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Abstract

The interplay between strong interactions and disorder is at the core of one

of the most exciting and active fields of modern quantum condensed matter

physics. In the last two decades, attempts to characterize interacting disordered

quantum systems in terms of both static and dynamic properties have been the

focus of much attention, mainly due to experimental advancements in quantum

simulation techniques. In this Thesis, we explore aspects of disorder-induced lo-

calization in different models and setups, ranging from strongly interacting spin

chains to free models of spinful fermions. Firstly, we study the emergence of lo-

cal conserved quantities (;-bits) in paradigmatic models of localization through

the lens of the quench dynamics of the survival probability. We discuss the

appearance of periodic cusp singularities in the unitary evolution of the survival

probability as a new signature of localization, which can be exactly captured and

predicted by an effective model of two-level systems undergoing collective Rabi

oscillations. We then test the sensitivity of many-body localized (MBL) systems

to global perturbations by studying the decay of the fidelity between quantum

states in different disorder regimes. Our numerical results unveil a rich decay

structure and a direct connection to spectral measures of localization, sugges-

tive of promising directions for the experimental probing of eigenstate fractal-

ity. Lastly, we turn our attention towards localization effects in non-interacting

models, investigating the stability of spin-polarized transport in a linear chain

of atoms grafted onto a magnetic substrate. We demonstrate the robustness of

spin-filtering effects against weak disorder, confirming the proposed system as

a good candidate model for realizations of spin-selective transport devices.
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1
Introduction

Hard as it may be, we as human beings are accustomed to deal with the

inherent imperfections of our lives on a daily basis. Such a trivial observation

gains a further practical meaning for those who try to understand and model

the weirdness of quantum reality. The scientific paradigm of reducing physical

phenomena to the study of the behavior of individual constituents has led to

tremendous progress in our description of the world, starting from Newton’s

classical mechanics to the birth and formulation of quantum theory and general

relativity. In doing so, scientists needed to strip reality of its most inconvenient

aspects to focus on the search for fundamental laws, often relying on neglecting

a very plain fact: matter around us is not perfect. Disorder and randomness are

ubiquitously present in every material we create or study, no matter how hard

we try to smooth out the defects.

In (Anderson 1958), Phillip Warren Anderson provided a first attempt of

incorporating the unavoidable existence of disorder in quantum materials, dis-

cussing a model of random lattices where the "hopping" of particles across the

system was inhibited by destructive quantum interference with impurities. An-

derson’s argument followed by initializing a single electron at a specific position

8 of the lattice, and computing the probability amplitude of finding the particle

anywhere else after a certain amount of time. Its main finding, i.e. the exponen-
tial localization of this probability around the initial position for a strong enough

disorder, inspired a plethora of works in the following decades (Kramer et al.

1993; Brandes et al. 2003; Abrahams 2010), including the present thesis.

The scope of this Introduction is to lay the foundations for the following

Chapters: we will briefly review a certain set of basic facts about quantum

and statistical mechanics, and the description of out-of-equilibrium dynamics in

2



1 . INTRODUCTION 3

many-body systems, that represent the bulk of background knowledge underly-

ing this work.

1.1 Quantum theory in a nutshell

1.1.1 Pure and mixed states

Quantummechanics assigns a certain probability distribution for each pos-

sible outcome of a measurement, that depends on the state of the system under

examination (Messiah 2014). Such a quantum state is described as a complex

vector |#〉 in a Hilbert spaceH of dimensionD. Quantum states are normalized,

ensuring that

〈# |#〉 = 1, (1.1)

where we introduced 〈# | = (|#〉)† as the state Hermitian conjugate. A pure state
is a vector of unit norm that cannot be written as a mixture of other states, and it

represents a ray in H over the complex numbers. The set of all pure states thus

corresponds to the unit sphere in H. If a basis {|8〉} is selected for H , any state

can be expanded as a superposition of basis states,

|#〉 =
∑
8

28 |8〉 , (1.2)

with the complex coefficients given by 28 = 〈8 |#〉 if we choose an orthonormal

basis. Following from the normalization condition (1.1) we have that

∑
8 |28 |2 = 1.

A state expressed as statistical mixture of pure states is called a mixed state.
The description of a mixed state is usually attained by means of the associated

density matrix, �1 expressed in terms of an ensemble of pure states {|#〉 8} and
associated probabilities ?8 as

� =
∑
8

?8 |#8〉 〈#8 | . (1.3)

Formally, � is a linear, positive semi-definite Hermitian operator of trace one

acting on H , of dimension D ×D. One could recover the simple case of a pure

state by maximizing a single ?8 = 1, that leads to � = |#〉 〈# |, i.e. a rank one

projector with �2 = �.

1Throughout this thesis, we will refrain from using the usual "hat" notation for operators,

unless specifically required for clarity.
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!

�

x

y

z = |↑〉

−z = |↓〉

|#〉

Figure 1.1. Bloch sphere representation of a pure state of a 2-level system (qubit).

Example: Spin-1/2 particle

For a system comprising of a single spin-1/2 particle, whose possible states

are {|↑〉 , |↓〉}, the density operator is a 2 × 2 matrix usually written as a linear

combination of the identity 1 and the Pauli matrices

�G =

(
0 1

1 0

)
, �H =

(
0 −8
8 0

)
, �I =

(
1 0

0 −1

)
, (1.4)

as

� =
1

2

(1 + ®�σ), σ = (�G , ��H , ��I). (1.5)

The vector ®� ∈ R3
is calledBloch vector, and it is particularly useful for a geometric

representation of a generic spin-1/2 system. Indeed, all spin-1/2 states lie on or

within the surface of a unit radius sphere called Bloch sphere (see Fig.1.1), and

the length of ®� helps to characterize the mixedness of the given state. Following

from �2 = � for pure states, one obtains that | | ®� | | = 1, i.e. pure states lie on the

surface of the Bloch sphere; on the other hand, as �2 ≠ � in the case of mixed

states, such states lie in the bulk of the Bloch sphere, i.e. | | ®� | | < 1.

1.1.2 Observables

Following themost common interpretation of quantummechanics that goes

under the name of Copenhagen interpretation (Heisenberg 1949), a quantum
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state does not possess any definite properties prior to measurements. Quan-

tum mechanics offers a way of computing the probability that a measurement

will yield a certain outcome, and the measuring act itself will make the sys-

tem "collapse" towards one of the eigenstates of the operator representing the

physical observable. Indeed, physical quantities that can be measured appear

in a quantum theory formalism as linear self-adjoint operators, � = �† on H ,

whose eigenvectors form an orthonormal basis for H . The expectation value of

an operator � on a state |#〉 is given by

〈�〉 = 〈# |�|#〉 . (1.6)

If� has a discrete spectrum, the possible outcomes ofmeasurements correspond

to eigenvalues of �, i.e. the probability ?(0=) of obtaining a certain outcome 0=

from the measurement of � is given by the square modulus of the projection of

|#〉 on the relative eigenvector |)=〉,

?(0=) = | 〈)= |#〉 |2 , (1.7)

given that � |)=〉 = 0= |)=〉. In the density matrix picture, an operator expecta-

tion value is obtained with 〈$〉 = Tr [�$].

1.1.3 Time evolution

The mathematical formulation of quantummechanics offers different ways

of conceiving the evolution of a system, mainly dependent on a basis change in

relation to time-dependency. In thework presented in this thesis, wewill employ

the so-called Schrödinger picture, where the time-dependency is attached to

states rather than to operators. An evolving quantum state is obtained in this

framework by integrating the Schrödinger equation

i ℏ
%

%C
|#(C)〉 = ℋ |#(C)〉 , (1.8)

where i is the imaginary unit, ℏ is the reduced Planck constant and ℋ is a

time-independent Hamiltonian operator corresponding to the total energy of

the system. A general form for the solution of (1.8) is

|#(C)〉 = *(C , C0) |#(C0)〉 , (1.9)
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expressed in terms of the time-evolution operator *(C , C0) acting on the state at

time C0 to yield the state at time C, given by

*(C , C0) = e
− i

ℏ
ℋ(C−C0) . (1.10)

As we demand the norm of a quantum state to be constant,* must be a unitary

operator, i.e.*†* = 1, yielding

〈#(C)|#(C)〉 = 〈#(C0)|*†(C , C0)*(C , C0)|#(C0)〉 = 〈#(C0)|#(C0)〉 . (1.11)

Suppose that at time C0 = 0 the system is in an eigenstate ofℋ , we can see that

the state simply acquires a phase during time evolution,

|#(C)〉 = e
− i

ℏ
ℋ C |#(0)〉 = e

− i

ℏ
�C |#(0)〉 , (1.12)

with ℋ |#(0)〉 = � |#(0)〉. Hence, eigenstates are stationary states, as physical

measurements will not be able to distinguish between the state of the system at

any point in time, as

〈�(C)〉 = 〈#(0)| e i

ℏ
�C � e

− i

ℏ
�C |#(0)〉 = 〈�(0)〉 . (1.13)

Todescribehowadensity operator evolves in time, the Schrödinger equation

can be recast into the Von Neumann equation,

i ℏ
%

%C
� = [ℋ , �], (1.14)

where the square brackets denote the commutator [ℋ , �] = ℋ � − �ℋ . If the

Hamiltonian is time-independent, (1.14) yields the solution

�(C) = e
− iℋ C/ℏ � e

iℋ C/ℏ . (1.15)

1.1.4 Composite systems and entanglement

Entanglement is one of themost defining features of quantummechanics. It

quantifies the "lack of independence" between thedegrees of freedomcomposing

a system, i.e. the impossibility of describing their individual behavior separately.

In order to properly introduce the concept of quantum entanglement, let us

consider a system S initialized in a pure state |#〉 in a finite size Hilbert space

HS . If we choose to partition S into two spatial sub-regions � and �, a postulate

of quantum mechanics (Nielsen et al. 2010) states that HS is given by the tensor
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product of the local Hilbert spaces of � and �, HS = H� ⊗H�. Selecting |8〉�and
| 9〉� as basis for � and � respectively, every state of S can be represented as

|#〉S =
#�∑
8

#�∑
9

08 9 |8〉� ⊗ | 9〉� , (1.16)

where #�, #� are the number of sites in � and � respectively. We can perform

a singular value decomposition (SVD) on the #� × #� matrix of coefficients 08 9

in order to bring it in a diagonal form,

08 9 =
∑


*8(+
†
 9 (1.17)

with ( a diagonal matrix with non-negative entriesΛ and* and+ are complex

unitary matrices. This leads to the Schmidt decomposition of the state (Nielsen

et al. 2010),

|#〉S =
#<8=∑
=1

Λ |〉� ⊗ |〉� , (1.18)

where the state |〉�,� formanorthonormal set forH�,� and#<8= = min(#� , #�).
The Schmidt values Λ ≥ 0 for a normalized state satisfy

∑
 Λ = 1, and the

number of non-zeroΛ, called Schmidt number, serves as an indicator of the level

of entanglement between � and �. A state with no entanglement, called a sepa-
rable state, can be written as a simple product state in the Schmidt basis and thus

has a Schmidt number of one, i.e. only a single Schmidt value is different from

zero. On the contrary, for an entangled state we have a set of Schmidt values

{∗ |Λ ≠ 0 for  = ∗}.
The framework of density operators is particularly suited to the description

of subsystem properties. Let consider again the system S cut in the same

bipartition �|�. Given �S as the state of S, we can describe the state of � as the

reduced density matrix (RDM) of �, given by

�� = Tr�

[
�S

]
= Tr�

[
|#〉S 〈# |S

]
=

∑


Λ2

 |〉� 〈 |� , (1.19)

where Tr� is a generalization of the trace operator called partial trace, defined as

Tr�

[
�S

]
= �� Tr

[
��

]
. (1.20)

We are now equipped with all the information needed for the definition of the
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Von Neumann entanglement entropy (EE) of subsystem �,

((��) = −Tr

[
�� log

(
��

) ]
= −

#<8=∑


Λ2

 logΛ2

 = (
(
��

)
, (1.21)

which is one most widely employed entanglement quantifiers. From the above

expressionwe note that the entropy varies from 0 for a separable state to log#<8=

for a maximally entangled state in which all Schmidt values are equal. As an

example, if we are dealing with a chain of spin-1/2 particles of length !, the

maximal EE for a bipartition of size !/2 is

( ∝ ! log 2, (1.22)

since #<8= = 2
!/2

. The result is that the maximal entropy of entanglement scales

extensively with the volume of the sub-region, similarly to the macroscopic

thermodynamic entropy. In one-dimensional systems, this essentially means

that entanglement scales linearly with the size of the partition. Such scaling

behavior, described by the general form

((��) = O(|!|), (1.23)

has been dubbed volume law, and it characterizes "typical"2 thermal states (Eisert

et al. 2010). Interestingly, specific classes of quantum states display a different

scaling law for the EE, which scales with the area of the boundary between the

partition, i.e.

((��) = O(%|!|). (1.24)

The area law for the EE scaling appears, for instance, in a small low-energy

subset and particularly in typical ground-states of local gapped Hamiltonians

(Hastings 2007), as well as for the entire eigenspectrum of many-body systems

in the presence of strong disorder (A. Pal et al. 2010), a case of interest for the

present work. Indeed, as we will discuss later, the crossover between the area-

law and the volume-law for the EE of Hamiltonian eigenstates is a well-known

signature of the localization effects induced by disorder in quantum systems.

2By "typical" we refer here to a quantum state randomly picked from the spectrum of a generic

local Hamiltonian on a lattice.
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1.2 Non-equilibrium dynamics in many-body systems

Non-equilibriumprocesses in quantum systemsmay assume various forms:

one could imagine to slowly drive a system with an external force in such a way

that at every instant in time an equilibrium description is still possible, or tend

towards the extreme limit where a massive perturbation induces a dynamical

behavior that defies such possibility. The main question that non-equilibrium

scenarios lead to can be formulated in terms of what steady state, if any, will

be reached by the system at very long times, and how to characterize it. Thus,

it may not come as a surprise that exploring steady state properties of quan-

tum systems requires the ability of maintaining for very long a high degree

of control on the system under study, in order to delay dissipating processes

induced by the coupling with the external environment. New promising can-

didates for the solution of such an experimental challenge came in the form of

what have now been labelled quantum simulation platforms, quantum technology

platforms allowing to realize interacting quantum many-body systems isolated

from external baths with a high degree of tunability on the system parameters.

Ultra-cold atoms loaded in optical lattices (Bloch et al. 2008), for instance, have

become an extremely powerful tool to study exotic phenomena in minimal pro-

totypical models of strongly correlated physics. Textbook Hamiltonians like the

Fermi-Hubbard and the Bose-Hubbard models, the Ising and Heisenberg spin

models, and many more, are nowadays an exciting experimental playground

rather than only theoretical abstractions. As a result, the capability of simulat-

ing the dynamics of closed interacting systems has propelled a massive surge of

theoretical effort in exploring a plethora of non-equilibrium phenomena related

to long-standing fundamental issues such as quantum ergodicity and chaos,

equilibration and thermalization mechanisms and their failures, driven only by

pure quantum unitary dynamics.

1.2.1 Ergodicity and thermalization

Although the problem of quantum thermalization and its violations will be

the main focus of the next Chapter, it is useful to briefly introduce the basic con-

cepts here. The term "thermalization" usually refers to the dynamical process

by which a generic many-body system approaches thermal equilibrium at long

times. It is a fairly accepted notion in statistical mechanics that it is a typical be-
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havior of generic3 macroscopic systems to evolve into a thermal state after being

brought out-of-equilibrium and let free to evolve. What we mean by thermal

equilibrium is not a trivial issue, but let us start from the probabilistic interpreta-

tion put forward by Ludwig Boltzmann (Sharp et al. 2015): given a a priori equal
probability to all possible microscopic configurations under eventual constraints

(e.g. fixed energy andparticle number), the equilibrium state for a genericmacro-

scopic system corresponds to the macrostate with maximum probability. Such

probabilistic arguments built the foundation of statistical mechanics as devel-

oped by (Gibbs 1902), which represents one of the pillars of modern physics.

From a classical point of view, the probability of each possible macrostate is

derived by the equal probability principle, as proportional to the phase-space

volume occupied by a set of microstates compatible with the given macroscopic

configuration. Alternatively, one could imagine a different way of defining such

probabilities: observing a system evolving for a certain time period ), with �

being the fraction of time the system spend in a specific macrostate, the fraction

�/) gives the probability assigned to thatmacrostate. The attempt of proving the

equality of the above definitions originated the so-called ergodic hypothesis, that
ensures the equivalence between the long-time average of a generic observable

$(C) = 1

)

∫ )

0

3�$(�), (1.25)

and the statistical ensemble average 〈$〉, i.e.

$ = 〈$〉 , (1.26)

for ) → ∞. Here, 〈· · · 〉 denotes an average over microcanonical, canonical or

grandcanonical ensembles. Ergodicity has straightforward implications from a

dynamical perspective: Eq. (1.26) means that a generic system evolves over time

exploring all accessible microstates.

A first notable exception to the ergodic hypothesis came in the form of nu-

merical simulations of anharmonic perturbations on a simple system of masses

connected by springs (Fermi et al. 1955), that showed an unexpected recurrence

in the energy distribution of harmonic modes, incompatible with the assump-

tion of ergodicity. This result, known as the Fermi-Pasta-Ulam problem, proved

crucial for the development of chaos theory and its relation to thermalization,

3By "generic" we mean here the absence of fine-tuning and thus of integrability. The case of

integrable systems, that defy the thermalization paradigm discussed here, will be briefly covered

in Chapter 2.
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leading to important discovery such as the KAM theorem (Kolmogorov 1954;

Moser 1962; Arnol’d 1963) and solitons (Zabusky et al. 1965). 4

A quantum version of the ergodic hypothesis first appeared in (Neumann

1929), in which Von Neumann provided an argument for the thermalization of

quantum system as a typical phenomenon. His quantum ergodic theorem states

that for a finite family of commuting macroscopic observables, every wave func-

tion, starting from an initial microcanonical energy shell, evolves so that formost

times in the long run, the probability distribution of these observables obtained

from the unitarily time-evolved wave function is close to their microcanonical

distribution (Goldstein et al. 2010). The extension of this seminal result led

decades later to the current understanding of quantum thermalization in iso-

lated many-body systems in terms of individual energy eigenstates encoding

thermal expectation values of local observables, a framework that goes under

the name of Eigenstate Thermalization Hypothesis (ETH) (Deutsch 1991; Srednicki

1994). In systems fulfilling the ETH, the local correlations encoded in specific

initial states get "washed out", or scrambled between all degrees of freedom due

to the growth of entanglement between separate regions of the system. The last

few years have been characterized by a large research effort in describing systems

that defy the ETH and fail to thermalize even at long times, maintaining "mem-

ory" of the initial conditions. Amongst all exotic phenomena identified, what

is now considered to be the most general mechanism to avoid quantum ther-

malization has been dubbedMany-body localization (MBL) (R. Nandkishore et al.

2015), which is the extension of Anderson localization to interacting systems.

On a historical note, it is worth remembering that already in (Anderson 1958),

Anderson mentioned that part of the motivation for studying the problem of

disorder in quantum systems was to study its implications for dynamical behav-

ior. Indeed, a non-interacting system with localized single-particle eigenstates

represents a minimal example of a non-thermalizing quantum system.

1.2.2 Quantum quenches

The simplest non-equilibrium protocol consists in preparing a many-body

system in a specific non-equilibrium state and monitoring its evolution under

the action of the system Hamiltonian. A general protocol of this kind is called

4The difference between the concepts of ergodicity and thermalization is a subtle issue, and

the two terms are often used interchangeably, see e.g. (A. Pal et al. 2010). This follows from the

still unsettled debate around the definition of ergodicity in the context of quantum many-body

dynamics. Classically, one considers thermalization, and thus the validity of the predictions of

statistical mechanics, as arising from the ergodicity of a given dynamical system.
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|#0〉

|#(C)〉 = e
− iℋ C |#0〉

(0)

(1)

Figure 1.2. Scheme of a typical quench experiment. (a) The system is initially prepared
in an experimentally relevant state such as |#0〉, with particle density distributed only
on odd sites (red and orange bell-shaped distributions). (b) After letting the system
free to evolve under the action of ℋ , we reach a thermal state in which the particle
density is spatially homogeneous and equally distributes among all lattice sites (blue
bell-shaped distributions).

a quantum quench (Calabrese et al. 2004), pictorially represented in Fig. 1.2. In

a slightly more formal way, let us consider a generic local Hamiltonian ℋ(�)
depending on some tunable parameter � and let the system be initialized in the

ground-state |#0〉 of ℋ(�8). A quench is realized at a time C ≥ 0 by an abrupt

change �8 → � 5 , leading to non-trivial dynamics guided byℋ(� 5 ), 5

|#(C)〉 = e
− iℋ(� 5 )C |#0〉 , (1.27)

provided that the evolved state is not an eigenstate ofℋ(� 5 ) and thus a stationary

state (see (1.13). Depending on the fraction of degrees of freedom involved

during the process, quantum quenches can be classified as global, when an

extensive amount ofwork is peformedon the system, or local, affecting only small

sub-regions and yielding non-extensive average work. Quench protocols are

5From now on, we will employ natural units setting, e.g., ℏ = 1.
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nowadays a central tool in quantum simulators: in ultra-cold gases experiments,

for instance, one can suddenly change the depth of the optical lattice (Greiner

et al. 2002; Will et al. 2010; Trotzky et al. 2012; Will et al. 2015) to enhance or

suppress hopping, displace the center of the trapping potential (Ott et al. 2004;

Fertig et al. 2005; Strohmaier et al. 2007), or turn off a trapping potential while

keeping the optical lattice on (Schneider et al. 2012; Ronzheimer et al. 2013; Xia

et al. 2015). Quantum quenches allow the exploration of a wide range of basic

phenomena, especially related to relaxation and equilibration mechanisms in

many-body systems. The final asymptotic state induced by a quench experiment

can be characterized through appropriate observables to experimentally probe

fundamental assumptions of statistical mechanics.

1.3 Irreversibility

We conclude this Chapter with a review of a few concepts related to irre-

versibility and time reversal procedures that are necessary to introduce some

of the main quantities involved in the results presented in this Thesis. Time

reversal symmetry is a basic feature of most microscopic theories in physics.

There is no apparent reason in the way classical laws of motion were formulated

that prohibits an object to follow the same trajectory in one direction of time or

the other. Gravity provides an intuitive and visual example: looking at a ball

thrown up in the air, reaching a certain height and then falling back, we have no

difficulty in imagining the same object following the trajectory backward. On

the other hand, thermodynamics establishes a clear asymmetry on the arrow

of time through its Second Law, stating that spontaneous evolution of an iso-

lated system always tends towards a state with higher entropy. The implications

of the Second Law translate quite easily to our perception of the flow of time.

Imagine adding a milk foam layer to a cup of coffee to prepare a delicious cap-

puccino: inevitably, the two layers will start to mix after some time, leaving an

indistinguishable mixture of coffee and milk at the end. Contrary to the simple

motion of classical objects, the inverse process, i.e. cappuccino spontaneously

separating back into layers of milk and coffee, seems utterly unrealistic. Indeed,

the cappuccino state has a higher entropy than the perfectly ordered layers of

milk and coffee. Furthermore, it is immediately noticeable that it is impossible

to retrieve the information encoded in the initial conditions just by looking at the

final mixture. Someone not knowing how a cappuccino is prepared would not

be able to point out that some moments before, the initial state comprised two
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separate layers of two different substances. In the language introduced in 1.2.1,

the system evolution has scrambled such information, making it inaccessible

after the thermalization process.

In 1872, while trying to develop its microscopic theory of thermodynamics,

Boltzmann provided the proof that in a nearly-ideal gas of colliding molecules

the entropy always increases in time (Boltzmann 1872),

3(

3C
> 0. (1.28)

This seminal result, known as H-theorem, was one of the first demonstrations

of how statistical mechanics could justify the existence of irreversible processes

and the emergence of the Second Law starting from the reversible mechanics

of elementary particles. Nonetheless, a few years later, Johann Josef Loschmidt

proposed a paradox that challenged Boltzmann derivation (Loschmidt 1876),

based on the time reversal symmetry of classical mechanics. Loschmidt sug-

gested that inverting all the momenta of the particles constituting the gas would

in fact invert the dynamics, bringing the system back to its initial configuration

and thus decreasing the total entropy in evident violation of the Second Law. In

response, Boltzmann argued that such a gedankenexperimentwould be effectively

impossible to reproduce in practice, laying the grounds of the statistical inter-

pretation of thermodynamics that characterized his following research efforts.

The impossibility of the time-reversal process put forward by Loschmidt is today

understood as a consequence of deterministic chaos (Lorenz 1963). Since typi-

cal many-body systems are chaotic, their dynamics is exponentially sensitive to

small variations of the initial conditions or of the equations of motion, with a set

of Lyapunov exponents governing the divergence of nearby trajectories. Hence,

trying to manipulate a chaotic system in order to reverse the particle velocities

would bring the system toward a state which is exponentially far from the de-

sired initial state, given any arbitrarily small imperfections in the experimental

procedure.

1.3.1 Fidelity decay in chaotic and regular dynamics

Moving away from the classical world, quantum mechanics offers a rad-

ically different picture. Classical chaos emerges from the non-linearity of the

equations of motion, while Eq. (1.8), describing quantum evolution, is inher-

ently linear. Moreover, as shown in (1.11), the unitarity of the time evolution

operator preserves the overlap between two states during the dynamics. This
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(0) (1)|#0〉

e
− iℋ C |#0〉

e
iℋ ′ C

e
− iℋ C |#0〉

|#0〉 e
− iℋ C |#0〉

e
− iℋ ′ C |#0〉

Figure 1.3. Depiction of the dual view of a Loschmidt echo protocol. (a) The initial
state is first evolved forward (thick line) under ℋ and then evolved backward under
perturbed Hamiltonian ℋ (dotted line). (b) The initial state is evolved forward with
bothℋ andℋ ′ and the two final states are compared.

seems a rather solid obstacle to the translation of chaos concepts in quantum

terms: not only quantum overlaps, i.e. the similarity between quantum states,

do not diverge exponentially, but they do not diverge at all. Indeed, numerical

tests implemented to probe the reversibility and to expose the chaotic behav-

ior of classical dynamics, show instead the perfect stability of quantum motion

when applied to the hydrogen atom (Casati et al. 1986). It is thus unclear what

"irreversibility" even means in quantum terms.

Nonetheless, (Peres 1984) proposed an insightful signature able to mark the

manifestation of classical chaos in quantum dynamics. Following the historical

suggestion of Loschmidt, Peres presented a quantum time-reversal procedure,

obtained in the quantum formalism through a sign change of the Hamiltonian

describing some generic quantum system, ℋ → −ℋ . As we stressed above,

inevitable imperfections in the preparation of the time-reversal protocol appear

as arbitrary perturbations in the evolution. Such perturbative terms can be inte-

grated in a quantum time-reversal protocol by imagining the following scenario:

a first forward evolution of an initial state |#0〉 governed by ℋ , followed by a

backward evolution driven by a perturbed Hamiltonian ℋ ′ = ℋ −&+ , where &

is the strength of the perturbation and + is some bounded hermitian operator.

The central object of Peres proposal was the fidelity between the initial state and

the time-evolved state,

ℒ(C) = | 〈#0 |#(C)〉 |2 = | 〈#0 | ei(ℋ −&+C)
e
− iℋ C |#0〉 |2 , (1.29)

later termed Loschmidt echo. Alternatively, one could simply imagine evolving

the same initial state with both ℋ and ℋ ′ and computing the overlap between

the two obtained states, as sketched in Fig.1.3. Peres original intuition was

that in quantum systems possessing a classical chaotic counterpart, the fidelity

ℒ(C) should decay exponentially, reminiscent of the exponential divergence of
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classical trajectories. Since Peres early works, several works have refined the

study of the fidelity decay in quantum systems, highlighting a rich behavior and

different decay regimes, depending on the underlying classical dynamics and on

the perturbation strength. The current understanding is that the typical decay of

the Loschmidt echo in chaotic systems is mainly composed of three time regimes

(Goussev et al. 2012):

A. An initial parabolic decay, ℒ(C) ∼ 1− �2C2, where � is the dispersion of the

perturbation operator + on the initial state, i.e.

� = &

√
〈#0 |+2 |#0〉 − 〈#0 |+ |#0〉

2

. (1.30)

B. An asymptotic regime dependent on the perturbation strength &. For weak

perturbations &→ 0, the decay is Gaussian,ℒ(C) ∼ exp(−�C)2. For stronger
perturbations the fidelity decays exponentially as ℒ(C) ∼ exp(−Γ(&)C). For
global perturbations affectting all the degrees of freedom of the system,

the parameter Γ is independent of & above a critical strength &2 (Lyapunov
regime), while it shows a Gaussian dependence Γ ∼ &2

for & < &2 (Fermi-
golden-rule regime).

C. The fidelity eventually saturates as ℒ(C) ∼ 1/N , with N = dim(H) being
the dimension of the effective Hilbert space.

A schematic diagram of the typical stages of the fidelity decay in chaotic systems

is shown in Fig. 1.4.

On the other hand, a full classification of the fidelity decay regimes in non-

chaotic systems, such as system with an integrable classical limit and regular

dynamics in phase-space, is still a challenge in the field. Interestingly, a series

of works (Prosen 2002; Prosen et al. 2002; Prosen et al. 2003; Znidaric et al.

