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Abstract

Road congestion is a phenomenon that can often be avoided; roads become
popular, travel times increase, which could be mitigated with better coordination
mechanisms. The choice of route, mode of transport, and departure time all play
a crucial part in controlling congestion levels. Technology, such as navigation ap-
plications, have the ability to influence these decisions and play an essential role in
congestion reduction. To predict vehicles’ routing behaviours, we model the system
as a game with rational players. Players choose a path between origin and desti-
nation nodes in a network. Each player seeks to minimise their own journey time,
often leading to inefficient equilibria with poor social welfare. Traffic congestion
motivates the results in this thesis. However, the results also hold true for many
other applications where congestion occurs, e.g. power grid demand.

Coordinating route selection to reduce congestion constitutes a social dilemma
for vehicles. In sequential social dilemmas, players’ strategies need to balance their
vulnerability to exploitation from their opponents and to learn to cooperate to
achieve maximal payoffs. We address this trade-off between mathematical safety
and cooperation of strategies in social dilemmas to motivate our proposed algo-
rithm, a safe method of achieving cooperation in social dilemmas, including route
choice games.

Many vehicles use navigation applications to help plan their journeys, but
these provide only partial information about the routes available to them. We find a
class of networks for which route information distribution cannot harm the receiver’s
expected travel times. Additionally, we consider a game where players always follow
the route chosen by an application or where vehicle route selection is controlled by
a route planner, such as autonomous vehicles. We show that having multiple route
planners controlling vehicle routing leads to inefficient equilibria. We calculate the
Price of Anarchy (PoA) for polynomial function travel times and show that multi-
agent reinforcement learning algorithms suffer from the predicted Price of Anarchy
when controlling vehicle routing.

Finally, we equip congestion games with waiting times at junctions to model
the properties of traffic lights at intersections. Here, we show that Braess’ paradox
can be avoided by implementing traffic light cycles and establish the PoA for realistic
waiting times. By employing intelligent traffic lights that use myopic learning, such
as multi-agent reinforcement learning, we prove a natural reward function guaran-
tees convergence to equilibrium. Moreover, we highlight the impact of multi-agent
reinforcement learning traffic lights on the fairness of journey times to vehicles.
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CHAPTER 1

Introduction

1.1 Motivation

Congestion is one of the most significant issues in developed cities across the world.

Road traffic is considered a major threat to clean air due to the release of harmful

gases that can affect people’s health and contribute to global warming. The ben-

efits of reducing congestion include saving time, reducing economic costs, lowering

greenhouse emissions, and cleaner air. The 2019 INRIX Global Traffic Scorecard

reports calculated that congestion cost the UK economy £6.9 billion in 2019. On

average, UK road users lost 115 hours and £894 a year due to congestion. London

was the most congested UK city with drivers losing an average of 149 hours and is

the 8th most congested city of the 975 cities in the study.

Many methods have been implemented to combat urban congestion and pol-

lution. The UK government has supported the move towards electric vehicles by

banning the sale of new petrol and diesel cars by 2030. In London, congestion

tolls have been introduced to create ‘Ultra Low Emission Zones’. This combination

of approaches to minimise road usage can be described as an intelligent transport

system.

An intelligent transport system is an interconnected system of technologies

applied to increase safety and reduce congestion in traffic networks. The primary

goals of intelligent transport systems are traffic management, data collection, and

data analysis. For example, this spans smart motorways, navigation planners, traffic

forecasting, and variable speed limits. A recent study showed to a large extent that

intelligent transport systems have a greater effect on improving congestion than

building new roads Cheng et al. (2020). Harnessing the power of existing technology

to improve congestion is also more cost-effective than introducing new infrastructure.

In particular, congestion can arise due to a lack of coordination between

vehicles. The most popular fast routes, such as motorways, become congested since

1



Introduction 1.1. MOTIVATION

each vehicle makes their route choice from their individual perspective, rather than

considering how their choices affect others. These instances are referred to as social

dilemmas; the dilemma is whether to behave cooperatively or selfishly. Deciding on

a route to use, choosing the mode of transport, or planning a departure time can

all create social dilemmas associated with congestion. As the faster routes options

become popular, they no longer give the best journey times.

To achieve high utility when social dilemmas are played sequentially, strate-

gies should be able to reciprocate their opponent’s cooperative behaviour and punish

their defections. Another mathematically desirable property is safety. A safe strat-

egy maximises the minimum reward and cannot be exploited. Throughout this

thesis, we will use the term safety to refer to this mathematical property. The prop-

erties of safety and cooperation are necessarily in tension here. However, achieving

them both could incentivise better coordination of routes, thus, reducing congestion

levels.

With many drivers choosing to use GPS navigation, intelligent transport

systems have the potential improve congestion significantly. The algorithms used

in these route-planning software could have a massive impact on congestion. As

autonomous vehicles become increasingly popular, so should research to improve

automatic route planners to choose more socially preferable routing. Otherwise,

congestion will continue to cause a multitude of problems in urban areas.

Traffic lights also play an important role in inner-city congestion. In a town

or city, traffic lights at intersections could optimise the flow of traffic through their

cooperation and coordination. This is called the traffic light control problem and is

often an application for reinforcement learning research; the state of the environment

is the location of cars, and the actions are the possible light sequences. Traffic light

technology is are becoming increasingly advanced, including sensor-based vehicle

detection and speed monitoring capabilities. When considering the traffic light

control problem for a whole city, the state-action space is much too large (increasing

exponentially with the number of traffic lights) to solve analytically for the best

solutions, so multi-agent reinforcement learning (MARL) or heuristics can be applied

to estimate the solution. For an overview of MARL, refer to this survey paper

Buşoniu et al. (2008).

In this thesis, we address the problem of reducing congestion using the follow-

ing methods: optimal information allocation, such as navigation apps; encouraging

safe cooperation in the social dilemma of route choice; and, optimising traffic light

cycles. In each of these variants, we apply game theoretic solution concepts to

analyse traffic problems.

2



Introduction

The analysis is mainly based on congestion games Rosenthal (1973), a stan-

dard framework of algorithmic game theory used to study the equilibria of traffic

flows. They are non-cooperative games of perfect information where self-interested

actors choose sets of available resources, e.g. roads, and where the cost of each

resource depends on its overall usage. The cost of a route can be thought of as an

expected journey time, although it could represent other preferences as well. We

restrict our analysis to games where players have homogeneous preferences. The

congestion game model has many underlying assumptions to simplify the complex

dynamics of real-world traffic networks, such as assuming all vehicles are homo-

geneous. Thus, the results are not directly applicable to real-world networks and

instead use traffic as a motivating example for the results. However, results from

congestion games have an impact beyond the scope of traffic congestion. Congestion

games have been applied to numerous other domains such as power grid demand

Ibars et al. (2010), cryptocurrency mining Altman et al. (2019), wireless communi-

cation networks Liu & Wu (2008), peer-to-peer computing Suri et al. (2004), virtual

drug screening Nikitina et al. (2018), and cloud computing Anselmi et al. (2014).

We focus on nonatomic congestion games that are played on a network.

Equilibria occur in congestion games when travellers have minimal and equal

costs. The outcome of selfish routing is that equilibrium costs are often much higher

than the social optimum, the ratio of these costs being the Price of Anarchy. An

efficiency-related phenomenon occurring in these games is Braess’ paradox Braess

(1968), i.e., the existence of traffic networks that suffer from the increase of total

cost when the cost of an available resource strictly decreases. We consider a variant

where players do not have full information about the routes available to them and

one where we equip edge-costs with waiting times to model traffic lights at junctions.

Although these results are influenced by the behaviour of traffic networks, it

should be noted that this is merely a motivating scenario rather than a model that

can be directly applied to traffic analysis. There are many limiting assumptions

made that reduce the applicability of these theorems to real-world traffic, such as

fixed origin and destinations, identical size and mass of vehicles, traffic routing exists

at an equilibrium state, and drivers have full network information. Any data used

throughout this thesis is simulated game data and the applications of these results

to other areas, such as power grid demand modelling or wireless communication

networks, may be more realistic.

3
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1.2 Research Questions

The chapters of this thesis can be summarised by the following question.

How can inefficiency in network routing be reduced?

Each chapter considers a different variant of route selection including cooperation

in route choice, restricted information, information design, traffic light cycles, and

intelligent traffic lights. The specific research questions for each chapter are outlined

below.

Chapter 3 Safety in Sequential Social Dilemmas

• How do we equip agents with a belief system that provides the desirable prop-

erties of safety and cooperation? To achieve safety, we want to earn the value

of the game on average, requiring cautious play. Cooperation leaves you open

to exploitation since you must trust your opponent to cooperate as well. We

consider what beliefs about your opponents’ play will achieve these two prop-

erties.

• Which beliefs about opponent strategies are safe to best respond to? Rational

players best respond to their beliefs. Believing that your opponent is adver-

sarial (minimises your utility) is safe since your best respond is to play the

strategy that guarantees the value of the game. What other beliefs are safe?

How can we guarantee ε-safe beliefs for some ε > 0?

• How do we quantify the trade-off between safety and cooperation? The con-

cepts of safety and cooperation are necessarily in tension. However, when the

game is played repeatedly, this tension could reduce over time. If the coop-

erative strategy is not safe, then how can we quantify the difference in the

expected utility of a policy against playing safely?

• How well do safety and cooperation inducing beliefs perform in tournaments?

Safety and cooperation are both sensible properties. However, what we re-

ally want is that these strategies perform well against other strategies. We

shall compare our player with the well-known tit-for-tat strategy. We want to

optimise joint payoff within the space of safe cooperation-inducing beliefs.

Chapter 4 Bounding the Inefficiencies of Route Control

• How efficient is route control with multiple route planners controlling flow on

the same network? When only one route planner is controlling the flow, they

4
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are able to achieve socially optimal routing. Does this property still hold if

there are multiple planners? We also want to show that there is an equilibrium

and prove whether or not it is unique.

• Is it possible to achieve socially optimal routing with multiple route planners?

If we take instances with multiple route planners, we hope to find out whether

there are any properties that mean socially optimal routing can be achieved.

For example, by changing the proportions of flow controlled by each router.

• How does the Price of Anarchy change with the number of route planners? The

Price of Anarchy refers to the ratio of social cost between the best outcome

and the worst Nash equilibrium. Thus, we will address how the equilibrium

reached by the route planners compares with the best possible outcome.

• Is there an equilibrium if we allow vehicles to choose their route planners? Is

this system more efficient? We will address what happens when drivers have

control over which route planner they choose and discover the equilibrium

properties of this game.

Chapter 5 Distribution of Information in Nonatomic Congestion

Games

• More specifically, what traffic network structures are immune to informational

Braess’ paradox? When we say a nonatomic congestion game has heteroge-

neous information, we mean that players have different knowledge about the

routes available to them. We will consider different road network structures

and find ones that guarantee receiving any information (about the edge set)

will not increase your journey time.

• How does the distribution of information affect the social cost? Informational

Braess’ paradox considers only the cost of the receiver of information, yet, the

information could have an impact on all drivers in the network. We will address

the impact of network structures on whether distribution of information will

not increase the sum of journey times for all players.

Chapter 6 Nonatomic Congestion Games with Traffic Lights

• How can traffic lights be represented in a nonatomic congestion game? Nor-

mally, congestion games do not consider the properties of junctions. We aim

to formulate traffic lights in a nonatomic congestion game whilst preserving

5
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their real-world properties. We will use traffic simulation software to confirm

that any simplifying assumptions allow for a realistic traffic light model.

• How does the presence of traffic lights affect equilibria? When implement-

ing traffic lights, we should consider whether the equilibrium properties of

nonatomic congestion games are preserved.

• Can the implementation of traffic lights make a network immune to Braess’

paradox? We look at which traffic light phases for a traffic network mean that

Braess’ paradox cannot occur.

• How do reinforcement learning traffic lights effect routing behaviours? We

consider what happens when traffic lights are able to choose their own cycles

in a nonatomic congestion game. We then find out whether the equilibrium

reached is optimal or inefficient.

• Are reinforcement learning traffic lights fair? We consider the problem of

quantifying fairness in the context of traffic lights. We use simulation to see

whether reinforcement learning traffic lights treat some vehicles unfairly by

increasing their journey times, in order to optimise aggregate travel times.

We also address some properties that vehicles would use to decide whether or

not they were treated fairly.

1.3 Publications

Work from this thesis is published, or to be published, as declared below.

• “Multi-Population Congestion Games with Incomplete Information” is pub-

lished as a full paper in the IJCAI conference proceedings for 2019 Roman &

Turrini (2019). This work appears in Chapter 5.

• “Accumulating Risk Capital Through Investing in Cooperation” is published

as a full paper in the AAMAS 2021 conferences proceedings Roman et al.

(2021). This work appears in Chapter 3.

• Manuscripts under review are “The Inefficiency of Multiple Route Controllers

in Transportation Networks” and “The Cost of Traffic Lights: Equilibria with

Waiting Times in Nonatomic Congestion Games”. Work from these papers is

included in Chapters 4 and 6 respectively.

6
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1.4 Thesis Outline

This thesis starts with a chapter of the relevant mathematical preliminaries required

for understanding, Chapter 2.

It follows with Chapter 3, on the topic of sequential social dilemmas. Using

policy-conditioned beliefs, we find the conditions for ε-safety of beliefs. We then

continue by finding a cooperation-inducing policy-conditioned belief for two-player

matrix games. We show that the trade-off between safety and cooperation dimin-

ishes over time. We then equip the cooperation-inducing belief with the safety

property to formulate the algorithm called ‘Accumulating Risk Capital Through

Investing in Cooperation’. The performance of this algorithm is then shown in It-

erated Prisoner’s Dilemma, Stag Hunt, and Route Choice games. Furthermore, we

demonstrate its applicability to multi-agent reinforcement learning.

The contents of Chapter 3 are relevant for all social dilemmas, including

those that exist outside of traffic. The work on social dilemmas is continued in

Chapter 4 but now focuses on the existence of a social dilemma in routing, using

route control of autonomous vehicles as the motivating example.

Chapter 4 considers the problem of intelligent agents distributing routes of

players in a nonatomic information constrained congestion game. We call this the

network control game and show that it is an exact potential game with essentially

unique equilibria. We bound the Price of Anarchy for network control games with

polynomial cost functions as a function of the number of active route planners.

Furthermore, we consider a game in which drivers choose their own route planner,

and show that there exists a unique equilibrium with maximum social cost.

In Chapter 5, equilibria in information constrained congestion games is anal-

ysed further. Specifically, looking at a variant of a well-known phenomena called

Braess’ paradox. We study traffic networks with multiple origin-destination pairs,

relaxing the simplifying assumption of agents having complete knowledge of the

network structure. Firstly, we show that a game with matroid base strategy spaces

can safely increase the agents’ knowledge without affecting their own overall perfor-

mance. We then identify a ubiquitous class of networks, i.e., rings, which have the

same property, known as immunity to informational Braess’ paradox. By extension

of this performance measure to include the welfare of all agents, i.e., minimisa-

tion of the social cost, we show that informational Braess’ paradox is a widespread

phenomenon and no network is immune to it.

The thesis continues by considering how another form of intelligent trans-

portation system technology, the traffic light, effects congestion game equilibria and

7
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the existence of Braess’ paradox. In Chapter 6, we equip congestion games with

traffic lights, modelled as junction-based waiting cycles, therefore enabling individ-

uals with more realistic path planning strategies. Using the SUMO simulator, we

show that our modelling choices coincide with simulated routing behaviours. In par-

ticular, drivers’ decisions about routes are based on the proportion of red light time

for their direction of travel. Drawing upon the experimental results, we show that

the effects of the notorious Braess’ paradox can be outright avoided in theory and

at least significantly reduced in the games, by allocating the appropriate traffic light

phases in a transport network. Furthermore, intelligent traffic lights in congestion

games using learning algorithms will converge to an essentially unique equilibrium,

independent of the algorithm chosen. A further simulation study of implementing

intelligent traffic lights in traffic simulators is included. The results from these sim-

ulations suggest a bias in journey times is caused by the adaptive traffic lights, with

these effects quantified. We consider changing the reward function as a method of

mitigating bias.

Finally, Chapter 7 discusses the interconnectivity of ideas brought forth in

this thesis. Moreover, the implications for future research are considered.
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CHAPTER 2

Preliminaries

Here we outline the required mathematical preliminaries and notation required for

understanding Chapters 3, 4, 5, and 6. In section 2.1, we introduce the notation

and relevant definitions for finite games including the concepts of best-response and

safety which are core to the theory introduced in later chapters. We then explain a

specific type of game called a “social dilemma” in section 2.2. Congestion games is a

model that occurs throughout the thesis and we include a review of essential theory

central to congestion games in section 2.3, including illustrating an important moti-

vating example of the inefficiency of selfish routing models called “Braess’ Paradox”

and the required graph theory definitions to be able to characterise network immu-

nity to Braess’ paradox. In section 2.4, we explain a method of solving nonlinear

optimisation problems which will be used in later examples. Finally, we include a

summary of reinforcement learning theory in section 2.5 including multi-agent re-

inforcement learning and the pseudocode of algorithms later used throughout the

thesis.

Below is a table that summarises which sections of this chapter are required

for which of the following chapters.

Table 2.1: Table mapping required preliminaries to chapters.

Required for
Section 2.1 Basic Game Definitions Chapters 3, 4, 5, and 6
Section 2.2 Social Dilemmas Chapters 3 and 4
Section 2.3 Congestion Games Chapters 4, 5, and 6
Section 2.4 Nonlinear Optimisation Chapters 4 and 6
Section 2.5 Reinforcement Learning Chapters 3, 4 and 6

9



Preliminaries 2.1. BASIC GAME DEFINITIONS

2.1 Basic Game Definitions

A finite game is a tuple (N,A, u) where: N = {1, 2, ..., n} is the set of agents1;

A = A1 × ...×An is the action space of all players, n ≥ 2; and, u = (u1, ..., un) is a

vector of utility functions, where ui : A → R is a convex utility function for player

i.

The mixed strategy space of player i is denoted Σi, where σi ∈ Σi is a prob-

ability distribution over Ai. A strategy profile σ := (σi)i∈N is the joint mixed

strategy of the players, where σi ∈ Σ. The notation −i corresponds to all players

in N\{i}, i.e., σ and (σi, σ−i) are interchangeable. Thus, the strategy space of the

opponents of i is denoted Σ−i = Πj 6=iΣj . The expected utility of player i is denoted

E[ui(σi, σ−i)].

Then the minimax value of the game vi is the highest value player i can

guarantee without knowing their opponents’ actions,

vi = max
σi∈Σi

min
σ−i∈Σ−i

E[ui(σi, σ−i)].

A best response (BR) to a strategy profile σ−i is defined as BR(σ−i) :=

arg maxσi∈Σi E[ui(σi, σ−i)]. It is rational for players to choose a best response if they

know their opponents’ strategies, since this maximises their payoff. If all players

play a best response to their opponents, then we have an equilibrium. A Nash

equilibrium (NE) is a strategy profile σ ∈
∏
i∈N Σi such that ∀i ∈ N , σi ∈ BR(σ−i).

The definitions of best response and Nash equilibrium are core to game theory and

are referenced throughout this thesis. For a more comprehensive introduction to

finite games, see Maschler et al. (2013).

A strategy σi is safe2 if it guarantees at least the minimax value on average:

E[ui(σi, σ−i)] ≥ vi for any σ−i ∈ Σ−i.

A strategy σi is ε-safe if, and only if, for all σ−i ∈ Σ−i we have: vi−ε ≤ E[ui(σi, σ−i)].

The definition of safety is a key concept in Chapter 3.

The Risk What You’ve Won in Expectation algorithm plays an ε-safe best

response to a model of an opponent’s strategy M and time horizon T <∞, achieving

safety Ganzfried & Sandholm (2012). Pseudocode is shown in Algorithm 1, where

the set of ε-safe strategies is denoted SAFE(ε). Our proposed ARCTIC algorithm

1We use the terms agent and player interchangeably throughout.
2Throughout this thesis we will refer to safety in this context and not the context of danger

arising from vehicle movement.
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in Chapter 3 follows the same structure, thus, achieves safety.

Algorithm 1: Risk What You’ve Won in Expectation Ganzfried &
Sandholm (2012)

Initialize ε0 ← 0, vi ←minimax value;
for t = 1 to T do

πi ← arg maxσi∈SAFE(εt)E[ui(σi,M)];

i plays σi from πi;
−i plays σ−i from unknown π−i;
εt+1 ← εt + E[ui(πi, σ−i)]− vi

end

2.2 Social Dilemmas

A social dilemma is a collective action problem in which individuals would be better

off by cooperating yet conflicting interests exist on the individual level. In a social

dilemma game, each player must choose to either cooperate or defect with their op-

ponents. Mutual cooperation (or coordination) gains the highest total rewards, but

there is an incentive to deviate from this. We will explore the conditions for beliefs

about opponent strategies to incentivise cooperation in sequential social dilemmas

(SSDs) in Chapter 3.

Here, we introduce the format of two-player matrix game SSDs. The possible

payoffs for each stage game are: reward R for mutual cooperation, punishment P for

mutual defection, sucker S if exploited, and temptation T for exploiting. Table 2.2

shows the form of a two-player matrix game to be social dilemma, where we must

have R > P , R > S, 2R > T + S, and either T > R, and/or P > S Macy & Flache

(2002).

Table 2.2: The format of social dilemma payoffs in a two-player matrix game.

C D
C (R,R) (S, T )
D (T, S) (P, P )

Example games of Prisoner’s Dilemma, Stag Hunt, and Route Choice are

shown in Table 2.3. Prisoner’s Dilemma is the most well studied social dilemma,

since defect is a dominant strategy and so mutual defection is the Nash equilibrium.

In Stag Hunt, mutual cooperation is also a Nash equilibrium, but it is not stable
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since if either player chooses to defect, the best response is to also defect. Route

Choice was later introduced by Helbing et al. (2005) as an example (outside of

the set defined by Macy & Flache (2002)) of a social dilemma where coordination

is required. To maximise joint payoff, players must play a mixed strategy, taking

turns to cooperate and defect.

Table 2.3: Examples of payoff matrices for two-player SSDs (payoffs normalised on
[0, 1]): Prisoner’s Dilemma (left), Stag Hunt (centre), and Route Choice (right).

C D
C (3/4, 3/4) (0, 1)
D (1, 0) (1/4, 1/4)

C D
C (1, 1) (0, 3/4)
D (3/4, 0) (1/4, 1/4)

C D
C (0, 0) (1/4, 1)
D (1, 1/4) (1/2, 1/2)

Desirable properties of strategies in SSDs include that they are not ex-

ploitable, i.e., safe; achieve mutual cooperation with cooperative strategies, includ-

ing itself; forgiving, such that if either player accidentally defects, cooperation can

be reached again. The well-known strategy ‘tit-for-tat’, whereby one cooperates

initially and then continues by imitating their opponent’s previous move, attributes

these properties to its success Axelrod & Hamilton (1981).

2.3 Congestion Games

Congestion games are the standard framework of algorithmic game theory to study

the equilibria of traffic flows. They are non-cooperative games of perfect information

where self-interested actors choose sets of available resources, where the cost of each

resource depends on its overall usage. Later, we will see that congestion games are

similar to social dilemmas since there is an individual incentive to use suboptimal

routing, whilst cooperation between players yields the best utility.

The idea of traffic equilibria was first posed by Wardrop (1952) as an equi-

librium that exists when a population of selfish drivers choose routes such that their

journey times are equal and less than any unused routes. This equilibrium is the

same “user equilibrium” that we address in congestion games, in spite of being de-

veloped outside of the field of game theory. Congestion game were first formalised

by Rosenthal (1973) as a class of games that always have a pure strategy Nash equi-

librium. We use congestion games to model traffic flows when the set of resources

are edges on a network. Chapters 4, 5, and 6 all address theory related to congestion

games on a network.

In the atomic instance, there are a discrete number of players. Often in traffic
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models, it is easier and is more appropriate to use the nonatomic form that assumes

an infinite number of players exist each controlling a negligible amount of “flow”.

These players are then grouped into populations such that all members have the

same origin and destination nodes. Congestion games make the assumption that

players have predetermined and fixed origin and destination nodes. This assump-

tion can be limiting to real-world application of congestion games to traffic but is

necessary to define the strategy sets of players.

Let N = {1, ..., n} be a nonempty finite set of agents populations such that

players in the same population have the same strategy set. The demand for a

population, i.e., the traffic rate associated with that population, is di ≥ 0.

Each population has a nonempty finite resource set Ei made up of relevant

resources, i.e., those which are used in at least one strategy, Si ⊆ 2Ei . Denote

E as the irredundant resource set E =
⋃
i∈N Ei. Finally, resource cost functions,

ce : R≥0 → R≥0∪{∞} such that e ∈ E, are assumed to be continuous, nondecreasing

and nonnegative. Formally, a nonatomic congestion game is defined as a tuple

M = (N, (Ei)i∈N , (Si)i∈N , (ce)e∈E , (di)i∈N ).

The outcome of all players of population i choosing their strategy leads to a

strategy distribution xi satisfying
∑

s∈Si x
i
s = di and xis ≥ 0, ∀s ∈ Si. A strategy

distribution or outcome x = (xi)i∈N is feasible if
∑

s∈Si x
i
s = di, ∀i ∈ N . Denote

then the load on e in an outcome x to be fe(x) =
∑

i∈N
∑

s∈Si x
i
s1s(e), where 1 is

the indicator function. Moreover, in x, let a player from population i be charged

a cost function Ci(s,x) :=
∑

e∈s ce(fe(x)) when selecting strategy s ∈ Si. For only

one population, we can write the cost function as C instead of Ci.

A user equilibrium (UE), also known as Wardrop equilibrium, is a strategy

distribution x, such that every player of every population chooses a strategy with

minimum cost. More formally, a UE is a strategy distribution x such that the

following inequality holds true
∑

e∈si ce(fe(x)) ≤
∑

e∈s′i
ce(fe(x)) for all si, s

′
i ∈ Si

such that xisi > 0, ∀i ∈ N . Since every player in a population i has the same cost

at a UE x, we denote this as Ci(x).

The social cost of x, is the total cost incurred by all players SC(x) =∑
i∈N Ci(x)di =

∑
e∈E fe(x)ce(fe(x)). We say that a user equilibrium is essen-

tially unique if all user equilibrium have the same social cost. For any nonatomic

congestion game, there exists a UE and it is essentially unique Smith (1979). Con-

gestion games are an important class of games since they have a pure strategy Nash

equilibrium for both atomic Monderer & Shapley (1996) and nonatomic Schmeidler

(1973) variants.

The strategy distribution x is a social optimum (SO) if it solves the following
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minimisation problem:

minimise SC(x)

subject to
∑
si∈Si

xsii = di ∀i ∈ N

xsii ≥ 0 ∀i ∈ N

In most cases, the SO solution is different to the UE solution, since players only

maximise individual utility. Thus, the term selfish routing is used to describe the

strategies in congestion games. The contrast between selfish routing and social

optima gives rise to interesting phenomena.

For a thorough introduction to atomic and nonatomic congestion games, we

refer the reader to Shoham & Leyton-Brown (2008).

Price of Anarchy

The efficiency of the UE when compared with the SO is measured by the Price

of Anarchy (PoA) Koutsoupias & Papadimitriou (1999). It is defined as the ratio

between the worst social cost of a UE and the social cost of a SO outcome. For any

UE y, and feasible strategy distribution x,

PoA =
maxy SC(y)

minx SC(x)
.

Note, that a social dilemma necessarily has a Price of Anarchy strictly greater

than 1. A cost function C is called (λ, µ)-smooth if C(x) ≤ λC(x∗) + µC(x) for all

strategy profiles x,x∗. If all edge-cost functions are (λ, µ)-smooth for µ < 1, then

PoA = λ
1−µ Roughgarden (2003).

We will later use the concept of the Price of Anarchy as a measure of ineffi-

ciency in Chapters 4 and 6.

Braess’ Paradox

Braess’ paradox is a phenomenon that arises when the cost of a resource is strictly

decreased, yet results in a strict increase in the social cost of the equilibria Braess

(1968). This can be observed in the Wheatstone network in Figure 2.1.

Assume that there is a population of unit size that wish to travel between

nodes O and D. In the first instance of cost functions, as shown in left side network

from Figure 2.1, any UE requires that 1
2 choose the path {O, 1, D} and 1

2 choose
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Figure 2.1: Braess’ paradox on the Wheatstone network with one population of
players, where O and D are the respective origin and destination nodes. When the
demand of the population is 1, the equilibrium social cost of travel is 3

2 before and
2 after reducing the costs of the middle edge from ∞ to 0.

the path {O, 2, D} generating a social cost of 3
2 . By reducing the cost of the edge

12 to be 0, the resulting UE requires that all players now choose to travel the path

{O, 1, 2, D}. This increases the social cost of the equilibrium to 2, despite the strict

reduction of edge costs.

More formally, a set of systems (E,Si)i∈N admits Braess’ paradox (BP) if

there are two nonatomic congestion games M = (N,E, (Si)i∈N , (ce)e∈E , (di)i∈N )

and M′ = (N,E, (Si)i∈N , (c
′
e)e∈E , (d

′
i)i∈N ) where c′e(t) ≤ ce(t), ∀t ≥ 0 and d′i ≤ di,

∀i ∈ N , and two UE x and x′, such that SC(x) < SC(x′). If no such M and M′

exist, then we say that the set system is immune to Braess’ paradox.

In Chapter 6, we consider how the implementation of traffic lights in a net-

work could create and remove Braess’ paradox.

Potential Games

The concept of potential games was first posed by Monderer & Shapley (1996) for

atomic games, and later extended to nonatomic games Sandholm (2001); Cheung &

Lahkar (2018). An exact potential game is one that can be expressed using a single

global payoff function called the potential function. More formally, a game is an

exact potential game if, and only if, it has an exact potential function Φ : A → R

such that ∀a−i ∈ A−i, ∀ai, a′i ∈ Ai,

Φ(ai, a−i)− Φ(a′i, a−i) = ui(ai, a−i)− ui(a′i, a−i)

Potential games and congestion games are equivalent, where a player’s utility

is their negative cost. Another notable property of atomic potential games is that

a Nash equilibrium is reached through myopic best response Monderer & Shapley
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(1996). The potential function for nonatomic congestion games is

Φ(x) :=
∑
e∈E

∫ fe(x)

0
ce(z)dz, (2.1)

where x is the strategy distribution of players, also referred to as the Beckmann

function Beckmann et al. (1956).

A strategy distribution is an ICUE if, and only if, it minimises the potential

function Acemoglu et al. (2018) (an extension of results in Beckmann et al. (1956);

Smith (1979). All local maximisers of potential are equilibria Sandholm (2001).

2.3.1 Immunity to Braess’ Paradox

Before we introduce some known results on immunity to Braess’ paradox, we must

first explain the following terms from graph theory, where further details can be

found in Bondy et al. (1976).

A simple network G = (V,E) is an undirected graph with at most one edge

between any pair of nodes and no self-loops. A path is an ordered collection of edges

such that adjacent pairs of edges share a node. If a path visits no node more than

once then it is called acyclic. A network is connected if it has at least one vertex and

there is a path between every pair of vertices. A tree is a connected simple network

that has only acyclic paths. A spanning tree of a undirected network is a connected

acyclic subnetwork, connecting all nodes of the network. A directed spanning tree of

a directed network is a connected acyclic subnetwork such that there exists a path

to all nodes from a source node. A ring (or cycle) is a connected network such that

every node connects to exactly two others, forming a single continuous loop.

Definition 2.3.1 (Network Nonatomic Congestion Game). A network nonatomic

congestion game is played on an undirected network G = (V,E), where the re-

sources are edges and players move between the distinct origin and destination ter-

minal nodes Oi, Di ∈ V for any i ∈ N . The strategies of players are choices of paths

such that no vertex is visited more than once and such that the start and end nodes

are the associated origin and destination.

If a network is two-terminal, then there is a single origin and destination pair

for players to travel between. An asymmetric (or multi-population) game is one in

which there are multiple OD pairs.

A two-terminal network is series-parallel if it is either a single edge, or com-

posed recursively by joining two series-parallel networks in series or in parallel. We

say that a two-terminal network is linearly independent (LI) if each path has at
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least one edge that does not belong to any other path. A network is series linearly

independent (SLI) if, and only if, (i) it comprises a single LI network, or (ii) it is

constructed by connecting two SLI networks in series.

An embedding is a collection of injective maps from the sets of relevant re-

sources to the irredundant resources. For example, Figure 2.2 shows how the Wheat-

stone network is embedded in a grid road system. More formally, an embedding is

a collection of injective maps τ := (τi)i∈N , for τi : Ei → Ê where |Ê| =
∑

i∈N |Ei|.

4 D

1

3O

2

Figure 2.2: A Wheatstone network is embedded in any lattice.

The exact network properties of immunity to Braess’ paradox is known. The-

orem 2.3.2 characterises immunity in the two-terminal case.

Theorem 2.3.2. Milchtaich (2006) Braess’ paradox does not occur in nonatomic

congestion game played on a two-terminal network G if, and only if, G is series-

parallel.

Suppose that nonatomic congestion games allow for multiple origin-destination

pairs, hence |N | > 1. Before we can characterise networks immune to BP, we must

state a few more definitions. A relevant network Gi = (Vi, Ei) for a player i as the

set of edges and nodes used in every possible path given a player’s information set

and OD pair. For two SLI networks Gi and Gj , a coincident block is a common LI

subgraph of Gi and Gj with the same set of terminal nodes.

Theorem 2.3.3. Chen et al. (2015) Braess’ paradox cannot occur in a network

nonatomic congestion game played on G if, and only if, every relevant network Gi

∀i ∈ N is series-parallel and ∀i, j ∈ N, i 6= j , either Ei ∩ Ej = ∅ or the network

induced by Ei ∩ Ej consists of all coincident blocks of Gi and Gj.

Another way to characterise network immunity is through matroids. Thus,

we define the following combinatorial theory that will help us define strategy sets

that have immunity to congestion paradoxes.

A matroid is a tuple M = (E, I), where E is a finite set called the ground

set, and I ⊆ 2E is a nonempty family of subsets of E called the independent sets
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that hold the following properties: (i) ∅ ∈ I, (ii) hereditary property : if X ∈ I and

Y ⊆ X, then Y ∈ I; and (iii) augmentation property : if X,Y ∈ I with |X| < |Y |,
then ∃e ∈ Y \X such that X∪{e} ∈ I. The inclusion-wise maximal independent sets

of I are called the bases of the matroid and are denoted B. The rank of a matroid

M , denoted rk(M), is the cardinality of a basis of M . For more information on

matroids see Oxley (2006).

Definition 2.3.4 (Matroid Nonatomic Congestion Game). A matroid nonatomic

congestion game is a nonatomic congestion game M such that ∀i ∈ N there is a

matroid Mi = (Ei, Ii) such that the strategy set Si is equivalent to the base set of

the matroid Bi.

Since the independent sets Ii are generated by the base set Bi, we simplify

notation by writing such matroids as Mi = (Ei, Si). A tuple (E, (Si)i∈N ) is said to

be universally immune to Braess’ paradox if it is immune for all embeddings τ in

Ê. We know that a matroid structure is universally immune to Braess’ paradox.

Theorem 2.3.5. Fujishige et al. (2017) If (E, (Si)i∈N ) forms the base set of a

matroid Mi = (E,Si)∀i ∈ N , then the associated nonatomic congestion game is

universally immune to Braess’ paradox.

2.3.2 Information Constrained Nonatomic Congestion Games

The assumption that players have full information sets in congestion games is unre-

alistic. To improve upon this, we can relax the assumption by modelling a variant

of the game where players have restricted knowledge3 about the edges available to

them in a network. We address nonatomic congestion games with heterogenous

information sets in Chapters 4 and 6.

Let N = {1, ..., n} be a nonempty finite set of agent populations. In each

population, we suppose that there exists heterogeneity among knowledge of the

resources due to previous experience, use of GPS systems etc. For each population

i, there are Ki ≥ 1 information types of players. We refer to a player from population

i of type k as (i, k), which we abbreviate ik. The demand for a information type,

i.e., the traffic rate associated with that population, is dik ≥ 0.

Each population has a nonempty finite resource set Ei, where information

types can restrict such knowledge, i.e., each population-type pair is associated with

a known set Eik ⊆ Ei. We assume that each Ei is made of relevant resources, i.e.,

those which are used in at least one strategy, and that strategy sets Sik ⊆ 2Eik only

3It is still assumed players’ information about congestion and knowledge of edges is without
noise.
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contain resources from their information set and are disjoint for distinct populations.

Denote E as the irredundant resource set E =
⋃
i∈N Ei. Finally, resource cost

functions ce : R≥0 → R≥0 ∪ {∞} such that e ∈ E are assumed to be continuous,

nondecreasing, and nonnegative. Formally, a nonatomic information constrained

congestion game is defined as a tuple M = (N, (Ki), (Eik), (Sik), (ce)e∈E , (dik)),

with i ∈ N and k ∈ Ki.

The outcome of all players of type (i, k) choosing strategies leads to a strategy

distribution xik, satisfying
∑

sik∈Sik x
ik
sik

= dik and xiksik ≥ 0, ∀sik ∈ Sik. A strategy

distribution (or outcome) x = (xik){i∈N, k∈Ki} is feasible if
∑

sik∈Sik x
ik
sik

= dik, ∀i ∈
N, k ∈ Ki. Henceforth, we focus, without loss of generality, on feasible strategies.

