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SYNOPSIS 

Ihe behaviour of steel plates and reinforced concrete slabs which 
undergo large deflections has been investigated using the finite 
element method. Geometric and material nonlinearities are both 
considered in the study. 

Two co=puter progra=s have been developed for the analysis of plates 
and slabs. Ihe first program is for the elastic stability of 
plates. The elastic buckling loads obtained for plates with and 
without openings and under different edge loading conditions have 
been co=pared with the analytical and numerical results obtained by 
other investigators using different techniques of analyses. Good 
correlation between the results obtained and those given by others 
has been achieved. I=provements in the accuracy of the results and 
the efficiency of the analysis for plates with openings have been 
achieved. 

The second program is for the full range analysis of steel plates 
and reinforced concrete slabs up to collapse. The analysis can 
trace the load-deflection response up to collapse including 
snap-through behaviours. The program allows for the yielding of 
steel and the cracking and crushing of concrete. The modified 
Newton-Raphson with load control and displacement control methods is 
used to trace the structural response up to collapse. The line 
search technique has been included to improve the rate of 
convergence in the analysis of reinforced concrete slabs. The 
program has been tested against experimental and numerical r, esults 
obatined by other investigators and has been shown to give good 
agreement. 

The accuracy of a number of integration rules usually adopted in 
nonlinear finite elecent analyses to evaluate the stress resultants 
from the stress distribution throughout concrete sections has been 
investigated. A new integration rule has been proposed for the 
integration of stress distributions through cracked concrete 
sections or cracked and crushed concrete sections. 
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CF--kPTER 1 

I'. N-rR. ODU, CT ION 

1.1 GEN-EPAL RQWRKS 

Steel and reinforced concrete are being used for the construction of 

increasingly more sophisticated and complex structures such as nuclear 

reactor containment vessels, offshore platforms, longspan bridges and 

highrise buildings. Atte=pts at the analysis of such structures has 

been =ade possible by the development of more powerful analytical 

techniques which rely on the increasing power of modern electronic 

computers. However, even with such techniques an understanding of the 

behaviour of such structures is far fro= complete. 

In the design of plates and slabs, design methods based on the 

assumption of linear elastic behaviour or using empirically derived 

formulas can give very conservative estimates of the load carrying 

capacity of such structures. Methods of analysis based on plasticity 

theory, for example yield line analysis of slabs, have been developed 

to provide more realistic design tools. In the yield line method a 

knowledge of either or both the actual collapse mechanism or the 

equilibrium distribution of forces near failure is required. The 

collapse mechani, sm is then used to predict an upper-bound load which 

is either the correct collapse load or too high a collapse load. The 

equilibrium distribution of forces is required to predict a 

lower-bound load which is either the correct collapse load or too low 

a collapse load. Unfortunately this informattion cannot be determined 

in a straightforward manner.. Moreover the membrane forces are usually 

ignored in the methods of design mentioned above. 
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Experimental tests carried out on plates and slabs indicated higher 

collapse loads than those predicted by the various analytical methods. 

I to Ihe finite element method provides an alternative approach 

investigate the behaviour of structures throughout the different 

stages of loadings. The nonlinear material effects such as the 

elasto-plastic behaviour of steel stuctures, the nonlinear 

stress-strain relationships for concrete, concrete cracking and 

yielding of the reinforcing steel can be included in the analysis. 

The effect of change of geometry can be also considered using the 

finite element method. 

Tests carried out [1 1 5] on reinforced concrete slabs have shown that 

two-way slabs which are restrained against movement at their edges 

have ultimate loads which are far higher than the ultimate loads for 

unrestrained slabs. A typical load-deflection curve for a restrained 

slab is shown in Fig. l. l. For small deflections as the load increases 

membrane forces develop. --At load B, the compressive membrane forces 

are at their maximum values. As the deflections of the slab are 

further increased, the load carried decreases, and the compressive 

membrane forces also reduce. At load C, the membrane forces in the 

central region of the slab change from compression to tension. As the 

deflections are further increased the tensile membrane forces increase 

in size and spread toward the boundaries. These forces are 

predominantly carried by the reinforcing steel and continue to 

increase until the steel ruptures and collapse occurs. 

A review of the finite element literature indicated that a number of 

attempts have been made to analyse the various aspects of the 
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Load 

displacement 

Figure I. I. Load-deflection curve for fully restrained 
reinforced concrete slab 
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behaviour of restrained slabs described above. Van Greunen [6] has 

included both geometric and material nonlinearities in the analysis 

but load control was used throughout the analysis and therefore the 

analysis failed to predict the true response. Crisfield (7] and 

others have taken the analyses beyond the load B, Fig. 1.1, using 

displace=ent control or the arc length method. However, because only 

material nonlinearity was considered the analyses failed to obtain the 

curve beyond load C. Further discussions are given in Chapters 6 and 

7. 

1.2 OBJECTIVE AND SCOPE 

Ultimate loads may be of interest in the design of structures which 

may be subjected to extreme loadings. The analysis procedures 

developed in this study may not be used in a day to day analysis of 

structures in a design office, however they could be used to assess 

the performance of existing plates and slabs under particular 

overloads and when damaged. The study may provide a more detailed 

understanding of the behaviour of plates and slabs which may be useful 

in the development of the design codes for such structures. 

The objective of the present study is to develop a computer program 

for the nonlinear analysis of steel plates and reinforced concrete 

slabs which undergo large deflections. 

The aim of the analysis is to predict the response of plates and slabs 

through both the elastic and inelastic ranges and up to collapse. 
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Both in-plane and flexural effects are considered in the analysis. 

Collapse will occur due to plastic yielding in steel plates and 

crack-Ing and crushing of concrete and yielding of the reinforcing 

steel in reinforced concrete slabs. Failure due to transverse shear 

forces is ignored. The effect of the membrane forces on the behaviour 

of plates and slabs has been investigated. 

The various types of analyses which have been carried out are as 

f ollows: 

1- Linear and. elastic stability analyses in which the displacements 

and strains are assured to remain small, Chapters 2,3 and 4. 

2- Geometric nonlinear analysis in which large deflections occur but 

strains are assumed to remain small, Chapters 2,3,6 and 7. 

3- Material nonlinear analysis in which nonlinear material properties 

are assumed. Displacements and strains are assumed to remain small, 

Chapters 2,3,5,6 and 7. 

4- Geometric and material nonlinear analysis in which both 

nonlinearities described above are assumed to occur, Chapters 2,3,5, 

6 and 7. 

1.3 LAYOUT OF THE THESIS 

The basic theoretical background required for the derivation of the 

governing equilibrium equations using the virtual work equation is 

presented in Chapter 2 together with the formulation of the Mindlin 

plate theory using a total Lagrangian approach. 
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In Chapter 3, Mindlin plate bending elements are discussed with 

special reference to the Heterosis element which has been used in the 

analysis. The 8-node isoparametric membrane element which has been 

employed in the investigation of the elastic stability of plates is 

also presented. Evaluation of the element stiffness matrices is also 

considered. 

In Chapter 4, linear elastic analysis of plates, and an investigation 

of the elastic stability of plates are discussed. Several plates with 

and without openings and under different edge loading conditions have 

been analysed. The elastic buckling loads obtained for the various 

cases investigated have been compared with the available analytical 

and numerical results obtained by other investigators. 

In Chapter 5, the constitutive relationships for the elasto-plastic 

behaviour of metals is established. Discussion of the material models 

used for concrete under biaxial states of stress is given. The 

modelling of cracking and tension stiffening effect are also discussed 

and a model for reinforcing steel is introduced. 

In Chapter 6, the solution techniques employed in the study are 

presented. Details of the load and displacement control methods are 

given. The line search technique is presented. An investigation into 

the accuracies of the different numerical integration schemes most 

commonly used to evaluate the stress resultants from the stress 

distribution throughout a concrete cross-section is presented. A new 

integration rule is established and recommendations on the use of the 

numerical integration rules are given. 
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In Chapter 7 details of several numerical examples to demonstrate the 

validity and applicability of the analysis are given. Different 

combinations of the nonlinearities have been considered. The 

numerical results obtained from the analysis are compared to the 

experimental, analytical and numerical results available. 

Finally a summary of the procedure developed in the study is given in 

Chapter 8. Recommendations and suggestions for future work are also 

given. 
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CHAPTER 2 

BASIC RELATIONSHIPS AND FINITE ELEMENT FORMULATION 

2.11 D; '. -LRODUCTION 

In the elastic analysis of plates, the membrane forces developed 

through geometrically nonlinear behaviour may cause a considerable 

decrease of displacements as compared with the linear solution. 

Geometric nonlinearity should be considered in the analysis of plates 

if the membrane forces are to be included or large deflections occur. 

In this chapter the finite element formulation for the analysis of 

elastic geometrically nonlinear structures will be presented. 

The assumptions that are generally made to derive the equations of 

plate theory and which are used in the finite element formulation will 

be discussed in section 2.2. 

In section 2.3 the various Lagrangian approaches that could be used in 

the finite element formulation are discussed and the three basic sets 

of elasticity equations, namely those of strain-displacement, 

stress-strain and equilibrium are presented in section 2.4. 

In section 2.5 the use of the virtual work equation, to establish the 

incremental equilibrium equation for use in the finite element 

formulation is discussed and the finite element formulation is 

presented in section 2.6. 

In section 2.7 the basic assumptions discussed in this chapter and on 

which the present solution procedure is based, will be summarized. 
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2.2 BASIC ASSUMPTIONS 

The classical plate theory based on Kirchhoff assumptions, in which 

normals to the plate middle surface are assumed to remain straight and 

normals during deformation, excludes transverse shear deformations. 

Attempts to correct the theory and develop equations which allow for 

transverse shear deformations have been numerous [8]. Mindlin plate 

theory [9], in which the lateral displacements and the rotations are 

allowed to vary independently, has become the most commonly adopted 

theory for the analysis of plates using the finite element method. 

The independent variation of the lateral displacements and the 

rotations permits transverse shear deformations to be included in the 

formulation. These shear deformations are assumed to vary linearly 

throughout the thickness of the plate, Fig. 2.1. Mindlin plate theory 

provides a more powerful alternative to the classical plate theory 

based on Kirchhoff assumptions. Finite element formulation based on 

Mindlin plate theory only require the continuity of the displacements 

across the element boundaries which makes the formulation of Mindlin 

elements simple and straightforward. 

I 
The main assumptions of Mindlin plate theory are: 

a) Normal stresses in the direction normal to the plate middle surface 

are neglected. 

b) Normal lines to the plate middle surface before deformation remain 

straight but not necessarily normal after deformation. 
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In order to determine the displacements U', v' and w' of an arbitrary 

point P' located at z fro= the middle surface, Fig. 2.1, the 

displacements can be expressed in terms of the displacements at the 

=iddle surface such that 

Z-3 x 

zi y 
=w 

(2.1) 

where u, v and w are the displacements at the plate middle surface and 

e and e are the rotations of the normals to the undeformed middle xy 

surface in the xz and yz planes respectively. These rotations are 

given by 

= e 3w 
+ e 

x ax x 

x 
aw 
ay + e 

y 
(2.2) 

where 0x and 0y are the average transverse shear deformations 

2.3 LAGRANGIAN FORMULATION 

In the geometric nonlinear finite element analysis of structures a 

total Lagrangian or an updated Lagrangian approach can be employed. 

In the total Lagrangian approach the initial configuration is used as 

reference configuration and any differentiation or integration is 

carried out over the undeformed original configuration. In the 

"I 

kI 
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Figure 2.1. Deformation at cross-section of plate 
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updated Lagrangian approach the reference configuration corresponds to 

the last updated defor=ed configuration and any differentiation or 

integration is carried out over the deformed configuration. 

Both the total Lagrangian and the updated Lagrangian approaches can be 

for--ulated to include geometric and material nonlinearties and lead to 

identical results [10-1111. The only reason for using one approach 

rather than the other is computational efficiency. An advantage of 

the total Lagrangian approach is that derivatives of the displacements 

are with-respect to the initial configuration, and therefore need only 

be formed once. In this study the total Lagrangian approach is used. 

2.4 BASIC REUTIONSHIPS 

The behaviour of a solid body subjected to external forces is governed 

by three fundamental equations, namely strain-displacement, 

stress-strain and equilibrium equations. These relationships will be 

presented in this section with reference to a Mindlin plate 

for=ulation. 

2.4.1 STRAIN-DISPUCEMENT RELATIONSHIP 

The basic measure of strains at an arbitrary point located at z from 

the middle suriface of a plate is represented by Green's strain vector 

c' and is given by (121 
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- cy 
+ 

ax . ay + ix - 7y + i-x - ay 

. V 1U2 + awf auf au, 3v, ave 3w, - 3w y .z gz ax + ax - iz + 3x * az ' ax * gz 

3v, aw , au' au, av' 3v, gw, ;w, 
y; Z 

az . 
Dy + Dy * iz + 7y + ýz . 7y - iz 

(2.3) 

Equation (2.3) is valid for whether displacements or strains are large 

or small If the strains are assumed to remain small, using the Von 

Karman assumptions [131, implies that derivatives of u' and vt are 

small, and therefore multiples of such derivatives can be neglected. 

The strain-displacement equation, equation (2.3), can be expressed in 

terms of the deformations of the plate middle surface, equation (2.1), 

such that 

L 
ze 

LC NL 
to p+b+p 

(2.4) 
0CL0 

-s- .4 

where the linear in-plane strains are given by 

3u 
ax 

Ep 
Du (2.5a) 

ay 

+ GV 
Jy 3x i 
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the linear flexural strains are given by 

aex 
ox 
a ev 
By 

3ex ; ev 
;y ax 

the linear transverse shear strains are given by 

aw 
" ýx x 

aw 
Ty y 

and the nonlinear in-plane strains are given by 

2 aw) ( 
ax 

NL I aw 
p 2 ay 

3w 
- 

aw 
- T x x . T v y 

(2.5b) 

(2.5c) 

(2.5 d) 

2.4.2 STRESS-STRAIN RELATIONSHIP 

For a linear elastic isotropic material, Green's strain vector e is 

related to the Piola-Kirchhoff stress vector a by the following 

constitutive relationship: 

ý f, - 1= (2.6) 

where the Piola-Kirchhoff stress vector is given by 

(0 
xy XY NZ YZ 
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the elastic material matrix [D] is given by 

0 0 

0. 
-0 

0 

I-V 0 0 
2 
0 1-v 0 

2 

0 0 1-v 
2 

(2.7b) 

where E and V are Young's modulus and Poisson's ratio respectively. 

The plate formulation can be reduced to a two-dimensional form by 

virtue of the Mindlin assumptions that normals to the plate middle 

surface remain straight during deformations. The strains can be 

expressed in terms of the deformations at the plate middle surface and 

the stresses in terms of their resultants. The stress resultants, 

a, can be obtained by integrating the stress distribution throughout 

the plate thickness. For an elastic material the integration can be 

carried out explicitly such that 

{C-F! 

z2 

cr 
x 

a 
y 

T 
XY 

za x 

zCT y 
ZT 

XY 

T 
xz 

T 
yz 

. dz = a (2.8) 
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where z1 and z2 are the co-ordinates of the top and bottom of the 

plate respectively, with the z-direction being the normal to the plate 

surface. The stress resultant components acting per unit width of the 

plate, ab and as are the in-plane forces, moments and 

transverse shear forces respectively. 

The strain vector associated with the stress resultants given in 

equation (2.8) may be expressed in terms of a linear and a nonlinear 

strain parts such that 

-L -NL {EI ý {F- 1+ {E 1= 

L NL 
p p 

L 
+ 0 

b 

L 
c 0 

S 
J 

(2.9) 

The constitutive relationship, equation (2.6), can be written in terms 

of the stress resultant vector, equation (2.8), and the associated 

total strain vector, equation (2.9), such that 

{i 1= [M {7 1 (2.10) 

Rewriting equation (2.10) in terms of the stress resultant components 

the constitutive relationship is given by 
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L NL 
a 00 
p pII p p 

+ 
1 L 0D 0 c + 0 b b b 

t 
L 00 C 0 s s 

i j 

where the in-plane material matrix is given by 
p 

IV0 
Et 

p (, _v 
2) V0 

00 1-V 
2j 

the flexural material matrix Db is given by 

V0 
'3t 

Et ý 

12 ( 1-v 
2 

00 1-v 

L2 

and the transverse shear material matrix b is given by 
s 

11a) 

(2. Ilb) 

(2. lie) 

I-V 0 
2 

[Ds EtK 
2 

(2. lld) 
(1-V 0 1-V 

2 

where t is the plate thickness, K is a transverse shear correction 

factor which is necessary to account for the assumption of constant 
ý 11 

transverse shear strains and is equal to 5/6 for a homogeneous 

rectangular cross-section [14]. 
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2.4.3 EQUILIBRIUM EQUATIONS 

The equilibrium equations for a three-dimensional solid body can be 

written as [151 

Xv xz 
+f 

Dy ;zx 

-r 
Xv + 

aT 
yz f (2.12) 

ax az y 

z 
DT 

xz 
aT 

vz 
-ý- + --ý- +f 

zx zx By z 

where ff and fz are body forces acting per unit volume. 

The principle of virtual work has been used to determine the governing 

equilibrium equations for use in the finite element formulation. 

Consider a body with volume V and surface S which consists of two 

parts. On one part, S, , the surface tractions P are prescribed, 

while the boundary conditions are prescribed on the other part, S2* 

Then using equation (2.12), the prescribed conditions on the surface 

and Green's theorem the virtual work equation can be written as [16] 

f 
de T 

adv -f du Tf dv -f du T 
pds =0 (2.13) 

vs1 

where de is the virtual Green's strain vector due to the virtual 

displacement field du and a and f are the stresses and body forces 

respectively. Equation (2.13) satisfies the equilibrium and 
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compatability conditions but no assumptions have been made about the 

material properties and the size of the deformations. Therefore it 

can be used for solution of proble=s involving geometric and material 

nonlinearities. 

