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Abstract
We develop a novel boundary integral formulation for the steady linearized form of Grad’s 13moment (G13) equations applied to uniform flow of rarefied gas past solid objects at low Mach
numbers. Changing variables leads to a system of boundary integral equations that combines
integral equations from Stokes flow and potential theory. The strong coupling between the stress
deviator and heat flux featured by the G13 equations demands adding a boundary integral equation
for the pressure. We specialize the integral equations for axisymmetric flow with no swirl and derive
the axisymmetric fundamental solutions for the pressure equation, seemingly absent in the Stokesflow literature. Using the boundary element method to achieve a numerical solution, we apply this
formulation to streaming flow of rarefied gas past prolate or oblate spheroids with their axis of
symmetry parallel to the free stream, considering various aspect ratios and Knudsen numbers —
the ratio of the molecules’ mean free path to the macroscopic length scale. After validating the
method, we obtain the surface profiles of the deviations from the unperturbed state of the traction,
heat flux, pressure, temperature, and slip velocity, as well as the drag on the spheroid, observing
convergence with the number of elements. Rarefaction phenomena such as temperature jump and
polarization, Knudsen effects in the drag, and velocity slippage are predicted. This method opens
a new path for investigating other gas non-equilibrium phenomena that can be modelled by the
same set of equations, such as thermophoresis, and has application in nano- and microfluidics.
Key words: low-Reynolds-number flows; micro-/nano-fluid dynamics; rarefied gas flow; spheroid;
boundary integral equation; boundary element method.
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Introduction

1.1

Preliminaries

In nano- or micro-channels, such as the narrow conduits assembled into nano- or micro-electromechanical systems (NEMS or MEMS) with cross sections having dimensions in the sub-micron or
micron range, respectively, gas motion is likely affected by rarefaction non-equilibrium effects. For
instance, gas motion may be driven not only by pressure gradients, but also by temperature gradients
along walls, causing, for example, thermal creep from cold to hot regions, a well-known consequence
of rarefaction (Karniadakis et al., 2005). Gas rarefaction phenomena may also arise in external flows
such as in flow around small aerosol particles or in low-density conditions, such as in vacuum or highaltitude (Luo and Pozrikidis, 2008; Nieto et al., 2012). Already in the nineteenth century, Tyndall
(1870) noted the displacement of atmospheric dust away from a heated surface, a rarefied effect now
known as thermophoresis, related to thermal creep, and caused by forces acting on the suspended
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particles from hot to cold (Sone, 2007). As we will see, comparing the size of the passage containing
the gas or of the particle surrounded by it with the mean free path of the gas molecules gives a good
indication of how influential these non-equilibrium effects can be.
The focus of the present work is on low-speed external flow of a rarefied gas past objects. Modelling
this class of flows has potential application in various important sectors, such as health, atmospheric
science, and security, examples being the process of inhalation of fine particulate (Lighty et al., 2000;
World Health Organization, 2003) or virus-laden microdroplets (Morawska and Milton, 2020; Wilson
et al., 2020), the motion of airborne volcanic ash (Heiken, 1994; Rose et al., 2001; Rose and Durant,
2009; Schwaiger et al., 2012), and the transport of bacteria-carrying aerosolized droplets (Settles, 2006;
Corriveau, 2016; see also Kesavan et al., 2016), respectively.
The level of rarefaction of a gas is determined by how far, on average, a molecule has to travel to
collide with another in comparison with the characteristic length scale of the flow — the gap size in
the case of channels or the particle size (Nguyen and Wereley, 2006; Kandlikar et al., 2014). The ratio
of the molecular mean free path to the flow geometry characteristic length scale is typically referred
to as the Knudsen number, Kn. When the molecular mean free path is significant relative to the scale
of the flow, thermodynamic equilibrium cannot be maintained as the frequency of particle collisions
within the gas is not high enough. Deviations from local thermodynamic equilibrium in the flow first
occur near the walls, where there are fewer inter-molecular collisions than at its core (Kandlikar et al.,
2014). These deviations appear macroscopically as differences in tangential velocity and temperature
between the fluid and the solid at the boundaries.
Depending on the range of the Knudsen number, appropriate fluid flow and heat transfer models
can be chosen. In terms of Kn, the following flow regimes are commonly accepted (Kandlikar et al.,
2014): For Kn < 10−3 , the flow is continuum, and the compressible Navier-Stokes-Fourier (NSF)
equations with the no-slip and continuous temperature boundary conditions can be confidently applied.
In the range 10−3 < Kn < 0.1, the flow is a slip flow and the NSF equations are still valid, provided
the boundary conditions include velocity slip and temperature jump. For 0.1 < Kn < 10, the flow is
said to be in transition and the NSF equations cease to be valid. Finally, for Kn > 10, the regime is
labelled as free molecular flow and a method that directly solves the Boltzmann equation, using for
instance a particulate method, is needed. Air at sea-level pressure, with a mean free path of about
0.07 µm, moving around suspended particles measuring from 0.1 to 5 µm, exemplifies transitional
flow (Lockerby and Collyer, 2016). Although the Boltzmann equation is valid in all flow regimes,
the application of particulate methods in the transition region is regarded as computationally costly
because, in this regime, the gas density is relatively high and a prohibitively large number of particles
are needed in the simulations (Agarwal et al., 2001).
In the slip flow regime, the usual set of boundary conditions, used alongside the NSF equations, are
the Maxwell velocity slip model, given by the sum of a term proportional to the tangential stress and
a term proportional to the tangential component of the temperature gradient, and the Smoluchowski
model for the temperature jump, given by a term proportional to the normal component of the
temperature gradient (Karniadakis et al., 2005). These constraints are often termed as the MaxwellSmoluchowski boundary conditions. For slow gas flow past particles with size in the micro- or nanometer range, the Mach number may be low and the Reynolds number vanishingly small. In these
conditions and for steady flow, linearization of the NSF model is justified yielding, in the bulk, the
Stokes flow equations together with the Laplace equation for the temperature. If these equations are
supplemented with the Maxwell-Smoluchowski boundary conditions, assuming the flow is in the slip
regime, and no spatial variations of the temperature are imposed either in the far field or within the
particle, the gas flow will remain isothermal, so that the temperature jump boundary condition can
be dropped and the velocity slip will be determined solely by the shear stress. Maxwell slip boundary
condition then becomes essentially equivalent to the widely used Navier slip model (Navier, 1823).
Stokes flow past a sphere with Navier slip was solved exactly by Bassett (1888). For spheroids that
deviate slightly from sphericity, the drag on the particle was computed approximately with perturbative techniques by Senchenko and Keh (2006) and Chang and Keh (2009b), whereas for spheroids of
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larger aspect ratios, the problem of the slow flow around an axisymmetric particle translating steadily
along its axis of revolution was investigated numerically by Keh and Huang (2004) with a method
of internal singularity distributions. Later, Keh and Chang (2008) computed more accurately the
approximate drag for this case using a series expansion of semi-separable terms whose coefficients
were determined numerically with the collocation method, or analytically with a leading-order asymptotic solution. Numerical investigations of Stokes flow with surface slip have been carried out using
boundary integral methods for the motion of a sphere in linear flow with or without a plane wall,
and the interception of two spheres by Luo and Pozrikidis (2008) and (2007), respectively, and for the
complicated three-dimensional geometry of MEMS by Frangi et al. (2006) and Frangi (2012).
By contrast, when a temperature gradient is imposed in the far-field in a rarefied gas otherwise
at a uniform temperature, temperature deviations and fluid motion will potentially be predicted by
the steady, linearized NSF equations with the Maxwell-Smoluchowski boundary conditions. In the
remainder of the paper, for the sake of compactness, we will refer to this model simply as the ‘NSF
model with slip and jump’. In this case, for a spheroid of aspect ratio near one, an approximate
solution was obtained by Senchenko and Keh (2007) with perturbation techniques and, for a spheroid
of arbitrary aspect ratio, by Chang and Keh (2009a) using the singularity-collocation method. Two
works for rarefied, confined flows in the plane are worthy of mention. First, Nieto et al. (2012) cast these
equations as boundary integrals equations and solved them numerically in the case of motions with
imposed temperature differences such as the eccentric Couette flow and the shear-driven cavity flow.
Later, Nieto et al. (2014) modified their numerical approach to simulate the cavity problem adding the
non-linear convective term to the energy equation. However, in a gas flow with negligible Reynolds
number, the Peclet number is also insignificant and the convective term can be safely dropped. On the
other hand, exact solutions have been obtained with simplified boundary conditions by Leong (1984),
Williams (1986), and Keh and Ou (2004) for a spheroid of arbitrary aspect ratio, after neglecting the
temperature jump and considering that the slip is only due to the tangential temperature gradient.

1.2

Extended hydrodynamics models based on the moments method

In the early transition regime, say Kn < 1, it is necessary (Karniadakis et al., 2005; Kandlikar et al.,
2014) and in the late slip flow regime, say Kn > 10−2 , desirable and, perhaps, advantageous to apply
the conservation equations for a continuum, closed with constitutive relationships for the stress and
heat-flux, as well as boundary conditions, having Knudsen-number corrections of some order. It is
consistent for these corrections to be such that, when Kn becomes negligible, the NSF equations
with classical boundary constraints are recovered. One of such corrected or extended hydrodynamics
models is Grad’s 13-moment equations (G13). They are derived using the method of moments of
Grad (1949), in which the distribution function in the Boltzmann equation is represented as a series
of orthogonal Hermite polynomials and the macroscopic variables describing the flow are obtained
as moments (integrals) of this distribution. Thirteen moments are needed for the same number
of variables, namely, mass density, macroscopic velocity vector, temperature, heat-flux vector, and
deviatoric stress tensor (symmetric and trace-free), which typically appear in classical hydrodynamics.
The pressure is given by an equation of state, usually the ideal gas law. The method gives rise to
constitutive equations for the stress deviator and heat-flux in the form of evolutionary equations
containing material derivatives of these quantities coupled with the conservation equations for mass,
momentum, and energy. Boundary conditions for the G13 equations, derived in a manner consistent
with the bulk equations and describing velocity slip and temperature jumps, are given in Struchtrup
(2005b), Young (2011), and, in linearized form, in Lockerby and Collyer (2016). They can also be
extracted from Struchtrup et al. (2017) by dropping the higher moments. Although in the transition
regime only qualitative trends can be expected, at most, with the G13 equations, they can predict
features of the flow of a rarefied gas that the NSF model with slip and jump misses, as we will see
below. One disadvantage of the G13 model is its inability to describe Knudsen layers; that is, flow
regions adjacent to boundaries where rarefaction is dominant (Young, 2011). Also, Agarwal et al.
(2001) mentioned that the G13 moments method gives rise to an entropy equation that violates Gibbs
3

relation.
The linearized G13 equations were solved by Dwyer (1967) to obtain an expression of the thermophoretic force on a spherical particle predicting, for the first time, the phenomenon of reversed
thermophoresis, in which the force points from cold to hot under certain conditions. By formally
deriving the boundary conditions for G13, Young (2011) added terms coupling stress with heat flux
that were missing in the expressions used by Dwyer. Young then solved the steady, linearized G13
equations for the problems of thermophoresis on a spherical particle driven by a temperature gradient
and of uniform gas flow past a sphere. In the case of flow past a sphere, keeping the temperature within
the solid and far from it equal and unperturbed, his solution described gas temperature polarization
with respect to the plane bisecting the sphere that is perpendicular to the flow. By balancing the
thermophoretic force with the drag caused by the flow, the thermophoretic velocity can be predicted.
Young chose values of the thermal creep, velocity slip, and temperature jump coefficients based on
solutions of the Boltzmann equations from the literature to attain very good agreement with direct
results from kinetic theory for the thermophoretic force in the slip regime, predicting also reversed
thermophoresis. By contrast, with the classical coefficients that arise from the G13 theory — Young
called them Maxwell’s values — the force tends to be underpredicted. In addition, by modifying his
solution to fit a well-known result for the free-molecular regime, Young improved the predictive capabilities of the model in the transition regime. For Kn . 0.2, he reported that the difference between
the large Kn-fitted version of the G13 model for the thermophoretic force and the non-fitted one differ
by at most 5%. Recently, it was shown that Young’s solution of the G13 equations agreed qualitatively
with new experimental data (Bosworth et al., 2016) exhibiting reversed thermophoresis (see Padrino
et al., 2019).
Lockerby and Collyer (2016) obtained the fundamental solutions (Green’s functions for the entire
space) for the steady, linearized G13 equations and applied the method of fundamental solutions to
numerically compute the drag caused on a sphere by a uniform flow of a rarefied gas. Whilst the
agreement with experiments and kinetic theory is good only for Kn . 0.1, outside this range, in the
early transition regime, the difference between the drag from G13 and the reference values is less than
the predictions from the NSF theory with slip. Lockerby and Collyer also computed the gas motion
around two neighboring solid spheres with uniform but different temperatures. This enabled them to
identify the differences and interplay between thermal creep and thermal stress flow.
Another model for rarefied gas dynamics, derived more recently using the moments method, is the
regularized 13-moment set of equations (R13), proposed by Struchtrup and Torrilhon (2003). Using
the Boltzmann equation as the starting point, these equations are best derived by means of the order of
magnitude method (Struchtrup, 2005a; Struchtrup et al., 2017). The R13 equations add higher order
terms in Kn than G13 to the constitutive equations for the stress deviator and heat-flux containing
gradients of these quantities. Boundary conditions compatible with the R13 equations in the bulk have
been derived for boundaries without mass transfer, including walls (Gu and Emerson, 2007; Torrilhon
and Struchtrup, 2008), and for evaporating and condensing interfaces (Struchtrup and Frezzotti, 2016;
Struchtrup et al., 2017). Unlike G13, this model does partially describe Knudsen layers. When the
higher moments are dropped, the R13 equations and corresponding boundary conditions reduce to the
G13 model (Struchtrup, 2005b; see also Struchtrup et al., 2017). R13 can give quantitatively accurate
results for Kn up to 0.5 (Torrilhon, 2016; Struchtrup et al., 2017) and qualitatively even for Kn in the
late transition regime (Torrilhon, 2010). R13 equations have been used to model a variety of canonical
flows in the transition regime with low Mach number (see review by Torrilhon, 2016). For instance,
for slow flow past a sphere, Torrilhon (2010) predicted temperature polarization when the sphere and
the gas in the far field are kept at the same unperturbed temperature. Recently, Claydon et al. (2017)
derived the fundamental solutions for the linearized, steady R13 equations.
Because they govern essentially the same familiar macroscopic variables of the classical heat
transfer and fluid flow models, by examining the relative importance of the various terms in the
G13 or R13 equations, or of other models of extended hydrodynamics for that matter, especially the
terms arising from rarefaction, one can gain good physical understanding of the often complicated flow
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patterns. This is particularly advantageous if the analytical solution can be obtained. In addition, well
established numerical methods of classical hydrodynamics may be readily applied to these equations
of rarefied gas dynamics, in contrast to direct solutions of the Boltzmann equation.
When an isothermal unperturbed state is modified by a uniform streaming flow past an object,
extended hydrodynamic models, such as G13 and R13, will predict temperature variations (e.g.,
temperature polarization) in regions neighboring the object because of rarefaction. Besides predicting
thermal creep (transpiration), they are also capable of predicting thermal stress flow at the boundaries
which, under certain conditions, may become the dominant component of slip flow. In contrast, the
NSF model with slip and jump will predict no temperature variation, and the flow remains isothermal.
From the modelling perspective, this is a consequence of the models’ different levels of coupling between
the stress deviator and the heat flux. Extended hydrodynamics models, such as G13 and R13 have
a stronger deviatoric stress-heat flux coupling, not only in the bulk equations, via the constitutive
relations, but also in the boundary conditions, than the NSF model with slip and jump. In the latter
model, the coupling is said to be in one way because it is given by the contribution of the temperature
gradient along the boundary to the velocity slip and neither spatial gradients of the heat flux appear
in the constitutive equation for the stress deviator nor the other way around.
If an unperturbed state is altered, for instance, by imposing a temperature gradient far from an
object, such as in thermophoresis problems, G13 and R13 models will predict temperature variations in
the flow, as was the case with the NSF model with slip and jump — although this model is not capable
of predicting thermal stress flow. Besides the natural discrepancies in prediction accuracy among the
models, a very important difference resulting from the level of stress deviator-heat flux coupling lies in
the solution procedure, and is especially consequential if a numerical solver is implemented. Whereas
the G13 or R13 equations will have to be solved simultaneously, in general, for the NSF model with
slip and jump, the energy equation can be solved first for the temperature and heat flux and then
these results can be used next in the solution of the flow field (e.g., see Nieto et al., 2012).

