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Abstract

The rapid and diverse signals passed between neurons are the result of complex

molecular interactions at their synaptic connections. The dynamics of synaptic

proteins are central to all information processing in the brain, yet their precise

arrangement and co-operation during physiological activity is unclear. This thesis

presents novel mathematical and computational modelling tools which elucidate the

activity of synaptic protein structures, advancing our understanding of synapses as

the brain’s fundamental computational unit. Chapter 1 introduces the biomechanics

of synapses as they are currently understood, and the stochastic Markov chains

which are used in this thesis to model them. To efficiently generate Monte Carlo

predictions from these Markov chain models, a specialisation of Gillespie’s stochastic

simulation algorithm was derived, as described in chapter 2. This method was used

to demonstrate a mechanistic link between stimulation frequency and long-lasting

asynchronous release at a central synapse. In order to query the organisation of

proteins at the interface of synaptic vesicles and the cell membrane, a modular,

mechanistic modelling framework that could account for a range of different protein

architectures was designed. Chapter 3 describes the construction of these models

and their predictions for how different calcium-sensitive proteins synergistically

regulate vesicle fusion. Finally, in chapter 4, a model of the activity of calcium

channels bearing the migraine mutation S218L was constrained using their key

dynamical characteristics. This was combined with vesicle fusion modelling to

provide a valuable framework that directly links disruptions of channel function

with synaptic transmission. These simulations were used to predict previously un-

reported synaptic behaviours under S218L which contribute to its overall pathology.

xii



1 Introduction

All save the simplest multicellular animals have evolved a network of cells to control,

process, and distribute electrical signals throughout their bodies. In vertebrates the

majority of this network constitutes the brain which in humans houses around 86

billion neurons and a similar number of non-neuronal cells [2]. Size alone does not

endow the human brain with its unrivalled information processing abilities however.

Over a century of study has revealed complexities at every scale, from sub-cellular

protein dynamics to patterns of network connectivity. The speed and accuracy of

communication across biological neural networks necessarily relies on the precise

timing of signals between cells. This is controlled at connections called synapses

which can themselves contain a vast array of interacting dynamical systems enabling

a diverse range of behaviours [3]. Correspondingly, disruptions to synaptic function,

for example by disease, can have wide-reaching consequences at the network scale

with potentially debilitating clinical symptoms [4]. Detailed descriptions of synaptic

activity are essential for the development of treatments of neurological disorders, as

well as for understanding the fundamental mechanisms of human cognition more

generally. Advances in experimental methods have permitted exploration of phe-

nomena in the brain at a wide range of spatiotemporal scales (fig. 1.1). However,

the techniques to explore fundamental synaptic dynamics at simultaneously sub-

millisecond and sub-micrometre resolution do not currently exist, making mathemat-

ical and computational models essential tools in the investigation. This work in this

thesis explores the dynamics of synaptic proteins through biologically constrained

mathematical models and stochastic simulations. The mathematical principles and

the underlying biology as it is currently understood are introduced in this chapter.

1



10-2 10-1 100 101 102 103 104 105 106

10-2

10-1

100

101

102

103

Sp
at

ia
l S

ca
le

 (m
m

)

Brain

Lobe

Map

Nucleus

Layer

Neuron

Dendrite

Hippocampus  

Synaptic Protein
Dynamics

10-4 10-3

  10-4  

10-3

Synapse

EEG and MEG

VSD
imaging

fMRI
imaging

PET imaging

2-DG
imaging

Patch clamp

Single units

Electron microscopy

Calcium imaging

Field potentials Light microscopy

Temporal Scale (s)

Figure 1.1: Spatiotemporal scales of experimental methods in neuroscience as of
2014. This version is adapted from [5], although the image has a history of publica-
tion dating back to 1988 [6–9]. The region of interest in this thesis is highlighted in
red and lies outside these domains. Abbreviated methods: electroencephalography
(EEG), magnetoencephalography (MEG), positron emission tomography (PET),
voltage-sensitive dye (VSD), 2-deoxyglucose (2-DG).

1.1 Electrical Activity in Biological Membranes

Cell membranes separate their internal cytoplasm from the surrounding extracellular

medium, and an imbalanced accumulation of charged particles on either side of this

membrane induces a potential difference across it. In mammalian nervous systems

the chief charge carriers are inorganic ions such as sodium (Na+), potassium (K+),

chloride (Cl−), and calcium (Ca2+). Neurons are highly specialised to control the

flows of these ions across their membranes, and thereby regulate the action of sub-

cellular processes which are sensitive to membrane potential, or the presence of

particular ions [10].

Electrical activity in animal tissue had been reported since the 18th century,

however it was not until the mid 20th century that the active properties of excitable

cell membranes were first quantitatively described [11]. This landmark was achieved

by Alan Hodgkin and Andrew Huxley, partly in collaboration with Bernard Katz

[12], through their studies of the giant axons of Loligo squid which culminated in

a series of revolutionary papers published in 1952 [13–17]. In particular they used

their experimental data to propose the Hodgkin-Huxley (H-H) model of membrane

2



conductance [16], which could accurately predict the shape of action potentials.

Their work earned Hodgkin and Huxley the Nobel prize in 1963 [18], and Katz later

in 1970 [19]. The methodology established by Hodgkin and Huxley became the

foundation for all subsequent studies of electrical activity in neuronal membranes,

and continues to inspire neuroscientific research at all scales [20]. Aspects of their

data-driven modelling approach remain in common usage and, despite its limita-

tions, the H-H model still finds applications in certain contexts [7]. Given their

historical influence, and by means of an introduction to modern methods of data

acquisition and modelling, some of the methods and findings of Hodgkin, Huxley,

and colleagues are presented in this section alongside the current understanding and

more recently developed techniques.

1.1.1 Passive Ionic Currents

The plasma membrane (PM) of cells primarily consists of a lipid bilayer, around 5

nm thick, which is practically impermeable to large polar molecules and inorganic

ions [21]. In resting neurons the equilibrium distribution of inorganic ions on either

side of the membrane maintains a membrane potential between around -40 to -95

mV across it [10]. By convention, this voltage is measured from the inside of a cell

relative to the outside, meaning that the cytoplasm is more negatively charged than

the extracellular medium at rest, and a net positive flow of charge leaving the cell

constitutes a positive membrane current. For example, the movement of Ca2+ ions

into the cell generates a negative current.

Ions are exchanged across the otherwise impermeable membrane primarily

through a family of macromolecular pores called ion channels. Each ion is subject to

local electrical forces and chemical diffusion which together form an electrochemical

potential gradient that directs their free movement through these channels. The

point of equilibrium for an ion species S which balances the chemical forces from

different external and internal concentrations, [S]e and [S]i respectively, with the

electrical forces from a membrane potential ES is given by the Nernst equation [22]

ES =
RT

zSF
ln

(
[S]e
[S]i

)
, (1.1)

where R = 8.3145 J mol-1 K-1 is the ideal gas constant, F = 9.6485 × 104 C mol-1

is Faraday’s constant, T is the temperature in kelvin, and zS is the valence of ion

species S. Typical equilibrium potentials calculated from eq. (1.1) for each of the

key ion species at their resting distributions across the membrane of mammalian

skeletal muscle cells are given in table 1.1.
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Table 1.1: The resting distributions and equilibrium potentials of inorganic ions
critical to electrical signalling in mammalian skeletal muscle cells. Values are taken
directly from [10], although the equilibrium state varies between different animals
and cell types [21, 23].

Ion species
Extracellular

concentration (mM)
Intracellular

concentration (mM)
Equilibrium

potential (mV)

Na+ 145 12 +67
K+ 4 155 -98
Cl− 123 4.2 -90
Ca2+ 1.5 10−4 +129

A commonly used model of ionic currents across cell membranes at non-

equilibrium voltages, a so-called I-V relationship, was derived by Goldman [24], and

Hodgkin and Katz [12]. The model assumes a homogeneous membrane that is semi-

permeable to inorganic ions with permeability constants PS that are different for

each ion species S. We can now attribute this to a distribution of ion channels across

the membrane which are selectively permeable to certain ion types only, adopting

their names as ‘potassium’ or ‘calcium’ channels for example, although this was

not known at the time. The key assumptions are that ions crossing the membrane

do not interact with each other (the independence principle) and that the electric

field within the membrane is constant. The Goldman-Hodgkin-Katz (GHK) current

equation then follows from the Nernst-Plank equation for ion flux as the product of

permeability and a non-linear function of membrane potential

IS = PSz
2
S

FV

RT

(
[S]i − [S]e exp (−zSFV/RT )

1− exp (−zSFV/RT )

)
. (1.2)

When the ionic current IS = 0 the GHK current equation (1.2) reduces to the

Nernst equation (1.1) and provides the equilibrium potential of that ion species.

By setting the sum of current contributions from all ion species equal to zero the

resulting expression, the GHK voltage equation, gives the membrane potential at

which no net current flows. This is called the reversal potential, Erev, and if the

charge carriers are Na+, K+, and Cl− only (the most significant contributors to

neuronal excitability) it is given by

Erev =
RT

F
ln

(
PNa[Na]e + PK[K]e + PCl[Cl]i
PNa[Na]i + PK[K]i + PCl[Cl]e

)
. (1.3)

The assumption of a constant electrical field within the membrane underpinning the

GHK equations has led to them also being referred to as the constant-field equations.

4
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Figure 1.2: Electrical circuit model
of a cell membrane semi-permeable to
a single ion species S. The imperme-
able lipid bilayer constitutes a capacitor
with capacitance Cm. The parallel con-
ductive pathway is illustrated here as
a single ion channel, although it could
also represent the cumulative conduc-
tance through several channels over a
patch of membrane.

In some cases a simpler model of trans-membrane ionic currents can be

adopted instead of the GHK equation (1.2). This simpler model assumes that the

impermeable lipid bilayer acts as a capacitor, while ion channels provide parallel

conductive pathways. Fig. 1.2 illustrates this electrical circuit model for a single

ion species S. The conductive pathway is made up of one or several ion channels

permeable to ion species S which together confer a conductance gS. The passage

of ions through this pathway is driven by the imbalance of ions on either side

of the membrane, electrically by the membrane potential V , and chemically by

diffusion. This diffusive drive can be expressed as an electromotive force equal to

the equilibrium potential ES. Assuming that the current through ion channels obeys

Ohm’s law, the I-V relationship is given by

IS = gS (V − ES) , (1.4)

where the term (V − ES) is referred to as the driving force.

Care should be taken when adopting either model of trans-membrane ionic

current since in many cases they are not valid for real channels. Local charges and

a non-linear concentration profile within channels create peaks and valleys in the

electrochemical potential which cause ions to linger at certain points. Additionally,

at high ion concentrations the independence assumption appears to be violated as a

result of saturation by permeant ions and/or block by impermeant ones [10]. These

limitations have been overcome by more detailed models of ion permeation with

sequential energy barriers [25–28], or full molecular dynamics simulations [29–31],

although to a first approximation the ohmic and GHK I-V relationships are usually

very good [10].

While eqs. (1.2) and (1.4) provide relatively simple descriptions for the I-V

relationship in stationary conditions, the dynamical membrane current behaviour

can be considerably more complex. Some channels do ‘passively’ confer a fixed

5



conductance to the membrane, however the majority are ‘active’ and provide a

conductance that varies substantially in response to dynamical properties such as

local ion concentration or the membrane potential itself. It was Hodgkin and Huxley

who first introduced a quantitative model of active membrane conductance into the

existing passive relationships [16, 20].

1.1.2 Neuronal Activity and Electrophysiology

Direct measurement of ionic currents and voltage across biological membranes was

enabled by the simultaneous insertion of fine-tipped microelectrodes into the intra-

cellular cytoplasm and the extracellular medium [10, 32, 33]. This apparatus also

allowed for artificial electrical stimulation of the membrane via current injection.

If the membrane potential is allowed to freely adapt to the applied current then

the circuit is said to be in a current-clamp configuration. If instead the applied

current is continuously adjusted via a feedback mechanism to achieve a target

membrane potential then the circuit is said to be in a voltage-clamp configuration.

Rather than using microelectrodes, modern electrophysiology experiments instead

use the patch-clamp technique developed by Erwin Neher and Bert Sakmann who

received the Nobel Prize for their work in 1991 [34]. In this case micropipettes

containing electrodes for stimulation and recording are attached to the membrane

via suction, forming a seal with an electrical resistance in the order of gigaohms

[35–37]. Variations on the technique are used to record currents from the whole

cell, small membrane patches, and even single channels, with only some requiring

penetration of the cell membrane [37, 38].

While a potential difference is measurable across the membrane of all cells,

neuronal cells are especially adapted to control, process, and project the electrical

activity of their membranes. The nervous system fulfils a diverse range of functions

including sensory, cortical, and motor neurons that have correspondingly diverse

morphologies highly specialised to their functions [40, 41], however the gross struc-

ture of a neuron may typically consist of dendrites, a soma, and an axon (fig. 1.3a).

The soma is the cell body which contains the nucleus, ribosomes, and other or-

ganelles required for practically all protein synthesis in the cell [42, 43]. Chemical

inputs, from other neurons for example, are received at dendrites and converted

into electrical stimuli which are integrated at the soma, potentially instigating the

propagation of an electrical signal along the axon. Small extrusions along the axon

called boutons form mostly uni-directional synaptic connections with other cells and

arrival of an electrical stimulus at the axonal terminal triggers the transmission of

a signal, usually chemical, across the synapse [10].
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Figure 1.3: (a) Digital reconstruction of a pyramidal neuron from layer 2 of the
rat cortex, adapted from [39]. Note that the full axon continues to extend well
outside of this image segment. (b) An AP simulated with the H-H model (fig. 1.5).
From rest at -65 mV, a current of 10 µA cm-2 was applied for 1 ms, indicated by the
black bar. This induced depolarisation above the activation threshold and evoked
an AP.

Small deviations from the equilibrium potential in neurons are punctuated by

short, sharp spikes in voltage called action potentials (APs), illustrated in fig. 1.3b,

which are a central feature of signalling in the nervous system [7, 10]. APs are

characterised by a rapid lifting of the membrane potential towards more positive

values (depolarisation), followed by a typically slower return to the resting potential

(repolarisation). This may then be followed by a dip below the resting potential

(hyperpolarisation) which is even more slowly recovered from, during this time (the

refractory period) the probability of another AP is substantially reduced. An AP is

initiated when enough small depolarising stimuli, induced by neighbouring neurons,

accumulate at the base of the axon to cross a threshold in the membrane potential

which induces a large current influx. The threshold and shape of an AP depends on

the action of ionic membrane currents, as first described by Hodgkin and Huxley in

their studies on the giant axons of squid [13–17], although the key features shown

in fig. 1.3b were later found to be shared by mammalian neurons [23, 44]. Action

potentials propagate along axons at speeds reaching 100 metres per second [10, 45],

and their arrival at a synaptic terminal triggers the release of chemicals via a cascade

of molecular processes which are the subject of modelling in this thesis.

Many of the earliest electrophysiological studies were carried out in the squid

genus Loligo where axons reach 1 mm in diameter making them easily accessible
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to wire electrodes [42, 46–48]. With the development of new techniques like the

patch-clamp came the ability to record from practically any cell; animal models

commonly used in neuroscience include the fruit fly Drosophila, the zebrafish Danio

rerio, and, very often, rat and mouse lines [49]. The precision to target specific

subcellular compartments also allowed for local measurements to be taken directly

from sufficiently large synaptic terminals. Much of this work has been restricted to

neuromuscular junctions (NMJs) which have surface areas of 100 to 300 µm2 [50],

and the calyx of Held in the mammalian auditory brainstem [51, 52], named for its

resemblance to the calyx of a flower by Hans Held [53], which has a surface area of

∼2,500 µm2 [54, 55]. Large terminals called mossy fibre boutons (MFBs) found in

the axons of some neurons from the hippocampus (surface areas of 32 to 110 µm2

[56–58]) and cerebellum (surface areas of 69 to 266 µm2 [58, 59]) have also been

targetted [60, 61]. The MFBs in the hippocampus which project from granule cells

of the dentate gyrus to pyramidal cells of the CA3 region have been the focus of

particular study, given their accessibility to electrophysiology and their central role

in cortical circuitry [62].

1.1.3 The Hodgkin-Huxley Model

In their 1952 papers, Hodgkin and Huxley were not able to achieve their original goal

of revealing the molecular mechanisms responsible for trans-membrane ionic currents

which were identified as ion channels decades later [63, 64]. The empirical model they

derived to explain their experimental data is nonetheless remarkably consistent with

the multi-domain structure of ion channel pores [65, 66], and accurately predicted

the APs of the squid giant axon.

Hodgkin, Huxley, and Katz identified that the two major current carriers in

squid giant axons were sodium and potassium ions [13, 17], the residual current they

called ‘leak’ and it is mostly made up of chloride ions [7]. The three currents were

assumed to obey the ohmic relationship with voltage given by eq. (1.4) such that

INa = gNa (V − ENa) , (1.5)

IK = gK (V − EK) , (1.6)

IL = gL (V − EL) , (1.7)

where the bar on gL indicates that it is a constant while the sodium and potassium

conductances themselves vary with the membrane potential.

In order to separate the contributions to membrane current made by Na+ and

K+ , Hodgkin and Huxley applied a method known as ion substitution. Electro-
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physiology was first carried out in an extracellular fluid of sea water, then the

natural sodium present was replaced with choline ions which do not permeate the

membrane. Under the assumption of the independence principle, and a lack of other

compensatory mechanisms by the cell, the difference in membrane current recorded

between the two media must constitute the Na+ current. Similarly, any current at

the equilibrium potential of potassium in choline water can be entirely attributed

to the leak current since IK = 0 at V = EK. The K
+ current at arbitrary membrane

potentials can then be isolated from measurements in choline water by subtracting

the leak current given by eq. (1.7), since the leak conductance gL does not depend

on membrane potential.

Methods other than ion substitution have subsequently been developed to

isolate the currents through specified ion channels [7, 10], one of which is single

channel recording using the patch-clamp technique already mentioned [36]. Channel

blockers, which selectively block the activity of certain ion channels, are pharmaco-

logical compounds applied to cells in order to eliminate the contribution of specified

ions to measurable currents [67]. Many channel blockers are derived from potent

animal neurotoxins such as tetrodotoxin (TTX) from puffer fish which blocks Na+

channels [68], and the various conotoxins found in cone snails which have a range of

targets [69]. Ion channels can also be isolated in cells where they are not normally

present by the method of heterologous expression. This involves the introduction,

by transfection for example, of the complementary DNA (cDNA) or messenger RNA

(mRNA) necessary for channel proteins to be expressed in the target cell [70, 71].

Common ion channel expression systems include oocytes of the African clawed frog

Xenopus laevis, and the human embryonic kidney (HEK293) cell line, both of which

are well studied models easily accessible to electrophysiology [10, 72].

When the membrane of the squid giant axon is held at its resting potential

(around -65 mV), the Na+ and K+ conductances are both very low. Upon step

depolarisation, both gNa and gK rise to a maximal value which is sustained for K+

(fig. 1.4a) but diminishes to rest for Na+ (fig. 1.4b). The gain in conductance is called

activation, and the rate of activation is faster for Na+ than K+ but in both cases

increases with larger depolarisations [10]. The maximal conductances also increase

with the size of depolarisation up to clear saturation values which are around 20 to

50 mS cm-2 in the squid giant axon [10]. When membranes were repolarised, both

gNa and gK returned to their resting values, this is called deactivation and the rate of

deactivation is faster for Na+ than K+. Activation and deactivation are behaviours

exhibited by all healthy voltage-gated ion channels (VGICs). However, the return to

resting conductance while the membrane remains depolarised which is exhibited by
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Figure 1.4: Classical electrical activity of the squid giant axon showing the change
in membrane conductance for (a) potassium (gK), and (b) sodium (gNa), in response
to an applied voltage pulse. These curves were generated by numerical solution of
the H-H model (fig. 1.5), although the shapes are indicative of what Hodgkin,
Huxley, and colleagues observed experimentally [12–15, 17].

Na+ but not K+ channels is called inactivation and it is only observed with certain

ion channels. In living cells, inactivation serves to restrict conductance, particularly

during sustained periods of high activity, to prevent cell damage from excessive ion

transfer. Recovery from inactivation (sometimes called deinactivation) is achieved

by repolarisation or hyperpolarisation (lowering of the membrane potential below

its resting value) for several milliseconds [10].

Hodgkin and Huxley constructed an empirical model to describe their exper-

imental findings which proposed a large number of ‘gates’ spanning the membrane

which may be either ‘closed’ or ‘open’ to the passage of selective ions depending

on the membrane potential [16]. Each gate was entirely selective for either Na+ or

K+ ions and controlled by a number of independent ‘gating particles’ which may

themselves be either closed or open. Only when all of its gating particles were

open was the gate itself open to conduct an ionic current. The opening and closing

of individual gating particles was treated probabilistically according to a two-state

stochastic process, although the stochastic nature of the system was averaged out by

considering only the collective behaviour of a large number of gating particles. An

overview of the H-H model is now presented with some assumptions on stochastic

processes which are given a more formal treatment later in section 1.3.

Let the probability that a gating particle associated with a potassium gate

is in its open state be P (O) = n, then, in the limit of very large numbers of identical

10



and independent particles, n can be interpreted as the average proportion of open

gating particles. By extension, if a potassium gate were formed from a number, x, of

these gating particles then the expected proportion of open potassium gates would

be nx. The variable potassium conductance gK can then be written as the product

of the maximum potassium conductance gK (achieved when all gates are open) and

the proportion of open gates, nx. The transition of a gating particle between its

closed (C) and open (O) states is governed by a reversible first-order reaction of the

form

C O
αn

βn

(1.8)

This type of reaction approximates the full thermodynamics of the chemical kinetics

with two states which correspond to relatively stable wells in the potential energy

of the system (see section 1.3). The rates at which particles transition between

states by overcoming the potential energy barrier between them is determined by

the activity of the particles (represented by their chemical concentration) and other

properties of the system including temperature, pressure, and in this case voltage,

all of which are collected into the rate parameters αn and βn. The dynamics of the

gating variable n, according to kinetic scheme (1.8), are given by

dn

dt
= αn(1− n)− βnn. (1.9)

Hodgkin and Huxley found that the steady-states of potassium conductance, as well

as the kinetics of its activation and deactivation, were well captured when αn and

βn had the non-linear forms given in fig. 1.5. They also found that four gating

particles were needed to describe the shape of the activation curves, and so the

voltage-dependent potassium conductance is given by

gK = gKn
4. (1.10)

The voltage-dependence of sodium conductance was established using a similar

method, assuming a large number of Na+ gates consisting of a number of gating

particles with the same two-state stochastic dynamics described by kinetic scheme

(1.8). Inactivation of a gate, which was not present in K+ currents, was accounted

for by a single gating particle which, rather than being closed or open, was either

inactivated or not inactivated, with the variable h representing the probability of

non-inactivation. While this particle occupies the inactivated state the Na+ gate

is non-conducting. The dynamics of the inactivation particle are, similarly to n,
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I = Cm
dV
dt

+ gK(V − EK) + gNa(V − ENa) + gL(V − EL)

gK = gKn
4

gNa = gNam
3h

gK = 36 mS cm-2

gNa = 120 mS cm-2

gL = 0.3 mS cm-2

EK = −77 mV

ENa = 50 mV

EL = −54.4 mV

Cm = 1.0 µF cm-2

K+ Activation:
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= αn(1− n)− βnn

αn = 0.01
(V + 55)

1− e
−(V+55)

10

βn = 0.125e
−(V+65)

80

Na+ Activation:

dm

dt
= αm(1−m)− βmm

αm = 0.1
(V + 40)

1− e
−(V+40)
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βm = 4e
−(V+65)

18

Na+ Inactivation:

dh

dt
= αh(1− h)− βhh

αh = 0.07e
−(V+65)

20

βh =
1

1 + e
−(V+35)

10

Figure 1.5: The Hodgkin-Huxley model of membrane ionic currents in the giant
axons of Loligo squid [7, 16].

described by the first order kinetic equation

dh

dt
= αh(1− h)− βhh, (1.11)

where αh and βh were given the non-linear voltage dependence shown in fig. 1.5.

Depolarising voltages lead to larger βh and smaller αh, promoting closure of the Na+

gate, the reverse dependence on voltage of that shown by the K+ gating particle.

Activation and deactivation were accommodated in the same way as for K+ channels,

by a particle which has a probability m of being open, with the first order kinetics

dm

dt
= αm(1−m)− βmm, (1.12)

where αm and βm have the non-linear forms given in fig. 1.5. In this case three

independent ‘m’ gating particles were needed to describe the shape of Na+ activation

curves, consequently the voltage-dependent sodium conductance is given by

gNa = gNam
3h, (1.13)
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where gNa is maximal Na+ conductance, when all gates are open and not inactivated.

The full collection of coupled, non-linear differential equations constituting

the H-H model were solved numerically to simulate action potentials in the squid

giant axon. The depolarisation threshold and the shapes of simulated APs were

remarkably similar to those observed experimentally, with slight deviations in the

peaks and tails. The simulations could also provide an explanation for the AP shape

where experimental results at the time could not. Super-threshold depolarisations

activate a strong inward Na+ current which further depolarises the membrane until

the combination of Na+ gate inactivation and delayed activation of the outward

K+ currents leads to membrane repolarisation. The combined repolarising effects

lead to an overshoot of the resting potential (hyperpolarisation) which is relatively

slowly recovered from, during which time it is much harder to induce a second AP.

This ‘refractory period’ is explained in the H-H model by the slow restoration of

gating particles to their resting state which render the membrane less sensitive to

depolarisation and keep the threshold for activation higher than from rest.

Only the average behaviour of large numbers of ion gates was investigated

by Hodgkin and Huxley. Although the probabilistic jumping of gating particles

between binary states constitutes a stochastic process and discrete state stochastic

processes continue to be used to model molecular dynamics, although more often

within the more general class of Markov chain models (section 1.3). These allow

the assumption that the constituent parts of ion channels (gating particles in the

H-H model) operate independently to be dropped, since it is not appropriate for

many ion channels and other molecular systems [73, 74]. Whilst the H-H model

itself and their experimental techniques have largely been superseded now, the use

of electrophysiology data to constrain a discrete state Markov model of ion channel

dynamics continues today in much the same way.

1.2 The Synaptic Vesicle Cycle

The arrival of an action potential at a synapse triggers the transmission of a signal

from the presynaptic terminal to one (or, rarely, multiple) closely apposed post-

synaptic cell(s). Sometimes the cytoplasms of two neurons are directly connected

via a gap junction, where connexon channels spanning a 3-4 nm gap allow for a

near instantaneous (∼ 0.1 ms) and bidirectional exchange of ions [75–77]. These

electrical synapses form the minority in adult vertebrate nervous systems however,

and have a far narrower range of behaviours than their chemical counterparts which

communicate via a slower but more flexible cascade of molecular interactions [3].
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Figure 1.6: Illustration of key processes involved in AP-evoked neurotransmitter
release from a presynaptic terminal. (a) Synaptic vesicles (SVs) are brought into
close apposition with the cell membrane and tethered there via the action of several
proteins. (b) Arrival of an AP opens calcium channels, evoking a sharp influx
of Ca2+. (c) Ca2+ diffuses through the terminal towards docked SVs. (d) Ca2+

interacts with the vesicle-membrane protein machinery to induce fusion of the SV
and cell membranes and ejaculation of neurotransmitter into the synaptic cleft. (e)
The SV and associated proteins are recycled via endocytosis mechanisms.

This thesis concerns the modelling of those molecular systems at chemical synapses

which begin with the arrival of an AP at the presynaptic terminal, and end with

the ejection of chemical signals towards the postsynaptic site, the process called

excitation-secretion coupling (fig. 1.6).

Synaptic boutons are extrusions along the neuron axon which can be as small

as 1 µm in diameter and are separated from terminals on the postsynaptic cell by

a 20 to 40 nm gap called the synaptic cleft [3]. Chemicals called neurotransmitters,

many of which are synthesised within the presynaptic neuron, are released into the

cleft where they are detected by receptors on the postsynaptic terminal. The effect

induced on the postsynaptic cell varies depending on the pairing of postsynaptic

receptors and the chemical composition of neurotransmitters, which differ between

neurons and even between synaptic terminals in the same neuron [78]. For example,

glutamate release from hippocampal MFBs evokes depolarisation of CA3 pyramidal

cells, but has a hyperpolarising effect in the olfactory system of Drosophila [57,

79]. Postsynaptic depolarisations evoked by neurotransmission are called excitatory

postsynaptic potentials (EPSPs), and the ionic currents which induce them are

correspondingly called excitatory postsynaptic currents (EPSCs). In the frog NMJ,

where EPSPs are also called endplate potentials (EPPs) due to the resemblance of

the motor nerve terminal to a plate, the detection of spontaneous miniature EPSPs

(mEPSPs) suggested that neurotransmitter was released in quantal packets, rather
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than at a continuously variable intensity [80, 81]. Electron microscopy later revealed

many roughly spherical structures, no more than 50 nm in diameter, clustered at

the synaptic interface [82, 83]. These are synaptic vesicles (SVs) which enclose

chemical contents within their own lipid bilayer. These were later confirmed to

contain neurotransmitters and release them into the synaptic cleft by fusion of their

own membrane with that of the cell in a process called exocytosis [3, 84, 85].

While SV fusion does occur from resting synaptic terminals at a slow rate,

around one vesicle per minute [86–89], the vast majority of release from active

neurons is evoked by the arrival of depolarising stimuli at the presynaptic ter-

minal. EPSPs can be evoked quickly, within one millisecond of an AP arriving

at the presynaptic terminal, yet SV fusion is only indirectly driven by membrane

depolarisation. The arrival of an AP instigates a rapid influx of Ca2+ through

depolarisation-activated calcium ion channels, and it is the interaction of Ca2+ with

SV associated proteins which leads to vesicle-membrane fusion [3]. The number

and variety of molecular processes involved in neurotransmission allows for flexible

signal modulation at chemical synapses. However the system must also be tightly

regulated to allow for activation of Ca2+ channels, Ca2+ diffusion and interaction

with the vesicle machinery, vesicle-membrane fusion, neurotransmitter diffusion and

postsynaptic detection, and activation of EPSCs, all to complete sequentially within

sub-millisecond timescales. Current experimental techniques are not able to resolve

the simultaneously small and rapid spatiotemporal dynamics of synaptic proteins in

physiological conditions. However, the methods available can produce high quality

data over a range of spatiotemporal scales. The structure of protein complexes can

be revealed by X-ray crystallography which has a spatial resolution restricted by the

diffraction limit of X-rays to around 0.1 nm (or 1 Å, about the size of a single atom),

but only provides static information [90–92]. Meanwhile, the temporal resolution

of electrophysiology is limited only by the sampling frequency of the recording

equipment, but it can only provide information on electrical membrane properties

that result from the action of intracellular molecules. Optical microscopy, using

fluorescent tags to indicate intracellular Ca2+ concentrations for example, provides

a compromise, with spatial and temporal resolutions in the range of micrometres

and milliseconds respectively [93, 94], although this is still not enough to resolve

the underlying molecular dynamics. The static and dynamic results of experiments

at different scales can be linked with informed hypotheses of protein action which

can then be tested with mathematical and computational models. In the rest of

this section the specific biomechanical processes involved in each of the key steps of

excitation-secretion coupling outlined here (fig. 1.6) are described in greater detail.
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1.2.1 Presynaptic Calcium Dynamics

Calcium is strongly extruded from neuronal cells to maintain a sub-micromolar Ca2+

concentration, [Ca2+], in resting presynaptic terminals (table 1.1) [10]. The result-

ing ratio of external to internal [Ca2+], around 104, produces a Ca2+ equilibrium

potential in excess of 100 mV, and correspondingly large inward driving forces on

calcium ions at physiological membrane potentials. Transport of calcium out of the

cell, against its electrochemical gradient, is an energy consuming process enabled

by two main ‘pumps’: the plasma membrane calcium ATPase (PMCA) and the

Na+/Ca2+ exchanger (NCX) [95].

Calcium influx down its electrochemical gradient is enabled through voltage-

gated calcium channels (VGCCs) which are almost entirely closed at resting mem-

brane potentials, allowing minimal Ca2+ current flow, and are opened by membrane

depolarisation [10, 96, 97]. The structure of VGCCs consists of several subunits:

the principal, pore-forming α1 subunit, along with auxiliary subunits α2, β, δ,

and γ [98–102]. The labelling of VGCCs may proceed phenomenologically, in line

with the names given to distinct channel currents in early observations [103, 104],

or according to structural distinction by the primary α1 subunit [105, 106]. Ten

genes encoding distinct α1 subunits in humans have been identified, which can be

separated into three families with structural and functional similarities: CaV1(.1-4),

CaV2(.1-3), and CaV3(.1-3) [97, 105–107]. CaV2.1, CaV2.2, and CaV2.3 channels

mediate P/Q-, N-, and R-type Ca2+ currents respectively, and both nomenclatures

remain in use to designate the channel sub-type [3, 10]. Of all three VGCC families,

CaV2 channels are the most prominently expressed at presynaptic terminals, and

CaV2.1 and CaV2.2 channels are responsible for the bulk of Ca2+ uptake in response

to membrane depolarisations [3, 108–110]. CaV2 channels, along with the CaV1

family mediating L-type Ca2+ currents, are characterised as high-voltage activated

(HVA) since their thresholds for activation are closer to 0 mV than CaV3 channels

[111]. Established models of each CaV2 channel subtype, constrained with data

from hippocampal MFBs [112, 113], are described in detail in section 3.1.1 where

their voltage-dependent dynamics are also illustrated. The large driving force on

calcium ions means that when VGCCs are activated the resulting influx of Ca2+ is

rapid, lifting local Ca2+ concentrations far above the resting value. CaV2 channels

within the presynaptic terminal are also coupled to sites of SVs as a result of direct

interaction with vesicle machinery via the synaptic protein interaction (synprint) site

[3, 96, 114, 115]. Since calcium interaction with SVs directly drives their membrane

fusion, these observations highlight the spatial and temporal precision of calcium as

a trigger for AP-evoked synaptic transmission.
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After membrane repolarisation and cessation of Ca2+ influx due to VGCC

deactivation, the resting concentration of Ca2+ in presynaptic terminals is restored

not only by the active membrane transport of ion pumps, but also by mechanisms

which ‘buffer’ intracellular calcium. Endogenous calcium binding proteins includ-

ing calmodulin (CaM), calbindin (CB), adenosine triphosphate (ATP), and others,

are present in the cytoplasm of presynaptic terminals at concentrations that vary

between cell types and act to regulate the diffusion of Ca2+ [3, 116]. Certain

organelles within the terminal fulfil a similar function, for example mitochondria

are engaged as calcium storage units during periods of high synaptic activity [3,

117]. Calcium buffering proteins respond quickly enough to AP-evoked Ca2+ influx

that they modulate the shape of [Ca2+] profiles in presynaptic terminals, regulating

the release of neurotransmitter [118]. Between periods of activity these mechanisms

also alter the basal [Ca2+] levels within presynaptic terminals, affecting the efficacy

of neurotransmitter release. For example, CaV2 channel activation is facilitated

through Ca2+-dependent mechanisms, it has therefore been suggested that elevation

of basal [Ca2+] may nudge these channels into a ‘pre-facilitated’ mode, enhancing

Ca2+ influx upon arrival of the next AP [119–121]. Since Ca2+ directly drives the

release of neurotransmitter through interaction with the SV machinery, as described

in the following section, elevation of basal [Ca2+] also enhances the probability of

spontaneous release in resting terminals [3].

1.2.2 Synaptic Vesicle Exocytosis

The membranes of presynaptic terminals may contain one or several distinct regions

of high SV density called active zones (AZs) which are approximately aligned with

correspondingly high densities of receptors on postsynaptic terminals. The number

and size of AZs roughly correlates with the size of the terminal, and they are also

clustered with many other protein structures including VGCCs [3, 122–124]. Katz

and colleagues demonstrated the criticality of Ca2+ to synaptic transmission by

linking a reduction in extracellular [Ca2+] with a substantial reduction in EPSP size

at the frog NMJ [125]. It was later shown that release of Ca2+ directly into presynap-

tic terminals, either by injection or calcium uncaging, could evoke a postsynaptic

response in the absence of membrane depolarisation [126–128]. The relationship

between neurotransmitter release, measured for example by EPSP size, and presy-

naptic [Ca2+] at physiological levels follows a power law with a factor in the range

of 3 - 5 [3, 129–131]. That is, EPSP size ∝
[
Ca2+

]C
where the factor C, termed

the calcium cooperativity factor, ranges from 3 to 5. The steep non-linearity can

be explained by a requirement for multiple calcium ions to initiate the membrane
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Figure 1.7: A possible molecular con-
figuration for the primed SV exocyto-
sis machinery. In this model the cen-
tral SNARE complex is clamped by
complexin and two different isoforms of
synaptotagmin (Syt1 and Syt7) which
each consist of two linked C2 domains
(C2A and C2B). SVs are thought to
be associated with several SNARE com-
plexes, however the precise organisation
of molecules is still debated. This dual-
clamp arrangement is one of several pos-
sibilities simulated in chapter 3.

fusion of a single vesicle, however the sequence of molecular events by which Ca2+

facilitates SV fusion are still the subject of debate.