Denote the load on e in an outcome x to be fe(x) =
∑

i∈N
∑

si∈Si x
i
si1si(e).

At strategy distribution x, a player from population i receives a cost function

Cik(sik,x) :=
∑

e∈sik ce(fe(x)), when selecting strategy sik ∈ Sik.
An information constrained user equilibrium (ICUE) is a strategy distribu-

tion x such that all players choose a strategy of minimum cost: ∀i ∈ N, k ∈ Ki and

strategies sik, s
′
ik ∈ S(i,k) such that xisik > 0 we have Cik(sik,x) ≤ Cik(s

′
ik,x). The

social cost is the total cost incurred to all players SC(x) =
∑

i∈N
∑

k∈Ki Cik(x)dik.

For any nonatomic information constrained congestion game, there exists an essen-

tially unique ICUE Acemoglu et al. (2018).

Informational Braess’ Paradox

Informational Braess’ paradox (IBP) Acemoglu et al. (2018) occurs when one player’s

type has its information set expanded, without loss of generality type (1, 1), and this

paradoxically increases their strategy cost. More formally, IBP occurs if there exist

expanded information sets (Ẽ(i,k)){i∈N, k∈Ki} with E(1,1) ⊂ Ẽ(1,1) and E(i,k) = Ẽ(i,k)

for any (i, k) 6= (1, 1) with associated ICUE x and x̃, where the costs increase for

the expanded information player C(1,1)(x) < C(1,1)(x̃).

Immunity to IBP is characterised for two-terminal networks but is not yet

fully understood for asymmetric networks Acemoglu et al. (2018).

Theorem 2.3.6. Acemoglu et al. (2018) A two-terminal network nonatomic con-

gestion game played on network G is immune to IBP if, and only if, G is an SLI

network.

Theorem 2.3.7. Acemoglu et al. (2018) For any nonatomic congestion game on

asymmetric network G, where ∀i ∈ N , Gi = (Vi, Ei) is the relevant network, IBP

does not occur if the following hold:

(a) ∀i ∈ N , Gi is SLI
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(b) For all distinct i, j ∈ N , either Ei ∩Ej = ∅, or Ei ∩Ej consists of all coincident

blocks of Gi and Gj.

In Chapter 5, we will find a new class of networks that have immunity to

IBP in multi-population games.

2.4 Nonlinear Optimisation

In Chapters 4 and 6, when we address nonlinear optimisation problems in congestion

games, we will use the Karush-Kuhn-Tucker conditions Karush (1939); Kuhn &

Tucker (1951) to reach a solution.

Consider a minimisation problem of an objective function f over X (a convex

subset of Rn).

minimise f(x)

subject to gi(x) ≤ 0 for i = 1, ..,m

To solve this problem, we write a Lagrangian function of the form

L(x, λ1, .., λm) = f(x)− λ1g1(x)− ...− λmgm(x) (2.2)

where λ1, ..., λm are constants referred to as Lagrange multipliers.

The Karush-Kuhn-Tucker Theorem states that a saddle point of equation 2.2

finds the solution to the optimisation problem. The Karush-Kuhn-Tucker equations,

also known as Kuhn-Tucker equations, are formulated to find the saddle point of

equation 2.2. For a minimisation problem, the Karush-Kuhn-Tucker conditions are:

δL

δx1
= 0

δL

δλ1
≤ 0 λ1

δL

δλ1
= 0

δL

δx2
= 0

δL

δλ2
≤ 0 λ2

δL

δλ2
= 0

... ... ...

δL

δxn
= 0

δL

δλm
≤ 0 λm

δL

δλm
= 0

These equations are then solved analytically, although a closed-form solution

does not always exist.
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2.5 Reinforcement Learning

Reinforcement learning (RL) is a setting where an agent can earn rewards for taking

actions in a given environment. The goal is to define a policy - a sequence of actions

to take in each environmental state in order to maximise rewards. Value functions

are used to estimate long-term rewards given that the agent observes a particular

state and selects actions aligning with its policy. Equivalently, this can be formalised

as a single-player stochastic game where the policy is the agent’s strategy. For a

more detailed overview of reinforcement learning see Sutton & Barto (2018).

The environment is represented by a state variable, s ∈ S, and the principle

task of the agent is to select the best action, a ∈ A, given the current state. An

optimal policy states the actions to be taken in a given state to achieve the highest

cumulative rewards.

A Markov decision process (MDP) is a discrete-time stochastic process that

provides a suitable mathematical framework for modelling an agent’s reasoning and

planning strategies in the face of uncertainty. It satisfies the Markov property - the

probability distribution over the next set of states only depends on the current state

and not its history, i.e., P (st+1|st) = P (st+1|st, st−1, ..., s1, s0). Formally, we write

an MDP as a tuple (S,A, P,R): state space S, action set A, Markovian transition

model P : S ×A× S 7→ [0, 1], and reward function R : S ×A× S 7→ R.

The goal of the agent is to select a sequence of actions, or policy π. An optimal

policy π∗ maximises the cumulative discounted return, Rt =
∑∞

k=0 γ
krt+k+1, where

γ ∈ [0, 1) is a discount factor and ri = R(si, ai, si+1) is the reward at step i. The

state-value function, or value function, Vπ : S → R describes the expected value

of following policy π from state s: Vπ(s) = Eπ[Rt|st = s]. This equation can be

written iteratively to enable dynamic programming:

Vπ(s) =
∑
a∈A

π(s, a)
∑
s′∈S

P (s, a, s′)(R(s, a, s′) + γVπ(s′)) (2.3)

The action-value function, or Q-function, Qπ : S × A → R estimates the

expected value of choosing an action a in state s then following policy π: Qπ(s, a) =

Eπ[Rt|st = s, at = a]. We can write the Q-function in terms of the value-function

as follows:

Qπ(s, a) = R(s, a, s′) + γ
∑
s′

P (s, a, s′)Vπ(s′) (2.4)

Model-based reinforcement learning is a setting where an agent takes samples

from the environment to estimate P and R, then uses planning algorithms to find
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an optimal policy. In contrast, model-free learning directly estimates the Q-values

from experience.

The behaviour policy is the policy that an agent uses to choose an action

in any given state, and the target policy is the policy that the agent uses to learn

from reward action pairs. An off-policy algorithm is one where the target policy is

different that the behaviour policy, whereas in an on-policy algorithm the target and

behaviour policies are the same. Throughout this thesis we use off-policy algorithms

due to their increased capacity for exploration and better sample efficiency since we

can use a replay buffer to reuse old data.

Algorithms must be able to balance taking the actions which maximise Q

(exploitation), with taking suboptimal actions in order to improve the knowledge

of the environment (exploration). A greedy policy chooses the actions in each state

that maximises the value of Q in each state. An epsilon greedy policy is one that

selects the greedy action with probability 1−ε and chooses uniformly random actions

otherwise, for some ε > 0. Epsilon greedy is an off-policy exploration strategy.

For RL instances with small action-state space, solutions can be found through

dynamic programming. The Bellman optimality equations form the basis for these

solutions, including the most well-known (model-free) RL algorithms, such as tem-

poral difference Sutton (1988) and Q-learning Watkins (1989). The value function is

updated directly from interaction with the environment to assign rewards to possible

state-action pairs. Model-based RL calculates average rewards associated with ap-

plying an action in a state by estimating a transitional model of the state-transition

probabilities that occur from actions.

Q-Learning

Q-learning Watkins (1989) is a model-free RL algorithm for discrete action and state

spaces. The Q-value for each state action pair (s, a) is learned using the update step

Q(st, at)← Q(st, at) + α(rt + γmax
a

Q(st+1, a)−Q(st, at))

where t is the timestep, γ is the discount factor, and α is the learning rate. The

pseudocode for Q-learning is shown in Algorithm 2.

In general, choosing a learning rate that is too small means the algorithm

could converge to a suboptimal solution, whereas selecting a learning rate that is

too small means that algorithm may never converge.
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Algorithm 2: Q-Learning (epsilon greedy policy)

Initialise Q arbitrarily;
while Q not converged do

Initialise s ∈ S;
while s not terminal do

a← EpsilonGreedy(arg maxaQ(s, a), ε);
take action a;
receive r and observe s′;
Q(s, a)← Q(s, a) + α[r + γmaxa′ Q(s′, a′)−Q(s, a)];
s← s′;

end

end
return Q

Deep Q-Learning

Deep Q-learning Mnih et al. (2013) (or DQN) is an extension of Q-learning with a

feed-forward neural network used to model the Q-function. The deep Q network is a

neural network architecture that estimates the Q-function with the input encoding

the state and outputs the value for each action. Deep Q-learning extends Q-learning

by allowing for continuous state spaces.

To aid with convergence, we use two tools: experience replay, and a target

Q network. Instead of using the last transition for the Q update, each transition is

stored inside the experience replay memory. The update is then done from a batch

of randomly sampled transitions from the same experience replay. The target Q

network is to stabilise the training by making the fluctuations less severe between

steps.

2.5.1 Multi-Agent Reinforcement Learning

Multi-agent reinforcement learning (MARL) is a term that has been used in many

ways throughout the literature, since there are a variety of ways to extend single-

agent RL to the domain with at least two agents. For example, learning can use

centralised or decentralised algorithms; there could be prescriptive or descriptive

agents; agents could be cooperative, competitive, or neither.

In Chapters 3 and 4, we consider cooperative MARL in a social dilemma

environment. Then, in Chapter 6, we consider cooperative reinforcement learning

algorithms that optimise traffic light sequences at junctions.

In a multi-agent setting, each agent must make assumptions about their op-

23



Preliminaries 2.5. REINFORCEMENT LEARNING

Algorithm 3: Deep Q-Learning with Experience Replay

Initialise: state s0, time t = 0, replay memory D;
Initialise Q with random weights θ;

Initialise target Q̂ with random weights θ̂;
for epsiode 1 to M do

for t ≤ T do
at ← EpsilonGreedy(arg maxaQ(st, a, θ), ε);
play action at ;
receive rt and observe st+1;
store transition (st, at, rt, st+1) in memory D;
sample random minibatch of transitions from D;
if episode terminates at step j + 1 then

Yj = rj ;
else

Yj = rj + γmaxa′ Q̂(sj+1, a
′, θ);

end
perform gradient descent on (Yj −Q(sj , aj , θ))

2 w.r.t. θ;

Every C steps, reset Q̂ = Q;

end

end

ponents’ strategies in order to optimise their own payoff. An optimal policy is no

longer clearly defined as it depends on the policies of other agents. The MARL algo-

rithms used in this thesis for multi-agent RL problems are Q-learning Hu & Wellman

(1998), Asynchronous Advantageous Actor-Critic (A3C) Mnih et al. (2016), Deep

Q Network (DQN) (or deep Q-learning) Mnih et al. (2013) and coordinated rein-

forcement learning Guestrin et al. (2002).

For Q-learning with multiple agents, we consider two types of implementa-

tion. The first assumes that agents are independent of one another and have only

local state space information. The second is when there exists a single Q-agent with

a joint state space that finds the joint optimal action. We refer to the first as inde-

pendent Q-learning and the latter as multi-agent Q-learning. The joint action space

grows exponentially with the number of agents, thus making it very inefficient for

many agents. Similarly, DQN can be implemented with local independent agents or

in a multi-agent format.

An MDP can be generalised to capture multiple agents through the use of

Markov games. Formally, a Markov game is a tuple (N,S, (Ai)i∈N , P, (R
i)i∈N , γ)

where N is the set of agents, P : S × A1 × ... × A|N | × S → [0, 1] is the transition

function, Ai is the action space of i ∈ N , Ri : S × ...×A|N | × S → R is the reward
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function, and γ is the discount factor.

Denote the action profile of agents at time t is at, then we can define the

value function for player i as

V i
πi,π−i(s) := E[

∑
t≥0

γtRi(st,at, st+1)|ait ∼ πi(.|st), s0 = s].

For Markov games, a Nash equilibrium is a joint policy π = (π1, ..., π|N |)

such that for all i ∈ N and s ∈ S,

V i
πi,π−i(s) ≥ V

i
π̄i,π−i(s) for all π̄i.

If all players do not have access to the global state, then we can use partially

observable MDPs.

Multi-Agent Q-Learning

This version of Q-learning is adapted for multiple agents. As discussed, we use

the term multi-agent Q-learning to refer to an adaption of Q-learning to include

multiple actions in the Q-function. Suppose we have a set of agents {1, 2, ..., n}.
Then, Algorithm 4 describes the method of learning the Q-function with a greedy

policy.

Algorithm 4: Multi-agent Q-Learning (greedy policy)

Initialise Q arbitrarily;
while Q not converged do

Initialise s ∈ S;
while s not terminal do

a1, a2, ..., an ← arg maxa1,a2,...,an Q(s, a1, a2, ..., an);
take actions a1, a2, ..., an;
receive r1, r2, ..., rn and observe s′;
Q(s, a1, a2, ..., an)←

(1−α)Q(s, a1, a2, ..., an)+α[
∑n

i=1 ri+γmaxa′ Q(s′,a′)];
s← s′;

end

end
return Q
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Independent Q-Learning

This is a version of Q-learning adapted for multiple agents where we assume that

the agents learn independently from one another. This implementation is similar to

Q-learning but with local state space information for each agent. Let s be a vector

of the state space for a set of agents {1, 2, ..., n}. Algorithm 5 shows the pseudocode

for this with a greedy policy.

Algorithm 5: Independent Q-Learning (greedy policy)

Initialise Q arbitrarily;
while Q not converged do

Initialise s ∈
∏
i=1,2,...,n Si;

while s not terminal do
for i = 1, 2, ..., n do

ai ← arg maxai Qi(si, ai);
end
take actions a1, a2, ..., an;
receive r1, r2, ..., rn and observe s′;
for i = 1, 2, ..., n do

Qi(si, ai)← (1− α)Qi(si, ai) + α[ri + γmaxa′i Qi(s
′
i, a
′
i)] ;

end
s← s′;

end

end
return Q

Multi-Agent/Independent Deep Q-Learning

The extension of DQN to multi-agent DQN and independent DQN uses the same

methodology as Algorithms 4 and 5 respectively, combined with deep Q learning

from Algorithm 3.

Coordinated Q-Learning

In order to estimate the action profile that gives maximum global utility, we can

consider the easier problem of maximising the sum of local utilities. Coordinated

reinforcement learning is a cooperative extension of Q-learning whereby agents are

connected through a so-called coordination graph that allows for pairwise cooper-

ation. Agents should have access to the states that influence them, i.e. can see

their local state and any state of neighbouring agents. Coordination graphs offer a
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framework for cooperative decision-making by decomposing a global payoff function

into the sum of local rewards.

A coordination graph G = (N,E) is a network that exists between agents.

Two agents are connected by an edge if their behaviours directly impact each other.

Coordinated reinforcement learning Guestrin et al. (2002) combines coordination

graphs with MARL by assuming agents have knowledge of all of the state infor-

mation affecting them but must coordinate their actions to achieve maximum util-

ity. The factorised global Q-function is a linear combination of local Qe-functions:

Q(s,a) =
∑

eQe(se, ae) where each e ∈ E is a pair of neighbouring agents in the

coordination graph.

The variable elimination algorithm (VE) is an exact method in which a joint

optimal action is found. The procedure works by computing an optimal action only

for the last eliminated agent (assuming that the graph is connected) and conditional

strategies for other agents. The execution time is exponential in the induced graph

width (size of the largest clique) and therefore does not scale well. However, it does

converge to an optimal solution. The outcome of VE is independent of elimination

ordering, as it always results in the joint optimal action. We choose to follow the

heuristic of eliminating agents in the coordination graph in ascending order of degree.

Algorithm 6: Coordinated Q-Learning with VE for two agents

Initialise: state s0, time t = 0 ;
for t ≤ T do

t← t+ 1;
determine s;
collect Q(s, a1, a2);
replace Q(s, a1, a2) as f = maxa1 Q(s, a1, a2);
a1 ← EpsilonGreedy(arg maxa∈A1 f , ε);
a2 ← EpsilonGreedy(arg maxa∈A2 f , ε);
receive r and observe s′;
Q(s, a1, a2)← Q(s, a1, a2)+α[r+γmaxa′1,a′2 Q(s′, a′1, a

′
2)−Q(s, a1, a2)];

s← s′;

end

The max-plus algorithm Kok & Vlassis (2005), analogous to belief propaga-

tion, is often preferred in real-time systems over variable elimination. However, we

use variable elimination for its simplicity.
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Asynchronous Advantageous Actor-Critic

Actor-critic methods Konda & Tsitsiklis (2000) are a class of algorithms where a

‘critic’ advises an ‘actor’ of the quality of each action. The actor and critic each

learn separately. Here, the critic estimates the value function while the actor learns

the policy. Asynchronous Advantageous Actor-Critic equips the actor-critic format

with independent local agents (asynchronicity) whereby the critics’ estimate the Q-

function (equation 2.4) minus the value function (equation 2.3), which is called the

advantage function.

Asynchronous Advantageous Actor-Critic (A3C) is a model-free policy op-

timisation based MARL algorithm. In policy optimisation, we learn the policy

directly, rather than the Q-values. Here, the actor learns the policy and the critic

learns the value function. The actor learns based on the feedback from the critic.

In deep learning, we learn the parameters θ of the neural network that represents

the policy/value function. The A3C implementation used in this thesis comes from

the Ray library: https://github.com/ray-project/ray. For further details of

the algorithm, see Mnih et al. (2016).

A3C is an on-policy algorithm since it uses the policy gradient theorem to find

an estimate for the gradient of a given policy. Adding the entropy of the policy to

the objective function improves exploration by reducing the likelihood of premature

convergence. A high entropy coefficient would lead to more random actions whereas

a lower entropy coefficient could lead to premature suboptimal convergence.
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CHAPTER 3

Safe Cooperation in

Social Dilemmas

3.1 Introduction

Sequential social dilemmas (SSDs) are iterated games where short term individual

incentives conflict with the long-term social welfare. Social dilemmas exist in traffic

networks in many ways, the three most common are route choice, departure time,

and mode of transport Klein & Ben-Elia (2016). When choosing strategies in these

scenarios, the incentive to be selfish and choose the outcome that has the best possi-

ble travel time quickly becomes congested and therefore makes it a worse outcome.

Research into cooperation in social dilemmas can help to reduce congestion in roads,

thereby improving air quality and journey times.

Countless methods have been proposed for training policies that would better

optimise the social good, but many of these methods do so at a greater risk of being

exploited. A policy that optimises social welfare could allow other policies to be

selfish without long-term consequences, and so the welfare-maximizing policy may

fare worse in these settings than if it had only optimised for its own self-interest.

To some extent, this is inevitable, since every choice to cooperate leaves room to be

exploited. However, though this trade-off is unavoidable, it is not as stark as it first

appears.

To study this trade-off formally, we present two objectives. The first objective

is the well-studied notion of ε-safety, that on average a strategy achieves at least the

value of the game minus ε. Previous work shows that ε-safe policies in sequential

settings risk what the policy won in expectation Ganzfried & Sandholm (2012),

allowing them in the long run to take much larger risks. The second objective is to

perform well with cooperation-promoting policies. We define cooperation-promoting

policies to be such that they are more cooperative when faced with cooperative
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policies. The existence of cooperation-promoting policies is the reason why a rational

designer might consider making an agent that cooperates. Since perfect safety would

require only defection and perfect performance with cooperation-promoting policies

would require only cooperation, these two objectives are in clear conflict.

Throughout this chapter, we find it convenient to conceive of ε-safety using

the concept of risk capital. Risk capital is the amount of capital an investor is willing

to lose. In our case, we will be using risk capital to refer to the amount of utility

we are willing to risk, which for ε-safe policies is ε. In this framing, we can think

of prior work, showing that ε-safe policies risk what the policy won in expectation

Ganzfried & Sandholm (2012), as suggesting reinvestment of unexpected winnings

is a natural form of risk capital.

Since cooperation could always be met with defection, cooperating neces-

sitates some amount of willingness to lose utility. However, like an investment,

cooperation often results in returning more utility than was risked. This returned

utility can then be reinvested without risking worse outcomes, leading to growing

risk capital over time. Thus, more cooperation over time, even for a small initial

amount of risk capital.

This argument shows an interesting fact about the trade-off between safety

and cooperation – that though cooperation with total safety is impossible, giving

away even a small amount of safety will lead to nearly optimal cooperation in the

long-term. We formalise this argument as a trade-off between safe beliefs and co-

operation promoting beliefs. We go on to propose a method to train policies that

satisfy this objective, which we call Accumulating Risk Capital Through Investing

in Cooperation (ARCTIC), based on the idea of investing risk capital to achieve

long-term cooperation.

3.2 Contributions

In this chapter, we begin by analysing some conditions that guarantee that a strategy

is ε-safe. We then introduce policy-conditioned beliefs as a mechanism to achieve

ε-safety through best-response dynamics.

Next, we formulate an example of an ε-safe strategy that induces cooperative

behaviour in social dilemmas and show how to use it to trade-off between cooperation

and safety in SSDs. We then propose a new algorithm called Accumulating Risk

Capital Through Investing in Cooperation (ARCTIC) that achieves safe play whilst

having the capacity to cooperate with other cooperation capable agents.

Finally, we include some experimental results of ARCTIC and show that
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introducing a small level of risk to the initial round of play allows faster convergence

of cooperation against itself and other reciprocating or cooperative strategies.

3.3 Literature Review

The problem of cooperation in sequential settings has been extensively studied in

game theory. One of the most famous strategies is Rapoport’s tit-for-tat Rapoport

et al. (1965), which achieved great success in Axelrod’s tournament Axelrod &

Hamilton (1981). In part, Axelrod attributed its success to its ability to promote

cooperation, and to the fact that it is impossible to exploit after the first move.

Human experiments with sequential social dilemmas often find that coopera-

tion is the most popular strategy. Gardner et al. Gardner et al. (1984) use bounded

rationality to explain the high levels of cooperation in lab experiments, where par-

ticipants played a common pool resource game and could communicate with each

other. Cooperation seen in social dilemmas is often founded in indirect reciprocity

Rand & Nowak (2013), such as social capital. Viedma Viedma (1999) discusses the

role of social capital in social networks. Furthermore, so-called “silly rules” are use-

ful in building social capital in populations Köster et al. (2020). Moreover, Capraro

et al. introduced the iterated cooperative equilibrium as a solution concept design

to capture human behaviour in SSDs Capraro et al. (2013).

One theoretical suggestion, translucent game theory Capraro & Halpern

(2019), explains cooperative behaviours through the idea that others’ could de-

tect an intended defection and punish it. This serves as the inspiration for our use

of policy-conditioned beliefs. There is evidence that transparency considerations,

such as the ability to view opponent’s facial expressions, may influence behaviour

in social dilemmas de Melo et al. (2018); Hoegen et al. (2017).

In the reinforcement learning literature, temporal difference learning has been

applied successfully to learn cooperation in Prisoner’s Dilemma since it maximises

future rewards Masuda & Ohtsuki (2009). Leibo et al. Leibo et al. (2017) extended

classic sequential social dilemma examples into the domain of deep reinforcement

learning. Following on from this work, Jaques et al. Jaques et al. (2019) used social

influence as intrinsic motivation to achieve coordination and communication between

agents in SSDs. Additionally, approximate Markov tit-for-tat Lerer & Peysakhovich

(2017) maintains desirable properties from tit-for-tat, but applies to deep learning in

general games. Reciprocity can be achieved in symmetric games through a system

of innovators that maximise their own rewards and imitators that learn to mimic

innovator behaviours by measuring the “niceness” of their actions, resulting in a
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good performance in SSDs Eccles et al. (2019b,a).

The social dilemmas we consider are Prisoner’s Dilemma, Stag Hunt and

Route Choice. In Prisoner’s Dilemma, Press and Dyson Press & Dyson (2012)

showed that there exists evolutionary dominant strategies that can only be outper-

formed by player’s that have a theory of mind about their opponent; and, when

combining strategies with a memory of one and theory of mind, stable strategies

have been classified Glynatsi & Knight (2020). For Stag Hunt, the effects of network

topology are important for the emergence of cooperation in games played on a net-

work Van Segbroeck et al. (2010). In Route Choice, the coordination of alternating

strategies provides additional complexity in achieving cooperation between agents

Stark et al. (2008).

Safe strategies are essential to restrict adversarial opponents Gleave et al.

(2019). Ganzfried and Sandholm Ganzfried & Sandholm (2012) explore the neces-

sary properties for a policy to allow for safe opponent exploitation. The Price of

Anarchy can be used as an index of inefficiency in social dilemmas Mak & Rapoport

(2013). Moreover, the beliefs required for trust-based cooperation in Prisoner’s

Dilemma were found to correlate with the Price of Anarchy Murphy & Ackermann

(2015). Additionally, Chakraborty and Stone Chakraborty & Stone (2014) proposed

a method for achieving safety against memory-bounded agents that converges to the

Nash equilibrium in self-play.

The three main areas that social dilemmas are found in transportation are:

route choice; mode of transport; and, departure times. Dafoe et al. Dafoe et al.

(2020) discuss the open problems in cooperative AI, using autonomous vehicles

and navigation applications as motivation to ground the discussion of why AI tools

must consider cooperation as an essential goal. Rapoport et al. Rapoport et al.

(2009) used experimental data to illustrate that selfish routing is akin to Prisoner’s

Dilemma. Klein and Ben-Elia Klein & Ben-Elia (2016) reviewed the important

game-theoretical and experimental research in these areas, and highlighted the need

for further research in the emergence of cooperation in road networks.

3.4 Motivating Example

Consider a two-player game of iterated Prisoner’s Dilemma as motivation for the

ideas put forward in this chapter1.

1No new ideas are put forward in this example. It is simply included to aid the reader in un-
derstanding the ideas put forward later, which combine the safety property and policy-conditioned
beliefs.
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(1,2) C D

C (3/4, 3/4) (0, 1)

D (1, 0) (1/4, 1/4)

The value of the game is 1/4, since any player can guarantee a payoff of at least this

by choosing to defect. Examine the following gameplay where player 1 considers

beliefs about her opponent’s strategy to decide her own approach.

Suppose that player 1 believes that player 2 will choose to defect. Then

her best response would also be to defect. By believing that her opponent will

defect, her strategy is safe. She starts with this belief to avoid being exploited by

an adversarial player, which would give her an average utility of at least the value

of the game.

Round 1. Player 1 chooses D, Player 2 chooses C.

Player 2 chose to cooperate in the first round, earning player 1 a payoff of 1.

Given this information, player 1 may wish to re-evaluate her belief. She knows that

to get the best long-term payoff, both players must cooperate. If her opponent is

willing to cooperate with her, then she can get a payoff of 3/4. However, she must

balance this with the risk that her opponent could exploit her cooperation which

would earn her nothing. At the moment, she has an average payoff higher than the

game’s value. If she cooperates in round 2 and her opponent defects, she will still

have earned higher than the value of the game per round. So, player 1 updates her

belief so that she believes player 2 will cooperate in round 2, and plays her best

response, with respect to the belief, which is to cooperate.

Round 2. Player 1 chooses C, Player 2 chooses D.

This time, player 2 chose to defect. Player 1 is disappointed that her oppo-

nent has exploited her. However, she knows that player 2 cooperated in the first

round, so they are capable of cooperation. She may reason that player 2 only chose

to defect in the last round in retaliation to her original defect. This is risky since

there is a chance that the original cooperation was a mistake and player 2 is, in fact,

her adversary. Player 1 decides to risk the additional payoff she has earned (since

her average payoff is still above the game’s value) and chooses to believe that player

2 will cooperate.

Round 3. Player 1 chooses C, Player 2 chooses C.

Player 1’s risky strategy has paid off! Both players chose to cooperate.

Player 1 continues to play with the same belief. In all subsequent rounds, both

players choose to cooperate.

In this example, player 2 was playing tit-for-tat. If player 1 had not updated

her original belief that her opponent was adversarial, her average payoff would have
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been much lower than what she earned. Although the safe belief would have earned

her the value of the game, she was able to achieve mutual cooperation with her op-

ponent by risking her surplus utility. She recognised that her opponent was capable

of cooperation and updated her strategy accordingly. The ideas put forward in the

rest of this chapter aim to utilise similar reasoning about beliefs to achieve safety

and cooperation.

3.5 Safe Beliefs

As a mathematical convenience to represent both our safety criteria and our be-

liefs about the distribution of opponent strategies, we introduce policy-conditioned

beliefs. A policy-conditioned belief 2 is a function pi : Σi → Σ−i, where Σi de-

notes a mixed strategy space for player i. This allows us to represent typical beliefs

about an opponent. For example, our opponent could be drawn from some fixed

distribution, or could be adaptive to our strategy. The set of best responses to a

policy-conditioned belief pi is defined as

BR(pi) := arg max
σi∈Σi

E[ui(σi, pi(σi))].

A Nash equilibrium is a strategy profile σ for policy-conditioned belief profile

p such that σi ∈ BR(pi) for all i ∈ N . A policy-conditioned belief is ε-safe if, and

only if, for all σi ∈ BR(pi), σi is ε-safe. An example of a safe belief is the adversarial

policy-conditioned belief, we define this policy-conditioned belief as

pAi (σi) := arg min
σ−i∈Σ−i

E[ui(σi, σ−i)] (3.1)

The safety property is desirable to minimise risk in environments where an

adversarial opponent can exploit a policy. However, playing a safe strategy will

end up with suboptimal outcomes. Thus, we shall classify ε-safe strategies that can

safely cooperate with other agents in any multi-agent game. The payoff matrix for

players is assumed to be normalised on [0, 1] for the purpose of simplicity; otherwise,

there is an additional coefficient of the range of payoffs3.

2We intend policy-conditioned beliefs to only be a mathematical convenience which allows us
to represent both the cooperativeness and safety constraints in one expression, and more easily
construct policies which meet them both. Without policy-conditioning, we would not be able to
construct a notion of “safe beliefs”, and would have to separately analyse safety and cooperativeness,
ultimately leading to the same results but with a more fragmented analysis.

3For bounded utilities where the greatest range in payoff a player can have is K, replace ε-safe
with Kε-safe in Propositions 3.5.1 and 3.5.3.
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Proposition 3.5.1. For any two-player game with a Nash equilibrium σ∗, ∀ε ∈ [0, 1]

and ∀i ∈ N , ∃σi ∈ Σi such that ||σi − σ∗i ||∞ ≤ ε and σi is ε-safe4.

Proof. Since we assumed the payoffs are normalised, we have

max
σi

E[ui(σi, BR(σi))] = 1 and min
σi

E[ui(σi, BR(σi))] = 0.

Let σmini be such that E[ui(σ
min
i , BR(σmini ))] = 0. For any σi, such that ||σi −

σ∗i ||∞ ≤ ε, we can bound the expected utility loss by the worst case:

E[ui(σ
∗
i , BR(σ∗i ))]− E[ui(σi, BR(σi))] ≤ E[ui(σ

∗
i , BR(σ∗i ))]− E[ui(σ

ε
i , BR(σεi ))],

where σεi = (1− ε)σ∗i + εσmini . We can bound the right-hand side of the inequality

using E[ui(σ
∗
i , BR(σ∗i ))] ≤ 1 and, since we have assumed convex utility functions,

E[ui(σ
ε
i , BR(σεi ))] ≥ 1− ε. Thus, we have ε-safety;

E[ui(σ
∗
i , BR(σ∗i ))]− E[ui(σi, BR(σi))] ≤ ε.

Now that there exist a strategy in the neighbourhood of the Nash equilibrium

strategy that is ε-safe, we will prove similar properties for policy-conditioned beliefs.

Define a policy-conditioned belief pi to be ε-close to a policy-conditioned belief p′i
if, and only if,

max
σi∈Σi

||pi(σi)− p′i(σi)||∞ ≤ ε.

Proposition 3.5.2. In a two-player game, for any belief pi that is ε-close to pAi ,

∀σi ∈ Σi,

E[ui(σi, pi(σi))]− E[ui(σi, p
A
i (σi))] ≤ ε.

Proof. For all σi ∈ Σi and any policy-conditioned belief pi such that pi is ε-close to

pAi , can be bounded by

pi(σi) = (1− ε)pA(σi) + εpmaxi (σi),

where pmaxi (σi) = arg maxσ−i E[ui(σi, σ−i)]. We can write the expected utility of

belief pi as E[ui(σi, pi(σi))] = E[ui(σi, (1− ε)pAi (σi) + εpmax(σi))]. Since the utility

function is convex, we can find an upper bound:

E[ui(σi, (1− ε)pAi (σi) + εpmax(σi))] ≤ (1− ε)E[ui(σi, p
A)] + εE[ui(σi, p

max
i (σi))].

4For x = (x1, .., xn), the supremum norm is defined as ||x||∞ := sup{|x1|, ..., |xn|}.
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Now, we rearrange the difference in expected utility of pi and pAi :

E[ui(σi, pi(σi))]− E[ui(σi, p
A
i (σi))]

≤ (1− ε)E[ui(σi, p
A)] + εE[ui(σi, p

max
i (σi))]− E[ui(σi, p

A
i (σi))]

≤ ε(E[ui(σi, p
max
i (σi))]− E[ui(σi, p

A
i (σi))])

≤ ε(1− 0) = ε

Therefore, the inequality holds true.

Thus, beliefs close to pA have similar expected utilities. Now we can address

the safety property in the context of safety.

Proposition 3.5.3. In any two player game, if the policy-conditioned belief pi is

ε-close to the adversarial policy-conditioned belief pAi and utilities are bounded on

[0, 1], then pi is ε-safe.

Proof. Since pi is ε-close to the adversarial policy-conditioned belief pAi , then by

Proposition 3.5.2, ∀σi ∈ Σi we have

E[ui(σi, pi(σi))]− E[ui(σi, p
A
i (σi))] ≤ ε.

Take σi ∈ BR(pi), then

E[ui(σi, pi(σi))] = max
σi∈Σi

E[ui(σi, pi(σi))]

≥ max
σi∈Σi

E[ui(σi, p
A
i (σi))]

= vi.

Thus, vi − ε ≤ E[ui(σi, p
A
i (σi))]. Hence, ∀σi ∈ Σi, σi is ε-safe. So, we have that pi

is ε-safe.

Proposition 3.5.3 shows that we can append any policy-conditioned belief

with some level of an adversarial policy-conditioned belief and it will be ε-safe for

some ε. Consequently, we can take a policy-conditioned belief that naively cooper-

ates with any opponent and bound its safety through creating an uncertainty; either

this belief is true, or they face an adversarial opponent.

To understand these results more intuitively, consider the following example.

Example 1. Let us readdress the motivating example from Section 3.4, Prisoner’s

Dilemma, but this time consider the safety of player 1’s policy-conditioned beliefs.
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(1, 2) C D

C (3/4, 3/4) (0, 1)

D (1, 0) (1/4, 1/4)

Denote the strategy of a player as a tuple (λ, 1 − λ), where λ ∈ [0, 1] is the

probability of playing strategy C. If player 1 had an adversarial belief pA1 , then she

believes that player 2 will defect no matter what her strategy is, i.e. pA1 (λ, 1− λ) :=

(0, 1). The best response to pA1 would be to always defect, since this maximises her

utility. Her expected utility is equal to the value of the game, 1
4 . Thus, the belief pA1

is safe.

Now, suppose that she has the belief that no matter what her strategy is, player

2 will cooperate with probability ε. Call this belief pε1. Then pε1(λ, 1−λ) := (ε, 1− ε).
Since ||pA1 − pε1||∞ ≤ ε, Proposition 3.5.3 tells us that the best response to this belief

is ε-safe. We shall confirm that this is true.

Let (µ, 1 − µ) be player 1’s strategy such that µ ∈ (0, 1]. Then her expected

utility is

E[u(µ, 1− µ, pε1(µ, 1− µ))] =
3

4
(µ)(ε) + 0(µ)(1− ε) + 1(1− µ)(ε) +

1

4
(1− µ)(1− ε)

=
1

4
(1− µ) +

3

4
ε

The expected utility of defecting, (0, 1), is

E[u(0, 1, pε1(0, 1))] =ε+
1

4
(1− ε)

=
1

4
+

3

4
ε

Since µ > 0, we have

E[u(0, 1, pε1(0, 1))] < E[u(µ, 1− µ, pε1(µ, 1− µ))].

Thus, the best response to pε1 is (0, 1), which is safe. Hence, it is also ε-safe.

Now that we have considered the ε-safety of policy-conditioned beliefs, we

move on to consider how to encourage social welfare maximising strategies.

3.6 Cooperation Inducing Beliefs

In Section 3.5, we proved that we could take a policy-conditioned belief that is

cooperating-promoting and still maintain the safety property through uncertainty
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about whether the opponent faced is, in fact, an adversary. Now, we must de-

velop a policy-conditioned belief that we know will create cooperative behaviour in

sequential social dilemmas. Here, we consider two-player matrix SSD games.