1.3

Scope and objectives

In this work, we present a novel boundary integral formulation for the steady, linearized G13 equations
to model the low-speed uniform flow of gas past a solid object in conditions such that rarefaction effects
play a role. To write boundary integral equations from partial differential ones, their fundamental
solutions are required. Rather than using the fundamental solutions for the steady, linearized G13
equations of Lockerby and Collyer (2016), we show that by introducing two auxiliary fields, namely, a
vector and a scalar, given by the linear combination of the dimensionless fluid velocity and heat flux,
and of the dimensionless temperature and pressure, respectively, the G13 equations can be written
in the form of the Stokes equations for the mass and momentum balances and a Laplace equation
for the energy balance. A vector boundary integral equation similar to the velocity-traction equation
for Stokes flow but modified to include the heat flux is written by applying a well-known result from
the Lorentz reciprocal identity (Lorentz, 1907; Pozrikidis, 1992) and two scalars boundary integral
equations for the normal and tangential components of the heat flux are obtained from potential theory. After substituting the temperature boundary condition, the equation for the normal component
of the heat flux includes the normal component of the deviatoric stress vector. This is replaced by
the normal component of the surface traction plus the pressure to make this equation compatible
with the velocity-traction-heat flux boundary integral equation, which involves the traction on the
surface of the solid. The appearance of the pressure in the set of boundary integral equations through
the temperature boundary condition makes necessary the inclusion of an additional boundary integral equation containing the pressure in order to close the system. This extra equation is provided
by a modified version of the boundary integral equation for the pressure in Stokes flow derived by
Ladyzhenskaya (1969) (see Kim and Karrila, 2005; also Leal, 2007). Because the velocity-traction
boundary integral equation of Stokes flow is known to introduce non-uniqueness of the solution (e.g.,
Pozrikidis, 1992), following a recommendation from the literature, we include in our set of equations
an integral condition for the normal component of the traction on the boundary, which selects the
5

solution corresponding to zero pressure deviation from the unperturbed state in the far field, provided
the flow has a certain kind of fore-aft symmetry.
The set of boundary integral equations for G13 are then reduced for the case of axisymmetric
flow with no swirling motion. The performance of the model and numerical scheme is evaluated by
applying it to the low-speed streaming flow of a rarefied gas past an ellipsoid of revolution with its
axis of symmetry parallel to the free stream. The spherical boundary is investigated as a special case.
We solve the set of integral equations numerically using the boundary element method. For a three
dimensional problem, the boundary element method requires only the meshing of a surface in the
space rather than of a volume. For two-dimensional or axisymmetric problems, it suffices to create a
mesh in a curve on the plane instead of in a plane surface. Moreover, boundary conditions at infinity
can be included exactly in the boundary integral formulation. The boundary element method thus
has the advantage of not requiring a large (artificially truncated) domain with appropriate far field
conditions there. On the other hand, and as mentioned before, the method is limited to situations
where fundamental solutions exist, such as in the cases of the Stokes flow and Laplace equations.
This is seemingly the first time that the boundary integral method is applied to the G13 equations
of rarefied gas dynamics. Even though more accurate results are anticipated from R13 equations than
from G13, especially in the early transition regime, we opted as a first step for the G13 model,
because of the high complexity, not only of the fundamental solutions for R13, as shown by Claydon
et al. (2017), but also of the boundary conditions, which include components, in boundary-fitted
coordinates, of third-order tensors — the gradient of the stress. Moreover, with G13, we anticipate
obtaining reliable quantitative results in the slip regime and at least qualitatively significant results at
the beginning of the transition regime, for Knudsen numbers of the order of 0.1. In the present work,
we consider Knudsen numbers up to this order of magnitude.
A salient aspect of the present application is the aforementioned boundary integral equation
for the pressure. In the literature on boundary integral methods applied to Stokes flows, without
or with slip (Youngren and Acrivos, 1975; Luo and Pozrikidis, 2007, 2008), or with non-equilibrium
temperature gradients in the bulk and jumps on the boundary (Nieto et al., 2012), the velocity-traction
boundary integral equation is typically the only equation solved, at least on the fluid mechanics side.
The pressure equation is only invoked, in a later step, if the surface pressure distribution is sought,
which is rarely the case. Therefore, actual applications of Ladyzhenskaya’s integral equation for the
pressure are very scarce. The first applications were apparently due to Ingber and Li (1991), including
the flow past an spheroid formulated in three dimensions, using the pressure equation in a second stage
to compute its surface distribution, once the velocity-traction boundary integral equation has been
solved for the latter. On the other hand, an application where the pressure equation is essential was
treated by Rêgo-Silva et al. (1993) who used it to study pressure gradient-driven three-dimensional
flow in ducts with the boundary element method (see also Power and Wrobel, 1995). We are not aware
of previous work where the axisymmetric formulation of the pressure boundary integral equation is
presented. We therefore derived here the axisymmetric fundamental solutions for this equation needed
in the analysis of flows with axial symmetry within the framework of the G13 model. These seemingly
new expressions may be useful in fluid dynamics applications of the boundary element method even
in situations where rarefaction is insignificant.
Another feature of this work is the simultaneous solution of the boundary integral equations
composing the model due to the strong coupling between stress deviator and heat flux in the G13
model. That is, a segregated scheme in which the heat transfer problem is decoupled from the fluid
flow one and solved first, such as in the approach by Nieto et al. (2012) with the NSF model with
slip and jump, is not possible here. Nevertheless, an alternative to the simultaneous solution scheme
might be provided by an iterative procedure, which naturally brings the issue of convergence to the
forefront. We do not touch upon this aspect in this article. The interested reader is referred to the
work of Ramachandran et al. (2012) for a discussion on iterative methods applied to boundary integral
equations for Stokes flow with slip.
This paper is organized as follows. In the next section, we introduce the problem that we will
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consider in general terms, and the linearized, steady G13 equations, including the boundary conditions.
In Section 3, we cast the partial differential equations of G13 as boundary integral equations, whilst
in Section 4, these equations are reduced for the special case of axially symmetric flow without swirl.
In Sections 3 and 4, we also introduce and discuss the fore-aft symmetry requirement for the flow and
the associated integral constraint on the normal traction component. A numerical solution procedure
for these equations is devised in Section 5 by means of the boundary element method, and the various
details of the approximation are described. In Section 6, we present and discuss the results of applying
the numerical approach to the case of rarefied flow past an ellipsoid of revolution, either prolate or
oblate, after validating it with the spherical geometry by comparing with the analytical solution. We
then conclude with some final remarks in Section 7.

2

Linearized steady Grad’s thirteen-moment equations

Grad’s (1949) moment method describes the state of a gas by a set of moments or integrals over the
velocity space of products of the phase density, governed by the Boltzmann equation, with polynomials of quantities defined by the molecular velocity. Each of the moments determines a macroscopic
quantity. By multiplying the Boltzmann equation with these polynomials and integrating over the
velocity space, partial differential equations describing the spatial and temporal change of the macroscopic quantities can be derived. In particular, Grad’s thirteen-moment equations (G13) are obtained
by choosing the thirteen moments corresponding to the gas density, temperature, the three components of the velocity vector, the three components of the heat flux vector, and the five independent
components of the stress deviator tensor, which is symmetric and trace-free. The full non-linear G13
equations and a modern account of their derivation can be found in the textbook by Struchtrup
(2005b). For our purposes, it suffices to consider a linearized, steady version of them.
Consider a ground state given by a gas at rest with pressure p∗0 , temperature (in energy units)
∗
θ0 = R∗ T0∗ , where T0∗ is the absolute temperature and R∗ is the gas specific constant, and vanishing
heat flux and deviatoric stress. Symbol ‘ ∗ ’ is used to denote dimensional quantities. This state of the
gas remains unperturbed if we assume that the gas surrounds a rigid body also at rest and having the
same temperature as the gas, θ0∗ . Except for the body surface, the gas is unbounded. For modelling
purposes, we consider the gas to be monatomic and composed of Maxwell molecules. From the ideal
gas law, the gas density is p∗0 /θ0∗ and the viscosity, corresponding to temperature θ0∗ , is µ∗0 . Deviations
from the ground state caused, for instance, by perturbing the conditions far from the solid object or by
setting it in motion are described by the dimensionless variables pressure p, temperature θ, velocity u,
heat flux q, and deviatoric stress S, so that the pressure and temperature of the gas are, respectively,
1 + p and 1 + θ. The linearized ideal gas law gives the density deviation, which is thus p − θ. Quantities
are nondimensionalized using p∗0 for the pressure and stress deviator, θ0∗ for the temperature, p∗0 /θ0∗
∗1/2
∗1/2
for the density, θ0
for the velocity, p∗0 θ0
for the heat flux, a characteristic dimension `∗ for the
length (e.g., the characteristic size of an object), and p∗0 `∗2 for a force. The linearized, steady G13 set
of equations governing these deviations consists of the following expressions. In the absence of body
forces, the mass, momentum, and energy conservation laws are given by
∇ · u = 0,

(2.1)

∇p + ∇ · S = 0,

(2.2)

∇ · q = 0,

(2.3)

with relations for the stress deviator second-order tensor and heat flux vector defined according to
G13 as (Struchtrup, 2005b; Lockerby and Collyer, 2016)
4
S = −2Kn∇u − Kn∇q,
5
15
3
q = − Kn∇θ − Kn∇ · S,
4
2
7

(2.4)
(2.5)

respectively, also linearized and for a steady flow. The overbar denotes a symmetric and trace-free
tensor. We use Kn to denote the Knudsen number, which is computed here from the expression
∗1/2

Kn =

µ∗0 θ0
.
p∗0 `∗

(2.6)
∗1/2

Note that the molecules’ mean free path can be expressed by (π/2)1/2 µ∗0 θ0 /p∗0 (Maxwell, 1879;
Kandlikar et al., 2014); however, in (2.6) we have dropped the order one factor (π/2)1/2 for convenience.
The steady linearized G13 equations comprise expressions (2.1)-(2.5) which should be supplemented
with boundary conditions derived in a manner consistent with that of the bulk equations.
By introducing
2
w = u + q,
(2.7)
5
we have
S = −2Kn∇w,
(2.8)
and we may write the momentum conservation as
∇p − Kn∆w = 0,

(2.9)

∇ · w = 0;

(2.10)

with
hence, p satisfies Laplace equation (a harmonic function). Moreover, the equation of energy conservation becomes simply
∆θ = 0,
(2.11)
and the heat flux q satisfies the vector Laplace equation. An important consequence of this is that
Equation (2.9) can be written as ∇p = Kn∆u, that is, the same steady linearized momentum balance
of a Newtonian flow (i.e. Stokes flow). Nevertheless, because ∇w 6= ∇u, we have, from Equation (2.8),
that the flow is not Newtonian. For the purpose of writing a system of boundary integral equations
for the G13 model, as we will see, having the equations in terms of w, such as in (2.8) and (2.9),
rather than u will prove advantageous.
The heat flux q is an irrotational vector field; hence, it can be written as
q = ∇φ,

