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reaction path Hamiltonian rate calculations
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The reaction path Hamiltonian (RPH) can be used to calculate chemical reaction rate con-

stants, going beyond transition-state theory in taking account of recrossing by providing an

approximation to the dynamic transmission coefficient. However, the RPH necessitates the

calculation of the Hessian matrix at a number of points along the minimum energy path; the

associated computational cost stands as a bottleneck in RPH calculations, especially if one

is interested in using high-accuracy electronic structure methods. In this work, four dif-

ferent Hessian update schemes (symmetric rank-1, Powell-symmetric Broyden, Bofill and

TS-BFGS updates) are assessed to see whether or not they reliably reproduce calculated

transmission coefficients for three different chemical reactions. The Bofill scheme and the

Powell-symmetric Broyden scheme both resulted in the most reliable and accurate Hessian

update methods, with transmission coefficients which were in good agreement with those

calculated by the standard RPH calculations using analytical Hessian matrices. The relative

accuracy of the different Hessian update schemes is further rationalized by investigating

the approximated coriolis and curvature coupling terms along the reaction-path, providing

insight into when these schemes woould be expected to work well. Furthermore, the asso-

ciated computational cost associated with the RPH calculations was substantially reduced

by the tested update schemes. Together, these results provide useful rules-of-thumb for

using Hessian update schemes in RPH simulations.
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I. INTRODUCTION

The concept of reaction path plays a central role in the analysis of chemical reactions.1,2 In

many common calculations, a chemical reaction path is reduced to the three associated stationary

points, namely the local minima corresponding to molecular geometries at the reaction path end-

points, plus the saddlepoint which joins the two minima. Given knowledge of these configurations,

the powerful machinery of ab initio quantum chemistry and statistical mechanics can be used to

calculate chemical reaction rate using transition-state theory (TST).3–5 As is well-known, TST

has a number of flaws, notably the “no recrossing” assumption which implies that those reactive

trajectories which reach the transition state (TS) inevitably pass along the reaction coordinates to

form products with no probability of recrossing back to reactant configurations.6–8 An alternative

statement of this approximation is the observation that the true reaction rate is given by k = αkT ST ,

where kT ST is the TST rate approximation and α is the transmission coefficient, which accounts

for dynamical recrossing effects in the reaction; in TST, α = 1.9

To go beyond TST, a number of different theories and simulations strategies have been devel-

oped over the last few decades.10–12 Most directly, molecular dynamics (MD) trajectories initiated

from the TS can be used to calculate the transmission coefficient α or the reactive flux-flux or

flux-side correlation functions (which can be used to determine the reaction rate directly, or can

alternatively be used to determine α).13,14 However, the applicability of direct MD rate calcula-

tions is often limited by computational expense; calculation of α or reactive correlation functions

typically requires large number of trajectories which, in the case of chemical reactive systems,

must typically be performed on potential energy surfaces (PESs) provided by electronic structure

calculations.

As a computationally-cheaper alternative, the reaction path Hamiltonian (RPH)15 can be com-

bined with MD simulations to determine the transmission coefficient and the rate constant for

chemical reactions.16–19 The RPH is a locally-quadratic representation of the PES, constructed

using potential energy information and Hessian matrices calculated at a number of points along

the minimum energy path (MEP) for the reaction; once available, this harmonic path approxima-

tion is computationally inexpensive to evaluate, enabling calculation of converged transmission

coefficients or rate constants. However, a limitation of using the RPH to calculate rate constants

is the requirement of calculating the Hessian matrix at a large number of configurations (or im-

ages) along the MEP; this is particularly challenging if one is interested in using accurate ab initio
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electronic structure calculations to construct the RPH, where evaluation of the Hessian may be

incredibly expensive or only accessible through numerical finite-difference approximations.20 As

a result, RPH construction can be challenging as the level of theory is increased. Therefore, ex-

ploring ways to minimise the number of Hessian matrices to be calculated is essential to making

the RPH approach more applicable, and more automatable, for the study of chemical reactions.

In this Article, our primary goal is to assess and rationalize the performance of a series of dif-

ferent Hessian update schemes in the context of RPH rate calculations as a route to addressing the

computational bottleneck in evaluating Hessian matrices along the MEP. Here, the Hessian matri-

ces along the reaction path are approximated using a variety of different Hessian update schemes

and the corresponding RPH is constructed; subsequently, MD simulations are performed to calcu-

late the transmission coefficient α . Two approaches for Hessian approximation are explored in the

paper, namely: (i) propagation of a single analytical Hessian matrix calculated at the reactant (or,

equivalently, product) minimum along the MEP towards the product minimum (i.e. single-ended

Hessian propagation), and (ii) analytical Hessian matrices calculated at both the reactant and prod-

uct minima, with Hessian matrices along the MEP given by an appropriate weighted average (i.e.

weighted, double-ended Hessian propagation). In our approach, we choose to propagate the Hes-

sian matrix from the reactant and product configurations, and not from the TS; this is because our

focus is on automated reaction-discovery workflows using simpler MEP-finding methods such as

climbing-image nudged elastic band (CI-NEB),21 which do not necessarily give an accurate TS

configuration. Using these different Hessian update schemes, we construct an RPH for three differ-

ent chemical reactions, specifically interconversion of cyclohexane conformers, addition of nitrous

oxide to ethene, and a CO insertion which forms part of an organometallic catalytic cycle. In each

case, we compare transmission coefficients calculated using the different Hessian update schemes

to the “standard” RPH approach using analytical Hessian matrices calculated at all images along

the MEP; this comparison, performed at the same level of theory for all RPH construction meth-

ods considered, enables us to develop insights into the performance of different Hessian update

schemes. As shown below, the Hessian update schemes can give very good quantitative agreement

with the expected transmission coefficients, and significantly reduce the computational cost of the

transmission coefficient calculation. These calculations also highlight some of the remaining chal-

lenges and pitfalls of using Hessian update schemes in RPH simulations.

The remainder of the paper is organized as follows. In Section II, we outline the standard

RPH method and describe the Hessian update schemes tested here. In Section III, we explore the
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accuracy with which the various Hessian update schemes enable RPH calculations to reproduce

expected transmission coefficients; we also rationalize the relative performance of the different

Hessian update schemes considered here by investigating the curvature and coriolis coupling con-

tributions. Finally, in Section IV, we summarize and outline some remaining issues with the use

of Hessian update schemes in RPH calculations.

