
 

 
 

 
 

warwick.ac.uk/lib-publications 
 

 
 
 
 
Manuscript version: Author’s Accepted Manuscript 
The version presented in WRAP is the author’s accepted manuscript and may differ from the 
published version or Version of Record. 
 
Persistent WRAP URL: 
http://wrap.warwick.ac.uk/163403                                                                                   
 
How to cite: 
Please refer to published version for the most recent bibliographic citation information.  
 
Copyright and reuse: 
The Warwick Research Archive Portal (WRAP) makes this work by researchers of the 
University of Warwick available open access under the following conditions.  
 
Copyright © and all moral rights to the version of the paper presented here belong to the 
individual author(s) and/or other copyright owners. To the extent reasonable and 
practicable the material made available in WRAP has been checked for eligibility before 
being made available. 
 
Copies of full items can be used for personal research or study, educational, or not-for-profit 
purposes without prior permission or charge. Provided that the authors, title and full 
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata 
page and the content is not changed in any way. 
 
Publisher’s statement: 
Please refer to the repository item page, publisher’s statement section, for further 
information. 
 
For more information, please contact the WRAP Team at: wrap@warwick.ac.uk. 
 

http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/163403
mailto:wrap@warwick.ac.uk


Imjai, T., Setkit, M., Figueiredo, F.P., Garcia, R., Sae-Long, W. and Limkatanyu, S., 2022. Experimental and numerical investigation on low-strength RC 
beams strengthened with side or bottom near surface mounted FRP rods. Struct. Infrastruct. Eng., pp.1-16. https://doi.org/10.1080/15732479.2022.2045613  

Experimental and numerical investigation on low-strength RC beams 

strengthened with side or bottom Near Surface Mounted FRP rods 

Thanongsak Imjaia,*, Monthian Setkita, Fabio P. Figueiredob, Reyes Garciac, 

Worathep Sae-Longd and Suchart Limkatanyue 

a School of Engineering and Technology, and Center of Excellence in Sustainable 

Disaster Management, Walailak University, Nakhonsithammarat, Thailand 80161; 

thanongsak.im@wu.ac.th, smonthia@wu.ac.th 

b School of Engineering, University of Minho, Guimarães 4800-058, Portugal; 

f.figueiredo@civil.uminho.pt 

c Civil Engineering Stream, School of Engineering, The University of Warwick, Coventry, 

UK CV4 7AL; reyes.garcia@warwick.ac.uk 

d Department of Civil Engineering, School of Engineering, University of Phayao, Phayao, 

Thailand 56000; s.worathep@yahoo.com 

e Department of Civil Engineering, Prince of Songkla University, Hadyai, Songkhla, 

Thailand 90110; suchart.l@psu.ac.th 

* Correspondence: thanongsak.im@wu.ac.th; Tel.: +66 (0) 7567 2378 

 

https://doi.org/10.1080/15732479.2022.2045613


Imjai, T., Setkit, M., Figueiredo, F.P., Garcia, R., Sae-Long, W. and Limkatanyu, S., 2022. Experimental and numerical investigation on low-strength RC 
beams strengthened with side or bottom near surface mounted FRP rods. Struct. Infrastruct. Eng., pp.1-16. https://doi.org/10.1080/15732479.2022.2045613 

1 

 

Experimental and numerical investigation on low-strength concrete 

beams strengthened with side or bottom Near Surface Mounted FRP 

rods 

This article examines experimentally and numerically the flexural performance of 

low-strength reinforced concrete (RC) beams strengthened using near-surface 

mounted (NSM) carbon fibre reinforced polymer (CFRP) rods. Five RC 

rectangular beams were tested in four-point bending until failure. Four of these 

beams were strengthened using Bottom NSM (BNSM) or Side NSM (SNSM) rods. 

The results are discussed in terms of observed damage, load capacity, and midspan 

deflection. It is shown that the SNSM strengthening solution enhanced the cracking 

load of the beams by up to 19%. Likewise, the yield and ultimate load-carrying 

capacities of the strengthened beams increased by up to 31% and 64%, 

respectively. It is also shown that moment-curvature and FE approaches predict 

well the deflections of the strengthened RC beams within 20% and 10% of 

accuracy at failure. The results from nonlinear Finite Element (FE) analyses 

showed a better agreement with the experimental results up to failure (within a 

10% of accuracy). For the beams presented in this study, the crack widths 

calculated by Eurocode 2 match reasonably well the measured values. 

Keywords: Near surface mounted; Low strength concrete; FRP; Serviceability, 

Strengthening; Finite element analysis. 

1. Introduction 

Many existing reinforced concrete (RC) structures need to be strengthened due to 

issues such as lack of maintenance, accidental damage, the need for extending their 

service life or an update of design guidelines. In rural areas of developing countries, the 

use of hand-mixed low-strength concrete is another issue that increases the vulnerability 

of such existing structures. Several solutions have been proposed to strengthen low-

strength RC members, such as section overlays or concrete patching. However, such 

methods are often time-consuming and usually increase the overall weight and size of the 

existing members. 
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Previous research has shown that the use of Fibre Reinforcement Polymers (FRPs) 

strengthening was successful at restoring the capacity of low-strength RC elements (Al-

Mahmoud et al., 2009; Bilotta et al., 2015; Gudonis et al., 2014; Nanni, 2003; Parvin & 

Shah, 2016; Sharaky et al., 2014; Siddika et al., 2019; Siddika, et al., 2020; Spadea, et al., 

2015). FRPs have been increasingly used in the strengthening of RC structures due to 

their ease of installation, lightweight, high strength to weight ratio, and excellent 

durability (Gudonis et al., 2014; Kim, 2019; Nanni, 2003; Osman et al., 2017; Setunge & 

Nezamian, 2004; Siddika et al., 2019, 2020; Teng et al., 2012). Previous research also 

indicates that the use of externally bonded FRP reinforcement (see Figure 1(a)) can 

substantially increase the flexural capacity of RC beams in service and ultimate 

conditions (Barros et al., 2007; Nanni, 2003; Osman et al., 2017; Teng et al., 2012; Kim 

& Andrawes, 2017).  

Current design guidelines for flexural strengthening of beams with FRP assume a 

full composite action between the FRP and the concrete (fib Task Group 5.1, 2019; 

DAfStb Heft 595, 2013; ACI 440.1R, 2017). As a result, potential failures such as i) end-

plate debonding at the end anchorage and ii) debonding along the FRP, must be always 

avoided (Bilotta et al., 2015; Sharaky et al., 2014). These failures can not only prevent an 

FRP-strengthened element from reaching its theoretical ultimate capacity, but it can also 

limit its ductility (Imjai & Garcia, 2017; Imjai et al., 2017; Oehlers, 2001; Pešić & 

Pilakoutas, 2003; Spadea et al., 2015; Yao et al., 2005; Oller et al., 2011; Zhang & Smith, 

2017; Zhou et al., 2017).  