The spontaneous fusion of two lipid membranes is initiated when they are

brought into close apposition with each other and overcome the repulsive forces

between them. Recalling that the full process of neurotransmission can complete

within 1 millisecond of an AP it becomes clear that diffusion of SVs alone could

not account for the necessary fusion speed, and that fusion must be directed by

machinery that is tightly coupled to the plasma membrane. Indeed, by the action

of several proteins some fraction of pre-formed vesicles from the total available pool

are brought to within 25 nm of the membrane where they are ‘docked’, forming a

collection of vesicles called the readily releasable pool (RRP) which are primed for

fast release in response to Ca2+ influx [132–135]. Very many proteins are present in

the active zones of presynaptic terminals, only some of which contribute significantly

to synaptic transmission. By interrupting protein function, either with pharmaco-

logical block or genetic deletion, the relative contributions of each have been inferred

over the course of the last few decades [3, 136, 137]. Our current understanding of

the dynamical process came about from attempts to reconcile the growing number

of relevant proteins with a plausible molecular configuration that could account for

sub-millisecond fusion whilst adhering to the constraints of thermodynamics and

chemical kinetics. In particular, James Rothman, Randy Schekman, and Thomas

Südhof were jointly awarded the 2013 Nobel Prize in Physiology or Medicine “for

their discoveries of machinery regulating vesicle traffic” [138–140]. The most signifi-

cant contributors to SV exocytosis and their likely molecular arrangements are now

described. Further details involving these and other proteins with distinct or more

subtle functions can be found in [141–143] or chapter 8 of [3].
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Synaptobrevin, a vesicle-associated membrane protein (VAMP), coils to-

gether with the proteins SNAP-25 and syntaxin which are anchored to the plasma

membrane to form the SNARE (soluble N-ethylmaleimide–sensitive factor attach-

ment protein receptor) complex which tethers SVs to the membrane. The current

prevailing theory is that SVs docked at the presynaptic AZ are associated with

several partially assembled SNARE complexes (SNAREpins) which have their com-

plete assembly inhibited (or ‘clamped’) by the soluble presynaptic protein complexin

(Cpx) and Ca2+-sensitive synaptotagmins (Syts). Genetic and overexpression stud-

ies have demonstrated that Ca2+ binding by Syt molecules and the subsequent

membrane insertion of their Ca2+-binding domains is necessary to synchronise SV

fusion with AP stimuli [86, 144]. It is thought that Ca2+ binding to Syts induces the

release of their clamp on SNARE complexes, perhaps by a dramatic reorientation

required for membrane insertion [145]. The uninhibited SNAREpins may then

completely assemble (or ‘zipper’), cooperating to bring the opposing membranes

together and provide the energy required for fusion. Recent structural analysis

has shown that a SNAREpin can simultaneously bind two Syts at distinct sites,

with only one of these clamps formed in conjunction with Cpx [146]. Furthermore,

different members of the synaptotagmin family, of which eight bind Ca2+, have been

shown to make distinct contributions to the dynamics of synaptic release [147, 148].

This has led to the proposal of several molecular models which offer a mechanistic

explanation for how different synaptotagmin isoforms may cooperate to regulate

synaptic transmission [149–153]. Fig. 1.7 illustrates a plausible static model of the

primed fusion machinery, in the absence of a Ca2+ trigger, in which the central

SNARE complex is simultaneously clamped by two different Syt isoforms (Syt1 and

Syt7). It is thought that Ca2+ instigates the release of these Syt clamps, following

which the central SNAREpin is free to drive the fusion of SV and cell membranes,

possibly through the completion of is zippering process. Accumulating experimental

evidence argues in support of the SNAREpin ‘release-from-inhibition’ hypothesis

[143, 152, 154], although it should be strongly stated the precise arrangement of SV

proteins and how they cooperate to enable fast synchronous release on a millisecond

timescale remains unclear. In chapter 3 a novel experimentally constrained mod-

elling framework is used to test the plausibility of different molecular architectures,

including the design in fig. 1.7, under physiological conditions. In that chapter the

static structure (section 3.2.1) and dynamics (section 3.2.2) of this protein system

are described in greater detail with additional illustrations.
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1.2.3 Endocytosis and Replenishment of the RRP

After fusing with the cell membrane and releasing its contents, a vesicle’s membrane

and associated fusion-mediating proteins are recovered to enable restoration of the

RRP via one of several endocytosis mechanisms [155–159]. The main pathway by

which vesicles are recycled is thought to be mediated by clathrin which coats the

vesicle, inducing an inward pit on the membrane, before detaching entirely as a

result of dynamin-driven fission at the neck; subsequent stripping of the clathrin

coat makes a reformed vesicle available to the RRP [160–163]. This process occurs

over timescales of tens of seconds to minutes [160, 164, 165], and while it is crucial

for restoration of the RRP during long periods of sustained activity, it is not fast

enough to account for the rapid and continuous vesicle release observed at small

central synapses [166–168]. Much faster vesicle recycling rates with timescales of

hundreds of milliseconds to seconds have been observed [169–172], with some studies

reporting ‘ultrafast’ recovery within ∼50 ms [173, 174]. The range of endocytosis

rates is achieved by distinct modes of vesicle recycling which are linked to modes

of exocytosis. Kiss-and-run exocytosis involves only a transient opening of the

fusion pore, and so the vesicle remains in the RRP after partial release of its neuro-

transmitter content [175, 176]; this is in contrast to full-collapse vesicle-membrane

fusion which is recovered by classical clathrin-mediated endocytosis [155, 160]; bulk

endocytosis is also observed as a result of intense synaptic stimulation, in which large

portions of membrane containing multiple fused vesicles are extracted, forming large

endosome-like structures from which new vesicles are drawn [177–180]. Which mode

will be invoked depends on the nature of the synapse under study and the pattern

of stimulation, although the molecular mechanisms which facilitate fast and slow

endocytosis are still the subject of debate [158, 171, 181–183].

The rate-limiting factor for exocytosis may not be the rate at which vesicles

are recycled however, but rather the rate at which release sites in the AZ can be

cleared to make way for new vesicles [184, 185]. This is because, in most synapses,

the RRP is supported by a much larger pool of free vesicles which are available

for exocytosis as soon as the AZ becomes accessible, much faster than the time

required for vesicle recycling [177, 186–188]. In hippocampal MFBs this recycling

pool contains around 10 to 20 times as many vesicles as the RRP [186], and will

maintain exocytosis until it is depleted during prolonged periods of sustained heavy

activity. After the recycling pool is depleted, slower vesicle restoration mechanisms

such as clathrin-mediated endocytosis, or recruitment from yet another reserve pool

over tens of seconds, become rate limiting for exocytosis [171, 186, 189]. In models of

SV exocytosis over short timescales, such as for a single AP response, it is often not
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necessary to account for depletion and replenishment of the RRP. Under repeated

stimulation however a model appropriate to the timescale, rapid repriming or slow

endocytosis for example, should be included.

1.3 Markov Chain Modelling of Molecular Dynamics

The protein structures involved in ion channel activation and SV exocytosis are

complex arrangements of several molecules. The interactions of these molecules

with each other and with surrounding chemicals can complete within microseconds

while their aggregate dynamics contribute to physiological processes taking place

over seconds to minutes [3, 21, 190, 191]. The dynamics of any system of molecules

are fundamentally the results of atomic forces governed by statistical thermody-

namics and quantum mechanics. These physical laws are approximated at a low

level in the family of techniques called molecular dynamics simulations which have,

among other applications [192, 193], helped inform the current understanding of how

synaptic proteins mediate SV fusion [194–197]. The high spatiotemporal resolution

of these techniques is counterposed by their limited range which is restricted by the

correspondingly high computational costs to scales of nanometres and microseconds

[198–200]. This precludes the use of molecular dynamics simulations for many

studies of synaptic processes.

Fortunately, the extremely high spatiotemporal resolution of molecular dy-

namics simulations is not always necessary to model dynamics of the very many

proteins operating at a synapse over physiological timescales. The H-H model

demonstrates that a coarse representation of molecular dynamics can successfully

describe large-scale phenomena such as the APs of the squid giant axon [16]. How-

ever, in that model the probability of an ion gate being open was found by assuming

that each of its gating particles operated independently, an assumption that is

approximately correct for K+ and Na+ channels of the squid giant axon, but is

often violated elsewhere [73, 74]. The H-H model is in fact a restricted instance of

the class of stochastic processes called Markov chains which do not in general require

the independence assumption. These more general Markov models can capture ionic

current dynamics where the H-H model fails and are in more common use today for

modelling VGICs and other dynamical molecular systems.

In principle, molecules in a dynamical system are subject to continuous

change and deformation, however the dynamics are characterised by relatively long

periods of stationarity, interrupted by relatively fast transformations [201–204].

These meta-stable states correspond to local minima in the potential energy land-
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scape which may coincide with physically distinct molecular configurations such as

protein conformations or ligand-protein bindings. Compared to the long timescales

over which these states are occupied, the transitions between them occur quickly

as thermal fluctuations overcome the intermediate potential energy barriers [200,

205–209]. These observations promote a stochastic model with a discrete state

space, in which ‘jumps’ between states represent rapid molecular reconfigurations.

Models are often supplemented with the much stronger ‘memoryless’ or ‘Markov’

property, which requires that the probabilistic time-evolution of the model from any

given state does not depend on the model’s history, only on its current state, a

requirement that is sufficiently satisfied in many molecular systems [74, 210–213].

The Markov property has wide-reaching effects mathematically, and provides suffi-

cient restriction on the stochastic process that practical analysis is enabled even for

large and complex systems [214]. Much of the novel work presented in this thesis is

based on efficient stochastic simulation of Markov chain models of synaptic protein

dynamics. The relevant mathematical properties of Markov chains and their time-

evolution are presented in the remainder of this section, briefly abstracted from any

physical representation until section 2.2. Until then, the physically-minded reader

may find it helpful to refer back to kinetic scheme (1.8), the two-state H-H gating

particle model, as an illustration of a very simple Markov chain.

1.3.1 Definition and Properties of a Markov Chain

A stochastic model of molecular dynamics supposes that the state of a molecular

system at a time t is described by a random variable Xt over some state space S.

The family of random variables Xt ∈ S for all times, t, then defines a stochastic

process describing the time-evolution of the molecular system. Suppose that the

process was observed at times t0 ≤ t1 ≤ ... ≤ tj and that at those times it had the

values x0, x1, ..., xj respectively. The process Xt is then said to have the Markov

property, if and only if for all j ≥ 1, tj+1 ≥ tj, and xj+1 ∈ S

P
[
Xtj+1

= xj+1|xj, xj−1, ..., x0

]
= P

[
Xtj+1

= xj+1|xj

]
. (1.14)

That is, the probability that, at some future time tj+1, the process will take the

arbitrary value xj+1 is conditional only on the most recent observation xj, not on

the sequence of states held prior to that. A so-called Markov process is called a

Markov chain if the state space S is discrete. Since a Markov chain takes only

discrete values it is appropriate to say that the system ‘jumps’ from state to state.

At any time t ≥ 0, for two distinct states n, ν ∈ S, the transition rate density
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function r(ν|n, t) is defined as

r(ν|n, t)dt = P
[
The process will jump into state ν in the time interval

[t, t+ dt) given that it is in state n at time t
]
. (1.15)

Specifying the complete set of transition rates r(ν|n, t) for every n, ν ∈ S and

time t ≥ 0 then uniquely defines a Markov chain. If at least one of the transition

rates has an element of time-dependence then the resulting Markov chain is time-

inhomogeneous. Conversely, if all of the transition rates are independent of time

then the Markov chain is time-homogeneous and many aspects of its analysis are

much simpler.

From a given state n, the time that the process will remain there before

jumping is itself a random variable referred to as the waiting time Wn. The ‘rate’

at which the process leaves state n is given by the propensity function a(n, t)

which is defined as

a(n, t) =
∑
ν ̸=n

r(ν|n, t) (1.16)

This means that a(n, t)dt is the probability that the process will jump away from

the state n in the next time interval [t, t+dt). The probability that the process will

jump away from state n some time τ after t is instead given by p1(τ |n, t)dτ where

p1 is the probability density function (pdf) of the waiting time random variable

Wn which we will refer to as the next time density function. This probability,

p1(τ |n, t)dτ , is necessarily the product of the probabilities that no jump occurs in

[t, t+ τ) and that a jump does occur in [t+ τ, t+ τ + dτ). This means that

p1 (τ |n, t) = a(n, t+ τ) exp

(
−
∫ τ

0

a(n, t+ τ ′)dτ ′
)

(1.17)

(See [214] for a detailed derivation). If the Markov chain is time-homogeneous then

the propensity function is a constant, a(n), and p1(τ |n) reduces to the pdf of the

exponential distribution. In that case Wn ∼ exp(a(n)) and the expected value of

the waiting time is 1/a(n). Otherwise, the general time-inhomogeneous propensity

function is difficult to work with analytically and jump times are more often found

from numerical solution of eq. (1.17), as described in section 1.3.2. Given that the

process will jump out of state n at time t+τ , as dictated by the propensity function,

the probability that it will ‘land’ in the distinct state ν is given by

p2 (ν|τ, n, t) =
r(ν|n, t+ τ)

a(n, t+ τ)
. (1.18)
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We will refer to this as the next state density function where, by definition,

p2(n|τ, n, t) = 0. In the time-homogeneous case p2 (ν|τ, n, t) = p2(ν|n) and which

state the process jumps into is drawn independently from the time waited. Together,

the product of eqs. (1.17) and (1.18) defines the next jump density function

p(ν, τ |n, t) = p1 (τ |n, t) p2 (ν|τ, n, t) (1.19)

which is such that p(ν, τ |n, t)dτ is the probability that, given the process is in state

n at time t, the next jump will occur in [t+ τ, t+ τ + dτ) and will take the process

to state ν.

The next jump density function can be used to simulate a sample path,

a particular instance of the Markov chain Xt from an initial condition Xt0
= n0.

Since the process remains in a fixed state between jumps, this is determined for all

time t ≥ t0 by a sequence of jump times {j1, j2, ...} and a corresponding sequence

of states jumped into {n1, n2, ...}. These sequences are simply realisations of the

random variables with pdfs defined by the subordinate density functions p1 (1.17)

and p2 (1.18) respectively. The combined sequence of pairs of jump times and

landing states {j1, n1; j2, n2; ...} is referred to as a jump chain. Single sample

paths provide illustrative examples of a Markov chain’s behaviour but if sufficiently

many are simulated then they can be used to estimate the probability of states

being occupied at any given time. This is the principle of the Monte Carlo approach

which is described in detail in section 2.1. Before then, the Markov condition is

sufficiently restrictive that several exact analytical expressions for the evolution of

Markov chains over time can be immediately derived.

1.3.2 Time-Evolution of Markov Chains

Given a Markov chain Xt defined according to a state space S, an initial condition

Xt0
= n0, and a complete set of transition rate density functions r(ν|n, t) for all

ν, n ∈ S and t ≥ t0, we would like to find the probability that the process occupies

an arbitrary state n at an arbitrary time t ≥ t0. This probability is called the

Markov state density function

P (n, t|n0, t0) = P
[
Xt = n|Xt0

= n0

]
(1.20)

which, by Kolmogorov’s extension theorem [215], is uniquely specified by the tran-

sition rates. The Markov state density function P is actually just one instance

of the collection of joint density functions defined for any k > j ≥ 0 and times
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tk ≥ ... ≥ t1 ≥ t0 with the general form

P
(j+1)
k−j (nk, tk; ...;nj+1, tj+1|nj, tj; ...;n0, t0) . (1.21)

This defines the probability that the process Xt takes the values nj+1, ..., nk at

the corresponding times tj+1, ..., tk, given that it took the values n0, ..., nj at times

t0, ..., tj. The Markov state density function then coincides with the first of these

joint density functions, P = P
(1)
1 . In this notation the Markov property (1.14) can

be re-expressed as the criterion that, for all j ≥ 1 and times tj+1 ≥ tj ≥ ... ≥ t0,

P
(j+1)
1 (nj+1, tj+1|nj, tj; ...;n0, t0) = P (nj+1, tj+1|nj, tj). (1.22)

To derive the first key property of the Markov state density function, note that for

any three times t0 ≤ t1 ≤ t2, it is always true that

P (n2, t2|n0, t0) =
∑
n1

P
(1)
2 (n2, t2;n1, t1|n0, t0). (1.23)

Furthermore the joint density function P
(1)
2 is separable into the components

P
(1)
2 (n2, t2;n1, t1|n0, t0) = P (n1, t1|n0, t0)P

(2)
1 (n2, t2|n1, t1;n0, t0). (1.24)

By the Markov property (1.22), the second factor on the right-hand side (RHS) of

eq. (1.24) reduces to P (n2, t2|n1, t1). This allows us to express eq. (1.23) entirely

in terms of the Markov state density function P , in a form known as the (discrete

state) Chapman-Kolmogorov equation

P (n2, t2|n0, t0) =
∑
n1∈S

P (n2, t2|n1, t1)P (n1, t1|n0, t0). (1.25)

This two-stage expression extends to the general case of P (nk, tk|n0, t0) in what is

called the compounded Chapman-Kolmogorov equation. The Chapman-Kolmogorov

equation expresses the Markov state density function at time t2 via all possible

intermediary states n1 at a time t1. It can be re-expressed for the time t+ dt, with

infinitesimal dt ≥ 0, via intermediary states ν at time t as

P (n, t+ dt|n0, t0) =
∑
ν∈S

P (n, t+ dt|ν, t)P (ν, t|n0, t0). (1.26)

Substituting a formal derivation [214] for a conceptual one, it is clear that
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the process may arrive in the state n by time t+ dt by either jumping into it from

another state ν ̸= n in the interval [t, t+dt), or by starting in the state n at time t

and remaining there during that interval. The former transition probabilities have

been defined in eq. (1.15) as r(n|ν, t)dt while the latter probability of non-transition

is simply 1 − a(n, t)dt, where a(n, t) is the propensity function as in eq. (1.16).

Notably, this argument ignores the possibility of more than one jump in [t, t + dt)

which is appropriate as the probability of such an event is ∼dt2. Consequently,

eq. (1.26) can be re-expressed as

P (n, t+ dt|n0, t0) =
∑
ν ̸=n

(
r(n|ν, t)dtP (ν, t|n0, t0)

)
+ [1− a(n, t)dt]P (n, t|n0, t0).

(1.27)

Subtracting P (n, t|n0, t0), dividing by dt and taking the limit dt → 0 leads to the

differential expression describing the time-evolution of the Markov state density

function known as the forward master equation

∂

∂t
P (n, t|n0, t0) =

∑
ν ̸=n

(
r(n|ν, t)P (ν, t|n0, t0)

)
− a(n, t)P (n, t|n0, t0). (1.28)

A reverse expression for − ∂
∂t0
P (n, t|n0, t0) can be similarly derived which is called

the backward master equation.

The master equations can be simultaneously expressed for all states n ∈ S
using matrix notation [216]. The Markov state density functions are collected into

the Markov state density vector Pt which is a row vector with |S| elements,

the nth of which is P (n, t|n0, t0). The transition rate matrix Q is defined as

the |S|×|S| matrix with each off-diagonal element qnν = r(n|ν, t) and each diagonal

element qnn = −a(n, t). This means that Q has the condition that the sum of each

of its rows is equal to 0. Thus eq. (1.28) can be expressed for all n ∈ S as

∂

∂t
Pt = PtQ. (1.29)

Throughout this thesis, unless otherwise stated, the term ‘master equation’ is used

to refer exclusively to this matrix summary of the forward master equations for all

states. The master equation describes a system of |S| coupled differential equations

for which analytical solutions very quickly become intractable as the number of

states grows, particularly for non-linear time-inhomogeneous Markov chains. In the

time-homogenous case however the solution to eq. (1.29) is straightforward: the rate
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transition matrixQ is constant and so the solution is given by the matrix exponential

Pt = P0 exp(Qt), (1.30)

where P0 is the initial distribution at t0. With the initial condition Xt0
= n0 this

means that P0 has its nth
0 element equal to 1 and all other elements equal to 0.

Under fixed environmental conditions we may expect dynamical physical

systems to converge towards a steady-state corresponding to some form of energy

minimum. This phenomenon is indeed represented in time-homogeneous Markov

chains as the stationary distribution π which is the Markov state density function

satisfying ∂π
∂t

= 0. For any time-homogeneous Markov chain the existence and

uniqueness of a stationary distribution are, respectively, guaranteed by a finite state

space and irreducibility [215]. A Markov chain is called irreducible if each state is

accessible from any other within some finite time. That is, for all distinct ν, n ∈ S
there exists a t > t0 such that P (ν, t|n, t0) > 0. Notably, if such a time does

exist and all the transition rates are smooth functions of time then it follows that

P (ν, t|n, t0) > 0 for all t > t0. In this case the stationary distribution is also

the limiting distribution of the Markov state density function, the solution of

eq. (1.29) in the limit t → ∞. From eq. (1.29) we also have that the stationary

distribution π must satisfy πQ = 0, i.e. π is the (unique) left eigenvector of the

transition rate matrix Q corresponding to the eigenvalue 0.

Finally, reversibility is a useful property exhibited by some stochastic pro-

cesses. Imagining the process as a film running forwards in time, reversibility is

the concept that the process appearing when the film is played backwards would

be statistically indistinguishable from the original process. Formally, a stochastic

process Xt is called reversible if the sequence Xt1
, Xt2

, ..., Xtn , for t1 ≤ t2 ≤ ... ≤ tn,
has the same joint probability distribution as Xτ−t1

, Xτ−t2
, ..., Xτ−tn , for some time

τ . Markov chains are reversible if and only if the stationary distribution π satisfies

the detailed balance equations

πnqnν = πνqνn (1.31)

for all n, ν ∈ S [217]. This restriction is useful for constraining models of molecular

dynamics, as we shall see in section 3.2.3. A straightforward test for Markov chain

reversibility, and therefore whether the detailed balance equations are satisfied,

is given by Kolmogorov’s loop criterion. This states that a continuous-time
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Markov chain is reversible if and only if its transition rate density functions satisfy

qn1n2qn2n3 · · · qnk−1nk
qnkn1 = qn1nkqnknk−1

· · · qn3n2qn2n1 (1.32)

for all n1, n2, ...nk ∈ S. The left-hand side (LHS) of eq. (1.32) is the product of the

transition rates around a closed loop starting and ending at state n1, the RHS is

the product of rates around the same loop but in the opposite direction. For some

simple Markov chains, such as the two-state process governing gating particles in

the H-H model (1.8), it may be immediately apparent that Kolmogorov’s criterion

is satisfied.

The Markov state density function P is often interpreted as the proportion

of a large collection of identical processes which are expected to occupy each state at

any given time. This constitutes a mean-field approximation in which the stochastic

nature of the process is disregarded and the master equation (1.29) exactly describes

the average time-evolution of the Markov chain. Sometimes, commonly in chemical

kinetics, this assumption is implicit in the immediate construction of a system of

ordinary differential equations (ODEs), similar in form to the master equation,

from continuous macroscopic observables such as chemical concentration. The time

evolution of the Markov state density function, including its limiting steady-state

distribution, is entirely determined by the master equation (1.29). However, analyti-

cal solutions exist only for the most simple Markov chains and numerical solution are

often not tractable. Furthermore, the master equation cannot, on its own, describe

all of the dynamical properties of a Markov chain, such as jump time distributions.

It is possible, both independently of and directly from the master equation, to derive

analytical expressions for the time evolution of various moments of the process, such

as the mean and variance, however such expressions prove similarly intractable [214].

In practice then, the master equation is often substituted for, or supplemented by,

stochastic methods, such as the Monte Carlo approach in section 2.1, to give a

complete description of a Markov chain’s behaviour.

1.4 Summary

In chemical kinetics, Markov chains are used to approximate low-level atomic physics,

which is closely modelled by full molecular dynamics simulations, with discrete

state transitions, thereby sacrificing resolution and biophysical accuracy for massive

reductions in simulation costs. Efficient simulation allows Markov chain models to

be flexibly deployed over wide spatiotemporal scales. Analytical, or even numerical,

in cases of high dimensionality, solution of the master equations to find the time
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evolution of the Markov probability density function is a negligibly expensive pro-

cess. Unfortunately, for some Markov models, including some of those introduced in

this thesis, this approach may not be straightforward. Therefore, chapter 2 begins

with a description of a Monte Carlo stochastic simulation algorithm for efficiently

generating estimates of the Markov state density function. It continues with the

application of this method to previously published empirical models of SV fusion,

and concludes with a study in which this simulation pipeline was engaged alongside

experimental data from hippocampal MFBs. Here the results of simulations support

experimental observations of long-lasting asynchronous release at this synapse, and

provide a mechanistic link between pre- and post-synaptic recordings.

The subsequent work presented in this thesis consists mainly of novel Markov

models of presynaptic protein systems constrained using experimental data. Firstly,

recent advances in understanding of the molecular make-up of the machinery me-

diating SV fusion, introduced briefly in section 1.2.2, have sparked proposals of

several dynamical models of this system. In chapter 3 a flexible Markov modelling

framework capable of simulating SV fusion under a range of plausible molecular con-

figurations is constrained using the known biophysical properties of distinct synaptic

proteins. Simulations of these different clamping architectures under realistic pat-

terns of presynaptic activity reveal how Syt1 and Syt7 may synergistically regulate

SV fusion via the primary and tripartite interfaces of the SNARE complex. This

work contributes to the ongoing elucidation of this fundamental yet incompletely

resolved sub-neuronal system.

Chapter 4 focusses on the step preceding vesicle fusion in the SV cycle il-

lustrated in fig. 1.6, Ca2+ influx through VGCCs. Specifically, a model of CaV2.1

channels which express the particular mutation labelled S218L is constrained using

experimental data taken from the literature. The mutation is linked with severe

migraine, as described in detail in the introduction of that chapter, and its impact

on CaV2.1 channel dynamics has not previously been modelled within the efficient

framework of Markov chains. Simulations of mutated channel activity in response

to realistic AP stimulation were performed, and appended with established mod-

els of SV fusion to simulate the subsequent impact of the mutation on synaptic

transmission. The initial results are in line with experimental observations, whilst

a number of novel observations of the mutation’s impact are also made which have

not previously been reported. These predictions highlight the value of this model

for exploring the impact of the S218L mutation, and migraine more generally.
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2 Modelling Synaptic

Exocytosis

2.1 Stochastic Simulation of Markov Chains

The deterministic results of sections 1.3.1 and 1.3.2, such as the master equations

(1.29), are often not solvable for real-world Markov models, as we shall see in

section 2.2.3. By generating very many realisations of a Markov chain, Monte

Carlo methods allow for estimation of the Markov state density function (1.20)

along with virtually any other dynamical quantity of interest. Suppose M sample

paths are generated for a process Xt from an initial condition Xt0
= n0. Then, with

sufficiently large M , the Markov state density function P (n, t|n0, t0) is approximated

by the fraction of sample paths occupying state n at time t, the derivative of which

approximates the master equation (1.28). The first step is almost always the most

challenging and time limiting part of any Monte Carlo method, since enough realisa-

tions must be generated such that estimated quantities are sufficiently constrained.

By invoking the central limit theorem it can be shown, for example, that the mean

time taken to reach one state from another converges to its exact value at a rate

proportional to the square root of the number of realisations [214]. This illustrates

the major weakness of Monte Carlo methods, and so algorithms have been developed

to make generation of Markov chain sample paths as efficient as possible.

2.1.1 The Direct Gillespie Algorithm

Recall that a sample path of a Markov chain Xt is given by a joint sequence of

jump times and landing states called a jump chain (section 1.3.1). Most practical

Monte Carlo methods generate these jump chains by essentially mimicking the time-

evolution of the jump process: from an initial state, jump times and landing states

are drawn iteratively from the probability distribution defined by the next-jump
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1: Intialize t← t0, n← n0

2: Draw a sample next jump time τ according
to the next time density function (1.17)

3: Draw a sample next jump state ν according
to the next state density function (1.18)

4: Advance t← τ , n← ν
If process is to continue, then return to 2, otherwise, stop.

Parallel Processes

Figure 2.1: The direct Gillespie stochastic simulation algorithm for generating
exact realisations of a continuous-time Markov chain [214, 218, 219]. Individual
realisations of the process should be run in parallel to reduce the total time demand
of a Monte Carlo approach.

density function, eq. (1.19). One such algorithm which is in common use was intro-

duced by Daniel T. Gillespie [218, 219]. Gillespie’s stochastic simulation algorithm

generates process realisations which are ‘exact’ in the stochastic sense that they are

unbiased samples of the Markov state density function. It also uses a variable time-

step approach which means that it scales much more efficiently than fixed time-step

methods.

The Gillespie algorithm proceeds, on a Markov chain defined by a complete

set of transition rate density functions (1.15) with an initial condition Xt0
= n0, by

iteratively drawing jump times and landing states from their respective distributions,

as illustrated in fig. 2.1. Given that the process occupies state n at time t, the next

jump time, defined as τ = inf{τ ′ > 0 : Xt+τ ′ ̸= n}, is drawn according to the

next time distribution function p1(τ |n, t) given by eq. (1.17). Then, given that the

process jumps away from state n at time t + τ , the next jump state, ν, is drawn

according to the next state density function p2(ν|τ, n, t) given by eq. (1.18). All

that remains is to provide a methodology for drawing the next jump times and

states from their respective probability distributions. This will be achieved, as it

was by Gillespie in his original work [214, 218, 219], by application of a general

31



probabilistic technique called the inversion method for generating sample values

from arbitrary probability distributions. The continuous and integer methods can

be used to draw the next jump times and next jump states respectively, according

to their probability distributions. In the general, time-inhomogeneous case the next

state density function depends on the time at which the next jump occurs, and so

the next jump time must be drawn first, as illustrated in fig. 2.1.

The continuous inversion generating method proceeds as follows. For

a real-valued random variable Y with cumulative distribution function (cdf) F , if u

is a random number drawn from the uniform distribution on the unit interval (0, 1)

then the value y satisfying

y = F−1(u) (2.1)

can be regarded as a sample value of Y .

The integer inversion generating method proceeds as follows. For a

positive integer-valued random variable Y with probability density function p, if u

is a random number drawn from the uniform distribution on the unit interval (0, 1),

then the integer ν that satisfies the double inequality

ν−1∑
k=1

p(k) ≤ u <
ν∑

k=1

p(k) (2.2)

can be regarded as a sample value of Y . Note that if ν = 1 then the left summands

are empty and that sum is equal to 0.

2.1.2 Specialised Algorithm for Limited Time-Inhomogeneity

The cdf F1(τ |n, t) corresponding to the next jump density function p1(τ |n, t), given
by eq. (1.17), represents the probability that, given the process is in state n at time

t, it will jump to a new state within time τ . It is given by

F1 (τ |n, t) = 1− exp

(
−
∫ τ

0

a(n, t+ τ ′)dτ ′
)
, (2.3)

where a(n, t) is the propensity function defined in eq. (1.16) [218]. Applying the

continuous inversion generating method according to eq. (2.1) to eq. (2.3), with the

subtle substitution of u for the equivalent unit uniform random number (1− u), we
have that a sample next jump time τ is the solution of∫ τ

0

a(n, t+ τ ′)dτ ′ + ln (u) = 0. (2.4)
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Recall that the propensity function a(n, t) is the sum over all states ν ̸= n of the

transition rate density functions r(ν|n, t), and it is clear that solving eq. (2.4) will

be analytically intractable, and computationally expensive, for most arbitrary non-

linear transition rates. Note in passing though that in the time-homogeneous case,

where a(n, t) reduces to a(n), the solution is straightforwardly given by

τ =
ln (1/u)

a(n)
. (2.5)

Fortunately, the extent of inhomogeneity we shall explore is limited to the

specific case where only some of the transition rate density functions are time-

dependent, and all of those have the same time-dependency. That is, within the set

of pairs of states S2 = {(n, ν) : n, ν ∈ S}, there is a subset of pairs corresponding

to time-independent state transitions S2
I ⊆ S2 and a complementary subset of pairs

corresponding to time-dependent state transitions S2
D ⊆ S2, all of which have their

time-dependence governed by a state-independent function c(t), t ≥ t0. In this way

the set of transition rate density functions r(ν|n, t) is separable into

r(ν|n, t) =

r∗(ν|n) if (n, ν) ∈ S2
I ,

r∗(ν|n)c(t) if (n, ν) ∈ S2
D.

(2.6)

Consequently, the propensity function (1.16) can also be separated into summations

over the time-dependent and -independent transitions

a(n, t) =
∑
ν ̸=n

(n,ν)∈S2
D

r∗(ν|n)c(t) +
∑
ν ̸=n

(n,ν)∈S2
I

r∗(ν|n). (2.7)

With the welcome definitions of

RD(n) =
∑
ν ̸=n

(n,ν)∈S2
D

r∗(ν|n) (2.8)

and

RI(n) =
∑
ν ̸=n

(n,ν)∈S2
I

r∗(ν|n) (2.9)

the propensity function is expressible as

a(n, t) = RD(n)c(t) +RI(n). (2.10)
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Finally, by substituting eq. (2.10) into eq. (2.4), we have a new expression such that

a sample next jump time τ is the solution of

RD(n)

∫ τ

0

c(t+ τ ′)dτ ′ +RI(n)τ + ln(u) = 0. (2.11)

This specialised calculation corresponds to step 2 of the direct Gillespie algorithm

(fig. 2.1) and is a significant improvement over the general eq. (2.4) due to the

calculations which can be performed before Monte Carlo simulations begin. Firstly,

the summations RD(n) (2.8) and RI(n) (2.9) can be pre-calculated for all states

n ∈ S, and need not be re-calculated during each process realisation. Similarly,

the |S| integrals of eq. (2.4) have been reduced to a single integral which can be

pre-calculated numerically, or even exactly if an analytical expression for c(t) exists,

as C(τ) =
∫ τ

t0
c(t)dt. Hence the integral in eq. (2.11) reduces to the difference

C(τ) − C(t). Interpolating the numerical function C(t) to find the exact value τ

satisfying eq. (2.11) is expected to be considerably more efficient than solving the

integral at every jump time calculation in each Monte Carlo simulation.

After the next jump time τ is drawn by solving eq. (2.11), step 3 of the direct

Gillespie algorithm (fig. 2.1) is drawing the next jump state ν. This is achieved

by applying the integer inversion generating method according to the next jump

density function p2(ν|τ, n, t) given by eq. (1.18). Finding the unique solution ν

to the double inequality in eq. (2.2), for a given unit uniform random number u,

then amounts to searching the cumulative array

[∑k
j=1 r(j|τ,n,t)
a(n,t+τ)

]
k∈{0,1,...,|S|}

for the

smallest ν satisfying the right inequality

u <

∑ν

j=1 r(j|n, t+ τ)

a(n, t+ τ)
. (2.12)

Note that the labelling of the discrete states in S with the integer values 1 to |S| can
be made arbitrarily since the integer inversion generating method holds regardless

of the labelling order.

The time-inhomogeneity encountered in modelling SV exocytosis is entirely

contained in the time-dependence of the [Ca2+]. In the case of VGCCs it is contained

in the time-dependence of the membrane potential. This means that, in both

cases, eq. (2.11) can be used to calculate the next jump times during stochastic

simulations, with c(t) substituted for the [Ca2+] or the voltage trace as required.

Pre-calculating the integrals of these traces prior to the main simulation loop of the

direct Gillespie algorithm should significantly reduce computational costs over the

very many realisations required for Monte Carlo predictions. Followed then by the
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0: Pre-Calculate
· RD(n) and RI(n) for all n ∈ S according to eqs. (2.8) and (2.9)
· The integral C(τ) =

∫ τ

t0
c(t)dt

1: Intialize t← t0, n← n0

2: Calculate next jump time τ according to eq. (2.11)

3: Calculate next jump state ν according to eq. (2.12)

4: Advance t← τ , n← ν
If process is to continue, then return to 2, otherwise, stop.

Parallel Processes

Figure 2.2: A specialised version of the direct Gillespie algorithm (fig. 2.1) for
generating exact realisations of a continuous-time Markov chain under limited time-
inhomogeneity. For sparsely connected state spaces, RD(n) and RI(n) are sums of
very few constants which, for simplicity, may instead be calculated during step 2,
with only a small sacrifice in efficiency.

next-jump calculation given by eq. (2.12), this gives an efficient adaptation of the

original algorithm which is specialised for our applications. This implementation is

illustrated in fig. 2.2 and will be referred to throughout the rest of this thesis as the

specialised Gillespie algorithm.