Let the strategy of player i be (α, ᾱ), where α ∈ [0, 1] is the intended probabil-

ity of cooperating in the next round and ᾱ ∈ [0, 1] is the probability of cooperating

for all subsequent rounds. We use this format for its simplicity; to achieve the

cooperation-inducing property of a policy-conditioned belief. Since the opponent’s

strategy can change over time, ᾱ can be considered as the expected average future

strategy of their opponent. Similarly, the current and future strategies of their op-

ponent are denoted by (β, β̄). For discounted future returns, define the expected

returns Vi : Σi × Σi × Σ−i × Σ−i → R as

Vi((α, ᾱ), (β, β̄)) := E[ui(α, β)] +
n−1∑
t=1

γtE[ui(ᾱ, β̄)],

where γ ∈ (0, 1] is the discount factor. A policy-conditioned belief in the sequential

game is a function pi : Σi × Σi → Σ−i × Σ−i.

Although players cannot see their opponent’s mixed strategy, suppose that a

player believes that their chosen strategy for the next round will change the strategy

of their opponent for all subsequent rounds. This will, of course, depend on their

chosen level of cooperation. For some x ∈ (0, 1], if player i chooses to cooperate

with at least proportion x, then their opponent’s future cooperation level will not

decrease, and for cooperation less than x, their opponent’s level of cooperation will

not increase for future rounds. Let player i have such a policy-conditioned belief

pCi , where C stands for cooperation-promoting, formally defined as

pCi (α) :=

(β, β+) α ≥ x

(β, β−) α < x

for some threshold x ∈ (0, 1], where β ≤ β+ and β ≥ β−. Note, this belief has

similarities with a belief that an opponent plays tit-for-tat. Both believe that an

opponent will cooperate in the future if they cooperate now, and defect in the

future if they defect now. However, here we have the additional condition that we

imagine that the opponent can view the intended mixed strategies of the player.

The willingness to invest or reject risk capital is also extended into the long-term.

Let us find the necessary conditions on pCi for cooperation to be a best re-

sponse strategy against similar agents, and hence, be a cooperation inducing policy-

conditioned belief, as required. For cooperation to occur, we require that defection
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is not a best response, i.e. ∀α > 0,

Vi((α, ᾱ), pCi (α)) ≥ Vi((0, ᾱ), pCi (0)).

Proposition 3.6.1. For any two-player matrix SSD and policy-conditioned belief

pCi , where β, β+, β− satisfy

αβ(R+ P − S − T ) + α(S − P ) +
n−1∑
t=1

γt(β+ − β−)[ᾱ(R+ P − S − T ) + T − P ] ≥ 0

for some ᾱ ∈ [0, 1], cooperation is a best response.

Proof. For cooperation to be a best response, we need that Vi((α, ᾱ), pCi (α)) ≥
Vi((0, ᾱ), pCi (0)). So, we can write the expected returns of cooperating with positive

probability in terms of payoffs as

Vi((α, ᾱ), pCi (α)) =αβR+ α(1− β)S + β(1− α)T + (1− α)(1− β)P+

n−1∑
t=1

γt[ᾱβ+R + ᾱ(1− β+)S + β+(1− ᾱ)T + (1− ᾱ)(1− β+)P ].

The expected return of defecting (α = 0) is:

Vi((0, ᾱ), pCi (0)) =βT + (1− β)P +
n−1∑
t=1

γt[ᾱβ−R+ ᾱ(1− β−)S + β−(1− ᾱ)T

+ (1− ᾱ)(1− β−)P ].

Now, by substituting these into the inequality we get

αβ(R+ P − S − T ) + α(S − P ) +

n−1∑
t=1

γt(β+ − β−)[ᾱ(R+ P − S − T ) + T − P ] ≥ 0,

as given.

If β(R+P −S−T ) + (S−P ) > 0 (such as in Stag Hunt), then E[ui((α, 1−
α), (β, 1 − β))] is increasing in α. As such, full cooperation will be dominant, so i

will play α = 1. Otherwise (such as in Prisoner’s Dilemma), they will play α = x.

In which case, x should be set to 1 to induce fully cooperative behaviour.

These beliefs can be summarised as those who believe their next action will

affect opponent’s future strategies such that they prefer to cooperate now to avoid

a reduction in future utility. We call a strategy that follows this system pC . Other
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beliefs from the literature that are cooperation-promoting could also be substituted

here, such as translucency Capraro & Halpern (2019).

3.7 Trade-Off Between Cooperation and Safety

In Sections 3.5 and 3.6, we described how to use policy-conditioned beliefs to pro-

mote both safety and cooperation, respectively. In this section, we will use these

results to demonstrate that the two concepts are necessarily in tension, and how

this tension disappears in the long run. To make this concrete, we will define the

value of cooperation to be the value expected against the policy-conditioned belief

pCi , that is:

V C(πi) = E[ui(πi, p
C
i (πi))].

Similarly, we can think of the value of safety to be the value expected against

the policy-conditioned belief pAi , that is:

V A(πi) = E[ui(πi, p
A
i (πi))].

We will define V
C

= maxπ{V C(πi)} to be the optimal cooperative value and

V
A

= maxπ{V A(πi)} to be the optimal safe value. Here, we assume for simplicity

that defection is both the safe and adversarial strategy here, such as in Prisoner’s

Dilemma and Stag Hunt5. For the sake of simplicity, we will also assume that

β = β− = 0 and x = 1, which would be the case for cooperation-promoting policies

that are perfectly safe when defection is a safe strategy and cooperation is socially

optimal.

Proposition 3.7.1. For any two-player matrix SSD game, let πi be an ε-safe policy.

Let αt be the probability πi cooperates in round t against a cooperation-promoting

belief and assume E[rt] ≤ dαt−1 + vi for some constant d > 0, as is the case when

β = β− = 0. Then

V
C − V C(πi) ≥

I

T
V
C − dε

1− ΦI+1
C

1− ΦC
,

where C = d
P−S , Φx = 1+

√
1+4x
2 , notated as such because Φ1 is the golden ratio, and

I = min{d− logΦC (ε)e, T}.

Proof. Let πi be ε-safe so ε = V
A − V A(πi). The result follows from the fact that

cooperation at each round gives a bound for safety, which we define to be α̃k as

5This is not true for all SSDs. In Route Choice, the adversarial strategy is to cooperate when
you know your opponent will cooperate.
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follows:

αk ≤
ε+

k−1∑
t=0

E[rt]− kvi

P − S
≤
ε+

k−1∑
t=0

(dαt−1 + vi)− kvi

P − S
= α̃k.

By substitution we have:

α̃k =

ε+
k−1∑
t=0

(dαt−1 + vi)− kvi

P − S

=

ε+ d
k−1∑
t=0

αt−1

P − S

=

ε+ dαk−2 + d
k−2∑
t=0

αt−1

P − S

=

ε+ d
k−2∑
t=0

αt−1

P − S
+

d

P − S
αk−2

Since we have the relationship α̃k =
ε+d

k−1∑
t=0

αt−1

P−S , we can substitute for α̃k−1 to get

= α̃k−1 +
d

P − S
αk−2

≤ α̃k−1 + Cα̃k−2

We can then show by induction that α̃t ≤ εΦt
C . In the base case, α̃0 =

ε = εΦ0
C . For the inductive case, assume it is true for k − 1 or smaller. Note that

ΦC + C = Φ2
C by definition. Then,

α̃k ≤ α̃k−1 + Cα̃k−2 = εΦt−1
C + CεΦt−2

C = ε(ΦC + C)Φt−2
C = εΦt

C

Thus, it holds for general k.

This inequality and αk ≤ 1, allow us to bound V
C − V C(πi) by simply

summing the expected rewards:

V C(πi) =

T∑
t=0

E[rt] ≤ d
T∑
t=0

αt−1 + Tvi ≤ d
T∑
t=0

min{εΦt
C , 1}+ V

A
.

Since the optimal behaviour against the cooperation promoting belief is de-

terministic cooperation, the difference from optimal behavior only occurs for t such
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that εΦt
C < 1. This happens when t < − logΦC (ε). Note that if − logΦC (ε) is bigger

than T the second term of the min would never occur in the summation. Thus,

this point where the summation starts using the second term rather than the first

term occurs at I = min{d− logΦC (ε)e, T}. So, we can finally plug this into the final

inequality and use the geometric series formula to get:

V C(πi) ≤ d
I∑
t=0

ε(ΦC)t + V
C

(1− I

T
) = dε

1− ΦI+1
C

1− ΦC
+ V

C
(1− I

T
)

We multiply both sides by −1 and add V
C

to get

V
C − V C(πi) ≥

I

T
V
C − dε

1− ΦI+1
C

1− ΦC
,

as required.

This result formally captures the trade-off between safety and cooperation by

bounding from below the difference between a policy’s value and that of the socially

optimal policy. We can even find a policy such that this bound is tight if we have

E[rt] = dαt−1 + vi. The proof follows the same structure as Proposition 3.7.1.

Proposition 3.7.2. For any two-player matrix SSD game, let π̄i be an ε-safe policy,

αt be the probability π̄i cooperates on round t against a cooperation-promoting belief,

and assume E[rt] = dαt−1 + vi for some constant d > 0, as is the case when

β = β− = 0. Then,

V
C − V C(π̄i) =

I

T
V
C − dε

1− ΦI+1
C

1− ΦC
,

where C = d
P−S , Φx = 1+

√
1+4x
2 , notated as such because Φ1 is the golden ratio, and

I = min{d− logΦC (ε)e, T}.

Proof. Let π̄i be ε-safe so ε = V
A − V A(π̄i). Then, by construction of π̄ we have

αk =

ε+
k−1∑
t=0

E[rt]− kvi

P − S
=

ε+
k−1∑
t=0

(dαt−1 + vi)− kvi

P − S
.

42



Social Dilemmas

By substitution we have:

αk =

ε+
k−1∑
t=0

(dαt−1 + vi)− kvi

P − S

=

ε+ d
k−1∑
t=0

αt−1

P − S

=

ε+ dαk−2 + d
k−2∑
t=0

αt−1

P − S

=

ε+ d
k−2∑
t=0

αt−1

P − S
+

d

P − S
αk−2

Since we have the relationship αk =
ε+d

k−1∑
t=0

αt−1

P−S , we can substitute for αk−1 to get

an upper bound of

αk = αk−1 +
d

P − S
αk−2 = αk−1 + Cαk−2.

We show by induction that αt = εΦt
C . In the base case, α0 = ε = εΦ0

C . For

the inductive case, assume it is true for k − 1 or smaller. Since ΦC + C = Φ2
C by

definition, we have

αk = αk−1 + Cαk−2 = εΦt−1
C + CεΦt−2

C = ε(ΦC + C)Φt−2
C = εΦt

C

Thus, αt = εΦt
C holds for all t ∈ N. Now we bound V C(π̄i),

V C(π̄i) =
T∑
t=0

E[rt] = d
T∑
t=0

αt−1 + Tvi = d
T∑
t=0

min{εΦt
C , 1}+ V

A
.

As in the proof of Proposition 3.7.1, we define I = min{d− logΦC (ε)e, T}.
Using the geometric series formula we can write this summation as:

V C(π̄i) = d
I∑
t=0

ε(ΦC)t + V
C

(1− I

T
) = dε

1− ΦI+1
C

1− ΦC
+ V

C
(1− I

T
).
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We multiply both sides by −1 and add V
C

to get

V
C − V C(π̄i) =

I

T
V
C − dε

1− ΦI+1
C

1− ΦC
.

It is important to note from Propositions 3.7.1 and 3.7.2, that this trade-off,

after a certain point, does not grow with T . Moreover, the return on cooperation

value for small reductions in the optimal safety value grows very quickly, as the

small loss in safety can effectively be reinvested at each successive time step as the

policy receives gains from cooperation. Thus, in long iterated games, the optimal

policy for this objective is nearly-rational for the designer to deploy into either fully

adversarial settings or fully cooperative settings. In the next section, we take this

core insight as the motivation for an algorithm that uses the ideas of reinvesting

this risk capital in order to achieve high degrees of both safety and cooperation.

3.8 Investing in Cooperation

In SSDs, if an opponent is cooperative, surplus payoff above the value of the game

can be reinvested for higher long-term gain. However, we also need to be able to

invest safely to avoid exploitation.

To begin with, we give agents an adversarial policy-conditioned belief to

avoid exploitation and maintain safety6. For any surplus capital gained, ε, we can

deviate from our safe beliefs to be ε-safe and begin to reinvest to build trust with

opponents. One such belief is pεCi := (1−ε)pAi +εpCi , where the sequential adversarial

belief is

pAi (σ) = arg min
σ−i∈Σ−i

E[ui(σi, σ−i)],

and β, β+, β− satisfy the conditions in Proposition 3.6.1. By Proposition 3.5.3, pεCi
is ε-safe.

Again, consider the two-player matrix SSDs of the form in Table 2.3. If

pAi (σi) = (0, 1, 0, 1), which is true for both Stag Hunt and Prisoner’s Dilemma,

6We could forgo full safety in the first round here to increase cooperation between agents initially
for better long-term rewards with only a small amount of risk, however, we will mainly focus on
the safe version.
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∀σi ∈ Σi - we can write the belief pεCi as

pεCi (α) =

(εβ, εβ+) α ≥ x

(εβ, εβ−) α < x.

The condition for cooperation to occur is now:

α(P −S)−εαβ(R+P −S−T ) ≤
n−1∑
t=1

γtε(β+−β−)[ᾱ(R+P −S−T )+T −P ] (3.2)

Naturally, for ε = 1 this always holds. Ideally, we want to choose α, β, β+, β− such

that this holds for the smallest possible ε so that we need to invest the least amount

of risk to allow cooperation to be a best response to these beliefs.

Pseudocode for the Accumulating Risk Capital Through Investing in Coop-

eration is given in Algorithm 7. Following from results in (Ganzfried & Sandholm,

2012, Proposition 5.4), this algorithm is safe.

Algorithm 7: ARCTIC

Initialise x ∈ [0, 1], β ∈ [0, 1], β+ ← 1, β− ← 0;
ε← 0, vi ←minimax value ;
for t = 1 to T do

pi ← (1− ε)pAi + εpCi ;
πi ← arg maxE[ui(σi, pi(σi))];
i plays σi from πi;
−i plays σ−i from unknown π−i;
ε← min(ε+ E[ui(πi, σ−i)]− vi, 1)

end

We can think of ε as representing the amount of risk capital we are willing

to invest in an opponent. For safe play in a sequential game, we begin with no risk

capital and play the minimax strategy, since we assume our opponent is adversarial.

As the game goes on, the amount of risk capital will increase against non-adversarial

opponents and we can safely invest such risk capital with the expectation of a

return on the investment. Gradually, we build trust against similar opponents that

reciprocate collaborative behaviours.

If our opponent has been cooperating in the past, then there is enough risk

capital for ARCTIC to cooperate with such an opponent. However, if they then

defect, the amount of risk capital drops and they are more likely to defect in the

next round - similar to the way a tit-for-tat strategy punishes defections. If the risk
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capital is high enough, then punishment of a defection is less common since ARCTIC

has learnt to trust the good behaviour of its opponent. This mechanism stops the

strategy from being exploited against adversaries whilst maximizing cooperation

with allies.

The ARCTIC algorithm can be used in conjunction with a reinforcement

learning algorithm such as Q-learning. The policy used in ARCTIC is dependent

upon the policy-conditioned beliefs, whereas for Q-learning to incorporate and re-

spond to the risk capital ε, it would need to be included in the state space. ARCTIC

treats the risk capital as a random variable, but the policy is able to form stable

cooperation with the opponent despite fluctuations to risk capital. Reinforcement

learning algorithms that incorporate risk capital in their state space are unlikely to

exhibit the same properties.

3.8.1 Matrix Games

The two-player matrix games we use are Prisoner’s Dilemma, Stag Hunt, and Route

Choice. In each of these games, the safe strategy is to defect7. Nevertheless, each

game has a slightly different challenge to maximise social welfare.

In Stag Hunt, mutual cooperation gives the highest joint utility and is a

Nash equilibrium; however, it is not stable. If either player makes a mistake and

defects, then the best response is to defect since mutual defection is also a Nash

equilibrium. Thus, the challenge is that players have to learn to trust each other’s

intentions of cooperating, even when the actions are noisy. Prisoner’s Dilemma is

the most renowned social dilemma. It is difficult to solve since mutual cooperation

maximises joint payoff, but the only Nash equilibrium is mutual defection. To

maximise payoff in Route Choice, each player needs to play a strategy that mixes

between cooperation and defection in order to coordinate their route choice. In fact,

mutual cooperation in Route Choice gives the lowest payoff to each player. As with

Prisoner’s Dilemma, defection is a strictly dominant strategy, so achieving strategy

coordination is hard. The Route Choice game can represent any of the real-world

social dilemmas found in transport: route choice, mode of transport, and departure

times.

To test the algorithm’s performance, we simulated an ARCTIC agent for 100

rounds of each game where its opponent followed either a simple strategy or best

responded to their policy-conditioned beliefs. The payoff matrices for these games

can be found in Table 2.3. The strategies played against were tit-for-tat (T4T) and

7This is not true of all social dilemmas. For example, cooperation is a safe strategy in the game
of Chicken.
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pure defector (Adv), with the policy-conditioned belief opponents following either

ARCTIC or the cooperation inducing belief pC .

Figures 3.1, 3.3, and 3.5 show the cooperation levels and risk capital ε for

these simulations. The parameters used in the setup were a random action noise

5%, ᾱ = α, and a discount factor of γ = 0.9. The results were then averaged over

200 runs and shown with 95% confidence intervals.

3.8.1.1 Prisoner’s Dilemma

Figure 3.1: Simulations of ARCTIC playing different opponents in 100 rounds of
Prisoner’s Dilemma with various x. Against the adversarial strategy, ARCTIC
does not learn to cooperate as there is not enough risk capital gained from their
interactions. When two ARCTIC players interact, the risk capital slowly builds
over time for all x as they both play cautiously. Note that on these graphs it shows
that ε increases over time on average. The reason for this is when Adv randomly
chooses to cooperate and ARCTIC defects it wins surplus payoff. This behaviour is
averaged over the 200 runs, we do not see than ε increases over time in the individual
runs, it is only that the expected number of Adv cooperation is increasing over time.

In Prisoner’s Dilemma (Figure 3.1), the ARCTIC agent quickly learns to

cooperate at rate x against the cooperation incentivised T4T and pC players. When

playing itself, the amount of risk capital, ε, increases more gradually since they are
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learning to trust more cautiously than a T4T or pC player. Against the adversarial

player, the cooperation levels are very low, and thus the ARCTIC agent maintains

the safety property. The play in Prisoner’s Dilemma is unchanged by parameter β

- inferred from Proposition 3.6.1 and confirmed through simulations - so the results

shown are for a fixed value of β = 0.5. The values for x were chosen to show the

range of behaviour by selecting low (0.1) and high (0.9) values, as well as a mid

range value (0.5).

Figure 3.2: Cooperation of tit-for-tat playing 100 rounds of Prisoner’s Dilemma.
Here, the ARCTIC opponent has x = 0.5. When tit-for-tat plays against itself, it
cooperates less on average over time due to the random action noise causing a cycle
of punishments (of defection) after an accidental defection. Tit-for-tat mimics the
same level of cooperation as the ARCTIC agent it plays against, here at 0.5 since
this is the ARCTIC agent’s x parameter, and therefore is ARCTIC’s best response.
A tit-for-tat agent will be more cooperative in an environment with noisy actions
against an ARCTIC agent with x > 0.5 than it is against itself.

Let us compare the performance of ARCTIC with tit-for-tat play. Figure

3.2 shows the cooperation of tit-for-tat during the tournament. It is able to defect

against Adv, which is the best-response play for this opponent. However, when it

plays against itself, due to the random noise in the action, once a tit-for-tat player

has defected, the players continue in a cycle of punishing each other’s previous

defection. This means that they achieve only an average of around 50% cooperation

at round 100. In contrast, ARCTIC’s cooperation levels improve over time as it

learns to invest earned risk-capital and build trust with its cooperation reciprocating

opponents. A similar behaviour is seen when playing against ARCTIC and pC , where

the initial cooperative behaviour is quickly reduced to only 50% cooperation.

Tit-for-tat and ARCTIC certainly exhibit similar properties such as recip-

rocation and forgivingness. However, they do have discernible differences. For in-
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stance, ARCTIC will outperform tit-for-tat in noisy environments. Also, ARCTIC

does not have the property that it will begin be cooperating in the first round, as

this will not uphold the safety property for all SSDs.

To achieve cooperation using ARCTIC, we need an environment that is noisy,

i.e. that there is some positive probability that players will make an error when

choosing their action. If this was not the case, then the ARCTIC agents would

always choose to defect when playing against themselves. A noisy environment

makes it more difficult to achieve higher long term payoffs when using a tit-for-

tat strategy, but it actually improves the payoffs for ARCTIC. The noise in the

environment makes the cooperation reached by ARCTIC agents more stable, since

they have learned the behaviour of their opponent and are willing to forget about

defections that may be mistakes. More complex environments are often noisy, so

this is a useful property for application to other multi-agent domains.

3.8.1.2 Stag Hunt

Similarly, in Stag Hunt (Figure 3.3) the ARCTIC agent learns to cooperate with all

but the adversary. For x and β large enough to satisfy condition (3.2), ARCTIC

learns to fully cooperate by the end of the 100 rounds of play. Cooperation is much

easier to achieve in Stag Hunt than in Prisoner’s Dilemma since defect is not a

dominant strategy. Against the adversary, not enough risk capital is collected for

the best response to be cooperation, which preserves the safety of the strategy.

Since the level of cooperation does change depending on β in Stag Hunt,

we included three different β parameters. The same x parameters were chosen as

the Prisoner’s dilemma setting, in order to show a low, middle, and high value

over the range [0, 1]. From Figure 3.3, we see that the value of β has more of an

effect when the x value is small. When both of the x and β values are small, the

ARCTIC agent only manages high levels of cooperation against the tit-for-tat agent.

When the x parameter is high, ARCTIC performs best; it is able to maintain high

cooperation against ARCTIC, pC , and tit-for-tat quickly, as well as having a low

rate of cooperation against the adversarial agent.

In Figure 3.4, we see that the tit-for-tat strategy chooses the correct levels

of cooperation when they play against pC and Adv, always or none respectively.

However, when playing against itself, we see the same behaviour as in Prisoner’s

Dilemma where they end up punishing their opponent’s last defection once an error

has been made by either player. The tit-for-tat strategy increases it’s proportion
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of cooperation with ARCTIC over time, since ARCTIC prefers to cooperate with

opponents that are willing to return the cooperation.

Figure 3.3: Simulations of 100 rounds of Stag Hunt whilst playing the ARCTIC
strategy against 5 different opponent strategies. For cooperation to occur here, we
need x and β to be large enough to satisfy condition 3.2.
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Figure 3.4: Cooperation of tit-for-tat playing 100 rounds of Stag Hunt. Here, the
ARCTIC opponent has x = 0.5. Here, tit-for-tat is able to maintain high levels of
cooperation against ARCTIC and pC . However, when playing itself, the cooperation
reduces on average over time until only 50% cooperation.

3.8.1.3 Route Choice

For the Route Choice game (Figure 3.5), the ARCTIC agent learns to cooperate

with all strategies except the adversarial agent for values of x < 0.5. ARCTIC

cooperates at the highest levels with the pC agent and behaves the same against

itself as it does with the tit-for-tat agent. For values of x ≥ 0.5, the risk capital

ε increases over time, but the best response is still for the agent to defect. The

best-response of ARCTIC is not affected by β so this is set to 0.5.

Tit-for-tat is not designed for Route Choice’s coordination problem. How-

ever, we include the tit-for-tat performace in Figure 3.6 for completeness. Again,

we see that tit-for-tat decreases its cooperation over time rather than building it up

the way ARCTIC does.

One noticeable difference between the Route Choice simulations and the

Prisoner’s Dilemma and Stag Hunt simulations, is that when playing against the

adversarial opponent, ε increases over time for larger values of x. This happens since,

for the adversarial player to minimise its opponent’s utility, it must play defect if the

opponent defects and cooperate is the opponent cooperates. In the other games, the

adversarial agent always defects. In our simulation, the adversarial agent cannot

predict when the opponent will cooperate; thus, the implementation is that they

will always defect since the Nash equilibrium and safe strategy for their opponent

is to defect. Consequently, when the adversarial agent makes a mistake, ARCTIC’s

ε increases at a larger rate than it decreases, i.e. when ARCTIC makes a mistake.
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Figure 3.5: Simulations of 100 rounds of Route Choice whilst playing the ARCTIC
strategy against 5 different opponent strategies. For cooperation to occur here, we
need that x is not too large as the payoff is maximised by mixing between both
strategies equally. Strategies mixing greater than or equal to 0.5 are strictly worse
off than those cooperation less than 50% of the time.

Figure 3.6: Cooperation of tit-for-tat playing 100 rounds of Route Choice. Here, the
ARCTIC opponent has x = 0.45. Due to the random action noise in the simulation,
although tit-for-tat is able to cooperate early on, it only decreases in cooperation
over time as it is not able to build any trust with their opponent.

The minimum payoff of 0 is rarely achieved, so, the overall trend of ε is increasing.

If we included a more complex adversarial agent implementation, this would not

occur.
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Here, we have used ARCTIC for payoffs normalised on [0, 1] as seen in Table

2.3. For games where payoffs have a range greater than 1, the ε update step should

be

ε← min(ε+
1

K
(E[ui(πi, σ−i)]− vi), 1),

where K is the greatest difference between possible payoffs in order to normalise

risk capital to be in [0, 1].

3.9 Multi-Agent Reinforcement Learning

SSDs are often subgames of more complex multiplayer games. These types of games

are of particular interest in multi-agent RL due to the difficulty of learning co-

operative policies. In more complex games where teamwork is required, it is only

sequences of actions that create cooperative or selfish behaviours. Thus, we consider

long-term behaviours in order to capture the nature of the agents.

In this section, we include some examples of MARL environments with two

players to show ARCTIC’s capability in a reinforcement learning domain. For

MARL environments with greater than two agents, the theory should be easily

extendable to games with more than two players. First, the safety property of the

Risk What You’ve Won in Expectation (Algorithm 1) from (Ganzfried & Sandholm,

2012, Proposition 5.4) should be extended to games with more than two players.

Some interesting environments to try and apply ARCTIC too would be Harvest and

Cleanup (Hughes et al. (2018)), where coordination and cooperation is required be-

tween more than two players to achieve high rewards. These environments are often

used in the MARL literature as complex environments with an element of sequential

social dilemmas Eccles et al. (2019a); Jaques et al. (2019); McKee et al. (2020).

We assume that the minimax value, v, of the game can be determined. An op-

ponent can therefore detect whether the agent is cooperating by measuring whether

their rewards are at least the value of the game. The level of cooperation is now

xt :=
∑t

k=0 γ
t−k1rk>v.

Let player i’s cooperation inducing policy-conditioned belief pCi , be defined

as

pC(πi) :=

(πj , π
+
j ) xit ≥ x

(πj , π
−
j ) otherwise

where V
πp
C

i ,π+
j

(s) > V
πp
C

i ,π−j
(s) for some threshold x ∈ (0, 1].

If cooperation level xti is above a certain threshold, then the opponent will

behave cooperatively. Otherwise, they will act in their own self-interest. To train
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agents with these cooperative beliefs, we can adapt the reward functions of their

opponents as such:

r−it ←

rit + r−it xit ≥ x

r−it otherwise

To train an agent with a policy-conditioned belief, it can be trained in an

environment where those beliefs are true and transferred into the standard environ-

ment for deployment.

We trained distributed asynchronous advantage actor-critic (A3C) Mnih et al.

(2016) agents on Prisoner’s Dilemma, Stag Hunt, and Route Choice environments.

The A3C algorithm was chosen since it is employed in much of the MARL social

dilemmas literature Eccles et al. (2019b); Hughes et al. (2018); Jaques et al. (2019);

Lerer & Peysakhovich (2019). It is more suitable to environments with a large num-

ber of agents, but applying it to smaller problems first is useful to understand its

properties before application to larger environments.

Agent policies were trained with the policy-conditioned beliefs pC and ARC-

TIC where x = 0.5 and ᾱ = α. Agents without beliefs were the baseline agent and

the adversarial (Adv) agent. The neural network consists of two fully connected

layers of size 32 and a Long Short Term Memory (LSTM) recurrent layer Gers et al.

(1999). This network architecture was taken from Jaques et al. (2019). The learning

rate for baseline, adversarial, and pC agents was 0.001. For ARCTIC, the learning

rates were 0.00007 for Prisoner’s Dilemma and 0.0001 for Stag Hunt and Route

Choice, chosen from Hughes et al. (2020) and using learning rate provided by the

Ray library respectively. The entropy coefficient was 0.01, the base value provided

for A3C in Ray. The state space for the ARCTIC agents was a onehot encoded ε

value. Each agent was trained on 3 different random seeds and results are average

across these policies for 300 rollouts.

3.9.1 Prisoner’s Dilemma

The difficulty of playing Prisoner’s Dilemma with a generic multi-agent RL algo-

rithm is that defection is a strictly dominant strategy and, thus, usually converge

to defecting. This means that a mechanism for agents to cooperate must be used to

promote cooperation, which leaves them open to exploitation. By using ARCTIC

here, the agent still acts rationally by playing a best-response, but it does so with

respect to their policy-conditioned belief.

Table 3.1 shows the cumulative rewards for players after 100 rounds of playing

Prisoner’s Dilemma. The baseline agent performs poorly against itself due to its
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inability to cooperate whereas the ARCTIC agent cooperates with itself some of the

time and achieves a more socially optimal outcome. With the pC player, ARCTIC

cooperates at higher levels than with itself. Against the adversary, ARCTIC achieves

close to the value of the game on average. The adversarial and baseline agent learn

a similar policy to each other and so perform similarly in the tournament.

Table 3.1: Scores for trained agents (ARCTIC, A3C baseline, cooperating-promoting
belief, and adversarial) playing a tournament of 100 rounds of Prisoner’s Dilemma.

Baseline ARCTIC pC Adv
Baseline 25.01, 25.01 25.54, 24.83 70.29, 9.91 25.00, 25.01
ARCTIC 24.83, 25.54 34.12, 34.12 57.84, 46.72 24.82, 25.56

pC 9.91, 70.29 46.72, 57.84 55.21, 55.21 9.89, 70.34
Adv 25.01, 25.00 25.56, 24.82 70.34, 9.89 25.00, 25.00

Figure 3.7 shows how the level that the ARCTIC agent cooperates over the

100 rounds of Prisoner’s Dilemma agents the different opponents.

Figure 3.7: Cooperation of ARCTIC against different opponents over 100 rounds of
Prisoner’s Dilemma with initial risk capital of 0 (left) and 1 (right), where x = 0.5.
Against the adversarial and baseline opponents, ARCTIC learns to not cooperate.
Whereas, when playing against pC , it cooperates around x. Against itself, ARCTIC
cooperates at lower levels, but is increasing.

To try and improve the level of cooperation with itself, the initial level of risk

capital can be increased to improve the cooperativeness with only increased risk in

the first round of play. From Table 3.2, we see that this leads to a better outcome

when played against itself without risking much against defectors.

55



Social Dilemmas 3.9. MULTI-AGENT REINFORCEMENT LEARNING

Table 3.2: Scores for trained agents playing a tournament of 100 rounds of Prisoner’s
Dilemma when the ARCTIC agent has an initial risk captial of ε0 = 1.

Baseline ARCTIC pC Adv
ARCTIC 24.65, 26.05 45.35, 45.35 56.23, 50.46 24.64, 26.06

3.9.2 Stag Hunt

When playing Stag Hunt, multi-agent RL algorithms learn to cooperate more ef-

fectively than Prisoner’s Dilemma, but this leaves them exploitable to adversaries.

Thus, the challenge for agents is to protect themselves and play safely.

In Table 3.3, the scores for agents in the Stag Hunt tournament can be

found. Here, the baseline agent performs well against itself but achieves a poor

score against adversaries. On the other hand, ARCTIC agents achieve the value of

the game against adversaries.

Table 3.3: Scores for trained agents (ARCTIC, A3C baseline, cooperating-promoting
belief, and adversarial) playing a tournament of 100 rounds of Stag Hunt.

Baseline ARCTIC pC Adv
Baseline 99.53, 99.53 78.61, 94.31 99.78, 99.34 0.13, 74.84
ARCTIC 94.31, 78.61 27.02, 27.02 93.52, 78.17 24.85, 25.31

pC 99.34, 99.78 78.17, 93.52 98.66, 98.66 0.34, 74.43
Adv 74.84, 0.13 25.31, 24.85 74.43, 0.34 25.02, 25.02

To encourage ARCTIC to cooperate more against itself, we can introduce a

small amount of risk in the initial round. From Figure 3.8, we see that ARCTIC

achieves low levels of cooperation against themselves, but when ε0 = 1, they are

willing to cooperate significantly more.

When ARCTIC is equipped with a positive initial risk capital of ε0 = 1, the

ARCTIC agent is able to achieve better outcomes against all players except for the

adversary, where it achieves marginally less than when ε0 = 0. See the results for

this tournaments in Table 3.4.

Table 3.4: Scores for trained agents playing 100 rounds of Stag Hunt when the
ARCTIC agent has an initial risk capital of ε0 = 1.

Baseline ARCTIC pC Adv
ARCTIC 95.19, 81.92 73.36, 73.36 94.56, 82.03 24.60, 25.82
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Figure 3.8: Cooperation of ARCTIC against different opponents over 100 rounds
of Stag Hunt when starting with risk capital of 0 (left) or 1 (right). In both cases,
ARCTIC cooperates the most with pC and baseline agents and the least with ad-
versaries.

3.9.3 Route Choice

In Route Choice, multi-agent RL algorithms learn to defect, since this is the safe

strategy and a Nash equilibrium. However, joint utility is maximised when players

both have a low level of cooperation; they coordinate their route choices. In these

simulations, we set the value of x to be 0.2. If we set the x value too high here, then

it would discourage cooperation as shown in Figure 3.5.

The scores for agents in the Route Choice tournament can be found in Ta-

ble 3.5. Here, the baseline agent performs well against themself, but achieves a poor

score against adversaries. On the other hand, ARCTIC agents achieve the value of

the game against adversaries.

Table 3.5: Scores for trained agents (ARCTIC, A3C baseline, cooperating-promoting
belief, and adversarial) playing a tournament of 100 rounds of Stag Hunt.

Baseline ARCTIC pC Adv
Baseline 50.00, 50.00 50.03, 49.98 54.32, 47,89 50.09, 49.9
ARCTIC 49.98, 50.03 50.06, 50.06 51.36, 51.30 50.02, 50.07

pC 47.89, 54.43 51.30, 51.36 51.63, 51.63 47.87, 54.32
Adv 49.98, 50.03 50.07, 50.02 51.36, 51.30 50.02, 50.02

Figure 3.9 shows the level of cooperation of the ARCTIC agent over the

rounds of Route Choice for both ε0 = 0 and ε0 = 1.

The effects of increasing the initial level of risk capital in Route Choice is less

apparent than the Prisoner’s Dilemma and Stag Hunt games. This is because we are
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Figure 3.9: Cooperation of ARCTIC against different opponents over 100 rounds of
Route Choice when starting with risk capital of 0 (left) or 1 (right). In both cases,
ARCTIC cooperates the most with pC . To cooperate with other ARCTIC agents, it
requires an initial positive risk capital to begin cooperation. It does not cooperate
with adversaries and the baseline.

aiming for a low level of cooperation here, only 20%. However, this does mean that

it does not lose much payoff compared to when ε0 = 0, against the adversarial and

baseline players. Table 3.6 shows the scores for tournaments with ARCTIC agents

that have ε0 = 1.

Table 3.6: Scores for trained agents playing 100 rounds of Route Choice when the
ARCTIC agent has an initial risk capital of ε0 = 1.

Baseline ARCTIC pC Adv
ARCTIC 49.96, 50.08 50.19, 50.19 51.20, 51.33 49.97, 50.15

3.10 Discussion

In summary, we studied the trade-off between cooperation and safety, first showing

how to unify these two objectives in the formalism of policy-conditioned beliefs and

then characterizing a trade-off between them. We find that small risks to safety can

lead to large returns in cooperation. The concept of risk capital made this trade-off

more intuitive; cooperation representing the compounding returns on investment.

We use this intuition to build Accumulating Risk Capital Through Investing in

Cooperation (ARCTIC) which exploits this trade-off by achieving safe cooperation.

ARCTIC strategies were for the two-player games Prisoner’s Dilemma, Stag Hunt,

and Route Choice.

The stable cooperation in noisy environments exhibited by ARCTIC is simi-
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lar to notions of trust, social capital, and reputation. This build-up of trust between

the players is represented by the risk capital parameter. ARCTIC uses a model of

direct reciprocity to achieve this, whereby the cooperative behaviour of their oppo-

nent is rewarded by an increase in cooperation. Indirect reciprocity is not currently

observed, but an extension of ARCTIC to games with more than two players could

assess the capacity for indirect reciprocity in adapted ARCTIC agents.

The ideas behind ARCTIC, keeping track of and investing risk capital, should

be applicable to any multi-agent scenario where the population of opponent strate-

gies is unknown, and cooperation is beneficial. Often when deploying an agent into

a multi-agent system we only have control of only one of the agents involved in the

interaction. This could occur in robot-robot interactions, such as self-driving cars

where cars may be operated by different companies, or in human-robot interactions,

such as a robot negotiating with a human. In these domains, cooperation can be

useful to promote long-term performance. For example, cars cutting each other off

to improve their journey time could result in traffic jams, wasting everyone’s time.