2003) developed a linear response theory approach to extract the Loschmidt

echo behavior in the limit of weak enough perturbations. The main finding that

we would like to stress here is that this approach suggests that increasing the

chaoticity of the underlying classical dynamics actually stabilizes the quantum

dynamics. In other words, contrary to what one could expect, quantum fidelity

can decay faster in non-ergodic systems than in chaotic ones. Indeed, the average
fidelity ℒ(C), where the average is performed over a fixed pure state or over the

ensemble of all possible states, was found to exhibit a Gaussian decay in the

asymptotic regime on a time scale C� ∼ &−1
for integrable systems, as opposed

to an exponential decay on a time scale C� ∼ &−2
for ergodic systems (Prosen
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�
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ℒ(C) ∼ exp(−�2C2)

ℒ(C) ∼ exp(−ΓC)

ℒ(C) ∼ 1/N

Figure 1.4. Decay regimes of the Loschmidt echo in quantum systems with a classical
chaotic limit.

2002). In particular, such behavior is expected when the perturbation is small

enough that the fidelity decay time is longer than other typical relaxation time

scales such as the Ehrenfest time C� for wave packets in systems with a chaotic

classical limit. In the case of stronger perturbations, ℒ(C) displays a crossover

into a slower algebraic decay ℒ(C) ∼ C−, with  = 33/2 depending only on the

dimension of the system (Jacquod et al. 2003).

1.4 Organization of this work

This Thesis is organized in three parts. The rest of the background material

includes Ch. 2, which contains a basic introduction to the concept of thermal-

ization in quantum systems with particular focus on the ETH and its violations,

and Ch. 3, which presents a (non-exhaustive) review of the many features of

Many-Body Localization (MBL), the main phenomenon explored in this work.

The second and third parts of the Thesis contain original results on different

aspects of disorder-induced localization: Chap. 4 presents a novel signature of

localization in the short-time dynamics of one-dimensional systems in the pres-

ence of both disorder and interactions, while Chap. 5 explores the sensitivity of

MBL systems to global perturbations via the study of the Loschmidt echo (1.29).

Lastly, Ch. 6 focus is on the effects of disorder on spin-polarized transport, in the

form of the interplay between Anderson localization and spin-filtering effects in

simple tight-binding models of magnetic atoms.



2
Quantum thermalization

This chapter contains an expanded description of the thermalization phe-

nomenon in closed quantum many-body systems, briefly introduced in 1.2.1.

We will first review the paradigm that is today accepted as an explanation of

thermalizing behavior in a large number of generic many-body systems, the

ETH, and we will then describe some of the recent developments regarding its

failures. Particularly, we will focus on localized systems, both in single-particle

and interacting scenarios, reviewing notable models in which a certain number

of localization hallmarks have been discussed.

2.1 Quantum chaos and thermalization

Let consider a many-body system S containing # two-state systems de-

coupled from any external reservoir or any measurement apparatus. We well

refer to the individual constituents as either 1/2-spins or particles (fermions)

interchangeably throughout this discussion, unless specified.1 The spins are

arranged over a regular lattice ℒ and have a local state space H8 = C2
of dimen-

sion dimH8 = 2 comprising two pure states and their linear combinations. As

introduced in 1.1.2 when discussing the example of a single spin-1/2 particle,

there are four linear operators that can act on each spin, i.e.

the Pauli matrices �G
8
, �

H

8
, �I

8
in eq. (1.4) acting on site 8 and the identity operator

1. A generic state of a spin is represented by a linear combination of these 2 × 2

matrices, as in eq. (1.5). To represent the many-body state of the full system it

1The equivalence between spin and fermion language can be made formally precise through

the use of Jordan-Wigner transformations (JW) (Jordan et al. 1928), see Appendix A. Please note that

the JWmapping is not complete as fermionic anticommuting properties leads to non-local strings

at the end of the transformation.

18
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is convenient to choose as a basis the set formed by the 2
#
eigenstates of all the

{�I
8
}. The Hilbert space of the total system is thus given by the tensor product

of # local Hilbert spaces

H ≡
#⊗
8=1

H8 , (2.1)

with a total dimension dimH = 2
#
. A complete basis for the whole system

can be given as a sequence of outer-products between local spin operators and

identities, e.g.

�I
1
⊗ �H

2
⊗ · · · ⊗ 1#−1 ⊗ �G# . (2.2)

In this thesis, we will assume to work with local Hamiltonians, defined as sums

of local operators of the form

ℋ =

∑
8

ℎ8 , (2.3)

where the locality refers to the fact that all ℎ8 are few-body operators that act on

a bounded subset of sites around site 8.2 In practice, we will always consider

operators located on the sites of ℒ and on their nearest-neighbors.

Working in the Schrödinger representation, we consider the system to be in

some initial pure state �0 = |#0〉 〈#0 | and evolving in time according to (1.14).

As mentioned in 1.2.1, the concept of thermalization in closed systems, i.e.

the process of relaxation towards a thermal equilibrium state, is closely related

to the ergodic hypothesis: if a system is ergodic, we can equate the long-time

behavior of a systemwith a thermal density operator 〈�〉which depends only on

a fewmacroscopic thermodynamic parameters, one for each extensive conserved

quantity. For simplicity, let us choose a closed system with only energy as a

conserved quantity. In this example, if the system thermalizes we can write

� ≡ lim

)→∞
lim

#→∞

∫ )

0

3C�(C) = 1

/
e
−�ℋ ≡ 〈�〉2 , (2.4)

where we expressed 〈�〉2 in the canonical ensemble formwith / = Tr[e−�ℋ ] and
� the (inverse) temperature � = 1/:�T , with :� the Boltzmann constant and T
the temperature.3 It is worth noting that the two limits in (2.4) must be taken

2More formally, one could define the degree of locality of an operator of the form (2.2) by

counting the number of sites  upon which the operator acts non-trivially. In other works, a

 -local operator containes  entries that are different from the identity 1. The two extremes are

represented by global and local operators, with  = # and  = 1 respectively.

3It is important to note that without an external bath through which the system is able to

exchange energy, the concept of temperature itself is not well-defined (Vázquez et al. 2003).
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simultaneously, as for finite systems the dynamics is quasi-periodic and thus it is

not possible to take an infinite time limit, and at finite times conserved quantities

get transported only at finite distances, making thermalization unreachable.

Crucially, as we already stressed, the state �(C) = *�0*
†
will remain a pure

state during time evolution, due to the unitarity of the evolution operator * =

e
− iℋ C

. This represents one of the most puzzling questions of our thermalization

discussion. How can the information stored in a pure state and a rank-1 projector

"vanish" when we look at the unitarily evolved state at long times, which will

converge to an equilibrium density operator with rank larger than one? To

answer these questions, we must take a "closer" look at the system, i.e. we

need to study how individual subsystems thermalize. Let us partition the total

systemS into � and �, along the same lines as in Sec. 1.1.4. We consider � as the

subsystem of interest and � as the environment, andwe take the thermodynamic

limit in � (#� →∞), so that the number #� of degrees of freedom in � goes to

zero. To study the properties of �, we take the partial trace as defined in (1.20)

at each time C and obtain

��(C) = Tr�[�(C)], (2.5)

which is not a pure state in general. For a given equilibrium temperature ), the

system thermalizes if

�� ≡ lim

)→∞
lim

#�→∞

∫ )

0

3C��(C) = lim

)→∞
lim

#�→∞

∫ )

0

3C Tr�[�(C)]

= Tr�

[
lim

)→∞
lim

#�→∞

∫ )

0

3C�(C)
]
= Tr�

[
1

/
e
−�ℋ

]
= Tr�[〈�〉2] ≡ 〈�〉2�

(2.6)

for all subsystems �. Thus, a closed system is able to thermalize if it can act as
its own thermal bath (R. Nandkishore et al. 2015).

Let us be more transparent in the formulation of the explicit requirements

of thermalization. We denote the eigenstates of ℋ by {|�〉}, corresponding to

the eigenvalues {�}, given by �̂ |�〉 = � |�〉. The initial pure state |#0〉 and
its well-defined mean energy can be written as

|#0〉 =
∑


2 |�〉 , �0 = 〈#0 |�̂ |#0〉 =
∑


|2 |2� , (2.7)

with the coefficients 2 = 〈� |#0〉 resulting from the overlap between the initial

state and theHamiltonian eigenstates. Theoverlaps 2 encode all the information

about the initial condition and the probability of having the system in the -th
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eigenstate is given by ? = |2 |2. The time-evolving state is

|#(C)〉 =
∑


2 e
− i�C |�〉 . (2.8)

Let us look now at the time evolution of some observable of interest $, which

we expand in the eigenbasis {�} as

$(C) ≡ 〈#(C)|$ |#(C)〉 =
∑
,�

2∗2� e
8(�−��)C $�

=

∑


|2 |2$ +
∑
≠�

2∗2� e
8(�−��)C $� ,

(2.9)

where $� = 〈� |�|��〉. Taking the infinite time-average one thus gets

lim

)→∞

1

)

∫ )

0

3C$(C) =
∑


?$ ≡ 〈$〉�� , (2.10)

which is often referred to as the diagonal ensemble prediction (Rigol et al. 2007;

Rigol et al. 2008; Rigol 2009a). Looking back to (1.26), the requirement for

thermalizing dynamics is the agreement between the long-time average$ of the

given observable with its micro-canonical prediction 〈$〉; unfortunately, such a

condition presents some difficulties in reconciling with (2.9). Indeed, since in

the long-time average we are left with the sum of the diagonal elements of $

weighted by ?, which are conserved in time, how is it possible for $ to agree

with the micro-canonical prediction? A second issue concerns the time-scales

required to reach thermalization: as the energy eigenvalues separation decays

exponentially in many-body systems as one increases the size of the system, to

make sure that the second sum in (2.9) effectively sum to 0 one may wait for an

exponentially long time, which could potentialy exceed the age of our universe

even for rather small systems. This is of course in open contrast with our daily

experience and measurements, that prove that even large systems thermalize

over time scales much shorter than the age of the universe. In the following, we

will try to describe a solution of this apparent paradoxes.

2.1.1 Eigenstate thermalization hypothesis

It is instructive to start considering the very simple case in which a system

is initialized in one eigenstate |�〉 ofℋ . As eigenstates are stationary quantum

states (see (1.12)), time evolution is then trivially given by |#(C)〉 = e
− i�0C |#0〉.
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As this is true for all eigenstates, a first intuition is that thermalization implies

that the whole eigenspectrum ofℋ comprises thermal states. Sadly, eigenstates

do not constitute a set of experimentally relevant states, as their preparation in

a laboratory is nearly impossible. Although unrealistic, such a simple example

returns the flavor of the paradigm underlying the current description of ther-

malization in closed interacting systems, i.e. the ETH, developed in the 1990s by

(Deutsch 1991) and (Srednicki 1994).

As we derived in the previous section, the problem of thermalization re-

duces to demanding that the diagonal ensemble (2.10) and the appropriate statis-

tical ensemble give the same expected values for the expected value of a generic

local observable $. For instance, let us consider the micro-canonical ensemble

average

〈$〉<2 ≡ 1

#�0 ,Δ�

∑
|�−�0 |<Δ�

$ , (2.11)

where �0 is the initial state mean energy given in (2.7), Δ� is the half-width of a

chosen energy window around �0 and #�0 ,Δ� is the number of states contained

in such energywindow. The thermalization condition then leads to the equation∑


?$ =
1

#�0 ,Δ�

∑
|�−�0 |<Δ�

$ , (2.12)

where the left hand term contains the initial state information, encoded in ?,

and the right hand term depends only on the choice of the total energy. Equation

(2.12) contains so-called thermodynamic universality (Rigol et al. 2008), as it does

not depend on the choice of particular initial conditions, but it applies for a large

class of initial states. The ETH provides the necessary ingredients to explain this

universality, in the form of the following ansatz for the statistical properties of

matrix elements of $,

$� = $(�)�� + e
−((�/2) 5$(�, $)'� , (2.13)

where � = (� + ��)/2, $ = � − ��, and ((�) is the thermodynamic entropy

at energy �. $(�) is equal to (2.11) at energy � and '� is a random (real or

complex) number with zero mean value and unit variance. Lastly, both $(� and

5$ are smooth functions of their arguments. One can thus see that, so long as

the energy fluctuations �� in the diagonal ensemble, i.e.

�� ≡
√
〈#0 | ℋ 2 |#0〉 − 〈#0 | ℋ |#0〉2 (2.14)
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are small, the ETH leads to

$ ' 〈$〉�� ' 〈$〉<2 . (2.15)

More explicitly, the ETH ansatz provides a way to quantify the difference be-

tween the predictions of the given ensembles, without any assumption on the

distribution of ?. Indeed, we can expand $ around the mean energy �0 as

$ ≈ 〈$〉�� + (� − �0)
3$

3�

����
�0

+ 1

2

(� − �0)2
32$

3�2

����
�0

, (2.16)

and the long-time average expectation value of $ thus reads

$ ≈ 〈$〉�� + 1

2

(��)2$′′(�0) ≈ 〈$〉<2 +
1

2

[(��)2 − (��<2)2]$′′(�0), (2.17)

where ��<2 are the subextensive energy fluctuations in the micro-canonical

ensemble. Hence, so long as �� are subextensive too, 4 the second term of

the last expression in (2.17) gives only a small correction to 〈$〉<2 , which is

suppressed for large sizes. Furthermore, the ansatz (2.13) also offers a solution

to the problem of the time required for equilibration, formally scaling with the

system size as CCℎ4A< ∼ e
#
. In fact, a key property of the ETH is that off-diagonal

elements are exponentially small in the system size compared to diagonal ones.

One can thus compute the long-time average of the fluctuations of the observable

$ as (D’Alessio et al. 2016)

�2

$ ≡ lim

)→∞

1

)

∫ C

0

3C
[
$(C)2 − $2

]
≤ max |$� |2 ∝ e

−((�) , (2.18)

and as the diagonal terms cancel in the subtraction the temporal fluctuations �2

$

indeed vanish in the thermodynamic limit. This ensures that the time average

in (2.10) actually stays close to the predicted average.

At this point, it is not clear to what kind of observables does the ETH suc-

cessfully apply to, and one can imagine a counter-example in a rather simple

way. Indeed, any function 5 (ℋ) chosen as the observable of interest would

commute withℋ and yield $ = 5 (�). If 5 (�) is not a smooth function, e.g.

a �-function, this will result in a clear violation of the ETH. The current under-

standing is that the ETHworks well for operators that, contrary to the presented

4Note that this is the case for generic systems described by local Hamiltonians, as discussed

for example in Sec. 4.3.2 of (D’Alessio et al. 2016).
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counter-example, act on a relatively small subset of degrees of freedom, i.e. for

local operators. Indeed, the ETH has been numerically verified in a variety of

non-integrable lattice models in fields including hard-core bosons, interacting

spin systems and fermionic models (Rigol et al. 2008; Rigol 2009a; Rigol 2009b;

Rigol et al. 2010; Santos et al. 2010; Neuenhahn et al. 2012; Khatami et al. 2013;

Steinigeweg et al. 2013; Beugeling et al. 2014; Kim et al. 2014; Steinigeweg et al.

2014). Nonetheless, the exact limits of validity of the ETH are still an active

research issue.

2.1.2 Integrability and the violation of ETH

Despite being accepted as the thermalization paradigm in isolated many-

body systems, the ETH fails for a number of systems that are known to avoid

thermalization in the sense we have discussed so far, i.e.

$ = lim

)→∞

∫ )

0

3C$(C) ≠ 〈$〉4=B4<1;4 . (2.19)

The most well-known example, deeply rooted in classical mechanics, is rep-

resented by integrable systems. A classical dynamical system described by an

Hamiltonian�(p, q), with canonical coordinates andmomenta q = (@1 , · · · , @# ),
p = (?1 , · · · , ?# ), is integrable if it has a set of # independent conserved quanti-

ties {�8}, called integrals of motion, in involution, i.e.

{�8 , �} = 0, {�8 , �9} = 0, (2.20)

where {·, ·} are Poisson brackets. Classical integrable systems are often solved

by a canonical transformation (?, @) → (� , �) to so-called action-angle variables
(Vogtmann et al. 1997), such that �(?, @) = �(�). After the transformation,

one could integrate the simplified equations of motion obtaining solutions that

describe periodic motion on tori in phase-space, clearly defying the concept of

ergodicity introduced in 1.2.1, i.e. the dense exploration of phase-space during

time evolution. It follows from the definition that we provided that to get a

crossover between regular and chaotic motion, one usually needs a number of

conserved quantities in involution which is smaller than the total number of

degrees of freedom of the system.

Once again, the translation of classical concepts to quantum mechanics has

proven to be challenging, and the definition of quantum integrability is still a

debated problem (Caux et al. 2011). Albeit naive, themostwidely employeddefi-
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nition of quantum integrability directly relate to its classical counterpart through

aword-to-word translation, substituting the Poisson bracketswith commutators.

Hence, a quantum system is integrable if one can define an extensive set of op-

erators {�},  = {1, . . . , dim(ℋ)}, that commute with themselves and with the

Hamiltonian ℋ . The problem with such a definition is clear: it is always pos-

sible to find a trivial set of such operators for any Hamiltonian, i.e. the set of

projectors � = |#〉 〈# | to the Hamiltonian eigenstates, that can be obtained

after diagonalizingℋ . Obviously, this has no defining consequence on the sys-

tem dynamical structure and it is thus not particularly useful for partitioning

quantum systems into distinct dynamical classes. A more general definition,

often encountered in the literature, refers to integrable systems as quantum sys-

tems that can be solved exactly, i.e. if one could explicitly construct the full set

of eigenstates of the Hamiltonian of interest. Notable examples in this regard

include Bethe-Ansatz solvable models (Bethe 1931; Sutherland 2004; Essler et al.

2005) and non-interacting (quadratic) Hamiltonians (Lieb et al. 1961). Moreover,

further definitions have been put forward and extensively discussed, specifically

linking integrability to spectral properties such as Poisson level statistics (Berry

et al. 1977; Montambaux et al. 1993; Poilblanc et al. 1993; Relaño et al. 2004;

Brandino et al. 2010) and presence of energy level crossing (Yuzbashyan et al.

2002; Stepanov et al. 2008), i.e. absence of level repulsion. Despite being aware

of the flaws of the different notions of quantum integrability presented so far,

we will not touch upon the matter anymore, and simply refer to integrability in

quantum systems as to the existence of an extensive number of non-trivial local

operators (or sums of local operators) that independently commute with the

Hamiltonian. Moreover, the relation between integrability and level statistics

will be explored further in Sec. 3.2.1 in the context of MBL.

Despite the presence of an extensive number of conserved quantities, quan-

tum integrable systems are still expected to relax to steady values in the long-

time limit, albeit not agreeing with statistical ensemble predictions. The quest

for a generalized ensemble able to describe the relaxation of integrable systems,

sparked from the intuition that during unitary evolution the dynamics must be

constrained by a subset of eigenstates that are selected by the choice of the initial

state, and that provide the major contribution to the overall dynamics. In (Rigol

et al. 2007), the study of long-time relaxation in a model of hard-core bosons led

to the proposition of the generalized Gibbs ensemble (GGE) as a natural extension

of the grand-canonical ensemble including the existence of integrals of motion.
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The GGE density operator is defined as

〈�〉��� = e
−∑

 � �

/���
, (2.21)

where /��� = Tr[exp(−��)] is the GGE partition function and � are La-

grangian multipliers, obtained by imposing that, for all ,

〈�〉��� = Tr[�����] = 〈�〉C=0 . (2.22)

It should be noted that for a generic system, the ensemble (2.21) reduces to

the usual grand-canonical ensemble (and by equivalence of statistical ensembles

also to the micro-canonical and canonical), where the only conserved quantities

are the total energy and the number of particles. The correct description of the

relaxation of local observables to the values prescribed by the GGE has been

numerically or analytically established in several integrable models (Rigol et al.

2007; Calabrese et al. 2011; Cassidy et al. 2011; Collura et al. 2013; Caux et al.

2013; Fagotti et al. 2013; Fagotti et al. 2014; Wright et al. 2014; Vidmar et al. 2016);

nonetheless, other works have pointed out the dependence of the relaxation

values on the initial state choice, that could lead to almost thermal expectation

values in integrable systems (Cramer et al. 2008; Chung et al. 2012; He et al. 2013;

Torres-Herrera et al. 2013).

We would like to conclude this brief overview of quantum integrability and

ETH violations mentioning a recently discovered mechanism of weak ergodicity
breaking. In 2017, an experiment on a Rydberg-atom quantum simulator pro-

vided evidence of non-thermalizing behavior in a systemwithout any conserved

quantities: despite most initial states relaxed to thermal expectation values, a

small subset of states exhibited persistent oscillations. A series of subsequent

works have tried to solve the puzzle of such so-called revivals, leading to the

birth of the concept of quantum many-body scars (Turner et al. 2018b; Turner et al.
2018a; Moudgalya et al. 2018; W. W. Ho et al. 2019; Lin et al. 2019; Khemani

et al. 2019; S. Choi et al. 2019; Moudgalya et al. 2020; Bull et al. 2020). The term

"scars", reminiscent of studies of unstable periodic orbits in classically chaotic

systems (Heller 1984), refers to the existence of a fraction of non-thermal eigen-

states immersed in the rest of the thermalizing eigenspectrum. The violation of

the ETH is "weak" in the sense that albeit non-thermal, such special eigenstates

occupy a vanishing small portion of the Hilbert space when taking the large size

limit. Nevertheless, it is surprising how such a small number of scarred eigen-
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states can effectively provide a dominant contribution to the system real-time

dynamics, as observed in the periodic revivals in (Bernien et al. 2017). The influ-

ence of scarred eigenstates is embodied by the fact that they have a particularly

large overlap, compared to the rest of the spectrum, with physically relevant

states such as product states, which are often the preferred choice for the initial

configuration of quantum simulation setups.

2.2 Robust ergodicity breaking: localized systems

Anderson localization (AL) is a wave interference phenomenon that leads to

the suppression of transport in non-interacting systems in the presence of an

uncorrelated disorder potential (Anderson 1958). We alreadymentioned in 1.2.1

that P. W. Anderson himself pointed out the intriguing possibility that disorder

may help escaping thermalization. Indeed, he wrote in his seminal 1958 paper

that a localized system would provide "an example of a real physical system with an
infinite number of degrees of freedom, having no obvious oversimplification, in which the
approach to equilibrium is simply impossible". Interestingly, Anderson study was

motivated by some unexplained experimental observations made by Fletcher

and Feher at Bell Laboratories, in which they measured anomalously long re-

laxation times for electron spins in semiconductor samples doped with a large

injection of impurities (Feher et al. 1955; Feher et al. 1959). The failure of ther-

malization is intuitively clear: as particle wavefunctions are localized on specific

points in real space, every single-particle occupation number is a non-trivial

integral of motion (Modak et al. 2016). Particles are not able to freely explore

either real nor momentum space, clearly violating ergodicity. The scope of this

section is to review the main ideas underlying the phenomenon of localization

in non-interacting systems and to prepare the ground for a discussion on the

recent extension of AL to the many-body scenario, which constitutes the main

object of investigation of this thesis.

2.2.1 Anderson model of localization

The model considered by Anderson consisted in a tight-binding Hamil-

tonian with spinless free fermions hopping on a lattice with random onsite

potentials. The Hamiltonian of the Anderson model reads

ℋ�! =

∑
8

&82
†
8 28 − �

∑
〈8 9〉

(
2†8 2 9 + ℎ.2.

)
, (2.23)
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where 2†
8
, 28 are the usual fermionic creation and annihilation operators on site

8, � is the nearest-neighbor hopping term and &8 are onsite energies, taken as

random variables within a uniform distribution [−,,,]. 5 The half-width ,

is a parameter conventionally dubbed disorder strength. The Hamiltonian (2.23)

is quadratic in the fermionic operators, and conserves the number of particles

since it commutes with the total number of fermions, i.e. [ℋ ,N] = 0, with

N =
∑
8 2
†
8
2
8
. One can thus restrict the analysis to one of the subspaces of the

total Fock space F, spanned by the action of the fermionic creation/annihilation

operators operators on the vacuum state. Working in the one-particle sector F
1
,

the model (2.23) reduces to

ℋ�! =

∑
8

&8 |8〉 〈8 | − �
∑
〈8 9〉

(
|8〉 〈9 | + | 9〉 〈8 |

)
, (2.24)

where |8〉 is
⊗

9≠8 |0〉 9 ⊗ |1〉 8 , i.e. denotes the particle being located on the 8-th

site. For any state |#〉 in F
1
, it is possible to define the wavefunction#(8) as 〈8 |#〉.

Following Anderson’s initial formulation of the problem, we would like to

ask what is the probability that a particle initially located at the origin (8 = 0 at

time C = 0) eventually visits again the same position during the unitary evolution

driven by (2.24). The main observable is thus the return probability (or survival
probability), defined as

%(C) ≡ |#(C , 0)|2 , (2.25)

with #(0, 8) = �0,8 . We note that, in general, the survival probability (2.25) can

be conceived as a particular case of the Loschmidt echo defined in (1.29), where

|#0〉 is chosen such thatℋ ′ |#0〉 = 0, whereℋ ′ is the Hamiltonian governing the

backward evolution in the echo procedure, i.e.

%(C) = ℒ(C) = | 〈#0 | e− iℋ C |#0〉 |2. (2.26)

It is instructive to proceed by considering two extreme limits (Scardicchio et al.

2017) before focusing on the most general formulation of the problem.

Zero disorder (�/, → 0)

In the limit of vanishing disorder, the model (2.24) is the textbook transla-

tionally invariant tight-binding model, which conserves crystalline momentum

5Localization effects induced by different disorder distributions, such as Gaussian correlated

disorder, have also been extensively studied. An early but exhaustive summary can be found

in (Kramer et al. 1993).
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(Ashcroft et al. 1976). In case of a lattice of size ! with periodic boundary

conditions, the eigenstates of (2.24) are Bloch-type plane waves

):(8) =
1√
!3

e
i :8 , : =

2�
!
(=1 , . . . , =3), (2.27)

with the dispersion relation

�: = −2�

3∑
=+1

cos(:=), (2.28)

where 3 is the dimensionality of the lattice. The time evolved wavefunction is

the superposition of all Bloch-type eigenstates

#(C , 8) = 1

!3

∑
:

e
[i :8+2 i C

∑
= cos(:=)] , (2.29)

and it is a periodic function with a period that scales as the size !. Thus, revivals

bring the particle back at the origin persistently during the dynamics. In the

thermodynamic limit ! → ∞ one can show that for a fixed time C the evolved

wavefunction converges to

#(C , 8) =
∫

2�

0

33:

(2�)3
e
[i :8+2 i C

∑
= cos(:=)] = i

3
3∏
==1

J8= (2�C), (2.30)

where we restricted into the first Brillouin zone and J(G) is the -th Bessel

function of the first kind (Abramowitz et al. 1964). At this point, noting that

Bessel functions decay asymptotically to 1/
√
G for G →∞, the return probability

for the clean case can be computed as

%(C) ≡ |#(C , 0)|2 ∼ 1

C3/2
, (2.31)

thus decaying to 0 in the long-time limit. Furthermore, one could also consider

the mean-square displacement of the wavepacket

Δ2(C) ≡ 〈#(C , 8)|-2 |#(C , 8)〉 − 〈#(C , 8)|-2 |#(C , 8)〉2 =
∑
8

82 |#(C , 8)|2 , (2.32)

where - is the position operator, and obtain (Scardicchio et al. 2017)

Δ2(C) = 23�2C2. (2.33)
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Thus, the wavefunction spreads ballistically starting from its initial position, as

each Bloch wavefunction spreads ballistically in every available direction.

Infinite disorder (�/, →∞)

The large disorder limit is considerably simpler, as the eigenstates coincide

with the position basis of the system, i.e. ℋ�! |8〉 = &8 |8〉. Hence, they rep-

resent stationary states and the Hamiltonian dose not generate any non-trivial

dynamics:

|#(C , 0)〉 = e
− i &0C |0〉 . (2.34)

As a consequence, the survival probability stays at %(C) = %(0) = 1 and the

expansion of the wavepacket is suppressed, leading to perfect localization.

Intermediate disorder

In the most general case of intermediate disorder, one could first look at

the problem from a classical perspective, imagining the time evolution as a

sequence of elastic scattering events between the particle and the impurities of

the medium. In such a picture, reminiscent of the well-known scenario of a

random walk, the motion is diffusive and the mean-square displacement is

Δ2(C) ≈ �C, (2.35)

where � = E2� > 0 is the diffusion constant and C must be larger than the

scattering time �. Also, a diffusive behavior implies a decay of the survival

probability as

%(C) = 1

(�C)3/2
, (2.36)

strongly dependent on the specific form of the diffusion coefficient�. One could

expect that � must clearly depend on the strength of disorder , (in classical

terms, on the density of scattering impurities). This is indeed the case, as one

can show with a perturbative calculation employing the Fermi golden rule to

obtain the scattering rate (Dirac et al. 1927)

Γ: =
1

�
= �| 〈: |+ |:′〉 |2�(�: − �:′), (2.37)

where + =
∑
8 &8 |8〉 〈8 | is the onsite potential, which is treated as a small pertur-

bation. Briefly sketching the calculation, one could split the sum in (2.37) into

diagonal and off-diagonal terms and performing a disorder average, obtaining
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(Scardicchio et al. 2017)

Γ: = �
∑
:′

(∑
8

&2

8

1

!23
+

∑
8≠8′

&8&8′
e

i(:−:′)(8−8′)

!23

)
�(�: − �:′)

= �
∑
:′

,2

3!3
�(�: − �:′)

= �

∫
33:′

(2�)3
,2

3

�(�: − �:′)

= �

∫
3�′�(�′),

2

3

�(�: − �:′)

=
�,2

12

�(�:),

(2.38)

where � is the density of states and we used the fact that the variance of a

uniform distribution of width 2, is equal to (2,)2/12 =,2/3. Inserting (2.38)

into � = E2� and taking E6 ∼ %�:/%: as the group velocity, one gets

� ∼
E3

6

,2

. (2.39)

It is worth noting that the expression above predicts that� always remains finite

for every, ≠ 0. However, Anderson predicts � to strictly equal 0 for a disorder

strength greater than a critical value , > ,2 , 6 thus imagining a transition

between a diffusive and an insulating localized phase that is now known as

Anderson transition or localization-delocalization transition.