In its raw form eq. (2.4) involves an integral over a sum. The cost of solving

this for general time-inhomogeneous processes sometimes precluded the use of the

direct Gillespie algorithm for simulations, and drove the design of other efficient

or approximate methods. Firstly, the efficiency of the specialised Gillespie algo-

rithm meant that it was not necessary to compromise simulation accuracy with

an approximate method such as tau-leaping [220]. See fig. 2.6 for the convergence

of stochastic simulations for a pair of empirical models of SV fusion. An exact

alternative which is often attractive is the next-reaction method [221]. This proceeds

by generating ‘putative times’, sample times until each state transition would occur

in the absence of any others. The next jump time and state are then indicated by
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the smallest putative time. This approach separates out the summation in eq. (2.4),

in principle exchanging the original expensive calculation for a greater number of

simpler calculations. Furthermore, a putative time update formula can be used to

limit the required number of random number generations after each jump to just

one. In many cases these benefits make the next-reaction method the preferred

choice over the direct Gillespie algorithm. However, with the specialised Gillespie

algorithm the cost of solving eq. (2.4) is substantially reduced since the summation

and integral are already separated and the integral may be pre-calculated prior to

simulations. Additionally, after each jump, in order to update all the putative times

appropriately the next-reaction method requires the generation of 1 random number

and at least as many function evaluations as there are time-dependent transition

rates. Meanwhile, the Gillespie algorithm requires 2 random number generations but

only 2 function evaluations. Given these observations, and the relative simplicity

of its implementation, the specialised Gillespie algorithm was chosen to generate

stochastic simulations for all Monte Carlo predictions.

2.2 Empirical Modelling of Synaptic Vesicle Fusion

Since the revelation of neurotransmitter release as quantal packets by Bernard Katz

and colleagues [80, 222–224], discrete stochastic tools have been used to model SV

release. The simplest model assumes that there are n vesicles available for release

at the synapse and that, over a given time interval, each has a fixed probability p

of being released. The total number of successful release events in that interval is

then a binomial random variable Fn with probability mass function (pmf)

P(Fn = k) =
n!

k!(n− k)!
pk(1− p)n−k (2.13)

for all k ∈ {0, ..., n}. The expected number of releases over the interval is given by

λ = np. In the limit that n → ∞ and p → 0 in such a way that λ remains finite,

the number of release events during the interval is instead described by a Poisson

distribution F with parameter λ. The pmf of F is given by

P(F = k) =
λke−λ

k!
(2.14)

for all non-negative integers k. It is straightforward to extend the Poisson distri-

bution to account for events over time intervals of arbitrary size by expressing the

parameter λ as the product of a fixed rate r and the duration of the interval, t.
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More generally, if the event rate is a time-dependent function r(t) then the number

of events occurring in the interval [t1, t2] is given by the time-inhomogeneous Poisson

process which has the pmf of eq. (2.14) with parameter λ =
∫ t1
t0
r(t)dt.

The time-homogeneous Poisson process is applied at large synapses such as

the NMJ or the calyx of Held to model the number of vesicle releases which occur

either spontaneously or in the period immediately following a stimulus [225]. The

assumptions which underpin this approach however are often violated in attempts

to extend it beyond this regime. In small central synapses there are too few vesicle

release sites to justify the limit n→∞, and vesicle replenishment means that more

than one release is sometimes enabled from a single site in response to a stimu-

lus. Crucially, time-homogeneous Poisson processes cannot account for dynamic

conditions influencing vesicle release such as local [Ca2+] during an AP. While the

time-inhomogeneous extension goes some way to address this it lacks the flexibility

of Markov chain models to capture the diverse dynamical properties of the vesicle

fusion machinery.

Structural information implicating many synaptic proteins in vesicle fusion

has become available over the recent decade (see section 3.2.1), however earlier

Markov models using limited structural assumptions still have success in capturing

vesicle fusion dynamics [93, 226, 227]. Two models described presently attribute

Ca2+ sensing and SV fusion to a single vesicle-membrane unit, whereas it is now

thought that several distinct protein complexes contribute to the fusion of a single

vesicle (section 1.2.2). The state spaces have a partial structural motivation, al-

though they do not align well with the molecular dynamics as they are currently

understood, and the state transition rates were determined entirely empirically.

Despite this, both models successfully described experimental data from the calyx

of Held and have subsequently been verified in a number of independent studies

including at other synapses [228–230].

2.2.1 Allosteric Single-Sensor Model

The rate of SV fusion follows a power law relationship with [Ca2+] at physiological

levels, with a cooperativity factor in the range of 3 - 5 [3, 129–131]. In order to

capture this high Ca2+ cooperativity the Markovian ‘five-site’ model was proposed

which assumes that the vesicle-membrane Ca2+-sensing unit can bind up to five

calcium ions at distinct binding sites [93]. The Markov chain consists of seven states:

S0, S1, ..., S5 corresponding to a sensor with 0 to 5 bound Ca2+ respectively, and

an absorbing Release state. The rate at which Ca2+ binds to a single site is given,

according to the chemical law of mass action [231], by the product of a constant kon
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Table 2.1: Parameters of the empirical five-site (2.15) and allosteric (2.16) models
of SV fusion from their original publications where they were constrained to data
from the calyx of Held.

kon (M-1 s-1) koff (s-1) b γ (s-1) I+ (s-1) f

Five-site [93] 9× 107 9,500 0.25 6,000 - -
Allosteric [226] 1× 108 4,000 0.5 - 2× 10−4 31.3

and the calcium concentration [Ca2+](t). The Ca2+ unbinding rate is given by the

Ca2+-independent constant koff. Assuming that all binding sites operate identically

and independently then the rate at which Ca2+ binds to any available binding site

is given by the product of the single site binding rate and the number of available

sites. The rate of Ca2+ unbinding from any occupied site is similar, although in this

model it differs slightly with the introduction of a cooperativity factor b. Finally,

vesicle fusion is enabled at a Ca2+-independent rate γ, only once the sensor is fully

saturated with Ca2+. The resulting kinetic scheme is

S0

Ca2+

S1

5kon

koffb
0

Ca2+

S2

4kon

2koffb
1

Ca2+

S3

3kon

3koffb
2

Ca2+

S4

2kon

4koffb
3

Ca2+

S5

kon

5koffb
4

R
e
le
a
seγ

(2.15)

The transition rate parameters, shown in table 2.1, were originally constrained with

flash-photolysis data from the calyx of Held [93], although a mechanistically similar

model was obtained independently around the same time [232].

This model successfully described neurotransmitter release at the calyx of

Held evoked by large Ca2+ influxes such as those from an AP or a non-physiological

step change in membrane potential. It underestimated spontaneous and low-calcium

release rates however, and this was attributed to the fact that release was only

possible from the fully saturated state S5. This shortcoming was abated by a later

model adaptation which retained the same five-site Ca2+-binding structure, but

allowed for release from any state, rather than just S5. In this allosteric model

[226], from a base value of I+, the rate of release increases exponentially with the
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number of bound Ca2+ ions by a factor f . The resulting kinetic scheme is

S0

Ca2+

S1

5kon

koffb
0

I+f
0

Ca2+

S2

4kon

2koffb
1

I+f
1

Ca2+

S3

3kon

3koffb
2

I+f
2

Ca2+

S4

2kon

4koffb
3

I+f
3

Ca2+

S5

kon

5koffb
4

I+f
4 I+f

5

Release

(2.16)

where the kinetic parameters, shown in table 2.1, were originally chosen to describe

data from the calyx of Held at low levels of Ca2+ whilst matching the predictions

of the previous five-site model in the mid-to-high calcium range [93, 226]. The

allosteric model, more so than the five-site model, has continued to be validated or

used for prediction in subsequent studies of synaptic transmission [227–229]. It is

treated with confidence as a powerful benchmarking tool against which experimental

and theoretical results can be verified.

Recall that the dynamics of the continuous-time Markov chain defined by

kinetic scheme (2.16) can be described by the differential master equation (1.29).

Its solution provides the probability that an individual process will occupy any

given state at any time in response to a smooth [Ca2+] trace (see section 1.3.2). For

simplicity, the initial condition that state S0 is occupied with certainty at t = 0

is assumed. The probability, PV , that a vesicle occupies the Release state will

always approach one in this model since it is an absorbing state. The derivative

of PV with respect to time then defines the release rate (RR) per SV. A typical

benchmarking test to explore, illustrate, and compare the dynamical properties of

SV release models is their response to step changes in [Ca2+]. These step functions

also approximate the rapid and spatially uniform release of Ca2+ from ‘caging’

molecules generated by flash photolysis in so-called calcium uncaging experiments

[233]. Notably these were used in the calyx of Held to constrain the parameters of

the allosteric model [226]. In response to a [Ca2+] step change the RR predicted

by the allosteric model is characterised by a steep rise followed by a more gradual

decay which corresponds to depletion of the RRP, as shown in fig. 2.3a for a 16

µM step. The height of the peak RR achieved grows steeply with the size of the

[Ca2+] step (fig. 2.3c), approaching the spontaneous fusion rate of I+ = 2 × 10−4

s-1 for concentrations below ∼0.1 µM, and the saturating value of I+f
5 ≈ 3 × 103

s-1 at unphysiological levels above ∼100 µM. The relationship is steepest at the

micromolar scale indicating a Ca2+-cooperativity ∼4. As well as the size, the speed

of the response is also enhanced by larger [Ca2+] steps, fig. 2.3b shows the time by
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Figure 2.3: Simulations of the allosteric and dual-sensor SV fusion models in
response to fixed [Ca2+] steps without replenishment. The predictions from Monte
Carlo simulations (colour) align with numerical solutions of the differential master
equations (black). Stochastic simulations were run until 105 release events were
recorded. (a) The PV and RR per SV responses to a 16 µM [Ca2+] step. (b) Time
by which half of the release events which occurred over 100 ms had been achieved.
(c) Peak RR per SV with maximal slopes indicated.

which half of the release events which occur over 100 ms had been achieved. At

high [Ca2+] this coincides with the time when 50% of the RRP is depleted, while at

sub-micromolar concentrations the times converge to ∼50ms, suggesting a relatively

constant rate of release over the 100 ms simulation. The response to an AP-evoked

calcium transient is shown in fig. 2.4, both with and without the possibility of vesicle

replenishment (described in section 2.2.3).

The probability PV can also be estimated using a Monte Carlo approach as

described in section 2.1. Very many stochastic simulations of the model yield a

large collection of times at which processes enter the Release state; the cumulative

histogram of these event times normalised to the total number of simulations ap-

proximates PV , and the numerical derivative of PV again approximates the release

rate per SV. A full description of the stochastic feature extraction method is pro-

vided in section 2.2.4. In figs. 2.3 and 2.4 the predictions generated by stochastic

simulations align with the solutions of the differential master equation, verifying

the implementation of the specialised Gillespie algorithm and the feature extraction

method.
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2.2.2 Dual-Sensor Model

Synaptic transmission is characterised by 3 distinct modes corresponding to when

neurotransmitter release occurs relative to an AP stimulus (fig. 2.4). Spontaneous

release occurs from resting terminals, at a rate of only ∼1 per minute at basal

[Ca2+] and in the absence of any stimulus [86–89]. The much larger release response

evoked by a presynaptic AP is separable into a synchronous component, tempo-

rally aligned with the stimulus, and an asynchronous component, which is delayed

but generally longer lasting [7]. The synchronous and asynchronous components can

each be reduced while the other is kept mostly intact by placing selective blocks on

protein action, thus indicating that the two modes are mediated by independent

molecular mechanisms [148, 234]. Different members of the synaptotagmin family

of Ca2+ sensors have been implicated in these roles, as discussed in section 3.2.

A dual-sensor model was designed to explicitly distinguish the three dif-

ferent modes of synaptic release [227]. It assumes that the SV fusion machinery

contains two separate, independent Ca2+ sensors, one for synchronous release and

one for asynchronous. It also includes a Ca2+-independent mechanism for sponta-

neous SV fusion. The dynamics are described by the kinetic scheme

X0Y0 X1Y0 · · · X4Y0 X5Y0

X0Y1 X1Y1 · · · X4Y1 X5Y1

X0Y2 X1Y2 · · · X4Y2 X5Y2
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S
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n
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n
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γ2
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(2.17)

The synchronous release sensor assumes five Ca2+ binding sites, with transition

rates taking the same form as the five-site single sensor model (2.15) [93]. This

mechanism operates in the left-right direction of (2.17), with the number of bound

Ca2+ indicated by the index of the state identifier X. Asynchronous release is ac-

counted for by an independent sensor which assumes only two calcium binding sites

but otherwise adopts the same model structure. This mechanism operates in the

41



Table 2.2: Parameters of the empirical dual-sensor model eq. (2.17) of SV fusion,
originally constrained to data from the calyx of Held [227].

α (M-1 s-1) β (s-1) χ (M-1 s-1) δ (s-1) b γ1 (s-1) γ2 (s-1) γ3 (s-1)

1.53× 108 5,800 2.94× 106 130 0.25 0.417× 10−3 6,000 6,000

up-down direction of (2.17), with Ca2+-binding indicated by the index of Y. For

simplicity, the introduction of Ca2+ is not explicitly drawn in this kinetic diagram

as it has been in previous ones. Note however that the internal transition rates

corresponding to Ca2+ activation (right and down transitions) are still given by the

product of the respective constants and [Ca2+](t). Vesicles in the RRP are initialised

into state X0Y0 from which they may spontaneously release at a Ca2+-independent

rate γ1. Otherwise, release is only enabled from fully saturated Ca2+ sensors at the

rates γ2 and γ3 for synchronous and asynchronous release respectively. The model

parameters, given in table table 2.2, were originally fit to data from the calyx of

Held although, as with the allosteric model, it has also been re-parameterised for

different applications [228]. The dual-sensor model predicts a faster SV release rate

than the allosteric model in response to [Ca2+] step changes (fig. 2.3) and AP-evoked

calcium transients (fig. 2.4), highlighting the range of release dynamics which can

be observed even at the same synapse.

2.2.3 Replenishment of the RRP

The empirical allosteric and dual-sensor models described by kinetic schemes (2.16)

and (2.17) respectively simulate the action of a single docked vesicle from the

RRP until they reach absorbing release state(s), at which point their modelling

capacity ends. In the macroscopic interpretation, where a collection of such models

defines the RRP at an AZ or even whole synapse, this means that any non-zero

[Ca2+] is guaranteed to completely deplete the RRP. For measuring the immediate

synaptic response to a single stimulus this may be satisfactory, but to investigate

release dynamics over longer timescales it is necessary to include a model of vesicle

replenishment.

The distinct modes of vesicle replenishment, with their different triggers and

operational timescales, were introduced in section 1.2.3. Under light to moderate

activity over timescales of seconds it is appropriate to assume that vesicles are

quickly and continuously restored to the AZ from a single source, for example by

recruitment from a recycling pool. It is straightforward to extend a Markov chain

model of SV exocytosis to include this form of vesicle replenishment: a new transition
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Figure 2.4: SV fusion simulations in response to a paired-pulse calcium trace
(grey) corresponding to an AZ point 20 nm from a VGCC in the 3D presynaptic
terminal simulations described in section 3.1.2. Stochastic simulations (colour)
accommodate vesicle replenishment, numerical solutions to the differential master
equations (black) do not. Stochastic simulations were run until 105 release events
were recorded. For the allosteric model this meant that 131,712 vesicle sites were
simulated in 67 seconds using hardware described in fig. 2.6, for the dual-sensor
model 64,229 sites were simulated in 26 seconds.

is enabled from the ‘released’ state(s) back to a designated state with a transition

rate density function rrep(t). The designated state typically coincides with the initial

condition, although replenishment to any state, or even to a separate scheme entirely,

could in principle be implemented. A simulation of the resulting Markov chain then

describes the repeated release of SVs from a single AZ site, assuming an infinite

recycling pool.

The simplest implementation of vesicle replenishment from a constant source

is the time-homogenous form rrep(t) = krep. In this case the expected waiting

time before a released vesicle is replaced is 1/krep, and the increased challenge in

solving the master equation to describe the full time-evolution of the system is

imperceptible. The exponential distribution of the waiting time random variable

could however return unrealistically small values: replenishment times of under 1 ms

for example would be considered unrealistic under any of the proposed mechanisms

for clearing the SV release site [158, 173, 174]. For this reason, vesicle replenishment
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may be more appropriately modelled as a two-stage process with a short refractory

time of fixed size τref followed by a randomly drawn repriming time with an average

rate krep [1, 230]. Following vesicle release at a time tR, the transition rate density

function describing this two-stage replenishment is the discontinuous function

rrep(t) =

0 for t < tR + τref,

krep for t ≥ tR + τref.
(2.18)

Introducing a transition with a discontinuous rate density function of this form into

a Markov chain has the unfortunate effect of violating the Markov property via

‘memorisation’ of the release time tR. The resulting stochastic process falls into

the less restricted category of semi-Markov processes, in which the waiting time

density function (1.17) may depend on the time elapsed in the current state. Early

descriptions of semi-Markov processes were presented in [235–237], and more recent

summaries are available in [238–242]. The master equation can be generalised to

describe the time-evolution of some semi-Markov processes [243–245], however a

discontinuous rate density function such as eq. (2.18) makes the solution of that

ODE expression even more challenging that it already was. Fortunately, stochas-

tic simulation via the Gillespie algorithm for a Monte Carlo approach can easily

accommodate discontinuous transition rate density functions so long as they are

piecewise continuous. Recall, sample next jump times are the solution to eq. (2.4)

which involves an integral over the propensity function, requiring that each of the

rate density functions be integrable. The sample next jump state calculation (2.12)

meanwhile requires only that the rate density functions are defined at the next

jump time. In the case where replenishment at a rate given by eq. (2.18) is the

only possible transition following vesicle release the sample replenishment time τrep

is given, according to the inversion generating method eq. (2.1), by

τrep = τref +
ln(1/u)

krep
, (2.19)

where u is a unit uniform random value. The expected total waiting time for

replenishment is τref + 1/krep.

Given the inconsistency in RRP replenishment rates observed at different

synapses and under different stimulation protocols [156–158, 171], the replenishment

rate in models is usually constrained empirically using appropriate experimental

data specific to the application. Average waiting times in the range of 0.5 to 50 ms

have been applied to the allosteric and dual-sensor models in studies of the calyx of
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Held [229], hippocampal MFBs [230], and Drosophila NMJs [228]. In the responses

to AP-evoked Ca2+ transients shown in fig. 2.4, vesicle replenishment is included

in stochastic simulations with a refractory time of τref = 1 ms and a repriming

rate of krep = 0.15 ms-1, giving an expected waiting time of around 7.7 ms. After

reduction from the first stimulus, the RRPs of both stochastically simulated models

begin to recover compared to the differential master equation solutions which do

not accommodate replenishment. By the time a second stimulus occurs, 20 ms after

the first, the stochastic RRPs have almost completely recovered and their release

response is almost identical to the first, whereas the already depleted ODE RRPs

only achieve a fraction of their original response. Note that, in these simulations,

neither model produces short-term facilitation (STF), a key feature of many synapses

where repeated stimulation leads to an enhanced synaptic response [3].

2.2.4 Convergence of Monte Carlo Predictions

Stochastic simulation of either the allosteric or dual-sensor model yields, among

other quantities of interest, a collection of fusion event times, times at which a

process enters the release state(s). In the fully Markovian regime, where SVs are

not replenished, the cumulative histogram of these event times normalised to the

total number of simulations approximates the cumulative probability of SV fusion,

PV . When replenishment is introduced however this quantity no longer has a prob-

abilistic interpretation since it may exceed one. The rate of SV fusion per SV site

however is still given by the numerical derivative of PV , regardless of replenishment.

The product of the PV or the fusion rate per SV with the number of release sites

in a region gives the expected number or rate of SV fusion events respectively in

that region. In principle, the region of interest could range from a single SV to an

AZ, multiple AZs, an entire presynaptic terminal, or several presynaptic terminals.

However, it should be noted that the fusion curves generated in response to Ca2+

stimuli throughout this thesis represent an average prediction. Consequently, they

will diverge from real observations made from samples with a small number of release

sites due to the quantal nature of SV fusion, disregarding kiss-and-run and other
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on Lenovo NeXtScalenx360 M5 servers with two Intel Xeon E5-2680 v4 (Broadwell)
2.4 GHz 14-core processors and 128 GB 2400 MHz DDR4 memory.

semi-fusion events. It should be noted therefore that the actual release from a single

site or a small RRP should be expected to be considerably more stochastic than the

smooth predictions presented here might imply.

The width of histogram bins used to collect release times necessarily varies

between simulations, since the temporal separation of fusion events can vary sig-

nificantly depending on the calcium concentration. At high [Ca2+], release events

are more densely clustered than at low [Ca2+] and narrower bins are needed to

capture the dynamics. A custom algorithm, described in appendix A, was used

to estimate the smallest bin width required to resolve the fine features of vesicle

release. For example, the bin widths used to generate PV and RR predictions in

response to [Ca2+] step changes for fig. 2.3 are shown in fig. 2.5. After numerical

differentiation of the cumulative histogram a moving average over 85 points was also

applied to limit the sensitivity of peak release rate estimates to stochastic variation.
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The similarity between the stochastic and ODE estimates of SV RR in response to

[Ca2+] step changes (fig. 2.3) and AP-evoked calcium transients (fig. 2.4), for both

the allosteric and dual-sensor models, verified the implementation of the specialised

Gillespie algorithm and the RR estimation method from Monte Carlo results.

The predictions of the Monte Carlo method converge to the solutions of the

differential master equations as more release events are collected. For [Ca2+] step

changes to 1 and 16 µM , without SV replenishment, the root mean squared error

(RMSE) between RR predictions converges to the ODE prediction slightly faster

than ∼
√
N , where N is the number of recorded release events (fig. 2.6, upper).

However, the number of simulations required to generate a given number of release

events was much higher at the lower [Ca2+] (fig. 2.6, middle), due to the much

lower probability of release. This meant that longer run times were required for

low [Ca2+] stimuli to constrain results (fig. 2.6, lower). Given the wide range in

computational costs, different numbers of simulations, as indicated, were performed

for each scenario in this thesis.

2.3 Asynchronous Release at Hippocampal MFBs

Experimentally constrained models allow for quantitative testing of physical pro-

cesses which are inaccessible with experimental techniques. With efficient simulation

methods we are able to study phenomena which occur over relatively long timescales.

In this study, the specialised Gillespie algorithm (section 2.1.2) enables simulation

of the dual-sensor model of vesicle release (section 2.2.2) for several seconds which

provides a mechanistic explanation for asynchronous release phenomena observed

at hippocampal mossy fibre (MF) to CA3 pyramidal cell synapses [1].

Hippocampal CA3 pyramidal cells receive glutamatergic input from the MF

axons of granule cells via large synapses. These MFBs are of a large volume [57],

with a correspondingly large number of AZs and synaptic vesicles [56, 246]. The

structural arrangement of MFBs, coupled with the capability of granule cells to fire

APs in bursts [247, 248], allows for a wide range of neurotransmitter release pat-

terns, including the co-occurrence of synchronous and asynchronous vesicle release

[249, 250]. AP-evoked Ca2+ influx at synapses triggers precisely timed synchronous

release followed by temporally delayed asynchronous release lasting for hundreds

of milliseconds [251–253]. Asynchronous release has been shown to control the

precise timing of postsynaptic firing in a number of cells [254, 255], including at

the MF-CA3 synapse [249]. Previous studies have highlighted a variety of processes

determining asynchronous release at synapses formed by cerebellar granule cells
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[256], at the Calyx of Held [257], and in cultured glutamatergic neurons [258],

however the key determinants of asynchronous release at the MF-CA3 synapse

were mostly ill-defined. Furthermore, trains of APs are known to vastly amplify

synchronous glutamate release through a combination of several mechanisms [250,

259–261], however the way in which asynchronous release is modulated by specific

patterns of presynaptic activity remained unknown.

In this study, electrophysiological and calcium imaging techniques were em-

ployed to show that asynchronous release at MF-CA3 synapses is long-lasting, and

that AP stimulation frequency is a major factor determining presynaptic Ca2+

uptake. Modelling of the Ca2+ pathway from VGCC activation to vesicle fusion

demonstrated the mechanistic relationship between AP stimulation frequency and

asynchronous release amplitude and duration, supporting the main conclusions of

the experiments [1].

2.3.1 High-Frequency Activity and Asynchronous Release

MF-CA3 synapses were identified in mouse hippocampal slices and microelectrodes

placed to enable simultaneous MF axon stimulation and CA3 pyramidal cell current

recordings, with the postsynaptic cell voltage-clamped at -70 mV. EPSCs were

detectable from the postsynaptic recordings as quantal events which were auto-

matically identified using the Clampfit software package [262]. A full description of

slice preparation and the experimental conditions are available in the publication

[1]. Stimulation of presynaptic MF axons generates EPSCs in CA3 pyramidal cells

synchronous with the stimuli, as well as asynchronous events which continue to

be generated after termination of the stimulus. To evoke a maximal asynchronous

release response, the extracellular [Ca2+] was artificially raised to 6 mM, and 10

stimuli were delivered at 20 Hz to the MF axon. EPSC events identified in the

postsynaptic recordings (fig. 2.7a) were gathered into 10 ms bins to estimate the

EPSC frequency which increased five-fold over the baseline following the stimulus

train and decayed back over a timescale of seconds (fig. 2.7b). Asynchronous EPSCs

were identified as those which occurred after 10 ms from the peak of the final

stimulus. Importantly, the amplitude of EPSCs remained constant for 10 s following

the stimulus train (fig. 2.7c), consistent with the quantal nature of EPSCs [263, 264].

In order to investigate the impact of stimulation frequency on the dynamics of

synchronous and asynchronous release from MFBs, EPSCs were recorded following

trains of 10 stimuli of the MF axon at 10, 20, 50, and 100 Hz (fig. 2.8a). In all cases,

synchronous EPSC amplitude was progressively enhanced over the first 4 stimuli

(fig. 2.8b). With further stimuli the amplitude continued to grow for the 10 and
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Figure 2.7: Trains of 10 AP-like
stimuli delivered at 20 Hz with ex-
ternal [Ca2+] = 6 mM evoked long-
lasting asynchronous release at MF-
CA3 synapses (adapted from [1]). (a)
Example postsynaptic current recorded
from CA3 pyramidal cells. Black marks
above the trace indicate the location of
an automatically detected EPSC. (b)
Average time course of EPSC frequency
estimated with 10 ms bins (n = 7 neu-
rons). Black arrow indicates beginning
of the stimulus train, the asynchronous
EPSCs were recorded from 10 ms after
the peak of the final stimulus (the zero
time), red line shows a bi-exponential
fit of the asynchronous EPSC frequency.
(c) EPSC amplitudes normalised to the
mean value in each individual neuron
and presented together (n = 7 neurons).
Red line is a moving average.

20 Hz trains, it plateaued for the 50 Hz train, and it declined for the 100 Hz train.

Consequently, while the 10 Hz train evoked the smallest enhancement of EPSC

amplitude over the first few stimuli, by the end of the 10 stimuli it had cumulatively

evoked a greater total EPSC amplitude than the 100 Hz train (fig. 2.8c). The

cumulative EPSC amplitude was greatest from the 20 Hz train, closely followed by

the 50 Hz train, giving the biphasic dependency on stimulation frequency shown

in fig. 2.8e. Conversely, the rate of asynchronous EPSCs, measured from 10 ms

after the final stimulus, appeared to be enhanced by higher stimulation frequencies

(fig. 2.8c). Indeed, the average asynchronous EPSC rate over the first 500 ms after

the train increased monotonically with stimulation frequency (fig. 2.8e), in contrast

with the bulged shape of cumulative synchronous EPSC amplitude. These results

suggest that stimulation frequency affects synchronous and asynchronous release

independently, with synchronous release initially favoured at low frequencies, but

with asynchronous release favoured at higher frequencies.
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Figure 2.8: High frequency stimulation selectively recruits asynchronous over
synchronous release (adapted from [1]). (a) CA3 pyramidal cell EPSC recordings
evoked by trains of 10 AP-like stimuli at 10, 20, 50, and 100 Hz in MF axons with
extracellular [Ca2+] = 2.5 mM. Data from 20 trials are shown with an overlaid
average and EPSCs were detected as described in fig. 2.7. (b) Synchronous EPSC
amplitude as a function of stimulus number. (c) Cumulative synchronous EPSC
amplitude as a function of stimulus number. (d) Asynchronous EPSC rate (10 ms
bins) beginning 10 ms from the peak of the final stimulus, with bi-exponential fits
of the average data overlaid. (e) Cumulative synchronous EPSC amplitude after all
10 stimuli, and asynchronous EPSC rate averaged over a 500 ms window beginning
10 ms after the last stimulus, as functions of stimulation frequency. Number of
replicates: n = 10 for 10 Hz; n = 48 for 20 Hz; n = 13 for 50 Hz; n = 8 for 100 Hz.
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2.3.2 Long-Lasting Burst-Evoked Ca2+ Transients

Given the Ca2+-sensitivity of the SV fusion machinery, it was hypothesised that the

EPSCs reported in section 2.3.1 could result from modulation of presynaptic [Ca2+]

by different stimulation frequencies. In MFBs, [Ca2+] enhancements are slowly

decaying [230, 265], however the contribution of long-lasting [Ca2+] elevations to

asynchronous release had not been directly measured. To begin this exploration,

granule cell MFBs were identified (fig. 2.9a), and their internal [Ca2+] dynamics

measured using fluorescent Ca2+ indicators with two-photon imaging (fig. 2.9b).

Specifications for the morphological indicator Alexa-594, the Ca2+ indicators Fluo-

5F and Fluo-4FF, and the imaging apparatus are provided in the publication [1].

The [Ca2+] elevations evoked by a single AP decayed slowly (fig. 2.9c). This

is consistent with other large volume presynaptic terminals [266], and is likely due

to a slow calcium extrusion process [265]. The [Ca2+] evoked by 10 APs at 20

Hz were similarly long-lasting (fig. 2.9d), with removal rates in the range of 0.2 -

0.4 ms-1, around 10 times slower than in the small presynaptic terminals of dentate

granule cells [267]. Notably, the amplitudes of [Ca2+] increase were invariant between

individual APs during the trains (fig. 2.9e), in line with previous results [230].

2.3.3 Single Compartment Synapse Model

The results in sections 2.3.1 and 2.3.2 suggested that high-frequency stimulation of

MF axons leads to slowly decaying [Ca2+] elevations at presynaptic terminals which

contribute to long-lasting asynchronous release after the termination of granule cell

firing. Given the limitations of experimental techniques to resolve the dynamical

interactions of Ca2+ with the SV release machinery, this proposal was tested using

experimentally constrained models of intracellular Ca2+ dynamics and SV fusion.

A deterministic single compartment model was used to simulate the [Ca2+]

evoked by different stimulation patterns under dye-free conditions [269]. The AP-

evoked Ca2+ influx jCa was approximated by the Gaussian function

jCa =
∆[Ca2+]total

σ
√
2π

∑
i

exp

(
−(t− tAP

i )2

2σ2

)
, (2.20)

where tAP
i denotes the time of the ith AP peak for i ∈ {1, ..., 10}. This function

had previously been used to model MFB Ca2+ influx under an extracellular calcium

concentration of [Ca2+]ext = 1.2 mM [230]. In order to account for the increased

value of [Ca2+]ext = 2.5 mM used in this study, the parameter ∆[Ca2+]total was

increased by a factor of 1.85 (estimated from [270]), to 61.7 µM. The identical Ca2+
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Figure 2.9: Slowly decaying AP-evoked [Ca2+] elevations in MFBs (adapted from
[1]). (a) A hippocampal granule cell filled with the morphological indicator Alexa-
594. (b) A zoomed-in example MFB (b1) with Ca2+ recording recording sites
highlighted (b2). (c) Representative [Ca2+] recordings, measured by relative fluo-
rescence change ∆G/R [268], recorded from distinct sites using Fluo-5F averaged
over 20 trials (grey traces) in response to the AP stimulus below. Overlaid is the
spatial average across the whole bouton (black) and a bi-exponential fit to the
decay portion of that average (red) which has a slow component with time constant
τ = 491.86±37.7 ms (n = 14). (d) Spatial average of [Ca2+] evoked by a burst of 10
APs at 20 Hz (shown below) recorded using the low-affinity indicator Fluo-4FF over
40 - 90 trials (n = 11 boutons). Red trace is the fit from the single compartment
model. (e) Spatially averaged peak [Ca2+] generated in response to each AP during
the 20 Hz train (n = 11 boutons).
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influx upon each AP assumed by this model is appropriate given that individual

Ca2+ amplitudes were shown to be invariant AP trains (fig. 2.9e). Once inside the

bouton, simulated Ca2+ was subject to removal, at a rate Prem, and buffering by

the indicator Fluo-4FF and by three endogenous buffers: CaM (B1), CB (B2), and

ATP B3. The dynamics of [Ca2+], the indicator I, and each of the three buffers Bi

for i = 1 to 3, were described by the system of ODEs

d[Ca2+]

dt
= jCa + kIoff[CaI]− kIon[Ca

2+][I] +
∑
i

(
k
Bi
off [CaBi]− kBi

on [Ca
2+][Bi]

)
− Prem,

(2.21)

d[I]

dt
= kIoff[CaI]− kIon[Ca

2+][I], (2.22)

d[Bi]

dt
= k

Bi
off [CaBi]− kBi

on [Ca
2+][Bi], (2.23)

where [CaI] and [CaBi] represent the concentrations of calcium-bound indicator and

buffer i respectively. The full model parametrisation is available in the publication

[1]. The binding properties of the buffers, k
Bi
on and k

Bi
off for each buffer Bi, were taken

from [230]. The remaining parameters were constrained by fitting the model to the

[Ca2+] decay measured in MFBs after a train of 10 APs at 20 Hz (fig. 2.9d).

2.3.4 Stochastically Simulated Asynchronous Release

The single compartment model was used to simulate the average [Ca2+] within a

presynaptic terminal evoked by trains of 10 APs at 10, 20, 50, and 100 Hz, in the

absence of dyes, thus simulating the experimental scenarios of fig. 2.8 for in vivo

conditions (fig. 2.10a). The impact of presynaptic stimulation frequency on asyn-

chronous release at MF-CA3 synapses was then directly revealed by simulation of

SV fusion under these [Ca2+] traces. The dual-sensor model presented in section 2.2

[227] was used to simulate SV fusion, since it was derived specifically to account

for the asynchronous component of AP-evoked release. Monte Carlo simulations of

the dual-sensor model were implemented using the specialised Gillespie algorithm

(section 2.1.2), which allowed for SV release to be computed over several seconds.

The rate of asynchronous release was calculated in the same manner as for the

electrophysiological experiments, vesicle release events were gathered into 10 ms

bins starting from 10 ms after the final stimulus in the train.

Over a timescale of several seconds, synaptic release dynamics are acutely

affected by depletion and replenishment of the RRP, so it was necessary to append

a model of vesicle replenishment to the base dual-sensor model. The principles for
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Figure 2.10: (a) [Ca2+] traces generated by the single compartment model for
trains of 10 APs at the indicated frequencies. Traces are aligned to 10 ms after the
peak of the last stimulus (the onset time for asynchronous release). (b) SV release
rates predicted by the dual-sensor model [227] at the onset of asynchronous release
for a range of repriming rates krep, normalised to the 10 Hz prediction. Dashed lines
indicate the normalised EPSC frequencies observed experimentally (fig. 2.8d). (c)
SV release rates predicted by the dual-sensor model (20,000 SV site simulations, 10
ms bins) in response to each [Ca2+] trace above (with krep = 75 s-1). Predictions are
aligned to the onset of asynchronous release and normalised to the 10 Hz prediction
at that time. (d) Asynchronous release rates from (c) as functions of [Ca2+].

accommodating vesicle replenishment in a Markov chain model of SV fusion are

described in section 2.2.3. In this case, after a vesicle is released, the time taken

for a replacement to arrive in the base state X0Y0 is given by a fixed refractory

period of 1 ms plus a stochastic repriming time. The repriming rate, krep, was

constrained using the EPSC frequencies found experimentally in section 2.3.1 for

each stimulation frequency (fig. 2.10b). The simulated SV release rates and the

observed EPSC frequencies were normalised to their 10 Hz values and compared at

the point 10 ms after the peak of the final stimulus (the onset time of asynchronous

release). From a range of different repriming rates, krep = 75 s-1 was selected because

it gave a good alignment with the experimental data. The total vesicle replenishment
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time was then drawn stochastically according to eq. (2.19), with an expected value

of around 14.3 ms.

The amplitude and duration of asynchronous release rates predicted by the

dual-sensor model with this repriming model are enhanced by higher stimulation

frequencies (fig. 2.10c), qualitatively matching the experimental observations in

fig. 2.8d. The overlapping curves in fig. 2.10d indicate that this enhancement is a

direct result of the elevated and prolonged [Ca2+] profiles evoked by high frequency

stimulation. Taken together, the results of computational modelling replicate ex-

perimental observations and support the hypothesis that high frequency stimulation

leads to enhanced and slowly decaying [Ca2+] elevations in MFBs which contribute

to long-lasting asynchronous release following termination of granule cell firing. It

was noted that asynchronous release decayed more quickly in simulations than in

the experimental data. It is possible that properties of the SV fusion machinery,

such as Ca2+ binding affinity, differ between MFBs and calyx of Held terminals for

which the dual-sensor model was originally constrained [227]. This may then be

reflected in the apparent differences in asynchronous release rate decay. Despite

this difference, computational modelling still replicated the qualitative features of

the data supporting the main conclusions [1].

