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SUMMARY 

Two aspects of the behaviour of uncased composite 'T' beams of steel 
and concrete are considered. 

Flexural cracking in the reinforced concrete slab was studied by 
subjecting seven 350-mm deep composite beams to hogging bending moment. 
Measured strains were found to exceed those calculated from an elastic 
analysis ignoring concrete in tension. Also, the first cracks to form in 
the slab were much wider than expected. Both of these effects are shown 
to be due to drying shrinkage in the slab of the composite beam. A 
formula for calculating the mean surface strain in the slab, which allows 
for both drying shrinkage and tension stiffening, is proposed. 

Consideration of the parameters which affect cracking leads to a 
formula for predicting crack widths in composite beams. Comparison with 
experimental results shows that it is sufficiently accurate for design 
purposes. 

In a second series of tests, three 900-mm deep composite plate girders 
with slender webs were subjected to combined shear and bending to study 
their ultimate load behaviour. Failure was due to the formation of a 
plastic collapse mechanism which closely resembles that observed in plain 
steel girders under similar loading. The addition of a concrete slab 
acting compositely with the girder increased the ultimate strength of the 
beam, but variations in the size of the slab and the strength of the 
shear connection had negligible effect on the beam's strength. 

An idealised collapse model, based on the experimental observations, 
is described and is used in the development of a method to calculate the 
ultimate strength of composite plate girders. It is shown that a design 
method for plain steel girders in the draft Part 3, BS5400 may, with 
small modifications, be applied to composite plate girders. 
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NOTATION 

A length of longer side of prism surrounding a reinforcing bar, 

less the bar diameter 

A cross-sectional c 

Acf cross-sectional 

Af cross-sectional 

Ar area of tension 

effective bread 

area of concrete surrounding a reinforcing bar 

area of compression flange of a steel girder 

area of a steel flange 

reinforcement, taken as that area within the 

th of the slab for a composite beam 

Atf cross-sectional area of tension flange of a steel girder 

A cross-sectional area of the web w 

a constant 

acr distance from nearest reinforcing bar to point where crack width 
is measured 

am distance from the surface of the reinforcement to the point on the 

concrete surface mid-way between bars 

aý distance from the compression face to the point where cracking is 

being considered 

length of shorter side of prism surrounding a reinforcing bar, 

less the bar diameter 

b constant (Chapters 1-5); 

clear breadth of panel between vertical stiffeners (Chapters 6-10) 

be effective breadth of composite section at the level of the tensile 

reinforcement 

bf half the effective width of a steel flange 

bt breadth of a plain reinforced concrete section at the level of the 

tensile reinforcement 

C. V. coefficient of variation 

0 minimum cover to reinforcement 

cc distance between plastic hinges in the compression flange of a 

steel girder 

ce effective cover to reinforcement 

c minimum side cover to the reinforcin;; bar assumed to be 

controlling; cracking on the side face of a beam 
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ct distance between plastic hinges in the tension flange of a steel 

girder 

cl greater cover to a centrally reinforced rectangular prism 

D diameter of the effective area of concrete surrounding a bar 

Dz diameter of the effective area of concrete surrounding bar i 

D' distance between the centroids of the two flanges of a steel girder 

d clear depth of the web between flanges 

dt depth of the yield band adjacent to a vertical stiffener 

(d/t)c slenderness ratio when the flange yield stress equals the flange 

buckling stress 

dx depth from neutral axis to the centroid of the tension steel 

E modulus of elasticity 

E0 modulus of elasticity for concrete 

Es modulus of elasticity for steel (plate or reinforcement) 

e0 term used when calculating effective cover 

el distance for calculating effective cover (Fig. 1.8) 

e2 distance for calculating effective cover (Fig. 1.8) 

F restraining force in steel beam (Chapters 1-5); 

limiting flange force in girder (Chapters 6-10) 

F0 axial force in the compression flange at the mid-panel hinge 

Fcs compressive force in the slab of a composite beam 

Fr resultant force in the reinforcing bars when yielding in tension 

Pt axial force in the tension flange at the mid-panel hinge 

F resultant membrane force in the yield band of the web w 
Fy yield force for a layer of reinforcement in a slab 