2.2.2 Eigenstate localization and the role of dimensionality

Thepersistenceof afinite%(C) at strongdisorder and the absenceof transport

with a vanishing conductivity � ∼ 0 represent the most defining feature of the

localized phase. In such a phase, the eigenstates of (2.23) resemble the infinite

disorder case that we examined above, decaying exponentially with the distance

from a localization centre 80 with the asymptotic form

|)(8)|2 ∼ e

−|8−8
0
|

� , (2.40)

where � is the localization length (Kramer et al. 1993).

Following Anderson’s seminal result, several works explored the role of the

dimensionality 3 on the onset of localization and the existence of a delocaliza-

6As we will see shortly,,2 is finite only for 3 ≥ 3.
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Figure 2.1. Sketch of the density of states �(�) of the Anderson model in 3 = 3. The
extended part of the spectrum (light blue) is separated from the localized tails (light
red) by the mobility edge.

tion transition. In 3 = 1 the full localization of the whole eigenspectrum for any

disorder strength, > 0 has been rigorously proven, with a localization length

decaying with the disorder strength as � ∼ 1/,2
(Kramer et al. 1993). Similarly,

the influential paper of the "Gang of four" (Abrahams et al. 1979) went on to

provide scaling arguments supporting the absence of diffusion in 3 ≤ 2 for any

, > 0. A true phase transition at a finite value,2 > 0 is expected for 3 = 2 + &
for & > 0 (Kramer et al. 1993), where the eigenspectrum becomes fully localized

for , > ,2 . Below the critical disorder strength, Mott introduced the crucial

concept of mobility edge (Mott 1967), describing the non-simultaneuous localiza-

tion of the Hamiltonian spectrum: at weak disorder, eigenstates become rapidly

localized at tails of the spectrum (Kramer et al. 1993), while the remaining states

are delocalized; as one increases , , the delocalized portion of the spectrum

shrinks until vanishing at , = ,2 . A more detailed discussion of the scaling

theory of localization, and its implications in terms of the role of dimensionality,

is provided in App. B.

2.2.3 Quasi-periodic systems

We present here an alternative pathway to eigenstate localization, that is

of particular importance for experimental reasons and that is often employed in

this thesis. In 1980, Aubry and André proved that localization can appear in

a peculiar class of systems without relying on the presence of "true" disorder
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Figure 2.2. Typical phase diagram of the AA model (2.41), where & labels the energy
eigenvalues and Δ/� the dimensionless parameter driving the transition at Δ/� = 2.

(Harper 1955; Aubry et al. 1980), studying a thight-binding model of the form

ℋ�� = −�
∑
〈=<〉

(
2†=2< + ℎ.2.

)
+ Δ

∑
=

cos

(
2��= + )

)
2†=2= , (2.41)

where the random onsite potential term in (2.23) is replaced by a quasi-periodic
potential, with � an irrational number ensuring the incommensurability of the

potential profile with respect to the lattice and ) a random phase comprised

in [0, 2�]. The main point of interest in studying model (2.41), besides the

higher experimental feasibility (Lye et al. 2007; Roati et al. 2008), is that it hosts

a delocalization transition in 3 = 1 without the presence of a mobility edge. The

lack of amobility edge arises from the self-duality of theAubry-André (AA)model

at ) = 0, that can be appreciated by transforming the hopping term to reciprocal

space with

2= =
1√
!

∑
:

e
i 2��:= 2: , (2.42)

leading after substitution to

ℋ�� = 2�
∑
:

cos(2��:)2†
:
2: + Δ

∑
=

cos(2��=)2†=2= . (2.43)

TheHamiltonian (2.43) is evidently self-dual, in the sense that extended :modes

in Fourier space correspond to localized = modes in real space and they switch
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Figure 2.3. Experimental observation of AL of matter waves in an expanding BEC
in an optical trap. The BEC is initially confined longitudinally by a combination of
optical wave-guides and magnetic traps (a) and subsequently left free to expand lifting
the trap (b). Adapted from (Billy et al. 2008).

roles at the critical point Δ2 = 2�. Indeed, it was shown that in the thermo-

dynamic limit the AA model displays a transition at Δ2 for any value of the

irrational number � (Thouless et al. 1983). Moreover, such self-duality property

is independent of energy, meaning that all the eigenstates localize at the same

critical point. This can be easily seen also by solving the integral

1

�(�) =
∫ ∞

−∞
ln |� − & |�(&), (2.44)

that describes the dependence of the localization length on the energy (Thouless

1972a). Indeed, solving (2.44) in the AA model yields an energy independent

value of � = 3/ln(Δ/2�) (Modugno 2010), implying that all the eigenstates share

the same localization length.

2.2.4 Experimental progress on single-particle localization

The phenomenon of Anderson localization has attracted experimental cu-

riosity since its very birth, and traces of localization have been reported in awide

variety of wave media and solid-state systems in the following decades (Cutler

et al. 1969; P. A. Lee et al. 1985; Weaver 1990; Dalichaouch et al. 1991; Wiersma

et al. 1997; Stoytchev et al. 1997; Störzer et al. 2006; Schwartz et al. 2007; Hu et al.
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Figure 2.4. Absorption images showing the BEC diffusion across an optical quasi-
periodic lattice. Increasing the potential amplitude Δ/� results in the localization of
the atomic cloud around the initial position. Adapted from (Roati et al. 2008).

2008; Chabé et al. 2008; Sperling et al. 2013; Lopez et al. 2012; Manai et al. 2015;

Ying et al. 2016). Recent progress in the manipulation of cold-atoms platforms

have provided new ways for the exploration of AL in a more controlled and

tunable environment. An experimental breakthrough appeared in (Billy et al.

2008), where the exponential localization of a Bose-Einstein condensate (BEC) was

observed after releasing a cloud of
87
Rb atoms in the presence of uncorrelated

disorder created by a laser speckle. The realization scheme is depicted in Fig. 2.3

The atoms are brought into a BEC state by combining a strong confinement in

the transverse direction by means of a horizontal optical waveguide, and a loose

magnetic trap in the longitudinal direction. After super-imposing a weakly

disordered optical potential via laser speckle the BEC is left free to expand by

switching off the longitudinal confinement. By direct imaging of the fluores-

cence of the atoms irradiated by a resonant probe, the BEC rapidly stops to

diffuse and remains localized around the starting position.

Surprisingly, a second experiment (Roati et al. 2008) was published on the

same day as (Billy et al. 2008), reporting a similar localization observation in a

BEC of
39
K atoms in the presence of an incommensurate potential, thus effec-

tively realizing the AA model (2.41). The absorption images collected during

the expansion of the atomic cloud after releasing the confinement are reported
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in Fig. 2.4 for different values of the potential amplitude Δ/�. In the clean case

(Δ/� = 0) the gas expands ballistically as expected, but displays no expansion

in the strong potential regime (Δ/� = 7), as the BEC is a superposition of expo-

nentially localized eigenstates. At intermediate potential strengths, the authors

observe a gradual speed reduction of the ballistic expansion.

In the last decade, a series of newexperimentsmanaged to extend the results

we briefly presented here to the realm of many-body systems, inspired by the

perspective of the survival of localization in the presence of particle interactions.

Such a fascinating phenomenon is the focus of the next Chapter.



3
Many-body localization

The question of whether particle interactions would lead to the destroying

of localization has been long debated. In an early work, (Fleishman et al. 1980)

argued in favor of localization survival in the presence of weak, short-ranged

interactions, paving the way for the application of renormalization group meth-

ods for the study of localization. On the same line, an extension of the scaling

theory of localization taking into account the interplay of disorder and inter-

actions appeared in (Finkelstein 1983) and (Giamarchi et al. 1988) developed a

renormalization group method to describe 1D interacting quantum liquids at

zero temperature. Over the last fifteen years, a picture of a localized phase of

matter including local interactions and surviving at non-zero temperatures has

emerged, firstly reported in (Gornyi et al. 2005; Basko et al. 2006). Such a perfect

insulator at finite energy densities represents the so-called MBL phase, that ro-
bustly violates the ETH. Compared to the case of integrable systems, that can be

thought as highly fine-tuned points in parameter space and thus highly sensitive

to weak perturbations, MBL is expected to be a robust mechanism against ther-

malization, not requiring any fine-tuning but only the presence of strong enough

disorder. It is worth stressing the fact that MBL is a dynamical phenomenon in

the sense that it involves the properties of eigenstates at finite energy densities (or

equivalently, at high temperatures); one can establish MBL only by probing that

highly excited eigenstates are localized. On the other hand, the single-particle

localization at zero temperature, discussed in 2.2, requires the localization of a

finite number of excitations; indeed, probing the localization of the ground-state

usually suffices to demonstrate Anderson localization.

MBL is currently the object of intense research both on the theoretical and

on the experimental side, as evidenced by recent comprehensive reviews such

37
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as (R. Nandkishore et al. 2015; Alet et al. 2018; Parameswaran et al. 2018; Abanin

et al. 2019). As much as fundamental issues related to the violation of ETH and

statistical mechanics foundations appeal to theoreticians, experimentalists have

been attracted by the intriguing implications of MBL properties in the develop-

ment of quantum memories. Indeed, exploiting the failure of thermalization,

a MBL system can store information regarding its initial configuration even af-

ter long times, avoiding relaxation towards thermal states and the scrambling

of such information across the system. For instance, the signature of initially

uneven particle/spin imbalance will remain finite instead of decaying to zero,

leading to measurable memory effects.

3.1 The paradigmatic model of MBL

Wewill develop our discussion focusing on the paradigmaticmodel inMBL

studies, i.e. the 1D XXZ model 1 with a random external magnetic field for !

sites described by the Hamiltonian

ℋ = �

!∑
〈8 9〉

(
(G8 (

G
9 + (

H

8
(
H

9

)
+ �I

∑
〈8 9〉

(I8 (
I
9 +

!∑
8

ℎ8(
I
8 , (3.1)

where (
8
= �

8
/2 is the spin operator at site 8 and �

8
are the usual Pauli matrices

(1.4). The random transverse field amplitudes are randomly picked from a box

distribution [−,,,]. Themodel (3.1) can bemapped to a 1D interacting fermion

model by means of Jordan-Wigner transformations (Jordan et al. 1928) as shown

in App. A, leading up to irrelevant constants, to

ℋ =
�

2

!∑
〈8 9〉

(
2†8 2 9 + ℎ.2.

)
+ �I

∑
〈8 9〉

=8= 9 +
∑
8

ℎ8=8 , (3.2)

with the number operator defined as =8 = 2†
8
2
8
. In the fermion picture, it is

easy to appreciate how the (I
8
(I
9
term in (3.1) corresponds to effective nearest-

neighbor particle interactions with strength �I , and the random magnetic fields

ℎ8 map onto random onsite energies, reminiscent of the original ALHamiltonian

(2.23). Indeed, in the limit �I → 0, the model (3.2) reduces to the non-interacting

Anderson problem and all eigenstates are localized for any, > 0.

The first numerical evidence of localization at high temperatures came from

1In the most general case of completely anisotropic couplings between (
8
(
9
terms, the model

is known as the 1D XYZ model.
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Figure 3.1. Sketch of two common models in MBL studies. (a) The Heisenberg spin
chain (3.1) and (b) a spinless fermion chain with nearest neighbor interaction (3.2).

(Oganesyan et al. 2007) with an Exact Diagonalization (ED) study of a fermionic

model similar to (3.2), with the addition of long-range hopping. In the fol-

lowing years, extensive numerical studies of (3.1) showed that increasing the

interactions above a certain value �2I may lead to delocalization for a fixed (not

too large) , (Žnidarič et al. 2008; A. Pal et al. 2010; Luitz et al. 2015; Serbyn

et al. 2015). Alternatively, one could trigger the transition into the MBL phase

by increasing the disorder, above a certain critical value,2 at a fixed interac-

tion strength. Moreover, multiple works based on ED simulations detected the

presence of a many-body mobility edge (MBME) across the many-body spectrum

of (3.1), separating extended from localized states at, < ,2 . The exact value

of,2 is currently an object of debate. The early works (Luitz et al. 2015; Serbyn

et al. 2015) were based on ED techniques and thus restricted to small system

sizes (! ∼ 20), where the analysis of spectral signatures (see Sec. 3.2) yielded

estimates of a critical disorder,2 ≈ 3.5 ± 1.0 for � = 1. However, recent works

employing tensor network methods have been able to reach larger system sizes

(! ∼ 100), suggesting a drift of the critical disorder to larger values ,2 ≈ 5.5

(Doggen et al. 2018; Doggen et al. 2019; Doggen et al. 2021). Further theoretical

debate concerns whether the appearance of a MBME is actually possible in the

thermodynamic limit. The authors of (De Roeck et al. 2016; De Roeck et al.

2017) argued, though perturbative calculations, that even for strong disorders a

local fluctuation with a higher energy density than the background (a hot bubble)
may lead to the thermalization of neighboring regions, destabilizing the MBL

phase with an avalanche effect that would eventually destroy it, forbidding the

existence of an MBME in the large ! limit.

In the following, we review the main signatures of the MBL transition
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obtainedbynumerical simulations, constituting anoverviewof themain features

of the MBL phase.

3.2 Hallmarks of the MBL phase

3.2.1 Level statistics

A convenient metric to distinguish between ergodic and localized phases,

commonly known as level statistics, lies in the spectral properties of the Hamil-

tonian. Such a measure was first introduced in the context of Random Matrix
Theory (RMT), a framework first developed by (Wigner 1955; Wigner 1958) and

(Dyson 1962) to describe the properties of heavy atomic nuclei. The basic idea

was to provide an ansatz for the spectrum of such complex system, for which the

direct analysis of the Hamiltonian would be intractable, following the spacing

between the eigenvalues of randommatrices, only depending on the underlying

symmetry properties of the system. The main quantities of interest in MBL

studies are the simple gaps �= between adjacent energy levels and the so called

gap-ratio parameter A= , given by

�= = �= − �=−1 , A= =
min(�= , �=−1)
max(�= , �=−1)

. (3.3)

The parameter A= , introduced by (Oganesyan et al. 2007), is a compact measure

that avoids the notable problem of the unfolding of the spectrum, i.e. the de-

pendence of �= on the density of states, that often leads to finite-size issues in

many-body systems (Gomez et al. 2002; Avishai et al. 2002; Serbyn et al. 2016).

The distribution of the level spacing for an ergodic system is expected to fol-

low the prediction for random matrices belonging to the same symmetry class.

For instance, real random Hamiltonians with time reversal symmetry belong to

the so-called Gaussian Orthogonal Ensemble (GOE)2, and the distribution of level

spacings thus the so-called Wigner-Dyson "surmise"

%�$�(�) = � e
−��2

, (3.4)

2A quantum systems without time-reversal symmetry is instead described by the Gaussian
Unitary Ensemble (GUE).
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with  and � constants. The probability distribution for the gap-ratio A= can be

generally obtained by computing the joint probability

%(A) =
∫

%(�1 , �2)�
(
A − �1

�2

)
3�13�2. (3.5)

In the case of the GOE distribution (3.4), (Atas et al. 2013) showed that the joint

distribution is well described by

%�$�(A) ∼
A + A2

(1 + A + A2)5/2
. (3.6)

It is convenient to consider only the average value of %�$�(A), which can be

computed as A�$� ≈ 0.5307. Thus, in the ETH phase, model (3.1) is expected to

follow the above prediction. On the other hand, in the MBL phase, eigenvalues

are uncorrelated random variables described by a Poisson distribution

%%>8BB>=(�) =
1

�
e
−�/� , %%>8BB>=(A) =

2

(1 + A)2 , (3.7)

with mean value A%>8BB>= = 2 ln(2) − 1 ≈ 0.386 (Oganesyan et al. 2007).

Level statistics provides an accessible signatures of localization when the

full eigenspectrum (or significant portions of it) is directly accessible, such as in

ED studies like the example reported in Fig. 3.2, where increasing the disorder

strength , results in a crossover between A�$� and A%>8BB>= . Moreover, the

curves for different system sizes ! cross each other in the vicinity of ,2 ≈ 3.7,

suggesting the presence of a phase transition. A finite size scaling analysis with

the simple form 5 [!1/�(,−,2)], makes the data collapse and allows the extraction

of the critical value,2 = 3.72(6)with � = 0.91(7).
The physical intuition behind level statistics is related to the concept of level

repulsion, a feature commonly associatedwith ergodic systems and thusWigner-

Dyson statistics. Indeed, it is the general belief for generic many-body systems

that the probability of having two consecutive levels at the same energy, i.e. the

probability of degeneracies, is vanishing. This is due to the low number of con-

served quantities in ergodic systems, which are responsible for the characteristic

level crossing of integrable systems. As we will discuss in Sec. 3.3, MBL systems

represent a sort of intermediate scenario between full integrability and ergodic-

ity. As such, integrability signatures like the absence of level repulsion appear

as spectral properties of MBL systems, and they have been exploited so far in a

variety of numerical works (Laumann et al. 2014; Kjäll et al. 2014; Agarwal et al.
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Figure 3.2. Gap ratio A in the random Heisenberg chain (3.1) as a function of disorder
strength W for different system sizes ! ∈ [12, 22]. The level statistics follows the
GOE prediction at weak disorders, while it becomes Poissonian at stronger disorders.
The inset displays the data collapse obtained with the simple finite size scaling form
!1/�(,−,2 ). Adapted from (Luitz et al. 2015).

2015; Bar Lev et al. 2015; Luitz et al. 2015; Pekker et al. 2017a; Serbyn et al. 2017;

Stagraczyński et al. 2017).

3.2.2 Participation ratios and multifractality

Another widely employed spectral measure of localization is given by the

inverse participation ratios (IPR), generally defined as

IPR

@ =

N∑
=

��〈)= |#〉
��2@ , (3.8)

with |#〉 the -th eigenstate of the system and the sum running over all the

N basis states {|)=〉}. The IPRs provide information about the structure of the

eigenstates |#〉 =
∑
= 2


= |)=〉 in the chosen basis, with 2= = | 〈)= |#〉 |. For in-

stance, let us choose {|)=〉} as the position basis {|G〉} in the non-interacting AL

case. The IPRs (3.8) then quantify the number of lattice sites over which the -th

eigenstate is spread, i.e. the eigenstate support. Thus, an intuitive expectation is

that if a state is localized in the chosen basis then its support remains approxi-

mately constant as a function ofN and IPR

@ ∼ constant as long as the system size

! is larger than the localization length. On the other hand, an extended state is

expected to have a support that samples most of the Hilbert space, and the GOE

predicted scaling for @ = 2 is IPR

2
∼ 1/N (Zelevinsky et al. 1996; Torres-Herrera
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et al. 2016; Torres-Herrera et al. 2017). 3 At the AL transition, the overlaps 2= are

known to display large fluctuations and the IPR

@ show anomalous multifractal

scaling with the system size, i.e.

IPR

= ∼ N�@(1−@). (3.9)

The exponent �@ is called the generalized fractal dimension and multifractality

manifests itself in a nonlinear dependence of �@ on @ close to criticality. For

fully ergodic states �@ = 1 in 1D systems, while it approaches zero in the fully

localized regime, �@ = 0. Interestingly, an intermediate case of a delocalized but

non-chaotic eigenstate leads to �@ ∼ #−�@
, with a fractal dimension 0 < �@ < 1.

The multifractal nature of localized eigenstates is a widely explored topic

in the AL field (Schreiber 1985; Ono et al. 1989; Schreiber et al. 1991; Brandes

et al. 1996; Parshin et al. 1999; Mildenberger et al. 2002; Rodriguez et al. 2009;

Rodriguez et al. 2011; Tarquini et al. 2017; Lindinger et al. 2017; Krishna et al.

2018; Torres-Herrera et al. 2019), and it has been very recently at the center of

renewed interest in MBL studies (Torres-Herrera et al. 2015; Serbyn et al. 2017;

Macé et al. 2019; Luitz et al. 2020a; Torres-Herrera et al. 2020; Solórzano et al.

2021; Pietracaprina et al. 2021). Furthermore, we would like to mention that

experimental observations of multifractality have been carried out in disordered

semiconductors (Richardella et al. 2010) and in cold-atoms platforms (Lemarié

et al. 2010; Sagi et al. 2012).

Lastly, a few works unveiled an intriguing connection between the fractal

dimension �@ and the dynamical properties of AL systems. Indeed, quantities

such as the Loschmidt echo (1.29) and the survival probability (2.25) display a

characteristic power-law decay in the vicinity of the transition, with an exponent

equal to the fractal dimension �@ (Huckestein et al. 1994; Huckestein et al. 1999;

Ng et al. 2006). We will return to such considerations in Chapter 5, when we

will present new results on the relation between the Loschmidt echo and the

fractality of eigenstates in a MBL scenario.

3.2.3 Area law entanglement

In Sec. 1.1.4, we provided a brief overview of the concept of entanglement

in composite quantum systems, anticipating that the eigenstates of thermalizing

systems typically follow a volume law scaling of the EE, i.e. ((��) = O(|!|),

3In the literature, the nomenclature inverse participation ratio is usually reserved for the specific

case @ = 2.



3 . MANY-BODY LOCALIZATION 44

!|, −,2 |�!|, −,2 |�

!!

,

(
(�
�
)/
!

(
(�
�
)/
!

Figure 3.3. EE per site (�/! as a function of system size ! for various disorder strength
values ℎ for the Hamiltonian (3.1). The left panels are obtained from eigenstates in
the middle of the spectrum while the right panels from eigenstates located in the upper
sector. The volume law scaling leading to a constant ((��)/! for weak disorder is
opposed to the area law at larger disorder, detected by the decrease of ((��)/!. Adapted
from (Luitz et al. 2015).

with � being a subsystem and ! the size of the whole system. A highly excited

eigenstate on the ergodic side of the MBL transition can be thought as a ther-

malizing state at finite temperature, and it is thus expected to follow the same

extensive scaling. The alternative picture is represented by ground-states of

local gapped Hamiltonians (Hastings 2007), that display an area law scaling as

((��) = O(� |!|), thus growing with the area of the boundary between the given

subregions. In the case of a 1D system, the area-law simply predicts a constant

scaling for the EE ((��) ∼ constant. The eigenstates in the MBL phase possess

drastically lower EE compared to the ergodic phase, and an area law scaling

for the entire eigenspectrum at strong disorders has been confirmed by several

numerical studies in models such as (3.1) and (3.2) (Bauer et al. 2013; Kjäll et al.

2014; Luitz et al. 2015; Lim et al. 2016; Khemani et al. 2017a). As an example, we

report in Fig. 3.3 the results of ED simulations of model (3.1) obtained in (Luitz
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et al. 2015), that show a very clear difference in the scaling of the EE density

((��)/! for a bipartition of the chain at different disorder strengths, ∈ [0, 5].
For, <,2 , the EE density ((��)/! scales as a constant as a function of !, while

for, > ,2 it decreases for larger !, implying a sub-extensive scaling which is

in contrast with the prediction for ergodic systems. The finite size scaling ansatz

5 [!1/�(, −,2)] leads to a data collapse similar to what can be obtained for the

level statistics (Fig.(3.2)), allowing the estimate of,2 and of the critical exponent

�. Moreover, the fluctuations of the EE have been used as a succesful diagnostic

tool for the location of the MBL transition, as they display a peak at ,2 (Kjäll

et al. 2014; Luitz et al. 2015). Such a peak results from the high sensitivity of

the entanglement properties of the system in the vicinity of the critical point, as

small variations of the disorder strength select contributions coming either from

extended or localized states. Thus, the variance of the EE will diverge close to

criticality, providing a reliable hallmark of the MBL transition.

We would like to summarize the list of spectral measures that we discussed

so far by showing the complete phase diagram of the random field Heisenberg

model (3.1), obtained combining some of the diagnostics covered in this subsec-

tion. Thediagram inFig.3.4 illustrates the separationbetweenextendedandMBL

eigenstates as a function of the normalized energy density & = (�−�0)/(�"−�0),
with �0 (�") the ground-state (maximum) energy in the spectrum of the Hamil-

tonian. The MBME separating the two phases was obtained in (Luitz et al. 2015)

by an analysis of the level statistics (gap-ratio A), EE scaling (volume-law vs area-

law) and its fluctuations (�(), as well as through other measures like the spin

density correlations decay and the fluctuations of the half-chain magnetization

(not presented here). The color scheme can be understood through the relation

between the IPRs (3.8) and the so-called participation (or Renyi) entropies (Bell

1972; F. Wegner 1980; Rodriguez et al. 2011; Luitz et al. 2014b; Luitz et al. 2014a;

Macé et al. 2019), defined as

(@ =
1

1 − @ ln

(
IPR


@

)
∼ �@ lnN . (3.10)

The limit @ → 1 returns the Shannon entropy

(
1
= lim

@→1

(@ = −
∑
=

| 〈)= |#〉 |2 ln

(
| 〈)= |#〉 |2

)
, (3.11)

which allows the calculation of the fractal dimension �1, plotted in Fig 3.4, and

the relative different scaling in the two regimes. Indeed, a leading scaling (
1
=
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Figure 3.4. Phase diagram of the random field XXZHeisenberg model in 1D, obtained
as a function of the energy density &, normalized between 0 and 1, and the disorder
strength, . The diagram was obtained in (Luitz et al. 2015) by exact diagonalization
of chains of up to ! = 22 spins, using different markers of the MBL transition (top
symbols): the bipartite entanglement entropy (red squares), the bipartite fluctuations of
the magnetization (yellow triangles) per site (blue triangles), level statistics (light blue
triangles) and the entanglement entropy variance (green circles). The color scheme
corresponds to the scaling of the fractal dimension �1. Adapted from (Luitz et al.
2015).

�1 lnN with �1 = 1 was found in the ergodic regime, while the participation

entropies grow much slower with �1 < 1 at intermediate disorder strengths,

ultimately reaching �1 = 0 deep in the MBL phase.

3.2.4 Anomalous transport in the thermal regime

Similarly to its non-interacting counterpart, the absence of transport is a

defining feature of the MBL phase, numerically established in a series of works

reviewed in (Prelovšek et al. 2017; Luitz et al. 2017). Themain quantity of interest

in such studies is the frequency dependent conductivity

�($) =
1 − e

− �$

2$
ℜe

[∫ ∞

∞
3C e

i$C 〈J(C)�(0)〉
]
, (3.12)
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where the spin current J is defines as the spin current operator for model (3.1)

J =
1

!

∑
〈8 9〉

(
(G8 (

H

9
− (G9 (

H

8

)
. (3.13)

The dc part �32 = �($→ 0) of the conductivity (3.12) was found to vanish at any

finite temperature ) in theMBL phase, �32 = 0. On the other hand, the transport

scenario in the ETH phase has proven to be considerably richer than what was

expected, and it is still the subject of intense debate. Indeed, the expectation in

the case of a pure ergodic phase is a finite dc conductivity �32 > 0 and diffusive

behavior. Surprisingly, several works instead found evidence of anomalous

transport in the region preceding the MBL transition, with subdiffusive spin (or

particle) transport (Bar Lev et al. 2014; Luitz 2016; Luitz et al. 2016b; Žnidarič et

al. 2016; Schulz et al. 2018; Schulz et al. 2020). In particular, (Žnidarič et al. 2016)

found that the subdiffusive behavior dominates at anyfinite disorder strength for

strong interactions �I > 1, while a transition between subdiffusive and diffusive

transport appears in the regime �I < 1. The boundaries of the subdiffusive

regime are still disputed (Agarwal et al. 2015; Luitz et al. 2016a; Barišič et al.

2016; Khait et al. 2016), and (Bera et al. 2017) put forward the possibility that

such behavior might be transient and related to finite-size effects. The origin of

such anomalous transport properties has been attributed to the effects of rare

spatial regions with unusually strong disorder, which act as "bottlenecks" for

the transport of energy/particles (Agarwal et al. 2015). In fact, such rare regions

have been first described by (R. B. Griffiths 1969; McCoy 1969) in the context of

random spin systems, and are now known as Griffiths regions. Griffiths effects

are indeed responsible for the broadening of relaxation times in thermal phases

of 1D systems (Agarwal et al. 2017), as confirmed also by the phenomenological

renormalization group approaches presented in (Vosk et al. 2015; Potter et al.

2015). Nonetheless, it is now clear that rare Griffiths effects may not be the only

ones responsible for the slow transport on the ergodic side of theMBL transition,

as evidence of subdiffusive behavior was found also in quasi-periodic systems

(Naldesi et al. 2016; Lev et al. 2017; M. Lee et al. 2017), which are known to be

devoid of such rare effects.