Acting cooperatively in a negotiation could preserve trust in the relationship, result-

ing in better deals for both sides in future negotiations. These applications require

solutions that both promote cooperation and are rational for an individual designer

to deploy.

Although Prisoner’s Dilemma, Stag Hunt, and Route Choice are quite sim-

plified, they have long served as a good testing ground to understand whether a

technique can work in principle before addressing the challenges of scale. The ARC-

TIC algorithm can already be directly applied to MARL environments with only 2

agents by combining it with any algorithm, including A3C as we have demonstrated.

Possibly the most difficult part of applying ARCTIC to real-world domains is that

you must know the value of the game. It is possible to try and obtain this value or

estimate it, but this is also application dependent.

Being able to cooperate while maintaining approximate safety allows us to

design agents that individual developers would want to use out of their own self-

interests. This is a promising development but leaves open questions that will be

important in more complex environments. For instance, when there are many styles

of successful cooperative strategies, agent designers would need to coordinate on

a particular style of cooperation, or build their agents to be adaptive to the tech-

niques of other agents. In addition, although our method protects the agent against

adversaries, agents who want to minimise our reward, it does not protect the agent

against exploitative agents, agents which want to maximise their own reward at the

cost of our reward. This becomes more complex when combined with the coordina-
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tion problems, as different coordination solutions could have different payouts which

must be somehow distinguished from exploitative strategies. Extending the ideas of

risk capital to these settings is left to future work.

There are also interesting challenges in scaling ARCTIC to larger environ-

ments. Our method is currently reliant on both knowing the expected minimax

value and a clear notion of cooperation. In larger environments, these are both less

accessible. To extend ARCTIC to these settings these environment features would

either have to be estimated or the reliance on these features would have to be re-

moved. Thus, the work has less of a practical application to traffic as it stands, but

could impact future work in the area. Ultimately, addressing these issues could lead

to algorithms for multi-agent cooperation, which individual developers would find

worth the risk.
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CHAPTER 4

Bounding the Inefficiencies

of Route Control

4.1 Introduction

Reducing traffic congestion has been a goal of many cities for decades, with benefits

including reduced travel times and decreased air pollution. With the prevalence of

automatic route planners such as GPS navigation, Google Maps, Waze, etc., con-

gestion could be improved by intelligent routing systems. The capacity for routing

systems to control the flow of congestion is only increasing. Autonomous vehicle

development will allow route planners to control the exact routing of vehicles with

minimal input from drivers. The efficiency of using navigation applications as so-

cially beneficial route planners is currently an open problem Dafoe et al. (2020).

In distributed Artificial Intelligence, congestion games Rosenthal (1973) have

emerged as a reference model to analyse the inefficiency of traffic flows, with im-

portant implications for the design of better road systems Wu et al. (2019). In con-

gestion games, self-interested players travel between origin and destination nodes

in a network, choosing paths that minimise their travel time. Players’ strategies

constitute a Nash, or user, equilibrium when they have no incentive to unilaterally

deviate, and we want to compare these equilibria against the total travel times,

yielding the players’ social welfare. The most often used measure of inefficiency is

the Price of Anarchy (PoA) Koutsoupias & Papadimitriou (1999), which compares

the worst Nash equilibrium routing with that of the optimal flow.

While Nash equilibria are important predictors, it is also well-known that

their assumptions on individuals’ rationality are frequently not met in practice. In

large transportation networks, it is often the case that individuals have incomplete

knowledge of the network (see, e.g., the bounded rationality approaches in Acemoglu

et al. (2018) or Meir & Parkes (2018)) and rely on personal route planners to figure
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out their optimal route. This intermediate perspective, where competing controllers

act on the same network, has been surprisingly overlooked in the congestion game

literature.

4.2 Contributions

In this chapter, we study intelligent routing systems that act as distributed con-

trollers on a traffic network and analyse their impact on the overall efficiency. We

expand upon ideas introduced in Chapter 3 by addressing the social dilemmas caused

by route choices of automated path planners in a traffic network.

We develop a two-level game, called the network control game, where route

planners have control over the routing choices of the nonatomic congestion game.

Each route planner controls a finite predetermined fraction of the total traffic with

the goal of minimising the travel time incurred by that fraction only. We show

that network control games are potential games and have an essentially unique

equilibrium.

It is essentially a distributed resource allocation problem with separable wel-

fare functions, where the resource sets are edges on a network and the strategies

of a player must correspond to their given origin and destination pair, i.e., on a

nonatomic congestion game. From now on, we refer to the players of the nonatomic

congestion game as vehicles and the route controllers as route planners.

We then study equilibrium efficiency, showing that the Price of Anarchy is

highest when the allocation of vehicles to route planners is (approximately) pro-

portional. We also give Price of Anarchy bounds over polynomial cost functions,

depending on the polynomial degree and the number of controllers and give a MARL

example to show that this Price of Anarchy occurs in practice. Finally, we allow

vehicles to choose their route planner, showing that the equilibrium reached has the

highest total cost.

4.3 Literature Review

Congestion games are a class of games in game theory first proposed by Rosen-

thal Rosenthal (1973), utilised in research for modelling the behaviours of network

systems. These networks were initially studied in the transportation literature by

Wardrop Wardrop (1952) who established the conditions for a system equilibrium

to exist when all travellers have minimum and equal costs. Their applications have

increased to include many other situations that can be modelled with selfish players
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routing flow in a network, for example, machine scheduling or communication net-

works Orda et al. (1993a), as well as physical systems such as bandwidth allocation

Häıkel Yäıche et al. (2000) or electrical networks Ibars et al. (2010). However, their

main application is for congestion games is transportation Fisk (1980); Sheffi (1985);

Yao et al. (2019).

Games, where the utilities of all players can be described with a single func-

tion, are called potential games Monderer & Shapley (1996), and these are, in fact,

equivalent to congestion games. A useful property of potential games is that they

always admit a pure Nash equilibrium. Finding a pure Nash equilibrium in an ex-

act potential game is a PLS-complete problem Fabrikant et al. (2004). However,

improvement paths Monderer & Shapley (1996) converge at equilibrium for all po-

tential games.

The Price of Anarchy Koutsoupias & Papadimitriou (1999) was proposed as

a measure of inefficiency representing the cost ratio of the worst possible Nash equi-

librium to the social optimum. The Price of Anarchy in network congestion games

is a phenomenon that is independent of network topology Roughgarden (2003). The

biased price of anarchy Meir & Parkes (2018) compares the cost of the worst equilib-

rium to the social optimum, when players have “wrong” cost functions, i.e. differing

from the true cost due to biases or heterogeneous preferences.

The work in this chapter connects to a number of research lines in algorithmic

game theory focusing on the quality of equilibria in congestion games and resource

allocation, and the research in distributed artificial intelligence studying planning

and control with boundedly rational agents.

From the point of view of distributed control, an important related model is

Stackelberg routing games, where a portion of the total flow is controlled centrally

by a “leader”, while the “followers” play as selfish vehicles. Stackelberg routing was

first proposed by Korilis et al. (1997), characterising which instances are optimal.

Roughgarden Roughgarden (2004) found the ratio between worst-case and best-case

costs in these games, and the impact of Stackelberg routing on the PoA has also

been established for general networks Bonifaci et al. (2010). Single-leader Stackel-

berg equilibria in congestion games have been looked at, and it is known that they

cannot be approximated in polynomial time Castiglioni et al. (2019b). Multi-leader

Stackelberg games are, instead, largely unexplored in this context Castiglioni et al.

(2019a). Our approach features multiple leaders, but not Stackelberg-like “follow-

ers”, which impacts our results on the PoA.

Much of the transport literature is aimed at reducing congestion and in-

creasing efficiency in traffic networks focuses on introducing tolls Karakostas & Kol-
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liopoulos (2009); Meir & Parkes (2016); Sandholm (2002). However, information

design has more recently been used to reduce congestion.

Information design, which is closely related to our approach, has more re-

cently been considered as a mechanism to reduce congestion Acemoglu et al. (2018);

Meir & Parkes (2018); Roman & Turrini (2019). The information constrained vari-

ant of nonatomic congestion game was first introduced to show that information

could cause vehicles to change their departure times in such a way as to exacerbate

congestion rather than ease it Arnott et al. (1991). The set of outcomes that can

arise in equilibrium for some information structure is equal to the set of Bayes corre-

lated equilibria Bergemann & Morris (2013). Das et al. Das et al. (2017) considered

an information designer seeking to maximise welfare and restore efficiency through

signals using information design. Tavafoghi and Teneketzis Tavafoghi & Teneketzis

(2017) showed that the socially efficient routing outcome is achievable through public

and private information mechanisms. Moreover, Ikegami et al. Ikegami et al. (2020)

consider a centralised mediator to recommend routing to users taking into account

their preferences for incomplete information games. Routing mediators have been

used as a tool to coordinate agent’s behaviour in games to find stable and efficient

outcomes through their ability to collect information about multiple players Rozen-

feld & Tennenholtz (2007). Our work differs from the private information design

literature. In our model, the route planners control the routing rather than provide

signals, and there are multiple agents attempting to optimise ‘group’ welfare.

A similar game is that of splittable congestion game, first studied in the

context of communication networks Orda et al. (1993b). Here, each player in the

congestion game assigns a weight to the possible strategies which arises when con-

sidering coalitions of players in nonatomic congestion games. The bounds on the

Price of Anarchy for splittable congestion games is known for polynomial cost func-

tions Roughgarden & Schoppmann (2015) has the same bound as when there exist

an infinite number of route planners in a network control game.

Network control games can be seen as resource allocation games where the

resources are edges in a network and the potential function is given by the total

cost of all players’ travel times. Distributed resource allocation problems aim to

allocate a set of resources for optimal utilisation, such as distributed welfare games

Marden & Wierman (2013) and cost-sharing protocols Chen et al. (2010). A recent

survey of game-theoretic control of networked systems highlights the other major

advancements applications Wu et al. (2019).

Finally, the related distributed welfare games Marden & Wierman (2013)

utilise game-theoretic control for distributed resource allocation where the distri-
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bution rule is chosen to maximise the welfare of resource utilisation. Different dis-

tribution rules can be compared by their desirable properties such as scalability,

the existence of Nash equilibria, Price of Anarchy, and Price of Stability. In this

context, protocols have been studied to improve equilibria of network cost-sharing

games Chen et al. (2010), while Hao et al. (2018) studied welfare-optimising design-

ers under full and partial control.

4.4 Network Control Games

Suppose that the routing choices of vehicles in a nonatomic congestion gameM are

controlled by a set of route planners R, where each route planner aims at minimising

the total travel cost of the (nonempty) portion of vehicles assigned to them.

The way in which the route planners have control over the routing choices

is by choosing which knowledge set is available to each player. Thus, the route

planners control the demand for each knowledge type within the fraction of flow

they control. For instance, a navigation app would give its users a choice between

multiple routes; drivers have incomplete knowledge of the network available to them.

Autonomous vehicles may not give their passengers a choice of route. In this case,

the knowledge set would contain only the route that the autonomous vehicle follows.

In the preliminaries (Chapter 2), we denoted a player from population i ∈ N of

knowledge type k ∈ Ki as a tuple (i, k). In this chapter, we will refer to such a

player as k, for simplicity of notation.

Suppose that we have a nonatomic congestion game M where the routing

choices of all cars is dictated a set of route planners R. A route planner r ∈ R has

a set of drivers which they control Nr, where ∅ 6= Nr ⊆ N . Each car has their route

chosen by a single route planner. The route planners wish to minimise the total cost

of travel for the drivers, i.e., minimise journey times for those players which they

control. Let the size of each population i ∈ N controlled by r ∈ R be denoted dri ,

where
∑

r∈R d
r
i = di and dri = 0 for i /∈ Nr.

We can view the game as an information design problem where a player

r partitions populations in Nr into sets of information types Kr = (Ki)i∈Nr , to

minimise the social cost of Nr. Thus, a route planner chooses the information type

demands dk such that
∑

k∈(Kr)i
dk = dri , ∀i ∈ Nr.

Let the strategy space for route planners be Dκr where κr is the set of all

irredundant information sets Ki, for any i ∈ Nr. Moreover, for any d ∈ Dκr and

∀i ∈ Nr, we have
∑

k∈κr dk1Ki(k) = dri . Let the combined strategy space of all route

planners be denoted as Dκ, where κ is the set of all possible irredundant information
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types for populations in N .

Now, we can define a network control game.

Definition 4.4.1 (Network Control Game). A network control game is a tuple

(M, R, (Nr)r∈R, (d
r
i )i∈Nr , (Dκr)r∈R),

where M is a nonatomic congestion game, R is the set of route planners, Nr is the

population controlled by r ∈ R, dri is the demand of population i controlled by r, and

Dκr is the strategy space of r.

Let the share of control of route planner r be
∑
i∈Nr d

r
i∑

i∈N di
. If a route planner

has a share of control equal to one, then we say it has full control of the game. The

control of r over a population i is defined as
dri
di

. If ∀r ∈ R and ∀i ∈ N , the control

of r over population i is 1
|R| , then we say that the game is proportional.

Observe now that the outcome of all route planners’ strategies d := (dr)r∈R

leads to an ICUE x in the underlying game. Given this, the cost function of a

route planner Cr : Dκr → R≥0 is defined as Cr(d
r,d−r) :=

∑
k∈κr Ck(x)drk ∀r ∈ R,

where x is the ICUE from (dr,d−r). Here, the notation −r means all players in

R excluding r i.e., {1, 2, .., r − 1, r + 1, ..., |R|}. For instance, we use Cr(d) and

Cr(d
r,d−r) interchangeably.

An outcome d is then a Nash equilibrium of the network control game if

∀r ∈ R we have Cr(d) ≤ Cr(d
′,d−r) ∀d′ ∈ Dκr . We can show the existence of

Nash equilibria in network control games by showing that these are, in fact, exact

potential games.

Theorem 4.4.2. A network control game is an exact potential game for potential

Φ defined as

Φ(d) :=
∑
e∈E

∫ fe(x)

0
ce(z)dz,

where x is the ICUE formed from d.

Proof. Consider a unilateral deviation d̂r of route planner r from an outcome d with

respective ICUE profiles x̂ and x.

Φ(d̂r,d−r)− Φ(d) =
∑
e∈E

∫ fe(x̂)

0
ce(z)dz −

∑
e∈E

∫ fe(x)

0
ce(z)dz (4.1)
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Since the deviation from x to x̃ only involves edges in κr, rewrite equation 4.1 as

=
∑
k∈κr

∑
e∈sk

[ ∫ fe(x̂)

0
ce(z)dz −

∫ fe(x)

0
ce(z)dz

]
=
∑
k∈κr

[
Ck(x̂)− Ck(x)

]
= Cr(d̂

r,d−r)− Cr(d)

Thus, the function Φ is an exact potential function. By definition, the network

control game is an exact potential game.

Since we have an exact potential game with nondecreasing edge-costs, Corol-

lary 4.4.3 follows directly from the literature e.g., (Acemoglu et al., 2018, Theorem

1).

Corollary 4.4.3. For every network control game, there exists a Nash equilibrium

and it is essentially unique.

As the network control game is an exact potential game, we know that all of

the results that hold for congestion games will also be true here, e.g. Roughgarden

(2003); Milchtaich (2006). Nonetheless, these games will provide an insight into

how the distribution of vehicle route planners will affect traffic equilibria, a novel

contribution to the literature.

We now define the Price of Anarchy of a network control game as

PoA =
maxd∈NE C(d)

mind∈Dκ C(d)

where NE is the set of Nash equilibria.

We note that our setup can be extended to incorporate vehicles that are not

fully controlled by a route planner, e.g., by allowing route planners that give full

information sets to their populations. However, we only consider vehicles following a

route planner directly, to more easily classify the best and worst-case equilibria from

full route control of populations. We also note that, for any strategy distribution

in a (information constrained) nonatomic congestion game, we can, without loss

of generality, only consider pure strategy equivalents. Thus, we consider the case

where all information sets chosen by the route planners contain only one strategy.

As such, the profile set by the route planners d has a deterministic associated ICUE

x.
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4.5 Inefficiency of Route Controllers

To see how the network control game creates inefficient equilibria, consider what

happens as we change the number of route planners in a proportional game. First,

suppose that a route planner has full control of the game, then all vehicles follow the

same route planner. Thus, the route planner has an objective function equal to the

social cost of the system: Cr(d) =
∑

k∈κr Ck(x)dk =
∑

k∈K Ck(x)dk = SC(x). As

such, the case with |R| = 1, will implement the socially optimal routing allocation.

Now, as we increase the number of route planners, the demand of the popu-

lation controlled by a single player decreases. As |R| → ∞, and since the game is

proportional, we have that dNr → 0, ∀r ∈ R. As we now have an infinite number of

agents controlling a negligible amount of flow, we are back to a simple nonatomic

congestion game. This occurs since C−r(d
r,d−r) = C−r(d

−r) ∀dr ∈ Dκ, when the

proportion of control of r is negligible. The Price of Anarchy of the game is now the

same as in its underlying nonatomic congestion game. Thus, if the number of route

planners controlling the flow in a proportional network control game is greater than

1, which is true by definition, there is an inefficient equilibrium if the nonatomic

congestion game admits one.

Proposition 4.5.1. A proportional network control game has a Price of Anarchy

greater than 1 if, and only if, the Price of Anarchy of the congestion game it controls

is strictly greater than 1.

Proof. If the Price of Anarchy of the network control game is strictly greater than

1, then there is an incentive to choose suboptimal routing at the Nash equilibrium.

As the number of route planners in the game tends to infinity we approach the

congestion game. As such, the suboptimal routing exists in the congestion game

and so the Price of Anarchy for the congestion game is strictly greater than 1 too.

If the Price of Anarchy of the congestion game is strictly greater than 1, then

we know that at the UE, there exist suboptimal selfish routing of drivers. Let the

Nash equilibrium of routing be D and the social optimum be C. Since the game is

proportional, all route planners have the same strategy space. Thus, ∀r ∈ R,

Cr(D) ≤ Cr(Cr,D−r)

SC(C) ≤ SC(D)

SC(C) ≤ SC(Cr,D−r)

We can write this as a two-player (r and −r) normal form game with the actions

Cr, Dr, C−r, and D−r. This, combined with the inequalities above, indicates that
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the payoffs comply with the conditions required for a social dilemma, as stated in

the preliminaries (see Table 2.2). As such, the Price of Anarchy is strictly greater

than 1.

Since the Price of Anarchy is independent of network topology, we can use

the Pigou example to illustrate the inefficiency of having multiple route planners.

We assume that the cost functions are polynomial with degree p. To begin, let us

consider linear cost functions, i.e., p = 1.

O D

dr − xr

xr

O D

1

(x1 + x2)p

Figure 4.1: A Pigou network with two route planners. Left: The strategy for route
planner r ∈ R where xr ∈ [0, dr]. Right: The edge costs where p ≥ 0 where x1 and
x2 are defined from the flows in Left.

Example 2. Suppose we have a total flow of 1 and two route planners 1 and 2 with

respective population control of d1 and d2 = 1− d1 on a Pigou network.

Each route planner must solve the following minimisation problem to find

their equilibrium routing defined by the variable xr for r ∈ {1, 2}, as defined in

Figure 4.1.

min
xr

xr(x1 + x2) + (dr − xr)

subject to 0 ≤ xr ≤ dr. This gives us the Lagrangian function (where s ∈ {1, 2},
s 6= r):

L(xr, λ1, λ2) = xr(xr + xs) + dr − xr − λ(dr − xr).

The corresponding Karush-Kuhn-Tucker conditions are:

δL

δxr
= 2xr + xs − 1 + λ = 0 and λ

δL

δλ
= λ(xr − dr) = 0.

First, consider the case where xr = dr. Since λ ≥ 0, we must have dr ≤ 1
2(1− xs).

Route planner r plays selfishly by routing along the bottom edge only if their control

is small. Now, suppose that xr 6= dr and xs 6= ds. The solution here is x1 =

x2 = 1
3 . The last possible case is where xs = ds, and similarly, this occurs when

ds ≤ 1
2(1− xr). The optimal routing of splitting the vehicles equally between routes

only occurs when there is one route planner with full control.

69



Network Control 4.5. INEFFICIENCY OF ROUTE CONTROLLERS

Figure 4.2: The social cost of routing on the Pigou with 2 route planners and p = 1.

The social cost of the three cases is shown in Figure 4.2. Note that the social

cost of the equilibrium is highest in the set of demand that are close to, or exactly,

proportional. Remember that the social cost of the nonatomic congestion game is

1, so the route planner are more efficient at routing socially than the vehicles of

a nonatomic congestion game are. However, there is still a significant difference

between the worst-case and best-case equilibria here.

Now consider what happens when we have a polynomial cost function of

where p ≥ 1.

Example 3. As before, we let each route planner r ∈ {1, 2} solve the following

minimisation problem:

min
xr

xr(x1 + x2)p + (dr − xr),

with the constraint of 0 ≤ xr ≤ dr. This optimisation problem gives us the following

Lagrangian function:

L(xr, λ1, λ2) = xr(xr + xs)
p + dr − xr − λ(dr − xr)

Again, we find the Karush-Kuhn-Tucker conditions:

δL

δxr
= (xr + xs)

p + pxr(xr + xs)
p−1 − 1 + λ = 0

λ
δL

δλ
= λ(xr − dr) = 0
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When we solve these Karush-Kuhn-Tucker conditions we find similarities with the

p = 1 case. For p ≥ 1, the three cases remain the same as p = 1. However, now

the best response to xr = dr is to route xs = (1 + p)−1/p, and when xr = xs, we have

xr = (p2p−1 + 2p)−1/p. For example, p = 2 is shown in Figure 4.3.

Figure 4.3: The social cost of routing on the Pigou with 2 route planners for p = 2.

Figure 4.4: The Price of Anarchy of network control on the Pigou with 2 route
planners and p = 1 and p = 2.

The social cost of the three cases is shown in Figure 4.3. It has distinct

similarities with Figure 4.2, but with a different scale.

The comparison of the PoA for Examples 2 and 3 is shown in Figure 4.4.
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From this figure, we can predict that the Price of Anarchy is increasing in p, a result

which we will formalise later.

We will now analyse what happens to the Price of Anarchy when we introduce

more route planners. Suppose there are three route planners controlling the flow on

the same Pigou network. For simplicity, we will consider linear cost functions again,

i.e., p = 1.

Example 4. Consider the Pigou network with three route planners. As before, each

route planner r ∈ {1, 2, 3} performs a minimisation over their routing choice xr.

Since they choose their routing independently of one another, the same reasoning

can be used to consider more populations. The optimal routing remains the same, but

the effect of adding another selfish agent increases the worst possible cost. This can

be seen in Figures 4.5 and 4.6, where same behaviour is seen compared to the share

of control of the populations. The set of route planners is represented by {r, s, t}.

Figure 4.5: The social cost of routing on the Pigou network with p = 1 for a network
control game with three route planners.

As with Examples 2 and 3, when the game is proportional it has the worst

possible ICUE cost, therefore has the greatest Price of Anarchy. These behaviours

are the same with two and three route planners, thus we can predict this to also be

true for all |R| > 2.

Let us formalise the result that proportionality is linked to a high Price of

Anarchy. Once again, since the Price of Anarchy is independent of network topology,
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Figure 4.6: The route planner cost for a network control game on the Pigou network
with three route planners and p = 1.

we can find the worst-case example of it using the Pigou example. Thus, Examples

2, 3, and 4 found the worst-case ratio of selfish route planners to fully cooperative

route planners for 2 and 3 route planners, respectively.

Let the number of route planners be R ∈ N. We can find the Price of Anarchy

using the same method as the example for general R.

Proposition 4.5.2. The Price of Anarchy of a network control game is highest

when the game is proportional.

Proof. To find the worst-case Price of Anarchy of route control, we want that no

route planner is acting socially optimally. We can find the worst-case of routing on

the Pigou example, since it is independent of topology Roughgarden (2003). Thus,

we solve the minimisation problem:

min
0≤xr≤dr

xr(
∑
s∈R

xs)
p + (dr − xr).

To do so, we use the following Lagrangian function:

L(xr, λ1, λ2) = xr(
∑
s∈R

xs)
p + dr − xr − λ(dr − xr).

The corresponding Karush-Kuhn-Tucker conditions are:

δL

δxr
= (
∑
s∈R

xs)
p + pxr(

∑
s∈R

xs)
p−1 − 1 + λ = 0

λ
δL

δλ
= λ(xr − dr) = 0

For general p ≥ 0 and R ≥ 2, the three cases remain the same as Example
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2. The best response to xr = dr is to choose xs = (1 + p)−1/p, and when xr = xs,

we have xr = (pRp−1 +Rp)−1/p. For no route planner to choose the socially optimal

routing in Pigou’s example, each route planner must have a control of population i

of at least (pRp−1 + Rp)−1/p and less than or equal to 1 − (pRp−1 + Rp)−1/p. For

all R and p, (pRp−1 +Rp)−1/p ≥ 1
R . As R→∞, (pRp−1 +Rp)−1/p → 1

R . Thus, the

worst-case equilibrium cost can be achieved through a proportional assignment of

populations.

The maximum social cost of Nash equilibria of the network control game also

occurs for other distributions of route planner control. From Figures 4.2 and 4.5,

we see that there is a set of population controls that maximise social cost existing

around the proportional version of the game. This set is characterised by each route

planner having a share of control of at least (Rp + pRp−1)−1/p for each population.

For example, with linear cost functions and two route planners, each route planner

must control at least 1/3 of each population or for three route planners they must

control 1/4.

Theorem 4.5.3. The worst-case Price of Anarchy for a network control game with

R route planners and polynomial edge-cost functions at most degree p is

1−R
(
Rp−1(p+R)

)− 1
p +Rp+1

(
Rp−1(p+R)

)− p+1
p

1− (p+ 1)
− 1
p + (p+ 1)

− p+1
p

.

Proof. By Proposition 4.5.2, the worst-case equilibrium can be found when the game

is proportional. Thus, we let each route planner, r ∈ R, solve the objective function

min
xr

xr
(∑
s∈R

xs
)p

+ dr − xr.

At the minimum, we have

(∑
s∈R

xs
)p

+ xrp
(∑
s∈R

xs
)p−1 − 1 = 0.

Since the strategy spaces are symmetric and the game has an exact potential func-

tion, there exists a Nash equilibrium where each route planner plays the same strat-

egy. The Nash equilibria of an exact potential game all have the same social cost so

this instance is also the worst Nash equilibrium. Thus,

(Rxr)
p + xrp(Rxr)

p−1 − 1 = 0 (4.2)
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Equation 4.2 rearranges to give the strategy distribution ∀r ∈ R as

xr = (pRp−1 +Rp)−1/p (4.3)

The social cost of the worst-case Nash equilibrium (defined by 4.3) is

Rp+1(pRp−1 +Rp)−1−1/p + 1−R(pRp−1 +Rp)−1/p (4.4)

The social optimum of the game is where the total congestion on the bottom

edge is (p+ 1)−1/p, with a social cost of

(p+ 1)−1−1/p + 1− (p+ 1)−1/p (4.5)

This ratio of equation 4.4 to equation 4.5 gives us the result.

For R = 1, by Theorem 4.5.3, the Price of Anarchy is 1. Thus, the system is

efficient when a route planner has full control of all vehicles. As R→∞, Theorem

4.5.3 implies that the Price of Anarchy tends to that of the nonatomic congestion

game it controls (Roughgarden (2003)):

(p+ 1)
1
p

+1

(p+ 1)
1
p

+1 − p

Figure 4.7 plots the Price of Anarchy as a function of p for the network

control games with varying R and p. The Price of Anarchy for the network control

game is significantly better than that of the congestion game (where R =∞) for a

small number of route planners, for all p > 0. But as the number of route planners

increases, the system gets more inefficient.

Table 4.1 summarises the PoA for small R and p.

Table 4.1: Price of Anarchy for network control game with R route planners and
polynomial edge-cost functions.

Edge Costs R = 2 R = 3 R = 4 R = 5

Linear 1.037 1.083 1.12 1.148
Quadratic 1.051 1.122 1.183 1.233
Cubic 1.058 1.143 1.221 1.288
Quartic 1.061 1.156 1.246 1.325
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Figure 4.7: The Price of Anarchy for the network control game for various p and r.

4.6 Multi-Agent Learning Example

Now let us consider the application of this theory to multi-agent reinforcement

learning. We will take an instance of the Braess network with cost functions that

are known to induce suboptimal selfish-routing. The cost functions are shown in

Figure 4.8.

To show that these results align with multi-agent learning, we simulated

an instance of the network control game on this example for linear and quadratic

edge-cost functions. We chose a proportional game, since this case has worst-case

selfish-routing as indicated by Proposition 4.5.2.

The multi-agent RL algorithm chosen was the A3C algorithm Mnih et al.

(2016), with either 1, 2, or 3 route planner agents controlling the flow. We chose
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O D

xp 1

1 xp

0

Figure 4.8: The Braess example where d = 1. With p = 1, the cost functions are
linear, and for p = 2, the cost functions are quadratic.

this algorithm as it is often used the a baseline algorithm in MARL social dilemmas

literature (e.g. Eccles et al. (2019b); Hughes et al. (2018); Jaques et al. (2019); Lerer

& Peysakhovich (2019)) Each game consisted of playing the network control game

on the nonatomic congestion game shown in Figure 4.8 for 100 repeated rounds,

with proportional control. Note for linear cost functions, the social optimum cost

is 150 and for quadratic the social optimum is 123. In both instances, the worst

possible cost is 200.

Each instance was averaged over 3 different random seeds. The neural net-

work consisted of two fully connected layers of size 32 and a Long Short Term

Memory (LSTM) recurrent layer Gers et al. (1999), this architecture was chosen

from Jaques et al. (2019). We used the Ray library1 for a standard implementation

of A3C. The hyperparameters are of the simulation are a learning rate of 0.001, and

an entropy coefficient of -0.01 as these are the default parameters for A3C in Ray.

The learning curves for these experiments are shown in Figure 4.9. These

results show that the agents learn to play strategies with a total cost that is close

to the predicted Price of Anarchy (from Theorem 4.5.3) for the edge-cost type and

number of agents. Thus, reinforcement learning agents that cannot solve SSDs are

vulnerable to choosing suboptimal routing as predicted by the theory. Additional

mechanisms, such as the ARCTIC algorithm from Chapter 3, could be used to

encourage route planners to cooperate their routing.

1https://github.com/ray-project/ray
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Figure 4.9: The learning curves for A3C agents playing a network control game on
Braess’ example for linear and quadratic edge costs.

4.7 Choosing Route Planners

So far, we have studied vehicles that are assigned to route planners controlling their

choices. Suppose that instead, we allow vehicles to strategically select their route

planner, prior to their journey (for instance, by selecting or purchasing a specific

routing application or software). In this extension, Nash equilibrium outcomes are

such that no vehicle has an incentive to unilaterally deviate from the route planner

they selected, given the prescribed route choices.

Definition 4.7.1 (Route Planner Game). A route planner game is a tuple

(M, R) whereM is a nonatomic congestion game, and R is the set of route planners

Furthermore, the strategy space of players in M is R, since their routing is
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selected by the route planner they choose. Let yir indicate the share of control of

r ∈ R selected by population i ∈ N . Then a strategy profile y = (yi)i∈N is feasible

if ∀i ∈ N ,
∑

r∈R y
i
r = di. Each feasible y has a corresponding network control game,

where ∀r ∈ R and ∀i ∈ N , yir = dri , and i ∈ Nr if yri > 0. Thus, each y has an

essentially unique Nash equilibria d deciding the distribution of information.

Define the cost function of a vehicle i ∈ N to be

Ci(y) :=
∑
r∈R

yir
∑
k∈κr

Ck(x)drk1k∈Ki ,

where x is the ICUE that results from d. Moreover, a Nash equilibrium is y such

that ∀i ∈ N Ci(y) ≤ Ci(y′,y) ∀y′ ∈ R.

Proposition 4.7.2. A route planner game is an exact potential game for potential

Φ, defined as

Φ(y) :=
∑
e∈E

∫ fe(x)

0
ce(z)dz,

where x is the ICUE formed from d and y.

Proof. Consider the change in potential function between strategy distributions y

and y′ = (y′j ,y−j) for some j ∈ N , with respective ICUE profiles x′ and x.

Φ(y′)− Φ(y) =
∑
e∈E

∫ fe(x′)

0
ce(z)dz −

∑
e∈E

∫ fe(x)

0
ce(z)dz (4.6)

Rewrite equation 4.6 as a sum over possible strategies in S,

=
∑
i∈N

di
∑
k∈Ki

∑
s∈Sk

[
x′is
∑
e∈s

∫ fe(x′)

0
ce(z)dz − xis

∑
e∈s

∫ fe(x)

0
ce(z)dz

]
Reformulate as a sum over route planners strategies,

=
∑
i∈N

∑
r∈R

∑
k∈κr

drk1{k∈Ki}

[
y′ir
∑
e∈Ki

∫ fe(x′)

0
ce(z)dz − yir

∑
e∈Ki

∫ fe(x)

0
ce(z)dz

]
Since the only difference between y′ir and yir is when i = j,

=
∑
r∈R

∑
k∈κr

drk1{k∈Kj}

[
y′jr
∑
e∈Kj

∫ fe(x′)

0
ce(z)dz − yjr

∑
e∈Kj

∫ fe(x)

0
ce(z)dz

]
=
∑
r∈R

∑
k∈κr

drk1{k∈Kj}

[
y′jr Ck(x

′)− yjrCk(x)
]

= Cj(y
′)− Cj(y)
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Thus, Φ is an exact potential function. By definition, the network control game is

an exact potential game.

Thus, Corollary 4.7.3 follows.

Corollary 4.7.3. There exists a Nash equilibrium and it is essentially unique.

Now suppose we have a congestion game with a socially inefficient UE and

at least two route planners controlling the flow. Any route planner that has a

small share of control of a population will choose the same strategy as players in

a congestion game. Similarly, any route planner with a large share of control of a

population plays by routing according to the social optimum. Since the UE of the

game is socially inefficient, we know that the players choosing the route planner

with a large share of control will have a strictly greater cost than those choosing

a route planner with a small share of control. Thus, vehicles choosing their route

planners have an incentive to choose the one with the least control.

For example, consider a route planner game with the same setup as Example

2. Figure 4.10 shows the cost to each route planner for Example 2 divided by the

share of control of the population, i.e., the cost to each vehicle in the game. It shows

that when one route planner has strictly more control than the other, vehicles who

chose the most popular route planner have an incentive to switch route planners.

Figure 4.10: The cost to vehicle players choosing the 2 route planners, r and s, from
Example 2, plotted against the share of control of the route planner r.

Any route planner that has less control over the population than any other

route planner is more desirable to vehicles. Thus, there cannot be a route planner

with strictly less control than all other route planners at the Nash equilibrium. We
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have ruled out the case where a route planner has no control over any population,

so the flow must be proportional at the equilibrium.

Proposition 4.7.4. The Nash equilibrium of vehicles choosing route planners is

proportional.

Proof. Any route planner with share of control less than (pRp−1 +Rp)−1/p for popu-

lation i will choose the same inefficient selfish routing as the vehicles of the congestion

game. Since this is the UE of the game, the other routing must be greater than or

equal to this cost. Thus, vehicles prefer to choose a route planner with less than

(pRp−1 + Rp)−1/p control over their population. Since, (pRp−1 + Rp)−1/p ≥ 1
R , the

best response dynamics will end when all route planners have proportional control

of all populations.

Following from Proposition 4.5.2, we see that allowing vehicles to choose

their route planner enforces the worst possible Price of Anarchy.

4.8 Discussion

We studied multiple route planners optimising the routing of subpopulations in a

nonatomic congestion game. As their number grows, the game goes from achieving

socially optimal routing to achieving the same inefficient routing as the original

congestion game. We have found the exact bound on the Price of Anarchy of

the induced game for polynomial edge-cost functions. Additionally, we allowed

vehicles to choose their route planner and showed that this only increases the overall

inefficiency.

Natural extensions include analysing games with partial route planner control

and the rest as selfish players with full or partial information. Another line of

further work is to discover under what conditions is there an incentive to follow a

route planner rather than autonomous routing. Designing incentive mechanisms for

drivers to choose route planner control whilst achieving some level of fairness would

impact the use of route controllers in real-world traffic.

The results from this chapter theoretically support the implementation of a

single route planner route planner to be implemented in autonomous vehicles. The

higher the number of route planners controlling vehicles on the roads, the larger

the inefficiency of suboptimal routing. This is also the case for navigation apps; the

more applications available to drivers, the worse the outcome of selfish routing will

be. However, the suboptimal routing could be mitigated if route planners cooperate

with each other. The problem constitutes a social dilemma, so if route planners
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were able to detect if their rivals were cooperating or defecting, algorithms such as

ARCTIC could be adapted and utilised for safe cooperation in route control.