F' axial force in the compression flange mid-way between the two 
0 

hinges 

F axial force in the tension flange mid-way between the two hinges t 

f function of .... 

fb maximum bond stress 

fbiu ultimate bond stress of bar i 
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fbu ultimate bond stress 

fnt steel stress at the load considered, assuming no tension-stiffening 

fs stress in steel reinforcement 

fsor steel stress at cracking, calculated on the assumption of no 
tension-stiffening 

ft tensile strength of concrete 

fy yield stress of steel reinforcement 

g function of .... 

H distance between the shear connectors and the grid line considered, 

measured transversely 

Hcr horizontal force in web at elastic buckling load 

h overall depth of member 

hf depth of concrete flange in tension in composite beam 

h0 initial crack height 

hr lever arm of the resultant force in the reinforcement about the 

mid-depth of the web of a composite beam 

hw depth of web in the effective flange section 

hl height of top layer of reinforcement above the slab soffit 

h2 height of bottom layer of reinforcement above the slab soffit 

K constant which relates only to the specific equation in which it 

occurs 

K1, K29 K3 constants which depend on the required probability of the 

calculated crack width being exceeded, tabulated in Ref. 22 

KI 1, K'2, K'3 constants which depend on the required probability of the 

calculated crack width being exceeded, tabulated in Ref. 25 

k constant which relates only to the specific equation in which it 

occurs 

kb a factor which when multiplied by the peak bond stress gives the 

average bond stress 

kbi the factor kb for bar i 

kn constants which relate only to the specific equation in which they 

occur 
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L crack spacing 

Lave average crack spacing 

Lb final crack spacing directly over a reinforcing bar 

Lc distance defined in Fig. 1.10 

Lor length along a bar, on one side of an isolated crack, over which 
the surface strain of the concrete is reduced by the presence of 
the crack 

Lf final crack spacing 

Lm final crack spacing mid-way between adjacent reinforcing bars 

L maximum crack spacing max 
Lmg length equal to half the crack spacing on either side of a crack 

Lmin minims crack spacing 

Lo original length of an element of slab 

M externally applied moment (Chapters 1-5); 

maximum panel bending moment, coexistent with vertical shear 
force (Chapters 6-10) 

Tý' plastic moment of resistance of a steel I beam, ignoring the web 

MQ maximum moment in the end panel of a simply supported girder 

IIR moment at transition from shear mechanism failure to bending type 

of failure, ie: when axial forces in the flanges are such that 
they cannot support any tension field action 

Nor moment to cause cracking in concrete (Chapters 1-5); 
lower critical moment obtained from separate local and lateral- 
torsional buckling analyses (Chapters 6-10) 

Mf moment that results in the release of all shrinkage strains 

Mp plastic moment of resistance of a steel flange 

M plastic moment of resistance of the compression flange pO 
Mph, full plastic moment of resistance of a girder 

Mpt plastic moment of resistance of the tension flange 

M plastic moment of resistance of the web pw 
ýýº 

ü moment corresponding to the ultimate bond stress (Chapters 1-5); 

ultimate bending strength of a girder subjected to combined 
bending and shear (Chapters 6-10) 
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T"ýit ultimate bending strength of a girder subjected to pure bending 

w bending moment in web at elastic buckling load 

Ty bending moment that causes yield in tension reinforcement 
(Chapters 1-5) 

bending moment that causes yield in the extreme compression 
flange fibres of a plate girder (Chapters 6-10) 