2.5 VIRTUAL WORK EQUATION 

In the application of the finite element method to the solution of 

nonlinear structrual problems using a total Lagrangian or an updated 

Lagrangian approaches, an incremental equilibrium equation can be 

established using the virtual work equation. Such an equation makes 

the solution of a series of linear problems possible, leading to a 

stable equilibrium position of the structure in the deformed position. 

The virtual work equation, equation (2.13), can be expressed in terms 

of the stress resultants and the associated strains such that 

where dc is the virtual strain vector due to the virtual displacement 

at the plate middle surface du. 1 is the body forces per unit 

area. 

In the next section it will be shown how equation (2.14) is used to 

obtain an incremental finite element formulation. 
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2.6 FINITE ELEMENT FORMULATION 

In the last decade the finite element method has become one of the 

most powerful approximate methods in engineering analysis. Several 

texts [16-17] have been written containing details about the method, 

therefore only a brief description of the method, will be presented 

here. 

The basic concept of the method, when applied to problems of 

structural analysis, is that the structure can be modelled 

analytically by subdividing it into regions or finite elements joined 

at and interacting with each other only at selected nodal points. The 

elements are assumed to be able to represent the general behaviour of 

the structure between the nodal points. To accomplish this a function 

representing displacement, strain or stress fields within an element 

is approximated by a set of interpolation functions. In the 

displacement formulation the displacement field u is expressed in 

terms of the nodal values 6 and a set of interpolation functions N 

such that 

N. 6 (2.15) 

Strains are related to the nodal values by the following relations 

L. u 

B. 6 

(2.16 

(2.16b) 

where L is a differential matrix operator and B is a 

strain-displacement matrix. 
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The virtual work equation, equation (2.14), contains the variation of 
A-A 

*- ' 

the strain vector de due to the virtual displacement du. The 

variation of the displacement field, equation (2.15), is given by 

du = N. d5 (2.17) 

The variation of the strain vector, equation (2.9), can be expressed 

in terms of the linear. and nonlinear components such that 

-L -NL de = de + de (2.18) 

The variation of the strain vector, equation (2.18), may be written, 'in 

terms of the variation of the nodal -displacements 6 such that 

de = [B 
L+B NJ 

dS (2.19) 

where BL and B 
NL are a linear and a nonlinear strain-displacement 

matrices. 

In the application of the finite element method -- the equilibrium is 

established by calculating the internal resistance forces in the 

structure due to the deformations and comparing these forces with the 

externally applied loads. When the difference, which can be 

considered as unbalanced-forces, is within an acceptable tolerance, 

equilibrium is assumed to have occurred. The equilibrium equation for 

internal and external forces can be obtained by substituting equations 

(2-17) and (2.19) into the virtual work equation, equation (2.14) such 

that 
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(2.20) 

where the internal force vector F is given by 

jTj- F=Z+B cr}dA (2.21a) 
ele 

f IBL 
Ne 

A 
e 

the applied load vector P is given by 

P=ZfN 
TldA 

+NTp ds (2.2 lb) 
ele ef 

Ae s 

g6) is the unbalanced forces and E and Ae denote the summations 
ele 

over all elements and the area of an element respectively. 

Taking variations of equation (2.20) with respect to the nodal 

displacements S. The tangent stiffness matrix can be obtained such 

that 

djP 
T6- (2.22) 

where KT is the tangent stiffness matrix and is given by [16]. 

K+KaK (2.23) 

where K represents the usual, small displacement stiffness matrix 
0 

and is given by 

(KO] ' r. 
f 

[B 
L]T 

15j [BL] dA 
e 

(2.24a) = 11 
ele A. 

e 
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Ka is the geometric stiffness matrix which depends on the stress 

level and is given by 

JK dS =Z dFB 
. 

]Tj3jdA (2.24b) 
ele 

INLe 

e 

KL is the large displacement matrix which depends on the current 

displacements and is given by 

[K Z [BL]T[B] 'B 
L] dA +f JB, ]T [5] [B 

L 
ele 

[ALN 

SL L] 
dA 

e 
e Ae - 

f 
[BN ]T[Bj [ dA 

LB] 
A 

e 

2.7 SLIOIARY 

The basic assumptions which are 

solution procedure employed in this 

total Lagrangian approach is use 

undeformed configuration is used as 

that although deflections can be 

assumed to remain small. 

(2.24c) 

used for the development of the 

study have been summarized. The 

d, which means that the initial 

the reference. It should be noted 

large the resulted strains are 

The constitutive models for the materials to be considered, namely 

steel, concrete and reinforcing steel, are dealt with in detail in 

Chapter 5. The finite elements used and the evaluation of the 

stiffness matrices are presented in Chapter 3. 

I 
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CHAPTER 3 

FINITE ELEMENTS AND EVALUATION OF THE STIFFNESS MATRICES 

1. INTRODUCTION 

In the finite element displacement formulation based on the classical 

plate theory, the shape functions require Cl continuity of the 

lateral displacement and its derivatives across the element 

boundaries. Shape functions which satisfy the CI continuity 

condition are complex and difficult to specify. Non-conforming shape 

functions, in which the continuity of'the derivatives of the lateral 

displacements across the element boundaries is ignored, have led to 

the development of several successful non-conforming plate bending 

elements [18-21]. However the convergence of all such elements is not 

guaranteed and in order to ensure the convergence of a particular 

element it is necessary that it should pass the patch test [211. In 

the patch test a set of nodal displacements, corresponding to various 

states of constant strain are imposed -on an arbitrary patch of 

elements. If nodal equilibrium is simultaneously achieved, without 

the imposition of external nodal forces, and a state of constant 

stress is obtained, then such an element is likely to converge and 

thus lead to correct solutions [16]. 

In the finite element formulation using Mindlin theory, because the 

lateral displacements and the normal rotations are allowed to vary 

independently, the shape functions only require CO continuity. This 

requirement makes Mindlin elements easier to formulate and such 

formulation can be applied to thick and thin plates, curved boundaries 

and composite materials. 
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In Section 3.2 the various Mindlin plate bending elements are 

discussed. Tbe elements used in the study are presented in Section 

3.3 and the finite element representation is given in Section 3.4. 

'ness =at--Ices and the numerical evaluation of such matrices The sti. 16. 

are presented in Sections 3.5 and 3.6. 

3.2 MINDLIN PIATE BEN-DING ELEýENTS 

Several Lagrangian and serendipity elements based on 'Mindlin 

for--ulation have been developed and used in the finite element 

analysis of plates and shells. However, when exact numerical 

integration'is used with such elements, unstable convergence 

characteristics have been observed in the analysis of thin plates. 

This phenomena is usually referred to in the literature as "locking" 

and is caused by the constraints imposed by shear strain energy terms 

existing in the total energy formulation, ' which require the 

derivatives of the lateral displacements to be equal to the normal 

rotations. These constraints will lead to overstiff results in the 

analysis of thin plates. 

The performance of Mindlin elements has been improved dramatically 

using reduced and selective integration schemes [22-26]. The reduced 

and selective integration have been employed for numerical efficiency 

and to avoid locking in the analysis of thin plates. Lagrangian 

elements are generally the most accurate Mindlin elements, yet they 

contain spurious zero-energy modes. On the other hand the serendipity 

elements exhibit bizzare convergence characteristic and divergence for 
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thin plates [27]. This problem has been resolved with the emergence 

of the Heterosis element (28], which employs a combination of 

Lag-rangian and serendipity shape functions. The Heterosis element has 

an advantage over Lagrangian and serendipity elements in that it 

contains no zero-energ modes and it does not lock [28]. A comparison Oy 

of the performance of these elecents in an elastic linear analysis 

conducted by Hughes et al [28] and also shown in Fig. 3.1 indicates 

that both Lagrangian and the Heterosis elements exhibit stable 

convergence characteristics for very thin plates, while the 

serendipity element diverges rapidly for plates with small aspect 

ratios. Pica et al [12] and Yang et al [29] have investigated the 

performance of several Mindlin elements for geometrically nonlinear 

analyses of thin plates and concluded that the Heterosis element has 

given the best overall performance when compared with Lagrangian and 

serendipity elements. 

More recently Hughes et al (30] have developed a new 4-node 

quadrilateral element employing bilinear isoparametric. shape 

functions. The element does not lock in the analysis of thin plates 

and contains no zero-energy modes, however its aspect ratio behaviour 

on some problems is disappointing. 

3.3 ELEMENTS USED IN THE STUDY 

Two elements have been employed in the study. The first is the 

Heterosis plate bending element which has been used for the analysis 
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of plates and slabs which undergo either small or large deflections. 

The second is the 8-node membrane element which has been used for the 

analysis of elastic stability of plates. 

3.3.1 THE HETEROSIS PLATE BENDING ELEYENT 

Ihe Heterosis element is a 9-node quadrilateral with 8 nodes lying on 

the element boundary, Fig. 3.2, which have W, 6x and 6y degrees of 

freedom and a node at the mid point which has ex and ey only. The 

element employs serendipity shape functions for the lateral 

: or the rotations. The displacements and Lagrangian shape functions f' 

serendipity shape functions have been also employed to model the 

in-plane displacements u and v, for the nodes lying on the element 

boundaries, for the analysis of plates which undergo large 

deflections. The Heterosis element, the local numbering system and 

the local co-ordinates of the element are shown in Fig. 3.2. The 

serendipity - shape functions NI (ý, Tj) for node i in terms of the 

local co-ordinates &, n are: 

for the corner nodes 1-1,3,5,7 

(goi) - lu + gg 
i)(1+ lifi i) 

(9 gi ri 
1- 

1) 

for the midside nodes 1-4,8 

+ nn 
L) 

(3.2) 

and the midside nodes 1-2,6 

Ni(, '., n) =W-n2M+ && ) (3.3) 



- 29 - 

The Lagrangian shape functions for node i in terms of the 

local co-ordinates &, n are: 

for nodes 1-1,2,3 

?i (ý, n) =N1 (&) Ni (n) j=1,2,3 

for nodes i=4,8,9 

Ti) =N2 (9). N1 (11) j=3,1,2 

and nodes 1-5,6,7 

Ri (q) 3,2,1 

where 

N2 (&) = (i +0 (1 - &) 

N3+ 1)/2 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

3.3.2 ISOPARAMETRIC MEMBRANE ELEMENT 

The 8-node element employs the serendipity shape functions given in 

equations (3.1), (3.2) and (3.3) to represent the in-plane 

displacement fields u and v. The element, the local numbering system 

and the local co-ordinates are shown in Fig. 3.3. 
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3.4 FINITE ELEMENT REPRESENTATION 

The displacement fields within an element are assumed to be functions 

of a discrete nodal values and the shape functions. The in-plane 

displacement components u and v are approximated by 

U. ul= 1 (3.8) N. 
V. 

where Nj are the serendipity shape functions. 

The lateral displacement w and the rotations 6x and 0y are 

approximated by 

8 
Z N. W. 

i-1 II 

x9 xi 
E P. 

y yl 

where Pi are Lagrangian shape functions 

(3.9a) 

(3.9b) 

3.5 STIFFNESS MATRICES 

The stiffness matrices used in the various analyses to be carried out 

will be formulated in this section using the finite element 

approximation given in equations (3.8) and -(3.9). The small 
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displacement stiffness matrix K0, equation (2.24a), is given by 

T BB000 
K=Zppp dA -- ciA (3.10) 

0e le 

fT-efTe 

Ae0Bb Db BA0 
:B5B 

LbjeL"SSSJ 

where the first - term of equation (3.10) is the in-plane and flexural 

parts and the second term is the transverse shear part. The in-plane 

strain-displacement matrix Bp is given by 

ax 
0 

[B 0 
3N 

ay 

aN. oN. 
ay ax 

the flexural strain-displacement matrix 
ap 

ax 

DP. 

[B 
bl 

00 ay 

DP. ZP. 
0 ay ax 

(3.11a) 

(3. Ilb) 

and the transverse shear strain-displacement matrix Bs is given by 

3N. 

ax p10 

3N, 

-10 -P. (3. lic) 
ay 

Bb is given by 
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If the length of the midsurface of the plate is assumed to, remain 

constant, equation (3.10) can be expressed by 

T T, T 
r2 =ZBB dA +fBBB c1A (3.12) 

ele 

fbDbes 

The geomtric stiffness matrix ka, equation (2.24b), can be expressed 

in ter=s of a flexural and a transverse shear parts such that [31-321 

3 EK] +G dA (3.13) Gb- t dA t 
ele Aee At 

ss 1-2 e 

in which 

ZN. 

EG J= 
00 ax 

0 0 
(3.14 a) 

aN. 

Lo 0 ay 
10 0 

3N. aN. 
00 01 ax -- 

I 
ax 

[G 
s 

(3.14b) 
3N. 3N. 

00 01 ay -- 
I 

ay 

x XY 
(3.14c) 

VY y 

where t is the plate thickness 
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The large displacement stiffness matrix KL, equation (2.24c), is 

given by 

T 
IB DB 

[K 01pp NL 
L 

ele 
dA 

c 
(3.15) 

A T Tj T- BBBDB 
NL ppI NL -, p NL 

where the nonlinear strain-displacement matrix B 
NL is a function of 

the lateral displacement w and is given by 

aw 0 
ax 

3N. 
[B aw ax 

100 
(3.16) 

NLI 0 ay 

aw aw 3N 
100 

57 ax ay. 
JLi 

The total stiffness matrix for in-plane behaviour of a plate loaded in 

its plane is given by 

[ý 
ýj 

=rBTBB dA 
p ele 

fppp 

A 
e 

(3.17) 

3.6 EVALUATION OF THE STIFFNESS MATRICES 

The various stiffness matrices have been evaluated numerically using a 

selective integration scheme based on Gauss quadrature. A 3x3 rule 

for in-plane and flexural components and aW rule for the transverse 

shear component have been used. The derivatives of the shape 

functions are determined at the Gauss quadrature points in the local 
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co-ordinate system (ý, rl) . The inverse of the Jacobian matrix is used 

to convert the derivatives f rom the local co-ordinate system to the 

global co-ordinate system (x, y), such that 

aN 
i-x 

DN aN 
ay L an J, 

The integrations are carried out in the local co-ordinate system using 

the following transformation 

n fff 
(x, y) dx dy =Ef (C, , ni) det [J] Wi 

i=l 1 

where n is the number of Gauss points and Wi is the weight at the ith 

Gauss point. 
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CHAPTER 4 

LINEAR ELASTIC ANALYSIS AND ELASTIC STABILITY OF PLATES 

4.1 INTRODUCTION 

In this chapter the results obtained for linear elastic analyses 

carried out to check the program and the finite element formulation 

are discussed in Section 4.2. 

The geometric stiffness matrix required for the elastic stability of 

plates, depends on the in-plane stress distribution throughout the 

plate, for the load under consideration. Therefore the elastic 

stability analysis of plates can be carried out in two stages. In the 

first stage the internal distribution of stresses due to the applied 

loads is determined in an independent linear analysis. In the second 

stage of the analysis the geometric stiffness matrix is formed and the 

elastic buckling load can then be determined. 

Several plates with and without openings and under different edge 

loading conditions were analysed. The buckling loads obtained for the 

various cases investigated were compared with the available analytical 

and numerical results obtained by other investigators. The elastic 

stability of plates is discussed in Section 4.3. 

4.2 LINEAR ELASTIC ANALYSIS 

Linear elastic analyses have been carried out to investigate the 

convergence characteristics of the elements used , to test the program 

and the finite element formulation. 
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The results obtained for the analysis of several plates with various 

boundary conditions under different loadings gave identical results to 

those obtained by others [28]. 

4.3 ELASTIC STABILITY OF PLATES 

The finite element method was first applied to the elastic stability 

of plates by Kapur et al [33], who used non-conforming rectangular 

bending elements to obtain the buckling loads for plates with no 

holes. Pifko et al 134] used conforming rectangular bending elements, 

the result of this was that the convergence characteristics of the 

solution were improved. The buckling loads given in Refs. [33-34] 

have been obtained where the in-plane stress distribution throughout 

the plate is constant. Obviously this approach cannot be applied to 

plates with holes because the stresses change rapidly in the vicinity 

of holes. 

The first attempt to determine the buckling loads for square plates 

with circular holes under pure shear using the finite element method 

was made by Rockey et al [35], who used three noded triangular 

elements to determine the in-plane stresses and buckling loads. 

Shan=ugan et al [36] used four noded rectangular elements to determine 

the in-plane stresses and buckling loads for square plates with square 

holes under pure shear. The solutions given in Refs. [35-36] failed 
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to converge onto the analytical solutions for plates with no holes as 

the size of the holes become small. Sabir et al [37]' used a 

combination of triangular and rectangular strain based elements to 

determine the buckling loads for plates with holes. The use of 

triangular elements around circular holes resulted in inaccurate 

modelling for small circular holes. 

4.3.1 GOVERNING EQUATIONS 

The governing equation for the elastic stability of a plate loaded in 

its plane can be shown to take the following form 

X[Ka] {61 = {OI (4.1) 

where K is the elastic flexural stiffness matrix, equation 

(3.12), Ka is the geometric stiffness matrix which depends on the 

in-plane stress distribution through the plate, equation (3.13), X 

is a stress factor necessary to achieve neutral equilibrium and 6 

is a displacement vector which consists of the lateral displacements 

and the rotations about the plane of the plate. 

The in-plane stresses due to the various edge-loadings are determined 

prior to the solution of equation (4.1), which can be shown to be 

related to the applied loads by the following relationship: 

[B 
p] 

[K 
p1 

-1 {P} (4.2) 
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where aP is the in-plane stresses due to the applied load P and 

BP and Kp are the in-plane strain-displacement and the stiffness 

=atrices given by equations (3.11a) and (3.17) respectively and the 

=aterial =atrix Dp is given by 

IV0 

E 
LD 

p2V10 
(4.3) 

00 
1-V 
2 

where E and v are Young's modulus and Poisson's ratio respectively. 