One of the main drawbacks of externally bonded FRP reinforcement is its 

tendency to debond from the concrete substrate. Several models and design guidelines 

exist to predict the bond behaviour of FRP systems, although they are still unable to give 

accurate predictions (Bilotta et al., 2013; Oehlers, 2001; Pešić & Pilakoutas, 2003; Smith 
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& Teng, 2002a, 2002b; Teng et al., 2006; Abid & Al-lami, 2018;). The large scatter in 

results can be attributed to a lack of understanding of the development of bond stress 

along the FRP-concrete interface, especially at the end section where high interfacial 

stresses are mobilised (Bilotta et al., 2013; Imjai et al., 2017; Oehlers, 1992; Sharaky et 

al., 2014; Smith & Teng, 2002a; Spadea et al., 2015; Zhang & Smith, 2017). To improve 

the bond strength of FRP reinforcement, the use of Near-Surface Mounted (NSM) FRPs 

was proposed as an alternative to strengthen flexural-dominated RC structures (Al-

Mahmoud et al., 2009; Parretti & Nanni, 2004; Sena-Cruz et al., 2016; Al-Saadi et al, 

2019; Gravina et al. 2018; Laraba et al. 2014).  

The NSM technique consists of FRP strips or rods embedded in pre-cut grooves 

made on the concrete surface and filled/bonded with epoxy adhesive (Oehlers, 1992; 

Parretti & Nanni, 2004; Sena-Cruz et al., 2016), as shown schematically in Figure 1(b). 

Results from numerous studies indicate that the flexural capacity of NSM FRP-

strengthened specimens increases between 30-70% over unstrengthened specimens (De 

Lorenzis & Teng, 2007; Gopinath et al., 2016; Hosen et al., 2015; Pachalla & Prakash, 

2017; Parvin & Shah, 2016; Rezazadeh et al., 2016; Sharaky et al., 2014, 2014; Shukri et 

al., 2016; Siddika et al., 2019; Szabó & Balázs, 2007; Zhang et al., 2017). NSM FRP 

systems are usually applied at the soffit of RC beams and slabs (Figure 1(b)), which 

implies that such elements are wide enough to accommodate the necessary edge clearance 

and clear spacing between adjacent NSM grooves (Al-Mahmoud et al., 2009; Oehlers, 

1992; Parretti & Nanni, 2004; Sena-Cruz et al., 2016). However, in many existing 

structures, beams and slabs hold suspended ceilings, air ducts/extractors, and electrical 

wiring at their soffit, as shown in Figure 1(c). This in turn hinders the cutting of the 

grooves necessary to install the NSM FRP reinforcement. Consequently, it is necessary 

to investigate alternative strengthening locations (other than the soffit) to make NSM 
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systems more adaptable and versatile.  

To date, only a few studies have investigated the performance of side NSM FRP 

strengthening as that shown in Figure 1(d) (Hosen et al. 2017; Hosen et al., 2018; Hosen 

et al., 2015; Imjai et al., 2020; Sabau et al., 2018; Sharaky et al., 2017; Shukri et al., 

2016), and none of these studies has reported results from low-strength RC elements. 

Moreover, as serviceability (e.g. deflections and crack widths) often control the design of 

NSM FRP-strengthened elements, further experimental and numerical research is 

necessary to assess the accuracy of current design guidelines at predicting the behaviour 

of these elements. 

 

Figure 1. Strengthening configurations for concrete elements (a) conventional externally 

bonded FRP reinforcement; (b) bottom near-surface mounted (BNSM), (c) potential 

obstacles for BNSM installation, and (d) side near-surfaced mounted (SNSM). 

This article investigates experimentally and numerically the flexural behaviour of 

FRP-strengthened RC beams with Side and Bottom NSM FRP reinforcement. Side NSM 

(SNSM) is used to overcome some of the practical hindrances of Bottom NSM (BNSM). 

The results are discussed in terms of observed damage, load capacity and deflections. The 

effectiveness of nonlinear finite element modelling and sectional analysis at predicting 

the flexural behaviour and deflections of the strengthened beams is also discussed. This 

study contributes towards a better understanding of the effects of flexural NSM FRP 

(a) ( )b ( )c (d)

Wall

M&EEBR BNSM SNSM
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strengthening on low-strength RC structures, which in turn is relevant to improve the 

calculation of deflections in such elements. 

2. Experimental programme 

The experimental programme involved the preparation, casting, strengthening, and 

testing of five low-strength RC beams. Three of these five beams (control TB1, and NSM 

FRP-strengthened beams TB3 and TB4) were part of a previous study (Imjai et al., 2020) 

aimed at investigating the effectiveness of an innovative strengthening technique that uses 

post-tensioned metal straps on pre-damaged RC beams. In the present study, two new 

NSM FRP-strengthened beams were tested (TB2 and TB5). All specimens were tested in 

four-point bending up to failure to examine the serviceability and ultimate performance 

of the Bottom-NSM (BNSM) and Side-NSM (SNSM) strengthening solutions. 

2.1. Beams geometry and reinforcement 

All beams had a cross-section of 150×250 mm with internal steel reinforcement 

designed according to ACI 318 (2019). Two 12 mm steel bars (fy= 392 MPa) were used 

as flexural bottom reinforcement in all specimens, thus leading to a flexural reinforcement 

ratio f =0.73%. Such reinforcement ratio was higher than the minimum required by the 

ACI code, and 59.3% of the maximum reinforcement ratio required by the same code. 

The top reinforcement in the compression zone (outside the midspan) consisted of two 

9 mm steel bars (fy= 235 MPa), which were also used to hold vertical steel stirrups. 

Shear failure was prevented by adding two-legged steel stirrups of 9 mm at a spacing of 

100 mm (w= 0.84%).  

Figure 2 shows the general geometry and reinforcement of the beam specimens 

included in this study. Beam TB1 (Figure 2(a)) was a control specimen. Beam TB2 
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(Figure 2(b)) was strengthened with one NSM CFRP rod inserted into a pre-cut groove 

at the beam soffit (BNSM). Beams TB3 to TB5 (Figure 2(c)-(d)) had different amounts 

and configurations of NSM CFRP reinforcement. It should be noted that the NSM CFRP 

rods in beam TB4 are placed above the neutral axis and as such these rods are not expected 

to increase the flexural capacity of the beam. However, beam TB4 replicates an inverted 

RC beam with limited lateral access due to the possible presence of a slab. This type of 

beams is very common in existing buildings of many developing countries, including 

Thailand. Whilst not ideal, in this case the CFRP rods could only be installed in the 

compression zone of the beam even if this implies somehow damaging the compression 

zone of the beam. Table 1 summarises the details of the beam specimens considered in 

this study. 
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Figure 2. Geometry, internal reinforcement and NSM FRP strengthening configurations 

of beams TB1 to TB5 (units: mm). 
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Table 1. Details of RC beams TB1 to TB5.  

