χ =

(xf,χ − xχ−1 )(zχ − zχ−1 )
+ zχ−1 ,
xχ − xχ−1

(38)

and

respectively, where Λ1 = (xχ − xχ−1 )2 + (yχ −
yχ−1 )2 + (zχ − zχ−1 )2 , Λ2 = 2(yχ − yχ−1 )(xχ yχ−1 −
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xχ−1 yχ ) + 2(zχ − zχ−1 )(xχ zχ−1 − xχ−1 zχ ), and Λ3 =
xχ−1 (yχ − yχ−1 )(xχ−1 yχ − 2yχ−1 xχ + yχ−1 xχ )+ xχ−1 (zχ −
2
zχ−1 )(xχ−1 zχ −2xχ zχ−1 +xχ−1 zχ−1 )+(xχ −xχ−1 )2 (yχ−1
+
2
zχ−1 − rT ). In (36), xf,χ is chosen by satisfying (xf,χ −
xχ−1 )(xf,χ − xχ ) < 0 since xf,χ is between xχ−1 and xχ .
We next determine the release time, which is crucial for
the subsequent simulation of the molecule propagation and
absorption at the RX, via interpolation. We denote tχ−1 as the
start time of the χth simulation interval and tχ−1 +∆tf,χ as the
fusion time of the vesicle within the χth simulation interval.
Since each vesicle follows Brownian motion, the square of
the displacement is proportional to the time within the same
simulation interval. Therefore, we derive ∆tf,χ as
2

∆tf,χ=

2
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(xf,χ −xχ−1 ) + (yf,χ −yχ−1 ) + (zf,χ −zχ−1 )
∆ts .
(xχ − xχ−1 )2 + (yχ − yχ−1 )2 + (zχ − zχ−1 )2
(39)

For vesicles failing to fuse with the TX membrane, we assume
in the reflection process that they are sent back to their
positions at the start of the current simulation interval [46].
m
m
For the mobile scenario, we denote (xm
f,χ , yf,χ , zf,χ ) as
coordinates of the fusion point for the mobile TX, which are
m
given by xm
f,χ = xf,χ + xT (tχ−1 + ∆tf,χ ), yf,χ = yf,χ +
m
yT (tχ−1 + ∆tf,χ ), and zf,χ = zf,χ + zT (tχ−1 + ∆tf,χ ). xT (t),
yT (t), and zT (t) are coordinates of the TX’s center at time t.
The calculation of the fusion time for the mobile TX is the
same as that for the static TX.
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VII. N UMERICAL R ESULTS
In this section, we present numerical results to validate
our theoretical analysis and provide insightful discussion. The
simulation time interval is ∆ts = 0.001 s and all results are
averaged over 104 realizations. Throughout this section, we set
simulation parameters as in Table III, unless otherwise stated.
In Figs. 5-8, we vary the forward reaction rate and vesicle
diffusion coefficient to investigate their impacts on molecule
release, time to reach the peak molecule release probability,
and molecule absorption for the static and mobile scenarios.
Analytical results in Fig. 5 and Figs. 7-9 are verified with
simulations. Specifically, we observe agreement between our
simulation results and analytical curves derived in Sections
III-V, which demonstrates the accuracy of our analysis.

(b) Number of molecules released
Fig. 5. Molecule release probability from the MF-based TX at time t and
the number of molecules released from the MF-based TX by time t versus
time t for three parameter sets.

100

A. MF-based TX Model Analysis
In Fig. 5, we plot the molecule release probability from the
TX at time t versus time t in Fig. 5(a) and the number of
molecules released from the TX by time t versus time t in
Fig. 5(b). First, by comparing parameter sets 1) and 2) in Fig.
5(a), we observe that the peak release probability decreases
and the tail of the release probability becomes longer with a
decrease in kf . This is because the decrease in kf reduces the
fusion probability between a vesicle and the TX membrane.
Second, by comparing parameter sets 1) and 3) in Fig. 5(a),
we observe that the peak release probability increases and less
time is required for the TX to start releasing molecules with an
increase in Dv . This is because increasing Dv accelerates the
movement of vesicles. Third, in Fig. 5(b), we observe that all

10-1
5

10

15

20

Fig. 6. Time to reach the peak molecule release probability from the TX
versus rT for five parameter sets.