Mynt bending moment that causes yield in the extreme tension reinforce- 

ment, assuming no tension-stiffening 

Mpo reduced plastic moment of resistance of the compression flange 

M'pt reduced plastic moment of resistance of the tension flange 

P pure tensile force 

Pc vertical force at the interface of the girder and slab in a 

composite beam 

Pt vertical force at the interface of the girder and slab in a 

composite beam 

Py pure tensile force that causes yield in the reinforcement 

p ratio of reinforcement area to effective concrete area 

q perpendicular distance of resultant membrane force from mid-height 

of the web 

R1 force in top layer of slab reinforcement 

RZ force in bottom layer of slab reinforcement 

r ratio of distances from the neutral axis to the point considered 

and to the centroid of the tension reinforcement 

rt ratio of distances from the neutral axis to the tension face of 
the member and to the centroid of the tension reinforcement 

rl factor defining bond stress distribution 

S half the clear spacing of the reinforcing bars 

S. D. standard deviation 

St longitudinal spacing of the shear connectors 

s length of an element of a composite beam (Fig. 9.3a) 

t web thickness 

tf thickness of steel flange 
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V vertical shear force 

VR vertical shear force at transition from shear mechanism failure to 

bending type of failure, ie: when axial forces in the flanges are 

such that they cannot support any tension field action 

Vcr shear force in web at elastic buckling 

Vm shear force developed by a plastic collapse mechanism 

Vu ultimate shear strength of a girder subjected to combined bending 

and shear 

vult ultimate strength of a girder subjected to pure shear 

Vy shear yield strength of the web of a steel girder 

W crack slope 

Wave average crack slope 

Wb crack slope directly over a reinforcing bar 

Wlim crack slope for a grid line an infinite distance from a 

reinforcing bar 

Wm crack slope on the surface of concrete, mid-way between adjacent 

reinforcing bars 

Wn crack slope exceeded by nf/' of the results along a particular 

grid line ` 

w width of an individual crack 

wmax maximum crack width 

wmin minimum crack width 

wn width exceeded by rf% of the results along a particular grid line 

mean width of cracks along a grid line 

x distance from the compression face of a beam to the neutral axis 

y distance from a crack to the section considered 

Z lever arm of the external load about the mid-panel section 

z eccentricity of centre of rotation of a plastic hinge 

a proportion of the total shear force carried by the slab of a 

composite beam 

aA, aB, aG proportion of the total shear force carried by the slab at 
Sections A, B and G in Fig. 9.4a 
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ac proportion of the total shear force carried by a cracked slab in 

a composite beam 

au proportion of the total shear force carried by an uncracked slab 
in a composite bean 

inclination of the tension field to the flanges 

pd inclination of the web panel diagonal to the flanges 

ßo optimum value of p 

S deflection of the tension flange relative to the instrumentation 

rig at the location of the support stiffeners 

So maximum out-of-plane deflection of the web in the test panel 

Ss shear displacement across a crack 

Sý reduction in strain due to tension-stiffening 

gCm the mean strain at the surface of uncracked concrete 

6mg mean tensile strain over a length equal to half the crack spacing 

on either side of an isolated crack 

£nt strain derived on the assumption of no tension-stiffening 

Ss strain in the reinforcing bars 

8sh free shrinkage strain in a concrete slab 

sat tensile strain at top surface of the slab of a composite beam due 

to shrinkage of the concrete 

mean surface strain along a grid line 

c mean tensile strain at the surface of uncracked concrete over a 
length equal to half the crack spacing on either side of an 
isolated crack 

surface strain in a slab, averaged over the length and breadth of 
the constant moment region 

derived term (see p 114) 

derived term (see p 110) 

v Poisson's ratio 

p area of tension steel in a slab, expressed as a proportion of the 

area of concrete 

a net compressive stress at mid-panel section which results in 

buckling in presence of bending and shearing stresses 
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äcr elastic buckling stress of a panel subjected to pure compression 

cf axial stress in the compression flange mid-way between the two 

hinges 

ar elastic buckling stress of a panel subjected to pure bending 

(T If direct stress in flange due to tension field action 

om extreme compressive stress due to bending at mid-panel section, 

which results in buckling in presence of either shear stresses, 

or shear and net compressive stresses 

°rtf axial stress in the tension flange mid-way between the two hinges 

vty membrane yield stress 

°tyc membrane yield stress adjacent to the compression flange at a 

point mid-way between the two hinges 

a' membrane yield stress adjacent to the tension flange at a point tyt 
mid-way between the two hinges 

yf yield stress of a flange of a steel girder 

yield stress of the web of a steel girder 

Tcr critical shear stress of web plate 

tm shear stress in panel which results in buckling in presence of 

either bending stress, or bending and net compressive stress 

TYW shear yield stress of the web of a steel girder 

0 diameter of reinforcing bar 

Osh initial sagging curvature due to shrinkage 
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INTRODUCTION 