(2.12)

where φ is the heat flux potential. After using (2.2) and comparing with (2.5), the heat flux potential
is given by
15
3
φ = − Kn θ + Kn p.
(2.13)
4
2
It thus satisfies
∆φ = 0.
(2.14)
At a gas-solid surface, non-linear boundary conditions for G13 have been derived by Struchtrup
(2005b) and also by Young (2011). One condition is a vector equation governing the slippage and
another is a scalar equation enforcing a temperature jump. In dimensionless form, these boundary
conditions can be written as
r
2−χ π
4
u = uw − Cm
n · S · (1 − nn) − Ktc q · (1 − nn) ,
(2.15)
χ
2
15
r
1
4
2−χ π
q · n,
(2.16)
θ = θw − n · S · n − Ce
4
15
χ
2
after linearization. Here, θw denotes the temperature deviation from the base state at the surface
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on the solid side, and uw represents the velocity of the solid at its surface; n is the unit vector
normal to the gas-solid boundary pointing into the gas; Ktc , Cm , and Ce denote the thermal creep,
velocity slip, and temperature jump coefficients; symbol χ denotes the accommodation coefficient,
which is taken to be the same in both the velocity slip and temperature jump boundary conditions
(Struchtrup et al., 2017). As shown by Struchtrup (2005b) and Young (2011), the G13 analysis gives
rise to expressions (2.15) and (2.16) with the classical values for the coefficients, namely, Ktc = 3/4,
Cm = 1, and Ce = 15/8, which Young labeled as Maxwell’s values. When the Navier-Stokes-Fourier
constitutive relations for the stress deviator and heat-flux are used in the boundary conditions, they
reduce to the Maxwell-Smoluchowski slip and jump conditions, with the contribution from the stress
deviator to the temperature jump often neglected in the literature (Struchtrup, 2005b). An alternative
set of values for these coefficients has been proposed by Young (2011) from accurate solutions of the
kinetic equations cited by Sharipov (2004). Whereas results vary significantly with the use of one set of
coefficients or the other when a temperature gradient is imposed in the far field — e.g., thermophoresis
problem — when a streaming flow is imposed instead, predictions from the G13 model are insensitive
to this choice (Padrino et al., 2019). By setting χ = 1, boundary conditions (2.15) and (2.16) become
the same as expressions (4.6) in Lockerby and Collyer (2016). Note that (2.15) results in the nonpenetration condition when projected in the normal direction. If the solid’s thermal conductivity is
very high in comparison with the gas, e.g. as in the case of a metal, temperature deviations inside the
solid can be neglected in comparison to that in the gas — i.e. θw = 0. Otherwise, equations for the
heat transfer in the solid would need to be added to the model (e.g., Young, 2011). In this work, we
restrict ourselves to the case of a highly thermally conductive solid.
By introducing the total stress tensor — related to the pressure tensor of Struchtrup (2005b) —,
i.e.
σ = −p1 − S,
(2.17)
which is divergence free by virtue of expression (2.2), and denoting the surface traction as f = n · σ,
we can write (2.15) and (2.16) in a form that is more convenient for our purposes. That is,
r
2−χ π
4
u = u w + Cm
f · (1 − nn) − Ktc q · (1 − nn) ,
(2.18)
χ
2
15
r
1
1
4
2−χ π
θ = θw + f · n + p − Ce
q · n.
(2.19)
4
4
15
χ
2
In this work, and following Lockerby and Collyer (2016), we take χ = 1, corresponding to a diffusive
surface, a typical value that is satisfactory for most surfaces of interest. For the remaining coefficients,
we adopt the classical values (Ktc = 3/4, Cm = 1, and Ce = 15/8).
In the next section, we cast differential Equations (2.9), (2.10), and (2.14), where w and pressure
p are related to the total stress tensor σ by means of (2.8) and (2.17), as a set of boundary integral
equations.

3

Boundary integral equations for G13: Streaming flow past a solid

We consider deviations from the ground state described in the previous section caused by a streaming
flow which, far from the object, has non-dimensional velocity u∞ with respect to the laboratory frame,
constant in magnitude and direction, and also by a translational motion of the object with constant
velocity uw with respect to the same frame, parallel to the free stream. Note that because of the
velocity scale used to non-dimensionalize the free stream velocity, the magnitude of u∞ is of the order
of the Mach number of the free stream, which is assumed to be much smaller than one in this work.
The same condition applies to the speed of the solid.
Under these considerations, we recast the system of partial differential equations of the G13
model for the deviations introduced in the previous section as a system of integral equations for a
flow field bounded internally by a closed surface but otherwise unbounded with its integrals taken
9

over the boundary. We achieve this by exploiting the fact, evident from the previous section, that the
linearized steady G13 equations can be expressed as the sum of two parts, namely, a set of Stokesflow like equations coupled with the Laplace equation for the heat flux potential. Treating each part
separately, corresponding boundary integral equations can be readily written. The coupling between
the resulting integral equations is attained through the boundary conditions. It is also assumed that
the pressure p, temperature θ, deviatoric stress S, and heat flux q deviations vanish in the far field.
Because of well-posedness considerations, an integral condition will have to be imposed restricting
the application of the system of boundary integral equations to flows with certain class of fore-aft
symmetry.

3.1

Stokes-flow-like equations

We note that Equations (2.9) and (2.10) have the form of the governing equations for a Stokes flow with
velocity w, deviatoric stress S given in (2.8) and total stress σ given in (2.17). Applying the Lorentz
reciprocal identity (Lorentz, 1907) to this flow and to the flow given by the fundamental solution for
the entire space of (2.9)-(2.10) with the former having a delta function forcing term results in the
following boundary integral equation (see, e.g., Chapter 2 of Pozrikidis, 1992):
Z
Z
1
1
1
f (x)·G(x, x0 ) dS(x) +
(3.1)
w(x0 ) = u∞ −
− w(x)·T (x, x0 )·n(x) dS(x),
2
8πKn D
8π D
provided q vanishes in the far field so that w tends to u = u∞ there; unit vector n(x) is normal to the
boundary pointing into the fluid. Adopting the names commonly used in the literature on boundary
integral methods, point x is called an observation or field point, and x0 a pole or source point (e.g.,
Pozrikidis, 1992); the gas-solid surface is denoted by D. In this expression
G(x, x0 ) =

1 (x − x0 )(x − x0 )
+
,
r
r3

(3.2)

is the fundamental solution or free space Green’s function, also known as the Stokeslet, and
T (x, x0 ) = −6

(x − x0 )(x − x0 )(x − x0 )
,
r5

(3.3)

is the corresponding fundamental solution for the stress, also called the stresslet.
In expression (3.1), the crossbar on the the first integral on the right-hand side indicates that this
integral exists in the principal value sense (Pozrikidis, 1992).
Unlike the case of pressure-driven flow in conduits (e.g., Rêgo-Silva et al., 1993), for external flow
past either solid or fluid objects, such as drops or bubbles, to obtain a solution, an equation like (3.1)
involving the surface traction suffices and a boundary integral equation for the pressure is not usually
needed. For the G13 equations, because the boundary conditions involve not only the traction but also
the gas pressure (see expression 2.19), an integral equation for the pressure becomes useful. A pressure
equation may be written from the theory of integral equations for Stokes flow (Ladyzhenskaya, 1969;
Kim and Karrila, 2005; Leal, 2007); it is presented here in a form that is free of hypersingular integrals
(Ingber and Li, 1991)
Z
Z
1
1
Kn
p(x0 ) = − − P(x0 , x) · f (x)dS(x) −
− n(x) · ∇0 P(x0 , x) · [w(x) − w(x0 )] dS(x) (3.4)
2
8π D
4π D
where the fundamental solution for the pressure is
P(x0 , x) = −

2
(x − x0 ) ,
r3

(3.5)

and r = |x − x0 |. This vector field satisfies the vector Laplace equation when x 6= x0 , which is not
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surprising as the pressure p is harmonic. Expression (3.4) can be readily obtained by considering a
small nearly hemispherical volume of exclusion centered on x0 and then invoking the pressure integral
equation valid when x0 is neither in the fluid volume nor on its boundary — found, for instance, in
section 14.4 of Kim and Karrila (2005) — and then carrying out the standard limiting process as the
hemisphere’s radius tends to zero. The integral with the factor w(x0 ) is added before taking the limit
using the fact that ∇·∇0 P(x0 , x) = 0 if x 6= x0 (see also Ingber and Li, 1991).
There is, however, an issue with the well-posedness of expression (3.1) that needs to be addressed.
The first integral on the right-hand side is a contribution to the flow represented by a single-layer
potential with density f . The kernel in this integral, G(x, x0 ), is such that when a vector proportional
to the unit normal vector n(x) is added to a particular solution f (x), say, the resulting vector is also
a solution; hence, an infinity of solutions exists for this boundary integral equation. This is equivalent
to having a constant but non-zero pressure deviation in the far field. This feature of the singlelayer potential is discussed in section 4.2 of Pozrikidis’s (1992) textbook (see also Appendix A of
Ramachandran et al., 2012). Note that because the various solutions differ by a term multiple of the
normal vector, and this term produces no net force on a closed surface, the resulting drag on the
body caused by the streaming flow will be unique. To obtain a unique solution for the traction f ,
Pozrikidis (1992) advises that, if applicable, we may impose some form of spatial symmetry condition
on f according to the nature of the flow and the bounding geometry. In this work we follow this path
and restrict the flows to have a certain class of fore-aft symmetry and introduce an integral constraint
that selects a solution such that the pressure deviation vanishes in the far field.
Suppose the solid shape and the flow around it, which satisfies the linearized steady G13 equations
and associated boundary conditions, have fore-aft symmetry with respect to a plane, z = 0, say, and
the pressure and temperature deviations vanish far from the object. In particular, assume that the
normal component of the traction at the surface and the pressure field are odd functions with respect
to this plane. For this flow, we have that the integral
Z
f ·n dS = 0
(3.6)
D

at the surface of the body. If we add a vector multiple of the unit normal vector, −p∞ n say, to
the surface traction, where p∞ is a nonzero constant, this surface integral will result in −p∞ AD ,
where AD is the surface of the body. Consequently, by including (3.6) in the set of boundary integral
equations for the steady linearized G13 theory as a condition to be satisfied, the solution of this set
will necessarily be that with vanishing pressure deviation in the far field, provided the flow satisfies the
fore-aft symmetry described above. For condition (3.6) to be useful, one must know a priori whether
the flow has the desired fore-aft symmetry. Moreover, many flows of interest will not posses such a
symmetry and (3.6) will not be applicable. We will continue discussing this topic in the following
section in the context of a more specific type of flow. Note however that if we are only interested in
the drag on the solid, which is often the case, condition (3.6) can be dropped from the analysis.
Although in this work we focus entirely on quantities on the fluid-solid boundary, for completeness,
we describe the boundary integral equations that hold at a source point x0 lying away from the
boundary and inside the fluid domain. For w(x0 ), Equation (3.1) is valid except that the coefficient
in the left-hand side is 1 instead of 1/2 and the integrals are both regular. Similarly, for the pressure
p(x0 ), expression (3.4) holds but with a coefficient of 1 appearing on the left-hand side in place of 1/2;
the term −w(x0 ) within the brackets of the second integral drops out, and both integrals are regular.

3.2

Equations for the heat flux and its potential

Consider Equation (2.14). Starting with Green’s second identity, after carrying out a limit calculation
to take into account that point x0 belongs to boundary D, we obtain a boundary integral equation
involving the heat flux potential φ and its normal derivative at points on D (e.g., Becker, 1992; Power
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and Wrobel, 1995)
1
1
φ(x0 ) =
2
4π

1
φ(x)n(x)·∇G(x, x0 )dS(x) −
4π
D

Z

Z
n(x)·∇φ(x) G(x, x0 )dS(x),

(3.7)

D

where

1
G(x, x0 ) = ,
(3.8)
r
is the fundamental solution of Laplace equation in three dimensions. In writing (3.7), we have assumed
that potential φ vanishes far from the boundary. Note that the integrals in (3.7) exist in the classical
sense as the integrands have no strong singularities (Guiggiani, 1991); they are at most weakly singular.
By taking into account definition (2.13) and the temperature jump boundary condition (2.19),
expression (3.7) can be regarded as an integral equation for the normal component of the heat flux,
n(x)·∇φ(x), on the gas side of the boundary. A boundary integral equation for the heat flux components along two mutually orthogonal directions tangential to the boundary at x0 can be obtained as
follows. Assuming that source point x0 is on boundary D, we consider a volume of exclusion in the
e consists of the surface
form of a spherical sector centered at x0 . Now the close surface, denoted as D,
D minus the part of it enclosed by the volume of exclusion plus the surface of this volume enclosed
e nor to the volume
by D — almost like a hemispherical surface. Since x0 now neither belongs to D
enclosed by it, we may write Green’s second identity for the pair φ(x) and G(x, x0 ) and then take its
gradient with respect to x0 — denoted by ∇0 . This leads to
Z
Z
n(x)·q(x)∇0 G(x, x0 )dS(x) −
φ(x)n(x)·∇∇0 G(x, x0 )dS(x) = 0.
(3.9)
e
D

e
D

We then add the term

Z
φ(x0 )

n(x) · ∇∇0 G(x, x0 )dS(x),

(3.10)

e
D

which is zero by the divergence theorem, to the left-hand side. Carrying out the standard limiting
process of taking the radius of the volume of exclusion to zero yields the boundary integral equation
for the heat flux
Z
Z
1
1
1
q(x0 ) =
− n(x) · q(x)∇G(x, x0 )dS(x) −
− [φ(x) − φ(x0 )] n(x) · ∇∇G(x, x0 )dS(x), (3.11)
2
4π D
4π D
with x0 in D, and all the integrals are now Cauchy principal value integrals. The contraction of this
expression with the tensor 1−n(x0 )n(x0 ) gives rise to a vector equation for the tangential components
of the heat flux vector. This equation is analogous to the integral equation for the tangential heat flux
proposed by Nieto et al. (2012) for transfer processes in the plane.
For a point x0 not on boundary D and inside the fluid domain, the integral equation for the heat
flux potential is given by (3.7) with a factor of 1 instead of 1/2 in the term on the left-hand side
(Becker, 1992). By taking the gradient with respect to x0 of this equation for the heat flux potential,
we obtain the integral equation for the heat flux vector when x0 is completely inside the fluid domain.