II. METHOD

In this Section, we first give a brief outline of the RPH and its construction, before highlighting

rate calculations using the RPH. We then describe the Hessian update schemes employed in the

reaction rate tests given in Section III. Throughout the following, vectors and matrices will be

highlighted in bold-type, and scalar properties will be highlighted in normal-type.

A. Reaction Path Hamiltonian

In this Article, we use the RPH approach originally derived by Miller, Handy and Adams.15

Here, the PES of the reactive system is described as a harmonic “valley“ surrounding the MEP

connecting given reactants and products; the MEP is defined here as the steepest-descent path,

in mass-weighted coordinates, connecting the TS, reactant and product configurations. The RPH

contains information on the potential energy, vibrational frequencies, normal modes and mode-

couplings along the MEP, and is constructed using these different elements at a series of inter-

mediate configurations along the MEP. As described below, interpolation schemes are used to

subsequently evaluate the RPH and its derivatives at any point along the reaction path, as required

for MD simulations and transmission coefficient calculations.

In the following sections, we consider a system comprising N atoms, and 3N degrees-of-

freedom, and we assume that we have available a series of intermediate image (i.e. system configu-

rations) on the MEP connecting reactants and products. Of course, for the purposes of constructing

a RPH model, the labelling of the end-points as “reactants” or “products” is arbitrary; the RPH

construction methodology could equallly be applied to a system with these end-points swapped.

In the standard RPH approach,18,19,22 at each intermediate image used along the reaction co-

ordinate, s to construct the RPH, the Hessian matrix, F(s), is calculated and, subsequently, the

rotations and translations of the reaction complex and the MEP path vector are projected out using
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a projection matrix, P(s). This gives the mass-weighted projected Hessian matrix, K(s), as:

K(s) = [I−P(s)]F(s)[I−P(s)]. (1)

With the mass-weighted projected Hessian known, diagonalising gives in mass-weighted gener-

alised normal modes, L(s), and the corresponding frequencies, ω2(s):

ω
2(s) = L(s)TK(s)L(s). (2)

Finally, the vibrational coupling constants are determined, depending on the type of coupling along

the MEP. The curvature coupling constants b(s), which account for the curvature of the MEP, are

determined by:

b(s) = L(s)Ta′(s), (3)

where a′ denotes the derivative of the normalized path tangent. The Coriolis coupling constants

B(s), which describe the transfer of energy among the harmonic “bath“ modes, are determined by:

B(s) = L(s)TL′(s), (4)

where L′(s) is the first derivative of the mass-weighted generalised normal modes.

The Coriolis coupling can also be written in terms of the derivative of the mass-weighted pro-

jected Hessian K:

Bi j =
L†

j(dK(s)/ds)Li

ω2
i −ω2

j
i, j = 1,3N−7, i 6= j (5)

From this formulation it is clear the matrix exhibits poles at degeneracies, which can result in

numerical difficulties. To avoid these complications, we adopt a similar strategy Peters et al,19

whereby a diabatic RPH is constructed by finding the permutation matrix at each image which

maintains the character of eigenvectors across the reaction path. The permutation matrix is ob-

tained by solving the linear assignment problem using the Hungarian algorithm,23 maximising

the trace of the overlap matrix L†(si)L(si+1) between an image at si+1 from an already-permuted

adjacent image at s. Whenever degeneracies occur between frequencies at an image the diago-

nalization procedure returns vectors with one or more arbitrary angles of rotation that continue to

satisfy the eigenvalue problem. In those circumstances, we resort to finding the rotation matrix

which maximises the overlap between the degenerate vectors in the overlap matrix, prior to the

permutation of eigenvectors. We also note that rotations can lead to a coordinate representation
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with off-diagonal terms in the Hessian matrix. In those rare cases, we do not evaluate these off-

diagonal elements; we found that most frequency crossings to be ‘accidental’ (in the sense that the

mixing angle is not substantial during the crossings). Although the Hessian remains diagonal, the

permutation of eigenvectors along the RPH leads to the disappearance of poles in B via L′(s) in

Eq. (4).

Overall, for a system with zero angular momentum comprising N atoms, the RPH takes the

following form:

H(s, ps,q,p) =
(ps−qT B(s)p)2

2(1+qT b(s))
+

1
2

p2 +V0(s)+
1
2

qT
ω

2(s)q, (6)

where s denotes the reaction coordinate and ps corresponds to its conjugate momentum. Fur-

thermore, q denotes the orthogonal harmonic coordinates and p corresponds to their conjugate

momenta.

Once the information required for construction of the RPH has been computed at the series of

images along the MEP, the RPH (and derivatives) can be evaluated at any reaction coordinate s

by spline interpolations. As a result, the RPH of Eq. 6 can subsequently be used to perform full-

dimensional dynamics simulation of the N-atom system as it moves along the reaction coordinate s,

whilst also accounting for energy flow to and from the transverse vibrational degrees-of-freedom.

B. Calculating transmission coefficients

The RPH can be used in conjunction with MD simulations to determine absolute reaction rates

and transmission coefficients;18,19 in this Article, results will be presented in the form of calculated

transmission coefficients which can, in principle, be combined with TST to calculate reaction rates.

However, comparison of transmission coefficients is sufficient to enable clear comparison between

different RPH calculation schemes.

Here, to determine dynamic transmission coefficients, we employ the standard classical flux-

side time-correlation function,13 given by

Ccl
f s(t) =

1
2π h̄

∫
dpdqd ps ds e−βH(s,ps,q,p)psδ (s− s0)h(st− s0), (7)

where H(s, ps,q,p) is the RPH of Eq. 6. Here, h(x) is the Heaviside step function, s0 is the position

of the TS along the reaction-coordinate s, β = 1
kBT , where kB is Boltzmann’s constant, and δ (x)

6



is the Dirac delta function. The function Ccl
f s(t) is related to the reaction rate at temperature T ,

kcl(T ), through

kcl(T )Qr(T ) = lim
t→t ′

Ccl
f s(t), (8)

where t ′ is a suitable plateau time for the reaction under study and Qr(T ) is the reactant partition

function. Similarly, the TST rate constant is related to the t→ 0+ limit of Ccl
f s(t),

kT ST (T )Qr(T ) = lim
t→0+

Ccl
f s(t). (9)

Finally, the dynamic transmission coefficient α(T ), is given by

α(T ) =
kcl(T )

kT ST (T )
. (10)

The flux-side correlation function Ccl
f s(t) can be computed using Eq. 7 by initializing MD tra-

jectories at the transition-state (such that s = s0), with the initial momenta (ps,p) and remaining

positions q sampled from the Boltzmann distribution calculated with the RPH of Eq. 6.24,25 These

trajectories are propagated forwards and backwards for a sufficiently long time-period that the

Ccl
f s(t) function would be expected to reach a plateau.26,27 By averaging over a large number of

these MD trajectories, the thermally-averaged Ccl
f s(t) can be calculated, thereby allowing determi-

nation of the transmission coefficient α(T ).