3.2.5 Quantum quenches and entanglement growth

A further clear distinction between the ergodic and the MBL phase, which

concludes this overview, is found in the peculiar behavior of the EE after a
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quantum quench (see Sec. 1.2.2). Despite being characterized by the absence of

transport, MBL systems display a slow spreading of entanglement in time. The

propagation of entanglement is one of the most notable hallmarks of MBL, as

it represents a peculiar feature that is not shared with AL, and thus serves as

a definite probe of the uniqueness of MBL systems. Let us imagine a general

quench protocol: we initialize a 1D spin chain in a typical state |#0〉, such as

a product state in the (I basis, and we monitor unitary dynamics generated

by the Hamiltonian (3.1). In the ETH regime, the state is expected to reach

thermal equilibrium, with a temperature dependent on the energy of |#0〉. As

we mentioned in 1.2.1, thermalization is accompanied by a rapid scrambling

of the information encoded in the structure of |#0〉. Consider for example the

Neel state |#0〉 = |↑, ↓, ↑, ↓, . . .〉, which has a maximum value of the staggered

magnetization, or spin imbalance,

�(C = 0) = 2

!

∑
8

(−1)8 〈#0 |(I8 |#0〉 = 1. (3.14)

In the limit of long times, the state will evolve towards a thermal state #(∞) and
the imbalance will tend to its thermal expectation value, i.e. �(C → ∞)=0. The

ergodic regime is further characterized by ballistic growth of the bipartite EE

of the evolved state |#(C)〉, i.e. ((C) ∼ C (Kim et al. 2013), eventually leading to

a saturation value ((∞) ∼ ! + O( ln !! ) (Page 1993), thus following a volume-law

scaling. If, on the other hand, the disorder is sufficiently strong to enter the

MBL phase, local observables such as �(C) are expected to decay to steady values

that are not predicted by any statistical ensemble. Thus, the imbalance �(C)may

preservepart of the initial structureby saturating tofinite values �(∞) > 0 (Serbyn

et al. 2014), as also observed in cold-atoms experiments (M. Schreiber et al.

2015). The failure of thermalization inMBL systems ismarked by a characteristic

logarithmic growth of the EE in time, ((C) ∼ ln C (Žnidarič et al. 2008; Bardarson

et al. 2012; Serbyn et al. 2013a; Andraschko et al. 2014). The non-interacting AL

case is instead characterized by an early saturation of the EE and the absence

of further propagation, ((C) ∼ constant. Moreover, the saturation value ((∞)
in the MBL phase is still scaling with ! as in the ETH case, but with a smaller
pre-factor, thus reaching lower values than the ones expected in the extended

phase (Bardarson et al. 2012).
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Figure 3.5. (a) An initial product state is rotated applying a sequence of quasi-local
unitary transformations. (b) The original spin operators �I

8
are transformed into quasi-

local operators (;-bits) �I
8
, acting as effective local integrals of motion. (c) Same as (b)

in fermion language: the number operators =8 are mapped onto the dressed operators
�8 . Adapted from (Abanin et al. 2019).

3.3 Phenomenology of MBL systems

We present here the description of an effective theory for the MBL phase

that represents a unifying framework able to explainmost of the phenomenology

presented in the previous discussion. The basic intuition stems from the low

entanglement structure of eigenstates in the MBL phase, characterized by the

area-law discussed Sec. 3.2. As MBL eigenstates possess a very low degree of

entanglement, they can be connected to product states by a sequence of quasi-
local unitary transformations (Serbyn et al. 2013b), that are able to diagonalize

the Hamiltonian of the system in a given basis made of product states. 4 Let us

consider a simplified version of (3.1) deep in the MBL phase (, � ,2) in the

limit � → 0,

ℋ 0 = �I

∑
〈8 9〉

�I8 �
I
9 +

∑
8

ℎ8�
I
8 . (3.15)

Such a model is trivially integrable as the Hamiltonian commutes with �I
8

4We remind the reader that product states are non-entangled states, defined in Sec. 1.1.4
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for each site, and the eigenstates are simple product states of the form

{|�〉} = |�1 , �2 , . . . , �N〉 , (3.16)

with �8 = {↑, ↓} andN = 2
!
. Turning on a weak spin-flip (hopping) term � leads

to the Hamiltonian not being diagonal in the {|�〉} basis anymore. Nonetheless,

one could define a quasi-local unitary transformation * with a finite spatial

support that can be factorized into a sequence of unitary operators as

* =

∏
8

. . . *
(3)
8 ,8+1,8+2

*
(2)
8 ,8+1

, (3.17)

through which the new eigenstates can be obtained starting from the product

states (3.16) (seeFig. 3.5 for a schematic illustration). Thequasi-locality is induced

by the peculiar area-law structure of the MBL eigenstates: for a thermalizing

systems, the transformation * becomes highly non-local, rotating the product

states into volume-law eigenstates. Applying* to the product states (3.16) leads

to the definition of the so-called local integrals of motion (LIOMS) (also known as

l-bits)
�I8 = *�I8*

† , (3.18)

which formacomplete set of independent andcommutingoperators, i.e. [�I
8
, �I

9
] =

0 and

[
�I
8
,ℋ

]
= 0. The ;-bits have a finite overlap with the original spin op-

erators �I
8
, decaying exponentially with the distance from the original sites. In

other words, the �I
8
can be written as

�I8 = �8�
I
8 +

∑
8≠9

�8+9�
I
9 , (3.19)

with �8 < 0 and the terms �, decaying exponentially as �8+9 ∼ e
−| 9 |/��

with a

certain localization length ��. The �I8 operators can thus be viewed as a "dressed"

version of the underlying spin operators, or as pseudo-spin degrees of freedom,

which are particularly useful for the description of MBL systems. 5 Indeed, a

general MBL Hamiltonian can be expressed in terms of the ;-bits in the general

form (Serbyn et al. 2013b; Huse et al. 2014)

ℋ"�! =

∑
8

ℎ̃I8 �
I
8 +

∑
8> 9

�8 9�
I
8 �

I
9 +

∑
8> 9>:

�8 9:�
I
8 �

I
9 �
I
:
+ . . . , (3.20)

5One could, of course, define similar �I
8
operators also in the case of thermalizing systems;

however, the resulting operators would be highly non-local and hence not particularly useful.
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with the coupling terms �8 9:... decaying exponentially with the separation be-

tween the ;-bits as

�8 9:...; ∼ e
−|8−; |/�"�! , (3.21)

where the localization length �"�! is not necessarily equal to ��. The interaction

terms �8 9:... are important in distinguishing between themany-body and the non-

interacting scenarios, as the AL case is exactly recovered in the case of vanishing

couplings.

The quasi-locality of the unitary * , and thus the validity of the universal

form (3.20), was a central result of the (so-far) only rigorous proof of the existence

of the MBL phase, obtained by (Imbrie 2016) for a strongly disordered Ising

model with transverse and longitudinal fields.6 From the ;-bits framework,

one can recover all the properties of the MBL phase that we discussed in this

Chapter. For instance, the area-law for the MBL eigenstates and the Poisson

level statistics emerge naturally by the simple labelling of the eigenstates of

(3.20) given by the set of eigenvalues ±1 for each �I
8
, e.g., |1, 1,−1, . . .〉. Memory

effects in the out-of-equilibrium dynamics, as well as the long-time relaxation of

local observables to non-thermal values, can be deduced from the finite overlap

of such observables with the conserved operators �I
8
. The interactions between

;-bits intervene crucially in the dynamics, marking the difference with the AL

case, as they provide a mechanism for dephasing. Indeed, each ;-bit precesses

around the z-axis at a rate set by its interactions with all other �I
8
, producing

entanglement at long distances and thus dephasing. Such dephasing process is

peculiarly slow, and the logarithmic growth of entanglement, characteristic of

MBL, is induced by the exponentially weak interactions between the ;-bits.

The existence of a set of local integrals of motion built as dressed versions

of physical degrees of freedom is a central feature of MBL systems, from which

all the major static and dynamical properties of the MBL phase originate natu-

rally. The explicit construction of the relevant set of ;-bits is in general model

dependent; an approximate method for the construction of ;-bits in arbitrary

dimensions has been proposed in (Ros et al. 2015), employing perturbative tech-

niques similar to the self-consistent approximation used in the seminal work

of (Basko et al. 2006). Further advancements came in the form of numerically

constructed sets of local integrals of motion (Chandran et al. 2015; O’Brien

et al. 2016; Rademaker et al. 2016; Pekker et al. 2017b; Thomson et al. 2018).

In the next Chapter, we will build an explicit set of approximate ;-bits in the

6It is worth noting that the proof relies on minimal assumptions on the energy level statistics

of the system Hamiltonian, limiting the attraction between neighboring eigenenergies.
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strong disorder regime of localized systems in the presence of both fully random

or quasi-periodic potentials, building an effective model able to provide exact
quantitative predictions for a variety of dynamical probes of localization.

3.4 Experimental realizations of MBL

The main experimental challenge in realizing MBL regards the require-

ment of maintaining the system under study isolated from the environment. As

we mentioned already in 1.2, the progress in the field of quantum simulators

based on cold atoms and ions has allowed the exploration of non-equilibrium

phenomenon with almost perfect isolation and very small coupling with the

environment. Indeed, the first successful attempts of observing MBL at high

energy densities appeared in cold atoms platforms (M. Schreiber et al. 2015),

where quantum quench protocols of the type described in 1.2.2 led to the obser-

vation of nonthermal relaxation of local observables, thus probing the failure of

ETH. In particular, (M. Schreiber et al. 2015) realized a generalization of the AA

model (2.41) with 1d Fermi-Hubbard chains of interacting spin mixtures in the

presence of a quasi-periodic potential landscape, obtained by super-imposing an

optical lattice with incommensurate spacing with respect to the lattice hosting

the particles. The Fesbach resonances between the different atomic spin states

allow one to tune the interaction coupling between the particles (Bloch et al.

2008). The resulting Hamiltonian can be described as

ℋ = −�
∑
〈8 9〉

(
2†8 ,�2 9 ,� + ℎ.2.

)
+ Δ

∑
8

cos

(
2��8 + )

)
=8 ,� +*

∑
8

=8 ,↑=8 ,↓, (3.22)

where 2†
8 ,� (28 ,�) is the creation (annihilation) fermionic operator at site 8with spin

state � = {↑, ↓}, * is the onsite interaction strength and Δ is the quasi-periodic

potential amplitude. The system was then initialized in a density wave state

with particles occupying mostly even sites. 7 The main observable employed in

the study was the particle imbalance

�(C) = 1

!

∑
8

(−1)8(2[〈=8〉]av − 1) , (3.23)

where the notation [. . . ]0E indicates an average over different realizations of the

potential. The imbalance clearly saturates to a value close to 1 in a configuration

7This configuration corresponds to an almost perfect antiferromagnetic arrangement in spin

language.
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Figure 3.6. Non-equilibrium dynamics of a density wave state in the presence of a
quasi-periodic potential of strength Δ. The dots are experimental measurements of �(C)
obtained at different values of Δ and at different time stamps. Solid lines are DMRG
simulations. Adapted from (M. Schreiber et al. 2015).

such as the chosen density wave state. By monitoring the evolution driven by

(3.22) and measuring �(C) one can thus keep track of the evolution of the density

profile, obtaining clearly different behaviors for weak or strong Δ, as shown in

3.6. Indeed, for weak potential strengths Δ → 0, the imbalance rapidly decays

towards zero, as expected in the case of relaxation towards a thermal state in

which the particles occupy even and odd sites with equal probability. Increasing

Δ leads to the saturation of �(C) to finite non-vanishing values, marking the

crossover to a non-thermalizing regimewhichwas reported as themanifestation

of MBL.

Following experimental efforts enriched the overall picture. For instance,

(Bordia et al. 2016) probed the delocalization effects induced by the coupling of

several 1d quasi-periodic chains. In (J. Y. Choi et al. 2016), the persistence of a

wall-domain in a 2d boson gas subject to a random laser pattern suggested the

existence of MBL in two dimensions, a possibility which is still debated from a

theoretical perspective. Furthermore, a remarkable work by (Lukin et al. 2019)

presented the first observation of the logarithmic spreading of entanglement dis-

cussed in 3.2.5 in small quasi-periodic Bose-Hubbard chains. Experiments with

other quantum simulation platforms provided further evidence. A disordered

quantum IsingHamiltonianwas realized in (Smith et al. 2016)with trapped ions,

encoding effective spin-1/2 particles in hyperfine states of the atoms. Measure-

ments of the evolution of single-site magnetization, starting from a Neél state

|#0〉 = |↑, ↓, ↑, ↓, . . .〉 exhibited stationary values over a certain critical disorder
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strength, a memory signature associated with MBL. Interestingly, trapped ions

quantum simulators present the capability of tuning the interaction or hopping

range, thus allowing the exploration of localization effects in long-rangemodels,

which represent an active field of research. In fact, the question of whether

sufficiently long-range hopping (or interactions) is sufficient to destroy localiza-

tion is a long-standing question both in AL (Anderson 1958; Levitov 1990) and

MBL (Yao et al. 2014; Burin 2015; Li et al. 2016; R. M. Nandkishore et al. 2017)

studies. Superconducting circuits have emerged as another powerful tool in the

study of tunable quantum many-body systems (Houck et al. 2012). In the con-

text of MBL, (Roushan et al. 2017) developed a novel spectroscopy techniques to

obtain information of the eigenenergies and thus on the level statistics of the sim-

ulatedHamiltonian, showing clear differences in the disordered vs the clean case

already at the level of two-particles. Very recently, (Q. Guo et al. 2021) explored

MBL using a 19-qubit programmable superconducting processor, reporting the

observation of a MBL transition in an energy-resolved fashion, paving the way

for the experimental investigation of MBMEs.



Part II

Signatures of localization via
quantum quenches
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4
Singularities in strongly localized
dynamics

As we discussed in Chapters 3 and 2, localized phases are generally charac-

terized in the negative (absence of transport, of long-range order, of level repul-

sion, etc.), while positive characterizations are typically elusive. A crucial aspect

of localization is the persistence of initial conditions, which, in the case of AL

of non-interacting particles, is related to the conservation of populations in the

localized single-particle eigenstates of the Hamiltonian. In the case of MBL, the

analog phenomenon would be the appearance of the ;-bits presented in Sec. 3.3,

whose existence directly explains much of the phenomenology of MBL dynam-

ics. Yet observing direct effects of the existence of ;-bits is an arduous task, given

that their expression is highly disorder-dependent (and generally unknown even

in theory), andwould require high-precisionmeasurements of local observables

in different local bases. An even more ambitious task for experiments is the one

of probing directly the existence of interactions among ;-bits, which is a defin-

ing feature distinguishing MBL from AL. Measuring the consequences of such

interactions on correlation and entanglement dynamics is currently the focus of

a considerable experimental effort based on state-of-the-art quantum simulation

platforms (Rispoli et al. 2019; Lukin et al. 2019; Chiaro et al. 2020). The purpose

of this work is to show that, in the case of strongly localized phases, both in

the presence and absence of many-body interactions, the existence of ;-bits can

offer striking signatures in the dynamics of the survival probability (2.25). More

precisely, we will focus on the logarithm of the survival probability with respect

56
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to the initial state |#0〉, i.e.

�(C) = − 1

!

[
log |〈#0 |4−8ℋ C |#0〉|2

]
av
. (4.1)

Here ℋ is the system’s Hamiltonian and ! the lattice size; [...]av indicates the

disorder average. When |#0〉 has a simple factorized form, and in the case

of strong disorder, we will show that the survival probability displays peri-

odic singularities, decaying very slowly in amplitude – as illustrated using a

model of disordered spinless fermions in 1d (corresponding to the ( = 1/2 XXZ

model in a fully random or quasi-periodic field) initialized in a charge density
wave (CDW) state. The singularities in the survival probability are very well

explained quantitatively by a simple model of a collection of localized 2-level sys-
tems (2LS) undergoing independent Rabi oscillations (D. J. Griffiths et al. 2018),

and approximating strongly localized ;-bits. The same minimal model captures

quantitatively the dynamics of the entanglement entropy at short times as well

as of the number entropy at longer times; and the dynamics of the density

imbalance characterizing the initial state.

At longer times the deviation of the exact results for the MBL dynamics

from the predictions of the 2LS ensemble offers direct evidence of the inter-

actions among the ;-bits in the form of a faster decay of the Loschmidt-echo

singularities and imbalance oscillations. As the survival probability and the

imbalance are generally accessible to quantum simulators, either measuring in-

dividual degrees of freedom (Gärttner et al. 2017; Jurcevic et al. 2017) or even

global ones (M. Schreiber et al. 2015; Bordia et al. 2016; Lüschen et al. 2017), our

results show that strong direct signatures of ;-bits dynamics and interactions

are within the immediate reach of state-of-the-art experiments on disordered

quantum systems. The structure of the paper is as follows: section 4.1 intro-

duces the XXZ model in a random/quasi-periodic field; section 4.2 discusses

the observation of survival probability singularities in the exact dynamics and

their quantitative understanding via a model of 2LS as well as 3-level systems
(3LS); section 4.5 discusses the dynamics of imbalance, and the comparison with

the prediction of the 2LS and 3LS model; section 4.6 discusses the departure

of the exact data (for the survival probability and imbalance dynamics) from

the 2LS/3LS predictions as a signature of ;-bit interactions; section 4.7 shows

that the 2LS/3LS models capture quantitatively the entanglement dynamics at

short time, and of the number entropy at longer times; conclusions are drawn in

section 4.9.
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4.1 Model

Our platform for the investigation of the return probability dynamics is

given by the paradigmatic models (3.1) and (3.2), that we rewrite here in both

spin and fermion language as

ℋ =

!−1∑
8=1

[
− �

2

(
(+8 (

−
8+1
+ h.c.

)
+ �I(I8 (

I
8+1

]
−

!∑
8=1

ℎ8(
I
8

=

!−1∑
8=1

[
− �

2

(
2†8 28+1 + h.c.

)
+ �I=8=8+1

]
−

!∑
8=1

ℎ8=8 ,

(4.2)

where ℎ8 is taken to be either a quasi-periodic (QP) potential (Schuster et al. 2002;

Iyer et al. 2013), namely ℎ8 = Δ cos(2��8 + )) with � = 0.721 (inspired by ex-

periments on bichromatic optical lattices (M. Schreiber et al. 2015; Kohlert et al.

2019)) and ) a random phase 1; or to be fully random (FR) and uniformly dis-

tributed in the interval [−Δ,Δ]. TheQP case represents themany-body extension

of the AAmodel (2.43). We consider chains of length ! (up to ! = 22) with open

boundaries, and we average our results over ∼ 10
3
realizations of the random

phase (QP) or of the full random potential (FR). All the unitary evolutions con-

sidered in this study are obtained using exact diagonalization (ED), and they

start from the charge-density wave state |#0〉 = |1010101...〉, corresponding to

a Néel state for the spins. We shall focus on the case of interacting fermions

�I = � (corresponding to an SU(2) invariant spin-spin interaction) and contrast it

with the limit of free fermions �I = 0. In the latter case, the QP potential leads

to a transition to fully localized single-particle eigenstates for Δ ≥ �, with an

energy independent localization length � = 1/log(Δ/�); while the FR potential

leads to AL of the whole spectrum at any infinitesimal value of disorder. In the

interacting case, instead, a QP potential of strength Δ & 4� (Naldesi et al. 2016)

and a FR potential of strength Δ & 3.5� (Luitz et al. 2015; Devakul et al. 2015;

Khemani et al. 2017b; Doggen et al. 2018; Doggen et al. 2019; Weiner et al. 2019;

Sierant et al. 2020; Laflorencie et al. 2020) are numerically found to lead to MBL.

In the following sections we shall generally start our discussion from the

case of the QP potential, which has a simpler spatial structure devoid of rare

regions, leading to stronger localization effects; and we shall later discuss how

to enrich the picture in the case of the FR potential, in order to account for the

existence of rare regions.

1The quasi-periodicity is assured by the fact that the systems studied here are of finite size.
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Figure 4.1. Survival probability and imbalance dynamics for an ! = 22 chain with
QP potential (a-c) and FR potential (b-d), for various disorder strengths Δ = 2, . . . , 8
as indicated by the colors.

4.2 Survival probability singularities and imbalance os-
cillations

Figure 4.1 shows the dynamics of the survival probability �(C) (4.1), along
with that of the imbalance (3.23). The latter saturates to its maximum value of 1

in the initial state and probes the persistence of the initial density/spin pattern

(M. Schreiber et al. 2015; Bordia et al. 2016; Lüschen et al. 2017). We observe that

for both the QP and FR potentials, and for disorder strengths compatible with

the onset of the MBL regime, the survival probability displays a sequence of

periodic cusp-like peaks at times C< = (2< + 1)�/� (< = 0, 1, 2, ...). These times

correspond almost exactly to minima in the imbalance, as the system reaches

instantaneous configurationswhich are the farthest from the initial spin/density

pattern. A closer inspection shows that, for sufficiently strong disorder, all the

peaks become sharp cusps, namely they represent genuine non-analyticities of

the survival probability. They are rather remarkable given that they survive
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Figure 4.2. Averaged �(C) (black line) at different disorder strengths Δ = 1, . . . , 10

for a chain of ! = 22 sites in a QP, plotted along with all the realizations (=A40; is the
number of realizations) used for the averaging procedure (grey lines). The dotted line
represents a typical individual realization exhibiting singular behavior.
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Figure 4.3. Averaged �(C) (black line) at different disorder strengths Δ = 1, . . . , 10

for a chain of ! = 22 sites in a FR potential, plotted along with all the realizations
(=A40; is the number of realizations) used for the averaging procedure (grey lines). The
dotted line represents a typical individual realization exhibiting singular behavior.
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disorder averaging, and they appear in a finite fraction of disorder realizations

that does not vanish as we increase the number of realizations, signalling the

robustness of the phenomenon; and in particular they decay very slowly in time,

as we shall discuss in detail later on. Indeed, Figs. 4.2 and 4.3 show the disorder

average of the Loschmidt echo for a chain of ! = 22 sites, along with all the

disorder realizations (∼ O(10
3)) contributing the average, for various strengths

(Δ/� = 1, 2, ..., 10) of the QP and FR potential, respectively. We observe that

sharp cusp singularities are exhibited by a signification portion of the disorder

realizations, and that for sufficiently strong disorder these realizations are a

finite fraction of the disorder statistics (in the asymptotic limit), so that cusp

singularities persist in the disorder-averaged results as well. These plots also

suggest the fact that cusp singularities can be observed with a limited disorder

statistics, under realistic experimental conditions.

The rest of this Chapter will be devoted to developing a quantitative un-

derstanding of the dynamics of Loschmidt-echo singularities and imbalance

oscillations as signatures of the existence of ;-bits and of their interacting nature.

4.3 Quantitativemodeling of the survival probability sin-
gularities

All the essential details of the short-time evolution of the survival proba-

bility can be captured with a surprisingly simple, yet rather insightful model.

This model is best understood (and justified) in the case of the QP potential, as

illustrated in figure 4.4. In the case of strong amplitude Δ, the fastest dynamics

in the system starting from a Fock state will be offered by those particles that sit

on a site 8 which is nearly resonant with its unoccupied neighbor (say 8 + 1), be-

cause the hopping �/2 is either larger than the energy offset �8 = ℎ8+1 − ℎ8 (in the

non-interacting case) or larger than the screened offset �8 − �I (in the presence of

nearest-neighbor repulsion). These 2-site clusters, representing nearly resonant

2LS, have the property of being spatially isolated in the QP potential, because

of the strong anticorrelation among two consecutive energy offsets (�8 and �8±1

– see 4.4). As a consequence, a nearly resonant 2-site system will be generally

surrounded by highly non-resonant pairs of sites, which can be considered as

nearly frozen to the initial state.

Let us isolate a two-site system (8 , 8+1) hosting one particle in the fermionic
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Figure 4.4. (a) Example of a ! = 22 chain in a QP potential (lines) in the initial CDW
state |1010...〉. Particles are denoted as coloured balls. (b) Zoom on two quasi-resonant
regions (shaded areas): in the case of non-interacting particles (�I = 0) the region (1)
presents a pair of quasi-resonant sites for the particle in orange; in the case of interacting
particles, region (2) shows two quasi-resonant sites for the orange particle, thanks to
the partial screening of disorder offered by the interaction with the red particle.

chain, with Hamiltonian

ℋ2−site = −
�

2

(
2†8 28+1 + 2†8+1

28

)
+ ℎ8=8 + (ℎ8+1 + �I)=8+1 , (4.3)

where we assume that the site 8 + 2 is occupied by a (pinned) particle, while size

8 − 1 is empty (or occupied by a pinned hole). Introducing the spin operators

�I = =8 − =8+1 ,

�G = 2†8 28+1 + 2†8+1
, 28 , (4.4)

the Hamiltonian becomes simply

ℋ2−site = −
�

2

�G + �
2

�I + const., (4.5)

namely, a 2LS with splitting � and Rabi frequency �. If the system starts from

the |10〉 state, the return probability is given by the well-known formula for the

probability of persistence in the initial state during Rabi oscillations (Scully et al.
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1997), namely 1 − ?(�; C), which in our case is

?(�; C) = 1

1 + (�/�)2 sin
2

(√
1 + (�/�)2

2

C�

)
. (4.6)

The above discussion invites us to write for the evolved state a 2LS Ansatz

|#(C)〉 ≈
(
⊗? |#(?)

2!(
(C)〉

)
⊗

(
⊗′8 |#0,8〉

)
, (4.7)

where the first tensor product ⊗? runs over the nearly resonant 2LS, while the

second tensor product ⊗′
8
runs over the leftover sites (we have taken the freedom

of reordering the sites arbitrarily in the tensor product). 2 |#(?)
2!(
(C)〉 is the evolved

state of the ?-th (isolated) 2LS system, corresponding to two states split by an

energy difference �′? = �? − �I and connected by a Rabi coupling �; while |#0,8〉 is
the (persistent) initial state of the site 8 belonging to the remainder of the system.

The survival probability for such a system is readily calculated as

�(C) = − 1

!

∑
?

log

[
1 − ?(�′? , � , C)

]
, (4.8)

with ?(�,Ω, C) = (Ω/Ω′)2 sin
2(Ω′C/2) (and Ω′ =

√
Ω2 + �2

) the probability of

finding the 2LS in the state orthogonal to the initial one while performing Rabi

oscillations with frequencyΩ (Scully et al. 1997). When averaging Eq. (4.8) over

disorder, it is immediate to obtain the following simple expression

�2!((C) = −
∫

3�′%(�′ + �I) log

[
1 − ?(�′; � , C)

]
, (4.9)

where%(G) is the probability that the energy offset between twoneighboring sites

takes the value G. Going from Eq. (4.8) to Eq. (4.9) implies that we in fact count

all of the ! pairs of sites in a chain as nearly resonant 2LS, thereby counting twice

every site. The mistake that one makes in doing this is minor, though, because

the non-resonant pairs of sites give a very small contribution to the survival

probability; and, if neighboring pairs of sites are not simultaneously resonant, a

sitewill not be counted twice inpractice. Eq. (4.9) is an analytical integral formula

which depends uniquely on the (known) statistics of the disorder potential via

2See (Sierant et al. 2017a; Sierant et al. 2017b; Janarek et al. 2018) for a similar Ansatz to study

the long-time dynamics
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Figure 4.5. Function 5 (�; C) vs. � at different singularity times C< � = (2< + 1)�;
as shown in the right panel, for large C< the width of the central peak becomes time-
independent when 5 is plotted as a function of

√
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the % distribution. In the case of the QP potential

%(G) = [1 − (G/Δ̃)
2]−1/2

�Δ̃
(4.10)

with Δ̃ = Δ sin(��) (Guarrera et al. 2007); while for the FR potential %(G) is the
normalized triangular distribution defined on the [−2Δ, 2Δ] interval.

The cusp singularities in �(C) at times C< � = (2< + 1)�, < = 0, 1, 2, . . .,

descend from the fact that the integrand function 5 (�; C<) = log[1 − ?(�, � , C<)],
seen as a function of �, develops a logarithmic singularity at � = 0, as shown in

figure 4.5, while it is fully regular at any other time. The singular peak centered

at � = 0 has a support shrinking with C< as C
−1/2
< – as seen in figure 4.5 when

plotting the function 5 (�; C<) vs �
√
C< . This leads to a collapse of the peak

widths at different times (when < � 1). The integral of the 5 function outside

the peak contributes to the regular part of the survival probability, while the

integral of the peak dictates fundamentally the height of the cusps above the

regular background (estimated as the long-time average �̄), namely the quantity

�%(C<) = �(C<) − �̄. The decay of the height of these cusps as C
−1/2
< will be

verified numerically in section 4.6. Figure 4.6(a-b) shows that, for the case of

the QP potential, Eq. (4.9) is able to predict with high accuracy the ED results

deep in the MBL phase without any adjustable parameter. In particular the

cusp singularities of the ED results are easily explained as descending from the

divergent singularity of the survival probability for a fully resonant 2LS with

Ω = Ω′ = �, reaching a state orthogonal to the initial one after odd multiples
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Figure 4.6. Comparison between the LE �(C) for a ! = 22 chain and the predictions of
the 2LS and 3LS models: (a-b) QP potential; (c-d) FR potential.

of half a Rabi oscillation C< = (2< + 1)�/Ω. These divergences are smoothened

into cusp singularities due to the fact that such resonant 2LSs are a set of zero

measure in the disorder statistics. This result has important consequences.

Indeed the nearly resonant 2LSs captured by the model are clearly an ensemble

of approximate ;-bits with Hamiltonian

ℋ ≈
∑
?