Several types of composite construction are commonly used in buildings 

and bridges, but the one considered in this thesis consists of a reinforced 

concrete slab connected by shear studs to a steel 'I' beam. 

The work reported here forms part of a long-term study into the 

behaviour of continuous composite beams in the region of an intermediate 

support. Aspects of the problem which have been considered previously 

include the behaviour of continuous composite floor systems and of shear 

studs in hogging moment regions, and the design of semi-rigid joints in 

composite frames. Of particular interest is work conducted by Climenhaga, 

Johnson and Willmington41'42 who studied the ultimate load behaviour of 

compact composite beams subjected to various proportions of hogging bending 

and vertical shear. It was found that such girders could develop their 

plastic moment of resistance and maintain it over a large rotation without 

risk of local flange or web buckling. It was also found that the shear 

strength of a composite beam with heavy longitudinal reinforcement in the 

slab exceeded the plastic capacity of the web. 

Two further aspects of the behaviour of continuous composite beams 

are considered in this thesis: the width of cracks which form in the 

hardened concrete slab due to flexural action, and the ultimate load 

behaviour of beams with slender webs. 

Over the past 15 years, extensive research has been conducted into 

cracking in plain reinforced concrete beams and slabs, and design formulae 

are available - for example, in CP11033 and BS5400, Part 434. Very little 

attention has been paid to crack widths in composite beams, however, and 

such design formulae as exist (BS5400, Part 534) are based on the research 

on plain reinforced concrete, modified slightly in accordance with 

engineering judgement. 

One of the aims of the present study was therefore to determine 

whether existing crack width formulae adequately predict crack widths in 

composite beams, and if not, to develop alternative formulae. This work 
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is reported in Chapters 1 to 5. Chapter 1 contains a review of previous 

work and Chapters 2 and 3 describe tests on composite beams to obtain 

experimental crack width data. The results are analysed and discussed in 

Chapter 4, while Chapter 5 summarises the conclusions and presents 

recommendations for design. 

The normal design procedure for assessing the ultimate strength of 

continuous composite beams is to assume that the slab and its reinforce- 

ment add to the bending strength of the steel girder but not to its shear 

strength. Research has shown that when a plain steel girder with a 

slender web is loaded predominantly in shear, a diagonal yield band forms 

in the web. Collapse finally occurs when the stresses in this yield band 

cause inward collapse of the flanges. 

In continuous composite beams near an internal support, the steel 

tension flange is attached to the concrete slab, which may increase its 

resistance to inward collapse substantially. Conversely, the stresses in 

the yield band impose axial loads on the shear connectors, and this might 

cause pull-out failure of the slab, leading to a loss of composite action 

in bending. The second aim of the present study was therefore to determine 

whether the assumptions normally made in design can reasonably be applied 

to composite girders with slender webs. 

The investigation of ultimate load behaviour has been conducted 

independently of the work on cracking, and is reported separately in 

Chapters 6 to 10. This reflects current design practice, which is to 

consider the attainment of the maximum permitted crack width and of the 

ultimate strength of the beam as two quite different limit states. Chapter 

6 reviews previous work on steel and composite girders, and presents some 

current design recommendations. Chapters 7 and 8 describe tests on three 

composite plate girders, the results of which are analysed and discussed 

in Chapter 9. The conclusions are summarised in Chapter 10. 

