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Independent electron surface hopping (IESH) is a computational algorithm for simulating the mixed quantum-
classical molecular dynamics of adsorbate atoms and molecules interacting with metal surfaces. It is capable
of modelling the nonadiabatic effects of electron-hole pair excitations on molecular dynamics. Here we present
a transparent, reliable, and efficient implementation of IESH, demonstrating its ability to predict scattering
and desorption probabilities across a variety of systems, ranging from model Hamiltonians to full dimensional
atomistic systems. We further show how the algorithm can be modified to account for the application of an
external bias potential, comparing its accuracy to results obtained using the hierarchical quantum master
equation. Our results show that IESH is a practical method for modelling coupled electron-nuclear dynamics
at metal surfaces, especially for highly energetic scattering events.

I. INTRODUCTION

When molecules interact with metal surfaces, nonadi-
abatic effects can strongly influence the dynamical re-
action outcome. These effects arise from the excita-
tion of electron-hole-pair (EHP) excitations.1,2 As a con-
sequence of their reliance on the Born–Oppenheimer
approximation, classical adiabatic molecular dynamics
methods for investigating the motion atomic and molecu-
lar adsorbates fail to accurately describe nonadiabatic ef-
fects. To go beyond the Born–Oppenheimer approxima-
tion a variety of methods have been proposed. A popular
family of methods are based on trajectory surface hop-
ping (TSH),3–13 where the molecule moves according to
one electronic state at a time, but sudden transitions be-
tween electronic states can occur during the dynamics if
states are strongly coupled. Alternative approaches in-
clude mean-field approximations to the dynamics such as
Ehrenfest dynamics14–17 or the molecular dynamics with
electronic friction (MDEF) method.18–25 In the latter,
nonadiabatic effects are captured by Langevin dynamics
with system-bath interaction defined by the coupling to
EHP excitations in the metal. MDEF is easily applied to
atomistic systems but has clear limitations. Its assump-
tion of weak nonadiabatic coupling prevents an accurate
description of charge-transfer processes.25,26

Amongst the TSH methods for dynamics at metal sur-
faces, the predominant choice is independent electron
surface hopping (IESH). First introduced by Shenvi, Roy
and Tully in 2009,4,5 IESH was used to model the scat-
tering dynamics of NO on a Au(111) surface.27 Later, the
method was revisited and augmented by the addition of
thermostats for the nuclear and electronic degrees of free-
dom, with the purpose of enhancing the rate of electronic

a)Electronic mail: r.maurer@warwick.ac.uk

relaxation.6,11 More recently, the method has been fur-
ther modified with a decoherence correction to enhance
its ability to satisfy detailed balance.13

The IESH method has been shown to qualitatively cap-
ture certain experimental phenomena, such as nonadia-
batic vibrational de-excitation during the state-to-state
scattering of NO on Au(111),4,5 though some disagree-
ments with experiment remained, which are likely due
to shortcomings of the potential energy surfaces (PESs)
used for the simulations.25,28,29 So far, application of
IESH to realistic atomistic systems has remained lim-
ited to scattering of NO on Au(111), likely due to the
difficulty of obtaining the excited state PESs necessary
to parametrize the model Hamiltonian, although recently
there has been progress in this direction.30 The increas-
ing popularity of machine learning techniques may prove
beneficial in this area, similar to recent progress acceler-
ating MDEF simulations.31,32

In this article, we present a reliable and efficient imple-
mentation of IESH, available in the recently-announced
open-source NQCDynamics.jl package,33 and demon-
strate its application to a variety of systems. We provide
a detailed description of the implementation and present
solutions to challenges encountered along the way. These
include optimization of the algorithm for computational
efficiency, modelling the application of an external bias
potential, and initialization of the electronic subsystem
in a given diabatic state. In addition to the previously
explored NO on Au(111) Hamiltonian model proposed by
Roy, Shenvi and Tully5,27 and double-well electron trans-
fer models,11 we employ IESH to describe a 1D molecu-
lar desorption model, for which benchmark results based
on the hierarchical quantum master equation method
(HQME) exist.34 Further, we extend the same model to
explore inelastic energy loss during scattering and com-
pare the outcomes of IESH and MDEF. By including
a variety of models, both low-dimensional and atomistic,
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we highlight the transferability and robustness of our im-
plementation.

We present an open-source implementation of the
IESH algorithm that is transferable across different sys-
tems. This is facilitated by the NQCModels.jl framework
previously introduced as part of NQCDynamics.jl.33 Al-
though a number of popular software solutions exist for
TSH methods,35–37 these do not currently treat metallic
systems using IESH. When benchmarking IESH with one
dimensional models, it has been previously compared to
Marcus theory11,13 but not a numerically exact method
such as the HQME.38 Our efforts take a step to rectify
this shortcoming by comparing to the benchmark data
presented in Ref. 34.

The remainder of the article is structured as fol-
lows. In Sec. II, the IESH method and the Newns–
Anderson Hamiltonian used to represent the coupled
electron-nuclear system are introduced. Here we discuss
the specifics of the implementation and its adaptation to
achieve the best possible results. In Secs. III A and III B
we apply the IESH method to two previously explored
models and demonstrate our ability to reproduce previ-
ous work. Secs. III C and III D use the model of Erpen-
beck et al. 34 to benchmark the performance of IESH for
desorption and scattering processes. For the former, we
compare to the HQME and for the latter, MDEF. We
conclude in Sec. IV, and discuss avenues for future devel-
opment to enhance the utility of IESH for the description
of nonadiabatic dynamics in condensed phase systems.

II. THEORY

A. Newns-Anderson Hamiltonian

Before introducing the IESH method, it is useful to
first review the Newns–Anderson (NA) Hamiltonian39,40

(sometimes called Anderson–Holstein Hamiltonian41).
This model forms the starting point for the IESH method,
and the system under investigation must be mapped into
the NA form before IESH can be applied.

The NA Hamiltonian ĤNA contains a molecule with
a single electronic state coupled to a bath of electronic
states, and can be written as

ĤNA(x̂, p̂) =
p̂2

2m
+ U0(x̂) + Ĥel(x̂), (1)

where the electronic Hamiltonian is

Ĥel(x̂) = h(x̂)d̂†d̂+

∫ b

a

dε εĉ†ε ĉε+

∫ b

a

dε V (ε; x̂)(d̂†ĉε+ĉ
†
ε d̂).

(2)
For simplicity, all equations are presented for a single
nuclear degree of freedom x̂ with conjugate momentum
p̂ and mass m. A circumflex is given to the variables
that represent quantum mechanical operators. The state-
independent PES is given by U0(x̂). Inside the electronic

Hamiltonian Ĥel, d̂
†(d̂) are the creation (annihilation) op-

erators for an electron in the molecular state and ĉ†ε(ĉε)
are the creation (annihilation) operators for an electron
in the metal with energy ε. When the molecular state
is occupied, h(x̂) = U1(x̂) − U0(x̂) is added as a further
contribution to the system potential energy. The second
term in Eq. 2 describes a band of non-interacting elec-
trons that models the metallic continuum. The range of
energies is defined by the band edges a and b. The final
term facilitates the coupling between the molecular state
and the metal where the magnitude of the coupling is
determined by the function V (ε; x̂). The hybridization
function that characterizes the molecule-metal coupling
is42

Γ(ε; x̂) = 2π

∫ b

a

dε′|V (ε′; x̂)|2δ(ε− ε′) = 2π|V (ε; x̂)|2.