Equation (4.1) can be written in a generalized eigenvalue problem 

for=, such that 

AK6 =K6 (4.4) 
a 

where 

ý. 1 (4.5a) 
X 

(4.5b) 

The elastic flexural stiffness matrix given in equation (4.4) is 

positive definite and the geometric stiffness matrix Ra is in 

general indefinite. In solving equation (4.4) the highest eigenvalue 

is determined in order that the reciprocal of X gives the lowest 

eigenvalue. The governing equation for the elastic stability was 

solved numerically using the NAG (38] library routines. 



- 40 - 

4.3.2 SOLUTION PROCEDURE 

The procedures adopted to determine the elastic buckling loads are 

su-a=zed as follows: 

I- The in-plane stiffness matrix was formed, equation (3.17), using 

the 8-node isopara=etric membrane element. 

2- The in-plane stresses a due to -the edge loadings were 
p 

determined by solving equation (4.2). 

3- The flexural and geometric stiffness matrices were formed, 

equations (3.12) and (3.13), using the Heterosis element. 

4- The elastic buckling loads were determined by solving equation 

(4.4), details of which are given in Appendix I. 

4.3.3 NUMERICAL RESULTS 

For a square plate under in-plane uniaxial, biaxial or shear loadings, 

the critical buckling stress, a cr' 
can be related to the buckling 

cofficient k by 
2 

a=k ir Et (4.6) 
cr 12(1-v 2L 

where t and L are the thickness and the length of the plate 

respectively. 

The values of k for a square plate simply supported and subjected to a 

uniaxial, biaxial or shear loading are 4.0,2.0 and 9.34. These 

values become 10.0,5.3 and 14.7 when the edges are clamped. 

4.3.3.1 SOLUION CONVERGENCE 

Convergence of the solution has been investigated for square plates 

under various edge loading conditions. To test the formulation the 
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buckling cofficients, for square plates with no holes under uniaxial 

and biaxial compression with'both clamped'and simply supported edges, 

were d-eter=ined. -A 4x4 mesh per quadrant of the plate gave good 

results compared with the analytical values. The percentage errors in 

the buckling cofficients were 0.5% and 0.12Z for clamped and simply 

supported edges respectively for both loading conditions. Details of 

the rate of convergence with increasing the number of degrees Of 

freedom for the cases mentioned are'shown in Fig. 4.1. 

For clamped and simply supported square plates with and without 

openings under pure shear no use of 'symmetry was 'made because this 

requires a -pre-knowledge of the lowest buckling modes. The 

convergence investigation, Fig. 4.2, showed that for a square 'plate 

with a central circular hole 52 elements for clamped edges and 40 

elements for simply supported edges gave sufficiently accurate 

results. Similarly for a square plate with a central square hole 60 

elements were required for clamped edges and 48 elements for simply 

supported edges to produce sufficiently 'accurate results. A plate 

without a hole under pure shear- using 49 and 36 elements gave a 

percentage error in the buckling cofficients of less than 1.5% for 

both clamped and simply supported edges compared with the analytical 

values. 

4.3.3.2 SQUARE PLATES WITH CENTRAL CIRCULAR HOLES UNDER PURE SHEAR 

The variations of the buckling coefficients with the ratio of the hole 

diameter to the plate length for both clamped and simply supported 

edges are shown in Fig. 4.3, together with the results given in Refs. 



- 42 - 

[35] and [37]. The results obtained by Rockey et al (35] failed to 

converge onto the analytical solution for a plate without a hole. The 

results obtained in the study and those given in Ref. [37], which 

have been obtained using 85 elements to model a quarter of the plate, 

showed good agreement for plates with large circular holes and both 

results converge onto the analytical solutions for plates with no 

holes, however the buckling coefficients obtained in the present 

analyses are larger than those given in Ref. [37] for plates with 

s=all circular holes. This discrepancy is most likely due to the 

better modelling obtained by the, use of the serendipity elements 

around the holes when compared with that obtained by using triangular 

elements in the vicinity of the hole as used by Sabir et al [37]. The 

finite element idealization for a square plate with a central circular 

hole is shown in Fig. 4.4. 

4.3.3.3 SQUARE PLATES WITH CENTRAL SQUARE HOLES UNDER PURE SHEAR 

The finite element idealization for a square plate with a central 

square hole is shown in Fig. 4.5. The variations of the buckling 

coefficients with the ratio of the hole length to the plate length for 

both clamped and simply supported plates are shown in Fig. 4.6, 

together with the results given in Refs. (36] and [37]. The results 

obtained by Shanmugam et al [361 indicated that the buckling 

coefficients failed to converge onto the corresponding analytical 

values for a plate without a hole and that the buckling coefficients 

would reach a zero value before the plate is entirely covered by the 

hole. The results obtained gave good agreement with those obtained by 

Sabir et al [37] using 75 elements to model a quarter of the plate. 
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4.3.3.4 CIRCULAR PLATES UNDER RADIAL COMPRESSIVE PRESSURE 

The buckling cofficients for a circular plate under radial compressive 

pressure with both clamped and simply supported edges, were determined 

using 12 elements to model a quarter of the plate for both cases. The 

buckling cofficients obtained were 4.21 and 14.77 for simply supported 

and clamped plates respectively compared with the corresponding 

analytical values of 4.20 and 14.68. The finite element idealization 

used to model a quarter of the circular plate is shown in Fig. 4-7. 
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Figure 4.7. Finite element idealization for 
circular plate. 
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CHAPTER 5 

IN-MAERICAL MODELLING OF THE MATERIAL PROPERTIES 

5.1,. =ODUCTI ON 

The ru=erical modelling of the material properties for use in a 

-nonlinear finite element analysis is one of the most difficult and 

important aspects of any realistic analysis. The modelling of all of- 

the aspects of the behaviour of- a particular material would be 

extremely difficult. It is therefore more usual to use models which 

represent those aspects of behaviour which will effect most the- 

response of the structure, under the particular loading to be 

considered. I 

The analyses carried out involved both steel plates and reinforced 

concrete slabs and the relevant modelling of the material properties 

will be discussed for each type of analysis. 

In the analysis 'of the steel plates the steel , was considered, as a 

homogeneous material with similar behaviour in'-tension and 

compression. The major source of material nonlinearity considered was 

flow due to plastic yielding. 

Discussion of the model used for steel' is presented in Section 5.2. 

Reinforced concrete is a heterogeneous material-consisting of concrete 

and steel reinforcing bars, the two materials, having very different 

properties. In order to simulate the behaviour of the composite the 

two constituents were modelled independently. The interaction between 
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the two materials can be modelled by assuming some bond characteristic 

at the interface. Partial interaction can be modelled by assuming a 

bond-slip relationship. Full interaction, which was used throughout 

the study, assumes no slip and thus compatibility of deformations, at 

the interface between the two materials, was assumed to exist. 

The major sources of nonlinearity in reinforced concrete structures 

are the inelastic response of concrete in compression, cracking of 

concrete in tension and the yielding of the reinforcing steel. 

The behaviour of the concrete depends on the level and nature of 

stress to which it is -subjected. Under uniaxial compression the 

concrete behaviour is,,, 
_ 

approximately linear elastic, Fig. 5.1, up to 

approximately 30% of its uniaxial ultimate compressive strength, f, 
c 

Beyond that concrete exhibits a nonlinear response. After the 

concrete reaches its ultimate compressive strength, the stress carried 

by the concrete decreases with increasing strain, until it reaches its 

ultimate strain, ecu, when it crushes and carry zero stress. Under 

uniaxial tensile stress, concrete is generally considered to behave as 

a linear elastic-brittle material. Cracks will form when the stress 

reaches the concrete tensile strength, f I. 
t 

Under biaxial compression, concrete exhibits an increased initial 

stiffness, compared with the uniaxial behaviour, that may be 

attributed to the Poisson's ratio effect. Under biaxial 

tension-compression, concrete exhibits a reduced strength in both 

tension and compression compared to the strengths achieved under 

uniaxial loading. Under biaxial tension, the behaviour about each 
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principal axis is similar to that under uniaxial tension [401. 

The properties of concrete also depend on other time-dependent factors 

such as creep and shrinkage, however since the present analysis is 

limited to short term loading these factors have. been ignored. 

A review of the different numerical models that can be employed for 

concrete for use in a finite element analysis is presented in Section 

5.3, and the models adopted in the analysis are discussed in Section 

5.4. Cracking and the representation of the tension stiffening effect 

are discussed in Section 5.5. 

The model used for the reinforcing steel is presented in Section 5.6. 

5.2. STEEL 

It is a well known fact that the nonlinear material behaviour of most 

metals is due to plastic flow. In a nonlinear analysis of a metal 

structure a yield criterion indicating the stress level at which 

plastic flow commences must be established, beyond this stress level 

the behaviour becomes nonlinear. 

Several yield criteria can be used in the modelling of elasto-plastic 

behaviour of metals, however the most commonly used criteria are 

Tresca and Von -Mises. Both criteria give good correlation with the 

experimental data, however Von Mises fits the experimental data more 

closely than Tresca's [41]. 
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The analytical model adopted in the analysis is an incremental model 

with the constitutive relationship being a function of the stress 

level. Derivation ofl, the constitutive-relationship-is similar to that 

given by, Zienkiewicz [16] and is*presented here. Before yielding the 

material was assumed to be linear elastic and the constitutive 

relationship is given by 

{Aa I= (D 
bl 

'AC) (5. l a) 

where Aa and AC are the incremental elastic stress and strain 

vectors respectively. The elastic matrix D b'- is given by 

v0 
E2v0 (5. lb) 

1-v ) 

00 
I-V 
2 

Yielding was assumed to occur when the stresses satisfy the general 

yield criterion 

F(a, k) >, 

where k is a strain hardening parameter. 

(5.2) 

During plastic flow the total incremental strains, A. , were assumed 

to be divisable, into, elastic and plastic parts such that 

{äcl = {AE: 
e}+ 

{AF- 
p} 

(5.3) 
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where the subscripts e and p denote elastic and plastic components 

respectively. 

If the normality condition is assumed, which requires that the 

increment of plastic strain is in a direction normal to the yield 

surface, this condition can be expressed as 

{Ar- 1 X- 
1 3F ý 

(5.4) 

where X. is a scalar. 

The total incremental strains, equation (5.3), can be written in'terms 

of its elastic and' plastic incremental parts, equations (5.1a) and 

(5.4), such that 

IRE I [D J+ý 
aa 

(5.5) 

Following Nayak et al [42], tbe scalar X can -be -sbown to be 

expressed by 

t FIT UF1 (Dbi 
[A. 

+- D Da b (5.6) 

where A is a scalar representing the slope of the uniaxial plastic 

part of the stress-strain curve. 

The elasto-plastic incremental stress-strain relationship can be 

obtained from equations (5.5) and (5.6), such that 

{Aa} = {Ae) (5.7a) 
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where the elasto-plastic material matrix D* is given by 

ýLF 1T [Db] 1 DF [Db] - 
[Db] 19F1 tIF 1 [D A+ (5.7b) 

aa Da b1 Da 
, 

Dal 

Equation (5.7b) is a nonlinear constitutive relationship and is a 

function of the stress level. For a stress-strain relationship with 

no strain hardening, which was assumed in the analysis, the scalar A 

is set to zero. 

The Von Mises yield criterion was used in the analysis. This 

criterion can be expressed for a two-dimensional stress state and for 

a material with no strain hardening as 

2_ 
cr cr +a2+ 3T 2_ 

cr 
2 

>, 0 (5.8) 
xxyy XY 0 

where 00 is the uniaxial yield stress for the material. 

Three material properties are required to develop the constitutive 

relationship. These properties are the uniaxial elastic modulus, 't , 

Poisson's ratio, v. and the uniaxial yield stress, a0e All these 

properties can be determined experimentally. 
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5.3 CONCRETE 

5.3.1 REVIEW OF NUYERICAL MODELS 

In. a., nonlinear finite element analysis of a reinforced concrete 

structure, the numerical modelling of the material properties requires 

the following: (1) a constitutive relationship, (2) a yield or 

maximum stress criterion, (3) a failure criterion, generally in terms 

of strains, 
'(4) 

a cracking criterion, and(5) a model for tension 

stiffening. 

Although several numerical models have been developed and used in 

nonlinear finite element analyses during the last decade, no agreement 

on a single constitutive relationship under one or multi-dimensional 

states of stress for short term loading has been reached at the 

present time. An extensive review of the various models developed for 

use in the finite element method is given in Ref. [43]. 

In most numerical models the constitutive relationship for one or 

multi-dimensional stress states are usually expressed in terms of one 

or more of the measured properties of concrete, such as the uniaxial 

ultimate compressive strength, the uniaxial ultimate tensile strength, 

the initial elastic modulus of elasticity, and Poisson's ratio. 

The most widely-used approaches for defining the constitutive models 
I 

. can be divided into three groups [43]: (1) nonlinear elasticity, (2) 

plasticity and (3) endochronic. 
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5.3.21 NONLINEAR EUSTICITY MODELS 

Elasticity based models can be utilized with either a total or an 

incre=ental stress-strain fo=ulation. In the total stress-strain 

-ate of stress is assumed to be uniquely formulation, the current st 

determined as a function of the current state of strain. This type of 

for=ulation is path-independent and is suitable for concrete 

structures under short term monotonic loading. 

Incremental stress-strain for=ulations are used when unloading is 

likely to be significant or in analyses when time-dependent factors 

are included. This type of formulation is path-dependent and provides 

a good representation for concrete under non-monotonic loading. 

The following investigators have developed numerical elasticity based 

models for concrete under biaxial. states of stress. 

Ngo et al [44] proposed a model in which concrete is represented as a 

linear isotropic material. Nonlinear behaviour in the concrete is 

limited to the effects of cracking. 

Kupfer et al (45] proposed a more sophisticated isotropic model based 

on a total stress-strain formulation. In this model the constitutive 

relationship is expressed in terms of secant shear and bulk moduli, 

which were represented by a series of expressions. These expressions 

were derived by fitting curves to the experimental data obtained for 

concrete under various biaxial states of stress. This model employed 

a maximum stress envelope which was expressed in terms of the test 

data obtained for concrete under biaxial states of stress. 
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Gerstle [461 proposed, an incremental isotropic model in which the 

constitutive relationship was expressed in ter=s of tangential bulk 

and shear moduli. These moduli were assured to vary linearly with the 

octahedral normal and shear stresses. 

In all the models described above, concrete was modelled as an 

isotropic material, whereas experimental data [40] showed that 

concrete exhibits stress-induced orthotropic behaviour when in a state 

of biaxial stress. 

Liu et al [47] proposed an orthotropic model for concrete based on a 

total stress-strain formulation. A stress-strain equation for the 

representation of the behaviour of concrete was developed, based on 

their test data [48]. This equation is valid for compression only. 

Darwin et al [49-50] proposed an incremental model in which concrete 

was modelled as an orthotropic material. The model was based on the 

concept of an equivalent uniaxial strain. For biaxial compression a 

family of curves, known as equivalent uniaxial stress-strain curves, 

and which were functions of the stress ratio in the two orthotropic 

directions, was proposed. The equivalent uniaxial stress-strain 

curves were expressed in terms of the values of the peak stresses, the 

strains corresponding to the peak stresses and the total equivalent 

uniaxial strains. The peak stresses were expressed in terms of a 

maximum stress criterion similar to that proposed by Kupfer et al 

[451. The strains corresponding to the peak stresses were expressed 

using analytical expressions based on experimental data obtained for 
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concrete under biaxial states of stress. The total equivalent 

uniaxial strains were obtained by scalar summation for all the strain 

increments along the loading path. In tension, concrete was modelled 

as a linear elastic-brittle material. Evaluation of the modului of 

elasticity is based on the equivalent uniaxial stress-strain curves. 

In this model the total equivalent uniaxial strains have been treated 

as scalar quantities despite the fact that strains are vectors. These 

strains were called fictitious strains rather than true strains. 

TasuJi et al [511 extended the model proposed by Liu et al [47] for 

biaxial compression to a general stress-strain relationship that 

described the behaviour of concrete in biaxial tension-compression and 

biaxial tension in addition to biaxial compression. 

Details of this model will be presented in Section 5.4. 

5.3.3 PLASTICITY BASED MODELS 

Plasticity models are based on the assumption that concrete behaves as 

a plastic material although generally with only limited ductility. 

The constitutive relationships for these models are defined by 

[43]: (1) the shape of an initial yield surface, (2) the evalution of 

subsequent loading surface, (3) the formulation of the appropriate 

flow rule and (4) a crushing surface expressed in terms of strains. 

The following investigators have'utilized models for concrete based on 

the concept of plasticity. 

Lin et al [52] idealized the concrete as perfectly elasto-plastic 
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material and used the Von Mises criterion to approximate the yield 

surface in biaxial compression. Crushing of concrete was represented 

by a crushing surface, defined in terms of the principal strains, 

beyond which the concrete was assumed to crush and carry zero stress. 

The stress-strain curve for concrete in tension was, considered to., have 

uncracked elastic portion and a cracked unloading nonlinear portion. 

Chen et al [53] proposed a plasticity model assuming concrete to be an 

isotropic, linear elastic-plastic, strain hardening and fracturing 

material. The initial yield surface and failure surface 
'were 

developed by describing a loading function in terms of the stress 

invariants. 

Buyukozturk (54] proposed a model in which the loading surface was 

based on the experimental test data obtained by Kupfer et al [40] and 

Liu et al [48]. 

5.3.4 ENDOCHRONIC THEORY 

The endochronic theory was originally proposed by Valanis [551 for 

metals. Bazant et al [56] have extended the application of this 

theory to concrete. 

The endochronic theory represents a special type of viscoplasticity 

with a strain rate dependent viscosity. The concept of the theory is 

that of the intrinsic time, which depends on the strain increments and 

is assumed to govern, the magnitude of the inelastic strain increments. 
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The major difference of the endochronic formulation from the 

elasticity and plasticity is that it is incrementally nonlinear. 

However, because of the large number of material parameters required 

to model the behaviour of the concrete using the endochronic theory, 

further research is required to simplify and reduce the material 

parameters used in the existing versions of the theory. 