The notation and references listed elsewhere in this thesis are 

common to all of Chapters 1 to 10. 
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CHAPTER 1 

REVIEW OF PREVIOUS WORK 

1.1 Introduction 

Very little work on crack widths in composite steel and concrete 

beams subjected to hogging moment has been reported and attention has, of 

necessity, been focussed on work conducted on reinforced concrete members. 

Such work, of course, is not directly applicable to uncased composite 'T' 

beams, in which the neutral axis is often well below the concrete slab, 

so that the stress pattern corresponds more closely to an axial tensile 

load than to a flexural load. Other factors which affect the distribution 

of stresses in composite 'T' beams are the presence of large forces due 

to shrinkage of the concrete slab and of concentrated local forces in the 

region of the shear connectors. 

Previous reports on cracking in concrete subjected to externally 

applied loads have fallen into one of four categories: 

(i) those that accept the "bond-slip" theory, which assumes that 

failure of the bond between the reinforcement and the concrete 

occurs as cracking takes place; 

(ii) those that consider stress redistribution after cracking; 

(iii) those that believe that the bond remains intact - at least 

until the crack pattern is substantially complete; and 

(iv) those that are derived on a mainly empirical basis. 

A report by Cattley1 gives a bald summary of papers from each of the 

above four categories, but makes no attempt to compare either the results 

or the conclusions of the numerous workers in the field. A more detailed 

review of these papers, along with others not considered by Cattley, is 

therefore given below. 
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1.2 Research on reinforced concrete members 

1.2.1 Bond-slip theory 

1.2.1.1 General 

This theory hypothesises that stress is uniform at any section of a 

cracked reinforced concrete member subjected to pure axial tension. The 

sides of a crack are therefore parallel, as shown in Fig. 1.1, and there 

must be local failure of the bond between the reinforcing bars and the 

surrounding concrete. For a reinforced concrete member subjected to pure 

flexure, it is assumed that plane sections remain plane. Hence, the sides 

of a crack are flat, and the crack is wedge-shaped with zero width at the 

neutral axis. 

The theory also hypothesises that the minimum crack spacing will be 

the length over which the force transmitted to the concrete by the bond 

between it and the reinforcement is just sufficient to cause cracking of 

the concrete. Hence: 

Lmin$ft0/4rlfbp 

where: Lm 
n= 

the minimum crack spacing; 

ft = tensile strength of concrete; 

0a bar diameter; 

I. w factor defining bond stress distribution; 

fb m maximum bond stress; and 

° (1.1) 

p= ratio of steel area to effective concrete area. 

Since an intermediate crack would form if the initial crack spacing 

exceeded twice the minimum spacing 

Lmax = 2L 
min (1.2) 

wheres L= the maximum crack spacing. max 
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If, as is usual, the strain in the concrete between cracks is assumed to 

be negligible, the maximum crack width at the level of the reinforcement 

is given by: 

wmax a Sn 
fs/E8 

where: wmax = maximum crack width; 

fs = the steel stress in the member at the section con- 

sidered, calculated from fs =fy M/M 
Y 

for a flexural 

member, and from fs = fy P/Py for a tensile member; 

Es @ modulus of elasticity for steel reinforcement; 

fy = yield stress for steel reinforcement; 

M- the applied moment at the section considered; 

MY the moment corresponding to yield in the reinforcement 

of a flexural member; 

P the applied tensile force at the section considered; 

Py the tensile force corresponding to yield in the 

reinforcement of a tensile member. ° 

Hence: 

"w °0 fs/P k1 

where : k1 m 2r1 fb E8/f t 

(1.3) 

The derivation of Equations 1.1 to 1.3 is considered in greater detail in 

2 
a very useful paper by Bianchini, Kesler and Lott. 

Research at the Cement and Concrete Association3 has shown that the 

concrete strain between cracks may in fact reach several times the value 

normally associated with cracking, so Equation 1.3 may be expected to 

overestimate the maximum crack width. Nevertheless, this equation has 

become widely accepted as the basis for research not only in Europe but 

also in America, although significant modifications are usually made. 
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The C. E. B. 
4 

realised that Equation 1.3 overemphasised the importance 

of p, and altered it, on a purely empirical basis, to: 

wmax m (4.5 + 0.4/p) 0 fs/k2 (1.4) 

where k2 is a constant similar to, but not the same as, k1 in Equation 1.3. 