(3)
However, for each of the models investigated in this arti-
cle, the hybridization function is always independent of
energy such that Γ(ε; x̂)→ Γ(x̂) and V (ε; x̂)→ V (x̂).

To consider electronic transitions between a manage-
able finite number of states in surface hopping, it is neces-
sary to discretize the continuum of electronic states.42,43

Usually, this is done by using a trapezoid rule to gen-
erate evenly spaced states,11 or Gaussian quadrature to
generate a set of states that are unevenly distributed.4

The latter method has the advantage of increasing the
number of states at the Fermi level, which might lead to
faster convergence with respect to the number of states
for some methods, including IESH.

Upon discretization, the bath and coupling undergo
the following transformations:∫ b

a

dε εĉ†ε ĉε →
N∑
k=1

εk ĉ
†
k ĉk (4)

∫ b

a

dε V (ε; x̂)(d̂†ĉε + ĉ†ε d̂)→
N∑
k=1

Vk(x̂)(d̂†ĉk + ĉ†kd̂), (5)

where the integrals have been replaced by sums and the
set of {εk} span the width of the band (from a to b).
The specific values for εk and Vk depend upon the choice
of discretization strategy where N is the total number
of states. The reader is referred to Appendix A for
a description of the two most popular discretizations.
Throughout Sec. III we use both discretization methods
and determine which one is most effective. Upon dis-
cretization, the hybridization function in Eq. 3 becomes

Γ(ε; x̂) = 2π

N∑
k=1

|V (ε; x̂)|2δ(ε− εk). (6)

Using the transformations in Eqs. 4 and 5 the elec-
tronic Hamiltonian becomes

ĤN
el (x̂) = h(x̂)d̂†d̂+

N∑
k=1

εk ĉ
†
k ĉk +

N∑
k=1

Vk(x̂)(d̂†ĉk + ĉ†kd̂).

(7)
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Combined with Eq. 1, Eq. 7 provides the Hamiltonian
foundation for IESH.

B. Independent electron surface hopping

The IESH method is based upon an extension of tradi-
tional fewest-switches surface hopping3 to a metal system
with many electrons. Due to the assumption of indepen-
dent electrons, it is possible to dramatically reduce the
complexity of the many-electron Hamiltonian. In IESH,
the nuclei follow the equations of motion generated by
the time-dependent classical Hamiltonian

HIESH(x, p, t) =
p2

2m
+ U0(x) +

∑
k∈s(t)

λk(x). (8)

Note that the nuclear variables no longer have a circum-
flex as the quantum nuclei are being approximated by
classical particles. The potential energy consists of two
components: the state-independent contribution U0(x),
and the energy of each occupied single-electron state
λk(x). In the electronic Hamiltonian (Eq. 7) the electrons
are non-interacting, so the eigenvalues {λk(x)} of the cor-
responding single-electron Hamiltonian can be used to
obtain the total energy. The time-dependence is intro-
duced by the occupation vector s(t) that contains the
indices of the occupied states at time t, constraining the
summation such that the energy receives contributions
from only occupied states.

Alongside the classical nuclear dynamics generated by
Eq. 8, the wave function of each electron is propagated
by the single-electron Hamiltonian

Ĥ1
el(x) = h(x) |d〉〈d|+

N∑
k=1

εk |k〉〈k|+
N∑
k=1

Vk(x)(|k〉〈d|+|d〉〈k|),

(9)
where |k〉 and |d〉 correspond to the single electron states

acted upon by the operators ĉk and d̂, respectively. In the
adiabatic basis, the time-dependent Schrödinger equation
for each electron becomes

ih̄ċk = λk(x)ck − ih̄
∑
j

p

m
djk(x)cj , (10)

where {ck} are the complex expansion coefficients for
each electron and djk is the nonadiabatic coupling be-
tween adiabatic states k and j, given by

djk(x) =

(
Q†(x)

∂Ĥ1
el

∂x Q(x)
)
jk

λj − λk
, (11)

where Q(x) is the transformation matrix that converts
from the diabatic to the adiabatic representation, con-
taining the eigenvectors of Ĥ1

el.
Eqs. 8 and 10 describe the motion of the nuclear and

electronic subsystems. The coupling between the subsys-
tems is facilitated by surface hopping, where s(t) changes

due to the electronic dynamics, leading to a change in
the PES in Eq. 8. In IESH only single electron hops may
occur during each time step ∆t, equivalent to changing
one element of s(t). To determine whether a hop should
occur, the probability for each electron to hop to each
unoccupied state is calculated. For an electron occupy-
ing state k, the probability to hop to state j during each
time step is given by

gk→j = max

(
Bjk∆t

Akk
, 0

)
, (12)

with

Bjk = −2Re(A∗kj)
p

m
djk. (13)

Eqs. 12 and 13 are equivalent to their original fewest-
switches counterparts.3 The key difference lies in the eval-
uation of the matrix elements Akj and Akk of the full
electronic density matrix |ψ〉〈ψ|,

Akj = 〈k|ψ〉 〈ψ|j〉 , (14)

where each inner product is calculated from the deter-
minant of the overlap matrix S between the discrete
electronic occupation vector and the single electron wave
functions:

〈k|ψ〉 = det(S), (15)

with the elements of the overlap matrix given by

Sij = c
(j)
ki
, (16)

where ki is the state occupied by electron i in the occu-
pation vector k, and c(j) is the vector of wavefunction
coefficients for electron j.

After the hopping probabilities have been calculated,
the algorithm proceeds exactly as in the standard fewest-
switches algorithm.3,4 A possible hop is selected by sam-
pling the hopping probabilities, comparing to a uniform
random number between 0 and 1. If a hop is selected
the velocity is rescaled in the direction of the nonadia-
batic coupling to ensure the total energy is conserved.
If there is sufficient kinetic energy to successfully rescale
the velocity, then the hop proceeds and the state vector
s(t + ∆t) is modified. In the case of insufficient kinetic
energy, the hop is rejected and the state remains un-
changed.