C. Hessian update schemes

As noted above, a drawback to using the RPH to calculate rate constants (or transmission coef-

ficients) remains the calculation of a Hessian matrix at numerous stationary points along the MEP.

Such calculations can come with substantial computational cost which imposes some limitations

to the systems that can be investigated using the RPH; furthermore, the potential expense of these

repeated Hessian evaluations is not compatible with ongoing efforts to merge automated reac-

tion discovery and accurate rate evaluations.28–34 With Hessian updating methods being increas-

ingly popular and successful in geometry optimisation calculations,35–40, TS searches41,42, PES

interpolation43,44 and reaction path following methods,45 their applicability to the RPH method is

explored here. In this Article, we consider four different Hessian update schemes, implemented

within the RPH framework described above in order to calculate transmission coefficients for

chemical reactions; following our recent work,28–30, the wider context of this investigation is to
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assess how RPH could be used for high-throughput computation of reaction rates, going beyond

the usual assumptions of TST.

Here, we consider four different Hessian updating schemes. We assume that we have available

the positions xs, PES gradients gs, and Hessian matrix Hs at some particular configuration along

the MEP (as indicated by the subscript s, and discussed further below), and we would like to

calculate a good approximation to the Hessian at some nearby configuration xnew. In the update

schemes considered here, the updated Hessian matrix at the new configuration is

Hnew = Hs +∆H, (11)

and we discuss four different updates, ∆H, below.

The first Hessian update method explored was the symmetric rank-1 Hessian update formula

(SR1).46 where

∆HSR1 =−
(∆g−Hs∆x)(∆g−Hs∆x)T

(∆g−Hs∆x)T
∆x

. (12)

Here, ∆g = gnew−gs is the gradient difference between the new and old configurations, and ∆x =

xnew−xs is the vector containing the difference in the 3N Cartesian coordinates between the new

and old configurations.

The second Hessian update method considered here is the Powell-symmetric-Broyden (PSB)

method47 given by

∆HPSB =
(∆g−Hs∆x)+(∆g−Hs∆x)T

∆xT∆x
− ∆xT(∆g−Hs∆x)(∆g−Hs∆x)T

∆xT∆x

2

. (13)

The third Hessian update method considered is the Bofill Hessian update method,48 which com-

bines elements of both the SR1 and PSB update Hessian scheme; the Hessian update scheme in

this case is given by

∆HBofill = (1−φ)∆HMS +φ∆HPSB, (14)

where the weighting function φ is

φ = 1− (
(∆xT(∆g−Hs∆x))2

∆x2(∆g−Hs∆x)2 ). (15)

Finally, we also consider the TS-BFGS Hessian update method49 given by
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∆HTS-BFGS =
(∆g−Hs∆x)((∆gT∆x)∆g+(∆gT|Hs|∆g)|Hs|∆g)T

((∆gT∆x)2 +(∆gT|Hs|∆g)2)
+
((∆gT∆x)∆g+(∆gT|Hs|∆g)|Hs|∆g)(∆g−Hs∆x)T

((∆gT∆x)2 +(∆gT|Hs|∆g)2)

− (∆gT∆x−∆gTHs∆g)
((∆gT∆x)2 +(∆gT|Hs|∆g)2)2 ((∆gT

∆x)∆g+(∆gT|Hs|∆g)|Hs|∆g)(∆gT
∆x)∆g+(∆gT|Hs|∆g)|Hs|∆g)T)

(16)

.

Within the RPH strategy, all of these Hessian update schemes are straightforward to implement,

given an initial Hessian matrix. We also note that these update schemes are suitable to the problem

of propagating Hessian matrices for systems which cross potential energy barriers; as they have

been used for transition-state optimization problems.49,50

This brings us to a second aspect of implementing Hessian update schemes in RPH simulations:

Where should one calculate the initial accurate Hessian matrices for subsequent propagation? In

this Article, we consider two different routes to Hessian propagation along the MEP, with the aim

of reducing the computational burden of calculating the Hessian matrix along the MEP whilst

still providing an accurate estimate of the transmission coefficient. The two different methods for

propagating the Hessian along the MEP were: (i) a single ended Hessian update starting from the

reactant (or product) minimum, and (ii) analytical Hessian matrices calculated at both the reactant

and product minima, with Hessian matrices along the MEP given by a weighted average based on

the distance from either the reactant minima and the product minima. Propagation schemes (i) is

a straightforward implementations of the Hessian update equations given above; starting from one

end-point of the MEP, the Hessian update schemes can be used to calculate approximations to the

Hessian matrices for the internal images along the MEP, using the Hessian matrix at the previous

image as a starting point.

In the case of approach (ii), we note that, at any internal image along the MEP, let this be a point

i, the weighted average over updated Hessian matrices from the reactants or products is calculated

as

Hweighted average =
N− i
N−1

Hr
i +

i−1
N−1

Hp
i , (17)

where N is the total number of images along the MEP, Hr
i is the Hessian matrix propagated from

the analytical Hessian matrix at the reactant minimum where i = 2, ...,N−1, Hp
N-i is the Hessian

matrix propagated from the analytical Hessian matrix at the product minimum. As an aside, we

note that an alternative definition of the weighting in Eq. 17 could instead use the values of the
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reaction-coordinates s at each image, rather than image index; however, in our current scheme,

where spline-interpolation is used to create a series of closely-spaced images along the MEP,

we find that the weights calculated using s instead of image-index are practically identical, as

confirmed in Table S1 in the Supplementary Information.

Finally, we note that each of the different propagation schemes can, in principle, be combined

with any of the Hessian update schemes considered here. In practice, we find that most of these

combinations of different propagation/update schemes yield very poor results; this point is dis-

cussed further below.