1.2.1.2 Research on large-scale reinforced concrete beams 

In the first of a series of reports from the Portland Cement 

Association, Hognestad5 showed that for plain reinforcing bars the 

relationship between crack width and bar diameter was nearly linear, which 

is the prediction of the bond-slip theory. However, for the old type of 

deformed reinforcing bar, the relationship was less marked, and for the 

modern type of deformed bars, the bond-slip theory, even as modified by 

the C. E. B. (Equation 1.4), overestimated the effect of both the bar 

diameter and the steel percentage. Instead of confining his attention to 

crack widths at the level of the reinforcement, Hognestad considered crack 

widths elsewhere on the beam's surface, and found that at constant strain 

crack width was proportional to cover from the point considered td the 

nearest bar orthogonal to the crack. This result, which has been con- 

firmed by many other workers in the field, implies that crack width at 

the surface of a reinforcing bar is zero. Taken together with Hognestad's 

conclusions on the effect of bar diameter and steel percentage, it is 

evidence that the bond-slip theory is not applicable to modern deformed 

bars. 

The next in the series of reports from the PCA was by Kaar and 

Mattockb who had conducted tests on half-scale highway bridge beams of 

rectangular, 'I' and 'T' sections, reinforced with high strength deformed 

bars. Crack widths were measured on the side faces of the beams at the 

level of the reinforcement and found to be proportional to steel stress 

but independent of the bar diameter. The term (4.5 + 0.4/p) in Equation 
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1.4 was therefore replaced by 1/0.357p*, which has the same value for 

the usual range of p, but gives, on rearrangement: 

I 
wmax ® 3.16A02 fs/k2 

where: A. = the concrete area surrounding a reinforcing bar. 

Substituting the value of k2 used by the CEB gave the following equation 

for predicting maximum crack width at the level of the reinforcements 

wax m 0.067A02 fs x 10-6 (1.5) 

where the units are in pounds and inches. 

Kaar and Mattock compared the predictions of Equation 1.5 with their 

own measurements of crack widths as well as those of Hognestad5 and 

Clarki7 and found them to be in good agreement for values of p between 

0.04 and 0.2. For values of p less than 0.04, however, crack widths were 

still overestimated, and the equation was modified, on an empirical basis, 

to: 

Wmax 0.115Ac 0"25 fs x 10-6 (1.6) 

A similar equation was put forward for predicting the mean crack width, 

w, at the level of reinforcement: 

w-0.077Ac 0.25 fs x 10-6 (1.7) 

It will be noted that wa wß/1.5, which was the relationship obtained 

theoretically by Beeby7, who used probability theory to obtain the mean 

crack spacing in terms of the maximum and minimum spacings. 

In a later report by Kaar and Hognestad8, equations were put forward 

for predicting crack widths on the tension face of flexural concrete 

members reinforced with high strength deformed bars: 

wmax - 0.115rt A. 
0.25 fax 10-6 (1.8) 
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w=0.077rt A00.25 fg x 10-6 (1.9) 

where: rt = the ratio of distances from the neutral axis to the 

tension face of the member and to the centroid of the 

tension reinforcement. 

The units are again expressed in pounds and inches. 

These equations were compared with crack widths measured during the 

authors' tests on half-scale bridge beams of 'T' cross-section and on a 

half-scale model of a bridge deck; they were also compared with the results 

from References 5,6 and 17. There were therefore a large number of 

readings for w. - one for each level of stress on each grid line of all 

the specimens tested, and when these were plotted on a graph of wmax 

against fs a cloud of points resulted. Equation 1.8 was plotted on the 

same graph, and although it fell more or less in the middle of this cloud, 

individual values of w varied by up to 15C% 
of the predicted value. max 

The same was true for values of the mean crack width, w, and it was 

claimed that this scatter was acceptable in view of the variability of 

cracking. This argument is not convincing, however: certainly along any 

grid line at constant f8 (for example, on a member subject to constant 

moment) there will be a large scatter of crack width readings about the 

mean value, but any formulae which purport to give this mean value, or 

the value of the maximum crack width, ought to do so with greater accuracy 

than 500. 