Before proceeding to present our implementation, it is
useful to discuss the electronic chemical potential in the
context of IESH. This will become particularly relevant
in the simulations featured in Sec. III C. In IESH, the
number of electrons is chosen such that the lowest energy
configuration fills all the states up to the desired chemical
potential. This allows us to explicitly specify the chem-
ical potential of the metal in our system. In previous
work, the chemical potential has always been set equal
to 0,4–6,11 though the number of electrons can be easily
modified to change the chemical potential. However, it is
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important to consider that the Gaussian quadrature dis-
cretization method was designed to increase the density
of states at the Fermi level to improve the convergence
of IESH. By modifying the chemical potential, the re-
gion containing more finely spaced electronic states no
longer aligns with the Fermi level of the metal and more
states may be needed to converge the simulation. To
regain the benefits of the Gaussian quadrature method,
the discretization can be modified to ensure the region
of highest density remains close to the Fermi level. For
simulations in the wide band limit, where the band edges
are treated as a convergence parameter, it is possible to
shift the entire band to ensure the center of the band
aligns with the Fermi level. Where the band width is
physically motivated, such as in the choice of 7 eV for
Au,4 it is instead necessary to modify the limits of the
integrals in Eq. A3.

C. Implementation details

We have implemented the IESH algorithm in the
open-source software package NQCDynamics.jl.33 Since
IESH demonstrates algorithmic similarity with other
TSH methods, for example like fewest-switches surface
hopping it also requires velocity rescaling upon a suc-
cessful hop, it has been implemented by reusing and ex-
tending the existing TSH functionality. The algorithm
proceeds via numerical integration of the coupled differ-
ential equations of motion for the nuclear and electronic
subsystems, along with execution of a callback function
at every time step that performs the surface hopping pro-
cedure.

The dynamics are propagated using the DifferentialE-
quations.jl software suite44 where it is possible to choose
from a variety of solvers for general differential equations.
However, for IESH we were able to achieve better perfor-
mance by implementing a custom integration algorithm,
specifically tailored to the structure of the IESH equa-
tions of motion. We implement the integration using the
velocity Verlet algorithm45 for the nuclei, coupled to a
linear exponential integrator for the Schrödinger equa-
tion.

Our implementation of the electronic integrator is as
follows. First, Eq. 10 is rewritten in matrix form as

ih̄ċ = Ac, (17)

with

Ajk =

{
λj j = k

−ih̄ p
mdjk(x) j 6= k

. (18)

The solution is given by

c(t+ ∆t) = exp

(
− i
h̄
A∆t

)
c(t), (19)

which is exact for any ∆t when the nuclei are frozen. Ap-
plication of Eq. 19 requires that the matrix exponential

be computed. Given that A is hermitian, this can be
done efficiently via diagonalization D = P†AP so that
Eq. 19 becomes

c(t+ ∆t) = P exp

(
− i
h̄
D∆t

)
P†c(t). (20)

The advantage of Eq. 20 over Eq. 19 is that it can use
highly optimized BLAS and LAPACK routines to per-
form the matrix multiplication and eigendecomposition
steps.

Although the exponential algorithm achieves the ex-
act solution only when the nuclei are frozen, such that
A is time-independent, it can be expected to perform
well when the nonadiabatic coupling changes only a small
amount during each time step. To circumvent this lim-
itation, it is possible to use a smaller time step for the
electronic integrator, where the nonadiabatic couplings,
velocities and eigenvalues are interpolated between nu-
clear time steps. Interpolation techniques of this vari-
ety are popular in many TSH software packages.36,46 For
IESH, the same technique can be applied. However, the
size of the nuclear time step in IESH should be curtailed
by the magnitude of the hopping probabilities. As noted
previously,4 care must be taken to ensure that the prob-
ability during each individual step remains small, other-
wise multiple hops per time step would be required to
recover the correct electronic dynamics. We found that
the hopping limitation on the nuclear time step became
dominant well before the quality of the electronic inte-
gration begins to degrade. For IESH dynamics to benefit
from sub-stepping for the electronic integration, it would
first be necessary to modify the hopping scheme to allow
for larger nuclear time steps.

The IESH algorithm experiences unfavorable scaling
with the number of electronic states included in the
Hamiltonian. In the case of M electronic states and
M/2 electrons, it is necessary to solve M/2 sets of M
equations, each of which is coupled to the motion of the
nuclei. Further, to calculate the hopping probabilities,
the determinant of the overlap matrix S must be com-
puted for all possible hops, of which there are O(M2).
Combined, each of these components can become over-
whelming, limiting the maximum number of states that
can be used in the simulation. This limitation is visi-
ble in previous work, where the number of states used
has rarely exceeded 100 and the number of trajectories
is similarly restricted, even for analytic models.4,41

One could argue that the performance limitations of
IESH are secondary compared to the cost of obtaining
the necessary electronic quantities using ab initio meth-
ods. However, the advent of machine learning methods
in quantum chemistry has significantly enhanced the pos-
sibilities for performing efficient energy and force evalu-
ations for high-dimensional systems,47,48 and it is likely
that the computational complexity of the IESH algorithm
can become prohibitive when the electronic evaluations
become sufficiently fast. A strategy that we have imple-
mented to improve the performance is based upon min-
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imizing the number of determinants evaluated at each
step.

The probability that any single hop will occur is given
by

Pmax =
∑
j

gk→j (21)

where the summation gives the cumulative probability of
each electron hopping to all unoccupied states j. If Pmax

is less than the generated random number, a hop cannot
occur. An upper bound for Pmax is given by

P est
max =

−2∆t

Akk
(|Re 〈k|ψ〉|+ |Im 〈k|ψ〉|)

∑
j

∣∣∣ p
m
djk

∣∣∣ (22)

which can be obtained by assuming |〈j|ψ〉|2 = 1 for all
configurations j, without the expensive calculation of all
〈j|ψ〉 elements. By using the upper bound P est

max to re-
ject hops in regions where the nonadiabatic couplings
are small there can be significant performance improve-
ments.

To evaluate the efficiency of our implementation, we
have compared the time taken to run IESH simulations
in a double well potential as described in Table 1 of
Ref. 11. Although we are not able to run our simula-
tions on the same hardware, by comparing to the perfor-
mance reported by Miao et al.11 we obtain an approxi-
mate performance estimate. Our results were obtained
using Intel Xeon Gold 6248R 3.0 GHz processors, Julia
version 1.8.0, MKL 2022.2, and OpenBLAS 0.3.20. Fig. 1
shows the elapsed real time to run simulations described
in Sec. III B. With the caveat that the simulation hard-
ware is not the same, it appears that our implementation
significantly outperforms the previously published result.
This trend is seen for both few and many bath states.

The necessity of the hopping estimate procedure is
clearly shown by the significant performance improve-
ments in Fig. 1. For M = 40, we observe a fivefold re-
duction in runtime (height of error bars compared against
blue and red bars), and greater than a tenfold reduction
for M = 80. For M = 200 the performance improvement
is so great that a single trajectory without the hopping
estimate does not finish within the walltime limit of 24
hours. This result leads us to suspect that the imple-
mentation of Ref. 11 likely also includes a procedure to
mitigate the poor scaling of the hopping probability cal-
culations.