This work has a direct application to any type of congestion game where

there exists social planners that can control the routing of it’s users. For instance,

in the distribution network of power grid demand.
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CHAPTER 5

Distribution of Information in

Nonatomic Congestion Games

5.1 Introduction

With the rising popularity of GPS route-guidance systems, many travellers rely

on information about route choice to help them make navigation decisions. It is

natural to assume that more information about paths available to a driver would

only reduce their expected journey time. However, this was shown not to be the case

Acemoglu et al. (2018); presenting new options can change the decision-making of

some self-interested agents, causing an overall re-routing which makes them worse

off.

It is likely that real-world travel costs will change over time e.g., from road

improvements or temporary construction works. Braess’ paradox (BP) assumes

the state of the system is in a user equilibrium, where every player has minimised

personal costs of travel given the actions of others. BP is based on the assumption

that agents have complete information about the network structure. However, this

assumption is often not met in practical situations, when, typically, actors have

incomplete knowledge of their available paths. Recently, information constrained

user equilibrium (ICUE) Acemoglu et al. (2018) has been introduced, where each

player minimises their travel costs given their current knowledge. The equilibrium

is reached through myopic improvements and gives rise to informational Braess’

paradox (IBP), which occurs when users’ cost at ICUE increase as a result of their

information set expanding.

ICUE is a more better tool than UE to predict traffic flows, but the study

of equilibria in nonatomic congestion games with incomplete information is still

at its infancy. In particular, while the relationship between network structure and

immunity to IBP has been characterised for single-population nonatomic congestion
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games Acemoglu et al. (2018), for the more complex and realistic multi-population

variant the exact conditions are still unknown. On top of that, IBP has only been

formulated looking at one group, i.e., the one that acquires new knowledge, but

not at the welfare of all agents, which is the standard social cost metric used for

nonatomic congestion games.

5.2 Contributions

Here, we consider the properties of information expansion on nonatomic congestion

games with players that respond rationally given their restricted knowledge about

the available network. This expands upon the research on information constrained

congestion games from Chapter 4, but without the influence of any social planner

agents. Here, we consider heterogeneous players and focus on network design to

improve routing efficiency under information distribution.

We begin by analysing how matroidal properties on a network will impact

Braess’ paradox, naturally leading to results on the immunity of matroids to Infor-

mational Braess’ paradox in two-terminal networks. This is not an expansion on

known results, but these results motivate the use of concepts from matroid theory

to the asymmetric case.

We then advance the analysis of asymmetric nonatomic congestion games

played by heterogeneous boundedly rational agents in two important ways. Firstly,

we establish how a ubiquitous class of networks, rings, are immune to IBP, settling

a conjecture in Acemoglu et al. (2018). We prove this for the more general structure

of a circuit. Secondly, we extend the analysis of IBP to take into account the

welfare of all agents, rather than a subset of them, showing that IBP is a widespread

phenomenon and no network is immune to it under this measure. Our analysis is

an important first step for the design of road systems that do not penalise the

acquisition of new knowledge.

5.3 Literature Review

The first congestion game routing ‘paradox’ was posed by Braess Braess (1968)

through an example of a network that suffers from the paradoxical increase of total

cost when demand or cost of a resource is strictly decreased. Since this seminal work,

the topic of routing paradoxes has been extensively explored Murchland (1970); Pas

& Principio (1997); Zhao et al. (2014). Pas and Principio Pas & Principio (1997)

classified demand constraints and linear cost functions that cause Braess’ paradox in
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traffic games on Braess-like networks. Later, Milchtaich Milchtaich (2006) illustrated

the topological conditions required for an undirected network to be immune to

Braess’ paradox for a single population. More generally, Epstein et al. Epstein et al.

(2009) examined topologies in which every Nash equilibrium is socially optimal. In

asymmetric games, the exact conditions for network immunity are known Chen et al.

(2015). Moreover, Tumer and Wolpert Tumer & Wolpert (2000) proposed a utility

function allowing players are able to avoid Braess’ paradox through the collective

intelligence idea, that their decisions make an impact on the global cost.

Player heterogeneity has also been a topic of much interest, and research

has covered many different types of heterogeneity. Many consider player-specific

resource cost functions Milchtaich (1996) representing varied preferences Cole et al.

(2018) or uncertainties Beier et al. (2004); Sekar et al. (2018). For example, drivers

may vary in their ‘value of time’: some prefer to save money, and others choose to

pay a toll to reduce their journey time. Additionally, more complex models may

consider drivers’ uncertainties over road conditions or demand Meir & Parkes (2015);

this may occur in extreme weather events where roads are obstructed, for example,

if flooding causes certain routes to become impassable.

In the age of the “internet of things”, many drivers use software to choose

their routes for them. Many journey planning applications select only a few routes

for users to choose from, which severely limits the information about routes avail-

able to them. There is evidence that providing incomplete information to drivers

about road capacities may be worse than providing no information at all Arnott

et al. (1991). Along the same line, Liu et al. Liu et al. (2016) studied heterogeneity

among players regarding the quality of information they receive and how this affects

the equilibrium costs. Moreover, Acemoglu et al. Acemoglu et al. (2018) posed in-

formational Braess’ paradox for differing levels of information about possible paths,

and classified network topologies as immune to this when considering a single OD

pair. For asymmetric games, only certain network properties are known to guaran-

tee immunity, full characterisation has not been achieved Acemoglu et al. (2018);

Roman & Turrini (2019).

Sheffi and Daganzo Sheffi & Daganzo (1977) first posed the stochastic user

equilibrium (SUE), one in which players have perception errors whilst comparing

strategy costs. Several different paradoxes occur when studying SUE. They also

observed Daganzo & Sheffi (1978) that if path travel times are fixed, the stochastic

network loading results in an increase in total travel costs, when a new link is added

to the network. This phenomenon is similar to Braess’ paradox, but results from

the positive assignment to all paths instead. If travel times are flow-dependent, this
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stochastic loading effect is somewhat balanced by the effects of congestion.

Congestion games do not have to exist on a network, but the underlying

structure that exists between resources has a significant impact on their equilibria.

Matroid congestion games, where the strategy space of each player consists of the

bases of a matroid on the set of resources, have been proven to have important

properties. Ackermann et al. Ackermann et al. (2009) showed that both weighted

and player-specific nonatomic congestion games admit pure Nash equilibria in the

case of matroid congestion games. This matroid property is maximal in the sense

that whenever there are two players both having allowable sets of resources that are

not matroidal, then there is a prescribed embedding of the sets into the ground set

of resources and cost functions so that the resulting game does not have an equi-

librium. More recently, Fujishige et al. Fujishige et al. (2017) proved the sufficient

combinatorial property of strategy spaces for nonatomic congestion games for which

Braess’ paradox cannot occur, are those with matroid bases.

Meir and Parkes Meir & Parkes (2018) introduced the biased Price of Anarchy

(bPoA) as a measure of inefficiency for games with boundedly rational players. They

considered games where play is affected by mistakes or behavioural biases including

altruism, toll-sensitivity, and partial information. To bound the effects on social

welfare for diverse populations, if taking into account network topology, the bPoA

is calculated using the average bias of the population, otherwise, it depends on the

maximal bias of a player. They showed that the equilibrium cost is dependent on the

serial-parallel width of the network. More specifically, if a network is series-parallel,

then their result (Meir & Parkes, 2018, Theorem 3.1) implies that it is immune to

informational Braess’ paradox.

5.4 Known Results on Immunity to IBP

To begin, let us review theory from previous literature that handles the known

immunity to IBP. The topological conditions for immunity to BP with information

heterogeneity have been characterised for nonatomic congestion games with only

one population of players to be series linearly independent (SLI) networks.

Theorem 5.4.1. Acemoglu et al. (2018) A two-terminal network nonatomic con-

gestion game played on network G is immune to IBP if, and only if, G is an SLI

network.

The intuition for Theorem 5.4.1 comes from the properties of linearly inde-

pendent (LI) networks. If we reduce the demand in an asymmetric LI network, then
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there exists a route with strictly less flow (see Theorem 2.3.2). When we distribute

information in an LI network, these players will strictly reduce demand of their

original subnetwork and increase demand elsewhere. Thus, the costs of those using

routes in the original subnetwork do not increase. Those receiving the information,

therefore, have strictly reduced costs since otherwise they would not have opted

to change routes. Hence, we maintain the property that any rerouting for players

given information can only reduce their own cost in SLI networks, since it holds for

subnetworks connected in series.

Now suppose there are multiple populations of players, i.e., the OD pairs

vary across players. The conditions for immunity to IBP for such games are not yet

fully know. However, some of the conditions known to hold for the full information

case (see Theorem 2.3.3) correspond to immunity of IBP, as shown by Acemoglu

et al. (2018).

Theorem 5.4.2. Acemoglu et al. (2018) For any nonatomic congestion game on

asymmetric network G, where ∀i ∈ N , Gi = (Vi, Ei) is the relevant network, IBP

does not occur if the following hold:

(a) ∀i ∈ N , Gi is SLI

(b) For all distinct i, j ∈ N , either Ei ∩Ej = ∅, or Ei ∩Ej consists of all coincident

blocks of Gi and Gj.

One notes that the conditions from Theorem 5.4.2 that imply immunity

to IBP depend only on the relevant network for each population and not on the

available resources of information types.

5.5 Matroid Games and IBP

In this section, we consider Wardrop’s traffic model and the properties of the under-

lying network that would generate a matroid. We establish that there are certain

transformations that can be applied to a matroid to conserve its immunity to BP

and IBP.

A graphic matroid is a matroid such that the set of resources are the edges

of a network and the independent sets are acyclic subnetworks. It is well-known

(White et al. (1986)) that one can form a matroid M = (E, I) by representing

the resource set as the set of edges and the independent sets are generated by its

spanning trees.

Definition 5.5.1 (Network routing matroid). A network G and an OD pair form a

network routing matroid if a matroid exists such that the resources are relevant
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edges of G and the independent sets are sections of acyclic paths between the pair of

OD nodes.

Note here that the bases of a network routing matroid are distinct OD paths.

The following three lemmas are direct consequences of the definitions of trees

and forests and are stated here to aid the understanding of the proof of Lemma 5.5.5

and Proposition 5.5.6 .

Lemma 5.5.2. The union of any two trees is a forest.

Lemma 5.5.3. The subnetwork of any forest is also a forest.

Lemma 5.5.4. The common edge set of any two subnetworks of a tree is either

empty or also a tree.

Given these lemmas, we can now consider the formation of a matroid on a

network. Let the ground set E be all the edges in a network G. A subset of E

is independent if, and only if, it is a forest; that is, if it does not contain a simple

cycle. Thus, we have the following lemma by definition of a matroid.

Lemma 5.5.5. Every finite network G gives rise to a network routing matroid

M = (E, I) where the independent sets are forests.

The combination of these four lemmas can be applied to network nonatomic

congestion games as follows.

Proposition 5.5.6. For any i ∈ N , relevant network Gi = (Vi, Ei) will form a

network routing matroid Mi = (Ei, Si) if, and only if, irredundant G is a multi-edge

forest.

Proof. “⇒”

If every relevant network Gi gives rise to a matroid, then by Lemma 5.5.5, the

matroid is equivalent to a network routing matroid where the independent sets are

forests. Thus, Gi is itself a forest. By definition, a relevant network contains only

those edges which can be used in at least one OD path. Hence, Gi must be connected

so each relevant network is a multi-edge tree. By Lemma 5.5.2, irredundantG formed

from G1 ∪ ... ∪Gn must be a multi-edge forest.

“⇐”

Suppose that irredundant G is a multi-edge forest. Consider an arbitrary relevant

network Gi. By definition, it is a connected subnetwork of G, therefore Gi is a

multi-edge tree. The strategy set necessarily consists of OiDi paths of equal length,

where each path is a spanning tree. By Lemmas 5.5.5 and 5.5.3, the hereditary
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property of matroids must hold true. Take any two subnetworks X and Y of Gi

such that |X| < |Y |, then by Lemma 5.5.4 there must exist an edge e ∈ Y \X such

that X∪{e} is acyclic. Hence, the augmentation property of matroids holds. Hence,

Gi is a matroid.

A network routing matroid is a type of graphic matroid since the spanning

trees of each relevant network are the supersets of possible strategies.

Define a subdivision of a routing matroid G∗ to be such that there exists

a network routing matroid G where G∗ can be formed by iterations of replacing

edges in G by two edges with a single common vertex. This is simply a type of

embedding. Here, note that a subdivision does not change the connectivity of a

network or properties other than a number of edges of G∗ can now represent a

single edge of G.

Proposition 5.5.7. If G∗ = (V ∗, E∗) is a subdivision of a matroid G = (V,E),

where Oi, Di ∈ V ∀i ∈ N , then G∗ is immune to Braess’ paradox.

Proof. Any node added to the subdivision of G must not belong to any OD pair.

As cost functions are separable, division of an edge into two will not affect loads

between the original two vertices in any equilibrium. Hence, there will be no change

to the number of possible paths between any OD pair. Therefore, the strategy sets

of G∗ will be isomorphic to the network routing matroid G. Hence, G∗ is immune

to Braess’ paradox.

Now we will consider the occurrence of heterogeneous information sets. On

multi-edge forests, the expansion of information sets only occurs when at least one

of the multi-edges is unknown to a population. First, let us assess the simplest case,

a two-terminal network routing matroid.

Proposition 5.5.8. Any two-terminal network routing matroid is immune to IBP.

Proof. Proposition 5.5.6 implies that any relevant network G that forms a matroid

M = (E,S) is a multi-edge tree. The relevant network G contains only edges

that are used in possible paths between the associated OD pair. Each path must

necessarily pass through the same vertices since a tree contains only one unique set

of vertices to pass through in any path between two nodes. The subnetwork of any

two adjacent nodes is LI, and G is made from adjoining pairs of adjacent nodes in

series. Hence G is SLI. Thus, using Theorem 5.4.1, we have that any two-terminal

matroid nonatomic congestion game is immune to IBP.
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Now that we have established that two-terminal network routing games are

immune to IBP we can consider the case for multiple populations.

Theorem 5.5.9. If ∀i ∈ N , relevant network Gi = (Vi, Ei) forms a matroid Mi =

(Ei, Si), then the associated nonatomic congestion game is immune to IBP.

Proof. By Proposition 5.5.6, we have illustrated that the irredundant network G is

a multi-edge forest. For any i ∈ N , the relevant network Gi is a multi-edge tree and

therefore is LI. For any two distinct i, j ∈ N , either Ei∩Ej = ∅ or there exists some

edges common to both relevant networks. Since both Gi and Gj are both multi-edge

trees, by Lemma 5.5.4, any common edge sets must be a single LI block. Since any

tree is LI, the common LI block must have the same terminal nodes. Therefore, the

conditions of Theorem 5.4.2 are satisfied.

The assumptions about the underlying networks of a matroid rely upon the

structure of the connected resources and the locations of the OD pairs. Therefore,

a subdivision will also uphold these properties.

Proposition 5.5.10. Any subdivision of a network routing matroid G∗ is immune

to IBP.

Proof. Let G∗ be a subdivision of a network routing matroid G. By Theorem 5.5.9,

G is immune to IBP. If ∀i ∈ N , Gi is LI, then ∀i ∈ N , G∗i is also LI since the

subdivision of a matroid does not alter its independence properties. Now consider

relevant edge sets for all distinct i, j ∈ N . If Ei∩Ej = ∅, then E∗i ∩E∗j = ∅. Finally,

if Ei ∩Ej is LI with the same terminal nodes, then E∗i ∩E∗j will also be a tree when

no terminal nodes have been altered. Hence, the conditions of Theorem 5.4.2 are

again satisfied.

Note that IBP cannot occur on a forest that is simple, since there is neces-

sarily only one possible route between any two nodes on a tree by definition.

5.6 Circuit Games and IBP

In this section, we formally introduce circuits, most commonly found in matroid

theory. Consider a set system (E,C), where E is the set of resources and C ⊆ 2E ,

where the axioms A, B, and C hold true.

A. ∅ /∈ C;

B. If C1, C2 ∈ C and C1 ⊆ C2, then C1 = C2,
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C. For any two distinct C1, C2 ∈ C such that e ∈ C1 ∩ C2, there is a member C3 ∈ C
such that C3 ⊆ (C1 ∪ C2)\{e}.

Then C is a circuit over E.

Definition 5.6.1 (Circuit game ). A circuit game is a nonatomic congestion game

in which every relevant network Gi = (Vi, Ei) ∀i ∈ N is a circuit.

We now establish this useful proposition on circuit games.

Proposition 5.6.2. In any circuit game on a network G, either G is a two-edge

two-node ring, or G is simple.

Proof. First, consider a network with two nodes. On any network with two nodes, a

two-edge two-node ring (the Pigou network) is a circuit since the removal of either

edge will create a spanning tree. Adding or removing edges to the network will lose

the circuit properties of a two-edge two-node ring. Thus, the Pigou network is the

only circuit on a network with two nodes.

Now we will prove the statement for networks with greater than two nodes.

This part is done by contradiction. Suppose we have a network G that is not

simple. Choose two nodes where there exist multiple edges between, call them

e1 and e2. Suppose a population of players, i, can use e1 in their strategy, then

e2 ∈ Ei since they connect the same nodes. By definition of a circuit game, the

relevant network of that population must be a circuit Ci. We must have e1, e2 ∈ Ci.
Consider C′i = {e1, e2}. It is a dependent set since it is a cycle. Any of its proper

subsets are independent, therefore, it is a circuit. By the circuit axioms A, B, and

C, if C′i ⊆ Ci then Ci = C′i. So the population i can only travel between the end

nodes of e1 and e2. There must exist another population j, whose strategies also

include e1 and e2 since, otherwise, the nonatomic congestion game of populations

N\{i} is an equivalent game (one with the same equilibria). Population j must

also have a relevant network that is a circuit and, hence, must travel on the circuit

Cj = {e1, e2} = Ci. This implies that the populations are indistinct, which is a

contradiction. Hence, G must be simple.

Proposition 5.6.2, notice, implies that any ring forms a circuit game. Now

we are in a position to prove the following1:

Proposition 5.6.3. Any two-terminal circuit game is immune to IBP.

1This result does not add anything to current existing literature, since it can be shown using
Theorem 5.4.2. It is included only to improve the intuitive flow of reasoning.
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The proof of Proposition 5.6.3 follows from Theorem 5.4.1 since it can be

shown, using Proposition 5.6.2, that a circuit game network is SLI.

Lemma 5.6.4. Any circuit game is either a cycle or it can be partitioned into

multiple games where each relevant network of the game is a cycle.

Proof. If the network is a cycle, then we are done. So let us assume the network is

not a cycle. For any population i, the relevant network Gi = (Vi, Ei) is a circuit.

A circuit over a set of edges is either a cycle or self-loop, and we do not wish to

consider self-loops as we are looking at simple networks. Hence, a circuit game is a

collection of cycles. If these cycles are not connected then we are done, so assume

at least one pair of cycles, Ci Cj , contain at least one vertex in common. If Ci and

Cj not distinct then the lemma holds, hence, assume they are distinct.

Now, suppose that these populations have at least one edge in common, e.

Then by the definition of a circuit, ∃Ck ⊆ (Ci ∪ Cj)\{e}. The vertices Oi, Oj , Di, Dj

all belong in Ck. Since e ∈ Ci, Cj e /∈ Ck, there must be one strategy from Si and one

from Sj that exist in Ck. Yet Ck a circuit, so there are two possible strategies that

connect every pair of its nodes. This is a contradiction since we must have removed

a strategy from each of Si and Sj since e /∈ Ck. Hence, any two distinct circuits

cannot have an edge in common, i.e., have no two vertices in common. Any two

circuits with a only single vertex in common can be reduced to two separate games,

since we only consider common edge costs.

When considering multiple origin-destination pairs, the circuit axioms A, B,

and C now apply to slightly more complex structures than simple rings. A circuit

game can comprise connected rings such that the OD pairs do not allow for traversal

between rings. Before we can prove the immunity to IBP for such structures, we

pose the more general statement that not all player types can be negatively impacted

by a single information expansion.

Proposition 5.6.5. For an asymmetric circuit game with |N | ≥ 2, where (Ẽ(i,k)){i∈N, k∈Ki}

are expanded information sets such that E(1,1) ⊂ Ẽ(1,1) and E(i,k) = Ẽ(i,k) for any

(i, k) 6= (1, 1), with associated ICUE x and x̃. Then, there exists at least one player

type (i, k) i ∈ N, k ∈ Ki such that C(i,k)(x̃) ≤ C(i,k)(x).

Before we formally prove this proposition, we will first motivate the reasoning

with a brief explanation of the structure of the proof. Consider a circuit. Note that

each population can have at most two strategies. Each population that has only one

strategy will not affect the equilibria before and after the information expansion,

except the type (1, 1) whose strategy set expands. Thus, we can assume that for n

92



Informational Braess’ Paradox

populations there are at most n+1 information types since an equivalent game with

n+ 1 information types will have the same equilibria. Since there are n populations

with distinct OD pairs, the game must be embedded in a 2n-edge circuit. We will

then prove the proposition through contradiction. For each of the types, we know

that the strategy they use before the expansion must have strictly less flow on at

least one of the edges in the strategy than afterwards. If we then compare all n+ 1

inequalities, we will find that there is always a contradiction since the demands of

populations must be nonnegative.

First, we consider the case where n = 2, since we will use this in our proof

of Proposition 5.6.5. The case where n = 2 is as displayed in Figures 5.1 and 5.2.

There can be up to four information types when n = 2, but it is sufficient to show

the result for only two types, as the same reasoning holds with or without the other

types. Firstly, we will prove the result to be true on the circuit game shown in

Figure 5.1.

Proposition 5.6.6. For the circuit game shown in Figure 5.1 with two populations,

there exists at least one player type such that their equilibrium cost is strictly reduced

after any information expansion.

O1

O2

D2

D1

e1 e2

e3 e4

Figure 5.1: A circuit with two populations.

Proof. Let there be two populations each with distinct OD pairs as shown in Figure

5.1. Denote the strategy sets of player types be: type (1, 1) has strategy set S11 =

{s1} before and S̃11 = {s1, s2} after expansion; type (1, 2) has strategies S12 =

{s1, s2}; and, type (2, 2) has S22 = {t1, t2}. The demands for these populations

are d11 > 0, d12 ≥ 0, d22 > 0. In order to reach a contradiction, suppose that

there does not exist such a player. Namely, ∀i ∈ {1, 2} and k ∈ Ki, we must have

C(i,k)(x̃) > C(i,k)(x).

Consider any feasible strategy distribution x. Since type (1, 1) only has one

strategy, we have xs111 = d11. In order for every player’s cost to increase, we must
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have that (1, 1) strictly prefers to deviate to their other strategy. Hence, (1, 2) must

choose s2 before information expansion, giving us xs212 = d12. Now, suppose that

(2, 2) plays xt122 = pd22 and xt222 = (1− p)d22, where p ∈ [0, 1]. The cost functions for

the players are:

C11(x) = ce1(f1) + ce2(f2)

C12(x) = ce3(f3) + ce4(f4)

C22(x) =

ce1(f1) + ce3(f3) p ∈ [0, 1)

ce2(f2) + ce4(f4) p ∈ (0, 1]

where f1, f2, f3, f4 are defined as

f1 = d11 + (1− p)d22

f2 = d11 + pd22

f3 = d12 + (1− p)d22

f4 = d12 + pd22.

Now examine a feasible strategy distribution x̃ which occurs after the information

is distributed to player (1, 1). Without loss of generality, assume that both (1, 1)

and (1, 2) have the same strategy distribution. Consider the following strategy

distribution for population 1: x̃s11k = d1k, k ∈ {1, 2}. This could only be an ICUE if

it was a dominant strategy given the total demand of population 2, which we know

is not true given the deviation from s1 in strategy distribution x. So we must have

x̃s11k = qd1k and x̃s11k = (1− q)d1k, where k ∈ {1, 2} and q ∈ [0, 1). For population 2,

let the strategy distribution be xt122 = p̃d22, xt222 = (1 − p̃)d22, where p̃ ∈ [0, 1]. The

cost functions after information expansion are:

C11(x̃) = ce3(f̃3) + ce4(f̃4)

C12(x̃) = ce3(f̃3) + ce4(f̃4)

C22(x̃) =

ce1(f̃1) + ce3(f̃3) p̃ ∈ [0, 1)

ce2(f̃2) + ce4(f̃4) p̃ ∈ (0, 1]

where f̃1, f̃2, f̃3, f̃4 are defined as

f̃1 = q(d11 + d12) + (1− p̃)d22

f̃2 = q(d11 + d12) + p̃d22

f̃3 = (1− q)(d11 + d12) + (1− p̃)d22

f̃4 = (1− q)(d11 + d12) + p̃d22.
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The contradiction assumption C11(x) < C11(x̃) gives us:

ce1(f1) + ce2(f2) < ce3(f̃3) + ce4(f̃4) ≤ ce1(f̃1) + ce2(f̃2).

Since cost functions are nondecreasing, this implies that we must have f1 < f̃1 or

f2 < f̃2. In terms of demands, either d11 + (1− p)d22 < q(d11 + d12) + (1− p̃)d22 or

d11 + pd22 < q(d11 + d12) + p̃d22. If both these hold, we have p̃ + (1−q)d11−qd12
d22

< p

and p̃+ (1−q)d11−qd12
d22

> p which leads to a contradiction.

The contradiction assumption for player type (1, 2), C12(x) < C12(x̃), leads

to

ce3(f3) + ce4(f4) < ce3(f̃3) + ce4(f̃4).

By nondecreasing cost functions, we must have at least one of d12 + (1 − p)d22 <

(1 − q)(d11 + d12) + (1 − p̃)d22 and d12 + pd22 < (1 − q)(d11 + d12) + p̃d22 hold.

However, each of these either directly contradicts the previous two inequalities or is

a direct implication of them. If one of the conditions for (1, 1) holds then exactly

one of the assumptions for (1, 2) also holds.

Finally, consider C22(x) < C22(x̃). Suppose that p, p̃ ∈ (0, 1). Then we must

have

ce1(f1) + ce3(f3) < ce1(f̃1) + ce3(f̃3),

ce2(f2) + ce4(f4) < ce2(f̃2) + ce4(f̃4).

Similarly, by nondecreasing cost functions, we must have either d11 + (1 − p)d22 <

q(d11 + d12) + (1 − p̃)d22 or d12 + (1 − p)d22 < (1 − q)(d11 + d12) + (1 − p̃)d22.

It must also be true that at least one of d11 + pd22 < (q(d11 + d12) + p̃d22 and

d12 + pd22 < (1 − q)(d11 + d12) + p̃d22 is true2. There is no combination of these

inequalities which is not contradictory. Hence, for p, p̃ ∈ (0, 1) the contradiction

assumption is false.

Now suppose p = [0, 1), p̃ ∈ [0, 1). Then we have

ce1(f1) + ce3(f2) < ce1(f̃1) + ce3(f̃3).

This gives us (1−q)d11−qd12
d22

+ p̃ < p which means p > 0 since d11, d22 > 0. So p̃ = 0

otherwise, we have the case as above. Now this implies that

ce2(f2) + ce4(f4) < ce2(f̃2) + ce4(f̃4).

2Notice that d12 can be reduced from all inequalities so we can omit type (1, 2) and get the same
result.
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This again will lead to a contradiction.

Now suppose p = (0, 1], p̃ ∈ (0, 1]. It follows that

ce2(f2) + ce4(f4) < ce2(f̃2) + ce4(f̃4)

This gives us (1−q)d12−qd11
d22

+ p < p̃, using similar reasoning as above we see that we

must have p < 1 and p̃ = 1. But this gives us

ce1(f1) + ce3(f3) < ce1(f̃1) + ce3(f̃3).

Hence, we reach a contradiction.

Now suppose p = [0, 1), p̃ = (0, 1]. Then we see that

ce1(f1) + ce3(f3) < ce1(f̃1) + ce3(f̃3).

So we must have the first assumption for (1, 2) holding: (1−q)d11−qd12
d22

+p̃ < p. Hence,

we must have p, p̃ ∈ (0, 1) which we have already shown to be contradictory.

Now suppose p = (0, 1], p̃ = [0, 1). Then we have

ce2(d11 + pd22) + ce4(d12 + pd22) < ce2(f̃2) + ce4(f̃4).

This implies (1−q)d11−qd12
d22

+p < p̃ must hold, which means that we have p, p̃ ∈ (0, 1),

leading to the final contradiction.

Now let us consider the other possible configurations of two population strate-

gies on a circuit where n = 2. Again, we show that the same result holds true. Thus,

Proposition 5.6.5 is true for n = 2.

Proposition 5.6.7. For the circuit game shown in Figure 5.2 with two populations,

there exists at least one player type such that their equilibrium cost is strictly reduced

after any information expansion.

Proof. As with the previous example we will show that Proposition 5.6.5 holds for

n = 2 with the network shown in 5.2.

Let there be two populations each with distinct OD pairs as shown in Figure

5.1. Denote the strategy sets of player types be: type (1, 1) with strategies S11 =

{s1} before and S̃11 = {s1, s2} after expansion; type (1, 2) has strategies S12 =

{s1, s2}; and type (2, 2) has S22 = {t1, t2} = {e3, e4e1e2}. The demands for these
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O1

D1

O2

D2

e1 e2

e3 e4

Figure 5.2: Another circuit with two populations.

populations are d11 > 0, d12 ≥ 0, d22 > 0. In order to reach a contradiction, suppose

that there does not exist such a player. Namely, ∀i ∈ {1, 2} and k ∈ Ki, we must

have C(i,k)(x̃) > C(i,k)(x).

Firsty, let us consider the case where s1 = e1 and s2 = e4e3e2.

Consider any feasible strategy distribution x. Since type (1, 1) only has one

strategy we have xs111 = d11. In order for every player’s cost to increase, we must

have that (1, 1) strictly prefers to deviate to their other strategy. Hence, (1, 2) must

choose s2 before information expansion, giving us xs212 = d12. Now suppose that

(2, 2) plays xt122 = pd22 and xt222 = (1− p)d22 where p ∈ [0, 1].

The cost functions for the players are:

C11(x) = ce1(f1)

C12(x) = ce2(f2) + ce3(f3) + ce4(f4)

C22(x) =

ce3(f3) p ∈ (0, 1]

ce1(f1) + ce2(f2) + ce4(f4) p ∈ [0, 1)

where f1, f2, f3, f4 are defined as

f1 = d11 + (1− p)d22

f2 = d12 + (1− p)d22

f3 = d12 + pd22

f4 = d12 + (1− p)d22.

Now examine a feasible strategy distribution x̃ after the information is distributed

to player (1, 1). Without loss of generality, assume that both (1, 1) and (1, 2) have

the same strategy distribution. Consider the following strategy distribution for

population 1: x̃s11k = d1k, k ∈ {1, 2}. This could only be an ICUE if it was a dominant

strategy given the total demand of population 2, which we know is not true given

the deviation from s1 in strategy distribution x. So we must have x̃s11k = qd1k and
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x̃s11k = (1− q)d1k, where k ∈ {1, 2} and q ∈ [0, 1). For population 2, let the strategy

distribution be xt122 = p̃d22, xt222 = (1− p̃)d22, where p̃ ∈ [0, 1].

The cost functions after information expansion are:

C11(x̃) = ce2(f̃2) + ce3(f̃3) + ce4(f̃4)

C12(x̃) = ce2(f̃2) + ce3(f̃3) + ce4(f̃4)

C22(x̃) =

ce3(f̃3) p̃ ∈ (0, 1]

ce1(f̃1) + ce2(f̃2) + ce4(f̃4) p̃ ∈ [0, 1)

where f̃1, f̃2, f̃3, f̃4 are defined as

f̃1 = q(d11 + d12) + (1− p̃)d22

f̃2 = (1− q)(d11 + d12) + (1− p̃)d22

f̃3 = (1− q)(d11 + d12) + p̃d22

f̃4 = (1− q)(d11 + d12) + (1− p̃)d22.

The contradiction assumption C11(x) < C11(x̃) gives us:

ce1(f1) < ce2(f2) + ce3(f̃3) + ce4(f̃4) ≤ ce1(f̃1).

Hence, by nondecreasing cost functions we must have f1 < f̃1. In terms of demand,

we have (1− q)d11 < qd12 + (p− p̃)d22.

The contradiction assumption C12(x) < C12(x̃) gives us:

ce2(f2) + ce3(f3) + ce4(f4) < ce2(f2) + ce3(f̃3) + ce4(f̃4).

Hence, by nondecreasing cost functions we must have either f2 < f̃2, or f3 < f̃3

or f4 < f̃4. If f3 < f̃3, we have (1 − q)d11 > qd12 + (p − p̃)d22, which directly

contradicts the inequality necessary from (1, 1). For f2 < f̃2 and f4 < f̃4, we have

(1− q)d11 < qd12 − (p− p̃)d22, which is a contradiction unless p > p̃.

Now consider the contradiction assumption for (2, 2), C22(x) < C22(x̃).

Firstly, consider p ∈ (0, 1], which gives us

ce3(f3) < ce1(f̃1) + ce2(f̃2) + ce4(f̃4) ≤ ce3(f̃3) p̃ ∈ [0, 1)

ce3(f3) < ce3(f̃3) p̃ ∈ (0, 1]

Thus, by nondecreasing cost functions, f3 < f̃3. In terms of demand, we have (1−
q)d11 > qd12 + (p− p̃)d22, which directly contradicts the inequality from population
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(1, 1)’s assumption. So we must have p = 0. However, the contradiction assumption

from (1, 1) states that p > p̃ and since p̃ ≥ 0 we reach a contradiction.

Now lets consider the alternative case where s1 = e4e3e2 and s2 = e1.

As before, let us consider any feasible strategy distribution x. We must have

xs111 = d11 and xs212 = d12. Here, (2, 2) plays xt122 = pd22 and xt222 = (1 − p)d22 where

p ∈ [0, 1].

The cost functions for the players are:

C11(x) = ce2(f2) + ce3(f3) + ce4(f4)

C12(x) = ce1(f1)

C22(x) =

ce3(f3) p ∈ (0, 1]

ce1(f1) + ce2(f2) + ce4(f4) p ∈ [0, 1)

where f1, f2, f3, f4 are defined as

f1 = d12 + (1− p)d22

f2 = d11 + (1− p)d22

f3 = d11 + pd22

f4 = d11 + (1− p)d22.

Again, examine a feasible strategy distribution x̃ after the information is distributed

to player (1, 1). We must have x̃s11k = qd1k and x̃s11k = (1 − q)d1k, where k ∈ {1, 2}
and q ∈ [0, 1). For population 2, let the strategy distribution be xt122 = p̃d22, xt222 =

(1− p̃)d22 where p̃ ∈ [0, 1].

The cost functions after information expansion are:

C11(x̃) = ce1(f̃1)

C12(x̃) = ce1(f̃1)

C22(x̃) =

ce3(f̃3) p̃ ∈ (0, 1]

ce1(f̃1) + ce2(f̃2) + ce4(f̃4) p̃ ∈ [0, 1)

where f̃1, f̃2, f̃3, f̃4 are defined as

f̃1 = (1− q)(d11 + d12) + (1− p̃)d22

f̃2 = q(d11 + d12) + (1− p̃)d22

f̃3 = q(d11 + d12) + p̃d22

f̃4 = q(d11 + d12) + (1− p̃)d22.

99



Informational Braess’ Paradox 5.6. CIRCUIT GAMES AND IBP

The contradiction assumption C11(x) < C11(x̃) gives us:

ce2(f2) + ce3(f3) + ce4(f4) < ce1(f̃1) ≤ ce2(f2) + ce3(f̃3) + ce4(f̃4).

By nondecreasing cost functions, we have either f2 < f̃2, or f3 < f̃3, or f4 < f̃4.

For f2 < f̃2 and f4 < f̃4, we reach have the same inequality which is (1 − q)d11 <

qd12 + (p − p̃)d22. If f3 < f̃3 holds, we have (1 − q)d11 < qd12 − (p − p̃)d22. The

contradiction assumption C11(x) < C11(x̃) gives us:

ce1(f1) < ce1(f̃1).

Hence, by nondecreasing cost functions we have f1 < f̃1. In terms of demand, we

have (1− q)d11 > qd12 − (p− p̃)d22, which directly contradicts that f3 < f̃3, hence

we must have (1− q)d11 < qd12 + (p− p̃)d22. These two inequalities contradict each

other for p− p̃ < 0. Hence, we have that p > p̃ ≥ 0.

The contradiction assumption C22(x) < C22(x̃), where p ∈ (0, 1], gives

ce3(f3) < ce3(f̃3) p̃ ∈ (0, 1]

ce3(f3) < ce1(f̃1) + ce2(f̃2) + ce4(f̃4) ≤ ce3(f̃3) p̃ ∈ [0, 1)

Thus, by nondecreasing cost functions we have f3 < f̃3. As before, this directly

contradicts the assumptions from population (1, 1). Hence, we have reached a con-

tradiction for all games on the network shown in Figure 5.2.

Now that we have proven the result true for the base case of n = 2, we will

prove in for general n as stated in Proposition 5.6.5.

Proof of Proposition 5.6.5. We will show that the statement is true by contradiction.

We must prove that if there always exists a subgame where the contradiction fails,

then the contradiction assumption fails for the game. For any circuit game where

n > 2, there exists a subgame where n = 2, since we can set the demand for n − 2

populations to be zero.