In the final report in the series9, Kaar took a more reasonable 

approach to cracking, and attempted to derive formulae that would predict 

not the maximum crack width, but crack widths with various probabilities 

of being exceeded. Experimental data came from yet another series of 

tests on 'T' section beams representing those found in highway bridges - 

two at full size, and one each at z and scale. 

It was found that Equation 1.8, although of little use for 
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predicting maximum crack widths, agreed very well with measured values 

of crack widths with a 30% probability of being exceeded. Similarly, 

the equation: 

w-0.172rt Ac 0.25 fs x 10-6 (1.10) 

gave good predictions for the width with a 10'% probability of being 

exceeded. 

Equations 1.8 and 1.10 may be represented as: 

wn akrtc0.25 fs x 10-6 (1.11) 

where: wn = the width with nfo probability of being exceeded; 

and kaa constant, whose value varies according to the 

value of n. 

The same approach to prediction of cracking is taken by the Cement and 

Concrete Association, whose work is yet to be described in detail; indeed, 

the latter's formula for predicting crack widths in reinforced concrete 

beams is very similar to Equation 1.11, 

Note that although Kaar's early work6 on cracking in concrete rein- 

forced with high strength bars was based on the bond-slip theory, the 

equation finally put forward for predicting crack widths contains neither 

0 nor p, the two parameters predicted by the theory to have the greatest 

influence on cracking. 

1.2.1.3 Research on partially-prestressed 'I' beams 

More recently, Desayi10 has revived the bond-slip theory and applied 

it to cracking in Class 3 partially-prestressed 'I' beams. Tests were 

conducted on 9 such beams, 6.3m long and 300mm deep, subjected to a 

constant moment over the central 1.8m of their length. High-tensile 

wires 7rmn diameter were used for prestressing tendons and high-yield bars 

10mm diameter for reinforcement; various arrangements of tendons and bars 
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were used in the tests, but the diameters were kept constant. This is 

unfortunate, because in the absence of experimental data Desayi has 

assumed the relationship between crack widths and bar diameter predicted 

by the bond-slip theory, which has been shown to be invalid for high 

strength bars. The application of Desayi's crack width formulae to 

cracking in concrete reinforced with other than 10mm bars must therefore 

be highly suspect. 

By considering the longitudinal equilibrium of the cylindrical 

element of concrete in Fig. 1.3 the following equation for predicting 

crack spacing was obtained: 

ft 23, (D12 ' 01 2) 
L (1.12) 

4 Z1 (0i kbi fbiu M/M ) 

where: L= crack spacing; 

Di = the diameter of the effective area of concrete 

surrounding bar i; 

kbi =a factor which when multiplied by the peak bond 

stress gives the average bond stress; 

fbiu ffi the ultimate bond stress of bar i; 

Nu m the moment corresponding to ultimate bond stress. 

This equation was said to give the average crack spacing, but in fact it 

gives the theoretical minimum spacing. 

A linear relationship between applied moment and maximum bond stress 

Was assumed in the derivation of Equation 1.12* 

fbi m fbiu N/Mu 

which may be questioned, but the resulting formula does predict that 

crack spacing is reduced as the applied moment increases, and this is the 

behaviour observed in tests. Furthermore, if the effects of tension 
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stiffening are assumed constant: 

M/Mu af silf yi 

Substituting into Equation 1.12, and noting that for a typical reinforced 

concrete element, D, 0,1%, fs, fy and fbu are the same for all bars, 

gives: 

where: kl 

L k1/, Es 

ft(D2-02)fY 

40 1% 'bu Es 

(1.13) 

and 8s a the strain in the reinforcing bars, calculated from 

es a fs ES 

Equation 1.13 is the reciprocal relationship between crack spacing and 

strain found by other workers in the field (e. g. Beeby). Desayi's paper 

is the first to be based on the bond-slip theory which formulates this 

relationship. 