molecules can be released from the TX due to the impulsive
release of vesicles if the release period is sufficiently long.
In Fig. 6, we plot the time to reach the peak molecule release
probability from the TX, denoted by tpr , versus the radius of
the TX by searching for the peak value in (5) and recording the
corresponding time. First, we observe that the time to reach
the peak release probability increases with an increase in rT .
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TABLE III
S IMULATION PARAMETERS FOR N UMERICAL R ESULTS
Parameter
Number of vesicles released
Number of molecules stored in each vesicle
Radius of the TX/RX
Diffusion coefficient of the vesicle
Forward reaction rate
Fixed distance for static MC/Initial distance for mobile MC
Degradation rate of molecule σ
Diffusion coefficient of molecule σ
Time to release vesicles/transmit b1 for mobile MC
Diffusion coefficient of the TX/RX for mobile MC
Length of the transmitted binary bits
Bit interval
Probability to transmit bit 1/0
Number of divided release intervals

This is because a vesicle needs to diffuse for a longer time
to arrive at a TX membrane with a larger radius. Second, by
comparing parameter sets 1), 2), and 3), we observe that the
time increases with a decrease in kf . This is because lower kf
reduces the fusion probability, such that it takes a longer time
to reach the peak probability. Third, by comparing parameter
sets 1), 4), and 5), we observe that the time decreases with an
increase in Dv . This is because a larger value of Dv enables
vesicles to move faster, such that less time is required for the
vesicle to arrive at the TX membrane.

Variable
Nv
η
rT /rR [µm]
Dv [µm2 /s]
kf [µm/s]
l/l0 [µm]
kd [s−1 ]
Dσ [µm2 /s]
t′ [s]
DT /DR [µm2 /s]
W
φ [s]
P1 /P0
C

Value
200
5
10
9, 18, 50
2, 5, 30
40
0.8
1000
2
8, 10
5
2
0.5
3

Reference

[47]
[19]

[46]
[27]
[15]
[48]
[15]

0.1
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

B. Channel Impulse Response for Static & Mobile MC

0
1

1) Static MC: In Fig. 7, we plot the end-to-end molecule
hitting probability at the RX at time t versus time t in Fig.
7(a) and the end-to-end number of molecules absorbed at the
RX by time t versus time t in Fig. 7(b). We observe several
similar trends between the hitting probability in Fig. 7(a) and
the release probability in Fig. 5(a) for varying kf and Dv .
For example, the peak end-to-end hitting probability decreases
with a decrease in kf , as seen when comparing parameter sets
1) and 2), and the peak end-to-end hitting probability increases
and less time is required for molecules to start hitting the RX
with an increase in Dv , as seen when comparing parameter
sets 1) and 3). These similar observations are due to the fact
that absorption of molecules at the RX is directly influenced
by the release of molecules at the TX.
The MF-based TX relaxes two major assumptions of the
widely-applied point TX model. The first assumption is the
instantaneous release of molecules, and the second assumption
is molecules released from a point. To investigate the relative
importance of these two assumptions to the difference between
the MF-based TX and the point TX, we plot the hitting
probability at the RX for a gradual point TX and a spherical
TX, separately, in Fig 7(a) when Dv = 9 µm2 /s and
kf = 30 µm/s. The gradual point TX is a point TX that
releases molecules gradually with the release probability fr (t).
The hitting probability of the gradual point TX is given by
fr (t) ∗ pα (t) lα =l . The spherical TX is a TX that instantaneously releases molecules uniformly over the membrane. The
hitting probability of a spherical TX is given in (9). From Fig.
7(a), we observe the deviation between curves of the MF-based
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(a) Hitting Probability
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(b) The number of molecules absorbed
Fig. 7. End-to-end molecule hitting probability at the RX at time t and endto-end number of molecules absorbed at the RX by time t versus time t for
three parameter sets.