III. RESULTS AND DISCUSSION

In this Section, we first outline how the RPH, in combination with different Hessian update

schemes, was used to calculate reaction rates for three different representative chemical reactions

(Sec. III A). We then present results describing the influence of different Hessian updates on

the calculated transmission coefficients (Sec. III B), before comparing single and double-ended

update schemes (Sec. III C). We subsequently show how the relative performance of different

update schemes can be rationalized (Sec. III D), before comparing relative calculation times (Sec.

III E).

A. MD simulations

For each reaction described below, Ccl
f s(t) was evaluated using the RPH approximated with

different propagation and update schemes. Initial RPH images along the MEP were obtained for

each of the different reactions considered here by using the climbing-image nudged elastic band

method,21 as described below.

For the different choices of propagation/update schemes considered below, Ccl
f s(t) was evalu-

ated by sampling initial coordinates and momenta from the Boltzmann distribution for the under-

lying RPH. Each of these trajectories started at the dividing surface, defined by s = 0. Each set

of initial coordinates and momenta were propagated using Hamilton’s equations of motion de-

termined from the RPH; the fourth-order Runge-Kutta (RK4) algorithm was used to numerically

integrate the equations-of-motion using a time-step of 0.30 fs. For each reaction considered, we

found that a different total simulation time was required to ensure that Ccl
f s(t) had reached a plateau,
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as shown in the results below; typically, each trajectory required 0.5-3 ps simulation time, and a

total of 104 trajectories were performed for each of the different RPH update/propagation schemes

considered below. Under these conditions, we find that the typical standard error in the plateau

values of the Ccl
f s(t) function is 2× 10−3; this value is typically much smaller than any observed

differences between the different simulations methods investigated below.

B. Impact of Hessian update scheme

The four different Hessian update methods (SR1, PBS, Bofill and TS-BFGS) were implemented

in the RPH framework in order to obtain transmission coefficients on three reaction systems: in-

terconversion of cyclohexane from chair to twisted-boat conformer (R1), addition of nitrous oxide

to ethene (R2), and 1,1-insertion of CO into the Co–C bond in the Heck and Breslow mechanism

of hydroformylation.51 These reactions were selected because recrossing effects were found to be

significant; as a result, the impact of Hessian update should be simpler to observe. Furthermore,

each of these reactions represents a different “reaction class“, including isomerization without

bond breaking/forming (R1), bimolecular addition (R2), and intramolecular shift reaction (R3);

by studying different reaction types, we hope to draw firmer conclusions about the accuracy of the

different Hessian update and propagation schemes considered here.

For all reactions. the MEP was obtained by running a CI-NEB21 calculation with 15 images,

and was subsequently analysed within the RPH framework. For the Hessian update schemes, the

initial MEP comprising 15 images was spline-interpolated in order to generate a total of 50 images

along the MEP, along which the Hessian matrix is propagated. This interpolation helps ensure that

the so-called restricted-step condition,48 which suggests that the PES variation due to harmonic

approximation should be comparable to the true PES variation for Hessian update schemes to be

applicable, is obeyed to an acceptable level across the MEPs for all reactions considered below

(This is also confirmed in Table S1 in the Supplementary Information).

For reactions where one of the endpoint configurations describes a bound state, we create a

fictitious harmonic well along the reaction path by defining a normalized path tangent vector at

the minimum in the basis of normal modes of the Hessian at the minimum. The resulting effective

frequency along s is then given by ω2
s ≈∑

3N−7
i ω2

i c2
i where ci are the normal mode displacements

of the normalised path tangent vector. This artificial harmonic potential is added to the RPH to

ensure that configurations sampled during MD simulations remain within the configuration space
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in which the RPH is well-defined.

The first two reactions were investigated using density functional theory (DFT) with the B3LYP

functional52–55 and 6-31G basis set,56,57 and the third reaction used B3LYP with a 6-31G(d,p)

basis set.58,59 The choice of PES here is motivated by our desire to compare our results to previous

simulations for the same reactions performed at this same level of theory; furthermore, we note

that all of the methods discussed here can be used in combination with any PES method which

provides energies, gradients and Hessian matrices. For the MD simulations, the first two reactions

were performed at a temperature of 273K, and the third reaction was performed at a temperature

of 423K. For reference, the “standard“ approach used to determine the transmission coefficient for

all reactions consisted of calculating an anayltical Hessian matrix at the 15 images along the MEP,

and subsequently interpolating all discrete elements needed for the RPH.

1. R1: Interconversion of cyclohexane

FIG. 1. Interconversion of cyclohexane from chair to twist-boat conformer.

The first reaction studied was the interconversion of cyclohexane from chair conformer to

twist-boat conformer (Fig. 1. As discussed below, Ccl
f s(t) (and α) were calculated for the four

Hessian update algorithms using only the double-ended propagation scheme; the calculated Ccl
f s(t)
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are shown in Fig. 2, and compared to that obtained using the standard approach.

Using the standard approach with the RPH, Ccl
f s(t) drops sharply at 200 fs and plateaus at

400 fs. When compared to the standard approach, the four Hessian update methods all follow a

very similar profile, with a steep initial decrease in Ccl
f s(t) and then a smooth plateau after 250 fs.

The PSB, Bofill and TS-BFGS updates in particular, look nearly identical, both underestimating

the plateau value by approximately the same amount. This suggests that the PSB term in the

Bofill update scheme was weighted more than the SR1 term, effectively making the Bofill Hessian

update very similar to the PSB Hessian update. Both the PSB and Bofill Hessian update give the

best agreement in the plateau value when compared to the standard approach, with the TS-BFGS

update being very close.

Table I shows the transmission coefficient calculated for all four Hessian approaches for the

interconversion of cyclohexane. The standard approach results in a Ccl
f s(t) plateau value of 0.43,

whereas the plateau value for the SR1, PSB, Bofill, TS-BFGS Hessian update schemes were 0.66,

0.41, 0.44 and 0.39, respectively. Based on these results, the TS-BFGS, Bofill and PSB Hessian

updates performed better than the SR1 Hessian update. However, as noted above, because the

Bofill Hessian update resembles the PSB Hessian update for this reaction, the estimate given for

the plateau value by the Bofill update is very close to that of the PSB update (and the standard

approach). The SR1 Hessian update underestimates the contributions from recrossing to the trans-

mission coefficient, with a plateau value of 0.66, compared to the 0.43 plateau value using the

standard approach.

TABLE I. Transmission coefficients for the interconversion of cyclohexane calculated with the RPH using

different Hessian methods.