Furthermore, we note that the choice of BLAS and LA-
PACK provider can have significant effects on the simula-
tion time. Comparing MKL and OpenBLAS, we observe
that MKL consistently achieves better performance, al-
beit possibly CPU architecture dependent. Given that
we have used an Intel CPU, this result may not be sur-
prising. The superior performance of MKL over Open-
BLAS has also been observed previously in the quan-
tum chemistry package Fermi.jl.49 The multithreading
behaviour also matches expectation. When M = 40,
increasing the number of threads does not improve the
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FIG. 1. IESH performance of our implementation compared
to the implementation used by Miao, Ouyang, and Subot-
nik 11 . Table 1 of Ref. 11 provides the reference timings to
which we compare. For our results, the value of each bar is
the minimum time to run a single trajectory from a sample
of five trajectories. The error bars show the result when the
hopping estimate in Eq. 22 is switched off. Results are pre-
sented for different choices of BLAS and LAPACK backends,
comparing single-threaded and multi-threaded performance.
For each backend, we used 1, 4 and 8 threads as labelled un-
derneath each bar. The simulations are the same as those
described in Sec. III B, modified with the parameters shown
above each chart, where M is the number of bath states, and
T is the total number of time steps (∆t = 10).

performance for either MKL or OpenBLAS. This is likely
because the matrices are not sufficiently large and the
threading overhead dominates. However, on increasing to
M = 80 and M = 200, the higher thread counts for MKL
lead to a moderate speedup. These results highlight the
importance of optimizing the computational parameters
for the particular system of interest.

III. RESULTS AND DISCUSSION

A. Vibrational energy dissipation of NO on Au(111)

Since the introduction of IESH, it has mostly been
applied4–6,28 to an analytic NO on Au(111) model Hamil-
tonian parametrized against DFT data.27 Although it has
been shown that the model is incapable of describing ex-
perimental vibrational relaxation probabilities28 as it was
too soft allowing too facile energy transfer from transla-
tion to other degrees of freedom,29 it remains a useful
model to demonstrate the ability of our implementation
to treat atomistic systems. In this section, we examine
the vibrational relaxation of an NO molecule bound to
the Au(111) surface above the HCP site.

As described previously,4 the parameters of the orig-
inal two-state model27 must be modified such that the
discretized NA Hamiltonian recovers the original ground
state of the ab initio calculations. This will be required
for any parametrization that is based on an initial dia-
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TABLE I. Parameters for the two state diabatic Hamiltonian
used to assemble the NO/Au(111) Newns-Anderson Hamilto-
nian. The functions that use these parameters are presented
in Ref.27. The values that we present are taken from the For-
tran implementation28 where the parameters have been re-
fitted to ensure the Newns-Anderson Hamiltonian preserves
the original ground state PES. The only two parameters that
differ significantly from their original values are A2 and B2.
Each value is shown to a precision of five significant figures.

A0 457 000.05 kJ mol−1 α0 3.7526 Å
−1

A1 457 000.05 kJ mol−1 α1 3.7526 Å
−1

A2 16.749 kJ mol−1 β0 2.9728 Å
−1

A3 0.006 171 5 1 β1 1.9101 Å
−1

B0 30 789 kJ mol−1 γ0 2.7430 Å
−1

B1 23.860 kJ mol−1 γ1 2.4709 Å
−1

B2 70.526 kJ mol−1 γ2 1.3535 Å
−1

B3 0.004 700 2 1 γ3 1.9598 Å
−1

C 1.2558 Å rN-O
0 1.1508 Å

D 347.22 kJ mol−1 Å rN−O
1 1.2929 Å

Ea −0.675 40 kJ mol−1 rAu-N
1 2.3896 Å

F0 638.50 kJ mol−1 zimage 1.1536 Å
F1 495.98 kJ mol−1 φ 511.37 kJ mol−1

batic two-state model featuring a neutral molecular dia-
bat and a charged excited-state diabat. In Appendix B
we provide a description of this modification procedure
for a general two state ab initio system. However, to
avoid reimplementing the analytic model and refitting
the parameters, we were provided access to the Fortran
implementation of the model developed by Roy et al.,27

which we couple to our code to directly access the ener-
gies and gradients using Julia’s language interoperability
features.50 For our simulations we retain the full set of
refitted parameters present in the Fortran program, pro-
vided in Table I. For this model, the only parameters that
have changed significantly from their two-state values27

are those that determine the magnitude of the coupling
terms: A2 and B2. To use the coupling values in the dis-
cretized expressions given in Appendix A, both A2 and
B2 are additionally multiplied by ∆E−

1
2 , where ∆E is

the bandwidth of 7 eV. Note that this transformation
converts the units of the coupling element to (energy)

1
2 ,

which upon insertion into the discretized expressions re-
covers the correct unit of energy. This modification is
essential to ensure that the NA Hamiltonian preserves
the original ground state PES.

Each trajectory begins with identical initial conditions.
The NO molecule is positioned vertically above the HCP
site with the N atom 1.736 Å above the surface, where the
bond length is taken to be the equilibrium gas phase bond
length of 1.151 Å. The molecule begins in an excited vi-
brational state (νi = 2) with the kinetic component of
the vibrational energy equal to 0.58 eV. The tempera-
ture of the system is set to 0 K, such that the Au(111)
surface takes its minimum energy configuration and the
electronic occupations are initialised with a ground-state
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FIG. 2. The vibrational relaxation as a function of time for
the NO molecule bound to the Au(111) surface. Alongside
the results obtained using our NQCDynamics.jl implementa-
tion (circles) we show the results obtained using the Fortran
program of Ref. 28 (triangles). The color of the symbols de-
notes the number of metal states labelled in the color bar.
The black symbols show the result obtained when performing
classical adiabatic dynamics with 40 states. A schematic of
the atomistic system used for the simulations is shown in the
bottom left corner.

Fermi-Dirac distribution. The Au(111) surface consists
of 528 atoms arranged into 4 layers (11×12×4), with the
bottom layer frozen throughout the dynamics. The band
width of the metallic bath is 7 eV and we discretize the
continuum using the Gauss-Legendre method described
in Appendix A. The number of electrons is always equal
to half the total number of metal states. We perform 1000
trajectories with a timestep of 0.1 fs and during each tra-
jectory the vibrational kinetic energy of the NO molecule
is recorded. After averaging the kinetic energy profiles
obtained from each trajectory, we identify the maximum
vibrational kinetic energy during each period and display
the result in Fig. 2.

Initially, the NO on Au(111) simulations were per-
formed to reproduce Fig. 5 of Shenvi, Roy, and Tully 4 .
The non-monotonic convergence pattern observed, along
with the shape of the relaxation profile, closely matches
the original publication but closer inspection reveals that
our implementation consistently overestimates the rate of
relaxation. To further investigate this discrepancy, we re-
peated the simulations with the Fortran program used in
Ref. 28. The close agreement between these two attempts
can be seen in Fig. 2 and further supports the correctness
of our implementation. The origin of the discrepancy be-
tween our simulations and the previous results remains
unclear, perhaps caused by minor differences in initial
conditions. However, we can be confident that our im-
plementation is correct by demonstrating agreement with
the Fortran implementation.
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B. Electronic relaxation in a double-well

In addition to the NO on Au(111) model of Sec. III A,
IESH has been previously applied to a 1D Newns-
Anderson Hamiltonian with double-well diabatic sur-
faces. This model is useful for modelling electron transfer
for which Marcus theory can be used to provide reference
results.11 In this section our implementation is further
verified by reproducing the zero temperature IESH re-
sults of Fig. 5c and 5d in Ref. 11. These simulations
investigate the relaxation of a thermally-excited distri-
bution back to equilibrium, determining how effectively
IESH is able to describe the correct long- and short-time
dynamics.