2.4 Discussion

In some cases it is possible to directly solve the differential master equations to

find the Markov state density function which completely describes the probabilistic

time evolution of the stochastic system. The high dimensionality of real-world

models means that a numerical solution is often more practical than an analytical

approach. In other cases, such as with the inclusion of the discontinuous transition

rate density function with explicit jump time memorisation that is used to model SV

replenishment, eq. (2.18), direct solution of the master equations can be much more

challenging. A Monte Carlo approach, in which the Markov state density function

is approximated from a large number of process sample paths, can accommodate

such difficulties much more easily, at the expense of higher computational costs.

The specialised stochastic simulation algorithm allows for efficient and flex-

ible simulation of semi-Markov chains, provided limited time-inhomogeneity in the

transition rate parameters. In the design of this algorithm the set of rate parameters

was separated into two distinct subsets: time-independent parameters, and param-

eters which could be expressed as the product of constants and a common temporal

function c(t). For the simulations carried out in this thesis only one temporal
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function, representing either membrane voltage, in the case of VGCC modelling

(discussed presently in section 3.1), or [Ca2+], in the case of SV fusion modelling,

is required. Although, more than one temporal function may be desired to extend

this work, for example, to introduce a Ca2+-dependent feedback mechanism into the

VGCC models. This is straightforward to implement within the existing framework

via multiple time-varying functions c1(t), c2(t), ... etc., each influencing distinct sub-

sets of the rate parameters. In this case, the number of integrals that must be solved

at each next jump time calculation in the direct Gillespie algorithm is equal to the

number of distinct temporal functions required to describe the temporal dynamics

of the rate parameters. This would clearly amplify the computational complexity

of the algorithm and if the simulator is not willing to compromise with an inexact

stochastic simulation method like tau-leaping [220] they may wish to consider the

alternative (exact) next-reaction method [221, 271]. In practise this method reduces

the required number of random number generations at each simulation step while

increasing the number of function evaluations (one for each updated putative time).

Since the computational complexity of this approach also scales with the number of

distinct temporal functions in the system, the more efficient choice of algorithm is

not immediately clear, and would likely depend on the problem context.

The efficiency of the stochastic simulation framework allowed the empirical

dual-sensor Markov model of SV fusion [227] to be simulated under physiological

[Ca2+] traces lasting several seconds. These simulations reproduced the long-lasting

asynchronous release at hippocampal MF to CA3 pyramidal cell synapses, and

the dependency of asynchronous release amplitude and duration on presynaptic

stimulation frequency, observed experimentally [1], as described in section 2.3. In

particular, this work provided a mechanistic connection between slowly decaying

presynaptic [Ca2+], observed via Ca2+ imaging at MFBs, and the long-lasting asyn-

chronous release observed via postsynaptic patch-clamp recordings, thus supporting

the posited link between the two phenomena. While the results of simulations were

qualitatively in agreement with the experiments, they predicted a greater overall

rate of vesicular release, and more quickly decaying asynchronous release. These

disparities may be attributed to differences such as the Ca2+ binding affinity of

the SV fusion machinery between MFBs and the calyces of Held from which the

dual-sensor model was originally constrained [227]. In our implementation only

the vesicle replenishment rate was constrained using MFB data. The remaining

parameters, while appropriate for the calyx of Held, may not be appropriate for SV

fusion in MFBs. Indeed, both the allosteric and dual-sensor models have sometimes

been reparameterised when applied to studies of synapses other than the calyx of

56



Held [227–229], although this requires substantial characterisation data which was

beyond the scope of this project. A SV fusion model constrained specifically to

MFBs would make a more powerful tool, allowing quantitative comparisons against

experimental data, although it would likely make the same qualitative predictions

already demonstrated with our approach.

In general, empirical Markov models of SV fusion provide powerful tools

for flexibly and inexpensively exploring the relationship between presynaptic [Ca2+]

and neurotransmitter release. However, these models cannot help investigate the

biophysical mechanisms which underpin that relationship. This would require a

mechanistic, bottom-up modelling approach which, until recently, has not been

possible due to a lack of clarity on the nature of the SV fusion protein machin-

ery. The development of these mechanistic models is further motivated by the

expectation that realistic representations of the underlying biophysics could allow

for more accurate predictions of synaptic activity. In the following chapter, recent

advances in understanding of synaptic proteins are utilised for the design of a novel

mechanistic Markov modelling framework of SV fusion.
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3 Mechanistic Modelling of

Synaptic Vesicle Fusion

As we have discussed, the precise arrangement and dynamical action of proteins at

the interface of SVs and the plasma membrane has not been fully resolved. This

chapter introduces a novel Markov modelling framework for the simulation of SV fu-

sion under different molecular configurations. Fusion in the constructed models was

explicitly mediated by the cooperative, energetic action of SV associated SNAREs

which was enabled by Ca2+-triggered reversal of Syt clamps. The structures and

kinetic parameters were constrained using established experimental results for the

dynamical properties of the key molecular contributors to fusion, introduced briefly

in section 1.2.2. The physiological relevancy of different molecular scenarios was

assessed with respect to synchronous release, asynchronous release, and STF, evoked

by a range of Ca2+ stimuli. These stimuli were generated using an experimentally

constrained three-dimensional model of the presynaptic terminals of small excitatory

synapses. Together, the complete modelling environment produces mechanistic,

experimentally constrained simulations of molecular dynamics within presynaptic

terminals from VGCC activation to SV exocytosis.

3.1 Ca2+ Dynamics in Simulated Presynaptic Terminals

In section 2.3, SV fusion was triggered by [Ca2+] elevations which were generated by

a simple Gaussian function (2.21), subject to buffering, and assumed to be homoge-

nous across the AZ. A more accurate picture of the Ca2+ dynamics at vesicle release

sites was achieved by placing VGCC models within a three-dimensional model of a

synaptic bouton. That simulation environment is described in this section. It was

used to generate the realistic [Ca2+] traces for stimulation of SV fusion models in

section 3.3. A particularly detailed description of CaV2 channel models is provided

here since they are the subject of further modelling in chapter 4.
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3.1.1 A Markov Model for all CaV2 Channel Subtypes

AP-evoked Ca2+ influx at hippocampal MFBs is dominated by CaV2.1 (P/Q-type)

and CaV2.2 (N-type) channels [272–274], with a lesser contribution from CaV2.3

(R-type) channels [274–276]. All three CaV2 channel subtypes have previously had

their voltage-dependent dynamics described in hippocampal MFBs by different pa-

rameterisations of a six-state Markov chain model [113]. Five ‘closed’ states precede

a single ‘open’ state which is the only state in which Ca2+ ions are permitted to

pass through the channel. The voltage-dependent transitions between the five closed

states were originally motivated by the four-domain structure of the pore-forming α1

subunit of CaV2 channels, with each distinct state corresponding to some notion of

individual domain activation [96, 112]. Beyond that motivation however the models

are defined empirically to match data from hippocampal MFBs. The simulated

channel dynamics are described by the kinetic scheme

C0 C1 C2 C3 C4 O
α1(V )

β1(V )

α2(V )

β2(V )

α3(V )

β3(V )

α4(V )

β4(V )

α

β
(3.1)

The open state O is linked to the final closed state C4 by constant (voltage-

independent) transition rates α and β, an extension to the four-domain premise

which was necessary to distinguish the three channel subtypes [113]. Otherwise, the

transition rates are assumed to depend exponentially on voltage according to

αi(V ) =αi,0 exp(V/ki), (3.2)

βi(V ) =βi,0 exp(−V/ki), (3.3)

for i ∈ {1, ..., 4}. Conceptually, the αi,0 and βi,0 parameters correspond to the

forward and backward transition rates at 0 mV and the ki parameters are slope

factors. The parameters for each channel subtype, constrained with experimental

data at hippocampal MFBs [113], are presented in table 3.1, with the exponential

voltage dependencies for each transition illustrated in fig. 3.1a.

A significant omission from the models is any mechanism for channel in-

activation, which for CaV2 channels is mediated by both voltage-dependent and

calcium-dependent mechanisms in response to sustained membrane depolarisation

[274, 277–280]. The magnitude and rate of CaV2 channel inactivation varies with

the type of auxiliary β subunit [281–285] (β2 for example leads to far slower channel

inactivation than β1, β3, and β4 [286, 287]) and can be characterised by separate

fast and slow components resulting from different mechanisms [288–291]. Fast CaV2
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Figure 3.1: Voltage activation of each CaV2 channel subtype model with the
microscopic parameters from table 3.1. (a) Exponential voltage dependence of
transition rates between the closed states in scheme (3.1). Each αi and βi for
i ∈ {1, ..., 4} are given by eqs. (3.2) and (3.3) respectively. (b) AP activation from
a holding potential of -80 mV (above) evoked the average single channel current
responses, ICa, for each CaV2 channel subtype (below), according to eq. (3.5).

inactivation does not have an appreciable onset for several tens of milliseconds

following substantial depolarisation steps, and then reduces membrane current over

exponential time constants of the order of tens to hundreds of milliseconds, far larger

than those of activation and deactivation which are ∼1 ms or less (section 4.1.1)

[112, 113, 292, 293]. Consequently, it is acceptable to neglect inactivation from the

models of CaV2 channel dynamics under brief depolarising stimuli.

The current passing through a single open channel at a membrane potential

V is given by

iCa(V ) = g(V − ECa), (3.4)

where ECa = 55 mV is the reversal potential for Ca2+ and g = 2.7 pS is the channel

conductance at 2mM extracellular [Ca2+] which was assumed to be the same for each

CaV2 channel subtype [88, 270, 294]. The Ca2+ current through a single channel

evoked by a voltage stimulus V (t) is given by the product

I(t) = iCa(V (t))P (O)(t), (3.5)

where P (O)(t) is the probability that a channel occupies the open state O. I(t) may

then be interpreted as the average channel current response. In these simulations

P (O)(t) is found by numerically solving the differential master equation generated by

the Markov chain model (3.1). The simulated Ca2+ currents through each channel
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Table 3.1: Parameters of the VGCC model illustrated by kinetic scheme (3.1)
describing the dynamics of each CaV2 channel subtype in hippocampal MFBs [113].

αi,0 (ms-1) βi,0 (ms-1) ki (mV)

P/Q-type channel model
α1,0 = 5.89

α2,0 = 9.21

α3,0 = 5.20

α4,0 = 1,823.18

α = 247.71

β1,0 = 14.99

β2,0 = 6.63

β3,0 = 132.80

β4,0 = 248.58

β = 8.28

k1 = 62.61

k2 = 33.92

k3 = 135.08

k4 = 20.86

N-type channel model
α1,0 = 4.29

α2,0 = 5.24

α3,0 = 4.98

α4,0 = 772.63

α = 615.01

β1,0 = 5.23

β2,0 = 6.63

β3,0 = 73.89

β4,0 = 692.18

β = 7.68

k1 = 68.75

k2 = 39.53

k3 = 281.62

k4 = 18.46

R-type channel model
α1,0 = 9,911.36

α2,0 = 4.88

α3,0 = 4.00

α4,0 = 256.41

α = 228.83

β1,0 = 0.62

β2,0 = 21.91

β3,0 = 51.30

β4,0 = 116.97

β = 1.78

k1 = 67.75

k2 = 50.94

k3 = 173.29

k4 = 16.92

subtype in response to an AP voltage stimulus are shown in fig. 3.1b. This AP

waveform has previously been used to describe a typical AP stimulus in hippocampal

MFBs [230]. It is described by

V =

V0 + a

(
1− c
c

) 1−c
c

Ac−1 exp (−Ac) +
c− 1

c

U, (3.6)

where

A =

(
t− t0
b

+

(
c− 1

c

)1/c
)

(3.7)

and

U =

V0 for t < t0 − b
(
c−1
c

)1/c
,

1 for t ≥ t0 − b
(
c−1
c

)1/c
,

(3.8)

with a = 190.9 mV, b = 0.314 ms, c = 1.879, t0 = 0.5 ms, V0 = −80 mV.
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3.1.2 Three-Dimensional Presynaptic Terminal Model

In order to accurately model Ca2+ elevations at SV release sites a three-dimensional

simulation of the presynaptic bouton was used which had previously been experi-

mentally constrained to describe Ca2+ diffusion and buffering in small hippocampal

synapses [88, 118]. Simulations were performed in the Virtual Cell (VCell) environ-

ment using the fully implicit finite volume regular grid solver with a 10 nm mesh

[295–297]. The presynaptic bouton was spatially defined as a truncated sphere with

a 0.3 µm radius described by {(x, y, z) : x2 + y2 + z2 < 0.09 µm; z ≤ 0.25 µm},
as illustrated in fig. 3.2a. Ca2+ influx was enabled uniformly through a 40 by 80

nm rectangle at the centre of the AZ, representing a VGCC cluster containing 7

CaV2.1, 8 CaV2.2, and 1 CaV2.3 channels, consistent with the estimated number

and distribution of channels at hippocampal MFB AZs [88, 298]. The Ca2+ current

through the cluster was given by the weighted sum of the individual currents gener-

ated by each channel according to eq. (3.5), assuming the the same unitary channel

current (3.4) for each subtype. The AP stimulus described by eq. (3.6) evoked the

total Ca2+ cluster current shown in fig. 3.2b. For simulation in VCell this curve was

substituted for an analytical approximation given by the log-normal function

ICa(t) =
A

t
exp

(
−B

[
ln

(
t

t0

)]2)
, (3.9)

with best-fit parameters A = 9.2246×10−4 pA s, B = 15.78, and t0 = 8.036×10−4 s.

When stimuli were repeated they were sufficiently separated in time such that the

shape of each responding VGCC cluster current was assumed to be identical.

Intracellular Ca2+ was free to diffuse throughout the bouton with diffusion

constant DCa = 220 µm2 s-1 [299–301]. It was subject to buffering from three mobile

endogenous buffers: CaM, CB, and ATP [88, 118]. CaM molecules were assumed to

have four Ca2+ binding sites, two at each of its N- and C-lobes [302, 303], simulated

by the two-step cooperative binding model in table 3.2. CB molecules assumed four

independent Ca2+ binding sites, two ‘fast’ and two ‘slow’ [304], as in table 3.3. Ca2+

binding to ATP was enabled by the second order reaction in table 3.4 [300, 303].

Finally, Ca2+ was extruded from the bouton by ion pumps which were uniformly

distributed across the membrane everywhere except the AZ. These generated an

outward flux of Ca2+ given by the first order reaction

jextr = kextr
([
Ca2+

]
−
[
Ca2+

]
rest

)
, (3.10)

where kextr = 133.5 µm s-1 and
[
Ca2+

]
rest

= 50 nM [88, 305].
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Figure 3.2: (a) Illustrations of the presynaptic terminal model showing the trun-
cated sphere geometry (left), a volume cross-section (middle), and the plane of
the AZ (right). Adapted from [118]. (b) The AP stimulus above, described by
eq. (3.6), evoked the VGCC cluster current ICa below. In VCell simulations this
was substituted for the best-fit log-normal function (3.9). (c) Local AP-evoked
[Ca2+] at AZ sites 20 nm (left) and 80 nm (right) from the VGCC cluster.

The complete simulation environment allows for realistic [Ca2+] traces to

be extracted at any point within the presynaptic terminal. Of particular interest

is the local [Ca2+] at AZ sites with different coupling distances, d, to the VGCC

cluster. At AZ sites distal to the cluster the magnitude of AP-evoked [Ca2+] traces

are substantially reduced compared to proximal sites (fig. 3.2c) as a result of Ca2+

buffering. The coupling of docked SVs to VGCCs across the active zone varies

between synapses and is a key determinant of the speed and efficiency of synaptic

transmission. Tight coupling enables the temporal alignment of presynaptic stimuli

and synchronous neurotransmitter release which is a key feature of fast central

synapses [306, 307]. Tight coupling may also contribute to spontaneous SV fusion

which can be induced by stochastic opening of proximal VGCCs in the absence

of stimuli [88]. Loose coupling on the other hand is more commonly associated

with early brain development and promotes plasticity over speed for presynaptic

transmission [261, 308]. This means that it is valuable to investigate Ca2+-evoked

SV fusion at a range of vesicle-cluster coupling distances.
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Table 3.2: Calmodulin buffering model [88]. Four Ca2+ binding sites were assumed
per CaM molecule, two at each of its N- and C-lobes [303]. Ca2+ binding at either
lobe caused a change in state, designated by change of index T to R, which affected
the binding kinetics, giving rise to cooperativity [302].

N-Lobe Kinetics

NTNT

Ca2+

NTNR

2k
(N,T)
on

k
(N,T)
off

Ca2+

NRNR

k
(N,R)
on

2k
(N,R)
off

k(N,T)
on 770 µM-1s-1

k
(N,T)
off 1.6×105 s-1

k(N,R)
on 3.2×104 µM-1s-1

k
(N,R)
off 2.2×104 s-1

C-Lobe Kinetics

CTCT

Ca2+

CTCR

2k
(C,T)
on

k
(C,T)
off

Ca2+

CRCR

k
(C,R)
on

2k
(C,R)
off

k(C,T)
on 84 µM-1s-1

k
(C,T)
off 2.6×103 s-1

k(C,R)
on 25 µM-1s-1

k
(C,R)
off 6.5 s-1

Concentration: [CaM]total = 100 µM[303] Diffusion: DCaM = 20 µm2 s-1[303]

Table 3.3: Calbindin buffering model [88]. Each CB molecule was assumed to
contain four independent Ca2+ binding sites, two ‘fast’ and two ‘slow’ [304].

Fast Sensor Kinetics

CBfast

Ca2+

CaCBfast

k
CBfast
on

k
CBfast
off

k
CBfast
on 87 µM-1s-1

k
CBfast
off 35.8 s-1

Slow Sensor Kinetics

CBslow

Ca2+

CaCBslow

k
CBslow
on

k
CBslow
off

k
CBslow
on 11 µM-1s-1

k
CBslow
off 2.6 s-1

Concentration: [CB]total = 47.5 µM [309] Diffusion: DCB = 20 µm2 s-1[309]

Table 3.4: ATP buffering model [88], enabled via a second order reaction [303].

ATP

Ca2+

CaATP
kATP
on

kATP
off

kATP
on 500 µM-1s-1

kATP
off 1.0×105 s-1

Concentration: [ATP]total = 0.9 mM [300] Diffusion: DATP = 220 µm2 s-1[303]
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3.2 Novel Dual-Clamp Release-From-Inhibition Models

A lack of structural and dynamical information on SV proteins has meant that

previous Markov models of SV fusion have been defined empirically, using a top-

down approach with kinetic parameters that are fit to describe postsynaptic electro-

physiological data (section 2.2). However, sufficient insights have been drawn over

the last two decades to enable the proposal and testing of mechanistic models of SV

protein action. In particular, while Syts have been recognised as a critical mediator

of Ca2+-evoked synaptic release for some time [86], only recently has it been revealed

by X-ray crystallography that the SNARE complex may simultaneously bind up

to two Syt molecules, at distinct sites [146]. This dual-clamp arrangement has

prompted the proposal of several models with the potential to explain, in molecular

terms, how neurotransmitter release from synaptic terminals is regulated by Syts

[149–153]. Models of this nature have begun to be explored with expensive molec-

ular dynamics simulations [310], but not yet within the computationally efficient

framework of Markov chains. The SV fusion modelling framework presented in this

section is built on detailed Markov chain descriptions of the low level interactions

between Syts, Ca2+, SNAREs, and PMs. It has a flexible, modular structure which

allows for different molecular configurations at the vesicle-membrane interface to be

tested for plausibility.

Central to the framework presented in this section is the assumption that SV

fusion is driven by SNARE complexes when they are released from Syt inhibition by

the action of Ca2+. Recall, from the introduction in section 1.2.2, that the release-

from-inhibition model assumes that primed SVs in the RRP are tethered to the

PM by a number of SNAREpins which are arrested in a half-zippered state through

association to Syts. The binding of Ca2+ to a Syt instigates the release of its clamp

on a SNAREpin which is then able to full zipper, driving the vesicle and plasma

membranes into close apposition such that fusion is spontaneously induced. This

is the prevalent theory for how Ca2+-evoked synaptic transmission is regulated by

the Syt family of proteins [143, 152, 154], and the key premise of this modelling

framework.

Three limiting cases of Syt clamp architecture were considered, their static

configurations are explained presently in section 3.2.1. Following this, the dynamical

properties of the model are summarised in section 3.2.2, with specific derivations for

the kinetic parameters from experimental data presented in sections 3.2.3 and 3.2.4.

65



3.2.1 Static Structure of the Primed Syt-SNARE Complex

Of the 17 identified synaptotagmin isoforms which are encoded for in the mammalian

genome, eight bind Ca2+ (Syts 1, 2, 3, 5, 6, 7, 9, and 10) and have different

levels of expression in the central nervous system (CNS) [148]. Syts 1, 2, and 9

are highly localised to SVs and mediate fast, synchronous synaptic release, Syt1

predominantly so in the hippocampus and at many excitatory synapses [147, 311,

312]. Syt7 is abundantly expressed throughout the CNS where it is implicated as a

slow, high-affinity Ca2+ sensor mediating asynchronous release and STF [254, 313,

314]. Interestingly, Syt1 and Syt7, along with Syt4, are the only isoform expressions

preserved across all metazoa (multicellular animals) [148]. Syts contain two linked

C2 domains, C2A and C2B, which are the mediators of their Ca2+-dependent inter-

actions with membrane phospholipids [315, 316]. For Syt1, and other fast-release

Syts, the C2B domain, containing two Ca2+-binding sites, has the dominant role

in Ca2+-evoked exocytosis while the C2A domain occupies a secondary supporting

role [144, 317–319]. Conversely, the C2A domain of Syt7 appears to be the major

contributor to its function mediating asynchronous release and STF [153, 234].

Identification of the ‘primary’ Syt-SNARE interface suggested that Syt1

binds with the SNARE complex in a Ca2+-independent manner as part of the vesicle

priming process [320]. A more recent high-resolution crystal structure analysis of the

primed SNARE complex revealed a second Syt binding site dubbed the ‘tripartite’

site which, unlike the primary site, requires Cpx for its formation [146]. While the

primary site may only be occupied by fast Ca2+ sensors (Syt1, Syt2, and Syt9), the

tripartite site appears to be accessible to all Syt isoforms, including the ubiquitous

Ca2+ sensor Syt7. This dual-binding arrangement may represent a mechanism by

which different members of the Syt family synergistically regulate neurotransmitter

release and short-term plasticity [149–153].

Spatial reconstructions and thermodynamical models suggested that the num-

ber of SNAREpins engaged in SV priming and exocytosis is likely to be six, sym-

metrically distributed around the SV [145, 321–323]. Indeed, recent cryo-electron

tomography in cultured hippocampal synapses demonstrated a circular, symmetrical

arrangement of six protein densities at the interface between docked SVs and the PM

[143]. Therefore, in this initial model, it was assumed that each SV is associated with

exactly six SNAREpins. Three possible Syt clamp architectures were considered

(fig. 3.3a). In all cases, the primary interface was occupied by Syt1. The tripartite

interface was either unoccupied (Syt1P/-T) or occupied by Syt1 (Syt1P/Syt1T) or by

Syt7 (Syt1P/Syt7T). To clearly distinguish the impact of each scenario, the limiting

cases where all six SNAREpins shared the same clamp architecture was assumed.
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Figure 3.3: Dual-clamp release-from-inhibition model of SV fusion. (a) The three
Syt-SNARE clamp architectures considered. In all cases Syt1 occupies the primary
interface while the tripartite interface may be either unoccupied (Syt1P/-T) or oc-
cupied by Syt1 (Syt1P/Syt1T) or by Syt7 (Syt1P/Syt7T). (b) Ca2+ binding to the
Syt1 C2B (or Syt7 C2A) domain promotes membrane insertion and simultaneous
release of the SNAREpin clamp. (c) Uninhibited SNAREpins independently drive
SV-membrane fusion. (d) Illustrative Gaussian energy landscape representing the
barrier to SV-membrane fusion. Uninhibited SNAREpins provide energy to lower
the barrier and enhance the rate, RF , at which it is spontaneously overcome through
thermal fluctuations according to the Arrhenius equation (3.13).

3.2.2 Dynamical Release-From-Inhibition

Ca2+ binding to Syt C2 domains neutralises the negative charge at the binding

sites, promoting rapid insertion of its aliphatic loops into lipid membranes [86, 329]

(fig. 3.3b). It is thought that membrane insertion must lead to release of the Syt

clamp on the SNARE complex, perhaps due to a dramatic reorientation of the C2

domains required for the insertion of the aliphatic loops [145]. For simplicity, only

the action of the Syt1 C2B and Syt7 C2A domains were considered in the model,

given their apparently greater contributions to exocytosis. It was assumed that Ca2+

may bind at each of a Syt1 C2B domain’s binding sites independently and that when

both sites are occupied it may reversibly insert into the membrane. These dynamics
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Table 3.5: Biologically constrained kinetic parameters of the dynamical Ca2+-
Syt-SNARE model described by scheme (3.11) for Syt1 C2B and Syt7 C2A do-
mains. Ca2+ and membrane interaction parameters are constrained in sections 3.2.3
and 3.2.4 respectively using the indicated sources. Only the membrane dissociation
rate kout differs between the two Syt models.

Syt1 C2B Syt7 C2A

Ca2+ binding: kon (µM-1 ms-1) 1 [324] 1 [324]
Ca2+ unbinding: koff (ms-1) 150 [325] 150 [326]

Membrane insertion: kin (ms-1) 100 [145] 100 [145]
Membrane dissociation: kout (ms-1) 0.67 [327, 328] 0.02 [327, 328]

are described by the kinetic scheme

S0

Ca2+

S1

2kon

koff

Ca2+

S2

kon

2koff
I

kin

kout

(3.11)

where the parameters kon, koff, kin, and kout are constrained in sections 3.2.3 and 3.2.4

and summarised in table 3.5. When a Syt enters the membrane-inserted state, I,

its clamp on the SNARE complex is immediately removed, and remains so for as

long as the Syt remains membrane-inserted. Notably, Ca2+ is not able to dissociate

from the Syt while it is membrane-inserted, and reversal of membrane insertion

indicates immediate restoration of the SNARE clamp. When all of the clamps

are removed from a SNARE complex, that is, all of its associated Syts occupy

the membrane-inserted state, it is free to promote membrane fusion (fig. 3.3c), as

described presently. In this model, the absence of a Syt clamp at the tripartite site

is equivalent to a Syt clamp that is irreversibly membrane-inserted.

The Syt7 C2A domain contains three Ca2+ binding sites, two of which display

similar Ca2+ binding affinity to those of the Syt1 C2B domain, while the third has

a Ca2+ affinity around 100 times lower, KD∼11 mM [325, 326]. For physiological,

sub-millimolar, [Ca2+] values it was considered unlikely that this third site would

be relevantly engaged in evoked exocytosis. For simplicity, it was omitted from the

Syt7 model which could then adopt the same two binding site structure given by

scheme (3.11), albeit with different kinetic parameters.

The Markov chains defined by scheme (3.11) model the dynamics of an

individual Syt1 or Syt7 protein occupying either the primary or tripartite interface

of a SNARE complex. Since each SV is associated with 6 SNAREs, there are either

6 (when the tripartite site is unoccupied) or 12 such Syt models operating in parallel

for each full SV simulation. The stochastic transitions of these Syts determine a
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macroscopic state variable n, the number of SNAREs which are simultaneously free

from their Syt clamps. All that remains to complete the model is to describe how

the rate of SV fusion depends on n, for which an energy-based argument is adopted.

In physical dynamical systems thermal fluctuations will spontaneously over-

come an energy barrier of size ∆Φ at a rate R given by the Arrhenius equation

R ∝ exp

(
−∆Φ

kBT

)
, (3.12)

where kB = 1.38× 10−23 J K-1 is the Boltzmann constant and T is the temperature

in kelvin. The repulsive forces between a docked SV and the plasma membrane

amount to an energy barrier which has been estimated as E0 ≈ 26 kBT [330].

Overcoming this barrier constitutes bringing the SV to within around 1-2 nm of the

plasma membrane such that membrane fusion is spontaneously induced [145]. The

full assembly of a single SNARE complex from a half-zippered state is estimated to

provide ∆E ≈ 4.5 kBT of work towards overcoming the resting energy barrier [323].

It was assumed that ∆E is made immediately available to the vesicle in the form

of potential energy when a SNAREpin is freed from its synaptotagmin clamp(s),

effectively lowering the energy barrier to spontaneous membrane fusion (fig. 3.3d).

It was further assumed that each free SNAREpin contributes equally to overcoming

the fusion energy barrier. This means that for n free SNAREpins the barrier to

fusion is given by ∆Φ = (E0 − n∆E). According to the Arrhenius equation (3.12)

the rate at which this barrier is spontaneously overcome is given by

RF (n) = A exp

(
− (E0 − n∆E)

kBT

)
. (3.13)

In the Markov interpretation RF represents the probability of membrane fusion per

unit time. The pre-factor in eq. (3.13) was estimated to be A ≈ 2.17 × 109 s-1 by

assuming that a single SNARE complex can mediate fusion in vitro on a timescale

of ∼1 s [321–323, 331, 332]. This means that the spontaneous fusion of a docked

SV, without assistance from SNARE assembly, occurs at a rate of ∼0.01 s-1 in this

model, comparable to spontaneous vesicle release rates observed in cells [86–89].

With this fusion model no explicit assumptions are made with respect to

the changing forces which may be applied in reality such as SNAREpin zippering,

rotation, and/or translation [145]. Since the Syt-SNARE clamp may be restored, as

Syts dissociate from the membrane at a rate kout, one physical interpretation of this

model is that SNAREpins, once freed, apply tension to the vesicle while remaining

partially zippered and only fully zipper as the potential energy barrier is overcome.
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3.2.3 Constraining Kinetics of Syt-Ca2+ Interactions

The binding of free Ca2+ to an available site on a Syt C2 domain is an energeti-

cally favourable reaction, meaning that the rate of binding is limited only by the

availability of Ca2+ and how quickly it can be brought into close proximity with the

site by diffusive forces [3]. The binding rate is given by the product of the calcium

concentration [Ca2+] and the constant kon which is diffusion limited to between 108

and 1010 M-1s-1 [324], therefore the value kon = 109 M-1 s-1 was assumed.

The value of the Ca2+ unbinding rate koff was constrained using the intrinsic

Ca2+ binding affinities of Syt C2 domains which have been reported in solution, in

the absence of lipid membranes, using isothermal titration calorimetry [325, 326].

For both of the Syt1 C2B domain sites the values were ∼200 µM, and for the Syt7

C2A domain sites they were ∼90 µM and ∼180 µM, with the third site ∼11 mM

omitted from this model. For simplicity, an intrinsic Ca2+ affinity of CaKD = 150

µM was used for both Syt1 C2B and Syt7 C2A domains. In the absence of lipid

membranes the dynamics of model Syts are described by the reduced kinetic scheme

S0

Ca2+

S1

2kon

koff

Ca2+

S2

kon

2koff

(3.14)

The value of CaKD represents the [Ca2+] at which the system has an equilibrium state

where exactly half of the Ca2+ binding sites are occupied. Given the stationary dis-

tribution of the Markov chain defined by scheme (3.14), π =
[
P

(S0)∞ , P
(S1)∞ , P

(S2)∞

]
, the

probability that a Ca2+ binding site is empty at equilibrium is given by 2P
(S0)∞ + P

(S1)∞

and the probability that it is filled is given by P
(S1)∞ +2P

(S2)∞ . The definition of Ca2+

affinity requires that these probabilities are equal at
[
Ca2+

]
= CaKD, giving

P (S0)
∞ = P (S2)

∞ . (3.15)

The simple Markov chain (3.14) clearly satisfies Kolmogorov’s loop criterion (1.32),

therefore it is reversible, and each pair of transitions adheres to detailed balance

(1.31). This means that, at equilibrium, with
[
Ca2+

]
= CaKD, the S0 - S1 transition

satisfies the condition

2kon
CaKDP

(S0)
∞ = koffP

(S1)
∞ , (3.16)

and the S1 - S2 transition gives

kon
CaKDP

(S1)
∞ = 2koffP

(S2)
∞ . (3.17)
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Solving the system of eqs. (3.15) to (3.17) gives the relationship

koff = kon
CaKD (3.18)

which might have been immediately apparent to the experienced chemical kineticist

from the symmetry of scheme (3.14). For the value of CaKD = 150 µM and with

kon = 1 µM-1 ms-1, this gives a Ca2+ unbinding rate of koff = 150 ms-1 for both Syt1

and Syt7.

3.2.4 Constraining Kinetics of Syt-Membrane Interactions

The expected waiting time for Syt C2 domain rotation and membrane insertion

has previously been estimated to be ∼10 µs [145], which corresponds to a rate of

kin ≈ 100 ms-1, so this value was used for both Syt1 C2B and Syt7 C2A membrane

insertion rates. The final kinetic parameter kout, the membrane dissociation rate,

was constrained by the apparent membrane affinities of Syt1 and Syt7 which have

been measured using stopped-flow experiments [324, 327, 328].

In stopped-flow experiments, Syt C2 domain aliphatic loops are saturated

with a high [Ca2+] in the presence of lipid membranes to promote maximal mem-

brane binding. The free Ca2+ is then quickly removed from the system by rapid

mixing with calcium binding agents such as ethylenediaminetetraacetic acid (EDTA)

or ethylene glycol-bis(β-aminoethyl ether)-N,N,N’,N’-tetraacetic acid (EGTA). Mea-

surements are not made during the immediate mixing period, the ‘dead time’ of

the apparatus, which is between 0.1 ms and 1 ms for modern equipment [328].

After the dead time, the gradual dissociation of C2 domains from membranes is

measured using fluorescent tags. The apparent dissociation of Syt from membranes

has previously been described by single exponential functions, or double exponentials

with a major slow component and a minor fast component [324, 327, 328]. The

reported rate constants are in the range of 0.38 - 0.70 ms-1 for Syt1, and 0.008 -

0.02 ms-1 for Syt7, indicating that Syt7 appears to remain membrane-inserted for

around 30 times as long as Syt1. Based on these reports, exponential membrane

dissociation rates of kdiff = 0.5 ms-1 for Syt1 and kdiff = 0.015 ms-1 for Syt7 were

assumed. These values were used to constrain kout by simulating the stopped-flow

experiments with the Syt models.

When Ca2+ is removed from the system the Syt kinetic scheme (3.11) reduces

to

S0-1 S2
2koff

I
kin

kout
(3.19)
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where S0-1 is now an absorbing state. The dynamics of the non-absorbing states are

described by a pair of coupled first order ODEs:

dP (S2)

dt
= koutP

(I) − (kin + 2koff)P
(S2), (3.20)

dP (I)

dt
= kinP

(S2) − koutP (I), (3.21)

where the probabilities that the Markov chain occupies states S2 or I at time t,

P (S2)(t) and P (I)(t) respectively, are interpreted in the limit of very many identical

processes as the proportion of Syts in those states. The pair of coupled ODEs given

by eqs. (3.20) and (3.21) is equivalently expressed as the single second order ODE

d2P (I)

dt2
+ (kout + 2koff + kin)

dP (I)

dt
+ 2koffkoutP

(I) = 0. (3.22)

This has the auxiliary equation

λ2 + (kout + 2koff + kin)λ+ 2koffkout = 0, (3.23)

with solutions

λ± =
− (kout + 2koff + kin)±

√
(kout + 2koff + kin)

2 − 8koffkout

2
. (3.24)

Notice that, since koff, kin, kout > 0, the discriminant of the quadratic function

(kout + 2koff + kin)
2 − 8koffkout

> (kout + 2koff)
2 − 8koffkout

= k2out − 4koffkout + 4k2off

= (kout − 2koff)
2

≥ 0,

which tells us that both solutions λ± are real valued. We can further observe that

λ− < λ+ < 0. This gives the general double exponential solution for the proportion

of membrane-inserted Syts as a function of time,

P (I)(t) = Ae−|λ+|t +Be−|λ−|t, (3.25)

with constants A and B. This description, eq. (3.25), of evacuation from the

membrane-inserted model state is aligned with the exponential functions used to
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describe the dynamics of Syt dissociation from lipid membranes observed in stopped-

flow experiments [324, 327, 328]. Indeed, as it was for the double exponential

functions describing the membrane dissociation dynamics in those experiments,

eq. (3.25) is characterised by a fast, |λ−|, component and a slow, |λ+|, component.

From the solutions given by eq. (3.24), the fast component has |λ−| > 400 ms-1

for all positive values of kout, and would therefore dissipate well within the dead

time of the stopped-flow apparatus (> 0.1 ms [328]). This means that the slower

exponential component dominates the model dynamics over timescales observed in

stopped-flow experiments, and the simplification

P (I)(t) ∝ e−|λ+|t (3.26)

provides a suitable approximation for comparison with the experimentally observed

dynamics. The full expansion of |λ+| given by eq. (3.24) can then be equated with

the apparent membrane dissociation rates of Syt1 and Syt7, kdiff, to complete the

system of kinetic parameters with

kout = kdiff

(
1− kin

kdiff − 2koff

)
. (3.27)

For the values of kin = 100 ms-1 and koff = 150 ms-1, kdiff = 0.5 ms-1 gives kout = 0.67

ms-1 for Syt1, and kdiff = 0.015 ms-1 gives kout = 0.02 ms-1 for Syt7.