Most of the types of models described have been used successfully in 

the analysis of reinforced concrete structures. However, elasticity 

based models provide good overall representation of the concrete 

behaviour. For reinforced concrete structures in which the nonlinear 

behaviour is mainly due to the cracking of concrete and yielding of 

the reinforcing steel, the use of elasticity based models*seems to be 

justified [431. 

Two biaxial nonlinear elasticity based models for concrete have been 

used in the analysis. - Details of these models are presented In the 

next Section. 

5.4 CONCRETE MODELS ADOPTED IN THE ANALYSIS 

Two nonlinear elasticity based models based on the total stress-strain 

formulation have been utilized for the representation of the concrete 

behaviour. From the experimental results, Fig. 5.2, obtained by Kupfer 

et al [401 it can be seen that concrete behaves as an orthotropic 

material in the two principal directions, and the behaviour in each 
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direction depends on the stress in the other direction. This 

assumption was made in the formulation of the two models. 

5.4.1 MODEL I 

This model is similar to that proposed by Cope et al [57] and used in 

their investigation of the behaviour of reinforced concrete slabs. It 

was assumed for the model that pseudo stresses in the principal 

directions could be calculated independently of each other, based on 

uniaxial stress-strain relationships. The biaxial effect was assumed 

to be due to the interaction of the two principal directions through 

the Poisson's ratio effect. 

Two uniaxial stress-strain curves for concrete in compression were 

used in the analysis, Fig. 5.3 and 5.4. The first curve was ýbi-linear 

and is similar to that used by Hand et al [58] in the analysis of 

concrete plates and shells. The second was a nonlinear curve proposed 

by Saenz [59]. 

In both stress-strain curves, concrete was assumed to carry 

compressive stress beyond the strain corresponding to the concrete 

ultimate compressive strength ,CC, up to an ultimate compressive 

strain ecue When concrete reaches its ultimate compressive strain it 

was assumed to crush and carry zero stress. 

In tension, the stress-strain relationship was assumed to be linear 

prior to cracking, which was assumed to occur when the tensile stress 

reaches the ultimate tensile strength of concrete. The post cracking 
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for concrete in compression [591 
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behaviour of concrete will be discussed in detail in Section 5.5. 

The procedure adopted for the evaluation of the stress level is 

summarized as follows: 

1- Principal strains, C1,2, and the angle between the cartesian and 

the principal directions were determined from the given strains in the 

cartesian directions, exi. cy, Y., using 

Y+ (5.9) 1,2 2 

et an- 
Iy XY (5.10) ce xy 

2- From the uniaxial stress-strain relationship, the pseudo principal 

stresses, (y* were determined using the principal strains. 1,2' 

3- Effective or true principal stresses, which include the biaxial 

effect due to Poisson's ratio effect, were determined using the 

following relationship: 

v r* I 
ca1 

2 cr* I-V 
C) v12 c 

4- Poisson's ratio, Vc, was kept constant 

cracked or crushed, after which it was a& 

the two principal stresses occurs and thus 

5- The effective principal stresses were 

stresses in the cartesian directions 

transformation. 

unless the concrete had 

3umed no interaction between 

VC was set to zero. 

then resolved to obtain 

using the following 
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compression 

Compression 

Figure 5.5. Square maximum stress criterion 
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cr 
x-I cos 20 + cos 20 

y+I cos 2e cos 26 (5.12) 

Txyj sin 26 sin 2e 

12 

In order to check for yielding the square maximum stress criterion, 

Fig. 5.5, was used. 

5.4.2 MODEL II 

Tasuji et al [51] have proposed a model for concrete which represents 

the behaviour of concrete-under biaxial states of stress- and assumes 

concrete to be an orthotropic. material. This model was used by 

Edwards [60] for the analysis of concrete bridge decks. 

The stress-strain equation developed by Liu et al [471 was extended to 

represent the behaviour of concrete under different biaxial states of 

stress. The equation developed is 

E. E 
1c 

c; 
1. 

=1Ec 
P- t r- - vl 

(1-v 
c 
K) 

[1+ 
-vK 'r- 2ý( 

e'. 
+ý 

EI s pi pi 
ý] 
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where - -- 

a1= stress in principal direction i 

EI= strain in principal direction i 

Ec= initial modulus of elasticity 

a. P1 = secant modulus sE. pi 

apit epi = peak compressive stress and, corresponding 

strain in principal direction i. 

biaxial principal stress ratio defined by 

K= 
'72 

(5.14) 

where a21 algebraically 

For uniaxial stresses, equation (5.13), reduces to Saenz's equation, 

Fig. 5.4, [59]. 

A simplified biaxial strength envelope, similar to that proposed by 

Kupfer et al [45], was proposed. The strength envelope is shown in 

Fig. 5.6, together with those proposed by Liu et al [47] and Kupfer et 

al [45]. 

The peak stresses, a 
pit 

and the corresponding strains, Cp,, in the 

principal directions are functions of the biaxial principal stress 

ratio, k. Tasuji et al [51] gave expression for the peak stresses in 

terms of k. For the corresponding strains, ep,,. expressions were 

obtained from the test data reported by Tasuji [61] for the behaviour 

of concrete under biaxial states of stress, Fig. 5.7, by using a least 

square fit. 
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Figure 5.6. Strength envelopes 
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The biaxial strength envelope is divided into three regions, Fig. 5.8, 

which depend on the state of stresses, as represented by the biaxial 

principal stress ratio, k. The three regions of the strength envelope 

with the expressions for the peak stresses and'the corresponding 

strains as proposed by Tasuji et al [51] are summarized as follows: 

Compression-Compression region 0.0 <, K<1.0 

a, = compression a2ý compression 

for 0.0 <K<0.20 
(5.15a) 

K 
fp3' ý 1*0 + -1.2-K 

c 

for 0.2 <K<1.0 

1.20 
c 

for 0.0 %< K %< 1.0 

ap2 ý K. a 
pi 

-6 cpl 2500 x 10 

c 
p2 

760 + 74.0 a 
p2 

Tension-Compression region 

a, = compression 

Pi 1.0- 
f? 1.0+ks 

c 

(5.15b) 

(5.15 

(5.15d) 

(5. l5e) 

-- <, K < 0.0 

a2 ý tens i on 

(5.16a) 

ff 

where SC ratio of the uniaxial ultimate compressive ft 
strength of concrete to its uniaxial tensile strength. 

ap2 -Ka 
PI 

cpl = 360.0 + 85.6 ap, 

(5.16b) 

(5.16 



- 74 - 
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ion 
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Figure 5.8. Biaxial strength envelope used in the 
present study 
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Tension-Tension recion 1.0 :5K ý< Co c> 

cr, = tension a2- tension 

a 17 1 
fo s 

c 

ap, Ka 
p2 

130 x 10 -6 
p2 

cp1 =-26.0 *- 52.2 a 
P1 

(5.17a) 

(5.17b) 

(5.17c) 

(5.17d) 

The values of the peak strains corresponding to the peak stresses, 

ep, obtained using the expressions proposed by Tasuji et al [51] 

showed inconsistencies at the boundaries of the different biaxial 

stress regions, Fig. 5.9. For example consider the case of a concrete 

with a uniaxial ultimate compressive strength of 24.0 N/mm2, under 

equal biaxial compression stresses (k-1-0). Values for e pi. of 

OX, U6 U6 -2500. and -1371.2xl Were obtained using equations (5.15d) and 

(5-15e) respectively. 

For the same concrete under uniaxial compression (k-0.0). The values 

-6 for e 
pi were, -2500. OxlO from equation (5.15d), which is valid for 

6 
the compression region, and a value of -1694.4xlj'was obtained using 

equation (5.16c), which is valid for the tension-compression region. 

These inconsistencies in the values of the strains corresponding to 

the peak stresses have been rectified by proposing expressions for the 

strains which satisfy the boundary conditions at the intersections of 

the different biaxial stress regions. 
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Figure 5.9. Strains corresponding to the peak stresses 
evaluated at the boundaries of the different 
stress regions. 
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Fig. 5.10 indicates the proposed expressions , 
for the strains 

corresponding to the peak stresses obtained using the data reported by 

Tasuji (61]. Additionally the stresses were non-dimensionalized in 

order to make use of all the available data. The proposed expressions 

avoid the inconsistencies in the values of the strains corresponding 

to the peak stresses at the boundaries of the stress regions inherent 

in the expression proposed by Tasuji et al [51]. 

In the proposed model the behaviour of concrete under compression, for 

biaxial compression and biaxial tension-compression, is assumed to be 

represented by equation (5.13). 

The analytical expressions for the peak stresses and the corresponding 

strains used in this model for the different stress regions, are 

summarized as follows: 

Compression-Compression region 0.0 4K<1.0 

a, = compression a2 =compression 

for 0.0 <K<0.20 

a 
pl m 1.0 +K fo 1.20-K (5.18a) 

c 

for 0.20 <K<1.0 

1.20 (5.18b) 

for 0.0 ;ýK<1.0 

a 
p2 

ýKa 
P1 

(5.18c) 

cp1=cc (5.18d) 
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e= strain corresponding to the uniaxial ultimate 
c compressive strength of concrete. 

for 0.0 ýK ;ý0.50 

. 
ap2 

e 
p2 

w ec 
[- 

0.3040 + 0.9768. f, 

] 
(5.18e) 

c 

for 0.5 $K<1.0 

cE-0.4385 + 1.1985 
! 

p2] (5.18f) 
p2 c fl 

Ic 

Tension-Compression region -co. ýK < 0.0 

a, ý compression a2 ý tension 

for "IK10.0 

Grp 1 1.0 (5.19 
f11. O+KS 
c 

(rt 2ýKa1 
(5.19b) 

for 0.05 Ký0.0 

F-P, Cc0.1685 + 1.1685 
c 

(5.19c) 

for k 0.05 

-P 
pi 

c -0.1440 + 1.1290 fe cI (5.19d) 
c 

for K<0.0 

et=a t2 
/E 

c 
(5.19e) 

Under biaxial tension, experimental observations (401 showed that the 

behaviour of concrete about each axis is approximately similar to that 

under uniaxial tension. Thus for tension the stress-strain 

relationship is given by 

Gi =EiEc for a, s ati 

where 

(5.20) 

ati m tensile strength of concrete in principal direction 
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Figure 5.10. Peak-load strain-stress relationships 
for concrete under biaxial loading 



- 80 - 

The expression for the ultimate tensile strength for concrete and the 

corresponding strains in the tension-tension region is summarized as 

f ollows: 

Tensicn-Tension region 1.0 :ýK 0 

cr, tension a2ý tension 

a f, crt2 =t (5.21a) 
tl t 

ff 

t. Et 
(5.21b) 

c 

The stress-strain curves for concrete under biaxial compression 

predicted using the proposed equations are identical to those reported 

by Tasuji et al (51). For biaxial tension-compression, a comparison 

of the stress-strain curves obtained using the proposed equations 

together with those obtained by Tasuji et al [51] and the experimental 

curves obtained by Kupfer et al (401, is shown in Fig. 5.11. The 

concrete stress-strain curves predicted by the proposed equations are 

closer to the experimental results. 

The existence of the falling branch of the stress-strain curve beyond 

the peak compressive stress has long been established. Tasuji et al 

(511 suggested that inclusion of such a branch might complicate the 

stress-strain relationship, equation (5.13). A simple approach to the 

inclusion of the falling branch was adopted in the present work. 

Beyond the peak compressive stress, the stress-strain relationship is 

assumed linear, Fig. 5.12. Concrete is assumed to crush and carry zero 

stress when the strain reaches its ultimate value, C 
cu 
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Figure 5.11. Stress-strain curves for concrete 
under biaxial. tension-compression 
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Figure 5.12. Assumed stress-strain curve for'concrete 
in compression under biaxial stresses 
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The procedure adopted for the evaluation of the stresses at any 

particular location is summarized as follows: 

1- The principal strains, e., and the angle between the cartesian 
I 

and the principal directions are determined from the strains in the 

cartesian directions using equations (5.9) and (5.10). 

2- Using the biaxial principal stress ratio, k, evaluated at the end 

of the previous iteration, the peak stress and hence the corresponding 

strains are determined using the expressions given for the different 

stress regions, equations (5.18), (5.19) and (5.21). 

3- The principal stresses, a are determined from the stress-strain 

relationships, equations (5.13) and (5.20). 

4- The biaxial principal ratio, k, is determined again using equation 

(5.14), with the principal stresses, a 

5- Steps 3 and 4 are repeated until the biaxial principal stress ratio 

converges to an acceptable level (1% difference between two sucessive 

iterations). Investigation of the convergence of the biaxial 

principal stress ratio indicated that convergence occurred within 

three iterations. 

6- The principal stresses are then resolved, using equation (5.12), to 

obtain stresses in the cartesian directions. 

Six material properties for concrete are required in order to 

construct the stress-strain relationship. These properties are the 

uniaxial initial elastic modulus, Ec 
ý Poisson's ratio, vp the 

c 
uniaxial ultimate tensile strength, ff. the uniaxial ultimate t 
compressive strength, fl, and its corresponding strain, r- , and the cc 
uniaxial ultimate strain, 

cu . 
All six properties can be determined 
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experimentally. 

5.5 C-RACK1NG AND TENSION STIFFENING 

5.5.1 GENERAL RE,, kf-kPKS 

The low tensile strength of concrete and the cracking that results, is 

a major source of the, nonlinear behaviour in reinforced concrete 

structures under short term loading. 

In tension, concrete is assumed to behave-as a linear'elastic material 

up to cracking, which is assumed to occur when a principal tensile 

stress reaches the ultimate tensile strength. The direction of the 

crack is assumed normal to the direction of the corresponding 

principal stress. 

The post cracking behaviour of reinforced concrete is complicated by 

the presence of the aggregate interlock, dowel action and tension 

stiffening effect. The phenomena of aggregate interlock and the dowel 

action allow the concrete to transfer some in-plane shear force. 

Under direct loads, the presence of the reinforcing steel and the 

influence of the concrete between adjacent cracks allows the concrete 

to carry direct stress beyond that required to initiate cracks. The 

basic cracking mechanism for a reinforced concrete element under 

uniaxial tension is illustrated in Fig. 5.13. When the concrete 

reaches its ultimate tensile strength, primary cracks will form. At 

these primary cracks the stress carried by the concrete drops to zero 

and the steel carýies all the load, however the concrete between the 
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Figure 5.13. Stress distribution in a cracked reinforced 
concrete element 
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cracks is still capable of carrying some tensile stress. The average 

effect is that the-concrete carries some load. This is often referred 

to as the tension stiffening effect. As the load increases secondary 

cracks will for-m resulting in a decrease in the average stress carried 

by the concrete. Eventually a secondary system of internal cracks 

develop around the reinforcing steel resulting in a breakdown of the 

bond between the concrete and the reinforcing steel. At this stage 

the concrete carries no load. 

The modelling of cracks and the representation of the tension 

stiffening effect in a finite element analysis are discussed in the 

next two sections. 

5.5.2 CRACKING MODELS 

Several models for cracking have been developed for use in a finite 

element analysis. Most models relay on a strength criterion for crack 

initiation. 

Cracking in concrete may be represented using discrete or smeared 

models, Fig. 5.14. In the discrete model, cracks are allowed to 

develop along the element boundaries. The nodal points are separated 

when cracks occur. This approach has the disadvantage that it 

involves changes in the topology of the finite element mesh following 

the formation of a crack and the lack of generality in possible crack 

direction. 

In the smeared crack modelling, local discontinuities due to cracking 
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Discrete representation 

Figure 5.14. Discrete and smeared representation 
of a single crack 

smeared representation 
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are represented in a distributed manner. This type of crack model, 

which has been adopted in the analysis, fits the finite element 

displacement method, since the continuity of the displacement field 

remains intact. It is also suitable for the layered approach. , 

The =ain criticis= of the smeared crack model has been that it cannot 

model a discrete crack so that it would be incapable of predicting 

local fracture. However, a study using a smeared crack model of a 

problem which involved local fracture showed that the model can lead 

to realistic results [62]. 

After a crack has formed its direction can be taken as fixed or can be 

rree to rotate. In the fixed crack approach the crack direction is 

defined by the orientation of the initial crack and is then held fixed 

regardless of the change in the principal directions-as the load is 

changed. 

The rotating crack approach, which has, been adopted in the analysis, 

was originaly proposed by Cope et al [63]. This model is based on the 

assumption that the crack direction is always normal to the direction 

of the maximum tensile principal stress. 

Comparison of the performance of the fixed and the rotating crack 

models have been carried out by Milford et al [64] and Cerrera et al 

[65] using a finite element analyses with a layered elements. 

Milford et al [64] investigated the behaviour of reinforced concrete 

panels tested by Vecchio et al (661 and reinforced concrete slabs 
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tested by Cardenas et al'[67], while Cervera et al [65] analysed a 

corner supported reinforced concrete slab tested by Duddeck et al 

[681. Both studies concluded that the results obtained using the 

rotating crack model correlated better. with the experimental data than 

the results obtained using the fixed crack model, which gave stiffer 

responses. 

Milford and his co-workers stated that the cracks defined by the 

rotating crack model are not cracks in the strict sense, but rather 

notational cracks defining the average crack rotation. 

5.5.3 REPRESENTATION OF TENSION STIFFENING 

The inclusion of. the tension, stiffening, effect in analyses, of 

reinforced concrete structures, should improve the results for the 

post cracking bebaviour. 

Two approaches can be employed to incorporate the tension stiffening 

effect, Fig-5.15. The first is to assume a descending branch for the 

concrete stress-strain curve in tension. This form of tension 

stiffening representation has been developed as a step reduction [691 

and a gradual unloading [52]. 

The second approachis to- ignore 'the concret'e after cracking and 

increase the reinforcing steel stiffness fictitiously [701. This 

approach implies that the tension stiffening effect is concentrated at 

-the reinforcing steel level, whereas experimental observations showed 
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Figure 5.16. Concrete tension model with tension stiffening 
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that this effect is distributed throughout the depth of. the tension 

zone. 