For the double-well model, the two diabatic surfaces
are given by

U0(x) =
1

2
mω2x2, (23)

U1(x) =
1

2
mω2(x− g)2 + ∆G, (24)

with m = 2000, ω = 2× 10−4, g = 20.6097 and
∆G = −3.8× 10−3. The negative sign of ∆G means that
the equilibrium distribution favors population of the U1

state. All parameters for this model are given in atomic
units. For each trajectory, the initial nuclear degrees of
freedom are sampled from the Boltzmann thermal equi-
librium distribution of the neutral U0 state:

ρ(x, p) =
βω

2π
exp

[
−β
(
mω2

2
x2 +

p2

2m

)]
. (25)

To facilitate the non-equilibrium relaxation, the system
is prepared at the elevated temperature of 5kT , such that
β = 1/5kT , with the equilibrium thermal energy kT =
9.5× 10−4. Consistent with previous work,11 we choose
Γ = 6.4× 10−3, the number of bath states as 40, and
the bath band width as 10Γ. The results are averaged
over 1000 trajectories with a time step of 100. The hole-
impurity population is calculated as 1− Pd, where Pd is
the diabatic population of the impurity state calculated
using the method of Ref. 13.

Fig. 3 shows the time evolution of the hole-impurity
population and kinetic energy of the particle in the
double-well Hamiltonian. Our simulations have been per-
formed using both discretization methods, though the
reference data11 uses only the evenly spaced trapezoid
method. As such, it is expected that the trapezoid result
and reference should match exactly.

The short time behavior shown in the insets of Fig. 3
display excellent agreement, regardless of discretization
method. Similarly, the long-time kinetic energy results
closely align. The only discrepancy lies in the long-time
population dynamics, where our trapezoid result slightly
overestimates the hole-impurity and the Gauss–Legendre
underestimates compared to the IESH reference result.

Included within Fig. 3 are the Marcus theory long-
time limits11 of each quantity. With these in mind, it
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FIG. 3. The hole-impurity population (top) and kinetic
energy (bottom) during IESH simulations of the double-well
model with the nuclear subsystem prepared at a temperature
of 5kT . The inset panels show the short time behavior of
the same quantities. Results are shown for both discretiza-
tion methods. The reference data is the IESH (zero T ) data
taken from the second column of Fig. 5 in Ref. 11. Our plot is
formatted similarly such that comparison can be made with
the other methods presented in Ref. 11. The dashed hori-
zontal lines show the long-time limits for the Marcus theory
hole-impurity population and the classical equilibrium kinetic
energy.11

appears that IESH can perform better when using the
Gauss–Legendre method. Our results are able to reaf-
firm the conclusions presented in Ref. 11 regarding the
shortcoming of IESH with respect to predicting the long-
time relaxation process. However, it appears that an
enhancement of the relaxation is observed by changing
the discretization method. With sufficiently many states
in the bath, both discretization methods are expected to
recover the same result. The disagreement here suggests
that the trapezoid result is not converged with only 40
states. This observation highlights the difficulty of ob-
taining robust and converged results using IESH.

C. Molecular desorption in one dimension

A model for single-molecule junctions has been previ-
ously investigated by Erpenbeck et al.34,51,52, involving
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FIG. 4. The diabatic adsorbate states and coupling given by
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NA model used to propagate the nuclei in IESH (bottom).
For both, Γ = 1 eV. The discretization used to produce the
bottom panel is the Gauss-Legendre method using 100 states,
50 electrons, and a band width of 32 eV. A reduced sample
of all possible states is shown. The lines are colored based on
the energy of each state.

a coupling of electronic leads to a molecular subsystem.
When using a single lead, the same model can be used to
represent an atom or molecule interacting with a metal
surface as in the NA Hamiltonian of Sec. II A. We are
interested in modelling the initially neutral molecule lo-
cated in the minimum of U0, then probing the desorption
dynamics of the molecule to assess how quickly it desorbs
and the probability with which it desorbs in the long-time
limit.

The model is shown in Fig. 4, displaying the two di-
abatic PESs, the molecule-metal coupling, and possible
adiabatic surfaces that appear in Eq. 8. The desorption
dynamics are governed by the population transfer from
the neutral binding potential to the charged repulsive
state. In the adiabatic picture, a barrier to desorption
exists, but can be overcome via electronic excitation to
higher energy states with reduced barriers.

The potential for the neutral molecule is a Morse po-
tential

U0(x) = De

(
e−a(x−x0) − 1

)2
+ c, (26)

but, when charged, the potential becomes repulsive

U1(x) = D1e
−2a′(x−x0) −D2e

−a′(x−x0) + V∞. (27)

The coupling between the molecule and surface is

Vk(x) = V̄k

(
1− q

2

[
1− tanh

(
x− x̃
ã

)
+ q

])
. (28)

TABLE II. Parameters for the desorption model defined in
Eqs. 26–28.

De 3.52 eV x0 1.78 Å a 1.7361 Å
−1

D1 4.52 eV D2 0.79 eV a′ 1.379 Å
−1

V∞ −1.5 eV q 0.05 1 ã 0.5 Å
x̃ 3.5 Å m 10.54 u c −45.7 meV

Parameters for Eqs. 26–28 are provided in Table II. The
magnitude of the coupling V̄k =

√
Γ/2π varies for each

set of results.

The vibronic model has been used with two different
values for the nuclear mass: 1 u and 10.54 u, at a tem-
perature of 300 K.34,51 Using the harmonic frequency of

the ground state potential ω =
√

∂2U0(x)
∂x2 /m, the relative

magnitude of h̄ω and kT can be compared to estimate
the validity of a classical approximation for the nuclear
motion. When kT > h̄ω the model is in the regime of
classical nuclear motion, but for the parameters previ-
ously investigated kT/h̄ω has the value of 0.0868 (1 u)
and 0.281 (10.54 u). In both cases, the nuclear motion is
expected to require a quantum description, however, for
the larger mass a classical description is more likely to
be valid. Since we are presently interested in the perfor-
mance of the IESH algorithm for treating nonadiabatic
effects in the classical nuclear regime, we will adopt the
parametrization with the increased mass of 10.54 u. As
quantum nuclear effects may still play a role in this case,
some level of caution is advised when comparing with
HQME results.