3.3 Simulations of SV Fusion

3.3.1 Responses to [Ca2+] Steps

The Ca2+-activation of SV fusion has been quantitatively described in the giant

terminal the calyx of Held using Ca2+ uncaging coupled with electrophysiological

recordings. In these experiments, flash photolysis was used to generate spatially

uniform step-like increases of [Ca2+] within the calyx while the evoked vesicular re-

lease was simultaneously monitored by postsynaptic patch-clamp recording [93, 232,

233]. The kinetics and [Ca2+] dependency of glutamate release at this synapse have

been described by several empirical mathematical models [93, 226, 227, 232]. Here

the allosteric model proposed by Lou et al. [226] that described evoked glutamate

release in a wide [Ca2+] range (section 2.2.1) was used as a benchmark for comparison

against our simulations. To model the Ca2+ uncaging experiments, vesicular release

in response to [Ca2+] steps in the range of 1 to 32 µM was simulated for the three

limiting cases of clamp architecture. An initial condition in which SNAREpins were
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fully clamped (i.e. all Syts occupied the state S0) was assumed, and no model of SV

replenishment was included. Predictions were generated by stochastic simulation

of the models using the specialised Gillespie algorithm (section 2.1.2), with release

rates calculated as described in section 2.2. For each scenario, simulations were

performed for a maximum run time of 20 hours or until 106 release events were

recorded. This meant that the total number of SVs simulated varied from 5.2× 105

(Syt1P/Syt1T at 8 µM) to 5.8× 106 (Syt1P/-T at 1 µM), with the smallest number

of release events being 2,250 (Syt1P/Syt1T at 2 µM).

The example responses shown in fig. 3.4a illustrate how SV release rate

depends steeply on [Ca2+] over an interval of 4 to 16 µM. For all three clamp

architectures, the peak release rates exhibited a power law dependency on [Ca2+]

with slopes in the range of 3.5 to 5.1 for [Ca2+] between 2 and 8 µM (fig. 3.4c).

Notably, the experimentally determined [Ca2+] cooperativity of release rate in the

calyx of Held (slope 4.2) as well as the empirical allosteric model (slope 3.5) covered

a similar range [226]. In line with the experimental data, sub-millisecond fusion

rates were predicted by the release-from-inhibition models for [Ca2+] above 4 to 8

µM, depending on the clamp architecture. Release rate was greatest in the case

of a Syt1 clamp at the primary site only and introduction of either Syt1 or Syt7

at the tripartite interface reduced release rate but enhanced Ca2+ cooperativity.

The predictions of the experimentally constrained allosteric model lie between these

limiting clamping cases, indicating that the release-from-inhibition model could in

principle explain the experimentally observed kinetics of vesicular release. Further-

more, the relative occupancy of the primary and the tripartite interfaces by different

synaptotagmin isoforms could provide an efficient and straightforward mechanism

for the dynamic regulation of Ca2+-triggered vesicular release. At higher [Ca2+]

(above 16 µM) the allosteric model appears to underpredict release rate relative to

all three clamping models. This may be due to saturation of postsynaptic AMPA

receptors at high [Ca2+] masking SV release in the calyx of Held [93, 226, 333].

To estimate how many free SNAREpins are engaged in driving fast syn-

chronous SV fusion, the number of simultaneously free SNAREpins on each vesicle

was monitored up to the instance of its fusion (figs. 3.4b, 3.4d and 3.4e). Rapid

fusion (peak release rate above 10−2 ms-1 per vesicle) required at least 2 to 3 free

SNAREpins for all clamp architectures. This is consistent with previous experi-

mental and modelling estimates for the number of SNAREs required to mediate

synchronous neurotransmitter release [322, 323, 332, 334–336]. The rate of SV

fusion in all three release-from-inhibition models appeared to be limited by the time

taken for 2 to 3 SNAREpins to be freed from their Syt clamps, which depends on
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Figure 3.4: (a) Release rate per vesicle simulated in response to 4, 8, and 16 µM
[Ca2+] steps. Peaks values are indicated for the 8 µM step. (b) Time evolution
of the mean number of unclamped (‘free’) SNAREpins on docked SVs (solid lines),
and on SVs at the instance of fusion (dotted lines, gathered into 0.25 ms bins) in
response to the [Ca2+] steps in (a). Shaded regions indicate 1 standard deviation
either side of the mean. Spreads at the time of peak release rate are indicated
for the 8 µM step. (c) Dependency of peak release rate achieved within 10 ms on
[Ca2+] step size. Values indicate the slopes corresponding to the exponent of the
power relationship between peak release rate and [Ca2+] over the range of 2 to 8
µM. (d) Normalised histograms of the number of free SNAREpins on docked SVs
at the time of peak release rate (lower) and on fusing SVs over a 0.25 ms window
centred on the time of peak release rate (upper) in response to the 8 µM [Ca2+]
step. (e) Dependency of mean number of free SNAREpins on docked (lower) and
fusing (upper) SVs at times of peak release rate on [Ca2+] step size.
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least 2.0× 105 vesicles were simulated and 2,250 release events recorded.

the [Ca2+] and the clamping architecture. For n = 3 free SNAREpins the fusion rate

RF (3) = 8.1 ms-1 is around 10 times greater than that rate at which a Syt1 clamp

is restored (kout = 0.67 ms-1), and around 400 times for Syt7 (kout = 0.02 ms-1).

This indicates that fusion is extremely energetically favourable once 3 SNAREs are

simultaneously free from inhibition for all clamp architectures. When there are

n = 2 free SNAREpins, RF (2) = 9 × 10−2 ms-1. This values lies between the Syt1

and Syt7 clamp restoration rates, explaining why SV fusion rates are higher when

the tripartite site is occupied by Syt7 as opposed to Syt1.

The Ca2+ uncaging simulations were extended to allow for the possibility

that the complete SNARE complex may not be fully formed upon activation from a

[Ca2+] step by including a probability, pf , for each SNARE to be initialised without

Syt clamps. This meant that each vesicle was expected to be initialised with 6(1−pf )
fully clamped SNAREpins, with the pf = 0 case coinciding with the results shown

in fig. 3.4 for exactly 6 fully clamped SNAREpins. Absent Syt clamps could not be

imposed later after initialisation. For all clamp architectures, varying the value of

pf by up to 2% had a substantial impact on the rate of spontaneous and low [Ca2+]

release, but did not impact the rates of synchronous release in response to larger

[Ca2+] steps (fig. 3.5). Notably, the rates of spontaneous release (at sub-micromolar

[Ca2+]) were the same for each clamp architecture and changed identically with pf .

Increasing pf from 0% to 2% increased the rate of spontaneous release by a factor of

150. This high sensitivity is explained in the model by the exponential dependence

of fusion rate on the number of free SNAREs in the Arrhenius equation (3.13). It
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has been suggested that, given the complexity of the structure and its multi-stage

formation process, that incomplete or asymmetrical formation of SNARE clamps

about the SV is to be expected [145]. Furthermore, the reported rates of spontaneous

release from resting synapses range from around 0.7 to 2 vesicles per minute [86–

89]. These results suggest that incomplete SNARE clamp formation may provide a

mechanism that contributes to the variation in observed spontaneous release, but

does not affect the dynamics of synchronous release at higher [Ca2+].

3.3.2 Single and Double AP Stimulation

In order to investigate the dynamics of SV fusion under realistic stimuli, the three

limiting cases of clamp architecture were simulated under AP-evoked [Ca2+] traces

taken from the 3D synaptic terminal simulation described in section 3.1.2. Since

the dynamics of synaptic transmission depend critically on the coupling between

VGCCs and docked SVs, [Ca2+] traces were taken from the AZ at a range of coupling

distances. Fig. 3.6a shows the AP-evoked [Ca2+] trace at a typical coupling distance

of d = 40 nm on the AZ, and the corresponding release rate and PV for each clamp

architecture. In this case the dual-clamped scenarios generated release predictions

that were in line with the allosteric model, and release was slightly enhanced when

the tripartite site was occupied with Syt7 compared to Syt1. When the tripartite

site was unoccupied (Syt1P/-T) release was enhanced substantially. The amplitude

of the AP-evoked [Ca2+] traces decreased with coupling distance, d, from the VGCC

cluster along the AZ (fig. 3.6b). Correspondingly, SV release also decreased with d in

all models, as measured by the peak of release rate curves and the PV once stabilised

at 5 ms after AP onset. The decrease was steeper in cases where the tripartite site

was occupied by a second Syt clamp as a result of their greater Ca2+-cooperativity.

For d ≥ 40 nm the predictions of the allosteric model lie between the limiting cases

of the three clamping architectures. Only at AZ points proximal to the cluster

(d ≤ 30 nm) did release-from-inhibition models deviate from the allosteric model

due to its previously mentioned underprediction of release at high [Ca2+].

Because Syt7 appears to play a crucial role in the clamping architecture

mediating STF [150, 313], the release-from-inhibition models were simulated in

response to paired-pulse AP stimulation at a range of interspike intervals (ISIs).

In order to account for replenishment of the RRP between spikes, a new SV was

initialised in the fully clamped state exactly 2.5 ms after a release event. This meant

that the RRP would be restored by the time a second stimulus was applied, while a

fused vesicle and its replacement would not both participate in synchronous release

during the same stimulus. Recall that SV replenishment times in the range of 0.5
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Figure 3.6: (a) Example responses to an AP stimulus (grey) at an AZ point 40
nm from the VGCC cluster. The local [Ca2+] trace (upper) evoked the indicated
release rates per SV (middle) and PV (lower) for each model. (b) Reduction of SV
release with coupling distance, d, between the release sensor and the VGCC cluster.
(Upper) Peaks of local [Ca2+] traces at each AZ point; (middle) peaks of evoked
SV release rates; (lower) PV taken t = 5 ms after AP onset. In all cases at least
5.2× 105 vesicles were simulated and 1,200 release events recorded.

to 50 ms have been applied to the allosteric model in studies of Drosophila NMJs

[228], the calyx of Held [229], and hippocampal MFBs [230].

An example [Ca2+] trace at a coupling distance of 40 nm evoked by an AP

pair with an ISI of 20 ms is shown in fig. 3.7a with the corresponding release rate

per SV and PV for each release model. Facilitation was only apparent when the

tripartite site was occupied by Syt7, in this case the second stimulus evoked over

twice as many release events as the first. In all other models the two responses

were almost identical, although a slight enhancement of the second [Ca2+] transient

due to buffer saturation in the terminal model led to a small apparent facilitation

of release in all cases. Facilitation was quantified as the peak-to-peak ratio (PPR)

of the release rate responses to each stimulus, and also by the ratio of stabilised

PV (taken at 5 ms after onset of each AP). Figs. 3.7b and 3.7c show the scales of

facilitation of each model against coupling distance, d, (for ISI = 20 ms) and ISI

(for d = 40 nm) respectively. In all cases STF required the presence of Syt7.
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Figure 3.7: (a) Example responses to a pair of identical APs (grey) separated
by 20 ms at an AZ point 40 nm from the VGCC cluster. The local [Ca2+] trace
(upper) evoked the indicated release rate per SV (middle) and PV (lower). The
residual [Ca2+] between stimuli is inset in the upper panel where the axes have
units of µM and ms respectively. The dependencies of STF on (b) ISI (with d fixed
at 40 nm) and (c) d (with ISI fixed at 20 ms) are shown as the ratios of release
rate peaks from each stimulus (upper) and the ratios of PV taken 5 ms after onset
of each AP (middle). Lower plots show the corresponding mean number of released
tripartite clamps upon arrival of the second AP stimulus (shaded area represents 1
standard deviation either side of mean). In all cases at least 2.4× 105 vesicles were
simulated and 1,200 release events recorded.

These dependencies are explained in the model by the slow membrane dis-

sociation kinetics of Syt7 relative to Syt1. The first stimulus induced release of

SNARE clamps which, if fusion was not successfully induced, were restored much

more slowly by Syt7 (kout = 0.02 ms-1) than by Syt1 (kout = 0.67 ms-1). This meant

that, for a range of d and ISIs, by the time the second stimulus arrived there were on

average 1 to 2 Syt7 tripartite clamps already released, conferring an increase to the
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probability of SV fusion. STF decreased with pulse separation and was completely

diminished with ISI = 500 ms (fig. 3.7b), consistent with experimental observations

[149, 313, 337]. The dependency of STF on ISI was aligned with that of the average

number of free tripartite Syt7 clamps immediately before the onset of the second

stimulus, evidencing the causal link between the two. In contrast, the dependence of

STF on coupling distance was non-monotonic and was not aligned with the number

of free tripartite Syt7 clamps (fig. 3.7c). At AZ sites very close to the VGCC cluster

the large [Ca2+] profiles can substantially deplete the RRP which is then replenished

with new, fully clamped SVs. As a result, the number of free Syt7 clamps upon the

arrival of the second stimulus was greater at d = 30 nm than at 20 nm, and STF was

correspondingly enhanced. For d ≥ 40 nm the number of free Syt7 clamps upon the

arrival of the second stimulus decreased, consistent with weaker activation from the

reduced [Ca2+] traces. However, STF appeared to continue to grow with coupling

distance up to d = 60 nm before decreasing in line with the number of free Syt7

clamps. It appears that the large release response evoked by the first stimulus at

small coupling distances occludes STF, despite a larger number of Syt7 clamps being

freed, due to a trade-off between the two effects. For example, recognise that STF

would be maximised by an initial [Ca2+] profile that maximises the release of Syt

clamps while minimising SV fusion. It seems that this optimal balance is achieved

in the Syt1P/Syt7T case by the [Ca2+] profile at d = 60 nm.

3.3.3 Responses to Bursts of APs

The SV fusion models were next simulated in response to a train of 20 identical APs

applied at 50 Hz (20 ms ISI). This provided the opportunity to further assess Syt7’s

contribution to STF via release of SNARE inhibition, as well as to asynchronous

release which is long-lasting following a stimulation burst [1], and has been shown

to depend on Syt7 [150, 254]. For simplicity, the models were simulated under the

local [Ca2+] extracted from the presynaptic terminal model at a representative AZ

point with a coupling distance of 40 nm from the VGCC cluster (fig. 3.8a). For

these simulations the instantaneous SV replenishment was replaced with the more

realistic two-stage replenishment model described in chapter 2. This consisted of

the same fixed refractory time, τref = 2.5 ms, plus a stochastic repriming step with

a rate of krep = 0.02 ms-1. This was the rate that was previously constrained using

experimental data from hippocampal mossy fibre to CA3 pyramidal cell synapses

[230]. This meant that the expected waiting time for SV replacement after fusion

was 52.5 ms.

The presence of Syt7 at tripartite SNARE interfaces induced progressive
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Figure 3.8: (a) (Upper) Local [Ca2+] evoked by a 50 Hz train of 20 identical APs
at an AZ point 40 nm from the VGCC cluster. (Lower) Release rate predictions
normalised to the total number of simulated SV sites. The inset window expands
the response to the final AP stimulus. (b) Progression of release rate peaks with
stimulus number in the AP train, normalised to the first peak in each model. (c)
(Upper) [Ca2+] tail evoked by the AP train over a 5 ms window starting 1 ms after
the peak of the final AP. (Lower) Cumulative number of (asynchronous) release
events over the window, normalised to the total number of simulated SV sites. In
all cases at least 105 SV sites were simulated and at least 105 release events recorded.

facilitation over the course of the AP train that was substantially greater than in all

other models (figs. 3.8a and 3.8b), in line with the results of paired-pulse simulations

(fig. 3.7). Facilitation to a much lower degree could now also be observed in the

Syt1P/Syt1T case, likely due to the combined effect of [Ca2+] enhancement during

the train and the high Ca2+-cooperativity of this architecture (∼5.1, fig. 3.4c). The
Syt1P/-T model showed depression over the course of the train, likely as a result of

RRP depletion which, under this new SV replenishment protocol, was not entirely

reversed between pulses as it was in paired-pulse simulations. The allosteric model’s
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predictions continued to show neither facilitation nor depression and lay between

the predictions of the three release-from-inhibition models.

Asynchronous release was measured over a 5 ms window beginning 1 ms after

the peak of the final AP stimulus in the train (fig. 3.8c). Ca2+ was rapidly extruded

from the simulated terminals, relative to the long-lasting Ca2+ transients observed

in hippocampal MFBs (section 2.3) for example. This meant that the [Ca2+] evoked

by the train decayed to around 10% of its peak value within 1 ms of the final AP

peak, and by 5 ms it had reached sub-micromolar levels. Of the three release-

from-inhibition models, asynchronous release was greatest when the tripartite site

was occupied by Syt7. In this case the cumulative release over the 5 ms window

was over three times greater than when the tripartite site was occupied by Syt1,

and 15% greater then when the site was empty. However, because similar levels of

asynchronous release were achieved whether the tripartite interface was empty or

occupied by Syt7, the current model did not seem to capture the critical dependence

of asynchronous release on the presence of Syt7 which had been observed experimen-

tally [150, 254]. Furthermore, the asynchronous release predicted by the allosteric

model far exceeds the range covered by all three release-from-inhibition models,

indicating that asynchronous release may in reality be mediated by a mechanism

not currently accounted for in these models.

Introducing a probability that a model SNAREpin would be initialised free

from Syt inhibition was already shown to enhance release at low [Ca2+] without

substantially affecting release at high [Ca2+] (fig. 3.5). This prompted the idea that a

similar mechanism may account for the burst-evoked asynchronous release currently

unaccounted for by the release-from-inhibition models. Unsynchronised construction

of the Syt-SNARE machinery around the SV may allow for partially constructed

formations which are sufficient to induce SV fusion before full assembly has been

completely, particularly during periods of high-frequency stimulation. Accumulating

evidence suggests that Syt1 C2B is engaged at the primary site prior to formation of

the tripartite clamp. Functional reconstitutions indicate that Syt1 C2B is involved

in SNARE assembly [338], while the binding site for Cpx, which is required for

formation of the tripartite clamp, is unavailable until after initial SNARE assembly

[339]. A theory with growing support proposes that Syt1 C2B domains polymerise

to form ring-like oligomers which tether SVs to the PM via the primary site of

SNAREs. These rings have been observed to form on lipid membranes in vitro

and dissociate in the presence of Ca2+ [340–342], although they have not yet been

observed in vivo. Notably, in this model the helical extension of Syt1 C2B which

is required to bind with Cpx and SNAREs at the tripartite interface is oriented
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Figure 3.9: (a) and (b) AP burst simulations, as in figs. 3.8a and 3.8c respectively,
with the addition of the Syt1P/Syt7Tdelayed model for kT = 0.05 ms-1. 257,182 SV
sites were simulated for the new model, from which 106 release events were recorded.

into the PM in the case of oligomerised C2B domains, indicating that they cannot

simultaneously be engaged with the tripartite site [145, 343]. It is thought that the

Syt1 C2B oligomers arrest SNAREs with a semi-stable clamp, introducing a kinetic

delay which is sufficient to then allow further SNARE clamp reinforcement at the

tripartite site. [154, 344]. Based on these observations, an extension was added

to the existing models whereby fused SVs were replenished with initially only the

primary sites of each SNAREpin occupied (by Syt1) and all tripartite sites empty.

The tripartite Syt clamps may then be applied later according to a stochastic rate

kT . It was assumed that in the resting conditions prior to the AP burst stimulation

all tripartite clamps had been able to form, hence delayed application of a tripartite

clamp only applied to new SVs after a release event, not the initial SVs at the start

of simulations. For simplicity, this extension was only applied to the Syt1P/Syt7T

case to produce a new model designated7 Syt1P/Syt7Tdelayed.

An example response to the AP burst is shown in fig. 3.9 for kT = 0.01 ms-1.

The release evoked by the first AP is almost identical between the Syt1P/Syt7T and

the Syt1P/Syt7Tdelayed scenarios, since both begin the simulation with identical clamp-

ing architectures. As the train proceeds, the delayed application of tripartite clamps

contributes to facilitating synchronous release from subsequent stimuli (fig. 3.9a).

However, the new model did not succeed in enhancing asynchronous release as

hoped. Rather, delayed application of the tripartite clamp served to reduce asyn-

chronous release over the 5ms window after the final stimulus (fig. 3.9b). It appeared
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Figure 3.10: (a) Peak release rate per SV site achieved in response to the first
AP in the train. (b) Cumulative number of releases per SV site achieved over a 5
ms window starting 1 ms after the peak of the first AP. (c) and (d) As in (a) and
(b) respectively but for the final AP in the train. (e) Ratio of peak release rates
achieved at the final and first APs. For the delayed tripartite model at least 2×105

SV sites were simulated and at least 6× 105 release events recorded in all cases.

that the synchronous and asynchronous release predictions of the Syt1P/Syt7Tdelayed

model lay between those of the Syt1P/Syt7T and the Syt1P/-T scenarios.

To provide a clearer image of how delayed tripartite clamping affected model

predictions, kT was varied within the range of 0.01 ms-1 to 0.5 ms-1. In all cases

the synchronous (fig. 3.10a) and asynchronous (fig. 3.10b) responses to the first AP

stimulus were closely aligned with the Syt1P/Syt7T scenario, as expected since they

share the same initial clamping structure. In the limits kT → 0 and kT → ∞, as

t → ∞ the Syt1P/Syt7Tdelayed model approaches the architecture of the Syt1P/-
T

or the Syt1P/Syt7T model respectively. By the 20th stimulus in the AP train

this distinction was apparent in the peak rate of synchronous release from the

Syt1P/Syt7Tdelayed model (fig. 3.10c) which remained aligned with Syt1P/Syt7T for

kT = 0.5 ms-1, but was closer to the Syt1P/-T prediction for kT = 0.01 ms-1. The

transition was less clear in the case of asynchronous release after the final stimulus

(fig. 3.10d), likely due to the proximity of the Syt1P/-T and Syt1P/Syt7T predictions

and the necessarily fewer stochastic events used to generate asynchronous compared

to synchronous results. As a result of synchronous release enhancement over the

84



course of the AP train, the delayed application of the tripartite clamp evoked STF

that exceeded all other models (fig. 3.10e).

It appears that, in this modelling framework, delayed application of the

tripartite clamp on docked SVs provided a mechanism by which the release be-

haviour was modulated between the extreme predictions of the limiting clamping

architectures. The effect was observed here only with the Syt1P/Syt7T architecture.

If the delay were instead applied with Syt1 at the tripartite interface we could

expect the parameter kT to similarly control synchronous and asynchronous release,

this time between the limiting Syt1P/Syt1T and Syt1P/-T cases. Interestingly, since

STF is minimal in the Syt1P/Syt1T case, the tripartite clamp delay mechanism could

produce particularly strong STF over the course of the AP train, likely exceeding

the Syt1P/Syt7Tdelayed case for small values of kT . Unfortunately, this mechanism

does not seem to recover the physiological levels of asynchronous release and their

critical dependence on Syt7 which remain illusive in these models.

3.4 Model Appraisal and Extensions

In this chapter, a novel, mechanistic modelling framework of SV fusion resulting

from Ca2+ activated release-from-inhibition by dual Syt clamps was described and

simulated under a range of clamping architectures and physiological patterns of Ca2+

activity. The predictions of synchronous release and STF made by the empirical

allosteric model [226] were captured between the predictions of three limiting cases of

clamping architecture. This suggests that release from inhibition by dual Syt clamps

could indeed represent a mechanism by which synchronous release and STF are

mediated in living synapses. Not all aspects of physiological synaptic transmission

could be described with these models however, including asynchronous release which

appears to be underpredicted by all three clamping architectures (fig. 3.8c). For

example, in the models, if one of either the primary or the tripartite Syt clamps is

present on a SNAREpin then it is unable to contribute energetically to SV fusion.

In living neurons however, disruption of either interface led to the enhancement

of spontaneous release and severe impairment of evoked synchronous release [146].

This particular limitation highlights that these release-from-inhibition models are

appropriate to explore the dynamics of Ca2+-evoked SV fusion, not spontaneous

release in the absence of a Ca2+ trigger. In this section other assumptions made

during the definition of the modelling framework in section 3.2 are discussed and

their limitations highlighted. The flexibility of the framework also provides a range

of other modelling opportunities not already considered in this work, some of the
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most promising of which are described here.

The three limiting cases of clamping architecture describe a wide range of

responses to physiological patterns of activity based solely on the occupancy of

the tripartite binding site. Some combination of these three scenarios would be

more likely to represent the distribution of Syt clamps at SNARE tripartite sites

around SVs in real synapses. One might wish to introduce a model in which the

probability that a tripartite site is occupied by Syt1 or Syt7 is reflective of their

relative concentrations at a synapse. The predictions in this case would simply lie

between the limiting cases already described. It would then be interesting to see if

these predictions better resemble those of the experimentally constrained allosteric

model which also lie between the limiting clamping cases. Or, conversely, whether

fitting the probability of each Syt type occupying tripartite interfaces to the allosteric

model’s predictions leads to an accurate reflection of the relative Syt concentrations

in real synapses.

Throughout section 3.3 the allosteric model was used as a surrogate for

experimental data against which the novel release-from-inhibition models could be

qualitatively compared. However, it should be noted that that model was con-

strained using data from Ca2+ uncaging experiments in calyces of Held [226], and

was not validated against paired-pulses or bursts of APs. The [Ca2+] traces used

for model stimulation meanwhile were taken from simulated presynaptic terminals

originally designed to describe intracellular Ca2+ dynamics at small hippocampal

synapses [88, 118]. Ideally, the release-from-inhibition models would be stimulated

with [Ca2+] traces recorded from presynaptic terminals in living cells, with two-

photon Ca2+ imaging for example. By comparing the responses with experimental

data, such as EPSPs, it would be possible to draw quantitative inferences regarding

the likely molecular configurations of the Syt clamps at those synapses.

Remarkably, the wide distinction between the Syt1P/Syt1T and Syt1P/Syt7T

clamping scenarios was the result of a single parameter difference, kout, describing

the rate at which Syt C2 aliphatic loops dissociate from lipid membranes. For

simplicity, the same intrinsic Ca2+ binding affinity, KD = 150 µM, was assumed

for both Syt1 C2B and Syt7 C2A domains, although the affinity of Syt1 C2B Ca2+

binding sites is actually ∼200 µM, and is ∼90 µM or ∼180 µM for each of Syt7

C2A’s high affinity sites. It would be straightforward to adapt the current scheme

to account for these differences by recalling from eq. (3.18) that koff = konKD, as

long as the two Ca2+ binding sites on a C2 domain are assumed to be identical.

Retaining the common diffusion limited value kon = 1 µM-1 ms-1, affinities of say

KD = 200 µM for Syt1 C2B and KD = 135 µM for Syt7 C2A (the average from
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its two binding sites), correspond to values of koff = 200 ms-1 and koff = 135 ms-1

respectively. The higher value of koff for Syt1 would drive fusion rates down in all

scenarios by reducing the probability of SNAREpin clamp release at the primary

site. Conversely, the lowering of koff for Syt7 would promote higher fusion rates

when it is present at the tripartite site. Following Ca2+ activation, not only would

Syt7 remain membrane-inserted for longer than Syt1 due to its lower kout, it would

now retain bound Ca2+ for longer as well. This would serve to enhance the already

apparent dependence of STF (fig. 3.7) and asynchronous release (fig. 3.8) on the

presence of Syt7. However, in the current clamping model only one of either the

primary or tripartite clamps is sufficient to restrict a SNAREpin from contributing

to SV fusion. Hence, the clamp with the lowest probability of release is the dominant

limitation of fusion rates. Therefore, in summary, all else being equal, raising koff for

Syt1 and lowering it for Syt7 should be expected to widen the distinction between

Syt1P/Syt7T and the other clamping scenarios, while reducing fusion rates overall.

Consequently, this is not a promising avenue for enhancing asynchronous release

which currently appears to be underpredicted by all three release-from-inhibition

clamping models. Success in this regard may be had if koff were reduced from its

current value of 150 µM for both Syt1 C2B as well as Syt7 C2A, although this does

not appear to be consistent with their intrinsic Ca2+ affinities.

A key result that emerged from the release-from-inhibition models was that at

least 3 uninhibited SNAREs were required to reliably induce SV fusion, in line with

previous predictions [322, 323, 332, 334–336]. In these models exactly 6 SNAREpins

were assumed to be associated with each SV. While spatial reconstructions and

recent cryo-electron tomography suggest that this is the expected number [143, 145,

323], models have predicted that the number could feasibly range from 4 to 16

[321–323, 345, 346]. The number of SV associated SNAREs, N , is variable within

the modelling framework described in section 3.2, although it was not actually varied

over the course of the simulations presented in this chapter. Fortunately, it is not

necessary to re-run all the simulations in section 3.3 to gain an appreciation for the

impact of perturbing the value from N = 6. The rate of SV fusion, RF (n) given

by eq. (3.13), is a function of the number of unclamped SNAREpins and does not

depend on the total number of SNAREs surrounding the SV. Consequently, sub-

millisecond SV fusion would still require 3 simultaneously unclamped SNAREpins.

However, the probability of this situation would be greater with a larger number

of SNAREs. For a quantitative illustration, suppose that each of N identical and

independent SNAREpins has a static probability p of being free from both of its

Syt clamps at some instant in time. Then the number of simultaneously unclamped
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SNAREpins, X, follows the binomial distribution X ∼ B(N, p). From this we may

calculate the probability that 3 or more SNAREpins are simultaneously unclamped,

P [X ≥ 3]. Given the sharp threshold for fusion apparent at 3 free SNAREpins we

may interpret this as approximately the probability of SV fusion in the next instant.

The curves in fig. 3.11 illustrate how different choices of N affect this (approximate)

probability of fusion given any p. For example, if each SNAREpin has a 50% prob-

ability of being unclamped, then the probability of 3 or more being simultaneously

unclamped is 66% for the default N = 6, increasing to 86% for N = 8, and reducing

to 31% for N = 4. Caution should be taken extrapolating the existing model to

account for significantly more than 6 SV associated SNAREs however. If clamped

SNAREpins maintain the separation between primed SVs and the PM through some

repulsive force, as has been suggested [323], then the prediction that the action of

only 3 unclamped SNAREpins can consistently overcome the repulsion of arbitrarily

many clamped SNAREpins appears unreasonable.

The minimalistic release-from-inhibition models presented in this chapter

describe a simplified image of how SNAREpins unclamp and cooperate to drive

SV fusion. Firstly, the rates of unclamping at the primary and tripartite sites are

independent of the state of the other clamp. Syt clamps act to restrict the full

assembly of SNARE complexes which is an energetically favourable process in their

absence. It may be the case that removal of one clamp promotes removal of the other

as the partially restricted SNARE attempts to zipper [145]. SNAREpin zippering in

general is also not explicitly accounted for in the current modelling framework which

simply assumed that each unclamped SNAREpin provided work towards overcoming

a potential energy barrier to fusion (section 3.2.2). One might consider adding

a two-stage reaction to the existing kinetic scheme in which unclamped SNAREs

may reversibly enter a fully zippered state from which they provide their energetic

contribution to fusion. The rate parameters governing SNAREpin zippering and

unzippering would then be critical factors limiting the rate of SV fusion, although

the overall effect would simply be to induce a delay compared with current model

88



predictions. These Syt C2 domains may continue to interact with membranes and

free Ca2+ in the absence of the SNARE complex, although restoration of the Syt

clamp would now be synonymous with SNAREpin unzippering rather than Syt

membrane dissociation. Careful consideration would need to be given to the ener-

getic dynamics of SNAREpin zippering / unzippering and the physical plausibility

of the system in the construction of such a model.

A further extension of the modelling framework might consider the mechan-

ical coupling of SNAREpins to each other. In its current state each unclamped

SNAREpin contributed independently towards SV fusion, although in reality the ac-

tion of one SNAREpin could plausibly affect another through their shared membrane

interface. For example, the zippering of one SNAREpin might apply a membrane

surface tension promoting zippering of its neighbours. One mechanistic approach

towards including this interaction would be to explicitly introduce the proposed

Syt1 C2B ring oligomer spanning the primary sites of all SV associated SNAREpins

[145]. Since the aliphatic loops required for membrane insertion also form the

binding interface between ring C2B domains in this model, the existing kinetic

scheme describing Syt-membrane interactions (3.11) could easily be employed to

make some interesting predictions for this model.

The introduction of mechanical coupling would be particularly interesting

to explore within the context of more realistic Ca2+ dynamics around SVs. In

the current model, all SV associated Syts are exposed to the same local [Ca2+],

and, for example, at low [Ca2+] the probability of SV fusion is low. However, due

to the stochastic distribution of VGCCs, SVs, Ca2+ buffers, and other proteins

and organelles that cluster the AZ, local electrochemical perturbations should be

expected to give rise to an asymmetrical distribution of Ca2+ around each docked

SV. Through mechanical coupling a sufficient stochastic accumulation of Ca2+ on

one side of a SV, influencing only one or two SNAREpins say, could feasibly drive

the fusion of that vesicle, even when the average [Ca2+] across all the SNAREpins is

low. It may also be relevant to consider the combined effect of mechanical coupling

and an asymmetrical distribution of Ca2+ around SVs in the case of SVs docked very

close to a VGCC at the onset of AP activation, where that asymmetry is initially

very high.

Finally, consideration should be given to the other structural features omitted

from these release-from-inhibition models which are known to contribute signifi-

cantly to SV fusion. Cpx binding to the SNAREpin and SV membrane is required

for formation of the tripartite Syt clamp [146], but also appears to itself contribute to

the strength of the clamp since removing Cpx [154, 347], or disrupting its SNARE
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binding C-terminal [348], enhances spontaneous SV fusion. Unlike Syt clamps it

appears that the Cpx clamp is not reversed by Ca2+ [154, 348]. It may therefore

act to limit the rate of synchronous SV fusion, since it does not alone appear to

provide a sufficiently strong clamp to prevent it [154]. Another significant structural

omission from the modelling framework is the role of tandem C2 domains of Syt1

and Syt7 which may cooperate to enhance formation or dissociation of SNARE

clamps. Disrupting the membrane-insertion residues of Syt1 C2B abolished evoked

synaptic release, while C2A disruption only reduced it by 50% [349]. Recent use

of a surface force apparatus indicated that both C2 domains engage in membrane

binding, with the main binding energy provided by C2B and facilitated by C2A [319].

Correspondingly, slower membrane dissociation was observed for the combined Syt1

C2AB structure than for either domain individually in recent stopped-flow experi-

ments [350]. This suggests that it may be important to consider the cooperation of

the tandem Syt1 C2 domains in models of the SNARE clamp dynamics. In contrast,

it appeared that the C2A domain was required for Syt7 to mediate asynchronous

release and STF while the C2B domain was not essential [234]. In the same series

of stopped-flow experiments the rate of membrane dissociation was only slightly

slower for the combined Syt7 C2AB structure than for the C2A domain alone [350].

This suggests that the contribution of Syt7’s C2B domain may not be as critical

to SNARE clamp regulation as C2A is for Syt1, although the range of cooperative

behaviours between C2 domains is less explored for Syt7 than Syt1. As a first step,

one might consider constraining a model of Syt1 C2A interactions with Ca2+ and

lipid membranes using the method already used to constrain the Syt1 C2B domain

model in section 3.2. This could then be implemented alongside the existing Syt1

C2B scheme with, in the simplest case, the addition of a cooperativity factor for

their membrane binding kinetics.
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4 Modelling Synapses with

a Migraine Mutation

The principal pore-forming α1 subunit of CaV2.1 (P/Q-type) channels is encoded

for by the single CACNA1A (CAlcium voltage-gated ChaNnel subunit Alpha 1A)

gene on human chromosome 19p13 [10, 106, 351, 352]. Given the central role played

by CaV2.1 channels in regulating synaptic transmission throughout the CNS (recall

the introduction from section 1.2.1), mutations in CACNA1A disrupting proper

pore formation cause diverse neurological phenotypes [353]. The disorders most

commonly associated with CACNA1A mutations are familial hemiplegic migraine

type 1 (FHM1) [354], episodic ataxia type 2 (EA2) [354, 355], and spinocerebellar

ataxia type 6 (SCA6) [356], although links with even more severe epileptic and

developmental disorders have more recently been reported [289, 357–361].

The Serine-218-Leucine (S218L) missense mutation of the CACNA1A gene

induces a particularly severe clinical syndrome consisting of epileptic seizures, deep

coma, and potentially fatal cerebral edema even from trivial head trauma, in ad-

dition to FHM1 and EA2 [360, 362–366]. S218L CaV2.1 channels are primarily

characterised by activation at lower membrane potentials compared to WT channels,

producing a gain-of-function effect. This can lead to cortical spreading depression

(CSD) which is characterised by a wave of heightened neural activity followed by

inhibition that appears to spread across brain regions at rates in the order of mil-

limetres per minute. CSD is linked with migraine aura, the symptoms which precede

or accompany a migraine paroxysm which often consist of visual disturbances but

may affect other senses or motor function. These effects are observed in many

CACNA1A mutations but are particularly prominent with S218L, in line with its

more severe phenotype [353, 367–372]. Indeed, the stark characteristics of the S218L

mutation have made it a popular model system with which to study the underlying

mechanisms of migraine in general. Understanding the mechanisms by which S218L

affects synaptic activity, and higher neuronal dynamics, is expected to reveal novel
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treatment pathways for migraine, and potentially other clinical conditions.