4

Boundary integral equations for G13: Streaming flow with axial
and fore-aft symmetry

In this section we specialize the boundary integrals equations presented previously to the case of
streaming flow past a solid of revolution about an axis that is parallel to the direction of the free
stream velocity u∞ . In addition, the solid may translate with constant speed in the direction of
the free stream so that the resulting flow is axisymmetric with no swirl. Pressure and temperature
deviations from the ground state approach zero in the far field. Let C be the plane curve generated by
the intersection of a plane containing the axis of symmetry and the boundary D of the body. Employing
12

a cylindrical coordinate system (r, ϕ, z), where r is the radial coordinate, ϕ is the azimuthal angle,
0 6 ϕ < 2π, and z is the coordinate along the axis of symmetry, we assume, with no loss of generality,
that curve C lies on plane ϕ = 0. Taking dS = rdϕdl, where dl is the differential arc length of C,
integration in the azimuthal direction can be carried out analytically for expression (3.1), with source
point x0 belonging to C, resulting in (Pozrikidis, 1992)
Z
Z
1
1
1
M
(x
,
x)
f
(x)dl(x)
+
(4.1)
wα (x0 ) = u(α)
−
− Qαβγ (x0 , x)wβ (x)nγ (x) dl(x),
0
αβ
β
∞
2
8πKn C
8π C
where subscripts α, β, γ can be either r or z, denoting components in the radial and axial directions, respectively; for repeated Greek indexes in a term, the summation convention applies. Now, the
dimensionality of the problem is further reduced from integration about a surface in space to integration over a curve in a plane. The elements of matrices Mαβ and Qαβγ are computed from expressions
(2.4.9) and (2.4.6), respectively, of section 2.4 of the popular textbook by Pozrikidis (1992) and are
not repeated here. For our purposes, it is convenient to write the traction f , heat flux q , and velocity
u in terms of their components tangential and normal to the curve C. Let t be a unit vector tangential
to C so that t · n = 0; then, we may write, e.g., f = ft t + fn n or fα = tα ft + nα fn , and similarly for
q, u, and w. Introducing this decomposition into (4.1) yields
Z
1
1
1
(α)
Mαβ (x0 , x) tβ (x)ft (x)dl(x)
wt (x0 )tα (x0 ) + wn (x0 )nα (x0 ) = u∞ −
2
2
8πKn C
Z
Z
1
1
Mαβ (x0 , x) nβ (x)fn (x)dl(x) +
− Qαβ (x0 , x)tβ (x)wt (x) dl(x)
−
8πKn C
8π C
Z
1
+ − Qαβ (x0 , x)nβ (x)wn (x) dl(x),
(4.2)
8π C
where
Qαβ (x0 , x) = Qαβγ (x0 , x) nγ (x).

(4.3)

Proceeding in a similar way with the pressure equation in (3.4), after integration in the azimuthal
direction, we obtain
Z
Z
1
1
Kn
p(x0 ) = − − Pα (x0 , x)fα (x)dl(x) −
− nα (x)Rαr (x0 , x)wr (x)dl(x)
2
8π C
4π C
Z
Z
Kn
Kn
−
− nα (x)Rαz (x0 , x) [wz (x) − wz (x0 )] dl(x) +
− nα (x)Uαr (x0 , x)wr (x0 )dl(x), (4.4)
4π C
4π C
where
Z
Pr (x0 , x) = r

2π


Px (x0 , x) cos ϕ + Py (x0 , x) sin ϕ dϕ,

0

Z
Pz (x0 , x) = r

2π

Pz (x0 , x)dϕ,

0
2π


∂Py
∂Py
∂Px
∂Px
2
2
cos ϕ +
cos ϕ sin ϕ +
cos ϕ sin ϕ +
sin ϕ dϕ,
Rrr (x0 , x) = r
∂x0
∂x0
∂y0
∂y0
0


Z 2π
Z 2π
∂Py
∂Pz
∂Pz
∂Px
Rrz (x0 , x) = r
cos ϕ +
sin ϕ dϕ, Rzr (x0 , x) = r
cos ϕ +
sin ϕ dϕ,
∂x0
∂y0
∂z0
∂z0
0
0
Z 2π
∂Pz
Rzz (x0 , x) = r
dϕ,
0 ∂z0

Z 2π
Z 2π
∂Px
∂Px
∂Px
Urr (x0 , x) = r
cos ϕ +
sin ϕ dϕ,
Uzr (x0 , x) = r
dϕ.
(4.5)
∂x0
∂y0
0
0 ∂z0
Z



Expressions for these integrals are given in Appendix A. Here, Pk (x0 , x), with k = x, y, or z, denotes
13

the Cartesian components of vector P(x0 , x) defined in (3.5). In terms of the normal and tangential
components of f (x), w(x), and w(x0 ) we have
Z
Z
1
1
1
p(x0 ) = − − Pα (x0 , x)tα (x)ft (x)dl(x) −
− Pα (x0 , x)nα (x)fn (x)dl(x)
2
8π C
8π C
Z
Kn
−
− nα (x) [Rαβ (x0 , x)tβ (x)wt (x) − Uαβ (x0 , x)tβ (x0 )wt (x0 )] dl(x)
4π C
Z
Kn
−
− nα (x) [Rαβ (x0 , x)nβ (x)wn (x) − Uαβ (x0 , x)nβ (x0 )wn (x0 )] dl(x),
(4.6)
4π C
with Uαz (x0 , x) = Rαz (x0 , x).
The boundary integral equation for the heat-flux potential for the axisymmetric case becomes
Z
Z
1
1
1
φ(x)Hα (x, x0 )nα (x)dl(x) −
qn (x)G(x, x0 )dl(x),
(4.7)
φ(x0 ) =
2
4π C
4π C
with qn (x) = n(x) · ∇φ(x) and
2π

Z
G(x, x0 ) = r

G(x, x0 )dϕ,
0
2π 

Z
Hr (x, x0 ) = r
0


∂G
∂G
(x, x0 ) cos ϕ +
(x, x0 ) sin ϕ dϕ,
∂x
∂y

Z
Hz (x, x0 ) = r
0

2π

∂G
(x, x0 )dϕ. (4.8)
∂z

Expressions for these integrals are also listed in Appendix A.
Finally, after projecting vector Equation (3.11) onto unit vector t(x0 ), tangent to curve C at
point x0 , and introducing qt (x0 ) = t(x0 ) · ∇0 φ(x0 ), we obtain
Z
Z
1
1
1
qt (x0 ) =
− qn (x)Jα (x, x0 )tα (x0 )dl(x) −
− [φ(x) − φ(x0 )] Nαβ (x, x0 )nα (x)tβ (x0 )dl(x), (4.9)
2
4π C
4π C
where
Z 2π
∂G
∂G
(x, x0 )dϕ,
Jz (x, x0 ) = r
(x, x0 )dϕ,
∂x
∂z
0
0


Z 2π 2
Z 2π 2
∂2G
∂2G
∂ G
∂ G
Nrr (x, x0 ) = r
cos ϕ +
sin ϕ dϕ, Nrz (x, x0 ) = r
cos ϕ +
sin ϕ dϕ,
∂x2
∂y∂x
∂x∂z
∂y∂z
0
0
Z 2π 2
Z 2π 2
∂ G
∂ G
Nzr (x, x0 ) = r
dϕ, Nzz (x, x0 ) = r
dϕ,
(4.10)
2
0 ∂z∂x
0 ∂z
Z

2π

Jr (x, x0 ) = r

and the results of evaluating these integrals are included in Appendix A.
Following the discussion closing sub-section 3.1 on the issue of non-uniqueness resulting from
the single-layer potential in Equation (4.1), in Appendix B, we show that an axisymmetric flow with
no swirl past an object of revolution with fore-aft symmetry, satisfying the linearized steady G13
equations and boundary conditions with vanishing pressure and temperature deviations in the far
field and with an odd surface temperature deviation in the solid, also exhibits a certain kind of foreaft symmetry. Specifically, the pressure deviation in the entire gas domain and the normal component
of the surface traction are both odd functions with respect to the plane of (fore-aft) symmetry of
the object. Therefore, by imposing condition (3.6) on this flow, for the proposed system of boundary
integral equations, the solution with a pressure deviation that tends to zero far from the body will be
selected. Taking into account the flow axial symmetry, after integrating along the azimuth, expression
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(3.6) becomes
Z
f (x)·n(x) r dl(x) = 0.

(4.11)

C

It is perhaps worth clarifying that stating a non-local constraint resulting from the fore-aft symmetry of the flow to select a particular solution is by no means restricted to the flow being axisymmetric.
In this regard, and although it is beyond the scope of this work, a problem that may be worth investigating is that of streaming flow past an ellipsoid of revolution with an axis of symmetry perpendicular
to the direction of the flow in the far field.

5

Numerical aspects

We use the boundary element method to obtain an approximate solution of the set of boundary
integral equations. Boundary curve C is approximately described by a collection of grid points. We
use straight segments to connect two consecutive grid points; each segment is designated as an element.
Lying on a segment or element, we place a node midway between the element’s grid points (ends).
Suppose the entire curve C is discretized with N elements; there are then N nodes. We use these
nodes as an approximation of the source points on the actual curve. Because we use the collocation
method to generate a system of linear equations, these nodes serve as collocation points. Following
the boundary-element terminology, we use ‘constant’ elements implying that the magnitude of a flow
variable anywhere in an element is given by its value at the associated node. Note that discretization
is only needed on the gas-solid boundary, and no special treatment or discretization is necessary in
the far field. The kernels of the various boundary integrals contain complete elliptic integrals of the
first and second kind, and these are computed with an error within 2 × 10−8 using the polynomials
approximations in section 17.3 of Abramowitz and Stegun (1972). The complete elliptic integral of
the first kind exhibits a logarithmic singularity when the distance between the field and collocation
points tends to zero. This behaviour may influence the numerical treatment of the integral over an
element as discussed in the following.
Boundary conditions (2.18) and (2.19) are introduced to the boundary integral equations through
definitions (2.7) and (2.13) for w and φ, respectively.
After discretization of the G13 system of boundary integral equations with constant, straight
elements, the resulting algebraic expressions will contain integrals with kernels that may behave differently depending on whether the collocation point belongs to the element or not. When the collocation
point lies outside the interval of integration or element, the integrand is regular; when the collocation
point falls in this interval, the integrand may be singular. In this regard, the singular integrands
in our system will exhibit two types of singularities, namely, either a weak singularity, behaving as
log(1/|x − x0 |) as |x − x0 | → 0, so that the integral exists in the classical sense, or a strong singularity,
behaving as 1/|x − x0 | as |x − x0 | → 0, and the integral exists in the Cauchy principal value sense.
An integrand may contain the sum of these two singularities.
The discretized form of boundary integral equation (4.2) may be written as

 1/2
X
X
Cm 2 − χ  π 1/2 (i)
(α)
(j)
−1
f(α) − Cm 2 − χ π
e
f(α) (j)
Kn−1 t M
Q
+
t
δ
t ij
n Mij fn
α ij ft + Kn
ij
χ
2
2
χ
2
j
j

X



X
2
4
1
2
1
(j)
(i)
(i)
(j)
e (α)
e (α)
−
− Ktc
t Qij − tα δij qt −
n Qij − nα δij qn
5 15
2
5
2
j
j
X (α) (j) X (α)
1
(α,i)
(j)
e
e
= u(α)
+
t Qij uwt +
n Qij uwn , (5.1)
∞ − uw
2
j
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j

where
1
f(α)
t Mij =
8π

Z

1
e (α)
t Qij =
8π

Z

1
f(α)
n Mij =
8π

(i)
Mαβ (x0 , x)tβ (x)dl(x),

Cj

1
e (α)
n Qij =
8π

(i)
Qαβ (x0 , x)tβ (x)dl(x),

Cj

Z

(i)

Mαβ (x0 , x)nβ (x)dl(x),

(5.2)

Cj

Z

(i)

Qαβ (x0 , x)nβ (x)dl(x).