To investigate the desorption probabilities for the vi-
bronic model of Erpenbeck et al. 34 using IESH we first
initialize the nuclear degrees of freedom by sampling the
thermal equilibrium distribution of the neutral potential
U0(x) (see Eq. 26). As in previous work,34 we sample
the Wigner distribution corresponding to the harmonic
approximation to U0(x),

ρ(x, p) =
βω

2πQ(β, ω)

× exp

[
− β

Q(β, ω)

(
mω2

2
(x− x0)2 +

p2

2m

)]
, (29)

where Q(β, ω) = βh̄ω/(2 tanh(βh̄ω/2)) is the quantum
correction to the classical Boltzmann distribution.53 At
300 K with the selected mass of 10.54 u, Q(β, ω) ≈ 1.9
suggesting the Wigner distribution moderately deviates
from the Boltzmann distribution under these conditions.

The electronic degrees of freedom are initialized con-
sistent with a 300 K Fermi–Dirac distribution. In all of
our simulations, the number of electrons is equal to half
the total number of metal states. The wavefunction co-
efficients for each electron are initialized to match the
discrete populations.
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FIG. 5. The long-time desorption probability for the vibronic
model as a function of the band width with Γ = 1 eV. Results
are shown for the two discretization methods introduced in
Sec. II A. For each discretization method, 100 (dotted), 200
(dashed) and 400 (solid) metal states have been used. The
dashed horizontal line displays the result obtained in Ref. 34.

The total desorption probability is given by34

Ptotal(t) =
1

N

N∑
i=1

θ(xi(t)− xthreshold) (30)

where θ is the Heaviside step function and xi(t) is the po-
sition throughout the trajectory. As implied by the step
function, each trajectory is counted as desorbed when
it exceeds xthreshold, with xthreshold = 5 Å as defined in
Ref. 34.

It has been established that converging IESH sim-
ulations, particularly in the wideband limit can be
challenging.11 To reach the wideband limit, the band
width must be much larger than the metal-molecule cou-
pling Γ and, for IESH to probe the electron transfer be-
tween molecule and metal, the spacing between the states
at the Fermi level must be small compared to Γ. In com-
bination, these requirements demand an increase of both
the band width and the number of states in order to reach
convergence. Before proceeding to an in-depth analysis
of the performance of IESH for this model, it is useful to
first investigate the convergence behavior with respect to
the number of states and band width.

Fig. 5 shows the long-time desorption probabilities ob-
tained when Γ = 1 eV. For small band widths (4 eV
to 16 eV) both discretization methods display equiv-
alent convergence behavior, however, for larger band
widths (32 eV to 256 eV) the Gauss–Legendre method ap-
proaches the converged result and the trapezoid method
falls away, underestimating the desorption probability.
This effect becomes more pronounced when using fewer
states. The Gauss–Legendre method shows minimal de-
pendence on the number of states we have investigated,
but the trapezoid method fails to reach convergence even
with 400 states. Clearly, for this choice of Γ, the Gauss–
Legendre discretization method outperforms the simpler
trapezoid method. In subsequent simulations we have
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FIG. 6. Desorption probability as a function of time for the
1D model of Erpenbeck et al. 34 . The solid lines show the
result of the IESH simulations, the dashed lines are the results
taken from Ref. 34 using the HQME method in combination
with Ehrenfest for the nuclear degrees of freedom. From top
to bottom, each panel has increasing molecule-metal coupling
Γ as labelled. Results obtained using the CME method are
shown for the two smallest values of Γ using dotted lines. Each
line corresponds to increasing chemical potential as indicated
in the color bar.

used the converged settings of 100 states and a band
width of 64 eV with the Gauss–Legendre discretization.
We have additionally checked the convergence for differ-
ent values of Γ and observe that the chosen settings are
valid for all relevant values of Γ.

Having established convergence, we can now proceed
to investigate the full desorption dynamics. Fig. 6 dis-
plays the desorption probablity as a function of time
for different values of Γ and chemical potential. Along-
side our IESH results, we have also included the mixed-
quantum classical HQME results of Erpenbeck et al. 34

for reference. The HQME method employs a numeri-
cally exact treatment of the electronic subsystem, treat-
ing the system-bath interaction as an open quantum sys-
tem. However, using the Ehrenfest approach to model
the electron-nuclear coupling is an approximation that
fails to describe some physical effects such as Joule
heating.54,55 Despite this approximation, the exact treat-
ment of the system-bath coupling should lead to a more
accurate description of the desorption process. As such,
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FIG. 7. The long-time desorption probabilities as a function
of molecule-metal coupling for increasing chemical potentials
shown in the color bar. The data points in this figure corre-
spond directly to the 200 fs probabilities in Fig. 6. Additional
intermediate values for Γ were added to better characterise
the desorption profile. The reference data from Ref. 34 is
shown with triangles and dashed lines, the IESH results are
shown with circles and solid lines.

we deem IESH to be performing well when it closely
matches the reference result. However, when Γ is small,
Ehrenfest becomes a less reliable reference. To provide a
better benchmark in this regime, we use the classical mas-
ter equation (CME) method,9 another variant of surface
hopping, that performs well when Γ is small. However,
we also note that CME assumes the Condon approxima-
tion, where Γ is independent of position. Figs. 7 and 8
display the long-time probabilities extracted from Fig. 6
to highlight the trends as a function of Γ and chemical
potential. A comprehensive discussion of the physical
phenomena demonstrated by this model has been pro-
vided previously by Erpenbeck et al. 34 . Here, we will
focus on the performance of the IESH algorithm and its
ability to capture the dynamics of the model.

First, it is interesting to consider the short-time des-
orption dynamics, specifically the time at which the
molecule begins to desorb. The short-time behavior is
characterized by the onset of the desorption in Fig. 6.
For strong molecule-metal coupling, IESH performs well,
accurately capturing the desorption onset when Γ >
0.25 eV. However, upon reduction of Γ below 0.25 eV,
IESH predicts faster desorption than both CME and
HQME. For IESH, it appears that the initial onset of
the desorption curve is largely independent of Γ. In-
creasing Γ increases the rate of desorption but not the
time at which desorption begins. For Γ = 0.02 eV, this
leads to a strong underestimation of the desorption onset
time compared to HQME. However, the desorption on-
set for CME remains at approximately 50 fs similarly to
IESH and the desorption profile shows a timescale of des-
orption for CME that is between the IESH and HQME
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FIG. 8. The long-time desorption probabilities as a function
of chemical potential for increasing molecule metal coupling
shown in the color bar. The data points in this figure corre-
spond directly to the 200 fs probabilities in Fig. 6. Additional
results with intermediate chemical potentials were added to
better characterise the desorption profile. The reference data
from Ref. 34 is shown with triangles and dashed lines, the
IESH results are shown with circles and solid lines. The ver-
tical dashed line denotes the chemical potential at which the
dissociation becomes barrierless.

result. The ability of IESH to capture the long-time dy-
namics can be observed in Figs. 7 and 8. The agreement
is excellent across a wide range of chemical potentials and
Γ values, with only minor deviations apparent in Fig. 8
when Γ = 0.02 eV.