ID Configuration 
No. of NSM 

CFRP rods  

ds 

(mm) 

df 

(mm) 

d’f 

(mm) 

TB1a Control - 210 - - 

TB2 
Bottom NSM FRP 

(tension side) 
1-8 (BNSM) 210 244 - 

TB3  
(B3-SNSMa) 

Side NSM FRP 

(tension side) 
2-8 (SNSM) 210 210 - 

TB4  

(B2-SNSMa) 
Side NSM FRP 

(compression side) 
2-8 (SNSM) 210 

- 
40 

TB5 

Side NSM FRP 

(compression side) 

+ Side NSM FRP 

(tension side) 

2-8 (SNSM) 

2-8 (SNSM) 
210 210 40 

a The IDs of beams TB1, TB3 and TB4 were different in Imjai et al. (2020) and they are included 

here to avoid confusion. 

2.2. Concrete properties 

The beams were cast using low-strength concrete that reflects the quality of concrete 

used in rural areas of Thailand. The mix design is shown in Table 2. The reported average 

compressive strength of concrete (fc=15.3 MPa) was obtained from 150 mm cylinders 

according to BS EN 12390-3 (1983a). The average indirect tensile splitting strength 

(ft=1.4 MPa) was determined from tests on 150×300 mm cylinders, according to BS EN 

12390-6 (1983b). The average flexural strength (fb=1.9 MPa) was obtained from 

100×100×500 mm prisms tested in four-point bending according to BS EN 12390-5 

(1983c). Table 3 lists the mean mechanical properties and standard deviations of the 

concrete used to cast the beams. 

Table 2. Concrete mix proportion. 

Mix proportion (kg/m3) 
w/c  

ratio 

Slump  

(mm) Cement 
Coarse  

aggregate 

Fine  

aggregate 

Water + 

Plasticizer 

250 1120 757 200 0.77 75 

 

 



Imjai, T., Setkit, M., Figueiredo, F.P., Garcia, R., Sae-Long, W. and Limkatanyu, S., 2022. Experimental and numerical investigation on low-strength RC 
beams strengthened with side or bottom near surface mounted FRP rods. Struct. Infrastruct. Eng., pp.1-16. https://doi.org/10.1080/15732479.2022.2045613 

9 

 

Table 3. Mechanical properties of concrete. 

Statistical 

values 

Cylinder 

compressive 

strength (fc) 

Cube 

compressive 

strength 

(fc,cube) 

Tensile  

strength (ft) 

Modulus of 

rupture (fb) 

Mean (MPa) 15.3 17.1 1.4 1.9 

Std. Dev. (MPa) 2.3 3.5 0.5 0.2 

No. of samples 6 6 6 6 

2.3. Concrete beams strengthened with BNSM and SNSM FRP rods 

An NSM FRP technique was used to strengthen beams TB2 to TB5. The cutting of 

the grooves and installation were carried out according to ACI 440.2R (2017). The 

grooves were first cut using a diamond blade with dimension 12×12 mm compliant with 

ACI 440.2R. The grooves were subsequently cleaned with high-pressurised air and 

acetone.  

A two-part epoxy adhesive (Hernandez & Orlandi, 2016) was used to bond the CFRP 

rods into the groove (Figure 3(a)), as proposed in past studies (Hosen et al., 2017, 2015; 

Imjai et al., 2020). Sand-coated Carbon FRP (CFRP) rods of size 8 mm were used, with 

a fibre volume fraction of 68% (Figure 3(b)). The tensile strength of the rods (ffu) was 

2400 MPa, and the modulus of elasticity (Ef) was 120 GPa, with an elongation at rupture 

(fu) of 1.5%. To insert the 1880 mm-long CFRP rods, the grooves were fully filled in 

with epoxy adhesives, as shown in Figure 3(c). After inserting the rods into the grooves 

(Figure 3(d)), the excess epoxy adhesive was removed. For the SNSM strengthening 

solution, longitudinal CFRP rods were inserted into the grooves on both sides of the beam, 

at 40 mm below its top/bottom faces (see TB3, TB4 and TB5 in Figure 2(e)). The BNSM 

strengthening solution consisted of a single CFRP rod inserted into a groove at the beam 

soffit (TB2). In this study, the anchorage length of the NSM reinforcement was not an 

experimental parameter. Accordingly, the CFRP rods were cut at a distance df=210 mm 
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away from the support (Figure 2(b) to (d)). This is justified because, in real practical 

applications, it is impossible to extend the groove much closer to the support as the 

diamond blade tool and operator need some space to work. 

  

  

Figure 3. Installation of NSM CFRP rod (a) CFRP rod, (b) two-part adhesive epoxy 

resin, (c) filling of epoxy adhesive before installation of CFRP rod (d) inserting CFRP 

rod into a groove. 

2.4. Test setup and instrumentation 

All the simply supported specimens were tested in four-point bending, with the setup 

shown in Figure 4. The free span was 2300 mm, whereas the shear span was 767 mm. To 

promote a flexural-dominated behaviour, the shear span to effective depth ratio of the 

beams was 3.65 (effective depth = 210 mm). Adequate shear reinforcement prevented 

shear failures at the shear span. The loading was applied using a 1,000 kN actuator in 

displacement control mode at a loading rate of 1.0 mm/min. The deflections at the 

constant moment zone were measured using three linear variable displacement 

transducers (LVDTs). Two additional LVDTs were also placed on the beams’ top face 

(above the supports) to calculate net deflections. Strain gauges were attached to the 

(a) (b) 

(c) (d) 
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flexural reinforcement within the midspan of each beam. Strain gauge S1 measured the 

strain in the longitudinal steel bar, whereas gauge S2 measured the strains in the CFRP 

rod (see Figure 2(a)-(d)).  

At each loading step, cracks were marked and the width of selected cracks was 

measured using a handheld micrometre (accuracy = 0.002 mm) at approximately every 

5.0 kN. Particular attention was paid to measuring and recording of the width and length 

of the cracks at the constant moment zone of the NSM FRP-strengthened beams. The 

beams were then loaded up to a load Py that produced yielding of the flexural 

reinforcement, i.e. once the strain gauge S1 readings were approximately 0.002-0.0025. 

Eventually, all beams were tested up to failure (TB2-TB5), or up to a deflection where 

the load started to drop (TB1), which was defined as the ‘failure’ load. 

 

 

Figure 4. Typical setup and instrumentation used for tested beams. 