 ?�? , (4.11)

where �? = �′?/ ?�I?−�/ ?�G? is a Paulimatrix expressed as a rotation of the Pauli

operators �I? = (
I
8+1
−(I

8
(whenprojectedonto the subspacewith (I

8
+(I

8+1
= 0) and

�G = (+
8
(−
8+1
+h.c., built from the original spin operators for the pair ? = (8 , 8+1);

and ? =
√
�2

? + �2 is the ;-bit splitting. Hence the returnprobability singularities

are a strikingmanifestation of the existence of such (nearly free) ;-bits, to be found

in the short-time dynamics of the system.
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4.3.1 Relationship to dynamical quantum phase transitions

It is worthwhile to mention at this point that the existence of singularities

in the quench dynamics of the survival probability is currently the subject of

several theoretical and experimental investigations, as they represent the main

signature of so-called dynamical quantum phase transitions, studied both in

non-random systems (Heyl et al. 2013; Heyl 2014; Jurcevic et al. 2017; Heyl 2018;

X.-Y. Guo et al. 2019) as well as in disordered quantum systems (Yang et al. 2017;

Yin et al. 2018; Halimeh et al. 2019). Nonetheless our observation of Loschmidt-

echo singularities is fully explained by a model of individual 2LS, without the

need of any many-body effect. Therefore we shall refrain from associating them

to any form of time-dependent transitions.

4.4 Spatial correlations in the quasi-periodic vs. fully ran-
dom potential

A fundamental assumption of the 2LS model described in the main text is

that quasi-resonant two-site systems are spatially isolated in a (quasi)-disordered

chain – namely, if a pair of sites (8 , 8 + 1) is quasi-resonant for the motion of a

particle, the two adjacent pairs of sites (8 − 1, 8) and (8 + 1, 8 + 2) are not resonant.
Defining �1 = ℎ8+1 − ℎ8 as the energy difference of the two sites in question, and

�2 = ℎ8+2−ℎ8+1 as that of the following pairs of sites, in the case of non-interacting

fermions, the above condition requires that the two energy differences do not

vanish simultaneously.

Such a form of correlation is indeed observed in the case of QP potential:

figure 4.7(a) shows the joint probability %(�1 , �2) for two adjacent energy differ-

ences, displaying a dip for �1 = �2 = 0 – an aspect which prevents two successive

pairs of sites from being resonant simultaneously. In the case of interacting

fermions, on the other hand, the above condition requires that if, e.g. �I ± �1 ≈ 0,

then �I ∓ �2 is non-zero, or vice versa – this prevents a state of the type |101〉 on
the sites (8 , 8 + 1, 8 + 2) from being simultaneously (quasi-)resonant with |110〉
and |011〉, or, similarly, the state |010〉 from being quasi-resonant with |100〉 and
|001〉. This is indeed guaranteed by the fact that %(�,−�) is nearly vanishing

for any finite �, except for � ≈ 1.25Δ – but the latter situation does not lead to

consecutive resonances when Δ > 1.25�, which is always the case in our study.

On the other hand the uniform potential has no correlations between two

consecutive energy differences, and the %(�1 , �2) distribution is the product
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Figure 4.7. Numerically sampled probability distribution %(�1 , �2) for two energy
differences �1 and �2 on contiguous pairs of sites. Left panel: QP potential; Right
panel: FR potential.

of two triangular distributions for �1 and �2 – shown in figure 4.7(b). This

implies that a fundamental assumption behind the 2LS model description is not

guaranteed to be satisfied – while it is more likely to have two adjacent pairs

of sites with different energy offsets than with similar ones, one cannot exclude

the existence of “rare" regions with consecutive nearly resonant pairs. This

requires to improve the 2LS model to a three-site (three-level) one, as detailed in

section 4.4.1.

4.4.1 From two-level systems to three-level ones

Figure 4.6 (c-d) shows that, in the case of the FR potential, the 2LS model of

(4.9) still predicts the correct frequency of the survival probability singularities,

but not the correct height; and it alsomisses a global offset. This is not surprising,

as in the case of the FR potential the assumption of anti-correlation between the

energy offset of contiguous pairs is no longer valid, namely the potential can

host “rare" regions in which contiguous pairs of sites – (8 − 1, 8) and (8 , 8 + 1) –
are nearly resonant at the same time. To take those regions into account (at least

partially) one can easily promote the 2LS model to a model of 3-site systems

(amounting to effective three-level systems – 3LS), and approximate the evolved

state as that of a collection of independent 3LS. The Hamiltonian of a three-site

system (8 , 8 + 1, 8 + 2) containing two interacting fermions in an initial |101〉 state
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is explicitly given by

ℋ101 = −
�

2

(
2†8 28+1 + 2†8+1

28+2 + h.c.
)

+ �8=8+1 + (�8+1 + �8)=8+2

+ �I (=8=8+1 + =8+1=8+2) + const.

(4.12)

Here all single-site energies are referred to the energy of site 8, and �8 = ℎ8+1− ℎ8 .
The above Hamiltonian assumes that the sites 8 − 1 and 8 + 3 remain empty

during the time evolution. The Hilbert space of the 3-site system is restricted to

the three states |101〉, |110〉 and |011〉, making of it a three-level system (3LS),

with a generic time-dependent wavefunction

|#101(C)〉 = (C) |011〉 + �(C) |101〉 + �(C) |110〉 . (4.13)

Its explicit form can be easily calculated numerically for any specific choice of

the energy differences �8 . A similar calculation can be done for a three-site

system hosting a single particle, and starting from the |010〉 configuration, with

Hamiltonian

ℋ010 = −
�

2

(
2†8 28+1 + 2†8+1

28+2 + h.c.
)

+ �I=8 + �8=8+1 + (�8+1 + �8 + �I)=8+2 ,

(4.14)

which assumes that the sites 8 − 1 and 8 + 3 host two pinned particles. The

Hilbert space |100〉, |010〉, |001〉 defines a 3LS, whose instantaneous state takes

the generic form

|#010(C)〉 = ̃(C) |100〉 + �̃(C) |010〉 + �̃(C) |001〉 . (4.15)

For the two types of clusters the survival probability can be readily evaluated as

�101(C; �8 , �8+1) = − log |�(C)|2 (4.16)

�010(C; �8 , �8+1) = − log |�̃(C)|2. (4.17)

We can thenmodel a chain in aQP or FRpotential as an ensemble of independent

3LSs bygenerating sequences of energyoffsets �8 , �8+1 between adjacent site pairs

according to the distribution %(�8 , �8+1). The 3LS prediction for the survival
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probability of the ensemble is

�3LS =
1

2

∫
3�13�2 %(�1 , �2) [�101(C; �1 , �2) + �010(C; �1 , �2)] . (4.18)

In practice, the above integral can be sampled numerically by averaging over a

large number of different realizations of the potential on 3-site systems, such as

those offered by a very long chain, namely

�3LS(C) ≈
1

!

!∑
8=1

�8 (C; �8 , �8+1), (4.19)

where 8 = 101 if 8 is odd and 010 if 8 is even, and ! � 1.

Eq. (4.19) for the survival probability has the apparent drawback of triple-

counting each site. Nonetheless, similarly to what was argued for the 2LS case,

it seems fair to assume (and it can be numerically tested) that, out of the three

clusters containing each site, only one at most will contribute significantly to the

survival probability. As a consequence the triple counting has only a mild effect

on the final result. One could avoid triple counting by thoughtfully decomposing

a chain into non-overlapping clusters of up to 3 sites, in such away as tomaximize

the survival probability; yet this procedure introduces significant complications

which are not justified a posteriori, given the quality of the results offered already

by the naive ensemble average. As shown by figure 4.6(c-d), the improvement

offered by the 3LS model for the FR potential is substantial; these results can

further be improved by moving to 4-site clusters etc., albeit at an exponential

cost.

4.5 Imbalance dynamics

The 2LS model prediction for the imbalance is very similar to that of the

survival probability, as the imbalance is related to the persistence probability

of the initial state (|10〉 or |01〉) on the 2-site cluster – given that the orthogonal

state contributes zero to the imbalance. Therefore the 2LS expression for the

imbalance simply reads

�2!((C) =
∫

3� %(�)
[
1 − ?(�, C)

]
. (4.20)

The times C< giving cusp singularities in the survival probability correspond

to dips in the imbalance, and these dips come from local dips in the 6(�; C) =
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Figure 4.8. Comparison between the imbalance �(C) for a ! = 22 chain and the
predictions of the 2LS and 3LS models given by (4.20), (4.21): (a-c) QP potential;
(d-f) FR potential.

1 − ?(�, C) function centered around � = 0 and touching zero for C = C< . The

width of these dips is also shrinking in time as C
−1/2
< . Therefore one expects

the depth of the minima in the fluctuations of the imbalance to decay to the

long-time average as C
−1/2
< as well – this prediction will be verified in section 4.6.

Extending the 2LS model to 3LS, the imbalance can be calculated as

�3LS(C) ≈
1

3!

∑
8

(
−|8 |2 + 3|�8 |2 − |�8 |2

)
(4.21)

with 8 , �8 , �8 = (C), �(C), �(C) or ̃(C), �̃(C), �̃(C) depending on whether 8 is odd

or even. Figure 4.8 shows the comparison between the ED results for the imbal-

ance dynamics of interacting fermions immersed in a QP and FR potentials of

variable strength, compared with the predictions of the 2LS and the 3LSmodels.

For sufficiently strong disorder (Δ & 6�) the 2LS predictions are already rather

accurate in the case of the QP potential, and the 3LS model offers further im-

provement. On the other hand in the case of the FR potential the 3LS model

offers a more substantial improvement, fixing an overall offset (for sufficiently
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strong disorder) which is seen in the 2LS predictions.

4.6 Dephasing in the survival probability and imbalance
oscillations: evidence of ;-bit interactions

A significant feature of the survival probability singularities is their slow

decay in time – which is remarkable given that they result from the Rabi os-

cillations of a collection of 2LS with a distribution of frequencies that can be a
priori expected to lead to fast dephasing. The reason behind the slow decay is

also captured by the 2LS model, Eq. (4.9) – namely by the fact that the integral

expressing the survival probability takes contributions from a small window of

detunings �′ around zero that shrinks as the system evolves, as mentioned in

section 4.3. When looking at the singularity times C = C< , a direct inspection

of the function log[1 − ?(�′,Ω, C<)] seen as a function of �′ shows that it has a

large peak centered on �′ = 0 with a width depending on time as C
−1/2
< . The

singularity in the average survival probability comes from the integral of this

peak, while the rest of the integral contributes essentially to the regular part of

the survival probability; hence it is immediate to predict that the height of the

cusp singularity should decay as the peak width, namely as C
−1/2
< .

Figure 4.9(a) shows the time evolution of singularity peaks in the survival

probability for free as well as interacting fermions in the QP potential, compared

to the prediction of the 2LS model (for the interacting case): we observe that

the C−1/2
decay is indeed confirmed by the ED data for free fermions, as well

as by the ED data for interacting fermions at sufficiently short times (C� . C∗ ≈
100 for Δ = 8�). On the other hand, at longer times the interacting data are

found to display a strong deviation from the 2LS model prediction, exhibiting a

much faster decay. This crossover to an interaction-induced dephasing (IID) regime

clearly shows the limits of the 2LS model as a model of free ;-bits and marks

a fundamental difference between AL and MBL in the QP system. The faster

decay of the survival probabilitymust be related to the effect of ;-bit interactions,

which are a defining feature of MBL, and which add terms of the kind∑
?@

*?@�?�@ +
∑
?@;

+?@;�?�@�; + ... (4.22)

to the effective ;-bit Hamiltonian (4.11). Such terms are responsible for the

persistent growth of entanglement entropy in the system (Serbyn et al. 2013b) as

the logarithm of time, and indeed the onset of the log C growth of entanglement
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Figure 4.9. (a-b) Decay of the peak heights of the survival probability, �(C<) − �̄
(�̄ stands for the time-averaged survival probability). (c-d) Decay of the depth of
the imbalance minima �(C<) with respect to the average value �. ED data in both
absence (�I = 0) and presence (�I = 1) of interactions are compared with 2LS and 3LS
predictions. The data are obtained for Δ = 8�; the 2LS and 3LS predictions are for
�I = �. The grey-shaded area marks the interaction-induced dephasing (IID) regime
exhibited by the exact data for �I = �.

occurs at a time compatible with C∗ (see section 4.7 - figure 4.10). A similar

crossover from a slow power-law decay of the Loschmidt-echo peak height to

a faster decay, dictated by the presence of interactions, is also exhibited by the

comparison between the ED data for interacting fermions in the FR potential

with the same data for non-interacting fermions and for the 3LS model – as

shown in figure 4.9(b).

The same crossover between the dynamics of effectively independent ;-bits

to a regime of interacting ones is observed in the decay of imbalance oscillations.

Figure 4.9(c) shows the evolution of the depth of the minima of the imbalance at

times C = C< , taken with respect to the long-time average, namely the quantity

�"(C<) = �̄ − �(C<). We observe that the predictions of the 2LS system for the

fermionic chain immersed in the QP potential shows a clear, slow power-law

decay at long times, compatible with C−1/2
, which is indeed reproduced in the

case of non-interacting fermions. In the case of interacting fermions, on the



4 . SINGULARITIES IN STRONGLY LOCALIZED DYNAMICS 74

other hand, a crossover is observed at long times (C & C∗ ≈ 100) to a faster

decay, marking the IID regime. A similar picture is offered by the case of the

FR potential. There the ED results are compared with the predictions from the

3LS model; the latter model predicts correctly the decay of the minima depth in

the non-interacting case at all times, while the exact results for the interacting

system show a clear crossover towards a faster decay for times C & C∗ ≈ 50. For

both kinds of disorder, the crossover time C∗ is compatible both with what is

observed in the decay of the survival probability as well as with the evolution of

the entanglement entropy (see again figure 4.10 in the next section). Therefore

we conclude that the crossover to the IID regime is a robust feature of MBL

dynamics, clearly exposing the interactions among ;-bits.

4.7 Entanglement dynamics

4.7.1 Entanglement entropy from the 2LS and 3LS model

If we partition the entire system into two adjacent parts �/�, the 2LS and

3LSmodels allow for a simple calculation of the EE (1.21) of�, whichwe consider

here in a time-dependent fashion as

(�(C) = −Tr

[
��(C) log ��(C)

]
. (4.23)

The evolving RDM ��(C) = Tr� |#(C)〉〈#(C)| is obtained through the partial trace

(1.19) over the degrees of freedom in � of the instantaneous pure-state density

matrix associated with the evolved state |#(C)〉.
The entanglement associatedwith such a bipartition simply comes from the

entanglement inside the 2-site or 3-site cluster which contains the cut defining

the bipartition. In the case of the 2LSmodel the disorder-averaged entanglement

entropy of a bipartition is predicted as the entropy of the reduced state of one

site in the 2-site cluster, namely

(�(C) =
∫

3� %(�) ℎ[?(�; C)], (4.24)

and ℎ[G] = −G log G − (1 − G) log(1 − G). Notice that, unlike for the formulas of

the survival probability and of the imbalance, no-double counting is implied in

the above formula, since the entanglement is referred to a cut of the chain, and

there is one unique cut per 2-site cluster.

On the other hand a 3-site cluster can be cut in two different ways, that we
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will indicate as ◦ | ◦ ◦ and ◦ ◦ | ◦ in the following (where ◦ stands for a site and

| stands for the cut). The reduced density matrices for the two cuts are readily

obtained from the cluster wavefunctions described in section 4.4.1; e.g. for a

"101" cluster the reduced density matrix associated with the ◦ | ◦ ◦ cut reads

�◦|◦◦
101
(C) =

(
|(C)|2 0

0 |�(C)|2 + |�(C)|2

)
, (4.25)

with associated entanglement entropy

(
◦|◦◦
101

= −|(C)|2 log |(C)|2 −
(
|�(C)|2 + |�(C)|2

)
log

(
|�(C)|2 + |�(C)|2

)
; (4.26)

the one associated with the ◦ ◦ | ◦ cut reads

�◦◦|◦
101
(C) =

(
|�(C)|2 0

0 |(C)|2 + |�(C)|2

)
. (4.27)

The densitymatrices �◦|◦◦
010

and �◦◦|◦
010

and related entropies associatedwith a "010"

cluster can be calculated similarly. The disorder-averaged entanglement entropy

of the whole system within the 3LS model is then given by

S(C) = 1

2!

∑
8

(8(C), (4.28)

where

(8 =


(
◦|◦◦
101
(C) + (◦◦|◦

101
(C) if i odd,

(
◦|◦◦
010
(C) + (◦◦|◦

010
(C) if i even.

(4.29)

The factor 1/2 in (4.28) comes from the double counting of each cut (which is

contained both in a "101" cluster as well as in a "010" cluster).

Figure 4.10 shows a comparison between the entanglement entropy of in-

teracting fermions in a QP potential and the 2LS prediction. We observe that at

moderate disorder in the MBL phase (Δ = 8�) the 2LS and 3LS models only cap-

ture the initial rise of the entanglement entropy and (partly) the first maximum;

in particular the very existence of a maximum is explained by the models as the

result of nearly resonant small clusters returning close to the initially factorized

state – albeit at different times due to the inhomogeneously broadened local

frequencies, which explains why the entanglement entropy does not come back

to (nearly) zero. The 2LS and 3LS models on the other hand completely miss the
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Figure 4.10. Half-chain entanglement entropy of interacting fermions in a QP poten-
tial (a-b) and FR potential (c-d) for a chain of size ! = 16, compared with the prediction
for the 2LS/3LS models for two different disorder strengths (Δ/� = 8 and 15).

long-time logarithmic growth of the entanglement entropy – something which

is fully expected, given that such a growth is the consequence of interactions

between ;-bits, not included in the 2LS and 3LS models by construction. On the

other hand, at stronger disorder (Δ = 15�) the interactions between ;-bits are

parametrically suppressed, and the 2LS and 3LS description of entanglement

becomes accurate up to very long times.

4.7.2 Entanglement entropy vs. number entropy

The 2LS and 3LS models picture the entanglement between two adjacent

subsystems as arising uniquely from the coherent motion of particles within the

restricted size of the clusters they describe. When starting from a factorized

state, this picture is certainly valid at short times. At long times it remains valid

only if particles remain localized within the size of the clusters (namely if the

localization length is smaller than the cluster size), and if this is a sufficient

condition for entanglement not to spread any further. The latter aspect is true

in the case of non-interacting fermions, for which the only mechanism behind
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entanglement of different spatial partitions is particle motion between them. On

the other hand, in the case of interacting fermions in the MBL regime, entangle-

ment keeps growing due to the interactions between ;-bits, and distant degrees

of freedom can become entangled even without any net particle exchange. In

this context it is useful to decompose the entanglement entropy of a subsystem

� into a number entropy contribution, and a remainder part called the configu-
rational entropy, (� = (�,= + (�,2 (Lukin et al. 2019; Kiefer-Emmanouilidis et al.

2020; Luitz et al. 2020b; Kiefer-Emmanouilidis et al. 2021) (see App.C for a short

derivation). The number entropy is given by

(�,= = −
∑
=

?= log ?= , (4.30)

where ?= is the probability of having = particles in subsystem �. Eq. (4.30)

accounts for the particle number uncertainty appearing in subsystem � because
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of the coherent exchange of particles with its complement �. On the other hand

the configurational entropy accounts for correlations establishing between the

particle arrangements in � and � once the partitioning of the particles between

� and � has been fixed. The 2LS and 3LS models, completely lacking any

form of correlations among the clusters, can only capture the number entropy

contribution in systems with a localization length smaller than the cluster size.

Nonetheless, this limitedpicture still offers a faithful descriptionof entanglement

in the MBL regime for short times (the longer the stronger disorder is), while

it can describe entanglement at all times for strongly localized non-interacting

particles. Thus, as suggested above, a more appropriate comparison with the

entanglement entropies of the 2LS and 3LS models would involve the number

entropy from the ED data – shown in figure 4.11. For non-interacting fermions

in a QP potential of strengthΔ = 8�, (�,# is found to nearly coincidewith the full

entanglement entropy, and to be very well described by the 2LS prediction – see

figure 4.11(a). When adding the interactions, the agreement between the number

entropy and the 2LS entropy deteriorates mostly at long times, seemingly due

to the ∼ log log C growth of the number entropy observed in the MBL phase

(Kiefer-Emmanouilidis et al. 2020). Similar considerations can be made in the

case of the FR potential, i.e. the 3LS models describe well the entropies in the

non-interacting case, and they miss the slow long-time growth of the number

entropy in the interacting case.

4.8 Energy selective quenches

We present here results obtained with an alternative quench protocol. The

aim is to provide an energy-resolved method to study dynamical properties of

MBL systems through the observation of the return probability, implementing

a quantum-quench spectroscopy protocol (Naldesi et al. 2016). We prepare the

system in the ground-state of (4.2) for a given initial potential amplitude Δ8 ,

and we trigger the quench by suddenly switching the QP potential to a fixed

final value Δ 5 . If one wants to study the behavior across the MBL transition,

the natural choice of the parameter connecting the pre-quench and post-quench

Hamiltonians isΔ. The sudden quench injects in the system a controlled amount

of energy

Δ� = 〈#8 |ℋ(Δ 5 )|#8〉 − 〈# 5 |ℋ(Δ 5 )|# 5 〉 , (4.31)

where |#8( 5 )〉 is the ground state of ℋ(Δ8( 5 )). Thus, the eigenspectrum of the

final Hamiltonian ℋ(Δ 5 ) can be explored by fixing the final disorder strength
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Figure 4.12. (a-d) �(C) dynamics for the ground-state of Hamiltonian 4.2 for different
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Δ8 as a function of Δ 5 . The grey dashed line is a guide to the eye depicting the MBME
at the relevant energy densities, from data adapted from (Naldesi et al. 2016).
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and continuously varyingΔ8 . Awider quench in the disorder amplitude leads to

eigenstates of the final Hamiltonian with parametrically higher energy density

& = Δ�/, , where, is the spectral width ofℋ(Δ 5 ).
At the ground-state level, model (4.2) is characterized by a quantum critical

point separating a broad gapless Luttinger liquid phase and an Anderson glass

phase, displaying exponentially decaying correlations (Naldesi et al. 2016). The

critical disorder at which the system undergoes an MBL transition in our case is

atΔ2 = 2.5. With respect to the non-interactingAA case (+ = 0), the critical point

at Δ2 = � is shifted towards higher values of the disorder due to the screening

effect of repulsive interactions for + > 0. Above the ground-state, the full

eigenspectrum is separated with an energy-dependent boundary, i.e. a MBME

(see Chap. 3), between an ETH and an MBL phase. At a fixed disorder strength

Δ, the system is characterized by the coexistence of extended and localized states

depending on the energy density.

We study the behavior �(C) following the quench-spectroscopy scheme de-

scribed above. We prepare the system in the ground-state of ℋ(Δ8) and we

quench to final disorder strengths Δ 5 > Δ8 , monitoring the out-of-equilibrium

dynamics through the computation of �(C) and Δ�. The scope of the investi-

gation is to determine whether the survival probability dynamics provide any

robust signatures of the MBL transition, able to identify the MBME. As we will

discuss in the following, our numerical results suggest not.

Figs. 4.12(a-d) illustrate the ED results of the quench obtained for three

different values of the initial disorder Δ8 = 0.2, 0.5, 0.8 at four fixed values of the

quenching disorderΔ 5 = 2.5, 3.0, 3.5, 4.0, in a chain of ! = 20 sites. The signature

revealed by �(C) is again the emergence of a sharp singularity in the short-

time dynamics as we cross the critical disorder Δ2 and we enter into the MBL

regime. The critical region identified by the onset of the first non-analyticities

is Δ 5 ∈ [3.5, 4.0], which is consistent with the values predicted by the MBME

at the energy density reached though our quenches, i.e. & ∼ 0.2 (Naldesi et

al. 2016). As can be seen in Fig. 4.12(e), the energy injected in the system at

different Δ 5 increases with the quench width separating Δ8 and Δ 5 . At this

stage, the qualitative analysis of the Loschmidt singularities does not provide a

confirmation of the existence of an MBME. The shrinking of the peaks of �(C)
leading to true singularities seems to be largely independent of the choice of Δ8 ,

and thus of the energy density injected through the quench. The non-analytic

behavior emerges more evidently for large quenches, i.e. for increasing Δ 5 − Δ8 .
Intuitively, this is consistent with the interpretation of �(C) singularities as zeros
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Figure 4.13. Quantum overlap between the CDW state |#0〉 = |1010101...〉 and the
ground-state |#8〉 of (4.2) as a function of the initial potential strength Δ8 .

of the survival probability: as the distanceΔ 5 −Δ8 increases, the evolution driven

byℋ 5 brings the evolved state |#(C)〉 to be orthogonal to the ground-state ofℋ8

more rapidly. On the other hand, the energy resolution reached through this

series of quenches seems too low for a proper quantitative conclusion.

Furthermore, the 2LS framework described in Sec. 4.3 offers a qualitative

explanation for the emergence of singularities in the dynamics of the LE. We

recall that an essential ingredient underlying the construction of the 2LS model

is the single particle occupation of each well of the quasi-periodic potential

(whose quasi-period is between three and four sites). This is clearly satisfied by

the choice of a CDW-like factorized state, which is precisely the case studied in

Sec. 4.2. As Δ8 → 0, the ground-state of model (4.2) develops very strong long-

range anti-correlations, with the main contributions coming equally from the

basis states |101010 . . .〉 and |010101 . . .〉. Indeed, as can be seen in Fig. 4.13, the

overlap between the ground-state |#8〉 and the CDW state |#0〉 = |1010101...〉 is
significant for very lowΔ8 , beingmaximal in the extreme caseΔ8 = 0. Hence, the

similarity of the initial ground-state for small Δ8 with |#0〉 explains qualitatively
the appearance of singularities in the return probability dynamics, albeit less

pronounced than in the pure CDW case.

On the other hand, | 〈#0 |#8〉 |2 has a fast decay as we increase Δ8 , becom-

ing negligible for Δ8 & 3. An intuitive expectation is that evolving an initial

ground-state already localized by a strong quasi-periodic potential, i.e. for high

Δ8 , with anHamiltonian withΔ 5 < Δ8 , would not lead to singular behavior. This

is indeed confirmed by the results presented in Fig. 4.14, in which we show a

comparison between different choices of the initial ground-state. With a quench

to quasi-periodic potential strengths Δ 5 ∈ [1.0, 8.0], one observes the emergence
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Figure 4.14. Quench dynamics of �(C) starting from a low initial disorder Δ8 = 0.8
(left) and a high initial disorder Δ8 = 10. The time axis has been rescaled as 1/C2 to
obtain disorder independence.

of singularities for Δ8 = 0.8 as we cross the ETH-MBL transition point, as dis-

cussed above. Moreover, the peaks become disorder-independentwhen the time

axis is rescaled as 1/C2 , where C2 is defined as the first relative maximum of �(C).
Conversely, the LE evolution of the ground-state deep in the localized phase

with Δ8 = 10 displays a smooth behavior for all values of Δ 5 .

4.9 Conclusions

In this Chapter, we have shown that sharp cusp-like singularities in the sur-

vival probability are a generic feature of the localized dynamics of an extended

quantum system initialized in a factorized state. At strong disorder, these fea-

tures can be fully explained by the dynamics of a simple model, describing an

ensemble of effective independent two-level (or even three-level) systems, offer-

ing an explicit approximation to the conserved ;-bits in the AL andMBL regime.

Such a model predicts very accurately the survival probability singularities for

strongly disordered systems as well as their decay, along with the imbalance

oscillations. A faster decay in the survival probability and imbalance dynamics

compared to that predicted by the model is a direct manifestation of the dephas-

ing effect of interactions between the ;-bits, and it intervenes at the same time as

the onset of the logarithmic growth of entanglement entropy: hence it represents

a distinct feature of MBL with respect to AL.

Let us comment briefly on the relation between the existence of cusps in

the survival probability and the MBL-ETH transition. As extensively discussed

throughout this Chapter, the sharp singularities in the survival probability arise

from collective oscillations of an ensemble of free two-level systems. The iden-
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tification of such independent two-site clusters as local integrals of motion ap-

pears exact only in the strong disorder regime and at short timescales, before

interaction-induced dephasing kicks in. As such, our analysis suggests that such

dynamical features can be used to identify strongly localized phases, whereas

they are not reliable signatures of the MBL transition, which is supposed to hap-

pen at an intermediate disorder critical value. Nonetheless, the ground-state

protocol described in Sec. 4.8 offers a more promising picture. Indeed, quenches

from the ground-state of the system at low initial disorder strengths Δ8 to higher

final values Δ 5 shows the emergence of a cusp-like feature at Δ 5 values that

are comparable to the usual estimates of Δ2 for simulations of chains of similar

sizes (Luitz et al. 2015). In order to establish the manifestation of such singulari-

ties as a reliable indicator of the transition, more refined numerical analyses are

required to assess the extent of finite-size effects and to characterizemore deeply

the dependence on the initial Δ8 . We plan on proceeding along these lines in

upcoming work.

Based on our results, we can conclude that experimental evidence of ;-

bit dynamics and of their interactions is readily accessible to state-of-the-art

quantum simulators which have direct access to the survival probability and

imbalance dynamics, such as e.g. trapped ions (Gärttner et al. 2017; Jurcevic

et al. 2017), cold-atom simulators (M. Schreiber et al. 2015; Lüschen et al. 2017;

Lukin et al. 2019) or superconducting circuits (Roushan et al. 2017; Chiaro et al.