In the case of small Γ, all three methods show differ-
ent rates of desorption and it is reasonable to conclude
that IESH cannot accurately describe the short-time dy-
namics . We note that during the simulations, hopping
events are rare, and the results obtained do not signif-
icantly deviate from classical adiabatic dynamics. This
suggests that the desorption dynamics are not strongly
influenced by nonadiabatic transitions, but rather by the
change of the ground-state energy landscape as a function
of Γ and chemical potential. The adiabatic nature of the
dynamics can be explained by the low particle velocities
encountered under thermal conditions. In Sec. III D,
we go beyond thermal conditions and explore the perfor-
mance of IESH for higher energy scattering events where
nonadiabatic effects are significant.

D. Molecular scattering in one dimension

Previous simulations using IESH have focused on the
scattering of NO on the Au(111) surface4–6,28 but IESH
has not been applied to scattering in a low-dimensional
model where the coupling strength can be modulated
to explore different scattering regimes. The model pre-
sented in Sec. III C can be used to simulate the scattering
of a molecule on a metal surface by modifying the initial
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position and momenta of the molecule. In a one dimen-
sional system, fully adiabatic molecular dynamics simu-
lations would predict a perfectly elastic collision, where
the final kinetic energy after collision matches the initial.
However, nonadiabatic energy transfer into EHP excita-
tions due to the collision with the surface will lead to
inelastic energy loss. By measuring the change in kinetic
energy due to the scattering event, we gain insights into
the coupled electron-nuclear dynamics and the ability of
IESH to describe the process.

We initialise the adsorbate at a distance of 5 Å from
the surface and the velocity towards the surface is set
to correspond to a given kinetic energy. The electronic
subsystem is initialized at 0 K. We allow each trajectory
to run for 300 fs, but terminate early once the molecule
has rebounded to its initial height. The reported results
include only the trajectories that have rebounded from
surface before the time limit is reached. By filtering the
data, we neglect a small portion of trajectories that re-
main trapped on the surface. For most ensembles, all
trajectories rebound before the time limit is reached and
the total amount of excluded trajectories is negligible.

In addition to the IESH dynamics, for this scenario we
also perform MDEF simulations. The MDEF equations
of motion used for our simulations are

ẋ =
p

m
(31)

ṗ = − ∂

∂x
U0 −

∑
k

f(λk)
∂

∂x
λk − γ(x)

p

m
(32)

where the random force does not appear because the elec-
tronic subsystem is at a temperature of 0 K. The first two
terms on the right hand side of Eq. 32 describe the adia-
batic PES. The Fermi function f(λk) at 0 K enforces that
only the states up to the Fermi level contribute to the
force. The final term describes the dissipation of energy
due to excitation of electron-hole pairs in the electronic
bath.

The friction coefficient is calculated using the exact
expression in the wideband limit56,57

γ(x) = −πh̄
∫

dε

(
∂h

∂x
+
ε− h

Γ

∂Γ

∂x

)2

A2(ε)
∂f

∂ε
(33)

where

A(ε) =
1

π

Γ/2

(ε− h)2 + (Γ/2)2
. (34)

and recalling from Eq. 2 that h = h(x) = U1(x)−U0(x).
We have additionally confirmed that the Gaussian broad-
ening, off-diagonal normalized Gaussian broadening, and
direct quadrature methods highlighted by Jin and Sub-
otnik 56 converge to the same result, but use the exact
expression for simplicity. To evaluate Eq. 33 we have
used adaptive Gauss–Kronrod quadrature58. During the
evaluation, the temperature used to calculate the deriva-
tive of the Fermi function ∂f

∂ε is set to 100 K to bypass
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FIG. 9. Kinetic energy loss as a function of initial kinetic en-
ergy experienced during molecular scattering for the vibronic
model introduced by Erpenbeck et al. 34 . Results are shown
for IESH (top) and MDEF (bottom). The circles denote the
computed data points and the lines are generated via kernel
ridge regression. The error bars on each IESH result show
the standard error of the mean. The dashed black line shows
the effective energy loss observed if the particle returns with
1.83 eV kinetic energy. 1.83 eV is the height of the potential
energy barrier encountered at the crossing point of U0 and U1

as Γ tends to zero.

the singularity encountered at 0 K. In doing so, we have
verified that the value of the friction coefficient is largely
independent of temperature below room temperature.

In Fig. 9, we present the kinetic energy loss observed
after scattering has occurred. The results of the IESH
simulations in the top panel can be directly compared to
the MDEF results in the bottom panel. First, it is in-
teresting to consider the qualitative trends that appear
in both IESH and MDEF simulations. With incident
energy below 0.5 eV, both methods predict adiabatic dy-
namics, where the collision is completely elastic. How-
ever, upon increasing the kinetic energy from 0.5 eV to
3 eV, all values of Γ display a monotonic increase in en-
ergy lost to the electronic subsystem. The initial onset of
the monotonic increase depends to the value of Γ, with
larger values leading to an onset at lower incidence ener-
gies. For all values of Γ greater than 0.02 eV, the shape
of the curves is similar between the two methods. After
the region of initial increase, the energy loss as a function
of incidence energy appears to plateau for larger values
of Γ. For smaller values of Γ, the energy loss increases
monotonically across the entire range of kinetic energies.
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The most significant difference between the two meth-
ods is the Γ = 0.02 eV result. MDEF describes an energy
loss profile that closely follows the Γ = 0.1 eV result and
the dashed black line, whereas IESH predicts a smaller
energy loss for Γ = 0.02 eV compared to Γ = 0.1 eV. The
dashed black line shows the relative kinetic energy loss
that corresponds to the particle returning with an en-
ergy of exactly 1.83 eV. This would be the case if the
particle were to stop at the crossing point between the
two diabatic states, lose all kinetic energy, and “roll back
down the hill” to the starting point. The MDEF result
follows the dashed line when Γ is small because there is
a significant spike in the friction coefficient at the cross-
ing point. The spike leads to the particle losing all of its
initial energy at the top of the barrier, then rolling back
down, gaining energy equal to the barrier height.

In contrast, IESH deviates significantly from this be-
havior, displaying far less energy loss. Closer inspec-
tion of individual trajectories shows that electrons that
were excited upon impact with the surface, relax as the
molecule leaves the surface, transferring energy back into
adsorbate kinetic energy. Therefore, the IESH dynamics
have the ability to describe transient excitation and de-
excitation of electrons leading to energy transfer in both
directions, despite the fact that the initial electronic sys-
tem was at 0 K. However, in the MDEF simulations the
frictional force allows the molecule only to lose energy to
the electronic bath and no random force is observed for
a bath at 0 K. As such, MDEF is unable to describe the
bi-directional energy transfer responsible for the IESH
Γ = 0.02 eV result.