(5.3)

Cj

Here, δij is the Kronecker delta, equal to one when i = j and zero otherwise. The sums are for
1 6 j 6 N . Note again that repeated Greek indexes in a term imply summation over the r and
z components. The i-index denotes a collocation point and its repetition in a term does not imply
summation. When i 6= j, the collocation point lies outside the interval of integration or element; when
i = j, the collocation point falls in this interval. In the case of (5.1), when i = j, the integrands in
f(α)
e (α)
p Mij , with p = t or n, contain a weak (logarithmic) singularity whilst the integrands in p Qij turn
out to be regular.
Boundary integral equation (4.6) leads to
X
j

 1/2 

X (n)
f(t) + Kn Cm 2 − χ π
f f (j)
e(t) − Uˆ(t) δij f (j) +
P
P
R
n
t
ij
ij
i
ij
χ
2
j

X


X  (n)
2
4
2
(t)
(t)
(j)
(n)
Reij − Uˆi δij qn(j)
− Ktc
+ Kn
Reij − Uˆi δij qt + Kn
5 15
5
j
j


X  (t)
X  (n)
1
(t)
(j)
(n)
+ pi = −Kn
Reij − Uˆi δij uwt − Kn
Reij − Uˆi δij u(j)
wn . (5.4)
2
j

j

In this equation
Z
1
(i)
(t)
f
− Pα (x0 , x)tα (x)dl(x),
Pij =
8π Cj
1
(t)
Reij =
4π

Z

1
(n)
Reij =
4π

Z

f(n) = 1
P
ij
8π

Z

(i)

Pα (x0 , x)nα (x)dl(x),

(5.5)

Cj

h
i
(i)
(i)
(i)
nα (x) Rαβ (x0 , x)tβ (x) − δij Uαβ (x0 , x)tβ (x0 ) dl(x),

(5.6)

h
i
(i)
(i)
(i)
nα (x) Rαβ (x0 , x)nβ (x) − δij Uαβ (x0 , x)nβ (x0 ) dl(x),

(5.7)

Cj

Cj

and

(t)
Uˆi =

X

f(t) ,
U
ij

(n)
Uˆi =

X

j

f(n) ,
U
ij

(5.8)

j

with
f(t) = 1
U
ij
4π

Z

(i)

(i)

nα (x)Uαβ (x0 , x)tβ (x0 )dl(x),

Cj

f(n) = 1
U
ij
4π

Z

(i)

(i)

nα (x)Uαβ (x0 , x)nβ (x0 )dl(x),(5.9)

Cj

f(t) = U
f(n) = 0, when i = j. The integrand in P
f(t) can be written as a sum of
when i 6= j, and U
ij
ij
ij
f(n) has a weak singularity.
terms with strong and weak (logarithmic) singularities; the integrand in P
ij

(t)
(n)
The integrands in Reij and Reij are also weakly singular.
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Boundary integral equation (4.7) becomes



X
X
15
2 − χ  π 1/2 e
1
1
(j)
e
e
Gij − Kn Ce
qn(j)
Kn
Hij − δij fn +
Hij − δij
16
2
χ
2
2
j
j


X
X
15
9
1
1
(j)
e
e
, (5.10)
− Kn
Hij − δij pj = − Kn
Hij − δij θw
16
2
4
2
j

where

e ij = 1
G
4π

Z

j

e ij = 1
H
4π

(i)

G(x, x0 )dl(x),

Cj

Z

(i)

Hα (x, x0 )nα (x)dl(x).

(5.11)

Cj

e ij and H
e ij are weakly singular.
The integrands in both G
Finally, the discrete form of expression (4.9) is



X
1 (i) X e
2 − χ  π 1/2  e
15
(j)
e
Kn
Nij − N̂i δij fn − qt +
Jij −Kn Ce
Nij − N̂i δij qn(j)
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2
χ
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X
X
9
(j)
eij − N̂i δij pj = − 15 Kn
eij − N̂i δij θw
− Kn
N
N
, (5.12)
16
4
j

j

where
Z
1
(i)
(i)
e
Jij =
− Jα (x, x0 ) tα (x0 ) dl(x),
4π Cj

Z
1
(i)
(i)
e
Nij =
− Nαβ (x, x0 ) nα (x) tβ (x0 ) dl(x),
4π Cj

(5.13)

and
N̂i =

X

eij .
N

(5.14)

j

eij contain the sum of terms with weak and strong singularities. It
Both the integrands in Jeij and N
should be noted that when i = j, according to the parenthetical expressions in (5.12), the contribution
eij to this equation cancels out. Therefore, for its numerical treatment, rather than
of integral N
considering this integral as having singularities, one can compute it as a regular integral.
The integrals containing either a weak (logarithmic) singularity or a strong singularity, and existing in the Cauchy principal value sense, are computed using the well-known method of singularity
subtraction (e.g., see Guiggiani and Casalini, 1987), which simplifies significantly for a constant element. This technique splits the original integral into a regular integral plus a singular one that
can be easily evaluated analytically. The regular integrals are numerically computed using standard
Gauss-Legendre quadrature — six points are employed here.
Expressions (5.1), with α = r and z, (5.4), (5.10), and (5.12) form a system of 5N × 5N linear
algebraic equations for the tangential and normal components of the traction and heat flux vectors,
and the pressure on the boundary of the object.
The non-uniqueness of the solution brought by the single layer potential in equation (3.1) manifests
itself in a numerical solution as a significant change in the results of some of the local variables at
the boundary as the number of elements changes. As discussed in the foregoing, to alleviate this we
introduced constraint (3.6) or (4.11). For the purpose of numerical implementation, (4.11) yields
Z
X
fn(j) r dl(x) = 0.
(5.15)
j

Cj

Expression (5.15) substitutes for the r-component of expression (5.1) in a specific element. This issue
is discussed further for specific problems in the next section. The final 5N × 5N linear system is solved
using a conventional direct solver.
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Figure 1: Streaming flow with non-dimensional speed Ma past a fixed spheroid. The spheroid is symmetric
with respect to the z-axis. The sketch shows the non-dimensional semi-axes lengths a and b. For a prolate
(oblate) spheroid, a < b (a > b).
The net drag force produced on the object by the fluid stream is computed with
XZ
F = 2π
(ft tz + fn nz )rdl(x).
j

(5.16)

Cj

This drag is insensitive to the non-uniqueness of the local fields and hence it retains essentially the
same magnitude regardless of whether (5.15) is applied or not.

6

Application to flow past spheroids

In this section, we show results from the solution of the linearized G13 equations for steady streaming
flow of rarefied gas past an ellipsoid of revolution (spheroid) fixed in space using the boundary element
formulation previously described. A sketch of the flow is depicted in Fig. 1 showing a streaming flow
parallel to the z-axis in the direction of increasing z; the spheroid is symmetric with respect to this axis.
We denote the dimensionless magnitude of the free stream vector u∞ as Ma. The non-dimensional
lengths of the spheroid’s semi-axes are denoted by a and b using the length of the smallest semi-axis
as the characteristic length, which is used in computing the Knudsen number Kn. For a prolate
spheroid (ovary ellipsoid), b > a = 1, whilst for an oblate spheroid (planetary ellipsoid), a > b = 1.
For a streaming flow past such a geometry and satisfying the G13 equations and associated boundary
conditions, assuming the temperature deviation in the solid is negligible (e.g., a highly thermally
conductive material), the flow is not only axisymmetric without swirling motion but also possesses
fore-aft symmetry with respect to the plane z = 0, perpendicular to the streaming flow and containing
the spheroid’s centre (see Appendix B). This symmetry is such that, by including constraint (5.15)
in the numerical model, the solution corresponds, up to the error associated with the numerical
approximation, to a flow with vanishing pressure deviation in the far field.
The gas-solid surface in this case is reduced to an open curve in the plane with its two ends at
different locations on the z-axis. The position of the grid points corresponding to the end points of
the straight elements that approximate the boundary is given in cylindrical coordinates by r = a sin ζ
and z = b cos ζ, with ζ = 0, π/N , 2π/N, · · · , (N − 1)π/N, π, so that coordinate ζ is discretized with a
constant step size. This discretization has the advantage of leading to a greater density of grid points
or, equivalently, to shorter elements near the poles z = ±b for a prolate spheroid or near the equator
z = 0, for an oblate spheroid. The change in the size of the elements occurs gradually for one end
of the boundary to the other. We designate this discretization as the ‘refined’ grid. Elements of the
same size result for a sphere. An alternative to the ‘refined’ grid is that of a ‘uniform’ grid, where
the distance between grid points is the same for all elements. We shall make use of this grid in some
instances for reasons that we shall discuss. By default, we use the ‘refined’ grid except where otherwise
noted.
To include the global constraint (5.15) in the set of equations, we drop the r-component of
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Equation (5.1) for a particular element, labeled with j0 , say, and introduce that constraint instead.
Numbering the elements in ascending order from one and starting with the element having the back
stagnation point as a grid point, when the total number of elements N is odd, element j0 is given by
(N − 1)/2 + 1 and thus corresponds to the element bisected by plane z = 0. On the other hand, if
N is even, element j0 is given by N/2, the element of the back half of the boundary that has a grid
point in plane z = 0.
In this section, when we refer to the pressure, temperature, and normal component of the traction,
we are actually referring to their deviations with respect to the base (unperturbed) values. We remind
the reader that the non-dimensional quantities have been defined in section 2. In this discussion, we
first consider the case of flow past a sphere (a = b = 1) as an exact solution for the G13 model is
available in this case.

6.1

Sphere

For rarefied streaming flow past a sphere, the numerical solution of the G13 equations using the
boundary element method can be compared with the exact theory of Young (2011) (see Appendix
C of this article). This comparison is presented in Fig. 2 for Knudsen numbers Kn = 0.05 and 0.5
showing the normal and tangential components of the traction and heat flux, temperature, pressure,
and tangential component of velocity at the surface of the object. To obtain these results, we use
51 elements. Because they are proportional to Ma, with no loss of generality, we set Ma = 1 when
performing the computations. One should keep in mind that the model considered in this work is for
Ma  1. Very good match between the numerical and exact results is observed. From the physical
point of view, two features that are consequence of the gas rarefaction are worth highlighting. First,
Fig. 2(d) illustrates the presence of surface slip. Secondly, despite the fact that no deviation from
the temperature base value is imposed either on the solid side of the boundary or in the far field
and nonlinear dissipation is neglected, Figures 2(b) and (c) show non-zero heat flux profiles and a
temperature jump across the gas-solid surface. The effect of temperature polarization, in which the
temperature in the front and the back of the object are different, is present in the results. In our case,
the temperature is odd with respect to z = 0 and positive at the front and negative at the back. This
phenomenon has been reported in the theoretical studies of Takata et al. (1993) and Torrilhon (2010)
on flow past a sphere using the linearized Boltzmann equation and the regularized 13-moment theory,
respectively. By taking the maximum absolute values of ut /(KnMa) and θ/(KnMa) from Figures 2(d)
and (c), respectively, and multiplying them by their corresponding Kn, we note that, for the same Ma,
the velocity slip and temperature jump are the highest for the largest Knudsen number, as expected.
Whereas the gas velocity slip can be predicted by the NSF model with slip and jump, the temperature
jump and non-zero heat flux cannot be obtained from this theory.
The accuracy of the method implemented here is investigated next by looking at the change in
the average of the relative errors determined from the numerical and exact results for each element as
a function of the number of elements. This is shown in Fig. 3 for the temperature, pressure, tangential
and normal components of traction and heat flux, and tangential velocity on the surface of the sphere
for Kn = 0.05 and 0.5. From the interval N = 102 to 103 , we note that the change of the average
relative error with the number of elements N is of the order N −1 for our numerical scheme making
use of constant elements.
Regarding the drag on the solid sphere caused by the flowing gas, we plot in Fig. 4 the exact and
numerical (N = 51) results for this quantity, normalized by 6πKnMa, for a wide range of Knudsen
numbers Kn in the slip and transition regimes. The quantity F/(6πKnMa) is equivalent to the
dimensional drag F ∗ non-dimensionalized by the Stokes flow drag on a sphere of radius a∗ with no
slip, namely, 6πµ∗0 |u∗∞ |a∗ . Very good agreement is achieved. The accuracy of the drag computation
by our model is assessed in Fig. 5 where we show the relative error of the numerically determined drag
with respect to the exact result as a function of the number of elements for Kn = 5 × 10−4 , 0.05 and
0.5. For the smallest Kn, the relative error varies according to ∼N −2 ; the accuracy decreases to some
extent for the intermediate value of Kn and continues deteriorating for Kn = 0.5 to vary as ∼N −1 .
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Figure 2: Numerical solution of the G13 model for the (a) tangential and normal components of the traction;
(b) tangential and normal components of the heat flux; (c) pressure and temperature, and (d) tangential velocity
component at the surface of a sphere in a streaming uniform flow. Numerical results are shown for Kn = 0.05
and 0.5 and compared with predictions from the exact theory in Young (2011). Results are normalized by the
product Kn Ma, and obtained with 51 elements. The ordinate of figure (d) is equivalent to u∗t /(|u∗∞ |Kn), where
the ‘ ∗ ’ refers to dimensional quantities.
Comparisons of experimental values of the drag caused on a sphere by the streaming flow of a
rarefied gas with predictions from various theories are presented and discussed in the works of Torrilhon
(2010), Lockerby and Collyer (2016), and Padrino et al. (2019). The last two include results from the
G13 model for Kn 6 1, which over-predicts the experiments and the results from kinetic theory in
the early transition regime. Nevertheless, the theory of NSF with slip and jump results in even larger
discrepancies (Lockerby and Collyer, 2016).

6.2

Spheroids: Local fields

One of the earliest and most well-known applications of the boundary element technique to lowReynolds number flows is that by Youngren and Acrivos (1975) on streaming flow past objects with
the no-slip condition considering both the axisymmetric and fully three-dimensional versions of the
method. They modelled the flow with a boundary integral equation similar to expression (3.1) but
with the actual fluid velocity u in place of vector w. After invoking non-slip, their equation becomes
an integral equation of the first kind for the surface traction. Among the examples included in their
work, they considered the Stokes flow past prolate and oblate spheroids. Here, as a validation step,
we present results from our numerical approach for a very small Knudsen number and compare with
the analytical solution with no slip from the literature for the tangential and normal components of
the traction (Brenner, 1964; Keaveny and Shelley, 2011; Padrino et al., 2020) and the pressure on the
surface (Chwang and Wu, 1975; Ingber and Li, 1991). This comparison is shown in Figures 6 and 7 for
a prolate (201 elements) and oblate (801 elements) spheroid, respectively, where the numerical results
from G13 were obtained with Kn = 5 × 10−4 — Kn is computed with the length of the spheroid’s
smallest semi-axis. For the sake of space and clarity, we only show data for the half of the surface on
the back of the body. The surface tangential traction is even with respect to z = 0, whilst the normal
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Figure 3: Average relative errors (%) of the numerical results from the G13 model for a sphere in a streaming

π

uniform flow with respect to the exact solution as functions of the number of elements for (a) Kn = 0.05 and
(b) Kn = 0.5. The figures show errors for the traction components ft and fn , heat flux components qt and qn ,
tangential velocity ut , pressure p, and temperature θ on the surface of the sphere.