2020).



5
Echo dynamics of localized sys-
tems

In this Chapter, we present an ongoing study of quench dynamics in MBL

systems under the effect of parametrically small global perturbations. As we

discussed in Sec. 1.3, the study of the sensitivity of many-body dynamical be-

havior to small perturbations is rooted in the inherent difference that separates

quantum mechanics from classical chaotic motion. Indeed, classical chaos is a

direct consequence of the non-linearity of the equation of motion, which leads to

the exponential divergence of phase-space trajectories that were arbitrarily close

to each other at the initial time. Unfortunately, attempting to follow the same line

of reasoning in quantummechanics turns out to be difficult. As shown by (1.11),

the linearity of the Schrödinger equation guarantees the preservation of the dot

product (i.e. the distance) between separate states, thus ruling out exponential

sensitivity of slightly perturbed evolution. Nonetheless, the fidelity (1.29) 1 pro-

vides a significant measure of the degree of "chaoticity" of quantum dynamics,

providing a rich decay structure summarized in Fig. 1.4 for systems with a clas-

sical chaotic limit. The main interest of the present Chapter is the exploration

of the behavior of the Loschmidt echo decay in MBL systems, which represent a

special class of systems that are not ergodic, being characterized by an extensive

number of locally conserved quantities (see Sec. 3.3).

Weconsider the random1dHeisenbergHamiltonianalreadydefined in (4.2),

1Throughout this Chapter, we will use the terms "fidelity" and "Loschmidt echo" interchange-

ably.

84
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which we rewrite here as

ℋ 0 = �
∑
〈8 , 9〉,

(8 (

9 +,

∑
8

ℎ8(
I
8 , (5.1)

where  = {G, H, I}, ℎ8 are uniformly distributed random variables sampled in

the window [−1, 1], and , is the disorder strength. We initialize the system

in a generic random product state, and we trigger the quench dynamics with a

linearly perturbed Hamiltonianℋ 1(&) given as

ℋ 1 = ℋ 0 +&+, (5.2)

with & being the perturbation strength parameter, which is assumed to be inde-

pendent of time. The main object of our analysis is the fidelity with respect to

the unperturbed evolution driven solely byℋ 0, defined via the Loschmidt echo

(1.29)

ℒ(C) = | 〈#0(C)|#1(C)〉 |2 = | 〈#0 |4 8ℋ0 C 4−8ℋ1 C |#0〉 |2. (5.3)

As described in Sec. 3.3, most of the fundamental features of MBL systems,

such as power-law decay of local observables and slow logarithmic spreading

of entanglement, are now well understood as originating from an emergent

form of integrability in the framework of ;-bits, i.e. local integrals of motion

built with a sequence of quasi-local unitary transformations acting on physical

degrees of freedom. The present work is thus concernedwith assessing whether

this peculiar kind of local integrability similarly affects the decay of ℒ(C) as well,

providing new insights on the dynamical behavior on both sides of the transition.

Moreover, we will show that the study of the Loschmidt echo saturation value at

long times is directly connected to spectral signatures of localization, specifically

allowing for the estimation of a dynamical version of the participation ratio (3.8)

and themanifestation of the fractality of localized eigenstates. Beforemoving on

to the results, we discuss an experimental proposal that allows themeasurement

of ℒ(C) in cold-atoms platforms by means of recently developed many-body

interferometric techniques.

5.1 Echo dynamics protocol for MBL systems

One can imagine an experimental quench protocol in the context of ultra

cold-atoms that effectively returns the time-reversal dynamics probed by (5.3).

Indeed, the overlap of the density matrices of two independently prepared 13
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ℋ 1(&)

ℋ 0

Figure 5.1. Pictorial sketch of a viable experimental setup for the measurement of the
Loschmidt echo, as described in Sec. 5.1. Blue spheres represent particles loaded into
an optical lattice which is characterized by a random potential profile. The blur on
the copy labelled byℋ 1(&) reflects the presence of noise in the preparation of the same
disorder configuration as inℋ 0.

systems � and �, i.e. %�� = Tr[�(�)�(�)], is now within reach, for instance, via

many-body interferometricmeasurements (Islam et al. 2015). Before proceeding,

it is thus instructive to briefly review the basic ideas of such a measurement

scheme, which has been successfully applied in (Islam et al. 2015) for the direct

measurement of the quantum purity, fromwhich entanglement quantifiers such

as Renyi entropies and mutual information can be derived.

5.1.1 Many-body interferometry

The estimation of quantities such as the quantum overlap (5.3), entangle-

ment entropies, or the state purity Tr �2
, formally requires the measurement of

non-linear functionals of the density operator �. A conventional observable $,

on the other hand, is obtained as a linear functional of � as 〈$〉 = Tr

[
�$

]
, which

corresponds to a directly measurable object. A general protocol to quantify non-

linear functionals of a quantum state, such as Tr

[
�=

]
, was introduced by (Ekert

et al. 2002), based on the swap operator

SWAP=

(
|#1〉 |#2〉 . . . |#=〉

)
= |#=〉 |#1〉 . . . |#=−1〉 , (5.4)

acting on = copies of a many-body quantum system. Given = identical copies of

�, we have that

�⊗= = � ⊗ � ⊗ · · · ⊗ �︸            ︷︷            ︸
= times

, (5.5)
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and the SWAP operator is the cyclic permutation operator that permutes the =

copies, i.e.

SWAP= =

∑
81 ,82 ,...8=

|8=〉 |81〉 . . . |8=−1〉 〈81 | 〈82 | . . . 〈8= | , (5.6)

where {|8 9〉} is the set of basis states for each copy. We note that two applica-

tions of the SWAP operator brings the system back to its initial configuration, i.e.

SWAP
2

= = 1. In the simplest case = = 2 the operator SWAP2 has thus eigenvalues

±1, corresponding to subspaces of the system that are symmetric or antisym-

metric after the exchange operation between the copies. It was shown in (Ekert

et al. 2002) that Tr

[
�=

]
can be written as

Tr

[
�=

]
= Tr

[
SWAP= �

⊗=] = 〈SWAP=〉 , (5.7)

thus reducing the measurement of quantities depending on Tr

[
�=

]
to the deter-

mination of the expectation value of the swap operator acting on = copies of a

given system. Let focus on the simplest case, which is also of interest here: we

imagine two instances of the same 1d many-body system in two different states

�(1) and �(2), and we aim to quantify their overlap Tr

[
�(1)�(2)

]
. The action of a

SWAP gate for any two pure states of the systems 1 and 2 is then defined as

SWAP2 |#1〉
1
⊗ |#2〉

2
= |#2〉

1
⊗ |#1〉

2
. (5.8)

We can decompose the two states in the corresponding basis states for each copy

as

�(1) =
∑
8 9

�(1)
8 9
|8〉 〈9 | , �(2) =

∑
:;

�(2)
:;
|:〉 〈; | , (5.9)

and it can be then easily seen that (Ekert et al. 2002; Islam et al. 2015)

Tr

[
SWAP2

(
�(1) ⊗ �(2)

)]
= Tr

©«SWAP2

∑
8 9:;

�(1)
8 9
�(2)
:;
|8〉 〈9 | ⊗ |:〉 〈; |ª®¬

= Tr

©«
∑
8 9:;

�(1)
8 9
�(2)
:;
|:〉 〈9 | ⊗ |8〉 〈; |ª®¬

=

∑
8 9:;

�(1)
8 9
�(2)
:;
�: 9�8; =

∑
8:

�(1)
8:
�(2)
:8

= Tr

[
�(1)�(2)

]
,

(5.10)
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whichproves the equivalencebetween the expectationvalueof the swapoperator

actingon theproduct spaceof the two states and their overlap. It is clear that if the

two copies are prepared in the same state, i.e. �(1) = �(2) = �, the measurement

of the swap operator gives the quantum purity Tr �2
. Crucially, (Daley et al.

2012) proved that the measurement of the swap operator expectation value

amounts, for indistinguishable bosons, to a parity measurement of the site-

resolved occupation number in each site and copy of the system, after the bosons

on corresponding sites are made to interfere exploiting the Hong-Ou-Mandel

effect (Hong et al. 1987). Such a measurement is an easily attainable procedure

with state-of-the-art quantum gas microscopy techniques (Bakr et al. 2009). Let

us briefly review the idea behind the correspondence of 〈SWAP2〉 and a parity

measurement. For simplicity, consider the case of two copies 1 and 2 in the same

pure state �, such that Tr[�1�2] = Tr[SWAP2(� ⊗ �)] = Tr[�2] = 1. If we consider

the case of indistinguishable bosons, the state of the two-copy system can be

written in the basis ∏
8 9

(0†
1,8 − 0

†
2,8)

2?8 (0†
1, 9 + 0

†
2, 9)

@ 9 |0〉 , (5.11)

where ?, @ = 0, 1, 2, . . . and 0†
=,8

creates a boson mode 8 in the =-th copy. At this

point, a discrete Fourier transform on the two copies of the form

0†
1(2),8 →

(
0†

1,8
± 0†

2,8

)
√

2

(5.12)

amounts to a beam-splitter operation that can be experimentally implemented

by lowering the potential barrer between the copies and allowing a controlled

tunnelling between them (Daley et al. 2012). It is easy to see that following this

transformation the basis states (5.11) become (dropping the mode index)∏
8

(0†
2,8)

2?8 (0†
1,8)

@

8
|0〉 , (5.13)

with states having 2?8 particles in mode 8 of copy 2. Thus, following the trans-

formation (5.12), a symmetric state will always have an even number of particles

in copy 2. Similar steps can be applied to antisymmetric states and annihilation

operators 0=,8 , leading to a beam-splitter operation that leaves only an odd num-

ber of particles in copy 2. Thus, the expectation value 〈SWAP2〉 can be computed

as (−1)
∑
8 =8 ,2 , i.e. by observing the total particle number in copy 2 after the mea-
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surement and determining whether it is even or odd (Daley et al. 2012). This

scheme was directly implemented by (Islam et al. 2015) to probe entanglement

in an optical lattice through atom-resolved microscope techniques.

Our proposal, inspired by the ideas discussed so far, consists in monitoring

and recording over time the overlap between two 1d atomic chains, loaded in an

optical lattice with the addition of a random potential. In experiments on large

cold-atoms chains, the realization of a random potential pattern can be carried

out bymeansof, e.g. a laser specklefield (Clément et al. 2006), typically generated

by transmission of a laser beam through a ground glass plate (Goodman 2007),

imposed on both copies. In experiments with quantum gas microscopes, a

random potential pattern can also be obtained via a digital micro-mirror device

which allows to expose atoms to programmable potentials on the scale of the

wavelength of light (J. Y. Choi et al. 2016). An echo-dynamic protocol can thus

be implemented naturally by considering experimental difficulties in duplicating

exactly the same random potential pattern. Following this idea, we imagine

a perturbation in the form of a systematic variation of the amplitude of the

potential profile in one of the two prepared copies, explicitly describing the

perturbed Hamiltonian (5.2) as

ℋ 1(&) = ℋ 0 +&+ = ℋ 0 +&,
∑
8

ℎ8(
I
8 , (5.14)

where ℎ8 are the same random numbers that enter in ℋ 0. By initializing both

chains in the same initial state �0 and simultaneously evolving them under the

action ofℋ 0 andℋ 1 respectively, ameasurement of the fidelity (5.10) at different

times would allow to reconstruct the echo dynamics.

5.1.2 Perturbative expansion

Before presenting the numerical results of our ED simulations, we present

a simple perturbative analysis that allows to extract useful insights regarding

the behavior of ℒ(C) in the limit of weak perturbation strength &. Most of the

following stems from the original formulation of the Loschmidt echo that can be

found in (Peres 1984). We define the unperturbed (perturbed) eigenergies and

eigenvectors as �
(0)
= , |)(0)= 〉 (�(1)= , |)(1)= 〉), given by

ℋ0 |)(0)= 〉 = �(0)= |)(0)= 〉 ℋ1 |)(1)= 〉 = �(1)= |)(1)= 〉 , (5.15)
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and, with a first-order perturbation expansion

�
(1)
= =�

(0)
= + &〈)(0)= |+ |)(0)= 〉 + $(&2),

|)(1)= 〉 =|)(0)= 〉 + &
∑
<≠=

〈)(0)< |+ |)(0)= 〉
�
(0)
= − �(0)<

|)(0)< 〉 + $(&2) .
(5.16)

As a consequence the overlap between the state |#0〉 evolvedwith the twoHamil-

tonians reads

ℒ(C) =
��〈#0 |4 8ℋ0C 4−8ℋ1C |#0〉

��2
=

���� ∑
<

4−8(�
(1)
< −�

(0)
< )C

(
|〈#0 |)(0)< 〉|2 + &〈#0 |)(0)< 〉

∑
?≠<

〈)(0)< |+ |)(0)? 〉

�
(0)
< − �(0)?

〈)(0)? |#0〉
)

+ &
∑
<=

(1 − �=<)4−8(�
(1)
= −�

(0)
< )C 〈#0 |)(0)< 〉〈)(0)= |#0〉

〈)(0)< |+ |)(0)= 〉
�
(0)
< − �(0)=

+ $(&2)
����2 ,

(5.17)

where the & expansion is only taken at the level of the Hamiltonian eigenstates,

but not at the level of the eigenvalues appearing in the phase terms. Hence, the

dominant term is given by

ℒ(C) =
�����∑
=

|〈#0 |)(0)= 〉|24−8&〈)
(0)
= |+ |)

(0)
= 〉C + $(&)

�����2 . (5.18)

5.2 Loschmidt echo decay

We perform ED simulations to obtain the evolution of the Loschmidt echo

in different perturbation regimes and for varying disorder strengths , . We

start initializing both chains in a random product state |#0〉 =
⊗

8 |<8〉 with

<8 ∈ {|↑〉 , |↓〉}, which corresponds to a single-site vector in the computational

basis. We then compare the quench dynamics generated by evolving |#0〉 with

both ℋ 0 and ℋ 1., i.e. we compute the overlap between |#0(C)〉 = e
− iℋ0 C |#0〉

and |#1(C)〉 = e
− i�1C |#0〉. The results are obtained after averaging over O(10

3)
realizations of the random potential and the random initial states are sampled

from an ensemble of 50 ∼ 100 possible configurations. The energy scale is set

by � = 1. The results we present for the short-time regime (up to C ∼ 20) are

obtained for chains of ! = 20 spins, while for long times (C ∼ 10
3
) we proceed by

full diagonalization and we restrict ourselves to a maximum size of ! = 18.
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Figure 5.2. Overlap ℒ(C) vs. C2 (a–c) and vs. C (d) averaged over 10
3 disorder

realizations. The results are obtained for chains of length ! = 20 at different disorder
strengths and different values of the perturbation parameter &. The red dashed line in
(a) is a parabolic fit of the form 1 − �2C2 for the, = 6 data. Inset of (d): zoom of data
for C ≥ 1 with power-law fits (red dashed lines) for W=1.0, 2.0, 3.0, 4.0, 5.0, 6.0 from
top to bottom.

5.2.1 Short-time regime

In Fig. 5.2 (a-d) we report the results of ED simulations (! = 20) for

different values of the perturbation strength (& = 0.01, 0.05, 0.1, 0.5) and for

, ∈ [1.0, . . . , 6.0]. For each &, we find that ℒ(C) displays an initial parabolic

decay of the form ℒ(C) ∼ 1 − �2C2, which is a universal behavior expected at

short times (see Sec. 1.3 and references therein), with � given by the dispersion

of the perturbation operator + given by (1.30). The parabolic decay lasts up to

a crossover time Cpar, before which one can approximate the evolution operators

with a second-order Taylor expansion, i.e.

e
− iℋ C ≈ 1 − iℋ  C −

1

2

(ℋ  C)2 , (5.19)

with  = 0, 1. We find the initial quadratic decay to be faster for growing

disorder strength , , as shown in Fig. 5.2 (a) for weak perturbations & = 0.01.

Moreover, Cpar appears strongly dependent on both the perturbation strength &
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and, . At intermediate perturbation strength & = 0.05 (Fig. 5.2 (b)), the fidelity

for , = 1 is still decaying quadratically at the maximum time reached in our

simulations (C ∼ 16), while the data for stronger , clearly show a different

behavior at the same time scale. Thus, the parabolic regime persists longer in

the putative ETH regime, i.e. at weak disorders. As we increase &, the time

spent in the parabolic regime shrinks into a vanishing time window, before

developing a power-law decay with exponent ≤ 1, that decreases as we increase

, . This can be appreciated in Fig. 5.2 (d) (please note the log-log scale used in

this panel), where we report the Loschmidt dynamics at strong perturbations

(& = 0.5). For, = 1, the initial parabolic regime holds up to Cpar ∼ 4, after which

the systems starts decaying as a power-law (see the zoom in for C ≥ Cpar in the

inset). Increasing the disorder strength, results in a progressive reduction of

Cpar for , < 4, while for , ≥ 4 the crossover time seems independent of the

disorder strength with Cpar ∼ 0.4. The power-law decay at strong disorders is

accompanied by oscillations that characterize the approach towards saturation

values ℒ∞. The estimation of ℒ∞ will be the focus of the next section.

Before moving on, we would like to stress again the importance of the

perturbation parameter &. From an experimental point of view, the possibility of

tuning & results in the capability of manipulating the time-scales involved in the

quench dynamics. Depending on the decay regime one decides to focus on, and

on the coherence times of the specific experimental setup, decreasing &, namely

reducing the noise on the second copy of the system, allows one to access the

initial fast parabolic regime up to long times Cpar. Assuming that tuning & does

not impact the inherent coherence time of the system, one could instead increase

& to observe the power-law decay shown in Fig. 5.2 (d).

5.2.2 Long-time regime

We discuss now the connection between the fidelity dynamics and some

well-known spectral measure of localization, already discussed in 3.2.2. Specifi-

cally, wewill showhow the study of the decay ofℒ(C), experimentally attainable,

yields the possibility of extracting information regarding the fractal nature of

eigenstates in the MBL phase, a feature which has been the object of studies of

AL since the early ’90s (Janssen 1994; Evers et al. 2008).

The concept of multifractality, introduced originally by (Mandelbrot 1974),

characterizes systems whose dynamics can not be described by a single critical

exponent (called fractal dimension); instead, multifractal systems possess a infi-

nite spectrum of critical exponents that describes the scaling of the moments of
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some relevant distribution. In the case of an Anderson problem, for instance, a

relevantmeasure is given by thewavefunction amplitude, and the corresponding

moments are given by the IPRs

IPR

@ =

N∑
=

��〈)= |#〉
��2@ , (5.20)

already introduced in Sec. 3.2.2, which act as an indicator of how spread the

eigenstate |#〉 is over the chosen basis {)=}. Multifractality manifests more

prominently in the vicinity of the critical AL transition, where IPR

@ display the

anomalous scaling (3.9), dependent on the so-called generalized fractal dimen-

sion �@ .

As anticipated in Sec. 3.2.2, a few works discussed the connection between

themultifractal properties of localized eigenstates and thedynamics of quantities

such as the survival probability ?(C) = | 〈#(0)|#(C)〉 |2, a central object of this

thesis. For instance, in the context of the quantum Hall effect, (Huckestein

et al. 1994) studied the temporal decay of wavepackets built from states near the

metal-insulator transition in the lowest Landau band, finding that ?(C) decays
in time as ?(C) ∼ C�2/2

, with �2 being the generalized fractal dimension of the

second moment of the wavefunction, i.e. the critical exponent of IPR

2
. This

result was later extended to higher dimensions in (Huckestein et al. 1999), that

found the general scaling ?(C) ∼ C�2/3
for the survival probability, with 3 the

dimensionality of the system.

In non-equilibrium studies, such as the one presented here, one usually

deals with the participation ratio associated with the chosen initial state |#0〉,
that we define as

IPR0 =

∑
=

��〈#0 |)=〉
��4 . (5.21)

The scaling of IPR0 was found to scale similarly to (3.9) as IPR0 ∼ N−�̃2
, with

an exponent that was shown to be related to �2 as �̃2 = 3�2 (Huckestein et al.

1997) 2. In the context ofMBL, (Torres-Herrera et al. 2015) extended these results

to interacting systems in the presence of disorder. Through extensive numerical

calculations of ?(C) in a 1d system initialized in a highly excited non-equilibrium

state, the authors found the survival probability to decay fast at short times,

behaving similarly to clean systems, while developing a power-law decay at

later times, with an exponent again given by �2. In the weak perturbation

2As we work with systems with 3 = 1, we will drop the notation �̃
2
and speak directly of �

2
.
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Figure 5.3. Overlap coefficients | 〈#0 |=〉 |2 for a single realization of the disorder
potential and a single random product state |#0〉. (a) is for a single shot at disorder
strength, = 1, (b) for, = 5. The results are obtained for a chain of ! = 12 spins.

regime, such as the one we are operating in, the saturation value ℒ∞ at long

times can be easily obtained from the infinite time average of (5.18) as

ℒ∞ = ℒ(C) ∼
∑
=

��〈#0 |)=〉
��4 = IPR0 . (5.22)

Indeed, it was noted early on (Peres 1984) that for integrable Hamiltonian

dynamics, most of the overlaps 〈#0 |)=〉 are vanishing or very small, and only a

few of them are significantly large. Thus, ℒ(C) oscillates with a high amplitude

and the time average yields (5.22). On the other hand, for ergodic dynamics,

one usually finds many small overlap coefficients that contribute equally to

the fidelity decay, which ultimately results in a very small saturation value of

the order O(1/N), with N the dimension of the Hilbert space (Peres 1984).

This conjectures can be easily tested numerically by fully diagonalizing the

Hamiltonian and computing the overlap between the eigenstates and a chosen

initial state |#0〉. In Fig. 5.3 we show the overlaps 〈#0 |)=〉 as a function of the

eigenstate index = for a small chain of ! = 12 sites at two different disorder

strengths, , = 1 (a) and , = 5 (b). Even at the level of a single disorder

realization, we find that for, = 1, |#0〉 has a small but finite overlap with most

of the )= , while the main contribution in the case of, = 5 clearly comes from

few isolated "peaks".

In Fig. 5.4 (a), we show ED simulations of the evolution of ℒ(C) in a chain

of ! = 18 spins for disorder strength, ∈ [1.0, . . . , 5.0] up to times C = 10
3
. The

curves shown are the result of averaging over O(10
3) disorder realizations and

50 random initial product states. The perturbation strength is set at & = 0.06.
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Figure 5.4. Long-time decay of ℒ(C) (a) and scaling of the saturation value ℒ∞ vs.
disorder strength, (b). Data shown in (a) are obtained from long-time simulations
of the dynamics of a chain of ! = 18 sites for different values of , (color bar). The
data in (b) are the result of an average over 100 data points at C & 10

3 for system sizes
! = 8, 10, 12, 14, 16, 18 (color bar). Results obtained for & = 0.05.

As already discussed in Sec. 5.2.1, we find the Loschmidt echo to start decaying

earlier for strong disorders, ultimately reaching a steady saturation value ℒ∞ at

Csat ∼ 10
2
. The decay towards ℒ∞ is steeper for low disorder strengths , , but

its onset is again delayed with respect to the strong disorder case. As a result,

the fidelity for, = 1 is still decaying at C ∼ 10
2
, before reaching ℒ∞ at C∞ & 10

3
.

Thus, there is approximately an order of magnitude of difference between the

saturation times in the cases of weak (, = 1) and strong (, = 5) disorder. To

obtain the saturation value ℒ∞, corresponding to IPR0 as in (5.22), we consider

100 time points for C & 10
3
and we compute their average ℒ(C) for different

disorder strengths and systems sizes !. As suggested by the short-time results

at stronger perturbation strengths (see Fig. 5.2.1 (a)), we find the value of ℒ∞
to increase with system size ! for all disorder strengths, , as shown in Fig. 5.4

(b). Interestingly, the saturation value seems to stabilize at low disorders as we

increase the system size: for ! = 18, ℒ∞ appears almost constant for , = 0.5

and , = 1, before displaying a steep increase for , > 1. We provide further

analysis on the scaling of ℒ∞ with the Hilbert space dimension N in Fig. 5.5.

The saturation value ℒ∞ effectively follows the expected scaling for the IPR, i.e.

ℒ∞ ∼ N−�2
, with the fractal dimension �2 that can be extracted as the slope of

a linear fit of lnℒ∞ vs. N (see Fig. 5.5 (b)). At weak disorders (, = 0.5, 1), the

fit yields an exponent �2 ≈ 1, as expected in the case of a perfectly delocalized
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Fractal dimension �2 extracted from the linear fit.

state (Zelevinsky et al. 1996; Torres-Herrera et al. 2016; Torres-Herrera et al. 2017;

Macé et al. 2019). As we increase, > 1, the data suggest that the eigenstates are

delocalized but not fully ergodic, with the fractal dimension decreasing quickly

for 1 < , . 3.5. We suggest that this finding might be related to the existence

of an MBME across the spectrum: contributions to the dynamics come from

eigenstates both at the edges (localized) and the middle (extended) of the band.

In particular, we confirm a crossover point at , & 1 marking the start of the

decay of �2, as recently found in (Solórzano et al. 2021). At higher disorders �2

starts slowly collapsing towards 0,marking the full localization of themany-body

eigenstates, similarly to what is expected in the AL picture.

5.3 Conclusions and future work

In this Chapter, we presented preliminary results of an ongoing work about

fidelity decay and sensitivity to global perturbations in MBL systems. We de-

veloped a non-equilibrium protocol through which one can study the fidelity

dynamics as the evolving overlap between the states of two duplicates of a linear

many-body system, with the only difference being a small parametric noise-

like perturbation on one of the copies. Our protocol can be implemented with

state-of-the art quantum simulation techniques, based on quantum many-body

interferometry. We performed ED simulations focusing on both short and the

long-time scales. The short-time decay of the Loschmidt echo suggests that
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MBL systems are more sensitive to the effects of global perturbations at strong

disorder, decaying more rapidly that in the ergodic regime of weak disorder.

Nonetheless, the fidelity approaches higher saturation values at strong disor-

ders, while decaying to values ℒ ∼ 1/N in the delocalized regime. Tuning the

strength of the perturbation results in the possibility of controlling the different

time scales involved in the dynamics: decreasing the perturbation parameter

delays the onset of the decay and the long-time saturation time.

In the long-time regime, we focused on the study of the steady saturation

values ℒ∞. We found that the fidelity saturation value follows the same scaling

expected for the IPR, confirming the predictions of perturbative analysis. The

fractal dimension �2 extracted from the scaling fit clearly identifies separate be-

haviors depending on the disorder strength. At weak disorders, �2 is close to 1,

as predicted for fully delocalized states, before decaying at intermediate disorder

strengths towards very small values. We thus find a multifractal regime preced-

ing the ETH-MBL transition, as also found in (Luitz et al. 2020a) and (Solórzano

et al. 2021). On the other hand, large-scale numerics presented by (Macé et al.

2019) presents a scenario in which the fractal dimension is a sensitive probe of

the MBL-ETH transition. Through an extensive scaling analysis in the vicinity

of the critical point, they conclude that �2 = 1 in the entire ETH phase and that

it shows a discontinuous jump at the critical,2 to lower values. As we did not

carry out a complete scaling analysis of this kind, which we intend to pursue in

a future work, we cannot fully exclude the influence of finite-size effects in our

simulations, with the multifractal regime shrinking towards the critical value,

as suggested by (Macé et al. 2019).

The work presented in this Chapter provides a path to extract spectral

features, such as IPR0 and the fractal dimension �2, via dynamical probes. Mo-

tivated by experimental considerations, we are looking forward to explore the

role of the perturbation strength in more detail. Indeed, the possibility of tuning

the time scales of the quench dynamics through the amplitude of the perturba-

tion represents a novel feature of experimental interest. Nonetheless, one must

find a delicate balance between the tuning of the perturbation strength and the

possibility of exiting the perturbative regime, which ensures the correspondence

between the participation ratios and the Loschmidt echo decay properties.
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6
Spin-filtering and localization

In the concluding part of this Thesis we take a step back from the interacting

models we have been dealing with so far to focus on the effect of disorder on

spin transport properties of some low dimensional free-particle structures. In

particular, we will review a simple tight-binding framework able to describe the

selective transmission of particles with arbitrary spin component, thus realizing

a minimal design for spin filtering devices. After discussing the main numerical

tool employed in this study, i.e. the Transfer Matrix Method (TMM), the central

part of the Chapter will be devoted to the study of the robustness of spin-

filtering effects in the presence of disorder-induced AL. Extensive numerical

calculations of localization lengths reveal that, even in the presence of low to

moderate disorder, different spin components can be selectively localized in

different regimes of energy. While one spin component gets localized in a certain

subband, the remaining ones can remain extended, at leastwithin the system size

considered. This implies that spin filtering can indeed be observed at different

subsections of the ‘energy bands’, and such phenomenon can be assessed, via

the TMM, to be robust even in the presence of randomness. The robustness of

the phenomenon may be inspiring for experimentalists in designing quantum

wires where a bit of disorder can creep in, and yet the system can act as a stable

spin filter.

6.1 An overview of spin-polarized transport

The classical paradigm of charge transport in semiconductors, based on

the propagation of electrons or holes, has been dressed, in recent years, with

the novel concept of spin transport. The field of spintronics (Prinz 1998; Žutić

99
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et al. 2004) evolved rapidly in the last few decades, bringing forward the idea

of transporting information through the spin degrees of freedom of electrons,

along with or even replacing the role of their charge. To allow such progress,

a strong bond emerged between traditional solid state physics and materials

science (Bercioux et al. 2015). Spintronics exploits the ability of conduction elec-

trons to carry a spin-polarized current (Pareek et al. 2002), and relies heavily on

long decoherence time and length scales, leading to elegant multi-functionality,

increased data processing speed and less power consumption (Matityahu et al.