The voltage-gating kinetics of S218L CaV2.1 channels appear to differ from

their WT counterparts in several ways which facilitate Ca2+ influx, as discussed

presently in section 4.1.2. This facilitated Ca2+ influx is thought to lead to elevated

[Ca2+] in S218L presynaptic terminals and consequently enhanced vesicular release

relative to WT synapses [119, 290, 368]. However, the reported impact of the mu-

tation at the synaptic scale varies depending on cell type, experimental conditions,

and stimulation pattern. Furthermore, simultaneous recordings of VGCC activation,

presynaptic Ca2+ dynamics, and vesicular release remain challenging to extract in

vivo or in vitro. Therefore, there is a present need for experimentally constrained

mathematical models of S218L synapses, to flexibly explore the mutation’s effects

under different physiological conditions without the associated costs of experiments

on living cells.

In this chapter, a voltage-dependent model of S218L CaV2.1 channel dy-

namics, with the same structure as the WT CaV2 channel models presented in sec-

tion 3.1.1 [113], is constrained using data available from the literature. This model

was implemented in the 3D presynaptic terminal model described in section 3.1.2 to

simulate realistic Ca2+ dynamics within S218L terminals and compare them against

the WT dynamics. Finally, to assess the knock-on consequences for Ca2+-evoked

vesicular release, those realistic [Ca2+] traces were used to stimulate the mechanistic

models of SV fusion defined in section 3.2. All together, this modelling framework

allows for high-resolution analysis of the impact of the S218L mutation throughout

presynaptic terminals, from VGCC activation to SV fusion, under physiological pat-

terns of activity. In particular, it allows the experimentally observed consequences

of the S218L mutation to be directly linked to CaV2.1 channel disruption.

4.1 A Markov Model of S218L CaV2.1 Channels

VGCCs display a variety of dynamical behaviours in response to changing membrane

potential which can be elicited in vitro and in vivo by voltage-clamp electrophysi-

ology (techniques described in section 1.1.2) [280]. This type of experimental data

is used to constrain most Markov chain models of VGCC dynamics, including the

three models introduced in section 3.1.1 which describe the dynamics of each of

the three CaV2 channel subtypes in hippocampal MFBs by using the same six-state

structure [10, 112, 113]. In this section the characteristic dynamics of S218L CaV2.1

channels, as reported in the literature, are used to constrain a new parameterisation
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of that six-state model which, recall, is described by the kinetic scheme

C0 C1 C2 C3 C4 O
α1(V )

β1(V )

α2(V )

β2(V )

α3(V )

β3(V )

α4(V )

β4(V )

α

β
(4.1)

with transition rate density functions which depend on membrane potential, V , as

αi(V ) =αi,0 exp(V/ki), (4.2)

βi(V ) =βi,0 exp(−V/ki). (4.3)

Electrophysiology data can only provide information on the dynamical oc-

cupancy of the open (current conducting) state O, and cannot distinguish channels

moving between closed states C0 to C4. In this situation, the closed states are

deemed ‘hidden’ and the Markov chain is called a hidden Markov model (HMM).

Using voltage-clamp data to constrain HMMs of VGICs is a notoriously challenging

problem [213, 373–375]. For example, it can be straightforward to design a HMM

which describes a voltage-clamp dataset brilliantly by introducing an arbitrarily

large number of closed (hidden) states. However, not only do such models lose

any meaningful representation of the physical system, they are likely examples of

overfitting, where a successful description of the fitting data does not translate to

new, unseen test data.

In principle, electrophysiological techniques can be used to elicit channel

dynamics in response to arbitrary smooth voltage stimuli, and some stimulation

protocols may be better for distinguishing between channel models [373]. With

access to precise raw current recordings, sophisticated HMM fitting methods can

be employed such as maximum likelihood estimation [376–378], simulated annealing

[379], genetic algorithms [380], or Bayesian inference [208, 381, 382]. Alternatively,

the dimensionality of the channel current data may be reduced to relatively few dy-

namical characteristics which summarise the behaviour and are highly discriminative

for models. For simplicity, and partly by the convention established by Hodgkin,

Huxley, and Katz [12, 16, 17], the characteristics typically used are the steady-state,

and the rates of activation, deactivation, inactivation, and recovery from inactivation

evoked by step voltage protocols [7, 10, 16]. The simulated responses to these stimuli

under proposed channel models are then compared against corresponding observa-

tions from electrophysiology assays to determine the best model. This method

of ‘characteristics fitting’ was employed to constrain the model of S218L CaV2.1

channels, as described presently, in line with the original approach used to constrain

the WT CaV2 models [112, 113], and other VGIC models [383, 384].
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4.1.1 Characterisation of VGCC Dynamics

The step voltage protocols deployed by electrophysiologists to determine the dy-

namical characteristics of VGCCs, in the absence of channel inactivation, are shown

in figs. 4.1a and 4.1b. The example current responses shown throughout fig. 4.1

are simulated from each of the CaV2 channel subtype models (with parameters

given in table 3.1 [113]). These illustrations demonstrate the ideal (i.e. noiseless)

voltage-clamp data one might hope to have access to in order to distinguish channel

behaviours for model fitting. Simulated currents are given by the product of the

open channel fraction, P (O)(t), determined by numerical solution of the correspond-

ing differential master equations, with the unitary channel current at membrane

potential V given by

iCa(V ) = g(V − ECa), (4.4)

where ECa = 55 mV and g = 2.7 pS which, as in section 3.1.1, was assumed to be

the same for each CaV2 channel subtype [88, 270, 294].

Under a constant membrane potential, and other intra-/extra-cellular condi-

tions, a large collection of non-inactivating VGCCs will converge towards a steady-

state where a certain fraction P (O)
∞ (V ) are open to conduct a current. The de-

pendence of the resulting steady-state current I∞(V ) = P (O)
∞ (V )iCa(V ) on the

stimulating voltage defines the I-V relationship (fig. 4.1c). In order to compensate

for differences in driving force at each membrane potential, the steady-states evoked

by voltage steps are estimated from the relative sizes of the currents immediately

after re-polarisation to a common voltage (markers in figs. 4.1a and 4.1c). Each of

these tail current peaks are normalised to the largest value, which usually coincides

with the maximum depolarisation, where it is assumed that all channels were open.

In practise a short tail current integral is often used rather than the peak as a more

robust prediction of the steady-state, less vulnerable to voltage-clamp artefacts [112].

The physiological steady-state of the channel is mimicked in silico by the stationary

distribution of the corresponding Markov chain model (curves in fig. 4.1c). Note that

the Markov chain described by scheme (4.1) and eqs. (4.2) and (4.3) for the CaV2

channel models is time-homogenous if the membrane potential is fixed. Therefore,

since it is irreducible and has a finite state space (recall from section 1.3.2), the

stationary distribution exists and is unique.

The speed of VGCC activation is characterised by the rates at which Ca2+

currents grow in response to depolarising voltage steps. From a large negative

holding potential, ensuring minimal channels are initially activated, ‘instantaneous’

depolarisations evoke rapid convergence towards the new steady-state (protocol 1:
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fig. 4.1a). Channel deactivation is similarly characterised by the rates at which

Ca2+ currents decay in response to instantaneous hyperpolarising voltage steps

from a positive holding potential ensuring a large number of initially activated

channels (protocol 2: fig. 4.1b). Channel activation and deactivation are usually

captured by single or double exponential functions, with the voltage-dependence

of the exponential time constants describing those behaviours across a range. For

example, as for experimentally recorded currents in [113], simulated CaV2 currents

evoked by activation protocol 1 (fig. 4.1a) can be described by the single exponential

function with delay term

I(t) = I∞ [1− exp (−(t− δt)/τ)] (4.5)

and the deactivation currents evoked by protocol 2 (fig. 4.1b) can be described by

the single exponential function

I(t) = I∞ + (I0 − I∞) exp (−t/τ)n (4.6)

The voltage-dependencies of the time constants τ , for both activation and deactiva-

tion, are described by the curves in fig. 4.1d.

The activation and deactivation time constants extracted from experimental

and simulated data can be compared to constrain a VGCCmodel [113]. However, the

computational cost of repeated exponential fitting carried out for each evaluation of

potentially very many trial models restricts the efficiency of the overall model fitting

process. A similarly informative characteristic which is more efficiently calculated

is the convergence time TC , defined as the time taken for Ca2+ currents evoked by

voltage steps to converge C% of the way towards their new steady-state value. It is

the solution of
I(TC)− I0
I∞ − I0

=
C

100
, (4.7)

where I0 is the current at t = 0, the instant of polarisation, and I∞ is the steady-

state current being approached. The similarity of the two measures is demonstrated

by the alignment of markers and curves in fig. 4.1d. Notably, substituting I(TC)

given by eq. (4.6) into eq. (4.7) gives T90 = ln(10)τ , explaining the scaling by a

factor of exactly ln(10) ≈ 2.3 between the single exponential time constants and T90

for deactivation. The activation time constants are not exactly scaled with T90 due

to the delay term in eq. (4.5), although they confer comparable information and a

delay term is not always used to described the dynamics of channel activation [383,

384].

95



10 mV
-20 mV

-80 mV
0 mV

0.1 pA   

���

0

  0.5  

1

  1.5

τ 
(m

s)

T 90
 (m

s)

CaV2.1 (P/Q-type)
CaV2.2 (N-type)
CaV2.3 (R-type)

���

���

20 ms

Voltage Protocol 1

��� Voltage Protocol 2
10 ms

   0.1 pA

0

  1

2

3  

0.5

1

0

0

-0.1

-60 -40 -20 0 20 40 60
V (mV)

P(O)
∞

I    (pA)∞

St
ea

dy
 S

ta
te

s
-60 -40 -20 0 20 40 60

���

0.05 pA   

50 mV   

AP

ICa

1 ms

V (mV)

Deactivation
Activation

Figure 4.1: Dynamical characteristics of WT CaV2 channel models [113]. (a)
Voltage step protocol (upper) used to elicit steady-states and activation rates. Sim-
ulated channel currents in response to the 0 mV depolarisation are shown (lower)
with highlighted points to indicate 90% convergence to the activated steady-state
(diamond markers) and the peaks of tail currents (circle markers). (b) Voltage
protocol (upper) used to elicit deactivation rates. Channel current responses to the
-20 mV step are shown (lower) with points of 90% convergence to the deactivated
steady-state highlighted (square markers). (c) Steady-state open channel probabil-
ity (upper) found by Markov chain stationary distributions (curves) and for 0 mV
(circle markers) by normalising the tail current peaks indicated in (a) to the tail
current peaks that followed 60 mV depolarisation. The I-V relationships (lower)
are given by the product of the P (O)

∞ curves above and iCa(V ) according to eq. (4.4).
(d) Voltage dependencies of the time constants of activation and deactivation from
fitting simulated currents in response to protocols 1 and 2 with eqs. (4.5) and (4.6)
respectively (curves, left axis). Also, the corresponding dependencies of the 90%
convergence times for activation and deactivation (markers, right axis). Filled
markers at 0 and -20 mV coincide with the example markers shown in (a) and
(b) respectively. (e) Simulated current responses (lower) to stimulation by an AP
waveform (upper), as already shown in fig. 3.1b.
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4.1.2 Characteristic Dynamics of S218L CaV2.1 Channels

In order to constrain the model of S218L CaV2.1 channels, a thorough, quantitative

literature review of their characteristic dynamics was carried out. Firstly, we will

discuss the steady-state I-V characteristics, for which the results from several studies

are summarised in table 4.1. S218L CaV2.1 channels share the characteristics of

other FHM1 causing mutations in the human CACNA1A gene, although typically

with a stronger effect, in line with the more severe clinical syndrome it causes [371].

The most well documented impact of FHM1 mutations is a negative shift in the

membrane potential threshold for CaV2.1 channel activation, an effect that has been

reported in several cell models under a variety of different expression methods [367,

368, 385, 386]. A measure for the channel activation threshold is the half-maximal

activation potential, V1/2, which, for all cases in table 4.1, was found by fitting the

I-V relationship with a Boltzmann function of the form

I = G(V − EV )[1 + exp((V1/2 − V )/k)]−1. (4.8)

In all cases, V1/2 was negatively shifted for S218L channels compared to WT. The

magnitude of the difference, -∆V1/2, varied from 3.6 to 15.2 mV with a mean of 9.06

mV. The consistency of this result across the range of neuronal and non-neuronal

cell types, in which V1/2(WT) itself varies from -30 to +34 mV, indicates that it is

a robust feature of S218L CaV2.1 channels.

Early studies transfected HEK293 cells with WT or S218L α1a, along with

other auxiliary CaV2.1 channel subunits, and used patch-clamps to measure the Ca2+

membrane current through recombinant channels [72, 119, 293, 368]. The variety

in β subunits expressed may account for some of the differences in ∆V1/2 reported

in these studies [120, 353, 385, 390]. Whole-cell recordings in transfected HEK293

and cerebellar granule cells (CGC) [368] revealed a reduction in current density as

a result of S218L transfection, indicated by the drops in magnitude from Imax(WT)

to Imax(S218L) in table 4.1. These results were initially interpreted as evidence

that a reduction in the density of functional CaV2.1 channels was another robust

feature of the S218L mutation [353, 385], since the conductance of a single channel

was not affected [368]. However, studies involving neuronal cells of WT and S218L

knock-in (KI) mouse models, where channels are expressed at endogenous levels,

suggested that the densities of CaV2.1, and indeed all CaV1 and CaV2 channels,

were not affected by the S218L mutation [353, 367, 369, 386]. It is now thought

that the decreased density of functional channels observed in transfected cells is

a result of overexpression [120, 353, 388, 391]. Indeed, in contrast to the results
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Table 4.1: Steady-state characteristics of WT and S218L CaV2.1 channels from
literature. I-V relationships were found from voltage-clamp recordings in whole-
cell (and one single channela) configuration. HEK293 cells were transfected with
WT/S218L α1a subunits and the specified auxiliary subunits, mouse neurons were
transfected with α1a or were KI. The charge carrier was Ba2+ or, where indicatedc,
Ca2+. V1/2 (in mV) was calculated according to eq. (4.8), Imax is the maximal current
density (in pA/pF). Where available, data are reported from the publications as
mean ± SEM, calculated from the specified number, n, of WT/S218L cells (where n
values differed between V1/2 and Imax calculations, both are given). Otherwise, where
indicatedb, values were estimated from the I-V curves using the WebPlotDigitizer
tool [387]. The first row corresponds to data used to constrain the WT CaV2.1
model [113], data from the highlighted row are used to fit the new S218L CaV2.1
model. Marker styles on each row distinguish the datasets in fig. 4.2.

Expression Method V1/2(WT) V1/2(S218L) ∆V1/2 Imax(WT) Imax(S218L)

Hippocampal MFBs
(WT only)a [113]

-4.3± 0.7 - - -0.13± 0.02a -

(n = 6/-)

Transfected HEK293a

(β2eα2bδ) [368]

34.1± 1 23.8± 1.8 -10.3± 2.8 -0.21± 0.01a -0.23ab

(n = 12/10)

Transfected HEK293
(β2eα2bδ) [368]

5 -5.7 -10.7 -71.6± 11.3 -43.2± 8

(n = 15/7) (n = 31/26)

Transfected HEK293
(β4α2δ1b) [293]

-8.2± 0.4 -13.0± 0.6 -4.8± 1 -28.1b -25.3b

(n = 13/13)

Transfected HEK293c

(β2aα2δ) [119]

-3.9b -7.5b -3.6b -18.0b -11.6b

(n = 17/5)

Transfected HEK293
(β2aα2δ1) [388]

-7.2b -16.4b -9.2b -129b -92b

(n = 10/12)

Transfected HEK293c

(β2aα2δ1) [388]

0.0± 1.6 -6.8± 1.7 -6.8± 3.3 - -

(n = 7/7)

Transfected CGC [368]
-19.5 -28.3 -8.8 -29.1± 2.9 -22.7± 3.7

(n = 10/10) (n = 16/20)

KI CGC [369]
-15± 1 -25± 1 -10± 2 -18.4b -26.8b

(n = 14/10) (n = 35/28)

KI Purkinje cellsc [389]
-21.2± 1.5 -36.4± 1.2 -15.2± 2.7 -67.3± 6.3 -103.5± 12.1

(n = 10/10)

KI Calyx of Heldc [121]
-29.9± 1.6 -41.1± 3.3 -11.2± 4.9 -104± 7 -70± 16

(n = 10/5)

a Currents recorded from, or estimated for, single isolated CaV2.1 channels (Imax values in pA).
b Values estimated from I-V curves.
c Ca2+ charge carrier.
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Figure 4.2: (a) Comparison of I-V relationships for cells expressing WT or S218L
CaV2.1 channels, taken from literature as described in table 4.1. Steady-state cur-
rents were normalised to their maximal values and membrane potentials were shifted
by their WT half-maximal activation potentials, V1/2(WT). (b) Steady-state open
channel probabilities predicted by the stationary distribution of the WT CaV2.1
channel model [113] and in data from [388] for WT and S218L transfected HEK293
cells. Open channel probabilities at each V were estimated in [388] by normalising
peak Ba2+ tail currents on repolarisation to the maximal value, which occurred
after 80 mV depolarisation (the method illustrated in fig. 4.1).

from transfection studies, the results from KI models shown in table 4.1 display an

increase in the peak current Imax(WT) to Imax(S218L) (with the exception of one

study from the calyx of Held [121]). This increased peak current is consistent with

lower voltage activation of similar density channel populations [369, 389].

The I-V relationships from studies presented in table 4.1 are shown in fig. 4.2a.

In order to compensate for the disparity in V1/2 and Imax values and allow for direct

comparison across the range of cell types and channel expression methods, WT

and S218L currents were normalised to their respective Imax values, and shifted by

subtracting their WT half-maximal activation potentials V1/2(WT). In this way, the

activation of S218L CaV2.1 channels at ∼9 mV more negative membrane potentials

than WT is clear and consistent. The open channel fractions estimated in one

particular study of transfected HEK293 cells are shown in fig. 4.2b [388]. The WT

data shows a similar activation shape to that predicted by the WT CaV2.1 model

[113], and the S218L data displays a lowering of the activation threshold which

is typical of S218L mutations across the literature (∆V1/2 ≈ −9.2 mV; diamond

markers in fig. 4.2a). This steady-state data was therefore used as an indicative

target for the S218L CaV2.1 channel model, as described in section 4.1.3.
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The rates of S218L CaV2.1 channel activation and deactivation have only

been considered secondarily to the steady-state I-V relationship since the lowering

of the activation threshold is thought to be the primary instigator of the S218L

FHM1 pathology via CSD [120, 369, 388]. Steady-state information alone however

is not sufficiently restrictive to constrain a dynamical model of VGCCs, since it

provides no information on the time-dependent properties of the channel. The

rates of activation and deactivation are essential for providing these constraints and

allowing the channel model to be deployed in response to arbitrary voltage stimuli.

The activation times of whole-cell membrane current responses to step depo-

larisations from large negative holding potentials (the method illustrated in fig. 4.1a)

across a range of cell types and WT/S218L CaV2.1 channel expression methods are

presented in fig. 4.3 and table 4.2. Exponential time constants for WT and S218L

channel activation are reported over voltage ranges starting from around the WT

half-maximal activation potential, V1/2(WT), to between 20 to 50 mV higher, and

decreased with voltage over these ranges [119, 121, 293], in line with the behaviour

of all the WT CaV2 channel models (fig. 4.1d) [113]. The maximal values for WT

activation, τmax, varied from 2 ms [119] to 11.5 ms [121]. One study reports a

time-to-peak of 37.3 ms [293], suggesting an exponential time constant ∼10 ms

since an exponential decay function with time constant τ converges to within 5%

of its steady-state in 3τ . In order to compensate for the different voltage ranges

and measures of activation time, and to allow for direct comparison between all

of the studies, activation times were normalised to the maximal WT value, τmax,

and shifted by subtracting their V1/2(WT) (as was done for the I-V relationships

in fig. 4.2a). In all cases the S218L mutation was characterised by a reduction in

the activation time of CaV2.1 channels which was largest near V1/2(WT) and less

apparent at larger membrane potentials. In contrast to the robust negative shift of

∼9 mV in the activation threshold, the scale of reduction in activation times differed

greatly between studies. For example, the largest time constants (which occurred

at the lowest membrane potential, close to V1/2(WT)), for both WT and S218L in

all reports) were between 20% [119] to 93% [121] smaller in S218L than WT.

The deactivation kinetics of S218L CaV2.1 channels have been the subject of

even less investigation than their activation. The same study of CaV2.1 transfected

HEK293 cells in which the WT steady-state open channel estimates were comparable

with predictions from the WT CaV2.1 model (fig. 4.2b) claims the first report of

increased deactivation time of S218L channels [388]. While this result has seemingly

not been corroborated, slow deactivation is consistent with the other kinetic proper-

ties of S218L channels (fast activation from a lower membrane potential threshold)
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Figure 4.3: Activation time constants,
τ , reported for WT and S218L CaV2.1
channels in the literature. τ was found
by fitting whole-cell current responses
to step depolarisations with exponen-
tial functions (the method illustrated in
fig. 4.1). Markers correspond to each of
the studies presented in table 4.2. To al-
low for direct comparison between stud-
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normalised to the maximal WT value,
τmax, and shifted by subtracting their
WT half-maximal activation potentials,
V1/2(WT). Both values for each study are
in table 4.1. Since the I-V relationship
for the KI Purkinje cell data [119] was
not available, its V1/2(WT) was assumed
to be -21.2 mV, the value from a differ-
ent study also using purkinje cells with a
Ca2+ charge carrier [389].

Table 4.2: Activation times of S218L
and WT CaV2.1 channels from litera-
ture. Only one sourceb was not included
in table 4.1, because no I-V relationship
was available [119]. Whole cell current
responses (Ba2+ charge carrier, unless
otherwise indicatedc) to step depolarisa-
tions, from holding potentials Vhold, were
fit with exponential functions giving ac-
tivation time constants τ (the method
illustrated in fig. 4.1). τmax is the largest
τ reported from WT cells which in all
studies occurred in response to depolar-
isations close to V1/2(WT). In one casea

the time-to-peak is reported rather than
an exponential time constant. Markers
correspond to data shown in fig. 4.3, and
all τ values were estimated from figures
in the indicated publications and repre-
sent the mean from n WT / S218L cells.

Expression Method Vhold τmax n

WT model [113] -80 0.98 -

Transfected HEK293
(β4α2δ1b) [293]

-90 37.3a (13/13)

Transfected HEK293c

(β2aα2δ) [119]
-90 2.0 (21/7)

KI Purkinje cellsbc [119] -60 4.7 (17/12)

KI Calyx of Heldc [121] -80 11.5 (10/5)
a Time-to-peak which is ∼3 × time constant τ .
b Not included in table 4.1.
c Ca2+ charge carrier.
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which would lead to the broadening of AP-evoked intracellular Ca2+ traces and

EPSPs observed at synapses expressing the S218L mutation [119, 121, 388, 392].

The tails of WT and S218L whole-cell Ca2+ current responses to repolarisation

after a 15 ms depolarisation step (illustration in fig. 4.1b) were fit by a double

exponential function with a fast and a slow component

I(t) = Ifast exp

(
−t
τfast

)
+ Islow exp

(
−t
τslow

)
, (4.9)

where the ratio Islow/ (Islow + Ifast) indicates the fractional contribution of the slow

component. After depolarisation to +20 mV (WT) or +10 mV (S218L), the tail

currents evoked from repolarisation to -40 mV were fit with eq. (4.9). Not only was

τslow larger for S218L than WT (3.6 ± 0.5 ms (n = 7) and 5.3 ± 0.7 ms (n = 8)

respectively), the fractional contribution of the slow component was also larger

(0.08 ± 0.01 for WT (n = 7) and 0.14 ± 0.03 for S218L (n = 8)). These values

represent the mean ± the standard error of the mean (SEM) estimated from figures

in [388]. With the fast time constant τfast = 0.26± 0.15 ms, the S218L tail current

had an average 90% convergence time of T90 = 1.70 ms, compared with 0.40 ms

predicted by the WT CaV2.1 channel model under the same voltage protocol [113].

A critical assumption of the WT CaV2 channel models was the absence of

inactivation effects. Recall, as discussed in section 3.1.1, that this was justified

for short depolarisations since the onset and time course of inactivation occur over

tens to hundreds of milliseconds. However, modulated CaV2.1 channel inactivation

kinetics are a key feature of the S218L pathology (although notably the effect is

not consistent between different FHM1 mutations) [393–396]. Voltage-dependent

inactivation (VDI), isolated using Ba2+ as the charge carrier, is accelerated by S218L.

Current reductions are initiated around 4 times faster than in WT, within 10 ms

of depolarising step onset [293], and have a fast exponential component (fractional

contribution at least 10%) with time constant ∼20ms [293, 368]. Other observations

of S218L kinetics include faster recovery from inactivation [293, 368], and a slower

slow component of inactivation which actually leads to a smaller total loss of current

over several seconds of depolarisation, despite the faster fast component [293, 368,

388]. Calcium-dependent inactivation (CDI) has also been reported to be reduced

by S218L [119], although this may be a result of the reduced Ca2+ current density

from overexpression in transfected cells [120, 353, 391, 397]. Despite the faster onset

under S218L, it was deemed unlikely that inactivation would be substantially evoked

during short depolarisations. Therefore, its omission from the S218L model remains

appropriate, as it was for the WT models, under those stimuli.
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4.1.3 Design and Evaluation of Model Fitting Method

Using the available kinetic data presented in section 4.1.2, a method for fitting the

new S218L CaV2.1 channel model was established, as described presently. In order

to assess the ability of the fitting method, and of the data, to constrain the model,

their ability to recapture the known WT CaV2.1 channel model was assessed under

similarly limited fitting data.

The WT CaV2.1 channel steady-state data reported by Inagaki et al. [388]

showed a similar dependency on membrane potential as the predictions of the WT

CaV2.1 channel model [113] (fig. 4.2b). The S218L steady-state data from the same

report was therefore used as the training data for fitting the new S218L channel

model by least squares minimisation. Several studies have reported that S218L

increases the rate of channel activation, however the scale of the increase differed

significantly between reports (table 4.2 and fig. 4.3). Notably, channel activation

data was not available from the same source as the steady-state data [388]. There-

fore, WT activation time was used as an upper bound for S218L activation time, as

the least biased constraint that was consistent across all reports. Activation time

was measured by the 90% convergence time, T90, and the restriction that it must be

smaller for the S218L CaV2.1 channel model than for the WT model was imposed

for depolarising steps in the range of 0 to 50 mV from a holding potential of -80

mV. This was because, in each study, faster channel activation was reported for

membrane potentials above V1/2(WT), which is around -5 mV for the WT model

[113, 119, 121, 293]. Similarly, channel deactivation, also measured by the 90%

convergence time, was restricted to be larger for the S218L CaV2.1 model than for

the WT model in response to hyperpolarising steps in the range of -80 to -20 mV

from a holding potential of +10 mV. This was consistent with the protocol used to

originally constrain the WT CaV2.1 model [113], and the qualitative observations of

slower S218L channel deactivation [388]. Notably, the S218L channel deactivation

rate at -40 mV (from a +10 mV holding potential) was available from the same

source as the steady-state data [388]. To avoid overfitting to this single value, it was

not initially used as part of the least squares minimisation routine, although, as we

shall see, it later became apparent that it was required to sufficiently constrain the

kinetics of the channel model.

The parameter bounds in the model fitting process reflected the upper and

lower limits of values represented across the three WT CaV2 models [113]. These

were [0.1 - 10,000] ms-1 for each αi,0 and βi,0, and [10 - 1,000] ms-1 for each ki. A gra-

dient descent algorithm was used to return local minima in the sum of squared errors

(SSE) from starting parameterisations which were initially drawn uniformly from
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these parameter ranges. The restrictions on activation and deactivation convergence

times in response to step voltage protocols were applied as non-linear constraints

solved numerically using MATLAB’s ‘nonlcon’ option of the ‘fmincon’ function.

The ability of this approach to constrain the new channel model was tested

by generating pseudo-data from simulations of the WT CaV2.1 channel model, under

the same protocols for which S218L data was available. This training data was then

used for model fitting and the performance of fitted models was measured as the

‘test’ SSE between open channel probabilities P (O)(t) predicted by them and by the

true WT CaV2.1 channel model in response to a short voltage ramp test protocol.

In principle, if the training data and fitting method were suitably restrictive then

the global ‘best fit’ model, indicated by the smallest of the local minima, should

coincide with the model which best captures the dynamics of the channel. Notably,

a low test SSE indicates a fitted model that well recaptures the dynamics of the

true model, without necessarily having similar parameter values.

As expected, steady-state data alone was not sufficient to constrain the dy-

namics of the WT CaV2.1 channel model (fig. 4.4a); in the absence of any dynamical

restrictions, the majority of models converge towards parameterisations with very

fast rates of activation and deactivation. This was partially rectified by imposing

upper and lower limits on activation and deactivation times, forcing the model

towards solutions with more realistic dynamics (fig. 4.4b). To enable this, step

voltage protocols were simulated during the fitting process. T90 values for activation

(in the range 0 to 50 mV from -80 mV holding potential) and deactivation (in the

range -80 to -20 mV from +10 mV holding potential) were restricted to be both

greater than 0.05 ms and less than 10 ms.

The upper and lower limits of the αi,0 and βi,0 parameter range, 10,000

ms-1 and 0.1 ms-1 respectively, correspond to transition rates that are relatively

instantaneous or negligibly slow, typically indicating an obsolete state in the model

[113]. The majority of parameter values in the WT CaV2 models are far from these

extremes however, they are accumulated more towards the lower ends of their ranges

with spreads that are better described by exponential distributions than by uniform

distributions (figs. 4.5a and 4.5b). Therefore, in an attempt to drive fitted models

towards more realistic parameter values, exponential distributions were defined from

which the initial values for αi,0, βi,0, and ki were randomly sampled. A parameter ψ,

representing one of αi,0, βi,0, or ki, was drawn, according to the inversion generating

method, as

ψ = min

[
ψlb +

ln (1/u)

λ
, ψub

]
, (4.10)
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Figure 4.4: Comparison of fitting methods for constraining the WT CaV2.1 chan-
nel model given limited characterisation data. In all cases, 105 parameterisations
were randomly initialised and driven to local minima in the training SSE by gradient
descent. The 1,000 models with the lowest training SSE were tested using a short
voltage ramp stimulus (1 ms rise and fall time, from a holding potential of -80 mV
to a peak of +40 mV). The open channel probabilities, P (O)(t), predicted from
numerical solution of the differential master equations, were compared against the
predictions of the true WT CaV2.1 model. The upper panel shows the distributions
of test SSEs for each fitting method as violin plots. Interior box plots indicate me-
dian and inter-quartile range (IQR). The lower panel shows the corresponding single
channel current responses, the product of P (O)(t) and iCa(V ) given by eq. (4.4), to
the test voltage protocol. Shaded regions indicate the IQR (dark grey) and the 5th

- 95th percentiles (light grey), with the median (dashed line) and true WT CaV2.1
model response (solid green line) overlaid. Fitting constraints are cumulatively
imposed from left to right, biasing the method to improve model performance. (a)
Training data consisting of steady-state P (O)

∞ only, parameters initialised uniformly
at random. (b) Limits imposed on activation and deactivation time as non-linear
constraints. (c) Parameters initialised from exponential distributions, rather than
uniformly. (d) T90 for deactivation from +10 mV to -40 mV added to the training
data.
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where u is a unit uniform random number, ψlb and ψub are the lower and upper

bounds of the parameter value, and λ is the parameter’s exponential distribution

coefficient. λ was chosen to be 1/250 ms for αi,0 and βi,0, and 1/50 ms for ki,

indicative of the average values of each (figs. 4.5a and 4.5b). Changing the initial

points for the local optimiser in the fitting routine to be drawn from these expo-

nential distributions, rather than uniformly, did not however significantly improve

the performance of the best fit CaV2.1 channel models on the test data (fig. 4.4c).

Although, it did act as a form of parameter regularisation, reducing the sum of

parameter values to scales which were more in line with those of the WT CaV2.1

channel model (fig. 4.5c). Direct parameter regularisation using ridge and lasso

regularisers was attempted but test performance was still not improved. This is

likely because model size, given by the sum of parameter values, was not correlated

with test performance (fig. 4.5d).

Deactivation time was originally omitted from the training data since only

one quantitative example was available for S218L channels [388]. However, when the

WT value of T90 = 0.397 ms for deactivation from +10 to -40 mV was introduced to

the training data for WT CaV2.1 channel models, test performance was improved

substantially (fig. 4.4d). It was noted that including just one value for model fitting

substantially biases channel deactivation kinetics towards it. This is not a problem

with simulated pseudo-data which exactly reports the ‘true’ model dynamics, but for

experimental data from living cells with high variability this may lead to overfitting

and models which generalise poorly. Given the apparent significance of improvement

for WT CaV2.1 model fitting though it was deemed worthwhile to include the single

deactivation time point in S218L training data, despite the bias that this introduced.

Using this final fitting method the exact values of the WT CaV2.1 channel

model parameters were poorly recovered, although the rates of entering and leaving

the open state, α and β, were best resolved (fig. 4.6a). A wide range of model

parametrisations were able to capture the limited training data, leading to well

constrained predictions for the WT channel steady-state (fig. 4.6b) and deactivation

dynamics (fig. 4.6c). Activation times were poorly recovered however, with best-fit

models typically displaying faster rates than the true WT CaV2.1 model with a

wide variance (fig. 4.6c). Fortunately, while the WT activation dynamics were not

particularly well constrained with this method, the activation times of the S218L

model are restricted to a much tighter range: 0.05 ms < S218L T90 <WT T90. This,

and the similar restriction imposed on deactivation times, can be expected to lead

to even tighter constraining of the S218L channel model than demonstrated here for

the WT test model.
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Figure 4.5: Regularisation of parameters for CaV2.1 channel model fitting. The
cumulative histograms of (a) αi,0 and βi,0, and (b) ki parameters, for the three WT
CaV2 channel models [113], are overlaid with cdfs of the corresponding uniform
and exponential (4.10) distributions used to draw initial values for fitting. The
αi,0 and βi,0 parameters, across all CaV2 subtypes, have a mean value of 510 ms-1

(significantly weighted by α1,0 ≈ 104 ms-1 for CaV2.3) and a median of 12.1 ms-1;
the parameter chosen for their exponential distribution is λ = 1/250 ms. The ki
parameters, across all CaV2 subtypes, have a mean value of 80.8 ms-1 and a median
of 56.8 ms-1; the parameter chosen for their exponential distribution is λ = 1/50
ms. (c) The normalised histogram, from 105 initialisations, of the sum of start-
ing parameters, |X0|, drawn from exponential distributions, with the size of each
CaV2 subtype model parameterisation overlaid. (d) The size of parameterisation
returned by model fitting, |X|, is not correlated with test performance using either
exponential (pink) or uniform (blue, inset) initialisation.
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Figure 4.6: Appraisal of the final channel model fitting method for the WT CaV2.1
model [113]. From 105 parameterisations initialised from exponential distributions,
11,038 converged to local minima in the training SSE by gradient descent. (a)
Distributions of fitted parameter values against their fitting scores (train SSE). The
1,000 best fits are highlighted and the true WT CaV2.1 model parameter values
are overlaid (dashed line). Voltage dependencies of (b) Steady-state P (O)

∞ , and
(c) activation (-80 mV holding potential, steps from 0 to 50 mV) and deactivation
(+10 mV holding potential, steps from -80 to -20 mV) 90% convergence times.
Both plots show the true WT CaV2.1 model characteristics (solid green curves)
with the specific values used for model fitting highlighted (green circles). Shaded
regions indicate the IQR (dark grey) and the 5th - 95th percentiles (light grey) of
the 1,000 best fit model predictions along with their median (dashed curve). In
(b) the shaded regions are fully obscured by the median curve since the variance
in predictions is very small. (d) Correlation of test score with training score, the
1,000 best fit models are highlighted and the global best fit is starred.
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Table 4.3: Best-fit parameters of the S218L CaV2.1 channel model.

αi,0 (ms-1) βi,0 (ms-1) ki (mV)

α1,0 = 1,288.51

α2,0 = 117.96

α3,0 = 1,389.12

α4,0 = 3.74

α = 6,441.20

β1,0 = 4,315.19

β2,0 = 1,321.31

β3,0 = 4.77

β4,0 = 5,797.12

β = 1.96

k1 = 635.87

k2 = 22.45

k3 = 180.41

k4 = 37.24

Poor performance on the training set (SSE ≥ 100) was correlated with poor

performance on the test set (fig. 4.6d). However, among the many models which

fit the training data well (SSE ≤ 10−4), training performance was not correlated

with test performance. In particular the global best fit model did not have the best

test score. This highlights the limitations of the available data and indicates that

more data should ideally be collected to provide more reliable model predictions.