The f irst approach using a descending branch similar to that adopted 

by Lin [52] but employing a linear curve was incorporated in the 

analysis. The stress-strain relationship for concrete in tension is 

shown in Fig. 5.16. 

5.6 REINFORCING STEEL 

Reinforcing steel was assumed to be capable of carrying axial forces 

only. The reinforcing steel bars at a specific depth were smeared 

into a steel layer with the same area as the original reinforcement. 

Each steel layer had the same orientation and had its centre at the 

same position as the the original reinforcing steel bars. 

To model the stress-strain relationship of the reinforcing steel layer 

a bi-linear model was used in the analysis. As shown in Fig. 5.17, the 

following properties were required to construct the stress-strain 

curve 

Est initial modulus of elasticity 

E 
sh 

modulus of s train hardening 

a0 yield stress 

E su ultimate strain 

The strain hardening effect could be included in the representation of 
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the reinforcing steel, however if the modulus of the strain hardening, 

E 
sh' 

was set equal zero the stress-strain relation became an 

elasto-plastit one. Loading in tension and compression was assumed 

to be elastic until the stress reaches the yield stress, a, 
a, 

beyond 

that yielding was assumed to have occurred. Failure was assumed to 

occur when the strain reached the ultimate 
I 
'strain, C suo 

The 

reinforcing steel was then assumed to rupture and carry zero stress. 

The elastic constitutive relationship for a reinforced steel layer 

orientated in the x-direction is given by 

E0 
x st 

00 
y 

T 00 
XY 

c 
x 

y 

I 
XY 

L 

(5.22) 
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Figure 5.17. Stress-strain curve for reinforcing steel 
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CHAPTER 6 

METHODS OF ANALYSIS AND NUMERICAL INTEGRATION 

6.1 INTRODUCTION 

In the analysis of a linear problem using the finite element method, 

the solution of the governing equations can be achieved in a direct 

manner. For nonlinear analysis, a more sophisticated solution 

strategy-has to be employed because it is not possible to solve the 

nonlinear governing equations directly. 

This Chapter describes the method of analysis used in the present work 

to solve the nonlinear governing equations. A brief description of 

the incremental and iterative methods which are usually adopted in 

nonlinear analyses is given in Section 6.2 and a full description of 

the solution techniques employed in the analysis is given in Section 

6.3. 

Convergence of the solution for 
_nonlinear 

problems is presented in 

Section 6.4. 

In the analysis of reinforced concrete structures the cracking and 

crushing of the concrete and yielding of the reinforcing steel are 

likely to slow the convergence process because large number of 

iterations are required. Improvement of the rate of convergence for 

such situations is discussed in Section 6.5. 

The strategy for the solution used in the analysis is presented in 

Section 6.6. 



- 96 - 

In order to check the equilibrium of a -structure, the internal forces 

mobilised by the structure must be determined. These'forces are 

determined from the stress resultants around the structure which are 

evaluated from the stress distributions throughout the thickness. 

The accuracy of a number of the most commonly used integration rules 

was investigated. Modifications to the numerical integration rules to 

improve their accuracy have been proposed and also recommendations for 

the use of numerical integration rules have been made. Detailed 

discussion is given in Section 6.7. 

6.2 SOLUTION OF THE NONLINEAR EQUATIONS 

Most nonlinear solution methods are based on the assumption that the 

nonlinear response can be approximated by a series of linear 

solutions. An incremental formulation of the governing equations, 

which is based on equilibrium between the external applied loads and 

the internal forces, is usually adopted. Derivations of the governing 

equations was given in Chapter 2, equation (2.20), which is given by 

{ý (, ) In ý {F In _ {p In 

where 

ý= residual force vector 

internal force vector 

(6.1) 

applied load vector 
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Solution of the governing equations, equation (6.1), can be carried 

out using either an incremental or iterative methods of solution. 

6.2.1 INCREMENTAL METHODS 

In these methods the solution of equation (6.1) is usually carried out 

by applying the external. loads as a sequence of sufficiently small 

increments so that the structure can be assumed to respond linearly 

within each increment. This method can lead to deviation from the 

true response, Fig. 6.1. 

More efficient incremental schemes- can be obtained by combining the 

pure incremental method with a single equilibrium correction. Better 

approximation of the true response can be obtained using this 

technique, Fig. 6.2. 

The accuracy of the solution using either the pure incremental or the 

corrected incremental methods depends on the size of the load 

increment. The increments need to be small enough in order to obtain 

a good approximation of -the-'true response since the accumulating 

errors are carried from one increment to the next throughout the 

solution process. 

6.2.2 ITERATIVE METHODS 

In these methods the load is applied incrementaly and a series of 

iterations are carried out within each increment to eliminate the 

cumulative errors inherent in the previous methods. 



- 98 - 

Load 

Displacement 

Figure 6.1. Inctemental load method without 
corrections 

Load 

Displacement 

Figure 6.2. Incremental load method with 
equilibrium corrections 
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If an approximate solution {61 n to equation (6.1) is reached, an 

improved solution can be obtained using a truncated Taylor series 

expression. 

n+ dý (6.2) 
i+l n 

where 

dý [K (6.3) 
d6 T] 

6n 

Equation (6.3) represents the tangential stiffness matrix for 

increment n at iteration i. 

n An improved value of the displacement{61. can be obtained by computing 
1+1 

{61 n= {61 n+ {A61 n (6.4) 
i+l 

The incremental displacements {AS can be determined from equations 

(6.2) and (6.3) such that 

n ]n ,, n {ASI, (K 
Ti 

(6.5) 

The solution is carried out by solving a new set of linearized 

equations, equation (6.5). Displacements are then updated using 

equation (6.4) and the residual forces are calculated from equation 

(6.1). The process is repeated until the solution converges. 

Various methods can be classified based on the 'manner in which the 

stiffness matrix is formed. 



- 100 - 

6.2.2.1 NEWTON-RAPHSON METHOD 

In this method the tangential stiffness 

decomposed at the beginnig of every iteration. 

is illustrated diagrammatically in Fig. 6.3, 

freedom. The major drawback of this method is 

The repeated formations and decompositions o 

requires much more time than that required for 

system of equations. 

matrix is formed and 

The solution process 

for a one degree of 

the high cost of it. 

f the stiffness matrices 

the solution of the 

6.2.2.2 MODIFIED NEWTON-RAPHSON METHOD 

In this method the tangential stiffness matrix is updated and held 

constant for a number of iterations, after which it is again updated. 

The solution process is illustrated diagrammatically in Fig. 6.4, for a 

one degree of freedom. This method is more economical than the 

Newton-Raphson method since it involves fewer expensive reformations 

and decompositions of the stiffness matrix, however it may require 

more iterations than those required using the standard Newton-Raphson 

method. 

6.2.2.3 INITIAL STRESS METHOD 

In this method the initial elastic stiffness matrix is formed and 

decomposed at the beginning and held constant throughout the analysis. 

This method was introduced by Zienkiewicz et al [71] for the solution 

of elastic-plastic problems. The solution process is illustrated 
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Figure 6.3. Newton-Raphson method 
Displacement 

Figure 6.4. Modified Newton-Raphson method 0 

Displacement 

Displacement 
Figure, 6.5. Initial stress method 
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I 
diagrammatically in Fig. 6.5, for a one degree of freedom. ThiS' method 

is less efficient than the previous Newton-Raphson methods because the 

convergence of the solution requires more iterations than those 

required by the previous iterative methods. 

6.3 DESCRIPTION OF THE TECHNIQUES USED IN THE SOLUTION OF THE 

GOVERNING EQUATIONS 

The technique used in the analysis to solve the governing equations 

was based on the modified Newton-Raphson method. The nonlinear 

behaviour of the structures considered was assumed to be due to both 

geometric and material nonlinearities. 

To avoid any numerical instabilities that might be encountered due to 

either unloading, which may take place during an iteration due to 

redistribution of the residual forces, or due to ill-conditioned 

stiffness matrices at or near the ultimate load, the linear elastic 

constitutive relationships were used in the formulation of the 

stiffness matrices throughout the analysis. At no stage modifications 

of the stiffness matrices attempted to take account of the material 

nonlinearities because such modifications are also very expensive in a 

finite element layered approach. The reformation of the stiffness 

matrices involves updating the nonlinear part of the stiffness matrix 

which is dependent on both the current displacements and stress level. 

Two techniques were adopted to control the solution of the governing 

equations. In the first the independent variable was the applied load 
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and the nodal displacements were the unknowns in the solution of the 

governing equations. 

Consider the structural response shown in Fig. 6.6, the load control 

technique can be used to trace the ascending part of the response, 

indicated by points 0 and 1. 

The load control technique obviously fails to trace the falling part 

of the response, indicated by points 1 and 3, it can only trace point 

3 after tracing point 

The arc length method [72] and the, displacement 
I-control 

[731 

techniques can be used to trace the nonlinear response in the analysis 

of such problems. Although the arc length method has been recognised 

as a very powerful technique for tracing the stable and unstable 

equilibrium paths, it has been found to fail for some problems 

involving the nonlinear analysis of reinforced concrete structures. 

Abdel Rahmman (74] used the arc length method in a finite element 

analysis of reinforced concrete slabs and concluded that the method 

yields unusual results. This is likely due to the fact that the arc 

length method may pick up unstable positions along the falling part of 

the response. 

A displacement control technique similar to that proposed by Stricklen 

et al [73] was adopted in the analysis. In this technique an 

incremental displacement component is specified and the corresponding 

load becomes one of the unknowns. 
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Load 

Displacement 

Figure 6.6. Load-deflection curve 
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6.3.1 LOAD CONTROL 

The main operations performed in the load control technique are shown 

in Fig. 6.7. At the beginning of a load increment, the approximate 

solution of the governing equations is obtained by solving for the 

incremental nodal displacements such that 

{A6, n 
i 

(6.6) 

where the vector (P 
II is made equal to the vector of the applied 

incremental load {P); ', [KTI -is the overall tangential stiffness matrix 

and{ASI is the vector of the incremental nodal displacements. 

At the end of every iterat 

residual force vector 10- 

displacements are obtained 

displacements, equation (6.6), 

displacements using equation 

convergence occurs. 

ion the vector (p 
1) 

is 

Improved values of 

by computing the 

and' hence updating 

(6.4). The process 

made equal to the 

the incremental 

iterative nodal 

the total nodal 

is repeated until 

6.3.2 DISPLACEMENT CONTROL 

The concept of this technique is based on the interchange of the 

dependent and independent variables of the governing equations. A 

single incremental nodal displacement component is selected and 

specified as a controlling parameter while the corresponding load 

value is considered one of the unknowns. The nonlinear governing 

equations, equation (6.1), can be rewritten as 
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is 
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Figure 6.7. Main operations used in the load control 
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[K] {ASI - {Pl = {ýl (6.7) 

where the incremental generalized force vector {P} can be expressed in 

terms of an incremental load factor AX and a generalized force 

vector P due to a unit load, such that 

[PI. AMP 1 (6.8) 

Using equation (6.8), equation (6.7) can be rewritten as 

[K]{A61 - AX{P*} ý (6.9) 

Assume that the ith incremental displacement component AS. is 
1. 

specified and for simplicity, assume that equation (6.9) is reordered 

such that the specified displacemet component is the final term in the 

vector AS. The later assumption enables the theoretical *derivation 

to be simplified. In practice it is not necessary that the specified 

displacement component should be the final term, further details are 

given in Appendix II. Equation (6-9) can be rewritten as 

[Kll] 
-{P*il (A6 

1-1 
_A6 

{K 
12} 

Pý AX K 
21 1 22' 

where K AS, Pt and are scalars K is a column 221 1i 12 

vector and K 21 is a row vector. 

The matrix on the left hand side of equation (6.10) is a nonsymmetric 
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matrix, however the sub=atrix [K is 
-symmetric 

if the original 

stiffness =atrix [K] is sy--etric. To avoid solving a nonsymmetric 

syste= of equations the unknown incremental displacement components 

and the 4. -cre=e--tal load . 'actor can be obtained by expanding equation 

(6.10), such that 

! 7K 'I :, I -I=IA {p 6 {K 

- lij --1i 12 

, 'V, 1. "k -, I=A, 
.? ýt - -ýi -&5K 

(6.12) 
.., 

-1 
. -- IAi 22 

where AS 
L can be obtained fro= equation (6.11), such that 

LK -66 {K 
2 

(6.13) 

and the incremental load factor can be obtained from equations (6.12) 

and (6.13), such that 

[{K 
21*111 

{K 
12 

1-K 
221'66i (6.14) 

{K l[Klj-l{P*I- Pt 
21 11 

The solution of the nonlinear system of equations, equation (6.10), is 

found by solving equation (6.14) followed by equation (6.13). The 

main operations performed in the displacement control method are shown 

in Fig. 6.8. At the beginning of each increment a load factor X is 

set equal to zero and the incremental displacement component is 

assigned a preset value. The incremental load factor was obtained 
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Figure 6.8. Main operations used in the displacement control 
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from equation (6.14) and hence the incremental displacements W )were 

determined form equation (6.13). Details of the formation of the 

different matrices required to solve equations (6.13) and (6.14) are 

given in Appendix II. 

Since the specified incremental displacement component was specified 

at the beginning of the increment, it must be held constant, during the 

iterative process, therefore it was set equal to zero after the first 

iteration. 

At the end of each iteration the load factor X was updated such that 

X=X AX (6.15) 

The nodal displacements were then updated using equation (6.4) and the 

process was repeated until convergence occurred. 

6.4 CONVERGENCE CRITERIA 

In a nonlinear analysii convergence is assumed to occur when the 

difference between the applied loads and the internal forces has 

reached an acceptably small value. The criteria used are set so that 

the iterative process is terminated when it is considered that 

additional iterations would not improve the accuracy of the solution 

significantly. 

Several convergence criteria can be used to monitor equilibrium. 

These criteria are usually based on forces, displacements or energy. 
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In the Mindlin plate formulation in which the transverse shear 

deformations are included, the transverse shear stresses are 

determined independently of the in-plane and flexural stresses. These 

stresses are adjusted according to the current material state, whilst 

the transverse shear stresses are held constant. The transverse 

internal forces are determined from the transverse shear stresses, 

therefore equilibrium between the lateral applied loads and the 

lateral internal forces is always achieved and cannot be used to 

monitor the convergence of the solution. 

Two convergence criteria, based on displacements and energy 

respectively, were used in the analysis to check for convergence. The 

displacement criterion is that, 

I IASI li 

1161 li'l 

where 

is the euclidean norm at iteration i 
An 

i and 116611i 
i 

a is the displacement convergence tolerance. 
D 

The energy criterion used in the analysis is similar to that used by 

Cope et al [57] in which the energy released during an iteration by 

the residual forces and the iterative displacements are compared to 

the maximum energy released in a previous iteration of that particular 

increment. Thus convergence is assumed when 
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/ 

WT (a) 
i< 

T 

where 
is the energy convergence tolerance 

(6.17) 

The use of the energy norms, which involves monitoring both 

displacements and forces. - has been recommended by Bathe et al [75]. 

6.5 ACCELERATORS 

6.5.1 INTRODUCTORY REMARKS 

The increasing interest in nonlinear structural analysis has led to 

attempts to improve the convergence characteristics of the iterative 

methods. 

Several acceleration schemes have been developed and introduced in 

nonlinear finite element analyses. 

Phillips et al [761 used the 'Alpha' constant stiffness method [77] in 

the analysis of reinforced concrete structures, however it was found 

that the procedure was unstable. 

Cope et al [78] used the modified Aitken method [79] procedure in the 

analysis of reinforced concrete slabs and concluded that the procedure 

did not significantly speed up convergence. 
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Recently, line search techniques have been introduced to accelerate 

the rate of convergence of the solution for nonlinear structural 

analyses. The importance of the line search in speeding up the 

convergence of the analysis of reinforced concrete structures has been 

recognized [80-81]. The line search technique was incorporated in the 

analysis to improve the rate of convergence of the modified 

Newton-Raphson method in the analysis of reinforced concrete slabs. 

Fo-. -. -ulation of the line search technique which is similar to that 

given by Crisfield [82] is presented in the next section. 

6.5.2 LINE SEARCH 

In the iterative procedure represented by equation (6.4), The 

iterative displacements A6 can be multplied by an acceleration scalar 

such that 

161 i+l ý {6 1i, ni {A6 111- 

The concept of the line search is to find the optimum or near optimum 

value of the scalar nI. Effectively the line search process tries to 

find a stable equilibrium state by choosing a value of such that 

the residual forces in the next iteration are zero. Hence 

TW 
i 

In energy terms, this coincides with searching to find an optimum 

scalar by seeking a stationary value of the total potential energy 

1ý with respect to the displacements since 

ý 
,, 

13 ID (6.20) i+l ats 11 i+l 
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Equation (6.19) can be satisfied by trial and error. Achieving this 

requires recalculation of the residual forces. Instead of obtaining 

the exact solution of equation (6.19), it is more efficient to satisfy 

Isl <T is 
01 

where 

T is a tolerance given by 

0.0 <T ýý 1.0 

(6.21) 

The concept is illustrated in Fig. 6.9. It was shown that a slack 

tolerance of 0.8 gave similar results to those obtained using a 

tighter tolerance of 0.4 , and required 
., 

less computation time [82]. 

Therfore a tolerance of 0.8 was adopted in equation (6.21). 

The following approach was employed to obtain suitable estimate of the 

acceleration scalar. The main operations performed in the line search 

technique are shown in Fig. 6.10. The first trial of was 1.0. if 

equation (6.21) is not satisfied, linear interpolation or 

extrapolation was used to find a better estimate of the optimum 

accelerator scalar, "in, 

lli+i s0 
Tli s- (6.22) 

If Tjj+l is greater than ni the process involves extrapolation which 

may lead to overestimation of the displacements. Consequently a 

maximum limit of the ratio ni+, /n, was set equal to 10.0. if ni, l was 

very small the change in the displacements would be small, hence the 
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Figure 6.9. Line seardi concept 
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Figure 6.10. Main operations performed in the line search 
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procedure may fail to converge, therefore the ratio was set equal to 

0.20. 