✲

✲✁

✲✂
❑✄

Figure 4: Drag caused by a streaming uniform flow passing a sphere as a function of the Knudsen number Kn.
Numerical results were obtained with 51 elements. Results from the exact theory are included.

traction and the pressure are odd functions of z. It is observed that numerical and exact results agree
very well. A shorter element size is needed in the oblate spheroid case to attain a very good match
between these two solutions. A notable physical feature depicted in Fig. 6(a) is the presence of a local
extremum in the profile of the tangential component of the traction occurring neither on the tail of
the spheroid, z(a/b) = 1, nor on its equator, but at an interior point close to the tail. For the slender
spheroid (case b/a = 10), the profile is very sharp at this extremum. A similar trend is observed in
Fig. 7(b) and (c) in the case of the oblate spheroid for the pressure and normal traction — but not
for the tangential traction. Such position of a local extremum does not occur in the case of flow past
a sphere, as one can conclude from the analytical√solution for Stokes flow with no slip that predicts a
smooth variation of the tangential traction as ∼ 1 − z 2 and of the pressure and normal traction as
∼ z.
The numerical results obtained by applying the boundary element method to our integral formulation of the G13 equations for rarefied flow past a prolate spheroid of aspect ratio b/a = 3 and 10 are
presented in Fig. 8. Values of Kn = 0.05 and 0.5 are chosen and, since an analytical solution has not
been presented for this model and flow past a spheroid, we pay special attention to the convergence of
results with the number of elements; 51, 201, and 801 elements are used. Results are included for the
tangential and normal components of the traction and heat flux, pressure and temperature. Again,
due to the symmetry of the results, we only show them for the back half of the spheroid. Indeed,
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Figure 5: Relative error (%) for the drag caused by a streaming uniform flow passing a sphere computed
numerically with respect to the exact result as a function of the number of elements and for three values of the
Knudsen number Kn.
(a)

(b)

(c)

a

z(a/b)

p/(Kn Ma)

ft /(Kn Ma)

fn /(Kn Ma)

b

z(a/b)

z(a/b)

Figure 6: Numerical solution of the G13 model for Kn = 5 × 10−4 and a number of elements N = 201 for the
(a) tangential and (b) normal components of the traction, and (c) pressure at the surface of a prolate spheroid
with aspect ratio b/a = 3 and 10 in a streaming uniform flow. Results are normalized by the product Kn Ma.
The exact solution for Stokes flow past a spheroid with no slip is included for comparison.

the tangential component of the surface traction and heat flux vector are even functions of z; the
pressure, temperature, and normal components of the surface traction and heat flux are odd. The
plots demonstrate satisfactory convergence of the results even in regions of relatively large spatial
gradients for all cases considered.
The graphs of the normal components of traction and heat flux as well as the pressure and
temperature in Fig. 8 show monotonic trends, for the back half of the domain, 0 6 z(a/b) 6 1,
although with a highly changing slope in comparison to the corresponding profiles obtained for the
back of the sphere (Fig. 2). On the other hand, and unlike the sphere’s case, the surface distribution
of the tangential components of the traction and heat flux depicts a local extremum neither at the
equatorial plane nor at the back stagnation point but very close to the latter. For the same aspect
ratio, the maximum absolute values of the tangential and normal traction, tangential and normal heat
flux, pressure and temperature are higher for the larger Kn. Note also that for the same Kn, the graph
of every variable in Fig. 8 is much closer to zero for the largest fraction of the spatial interval z(a/b)
— if not for the entire span of this variable — in the case of the highest aspect ratio b/a, perhaps due
to the fact that by hypothesis the temperature at the boundary on the solid side remains unperturbed
in all cases.
The counterpart of Fig. 8 for the case of rarefied flow past an oblate spheroid is presented in
Fig. 9 (back half of the solid object) with the same values of Knudsen number and aspect ratio,
and number of elements N = 201, 801 and 1201. We observe a converging trend of the numerical
results with increasing element number except in a small neighbourhood of z = 0 for the tangential
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Figure 7: Numerical solution of the G13 model for Kn = 5 × 10−4 and a number of elements N = 801 for the
(a) tangential and (b) normal components of the traction, and (c) pressure at the surface of an oblate spheroid
with aspect ratio a/b = 3 and 10 in a streaming uniform flow. Results are normalized by the product Kn Ma.
The exact solution for Stokes flow past a spheroid with no slip is included for comparison.

component of the heat flux and the aspect ratio a/b = 10. Fig. 9 also shows that, contrary to the
prolate spheroid, the normal traction, normal heat-flux, pressure, and temperature exhibit a local
extremum neither at the back stagnation point nor at the equator but somewhere in between, whilst
the tangential traction and heat flux do show a monotonic trend in the back half of the solid geometry
— the exception being the graph of qt /(Kn Ma) that shows a local minimum at about z = 0.2. As in
the case of the prolate spheroid, for the same aspect ratio and for each of the physical variables, the
largest of the maximum absolute values corresponds to the greater value of Kn. For the same Kn,
the smallest absolute value predicted for a given variable corresponds to the largest aspect ratio for a
wider z interval.
Unlike the results in Fig. 8, which were computed using a refined grid, the results in Fig. 9 were
obtained utilizing a uniform grid, where the size of all the elements (straight segments) is the same.
The reason for this change is that with a refined grid and utilizing N = 801 elements, the graphs of the
normal component of the traction, pressure and temperature exhibited noticeable spurious fluctuations
at and between the two physical extrema — one extremum at either side of z = 0 —, which became
more conspicuous at the equatorial plane. The amplitude of these oscillations can be larger than the
maximum of the actual absolute value of the field. We discuss the possible origin of these nonphysical
oscillations below. With the uniform grid, on the other hand, significantly damped oscillations are
barely noticed for the normal component of the traction, pressure and temperature for both Knudsen
numbers, 1201 elements and aspect ratio a/b = 3, which has an element size smaller than the oblate
spheroid with a/b = 10 and the same number of elements. For all the other cases shown in Fig. 9,
oscillations are absent.
The tangential component of the velocity on the surface of the object, which characterizes the
gas slip, is presented in Fig. 10 for (a) a prolate and (b) oblate spheroid, for the same conditions and
number of elements used to generate Figures 8 and 9. In both cases, the graphs show convergence.
The profiles of the tangential velocity are similar to those of the tangential component of the surface
traction portrayed in Figures 8(a) and 9(a). This is justified after examining the relative importance
of each term in the right hand side of expression (2.18). By using the numerical results, we noted for
a few points that the term corresponding to the tangential component of the traction dominates over
the term associated with the tangential component of the heat flux.
The extrema and the corresponding value of the coordinate where they occur for the tangential
and normal components of the traction and heat flux, the pressure, and the temperature, on the surface
of the back half of the particle, are presented in Fig. 11 for a prolate and in Fig. 12 for an oblate
spheroid with aspect ratios 3 and 10 as function of the Knudsen number. Figure 13 shows analogous
information only for the tangential component of the velocity. The focus is on the slip regime and the
first part of the early transition regime. We use the superscript ‘+’ to denote the extremum and its
associated coordinate z. In the case of the prolate spheroid, the extrema for fn , qn , p, and θ take place
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Figure 8: Numerical solution of the G13 model with three different number of elements, N = 51, 201, and 801,
for the (a) tangential and (b) normal components of the traction; (c) tangential and (d) normal components of
the heat flux; (e) pressure, and (f) temperature at the surface of a prolate spheroid with aspect ratio b/a = 3
and 10 in a streaming uniform flow. Results are shown for Kn = 0.05 and 0.5 and normalized by the product
Kn Ma.

at the trailing edge of the particle, whilst for ft , qt , and ut , they occur closer to the trailing edge but
not at it for the lowest Kn and move towards the equator as Kn increases. For aspect ratio b/a = 10,
the extrema are registered very near the trailing edge. For the oblate spheroid, the trends are almost
the opposite of those for the prolate spheroid. Note, however, in the cases where the location of the
extrema does not change with Kn, namely, the tangential component of the traction, heat flux, and
velocity, z + = 0 (equator) instead of z + = 1 (trailing edge), as for the prolate particle. For both
the prolate and oblate cases, for some variables and depending on the aspect ratio, the extrema may
change monotonically with the Knudsen number.
To search for the possible causes of the oscillations depicted by some of the results of Fig. 9, we
refer to the work of Ramachandran et al. (2012), who researched both theoretically and numerically
some properties of a generalized creeping-flow, linear, boundary-integral operator consisting of single
and double layer potentials arising from a vector density function. As a special case, they considered
the reduced operator corresponding to Stokes flow with surface Navier slip, where the surface traction
becomes the density function. By examining the eigenspectrum of this operator, Ramachandran
et al. concluded that, as the mesh spacing in the numerical implementation is decreased, significant
magnification of even the smallest of high-frequency errors in the forcing function should occur, leading
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Figure 9: Numerical solution of the G13 model with three different number of elements, N = 201, 801, and 1201,
for the (a) tangential and (b) normal components of the traction; (c) tangential and (d) normal components of
the heat flux; (e) pressure, and (f) temperature at the surface of an oblate spheroid with aspect ratio a/b = 3
and 10 in a streaming uniform flow. Results are shown for Kn = 0.05 and 0.5 and normalized by the product
Kn Ma.

to ill-posedness of the problem of finding the normal component of the surface traction by operator
inversion (e.g., a direct method such as LU decomposition or Gauss elimination). On the other hand,
they found that obtaining the tangential component of the traction can actually be a well-posed
problem, although it may become ill-posed if the slip coefficient — approximately equal to Kn in
our case — takes values much smaller than order one. Specifically, for the normal component of the
traction, they expect the amplification factor of even relatively small errors to grow as finer meshes are
used to resolve higher frequency modes, eventually leading to the corruption of the numerical solution.
For a sphere, the amplification factors for the tangential and normal components of the error grow
unbounded as the discretization is improved and are about the same for a zero slip coefficient (noslip). For a sphere and both prolate and oblate spheroids, with a slip coefficient of 0.01 or higher, the
amplification factor for the normal component is larger than that for the tangential component, with
the difference between the two increasing with the number of elements. This difference can be of one or
more orders of magnitude. While the error for the normal component of the inverted result increases
without bound with mesh refinement, the error in the tangential component reaches an asymptotic
value. Those authors also found out that, in comparison with a uniform mesh with the same number
of elements, a refined, non-uniform mesh — such as the one used here – considerably enhances the
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Figure 10: Numerical solution of the G13 model with three different number of elements N for the tangential
component of the velocity at the surface of (a) a prolate and (b) an oblate spheroid with aspect ratios 3 and 10
in a streaming uniform flow. Results are shown for Kn = 0.05 and 0.5 and normalized by the product Kn Ma.

errors’ amplification factors. In our results, using a refined grid, no noticeable instabilities appeared for
the tangential components, neither in the traction nor in the gas velocity and heat flux, for Knudsen
numbers much smaller than one, as well as about one.
Although one has to be cautious in applying the findings in Ramachandran et al. (2012) to explaining the results from the G13 theory, as those authors, obviously, did not consider the formulation
proposed here, we regard as plausible that the irruption of the instabilities in the solutions may have
causes similar to those pointed out by Ramachandran et al. for the slip operator and mentioned
previously. To have certainty, an investigation of the eigensystem of the integral operators associated
with the new boundary integral model for the G13 equations may be needed, even if only numerical
on the discretized operators and not theoretical on the exact ones. This can be the subject of a full
archival paper on its own. We therefore do not pursue this issue further.
As an additional test, we adapted our numerical method to the problem of axisymmetric Stokes
flow past a spheroid with Navier slip. To this aim, we solve vector equation (3.1) only, with u in
place for w subject to boundary condition (2.18) after dropping its last term — i.e. the heat flux
contribution. Figure 14 shows the results for both a prolate and oblate spheroids of aspect ratio 5
with Kn = 0.5 and 51, 201, and 801 elements, using a refined grid for the prolate spheroid and a
uniform grid for the oblate one. For the two largest number of elements, all curves are smooth and
results show convergence.
Although not shown here, we approximated the condition of no slippage at the surface of the
spheroid with both the G13 model and the model of Stokes flow with Navier slip by setting the
Knudsen number Kn = 5 × 10−4 . We considered a sphere, and prolate and oblate spheroids of aspect
ratio 3 and 10. With a number of elements of 201, 801, and 1201, and utilizing a refined grid in all
cases, the curves for the normal and tangential components of the traction and the pressure at the
surface were smooth. Only for the oblate spheroid and 1201 elements, barely noticeable oscillations
of very small amplitude were registered for the normal component of the traction. A precedent of
this exercise is the application of the boundary element method by Youngren and Acrivos (1975) for
streaming axisymmetric Stokes flow past spheroids (oblate and prolate) and aspect ratios up to 50
with no-slip. They reported very stable solutions (with no oscillations) for the surface traction using
a number of elements up to about 40 and also 120, and collocation points equally spaced in the z
direction.
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Figure 11: Extrema and their position (z + ) as function of the Knudsen number Kn from the numerical solution
of the G13 model with a number of elements N = 801 for the (a) tangential and (b) normal components of the
traction; (c) tangential and (d) normal components of the heat flux; (e) pressure, and (f) temperature at the
surface of a prolate spheroid with aspect ratio b/a = 3 and 10 in a streaming uniform flow.