Without further information to distinguish ‘good’ and ‘bad’ models the best fit is

the best informed choice of channel model. However, for a given voltage stimulus,

an average over several models may give a more robust response prediction. For

example, all 1,000 best fitting models capture the training data comparably, with

training SSE less than 10−7, but they have highly varied test performance with test

SSEs from 0.02 to 3.57. The global best-fit model happens to have a training SSE

of 5.46×10−10 and a test SSE of 1.41. Notably the best-fit model is outperformed

by the median prediction from all 1,000 best fitting models which has a test SSE of

1.18. Given the lack of correlation between training and test scores (for training SSE

≤ 10−4), a different set of random initial conditions may have led to a best-fit model

with much worse or much better performance. Crucially, the median prediction does

not share this sensitivity, making it a more reliable predictor of channel behaviour.

Including the variance among the 1,000 best fitting model predictions also serves

to illustrate the uncertainty that results from this model fitting process, allowing

predictions to be taken with greater confidence.

4.1.4 S218L CaV2.1 Channel Model

The parameters of the new Markov chain model of S218L CaV2.1 channel dynamics

(table 4.3) were constrained using the final method described in section 4.1.3. This

was by fitting to steady-state and deactivation time data [388], subject to constraints

that S218L model channels activate faster and deactivate slower than WT model

channels. The training data could be described comparably well by a wide range

of model parameterisations (fig. 4.7a), with only parameters close to the open state
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Figure 4.7: Analysis of the S218L CaV2.1 channel model fit. From 105 parameteri-
sations initialised from exponential distributions, 46,263 converged to local minima
in the training SSE by gradient descent. (a) Distributions of fitted parameter
values against their fitting scores (train SSE), the 1,000 best fits are highlighted
and the WT CaV2.1 model parameter values are overlaid (dashed green line). Volt-
age dependencies of (b) Steady-state P (O)

∞ , and (c) activation (-80 mV holding
potential, steps from 0 to 50 mV) and deactivation (+10 mV holding potential,
steps from -80 to -20 mV) 90% convergence times. Both plots show the S218L
data available for model fitting [388] (lilac diamonds) and the WT CaV2.1 model
predictions (dashed green curve). Shaded regions indicate the IQR (dark grey) and
the 5th - 95th percentiles (light grey) of the 1,000 best fit S218L model predictions
along with their median (purple curve). In (b) the shaded regions are fully obscured
by the median curve since the variance in predictions is very small. (d) Predicted
responses of the WT and S218L CaV2.1 channel models to a short voltage ramp
stimulus. Current is the product of the predicted open channel probability and the
single channel current given by eq. (4.4).
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tightly constrained. For example, the characteristic fast activation and slow deacti-

vation of S218L channels compared to WT seems to be captured by relatively high

α and low β values, the voltage-independent parameters gating the open state. The

values of the global best-fit model parameters are given in table 4.3, although the

choice appears to be mostly arbitrary from among all of the comparably successful

model fits. Despite the wide spread of plausible parameter values, the 1,000 best

fitting models described a tight range of characteristic dynamics capturing the low

threshold of activation (fig. 4.7b), fast activation, and slow deactivation (fig. 4.7c). In

response to a 1 ms voltage ramp the S218L channel model predictions are primarily

characterised by slower deactivation and a peak current around 15% higher than

the WT model, and to a lesser degree by faster activation (fig. 4.7d).

4.2 Ca2+ Dynamics in S218L Presynaptic Terminals

The impact of S218L on presynaptic processes has mostly been inferred from patch-

clamp recordings of presynaptic and postsynaptic cells, only a few attempts have

been made to directly measure the intermediate Ca2+ activity within S218L presy-

naptic terminals [119, 121, 388]. EPSPs evoked by AP stimulation of presynaptic

terminals appear to be enhanced by S218L in general, and this enhancement has been

attributed to elevated [Ca2+] at the presynaptic AZ [121, 388, 392]. However, the

cost and challenge of accessing synapses, particularly small ones, for Ca2+ imaging

has precluded thorough investigations of the full range of dynamical Ca2+ behaviours

within S218L presynaptic terminals. For example, the shape of the AP stimulus has

been shown to contribute to the apparent impact of the FHM1 mutation R192Q

[398], but whether this is also the case for the more severe S218L mutation has not

been explored.

The novel S218L CaV2.1 channel model constrained in section 4.1 allows

Ca2+ influx to be simulated under arbitrary voltage stimulation protocols. This

was combined with the 3D presynaptic terminal model described previously in sec-

tion 3.1.2 to investigate the impact of the mutation on intracellular Ca2+ dynamics,

particularly at the AZ. Two AP stimuli were simulated, one short and one long in

duration, to begin the investigation into how AP shape affects the apparent impact

of the S218L mutation, and to demonstrate the predictive power of this modelling

framework.
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4.2.1 AP-Evoked CaV2.1 Currents

The S218L CaV2.1 channel model constrained in section 4.1 was simulated in re-

sponse to two AP stimuli with the same amplitude and different durations. Both

reached a peak of 40 mV from a resting potential of -80 mV. The first ‘short’ AP was

the same waveform used to stimulate WT CaV2 clusters in chapter 3, and in previous

work simulating APs at small hippocampal synapses [88, 118], its half-width is 0.37

ms. The second ‘long’ AP was also generated by eq. (3.6) but with parameters

a = 195.3 mV, b = 0.723 ms, c = 1.879, t0 = 1 ms, and V0 = −80 mV, giving a

half-width of 0.85 ms. This is closer in shape to AP waveforms from calyces of Held

which have half-widths of ∼1 ms and have been used to evoke S218L Ca2+ current

responses in a range of cells [119, 121, 399]. To illustrate the uncertainty in the

S218L CaV2.1 channel model predictions the 1,000 best fitting models, all of which

performed comparably on the training data (fig. 4.7), were simulated in response

to the AP stimuli. Evoked Ca2+ currents were calculated as the product of the

channel’s open probability, determined by numerical solution of the corresponding

differential master equations, and the unitary channel current given by eq. (4.4).

S218L predictions are illustrated as percentiles of the 1,000 current responses and

are compared against the predictions of the WT CaV2.1 channel model [113], which

were generated in the same manner. To allow for direct comparison of S218L and

WT model predictions the same AP waveforms were used to stimulate each model

channel. In reality the mutation may affect AP shape, although at least one study

has reported that this was not the case [389].

Both the amplitude and duration of AP-evoked CaV2.1 currents were en-

hanced by S218L, although the scale of enhancement was greater in response to

the shorter stimulus (fig. 4.8). The short AP evoked S218L CaV2.1 currents with

peaks 74% higher and half-widths 167% wider on average than WT (fig. 4.8a). The

longer AP evoked S218L CaV2.1 currents with 12% higher peaks and 120% wider

half-widths on average compared to WT (fig. 4.8b). For comparison, in HEK293

cells transfected with CaV2.1 channels AP-evoked membrane current peaks were

39% larger for S218L than WT [119], a similar scale of amplification as predicted

by these simulations. The slower onset of the long AP led to comparable rise times

and peak currents between the WT and S218L CaV2.1 models. However, the slow

deactivation kinetics of the S218L model relative to WT led to slowly decaying tail

currents which were a prominent feature in response to both stimuli.

The enhancement of CaV2.1 currents evoked from rest under S218L has

previously been attributed to a Ca2+-dependent ‘pre-facilitated’ state which may

be accessible to all CaV2.1 channels but preferentially occupied under S218L as a
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Figure 4.8: Single channel CaV2.1 currents evoked by two different AP waveforms
(black curves). S218L predictions were generated from the 1,000 best fit models as
in fig. 4.7. Values for the peak and half-width of S218L currents are presented as the
median with 5th to 95th percentiles. (a) ‘Short’ AP-evoked currents had half-widths
of 0.27 ms (WT) and 0.73 [0.59 to 0.84] ms (S218L). (b) ‘Long’ AP-evoked currents
had half-widths of 0.47 ms (WT) and 1.03 [0.90 to 1.15] ms (S218L). In this case
the 5th and 95th percentiles for peak current predictions were no different from the
median to two decimal places.

result of elevated basal [Ca2+] [119–121]. The S218L model presented here replicates

the enhancement of AP-evoked Ca2+ currents from rest (fig. 4.8) and may therefore

be interpreted as a representation of the proposed pre-facilitated mode of the CaV2.1

channel. Recall however, for clarity, that neither the WT nor S218L CaV2.1 models

contain any explicit Ca2+-dependent mechanisms.

4.2.2 CaV2.1 Channel Facilitation

The WT CaV2.1 channel currents evoked by repeated stimulation are progressively

enhanced by both calmodulin-mediated calcium-dependent facilitation (CDF) [282,

400, 401], and voltage-dependent facilitation (VDF) possibly via relief from G-

protein inhibition [402–405]. In transfected HEK293 cells, KI purkinje cells, and

KI calyces of Held, S218L substantially reduced CDF [119–121]. It appeared that

the enhanced current evoked through resting S218L CaV2.1 channels (reproduced in

fig. 4.8) occluded further enhancement from repeated stimulation. VDF may also be

slightly reduced by S218L [119], although since its contribution to total facilitation
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is secondary to CDF it has not been the focus of as much investigation. Further-

more, precisely how S218L CaV2.1 channel facilitation is modulated by different

patterns of voltage activity is not known. The CaV2.1 channel models provide the

flexibility to explore the impact of S218L on channel facilitation with a range of

voltage stimulation protocols. Here, the VDF properties of the channel are revealed

using a variable paired-pulse protocol. Notably, since the models lack any Ca2+-

dependent feedback mechanisms, CDF is not directly explored, although the results

of simulations lead to novel, testable predictions of CDF behaviours, as we shall see.

In the paired-pulse protocol (fig. 4.9) channel models were conditioned on

pre-pulses at a range of voltages, adopting the corresponding steady-state, before

repolarisation to the holding potential of -80 mV followed by a test pulse of 60

mV applied for 250 µs. When the test pulse was applied directly from the holding

potential the open channel probability, P (O), of the WT model reached a maximum

of 65%. In contrast, the S218L model achieved around 90%, seeming to leave little

scope for increase via facilitation. Application of the test pulse shortly after con-

ditioning on a pre-pulse above the holding potential led to peak P (O) values which

were, in general, larger for both WT and S218L, and higher pre-pulse potentials

evoked greater increases in P (O). The ratio of P (O) maxima achieved during the test

pulse with and without a pre-pulse provided a measure for VDF of the channel.

When the test pulse was applied immediately (∆t = 10 µs) after the pre-

pulse (fig. 4.9a), WT channel facilitation was larger than S218L for all pre-pulse

potentials, and was more greatly enhanced by larger pre-pulse potentials (fig. 4.9b).

As previously suggested [119–121], this effect can be attributed to the fast activation

kinetics of S218L channels which occlude enhancement of the current beyond what

is already achieved from rest. When the test pulse was instead applied after 1 ms

of repolarisation (fig. 4.9c) facilitation was lower overall for both WT and S218L,

however the reduction was more significant with WT than S218L. This led to

facilitation that was in fact greater in S218L than WT, particularly with higher

pre-pulse potentials, the reverse of the result observed from an immediate pre-pulse

(fig. 4.9d). Notably, this enhanced facilitation of channel currents has not previously

been reported for the S218L mutation.

To examine how channel facilitation depended on the separation of pre-pulse

and test pulse in the models, the pre-pulse potential was fixed to +40 mV and the

pulse separation varied between 10 µs and 10 ms (fig. 4.9e). The WT channel model

displayed greater facilitation than S218L at shorter pulse separations, but this effect

was reversed from around 0.3 ms, above which S218L showed the greater facilita-

tion. The transition results from S218L facilitation reducing with pulse separation
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Figure 4.9: Paired-pulse protocol eliciting VDF of
WT and 1,000 best fit S218L CaV2.1 channel models.
(a) Test voltage pulse (upper) applied to channels
directly from the holding potential (left) or 10 µs after
conditioning on a pre-pulse potential of 0 mV (right).
Facilitation is measured as the relative increase in
open channel probabilities, P (O), achieved by the end
of each test pulse. (b) Dependencies of facilitation
on pre-pulse potential for 10 µs pulse separation. (c)
and (d) As in (a) and (b) but with a pulse separation
of 1 ms. (e) Dependencies of facilitation on pulse
separation with the pre-pulse amplitude fixed at +40
mV. Vertical lines indicate times by which P (O) would
be reduced to 1% during repolarisation in the absence
of a test pulse (median value for S218L).
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more slowly than WT. This effect is explained in the models by the relatively slow

deactivation kinetics of S218L channels which retain the facilitated state evoked by

the pre-pulse for longer than WT channels.

Vertical lines in fig. 4.9e indicate the times by which P (O) had reduced to 1%

following a +40 mV conditioning pre-pulse for WT and S218L models respectively.

Test pulses applied with greater separation from the pre-pulse than these times

elicited minimal facilitation in both models. This suggested that the apparent

facilitation of channel models by a pre-pulse was only significant when the test pulse

was applied while the open channel probability was elevated, and that activation did

not evoke a particularly strong or long-lasting enhancement of the models’ closed

states during repolarisation.

To determine the extent to which closed states in the WT and S218L models

are facilitated by voltage activation, the full distribution of model states was ex-

amined at a range of holding potentials and during AP stimulation (fig. 4.10). At

negative holding potentials the open state had enhanced occupancy under S218L, as

constrained by the experimental data in section 4.1.4. The occupancy of ‘near-open’

states (closed states close to the open state in the reaction network (4.1)) were also

enhanced in S218L up to +40 mV (fig. 4.10a). This implies that S218L channels

should be able to access the open state more quickly from holding potentials up

to +40 mV, which may contribute to their observed facilitation. However, these

near-open states are only occupied transiently, and are quickly evacuated under re-

polarisation, as illustrated by stimulation from the two AP waveforms. For both the

short (fig. 4.10b) and long (fig. 4.10c) AP stimuli, the full state distributions of both

WT and S218L models returned to rest within 3 ms of repolarisation. In particular,

near-open states were not occupied any longer than the open state itself. This is

explained by the exponential dependence of transition rates on voltage among closed

states which induces fast collapse to the lowest state at large negative voltages while

the open state is evacuated at the voltage-independent rate β. Consequently any

enhancement of the occupancy of near-open states achieved by voltage stimulation

is abolished quickly upon repolarisation. This means that the facilitation observed

using the paired-pulse protocols can be attributed to a ‘topping-up’ of the open

state, rather than any hidden state facilitation.

Using a paired-pulse protocol with short pulse separations, these simulations

replicated the occlusion of S218L CaV2.1 channel facilitation by its enhanced re-

sponse to a single stimulus at rest. However, for longer pulse separations, they

made the novel prediction of greater current facilitation for S218L than WT. This

effect may not have been previously reported since the overall scale of facilitation is
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Figure 4.10: Distribution of probability among
states of the WT and the 1,000 best fit S218L mod-
els. From top to bottom rows represent the sum of
probability in ‘fully closed’ (C0 - C1), ‘near-open’
(C2 - C4), and fully open (O) states. (a) Steady-
state distributions at fixed holding potentials. (b)
and (c) Model responses to short and long AP stimuli
respectively, t = 0 coincides with the AP peak time.

much lower at large pulse separations, and may therefore be challenging to resolve in

physiological environments. Interestingly, in living cells this behaviour would likely

contribute to the overall S218L pathology by facilitating Ca2+ intake and enhancing

synaptic transmission during periods of low frequency activity. Given that Ca2+-

dependent mechanisms play a more dominant role in WT and S218L CaV2.1 channel

facilitation, it would be interesting to see if this relationship between facilitation and

pulse separation (fig. 4.9e) is replicated with CDF. Specifically, since a reduction in

CDF by S218L under a 10 ms pulse separation has already been reported [119], it is

important to address whether CDF is maintained at longer pulse separations under

S218L while it is abolished in WT, as these simulations predict.

4.2.3 AP-evoked Ca2+ Transients in Simulated Terminals

In order to examine how the modulated CaV2.1 channel currents described in sec-

tions 4.2.1 and 4.2.2 went on to impact intracellular Ca2+ dynamics, the WT

and S218L CaV2.1 channels were implemented into the 3D presynaptic terminal
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Figure 4.11: AP-evoked Ca2+ currents through a CaV2 channel cluster. For each
AP 1,000 S218L simulations were run, each with the CaV2.1 channels replaced by
one of the 1,000 best fit S218L channel models; CaV2.2 and CaV2.3 channels were
unchanged. (a) Current responses to the short AP for WT and S218L clusters. (b)
The best SSE scores achieved from fitting the median S218L response with different
fat-tailed distributions. The log-normal (4.11) and Burr (type XII) (4.12) best fit
functions are overlaid in (a). (c) and (d) are as in (a) and (b) respectively but for
the long AP stimulus.

model introduced in section 3.1.2 [118]. Since the S218L mutation does not change

the gross morphology of neurons [121, 388], the spatial properties of the three-

dimensional simulation were kept the same. Similarly, since S218L does not affect

the number, distribution, or function of other CaV2 channels [367, 386], and has not

been reported to directly affect Ca2+ buffering mechanisms, the rectangular CaV2

channel cluster still consisted of 7 CaV2.1, 8 CaV2.2, and 1 CaV2.3 channels, and

intracellular Ca2+ was still subject to buffering by CaM (table 3.2), CB (table 3.3),

and ATP (table 3.4).

The total Ca2+ current through the channel cluster is the weighted sum of

the individual CaV2 channel currents. This means that the enhanced S218L CaV2.1

currents are partially ameliorated by the contribution of other channels, although

the same qualitative difference from WT clusters, and between the two stimuli, can

be discerned. The short AP evoked S218L cluster currents with 33% higher peaks

and 108% wider half-widths than WT (fig. 4.11a); in response to the long AP the

same enhancements were 2% and 56% respectively (fig. 4.11c). The slowly decaying
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S218L cluster current tail was also still a prominent feature evoked by both APs.

These enhancements of simulated cluster currents are comparable to observations

made in living cells. When S218L KI purkinje cells were stimulated by an AP

waveform derived from the calyx of Held (similar in shape to the long AP used in

simulations) the whole-cell current response peak was amplified by 8% relative to

WT [119]. In KI calyces of Held the half-width of AP-evoked whole-cell currents

was 6% to 90% larger in S218L depending on the shape of the AP [121].

In chapter 3, the WT current through the channel cluster in response to

the short AP was described, for deterministic simulation in the VCell software

environment [295–297], by a log-normal function

ICa(t) =
A

t
exp

(
−B

[
ln

(
t

t0

)]2)
, (4.11)

where A = 9.2246×10−4 pA s, B = 15.78, and t0 = 8.036×10−4 s. The WT response

to the long AP could also be well described by this function with A = 3.0739×10−3

pA s, B = 23.32, and t0 = 1.506 × 10−3 s. The log-normal function was not as

successful at describing the modulated currents through S218L clusters however, so

a range of alternative fat-tailed distributions were tested by fitting to the median

S218L responses (figs. 4.11b and 4.11d). For both the short and long AP-evoked

S218L cluster currents the Burr (type XII) function described by

ICa(t) = A
ck

t0

(
t

t0

)c−1(
1 +

(
t

t0

)c)−k−1

(4.12)

achieved the best fit. For the short AP cluster current the best fit parameters were

A = 1.3597 × 10−3 pA s, c = 8.7154, k = 0.1992, t0 = 7.2485 × 10−4 s; for the

long AP cluster current they were A = 2.1195× 10−3 pA s, c = 9.7590, k = 0.3397,

t0 = 1.4218× 10−3 s.

Ca2+ currents through the channel clusters evoked intracellular [Ca2+] traces

according to the 3D properties of the simulation defined in section 3.1.2. The average

[Ca2+] over the entire terminal was enhanced by S218L, and the scale of enhancement

was greater in response to the short AP stimulus (fig. 4.12). In response to the short

AP, the spatially averaged S218L [Ca2+] reached a peak 78% higher than WT, with

a half-width 154% wider (fig. 4.12a). In response to the long AP, the S218L [Ca2+]

peak was 26% higher than WT, with a half-width 97% wider (fig. 4.12b). Note that

this long-AP-evoked peak [Ca2+] enhancement was apparent despite similar peaks

in the Ca2+ current through WT and S218L channel clusters (fig. 4.11c) due to

prolonged Ca2+ influx resulting from slow deactivation of S218L CaV2.1 channels.
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Figure 4.12: AP-evoked Ca2+ transients spatially averaged over the entire presy-
naptic terminal. (a) Average [Ca2+] evoked from a resting value of 0.05 µM by the
short AP (black curve). The extended tails from 20 to 100 ms are inset and key
values are indicated in µM. (b) As in (a) but for the long AP stimulus.

In S218L KI cerebellar parallel fibres, the [Ca2+] traces evoked by APs with

half-widths of 1 ms were found, by Ca2+ imaging, to achieve peaks around 15%

higher than in WT [119]. Recalling that the short and long APs used in these

simulations have half-widths of 0.37 ms and 0.85 ms respectively, these simulated

and experimental results suggest that the difference between AP-evoked [Ca2+] in

WT and S218L terminals is less significant in response longer duration stimuli. This

effect is consistent with differences between unfacilitated and facilitated WT CaV2.1

channel currents [290, 406, 407], but contrary to results under the R192Q mutation

where currents in KI calyces of Held and pyramidal cells were enhanced by longer

AP stimuli [398]. In that case however the longer duration AP stimulus also had a

lower peak which, given the lower voltage threshold for activation of S218L CaV2.1

channels, would certainly contribute to enhancement of the S218L response.

Ca2+ influx ceased within 5 ms of either AP stimulus for both WT and S218L

clusters (figs. 4.11a and 4.11c). The heightened [Ca2+] however persisted for at least

100ms as a result of slow Ca2+ extrusion from the terminal (fig. 4.12). Consequently,

the higher AP-evoked [Ca2+] in S218L terminals remained elevated above WT for

hundreds of milliseconds, effectively rendering them in a basally enhanced state

which was similar in scale to that observed in resting KI calyces of Held (∼250%)

[121]. These long-lasting [Ca2+] elevations would likely contribute to basal CDF of

VGCCs, enabling the pre-facilitated mode previously suggested [119–121].
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Figure 4.13: (a) [Ca2+] traces, spatially averaged over the simulated presynaptic
terminal, evoked by a pair of identical short APs (grey curves) at different ISIs.
Left-most curves show the first AP response from a resting [Ca2+] of 0.05 µM,
horizontal lines indicate the height of each peak. Other segments show the response
to a second AP applied at the indicated ISI. Inset scale bars are 1 ms. (b) Ratios
of each pair of AP-evoked [Ca2+] transient peaks as a percentage increase.

4.2.4 Synaptic Terminals Under Repeated Stimulation

Repeated stimulation of presynaptic terminals can induce STF, measurable as a

progressive enhancement of EPSPs. S218L has been shown to reduce STF in KI and

transfected cells, in some cases going as far as to replace facilitation with depression

[119, 388, 392]. These effects have been attributed to S218L-induced changes in

presynaptic [Ca2+], however the dynamics of Ca2+ at the AZs of S218L presynaptic

terminals have not been directly measured. Those dynamics were revealed here

using the presynaptic terminal model, simulated under repeated AP stimulation.

To allow for comparison with the WT results presented in section 3.1.2, and since

it evokes the more severe S218L reaction, only the short AP is used as the stimulus

for the remainder of this chapter, although it would be interesting to consider how

the results would be different if the long AP were used instead.

Two identical APs were applied to the synaptic terminal model, separated

by an ISI of ∆t. With ∆t ≥ 5 ms the WT and S218L CaV2 cluster currents could

be assumed to be identical with each stimulus (from fig. 4.11a). In both WT and

S218L terminals the second AP evoked a greater average peak [Ca2+] than the first,

for ∆t up to 50 ms (fig. 4.13a), due to the combined effect of buffer saturation and

slowly decaying [Ca2+] after the first stimulus. This effect was stronger in S218L

terminals, producing [Ca2+] enhancements that were at least three times as large as

in WT terminals (fig. 4.13b). In both terminals the [Ca2+] enhancement reduced

with greater ISIs.
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The greater enhancement, from repeated AP stimulation, of the average

[Ca2+] in S218L presynaptic terminals compared to WT might naively be expected

to lead to greater facilitation of neurotransmitter release and EPSPs. These results

initially seem to be at odds with previous observations of reduced EPSP facilitation

in the presence of the mutation [119, 388, 392]. In order to investigate this apparent

disagreement, the local [Ca2+] across presynaptic AZs was extracted from the models

since it acts as the critical trigger for SV fusion, rather then the terminal average.

For simplicity, the ISI between APs used for stimulation was fixed to 20 ms.

The [Ca2+] evoked by AP stimulation reached greater peaks at the AZ than

the terminal average, due to proximity to the VGCC cluster, but also decayed

more rapidly as Ca2+ diffused away and was subject to buffering (fig. 4.14a). The

local [Ca2+] peaks evoked by a single AP from rest were greater across S218L AZs

than WT for all coupling distances to the VGCC cluster between 20 nm to 80 nm

(fig. 4.14b). Similarly, the half-width of the AP-evoked [Ca2+] profiles was greater
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under S218L (fig. 4.14c). For both WT and S218L the peak [Ca2+] reduced with

coupling distance while the half-width increased, meaning that [Ca2+] profiles were

generally flatter and broader at greater coupling distances. The second AP stimulus

produced local [Ca2+] enhancements at the AZ that were considerably smaller than

for the terminal average [Ca2+] (compare fig. 4.14d with fig. 4.13b). However, S218L

still produced [Ca2+] enhancements that were over twice as large as in WT terminals,

again suggesting that the mutation should, with a naive interpretation, lead to

facilitated neurotransmitter release and EPSPs. This apparent discrepancy with

experimental observations is resolved in section 4.3.2 using the previously established

models of SV fusion.

Notably, the AP-evoked [Ca2+] peaks (fig. 4.14b), half-widths (fig. 4.14c),

and PPRs (fig. 4.14d) all have a steeper dependency on coupling distance in S218L

terminals than in WT. This is explained by the Ca2+ buffering properties of the

presynaptic terminal model. The larger [Ca2+] evoked by AP stimulation of the

S218L terminal leads to increased saturation of Ca2+ buffers. This reduces the

available buffers upon arrival of the second AP, resulting in enhanced concentrations

of free Ca2+. This effect is most pronounced at AZ sites with a large coupling

distance to the VGCC cluster since Ca2+ has further to diffuse before arriving at

them and is therefore subject to a larger probability of buffering.

4.3 Exocytosis in S218L Presynaptic Terminals

Experimental observations of EPSPs generated by presynaptic AP stimulation have

shown enhancement by S218L, both in amplitude and duration [121, 388, 392].

Meanwhile, facilitation of EPSPs appears to be diminished by the mutation [119,

121, 388, 392]. These observations have been attributed to the impact of S218L

on presynaptic Ca2+ dynamics. The results of simulations (section 4.2) suggested

that AP-evoked [Ca2+] transients are indeed enhanced by S218L across the AZ

(figs. 4.14b and 4.14c), implying enhanced synaptic release. However, repeated

stimulation led to an amplification of [Ca2+] that was greater in S218L than in WT

(fig. 4.14d), implying enhancement of release and STF, seemingly in contradiction

with experimental observations. In order to directly examine the effect of S218L-

modulated [Ca2+] transients in the presynaptic AZ on synaptic release, SV fusion

was modelled in response to the simulated [Ca2+] traces. The established allosteric

model, constrained with experimental data from WT calyces of Held [226], was

simulated alongside the mechanistic release-from-inhibition models defined in chap-

ter 3. Recall that this included three limiting cases of clamp architecture in which
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6 SNAREs are inhibited by Syt1 at the primary site and have tripartite sites either

unoccupied (Syt1P/-T), or occupied by Syt1 (Syt1P/Syt1T) or Syt7 (Syt1P/Syt7T).

Stochastic simulations were performed in the same manner as in chapter 3, such

that the WT responses shown here coincide with the results of that chapter.

4.3.1 AP-evoked SV Release

The scale of enhancement of EPSPs under S218L varies among the literature. Am-

plifications of EPSP peaks in the range of 15% to 150% have been reported [121,

388, 392], as well as EPSP width broadening in the range of 19% to 128% [388,

392]. The results are sensitive to the method of mutant CaV2.1 channel expression,

extracellular [Ca2+], and animal model age, among other factors. The enhancement

of EPSPs is not an entirely robust result either, in S218L KI mouse diaphragms with

an extracellular [Ca2+] of 2 mM EPSPs were in fact slightly reduced relative to WT.

This high variability in experimental observations is perhaps unsurprising given the

complexity and variety of dynamical systems at different synapses which separate

VGCC activation from EPSPs. One property that may differ between synapses is

the coupling distance, d, between VGCCs and the sites of docked SVs on the AZ.

To explore how this particular synaptic property affects the apparent impact of the

S218L mutation, [Ca2+] traces were taken from simulated AZs at a range of coupling

distances. There was no vesicle replenishment during these simulations. In all cases

at least 50,000 vesicles were simulated and at least 1,200 release events recorded.

The dynamics of SV fusion in WT and S218L terminals at an AZ point

proximal to the VGGC (d = 20 nm) are shown for the allosteric model in fig. 4.15a

and for the release from inhibition models in the corresponding subplots of fig. 4.16.

In all cases, the RRP (at this coupling distance) was almost completely depleted in

S218L but not in WT terminals. SV release also showed a faster onset and achieved

a higher peak rate in S218L than in WT terminals. This enhancement of SV fusion

by S218L was apparent across all models and all coupling distances from 20 nm to

80 nm. Furthermore, the results are directly explained by the shapes of the local

[Ca2+] profiles across the AZ (fig. 4.14).

The greatest difference in peak release rate was observed at AZ sites close to

the VGCC cluster where the S218L response was up to 2.25 times as large as WT

(Syt1P/Syt1T at d = 20 nm). WT and S218L peak release rates both decreased

with d, S218L more steeply so (fig. 4.15b and corresponding subplots in fig. 4.16),

in line with the decrease of [Ca2+] peaks with d (fig. 4.14b). This indicates that the

local [Ca2+] peak (as opposed to its width) is the major influencer of the peak SV

release rate at a given AZ point.
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Figure 4.15: SV fusion predictions of the allosteric model [226] in response to AP-
evoked local [Ca2+] traces on the AZs of WT and S218L terminals. (a) Example
predictions for release rate per SV (upper) and normalised number of SVs available
for fusion, i.e. 1− PV (t) (lower) at 20 nm coupling distance in response to the AP
stimulus (grey). (b) Dependencies of peak release rate per SV on coupling distance.
(c) Dependencies of PV taken 3 ms after AP onset on coupling distance.

In contrast, the greatest difference in PV was observed at intermediate cou-

pling distances, where the S218L response was as much as 22.1 times as large as

WT (Syt1P/Syt1T at d = 40 nm). At both closer and more distal AZ sites the

impact of the mutation on the total number of fused vesicles relative to WT was

reduced. This was because while PV in WT terminals decreased steeply with d, the

dependence of PV on d in S218L terminals appeared to show more of a threshold

transition (fig. 4.15c and corresponding subplots in fig. 4.16). In all models, PV

was high at low d for S218L, and remained high as d was increased before rapidly

collapsing to 0, although the threshold and gradient of this collapse varied between

SV fusion models. This effect appears to result from the combined enhancement of

[Ca2+] peaks (fig. 4.14b) and widths (fig. 4.14c) by S218L, producing [Ca2+] profiles

that were sufficient to deplete the RRP even up to intermediate coupling distances.

The broadening of synaptic transmission by S218L was measured by the

width of the evoked release rate curves at half their peak (fig. 4.17). For all models,

release rate curve width increased with d, and the rate of increase was steeper in

S218L than in WT terminals. This is in line with the d dependencies of WT and

S218L AP-evoked [Ca2+] profiles (fig. 4.14) which were generally flatter and wider at

greater d. At large coupling distances (d ≥ 60 nm) release rate curves were widened

by up to 48% (Syt1P/-T at 80 nm) by S218L. The relative steepness of the WT
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and S218L dependencies on d meant that this difference shrank with smaller d, and

the release-from-inhibition models in fact predicted d thresholds below which S218L

actually narrowed release rate curve width by up to 33% (Syt1P/Syt7T at 30 nm).

It is notable that while the AP-evoked [Ca2+] profiles were widened by S218L

across the entire AZ, this did not translate to wider release rate predictions through-

out the AZ. At AZ sites proximal to the VGCC cluster the release-from-inhibition

models predicted a narrowing of release rate by S218L, despite a widening of the

[Ca2+] profile, due to rapid depletion of the RRP. This illustrates the need for

realistic modelling of SV fusion, since vesicular release behaviour can not always be

simply inferred from presynaptic [Ca2+] profiles. Interestingly, while these simula-

tions do replicate the widening of AP-evoked synaptic release under S218L observed

experimentally [388, 392], they also suggest that rapid depletion of the RRP may

lead to narrower responses in presynaptic terminals with strong coupling (small d)

between VGCCs and SVs. This situation is more likely to arise in small synapses

since their RRPs contain relatively few SVs. Since electrophysiological and Ca2+

imaging experiments are typically performed in large terminals like the calyx of

Held, this may explain why a narrowing of the vesicular release response to AP

stimulation has not previously been reported.
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4.3.2 Paired-pulse facilitation

Repeated stimulation of S218L presynaptic terminals in KI animal models revealed

reduced facilitation of EPSPs compared to WT synapses [119, 388, 392]. The scale

of reduction varied but in some conditions the impact of the mutation was sufficient

to reverse WT facilitation and instead induce short-term depression [388, 392].

Repeated stimulation of the simulated synaptic terminal with a pair of identical

APs separated by 20 ms evoked [Ca2+] transients with a peak-to-peak ratio that

was higher in S218L than in WT throughout the AZ (fig. 4.14d). The second

evoked [Ca2+] transient was between 2% and 6% larger than the first under S218L,

while in WT terminals the amplification was less than 2% which was already shown

to enhance SV release in simulations by a negligible amount (fig. 3.7). To assess

whether the greater enhancement of [Ca2+] in simulated S218L terminals could lead

to enhancement of synaptic release, which would be in contradiction of experimental

observations, the SV fusion models were simulated in response to the paired-pulse

evoked [Ca2+] traces. STF was quantified as the PPR of release rate curves evoked

by the two [Ca2+] stimuli which were again taken at a range of coupling distances

between AZ sites and the VGCC cluster. As in section 3.3.2, SVs were replenished

exactly 2.5 ms after a release event into the fully clamped state. This meant that

fused vesicles would be replaced by the time a second stimulus was applied without

participating in synchronous release during the first.

While in WT terminals the presence of Syt7 was a strict requirement for

STF, the enhancement of local [Ca2+] at distal AZ sites by S218L was sufficient

to induce slight facilitation of release in all SV fusion models (fig. 4.18a). This

apparent facilitation can be attributed entirely to amplification of the second [Ca2+]

trace since Syt1 clamps were not any more likely to be released at the onset of the

second stimulus in WT or S218L terminals (fig. 4.18c). The effect is most prominent

for the Syt1P/Syt1T model which, recall, is the clamp architecture with the highest

Ca2+-cooperativity (∼5.1, fig. 3.4d). Despite this slight enhancement in all models,

STF was still greatest in the presence of Syt7 in both WT and S218L terminals,

however the dependence on coupling distance differed significantly between the two

(fig. 4.18b). Syt7-mediated STF was lower in S218L than in WT terminals for all

coupling distances up to d = 80 nm (the largest coupling distance explored in these

simulations), at which point it became greater. The average number of free Syt7

clamps upon onset of the second AP showed a similar transition (fig. 4.18d), the

number was greater in WT terminals up to about d = 50 nm, above which S218L

terminals had the greater number. An explanation for the shapes of the free Syt7

clamps curve and the release rate PPR curve, and the relationship between them,
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Figure 4.18: (a) Dependencies of STF, measured as the PPR of SV release rates
predicted by the indicated fusion models in response to the local [Ca2+] evoked by
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number of released tripartite clamps upon arrival of the second AP stimulus (shaded
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and Syt1P/Syt7T scenarios in WT and S218L terminals. (d) The WT and S218L
curves in (a) for the Syt1P/Syt7T scenario only, for easier comparison.

in WT terminals was given in section 3.3.2. The S218L behaviours can be explained

by the same mechanism, with the differences accounted for by the modulation of

[Ca2+] transients by S218L. It appears that, at low d, the large [Ca2+] transients

evoked by the first AP stimulus deplete the RRP which is then replenished with

new, fully clamped SVs. In S218L terminals, the enhancement of the first [Ca2+]

transient is sufficient to deplete the RRP at coupling distances up to and including

d = 40 nm (fig. 4.16b). Hence, substantial release of tripartite Syt7 clamps upon

onset of the second stimulus is not observed until d = 50 nm (fig. 4.18d). The

number of released Syt7 clamps in S218L terminals continues to grow in d up to

70 nm, achieving slightly higher levels than the maximum WT value (which occurs

at d = 30 nm), before beginning to decline. As in WT, occlusion from amplified

release during the first stimulus means that Syt7-mediated STF in S218L terminals
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continues to grow even as the number of release Syt7 clamps begins to decline

(compare S218L curves between d = 70 and 80 nm in figs. 4.18b and 4.18d). It

seems natural to suppose that the number of free Syt7 clamps would decrease with

d above 80 nm in S218L terminals, following the shape of the WT curve. Similarly,

it seems intuitive that the S218L PPR would remain elevated above WT for some

d > 80 nm, and would continue to grow up to a maximal value not achieved over the

range of d explored in these simulations. Of course, further simulations at greater

coupling distances would be required to demonstrate that this is indeed the case.