3. Test results and discussion 

3.1. Failure mode and ultimate performance 

Figure 5 compares the load-midspan deflection curves of the five beams. The 

LVDTs  

Beam specimen 

Spreader beam 

Actuator 
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maximum recorded load was considered the ultimate capacity (Pu), whereas the load at 

which the test was terminated was considered the failure load (Pf). The corresponding 

moment (M) of the beams was calculated as M=P/2·a, where a is the shear span (a=767 

mm). Initially, small flexural cracks formed within the midspan and shear span region, 

and existing cracks became wider and visible to the naked eye as the load increased. As 

shown in Figure 5, all the specimens had a linear response until the first concrete cracking 

occurs (at Pcr). The difference in flexural stiffness after the first cracking results from the 

different NSM strengthening configurations and the nature of concrete cracking. Major 

flexural cracks were observed in all beams after the yielding load was reached. The 

maximum load capacities of the NSM FRP-strengthened specimens varied from about 65 

to 103 kN, depending on the strengthening solution. 

 

Figure 5. Load-deflection curves of beams TB1 to TB5. 

As expected, the failure mode and performance of all tested specimens were 

controlled by flexure. All the strengthened beams failed due to concrete crushing, except 

for TB4 whose test was halted when the load started to reduce. Table 4 summarises the 

main experimental results. In this table, the load-deflection data are classified into three 

stages: (i) pre-cracked, (ii) pre-yield, and (iii) post-yield. At each stage, the corresponding 

moment (M), load (P), and deflection () are reported. At the end of the pre-cracked stage, 

P
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the cracking moment (Mcr) or cracking load (Pcr) of the NSM FRP-strengthened sections 

were always higher than the corresponding values for TB1. For instance, the ratio 

Pcr/Pcr,TB1 indicates that the moment was 19% higher for specimen TB3 compared to TB1, 

which in turn was the highest among the strengthened sections. Beam TB4 (which only 

had SNSM at the top side) had a similar cracking load to TB1 (difference of 2% only). 

At the pre-yield stage, all the specimens were already cracked but the longitudinal steel 

reinforcement remained elastic. The yield moments (My) were calculated at the load Py 

where gauge S1 showed that the longitudinal steel reinforcement had reached a strain 

value of 0.002-0.0025. As shown in Table 4, the yield load of the control specimen TB1 

was Py =57.8 kN at a deflection of 11.4 mm. The NSM FRP strengthening solutions 

increased the yield load by up to 131% (e.g. see TB5).  

Table 4. Summary of main experimental results of beams TB1 to TB5. 

Stage Parameters unit TB1 TB2 TB3 TB4 TB5 

i 

𝑀𝑐𝑟 N·mm×103 6,442 7,152 7,673 6,573 7,202 

𝑃𝑐𝑟 kN 16.8 18.7 20.0 17.1 18.8 

∆𝑐𝑟 mm 1.61 1.60 1.81 1.60 1.70 

𝑃𝑐𝑟/𝑃𝑐𝑟,𝑇𝐵1 - 1.00 1.11 1.19 1.02 1.12 

ii 

𝑀𝑦 N·mm×103 22,151 26,730 28,532 22,756 28,969 

𝑃𝑦 kN 57.8 69.7 74.4 59.3 75.5 

∆𝑦 mm 11.4 13.8 13.3 12.1 13.8 

𝑃𝑦/𝑃𝑦,𝑇𝐵1 - 1.00 1.21 1.29 1.03 1.31 

𝜀𝑦 - 0.0023 0.0025 0.0024 0.0025 0.0025 

iii 

𝑀𝑢 N·mm×103 24,237 32,712 37,659 24,965 39,769 

𝑃𝑢 kN 63.2 85.3 98.2 65.1 103.7 

∆𝑢 mm 22.4 34.5 33.7 34.2 35.9 

𝑃𝑢/𝑃𝑢,𝑇𝐵1 - 1.00 1.35 1.55 1.03 1.64 

Note: (i) pre-cracked stage, (ii) pre-yield stage, and (iii) post-yield stage. 

 Significant increases in the yield load were also observed for the strengthened 

specimens TB2 (+21%) and TB3 (+29%). Moreover, in the post-yield stage, the ultimate 
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capacities (Mu or Pu) of the NSM FRP-strengthened specimens were 135%, 155%, 103%, 

and 164% higher for specimens TB2, TB3, TB4 and TB5, respectively. The applications 

of SNSM at the Bottom of TB3 and TB5 improved their ultimate load capacity, whereas 

(as expected) the SNSM placed at the top face did not improve noticeably the ultimate 

load of TB4.  Overall, the application of SNSM at the bottom face increased considerably 

the cracking, yielding and ultimate loads of the strengthened beams. Conversely, the 

strengthening of beams with NSM CFRP rods inserted in the above the neutral axis is not 

recommended in practical strengthening applications. 

3.2. Cracking behaviour 

Cracking in the beam specimens was monitored closely during testing. As the 

applied load increased, the crack paths were marked at each load step on the front face of 

the specimen. Observations on the control specimen (TB1) indicated that the first flexural 

crack always developed close to the beam midspan. More flexural cracks followed within 

the flexural and shear span regions and existing cracks kept growing in length and width. 

All strengthened beams generally showed a similar crack development. The first cracking 

loads ranged from 16-20 kN, and the number of flexural cracks increased and propagated 

with increasing deflections. Figure 6 shows a complete crack pattern at failure for the 

unstrengthened and strengthened concrete beams.  

Concrete crushing failure was dominant and clearly observed in specimens TB2 

(Figure 6(b)) and TB3 (Figure 6(c)). No evidence of debonding failure was observed at 

the bottom side for BNSM in the case of TB2, nor on the SNSM in the case of TB3. In 

the case of TB1 and TB4, the test ended after the applied load started to reduce. FRP 

debonding was observed at the location of SNSM (bottom side) in beam TB5 where the 

CFRP rods were placed at both top and bottom faces. Whilst the CFRP rods in beams 

TB4 and TB5 were subjected to compression, no clear evidence of buckling was observed 
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during or after the tests were halted. Figure 7 shows schematically the complete crack 

patterns at failure load Pf for the beams. The density of cracks (number/spacing) 

developed within the flexural zone was measured during the test. Likewise, the crack 

width (wf) of a major crack that developed at the midspan was measured at the maximum 

load level. This information will be compared to analytical models in a subsequent 

section. 

 

 
(a) TB1 

 

 
(b) TB2 

 

 
(c) TB3 

 

 
(d) TB4 

 

 
(e) TB5 

End NSM debonding  

Concrete crushing  

Concrete crushing  
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Figure 6. Failure modes of tested beams: (a) TB1: tensile crack and steel yielding, (b) 

TB2: concrete crushing, (c) TB3: concrete crushing, (d) TB4: tensile crack and steel 

yielding, (e) TB5: end debonding of NSM FRP rod. 

 

Figure 7. Complete crack maps of tested beams at failure. 