Let us consider all possible circuit games where n = 2. We have already

considered all games with four edges through Propositions 5.6.6 and 5.6.7. Any

circuit with two populations and more than four edges can be written as a four edge

circuit game by the simple alteration of cost functions. The smallest possible circuit

is a three edge ring, and this example is shown to be immune to IBP (Acemoglu

et al., 2018, Example 3). Thus, the contradiction statement cannot hold true in this

case.
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Figure 5.3: A three edge circuit with two populations.

Origin and destination nodes of a population are interchangeable since we consider

undirected graphs. Hence, all cases of n = 2 have been shown in Figures 5.1, 5.2 and

5.3 to not uphold the contradiction assumption. For any n population ciruit games,

there always exists a subgame which is equivalent to one of the games in Figures

5.1, 5.2 or 5.3. Since the contradiction assumption cannot hold for subgames of the

game, it cannot hold for the general case.

Now that we have shown that a circuit game will not increase all player’s

costs from informat ion distribution simultaneously, we can prove that information

cannot harm the player who receives it.

Theorem 5.6.8. Any circuit game is immune to IBP.

Proof. By the definition of IBP, there exists an information type whose information

set expands. Assume without loss of generality that type (1, 1) are those players

with expanded information sets. To reach a contradiction, assume that C(1,1)(x̃) >

C(1,1)(x) where x and x̃ are the ICUEs reached before and after the information set

of type (1, 1) is expanded respectively.

Since each player’s relevant network is a circuit, the possible paths are divided

into the two directions that one can travel around the circuit. By Proposition 5.6.2,

there is only a single edge that can connect any two nodes, so each population

must have two linearly independent paths available to them. Player type (1, 1) with

restricted information set has only one possible path before expansion and player

type (1, 2) has two paths available to them: S(1,1) = {sa} and S(1,2) = {sa, sb}.
For any two distinct i, j ∈ N , either Ei∩Ej = ∅ or Ei∩Ej = C. If E1∩Ej = ∅,

then we do not need to consider population j as it will not affect the equilibrium

costs of (1, 1). So assume that for all j ∈ N , we have E1∩Ej = C. Now suppose that

type kj ∈ Kj only has one choice of path. Then we can consider an equivalent game

where the costs of resources e ∈ E(j,kj) are increased to ce(fe(x) + djkj ). Hence, we

101



Informational Braess’ Paradox 5.6. CIRCUIT GAMES AND IBP

can assume that for any j ∈ N\{1}, there exists only one information type (j, 2),

where each player has full information about relevant resources.

If (1, 1) does not choose sb after the information set expansion, then the ICUE

remains unchanged and we are done. Therefore, x̃sb11 > 0 and x̃sa11 < x
sa
11 = d11.

Suppose that
∑

e∈sa fe(x̃) ≤
∑

e∈sa fe(x). For x̃sa11 ≥ 0, then, following on

from the definition of ICUE, we have
∑

e∈sb ce(fe(x̃)) ≤
∑

e∈sa ce(fe(x̃)). Since ce

is continuous and nondecreasing, we reach the following contradiction:

C11(x̃) ≤
∑
e∈sa

ce(fe(x̃)) ≤
∑
e∈sa

ce(fe(x)) = C11(x).

Hence, we have that
∑

e∈sa fe(x̃) >
∑

e∈sa fe(x). Now divide the player

types into two sets as follows:

A := {i ∈ N, j ∈ {1, 2} : Cij(x̃) > Cij(x)}

B := {i ∈ N, j ∈ {1, 2} : Cij(x̃) ≤ Cij(x)}

By the contradiction assumption, A is nonempty and Proposition 5.6.5 tells us that

B is nonempty.

All possible paths between any two nodes from the irredundant network Ĝ

form the set S. Divide this into two distinct sets as

SA := {s ∈ S : C(s, x̃) > C(s,x)}

SB := {s ∈ S : C(s, x̃) ≤ C(s,x)}

Consequently, we must have that maxs∈SA{C(s,x)−C(s, x̃)} < 0 and mins∈SB{C(s,x)−
C(s, x̃)} ≥ 0. Consider these two simple claims:

Claim 1: If i ∈ A and s ∈ SB, then xsi = 0.

This immediately follows from definitions: by definition of SB, C(s,x) ≥
C(s, x̃); by definition of ICUE, C(s,x) ≥ Ci(x̃); by definition of A, we must have

Ci(x̃) > Ci(x). Hence, xsi = 0.

Claim 2: If i ∈ B and s ∈ SA, then x̃si = 0.

Again, this follows from definitions: by definition of SB, C(s, x̃) > C(s,x); by

definition of ICUE, C(s,x) ≥ Ci(x); and finally, by definition of A, Ci(x) > Ci(x̃).

Hence, x̃si = 0.
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For ease of notation, let demands for paths in SA and SB be

dA =
∑
s∈SA

∑
i∈N

xsi dB =
∑
s∈SB

∑
i∈N

xsi

d̃A =
∑
s∈SA

∑
i∈N

x̃si d̃B =
∑
s∈SB

∑
i∈N

x̃si

It follows from Claims 1 and 2 that we have d̃A ≤ dA and d̃B ≥ dB. Since A and B

are nonempty, it also follows that both SA and SB are nonempty.

Claim 3: Let Sα, Sβ be any nonempty partition of S. If we have d̃α ≤ dα

and d̃β ≥ dβ, then

max
s∈Sα

{C(s,x)− C(s, x̃)} ≥ min
s∈Sβ
{C(s,x)− C(s, x̃)} .

We will prove Claim 3 by induction on the number of edges and the number

of populations. The base case is a circuit with three edges and one population. All

possible paths of the network are S = {e1, e2, e3, e1e2, e1e3, e2e3}. Let the popula-

tion’s strategy set be S = {e1e2, e3}, and their information set before expansion be

E = {e1, e2}. This two-terminal game is SLI, so by Theorem 5.4.2, it is immune

to IBP. For any s ∈ S such that s /∈ S, s contributes no demand to dα, d̃α, dβ

or d̃β, hence, any such s can be randomly assigned to one of the sets Sα and Sα.

Since e1e2 ∈ E, the demand for this strategy can only reduce after the information

expansion, e1e2 ∈ Sα. The demand for e3 can only increase after the information

expansion, e3 ∈ Sβ. Since there is no IBP, we must have

C(e1e2,x) ≥

{
C(e1e2, x̃) if C(e1e2, x̃) ≤ C(e3, x̃)

C(e3, x̃) if C(e1e2, x̃) ≥ C(e3, x̃).

If C(e1e2, x̃) ≤ C(e3, x̃) then C(e1e2,x)−C(e1e2, x̃) ≥ 0. If C(e1e2, x̃) ≥ C(e3, x̃),

then C(e3,x) ≤ C(e3, x̃) as fe3(x) < fe3(x̃). Hence, maxs∈Sα {C(s,x)− C(s, x̃)} ≥
mins∈Sβ {C(s,x)− C(s, x̃)}.

Now consider a subdivision of this circuit. The same reasoning holds, hence,

it is true for a circuit with any number of edges. Now we assume that Claim 3 is

true for n−1 populations on a circuit with an arbitrary number of edges and we will

show how the addition of another population will not affect this property. WLOG,

consider player type (1, 1) with strategy sets S11 = {sα} and S̃11 = {sα, sβ}. If

∀s ∈ S such that s /∈ S11 ∪ ... ∪ Sn2, then s contributes no demand to dα, d̃α, dβ or

d̃β. Hence, can be arbitrarily assigned to one of the sets Sα and Sβ. We can assume
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C(sα,x) ≥ C(sβ,x) since, otherwise, C(s,x)− C(s, x̃) = 0 ∀s ∈ S and, Claim 3 is

immediately true. Hence, we know that the demand for sα will strictly reduce, and

the demand for sβ will strictly increase.

For any i ∈ N\{1}, their strategy set is Si = {sαi, sβi}. It must be the

case that ∀i ∈ N\{1} if demand for sαi increases, the demand for sβi must reduce.

Suppose that ∃i ∈ N\{1} such that the demands for sαi, sβi remain the same, then

we can form an equivalent game of n − 1 populations, for which we assumed the

claim to be true. Therefore, in each population, we must have a strict increase

in demand for one strategy and strict decrease for the other. Since we assumed

d̃α ≤ dα, d̃β ≥ dβ, and that both Sα and Sβ are nonempty, in every possible

allocation of strategies to Sα and Sβ there exists i ∈ N such that exactly one

strategy of Si belongs to Sα. Hence, there always exists a population i ∈ N whose

strategies belong in both Sα and Sβ. Without loss of generality, let the demand for

sαi increase and belong to Sα and demand for sβi reduce and belong to Sβ. Then

we must have that Ci(sαi, x̃) ≤ Ci(sβi, x̃) and Ci(sαi,x) ≥ Ci(sβi,x). Therefore we

have Ci(sαi,x)− Ci(sαi, x̃) ≥ Ci(sβi,x)− Ci(sβi, x̃). This concludes the induction

step and so we have proved Claim 3.

Finally, with the partition of SA and SB and the claims, we reach the fol-

lowing contradiction:

0 > max
s∈SA

{C(s,x)− C(s, x̃)} ≥ min
s∈SB

{C(s,x)− C(s, x̃)} ≥ 0.

An interesting application of this theorem is considering pedestrian exit-

routing in sports stadiums, such as in Figure 5.4. Divide player populations as

those who are seated in the same block and wish to use the same mode of transport.

Knowledge of the layout can differ between people and can be distributed through

signs or movement restrictions provided by the stadium. If pedestrians are only

allowed to exit their seat block through a single exit, as in Figure 5.4, then the

overlapping network of all populations is a ring. We can restrict the analysis to the

circuit network since the flow on all of the other edges is deterministic. Thus, we can

consider an equivalent circuit game with the same equilibria. Hence, information

cannot harm the expected travel times of exiting the stadium. However, if visitors

are allowed to walk between seat blocks before exiting the stadium the network no

longer has immunity to IBP. These results, therefore, have useful implications for

planning purposes e.g., evacuation routes.
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Trains

Car Park

Buses

Figure 5.4: A sports stadium has a typical ring structure, hence, it is also a circuit.

5.7 IBP for Social Cost

Thus far, we defined IBP to be the comparison between equilibrium costs of a player

whose information set is expanded. A natural weakness of using IBP to analyse the

system as a whole is that it does not incorporate any effects that the information

expansion has on all players. From a mechanism design perspective, it is also relevant

to compare the social costs of the ICUEs. In this section, we define our own version

of the IBP, which is measured against social cost, and show that its occurrence is

independent of network topology.

Definition 5.7.1 (Informational Braess’ Paradox for Social Cost). Informational

Braess’ Paradox for Social Cost (IBPSC) occurs if there exist expanded in-

formation sets (Ẽ(i,k)){i∈N, k∈Ki} with E(1,1) ⊂ Ẽ(1,1) and E(i,k) = Ẽ(i,k) for any

(i, k) 6= (1, 1) with associated ICUE x and x̃, where the total costs to all players

increases
∑

i∈N
∑

k∈Ki C(i,k)(x) <
∑

i∈N
∑

k∈Ki C(i,k)(x̃).

IBPSC occurs when one player type has their information set strictly ex-

panded resulting in an increase to the social cost. IBP is a special case of IBPSC

that occurs when information harms the informed player. In order to consider how

the social cost will change in an ICUE equilibrium, we need the following lemma

for the simplest circuit network - two-node, two-edge ring (also known as the Pigou

network).

Lemma 5.7.2. Any two-terminal network with at least two distinct paths has the

two-edge ring embedded in it.

Proof. Suppose the statement is not true, then there does exist a network G with at

least two distinct paths which do not embed a two-edge ring. Since a two-edge ring

is the simplest network that contains a cycle, any cyclic network must embed the

two-edge ring. Therefore, G is acyclic. Any acyclic undirected connected network

must be a tree. In a tree, the number of possible paths between any two pairs of

nodes is necessarily one. This contradicts the original statement.
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Now we show that there will always be a set of cost functions for any network

that allows for IBPSC to occur.

Theorem 5.7.3. For any two-terminal network there exists (Ki)i∈N and (ce)e∈E

such that IBPSC occurs.

To prove this, it suffices to show that there always exists an assignment of

information sets and cost functions on the two-edge ring such that IBPSC exists.

This follows since we can always find a subnetwork of a network that is a two-edge

ring, unless the network is a single edge, or edges attached only in series. For those

types of networks, there is a single path connecting the origin and destination, thus,

no information expansion can exist on these networks.

Proof of Theorem 5.7.3. IBPSC requires at least one type of player to be resource

unaware. Therefore, at least two distinct strategies must exist. If there exist two

distinct strategies then Lemma 5.7.2 the network must have the simplest circuit

network embedded in it. By Lemma 5.7.2, it suffices to show that there always

exists an assignment of information sets and cost functions on the two-edge ring

such that IBPSC exists.

Consider two populations with demands d1 = 1, d2 = 1. Suppose their

information sets are E1 = {e1} and E2 = {e1, e2} = E. Let ce1(x) = x and

ce2(x) = 2. At equilibrium, type 1 will choose e1 and type 2 will choose e1 with a

social cost of 3. Now, if we expand type 1’s information set to be Ẽ1 = {e1, e2},
then since e1 costs strictly less than e2, type 1 will switch their strategy and the

new equilibrium has a social cost of 4.

The occurrence of IBPSC is independent of the topology of the network

due to inefficiencies from selfish-routing. This is similar to Price of Anarchy results

Roughgarden (2005). Through the assignment of information sets, an ICUE outcome

can be found with a cost strictly less than any UE. Any stategy distribution that

is not a UE must, therefore, be unstable, as at least one player wishes to deviate

from it if they have their information set expanded. Hence, there will always exist

an assignment of information sets for any network where the social cost expands as

information sets expand. We conclude with the following result.

Theorem 5.7.4. No network is immune to IBPSC.

This result follows from the two-terminal case, implying there is further re-

search needed to understand the impact of information distribution on different
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network topologies. The worst-case informationally constrained selfish-routing so-

cial welfare, i.e., bounds on the biased Price of Anarchy, has been calculated for

general networks Meir & Parkes (2018).

5.8 Discussion

We have analysed nonatomic congestion games where multiple populations of in-

dividuals have incomplete knowledge of the network structure, studying how the

distribution of information affects utility. Specifically, we have identified a natural

class of networks, i.e., rings, that are immune to performance deterioration for the

agents acquiring new information, known as informational Braess’ paradox. We

have also shown that under an alternative definition of performance, analogous to

Braess’ paradox, no network has immunity. Previous results (Meir & Parkes, 2018,

Theorem 3.1), implied that if a network has a serial-parallel width of one, then in-

formational Braess’ paradox will not occur on the network. However, we improved

upon this by finding a class of networks, circuits, with a series-parallel width of two

that also have this property.

Future directions of this work would be to see whether there are more network

topologies that are immune to IBP. The characterisation of all immune structures

is still an open problem. Additionally, there may be interesting results that occur

when analysing the atomic congestion game variant of IBP. Atomic games could be

more useful when looking at smaller areas of traffic. Moreover, there may be a link

to games with unawareness, when players do not have knowledge of their imperfect

information, that is still unexplored.

We believe that the identification of safe network structure is bound to fun-

damentally impact the design of transportation networks; aiding decongestion of

ring roads as well as pedestrian evacuation in stadia. Further study into topologies

immune to IBP could help reduce congestion caused by asymmetric information.

One limitation of information constrained congestion games is that they still

assume that players have perfect information about congestion levels. This is re-

strictive in the real-world applications of the model since any congestion information

about roads is time-dependent. Therefore, the assumption of perfect information

cannot hold since accurate information about future congestion would be near im-

possible to obtain. In the case of a network with entirely autonomous vehicles, the

perfect information assumption could hold under certain conditions.

Another practical application of this research is the design of peer-to-peer

computing networks. The results could improve the efficiency of information distri-
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bution in this area.
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CHAPTER 6

Nonatomic Congestion Games

with Traffic Lights

6.1 Introduction

Traffic lights have the ability to reduce urban congestion significantly, and finding

their best configuration is paramount for the branch of AI concerned with optimising

traffic. Due to the expense and restraints of changing existing road networks, the

improvement and optimisation of traffic light systems is a highly active research

area Mousavi et al. (2017); Pol & Oliehoek (2016). However, the role of traffic

lights in inducing desirable equilibrium flows in transport networks is yet to be

understood. In order to analyse the full effects of these changes, we model a system

where intelligent drivers update their routing choices based on the knowledge of

traffic lights.

Although traffic lights vary across the world, their critical function can be dis-

tilled as controlling whether or not traffic flows through repeated phases of coloured

lights. A green light allows travel across the junction and a red light means that

drivers must wait. The main purpose of the light is to allow the safe crossing of

counterflow traffic. Nonetheless, they could play an essential role in coordinating

traffic to reduce congestion, as well. Many traffic lights have a fixed period for each

light colour and repeat in the same order. However, in some places, such as Ger-

many, there are actuated traffic lights that do not change to the next phase in the

cycle until traffic flow is lower than a certain threshold. Here, we only consider fixed

time cycle lights and adaptive reinforcement learning lights due to their prevalence

in the literature Laszka et al. (2016); Lopez et al. (2018).

In this chapter, we first formulate a nonatomic congestion game with traffic

lights and show that it has an essentially unique equilibrium. We then consider

the procedure of making a network resistant to Braess’ paradox through changing
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traffic light cycles and calculate the corresponding Price of Anarchy. We continue by

extending the game to include adaptive traffic lights that change their light sequence

in response to congestion. Finally, we quantify traffic lights’ fairness properties and

show that intelligent traffic lights optimising average travel times can cause an unfair

bias to some cars’ journey times.

6.2 Contributions

In this chapter, we continue to study the congestion game model and the existence

of Braess’ paradox as in Chapter 5. However, we now alter the cost functions to

represent traffic lights.

We equip congestion games with junction-based waiting cycles, encoding

traffic lights, and prove that the equilibria of such games exist and are essentially

unique. We then consider how the presence of traffic lights effect Braess’ paradox:

there always exist an allocation of traffic light cycles that avoid it, but this is no

longer the case when we relax the assumption that waiting times have no upper

bound. However, we also include a result with conditions sufficient for immunity in

the bounded case.

We continue by calculating the Price of Anarchy for these games as a func-

tion of the traffic light cycles for upper-bounded waiting times and polynomial cost

functions. The Price of Anarchy bound is a function dependent on the minimum

possible waiting time at any node.

Then we adapt the traffic light game to include traffic light agents that can

change their light cycle in order to optimise local waiting times. When modelling

traffic lights as optimisers of a natural social welfare function, we show the preserva-

tion of the game’s potential function and, once again, the convergence to essentially

unique equilibria. This suggests the effectiveness of simple and scalable reinforce-

ment learning methods for practical applications whenever the underlying traffic

network can reasonably be modelled as a nonatomic congestion game.

Finally, our experimental results use the Simulation of Urban Mobility (SUMO)

software to indicate some critical issues of MARL traffic lights. Namely, unfair dis-

tribution of journey times can occur. We consider alternative reward functions as

a method of reducing bias and suggest fairness metrics that could be applied to

measure these effects.
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6.3 Literature Review

Smith Smith & Van Vuren (1993); Smith (1985) was the first to consider traffic

lights in the context of traffic assignment by showing there exists a unique solution

to traffic light cycles, assuming infinite waiting times exist on edges at full capacity.

Further work by Smith Smith (1981) introduced the responsive control policy P0,

which encourages the use of roads with a higher capacity, by giving these routes a

green light bias. More recently, a continuous-time queue model was implemented

with the dynamic user equilibrium Yu et al. (2018). As proposed in this chapter, our

traffic light game differs from that of Smith by creating a format for both infinite

and finite waiting times to be considered, consistent with implementing bounded

green times in cycles.

There is a clear connection between traffic lights and tolls, with the latter

widely investigated in algorithmic game theory. Originating from Pigou’s observa-

tions Pigou (1920), marginal cost tolls have been studied extensively to improve

system equilibria. Edge price schemes, designed by a social planner, have been

shown to find an efficient equilibrium in nonatomic congestion games Sandholm

(2002). Similar results hold for a nonatomic congestion game variant with het-

erogeneous players Karakostas & Kolliopoulos (2009). In atomic games, tolls are

not guaranteed to strongly enforce optimal flow. Moreover, Meir and Parkes Meir &

Parkes (2016) established the atomic congestion game efficiency bounds for dynamic

marginal cost tolls, including players with variable tax sensitivity.

Static tolls assume that the network flow is always at equilibrium, which is

unrealistic for real-world application. Dynamic tolls are able to adapt to varying

congestion levels. Bonifaci et al. calculated the Price of Anarchy for bounded dy-

namic and static tolls Bonifaci et al. (2011). Dynamic and adaptive toll schemes that

observe traffic conditions can improve equilibrium flow as successfully as marginal

cost tolling Sharon et al. (2017). More recently, introducing tolls in multi-agent

reinforcement learning has improved equilibrium efficiency for drivers with hetero-

geneous preferences Ramos et al. (2020). The waiting time function method we use

to represent traffic lights are similar to tolls, since they both involve imposing addi-

tional costs on edges. However, in our model, the additional waiting times depend

on properties of other incoming edges at a junction, thus, are distinctly different to

tolls.

Frequently, game theoretic models are tested on a four-way intersection where

each player represents the flow of vertical or horizontal traffic. Bui and Jung Bui &

Jung (2017) use this format to apply the merge and split algorithm, from cooperative
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game theory, with the aim that traffic light agents then negotiate time intervals at

intersections. In addition, an intersection’s traffic lights can be assumed to be a

single agent, such as in work by Alvarez et al. Alvarez et al. (2008), who modelled

traffic lights as players in a game where the payoff is gathered through minimising

queue lengths.

Regulating the flow of traffic in complex road networks is an important ap-

plication for artificial intelligence technologies, usually involving distributed optimi-

sation and multi-agent learning methods. When modelling intelligent traffic light

systems using reinforcement learning, the environment changes over time which can

result in difficulties with algorithm convergence. The RL-CD algorithm da Silva

et al. (2006) uses context detection to deal with the dynamic environment and also

learns opponent behaviours. This type of learning may be too computationally ex-

pensive in practice, and we expect traffic lights to behave similarly due to their

common goals. Hence, opponent modelling is less critical in this context. Wiering

Wiering (2000) showed that a joint learning strategy for cars and traffic lights, that

learn the same car-based value function, is significantly better at reducing waiting

times than intelligent traffic systems without RL. This co-learning also improved the

flow at intersections when compared to the MARL system without it. Bazzan and

Klügl Bazzan & Klügl (2014) provide a summary paper of agent-based transport

literature, highlighting the importance of scalable solutions.

Another approach to tackling intelligent traffic lights assumes that all ve-

hicles are autonomous and can communicate with a central agent. Chouhan and

Banda Chouhan & Banda (2018) consider a heuristic approach to intersection man-

agement, by adjusting the speed of vehicles through a central vehicle scheduler to

avoid collisions. The heuristic algorithm is successful in minimising the average

delay of vehicles in a variety of traffic densities in real-time. Similarly, Elhenawy

et al. Elhenawy et al. (2015) adapt the game of chicken to reduce congestion at

intersections by instructing cars to accelerate or decelerate. In the theoretical case

of all autonomous vehicles, traffic lights can be replaced with a central coordination

agent that advises speed adjustment to avoid collisions.

Despite the important contributions from the AI literature, we still do not

know how intelligent traffic lights, adapting to self-interested drivers’ behaviour,

affect the equilibria. Therefore, we cannot fully assess the inefficiencies in resource

usage caused by the underlying routing choices. Thus, we combine the nonatomic

congestion game model with intelligent traffic lights to predict the effects of routing

behaviours.

Current literature on adaptive traffic lights does not seek to consider the
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disadvantages to their implementation, such as bias towards certain edges increasing

journey times for drivers unfairly. However, Bertsimas et al. Bertsimas et al. (2012)

have quantified the trade-off between fairness and efficiency in resource allocation,

showing that deciding an objective function is essential in selecting the desired

efficiency or fairness of solutions. Moreover, Lujak et al Lujak et al. (2015) encourage

fair and envy-free allocation of routes through a traffic assignment algorithm that

uses a normalised mean path duration cost. Here, we consider fairness of travel

times by comparing envy-free and satisfaction levels within populations.

Our experimental results use the Simulation of Urban Mobility (SUMO) soft-

ware Lopez et al. (2018) - a useful tool to model simple networks using microscopic

simulation - due to its prevalence in the literature. For example, Mannion et al.

Mannion et al. (2016) provide a review of applying reinforcement learning to traffic

lights with experimental results presented using SUMO, highlighting the importance

of appropriate state-space and reward selection. Moreover, Mousavi et al. Mousavi

et al. (2017) implement deep policy-gradient methods for traffic signal control, and

use the SUMO simulator to illustrate its reduced average journey times and queue

lengths in practice. SUMO creates microscopic simulations for chosen network pa-

rameters and traffic demand. It uses a dynamic routing algorithm that estimates

the user equilibrium in a nonatomic congestion game. We use SUMO to support the

modelling assumptions of the traffic light game as well as to analyse the properties

of intelligent traffic lights through SUMO simulated data.

6.4 Traffic Light Game

Introducing traffic lights at a junction periodically transforms the cost of waiting.

In networks where traffic lights exist at junctions, we must represent the additional

costs of using the preceding edge. We make the assumption that these costs are

added to the edge costs of those which are directed into a junction where a traffic

light is positioned. This can intuitively be divided into two parts: the cost of using

the preceding edge if there was no traffic light at its end, and the additional cost

that the traffic light imposes on the driver. Any edge that ends at a traffic light has

a non-zero probability of having a nonnegative waiting time, due to encountering a

red light. We make the simplifying assumption that traffic light waiting times at a

junction are independent from other junctions.

Formally, we decompose the expected travel time of an edge ce, into the

expected travel time c̄e that would occur from travelling across e, and the expected

waiting time we that occurs at its end. The cost function for any edge e can,
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therefore, be written as ce = c̄e +we. For any edge e not ending with a traffic light,

we have we ≡ 0. We continue by formulating a representation of traffic light cycles

through we.

A traffic light cycle is formed of repeated phases of green and red light, when

traffic is either serviced or not. Each direction of travel has a cycle of ter red seconds

and teg green seconds. Between the phase changes, there is a period of amber light

to warn drivers of the change. We will assume that the amber cycles are a constant

time of 3 seconds throughout. Thus, without loss of generality, we include the period

of amber light at the end of a green cycle in teg and the amber cycle at the end of a

red cycle is included in ter. At the end of every edge there exists a probability, pe,

that a red light shows when the end node is reached. Thus, the waiting time is a

function of pe (as well as load fe) where pe = ter
ter+t

e
g
∈ [0, 1]. Finally, we define the

total cycle time as Te := ter + teg.

In general, the cost of waiting at a traffic light also depends on congestion

levels. Here, we make the key assumption that we can separate the effects of conges-

tion at a traffic light from that of normal travel, i.e., traffic lights only affect nearby

congestion. For normal driving, congestion is created when the preceding car’s speed

is lower than the car travelling behind, whereas congestion at a traffic light junction

depends on the number of cars waiting there and the traffic light cycle. In practice,

there may not be conditional independence between the congestion of normal travel

and at junctions, however, we choose to make this simplifying modelling assumption

to allow for more detailed analysis of the effects of traffic lights.

Additionally, we make the following standard assumptions. Driving con-

gestion functions c̄e : R≥0 → R≥0 ∪ {∞} are continuous, nondecreasing and non-

negative, while traffic light waiting functions we : R≥0 × [0, 1] → R≥0 ∪ {∞} are

continuous, nonnegative and nondecreasing in x; moreover, we is nondecreasing in

pe and if pe = 0, then we(fe(x), pe) = 0 and if pe ∈ (0, 1], then we(fe(x), pe) >

0. Now we can write the cost function of using an edge in the general form of

ce(fe(x), pe) := c̄e(fe(x)) + we(fe(x), pe). As will be clear from the experiments in

Appendix A, these assumptions are not only technically desirable but also justified

empirically. In fact, they isolate the natural cost functions for nonatomic congestion

games with traffic lights as emerging from the microscopic traffic simulation.

Definition 6.4.1 (Traffic light game). A traffic light game is a tuple

M = (N, (Ei), (Si), (pe), (ce), (di)),

where e ∈ E and i ∈ N .
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The outcome of all players of population i choosing strategies leads to a

strategy distribution xi satisfying
∑

s∈Si x
i
s = di and xis ≥ 0, ∀s ∈ Si. A strategy

distribution or outcome x = (xi)i∈N is feasible if
∑

s∈Si x
i
s = di, ∀i ∈ N . Denote

the load on e in an outcome x to be fe(x) =
∑

i∈N
∑

s∈Si x
i
s1s(e) where 1 is the

indicator function. In x, a player from population i receives a cost function =

Ci(s,x,p) =
∑

e∈s ce(fe(x), pe) when selecting strategy s ∈ Si. The mixed strategy

space for population i is denoted ∆Si.

Definition 6.4.2 (Traffic light user equilibrium). A traffic light user equilib-

rium (TLUE) is a strategy distribution x such that all players choose a strategy

yielding the minimum expected cost: ∀i ∈ N and s, s′ ∈ Si such that xis > 0, we

have Ci(s,x,p) ≤ Ci(s′,x,p).

Note that a UE is a special case of a TLUE, where the traffic lights are always

green upon arrival. As standard, we assume players have perfect information of the

network, thus, also assume awareness of the probabilities pe. This could be learned

from past experience, through autonomous vehicles, etc. The next result follows, as

with standard nonatomic congestion games (see e.g., Smith (1979)).

In the following proposition, we use the notation xC(x,p) or C(x,p)x as

shorthand for ∑
i∈N

∑
s∈Si

xisCi(s,x,p).

Proposition 6.4.3. Feasible strategy distribution x is a TLUE solution if, and only

if, for any feasible strategy distribution x′,

C(x,p)(x− x′) ≤ 0.

Proof. Suppose that x is a TLUE. Let population i play strategy s in x with a

positive probability: xis > 0. Then any strategy s′ ∈ Si, that has a higher cost than

Ci(s,x,p), does not occur in a TLUE. That is,

Ci(s
′,x,p) > Ci(x,p)⇒ xis′ = 0

Hence, for any feasible strategy distribution x′, the route cost is at least as high as

x, ∑
s∈Si

x′isCi(s,x,p) ≥
∑
s∈Si

xisCi(s,x,p).

Since this is true ∀i ∈ N , we can sum over N to get

x′C(x,p) ≥ xC(x,p) ∀x′,
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as claimed.

Now suppose the converse is true, that x is not a TLUE. So, there exists a

feasible strategy distribution x′, a unilateral deviation from x, that costs less than

x. Then there exists nonempty M ⊆ N such that i ∈M if, and only if,

∃s′ ∈ Si s.t. x′is′ > 0, Ci(s
′,x,p) < Ci(x,p).

If i ∈M reroutes their flow along these cheaper routes, then it will reduce the total

cost by ∑
s∈Si

xisCi(s,x,p)−
∑
s∈Si

x′isCi(s,x,p) > 0.

Thus,
∑

s∈Si x
′i
sCi(s,x,p) <

∑
s∈Si x

i
sCi(s,x,p), for i ∈ M . For j ∈ N\M , since

∀s ∈ Sj where x′js > 0, Cj(s
′,x,p) ≥ Cj(x,p), we have that x′js = xjs.

So, for any x where there is an incentive to unilaterally deviate to x′ for

population i ∈ N , we have∑
s∈Si

x′isCi(s,x,p) <
∑
s∈Si

xisCi(s,x,p),

and for all j ∈ N , where j 6= i,∑
s∈Sj

x′js Cj(s,x,p) =
∑
s∈Sj

xjsCj(s,x,p).

Consequently, we have that

x′C(x,p) < xC(x,p).

Hence, the inequality does not hold if x is not a TLUE, so the statements are

equivalent, as claimed.

Note that for fixed traffic light control, this is a user equilibrium, for which

the results on the existence and computation trivially hold.

From Proposition 6.4.3, we can readily derive that for any solution x and

any feasible x̃, we have C(x,p)(x̃− x) ≥ 0, which can be rewritten as follows.∑
i∈N

∑
s∈Si

Ci(s,x,p)(x̃is − xis) ≥ 0

∑
i∈N

∑
s∈Si

∑
e∈s

ce(fe(x))(x̃is − xis) ≥ 0
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∑
i∈N

∑
s∈Si

∑
e∈s

[c̄e(fe(x)) + we(fe(x), pe)](x̃
i
s − xis) ≥ 0

∑
e∈E

∑
i∈N

∑
s∈Si

[c̄e(fe(x)) + we(fe(x), pe)](x̃
i
s − xis) ≥ 0

∑
e∈E

[c̄e(fe(x)) + we(fe(x), pe)](fe(x̃)− fe(xis)) ≥ 0

This is equivalent to the following minimisation problem, since x is a TLUE by

Proposition 6.4.3,

min
x

∑
e∈E

∫ fe(x)

0
c̄e(z) + we(z, pe)dz, or min

x

∑
e∈E

∫ fe(x)

0
ce(z)dz.

This means that if cost functions are monotonic and differentiable, as they

are in our case, a solution exists and is essentially unique, i.e., all TLUE have the

same social cost.

We note at this point that a key difference of our framework with previous

ones in the literature (see for instance Smith (1985)), is that here we do not assume

that the cost functions must tend to infinity as the congestion or the proportion of

red time reach their upper limit.

The model so far has involved the addition of a further cost function to

edges, which has a key similarity with the literature on tolls (see eg. Karakostas

& Kolliopoulos (2009); Sandholm (2002)). However, our model focuses on waiting

functions we that correspond to their out direction node by the cycle parameters

pe. For a set of edges ending at v denoted Ev,
∑

e∈Ev(1− pe) = 1. Thus, we do not

have the same independence properties as tolls. This difference implies that existing

analyses of networks with tolls cannot be applied to our setting in a straightforward

way. Additionally, we argue that optimising light cycles is more socially acceptable

and more easily implemented than incurring tolls on all roads in traffic networks.

To this end, let us consider the realistic case of traffic lights with finite

waiting times: maxe∈E we <∞. Suppose there exists e ∈ E such that pe = 1, then

there will be no green light time for edge e in order for players to move across the

junction. Yet, we(fe(x), pe) < ∞. Thus, for finite waiting times, there must exist

some bounds [p−, p+] on the values of p such that players are always able to cross

junctions within a finite time, where p− > 0 and p+ < 1.

Suppose that the minimum period of time required for a car to be able to

pass through a junction is tmin. Then there exists an upper bound p+ for a car to

be able to pass through the junction for a traffic light cycle of length tr + tg. The
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upper bound on the proportion of red time is p+ := 1− tmin
tr+tg

. For any p ∈ (p+, 1],

there will not be sufficient time in the cycle for any cars to pass through, and thus

all waiting times for this edge would be infinite.

Since p has an upper bound, it must also have a lower bound p−, as there

are at least two edges at each traffic light node and the proportions of green times

associated with a node should sum to 1. This lower bound is defined as p− := tmin
tr+tg

.

For example, if the total cycle time of a traffic light was 40 seconds and the minimum

time required for a car to pass through a traffic light junction safely was 6 seconds,

then we would require p ∈ [0.15, 0.85]. Besides being realistic, finite waiting times

induce their own efficiency properties and will be compared against later.

A simple simulation in SUMO with a single population is included in the

Appendix A. We include this to show compatibility with SUMO and that the as-

sumptions we made in the model hold in the simple example included. Note that we

mostly consider example networks with a single population throughout this chapter

since they are easier to interpret. Yet, all results apply to multiple populations

unless stated otherwise.

We will now continue by analysing the effect traffic lights have on routing

inefficiency, namely, Braess’ paradox.

6.5 Braess’ Paradox and Traffic Lights

It is clear that changing traffic light cycles have a big impact on the routing choices

of drivers. In this section, we show that biased traffic lights can force optimal or

suboptimal solutions.

Suppose that there exists a traffic light at a node v if there at least two edges

entering v. If we had a Wheatstone network, we would add a single traffic light. We

will use this network as a motivating example to show how the traffic lights enable

Braess’ paradox. Figure 6.1 shows this example, where a square node represents the

presence of a traffic light.

O D

x 1

1 + w(d− x, 1− p) d− y

w(x− y, p)

Figure 6.1: The Wheatstone network with a single traffic light.
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Example 5. Consider the directed Wheatstone graph with a traffic light as in Figure

6.1. We can write the cost functions for the edges as follows.

ce1(x) = c̄e1(x)

ce2(x) = c̄e2(x) + we1(x, 1− p)

ce3(x) = c̄e3(x) + we3(x, p)

ce4(x) = c̄e4(x)

ce5(x) = c̄e5(x)

Suppose that there exists a TLUE x, where fe1(x) = x, fe2(x) = d − x, fe3(x) =

x− y, fe4(x) = y and fe5(x) = d− y for some x, y ∈ [0, d] where y ≤ x.

If we increase p, it causes we2 to decrease, therefore, its edge load d− x will

increase. In addition, we3 increases, hence, it is less desirable. So, x− y decreases.

By increasing p to a large value, we can increase the costs of using the central edge

to make its use undesirable to drivers. Combining large p with the congestion costs

from the Braess example limits players to the subgame where the social optimum

solution is the TLUE.