These simulations suggest that the impact of S218L on STF is not as straight-

forward as postsynaptic electrophysiological recordings would imply. Among the

limiting models of SNARE clamp architecture considered, the Syt1P/Syt7T provides

the dominant contribution to STF, consistent with the requirement for Syt7 to

mediate STF in WT terminals. Since Syt7-mediated STF is reduced by S218L for

all coupling distances up to d = 70 nm in these simulations (fig. 4.18b), the overall

release from a typical AZ may not appear to be facilitated, in line with experimental

observations [119, 388, 392]. Notably, the vesicle replenishment model used in these

simulations guarantees complete replenishment of the RRP in time for the second

stimulus, consequently it is not possible to induce short-term depression. If a more

realistic replenishment model were used, or the paired-pulse was applied at a higher

frequency (50 Hz was used here), the RRP may not be fully restored in time for

the second stimulus. In this case, since the RRP is more substantially depleted

in S218L terminals than in WT, it might be possible to replicate the short-term

depression induced by S218L in some experiments [388, 392]. Interestingly, these

simulations suggest that S218L may, in some conditions, lead to an enhancement of

synaptic STF which has not yet been reported from experiments in animal models.

Only an enhancement at d = 80 nm has been demonstrated here, although it is

likely that S218L would continue to enhance STF at greater coupling distances.

Physiologically, this would mean that S218L would enhance STF in synapses where

the coupling between VGCCs and SVs is weak, such as during neural development

for example [261, 308]. As well as extending the simulations to account for a larger

range of d, it would be interesting to see if this apparent enhancement of STF by

S218L can be replicated in living cells.

4.4 Model Appraisal and Extensions

The challenge of fitting the parameters of a hidden Markov model to data is well

recognised, and while successful methods have been developed they cannot com-
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pletely bypass the requirement for diverse characterisation data [208, 376–382].

Sophisticated methods such as maximum likelihood estimation [376–378], simulated

annealing [379], genetic algorithms [380], or Bayesian inference [208, 381, 382],

typically require access to the complete electrophysiological timeseries data, rather

then the characteristics used here from the available literature. The method of

least-squares fitting to channel characteristics data used here had been successfully

deployed to constrain the WT CaV2 channel models [112, 113], among other VGIC

Markov models [216]. This method returned many model parameterisations which

similarly well captured the available S218L CaV2.1 channel characteristic data and

described a fairly tight range of current predictions clearly distinct from the WT

behaviour. The collection of best fit parameterisations were distributed widely

across the searchable parameter space, suggesting that the error landscape contains

many local minima which were found by the gradient descent optimiser. There was

no clustering of parameters within that space or with respect to training data fit

score clearly discernable by eye. Although, it is possible that an algorithm could be

used to better identify parameter clusters, with the hope of identifying parameter

combinations with the best potential to perform well on unseen test data. Ultimately

this approach was beyond the scope of this work, and while it may help to constrain

the S218L CaV2.1 channel model, access to better quality characterisation data such

as direct voltage-clamp recordings would likely be more fruitful.

Given that the S218L CaV2.1 channel model can fit the characteristic data

with a wide range of different parameterisations, it is reasonable to question whether

the model itself is overparameterised. Its six-state structure was used for consistency

with the same model that was used to describe the dynamics of all three WT

CaV2 channel subtypes [113]. From model fitting in section 4.1.4 it is clear that

this structure is sufficient to describe the behaviour of S218L CaV2.1 channels,

however not all five hidden states may be necessary to achieve the same predictive

power. Indeed, parameter values are only tightly constrained close to the open state

fig. 4.7a, and the behaviour of WT CaV2.1 channels has previously been described

by a model with only four hidden states [112]. Although, recall that L1 and L2

parameter regularisation, which have the potential to highlight redundant states in

the model, did not improve model fitting. It would be a worthwhile exercise to

construct a minimalistic S218L CaV2.1 channel model, although it should be noted

that the existing hidden state structure was originally motivated from the four-

domain structure of the channel. A reduced empirical model would therefore lose

this, admittedly loose, mechanistic motivation.

The simulations of S218L presynaptic activity using the fitted CaV2.1 channel
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model in sections 4.2 and 4.3 replicated experimental observations that the mutation

enhances evoked Ca2+ currents, intracellular [Ca2+] elevations, SV release probabil-

ity, and as a result occludes STF. These simulations also provided novel, testable

predictions of the impact of the mutation. Firstly, initial results suggest that Ca2+

influx may be more significantly enhanced by S218L in response to shorter voltage

stimuli, an effect that does not appear to have been investigated for this FHM1

mutation [398]. Secondly, AP-evoked synaptic release may be more short-lived in

S218L than in WT terminals in synapses where there is particularly tight coupling

between VGCCs and SVs, or a particularly small RRP, as a result of SV deple-

tion. Previous experimental studies have only reported a broadening of synaptic

release by S218L [388, 392], perhaps because they were carried out exclusively in

large presynaptic terminals. Thirdly, repeated stimulation, with stimuli sufficiently

separated in time, led to facilitation of model S218L, but not WT, CaV2.1 channels,

as a result of their slower deactivation kinetics. Only a reduction in CaV2.1 channel

CDF by S218L has previously been reported [119], perhaps because the separation

between stimuli used was too small to reveal the reverse effect produced in these

simulations. The model CaV2.1 channels are not equipped with any Ca2+-dependent

mechanisms, however it seems logical that the enhancement of facilitation by S218L

should extend to channels capable of experiencing CDF. Notably, because the overall

scale of facilitation is smaller with larger pulse separations, it may be challenging

to resolve this effect experimentally in living cells. It may instead be easier to

extend the current models to account for CDF, and see if the effect is maintained.

Finally, at AZ sites distal to VGCCs, vesicular release was facilitated more in S218L

terminals by repeated stimulation than in WT. Previous experimental studies have

only reported a reduction in EPSP facilitation by S218L [119, 388, 392]. This may

be because experiments were only carried out in presynaptic terminals with VGCC

and SV coupling too tight to observe this enhancement, or because, overall, any

enhanced facilitation at large coupling distances is overshadowed by a substantial

reduction in facilitation at smaller coupling distances.

Synaptic facilitation was assessed here using the mechanistic SV fusion mod-

els defined in chapter 3, combined with the realistic 3D model of a small presynaptic

terminal. A simpler, alternative approach would be to reproduce these paired-pulse

simulations using an established empirical model of synaptic facilitation and depres-

sion such as a Tsodyks-Markram type model [408, 409]. The interested party may

begin this by considering how S218L impacts the ‘utilisation of synaptic efficacy’

parameter, typically labelled U . The results of experiments and the simulations

presented here suggest that the mutation should increase U relative to WT, leading
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to more rapid synaptic depression, without impacting the rates of synaptic inacti-

vation and recovery, other key parameters in the model. Paired-pulse simulations

using such a model should be expected to produce qualitatively similar predictions

as those presented in section 4.3.2, although the results and analysis may then more

accessible to a wider audience. Furthermore, while the work in this chapter focussed

on the impact of the S218L mutation on processes within presynaptic terminals, it

would be interesting to see how these modulations of activity translate to the scale

of neuronal networks. Notably, Tsodyks-Markram style models have been used to

study network dynamics in the context of short-term plasticity [410]. Among other

results we might expect this modelling approach in the context of S218L or other

FHM1 mutations to directly link the apparent enhancement of synaptic transmission

and SV depletion with CSD, a key feature of migraine aura.
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5 Conclusions and
Future Work

The communication speed and information processing power of the brain relies

on the controlled release of neurotransmitters from presynaptic terminals. These

contain a staggering number of interacting proteins which account for a wide range

of dynamical behaviours at this smallest of spatial scales. Detailed descriptions

of synaptic protein action form an essential basis for understanding the mecha-

nisms of human cognition and neurological disorders. The simultaneously small

and rapid spatiotemporal dynamics of synaptic proteins are challenging to measure

under physiological conditions using current experimental methods. Fortunately, the

techniques which are available can produce data with high spatial or temporal reso-

lutions, and signal-to-noise ratios that are unmatched by methods at higher spatial

scales like single-photon Ca2+ imaging, fMRI, or EEG. Electrophysiology reveals

trans-membrane currents down to the scale of single ion channels, with excellent

temporal resolution, while X-ray crystallography can describe the static structure

of protein complexes to the atomic scale. This data enables the development of

tightly constrained and easily testable mathematical models of synaptic processes.

These models can be flexibly deployed to replace expensive experimental methods,

and are essential tools for testing hypotheses of protein action.

Markov chains are ubiquitous in chemical kinetics as coarse models of molec-

ular dynamics. By approximating low-level atomic physics with discrete state

transitions, these models sacrifice resolution and biophysical accuracy for massive

reductions in simulation costs. This means that they can be deployed to study

protein dynamics over spatiotemporal scales which are too large to conveniently

access with higher resolution techniques such as molecular dynamics simulations.

The specialised stochastic simulation algorithm presented in section 2.1.2 allowed

for efficient and flexible simulation of semi-Markov chains, opening up new oppor-

tunities for modelling presynaptic dynamical systems over previously inaccessible
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timescales. In this work this simulation range was exploited to study asynchronous

release at hippocampal MFBs which electrophysiology experiments had shown to

be particularly long-lasting [1]. Modelling replicated this result, and the further

observation that higher frequency stimulation enhances the amplitude and dura-

tion of asynchronous release at this synapse (section 2.3). In this way simulations

supported the proposed mechanistic connection between slowly decaying AP-evoked

presynaptic [Ca2+] and long-lasting asynchronous release observed via postsynaptic

patch-clamp recordings.

In chapter 3, a novel framework for simulating SV fusion based on mechanis-

tic Markov chain modelling of SNAREpin release from Syt inhibition was presented.

Previous Markov chain models of SV fusion have used a top-down approach, with

kinetic parameters constrained using measurements from postsynaptic patch-clamp

recordings [93, 226, 227, 232]. The models presented here use a bottom-up approach,

with a state space representing realistic protein configurations and with parameters

constrained using established experimental results for the dynamical interactions

of individual molecules. This offers a powerful tool for testing the plausibility of

different SV fusion mechanism architectures, by comparing their simulated responses

to neuronal Ca2+ activity with experimental observations.

The three limiting architectures designed in section 3.2 reduced the com-

plexity of the SV fusion machinery down to the minimum components required to

explore how Syt1 and Syt7 might synergistically regulate SV fusion via the primary

and tripartite interfaces of the SNARE complex. The simulations in section 3.3

provided the first quantitative description of how this regulation might operate under

physiological Ca2+ activity. The results capture experimentally observed patterns

of vesicular release, indicating that the dual clamp arrangement could provide the

mechanism by which SV fusion is regulated in living synapses. Furthermore, the

simulations show that the occupancy of the tripartite interface is a key determinant

of the synaptic response to Ca2+ activation. In particular, the presence of Syt7 at the

tripartite interface was required to enable STF in response to repeated stimulation

of the presynaptic terminal, as a result of its slow membrane dissociation properties.

This demonstrates a plausible mechanism by which Syt7 could mediate STF with

the critical sensitivity apparent in Syt7 KO experiments [313].

The three clamping models were not able to fully capture the levels of

asynchronous release predicted by the empirically constrained allosteric model [226],

suggesting that asynchronous release may be mediated by a mechanism not currently

accounted for in the models. For example, although their contributions to Ca2+-

evoked vesicular release are secondary to the Syt C2 domains already included
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in the models, Cpx, Syt1 C2A, and Syt7 C2B are each expected to play a role

in SV clamping. Furthermore, for simplicity, the models in chapter 3 assumed

exactly 6 SV associated SNAREpins, and the same Ca2+ binding affinity between

Syt1 C2B and Syt7 C2A domains. The reality may also involve other SV fusion

mechanisms such as SNAREpin unclamping, zippering, and mechanical coupling,

or the Syt1 C2B ring oligomer [145]. Specific avenues for how to accommodate all

these limitations and extensions within the existing modelling framework, and their

expected consequences, were discussed in section 3.4. Crucially, the three limiting

clamping models we considered provided valuable insights into Syt regulation of SV

fusion, but they did not exhaust the modelling potential of the framework. It can be

flexibly adjusted to accommodate a wide range of different molecular configurations

and kinetic properties, and efficiently simulated under diverse [Ca2+] profiles. In

general though it is useful to remember that, while complex models might produce

novel or more realistic results, these come at the cost of greater speculation and bias

than minimalistic models.

In chapter 4, a novel model of CaV2.1 channels under the FHM1 muta-

tion S218L was constrained using the characteristic features of channel dynamics

reported from a range of experimental studies. The first valuable output of this

work was the quantitative summary of S218L CaV2.1 channels characteristics which

had not previously been collected to allow for direct comparison across several data

sources. The most prominently reported feature of the mutation is a lower threshold

of activation, and the literature review presented here demonstrated the remarkable

robustness of this shift, by around -9 mV, across a range of different cell types and

channel expression methods. Activation and deactivation characteristics were less

consistently reported however, and model fitting produced many plausible parame-

terisations distributed across a wide parameter space which equally well described

the training data. Despite this, the range of S218L responses predicted by the

best parameter combinations was comparatively well contained and showed a clear,

qualitative distinction from the WT behaviour. A better constrained model of S218L

CaV2.1 channel dynamics could certainly be achieved with the application of these

techniques to good quality electrophysiological data, ideally voltage-clamp traces

taken directly from single channels. There is also scope to expand the capabilities

of the model to account for channel inactivation and CDF, both of which appear

to be affected by the S218L mutation but cannot be studied with the existing

framework. Both of these mechanisms have previously been included in Markov

models of voltage-gated ion channels with inactivation states and Ca2+-dependent

transition rates respectively [384, 411], although seemingly not for CaV2 channels.
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Adapting the existing framework should be approached with consideration of the

channel’s biomechanics, and would require validation against experimental data.

Coupled with models of intracellular Ca2+ diffusion and buffering, and of SV

fusion, the complete simulation environment offers many possibilities for testing the

impact of the S218L mutation which have only partially been explored in this thesis.

The framework can demonstrate the mechanistic link between VGCC disruption

and changes in synaptic transmission which can only be indirectly inferred from

postsynaptic patch-clamp recordings. It is particularly valuable as an indicator

of potential regions of interest for future exploration, which is much cheaper to

deploy in the first instance than speculative experiments. The simulations of S218L

presynaptic activity in sections 4.2 and 4.3 replicated experimental observations,

and also produced testable predictions of S218L behaviour which have not previ-

ously been reported. These novel findings warrant further investigation, in the first

instance to see if the same effects can be replicated in living cells. If so, then these

results provide initial insights into how the apparent impact of the S218L mutation

varies between synapses depending on the presynaptic properties of RRP size, AP

shape, stimulus frequency, and the coupling between VGCCs and SVs. Interestingly,

all of the observations are consistent with the overall pathology of the mutation

enhancing synaptic activity leading to RRP depletion. For example, the S218L

CaV2.1 channel facilitation effect would lead to enhanced vesicular release during

low-frequency activity, above levels predicted by considering only the enhanced

response to a single stimulus from rest. Meanwhile, the enhanced facilitation of

SV fusion at large VGCC-SV coupling distances by S218L may be more noticeable

during neurodevelopment when this coupling is typically weaker. Indeed, the impact

of S218L has been shown to depend on age in animal models [392].

Mutations of the CACNA1A gene other than S218L are linked with migraine

and ataxia, although S218L has the most severe clinical phenotype with symptoms

including epileptic seizures and deep coma [360, 362–366]. The mutations target the

α1 subunit of CaV2.1 (P/Q-type) channels, however some of the emergent behaviours

are linked with neurological disorders more widely. For example, CSD, which can

result from CaV2.1 gain-of-function, is implicated in the generation of migraine aura

and worsening the impact of stroke and brain trauma [412]. Understanding how

S218L affects CaV2.1 channel dynamics has already permitted the identification of

a compound which partially reverses those changes [388], a promising step towards

the development of pharmacological treatments. The full impact of S218L and other

migraine mutations during the diverse patterns of activity experienced in physiolog-

ical conditions are not completely understood however, and can be challenging to
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reveal with experimental techniques. In this way the model presented here, and its

initial results, are valuable contributions to the ongoing investigation.

The mechanistically derived models presented in this thesis have provided

valuable insights into presynaptic dynamical systems, and they have the potential

to be further explored under different molecular configurations and patterns of neu-

ronal activity. The models also offer valuable tools for other investigations which

have not been the focus of this work. The realistic models of SV fusion could be

implemented in a range of dynamical synapse simulations. In addition to the small

hippocampal synapses considered here [88, 118], 3D presynaptic terminal models

have been designed from cells in the rat cortex and cerebellum [413], and Drosophila

lobula plate tangential cells [414]. We have also discussed how SV fusion is sensitive

to the coupling between VGCCs and docked SV sites, both in WT terminals and

in the context of the S218L mutation. In reality, VGCCs do not maintain fixed

positions in PMs as assumed in our current 3D presynaptic terminal model, and the

mobility of VGCCs in presynaptic AZs affects the regulation of SV fusion [415]. It

would be interesting to explore how introduction of VGCC mobility to the existing

framework affects vesicular release predictions in response to different patterns of

stimulation, particularly when their activation is disrupted by mutation.

Mathematical and computational modelling have had, and will continue to

have, success in revealing the nature of molecular activity at neuronal synapses. In

the near future for example we may expect that they will be crucial to determining

the precise configuration of proteins around SVs which control different modes of

synaptic transmission. Their success lies partly in their ability to overcome the barri-

ers of cost and resolution present in in vitro and in vivo studies, but modelling plays a

critical role in growing our understanding of the brain and behaviour more generally.

Models provide us with a means of accessing and understanding the incomprehen-

sibly large and highly dimensionalised data being produced in neuroscience at all

scales. This is already a daunting challenge for traditional modelling methods and

machine learning techniques have become a popular approach for inferring relation-

ships within the seemingly impenetrable datasets. A clear understanding of synaptic

action will be essential to any models looking to accurately represent activity across

biological neural networks. It may continue to be intractable to directly include

models of subcellular systems in network scale simulations, but these high-resolution

mechanistic models can inform the development of coarse-grained models which are

more efficiently implemented. Such realistic multi-scale models of activity in the

brain would represent a substantial step towards understanding and interpreting

the rules of human cognition.
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A Release Rate Calculation

Running Monte Carlo simulations of a SV fusion model yields a large collection

of fusion event times. The numerical derivative of the cumulative histogram of

these release times, normalised to the total number of simulations, approximates

the release rate per SV site in the RRP (see section 2.2.4). The histogram bin

width represents the minimum temporal resolution of the computed RR curves and

should be chosen to be small enough to capture the relevant features of the data

while large enough to smooth out stochastic variation. For example, periods of high

[Ca2+] evoke high densities of release events which are only resolved using narrow

bins. The following light-weight routine was designed to estimate the size of the

smallest RR features and propose an appropriate histogram bin width.

Release event times are gathered into ‘test’ bins of variable width but iden-

tical size, each containing S% of the total data. With an appropriate choice of S,

the width of each bin adjusts to reflect the density of the data around that time,

and so the smallest bin widths indicate the temporal scale of the smallest data

features. The average width of the narrowest A% of bins is taken and used as the

fixed bin width for the release rate histogram. In principle the variable-bin-width

‘test’ histogram could itself be used to calculate RR, however the resulting curves

are imbalanced, with highly stochastic peaks and overly averaged tails.

The values of S = 0.15% and A = 1% were chosen after testing ranges

of values and assessing the impact on RR prediction accuracy for the allosteric

(section 2.2.1 [226]) and dual-sensor (section 2.2.2 [227]) SV fusion models under

step changes in [Ca2+]. In all cases, as in the examples shown in fig. A.1 (left) for

a 16 µM step, the difference between the stochastic prediction and the differential

master equation solution had a broad minimum around these values which was

not critically sensitive to the particular choice of S or A. As proportions of the

total number of release events, S and A should be agnostic to the size of the data
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set, although at least 1,000 data points are required for bins to contain more than

a single point. A moving average with a span of 85 points was also applied to

the computed release rate curves to further limit the impact of small stochastic

variations, particularly around peaks. As with S and A, this value was based on

observations of RR prediction accuracy under step changes in [Ca2+] such as those

shown in fig. A.1 (right). This method of release rate calculation was validated for

the allosteric and dual-sensor models at a range of [Ca2+] step changes (fig. 2.3) and

in response to AP-evoked calcium transients (fig. 2.4).
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Figure A.1: Optimality of data extraction parameters for the allosteric (upper)
and dual-sensor (lower) models in response to a 16 µM [Ca2+] step. RMSE is
calculated between RR peaks predicted by solution of the differential master equa-
tions and by 105 stochastic Monte Carlo simulations, normalised to the ODE peak
estimate. (Left) Peak RR RMSE for logarithmic ranges of test bin size S and
narrow bin average A with the RR moving avg. span fixed at the final choice of
85 points. The global minima within the ranges are highlighted. (Right) Peak RR
RMSE under a range of RR moving avg. spans with S = 0.15% and A = 1%, their
final chosen values. Similar results were found for [Ca2+] steps of other magnitudes.
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[54] A. Rollenhagen and J. H. R. Lübke, “The morphology of excitatory central

synapses: From structure to function,” en, Cell Tissue Res, vol. 326, no. 2,

pp. 221–237, Nov. 2006, issn: 1432-0878. doi: 10.1007/s00441-006-0288-z

(cited on page 8).
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[212] F. Noé, “Markov Models of Molecular Kinetics,” en, in Encyclopedia of

Biophysics, Springer, Berlin, Heidelberg, 2013, pp. 1385–1394, isbn: 978-

3-642-16712-6 (cited on page 22).

[213] M. R. Blanco, A. E. Johnson-Buck, and N. G. Walter, “Hidden Markov

Modeling in Single-Molecule Biophysics,” en, Encyclopedia of Biophysics,

vol. Living Edition, 2018. doi: 10.1007/978-3-642-35943-9_493-1 (cited

on pages 22, 93).

[214] D. T. Gillespie, Markov processes: an introduction for physical scientists.

Boston: Academic Press, 1992, isbn: 978-0-12-283955-9 (cited on pages 22,

23, 25, 28, 30, 31).

[215] C. Gardiner, Stochastic Methods: A Handbook for the Natural and Social

Sciences, en, 4th ed., ser. Springer Series in Synergetics. Berlin Heidelberg:

Springer-Verlag, 2009, isbn: 978-3-540-70712-7 (cited on pages 24, 27).

[216] A. Salari, M. A. Navarro, and L. S. Milescu, “Modeling the Kinetic Mecha-

nisms of Voltage-Gated Ion Channels,” en, in Advanced Patch-Clamp Anal-

ysis for Neuroscientists, ser. Neuromethods, Humana Press, New York, NY,

2016, pp. 267–304, isbn: 978-1-4939-3409-6 978-1-4939-3411-9. doi: 10.1007/

978-1-4939-3411-9_13 (cited on pages 26, 131).

[217] F. P. Kelly, Reversibility and Stochastic Networks, ser. Probability and Math-

ematical Statistics. 1979, isbn: 0-471-27601-4 (cited on page 27).

[218] D. T. Gillespie, “A general method for numerically simulating the stochastic

time evolution of coupled chemical reactions,” en, Journal of Computational

Physics, vol. 22, no. 4, pp. 403–434, Dec. 1976, issn: 0021-9991. doi: 10.

1016/0021-9991(76)90041-3 (cited on pages 31, 32).

166

https://doi.org/10.1021/acs.biochem.6b00573
https://doi.org/10.1073/pnas.1004646108
https://doi.org/10.1007/978-3-642-35943-9_493-1
https://doi.org/10.1007/978-1-4939-3411-9_13
https://doi.org/10.1007/978-1-4939-3411-9_13
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1016/0021-9991(76)90041-3


[219] D. T. Gillespie, “Exact stochastic simulation of coupled chemical reactions,”

J. Phys. Chem., vol. 81, no. 25, pp. 2340–2361, Dec. 1977, issn: 0022-3654.

doi: 10.1021/j100540a008 (cited on page 31).

[220] D. T. Gillespie, “Approximate accelerated stochastic simulation of chemically

reacting systems,” J. Chem. Phys., vol. 115, no. 4, pp. 1716–1733, Jul. 2001,

issn: 0021-9606. doi: 10.1063/1.1378322 (cited on pages 35, 56).

[221] M. A. Gibson and J. Bruck, “Efficient Exact Stochastic Simulation of Chem-

ical Systems with Many Species and Many Channels,” en, The Journal of

Physical Chemistry A, vol. 104, no. 9, pp. 1876–1889, Mar. 2000, issn: 1089-

5639, 1520-5215. doi: 10.1021/jp993732q (cited on pages 35, 56).

[222] P. Fatt and B. Katz, “An analysis of the end-plate potential recorded with

an intra-cellular electrode,” en, The Journal of Physiology, vol. 115, no. 3,

pp. 320–370, 1951, issn: 1469-7793. doi: https://doi.org/10.1113/

jphysiol.1951.sp004675 (cited on page 36).

[223] J. d. Castillo and B. Katz, “Quantal components of the end-plate potential,”

en, The Journal of Physiology, vol. 124, no. 3, pp. 560–573, 1954, issn: 1469-

7793. doi: https://doi.org/10.1113/jphysiol.1954.sp005129 (cited on

page 36).

[224] G. J. Augustine and H. Kasai, “Bernard Katz, quantal transmitter release

and the foundations of presynaptic physiology,” J Physiol, vol. 578, no. Pt

3, pp. 623–625, Feb. 2007, issn: 0022-3751. doi: 10.1113/jphysiol.2006.

123224 (cited on page 36).

[225] F. Gabbiani and S. J. Cox, Mathematics for Neuroscientists, Second edition.

Academic Press, 2017, isbn: 978-0-12-801895-8 (cited on page 37).

[226] X. Lou, V. Scheuss, and R. Schneggenburger, “Allosteric modulation of the

presynaptic Ca2+ sensor for vesicle fusion,” en, Nature, vol. 435, no. 7041,

pp. 497–501, May 2005, issn: 1476-4687. doi: 10.1038/nature03568 (cited

on pages 37–39, 73, 74, 85, 86, 123, 125, 127, 135, 139).

[227] J. Sun, Z. P. Pang, D. Qin, A. T. Fahim, R. Adachi, and T. C. Südhof, “A
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“Action potential counting at giant mossy fiber terminals gates information

transfer in the hippocampus,” en, PNAS, vol. 115, no. 28, pp. 7434–7439, Jul.

2018, issn: 0027-8424, 1091-6490. doi: 10.1073/pnas.1720659115 (cited on

pages 37, 44, 45, 51, 53, 61, 78, 80).

[231] R. Sanft and A. Walter, “Chapter 3 - Differential equations: Model formula-

tion, nonlinear regression, and model selection,” en, in Exploring Mathemat-

ical Modeling in Biology Through Case Studies and Experimental Activities,

R. Sanft and A. Walter, Eds., Academic Press, Jan. 2020, pp. 87–146, isbn:

978-0-12-819595-6. doi: 10.1016/B978-0-12-819595-6.00009-8 (cited on

page 37).

[232] J. H. Bollmann, B. Sakmann, and J. G. G. Borst, “Calcium Sensitivity

of Glutamate Release in a Calyx-Type Terminal,” en, Science, vol. 289,

no. 5481, pp. 953–957, Aug. 2000, issn: 0036-8075, 1095-9203. doi: 10.1126/

science.289.5481.953 (cited on pages 38, 73, 135).

[233] G. C. R. Ellis-Davies, “Caged compounds: Photorelease technology for con-

trol of cellular chemistry and physiology,” Nat Methods, vol. 4, no. 8, pp. 619–

628, Aug. 2007, issn: 1548-7091. doi: 10.1038/nmeth1072 (cited on pages 39,

73).

[234] T. Bacaj, D. Wu, X. Yang, W. Morishita, P. Zhou, W. Xu, R. C. Malenka,
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a certain type,” MTA Alk. Mat. Int. Közl., vol. 3, pp. 115–128, 1954 (cited

on page 44).

[238] R. Pyke, “Markov Renewal Processes: Definitions and Preliminary Proper-

ties,” The Annals of Mathematical Statistics, vol. 32, no. 4, pp. 1231–1242,

Dec. 1961, issn: 0003-4851, 2168-8990. doi: 10.1214/aoms/1177704863

(cited on page 44).

[239] I. I. Ezhov and V. S. Korolyuk, “Semi-Markov processes and their appli-

cations,” en, Cybern Syst Anal, vol. 3, no. 5, pp. 50–56, Sep. 1967, issn:

1573-8337. doi: 10.1007/BF01071596 (cited on page 44).

[240] O. C. Ibe, Markov Processes for Stochastic Modeling, en, 2nd ed. Elsevier,

2013, isbn: 978-0-12-407795-9. doi: 10.1016/C2012-0-06106-6 (cited on

page 44).

[241] F. Grabski, Semi-Markov Processes: Applications in System Reliability and

Maintenance, en, 1st ed. Elsevier, 2015, isbn: 978-0-12-800518-7. doi: 10.

1016/C2013-0-14260-2 (cited on page 44).

[242] S. M. Ross, Introduction to Probability Models, 12th ed. Academic Press,

2019, isbn: 978-0-12-814346-9 (cited on page 44).

[243] U. Landman, E. W. Montroll, and M. F. Shlesinger, “Random walks and

generalized master equations with internal degrees of freedom — PNAS,”

English, Proceedings of the National Academy of Sciences of the United States

of America, vol. 74, no. 2, pp. 430–433, Feb. 1977. doi: https://doi.org/

10.1073/pnas.74.2.430 (cited on page 44).

[244] A. B. Kolomeisky and M. E. Fisher, “Extended kinetic models with waiting-

time distributions: Exact results,” J. Chem. Phys., vol. 113, no. 24, pp. 10 867–

10 877, Dec. 2000, issn: 0021-9606. doi: 10 . 1063 / 1 . 1326912 (cited on

page 44).

169

https://doi.org/10.1098/rspa.1955.0198
https://doi.org/10.1098/rspa.1955.0198
https://doi.org/10.1214/aoms/1177704863
https://doi.org/10.1007/BF01071596
https://doi.org/10.1016/C2012-0-06106-6
https://doi.org/10.1016/C2013-0-14260-2
https://doi.org/10.1016/C2013-0-14260-2
https://doi.org/https://doi.org/10.1073/pnas.74.2.430
https://doi.org/https://doi.org/10.1073/pnas.74.2.430
https://doi.org/10.1063/1.1326912


[245] T. Hoffmann, M. A. Porter, and R. Lambiotte, “Generalized master equa-

tions for non-Poisson dynamics on networks,” Phys. Rev. E, vol. 86, no. 4,

p. 046 102, Oct. 2012. doi: 10.1103/PhysRevE.86.046102 (cited on page 44).

[246] S. Hallermann, C. Pawlu, P. Jonas, and M. Heckmann, “A large pool of

releasable vesicles in a cortical glutamatergic synapse,” Proc Natl Acad Sci

U S A, vol. 100, no. 15, pp. 8975–8980, Jul. 2003, issn: 0027-8424. doi:

10.1073/pnas.1432836100 (cited on page 47).

[247] M. W. Jung and B. L. McNaughton, “Spatial selectivity of unit activity in

the hippocampal granular layer,” en, Hippocampus, vol. 3, no. 2, pp. 165–182,

1993, issn: 1098-1063. doi: https://doi.org/10.1002/hipo.450030209

(cited on page 47).
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[250] A. Evstratova and K. Tóth, “Information processing and synaptic plastic-

ity at hippocampal mossy fiber terminals,” English, Front. Cell. Neurosci.,

vol. 8, 2014, issn: 1662-5102. doi: 10.3389/fncel.2014.00028 (cited on

pages 47, 48).

[251] E. F. Barrett and C. F. Stevens, “The kinetics of transmitter release at the

frog neuromuscular junction,” en, The Journal of Physiology, vol. 227, no. 3,

pp. 691–708, 1972, issn: 1469-7793. doi: 10.1113/jphysiol.1972.sp010054

(cited on page 47).

[252] M. I. Daw, L. Tricoire, F. Erdelyi, G. Szabo, and C. J. McBain, “Asyn-

chronous Transmitter Release from Cholecystokinin-Containing Inhibitory

Interneurons Is Widespread and Target-Cell Independent,” en, J. Neurosci.,

vol. 29, no. 36, pp. 11 112–11 122, Sep. 2009, issn: 0270-6474, 1529-2401. doi:

10.1523/JNEUROSCI.5760-08.2009 (cited on page 47).

[253] S. Hefft and P. Jonas, “Asynchronous GABA release generates long-lasting

inhibition at a hippocampal interneuron–principal neuron synapse,” en, Na-

170

https://doi.org/10.1103/PhysRevE.86.046102
https://doi.org/10.1073/pnas.1432836100
https://doi.org/https://doi.org/10.1002/hipo.450030209
https://doi.org/10.1016/j.neuron.2013.09.046
https://doi.org/10.1038/ncomms6530
https://doi.org/10.3389/fncel.2014.00028
https://doi.org/10.1113/jphysiol.1972.sp010054
https://doi.org/10.1523/JNEUROSCI.5760-08.2009


ture Neuroscience, vol. 8, no. 10, pp. 1319–1328, Oct. 2005, issn: 1546-1726.

doi: 10.1038/nn1542 (cited on page 47).
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[304] U. V. Nägerl, D. Novo, I. Mody, and J. L. Vergara, “Binding kinetics of

calbindin-D(28k) determined by flash photolysis of caged Ca(2+),” Biophys

J, vol. 79, no. 6, pp. 3009–3018, Dec. 2000, issn: 0006-3495 (cited on pages 62,

64).

[305] V. Matveev, R. Bertram, and A. Sherman, “Residual Bound Ca2+ Can

Account for the Effects of Ca2+ Buffers on Synaptic Facilitation,” Journal

of Neurophysiology, vol. 96, no. 6, pp. 3389–3397, Dec. 2006, issn: 0022-3077.

doi: 10.1152/jn.00101.2006 (cited on page 62).

[306] I. Bucurenciu, A. Kulik, B. Schwaller, M. Frotscher, and P. Jonas, “Nan-

odomain Coupling between Ca2+ Channels and Ca2+ Sensors Promotes

Fast and Efficient Transmitter Release at a Cortical GABAergic Synapse,”

en, Neuron, vol. 57, no. 4, pp. 536–545, Feb. 2008, issn: 0896-6273. doi:

10.1016/j.neuron.2007.12.026 (cited on page 63).

[307] E. Eggermann, I. Bucurenciu, S. P. Goswami, and P. Jonas, “Nanodomain

coupling between Ca2+ channels and sensors of exocytosis at fast mam-

malian synapses,” en, Nat Rev Neurosci, vol. 13, no. 1, pp. 7–21, Jan. 2012,

issn: 1471-0048. doi: 10.1038/nrn3125 (cited on page 63).

[308] G. Bornschein and H. Schmidt, “Synaptotagmin Ca2+ Sensors and Their

Spatial Coupling to Presynaptic Cav Channels in Central Cortical Synapses,”

Frontiers in Molecular Neuroscience, vol. 11, p. 494, 2019, issn: 1662-5099.

doi: 10.3389/fnmol.2018.00494 (cited on pages 63, 130).

[309] A. Müller, M. Kukley, P. Stausberg, H. Beck, W. Müller, and D. Dietrich,

“Endogenous Ca2+ Buffer Concentration and Ca2+ Microdomains in Hip-

pocampal Neurons,” en, J. Neurosci., vol. 25, no. 3, pp. 558–565, Jan. 2005,

issn: 0270-6474, 1529-2401. doi: 10.1523/JNEUROSCI.3799-04.2005 (cited

on page 64).

[310] Z. A. McDargh, A. Polley, J. Zeng, and B. O’Shaughnessy, “Coupling of

Ca2+-triggered unclamping and membrane fusion during neurotransmitter

release,” en, Tech. Rep., Jun. 2021, p. 2021.06.16.448753. doi: 10.1101/

2021.06.16.448753 (cited on page 65).

177

https://doi.org/10.1038/nn.2746
https://doi.org/10.1152/jn.00101.2006
https://doi.org/10.1016/j.neuron.2007.12.026
https://doi.org/10.1038/nrn3125
https://doi.org/10.3389/fnmol.2018.00494
https://doi.org/10.1523/JNEUROSCI.3799-04.2005
https://doi.org/10.1101/2021.06.16.448753
https://doi.org/10.1101/2021.06.16.448753
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