TX and the gradual point TX is extremely small, while the
deviation between the MF-based TX and the spherical TX is
huge. Therefore, we conclude that the gradual release is the
more important element to distinguish between the MF-based
TX and the point TX.
In Fig. 7(b), we observe that the asymptotic number of
molecules absorbed at the RX for the three parameter sets
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is the same. This is because varying kf and Dv do not change
the total number of released molecules from the TX after a
sufficiently long time as shown in Fig. 5(b), which leads to
the total number of molecules absorbed eventually being the
same. This observation also complies with Remark 2.
In Fig. 7(b), we also consider the TX membrane as a
reflecting boundary to the molecules in the propagation environment to relax assumption A5 in Section II-A, where
molecules are reflected back to their positions at the start of
the current simulation interval if they hit the TX membrane.
We perform this simulation and plot the number of molecules
absorbed. We observe that small differences exist between the
simulation and analytical curves for the three parameter sets
due to A5. Moreover, we calculate R2 . For parameter sets 1),
2) and 3), the R2 is calculated as 0.9952, 0.9980, and 0.9999,
respectively, which are quite close to 1. To further investigate
the impact of decreasing distance between the TX and RX
on R2 for the end-to-end number of molecules absorbed, we
calculate R2 for varying l in Table IV, where kf = 30 µm/s
and Dv = 9 µm2 /s. From this Table, we observe that the R2
first increases with the decrease in l, reaches the highest at
l = 28 µm, and then decreases. Compared to a transparent
TX membrane, the near side of the reflecting membrane
(i.e., closer to the RX) impedes molecules from diffusing
further away from the RX such that the RX can absorb more
molecules, while the far side of the TX membrane impedes
molecules released from that side from being absorbed by the
RX. Hence, the highest R2 is achieved when the effects of
the near side and far side on molecular absorption are almost
equal. Accordingly, the impact of considering a reflecting
TX membrane on the CIR analysis is significant when l is
extremely small.
2) Mobile MC: In Fig. 8, we plot the expected end-toend molecule hitting probability at the mobile RX at time
t′ + τ versus time τ , where kf and Dv are varied in Fig.
8(a) and t′ is varied in Fig. 8(b). First, the overall trend of
the expected end-to-end hitting probability in Fig. 8(a) has
identical observations as the hitting probability in Fig. 7(a)
for varying kf and Dv . Second, in Fig. 8(b), we observe that
the expected end-to-end hitting probability decreases with an
increase in t′ . This is because larger t′ means that the TX
releases an impulse of vesicles after the TX and RX have been
diffusing for a longer time, such that the distance between the
TX and RX becomes longer on average. This observation also
indicates that the communication becomes impractical when
t′ is sufficiently large since the hitting probability eventually
tends to 0.
C. BER Analysis for Static & Mobile MC
1) Static MC: In Fig. 9(a), we plot the average BER Qs
versus the detection threshold ξ for static MC, where different
vesicle diffusion coefficients and bit intervals are adopted to
investigate their impacts on the average BER. We first observe
that the BER is much larger compared to the other parameter
sets when Dv = 9 µm2 /s and φ = 2 s. This is because the
period for all molecules to be released from the TX membrane,
τp , calculated as 9.5 s, is much larger than the bit interval.
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(a) Varying kf and Dv , t′ = 2 s
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(b) Varying t′
Fig. 8. Expected end-to-end molecule hitting probability at the mobile RX
at time t′ + τ versus time τ , where DT = DR = 8 µm2 /s.

Therefore, severe inter-symbol interference (ISI) is expected
which dominates the BER. This also illustrates the difference
between the MF-based TX and an ideal point TX. For the
ideal point TX, the ISI is only caused by the diffusion of
molecules in the propagation environment. For the MF-based
TX, the ISI is also introduced by the signaling pathways inside
the TX. Second, we introduce three methods to decrease the
ISI. The first method is increasing the diffusion coefficient
of the vesicle. By comparing parameter sets 1) and 2), we
observe a dramatic decrease in the BER with the increase in
Dv . This is because an increase in Dv reduces the period for
releasing molecules, such that ISI decreases. Given that the
active transport of vesicles along microtubules is much faster
than free diffusion [49], the investigation of active transport
of vesicles within the TX is an interesting future work for
reducing the ISI. The second method is increasing the bit
interval. By comparing parameter sets 1) and 3), we observe
that the average BER decreases with an increase in φ. This is
because a larger φ enables the RX to absorb more molecules
in the current interval, such that fewer molecules are left to
influence subsequent bit detection. One drawback of increasing
the bit interval is reducing the data transmission rate. The third
method is applying a sequence detector in MC to mitigate the
ISI as described in [50].
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R2
l (µm)
R2

40
0.9952

38
0.9962

OF

TABLE IV
Pe (t) WHEN THE TX MEMBRANE IS REFLECTING
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0.9964

34
0.9974
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(a) Static MC
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(b) Mobile MC
Fig. 9. Average BER versus the detection threshold for (a) static MC, where
kf = 30 µm/s and (b) mobile MC, where Dv = 50 µm2 /s and kf =
30 µm/s.