Tellett [83] used the line- search technique in a nonlinear finite 

element analysis of pocket-type reinforced brickwork retaining walls 

using the initial stress method. and reported that the inclusion of the 

line search reduced the number of iterations considerably. 

The use of more sophisticated line searchý' techniques such as the 

'Second Derivative Method' were reported by Crisfield (82]. It was 

found that these sophisticated techniques have not-I'shown 'any 

improvement on the simple line search technique described above. 

6.6 SOLUTION STRATEGY 

The modified Newton-Raphson method was used to trace the nonlinear 

response. Solution of the governing equations was carried out by 

incrementing the applied load or a specified displacemen t component as 

described in Section 6.3. The main operations performed 'in the 

analysis are shown in Fig. 6.11. At the beginning of each increment 

the iterative nodal displacements were calculated by-. 
-solving the 

governing equations, equation (6.6) when load, control was used, and 

equations (6.13) and (6.14) when displacement control-was used. The 

nodal displacements were then updated to obtain the total nodal 

displacements using equation (6.4). Using the nodal displacements, 

the strains at the Gauss quadrature points of each element were then 

determined. Fig. 6.12 indicates the-various Gauss quadrature schemes 
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Figure 6.11. Main operations performed in the analysis 
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used for the evaluation of the different stress components. The 

transverse shear resultants were determined in a direct manner since 

the transverse shear stress was assumed to vary linearly throughout 

the thickness as described in chapter 2. 

The in-plane and flexural stresses were determined from the strains at 

the sa--pli-ng points through the cross-section using the material 

models described in Chapter 5. The in-plane and the flexural stress 

resultants were determined numerically by integrating the 

corresponding stresses through the thickness. 

The internal forces were then determined for each element using 

fT-. 
pBP, B 

NL a 

--P-- dA (6.23a) 

b0Bab b 
L 

i T{- fs [B 
s 

cr s} 
dAe (6.23b) 

A 
e 

where the subscripts p, b and s refer to the in-plane, flexural and 

transverse shear components respectively. 

{f} of all elements were added together to obtain an internal force 

vetor {F}, for all the structure. 

The internal force vector IF} was then subtracted from the applied 

load vector (P} to obtain a vector of residual forces If the 

applied load vector and the internal force vector were in equilibrium 
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Generally this is not true, so has to be reapplied around 

the structure. This can be achieved by solving the governing 

equations again and updating the nodal displacements. 

As the analysis is repeated, the terms in {ýj become smaller if the 

analysis converges. When an iteration has converged, the incremental 

process is repeated until the analysis is terminated. 

6.7 NU. MERICAL INTEGRATION 

6.7.1 ITrRODUCTORY REMARKS 

In the layered approach, the stress resultants such as in-plane forces 

and moments are determined by integrating the stresses at the various 

layers or sampling points through the thickness. Analytical 

integration in the nonlinear analysis is impossible since the stress 

function is unknown, therefore, numerical integration must be resorted 

to. 

Two integration schemes were used in the analysis. The first scheme 

is based on a modified trapezoidal rule in which the trapezoid was 

divided into a rectangle and a triangle in order to improve the 

accuracy of the calculated moments. This rule was used with the 

multi-linear stress-strain curves, Fig. 5.3. 

The second scheme is based on the Lobbato rule, which was selected 

from various numerical integration rules because of its expected 

accuracy for estimating the stress resultants for a concrete section 



- 122 - 

with various stress distribution conditions. This rule was used with 

the nonlinear stress-strain curves, Fig. 5.4. 

Discussion of the accuracy of the different numerical integration 

rules which were investigated and a proposed modification are 

presented in the next sections. 

6.7.2 NUMERICAL INTEGRATION RULES 

In numerical integration the function to be integrated is replaced by 

the sum of a series such that 

b 
n 

f(x)dx =EWLf3. (6.24) 

where W. are the weights and f. is f(x) evaluated at the ith 
II 

sampling points. 

The selection of., the positions at which f(x) is evaluated determines 

the type of the rule. In "closed" rules the function is evaluated at 

the extreme points as well as at points between the extremes. In 

"open" rules the function is not evaluated at the extremes. Generally 

an open rule is more accurate than a closed one when the same number 

of integration points are used. However the behaviour at the extreme 

points is important in the modelling of concrete structures in which 

cracking and crushing occur or at the onset of yield in steel or other 

metal structures. 

Four numerical 
_integration 

rules were investigated. Three of these 
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rules were of the closed type, these were compound Simpson's, Lobbato 

and Newton-Cotes. The fourth rule investigated was the Gauss rule 

which is an open type rule. The 3 point Simpson's rule integrates a 

cubic function exactly. Lobbato rule with n points integrates a 

polynomial of order 2n-3 exactly. Newton-Cotes rule with n points, 

where n is odd, integrates a polynomial of order n exactly. Gauss 

rule with n points integrates a polynomial of order 2n-I exactly. The 

abscissas and weights for the various integration rules are given in 

Refs. [16] and [84]. 

6.7.3 ACCURACY OF THE RULES 

To investigate the accuracy of the various integration rules for a 

cracked or cracked and crushed concrete section, a stress-strain 

relationship for concrete in compression proposed by Saenz [59] was 

used. In tension the following modes-of behaviour for concrete were 

investigated. 

(a) no tensile strength 

(b) brittle failure in tension 

(c) linear tension stiffening or strain softening 

The various stress-strain relationships for concrete used are shown in 

Fig. 6.13. 

Aldstedt et al [85] suggested better accuracy could be achieved by 

using a special rule for Gaussian integration of moments, however, 

this rule has the drawback that different integration points and 

weights are used for integration of in-plane forces and moments. 

Bergan [86] suggested that modifying the weight of the last 
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Figure 6.13. Stress-strain relationships for concrete 
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integration point before the crack front would improve the accuracy of 

the stress resultants, however, this rule has not been derived 

analytically. 

Numerical examples investigated in this study' using the rule suggested 

by Bergan showed no improvement in the accuracy of the stress 

resultants and in some cases produced worse results. The various 

integr4tion rules investigated in this study were used with 5,7 and 9 

integration points. The accuracy of the various rules for a cracked 

or cracked and crushed plain concrete cross-sections are discussed in 

the next sections. The results have, 
_been 

compared to the values of 

in-plane forces and moments obtained using compound., Simpson's rule 

with a large number of sampling points (999 points). 

6.7.3.1 CRACKED CONCRETE SECTION 

A concrete cross-section with cracks extending through approximately 

65% of the depth was investigated using the various numerical 

integration rules. The percentage errors in the in-plane force and 

moment about the middle of the cross-section when the concrete was 

assumed to carry no tensile stresses are given in Fig. 6.14. Simpson's 

rule with 9 integration points gave good results when compared with 

the other integration rules, with percentage errors of -0.58 and +1.10 

in the in-plane force and moment respectively. Fig. 6.15, shows the 

corresponding percentage errors for a cracked concrete cross-section 

when brittle failure was assumed to occur. Simpson's rule with 9 

integration points again gave good results with percentage errors of 

-0.24 and +1.25 in the in-plane force and moment respectively. For a 
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cracked concrete cross-section with a linear tension stiffening with 

different 0, Fig. 6.13, the percentage errors are shown in Figs. 6.16 

and 6.17. In these cases the percentage errors obtained were higher 

than those obtained for the previous cases, however for concrete with 

a =6.0, Gauss's rule with 7 
--points gave the best accuracy with 

percentage errors of +1.51 and -1.18 in the in-plane force and moment 

respectively. For concrete with =15.0 Gauss's rule with 7 points 

again gave the best results with percentage errors of +2.59 and -0.62 

in the in-plane force and moment respectively. The errors for the 

cases investigated are also given in Tables 6.1-6.4. 

A comparsion between results obtained from both the Lobbato and the 

modified Lobbato rule proposed by Bergan (86] are given in Table 6.5 

which shows that Bergan's rule generally results in higher errors. 

6.7.3.2 CRACKED AND CRUSHED CONCRETE SECTION 

A concrete section with approximately 67% of the concrete cracked and 

crushed was investigated using the various numerical integration 

rules. The extent of cracking and crushing of the cross-section are 

shown in Fig. 6.18. The percentage errors for a concrete section with 

the concrete assumed to carry no tensile stresses are given in 

Fig. 6.19. Gauss's rule with 5 points gave the most accurate stress 

resultants when compared with the other rules, with percentage errors 

of -5.10 and +12.51 in the in-plane force and moment respectively. 

The percentage errors for a concrete section with the concrete assumed 

to have a linear tension stiffening are given in Figs. 6.20 and 6.21. 

The most accurate stress resultants for concrete with $-6.0 were 
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obtained using Gauss rule with 9 points with percentage errors of 

+1.73 and +4.79 in the in-plane forces and moments respectively. For 

concrete with 0 =15.0 Gauss rule with 9 points again gave the best 

results with percentage errors of +1.91 and +3.84 in the in-plane 

force and moment respectively. The calculated percentage errors are 

also given in Tables 6.6-6.8. 

6.7.4 MODIFIED INTEGRATION RULE 

The various numerical rules are based on the integrand being a 

continuous function, however, the stress distribution for a cracked or 

crushed concrete section is discontinuous. For this reason, large 

errors may result when the integration points are spatially fixed 

through the cross-section. From the above results, it can be seen 

that the accuracy obtained from the integration rules is generally not 

particularly good and, since a large number of. points is needed, their 

use is relatively expensive. 

For this reason a new rule is proposed for the integration of 

discontinuous stress distribution through cross-sections sujected to 

uniaxial stresses and cross-sections composed of isotropic materials 

subjected to biaxial stresses. Observations on the use of integration 

rules for cross-sections composed of orthotropic materials subjected 

to biaxial stresses are also made. 

6.7.4.1 UNIAXIAL BEHAVIOUR 

For a total stress-strain material model, the accuracy of the stress 
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resultants, for a cross-section under uniaxial stresses, can be 

retained with a reduction in cost if the following procedure is 

adopted. The extent of cracking and crushing is determined from the 

calcualted principal strains. The compression region of the stress 

distribution through the cross-section can be integrated using a 

numerical integration rule. However, for a stress-strain relationship 

which includes a linear tension stiffening or strain softening the 

tension region may be integrated exactly using exact linear 

integration based on the trapezoidal rule. The main points of the 

proposed modified integration rule are illustrated diagrammatically in 

Fig. 6.22. This modified rule has the advantge that stress resultants 

in the compression zone are found using the same number of integration 

points regardless of the depth of the zone. The position of the 

integration points obviously changes with the progression of cracking 

and crushing of concrete. This is important for situations when most 

of the cross-section has cracked or crushed. Open type rules can be 

used successfully with the proposed rule since the extent of cracking 

and crushing has been determined and the numerical integration is 

carried out in the effective compression zone. 

To investigate the accuracy of the proposed modified rule, the cases 

previouly analysed had been reanalysed using the proposed rule with 5 

and 3 integration points. The calculated percentage errors in the 

in-plane forces and moments are given in Tables 6.9-6.12. Simpson's, 

Lobbato, Newton-Cotes and Gauss gave good results using 5 integration 

points. The Gauss rule with 3 points gave good results while the 

other rules gave relatively large errors when used with 3 points. 
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6.7.4.2 BIAXIAL BEHAVIOUR 

The rule. can also be used for isotropic material in biaxial stress 

when a total stress-strain model is used. The integration is carried 

out for each axis separately. Of course it is possible that the 

positions of the intergration points will be different for each axis. 

In biaxial analysis in which orthotropic material behaviour is assumed 

the orientation of the principal axes through the depth of the 

cross-section at any particular load level is likely to vary. The use 

of the proposed rule for such material is not practical. In this case 

a large number of fixed integration points must be used to retain the 

accuracy of the stress resultants. 

The accuracy of the various numerical integration rules had been 

investigated for a cracked section and a cracked and crushed section 

under biaxial stresses. The assumed strain distributions for the 

various concrete sections are shown in Figs. 6.23 and 6.24. The 

concrete was assumed to crack when the strain in the principal 

direction reaches a cracking strain vaule of 0.00015 and crushing was 

assumed to occur when the principal strain reaches a crushing strain 

value of -0.0035. 

The average percentage errors in the in-plane forces and moments for a 

cracked section and a cracked and crushed section with concrete 

assumed to have a linear tenison stiffening with 0 =6.0 are given in 

Tables 6.13 and 6.14. 

Simpsons's rule with 9 points gave the most accurate results for a 

cracked concrete section with average percentage errors of -0.39 and 
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+0.22 in the in-plane forces and moments respectively. For a cracked 

and crushed section Lobbato rule with 9 points gave the most accurate 

stress resultants with average percentage errors of -4.17 and -2.33 in 

the in-plane forces and moments respectively. 

Lobbato rule with 9 points emerged as the best rule compared with the 

other rules, when the accuracy of the stress resultants for the 

cracked section and cracked and crushed section are both considered. 

The average percentage errors for a cracked section and a cracked and 

crushed section with concrete assumed to have, a linear tension 

stiffening with $ =15.0 are given in Tables 6.15 and 6.16. The 

- accuracy of the different integration rules were similar to those 

obtained for the different sections with concrete assumed to have a 

linear tension stiffening with $=6.0. Lobbato with 9 points again 

gave the best overall accuracy when the cracked section and cracked 

and crushed section are both considered. 
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Table 6.1. Percentage errors in in-plane force and moment 

for a cracked concrete section with the concrete assumed 

to carry no tensile stresses. 

number of 

integratio 

Simpsons 

a 

Lobbato Newton-Cote Gauss 

points F if F M F M F M 

5 +-12.81 -3.59 +19.46 +16.76 +17.01 -1.80, +13.84 +6.58 

7 +2.63 +3.57 +6.28 +0.97 +14.14 +13.38 -0.53 -1.93 

9 -0.58 +1.10 -4.89 -3.12 -17.22 -6.37 -6.35 -2.87 

Table 6.2. Percentage errors in in-plane force and moment 

for a cracked concrete section with the concrete 

assumed to have brittle failure in tension. 

number of 

integratic 

Simpsons 

n 

Lobbato Newton-Cote Gauss 

points F M F M F M F M 

5 1-13.18 -3.45 +19.86. +16.92 +17.40 -1.66 +14.22 +6.74 

7 +2.97 +3.73 +6.64 +1.12 +14.52 +13.55 -0.19 -1.79 

9 -0.24 +1.25 -4.58 -2.98 -16.95 -6.23 -8.59 -3.89 
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Table 6.3. Percentage errors in in-plane force and moment for a 

cracked concrete section with the concrete assumed to have 

linear tension stiffening with a =6.0 

number of 

integratior 

Simpsons Lobbato Newton-Cotes Gauss 

points F M F M F M F M 

5 +15.11 -2.85 +21.91 +17.65 +20.91 -1.05 +16.17 +7.40 

7 +4.73 +4.36 +8.46 +1.74 +16.47 +14.25 +1.51 -1.18 

9 -3.44 +0.18 -2.95 -2.39 -26.42 -9.42 -7.04 -3.30 

Table 6.4. Percentage errors in in-plane force and moment for a 

cracked concrete section with the concrete assumed to have 

linear tension stiffening with a -15.0 

number of 

integration 

Simpson Lobbato Newton-Cotes Gauss 

points F M F M F M F M 

5 17.06 -2.30 +22.15 +18.32 +21.83 -0.49 +16.96 +8.01 

7 +5.79 +4.96 +9.41 +2.32 +16.87 +14.90 +2.59 -0.62 

9 -3.52 -0.02 -1.77 -1.83 -27.54 -10.62 -5.80 -2.76 
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Table 6.5. Comparison between Lobbato and modified Lobbato [86] rules 

for a cracked concrete section with the concrete assumed to carry 

no tensile stresses. 

number of 

integration 

Lobbato modified Lobbato 

points F M F M 

5 +19.46 +16.36 +23.73 +20.67 

7 +6.28 4.0.97 -3.68 -5.57 

9 -4.89 -3.12 -8.80 -5.12 

Table 6.6. Percentage errors in in-plane force and moment for 

a cracked and crushed concrete section with concrete assumed 

to carry no tensile stresses. 

number of 

integratio 

Simpsons 

n 

Lobbato Newton-Cotes 

- 

Gauss 

points F M F M F M F M- 

5 +35.54 +49.22 -5.36 +36.41 +44.50 +59.16 -5.10 +12.51 

7 +16.72 441.42 -11.31 -8.44 -0.30 +37.68 -22.71 -30.93 

9 -20.04 -37.34 +13.24 +22.50 -10.97 -58.32 +3.94 +4.64 
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Table 6.7. Percentage errors in in-plane force and moment for 

a cracked and crushed concrete section with concrete assumed 

to have linear tension stiffening with ý =6.0 

number of 

intekratio 

Simpsons 

i 

Lobbato Newton-Cotes Gauss 

points F M F M M FM F M 

5 +33.94 +49.41 -12.76 36.58 +44.04 +59.37 -10.62 +12.66 

7 +13.28 +41.61 -15.89 

r 

-8.32 -6.76 +37.87 -26.61 -30.84 

9 -20.59 -37.25 +10.68 +22.67 -4.95 -58.26 +1.73 +4.79 

Table 6.8. Percentage errors in in-plane force and moment for 

a cracked and crushed concrete section with the concrete assumed 

to have linear tension stiffening with 0 -15.0 

number of 

integratio 

Simpsons 

n 

Lobbato Newton-Cotes Gauss 

points F M F M F M F M 

5 +35.06 +48.08 -16.31 +35.37 +46.04 +57.95 -12.88 +11.65 

7 +12.82 +40.34 -17.60 -9.14 -9-59 +36.63 -28.04 -31.46 

9 -20.87 -37.19 +10.78 +21.57 -1.99 -57.24 +1-91 +3.84 
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Table 6.9. Percentage errors in in-plane force and moment 

for a cracked concrete section using the proposed rule 

with 5 integration points 

cas( 

Simpsons Lobbato Newton-Cotes Gauss 

_ 
m F m F m F m 

a 4-0.060 +0.019 -0.003 +0.017 -0.110 -0.220 -0.001 0.000 

b +0.045 -0.008 +0.012 +0.035 -0.180 -0.290 -0.003 0.000 

c +0.049 -0.008 +0.015 +0.036 -0.180 -0.290 -0.001 0.000 

Table 6.10. Percentage errors in in-plane force and mocent 

for a cracked concrete section using the proposed rule 

with 3 integration points 

Newton-cotes 

Simpsons Gauss 

case Lobbato 

F m F m 

a +2.588 +3.572 +0.103 +0.223 

b +3.468 +4.245 +0.189 +0.309 

C +3.530 +4.272 +0.194 +0.313 

case: 

a concrete assumed to carry no tensile stresses 

b concrete assumed to have brittle failure in tension 

C concrete assumed to have linear tension stiffening with 0=6.0 
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, able 6.11. Percentage errors in in-plane force and moment 

I -or a cracked and crushed concrete section using the 

proposed rule with 5 integration points. 

case 

Si=sons Lobbato Newton-Cotes Gauss 

F m F m F m F m 

a +0.060 0.000 -0.003 +0.028 -0.110 -0.270 -0.001 +0.001 

Ib r. 046 1-0.036 1 +0.012 1 +0.046 1 -0.190 1-0.350 1 -0.004 1 +0.002 

Table 6.12. Percentage errors in in-plane force and moment/ for 

a cracked and crushed concrete section using the proposed 

rule with 3 integration points. 