2013). Such a vast potential is definitely what puts the subject of spin-polarized

transport at the forefront of contemporary solid state and materials science re-

search, along with the pivotal role it plays in the development of quantum

information technology (Awschalom et al. 2013).

Experiments in this direction have been inspiring, especially in the last

two decades. The development of molecular wires and spin-polarized tun-

neling devices (Andres et al. 1996) helped to explore spin-polarized transport

in low dimensional systems. Studies on the quantum confinement effect on

electron transport (Goldhaber-Gordon et al. 1998; Cronenwett 1998; Yu et al.

2005), spin filtering and switching effects using ferromagnetic ‘leads’ and exter-

nal fields (Frustaglia et al. 2001; Koga et al. 2002), precision maneuvering over

spin currents (Lü et al. 2007) and other experiments on spin-polarized conduc-

tance in carbon nanotubes (Sahoo et al. 2005; Alam et al. 2015) have enriched the

understanding and, at the same time, have brought the scope of this relatively

recent field of spin transport into limelight. Besides, studies on the spin selec-

tive properties of chiral double-stranded DNAmolecules (Göhler et al. 2011; Xie

et al. 2011), on the spin filtering effect exhibited by chiral molecules (Mathew

et al. 2014), and spin injection and spin transport in organic spin valves (Geng

et al. 2016) have widened the horizon of the subject. Comprehensive theo-

retical knowledge also accumulated over the years, not only corroborating the

experimental findings but also posing challenges concerning the design of new

experimental setups. A simple quantum interferometer, designed in the shape

of a single mode ring and threaded by a magnetic flux (Büttiker et al. 1984;

Cheung et al. 1988), has proven to be a well-suited object to understand the

interplay of a closed loop geometry and a trapped magnetic flux in terms of

the path-breaking Aharonov-Bohm effect (Aharonov et al. 1959). Such a simple

systemwith a two-terminal lead geometry was later exploited (Wang et al. 2008)

to study the anisotropic spin transport in the presence of the Rashba and Dres-

selhaus spin-orbit interactions (Bychkov et al. 1984; Dresselhaus 1955). Earlier, a
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model quantum ring with a side-coupled stub was proposed for potential spin

filters with comprehensive control (M. Lee et al. 2006). Recently, an analytical

tight binding model has been proposed to study the spin-polarized transport in

DNA molecules as well (Varela et al. 2016).

In this context, it is worth pointing out that tight binding models of mag-

netic chains, acting as spin filters under various geometrical configurations, have

provided a set of quite interesting tools in understanding certain subtle aspects

of spin filtering. In this communication, we shall be focusing on such a model.

A variety of such studies rely on describing a one-dimensional nano-wire by

‘magnetic’ atoms whose magnetic moments interact with the spin of the projec-

tile that is incident on the system from one side (Shokri et al. 2005; Dey et al.

2011; Shokri et al. 2006; Mardaani et al. 2006).

Spin-polarized transport studies of higher-spin atoms have not yet received

the same attention asmore conventional spin-1/2 electronic transport. However,

large-spin atomic gases have already been the subject of promising theoretical

investigations since the end of the last century (T. L. Ho et al. 1999; Yip et al.

1999; Wu et al. 2003; Honerkamp et al. 2004), mainly inspired by the discovery

of Bose-Einstein condensation in atomic gases and the search for superfluid

phases in alkali atoms. Fermionic alkaline-earth atoms with large nuclear spin

have also been considered for quantum information processing and as quantum

simulators for many-body exotic phenomena (Gorshkov et al. 2010). In the last

decade, the great experimental progress in the field of ultra-cold atoms in optical

lattices, abundantlymentioned in previous Chapters, hasmade the realization of

such systems possible. A far-from exhaustive list of examples include the study

of quantum degeneracy in an ultracold gas of
87
Sr atoms (Desalvo et al. 2010),

the realization of a 1D gas of fermions with tunable spin (Pagano et al. 2014),

investigations on exotic forms of magnetism related to the SU(#) symmetry

emerging in cold atoms with high-spin states (Zhang et al. 2014), and the gas

mixture of two fermionic isotopes of Ytterbium,
1
71Yb (nuclear spin � = 1/2) and

1
73Yb (nuclear spin � = 5/2) (Taie et al. 2010). Theoretical (T. L.Ho 1998; Ciobanu

et al. 2000; Zhou 2001; Demler et al. 2002; Kuhn et al. 2012) and experimental

(Stenger et al. 1998; Stamper-Kurn et al. 1999; Leanhardt et al. 2003) efforts in

the study of bosonic gases have been equally successful (Kawaguchi et al. 2012),

attracting an increasing amount of attention due to a rich variety of phenomena.
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6.1.1 Spin-filtering for arbitrary spins

A simple design for describing spin selective transport in a periodic array of

magnetic atoms was introduced in (B. Pal et al. 2016b). The idea was later imple-

mented to study the interplay of quasi-periodic arrangements and the topology

of specific model networks comprising magnetic and non-magnetic atoms, hav-

ing a minimal quasi-one dimensionality. It was shown how a hidden dimension

in the linear chain of networks opened up, depending on the spin state of the

incoming projectile (A. Mukherjee et al. 2018), which could be exploited to filter

out any desired spin channel. The correlations between the parameters of the

Hamiltonian and an external magnetic field were found crucial in delocalizing

almost all the single particle states over continuous zones in the energy spectrum,

thus obtaining a clean spin filtering.

The simple model proposed in (B. Pal et al. 2016b) is a linear array of

magnetic atomsgrafted onto a substrate. The substratematerial is able to provide

to each particle a magnetic moment
®ℎ = (ℎG , ℎH , ℎI), as depicted in Fig. 6.1 (a).

A tight-binding Hamiltonian describing such a model reads (Shokri et al. 2005;

Shokri et al. 2006; Mardaani et al. 2006; Dey et al. 2011)

ℋ =

∑
=

c†=
(
&= − ®ℎ= · S=

)
c= +

∑
〈=,<〉

(
c†=t=,<c< + ℎ.2.

)
, (6.1)

where each of the entries c†= , c= , &= , t=,< and S= are multi-component quantities

expressed in terms of the spin projections <( = −(,−( + 1, · · · , ( − 1, (, for a

total of 2( + 1 components. In the spin-1/2 case, the only available components

can be labelled as ↑, ↓ and subsequently we have

c†= =
(
2†
=,↑2
†
=,↓

)
, c= =

(
2=,↑2=,↓

)
, &= = diag(&=,↑, &=,↓), t=,< = diag(C , C),

(6.2)

where c†=(c=) is the spinful creation (annihilation) operator at site =, &= is the

diagonal on-site potential and C is the spin-independent, uniform hopping in-

tegral along the chain. If a particle is injected in the system, its spin inter-

acts with the local magnetic moment
®ℎ= at site = through the term

®ℎ= · S= =
ℎ=,GσG + ℎ=,HσH + ℎ=,IσI , where σG ,σH ,σI are the Pauli spin matrices (or the

generalized Pauli matrices σ(() for higher spins). Explicitly, in the spin-1/2 case

we have

®ℎ= · S= =
(

ℎ= cos�= ℎ= sin�=4−8)=

ℎ= sin�=4 8)= −ℎ= cos�=

)
, (6.3)
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Figure 6.1. (a) Schematic diagram of a linear magnetic chain grafted on a substrate
(gray block). Each magnetic atom (blue sphere) is subject to a substrate-induced
magnetic moment ®ℎ (green arrows). (b) The same atomic chain in the presence of
potential and magnetic field disorder. The random heights at which the particles are
positioned simulate the irregularity of the substrate surface and thus the disorder on
the onsite potential. The random orientations of the field vector represent the disorder
in the induced magnetic moment.(c) Decomposition of the magnetic moment ®ℎ onto
its spatial coordinates.

with �= and )= the polar and azimuthal angles, respectively. Through a com-

bination of local density of states (LDOS) and transmission probabilities calcula-

tions, (B. Pal et al. 2016b) was able to show that the cleanHamiltonian (6.1) could

act as a quantum device opening a transmission window only for specific spin

components, depending on the energy of the projectile. Interestingly, such a

result was shown to hold for arbitrary spin particle (( = 1/2, 1, 3/2, . . . ).

6.2 Model and methods

In the following, we will provide evidence of the robustness of such spin-

filtering effect in the presence of AL, induced by the presence of disorder. We

study some modified versions of (6.1), including randomness in the values of

the on-site potentials and in the magnitudes as well as in the orientations of

the magnetic moments with respect to a preferred axis (See Fig. 6.1 (b) for a

visual sketch of the disordered version of the model). More specifically, the

onsite energies &= are chosen as randomly distributed in a box [−,/2,,/2],
as in the pure AL model (2.23), and the magnetic moments orientations are

determined by random values of the polar angle �= ∈ [−,�/2,,�/2], and we
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fix ) = 0. We perform exhaustive calculations of the spin-resolved localization
lengths, specifically designed for our purpose, in various disorder scenarios. In

order to proceed, it is thus necessary to introduce the main formalism and the

related computational techniques employed in the present work.

6.2.1 Transfer Matrix Method

For simplicity, let us start by momentarily neglecting spin components and

focusing on a spinless fermionic chain. The TMM has been successfully em-

ployed in the past 30 years and imposed itself as one of the best resources to

extract localization and transport properties of disordered systems (MacKin-

non et al. 1981; Kramer et al. 1993). It allows a direct calculation of the local-

ization length through an iterative formulation of the usual time-independent

Schrödinger equation (1.8) for a 3-dimensional bar, as

C=,=+1#=+1 = (� − �=)#= − C=,=−1#=−1 , (6.4)

where #= is the vector of the !3−1
wave function amplitudes of the =-th slice of

the bar. C=,=+1 is the matrix of inter-layer hopping terms between sites on the

cross sections = and = + 1, while �= is the matrix of intra-layer couplings at

=. Equation (6.4) can be explicitly recast in a recursive form through a matrix

formalism, 1 i.e. (
#=+1

#=

)
=

(
(�−�=)

C −I
I 0

) (
#=
#=−1

)
= T=

(
#=
#=−1

)
, (6.5)

defining the symplectic transfer matrix Tn. Since the matrix is symplectic, the

eigenvalues appear as "2
pairs of opposite sign. For the whole bar, we thus

have (
#!+1

#!

)
= T!T!−1 · · ·T1

(
#1

#0

)
=

!∏
==1

T=

(
#1

#0

)
= Q!

(
#1

#0

)
, (6.6)

As &! is a product of random matrices, one can apply Oseledets’s theo-

rem (V. I. Oseledets 1968; Ruelle 1979), which states that the limiting matrix

Ω = lim

!→∞
(Q!Q†!)

1

2! , (6.7)

has converging eigenvalues e
�8
in the limit of large ! and corresponding eigen-

1From now on, we set C=,=+1
= C=,=−1

= C.
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! + 1
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! + 3

Figure 6.2. Transfer-matrix bar schematic picture.

vectors D8 , satisfying

�8 = lim

!→∞

1

!
ln | |Q!D8 | |. (6.8)

The exponents �8 are called Lyapunov exponents2 and they are directly related

to the localization length. Indeed, as the localization length characterizes the

largest possible extension of the wavefunction in space, the smallest Lyapunov

exponent is the inverse of the localization length � (MacKinnon et al. 1981):

� =
1

�min

. (6.9)

Choosing an arbitrary starting vector D0 =

(
#1

#0

)
we can iterate equation (6.8) and

obtain all the possible Lyapunov exponents. The component of D0
corresponding

to the largest �8 gets the strongest amplification and leads to �<0G . Thus, the

first step of the algorithm is the choice of initial condition vectors #1 as the

identity matrix and #0 being the null matrix, such that {D0

8
} =

(
I
0

)
. For ! → ∞

the iteration of (6.8) leads to the eigenvalues and eigenvectors of Ω, and one

can get the localization length �. After few multiplications, though, the vectors

{D̃0

8
} = Q!D

0

8
will lose orthogonality, and we have to apply a renormalization

routine such as the Gram-Schmidt method to re-establish the orthogonality after

2Note that the same terminology refers to the exponent describing the degree of separability

of classical trajectories in chaotic systems, see Sec. 1.3.
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=" multiplications.

We can finally get a conclusive expression for the Lyapunov exponents

assuming that the vectors D<
8
already converged to the real eigenvectors D8 , thus

without changing their direction anymore. Using the norm 0<
8
= | |D̃<

8
| | we get

�8 =
1

!
lim

=$→∞

=$∑
<=1

ln | |D̃<8 | |, (6.10)

where =$ is the number of reorthonormalization steps performed during the

process and D<
8
are the vectors obtained after the <-th step. Conveniently, it is

possible to stop at finite sizes ! and obtaining an approximation for �8 with an

error of (Benettin et al. 1980)

�(�8)
�8

=

√∑=$
<=1
(ln 0<

8
)2

(∑=$
<=1

ln 0<
8
)2
− 1

=$
. (6.11)

With the same spirit, we go back to our model Hamiltonian (6.1). We

can write an analytical form of the Schrödinger equation for the two different

spin channels (↑ and ↓) at energy � starting from the general time-independent

equationℋ ψ = �ψ, with ψ = {#
1,↑,#1,↓, . . . ,#=,� , . . .}. We note that the band

width is �� = 4C + 2ℎ for all ( in the clean case, = 0. Using the Hamiltonian

(6.1) we get recursive equations relating the wave function at site = with the

neighboring at sites = ± 1. When recast in the transfer matrix formalism, we find

©«
#=+1,↑
#=+1,↓
#=,↑
#=,↓

ª®®®®®¬
=

©«
(�−&=,↑+ℎ= cos�=)

C
ℎ= sin�=

C −1 0

ℎ= sin�=
C

(�−&=,↓−ℎ= cos�=)
C 0 −1

1 0 0 0

0 1 0 0

ª®®®®®¬
©«
#=,↑
#=,↓
#=−1,↑
#=−1,↓

ª®®®®®¬
= T=

©«
#=,↑
#=,↓
#=−1,↑
#=−1,↓

ª®®®®®¬
,

(6.12)

where T= is the transfer matrix at site =. Thus, we obtain the transfer matrix for

the entire linear system as TL =
∏!

==1
T= . For spin-1 particles, the generalized

spin operator matrices are (Gell-Mann 1962)

σ
((=1)
G =

1√
2

©«
0 1 0

1 0 1

0 1 0

ª®®¬ , σ
((=1)
H =

1√
28

©«
0 1 0

−1 0 1

0 −1 0

ª®®¬ , σ
((=1)
I =

©«
1 0 0

0 0 0

0 0 −1

ª®®¬ ,
(6.13)



6 . SPIN-FILTERING AND LOCALIZATION 107

and the interaction term is given by

®ℎ= · S((=1)
= =

©«
ℎ= cos�=

ℎ= sin�=√
2

0

ℎ= sin�=√
2

0
ℎ= sin�=√

2

0
ℎ= sin�=√

2

−ℎ= cos�=

ª®®®¬ . (6.14)

Thus, the transfer matrix at the =-th site for spin-1 particles reads as

T((=1)
= =

©«

(�−&=,1+ℎ= cos�=)
C

ℎ= sin�=√
2C

0 −1 0 0

ℎ= sin�=√
2C

(�−&=,0)
C

ℎ= sin�=√
2C

0 −1 0

0
ℎ= sin�=√

2C

(�−&=,−1−ℎ= cos�=)
C 0 0 −1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

ª®®®®®®®®®®¬
. (6.15)

It is worth noting the hidden analogy between the one-dimensional model (6.1)

and the relative equations (6.12) with the equations for spinless fermions on

a two-strand ladder network (Sil et al. 2008): the system can be imagined as

two identical chains coupled laterally, with an effective random onsite potential

&=,↑− ℎ= cos�= for the virtual “upper" strand corresponding to the ↑ component,

and &=,↓ + ℎ= cos�= for the “lower" strand representing the ↓ projection. From

this point of view, the hopping C is the independent hopping along individual

strands in the network, while the off-diagonal terms ℎ= sin�= turn on inter-

strand hopping channels. This kind of mapping can be generalized to arbitrary

spin values, with the number of strands corresponding to the 2(+ 1 spin projec-

tions. Intuitively, this ladder picture could represent a more immediate way of

visualizing the spin filtering phenomenon, imagining that under certain tuning

procedures transport is allowed only in one (or some, for ( > 1/2) strand.

6.2.2 Spin-resolved localization lengths

Asdescribed above, the TMMamounts to the diagonalization of the transfer

matrix T! =
∏!

==1
)= ,

U−1T†!T!U = diag(4−2!/�1 , 4−2!/�2 . . . , 4−2!/�2(+1 , 42!/�2(+1 , . . . , 42!/�1), (6.16)
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for a suitably large ! to achieve the preset accuracy target (Kramer et al. 1993).

Each �<( , together with its associated eigenvector(
#(<()
!,−( , . . . ,#

(<()
!,(

,#(<()
!−1,−( , . . . ,#

(<()
!−1,(

)
, (6.17)

correspond to a transport channel, but not automatically to a spin projection

� = −(, . . . , (. Instead, the eigenstate corresponding to the largest localization

length, say �1, changes its spin content depending on parameters such as �. In

Fig. 6.3 (a), we show the computed localization lengths �1, �2 for ( = 1/2 with a

weak disorder, = 0.5. The selection of different values of the fixed magnetic

moment strength ℎ= = ℎ modifies the band structure of the model, opening a

clear gap Δ as ℎ increases, as already seen in (B. Pal et al. 2016b) (more details

on band structure engineering will be provided in the following Sections). We

observe that while �1 clearly identifies the two regions with finite transport, �2

remains nearly zero throughout the energy band. Nonetheless, by computing

the probability amplitudes

↑(8) =
���#(8)

=,↑

���2 + ���#(8)
=−1,↑

���2
↓(8) =

���#(8)
=,↓

���2 + ���#(8)
=−1,↓

���2 , (6.18)

with 8 = {1, 2} labelling the two transport channels, plotted in Figs. 6.3 (c+e), we

see that suitably chosen spin projections can distinguish the spin content of each

subband: in (c), the probability of the � = 1/2 projection dominates for � > 0

while the � = −1/2 projection is large for � < 0; in (e) the situation is reversed,

the � = 1/2 projection dominates for � < 0 while the � = −1/2 projection is large

for � > 0. At � = 0, in both (c) and (e), we find a rapid change. In both figures,

we note that the sum of the probabilities adds to 1, due to normalization.

We therefore introduce spin-resolved localization lengths, namely,

Λ�(=) =
2(+1∑
<(=1

�<( (=)
(���#(<()=,�

���2 + ���#(<()=−1,�

���2) , (6.19)

for � = −(,−( + 1, . . . , (. In Eq. (6.19), the index <=1, . . . , 2( + 1 spans all

possible spin projections. For ( = 1/2, the explicit form is

Λ↑(=) = �1(=)
(���#(1)

=,↑

���2 + ���#(1)
=−1,↑

���2) + �2(=)
(���#(2)

=,↑

���2 + ���#(2)
=−1,↑

���2) , (6.20a)
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Figure 6.3. First column (a+c+e): (a) Bare localization length �1 and �2 from the
TMM for ℎ = 3 and � = �/4 (d). (c+e) Probability amplitudes ↑(8), ↓(8) associated
with the two transport channels denoted as ‘1’ and ‘2’ for the spin-1/2 case. The results
are for ℎ = 3 and a polar angle � = �/4. Second column (b+d+f): Same as (a+c+e)
for ℎ = 1, resulting in band overlapping at the center of the spectrum.
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Λ↓(=) = �1(=)
(���#(1)

=,↓

���2 + ���#(1)
=−1,↓

���2) + �2(=)
(���#(2)

=,↓

���2 + ���#(2)
=−1,↓

���2) . (6.20b)

We note that Λ�(=) ≤ �<( (=) for all � and <( due to the normalization of the

#(<()=,� . All the results presented throughout the rest of this Chapter will be in

terms of Λ�(=). We note that this interpretation of the eigenvectors in terms

of spin projections is very natural also for spatial transport channels in more

standard situations (González-Santander et al. 2013). As will be clearer in the

following, for smaller values of ℎ the gap Δ between bands corresponding to

different spin components vanishes. In such cases, reported for example in Fig.

6.3 (b+d+f) for ℎ = 1 and , = 0.5, it is much harder to interpret the results

beyond the realization of spin mixing in −1 ≤ � ≤ 1. Still, even in this situation,

the projected Λ� results work well for |� | > 1, as we will discuss in 6.3.

Let us comment on the determination of errors for Λ�. For the ��, we pro-

ceed as usual (Kramer et al. 1993), using the convegence of the Lyapunov expo-

nents ensured by the Oseledet’s theorem (6.8) and the fact that they are Gaussian

distributed after sufficiently many transfer matrix multiplications (Milde 2000)

to compute an error of the mean of at most 0.1%. The Ψ=,�, however, are not

necessarily Gaussian distributed— indeed, they are mostly not — nor have they

“converged” when the Lyapunov exponents already have. This is clearly visible

in Fig. 6.3 where the spin projections vary, even for panels (c+e), at the ∼ 5%

level while the ≤ 0.1% errors for the �� are well within symbol size. Further-

more, in the overlap regions, e.g. in Fig. 6.3 (d+f), the fluctuations are much

larger and represent a systematic source of variation, different from the purely

statistical fluctuations of the ��. We therefore show only the errors computed

from the �� in the figures of main sections. It may be useful in this context

to point out that the computation of the Λ� amounts to computing the spatial

content of the transport channels for the �’s. This is an even more challenging

task than computing the spatial position of a localization center, when given a

disorder distribution, which in itself is still an unsolved problem. In the fol-

lowing, we shall use Λ� to indicate converged estimates for = → ∞, using the

usual TMM convergence criteria (Kramer et al. 1993) for the �<( ’s. For all the

calculations, we have set an accuracy threshold of 99.9% (error of the mean at

most 0.1% for each �<( ), corresponding to a system of the order of = ∼ 10
10

sites in the centre of the energy range. Due to normalization of the #(<()=,� , we

note that Λ� ≤ max(�<( , <( = 1, . . . , 2( + 1) for all �. Thus, although the Λ�

are not the direct results of the TMM calculations, they are a proper measure of

the localization properties in different spin transport channels. Lastly, we shall
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drop the more precise labeling of spin-resolved localization lengths for the Λ�

and merely call them localization lengths.

6.2.3 Density of States

As shown in (B. Pal et al. 2016b), the tuning of ℎ= is sufficient for the

engineering of the energy bands corresponding to the various spin components,

in the absence of magnetic flux. For the sake of simplicity, we restrict ourselves

to the ( = 1/2 case, but the following discussion also holds for particles with

higher spin.

In the simplest case of ℎ= = ℎ, �= = � = 0, the cross terms determining the

hybridizationof the spin channels inEq. (6.12) are canceled, andallmomentswill

be parallel to each other, lying along the I-axis. In the limit of C → 0, the energy

spectrumwill show sharp peaks at � = &±ℎ, and the LDOSwill correspondingly

exhibit two �-function-like spikes at these energy values. Switching on the

hopping C results in a broadening of the spikes, ultimately merging in subbands

when C ∼ ℎ. Hence, for a given value of �, ℎ can be tuned to open or close a gap

in the energy spectrum.

We computed the LDOS for the ↑ and ↓ components evaluating the Green’s

function G = (�I−H)−1
in the basis |=, ↑ (↓)〉. The LDOS is given as (B. Pal et al.

2016b)

�↑↑(↓↓) = lim

�→0

〈=, ↑ (↓)|G(E + i�)|n, ↑ (↓)〉 (6.21)

and the energy gap has the very simple form

Δ =

{
ℎ
( − 4C for

ℎ
( > 4C ,

0 otherwise.

(6.22)

This gap equation implies the existence of the critical magnetic strength ℎ2 = 4C(

at which the bands meet, independently of the choice of �.

6.3 Spin-filtering robustness

As already stated, we are interested in establishing a spin-filtering device

that remains robust in the presence of disorder. In order to do so, we shall

choose a small but not negligible onsite disorder, = 0.5C � ��. Also, we shall

investigate how spatial and random variations in ℎ and � affect the filtering.

In all these cases, we shall take care to retain the connection to the clean case.
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Finally, we shall also study the drop inΛ� when further increasing disorder. The

energy scale is set by C = 1.

We obtain the localization lengths Λ↑, Λ↓ and the LDOS �↑, �↓ for two

different band structure cases: (i) for ℎ = 1, we have Δ = 0 and the spectrum

shows for −1 ≤ � ≤ 1 an overlapping of the spin-↑ and spin-↓ bands. (ii) The

model develops a gap with growing ℎ, and we chose to set ℎ = 3 as the second

case of study, representing a clear gap Δ = 2 in the range −1 ≤ � ≤ 1. We also

present, in every case, the LDOS for the corresponding ‘clean’ system without

disorder. This is for comparisonwith the disordered case in order to indicate that

the energy range of non-zero localization lengths remains largely in agreement

with the clean band structure for the chosen values of, .

6.3.1 Energy dependence

We show in the upper panels of Fig. 6.4 (a+b) the localization length for the

case of weak disorder in the on-site potential and � = 0. Since the off-diagonal

terms are zero, we have complete channel separation, i.e. two uncoupled chains.

The extent of the non-vanishing Λ� values is in good agreement with the span

of the LDOS of the corresponding ‘clean’ system as shown in the LDOS plots

in the lower panels of Fig. 6.4 (a+b). We envision that the system obviously

exhibits a clear separation into two distinct energy bands for spin-↑ and spin-↓.
This spin filtering effect has already been discussed for the clean version of the

system described above (B. Pal et al. 2016b). The effect survives the introduction

of randomness in the distribution of the on-site potential: in Fig. 6.4 (a), for

−3 ≤ � ≤ −1, only spin-↑ electrons get transported through the chain, while

they are blocked for 1 ≤ � ≤ 3. Conversely, for 1 ≤ � ≤ 3, only spin-↓ electrons
contribute to transport and are blocked for −3 ≤ � ≤ −1. As seen here, the

subbands overlap in the range −1 ≤ � ≤ 1, preventing perfect filtering, but

allowing a partial filtering depending on the value of �. In Fig. 6.4 (b), on the

other hand, an obvious gap opens between the subbands, and the spin filtering

is complete: only spin-↑ electrons get transported in the lower subband and only

spin-↓ electrons transmit in the upper one.

Of course, one has to be careful when speaking of "transport". Indeed,

the finite localization lengths indicate strong localization for any system much

larger than the Λ↑, Λ↓ values found here. Nevertheless, the values of Λ↑, Λ↓ are

of course determined by which value of, was chosen to simulate a disordered

environment. Let us assume for a moment that our system would have a finite

length ! (say, e.g., ! = 200 in Fig. 6.4 (a+b)). The observation that we can find
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Figure 6.4. Projected localization lengths Λ� = �� |Ψ2 | for the disordered magnetic
chain and LDOS � for the corresponding pure systems for spin-1/2 particles, with
(a,c,e) showing overlapping bands at ℎ = 1 and (b,d,f), the well-separated bands at
ℎ = 3. The value of the polar angle � changes from (a,b) � = 0 to (c,d) �/4 and (e,f)
�/2. The strength of the potential disorder is, = 0.5 in all cases. For clarity, only
every second data point is indicated by a symbol, i.e. O for spin-↓ and 4 for spin-↑. The
LDOS for the corresponding pure systems are shown in the lower part of the panels,
corresponding to �↓ (dashed) and �↑ (solid line) for spin-↓ and spin-↑. Lines for Λ�

are guides to the eye. The �� error bars are within symbol size when not visible.
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Figure 6.5. Disorder dependence of spin-resolved localization lengths Λ� with (a)
overlapping bands at ℎ = 1 for � = 0 and (b) well-separated bands at ℎ = 3 for
� = �/2,�/4. In (a) different colors correspond to different energy values, � = −1

(center of the lower subband), � = 0 (bands crossing point) and � = 1 (center of the
higher subband). In (b) the plots show the results for the center of the � = 3 subband,
for different values of the polar angle �. In all panels, the solid lines show fits with
Eq. (6.25) up to, = 4, and the crossing point between the horizontal and the vertical
dotted lines represents the band center Kappus-Wegner estimate �(, = 1) = 104 ± 1

(Kappus et al. 1981).

broad energy regions with either Λ↑,Λ↓ & ! clearly shows the robustness of the

spin filtering to the presence of, . Were we to compute a spin-resolved typical,

dimensionless conductance by adapting a celebrated relation due to Pichard

(Pichard 1984), i.e.

��(=) =
2(+1∑
<(=1

1

cosh
2 (!/�<( (=))

(���#(<()=,�

���2 + ���#(<()=−1,�

���2) , (6.23)

we would find �� ∼ 1 for energy regions in which Λ� & !. Conversely, �� ∼ 0

when Λ� < !. Last, the spikes at � = −1 for Λ↑, and at � = 1 for Λ↓ visible in

Fig. 6.4 (a+b) are due to the famous Kappus-Wegner degeneracy in 1DAnderson

models at the middle of the bands (Kappus et al. 1981).