RPH Hessian method Ccl
f s(t) plateau value

Standard 0.43

SR1 0.66

PSB 0.41

Bofill 0.44

TS-BFGS 0.39
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FIG. 2. Normalized flux-Side correlation function computed using the RPH with different Hessian update

algorithms for the interconversion of cyclohexane. Results are shown for the analytical Hessian (red ticks),

SR1 (green crosses), PSB (blue stars), Bofill (purple square) and TS-BFGS Hessian updates (cyan filled

squares).

2. R2: Addition of nitrous oxide to ethene

FIG. 3. Addition of nitrous oxide to ethene.

The second reaction studied was the addition of nitrous oxide to ethene to form oxadiazoline

(Fig. 3). The Ccl
f s(t) functions were calculated using the standard approach and the four Hessian

14



update methods and are shown in Fig. 4. Similar to the first reaction, the analytical Hessian

approach results in a Ccl
f s(t) which drops sharply at 200 fs and plateaus shortly after this time.

The Hessian update methods show qualitatively similar behaviour, with all four showing a sharp

drop and a smooth plateau, consistent with the standard approach. However, the PSB and SR1

Hessian update schemes more closely resemble the standard approach, whereas the Bofill update

underestimates the plateau value.

The Ccl
f s(t) plateau values for the four different Hessian schemes are shown in Table II. The

standard approach results in a transmission coefficient of 0.92, with the SR1, PSB, Bofill and TS-

BFGS Hessian updates giving transmission coefficients of 0.91, 0.87 0.87 and 0.72 respectively.

Based on these results, the SR1 Hessian update had a value which was closest to the standard

approach, with the PSB and Bofill Hessian update close behind. The TS-BFGS Hessian update

method resulted in an underestimation of the transmission coefficient. The results show that the

SR1 Hessian update method performed better than its counterparts, with a difference of just 0.01

compared to the standard approach. The PSB update was also in good agreement with the standard

approach, with a difference of just 0.05; however, in the case of PSB and Bofill, the Ccl
f s(t) shows

a somewhat longer decay to the final plateau value, perhaps indicating different initial dynamics

(as discussed below). The TS-BFGS update did not have the same overall quantitative level of

success, underestimating the transmission coefficient by 0.20.

TABLE II. Transmission coefficients for the addition of nitrous oxide to ethene calculated with the RPH

using different Hessian methods.

RPH Hessian method Ccl
f s(t) plateau value

Standard 0.92

SR1 0.91

PSB 0.87

Bofill 0.87

TS-BFGS 0.72
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FIG. 4. Normalized flux-Side correlation function computed using the RPH with different Hessian update

algorithms for the addition of nitrous oxide to ethene. Results are shown for the analytical Hessian (red

ticks), SR1 (green crosses), PSB (blue stars), Bofill (purple square) and TS-BFGS Hessian updates (cyan

filled squares).

FIG. 5. 1,1-insertion of CO into the Co–C bond in the Heck and Breslow mechanism of hydroformylation.
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3. R3: 1,1-insertion of CO into the Co–C bond in the Heck-Breslow hydroformylation

mechanism.

The final reaction studied was the 1,1-insertion of CO into the Co–C bond in the Heck-Breslow

hydroformylation mechanism (Fig. 5. The calculated Ccl
f s(t) are shown in Fig. 6 for the four

different Hessian schemes considered here. The timescale at which the lines plateau is significantly

longer than in reactions R1 and R2, a feature which may be related to the more complex nature of

this reaction, involving significant intramolecular atomic displacements. Despite this, the Hessian

update methods perform qualitatively quite well, with all four methods converging to plateaus on a

similar time-scale to the standard approach. Furthermore, the standard method indicates that there

is a significant amount of dynamic recrossing associated with this reaction, and similar trends are

observed for all of the Hessian update schemes. Although there are some clear differences in the

calculated Ccl
f s(t) for the different Hessian updates, the SR1, PSB and the Bofill Hessian update

schemes demonstrate a plateau value that was close to the standard approach (especially when one

considers the relatively long time-scale involved here when compared to R1 and R2).

FIG. 6. Normalized flux-side correlation function computed using the RPH with different Hessian update

methods. Results are shown for the analytical Hessian (red ticks), SR1 (green crosses), PSB (blue stars),

Bofill (purple square) and TS-BFGS Hessian updates (cyan filled squares).

Table III shows the transmission coefficients for R3, calculated using the standard approach

and the Hessian update schemes. The SR1, PSB and the Bofill Hessian updates result in transmis-

sion coefficients which were close to the standard approach, differing by just 0.05, 0.06 and 0.05
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TABLE III. Transmission coefficients for the 1,1-insertion of CO into the Co–C bond in the Heck and

Breslow mechanism of hydroformylation calculated with the RPH using different Hessian update methods.

RPH Hessian method Ccl
f s(t) plateau value

Standard 0.62

SR1 0.57

PSB 0.68

Bofill 0.57

TS-BFGS 0.42

respectively. The TS-BFGS Hessian update resulted in a transmission coefficient of 0.42 which

differs from the standard approach by 0.20, a clear underestimation of the transmission coefficient.

C. Comparison of single-ended and double-ended Hessian update approaches

The double-ended Hessian update schemes, the focus of the results above, was compared to the

suggested two single-ended Hessian update approaches for the same three reactions. The trans-

mission coefficients for each reaction were plotted for the product single-ended Hessian update

approach and the reactant single-ended Hessian update approach in Figs. 7 and Fig. 8 respec-

tively.

The product single-ended Hessian update approach had some relative success in approximating

the transmission coefficients depending on the Hessian update methods; however, this approach

lacks consistency among the reactions. For the interconversion of cyclohexane from chair con-

former to twist boat conformer (R1), the SR1 and Bofill Hessian update methods performed better

than their counterparts, having a very similar plateau to that of the standard approach. Both the

PSB and TS-BFGS Hessian update methods were very similar to one another, just as in in the

double-ended calculations above; however, in the product single-ended approach they both over-

estimate the contributions of recrossing to the transmission coefficient slightly. In reaction R2, the

addition of nitrous oxide to ethene, both the SR1 and the PSB Hessian update methods resulted in

a plateau value which is near identical to that of the standard approach. The Bofill Hessian update,

on the other hand was close to the standard approach, however it had underestimated the trans-

mission coefficient by 0.04. For this reaction, the TS-BFGS Hessian update method performed
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FIG. 7. Normalized flux-side correlation function using the product single-ended Hessian update approach

for (a) interconversion of cyclohexane from chair to twisted-boat conformer (R1), (b) addition of nitrous

oxide to ethene (R2), and (c) 1,1-insertion of CO into the Co–C bond in the Heck and Breslow mechanism

of hydroformylation (R3). Results are shown for the analytical Hessian (red ticks), SR1 (green crosses),

PSB (blue stars) and Bofill Hessian updates (purple square).