Newton-Cotes 

Simpsons Gauss 

case Lobbato 

F m F m 

a +2.629 +2.912 +0.104 +0.280 

b +3.627 +4.637 +0.192 1 +0.370 

case: 

a concrete assumed to carry no tensile stresses 

b concrete assumed to have linear tension stiffening with a-6.0 
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Table 6.13. Average percentage errors in in-plane, forces and, moments 

for a cracked concrete section with concrete assumed to have 

linear tension stiffening with a =6.0: 

number of 

integration 

Simpsons Lobbato Newton-Cotes Gauss 

points F M F M F M F M 

5 -2.51 +0.22 -3.80 -tO. 26 -2.73 +0.27 -3.45 +0.26 

7 -2.59 +0.36 -2.89 +0.35 -3.61- +0.26 -6.68 +0.26 

9 -0.39 40.22 -2.18 +0.25 +3.38 -0.08 -1.86 +0.26 

Table 6.14. Average percentage errors in in-plane forces and moments 

for a cracked and crushed concrete section with concrete assumed to 

have linear tension stiffening with $, =6.0 

number of 

integratiom 

Simpsons Lobbato Newton-Cotes Gauss 

points F M F F M F M 

5 +25-89 +10.96 +6.64 +3.25 +32.01 +14.56 -4.72 -0.50 

7 +8.42 +3.13 -14.93 -4.06 +6.42 +3-01 +8.59 +2.18 

9 +14.81 +5.33 -4.17 -2.33 +10.49 +2.15 -16.07 -5-96 
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Table 6.15. Average percentage errors in, in-plane forces and moments 

for a cracked concrete section with the concrete assumed to have 

a linear tension stiffening with 0 =15.0 

number of 

integratiol 

Simppons 

i 

Lobbato Newton-Cotes Gauss 

pointsF F M M F M F M 

5 -1.85 +0.24 -3.67 +0.23 -1.68 +0.22 -2.94 +0.32 

7 -2.08 +0.24 -2.39 +0.25 -3.13 +0.26 -1.97 +0.28 

9 40.18 +0.06 -1.62 +0.15 +3.84 -0.19 -1-22 +0.19 

Table 6.16. Average percentage errors in in-plane forces and moments 

for a cracked and crushed concrete section with the concrete 

assumed to have linear tension stiffening with 0 -15.0 

number of 

integratiol 

Simpsons Lobbato Newton-Cotes Gauss 

points F M FI M F M F M 

5 +21.09 +8.79 +7.52 +4.09 +27.37 +12.31 -4.72 -1.04 

7 +8.40 +3.57 -14.57 -4.60 +7.23 +3.91 +7.7E +2.33 

9 +13.74 +5.60 -3.46 

1 

-2.06 
1 

+10.43 
1 

+3.05 -14.4 
11 

-5.82 1 

I, -"- 
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CHAPTER 7 

NUMERICAL EXAMPLES 

7.1 GENERAL REMARKS 

A number of plates and slabs have been analysed using the analysis 

procedures developed. The numerical results obtained have been 

compared with the available analytical, numerical and experimental 

data in order to demonstrate the validity of the procedures adopted. 

The examples analysed are divided into three groups. The first group 

are examples for which linear elastic material properties were assumed 

and will be discussed in Section 7.2. These examples serve to 

illustrate the accuracy and validity of the procedures adopted when 

large deflections are considered. 

The second group of examples, presented in Section 7.3, deals with the 

analysis of steel plates in which material nonlinearity and in some 

cases also geometric nonlinearity were considered in order to 

demonstrate the effect of the membrane forces on the behaviour of such 

structures. 

The third group of examples, which will be presented in Section 7.4, 

deals with the analysis of reinforced concrete slabs. These examples 

serve to illustrate the validity of the procedures developed to 

predict the full response of reinforced concrete slabs where extensive 

cracking of the concrete and yielding of the reinforcing steel occur 

as the slab undergo large deflections. 
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In all the plates and slabs analysed the analyses were carried out for 

only a quarter of the structure because of the symmetry in geometry 

and loadino-s. 

1 
7.2 GMETIRIC 

%I-o exa--ples with linear elastic material properties were selected to 

illustrate the different types of geometric nonlinearities that can be 

handled using the procedures adopted in the analysis 

In the first example a square plate with different boundary conditions 

was analysed. In the second example a circular plate is analysed for 

different loadings. 

A displacement convergence tolerance of 0.005, equation (16), was used 

in the analysis of the geometric nonlinear examples. 

7.2.1 SQUARE PLATES 

A 300.0 in. square plate, 3.0 in. thick, subjected to a uniformly 

distributed load, with either clamped or simply supported edges was 

analysed. These examples have been analysed by many investigators, 

(121 and [291, to check the geometric nonlinear Mindlin plate 

for=lations. 

Levy [371 solved the Von Karman's differentional equations for the 
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Figure 7.1. Load-deflection curves for clamped plate under 
uniformly distributed load. 
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cla--ped square plate using a double Fourier series. The variation of 

the nor--alized load with the normalized central deflection obtained 

are shown in Fig. 7.1, together with the analytical [87] and numerical 

results obtained by Pica et al [12] using a similar element. The 

results obtained gave good agree=ent with the analytical and numerical 

results. 

Lhe results of the si=ply 

nu=erical results obtained by 

cethod. The variation of the 

are shown in Fig. 7.2, togethe 

Again good agreement with the 

et al [29] have also obtained 

, 
supported plate were compared with the 

Rushton [88] using the finite difference 

normalized load and deflections obtained 

r with those given in Refs. [12] and [88]. 

other results had been achieved. Yang 

similar results using a similar element. 

7.2.2 CIRCULAR PLATES 

A 100.0 in. radius clamped circular plate of 2.0 in. thickness was 

analysed for a uniformly distributed and a central point loads. The 

results obtained were compared with the analytical results obtained by 

Weil et al [891 and Schmit [90] for clamped circular plates under 

uniformly distributed and a central point loads respectively. The 

results obtained are shown in Figs. 7.3 and 7.4. Good agreements 

between the analytical and numerical results have been obtained. 

The plate under the uniformly distributed load had been also analysed 

using the displacement control method to check the validity of the 

C for--ulation of the method. The lateral nodal displacement component 
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Table 7.1. Comparison between the displacement control and the load 

control methods in the analysis of clamped circular plate 

subjected to uniformly distributed load. 

It 

displacement control load control 

W, (in), X (lb/in 2) 
p(lb/in 

2 
-W in) 

0.434 2.0869 1.60 0.3361 

0.868 4.4898 3.20 0.6460 

1.302 7.5325 4.80 0.9180 

1.736 11.5549 9.60 1.5400 

2.170 16.9165 16.00 2.1040 

2.604 23.9958 24.00, 2.6040 

we central displacement(in. ), 

p load intensity (lb/in2) 

2 
x load factor (lb/in 
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of the central node of the plate was assigned a value of 0.434 inches 

at the beginning of each increment. The results obtained using the 

displacement control method are plotted in Fig. 7.5 together with the 

results obtained using the load control method. As expected good 

correlation between the results has been obtained. The results are 

also given in Table 7.1. 

7.3 STEEL PLATES 

Three steel plates were selected for analysis. In the first example a 

simply supported steel plate was analysed An which only material 

nonlinearity was considered. In the second example the behaviour of a 

clamped steel plate was investigated when different combinations of 

material and geometric -nonlinearities were considered and the 

performance of a number of integration rules, which were used to 

determine the stress resultants, was investigated. In the third 

example a simply supported circular steel plate, which undergoes large 

deflections and in which tensile and compressive membrane forces 

occurred, was analysed. 

The nonlinear part of the stiffness matrix was updated at the end of 

the first iteration of each increment. The different analyses were 

I carried out using a displacement convergence tolerance, equation 

(6.16), of 0.001. 
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7.3.1 SL42LY SUPPORTED STEEL PLATE 

A si--, Dly supported steel plate subjected to a uniformly distributed 

load which has been analysed by Owen et al [41] using a layered finite 

element approach, was selected for analysis. The steel was assumed to 

be an elasto-plastic material with no strain hardening. A 2x2 mesh 

was used to model a quarter of the plate. The stress resultants were 

determined using the modified trapezoidal rule with 5 sampling points 

throughout the plate thickness. The load was applied in 11 

increments, as shown in Fig. 7.6. Convergence was obtained in an 

average of 10 iterations per load increment. In Fig. 7.6 it can be 

seen that the results obtained gave good agreement with those obtained 

by Owen et al [41]. 

7.3.2 CLAMPED STEEL PLATE 

A 6.0 m. clamped square steel plate, 0.2 m. thick, under different 

loadings, was analysed by Owen et al [14], [91] using the finite 

element method. The plate was analysed using the small deflection 

theory. The analysis was carried out using a 3x3 mesh and the stress 

resultants were determined using the modified trapezoidal rule with 5 

sampling points. The load-deflection curves obtained are shown in 

Fig. 7.7 and 7.8, together with the numerical curves reported in 

Refs. [14] and [911. The distributed load was applied in 6 steps, 

Fig. 7.7, and convergence was obtained in an average of 9 iterations 

per load step, whilst the point load was applied in 10 steps, Fig. 7.8, 

and convergence was obtained in 11 iterations per load step. The 

load-deflection curves obtained gave good agreement with those 

reported in Ref. [141 using a similar element with 8 layers assumed 
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throughout the plate thickness, while the results obtained using the 

Semiloof element [91] showed slightly stiffer structural response 

compared with those obtained using the Heterosis element. 

The spread of, tne, plastic zones at different load levels are shown in 

Figs. 7.9 and 7.10, which shows that, as expected, the flow of 

plasticity is sy=etric about the =iddle surface of the plate. 

The steel plate under uniformly distributed load was reanalysed with 

both geometric and material nonlinearities considered to investigate 

the effect of the membrane forces on the plate behaviour. In Fig. 7.11 

the central deflection is plotted for the different load levels 

together with those obtained when only material nonlinearity was 

considered. The geometric and material nonlinear analysis predicted 

much higher loads than those predicted by the material nonlinear 

analysis. A comparison of the loads predicted by the different 

analyses is given in Table 7.2. The spread of the plastic zones 

obtained in the geometric and material nonlinear analysis are shown in 

Figs. 7.12 and 7.13, which indicates that a tensile in-plane forces had 

developed throughout the plate. 

To investigate the accuracy of the different integration rules that 

could be used to evaluate the stress resultants, the plate was 

analysed using a number of integration rules. The results obtained 

using the modified trapezoidal, Lobbato, Newton-Cotes and Simpson Is 

rules with 5 integration points are given in Table 7.3 for the 

load-deflection relationships and the number of iterations required. 

Insignificant differences in the results obtained using the different 
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Figure 7.9. Spread of plastic zones through clamped 
plate under uniformly distributed load 
(section a-a) 
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Table 7.2. Effect of the membrane forces on the behaviour of 

clamped square plate under uniformly distributed load. 

ratio of central 

deflection to 

load intensity 

(MN. /m 2 
load 

increase 

thickness -A B 

0.2500 0.38 0.38 0.0 

0.6250 0.45 0.50 11.0 

0.8750 0.45 0.58 29.0 

1.0000 0.45 0.66 47.0 

1.2500 0.45 0.78 73.0 

1.5000 0.45 0.92 106.0'"" 

1.6875 0.45 1.07 139.0 

material nonlinear analysis 

geometric and material nonlinear analysis 
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Table 7.3. Comparison between the different numerical integration 

rules in the analysis of clamped steel plate under uniformly 

distributed load. 

Load Trapezoidal Lobbato Newton-Cotes Simpsons 

(MN/m 2 w N. I. w N. I. W N. I. w N. I. 

0.20 0.0157 4 0.0154 3 0.0155 3 0.0155 4 

0.25 0.0204 5 0.0199 6 0.0198 4 0.0199 4 

0.30 0.0276 10 0.0259 8 0.0256 7 0.0259 8 

0.35 0.0387 15 0.0347 13 0.0334 10 0.0341 20 

0.40 0.0597 28 0.0539 26 0.0457 17 0.0478 19 

0.45 0.0914 37 0.0851 31 0.0689 31 0.0729 32 

0.50 0.1280 45 0.1141 36 0.1135 54 0.1157 52 

0.55 0.1564 34 0.1458 44 0.1495 41 0.1496 39 

0.60 0.1789 29 0.1739 38 0.1760 33 0.1749 31 

0.65 0.1994 27 0.1943 27 0.1985 30 0.1970 29 

0.70 0.2188 28 0.2128 26 0.2173 26 0.2155 25 

0.75 0.2370 27 0.2293 23 0.2351 26 0.2340 27 

0.80 0.2548 27 0.2455 24 0.2517 24 0.2505 24 

0.90 0.2861 23 0.2765 23 0.2824 23 0.2818 23 

0.95 0.2993 20 0.2910 22 0.2961 21 0.2959 22 

1.00 0.3115 19 0.3041 20 0.3091 20 0.3089 20 

1.05 0.3232 18 0.3170 20 0.3210 18 0.3208 19 

1.10 0.3336 16 0.3286 18 0.3323 18 0.3324 18 
[T. 

N. I. 397 408 389 416 

central deflection 

number of iterations 

T. N. I. total number of iterations 
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integration rules has been observed. 

7.3.3 SL'-TLY SUPPORTED CIRCULAR STEEL PLATE 

A 3.1875 in. radius circular mild steel plate of 0.19 in. thickness 

was tested experi=entally by Onat et al [92]. The plate was loaded by 

a 0.50 in. diameter circular punch at the centre of the plate. The 

plate has also been analysed by Stricklin et al [93] using a combined 

finite element-finite difference approach. 

The analysis carried out included both geometric and material 

nonlinearities in order to compare the results obtained with the 

experimental results. The stress resultants were determined using the 

modified trapezoidal rule with 5 sampling points. The load-deflection 

curves are shown in Fig. 7.14. The load-deflection curve obtained from 

the analysis gave good correlation with the experimental curve. The 

spread of the plastic zones at different load levels are shown in 

Fig. 7-15. These zones had developed initially at the vicinity of the 

centre of the plate and then spread toward the boundaries at higher 

load levels. An investigation of the membrane forces throughout the 

plate indicated that tensile and compressive force rings had formed 

around the centre and the boundaries of the plate respectively. The 

principal in-plane forces developed in the plate at a load of 2100 lb 

are plotted in Fig. 7.16, which indicates a tensile ring at the centre 

of the plate and a compressive ring at the boundaries. 

To investigate the effect of the membrane forces on the plate 
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I 

p= 900 lbs 

I 

p= 1500 lbs 

I 

p= 2100 lbs 

I 

= 3000 lbs 

Figure 7.15. Spread of plastic zones through singly 
supported circular plate under central 
point load (section a-a) 
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1 cm : 1000 lb 
r: z:: 3:: ar:: K=39= couipression 

Figure 7.16. In-plane forces developbd. through simply 
supported circular plate under central 
point load (p = 2100 lb) 
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30GO - 

27CO - 

2 1600 

2100 

1SOO 

0 geometric and material 
nonlinearities considered 

1500 

only material nonlinearity 
considered 1200 

900 

p 

600 
0.191, :: == HA T 

300 3.1875" 

central def lectio! i (in) 

igure 7.17. Load-def lection curves foc simply supported F,, 
plate under central point load with different 
nunlinearities considered 
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behaviour, the plate was reanalysed with only caterial nonlinearity 

considered. The load-deflection curve is shown in Fig. 7.17, together 

with the curve obtained when both nonlinearities were considered in 

the analysis. These curveslindicate that the load that the plate 'can 

sustain is likely to be underestimated when the membrane forces are 

ignored in the analysis. 

7.4 REIN-, -ORU-D CONCRETE SLABS 

Several reinforced concrete slabs were analysed to demonstrate the 

validity of the procedures developed for the analysis of reinforced 

concrete slabs. In the, first example the analysis was carried out for 

a simply supported slab in which both nonlinearities were considered. 

In the second example the behaviour, of a simply supported slab was 

investigated when different combinations of the geometric and material 

nonlinearities were considered. - In the next three examples the 

behaviour of clamped slabs which undergo large deflections was 

investigated. 

In all the first five examples the behaviour of concrete was modelled 

using material model I with the multi-linear stress-strain curve for 

concrete in compression. The stress resultants were evaluated 

numerically using the modified trapezoidal rule with 5 sampling 

points. The final section is a study of the effect of the amount of 

reinforment on the behaviour of clamped slabs. The performance of the 

different material models and the effect of the inclusion of the line 

search on the analysis were also investigated. 
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The nonlinear part of the stiffness matrix was updated at the end of 

the first iteration and every ten iterations within each increment. 