6.3

Spheroids: Drag force

The ratio of the drag produced on the spheroid by the streaming flow according to the G13 theory to
the drag on a sphere with a radius equal to the spheroid’s smallest semi-axis in creeping flow without
slippage is plotted in Fig. 15 as a function of the Knudsen number. The numerical results from our
implementation of the boundary element method are obtained with 51, 201, and 801 elements, and
excellent covergence is attained, as well as very good agreement with the exact drag from classical
hydrodynamics for Stokes flow with no slip when Kn tends to zero (Oberbeck, 1876; Lamb, 1932;
Chwang and Wu, 1975; Happel and Brenner, 1983). The drag ratio decreases with increasing Kn for
the same aspect ratio, especially in the early transition regime, and increases with the aspect ratio
for the same Kn. These results are for the refined grid. They are not significantly altered when the
uniform grid is used for the oblate spheroid. The largest difference with respect to the converged
value is for N = 51 and a uniform grid for aspect ratio of 10 — i.e. the least accurate value is for the
uniform grid.
It is interesting to see how results from the G13 theory compare with results from Stokes flow
with Navier slip for streaming flow past a spheroid. This comparison is shown for the drag in Tables I
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Figure 12: Extrema and their position (z + ) as function of the Knudsen number Kn from the numerical solution
of the G13 model with a number of elements N = 1201 for the (a) tangential and (b) normal components of
the traction; (c) tangential and (d) normal components of the heat flux; (e) pressure, and (f) temperature at
the surface of an oblate spheroid with aspect ratio a/b = 3 and 10 in a streaming uniform flow.

and II for prolate and oblate spheroids, respectively, with their axes of revolution parallel to the free
stream. Recall that the theory of NSF with slip and jump becomes equivalent to the model of Stokes
flow with Navier slip in the case of streaming creeping flow past a solid object with no temperature
differences at the boundaries. Values from the theory of Stokes flow with Navier slip are taken from
the numerical results of Keh and Chang (2008). The relationship between the Knudsen number and
the slip coefficient in Keh and Chang can be easily obtained, so that the comparison between the
theories can be carried out. Both models are supposed to give reliable quantitative results in the slip
regime but not beyond. The quantities Kn and Kn(b/a) represent the Knudsen numbers computed
with the length of the spheroid’s semi-axis in the plane perpendicular to the streaming flow for a
prolate and oblate spheroid, respectively. Based on this number, the results in the first row of Tables
I and II are for flows in the slip regime (Knudsen number smaller or equal to 0.1), and they show close
agreement between the theories in this condition, which seems reasonable as both theories account for
slip. By contrast, the data in the second row of the tables, corresponding to flows at the end of the
early transition regime (Knudsen number between 0.1 and 1), demonstrate significant differences. In
all cases, lower drags are predicted by the G13 model. Interestingly, the relative difference with respect
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Figure 13: Extrema and their position (z + ) as function of the Knudsen number Kn from the numerical solution
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of the G13 model for the tangential component of the velocity at the surface of (a) a prolate (N = 801) and (b)
an oblate spheroid (N = 1201) with aspect ratios 3 and 10 in a streaming uniform flow.
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Figure 14: Numerical solution of the Stokes flow equations with Navier slip with three different number of
elements, N = 51, 201 and 801, for the tangential and normal components of the traction and the pressure at
the surface of (a) a prolate and (b) an oblate spheroid both with aspect ratio 5 in a streaming uniform flow.
Results are shown for Kn = 0.5 and normalized by the product Kn Ma.

to the drag from the G13 model decreases as the aspect ratio b/a increases for the same Kn for the
prolate geometry, whilst it increases with the aspect ratio a/b in the oblate case for the same Kn(b/a).
Specifically, for Kn = 0.80 and a prolate spheroid, the relative difference decreases from within 20%
for aspect ratio b/a = 1.1 to within 3% for b/a = 10. On the other hand, for an oblate spheroid
and Kn(b/a) = 0.80, it changes from within 23% to within 45% when the aspect ratio changes from
b/a = 0.9 to 0.1. We may examine this trend by fixing the length of the semi-axis in the equatorial
plane whilst changing the length of the semi-axis on the spheroid’s axis of symmetry. Considering that
the surface temperature on the solid side is uniform, increasing the ratio b/a entails increasing the
surface area contacting the gas, which, in turn, would seemingly hinder the existence of temperature
gradients in the gas. The opposite would be true in the oblate spheroid case when b/a is decreased.
Since terms including temperature gradients or heat flux components are not part of the Stokes flow
with slip model, it is when these quantities are not important that we may expect results from this
theory to approximate those from the G13 model. In discussing these results, it is worth referring
again to the case of streaming flow of rarefied gas past a sphere. As shown in Fig. 8 of Lockerby and
Collyer (2016), the discrepancies between predictions from G13 and experimental data for the drag
are notably smaller than for predictions of Stokes flow with Navier slip in the interval 0.1 6 Kn 6 1.
The latter predicts higher values of drag than the G13 model, the same trend observed in Tables I and
29

N

Figure 15: Drag caused by a streaming uniform flow over (a) a prolate and (b) an oblate spheroid as a function
of the Knudsen number Kn from the numerical solution of the G13 model and for four aspect ratios. Results
correspond to the number of elements N = 51, 201, and 801. Predictions from the exact theory with no slip
are included. The quantity in the ordinate is equivalent to the drag on the spheroid non-dimensionalized by the
drag on a sphere of radius equal to the shortest semi-axis of the spheroid in Stokes flow with no slip.

F/(6πKnMa)
b/a = 1.1
2
5

Kn

10

0.080

G13
Stokes+slip

0.9390
0.9415

1.1146
1.1163

1.6768
1.6783

2.5129
2.5145

0.80

G13
Stokes+slip

0.6297
0.7520

0.7245
0.8141

1.1185
1.1750

1.7641
1.8048

Table I: Drag caused on a prolate spheroid by a streaming flow parallel to its axis of revolution from the theories
of G13 (present work) and Stokes flow with Navier slip (Keh and Chang, 2008).

II for a spheroid. For Kn < 0.1 in the sphere’s case, both theories agree and predict measurements
well.
As an extra validation step, we specialized our code for the case of Stokes flow with Navier slip,
and applied it to the problem of axisymmetric flow past a spheroid. We simulated the conditions
reported in Tables I and II here from the work of Keh and Chang (2008); our results for the drag
match theirs very well.

6.4

Other features

To model Stokes flow past an object with Navier slip at the surface, the governing boundary integral
equation is given by (3.1) written for the velocity instead of w. With the non-penetration and slip
F/(6πKnMa(a/b))
b/a = 0.9
0.5
0.2

Kn(b/a)

0.1

0.080

G13
Stokes+slip

0.9021
0.9052

0.8386
0.8448

0.8143
0.8316

0.8133
0.8396

0.80

G13
Stokes+slip

0.6142
0.7496

0.5929
0.7696

0.5839
0.8157

0.5796
0.8355

Table II: Drag caused on an oblate spheroid by a streaming flow parallel to its axis of revolution from the
theories of G13 (present work) and Stokes flow with Navier slip (Keh and Chang, 2008).
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conditions, one obtains a vector equation for the tangential and normal components of the traction,
whose defining linear integral operator — and also its adjoint — has the unit normal vector as a null
eigenfunction. Consequently, the integral equation suffers from non-uniqueness (Ramachandran et al.,
2012). A widely applied technique to remedy this is that of deflation of the operator (Pozrikidis, 1992;
Kim and Karrila, 2005; Luo and Pozrikidis, 2007; Ramachandran et al., 2012). Deflation changes only
the zero eigenvalue associated with the null eigenfunction without modifying the other eigenvalues
and eigenvectors. As discussed in Appendix A of Ramachandran et al. (2012), this process modifies
the original integral equation such that the new deflated equation now has a unique solution with
the same tangential component of the traction as the original equation but with an altered normal
component. Nevertheless, if one is interested in the solution with vanishing pressure in the far field,
operator deflation may not necessarily return such a solution. In contrast, although only for the special
case of flow with the fore-aft symmetry described here, applying a constraint such as (3.6) rather than
deflation will select the solution with zero pressure at infinity.
To expose the issue of non-uniqueness introduced in the set of boundary integral equations assembled in this work by the single layer potential — integral of the traction vector — in expression
(3.1), we solved the G13 equations without constraint (4.11) for the problem of streaming flow past a
spheroid with its axis of revolution aligned with the free stream. We considered Kn = 5 × 10−4 and
Kn = 0.5, aspect ratios of 1 and 3 (prolate and oblate, with refined and uniform grids, respectively),
and number of elements of N = 501 and 1201. In the results for the largest Kn, we noted a significant shift by an almost constant amount of the surface profiles of the normal traction, normal heat
flux, pressure, and temperature, with respect to the profiles obtained with constraint (4.11) for the
sphere and oblate spheroids, with the significantly larger differences observed for N = 1201 than for
501. In the case of the prolate spheroid, translation of the solution occurred only for N = 1201 and
the normal traction, pressure, and temperature profiles. This behaviour of the numerical solution is a
manifestation of the ill-posedness associated with the boundary integral equation (3.1). The tangential
components of the traction, velocity, and heat flux, on the other hand, remained essentially invariant
with respect to including or not constraint (4.11). With Kn = 5 × 10−4 , for the relevant variables,
namely, tangential and normal traction components and pressure, we noted that the last two suffered
of non-uniqueness for the sphere and oblate spheroid. On the other hand, for the prolate spheroid,
these three variables showed convergence towards a unique solution. A similar exercise carried out for
streaming flow over a spheroid with Navier slip and Kn = 0.5, showed uniqueness of the results for
the tangential traction and non-uniqueness for the normal traction and pressure. As in the first case,
when constraint (4.11) is not solved, the largest discrepancies with the results obtained when this
expression is included were observed for the largest number of elements. By contrast, if this constraint
is kept in all these examples, increasing the number of elements from 501 to 1201 caused no important
differences in the results for the local variables, thereby indicating a unique solution.
As mentioned previously, the drag on the solid is insensitive to the non-uniqueness of some of the
local fields manifested as large variations in their numerical results when the number of elements is
drastically changed. Therefore, if we are only seeking the drag force on the solid predicted by the G13
model or by the theory of Stokes flow with Navier slip, the constraint of fore-aft symmetry in the flow
can be relaxed and condition (4.11) can be dropped from the set of equations.
Regarding the computational time, for spheroids of different aspect ratios and Knudsen numbers
up to 0.5, running our code in a desktop computer with an Intelr Core i7-6700 3.40 GHz and 8
threads with 15.6 GiB of memory, it took 29 seconds for 801 elements and less than 1 second for 201
elements.
Direct deterministic (e.g., the discrete velocity method) or stochastic (direct simulation Monte
Carlo, DSMC) solutions of the Boltzmann equation require discretization of a six-dimensional phase
space for steady three-dimensional flows, so they can be computationally very costly, with potentially
large demands of random-access memory and relatively long running times. On the other hand, the
CPU time consumed by our numerical approach for a typical case in a regular desktop, as shown
here, is very short. Therefore, in the late slip or perhaps even in the early transition regimes, the
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combination of theoretical formulation and numerical method presented here can be considered as a
strong competitor to direct solutions of the Boltzmann equation.