FIG. 8. Normalized flux-side correlation function using the reactant single-ended Hessian update approach

for (a) interconversion of cyclohexane from chair to twisted-boat conformer (R1), (b) addition of nitrous

oxide to ethene (R2), and (c) 1,1-insertion of CO into the Co–C bond in the Heck and Breslow mechanism

of hydroformylation (R3). Results are shown for the analytical Hessian (red ticks), SR1 (green crosses),

PSB (blue stars) and Bofill Hessian updates (purple square).

the worst and did not result in a plateau even towards the end of the simulation time. Lastly, for

the third reaction, none of the Hessian update methods performed well. The PSB Hessian update

resulted in the closest plateau value, but was not as close to the standard approach as in the other

reactions. The SR1, Bofill and TS-BFGS Hessian update methods did not result in a plateau value

which was close to that of the standard approach, highlighting the inconsistencies with the product

single ended approach.

The results from the reactant single-ended Hessian update approach showed that using this ap-
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proach was not adequate in order to determine the transmission coefficient for these reactions. For

each reaction, the reactant single-ended approach drastically overestimated the recrossing contri-

bution to the transmission coefficient. Moreover, the reactant single-ended Hessian update resulted

in erroneous negative transmission coefficient in two reactions out of the three, clearly showing

how this approach fails to capture the correct qualitative behaviour of the transmission coefficient.

In comparison, the results discussed in the previous subsection for the double-ended Hessian

update approach show that the approach is more reliable and consistent than both of the single-

ended Hessian update approaches. In the double-ended approach, the PSB and Bofill Hessian

update method was shown to be more consistent in estimating the transmission coefficient. How-

ever, the SR1 Hessian update method did result in closer estimated of the transmission in R2 and

R3. The product single-ended Hessian approach showed no consistency in estimates of the trans-

mission coefficient, with the SR1 and Bofill Hessian update resulting in better estimations of the

transmission coefficient in R1 but, the PSB Hessian update resulted in better estimations of the

transmission coefficient in R3. Lastly, for R2, both the SR1 and PSB Hessian update resulted in

a transmission coefficient which was very close to that of the standard approach. The reactant

single-ended Hessian update approach did not result in an accurate estimation of the transmission

coefficient, with all Hessian update methods overestimating the recrossing contributions to the

transmission coefficient, with the exception of the PSB Hessian update in the first reaction.

D. Understanding the performance of double-ended Hessian update schemes

To understand the relative performance of the different double-ended Hessian update schemes

considered here, we investigated the predicted vibrational frequencies along the MEP, as well as

the curvature and Coriolis coupling constants along the MEP. The aim was to use this information

to explain the relative performance of the SR1, PSB, Bofill and TS-BFGS schemes, as demon-

strated for R1-R3 in Figs. 2, 4 and 6.

First, Fig. 9 compares the harmonic vibrational frequencies at the TS (s = 0) for the addi-

tion of nitrous oxide to ethene (R2); here, the frequencies were obtained by diagonalizing the

mass-weighted Hessian matrices obtained in either the standard approach or after using one of

the double-ended Hessian update schemes. Perhaps somewhat surprisingly, given the fact that the

Hessian matrices are propagated from distinct molecular configurations (i.e. reactants and prod-

ucts) towards the TS, the agreement between the frequencies determined by the Hessian update
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FIG. 9. Comparison of the harmonic vibrational frequencies at the TS (s = 0 for the addition of nitrous

oxide to ethene (R2). Results are shown for the standard approach (i.e. direct calculation of the Hessian at

the TS) and the four double-ended Hessian update schemes (SR1, PSB, Bofill and TS-BFGS).

schemes and the frequencies obtained by direct diagonalization of the Hessian at the TS is gener-

ally very good. The average percentage errors in the vibrational frequencies for the Hessian update

schemes are 14.7%, 17.2%, 13.1% and 15.3% for SR1, PSB, Bofill and TS-BFGS, respectively.

Given the similarity in the predicted frequencies at the TS provided by the four different Hessian

update schemes, this is not sufficient to explain the differences observed for R1-R3 in Figs. 2, 4

and 6.

For reaction R1, Figs. 10(a) and 10(b) show the total absolute value of the curvature coupling

and total absolute value of the Coriolis coupling along the MEP, providing some insights into

how these coupling factors influence the observed dynamics. As shown in Eq. (3), the curvature

coupling describes the dynamic coupling between the reaction path and vibrational modes; in other

words, it describes the extent of energy transfer between translational and vibrational degrees-

of-freedom. On the other hand, the Coriolis coupling describes the transfer of energy between

vibrational modes, highlighting energy dissipation, as shown in Eq. (4)

In Figs. 10(a) and 10(b), possible reasons as to why the PSB Bofill and TS-BFGS Hessian

update method perform better than the SR1 Hessian update method start to become a little clearer.

With regards to the curvature coupling in Fig. 10(a), it can be seen that, in the case of the PSB,

Bofill and TS-BFGS update schemes, the coupling values given by the different Hessian update

schemes are similar, both in magnitude and trend, to that observed in the standard approach (using

analytic Hessian matrices along the MEP). However, in the case of the SR1 approach, this update

scheme fails to correctly estimate the curvature coupling values between s = −400 and s = 400,
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FIG. 10. (a) Total curvature coupling and (b) total Coriolis coupling along the MEP for the interconversion

of cyclohexane (R1). (c) Total curvature coupling and (d) total Coriolis coupling along the MEP for the

nitrous oxide addition to ethene (R2).

especially before the TS (s = 0), where there is a significant “dip” in coupling value.

In Fig. 10(b), we show the Coriolis coupling for all of the Hessian update schemes and the stan-

dard approach. The PSB, Bofill and TS-BFGS Hessian update schemes give reasonable agreement

with the standard approach, particularly in the region of the TS (s = 0, where the dynamics is most

relevant to the calculation of the transmission coefficient); this is then reflected in the fact that the

associated transmission coefficients are close to that of the standard approach. On the other hand,

the SR1 Hessian update fails to accurately approximate the transmission coefficient (Fig. 2), with

the transmission coefficient being too large. A plausible explanation for this can be linked to the

sharp peak close to the TS in the Coriolis coupling of Fig. 10(b); this larger value in coupling

means that more energy is dissipated into the vibrational modes and thus, as mentioned previ-

ously, there is less energy to recross the energy barrier. As a result, the predicted SR1 transmission

coefficient is too high for R1.