3.3. Performance indices of NSM FRP-strengthened beams 

Table 5 compares the following results of beams TB2-TB5 over the control beam 

TB1: ultimate capacity (Pu), ductility at ultimate load (μu), ductility at ‘failure’ load (μf), 

effective pre-yield stiffness (Se) and energy absorption (). Details on how such results 

were calculated can be found in Appendix A. The values in Table 5 are expressed as ratios 

of the test results from the strengthened beams over those from beam TB1 (e.g. Se / Se,TB1 
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,    TB1  etc). The results in Table 5 indicate that the Bottom NSM strengthening solution 

increased the ultimate load capacity of TB2 by +35%, and that such increase was +55% 

for the Side NSM strengthened specimen TB3. However, and as expected, the Side NSM 

at the top of the beam did not significantly increase the ultimate load (+2% only) of TB4. 

When placing Side NSM at both top and bottom of TB5, the ultimate capacity increased 

by +64%. 

The ductility index derived from the load-deflection curves of the beams represent 

their capacity to sustain inelastic deformation without decay in load carrying capacity 

before failure. The results in Table 5 confirm that all strengthened beams had higher μu 

values compared to TB1 due to the provision of the additional flexural reinforcement 

(NSM CFRP rods). Similar observations were reported by Hosen et al. (2017), who found 

that beams strengthened with SNSM FRP bars had a good ductility if failure was 

dominated by flexure, which was attributed to the low elastic modulus of the NSM GFRP 

bars used in the tests. However, the ductility was found to decrease with increasing 

amounts of reinforcement. Specimen TB4 had the highest increase in ductility of all the 

strengthened sections (μu = +44%). The provision of NSM CFRP at the compression zone 

prevented the concrete crushing without reduction of load-carrying capacity and thus 

allowed a higher deformation before failure. The other two Side NSM beams (TB3 and 

TB5) had a higher ductility (+29 to +33%) over beam TB1. However, it should be kept 

in mind that beam TB1 was tested up to the point where its load capacity started to reduce 

(beam TB1 was strengthened with metal straps in Imjai et al. (2020), and therefore the 

actual ductility of such beam could have been slightly higher. 

The effective pre-yield stiffness (Se) reflects the ability of the beam to prevent its 

deformation within the elastic range. The results in Table 5 show that all the strengthened 

beams had a modest increase in Se (+2 to +6%) compared to TB1. The NSM FRP rod at 
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the beam soffit of TB2 led to the highest pre-yield stiffness (+11%). This is because the 

bottom CFRP rod restrained more effectively the flexural cracking, which initiated at the 

beam’s soffit. To assess the toughness of the beams, the area below the load-deflection 

curves was calculated to measure the energy absorption (). Table 5 shows that TB5 had 

the highest energy absorption (+147%). The Bottom NSM TB2 and side NSM TB3 

absorbed +114% and +131% more energy than TB1, respectively. 

The efficiency (EF) of the NSM CFRP rod is the ratio between the maximum 

strain value (εmax) recorded in the CFRP rod to the ultimate strain of the FRP rod (εfu). As 

shown in Table 5, beam TB4 had the lowest EF (56%). Specimens with bottom and side 

NSM FRP rods (TB2 and TB3) where concrete crushing dominated at failure, had EF 

values of 72 % and 84%, respectively. Not surprisingly, TB5 had the highest EF value of 

91%.  

Table 5. Comparison of strengthening performance indices of beams TB1 to TB5. 

Beam 
Pu  

(kN) 
μu μu/ μu, TB1 Se 

(kN/mm) 
Se / Se, TB1 

 

(kN·mm) 
    

EF 

(%) 

TB1 63.2 1.96 - 10.50 - 4,497 - - 

TB2 85.3 2.50 1.27 11.69 1.11 9,642 2.14 72 

TB3 98.2 2.53 1.29 11.11 1.06 10,402 2.31 84 

TB4 65.1 2.83 1.44 10.69 1.02 7,671 1.71 56 

TB5 103.7 2.60 1.33 11.06 1.05 11,130 2.47 91 

Note: Pu is the ultimate load capacity, μu is the ductility at ultimate load, Se is the effective pre-

yield stiffness,   is the energy absorption, and EF is the efficiency of NSM CFRP bar. 

4. Analysis of beam deflections 

This section examines the deflections of the five beams. The analyses were carried 

out through a moment-curvature approach and a series of 2D finite element (FE) analyses, 

as explained in the following sections. The results from the FE analyses are also used to 

compare numerical and experimental crack spacings and crack widths. 
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4.1. Moment-curvature approach 

The midspan deflection of the control and NSM FRP-strengthened beams was 

predicted using a cracked-sectional analysis based on a moment-curvature approach. To 

achieve this, the load-deflection response of each beam was divided into three linear 

phases; (i) pre-cracked (0 ≤ Ma ≤ Mcr), (ii) pre-yielded (Mcr ≤ Ma ≤ My), and (iii) post-

yielded (My ≤ Ma ≤ Mu), as described in Appendix B. To calculate the midspan deflection, 

the effective moment of inertia Ie is used to consider the loss of stiffness due to concrete 

cracking. The current ACI 318 (2019) guidelines adopt the approach proposed by 

Branson (1966) to calculate Ie. The value Ie provides a transition from the uncracked (Io) 

to the fully cracked (Ic) moments of inertia of the section as a function of the ratio between 

the cracking moment (Mcr) and the applied moment (Ma): 

 

𝐼𝑒 = (
𝑀𝑐𝑟

𝑀𝑎
)

3

𝐼𝑜 + [1 − (
𝑀𝑐𝑟

𝑀𝑎
)

3

] 𝐼𝑐𝑟 (1) 

The midspan deflection, ∆mid, of rectangular beams subjected to four-point bending 

can be obtained as: 

∆𝑚𝑖𝑑= (
𝑃

2
) . (

𝐿𝑎

24𝐸𝑐𝐼𝑒
) (3𝐿2 − 4𝐿𝑎

2 ) +
𝑘𝑠𝑃𝐿

6𝐺𝑐𝐴
 (2) 

where P is the total load, La is the clear span of the beam, ks is the shear correction 

factor (6/5 for rectangular sections), A is the cross-section area of the beam, and Ec and 

Gc are Young’s and shear modulus of concrete, respectively (Gc=Ec/ 2[1+υ], where υ is 

the Poisson ratio). For RC elements, the effective moment of inertia Ie is often used to 

calculate the flexural deformation component (first term on the right-hand side of 

Equation (2)), whereas the shear component (second term of Equation (2)) is considered 

negligible for slender beams (e.g. see Model Code 2010 (2010)). 
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4.2. Nonlinear FE analyses 

The 2D nonlinear numerical analyses were carried out using the FE software 

FEMIX (Barros, 2016). Past studies proved that 2-dimensional, plane stress, 8-node 

quadrilateral elements can be used to predict the load-deflection responses of RC beams 

with good accuracy (Barros, 2016; Barros et al., 2007; Barros & Fortes, 2005; Yao & 