7

Concluding remarks

We have considered the steady and linearized form of the G13 equations to model rarefaction effects
on external gas flows past solid objects. These equations for the bulk of the flow are closed with
gas-solid boundary conditions such that the resulting model is capable of predicting velocity slip,
including thermal creep and thermal stress flow, and temperature jump at the boundaries. The model
is applicable to situations where the Reynolds and Knudsen numbers, based on the characteristic
size of the object, are much smaller and smaller than one, respectively. An example may be the
flow of gas around micro- or nano-particles. Although quantitative accuracy may be limited to flows
in the slip regime, qualitatively meaningful results may be expected in the early transition regime.
In general, models for rarefied gases derived using the moments method (such as the G13 model)
represent an improvement over the classical Navier-Stokes-Fourier model supplemented with velocity
slip and temperature jump boundary conditions.
By introducing a vector and a scalar auxiliary fields, we wrote the linearized steady G13 equations governing the deviations from a ground state with the gas at rest having uniform pressure and
temperature as a system that couples Stokes-flow-like equations with a Laplace equation for the scalar
auxiliary variable. We then cast these partial differential equations as a set of boundary integral
equations for streaming flow past a solid consisting of a vector equation coupling the gas velocity with
the surface traction deviation and heat flux and a scalar equation for the pressure deviation. These
equations stem from the theory of Stokes flow. They are coupled with two scalar equations obtained
from the theory of harmonic potentials linking the normal and tangential components of the heat flux
with a heat flux potential.
Due to the single-layer potential term in the vector integral equation linking the boundary traction
deviation, velocity and heat flux derived from the theory of Stokes flow, non-uniqueness in the solution
from G13 for various local fields can be expected. The non-uniqueness is associated with the fact that
adding any constant to the pressure deviation in the far field still produces a solution of the system of
boundary integral equations. It is manifested in the numerical solution by a change in the magnitude
of local variables at the gas-solid boundary with a change in the number of elements. For flows with
a certain kind of fore-aft symmetry, and following a recommendation from the literature, we exploit
this attribute of the flow and showed that, by imposing a certain non-local integral constraint for the
deviation in the traction normal component, the solution with vanishing far-field pressure deviation
is selected. On the other hand, the drag force on the solid object is essentially insensitive to the nonuniqueness of the local surface variables as the difference in solutions for the pressure and deviatoric
stress deviations causes no net force on the particle. An improved or alternative boundary integral
formulation for G13 that removes the fore-aft symmetry constraint of the flow required by the present
formulation would be welcome.
The boundary integral formulation for the G13 equations was reduced to the case of axisymmetric
flow with no swirl of a rarefied gas past a solid and the needed forms of the fundamental solutions
were derived. The boundary of interest becomes in this case a curve on the plane. To numerically
solve the system of integral equations, we discretized it with the boundary element method using
constant elements, leading to a set of algebraic equations that we solved with a direct technique. The
formulation was then applied to the flow past a prolate or oblate spheroid held fixed and with its axis
of revolution in the direction of the free stream. First, the special case of a sphere was considered for
the purpose of validating the code. The comparison of the numerical results for local fields on the
boundary, including temperature and pressure deviations, and the tangential component of velocity,
as well as for the drag force on the particle with the exact solution of the linear G13 moment equations
yielded excellent agreement. We then considered the flow past the prolate and oblate spheroids and
compared the numerical solution of the G13 model in the case of a very small Knudsen number with
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the exact solution from classical hydrodynamics with no slip. We introduced elements of gradually
varying size that become smaller in the regions where larger gradients are expected. Overall, for
the deviations in the normal and tangential components of the surface traction and the pressure,
theoretical and numerical results agree very well.
For streaming gas flow past a prolate or oblate spheroid with Knudsen numbers in the slip regime
and early transition regime, the numerical solution for the deviations in surface traction, heat flux,
temperature, pressure, and tangential velocity showed an evident converging trend as the number of
elements increased for two values of the aspect ratios, with an essentially smooth variation along the
axial position. In this case, for the oblate spheroid, we discretized the boundary with elements of
the same size, instead of using grid refinement, because for the latter, when the number of elements
is relatively large, the graphs of the deviations for some of the variables on the surface, namely, the
temperature, pressure, and normal component of the traction, exhibited noticeable spurious fluctuations that became more amplified near the equatorial plane, where the element size is the smallest.
In contrast, with a uniform grid and a similar number of elements, any oscillations were significantly
damped. We related the appearance of these unphysical fluctuations in the local fields to the findings
in an investigation of the eigenvalues and eigenvectors of the creeping-flow boundary integral operator with slip presented in the literature. According to this work, small, high-frequency errors can
be significantly amplified as the mesh discretization becomes finer, eventually rendering the inversion
problem for the normal component of the traction ill-posed. On the other hand, the drag on the
spheroid showed strong convergence with the number of elements for the prolate and oblate spheroids
and all the aspect ratios considered for a wide interval of the Knudsen number including the early
transition regime.
For rarefied gas, the numerical solution showed not only gas slip but also temperature jump with
polarization at the boundary of the spheroids, a phenomenon reported in the literature from theoretical
studies of gas micro-flow past a sphere. The temperature deviation was positive in the front half and
negative at the back of the spheroid exhibiting odd symmetry with respect to the equatorial plane.
In both halves of the spheroids — front or back —, either prolate or oblate, and unlike the sphere,
some of the variables showed an interior extremum, located neither at the equatorial plane nor at
the corresponding stagnation point, but at some point in between. For the prolate spheroid, the
profiles of the tangential component of the traction, heat flux, and velocity have this trend. For the
oblate spheroid, on the other hand, this interior extremum in a half of the solid was depicted by the
deviations in the normal component of the traction and heat flux, pressure, and temperature. For a
given aspect ratio, the maximum absolute value in the surface distribution of the deviation for a given
variable was observed for the case with the largest Knudsen number. For a given Knudsen number,
smaller absolute values of the deviation correspond to the largest aspect ratio for a wider span of the
normalized axial coordinate, probably because the solid temperature was kept unperturbed.
For a fixed aspect ratio, the drag on the spheroid normalized with the Stokes-flow drag on a sphere
with no slip and a radius equivalent to the spheroid’s smallest semi-axis decreases with the Knudsen
number in the slip and early transition regimes. For a fixed Knudsen number, the normalized drag
increases with the aspect ratio for both prolate and oblate spheroids.
In the context of streaming flow of gas past a solid with no temperature gradient imposed in
the far field or in the solid, for low Reynolds number flow, the Navier-Stokes-Fourier equations with
velocity slip and temperature jump corrections added in the boundary conditions become equivalent to
the Stokes flow equations with Navier slip. We compared results from the latter given in the literature
with those from the G13 theory for the drag force. For both prolate and oblate spheroids, both sets
agree for a Knudsen number, based on the length of the spheroid’s semi-axis perpendicular to the
flow, in the slip regime whilst some noticeable differences are obtained for a Knudsen number in the
early transition regime. In addition, as a way of validation, we computed the drag on prolate and
oblate spheroids caused by streaming axisymmetric Stokes flow with Navier slip by specializing our
code to model this case. The newly predicted values agree with the aforementioned numerical results
reported in the literature.
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For a typical case, the numerical solution of the boundary integral formulation presented here is
achieved very rapidly, namely, in about a few seconds. Consequently, the proposed method may be
regarded as an attractive choice compared to direct deterministic or stochastic solutions (DSMC) of
the Boltzmann equation.
Because the focus of this work has been on external flows at low speed with moderate rarefaction
effects past objects, the proposed boundary integral equations and the numerical method of solution
may find application, with minor changes, in the analysis of other external non-equilibrium phenomena,
such as the process of thermophoresis on objects, caused by imposing a temperature gradient in the
far field or at the boundary. On the other hand, the method can be applied, with some modifications,
to the case of flow in micro- or nanochannels, where Knudsen-number effects may be relevant and
the Reynolds number be negligible. These confined flows may be driven by a moving boundary, a
temperature or a pressure gradient. For the latter, the seemingly new axisymmetric fundamental
solutions for the pressure boundary integral equations presented here may be especially useful for
flows in conduits with axial symmetry. These fundamental solutions will also be useful even in the
case of low Reynolds number flows driven by a pressure gradient and modelled with the equations of
classical hydrodynamics.

Acknowledgements
We acknowledge the support of the Engineering and Physical Sciences Research Council (Grant Nos.
EP/N016602/1, EP/P020887/1, and EP/P031684/1) and the Leverhulme Trust (Research Project
Grant).

Data availability statement
The data that support the findings of this study are openly available in [repository name] at http://doi.org/[doi],
reference number [reference number].

Appendix A. Axisymmetric kernels for the pressure and heat transfer boundary
integral equations
After evaluating the integrals in (4.5), the axisymmetric kernels of expression (4.4) can be written as
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(A.2)

with
Ijk =

Z
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(A.3)

so that
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are the complete elliptic integrals of the first and second kind, respectively (Abramowitz and Stegun,
1972). In writing (A.4) we used the formulae in section 2.58 of Gradshteyn and Ryzhik (2014).
Carrying out the integrals in (4.8) results in the axisymmetric fundamental solutions corresponding to Equation (4.7), i.e.
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Finally, the integrals of (4.10) lead to the axisymmetric kernels associated with expression (4.9). These
are
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Appendix B. Flow fore-aft symmetry
In this appendix we show that the flow described in Section 4 possesses fore-aft symmetry. Consider
the flow and temperature fields resulting from a streaming rarefied gas motion with velocity u∞ k past
a rigid body with axial symmetry about the z-axis (k-direction) that also translate with velocity uw k.
The body exhibits fore-aft symmetry with respect to a plane, z = 0, say. For simplicity, suppose that
our frame of reference now moves with the free stream. Also, suppose that these fields solve the G13
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equations (2.1)-(2.5) with boundary conditions
e w · n,
u·n=u

(B.1)

e w · t + Cm
u·t=u

2−χ
χ

r

π
4
f · t − Ktc q · t,
2
15

(B.2)

e w = (uw − u∞ )k, plus the temperature jump condition (2.19) with
obtained from (2.18), with u
prescribed θw . Here, t is a unit vector tangential to the surface of the body of revolution and both n
and t belong to the same plane, which also contains the z-axis. We assume that the deviations from
the ground state, including the pressure and temperature deviations, vanish in the far field. The gas
is therefore at rest there in the new frame of reference. Furthermore, the body temperature at its
surface is prescribed to be an odd function with respect to the symmetry plane z = 0.
Using cylindrical coordinates, with r and z being the radial and axial coordinates, respectively,
reflecting the flow field around z = 0 by negating the z-components of the vectors, whilst the radial
components and scalars are unchanged, yields
p0 (r, z) = p(r, −z),

θ0 (r, z) = θ(r, −z),

u0r (r, z) = ur (r, −z),

u0z (r, z) = −uz (r, −z),

qr0 (r, z) = qr (r, −z),

qz0 (r, z) = −qz (r, −z),

fr0 (r, z)

fz0 (r, z)

= fr (r, −z),

(B.3)

= −fz (r, −z),

where the traction components fr and fz and their corresponding primed counterparts exist only at
the surface of the body.
By direct substitution, one can show that the primed variables in (B.3) solve the steady, linearized
e w is set to
G13 equations and its associated boundary conditions provided the flow is reversed, that is u
(u∞ −uw )k in (B.1) and (B.2); the surface temperature is set to θw (r, −z) in (2.19), and unit vectors n0
and t0 are substituted for n and t, respectively, in these boundary conditions, with n0r (r, z) = nr (r, −z)
and n0z (r, z) = −nz (r, −z), and similar expressions for the components of t0 .
Given the system is linear, the result of multiplying the original solution by -1 must also be a
solution if the surface velocity is reversed to (u∞ − uw )k and the surface temperature of the solid
becomes −θw (r, z). Because, by hypothesis, the body temperature at the boundary is odd, i.e.
θw (r, −z) = −θw (r, z), both solutions satisfy the same equations in the bulk and the same boundary conditions. They can thus be equated, yielding
p(r, z) = −p(r, −z),

θ(r, z) = −θ(r, −z),

ur (r, z) = −ur (r, −z),

uz (r, z) = uz (r, −z),

qr (r, z) = −qr (r, −z),

qz (r, z) = qz (r, −z),

fr (r, z) = −fr (r, −z),

fz (r, z) = fz (r, −z).

(B.4)

Therefore, the scalars p and θ are odd functions of z as well as the radial components of the vectors
u, q, and f , whereas the axial components are even functions. An immediate consequence of these
symmetries is that
Z
f ·n dS = 0

(B.5)

D

at the surface of the body, given that nr is even and nz is odd.

Appendix C. Exact solution of the linearized G13 equations: Streaming flow past
a sphere
The exact solution of the linearized G13 equations for rarefied streaming flow past a sphere was given
by Young (2011). In dimensionless form, consider a solid sphere of unit radius; far from the sphere,
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the flow is uniform with speed Ma and in the direction of the z-axis (from left to right). The sphere is
kept fixed and at an uniform temperature (highly thermally conductive sphere). In the far field, the
fluid pressure and temperature are uniform and remain unperturbed by the presence of the object,
and the temperature is the same as that of the sphere. The flow and temperature fields resulting
from the inclusion of the sphere are modelled through Equations (2.1)-(2.5) with boundary conditions
(2.15)-(2.16) at the surface of the sphere. In spherical-polar coordinates (%, ϑ) with radial coordinate %
and angle 0 6 ϑ 6 π and with origin at the centre of the sphere, the radial and tangential components
of velocity are
u% = −

6A0 + (B0 − 3%)%2
Ma cos ϑ,
3%3

(C.1)

uϑ = −

6A0 − (B0 − 6%)%2
Ma sin ϑ,
6%3

(C.2)

respectively. The pressure and temperature deviations with respect to the far-field values are given
by
B0
p = − 2 KnMa cos ϑ,
(C.3)
3%
θ=

C0
Ma cos ϑ,
%2

(C.4)

respectively. The radial and tangential components of the heat flux are
q% =

15 C0 + 2B0 Kn
KnMa cos ϑ,
2%3

(C.5)

qϑ =

15 C0 + 2B0 Kn
KnMa sin ϑ,
4%3

(C.6)

and the components of the deviatoric stress tensor can be written as
S%% = −

180A0 − 18Kn(15C0 + 2B0 Kn) + 10B0 %2
KnMa cos ϑ,
15%4

(C.7)

S%ϑ = −

30A0 − 3Kn(15C0 + 2B0 Kn)
KnMa sin ϑ,
5%4

(C.8)

Sϑϑ =

90A0 − 9Kn(15C0 + 2B0 Kn) + 5B0 %2
KnMa cos ϑ,
15%4

(C.9)

where
√
√
40 + 126Kn2 + 75Kn 2π − 324Kn3 2π
√
√
A0 = −
,
(C.10)
160 + 540Kn 2π + 648Kn3 2π + 36Kn2 (18 + 25π)
√


45 8 + 23Kn 2π + 30Kn2 (1 + π)
√
√
,
(C.11)
B0 =
80 + 270Kn 2π + 324Kn3 2π + 18Kn2 (18 + 25π)
√
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30Kn2 4 2π + 108Kn3 (1 + π) + 9Kn2 2π (7 + 5π) + 3Kn(8 + 13π)
√ 
√
√
 . (C.12)
C0 = −
8 + 36Kn2 + 15Kn 2π 40 + 135Kn 2π + 162Kn3 2π + 9Kn2 (18 + 25π)
Finally, the total drag acting on the sphere is
√


6πKnMa 40 + 115Kn 2π + 150Kn2 (1 + π)
√  ,
 √
F =
40 + 9Kn 15 2π + Kn 18 + 25π + 18Kn 2π
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(C.13)

and the ratio F/(6πKnMa) → 1 when Kn → 0. This is the same expression as in Lockerby and
Collyer (2016), where they correct the corresponding expression obtained by Young (2011).
pNote that
the Knudsen number in the papers by Young (2011) and Lockerby and Collyer (2016) is π/2 Kn.
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