To further investigate the correlation between the curvature coupling, the Coriolis coupling,
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and the transmission coefficients, Fig. 10(c) and Fig. 10(d) show the different couplings along

the MEP for the addition of nitrous oxide to ethene (R2). In this case, Fig. 10(c) shows that

all Hessian update methods can correctly approximate the broad shape of the curvature coupling

along the MEP. For example, all methods show a “dip” near the TS (s= 0), with two large peaks on

either side; furthermore, the behaviour on the “exit” channel, moving towards negative reaction-

coordinate values, is also very similar across all Hessian update schemes (and compares well to the

standard approach). As such, on the basis of Fig. 10(c) alone, one might expect the transmission

coefficient using all of the Hessian update schemes to be comparable to the standard approach,

however as shown in Fig. 4, this is not the case.

The Coriolis couplings in Fig. 10(d) reveal important differences between the Hessian update

schemes. Here, the standard approach results in small absolute values of the Coriolis coupling

at the upper and lower limits of the MEP, with larger total Coriolis coupling in the region bound

by s = ±500. With regards to the Hessian update methods, the Coriolis coupling have some

similarities between themselves, but also clear dissimilarities relative to the standard approach.

Compared to the standard approach, the Hessian update schemes fail to correctly replicate the

shape of the Coriolis coupling along the MEP; however, in the region around the TS (s = 0),

comparable coupling magnitudes are observed. Beyond this, the relationship between Coriolis

coupling and transmission coefficient for R2 is not immediately obvious. Specifically, it is not

clear why the SR1 Hessian update method results in a comparable transmission coefficient to the

standard method (Fig. 4), yet displays large Coriolis coupling peaks in Fig. 10(d). In contrast, the

TS-BFGS update method significantly underestimates the transmission coefficient, yet displays

smaller Coriolis coupling peaks in comparison to SR1.

To better understand the relative behaviour of SR1 and TS-BFGS, Fig. 11 shows the average

value of the time-dependent reaction coordinate s (averaged over 25×103 trajectories). The stan-

dard approach and the Hessian update schemes all exhibit the same behaviour up to about t = 300

fs; all start at the TS (s = 0), and briefly move towards the product region (s < 0) before subse-

quently heading back towards the region of the TS. At this point (around t = 300 fs), the average

trajectories observed in the standard, SR1, PBS and Bofill schemes then broadly cross into the

product region (s > 0), whereas the average trajectory in the TS-BFGS case returns towards the

reactant region. These differences in trajectory behaviour along s then translate into differences in

the calculated flux correlation functions (Fig. 4) and transmission coefficients.

Figure 11 suggests that, when using TS-BFGS Hessian update, energy is being dissipated into
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FIG. 11. Average time-dependent value of the reaction coordinate s, calculated for all Hessian update

schemes and the standard method. Results are averaged over 25× 103 independent MD trajectories. We

note that the somewhat jagged appearance of the lines is due to the different statistics of different points,

given that not all trajectories run for the same length of time.

the vibrational modes and away from the translational (s) degree-of-freedom, particularly in the re-

gion from s =−400 to s =−100. To further confirm the important role of the Coriolis coupling in

influencing these dynamics, we have also performed simulations for all Hessian update methods,

but with the Coriolis coupling factor B(s) set to zero. In these simulations, we find that all aver-

aged time-dependent s trajectories become very similar, closely matching the ‘standard’ method

behaviour observed in Fig. 11. In other words, the Coriolis coupling term can be identified as the

key factor resulting in observed differences in the behaviour of TS-BFGS.

Furthermore, in the region around s =−100, where the TS-BFGS trajectories in Fig. 11 begin

to diverge from the other methods, we observe a corresponding peak in the Coriolis coupling plot

(Fig. 10(d)), indicating a region of relatively strong coupling dispersing energy into vibrational

modes. In combination with the observed similarity of dynamics along s when Coriolis coupling is

removed, these observations suggest that the Coriolis coupling peak at s=−100 may be significant

24



in dissipating energy, resulting in the divergent trajectories of the TS-BFGS method relative to the

other schemes.

It is worth noting that consideration of the Coriolis coupling peaks aligns with the observed dy-

namic behaviour of TS-BFGS, but this interpretation is less straightforward in the case of SR1. In

particular, the SR1 Coriolis coupling shows a very strong coupling peak at s = −340 which does

not appear to significantly influence the dynamics along s (at least, when compared to the results

obtained by the ‘standard’ method). Further investigation of the vibrational mode dynamics in

the region of this peak shows that the averaged magnitudes of the squared normal-mode displace-

ments, 〈q2〉, tend to be generally smaller for those modes exhibiting strong coupling (and so giving

rise to the peak in Coriolis coupling). In contrast, the modes exhibiting strong Coriolis coupling

in TS-BFGS at s =−100 do exhibit relatively larger mode-displacements. Of course, a somewhat

selective analysis of a few vibrational modes in a many-coupled-mode system cannot give the full

picture; but we note that these simulations clearly highlight differences in the performance of the

TS-BFGS method in this reaction, when compared to the other schemes considered here.

To summarize, we find that the ability of the different Hessian update schemes to reproduce

the curvature coupling along the MEP serves as a useful first-order diagnostic to performance in

predicting transmission coefficients, as shown in Fig. 10(a). However, this is not the full picture,

as shown in Figs. 10(c) and 10(d); in this case, qualitative features of the Coriolis coupling appear

to correlate well with the dynamics along s, and hence, ultimately, differences in the calculated

transmission coefficients. An important disadvantage of this analysis is that it appears difficult to a

priori explain the behaviour of the different Hessian update schemes based on the Hessian approx-

imation equations themselves; however, we hope that the results presented here, highlighting the

fact that the PSB and Bofill schemes generally seem to demonstrate the most reasonable predic-

tive performance, might serve as a useful diagnostic for future RPH simulations using approximate

Hessian matrices.