The analyses were carried out using a displacement and an energy 

convergence tolerances, equations (6.16) and (6.17), of 0.005 and 0.02 

-ively. respect 

7.4.1 MCNIECE'S SLAB 

A 914 mm. square reinforced concrete slab simply supported on the 

four edges was tested by McNiece et al [94]. This slab has been 

analysed by many researchers, [581 and [95], the majority of whom used 

a 6x6 element discretasition of a quarter of the slab. The slab is 

44.5 mm. thick with 0.85% reinforcement both ways placed at 11.2 mm. 

from the slab bottom. The following material properties, which are 

given in Ref. [95], were used for the analysis: 

concrete steel 

Ec=0.29 x 10 
5 

Nlm 
2 

Est= 2.0 x 10 
5 

N/mm 
2 

f, - 32.4 N/mm 
2 

345.0 N/mm 
2 

c0 

f, = 3.20 N/mm 
2a= 

618.0 N/mm 
2 

t su 

C cu = -0.0035-mm/mm su = 0.10 mm/mm 

v=0.15 

A 30 mesh was used to model a quarter of the slab. The central point 

load was applied in 11 load steps with an initial load of 4.0 KN and 
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subsequent increments of 1.0 KN. The effects of tension stiffening 

and the number of the sampling points throughout the slab thickness 

are illustrated by the load-deflection curves shown in Fig. 7.18. The 

load-deflection curve obtained by Cope et al [951, using the initial 

stress method, gave good agreement over a portion of the experimental 

curve. The load-deflection curve obtained by Hand et al [581, using a 

variable stiffness approach, gave a step-like response which could be 

attributed to the change in the stiffness matrix. The assumption of 

brittle failure for the concrete, 0 -1.0, resulted in deflections 

being overestimated. Improvement in the correlation of the 

experimental and numerical results can be seen when allowance was made 

for tension. The results obtained with the tension stiffening 

parameter, 0 =6.0, and 5 sampling points gave an acceptable agreement 

with the experimental results with convergence obtained in an average 

of 11 iterations per load increment. 

7.4.2 TAYLOR'S SLAB 

A 72.0 in. square reinforced concrete slab simply supported on all 

edges was tested by Taylor et al [96]. The slab was 2.0 in. thick 

with a bottom reinforcement bar of 3/16 in. in diameter spaced every 

2.5 in. in the x-direction and 3.0 in. in the y-direction. This 

slab has*been analysed by Van Greunen [6] using a triangular finite 

element incorporating membrane and plate bending 'effects.... The 

following material propertieso which are given in Ref. [6], were used 

for the analysis: 
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concrete 

Ec=4.35 x 10 
6 

psi 

V= 5000.00 psi 
c 

ft' = 522.0 psi 

e=-0.0035 in/in 
cu 

v=0.18 

s tee 1 

,6 
E 

st = 30.0 x 10 psi 

ao = 54000.0 psi 

a 
su = 54000.0 psi 

e=0.10 in/in 
su 

AW mesh used to model a quarter of the slab. The concrete was 

assumed to have tension siffening with 0 =6.0. Two analyses were 

carried out with different nonlinearities considered. In both 

analyses the stress resultants were determined using the modified 

trapezoidal rule with 5 sampling points. The slab was subjected to a 

uniformly distributed load applied in-the steps shown in Fig. 7.19. 

The load-deflection curve obtained in the analysis in which both 

nonlinearities were considered gave good agreement with the 

experimental curve. The importance of the nonlinear geometric effects 

can be clearly seen in that the predicted load is significantly higher 

than that predicted when they were neglected. 

7.4.3 POWELL'S SLAB 

A series of clampedxectangular reinforced concrete slabs subjected to 

uniformly distributed loads were tested by Powell [1]. The long span 

of the slabs was 36.0 in. , the short span was 20.57 in. and their 

thickness was 1.286 in. One of the slabs with a reinforcement of 

0.79% provided at the top and bottom of the slab in each direction was 
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selected for analysis. The following material properties were used 

for the analysis: 

concrete 

EC=3.5 x 10 
6 

psi 

V= 5800.0 psi 
C 

ft' = 580.0 psi 

steel 

E 
st: 

= 29 x 10 
6 

psi 

ao = 37000.0 psi 

a 
su 

= 6600O. P psi 

c=0.0035 in/in 
cu 

v=0.20 

E: = 0.09 in/in 
su 

The analysis was carried out using the load control up to the ultimate 

compressive load and then the lateral nodal displacement component at 

the slab centre was assigned a value of 0.10 in. at the beginning of 

each increment. The load-deflection'curves obtained using a 3x3 and a 

W meshes are shown in Fig. 7.20. The ultimate compressive loads 

obtained were 51.7 Win 2 
and 48.6 lb/in2using the W and 3x3 meshes 

respectively compared with the corresponding experimental value of 

'2 49.6 lb/in. The load then decreased dramatically with the increased 

deflections until it reached a value of approximately 23.0 lb/in2for 

both meshes. The load then increased substainally with the increased 

deflections. Convergence for the W and 3x3 meshes was obtained in 

an average of 14 and 16 iterations per increment respectively. The 

load-deflection curves obtained gave an acceptable agreement with the 

experimental curve, yet the W mesh required about 60% of the 

computation time compared with that required using the 3x3 mesh. 

I 
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7.4.4 PARK'S SLAB 

A n=ber of clamped rectangular reinforced concrete slabs subjected to 

uni. lor=ly distributed loads were tested experimentally by Park [3]. 

T'he slabs were 60. Ox4O. O in. and a thickness of 2.0 in. One of the 

slabs, with a reinforcement of 1.44% and 0.72% provided in the short 

direction placed at the top and bottom respectively, while the long 

s? an was provided with a reinforceement of 0.45Z and 0.22% placed at 

the top and bottom respectively, was selected for analysis. The 

bottom steel was placed over the whole of the slab but the top steel 

extended from the edges a distance of 1/4 of the span. The following 

material properties were used for the analysis: 

concrete 

EC3.5 x 10 
6 

psi 

V 5000.00 psi c 

f, 500., 0 psi t 

0.0035 in/in 

v 0.20 

steel 

Es 
t= 

29 x 10 
6 

psi 

a0= 45000.0 psi 

a 
su= 

45000.0 psi 

C 0.065 in/in 
su 

AW mesh was used to model a quarter of the slab. The analysis was 

carried out using load control up to the ultimate compressive load and 

then, a value of 0.125 in., was assigned to the lateral nodal 

displacement component at the centre of the slab and displacement 

control was used. The load-deflection curve obtained is plotted in 

Fig. 7.21, together with the experimental curve. An ultimate 

compressive load of 41.6 lly/in 
2 

was obtained compared with the 

2 
corresponding experimental value of 37ý8 lb/in Convergence was 
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obtained in an average of 12 iterations per increment. Good agreement 

between the analytical and experimental curves was observed 

7.4.5 BLACK'S SLAB 

A number of clamped reinforced concrete slabs were tested by Black [5] 

to investigate the collapse of slabs with clamped edges. Both static 

and blast loads were considered. One of the slabs 29.0 in. square 

and 0.89 in thick and subjected to static pressure was selected for 

analysis. This slab has been also analysed by Van Greunen [61 using a 

triangular finite element incorporating membrane and plate bending 

effects. The slab was reinforced by a 0.08 in. diameter reinforcing 

bars. The reinforcement layout is shown in Fig. 7.22. The following 

material properties, which are given in Ref. [6], were used for the 

analysis: 

concrete 

Ec=3.5 x 10 
6 

psi 

f, = 4000.0 psi 
C 

f, = 500.0 psi 

C 
su 

=-0.0035 in/in 

v=0.15 

steel 

E 
st: 

29 x 10 
6 

psi 

*0 43600.0 psi 

* 
su 

= 73500.0 psi 

e=0.10 in/in 
su 

AW mesh was used to model a quarter of the slab. Black [51 

provided only the four points indicated on the load-deflection curve 

shown in Fig. 7.22. The curve obtained in the analysis gave good 
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agreement with the experimental curve, whilst that obtained by Van 

Greunen [6], using a load control throughout the analysis, failed to 

pick up the snap-through response and gave a much lower ultimate 

tensile load compared to that recorded experimentally. The present 

2 
analysis gave an ultimate compressive and tensile loads of 14'090 lb/in 

and 23.70 lb/in2compared with the corresponding experimental vaules of 

22 14.1 Win and 23.2 Win respectively. Convergence was' obtained in 

an average of 11 iterations per increment. 

7.4.6 EFFECT OF THE AMOUNT OF REINFORCEMENT 

Two clamped square slabs subjected to uniformly distributed loads were 

analysed to investigate the effect Of the amount of reinforcement on 

the behaviour'of clamped slabs. The effect of the line search on the 

analysis and the performance of the different material models for 

concrete were also investigated. The slabs were 762.0 mm. square and 

25.0 mm. thick. The slabs were assumed to be reinforced by a 2.0 mm. 

diameter reinforcing bars placed at equal spacings in both directions 

at the top and 'bottom of the slabs. A 25.0 mm. and 100.0 mm. 

spacings were assumed for slabs SI and S2 respectively. The following 

material properties were used for the analysis: 

concrete 

E = 0.24 x 10 5 
N/nm 

2 
c 

fl = 27.6 N/mm 
2 

c 
ft' = 3.40 N/mm 2 

E: =-0.0035 mm/mm 
cu 

0.15 

steel 

E 
st 

= 2.0 x 10 
5 

N/nim 
2 

a= 300.0 N/mm 
2 

0 

a- - 500.0 N/iim 
2 

su 

E su = 0.10 mm/mm 
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A 2x2 mesh was used to model a quarter of the slab. Fig. 7.23 shows 

the load-deflection curves obtained using the analysis in which the 

concrete was modelled using model I with the multi-linear 

stress-strain relationship for concrete in compression. The amount of 

reinforcement had a mixed effect on the behaviour of the slabs at the 

different stages, of the response. The ultimate compressive load 

obtained in the of slab S1 was 27% higher than the 

corresponding vaule for slab S2. On the other hand the ultimate 

tensile load obtained in the analysis of slab Sl was approximately 

405% higher than that obtained in the analysis of slab S2, which 

indicates that the ultimate tensile load is proportional to the amount 

of the reinforcement provided . in the slab. The in-plane forces 

developed in the x-direction near the centre of slab Sl are shown in 

Fig. 7.24. Compressive in-plane forces had developed initially at the 

centre of the slab and then began to change to tensile forces and grow 

outward toward the edges of the slab. 

An investigation of the effect of the line search indicated that its 

inclusion in the analysis in order to speed up convergence resulted in 

reductions of approxiamtely 40% and 50% of the number of the 

iterations and the C. P. U. time respectively. 

Slab Sl was reanalysed using the different material models to 

investigate their performance. The load-deflections curves obtained 

are shown in Fig. 7.25. The different models" predicted- similar 

responses which is due to the fact that the nonlinear behaviour of 

reinforced concrete slabs undergo large deflections is mainly due to 

cracking of the concrete and yielding of the reinforcing steel. 
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CHAPTER 8 

SUMMARY AND CONCLUSIONS 

8.1 SUMMARY 

A numerical method of analysis using the finite element has been 

developed to investigate the behaviour of plates and slabs and which 

includes the effects of geometric and material nonlinearities. The 

structural behaviour such as in-plane, flexural and transverse shear 

effects have been incorporated in the analysis using Mindlin plate 

theory based on a total Lagrangian formulation. 

The Heterosis plate bending element has been employed in the finite 

element formulation of plates and slabs which undergo either small or 

large deflections. The 8-node isoparametric membrane element has been 

employed to determine the in-plane stress distribution, due to 

in-plane edge loading, throughout a plate which is required for the 

elastic stability of plates. 

The elastic buckling loads of plates with and without openings and 

under different edge loading conditions have been predicted. The 

collapse loads of steel plates and reinforced concrete slabs which 

include in-plane and flexural effects have been predicted. Failures 

due to plastic yielding in steel plates, cracking and crushing of 

concrete and yielding of reinforcing steel in reinforced concrete 

slabs have been considered. 

The layered approach has been adopted in the analysis of plates and 

slabs. Steel plates have been modelled as series of layers. 
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Reinforced concrete has been modelled as a layered'system of concrete 

and smeared steel layers with perfect bond assumed to exist at the 

interface of the two materials. The Mindlin assumption of normals to 

the middle surface re=aining straight during deformations has been 

adopted to relate the displacements at the various levels through the 

plate thickness. This assumption reduces the problem to a 

two-dimensional one. 

An incremental stress-strain formulation assuming that. the material is 

isotropic has been adopted for the analysis of steel plates. For 

concrete a total stress-strain formulation assuming orthotropic 

behaviour under biaxial states of stress has been adopted for the 

analysis of reinforced concrete slabs. Nonlinear stress-strain 

relationships for concrete in compression have been incorporated in 

the analysis. Cracking of concrete has been modelled using a smeared 

crack model in which cracks allowed to rotate after their initial 

formation. Cracks can occur in two directions at right angles to each 

other and it is possible for cracks to close due to unloading. The 

tension stiffening effects have been included in the model using a 

linear unloading stress-strain relationship. The reinforcing steel 

has been represented using a bilinear stress-strain relationship in 

which strain hardening can also be included. 

The modified Newton-Raphson method has been adopted in solving the 

nonlinear governing equations using both load control and displacement 

control methods in order to trace the entire structural response 

through elastic, inelastic loading ranges and up to collapse. 
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The stress resultants were determined by integrating the stresses at 

the various layers or sampling points throughout the plate thickness. 

The integration was carried out numerically using various numerical 

integration rules. 

Finally several analyses to trace the response of steel plates and 

reinforced concrete slabs have been carried out using the computer 

program developed. The numerical results obtained have been compared 

to the availabe experimental, analytical and numerical results to 

demonstrate the validity and applicablity of the method of analysis 

presented in this study. 

8.2 CONCLUSIONS 

1- The finite element formulation adopted, using the Heterosis plate 

bending and the isoparametric membrane elements, to determine the 

elastic buckling loads for plates with and without openings and under 

different edge loading conditions has been demonstrated to be accurate 

and efficientwhen compared with other elastic stability finite element 

formulations. 

2- The numerical procedures developed can be used to predict the 

entire response of steel plates and reinforced concrete slabs under 

monotonic loadinis. The procedures could also be used, for example, 

to assess the performance of existing structures under unusual 

loadings. 
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3- The models adopted to represent the material behaviour are capable 

of simulating the different aspects of behaviour which affect most the 

response of steel plates and reinforced concrete slabs. , 

4- The membrane forces have considerable affect on the behaviour of 

plates and slabs which undergo large deflections. The inclusion of 

the membrane forces in the analysis of such structures is essential, in 

order to predict a realistic response. 

5- The load control method could be used to trace The structural 

response up to the ultimate load while the displacement control method 

could be'used to trace the response beyond the ultimate load and up to 

f ailure. 

6- The use of the line search technique in the analysis of reinforced 

concrete slabs improves the performance of the modified Newton-Rapshon 

method with a considerable reduction in the cost of the nonlinear 

analysis. 

7- The accuracy of the stress resultants, for, concrete' sections 

sujected to uniaxial stresses and sections composed of isotropic 

materials subjected to biaxial stresses, can be improved considerably 

using the proposed integration rule when a total stress-strain 

formulation is used. 
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8.3 SUGGESTIONS FOR FUTURE WORK 

I- A parametric study can be carried out to investigate the effect 

of the different parameters such as the aspect ratio and the material 

properties on the full range behaviour of plates and slabs. 

2- The procedures developed could be used to obtain useful 

information. which might help in the developement of more economic 

design methods for steel plates and reinforced concrete slabs. 

3- More experimental data is needed on the full response of systems of 

plates and systems of slabs. Tests on such structures -supported by 

beams and with openings could be useful to investigate the effects of 

the degree of edge restraints and the presence of the openings on the 

structural behaviour. 

4- The present formulation could be extended to include a plate beam 

or a slab beam formulation by introducing a beam formulation such as 

Timoshinko beam which includes transverse shear deformations. The 

effects of the different degrees of edge restraints could be 

investigated by introducing springs to the nodal points located at the 

boundaries. 
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APPENDIX I 

The eic,, envalue problem. 

The standard eigenvalue problem has been solved using the NAG library 
a 

routines. The generalized eigenvalue problem can be transformed to 

the standard. eigenvalue problem using 
-matrix 

manipulation. The 

generalized eigenvalue problem is given by 

AKS =Ka 

where K is a symmetric positive definite banded matrix, which can 

be decomposed as , 

K=UL 
. *DD LT UT 

(i i) 

where U is a unit upper triangular matrix, L is a unit lower 

triangular matrix and DD is a diagonal matrix. After the decompostion 

is performed K contains the elements of U, L and DD. 

The generalized eigenvalue problem, equation (i), can be transformed 

to an equivalent standard eigenvalue problem such that 

Ay =cy 

I 

The eigenvalue of equation (iii) are then determined by the method of 

bisection. II 
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APPENDIX II 

Stiffness matrices for the displacement control method 

In the finite element program the overall stiffness matrix [K ] was 

assembled and stored in a banded form. The different matrices, rows 

and column vectors used in equations (6.13) and (6.14) are extracted 

as follows: 

Consider the following banded stiffness matrix of n rows and m 

columns, where n represents the total degree of freedom of the system 

and m is the semi-bandwidth. 

000.... 00 K(l, l) 

000.... 0 K(2, I) K(2,2) 

000.... k(3, I) K(3,2) K(3,3) 

[K] = 

A 
4 K(i. m) 

. 1- 1, M) 

IM) 

The row vector {K 
21 

)is formed by extracting the ith row of the matrix 

[K J starting from the diagonal term K(i, m) and then moving 11 
horizontally m times, this process is indicated diagrammatically by 

path A. The remainder of the terms of the row vector fK 
21) are 

extracted by moving diagonally m-n times along path B. Matrix jKl1jis 

formed by replacing the terms along paths A and B by zeros and 
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replacing the diagonal term k(i, m) by unity. This is equivalent 

multiplying the diagonal term by a large number. 