In contrast, if we reduce p, then we3 decreases, which causes the edge load

x− y to increase. Furthermore, we2 increases, hence, its load d− x decreases. For

very low values of p combined with the Braess example cost functions, the TLUE

here is for the players to all use the strategy {e1, e3, e5}.

By adding only one traffic light into the Wheatstone network, we have shown

that changing the proportions of red and green time of the traffic light can induce

routing inefficiencies; worsening or reducing the effects of Braess’ paradox can be

caused by traffic lights. Consequently, the traffic light cycles can be used to force

more socially optimal outcomes in addition to enabling poor routing choices. Exam-

ple 5 shows the importance of traffic light cycles in urban areas as a tool to reduce

congestion.

Now consider what happens when we add another edge and traffic light giving

a slightly more complex network.

Example 6. Suppose that we add another edge and traffic light into the Wheatstone

network. The new network with 6 directed edges and 2 traffic lights is shown in

Figure 6.2. We write the cost functions as follows.
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O D

x+ w(x, p1) 1

1 + w(d− x, p2) d− y − z

w(x− y, 1− p2)w(z, 1− p1)

Figure 6.2: Avoiding or inducing Braess’ paradox using traffic lights.

ce1(x) = c̄e1(x) + we1(x, p1)

ce2(x) = c̄e2(x) + we2(x, p2)

ce3(x) = c̄e3(x) + we3(x, 1− p2)

ce4(x) = c̄e4(x) + we4(x, 1− p1)

ce5(x) = c̄e5(x)

ce6(x) = c̄e6(x)

Suppose that we have a TLUE where fe1(x) = x, fe2(x) = d − x, fe3(x) =

x − y, fe4(x) = z, fe5(x) = y + z and fe6(x) = d − y − z, for some constants

x, y, z ≥ 0. If we have both p1 and p2 as near-zero values, then it makes using

edges e3 and e4 very costly. In this case, we can force the social optimum solution

as the user equilibrium using traffic lights. With other combinations of p1 and p2

you will get a TLUE that has higher social cost than the social optimum. Thus, the

combinations of traffic light cycles can create immunity to Braess’ paradox.

Traffic lights have the capacity to act as a central decision-maker and remove

the effects of noncooperative selfish routing. However, in Appendix A we showed

that there are some restrictions on the maximum and minimum possible values of p.

Therefore, in real-life scenarios we may not be able to achieve immunity to Braess’

paradox through traffic light bias, only reduce it’s impact.

A two-terminal network suffers from Braess’ paradox if it is not series-

parallel. In order to remove the affects of Braess’ paradox, we must enforce the

use of a subnetwork which does not suffer from Braess’ paradox. In order to do

that, we must find a set of “undesirable” edges to “remove” so that the new net-

work does not suffer from Braess’ paradox.

We have the additional constraint that the edges sharing the same end node
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must have their proportions of green times summing to 1. Thus, an allocation of

probabilities is feasible if
∑

e∈vin(1−pe) = 1. For graphs with a maximum in-degree

of two, we can easily set up a profile of feasible p to remove the occurrence of Braess’

paradox.

Proposition 6.5.1. For any two-terminal directed network G = (V,E), where the

maximum in-degree of a node is two, there exists a nonempty set of feasible alloca-

tions of (pe)e∈E such that G is immune to Braess’ paradox.

Proof. Choose an allocation p such that pi = 1 and pj = 0 for every pair of edge

ei and ej , where the in-degree of the common node is two. By construction, there

exists only one path between the origin and destination, hence, the network cannot

suffer from Braess’ paradox.

If we allow for multiedge networks (where there exists multiple edges con-

necting the same two nodes in the same direction) then the feasibility constraint

restricts the values of pe at edges. To specify general networks that are immune

to Braess’ paradox, define Ê to be a minimal set of edges such that (V,E\Ê) is

series-parallel.

Proposition 6.5.2. For any two-terminal network that suffers from Braess’ para-

dox, there exists a nonempty set of traffic light cycles (pe)e∈E which make the network

immune to Braess’ paradox.

Proof. Let the maximal subgraph of G that is series-parallel be Ĝ = (V,E\Ê). For

any edge ê ∈ Ê, there must exist a traffic light. (This is true since in order for the

edge not to be added in series or in parallel, it must be formed from existing nodes.

The in-degree of the node must already be one, so by adding a non-series-parallel

edge we must have a traffic light at the end node.) For any such ê, set pê = 1. For

any edge e ∈ E\Ê, set pe = 1
vin−vê where vê is the number of edges that end at node

v that belong to Ê. By construction, the accessible network Ĝ is series-parallel,

hence, it is immune to Braess’ paradox.

The proof of Proposition 6.5.2 works by essentially closing roads through

enforcing infinite waiting times on edges which tempt players to choose suboptimal

paths. We can extend this result to a nonatomic congestion game played on any

general network using a similar method.

Theorem 6.5.3. For any asymmetric network, there exists a nonempty set of traffic

light cycles (pe)e∈E which make the network immune to Braess’ paradox.
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Proof. Let a subgraph of G that is immune to Braess’ paradox be G̃ = (V, Ẽ). To

prove such a G̃ exists, we can use Theorem 2.3.5 which states that a nonatomic

congestion game with matroidal strategy sets is immune to Braess’ paradox.

Let G̃i ⊂ G be a directed spanning tree of population i. The network G̃ :=⋃
i∈N G̃i gives rise to the tuple (Ẽ, (Si)i∈N ), which forms the base set of a matroid.

Hence, G̃ is a subgraph of G such that all |Si| = 1 and is immune to Braess’ paradox.

Note, this network has the minimum number of edges such that all populations

have a strategy and does not embed any network which would make it vulnerable

to Braess’ paradox.

Next we claim that for any edge in e ∈ E\Ẽ, there must exist a traffic light.

To see this, first note that G is irredundant, so all edges must be used in at least

one strategy set. Since G̃ contains a spanning tree for all populations, e must end

at the same node as an edge in Ẽ. Hence, the in-degree of the node at which it ends

is at least two. For any such e, set pe = 1.

For any edge ẽ ∈ Ẽ, set pẽ = 1 − 1
vin−ve , where ve is the number of edges

that end at v and belong to E\Ẽ. By construction, the network G̃ is series-parallel,

hence, it is immune to Braess’ paradox.

While this result has theoretical interest, real-world traffic lights rarely func-

tion on infinite waiting times and it is therefore necessary to study more realistic

cases, when we may not be able to achieve immunity to Braess’ paradox through

traffic light bias, but only reduce its impact. For example, this improvement is re-

stricted by the maximal in-degree of a node. To see this, consider the network in

Figure 6.3. By setting “undesirable” edges at p+ it means that the minimum value

of p for “desirable” edges increases.

O D

Figure 6.3: In this network, the dashed lines need to be removed in order for immu-
nity to Braess’ paradox. It is not possible to allocate pê ≤ p+ such that the network
has immunity to Braess’ paradox.

Nevertheless, we can find cases where immunity occurs. Define Ĝ = (V,E\Ê)

and vê as in the proof of Theorem 6.5.3. Then we suggest the following condition

on we that guarantees immunity to Braess’ paradox for finite waiting times.
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Proposition 6.5.4. For any asymmetric network, there exists a nonempty set of

bounded traffic light cycles (pe)e∈E such that the game is immune to Braess’ paradox

if, Ê = ∅, or ∀ê ∈ Ê and ∀e ∈ E\Ê

ce(
∑
i∈N

di, p
−
e ) < wê(0, p+),

where p−e := vê(1−p+)−1
(vin−vê) + 1.

Proof. For any ê ∈ Ê, set pê = p+. For any edge e ∈ E\Ê, let pe = p−e . Thus,

∀v ∈ V ,
∑

e∈Ev(1 − pe) = 1. By construction, as p+ → 1, the network Ĝ becomes

series-parallel.

For the equilibrium flow x to route along this series-parallel network, we

need that ∀ê ∈ Ê, and ∀e ∈ E\Ê, ce(fe(x), pe) < cê(fê(x), pê). Therefore, for small

ε > 0,

c̄e(fe(x)) + we(fe(x), p−e ) < c̄ê(ε) + wê(ε, p+).

This holds if maxx{ce(fe(x), p−e )} < wê(0, p+). Thus, x exists in Ĝ, i.e. is immune

to Braess’ paradox, for

ce(
∑
i∈N

di, p
−
e ) < wê(0, p+).

Theorem 6.5.3 and Proposition 6.5.4 specify instances where immunity to

Braess’ paradox can occur. However, the underlying assumptions may not hold in

more realistic problems. To indicate how routing efficiency is effected by traffic light

cycles in typical networks, we include the following examples on two-terminal and

asymmetric networks.

Example 7 (Two-terminal game). Consider the Wheatstone network with one traf-

fic light and cost functions as in Figure 6.1, where d = 1. To find the socially

optimum solution we must solve the following minimisation problem.

min
x,y

[x2 + (1− x) + (1− x)w(1− x, p) + (x− y)w(x− y, 1− p) + y + (1− y)2],

where x ∈ [0, 1] and y ≤ x. Suppose the waiting functions are of the simplest

exponential form: w(x, p) = x(ep − 1). We use the Lagrangian method to solve for

optimal x and y.

L(x, y, λ) = x2 + (x− y)2(e1−p − 1) + (1− x)2(ep − 1) + y + (1− y)2 − λ(x− y)
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This amounts to the following Karush-Kuhn-Tucker conditions.

dL

dx
= 2x+ 2(x− y)(e1−p − 1)− 2(1− x)(ep − 1)− λ = 0

dL

dy
=− 2(x− y)(e1−p − 1) + 1 + 2(1− y) + λ = 0

dL

dλ
= y − x ≤ 0 λ(y − x) = 0

If x 6= y, the Karush-Kuhn-Tucker conditions are not solvable. When x = y,

we solve then equations to get x = y = ep

1+ep . This tells us that at the social optimum,

no players use the middle edge. For p = 0, we get the social optimum of x = y = 1/2

(the same solution as the case without traffic lights). Figure 6.4 shows that the social

cost functions of user equilibria and social optima are strictly increasing in p, so by

choosing p as low as possible, we still maximally reduce the costs of routing. There is

no instance of p where the user equilibrium solution is equal to the social optimum.

The TLUE never reaches the social optimum cost since the waiting time function is

finite, so there are always some players using the middle edge.

Figure 6.4: The social cost of the TLUE and social optimum on the Wheatstone
network with a single traffic light. The equilibrium costs are strictly less than the
same network without a traffic light due to the altered routing behaviours, here
denoted UE.

The UE cost of this network without a traffic light (see Figure 2.1) is 2.

Therefore, the traffic light is able to reduce the effects of selfish routing for all p < 1.

By including a traffic light, the cost of the TLUE is up to 24% lower than without.

Even with the additional constraint on p to adhere to its bounds 1 − p+ < p < p+,
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the social cost is reduced by 22% when p+ = 0.85. This suggests that by positioning

traffic lights at the end of edges which are not series-parallel, the costs of selfish

routing are reduced. The Price of Anarchy belongs to [1.07, 1.15] for this game,

whereas once the traffic light and waiting time cost functions are removed, the Price

of Anarchy is, as well known (see e.g., Roughgarden (2005)), strictly greater: 4/3.

Thus, we have improved the efficiency of the Wheatstone network by including

a traffic light.

Let us now work through a slightly more complex example to find the impact

p has on Braess’ paradox in a game with multiple populations.

Example 8 (Asymmetric game). To show that these effects scale in larger networks,

consider the multipopulation game shown in Figure 6.5.

O2

O1

TL

TL

TL2

TL1

TL

TL

D1

D2

q

p

1− p1− q

Figure 6.5: Consider a multipopulation game with 6 traffic lights. There are 4 static
traffic lights (indicated as TL) with equally proportioned red and green cycle. The
two middle traffic lights, TL1 and TL2 have changeable cycles of p and q respectively
i.e. can set p, q ∈ [p−, p+].

Here, there are two populations of players who both travel in similar direction

across a grid. Suppose the cost of each edge is the same: ce(x, p) = xep for edges

with a traffic light present; and, ce(x) = x otherwise. Let each population have a

demand of 1. We assume that traffic lights are naturally set fairly, i.e. p = 1/2.

Consider how changing the traffic light cycles, p for TL1 and q for TL2, affects the

social cost of the game.

The results of the social cost to the populations at simulated TLUE are shown

in Figure 6.6. A fair traffic light with p = 0.5 and q = 0.5 gives a social cost of

12.99. Compare this to the optimal traffic light phases of p = 0.85 and q = 0.85,

which costs 12.14. If we consider the game where traffic light TL1 and TL2 do not

exists and the middle edges are removed, this game has a social cost of 12.24 and is

immune to Braess’ paradox. Therefore, in order to have a game which is immune

to Braess’ paradox with TL1 and TL2, we want to choose a traffic light cycle which
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Figure 6.6: The social cost of the TLUE for varying p and q in the multipopulation
game. The red region represent the values of p and q which would need to be set in
order for the network to be immune to Braess’ paradox and the blue region shows
the region where adding the traffic light cycles allow for Braess’ paradox to occur.

has a social cost of at most 12.24. The phases for which this occur are indicated in

red in Figure 6.6.

Hence, we have found values of p and q that are compatible with immunity to

Braess’ paradox for an asymmetric network. Since many real-world networks have

a similar grid-like road structure, these results could also occur in more realistic

networks.

In conclusion, we have shown that traffic light cycles can create immunity to

Braess’ paradox in theory and reduce its impact in practice. To measure the impact

of Braess’ paradox on a network we could use the Braess ratio, which measures the

largest reduction to the total cost of travel at equilibrium flow from the removal of

an edge or a set of edges. However, the more common metric to compare network

routing inefficiency is the Price of Anarchy. As such, we will now continue to address

the effects of traffic lights in nonatomic congestion games by calculating their Price

of Anarchy.

6.6 Price of Anarchy

In this section, we consider how the waiting time function affects the ratio of the

Nash equilibrium social cost to the social optimum cost, i.e., the Price of Anarchy.

To begin, consider general c̄e and we. Since c̄e and we can be from different

classes of functions, observe how (λ, µ)-smoothness will affect the Price of Anarchy.
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Proposition 6.6.1. Suppose c̄e is (λ1, µ1)-smooth and we is (λ2, µ2)-smooth. Then

PoA =
max(λ1, λ2)

1−max(µ1, µ2)
.

Proof. Let the social optimum be x∗. By smoothness properties, we can bound the

social cost of the UE x

SC(x, p) ≤ λ1

∑
e∈E

c̄e(x
∗) + µ1

∑
e∈E

c̄e(x) + λ2

∑
e∈E

we(x
∗, p) + µ2

∑
e∈E

we(x, p) (6.1)

Now we can write equation 6.1 in terms of the social costs of x and x∗,

SC(x, p) ≤ max(λ1, λ2)SC(x∗, p) + max(µ1, µ2)SC(x, p) (6.2)

By rearranging equation 6.2 we see the ratio gives us the specified Price of Anarchy.

(1−max(µ1, µ2))SC(x, p) ≤ max(λ1, λ2)SC(x∗, p)

SC(x, p)

SC(x∗, p)
≤ max(λ1, λ2)

(1−max(µ1, µ2))

We can specify an upper bound on the Price of Anarchy irrespective of traffic

light cycles in this way. Proposition 6.6.1 finds the worst-case Price of Anarchy for

any traffic light cycles. However, if we allow p ∈ [0, 1], then we can be any value

between 0 and ∞. As such, previous results from the tolls literature that state

marginal cost tolls achieve social optimum equilibria hold Beckmann et al. (1956).

If we have the additional constraint that pe ∈ (0, 1), then we can find a tighter

bound dependent on the bounded function we.

To find the Price of Anarchy, we follow a similar argument to Correa et al.

Correa et al. (2005) by using a function β such that the Price of Anarchy is equal

to (1−β)−1. In order to calculate β, we must find a relationship between the social

costs of the user equilibrium and social optimum as we have done for (λ, µ)-smooth

functions.

First, let x be a TLUE and x̃ be a feasible strategy distribution. Then, by

Proposition 6.4.3, we have

∑
e∈E

ce(fe(x), pe)fe(x) ≤
∑
e∈E

ce(fe(x), pe)fe(x̃) (6.3)
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We can expand inequality 6.3 on the right hand side as∑
e∈E

ce(fe(x), pe)fe(x) ≤
∑
e∈E

ce(fe(x̃), pe)fe(x̃)+
∑
e∈E

[ce(fe(x), pe)−ce(fe(x̃), pe)]fe(x̃).

Now, let us define a function β, where we use the convention 0/0 = 0 as in Correa

et al. (2005), β(c̄e, we, pe) :=

sup
fe(x),fe(x̃)≥0

(c̄e(fe(x)) + we(fe(x), pe)− c̄e(fe(x̃))− we(fe(x̃), pe))fe(x̃)

(c̄e(fe(x)) + we(fe(x), pe))fe(x)

And for sets of functions C1 and C2,

β(C1, C2,p) := sup
c̄e∈C1,we∈C2

β(c̄e, we, pe).

Then,

SC(x) ≤ SC(x̃) + β(C1, C2,p)SC(x).

Thus, the Price of Anarchy is

1

1− β(C1, C2,p)
. (6.4)

Now, let us define η = fe(x̃)
fe(x) and ζe(pe) = we(fe(x),pe)

c̄(fe(x)) . Then, the expression

sup
fe(x),fe(x̃)≥0

(c̄e(fe(x)) + we(fe(x), pe)− c̄e(fe(x̃))− we(fe(x̃), pe))fe(x̃)

(c̄e(fe(x)) + we(fe(x), pe))fe(x)
,

can be simplified using η and ζ:

β(c̄e, we, pe) = sup
η≥0

1 + ζe(pe)− c̄e(fe(x̃))
c̄e(fe(x)) −

we(fe(x̃),pe)
c̄e(fe(x))

1 + ζe(pe)
η.

This becomes

β(c̄e, we, pe) = sup
η≥0

1 + ζe(pe)− c̄e(η)− ζe(pe)we(η, pe)
1 + ζe(pe)

η.

Thus, we write β in the following form

β(c̄e, we, pe) = sup
η≥0

(
1− c̄e(η) + ζe(pe)we(η, pe)

1 + ζe(pe)

)
η. (6.5)
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Suppose that c̄e and we are polynomial of degree d1 and d2 respectively. So,

we can write

β(c̄e, we, pe) = sup
η≥0

(
1− ηd1 + ζe(pe)η

d2w̄e(pe)

1 + ζe(pe)

)
η (6.6)

where w̄e is some function such that we(x, p) = xd1w̄e(p) and 0 < t− ≤ w̄e(pe) ≤
t+ <∞ for pe ∈ [p−, p+].

To find an upper bound on the Price of Anarchy we need to find the maximum

value of β. This maximum is achieved at

1− (d1 + 1)

1 + ζe(pe)
ηd1 − ζe(pe)

(d2 + 1)

1 + ζe(pe)
t−η

d2 = 0.

Let d = d1 = d2, then the maximum occurs when

η∗ =
( 1 + ζe(pe)

(d+ 1)(1 + ζe(pe)t−)

)1/d
.

For t− ≥ 1, as ζe decreases β increases. Since we want the upper bound

on β, we choose the minimum ζe and, since we is nondecreasing in p, we find the

minimum value at the lower bound p−:

ζ = min
e∈E

ζe(p−).

Now we have the components to calculate the Price of Anarchy bound for polynomial

cost functions.

Theorem 6.6.2. Given an instance of the traffic light game with polynomial edge-

cost functions and waiting time functions of degree d, the Price of Anarchy is

bounded by (
1−

( d

(d+ 1)

)( 1 + ζ

(d+ 1)(1 + ζt−)

)1/d
)−1

.

Proof. We substitute η∗ into equation 6.6 to find β:

β(η, ζ) = sup
pe

(
1− (1 + ζ)− ζ(1 + ζ)w̄e(pe)

(1 + ζ)(d+ 1)(1 + ζt−)

)( (1 + ζ)

(d+ 1)(1 + ζt−)

)1/d

β(ζ) =
(

1− (1 + ζ) + ζ(1 + ζ)t−
(1 + ζ)(d+ 1)(1 + ζt−)

)( (1 + ζ)

(d+ 1)(1 + ζt−)

)1/d
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β(ζ) =
(

1− 1 + ζt−
(d+ 1)(1 + ζt−)

)( (1 + ζ)

(d+ 1)(1 + ζt−)

)1/d

β(ζ) =
(

1− 1

(d+ 1)

)( (1 + ζ)

(d+ 1)(1 + ζt−)

)1/d

β(ζ) =
( d

(d+ 1)

)( (1 + ζ)

(d+ 1)(1 + ζt−)

)1/d

Combine this with

PoA = (1− β(ζ))−1,

and the result follows:

PoA =

(
1−

( d

(d+ 1)

)( 1 + ζ

(d+ 1)(1 + ζt−)

)1/d
)−1

.

Thus, to find the Price of Anarchy for any p, we can vary p− and use Theorem

6.6.2. We can also use this result to give us a closed form condition on waiting times

to guarantee a good Price of Anarchy.

In summary, we have classified the inefficiency of equilibria in traffic light

games in terms of Price of Anarchy and Braess’ paradox. In these games, we assumed

that each of the traffic light cycles was fixed at some value p. Let us continue by

analysing the case where traffic lights are responsive. In fact, we let the traffic lights

be intelligent agents selecting light cycles in the traffic light game.

6.7 Adaptive Traffic Lights

Now that we have shown the possibility of handling Braess’ paradox and the Price of

Anarchy by setting traffic light cycles in networks off-line, we address the problem of

learning their optimal values, in a decentralised, adaptive, manner. This coincides

with intelligent traffic light research, where algorithms are able to directly respond

to dynamic routing behaviours. Rather than considering fixed traffic light cycles,

we adapt the nonatomic congestion game to allow for traffic lights to be agents who

wish to set their cycle in response to the congestion on the edges for which the light

sequences effect.

To this end, we consider a variant of the traffic light game where the light

cycles are not fixed. Instead, there exists players, V , at each traffic light node

whose goal is to choose the values of pe, ∀e ∈ Ev, such that it minimises the total
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costs of edges which terminate at the node, where Ev denotes the set of edges

which terminate at node v. The cost function of these node players are Cv(x,pv) =∑
e∈Ev ce(fe(x),pe). A vector traffic light cycles p is feasible if ∀v ∈ V ,

∑
e∈Ev(1−

pe) = 1 where Ev is the set of edges ending at v.

Definition 6.7.1 (Traffic control game). A traffic control game is a tuple M =

(N,V,E, (Si)i∈N , P, (ce)e∈E , (di)i∈N ), where N is the set of players, V is the set

of traffic lights, E is the set of edges, Si the strategy set of player i ∈ N , P the

set of feasible traffic light cycles, ce the edge-cost functions, and di the demand of

population i ∈ N .

The social cost of the game will be the sum of all journey times, i.e. we only

consider the costs of players belonging to N .

Theorem 6.7.2. Every traffic control game is an exact potential game.

Proof. Define the potential function of the game as

Φ(x,p) =
∑
e∈E

∫ fe(x)

0
ce(z,pe)dz.

For any player i ∈ N and si, s
′
i ∈ Si,

Φ(x′,p)− Φ(x,p) =
∑
e∈E

∫ fe(x′)

0
ce(z,pv)dz −

∑
e∈E

∫ fe(x)

0
ce(z,p)dz

=
∑
e∈E

[ ∫ fe(x′)

0
ce(z,pv)dz −

∫ fe(x)

0
ce(z,p)dz

]
=
∑
e∈s′i

∫ fe(x′)

0
ce(z,pv)dz −

∑
e∈si

∫ fe(x)

0
ce(z,p)dz

= Ci(x
′,p)− Ci(x,p)

Thus, the potential function is an exact potential for i ∈ N , following from previous

results in the literature (see e.g., Monderer & Shapley (1996)). For any player v ∈ V ,

131



Traffic Light Games 6.7. ADAPTIVE TRAFFIC LIGHTS

Φ(x,p′v,p−v)− Φ(x,pv,p−v) =
∑
e∈E

∫ fe(x)

0
ce(z, (p

′
v,p−v)e)dz

−
∑
e∈E

∫ fe(x)

0
ce(z, (pv,p−v)e)dz

=
∑
e∈Ev

[ ∫ fe(x)

0
ce(z, (p

′
v)e)dz −

∫ fe(x)

0
ce(z, (pv)e)dz

]
= Cv(x,p

′
v)− Cv(x,pv)

Hence, the game has an exact potential function as required.

Since the traffic control problem is now written as a potential game, there

exists a pure Nash equilibrium which can be reached through myopic best response,

where a best response strategy is defined as sBRi := arg minsi∈Si Ci(s,x,p) for any

player i ∈ N and pBRv := arg minpv∈[p−,p+]Ci(x, pv,p) for players v ∈ V , where

(x,p) are strategies from all other players.

The equilibrium of the traffic control game is essentially unique, in that each

equilibrium has the same social cost. The traffic light agents aim to minimise the

social cost by using their local information and hence always find the user equilibrium

with minimum social cost.

For practical purposes, we can alter the cost functions of the traffic light

agents to be Cv(x,pv) =
∑

e∈Ev we(fe(x),pe), whilst still maintaining a potential

game. The proof of this follows trivially from the proof of Theorem 6.7.2. In a real

system, these more localised cost functions are more appropriate since they can use

cameras to detect waiting times within range of the junction, whereas calculating

journey times across the length of a road requires higher level data collection. We

have shown that best response dynamics converges to optimal traffic light cycles,

an improvement on previous literature which finds this a difficult problem usually

solved with estimation algorithms Smith & Van Vuren (1993); Smith (1981) or

reinforcement learning Kuyer et al. (2008); Wiering (2000). Finding optimal traffic

light cycles with dynamic routing behaviours is equivalent to finding pure Nash

equilibria in an exact potential game. In particular, improvement paths Monderer

& Shapley (1996) converge at the equilibrium for all potential games. In practice,

approximate equilibria can usually be reached in polynomial time. For increasing

cost functions, there is a unique globally stable equilibrium Sandholm (2001).
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However, remember that we made the simplifying assumptions that traffic

light congestion at a junction is independent of the traffic lights at other junctions.

Thus, in real-world application, the problem will be more complex due to the impact

from coordination required between neighbouring junctions.

Since there exists an essentially unique equilibrium for all potential games,

any equilibrium reached through a learning algorithm will have the same social cost.

Thus, we expect that reinforcement learning traffic light agents will also converge in

this game. The traffic control game provides a natural and realistic reward function

for reinforcement learning traffic lights that require only local information to arrive

at an equilibrium - cumulative waiting times of cars at junctions.

Theorem 6.7.3. Any traffic light learning algorithm based on local improvements

minimising cost Cv will converge to an essentially unique equilibrium.

The proof of this follows directly from potential games literature, since all

local minimisers of potential are equilibria (Sandholm, 2001, Theorem 4.4). Simi-

larly, a strategy distribution is an ICUE if, and only if, it minimises the potential

function Acemoglu et al. (2018). Since the potential function expresses all player’s

cost functions (including Cv), the convergence of a learning algorithm necessarily

finds an essentially unique ICUE.

A further direct consequence of this is that multi-agent reinforcement learn-

ing algorithms will find the same optimal traffic light cycles as single agent rein-

forcement learning algorithms. This implies that the additional costs of coopera-

tion between agents is not necessary to find the optimal traffic light sequences in

nonatomic congestion games. In fact, the speed of individual learning will make it

more preferable, since many survey papers for MARL highlight problems with scal-

ability due to the exponential growth of state-action space Hernandez-Leal et al.

(2018); Nowé et al. (2012). For very large or continuous state-action spaces, ap-

proximate solution methods aim to estimate the equilibrium strategies. Moreover,

learning the opponents’ behaviour might not be successful if the opponents do too

much exploration Albrecht & Stone (2018); Hernandez-Leal et al. (2017); Panait &

Luke (2005).

We include a simple simulation to show that the Theorem 6.7.3 holds in

simulated nonatomic congestion games in Appendix B.

6.8 Biased Adaptive Traffic Lights

The focus of this chapter now directs to looking at the effects of reinforcement

learning traffic lights in more detail. This includes outlining the implementation
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of Q-learning traffic lights in SUMO and comparing simulated data of static and

adaptive traffic lights to predict and mitigate undesirable consequences. To achieve

this, we analyse an instance of a traffic control game on the Wheatstone network in

further detail. Later, we will simulate this example in SUMO using adaptive traffic

lights and consider the effects of intelligent traffic lights on routing and journey

times.

To motivate the use of the Wheatstone network in the SUMO simulations,

consider what happens when we include adaptive traffic lights to the underlying

nonatomic congestion game. (The results predict there could be a problem with

unfair or biased routing.)

Figure 6.7 shows the cost functions of the Wheatstone network, where a

square node represents the presence of a traffic light. We add two traffic lights

to the Braess example where p1 is the parameter for traffic light 1 (TL1) and p2

corresponds to the traffic light cycle for traffic light 2 (TL2).

O

1

2

D

1 + w(x1, p1) x1 − x2 + x3

1− x1 + w(1− x1, p2) 1

w(x2, 1− p2)w(x3, 1− p1)

Figure 6.7: The Wheatstone network with two traffic lights and cost functions where
the demand is 1.

We consider the more realistic case of the traffic light game where waiting

time functions are finite. Suppose that the waiting times are of the form w(x, p) =

x(ep − 1). We restrict p ∈ [0.15, 0.85] to enable realistic routing patterns for finite

waiting costs.

A simple atomic simulation was used to find the equilibrium flow and traffic

light parameters for this setup. The unique equilibrium of this instance of the traffic

control problem is x1 = 0.113, x2 = 0, x3 = 0.763, p1 = 0.85, and p2 = 0.15. It

has a social cost of 2.03. In our simulations, simple myopic best response dynamics,

and a random initialisation of all values, converge to the equilibrium solution in less

than 150 iterations with 200 players. We use this method to find the UE to confirm

that the adaptive traffic lights converge to the correct soluation.

Now, we use reinforcement learning algorithms to find the optimal light cy-

cles. Here, we test the independent implementation of the Q-learning algorithm on
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each traffic light, where the actions are discretised values of p and the state is the

UE edge flow of players’ strategies. Specifically, TL1 and TL2 have a local state-

space representation of (x1, x3) and (1−x1, x2) respectively, representing congestion

levels of the roads the end at each traffic light. The action space for both agents is

{0.15, 0.5, 0.85}. The reward function is the negative sum of edge costs of the edges

which face the traffic light. Further algorithm parameters are shown in Table 6.1.

The results of these simulations are shown in Figure 6.8.

Figure 6.8: Here, we show the learning for Q-learning when the initial flow is at UE
and BR dynamics determine the flow at each timestep. To the left, we see the p and
q values learned from Q-learning. The convergence of social cost is snown on the
right. Below is the best response dynamics of drivers, where strategy 1 corresponds
to the journey through TL1 only, strategy 2 crosses TL1 then TL2, strategy 3 crosses
TL2 then TL1, and strategy 4 passes TL2 only.

We see from Figure 6.8 that the Q-learning traffic lights converge to the same

solution as the myopic best response equilibrium. Although this solution minimises

social costs, having extreme values of p1 and p2 could cause disruptions in real-

world traffic. The cost of using the middle edges will become large and could create

inequality.
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Table 6.1: Q-Learning Parameters

Parameter Value

Learning rate 0.1
Exploration rate max{0.9 ∗ 0.99t, 0.005}
Discount factor 0.99

Biases need to be avoided in real-world applications to reduce unfairness

and excessive waiting times. Nevertheless, RL algorithms will likely prefer a biased

system due to its reduced average cost. Thus, we test the same Wheatstone network

setup on a more complex and realistic simulator, SUMO, to quantify the potential

issues of adaptive traffic lights optimising average journey times.

6.8.1 Traffic Lights in SUMO

Here, we use SUMO simulations to analyse a more realistic traffic system and try

to quantify its inefficiencies. First, we outline the details of the simulation and then

we analyse the results for bias and unfairness.

The simulations are produced in SUMO, which uses an iterative algorithm

to determine a dynamic user equilibrium as its routing method Gawron (1998a).

In general, dynamic user equilibrium approximates the user equilibrium. The route

choice algorithm, used as default by SUMO, calculates the probabilities of choosing

routes based on their expected journey times from previous simulation steps Gawron

(1998b). Thus, the congestion game model is compatible with this software. Other

traffic simulators also use congestion game based routing e.g., Vissim, Aimsun.

Implementation of MARL traffic lights in the literature is varied in terms of

state space, action space and reward functions. In our simulation, we extend the

traffic agents from the nonatomic congestion game to an RL agent implementable

in SUMO and achievable in a real-world system. We choose to use independent

Q-learning agents to represent adaptive agents due to their ease of implementation

and fast convergence.

We define a traffic light cycle by a sequence of phases where green lights are

showing for certain lanes. In general, there are many ways to such choose phases.

Figure 6.9 shows our selected phases for the Wheatstone network. We use these for

their simplicity and removal of intersecting flows. In our simulations, we compare a

static cycle with an adaptive cycle controlled by Q-learning.

Firstly, let us describe the static cycles. A traffic light with a static cycle

repeats the same sequence of phase lengths for fixed times. In our simulations, each
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green phase lasts 32 seconds and is followed by an amber phase of 3 seconds to allow

for adequate reaction and stopping time.

Now, we describe the implementation of the adaptive traffic lights. Contrary

to the static cycles, an adaptive traffic light has varied phase lengths. Their aim is

to use local congestion information to optimise traffic flow. To represent adaptive

traffic lights, we use a Q-learning agent, where the state space corresponds to the

traffic at the junction and the actions allow for varied phase lengths.

The state should be able to encode the environment to a sufficient level of

detail for analysis, yet, it must be achievable through current technology such as

cameras or signals for the model to be implementable in the real-world. Our chosen

state space for each set of traffic lights is encoded as a vector of multiple variables.

These are the current phase of the cycle, the proportion of elapsed time out of the

maximum green time of the current phase, and each lane’s density at the junction.

The actions are predefined by the possible configurations of green lights on

lanes to minimising conflicting traffic flow. In this instance, a traffic light has two

actions as there are two possible directions of flow (see Figure 6.9). A traffic light

chooses which traffic light phase will be used for the next δ timesteps. Therefore,

the action space of each set of traffic lights is the possible green light phases. Here,

we choose δ = 5 timesteps in between each decision. Similarly to the static lights,

between green or red phases there is an amber light phase of 3 seconds to allow for

safe stopping.

The reward functions should use locally collected measures in order to opti-

mise flow. We choose the reward function compatible with the potential function in

order to preserve the game’s unique equilibrium (from the traffic control game, The-

orem 6.7.2). Thus, the reward function for junction v is rv = −
∑

e∈Ev we(fe(x),pe).

We choose an exploration rate that is time-dependent, to allow for more

exploration at the beginning of the simulation to reduce any early bias. The learning

rate and discount factor are typical values found in the literature. Table 6.2 is a

summary of these parameters.

Table 6.2: Q-Learning Parameters

Parameter Symbol Value

Learning rate α 0.1
Exploration rate ε 0.9 ∗ 0.99t

Discount factor γ 0.99
Time T 100000
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Figure 6.9 shows a screenshot of the Wheatstone network implemented in

SUMO. To reduce the cost of the middle edge, we change the speed limit of the edge

from a low value (0.1ms−1) to a high value (500ms−1). This change should induce

Braess’ paradox. For a slight variation in the other edge costs, two of the edges

have a single lane and the other two have two lanes each. The multiple lane edges

also have a lower speed limit (10ms−1 compared to 20ms−1). Thus, the edges with

multiple lanes should be less sensitive to congestion than single lane edges.

Figure 6.9: The Wheatstone network was set up with variable speed limit across
the middle edge so that it either had a low speed limit (high cost) or high speed
limit (low cost). The network (left) is taken from the simulation with a high-cost
middle edge so that drivers choose to route around it. Each traffic light has two
possible green phases. Here is one of the phases for traffic lights TL1 (middle) and
TL2 (right).

The simulation has a discrete number of cars rather than the nonatomic

flow of the congestion game, i.e., the set of players is defined N = {1, 2, ..., n}
where n ∈ N. In this example, all players in N move between the same origin

and destination. All simulations have the same number of cars overall, with cars

randomly generated according to predefined distributions.

The environment transitions are determined by the SUMO simulation, which

mimics realistic driving behaviours. Further information about how SUMO simula-

tions work can be found in this paper Vinet & Zhedanov (2011).

6.8.2 Simulation Results

We will now compare the results of the simulations of static and adaptive traffic

lights when changing the cost of an edge from high cost (before) to low cost (after).

Figure 6.10 shows the distribution of cars’ travel times in the simulations

for either static or adaptive traffic lights. It indicates that static cycles have a

much wider deviation from the mean after the speed limit is increased. However,

for the Q-learning traffic light agents, there is also a significant shift in the mean

and deviation after the change. This means that the intelligent traffic lights are still

vulnerable to Braess’ paradox. There is a distinct change in the optimal policy of the

Q-learning agents when the speed limit is increased, which is what enables Braess’
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paradox. Note that because the routing algorithm in SUMO is probabilistic, we end

up with a few cars choosing a route with very high travel times when Q-learning

agents control the traffic lights.

Figure 6.10: These figures are histograms of the travel times of all travel times of
the Wheatstone simulation (ignoring the first 100,000 cars to allow for learning)
averaged over 8 runs.