28
0.9995

26
0.999

24
0.993

22
0.9684

21.5
0.9457

21
0.9188

VIII. C ONCLUSION
In this paper, we proposed a new TX model that is based
on MF between vesicles generated within the TX and the
TX membrane to release molecules. We derived the molecule
release probability and the fraction of molecules released from
the TX. By considering a fully-absorbing RX, we derived
the CIR between the MF-based TX and RX when both TX
and RX are static or diffusive mobile. By considering a
sequence of bits transmitted from the TX, we calculated the
average BER for two scenarios. For the mobile scenario, we
derived the PMF of the number of molecules absorbed by
dividing the molecule release duration into multiple release
intervals. Furthermore, we proposed a simulation framework
for the MF-based TX. Our numerical results showed that our
analytical expressions are accurate. They also showed that a
low MF probability or low vesicle mobility slows the release of
molecules, extends the time to reach the peak release probability, and reduces the end-to-end molecule hitting probability at
the RX. Moreover, numerical results highlighted the difference
between the MF-based TX and the ideal point TX in terms of
the ISI, since the ISI of the ideal point TX is only caused
by the diffusion of molecules in the propagation environment
whereas the ISI of the MF-based TX is also caused by the
signaling pathways within the TX. Future work includes 1)
considering the hindrance, e.g., reflecting or reuptake, of the
TX membrane to the diffusion of molecules in the propagation
environment and 2) investigating active transport by motor
proteins of vesicles along microtubules within the TX.
A PPENDIX A
P ROOF OF T HEOREM 1
Using separation of variables [51], we express C(r, t) as
C(r, t) = R(r)T (t), where R(r) and T (t) are functions of r
and t, respectively. Substituting C(r, t) into (3), we obtain
′′

′

′

T (t) (a)
2Dv R (r) Dv R (r)
+
=
= ǫ̂,
rR(r)
R(r)
T (t)
2) Mobile MC: In Fig. 9(b), we plot the average BER
Qm versus the fixed detection threshold ξ as in [16] for
mobile MC, where different TX and RX diffusion coefficients
and the number of molecules stored within each vesicle are
applied to investigate their impacts on the average BER. First,
by comparing parameter sets 1) and 2), we observe that the
average BER increases with an increase in DT and DR . This
is because faster motion of the TX and RX results in a more
stochastic channel such that the detection ability at the RX is
reduced. Second, by comparing parameter sets 1) and 3), we
observe that the minimum BER decreases with an increase in
η. This is because a larger η means that more molecules are
released from the TX such that more molecules are absorbed
within the RX. This increases the detection accuracy at the
RX.

2

(40)

∂ R(r)
∂T (t)
where R (r) = ∂R(r)
∂r , R (r) =
∂r 2 , and T (t) =
∂t .
The left-hand side of the first equality in (40) is a function of
r, denoted by ǫ̂(r), and the right-hand side is a function of t,
denoted by ǫ̂(t). As ǫ̂(r) = ǫ̂(t), ǫ̂(r) and ǫ̂(t) are equal to a
constant ǫ̂ that results in the equality (a). Based on (40), we
obtain
′′
′
ǫ̂ 2
r R(r) = 0.
(41)
r2 R (r) + 2rR (r) −
Dv
By setting ǫ̂ = −Dv λ2n , n = 1, 2, 3, ..., (41) becomes
the radial equation when solving the Helmholtz equation in
spherical coordinates [52]. For each given λn , the solution
of R(r) in (41), denoted by4 Rn (r), is given by Rn (r) =
′

′′

′

4 The general solution of the Helmholtz equation is j (x), where n̂ =
n̂
0, 1, 2, 3, .... In (41), j0 (x) is applied since the TX model is symmetric.
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An j0 (λn r), where An is a constant. As Rn (r) needs to satisfy
the boundary condition in (4), we substitute Rn (r) into (4) and
obtain (6). Based on (40), we then obtain
′