Switching on the additional hopping between spin-↑ and spin-↓ channels
for finite � has a strong impact on spin filtering. Fig. 6.4 (c+d) show the results

for � = �/4, for the same values of ℎ discussed above. One can easily see

that mixing between spin-↑ and spin-↓ states emerges. Looking at panel (d)

for the sake of clarity, spin filtering still exists, but in a weaker sense: in the

lower band, the spin-↓’s can travel a distance lower than spin-↑ particles by a

factor of ∼ 5, resulting in a more pronounced transport of the latter ones. In

panel (c) of Fig. 6.4, we find that the spin-filtering for −1 ≤ � ≤ 1 has stopped

and neither spin-↑ nor spin-↓ particles dominate. The resulting “transport”



6 . SPIN-FILTERING AND LOCALIZATION 115

will be spin-unpolarized. Spin filtering disappears for all energies at � = �/2
as expected. Each spin component can be transported through the sample for

the same distance for both subbands. The vanishing of spin filtering becomes

evident by looking at the complete overlapping of both the Λ↑, Λ↓ localization

lengths and �↑, �↓ LDOS curves. We can understand the contributions coming

from the individual spin projections at finite � by noting that an SU(2) rotation

results in a decoupled basis �= = ℛ−1

SU(2)ψ= and the relations between the new

basis vectors {)=,+ , )=,−} and the old {#=,↑,#=,↓} are given by

)=,+ = cos(�/2)#=,↑ + sin(�/2)#=,↓, )=,− = − sin(�/2)#=,↑ + cos(�/2)#=,↓.
(6.24)

Here, + and − denote the projected spin components after the SU(2) rotation. It

is now easy to see that for, e.g., � = �/2 both states )=,+ and )=,− have equally

weighted contributions from the old #=,↑, #=,↓. The energy bands arising from

the transformation (6.24) are centered at &− ℎ and &+ ℎ, and they span the ranges

[&− ℎ−2C , &− ℎ+2C] and [&+ ℎ−2C , &+ ℎ+2C], respectively. The spectrum for the

original spin states can be obtained through a convolution of the LDOS coming

out of Eq. (6.24). Obviously, the numerical results of Fig. 6.4 show exactly this

behavior.

Before leaving this discussion of the spin-1/2 case, let us comment on the

� dependence of Λ�. Comparing Fig. 6.4 (a+c+e), we see that there is a small

increase of the maximal Λ values when � increases from 0 and �/4 and �/2.
In these latter situations — including also Fig. 6.4 (b+d+f) —, we are effectively

dealing with a coupled quasi-1D system, and it is well-known that this leads to

an increase in the localization lengths (Römer et al. 2004).

6.3.2 Disorder dependence

We now study the disorder dependence Λ�(,) at fixed values of �. We

focus on some of the most significant energy values in the spectrum, and we

present the results in Fig. 6.5. For the gapless case ℎ = 1, we study the behavior

of Λ� for � = 0 corresponding to the center of the lower subband at � = −1,

the contact point between the subbands at � = 0, and the center of the higher

subband at � = 1. We find that the standard perturbative small−, Thouless

fitting (Thouless 1972b; Czycholl et al. 1981; Kappus et al. 1981)

Λ(,) = A ,−� , (6.25)
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Table 6.1. Fit parameters for the Λ�(,) plots in Fig. 6.5 using Eq. (6.25).

Λ ℎ � � A �
Λ↓ 1 0 0 70.4 ± 1.3 2.01 ± 0.02

Λ↑ 1 0 0 70.5 ± 1.3 2.01 ± 0.02

Λ↓ 1 0 1 103.4 ± 1.9 2.01 ± 0.02

Λ↑ 1 0 1 7.9 ± 0.2 0.68 ± 0.02

Λ↓ 1 0 −1 7.9 ± 0.2 0.68 ± 0.02

Λ↑ 1 0 −1 103.4 ± 1.9 2.01 ± 0.02

Λ↓ 3 �/4 3 118.9 ± 0.1 2.0003 ± 0.0007

Λ↑ 3 �/4 3 20.87 ± 0.01 1.9384 ± 0.0006

Λ↓ 3 �/2 3 103.7 ± 0.2 2.008 ± 0.001

Λ↑ 3 �/2 3 102.64 ± 0.01 2.0004 ± 0.0001

works very well as shown in Table 6.1. We note that for majority states at the

center of spin-split bands, even the Kappus-Wegner singularity withA = 104±1

is well recovered (Kappus et al. 1981). For the mixed states at � = 0, the value

ofA changes but � ≈ 2 remains valid. In the tails of the subbands, the behavior

is quantitatively different. While the power-law (6.25) still holds, the A and �

values have changed.

Fig. 6.5 (b) shows the behavior ofΛ�(,) for the gapped systems at ℎ = 3 for

� = �/4, �/2 in the center of the higher subband at � = 3. There is again good

agreement with (6.25) for the � value. Since we are now effectively dealing with

two coupled chains, the value of A can change (Römer et al. 2004). Again, this

is clear from the results of Table 6.1.

6.3.3 The spin-1 case

For� = 0, it can be seen in Fig. 6.6 (a+b) that the gap appears at higher values

of the magnetic strength ℎ, as we expect from Eq. (6.22). For ℎ = 3 the subbands

corresponding to spin components <( = −1, 0, 1 overlap, and we have a clear

gap for ℎ = 6. As in the previous ( = 1/2 scenario, there is perfect filtering

for well-separated energy bands, while a partial filtering can be obtained for

overlapping bands. The situation becomes quite complex for non zero values of

�, as all three spin channels are coupled. We first again notice the slight increase

in maximal Λ� values due to the quasi-1D effect. Next, the <( = 0 states have

finite Λ� in all three subbands for � = �/4 (panels (c) and (d)), while <( = −1

spin states have none-zero Λ� values only in the lower and central band and

<( = 1 particles only in the upper and central ones. It is worth noting that all

components have none-zero Λ� values in the central band −2 ≤ � ≤ 2, but the
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Figure 6.6. Projected localization lengths Λ−1, Λ0, Λ1 and LDOS for spin-1 particles
with (a,c,e) overlapping bands at ℎ = 3 and (b,d,f) well-separated bands at ℎ = 6. The
value of the polar angle � changes from (a,b) � = 0 to (c,d) �/4 and (e,f) �/2. As in
Fig. 6.4, we have, = 0.5. Symbols and lines for Λ� and �� are as given in the figure
legend. Only every second Λ� symbol is shown for clarity. Lines for Λ� are guides to
the eye. The �� error bars are within symbol size when not visible.
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<( = 0 particle states are less localized. Thus, by selecting a system with finite

size ! comprised between 300 and 500, one can suppress the ‘-1’ and ‘1’ spin

states while only the ‘0’ spin-projection survives and contributes to transport in

the centre of the band.

A significant difference from the spin-1/2 states appears for spin-1 and

� = �/2. Instead of complete mixing of the Λ�’s and the LDOS curves, we

observe that the <( = 0 states spread entirely into the left and right subbands,

while they vanish in the central band. An argument analog to the SU(2) rotation

for ( = 1/2 in the context of the band mixing given in the previous section

also explains this expulsion of the <( = 0 states from the central part of the

spectrum. Also, for � = �/2, there is perfect matching in the behavior of

‘−1’ and ‘1’ spin projections, which cannot be separated for any energy range.

Hence, this situation appears significantly peculiar, since we have no possibility

for polarization of ‘1’ or ‘−1’ currents, although we have transport of ‘0’ states

in the energy regimes that were previously reserved for ‘1’ and ‘−1’ states. We

expect similar kind of differences between integer and half-integer spin cases

when studying higher spin ( states (B. Pal et al. 2016b).

6.3.4 The spin spiral

In (B. Pal et al. 2016a), the authors also explored the choice �= = 2�=%/!
— a spin spiral — for some finite ! and % = 2, which leads to a spin flip in the

transport for clean systems: at � < 0 for spin-1/2 and ℎ = 3, initial states with

spin-↑ emerge after transmitting through the finite system as spin-↓ while for

� > 0, spin-↓ states emerge as spin-↑. Other states are not transmitting. On the

other hand, for % = 1, there is no flip and for � < 0 (� > 0) only spin-↑ (spin-↓)
states transmit.

In Fig. 6.7 we show the analogous situation for finite disorder, = 0.5. It

is immediately clear from the figure that the spin projection fails to separate

the spin-↑ and spin-↓ projections in the case of the spiral (see also Sec. 6.2.2).

Nevertheless, we still see that the overall localization lengths for % = 1, cp. Fig.

6.7 (a), are compatible with previous findings (B. Pal et al. 2016a) as before. In

particular, the range of energies with finite Λ� values is in excellent agreement.

For % = 2, however, the Λ� values are one order of magnitude lower than for

% = 1. This indicates that the flip of spin directions is not captured well by

the spin-resolved Λ�’s although the reduction in their values might correctly

suggest that direct channels “spin-↑ to spin-↑” (similarly for spin-↓) are indeed

suppressed for % = 2.



6 . SPIN-FILTERING AND LOCALIZATION 119

(a)

ρ↓
ρ↑

ρ↑\arrow ρ

0.1
1

E
−6 −4 −2 0 2 4 6

Λ↓

Λ↑

Λ

0

100

200

300

400

500

600

(b)

ρ↓
ρ↑ρ

0.1
1

E
−6 −4 −2 0 2 4 6

Λ↓

Λ↑

Λ

0

10

20

30

40

50

60

1/1

Figure 6.7. Projected localization lengths Λ↑, Λ↓ and LDOS for the spin spiral case
with, = 0.5 for (a) % = 1 and (b) % = 2 at ℎ = 3. Only every second Λ� symbol is
shown for clarity, lines are guides to the eye.
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Figure 6.8. Projected localization lengthsΛ↑,Λ↓with (a) additionalmagnetic strength
disorder ,ℎ = 0.5 and (b) additional magnetic polar angle disorder ,� = 0.25. In
both cases, , = 0.1 and ℎ = 3. Only every second Λ� symbol is shown for clarity,
lines are guides to the eye.

6.3.5 Disorder in magnetic strength and polar angle

Let us also consider other possible sources of disorder to affect the localiza-

tion and hence spin filtering properties of the system proposed in Fig. 6.1 (b).

In Fig. 6.8 we show results for the spin-1/2 case for (a) disorder in ℎ such that

at each site =, we have ℎ= ∈ [−,ℎ/2 + ℎ, ℎ +,ℎ/2] and (b) disorder in � with

local value �= ∈ [−�ℎ/2 + �, � + �ℎ/2]. Clearly, these situations correspond to

(a) changing magnetic field strength or (b) changing field direction. As is clear

from Fig. 6.8, at the chosen values,ℎ = 0.5 or,� = 0.25, while having a small

overall disorder, = 0.1, the spin-filtering properties remain as robust as in the

previously considered cases of pure onsite disorder with, = 0.5.
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6.4 Conclusions

Throughout this Chapter, we have investigated the robustness of spin-

polarized transport through a linear array of magnetic atoms depicted in a

random landscape. Flavor of disorder is introduced in the distributions of the

on site potential and in the local magnetic field - in its strength as well as in

direction. Band gaps are engineered by controlling the strength of the field, and

spin-resolved localization lengths are estimated in every case. We developed

a new spin projection transfer matrix method for this purpose, which is also

applicable to other multi-channel systems. The calculated localization lengths

corroborate the observation of spin filtering in every sub-band, and spin fil-

tering is found to be robust against disorder. The results may be inspiring in

experimental realizations in the arena of spintronic devices. The spin-filtering

protocol described in this Chapter can be implemented with chains of nanomag-

nets, i.e. arrays of exchange-coupled atomic magnetic moments engineered at

the single atom level by scanning tunnelling microscopy techniques (Serrate et

al. 2010; Khajetoorians et al. 2012). In such systems, disorder can be embedded

by modulating the morphology of the underlying growing substrate or more

general nanoscale modifications of strain and magnetic anisotropy (Nord et al.

2019). The unexpected energy selectivity for the dominant spin projection in

the spin-1 case shows that such studies may indeed be particularly interesting

for higher spin cases. As the basic difference equations hold equally good for

bosons, a parallel experimental study in the field of polarized photonic band gap

systems may be just on the cards as well (S. Mukherjee et al. 2015). Such pho-

tonic lattices, fabricated with ultrafast laser inscription, represent an alternative

to mimic the propagation of the electronic wave function in periodic arrays of

optical wave-guides, and the observation of localization effects induced by the

implementation of artificial disordered potentials have been multiply reported

in the last two decades (Schwartz et al. 2007; Lahini et al. 2008; Martin et al. 2011;

Vatnik et al. 2017).
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7
Summary and conclusions

Localization is a generic wave phenomena in disordered media, originated

from the interference between multiple scattering paths, which ultimately in-

hibits transport when the disorder is strong enough. In the last two decades, the

picture of localization in the quantum regimehas been enrichedwith a renovated

interest in the study of the interplay between disorder and strong interactions.

In a way, this led to an intriguing encounter between two defining concepts of

quantum mechanics itself, namely the wave nature of quantum states, with lo-

calization arising from destructive interference phenomena, and entanglement,

generally created by direct particle interactions. Localization has wide-ranging

implications in many foundational fields of physics, and in particular in the con-

text of statistical mechanics: indeed, MBL of interacting quantum Hamiltonians

implies the breakdown of the ergodic hypothesis for a large family of generic (i.e.

not fine-tuned) models of quantum matter. In this dissertation, we presented

different studies of quantum effects induced by localization in disordered and

quasi-periodic systems. In the following, we summarize the main results.

We first considered the manifestation of localization in the short-time dy-

namics of the paradigmatic XXZmodel with random or quasi-periodic potential

profiles. We discussed the appearance of a periodic sequence of cusp singu-

larities in the logarithm of the survival probability, which represents a robust

feature surviving average over disorder configurations. The observation of such

singular dynamics is connected to the fundamental mechanism behind the sup-

pression of transport in the localized regime, i.e. the emergence of a generic

form of integrability associated with strong disorder, namely the appearance of

an extensive number of local conserved quantities. Such quantities are believed

to have the form of dressed S=1/2 operators (;-bits) obtained via a canonical

122
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transformation on the microscopic degrees of freedom and commuting with

the many-body Hamiltonian. While AL of non-interacting particles implies the

absence of any information transfer between local degrees of freedom, MBL ex-

hibits the novel feature of a slow (logarithmic-in-time) growth of entanglement

between any subsystem and its complement, which can be explained in terms of

interacting l-bits. In spite of the fundamental importance of l-bits as the central

feature of quantum localization in general (and of l-bit interactions as the defin-

ing features of many-body localization in particular), their evidence is so far

limited to dedicated theoretical studies explicitly constructing local conserved

quantities (Ros et al. 2015; Rademaker et al. 2016; Inglis et al. 2016; O’Brien et al.

2016; Pekker et al. 2017a; Kulshreshtha et al. 2018). It is fair to say that none

of the experimental studies of quantum localization using quantum simulators

(based on cold atoms, trapped ions, superconducting circuits, etc.) have offered

direct experimental evidence of the existence of ;-bits. The most defining fea-

ture of MBL associated with ;-bit interactions is represented by the logarithmic

growth of entanglement, which is a very challenging experimental task. Even

the most advanced experiments in this direction (Lukin et al. 2019) have not

achieved so far a conclusive measurement of entanglement entropy growth in

the MBL phase, but only a measurement of the growth of correlations among

configurations of two subsystems, offering evidence of persistent growth due to

interactions.

In Ch. 4, we explain our results by noting that for strong disorder an im-

portant subset of the ;-bits can be explicitly identified with strongly localized

two-level systems (2LS), associated with particles confined on two lattice sites.

The existence of such subsystems forming an ensemble of nearly free ;-bits is

found to dominate the short-time dynamics of the survival probability and of

other experimentally relevant quantities, such as the imbalance and the number

entropy. Our effective 2LS model is able to predict analytically the existence of

the survival probability singularities for an ensemble of non-interacting l-bits, as

well as of the power-lawdecay of their heights, showing a remarkable agreement

with ED data for the XXZ spin chain. The failure of the 2LS model to exactly

capture the survival probability and imbalance decay at long times represents

another important signature. Indeed, a model of free 2LS collectively oscillat-

ing clearly cannot capture an essential ingredient of MBL, i.e. ;-bits interactions.

The ;-bits are observed to cross over from an initial regime of decay of their

ensemble oscillations (as the inverse of the square root of time) to a regime in

which the decay is accelerated by the presence of interactions. The crossover
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to the interaction-induced decay corresponds to the time regime in which the

half-system entanglement entropy starts to develop its asymptotic logarithmic

growth. Hence this crossover stands as a fundamental feature of MBL dynam-

ics, offering an alternative avenue to the experimentally elusive entanglement

growth.

We thendiscussed issues of irreversibility and sensitivity to global perturba-

tions inMBL systems. As the most general class of many-body systems avoiding

thermalization,MBL systems have been frequentlymentioned as promising can-

didates for the design of robust quantum memories (R. Nandkishore et al. 2015;

Smith et al. 2016) and state transfer protocols (Yao et al. 2015). Indeed, the

possibility of encoding information in specific state configurations and avoid-

ing scrambling in the long-time limit due to localization, is the most appealing

feature of MBL from a quantum computation perspective. Addressing whether

the information stored in a quantum state is robust under the action of external

perturbations is thus essential for real applicability considerations. Motivated

by such issues we proposed a quench experiment scheme to explore the evolu-

tion of the quantum fidelity (or Loschmidt echo) between states evolving with

slightly different Hamiltonians in the presence of disorder. Our numerical re-

sults suggest a strong dependence of the fidelity decay on both the disorder and

the perturbation strength. Indeed, the dynamics of the Loschmidt echo at short

times exhibits a parabolic decay which is faster at strong disorders, i.e. in the

MBLphase, compared to the ergodic regime. Thismay appear surprising at first,

as the common intuition is that dynamics in the MBL phase should be more sta-

ble that in the ETH phase. Nonetheless, simple perturbative arguments provide

a clear explanation: the parabolic decay of the Loschmidt echo at short times is

a universal feature of quantum dynamics (Goussev et al. 2012) depending only

on the dispersion of the perturbation operator, which naturally increases with

growing disorder. The advantage yielded by MBL appears at later times, when

the decay turns into a power-law, eventually reaching a steady saturation value.

The computation of the fidelity steady values in the long-time limit provides

another indication of the memory effects characterizing MBL dynamics, as the

saturation values grow as one increases the disorder strength, thus confirming

the improved stability of quantum evolution due to localization.

Another aspectwe investigated inCh. 5 is the relationbetween theLoschmidt

echo dynamics and themultifractal properties of eigenstates in localized phases.

Indeed, perturbative calculations show that the long-time average value of the

fidelity in the weak perturbation regime corresponds to the participation ratio
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of the chosen initial state over a certain basis. As such, we extracted the fractal

dimension governing the anomalous scaling of the inverse participation ratio

from the scaling analysis of the fidelity saturation values. Hence, one of the

main points of interest of our protocol is the capability of obtaining information

about the fractal nature of the spectrum in the MBL phase in an experimentally

viable way through the study of long-time quench dynamics of the Loschmidt

echo. The appearance of multifractality at disorders below the critical value of

the ETH-MBL transition will require further work. The expectation put forward

by (Macé et al. 2019) via a refined finite-size scaling analysis, is that multifractal

eigenstates should strictly appear only in the MBL phase, i.e. above the critical

point. We look forward to improve the statistics of our results and to reach

larger system sizes, to explore the possibility of finite-size effects broadening the

multifractal region to intermediate disorder values.

A comment on an alternative pathway to experimentally probe the fidelity

dynamics is in order. In particular, (Brydges et al. 2019) proposed a new protocol

relying on statistical correlations of locally randomized measurements (Elben et

al. 2018) for the extraction of the second order Rényi entropy. Such a protocol

was successfully tested on a spin model in a trapped-ion quantum simulator, in

which the authors managed to monitor the generation of entanglement during

quench dynamics. A clear advantage of (Brydges et al. 2019) compared to the

interferometry protocol implemented in (Islam et al. 2015) is that it was based

only on local operations on individual degrees of freedom of a single quantum

state, thus not requiring the preparation of multiple instances of the system of

interest. Also, (Elben et al. 2019) elaborated further on the theoretical details

behind (Brydges et al. 2019), developing a mathematical toolbox for computing

the statistical correlations of repeated local randommeasurements. Interestingly,

the authors explicitly discuss as an example how to adapt their protocol to

measure the overlap Tr[�1�2] and thus the Loschmidt echo, without the need for

ancillary degrees of freedom or time-reversal operations (Elben et al. 2019).

Lastly, in Ch. 6 we focused on the influence of disorder in the spin transport

properties of a linear array of non-interacting magnetic atoms. The presented

results stand at the intersection between twomajor themes ofmodern condensed

matter physics, such as spintronics and disordered systems. The non-interacting

model we studied describes a chain of atoms grafted onto a magnetic substrate,

which provides a definite magnetic moment to each individual particle. In a

clean scenario, i.e. without disorder, such a simple tight-binding model was

shown to exhibit spin-filtering properties, that could be controlled in order to
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allow the transmission of injected particles only for selected spin components (B.

Pal et al. 2016b). We addressed the robustness of such spin-filtering properties

of a magnetized chain in a disordered scenario, introducing randomness in both

the strength and orientation of the local magnetic fields, finding evidence of its

stability against weak disorder. Our results are based on a variation of the state-

of-the-art Transfer Matrix Method for the calculation of localization lengths

in random models, which introduces a novel measure that we dubbed "spin-

resolved localization length". We note that this new quantity can be of broad

interest, as it is suited for the study of generic disordered systems with multiple

transport channels. Our numerical results show that the possibility of spin-

polarized transport survives the introduction of disorder and our model could

be of particular interest for experimental realizations of spin-filtering devices.

The exploration of localization effects in more exotic lattice geometries, such as

the "spin spiral" we discussed, also represents an exciting future direction.

Despite being a collection of theoretical and numerical results, the motiva-

tion behind our work has always been anchored to considerations of experimen-

tal relevance. As abundantly mentioned throughout the Thesis, the progress of

quantum simulators at the beginning of the century, and more specifically the

advent of cold atoms experiment, have offered unprecedented paths to probe

quantum phenomena at a fundamental level with a rather spectacular degree of

control and precision. In a way, this represented a paradigm shift in the field

of modern condensed matter physics, allowing to translate very accurately the

plethora of abstract toy models that theorists had been studying for decades

into concrete and measurable problems. The extraordinary long coherence time

scales of cold atoms platforms also make them ideal for the exploration of pe-

culiar non-equilibrium phenomena, unraveling the mechanisms behind funda-

mental processes such as equilibration and thermalization, and exploring exotic

dynamical behaviors such as the ones discussed throughout this dissertation.

The possibilities offered by modern quantum simulators represent a significant

part of the future of condensed matter physics, and we look forward to be part

of it.



A
Jordan-Wigner transformations

The Jordan-Wigner (JW) transformations are a standard tool in theoretical

studies of strongly correlated systems, allowing a direct mapping between a

system of # spins to a system of # spinless fermions. 1 In second quantization

language, a generic fermionic many-body state can be written as

|#1 , #2 , . . . , #=〉 = (2†
1
)#1(2†

2
)#2 . . . (2†=)#= |∅〉 , (A.1)

with #8 = {0, 1}, |∅〉 the vacuum state and 28 , 2
†
8
are fermionic annihilation and

creation operators at site 8. The state (A.1) is a vector in (C2)⊗= , resembling the

effective state of a chain of = spins, with {0, 1} as the two possible state for each

individual spin. The JW transformations allow for an exact mapping between

the 28(2†8 )’s and the spin raising/lowering operators �+(�−) as follows:

2†8 =
©«
8−1∏
9=1

�I9
ª®¬ �−8 ,

28 =
©«
8−1∏
9=1

�I9
ª®¬ �+8 ,

(A.2)

where

�−8 =
�G
8
− i �

H

8

2

, �+8 =
�G
8
+ i �

H

8

2

(A.3)

and �I
8
is given in (1.4).

1A translation from spin language to bosonic creation and annihilation operators can instead

be achieved through Holstein-Primakoff transformations (Holstein et al. 1940).
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Scaling theory of localization

The scaling theory of localization was developed by the so-called Gang

of four in (Abrahams et al. 1979), based on renormalization group ideas for-

mulated in earlier works (Wilson 1971; Thouless 1974; F. J. Wegner 1976). In

particular, (F. J. Wegner 1976) derived, via the Kubo-Greenwood formula (Kubo

1957; Greenwood 1958), the scaling form for the conductivity of a disordered

medium as

� ∼, (3−2)� , , > 0, (B.1)

where , is the disorder strength (following the notation of Chap. 2) and � is

the scaling exponent of the localization length close to criticality, obtained in the

same work by Wegner as

� ∼ |, |−� . (B.2)

Notably, the conductivity critical exponent B = (3−2)� represents a case of hyper-
scaling, as it involves the dimensionality 3 (Cardy 1996) 1, which is usually known

to hold up to a upper critical dimension 32 . On the contrary, arguments based

on both transport and spectral properties suggest that the critical dimension for

Anderson localization is infinite (Tarquini et al. 2017).

Aiming to describe the problem in terms of extensive properties, Thouless

focused instead on the conductance (Thouless 1974)

�(!) = �!3−2. (B.3)

The scaling arguments for� start with a system of size !3, which is duplicated to

obtain a system of size (2!)3, whose eigenstates are simple linear combinations

of the eigenstates of the original system. Following the intuition that localized

1Also notice that for 3 = 3 the scaling exponents B and � coincide.
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�[6(!)]

ln 6(!)

3 = 3

3 = 2

3 = 1

62

Figure B.1. Asymptotic behavior of �[6(!)] for different dimensions 3 = 1, 2, 3.

states are barely affected by boundary effects, (Edwards et al. 1972) then studied

the energy shift Δ� induced by the change of periodic to antiperiodic boundary

conditions. Comparing Δ� with the average of the single-energy level spacings

〈�〉 (discussed in Sec. 3.2.1), Thouless and co-workers obtained the dimensionless
conductance, or Thouless number (Edwards et al. 1972; Thouless 1974)

6(!) = Δ�

〈�〉 =
2ℏ

42

�(!) ∝ !3−2 , (B.4)

which was shown to be exponentially small in the localized phase and large in

themetallic phase. It is worth noting that 6(!) can also be interpreted as the ratio

of two characteristic timescales of the system, i.e. the Thouless time C)ℎ and the

Heisenberg time C� . The latter is inverselyproportional to the average level spacing
of the discrete spectrum, and represents the longest time an electronwavepacket

can travel inside the system without exploring the same regions twice. On the

other hand, C)ℎ is defined as the time scale for a particle to diffuse through the

sample and reach its boundaries (Thouless 1974). It is clear that when C)ℎ > C� a

wavepacket is unable to travel through the entire system and remains localized

in the bulk. This forms the intuition behind the Thouless criterion of localization,

which states that localization occurs when 6 < 1 (Edwards et al. 1972).

The seminal work (Abrahams et al. 1979) stems from the educated guess

that the dimensionless conductance (B.4) is the only relevant parameter for a
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scaling theory of localization, obeying the scaling form

�[6(!)] =
3 ln(6(!))
3 ln !

, (B.5)

where � is an analytic function that depends solely on 6(!). Although a universal

functional form of � is still unknown, the study of its asymptotic behavior,

sketched in Fig. B.1 provides significant qualitative insights. In the 6 → ∞
limit, corresponding to the metallic case, one finds � = 3 − 2, thus recovering

the usual behavior of a ohmic conductor in Eq. (B.4). In the opposite limit of a

localized phase, 6 → −∞, the Thouless number becomes exponentially small,

i.e. 6 ∼ exp(−!/�), fromwhich one obtains � ∼ ln 6. The critical transition point

62 is identified as the point at which the Thouless number becomes invariant

with system size, i.e precisely at � = 0. From this simple scaling argument, it

is immediate to appreciate the existence of a phase transition only for 3 > 2, as

� can cross the fixed point from positive to negative values. Indeed, for 3 ≤ 2

the dimensionless conductance is always negative and, as a consequence, the

eigenstates are fully localized at any disorder strength.



C
Partitioning of the entanglement
entropy

We consider a quantum system S with particle number conservation and

we are interested in the EE of a subsystem �. Due to the existence of a global

conservation law, the RDM �� of subsystem � is block diagonal, with each block

�(=) corresponding to a fixed number of particles = = 0, . . . , #�. This allows to

write the EE (1.21) as a sum of factorized blocks

((��) =
∑
8

�88 log �88 =
#�∑
==0

∑
8

?=�
(=)
88

log

(
?=�

(=)
88

)
, (C.1)

where ?= is the probability of having = particles in subsystem �. The �(=)
88

are

the elements of each block �(=), normalized such that∑
8

�(=)
88
= 1, (C.2)

for each =. We can now separate the EE into separate contributions as

((��) = −
#�∑
==0

?= log ?=

∑
8

�(=)
88
−

#�∑
==0

?=

∑
8

�(=)
88

log �(=)
88

=

#�∑
==0

?= log ?=︸         ︷︷         ︸
(�,=

−
#�∑
==0

?=

∑
8

�(=)
88

log �(=)
88︸                      ︷︷                      ︸

(�,2

.
(C.3)
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The first term (�,= , computed in Sec.4.7.2, is called number entropy (also known

as charge (Rakovszky et al. 2019) or fluctuation entropy (Bonsignori et al. 2019))

and captures the number fluctuations arising from particles hopping across

the partition boundary. The configurational entropy (�,2 , on the other hand,

represents the entropy associated with different configurations of = particles in

the subsystem of interest.
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