Wu, 2016). To simulate the concrete part of all beams, 4-node Serendipity plane stress 

elements with a 2×2 Gauss-Legendre integration scheme were used. The longitudinal and 

transverse steel reinforcements were simulated with 2-node linear embedded cable 

elements with two Gauss-Legendre integration points. For the NSM FRP-strengthened 

beams TB2 to TB5, a 3-node linear embedded cable element was added to simulate the 

CFRP rods. A perfect bond was assumed between the concrete and all reinforcements 

(i.e. bond slip effects were ignored). It should be noted that, in many NSM strengthening 

applications, the bond-slip of the FRP strips or rods can play in important role in the 

response, but mainly at high load levels or after yielding of the steel reinforcement. In 

this article, the main focus is on examining the performance of the beams during the 

service load stage, and therefore perfect bond between concrete and CFRP bars was 

assumed in the FE modelling. This is also reasonable because debonding of the FRP rods 

only occurred in TB5, and only at the end of the test. However, the assumption of the 

existence of perfect bond between the concrete and NSM FRP strips/rods (and indeed 

between the concrete and steel bars) should not be extended to other cases to those 

presented in this article.  

The load was applied to the FE model by direct displacement-control at the 

midspan of the beam. Due to the symmetry of the beams and the load arrangement, only 

half of each beam was modelled to reduce computational time. The model contains nine 

layers of elements in the beam height (9 elements @ 16.67 mm), and meshing regions 

along the half span (72 elements @ 16.67 mm long elements). The element mesh was 
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also chosen so that the positions of some of the nodes coincided with the location of the 

LVDTs and applied loads in the test setup. Examples of a half symmetry FE model for 

beams TB1, TB2 and TB3 are shown in Figure 8. 

 

 

Figure 8. Typical finite element mesh of beams a) TB1, b) TB2 and c) TB3. 

All concrete parameters were calculated using the compressive strength of the 

concrete, fc, and the recommendations in fib Model Code 2010 (2010). The behaviour of 

the concrete was modelled using a multi-fixed smeared crack model available in FEMIX 

(Ventura-Gouveia et al., 2011). The fracture Mode I in this model is simulated by a 

trilinear tensile softening diagram, as shown in Figure 9(a). The parameters ξ and α 

represent the ratio between the strain and stress at each point of the trilinear tensile-

softening diagram (fracture Mode I), respectively. The values used in all analyses were 

ξ1 = 0.15 & α1 = 0.75, and ξ2 = 0.4 & α2 = 0.4. The Mode I fracture energy used was Gf = 

0.12 N/mm. The crack bandwidth (Figure 9(a)) was estimated using the square root of 

the area of the integration point. The behaviour of the longitudinal and transverse steel 

CL

 F
E

 m
e

sh
 =

 9
@

1
6

.6
7

  
  

  
   

  
  

   
 =

1
5

0m
m

FE mesh = 72 1200 @16.67= mm

CFRP rod, =8 mm

CFRP rod, =8 mm

CL

CL

(a) Beam T 1B

(b) Beam TB2

(c) Beam TB3

https://doi.org/10.1080/15732479.2022.2045613


bars was modelled using the stress-strain represented in Figure 9(b). A linear stress-strain 

relationship was adopted for modelling the NSM-CFRP rods. The values of the stress-

strain curves defining the behaviour of the steel bars and CFRP rods were defined using 

the properties of each material, as determined by the laboratory test results. 

 

  
(a) Tension softening diagram         (b) Uniaxial constitutive model of the steel bars 

Figure 9. Constitutive models of materials for FE analyses (a) tension softening model 

for concrete, (b) constitutive model for steel bars. 

The constitutive material models adopted in the simulations led to a system of 

nonlinear equations that was solved using the Newton-Raphson method. The developed 

model includes implicit Euler backward algorithms and consistent tangent operators 

(Barros et al., 2007; Barros & Fortes, 2005). The following section compares the results 

from the analyses in this section with the measured load-deflection to evaluate the 

reliability of existing calculation methods. 

4.3. Comparison of calculated and experimental deflections 

Figure 10 compares the experimental (Exp.) midspan load-deflections with the results 

from a moment-curvature approach (Anl.) and FE analyses (FE) for all beams. It should 

be noted that the concrete tensile strength used to determine the cracking moment and 
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cracking load was derived from an inverse analysis to account indirectly for the variability 

of concrete, size effects, as well as shrinkage effects on the initial strain state within the 

element (Bischoff, 2005).  

Overall, the results in Figure 10  indicate that the moment-curvature approach 

predicts reasonably well the deflections at the first flexural cracking load and yield load. 

For the NSM FRP-strengthened beams, the load-deflection curves from the moment-

curvature approach are slightly stiffer than the experimental ones. Note that the stiffness 

of TB2 and TB3 decreased shortly after yielding as the beams were reaching failure, 

which was dominated by concrete crushing at the top of the beams. This is attributed to 

the fact that a perfect bond was assumed at the reinforcement/concrete interface.  

After yielding, the analytical predictions tend to underestimate the deflections, 

especially when major cracks occur (e.g. TB2 and TB4). Note also that the adhesive resin 

used to fill the groove of the CFRP rod was not accounted for in the models. Therefore, 

the predictions were expected to be stiffer than the experimental values. Based on these 

results, it is evident that the moment-curvature approach tends to underestimate 

deflections after major cracks occur. This can be attributed to an overall underestimation 

of deformation due to several cracks opening simultaneously (such as shear cracks), an 

effect that is more pronounced after the onset of diagonal cracking as reported previously 

(Imjai et al. 2016). To accurately predict the beam deflections at higher load levels, shear 

crack-induced deflections should be taken into an account. 

Figure 10 also shows that, in general, the FE models can simulate well the aspects 

that control deflections such as crack initiation, stiffness degradation, yield initiation of 

the steel bars, and ultimate capacity. The results agree well with the predicted cracking 

load and the corresponding deflection before major flexural cracks appear (i.e. crack wf 
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in Figure 7). After large flexural cracks form, the deflection from the FE model was 

always lower than the measured deflection. However, the errors between the FE results 

and experimental deflections were less than 5%, except for TB2 and TB3 where 

convergence issues with the Newton-Raphson iterative procedure led to larger errors by 

up to 15% at ultimate load. 
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Figure 10. Experimental vs predicted load-deflection curves of beams TB1 to TB5. 

Figure C1 in Appendix C shows an example of a typical crack pattern (beam TB1) 

obtained from the FE analyses. The results show that, in general and for all the beams, 

the distribution of the flexural cracks at the midspan of the beams agreed reasonably well 

with the experimental results. Likewise, Figure C2 in Appendix C shows a typical 

evolution of stresses in the steel bars and CFRP rod during the FE simulation. The results 

in the figure are for beam TB2, which is representative of the other strengthened beams. 