Tn (t)
= −Dv λ2n .
(42)
Tn (t)
By considering an obvious condition Tn (t → ∞) = 0,

one principle solution of Tn (t) is Tn (t) = Bn exp −Dv λ2n t .
Based on the principle of superposition, C(r, t) becomes
∞
∞
X
X

C(r, t) = Rn (r)Tn (t) = An Bn j0 (λn r)exp −Dv λ2n t .
n=1

n=1

(43)
We next determine An Bn based on the initial condition in
′
(2). According to the Sturm-Liouville theory [53], if n 6= n ,
rj0 (λn r) and rj0 (λn′ r) are orthogonal to each other, which
is
(
Z rT
′
2λn rT −sin(2λn rT )
,n = n ,
2
4λ3n
r j0 (λn r)j0 (λn′ r)dr =
′
0,
n 6= n .
0
(44)

We substitute (43) into (2) and then multiply j0 (λn r) to
both sides of the equality. With some mathematical manipulations and taking the integral of both sides with respect to r,
we obtain
Z rT
Z rT
∞
X
1
δ(r)j0 (λn r)dr.
r2 j02 (λn r)dr =
An Bn
4π 0
0
n=1
(45)
and (45), we obtain An Bn
=
By substituting An Bn into (43), we
obtain C(r, t). According to [36, eq. (3.106)], the molecule
release probability is expressed as fr (t) = 4πrT2 kf C(rT , t).
By substituting C(rT , t) into fr (t), we obtain (5).
Based

on

(44)

λ3n
π(2λn rT −sin(2λn rT )) .

A PPENDIX B
P ROOF OF L EMMA 1
We perform the surface integral by considering a small
surface element that is the lateral surface of a conical frustum,
denoted by dS, on the TX membrane. The point α is on
dS with the coordinates (x, y, z). The base and top radii of
this conical frustum
are y and y + dy, respectively, and the
p
slant height is d2 x + d2 y. Based on the expression for the
lateral surfacerarea of a conical frustum,
dS is calculated
r
 2
 2
dy
dy
dy
d2 x. Since
as dS = 2πy 1 + dx dx + π dx 1 + dx
p
dy
= − √ 2x 2 . By substituting
y = rT2 − x2 , we have dx
dy
dx

rT −x

2
T
into dS, we obtain dS = 2πrT dx − rπxr
2
2 d x ≈ 2πrT dx,
T −x
2
T
where rπxr
2
2 d x is omitted since it is a higher order infinitesT −x
imal. As dS is an infinitesimal, we treat the distance between
each point on dS and the center of the RX
p as lα , where
lα can be expressed based on x as lα =
rT2 + l2 − 2lx.
By substituting lα into (8), we obtain pα (t, x). Accordingly,
the hitting probability at the RX for molecules released
from dS is ρpα (t, x)dS. Furthermore, puR(t) is obtained by
integrating ρpα (t, x)dS, i.e., pu (t) = Ωt ρpα (t, x)dS =
R rT
2πrT ρpα (t, x)dx. By substituting pα (t, x) into pu (t) and
−rT
solving the integral, we obtain (9).

A PPENDIX C
P ROOF OF C OROLLARY 4
According to (12), we have Pv (t) = Pu (t) ∗ fr (t). Performing the Laplace transform of this expression, we obtain
Pv (s) = Fr (s)Pu (s), where Pv (s), Fr (s), and Pu (s) are the
Laplace transform of Pv (t), fr (t), and Pu (t), respectively. According to the final value theorem [54, eq. (1)], if Pv (t) has a
finite limit as t → ∞, then we have lim Pv (t) = lim sPv (s).
t→∞
s→0
Thus, we calculate lim Pv (t) as
t→∞
r

 p
8rT3 rR kf ρπ Dσ h
exp −2 β1 kd
lim Pv (t) =
t→∞
lDv
kd
∞
 p
i X
λn j0 (λn rT )
− exp −2 β2 kd
.
(46)
2λn rT − sin(2λn rT )
n=1
By substituting t → ∞ into (7) and noting that Fr (t → ∞) =
P∞
j0 (λn rT )
= 4rD2vkf . By substituting
1, we obtain n=1 2λnλrnT −sin(2λ
n rT )
T
this expression into (46), we obtain (14).
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