In Figure 6.11, we see that same data plotted as Figure 6.10; a bar chart

allows an easier comparison between the static and adaptive light cycles.

Figure 6.11: Average trip times with error bars of 95% confidence intervals for static
and Q-learning traffic lights on the Wheatstone network (before and after the speed
limit change).

Figure 6.12 shows the changes in the traffic light parameter p chosen for

each traffic light by Q-learning agents for the simulation, before and after the speed

limit change. In the before case, where the middle edge has a low speed limit, the

Q-learning traffic light agent is able to learn the equilibrium solution quickly and,
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therefore, reduce average travel times. After the speed limit increases, this road

becomes more desirable to selfish drivers. It is then much more difficult for the

Q-learning agent to find the equilibrium solution. Note that the static cycle traffic

lights have a constant parameter of p = 0.5.

Figure 6.12: Convergence of p for Q-learning traffic lights on the Wheatstone net-
work.

In the “before” case, the adaptive traffic light learns to choose values of the

traffic light parameters close to 0. As such, it causes the inequality seen in Figure

6.10 where some drivers have very long journey times. To quantify these effects,

we will now analyse the data for whether the adaptive traffic lights are unfair to

drivers.

6.8.3 Fairness of Adaptive Traffic Lights

Since adaptive traffic lights only optimise average measures of waiting times, the

variance of waiting times can be large. Therefore, there can be large inequalities

between journey times of drivers based on their route choice. This is highly undesir-

able for drivers, and these effects should be further understood in order to mitigate

them.

The near-zero values for p, found from adaptive traffic light agents, make

the system unfair, since this massively increases journey times of certain edges. The

Wheatstone simulation is one example of a traffic network where the values for traffic

light parameters p are close to 0 or 1. Ergo, we continue to study the results of this

simulation in the fairness context.

Let us first define some notions of fairness in terms of journey times, i.e.

costs, to drivers for two-terminal atomic congestion games.
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Definition 6.8.1 (k-Satisfied). A player i is k-satisfied if

Ci(x,p) <
k

n
·
∑
j∈N

Cj(x,p).

Definition 6.8.2 (k-Envy-Free). A player i is k-envy-free if

Ci(x,p) < k ·min
j∈N

Cj(x,p).

Satisfaction occurs when players compare their journey times with that of

the average journey of players. Envy-free comes from when players compare their

journey times with that of the shortest journey time of any player. Players who

are satisfied have a more cooperative and egalitarian way of deciding whether their

journey times were acceptable, when compared to those who want to be envy-free.

Some variation in journey times between players can be expected for those

that have varying departure times. However, if drivers wish to travel in convoy, they

prefer to have a similar journey time to those who have similar departure times.

Definition 6.8.3 (k-Satisfied in Convoy). A player i is k-satisfied in convoy if

others, who leave within a time window of T seconds of their departure time ti0, have

a similar journey time to them:

Ci(x,p) <
k∑

j∈N 1{ti0−T<t
j
0<t

i
0+T}

∑
j∈N

1{ti0−T<t
j
0<t

i
0+T}Cj(x,p).

These three measures are possible ways that a person might choose to decide

whether they had an acceptable journey time. We use them to see what proportion

of players in the simulation would approve of their journey and thus are satisfied

with the implementation of intelligent traffic lights.

Figure 6.13 compares the satisfaction and envy-freeness of the Wheatstone

network simulations for both static and adaptive light cycles. The adaptive traffic

light before the speed limit change has the highest number of envy-free players for all

values of k, but it also has the worst satisfaction rate. The high number of envy-free

player is from the low average travel time, but the satisfaction does not reach 100%,

since there are a small number of drivers who have very long journey times. The

price of selfish routing in this instance is that in order to have a reduced average

travel time, there must be a few players with very high expected journey times.

For the static traffic lights, with both speed limits, 100% satisfaction of players is

achieved for k> 3. However, the envy-freeness is worse than the adaptive lights for
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Figure 6.13: The k-satisfication (left) and k-envy-freeness (right) for drivers in the
Wheatstone network simulation for varying parameter k. The four types of simu-
lation are static and adaptive light cycles for both before and after the speed limit
change.

all values of k. This is because envy-freeness is improved by reducing the average

travel times whereas the same is not true for the satisfaction measure.

In Figure 6.14, we see the satisfaction of drivers travelling in convoy, i.e.,

those who depart within a timeframe of T seconds from each other. It is preferable

for people leaving at the same time from the origin to have similar journey times.

Otherwise, cars will struggle to travel in convoy.

Figure 6.14: k-satisfaction in convoy for T = 100 (left) and T = 30 (right) for the
Wheatstone network simulation.

For T = 100, the Q-learning adaptive traffic light before the speed limit is

altered is not able to keep journey times within a factor of two, for cars departing in

the same 100 second window. The other three simulations do not have this property.

Again, we see that the adaptive traffic light struggles to distribute journey times
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equitably due to the strong bias of keeping specific roads open to reduce average

journey times. If an adaptive traffic light has the potential for cars leaving at the

same time to have a journey time longer than three times the average of cars leaving

at a similar time, then this has potential for some drivers to be very unhappy with

the light sequence.

For the smaller time window of T = 30, the problem is reduced and the issues

of the adaptive traffic lights unfairly altering journey times is mitigated. However,

the parameter T is not controlled by the designer of the traffic lights, but rather

represents driver preferences. Since we do not have any experimental results in the

literature to choose T , considerations must be made for a range of T values.

It is essential that intelligent lights are useful for reducing the average travel

times of cars and that users of the system trust it, so that they can benefit from its

implementation. If there are cases where two drivers can leave at a similar time and

have journey times differing by more than a factor of two, such as in the Q-learning

based example from Figure 6.14, then it is possible that the public would prefer

static light cycles.

To address these issues, we could use a different reward function to enforce

behaviour that minimises the standard deviation of the travel times as well as the

mean. For example, the rewards should punish large waiting times more than it

punishes smaller waiting times. In the next section, we test out this theory by

selecting reward functions that could improve the skewed distribution of travel times

and use simulated data to compare them.

6.8.4 Fairness of Reward Functions

The natural cost function for intelligent traffic lights to converge to a Nash equilib-

rium in a nonatomic congestion game, as discussed in Section 6.7, was the sum of

waiting times at junctions. However, the choice of reward function may affect its

fairness and vulnerability to inefficient equilibria.

Suppose that we choose to square each cars waiting time before summation

as the reward function. Then there should be an incentive to reduce the excessively

long waiting times and improve average journey times. This should reduce the

variance in journey times, thus, increasing fairness.

Similarly to squaring the waiting times, choosing the maximum waiting time

as the reward function should reduce those cars with very long waiting times at

junctions. Again, these rewards could improve the fairness of traffic lights in relation

to journey times.

In Lujak et al. (2015), the fairness of route guidance is addressed using a
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normalised mean path duration cost. This metric is used to encourage envy-free

traffic assignment. Thus, we could use a similar expression to find normalised mean

waiting times in the hope of encouraging fair traffic light behaviour.

To discover which reward function is the most successful at mitigating un-

fairness whilst optimising average jounrey times, we tested them using a Q-learning

adaptive traffic light in the Wheatstone simulation. Let j be a traffic light agent,

and Ej be the edges directed towards the node where j exists. The reward functions

chosen to compare against the fairness measures were:

• Wait: The sum of waiting times at junctions. This is the baseline to compare

other reward functions against.

rj =
∑
e∈Ej

we(fe(x), p)

• Wait2: The sum of the squared waiting times at junctions.

rj =
∑
e∈Ej

(we(fe(x), p))2

• Norm: Inspired by Lujak et al. (2015), we test a normalised mean strategy

cost, as defined:

rj = nj

√∏
e∈Ej

we(fe(x), p)

where nj is the number of cars waiting at the junction, i.e., the number of

waiting times in the expression.

• Norm2: The Norm reward function where the waiting time functions are

squared.

rj = nj

√∏
e∈Ej

(we(fe(x), p))2

• max(Wait): The maximum wait time of any car at the junction.

rj = max
e∈Ej

we(fe(x), p)

• max(Wait2): The squared maximum wait time of any car at the junction.

rj = max
e∈Ej

(we(fe(x), p))2
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There are, of course, many other possible ways of choosing reward functions based

on the queue size or speed of vehicles. However, since Theorem 6.7.2 implies that

waiting time functions enable convergence to equilibria, we chose to use waiting time

based rewards.

Each of the rewards functions was simulated over three different random

seeds, with the same simulation setup as Section 6.8.1. The results of these simula-

tions are shown in Figures 6.15, 6.16, 6.17, and 6.18.

The convergence of traffic parameters p for TL1 and TL2 in the Wheatstone

simulations are shown Figure 6.15. In general, the selection of p values by the

different reward functions look quite similar in the before case and there is more

variation seen between reward functions after the speed limit change. Nevertheless,

the differences are more easily interpreted using the fairness metrics. In the before

case, both traffic lights always choose p close to zero. As such, we expect there to

be an unfair distribution of journey times since drivers that attempt to use the road

connecting TL1 and TL2 will have a large journey time.

In terms of envy-freeness, Figure 6.16 shows the waiting time based reward

functions perform the best in both speed limit versions of the simulation. However,

as discussed previously, this measure is highest when the average journey time is

minimised. This suggests there could be unfair distributions of players that could

be picked up from the satisfaction measures. Furthermore, it shows that these simu-

lated results substantiate the theoretical reasoning for choosing the sum of the wait-

ing times as a reward function. Before the speed limit change, the different reward

functions are very similar, except for max(Wait) which is slightly less favourable.

After the speed limit change, there is a bigger difference between their performances.

The summation of waiting times, Wait, rewards has the best satisfaction for all val-

ues of k ≤ 3.5. The maximum waiting time squared, max(Wait2), rewards give the

worst satisfaction levels for k ≤ 3.5. Thus, the results show that the waiting time

function (Wait) is able to minimise average journey times the most successfully of

the reward functions tested.

The k-satisfaction for each reward function is shown in Figure 6.17. Before

the speed limit change, the different reward functions are very similar as all values

of k. The only noticeable difference is that the Norm2 reward is slightly worse.

Note that no reward is able to achieve 100% satisfaction for k ≤ 5. After the

change, there is a bigger difference between the satisfaction of reward functions.

The summation of waiting times squared, Wait2, has the best satisfaction for all

values of k. The maximum waiting time rewards give the worst satisfaction levels.
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Figure 6.15: Convergence of traffic light parameters p for different reward functions
in simulations of the Wheatstone network.

The best reward function to choose to improve the satisfaction of drivers would be

the reward functions that sums the squared waiting times of cars. As predicted, this

will reduce the number of drivers with exceptionally long waiting times. The norm

function from Lujak et al. (2015) does not improve upon the sum of waiting times
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Figure 6.16: The k-envy-freeness for different reward functions in simulations of the
Wheatstone network.

Figure 6.17: The k-satisfaction for different reward functions in simulations of the
Wheatstone network.

Figure 6.18: The k-satisfaction in Convoy for different reward functions in simula-
tions of the Wheatstone network with T = 100.

rewards, which acts as our baseline.

The k-satisfaction in convoy for the different reward functions is shown in

Figure 6.18. Here, the various reward functions give the same k-satisfaction in
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convoy for all k in the before simulations. After the speed limit is increased, the

sum of waiting times squared reward has a slight improvement of k-satisfaction in

convoy against all the other reward functions.

From these results, it is clear that the sum of the waiting times is a satisfac-

tory reward function to choose. However, to increase the fairness of the distribution

of waiting times, squaring the waiting times before they are summed could lead

to a fairer system. Further research on larger scale simulations should be done to

confirm this, since we have only considered a simple Wheatstone network.

We have highlighted the need for further theoretical analysis on reinforcement

learning traffic lights to avoid excessivley large journey times for drivers. We also

proposed the extension of envy-freeness and satisfaction to the domain of travel

times as a method of quantifying bias caused by adaptive traffic lights.

6.9 Discussion

In this chapter, we began by showing that it is possible to model traffic lights in

a routing game using expected waiting time functions, where the equilibria of such

games exist and are essentially unique. Traffic light cycles influence routing choice

in relation to the proportion of red time, p, during a full cycle. Moreover, the

waiting time functions do not depend on the total cycle time. The waiting time

functions behave non-monotonically past an upper bound value of the red cycle

time. Therefore, it is important to include a maximum red time length in intelligent

traffic light models to reduce any unpredictable behaviour.

By altering the traffic light cycles, people’s response can, in turn, significantly

shift the social cost of the equilibria. Theoretically, we can use traffic lights to

make a network immune to Braess’ paradox for any network. However, real-world

implementation is not compatible with the upper bounds for the proportion of red

time in a traffic light cycle on general networks. Nevertheless, there are cases where

immunity can be reached with bounded waiting times. Furthermore, the upper

bound on the Price of Anarchy for any traffic light cycle can be written as a function

of the traffic light parameter p and the lower bound on waiting times.

Then, we showed that an optimal equilibrium of cost-minimising traffic lights

could be found using simple decentralised learning algorithms with a natural and

straightforward reward function (Theorem 6.7.3). This result directs research in

reinforcement learning traffic lights towards fully decentralised RL algorithms in

selfish routing games, to remove the scalability problem that arises with centralised

cooperative algorithms on large multi-agent networks. Although the RL algorithms
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seen in this chapter are quite simple, the results will also impact the real-world

development of AI-based traffic lights. It will improve the speed of learning as well

as indicates some of the unfairness issues that could arise with their implementation

without additional fairness restrictions.

Using the Wheatstone network simulated in SUMO as an example, we have

shown that adaptive traffic lights can create a strong bias towards certain routes

that unfairly increase journey times for a small number of users. We suggested

three different criteria- envy-freeness, satisfaction, and satisfaction in convoy - to

compare the fairness properties of adaptive traffic lights. We tested a selection of

rewards functions and compared their fairness metrics to show that altering the

reward function of RL traffic lights could improve their fairness. The best candidate

for improving fairness whilst maintaining low average travel times was a reward of

the negative sum of squared waiting times.

To conclude, we have designed a model of traffic lights compatible with

nonatomic congestion games and traffic simulators, addressing essential properties

of this system: convergence to equilibria; vulnerability to Braess’ paradox; the Price

of Anarchy bounds; and, fairness of journey times.
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CHAPTER 7

Conclusions

To summarise, in this thesis, we have considered the problem of reducing traffic con-

gestion in several ways. Firstly, we found a belief system to encourage cooperation

in social dilemmas whilst maintaining the safety property. We then analysed the

impact of multiple route controllers aiming to reduce travel times of subpopulations

through information design. Moreover, we found a class of networks that allow for

efficient route information distribution. Finally, we designed a game whose cost

functions represented traffic light phases and explored how traffic light cycles affect

the equilibria of routing choices. Additionally, we showed that intelligent traffic

lights admit undesirable properties in some networks.

One possible extension of the work would be to expand upon the ARCTIC

algorithm (Chapter 3) for application to general multiplayer games. The main chal-

lenge in more complex games is to classify an action, or sequences of actions, as either

cooperative or not. There may exist multiple types of cooperation, increasing the

challenge of coordination and safe play in such games. Some of the example games

used in the literature as more complex social dilemmas are Harvest and Cleanup. In

these games, cooperation is required between groups of agents to achieve joint tasks

with an additional temporal aspect that the cooperation efforts are rewarded in

the long-term rather than short-term. A natural extension would be to expand the

theory to these domains1. There is also further work needed to address the details

of how the policy-conditioned beliefs should be defined for more than two players

present. The simulated results indicate that ARCTIC has the desired properties of

social dilemma strategies - nice, forgiving, provocable and clear. As such, applying

ARCTIC to RL algorithms in complex semi-cooperative environments would be a

valuable contribution to the literature.

One of the most unintuitive results was Theorem 6.7.3 in Chapter 6, which

1The application of ARCTIC to Harvest and Cleanup games was attempted but was not com-
pleted in time to be included in this thesis.
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states that all learning algorithms setting traffic light cycles in a nonatomic conges-

tion game will converge to an equilibrium with the same social cost. This suggests

that the complex coordination mechanisms studied in the MARL traffic light litera-

ture are superfluous, if the traffic can be modelled through a nonatomic congestion

game. Although real-world traffic is unlikely to abide by the assumptions of a

nonatomic congestion game, it certainly has similar properties to observed routing

behaviours. Many of the traffic simulators- SUMO2, VISUM and VISSIM3, Aim-

sun4, MATSim5 - use a congestion game in their route planning algorithms and a

variant of user equilibrium (dynamic or stochastic).

One of the limitations of the fairness results in Chapter 6, could be the choice

of simulation software used to produce the simulated traffic data. Nevertheless, as

discussed, all major traffic simulation software use congestion game style routing

with a dynamic user equilibrium. As such, the routing algorithms should create

similar simulated routes, and this part of the simulator is the most important for

our model. Additionally, research papers tend to use only one type of software

to produce the simulated results, with the most popular choice being SUMO e.g.

Laszka et al. (2016); Lopez et al. (2018); Mousavi et al. (2017); Pol & Oliehoek

(2016). The confirmation of similar results using different simulation software is an

area for future research.

It could also be argued that congestion games are too abstract to model

real-world traffic and that atomic congestion games are more appropriate than

nonatomic. Some of the underlying assumptions in a congestion game are that

restrict its applicability to real world traffic networks are: (i) all players (vehicles)

are of homogeneous size, weight, etc. (ii) the network is at an equilibrium state, (iii)

origins and destinations of players are fixed, (iv) all players have the same travel

costs, (v) players have identical preferences, (vi) players have full information about

the network and congestion levels. Real-world traffic is a complex system that indeed

2https://sumo.dlr.de/docs/Demand/Dynamic_User_Assignment.html “The problem of deter-
mining suitable routes that take into account travel times in a traffic-loaded network is called user
assignment.” “The tool duaIterate.py can be used to compute the (approximate) dynamic user
equilibrium.”

3https://www.ptvgroup.com/en/contact-support/add-in-marketplace/

traffic-realtime-equilibrium/ “The demand is propagated on the network accordingly
with path choices previously calculated either with Dynamic User equilibrium procedure or with
any other Visum assignment.”

4https://www.aimsun.com/aimsun-next/ “Dynamic user equilibrium (DUE) techniques and
stochastic/discrete route choice models are both available in Aimsun Next in combination with
either mesoscopic or microscopic modeling.”

5https://www.transitwiki.org/TransitWiki/index.php/MATSim “In the MATSim software, a
co-evolutionary algorithm, as opposed to an evolutionary algorithm, is used to obtain equilibrium.
This process leads to a stochastic user equilibrium.”
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expands beyond the scope of a congestion game, since the underlying assumptions

do not hold true. However, it is an aphorism (attributed to George Box) that “all

models are wrong, but some are useful”. The benefits of using simplistic congestion

games to model traffic are apparent through their prevalence in simulation software.

Additionally, boundedly rational players are more likely to produce realistic routing

traffic behaviours, such as the partial information games we considered in Chapters

4 and 5. Furthermore, we chose to focus on nonatomic congestion games over atomic

games since their properties allow for easier mathematical analysis.

We also note that standard congestion games do not include time as a vari-

ant, which could be limiting in real-world application. However, the results from

congestion games are useful for time-varying applications when the traffic reaches

a steady-state. Moreover, the SUMO simulated results in Chapter 6 align with the

nonatomic congestion game theory since it uses a dynamic user equilibrium that

approximates the user equilibrium.

Despite the nonatomic congestion game being far from a perfect model of

real-world traffic, there are many other applications of congestion games where the

underlying assumptions are more realistic to the systems they represent. For in-

stance, wireless communication networks Liu & Wu (2008), wireless network Quality

of Service (QoS) Southwell et al. (2013), peer-to-peer computing (P2P) Suri et al.

(2004), vehicle communication networks Yan et al. (2018), vehicular ad-hoc net-

works (VANETs) Chen et al. (2014), virtual drug screening Nikitina et al. (2018),

and electrical power grids Ibars et al. (2010). All of the results posed throughout

Chapters 4, 5, and 6 that are based on a congestion game model are also useful for

these other applications. By modelling the networks using simplifying assumptions,

the results generalise to applications outside of traffic networks. By relaxing the

assumptions (i) to (vi), the work would be specifically tailored to traffic networks

and no longer useful for the broad applications of congestion games.

One of the major research areas in RL is that of autonomous vehicles, in-

cluding congestion-aware route planning Rossi et al. (2018). Survey research into

people’s beliefs about the ethics of autonomous vehicles, found that although people

were in favour of a utilitarian approach of saving more lives over less, they also said

that they would not purchase a utilitarian car themselves due to the risk of self-

sacrifice Bonnefon et al. (2016). This phenomenon was coined “the social dilemma

of autonomous vehicles”. Perhaps people would have a similar perspective of so-

cially optimal routing - desiring a utilitarian system that is beneficial for everyone,

yet irrationally choosing the opposite. In which case, designing a routing system

that drivers have no incentive to defect from, by choosing their own routes, would
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be an important extension of the work in Chapter 4.

The research presented in this thesis impacts real-world traffic, particularly

for reducing congestion using navigation applications and reinforcement learning

traffic lights. Further lines of research motivated by these results include: (i) de-

veloping more understanding of fairness in intelligent traffic lights, (ii) improving

information distribution efficient for network routing control where some vehicles do

not use route planners, and (iii) classifying cooperative behaviours of path planning

to encourage coordination of socially beneficial routing.

The key contributions of this thesis are a method for achieving safe coopera-

tion in social dilemmas as well as mitigating the effects of selfish routing in variants

of nonatomic congestion games. These variants cover networks where there exist

multiple social planners, games with players that have heterogeneous network in-

formation, and those with delays at nodes. The results consider avoiding Braess’

paradox, bounding the worst-case equilibrium using Price of Anarchy, and coop-

erating or coordination between players in a social dilemma or controlling delay

functions at network junctions. These results are purely theoretical but are mo-

tivated by the behaviour of traffic networks and the impact intelligent transport

systems have on routing. Each result is applicable to the wide-reaching applications

of congestion games or social dilemmas. For instance, Chapter 5 could impact the

design of peer-to-peer computing networks to improve information efficiency. The

traffic light formulation could generalise to other areas such as VANETs to improve

information flow. The network control game in Chapter 4 could be used improve

the efficiency of energy grid usage. Additionally, the algorithm achieving safe co-

operation in social dilemmas from Chapter 3 could influence automated negotiation

strategies.
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APPENDIX A

Reinforcement Learning Traffic

Lights in SUMO

To show that the assumptions made in the model are reasonable, we show that

it is compatible with SUMO1, an open source microscopic traffic simulation soft-

ware, popular in the transportation literature. A simulation is built using network

information and route files and run using simulated data to mimic simple traffic

movement. To verify the our simplifying assumptions over the cost functions hold

in traffic simulations, we have set up a SUMO simulation to estimate the cost func-

tion of waiting at a traffic light.

Figure A.1: Section of a SUMO simulation.

The simple network for the simulation tests is a crossroad junction with cars

moving in only one direction across two edges. The left edge is 500m long and

the right edge is 50m long. The cost of the journey is taken as the total travel

time and the congestion, x := fe(x), on an edge is the average number of cars

1Note, the choice of SUMO as the simulation software is unlikely to effect the outcome of the
results since other major simulation software (VISSIM, Aimsun, MATSim, SpaceWorks) use a
similar congestion game based routing algorithm to estimate (dynamic) user equilibrium routing.
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that are present during the time a car is on the edge. Each simulation ran for

20,000 timesteps with the same number of cars and distribution of departure times.

The cars are homogenous (e.g. size and acceleration) with default SUMO vehicle

parameters.

Firstly, we had to find a compatible cost function for the journey that would

occur if there was no traffic light at the junction. Thus, here the waiting time

function is always 0, as we have the standard nonatomic congestion game model.

We choose affine cost functions due to their simplicity. The cost function2 found

from the simulation was C(x) = 0.4x + 44. To check the dependency on road

length, the first edge was extended to 1000m which gave an affine cost function

of C(x) = 0.5x + 80. The gradient of the cost function change is minor, it is the

constant accounts for most of the change.

To confirm the hypothesis that congestion is independent of road length,

we can add in a traffic light and compare the new cost functions. Therefore, we

simulated a 1050m journey with a traffic light that has a cycle 20 seconds red light

and 20 seconds of green light has cost function of C(x) = 4.4x− 11. We compared

this to a simulation of a 550m journey with a traffic light that has a repeated cycle

of 20 seconds of red light and 20 seconds of green has a cost of C(x) = 4.4x − 9.

Again, we see that there is no change in congestion affected by the length of the

road. Thus, we will make the simplifying assumption that the congestion coefficient

is not dependent on a road length parameter. To find the relationship between the

waiting time we and the traffic light cycle {ter, teg}, we use a 550m journey.

In these simulations, we set the amber phase of the cycle to be 3 seconds long.

The amber light is to allow adequate reaction time for drivers to avoid collisions and

emergency braking. Hence, we can reduce the phase to cycles of either red or green

time by merging with the amber light phase. If the light is amber, this is added to

the green cycle time, and if it shows red and amber, then this is added to the red

cycle time. For example, a cycle that is red for 17 seconds, then red and amber for

3 seconds, green for 17 seconds and finally amber for 3 seconds would be written as

ter = 20, teg = 20.

Any fixed (or static) traffic light cycle can be described through the total

cycle time T e = ter + teg and the proportion of red time in a cycle pe = ter
ter+t

e
g
. We test

the effects of changing these two variables on the cost functions and waiting times

by assuming the form of ce(x, Te, pe) = c̄e(x) + we(x, Te, pe).

Figure A.2 plots the cost functions for a number of simulations. Each line

2Note we change the notation from Ci to C here since we only consider one population.
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represents the cost function found from linear regression of the data points3. Lines

are coloured using the p and T values to indicate the correlation between waiting

time and red cycle proportion. Figure A.3 shows the combinations of pe and Te used

in the simulations.

Figure A.2: Simulated affine cost functions are the expected journey time found
from regressions of simulated data points. Left shows the relationship between the
cost functions and values of p ∈ [0, 1], and right shows with T ∈ [40, 120]. There is
a clear correlation between the proportion of red light in a cycle p and the expected
travel times (left). The length of the cycle time T showed no correlation to journey
times (right).

Figure A.3: Sampled values of T and p for the SUMO simulations.

The expected travel time is composed of travel time on the edge plus waiting

3Because we chose to use a linear regression and the relationship is nonlinear, there are some
negative travel times predicted in Figure A.2.
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time at a traffic light, i.e.,

ce(fe(x)) = c̄e(fe(x)) + we(fe(x), ter + teg,
ter

ter + teg
),

or

ce(fe(x)) = c̄e(fe(x)) + we(fe(x), Te, pe).

Additionally, the system was simulated without a traffic light to find c̄ to be

c̄(x) = 0.4x + 44. We find the form of the waiting time functions as follows. Take

a linear regression to find function c, and then extract the waiting time function

using w(x)=c(x) − c̄(x). For example, for the cycle of 20 seconds of red light and

20 seconds of green light, i.e. T = tr + tg = 40, p = tr
tr+tg

= 1/2, the simulation gives

us c(x) = 4.4x− 9. So, we have w(x) = 4x− 53. For this example, we say that the

waiting time coefficient dependent on congestion is 4, and the time independent of

congestion is −53. Figure A.4 shows the relationship between these values for the

simulations plotted against the proportion of red time p. This indicates how c̄ and

w depend on p.

Figure A.4: Left: Waiting time dependent on edge congestion. Right: Waiting time
independent of edge congestion.

From the figure, we see that the time dependent on congestion is exponential

in p whereas the time independent of congestion only follows an exponential distri-

bution until a threshold value of red proportion and is then linear. The relationship

between c̄ and p is monotonic and can be defined using an exponential function.

However, the waiting time function w cannot be written as one function due to the

change that occurs after p increases past a threshold value. If we restrict values of p

to be lower than this value, then we can also use an exponential function to describe
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their relationship.

After a threshold of 85% red time, the waiting time increases significantly.

Yet, in real traffic light systems, it is unlikely any will have a cycle with more than

85% red time. Since each traffic light p is dependent on at least one other edge

there must also exist a lower bound depending on the topology of the junction.

This aligns with our theoretical model in Section 6.4, where we stated that for every

e ∈ E where there exists a traffic light, its cycle must be bounded by p− and p+

such that 0 < p− ≤ pe ≤ p+ < 1.

The total cycle time would be expected to affect the waiting times, however,

we do not see a correlation between them in SUMO simulations. Figure A.5 shows

that there is no correlation between the total cycle time and the waiting time func-

tions. The correlations only exist between p and expected waiting times, so we can

update our cost function to be ce(x, pe) = c̄e(x) + we(x, pe).

Figure A.5: Left: Waiting time dependent on congestion. Right: The waiting times
seem independent of total cycle time. Any correlation seen between the total cycle
time and waiting times are explained by red time proportions.

The expected cost of the edge in our SUMO simulations can be written as:

c(x, p) = c̄(x) + (0.12e6.12p + 0.16)x+ f(p),

where x is congestion, c̄(x) = 0.4x+ 44, p = tr
tr+tg

, and f is the function

f(x) = −10.51e3.05p + 14.51 if p < 0.85

5454.73p− 4834.45 otherwise

This format is in line with the assumptions we made to formulate the traffic

light game. Since the traffic light game is compatible with SUMO, later we will use
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SUMO to create simulated data to combine with the theory.
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APPENDIX B

Multi-agent Reinforcement

Learning Traffic Lights

Simulation

Here, we substantiate the result from Theorem 6.7.3, that myopic learning algo-

rithms converge to the same equilibria, by simulating an example network with

different RL algorithms. Each learns the optimal traffic light parameters pe for

edges e that end at the traffic light node.

The tested MARL algorithms are independent Q-learning, multi-agent Q-

learning, and coordinated Q-learning as well as independent deep Q-learning and

multi-agent deep Q-learning. Pseudocode for these algorithms is included in Chapter

2. We include this simulation to test our theory since the literature suggests that

multi-agent and coordinated algorithms outperform independent implementation of

RL traffic lights, see e.g., Bazzan & Klügl (2014); Prabuchandran et al. (2014).

We use the same multi-population example as before, shown in Figure B.1.

Here, the waiting time functions are w(x, p) = x(ep − 1) and driving edge-costs are

c̄(x) = x. There are two traffic lights TL1 and TL2 that must learn the optimal

value of p and q respectively. All other traffic lights have their p parameter set to

0.5.

O2

O1

TL

TL

TL2

TL1

TL

TL

D1

D2

q

p

1− p1− q

Figure B.1: TL1 and TL2 learn to play values p and q such that p, q ∈ [0.15, 0.85].
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The hyperparameters used for the MARL algorithms are included in Tables

B.1 and B.2, selected for fast convergence.

Table B.1: MARL Algorithms - Q-Learning Parameters

Parameter Value

Learning rate 0.2
Exploration rate max{0.8 ∗ 0.99t, 0.005}
Discount factor 0.9

Table B.2: MARL Algorithms - DQN Parameters

Parameter Value

Learning rate 0.001
Exploration rate max{0.99t, 0.01}
Discount factor 0.99
Batch size 64
Experience replay size 10000
Neural network 1 full connected layer, size 16
Activation function rectified linear unit

Figure B.2 shows that each algorithm converged to the same value of p, as

predicted from Theorem 6.7.3. The convergence rates are similar for all algorithms

except independent Q, which converges the fastest. Another noticeable difference is

that the multi-agent algorithms are noisier than the independent implementations.

Figure B.3 shows that the social costs of the algorithms while training. All

algorithms converge to the same social cost.

From these figures, we see that the independent implementation of Q-learning

converges to the solution fastest and is also the least noisy. This suggests that the

simple implementation of independent local agents has advantages to the more com-

plex cooperation mechanisms studied in intelligent traffic lights, such as coordinated

reinforcement learning methods Pol & Oliehoek (2016). Further study on more com-

plex simulators is needed to draw concrete conclusions from these results. However,

the simulations highlight evidence of the counter-intuitive result that multi-agent

cooperation mechanisms do not improve upon the optimal policy of simpler algo-

rithms.
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Figure B.2: Different MARL algorithms training curves for selecting a value for p.

Figure B.3: The training curves showing the social cost for the different MARL
algorithms.
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son Rocha. 2020. Toll-Based Learning for Minimising Congestion under Hetero-

geneous Preferences. Proceedings of the 19th International Conference on Au-

tonomous Agents and Multiagent Systems (AAMAS 2020), 1098–1106.

Rand, David G., & Nowak, Martin A. 2013. Human cooperation. Trends in Cognitive

Sciences, 17(8), 413–425.

Rapoport, Amnon, Kugler, Tamar, Dugar, Subhasish, & Gisches, Eyran J. 2009.

Choice of routes in congested traffic networks: Experimental tests of the Braess

Paradox. Games and Economic Behavior, 65(2), 538–571.

Rapoport, Anatol, Chammah, Albert M., & Orwant, Carol J. 1965. Prisoner’s

Dilemma: A Study in Conflict and Cooperation. University of Michigan Press.

Roman, Charlotte, & Turrini, Paolo. 2019. Multi-Population Congestion Games

with Incomplete Information. Pages 565–571 of: Proceedings of the 28th Interna-

tional Joint Conference on Artificial Intelligence. AAAI Press.

Roman, Charlotte, Dennis, Michael, Critch, Andrew, & Russell, Stuart. 2021. Ac-

cumulating Risk Capital Through Investing in Cooperation. Pages 1073–1081 of:

AAMAS ’21: Proceedings of the 20th International Conference on Autonomous

Agents and MultiAgent Systems.

Rosenthal, Robert W. 1973. A Class of Games Possessing Pure-Strategy Nash

Equilibria. International Journal of Game Theory, 2(1), 65–67.

173



BIBLIOGRAPHY

Rossi, Federico, Zhang, Rick, Hindy, Yousef, & Pavone, Marco. 2018. Routing

autonomous vehicles in congested transportation networks: Structural properties

and coordination algorithms. Autonomous Robots, 42(7), 1427–1442.

Roughgarden, Tim. 2003. The price of anarchy is independent of the network topol-

ogy. Journal of Computer and System Sciences, 67(2), 341–364.

Roughgarden, Tim. 2004. Stackelberg Scheduling Strategies. SIAM Journal on

Computing, 33(2), 332–350.

Roughgarden, Tim. 2005. Selfish Routing and the Price of Anarchy. The MIT Press.

Roughgarden, Tim, & Schoppmann, Florian. 2015. Local smoothness and the price

of anarchy in splittable congestion games. Journal of Economic Theory, 156,

317–342.

Rozenfeld, Ola, & Tennenholtz, Moshe. 2007. Routing mediators. IJCAI Interna-

tional Joint Conference on Artificial Intelligence, 1488–1493.

Sandholm, William H. 2001. Potential Games with Continuous Player Sets. Journal

of Economic Theory, 97(1), 81–108.

Sandholm, William H. 2002. Evolutionary implementation and congestion pricing.

Review of Economic Studies, 69(3), 667–689.

Schmeidler, David. 1973. Equilibrium points of non-atomic games. Journal of Sta-

tistical Physics, 7(4), 295–300.

Sekar, Shreyas, Zheng, Liyuan, Ratliff, Lillian J, & Zhang, Baosen. 2018. Uncer-

tainty in Multi-Commodity Routing Networks: When does it help? Annual

American Control Conference (ACC), 6553–6558.

Sharon, Guni, Hanna, Josiah P., Rambha, Tarun, Levin, Michael W., Albert,

Michael, Boyles, Stephen D., & Stone, Peter. 2017. Real-Time adaptive tolling

scheme for optimized social welfare in traffic networks. Proceedings of the In-

ternational Joint Conference on Autonomous Agents and Multiagent Systems,

AAMAS, 2(May), 828–836.

Sheffi, Yosef. 1985. Urban Transportation Networks. Vol. 6. Prentice-Hall, Engle-

wood Cliffs, NJ.

Sheffi, Yosef, & Daganzo, Carlos F. 1977. On stochastic models of traffic assignment.

Transportation Science, 11(3), 253–274.

174



Shoham, Yoav, & Leyton-Brown, Kevin. 2008. Multiagent systems: Algorithmic,

game-theoretic, and logical foundations. Cambridge University Press.

Smith, M. J. 1979. The existence, uniqueness and stability of traffic equilibria.

Transportation Research Part B, 13(4), 295–304.

Smith, M. J. 1981. Properties of a traffic control policy which ensure the existence

of a traffic equilibrium consistent with the policy. Transportation Research Part

B, 15(6), 453–462.

Smith, M. J. 1985. Traffic signals in assignment. Transportation Research Part B,

19(2), 155–160.

Smith, M.J., & Van Vuren, T. 1993. Traffic Equilibrium with Responsive Traffic

Control. Transportation Science, 27(2), 118–132.

Southwell, Richard, Chen, Xu, & Huang, Jianwei. 2013. QoS satisfaction games for

spectrum sharing. Pages 570–574 of: 2013 Proceedings IEEE INFOCOM.

Stark, Hans-Ulrich, Helbing, Dirk, Schoenhof, Martin, & Holyst, Janusz A. 2008.

Alternating cooperation strategies in a Route Choice Game: Theory, experiments,

and effects of a learning scenario. Games, Rationality, and Behaviour, Hound-

mills, 256–273.
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