As expected, the stress in the CFRP rod increases linearly with an increase in the load, 

whereas the stresses in the steel bars are practically constant after yielding. 

4.4. Comparison of flexural crack spacing and crack width 

Eurocode 2 (EC2) (2004) calculates the flexural crack spacing as a function of the 

modular ratio and the location of the neutral axis in the composite section. Accordingly, 

Equation (3) can be used to calculate the maximum crack spacing (Smax) in the constant 

moment zone of the beams: 

𝑆𝑚𝑎𝑥 = 3.4𝑐 + 0.425𝑘1𝑘2

𝜑𝑓

𝜌𝑒𝑓

 (3) 

where 𝜌𝑒𝑓  is the effective reinforcement ratio, that can be obtained as follows: 

𝜌𝑒𝑓 =
𝐴𝑠 + 𝑛𝑆𝑁𝑆𝑀𝐴𝑆𝑁𝑆𝑀

𝐴𝑐𝑒𝑓

 (4) 

and where 𝐴𝑐𝑒𝑓 is the area of the concrete in tension, that can be obtained as 

follows: 

𝐴𝑐𝑒𝑓 = min { 
2.5𝑏𝑐

𝑏 (ℎ − 𝑦)/3
 } (5) 

https://doi.org/10.1080/15732479.2022.2045613


where c is the concrete cover, k1 is the bond coefficient (0.80 and 1.6 for high 

bond bars and plain bars, respectively), k2 is the strain distribution coefficient (0.50 and 

1.0 for bending and pure tension, respectively), φf is the diameter of the FRP rod, As is 

the area of the longitudinal reinforcement (in tension), ASNSM is the area of the NSM FRP 

rod, nSNSM is the number of NSM FRP rods, h is the depth of the beam, b is the width of 

the beam, and y is the neutral axis depth. 

Figure 11 compares the (average) measured crack spacing at the constant moment 

zone and the corresponding maximum crack spacing calculated using the EC2 approach. 

The results show that the measured crack spacings were 90, 85, 82, 102, and 110 mm for 

TB1, TB2, TB3, TB4, and TB5, respectively. Comparatively, the maximum crack 

spacings calculated by EC2 were 120, 117, 116, 119, and 116 mm for TB1, TB2, TB3, 

TB4, and TB5, respectively. Overall, the EC2 model gives larger crack spacings (+17% 

on average) compared to the values recorded in the tests. The closer crack spacing in the 

strengthened beams can be attributed to the development of a more distributed bond along 

the NSM FRP rods. Similar observations were also reported in other studies (Hosen et 

al., 2017, 2018, 2015) that examined the behaviour of RC beams strengthened with side 

NSM FRP bars. 
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 Figure 11. Experimental vs Eurocode 2 calculation of crack spacing of beams TB1 to 

TB5 

The flexural crack width of the beams was also measured during the tests. The 

last reading was taken at the maximum load level as measurements had to be halted after 

that due to safety reasons. The crack width wf of the beams can be calculated using 

Equation (6), which is given in EC2. The equation depends on the maximum crack 

spacing (Smax) and on the strain in the longitudinal reinforcement (εsm), where the latter 

accounts for the tension softening and the mean strain in the concrete between cracks 

(εcm): 

𝑤𝑓 = 𝑆𝑚𝑎𝑥(𝜀𝑠𝑚 − 𝜀𝑐𝑚) 
(6) 

The strain 𝜀𝑠𝑚 can be computed using Equation (7): 

(𝜀𝑠𝑚 − 𝜀𝑐𝑚) =
𝜎𝑠

𝐸𝑠
−

𝑘𝑡𝑓𝑡
′(1 + 𝑛𝜌𝑒𝑓𝑓)

𝐸𝑠𝜌𝑒𝑓𝑓
≥ 0.6

𝜎𝑠

𝐸𝑠
 (7) 

where kt is the factor of the duration of loading (0.4 and 0.6 for long-term and 

short-term loading, respectively), ft
′ is the tensile strength of the concrete, n is the modular 

ratio between steel and concrete,  𝜌𝑒𝑓𝑓 is the effective reinforcement ratio, and the rest of 

the terms are as defined before. 

Figure 12 compares the measured crack width and the results given by EC2 at 

different loading stages. At the end of the pre-cracked stage, the measured crack width of 

TB1 was about 0.09 mm, which is very close to the calculated value of 0.10 mm. Also, 

all strengthened beams had narrower crack widths compared to TB1 (Figure 12(a)). In 

the pre-yield stage, the calculated crack widths agree very well with the measured values, 

with small differences of 10% (e.g. TB2). At yielding, the observed crack widths were < 

0.5 mm and therefore compliant with the serviceability limits suggested by ACI 440.1R. 
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In the post-yield stage, TB1 had the widest cracks (0.31 mm), whereas TB2, TB3, TB4 

and TB5 had narrower crack widths (0.29, 0.28, 0.27 and 0.24 mm respectively). The 

crack widths calculated by EC2 were only 5% higher than the measurements. Based on 

these observations, it is clear that the use of FRP rods helped to control the crack widths 

in the NSM FRP-strengthened low-strength RC beams. Whilst the crack widths 

calculated by EC2 agree well with the test results presented in this article, further tests on 

different concrete strengths and numerical research are necessary to fully validate this 

observation. This is particularly true because the actual characteristics of the cracks rely 

heavily (among others) on concrete properties such as the compressive strength, as well 

as the (highly variable) tensile strength.  
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(a) Crack widths at the end of pre-cracked stage 

 
(b) Crack widths in the pre-yield load level 

 
(c) Crack width at ultimate load level 

Figure 12. Experimental vs Eurocode 2 calculations of crack widths of beams TB1 to 

TB5 at different loading stages. 
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5. Conclusions 

This article presented an experimental and numerical study aimed to investigate the 

behaviour of RC beams strengthened with Side NSM (SNSM) or Bottom NSM (BNSM) 

CFRP rods. Based on the results of this study, the following conclusions can be drawn: 

• The SNSM strengthening solutions increased the cracking load of the beams (by 

up to 19%). Moreover, the yield and ultimate load-carrying capacities of the NSM 

FRP-strengthened beams increased notably by up to 31% and 64%, respectively 

(beam TB5). 

• The results from nonlinear Finite Element (FE) analyses matched well the 

experimental results up to failure of the beams, which confirms the effectiveness 

of the modelling approach used in the FE software. 

• The moment-curvature and FE analyses predict well the deflections within 20% 

and 10% of accuracy at failure, respectively.  

• Larger experimental deflections were observed after major cracks occurred. To 

accurately predict the beam deflection at a higher load level, the shear crack-

induced deflection should be taken into an account. 