To further investigate the energy transfer, the simula-
tions were repeated with the electronic temperature set
to 300 K for both IESH and MDEF. In both cases, we
observe little deviation from the 0 K result presented in
Fig. 9. Although setting the electronic temperature to
300 K removes the uni-directional energy transfer restric-
tion present in the 0 K MDEF case, it is clear that MDEF
still does not recover the IESH result. This failure is
likely due to inability of MDEF to correctly describe the
dynamics when Γ is small.21,41

IV. CONCLUSIONS

We have presented an efficient open-source implemen-
tation of the IESH method, capable of treating simple
model Hamiltonians and full dimensional atomistic sys-
tems. Its correctness has been verified against previously
published results, including vibrational relaxation using a
high-dimensional NO on Au(111) Hamiltonian and elec-
tronic relaxation in a one-dimensional double-well model.
The agreement observed is good, we find only minor de-
viations in convergence behavior. Furthermore, we have
used our implementation to investigate a molecular des-
orption model, determining its effectiveness in modelling
nonadiabatic desorption from a metal surface. For the
desorption model, we have extended the IESH algorithm

to treat systems under the influence of an external bias by
introducing a shift in the chemical potential. With this
modification, IESH appears capable of accurately captur-
ing the dynamics in biased systems in certain regimes of
molecule-metal coupling, however, in the studied regime,
the desorption probability does not seem to be strongly
affected by EHP excitations. Finally, we performed scat-
tering simulations with IESH and compared the result
to MDEF, where both methods gave similar results, ex-
cept when the molecule-metal coupling was small, where
MDEF predicted less energy transfer back from the elec-
tronic system into the adsorbate. Further comparison of
IESH and MDEF on realistic systems would be useful to
affirm this observation.

Our implementation currently matches the original
specification of the algorithm4 but further development
and algorithmic enhancement is possible. Our implemen-
tation could be expanded to include existing develop-
ments such as decoherence corrections13 and phononic
and electronic thermostats6, or extended to include nu-
clear quantum effects.59,60 To improve computational ef-
ficiency, it may be possible to adapt the hopping scheme
to allow for larger nuclear time steps, include adaptive
time stepping based on the hopping probabilities, or de-
vise new, more efficient, discretization schemes. Another
avenue to consider is the extension of IESH to model re-
alistic metallic continuums based on ab initio band struc-
ture calculations.

We believe IESH is a promising method for going be-
yond MDEF, explicitly including electron dynamics. It is
our hope that the open-source nature and availability of
our implementation within NQCDynamics.jl will encour-
age further use and development of the IESH method,
expanding the toolbox of methods available for nona-
diabatic simulation of molecules interacting with metal
surfaces.
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Appendix A: Discretizing the metallic continuum

As described in Refs. 43 and 42, the procedure to ob-
tain {εk} and {Vk} in Eq. 7 involves a discretization of
the coupling integral that appears in the retarded system
Green’s function. This continuous form is

Λ(E) =

∫ b

a

dε
|V (ε)|2

E − ε
, (A1)

where the simplest method to discretize the integral uses
the trapezoid rule to give

Λ(E) =

N∑
k=1

|V (εk)|2

E − εk
b− a
N

. (A2)

Inspection of the discretized form allows us to identify the
coupling values in Eq. 7 as Vk = V (εk)

√
(b− a)/N with

corresponding energy values εk = a+ (k − 1)(b− a)/N .
The Gaussian quadrature approach of Shenvi, Roy, and

Tully 4 uses Gauss-Legendre quadrature to discretize this
integral in two halves, split at the Fermi level,

Λ(E) =

∫ εf

a

dε
|V (ε)|2

E − ε
+

∫ b

εf

dε
|V (ε)|2

E − ε
. (A3)

Using Gauss-Legendre quadrature, this becomes

Λ(E) =

N∑
k=1

|V (εlower
k )|2

E − εlower
k

wlower
k +

N∑
k=1

|V (εupperk )|2

E − εupperk

wupper
k

(A4)

where the knots ε
upper/lower
k and weights w

upper/lower
k are

obtained via a rescaling of the Gauss–Legendre knots xk
and weights wk obtained using standard algorithms,61

εlower
k =

εf − a
2

xk +
a+ εf

2
(A5)

εupperk =
b− εf

2
xk +

εf + b

2
(A6)

wlower
k =

εf − a
2

wk (A7)

wupper
k =

b− εf
2

wk. (A8)

With this, the coupling values can be identified as

Vk = V (εk)

√
w

upper/lower
k , and the bath energies as

εk = ε
upper/lower
k . Setting εf = 0, and placing εf at the

center of the band, it is possible to simplify the expres-
sions above to obtain

εlower
k =

∆E

4
xk −

∆E

4
(A9)

εupperk =
∆E

4
xk +

∆E

4
(A10)

wlower
k = −∆E

4
wk (A11)

wupper
k =

∆E

4
wk. (A12)

These are consistent with the values presented by Shenvi,
Roy, and Tully 4 . The two discretization strategies de-
scribed in this section are the only choices that have pre-
viously been used for IESH simulations.4,11

Appendix B: Mapping ab initio Hamiltonians onto the
Newns-Anderson model

For molecule-metal systems such as NO on Au, it
is possible to generate two state diabatic Hamiltonians
where the two states represent the neutral and anionic
states of the molecule. Ab initio methods can provide the
adiabatic ground state and different excited-state meth-
ods and diabatization procedures can provide the dia-
batic two-state Hamiltonian. The adiabatic and dia-
batic Hamiltonians are related by a similarity transfor-
mation:

Hadiabatic =

(
E0 0
0 E1

)
= PT

(
U0 C
C U1

)
P. (B1)

To map the two state model onto the NA model with
many electronic states, it is necessary to ensure the same
ground state adiabatic energy E0 is returned by both the
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two state model and the full NA model (Eq. 7). This
is the procedure briefly described by Shenvi, Roy, and
Tully 4 where the two-state model parameters are ad-
justed to ensure the ground state energy is conserved.

Recall that the discrete form of the electronic NA
Hamiltonian can be written as in Eq. 7, where h =
U1 − U0. As explained in Appendix A, the NA coupling
elements Vk are obtained from the coupling function V (ε)
associated with the hybridization function (Eqs. 3 and 6)
via discretization. However, in the case of the two-state
diabatic model, the hybridization function is not avail-
able. Instead, the discrete coupling values Vk must be
chosen such that the NA ground state matches the true
ground state energy:

E0 = U0 +
∑
i

f(λi)λi, (B2)

where {λi} are the eigenvalues of the NA hamiltonian and
f(λi) is the Fermi function that determines the ground-
state electronic occupations.

A simple procedure to obtain the coupling elements
works as follows. First, a trial expression for Vk is defined

Vk(x) = a(x)C(x)
√
wk (B3)

where C(x) is the diabatic coupling, wk is a discretiza-
tion dependent weight ((b − a)/N or obtained from the
Gauss-Legendre weights (see Appendix A), and a(x) is a
fitting parameter. For each position x, the value of a(x)
can be optimised to satisfy Eq. B2. By using Eq. B3, a(x)
becomes only a small correction to the diabatic coupling
C(x). In this procedure, the product a(x)C(x) approx-
imates the coupling function in Eqs. 3 and 6 and must
have units of (energy)−1/2. In the case of the NO on Au
model in Sec. III A, a(x) is independent of position, and
becomes a global scaling factor for the diabatic coupling.
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