E. Relative computational cost of Hessian update schemes

Based on the performances of each approach, the double-ended weighted average approach was

selected in order to compare calculation times across the different Hessian treatments. As noted

in the Introduction, the RPH model requires calculation of multiple Hessian matrices at many

discrete points along the MEP, which can be computationally-expensive; comparing calculation
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times across the different approaches is therefore of interest. Furthermore, we note that each of

the schemes considered here (i.e. standard approach, SR1, PSB, Bofill and TS-BFGS) all use

exactly the same underlying MEP configurations and, once the RPH is constructed, the sampling

over MD trajectories is also exactly the same. As such, the calculation time difference between

the different methods boils down to the time required to evaluate the Hessian matrices along the

MEP.

TABLE IV. Comparison between the relative computational cost associated with calculating the Hessian

matrices using the RPH and full analytical Hessian approach vs using the RPH and Hessian update algo-

rithms.

Hessian calculation type R1 R2 R3

Standard 1 1 1

SR1 0.36 0.59 0.22

PSB 0.36 0.59 0.22

Bofill 0.36 0.59 0.22

TS-BFGS 0.36 0.59 0.22

Table IV shows the relative computational costs for the four update Hessian methods using the

double-ended weighted average approach; times are given relative to the standard approach. As

expected, all four update Hessian methods provide a reduction in computational cost because they

avoid explicit evaluation of the Hessian matrices at all internal images along the MEP. For the first

two reactions, the interconversion of cyclohexane (R1) and the addition of nitrous oxide to ethene

(R2), the update Hessian methods all provide a substantial reduction in associated computational

cost. For reaction R3, the 1,1-insertion of CO into the Co–C bond in the Heck and Breslow

mechanism of hydroformylation, shows an even more significant reduction in computational cost,

with all 4 Hessian update schemes resulting in a 78% reduction in computational cost. This is

a result of the increased size of the system and the resulting additional cost of evaluating the

Hessian matrices directly using DFT; for larger, more complex systems, the benefits of using

Hessian update schemes would be expected to become more apparent.
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IV. CONCLUSIONS

This Article has presented a comparative assessment of different Hessian update methods to as-

sess their accuracy in the context of determining reaction transmission coefficients using the RPH

combined with MD simulations. For each reaction considered, a RPH calculation and MD simu-

lation was used on a MEP obtained by running a CI-NEB calculation. The RPH was implemented

in four different ways: (1) the standard analytical Hessian approach, (2) a single-ended Hessian

update starting from reactants, (3) a single-ended Hessian update starting from products, and (4) a

double-ended weighted-average Hessian update scheme. In addition, four types of Hessian update

algorithms were assessed, namely: (1) SR1 Hessian update, (2) PSB Hessian update, (3) Bofill

Hessian update and (4) TS-BFGS Hessian update..

Transmission coefficients were obtained by calculating Ccl
f s(t), which accounts for recrossing

in chemical reactions. The method which most commonly resulted in qualitative and quantitative

results similar to that of the standard approach was the double-ended weighted-average Hessian

update. This method showed reasonable estimates for the transmission coefficients, unlike the

case of the two single-ended methods. For the double-ended weighted-average method, all four

Hessian update algorithms showed qualitative promise, in the sense that in all case studies, the

Hessian update algorithms resulted in a transmission coefficient which was affected by recrossing

similar to the standard approach. The Hessian update methods which were the most consistent

across all three reactions, were the PSB and Bofill Hessian update methods. The PSB and Bofill

Hessian updates resulted in transmission coefficient which only slightly differed to the standard

approach; for example in the case of the PSB update, calculated transmission coefficients were

0.41, 0.87 and 0.68 for R1-R3 respectively, compared to 0.43, 0.92 and 0.62 for the standard

approach. In the case of the Bofill update, the transmission coefficients were 0.44, 0.87 and 0.57

for R1-R3 respectively, which, were very similar to the standard approach. The SR1 Hessian

update method also had some success, with better results for R2 and R3. However, for R1, the

SR1 update greatly overestimated the transmission coefficient. Finally, the TS-BFGS Hessian

update was the least successful out of the schemes considered, only showing some promise in R1

and overall underestimating the transmission coefficient.

Several RPH parameters were investigated and compared to the standard approach. The har-

monic vibrational frequencies at the TS were correctly represented by both the standard approach

and all of the Hessian update methods. Furthermore, the curvature coupling along the MEP was
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also correctly represented by both the standard approach and all Hessian update methods. It was

therefore determined that the representation of the Coriolis coupling played a significant role in

the performance of the Hessian update methods. Specifically, the Hessian update method which

reproduced Coriolis couplings of similar magnitude to the standard approach also resulted in trans-

mission coefficients which were in better agreement with the standard approach. Finally, we also

showed that the relative computational cost of the four Hessian update methods was less than that

of the standard approach for all three reactions considered.

The simulations performed here consider just a single temperature, but it is worth noting the

influence of temperature. While the construction of the RPH is temperature-independent, being

based on information from MEP calculations, the flux correlation functions and corresponding

recrossing factors will depend on temperature through the generation of initial conditions and the

impact of these initial conditions on the generated trajectories. At high temperature, one would

expect the implicit harmonic approximations in RPH to begin to become less accurate as anhar-

monicity becomes important, regardless of the method chosen to construct the RPH model; in

addition to the differences already noted at a single temperature, this would give rise to an ad-

ditional temperature-dependence to the comparison between different RPH schemes. However,

for the purposes of the current paper, we have already shown that there are significant differences

between different RPH construction methods, even if one just considers a single temperature.

To summarize, this Article has demonstrated that Hessian update methods can be used to con-

struct the RPH and subsequently run MD simulations to determine quantitative transmission coeffi-

cients for complex chemical reactions. Such schemes can reduce the computational cost associated

with rate calculations using RPH methods; the double-ended schemes used here are also compati-

ble with automated reaction discovery workflows, where it is common that geometry optimization

of reactants and products, and MEP-finding, are often straightforward, whereas TS location can be

challenging. The double-ended scheme tested here does not explicitly require a TS configuration

or Hessian matrix. Building on this work, an interesting next step could be to seek to develop

better Hessian update schemes which not only reproduce the Hessian but also accurately account

for curvature and Coriolis coupling in RPH calculations.
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SUPPLEMENTARY MATERIAL

The Supplementary Information contains data relating to comparison of Hessian weighting

factors (Eq. 17) calculated using both image index and image reaction-coordinates (Table S1), as

well as calculation of the ratio between the true change in potential energy and the change in the

potential energy given by the harmonic approximation (i.e. the ‘restricted-step’ criterion) for the

PSB Hessian update method (Table S2).
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