• The models to calculate the maximum crack spacing and crack width currently 

included in Eurocode 2 match well the experimental values of the beams presented 

in this study. However, further research is necessary to confirm if these 

observations are valid for other case studies. 
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Appendix A: Strengthening performance indices 

Ductility 

The ductility of the tested beam at ultimate (u) is the ratio of deflection at ultimate 

(∆𝑢) and deflection at yield load (∆𝑦).  

𝜇𝑢 =
∆𝑢

∆𝑦
 (A.1) 

Effective pre-yield stiffness 

The effective pre-yield stiffness (Se) of the tested beam can be determined from the 

slope of the load-deflection in the linear response of the experimental load-deflection 

response. 

𝑆𝑒 = 𝑠𝑙𝑜𝑝𝑒 (𝑃𝑦, ∆𝑦) (A.2) 

Efficiency of NSM FRP bar 

The efficiency of the NSM FRP bar is the ratio between the maximum strain value 

(𝜀𝑚𝑎𝑥) induced the NSM FRP bar to the ultimate strain of the FRP bar (𝜀𝑓𝑢). 

𝐸𝐹 =
𝜀𝑚𝑎𝑥

𝜀𝑓𝑢
 (A.3) 

Energy absorption 

The energy absorption () is expressed as the total energy dissipated during the 

deformation of the tested specimen and can be determined from the area of the 

experimental load-deflection response after yield load. 

𝜁 = ∫ 𝑃(𝑥). 𝑑𝑥
∆𝑓

∆𝑦

 (A.4) 
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Appendix B: Moment-curvature approach for RC beam with NSM strengthening 

The capacity of NSM FRP-strengthened beams can be calculated using cracked 

sectional analysis.  Force equilibrium and strain compatibility requirements are used to 

calculate the ultimate load of the original and strengthened beams . 

 

 

(a) Stress-strain profile of the section         (b) Schematic load-deflection curve  

Figure. A.1. Sectional analysis of strengthened beam. 

 

From force equilibrium, the forces C, Ts, and TNSM can be expressed in the following 

manner:  

𝐶 = 𝜆𝑥. 𝑏. 𝑓𝑐
′ (B.1) 

𝑇𝑠 = 𝐴𝑠. 𝑓𝑦 (B.2) 

𝑇𝑁𝑆𝑀 = 𝐴𝑓 . 𝐸𝑓 . 𝜀𝑓 (B.3) 

The moment-curvature distribution of the beam can be divided into three stages as 

follows: 

Pre-cracked stage: 0 ≤ Ma ≤ Mcr 

The cracking moment of the strengthened concrete beam, Mcr, is considered as 

similar to that of a non-strengthened beam by taking the tensile concrete strength into 

account: 

𝑀𝑎 =
𝑓𝑡𝐼0

ℎ − 𝑥0
 (B.4) 

The moment of inertia of the uncracked section, I0, can be expressed as: 

Load, P

De? ection, 



2 

 

𝐼0 =
𝑏𝑥0

3

3
+

𝑏(ℎ − 𝑥0)3

3
+ 𝑛𝐴𝑠(𝑑𝑠 − 𝑥0)2 + 𝑛𝑓𝐴𝑓 (𝑑𝑓 − 𝑥0)

2
 (B.5) 

and 

𝑥0 =

𝑏ℎ2

2 + 𝑛𝐴𝑠𝑑𝑠 + 𝑛𝑓𝐴𝑓𝑑𝑓

𝑏ℎ + 𝑛𝐴𝑠 + 𝑛𝑓𝐴𝑓
 (B.6) 

where n = Es/Ec and nf =Ef/Ec. In the above equations, b = beam width; h = beam 

height, As = steel cross-sectional area; ds and df  are the distances between the most 

compressed concrete fibre and the centre of gravity of the steel bars and the CFRP 

rods/strips, respectively; x0 = distance between the most compressed concrete fibre and 

the neutral axis before concrete cracking; Ec, Es, Ef are the elastic modulus of concrete, 

steel bars and CFRP rods, respectively; and 𝑓𝑡 is the concrete tensile strength at 28 days. 

Pre-yield stage Mcr ≥ Ma ≥ My  

The bending moment of the strengthened section at the steel yielding level, My, is calculated by 

considering that the strain of the steel reinforcement has reached the yielding strain, according to 

the following equation: 

𝑀𝑦 =
𝑛𝑓𝑦𝐼𝑐

𝑑𝑠 − 𝑥0
 (B.7) 

The moment of inertia of the cracked section, Ic, can be expressed as: 

𝐼𝑐 =
𝑏𝑥0

3

3
+ 𝑛𝐴𝑠(𝑑𝑠 − 𝑥0)2 + 𝑛𝑓𝐴𝑓 (𝑑𝑓 − 𝑥0)

2
 (B.8) 

and 

𝑥0 =
−(𝑛𝐴𝑠 + 𝑛𝑓𝐴𝑓) + √(𝑛𝐴𝑠 + 𝑛𝑓𝐴𝑓)

2
+ 2𝑏(𝑛𝐴𝑠𝑑𝑠 + 𝑛𝑓𝐴𝑓𝑑𝑓)

𝑏
 

(B.9) 

 where x0 is the distance between the most compressed concrete fibre and the neutral 

axis after concrete cracking 

Post-yield stage My ≥ Ma ≥ Mu  

From Figure A1, the strain developed in the FRP rod/strip (𝜀𝑁𝑆𝑀) can be calculated as: 



3 

 

𝜀𝑓 = 𝜀𝑐.
𝑑𝑓 − 𝑥

𝑥
≤ 𝜀𝑓𝑢 (B.10) 

 where 𝜀𝑓 is the strain in the NSM reinforcement; 𝜀𝑐 is the strain of the top fibre of 

concrete; 𝑥 is the neutral axis depth; and 𝜀𝑓𝑢is the ultimate strain in the NSM FRP 

rod/strips. The neutral axis 𝑥 can be obtained by substituting Equation (B.10) into 

Equation (B.3), and the ultimate moment of the section 𝑀𝑢 can be computed as follows: 

𝑀𝑢 = 𝐴𝑠𝑓𝑦(𝑑𝑠 − 0.4𝑥) + 𝐴𝑁𝑆𝑀𝐸𝑁𝑆𝑀𝜀𝑐 . [
𝑑𝑁𝑆𝑀 − 𝑥

𝑥
] . (𝑑𝑓 − 0.4𝑥) (B.11) 



Appendix C: Example of crack patterns and FRP stresses obtained from the FE 

analyses. 

 
(a) 

 

 
(b) 

 

Figure C1. Comparison of crack patterns for beam TB1 from (a) FE analyses, and b) 

experiments. 

 

 

Figure C2. Typical evolution of stresses in the steel bars and CFRP rod during the 

FE simulation (Beam TB2). 
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