A serious criticism of Equation 1.12 is that it cannot predict the 

variation of crack spacing at different levels of a beam, and yet 

Desayi's test results, in common with those of many other workers, show 

that spacing is much less at the level of reinforcing bars than elsewhere. 

The same criticism may be levelled at the bond-slip theory in general. 

Using estimated values of ft, fbi, etc., Equation 1.12 gave good 

predictions of crack spacings in Desayi's tests at the level of the 

reinforcing bars and prestressing tendons, but underestimated them else- 

where. 

Assuming that the average crack spacing could be predicted with 

reasonable accuracy, the mean crack width would be obtained from: 

wmZsr (1.14) 
ave s 
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where: L 
ave average crack spacing; 

r the ratio of distances from the neutral axis to the 

point considered and to the centroid of the steel 

reinforcement. 

The residual strain in the concrete is ignored in this equation, which is 

reasonable at the level of the reinforcement where crack spacing is small, 

but at levels where crack spacing is large residual strain may also be 

large. Other than at the level of the reinforcement, therefore, Equation 

1.14 would be expected to overestimate crack widths, were it not for the 

fact that crack spacing is underestimated. These two errors tend to 

balance each other; Desayi's paper shows that predictions of crack widths 

at all levels of the beams tested were of much the same accuracy. 

For each grid line in turn, and at various strains, comparisons were 

made between maximum measured crack widths and the maximum predicted 

crack widths, where the latter are derived as follows. For a small 

increment of load above the load at first cracking, in which Lave remains 

constant, crack widths increase in proportion to Lave" When further 

cracks form, spacing is decreased and crack widths increase in proportion 

to the lower spacing Lave" It was postulated that the widest crack will 

be the one that increases in proportion to the initial, and greatest, 

value of Lave" Maximum crack widths predicted by this method cannot how- 

ever be expected to give good agreement with experimental results, for 

the initial value of Lave will be significantly affected by random effects 

such as irregularity of cross section and concrete strength. In the case 

of Desayi's results, maximum crack widths along the various grid lines at 

various strains are underestimated by up to 50$ of the measured value. 

1.2.2 Stress redistribution 

1.2.2.1 Derivation of average crack spacing 

Broms presented a series of very useful papers 
11-14 

on crack widths 



13 

in reinforced concrete, based on considerations of stress redistribution 

in cracked sections. The stress pattern for concentrically loaded 

tension members and flexural members was derived from the theory of 

elasticity, using the approximate loading and stress patterns shown in 

Fig. 1.4. It was shown11 that tensile stresses exist only within a radius 

equal to half the original crack spacing, as illustrated in Pig-1-5. 

Once two cracks have formed, therefore, the extent to which a third one 

propagates is determined by the spacing of the original two. The 

theoretical predictions of stress pattern were found to correlate well 

with surface strain measurements taken during tests on 37 tension members 

and 10 flexural members reinforced with high strength deformed bars. In 

the next paper in the series12 Broms showed how the theory might be used 

to predict crack spacings and crack widths. Fig. 1.6 shows the various 

stages in the formation of the crack pattern for members subjected to 

either tensile loads or flexural loads. The differences between primary 

and secondary cracks of the first and second order are also shown; they 

are distinctions frequently made although not all workers in the field 

believe them to be meaningful ones. Note that because of the loading 

patterns assumed by Broms (Fig. 1.4) neither the stress pattern nor the 

crack spacings (nor, by inference, the crack widths) predicted by the 

theory vary in the y-direction of Fig. 1.6. The theory does, however, 

indicate that these parameters will vary in the z-direction, and is 

therefore an improvement on the bond-slip theory, which is unable to 

explain this aspect of observed cracking behaviour. 

It is apparent from Fig. l. 6 that if two adjacent cracks form at a 

distance apart of less than twice the cover, any cracks that subsequently 

form between them cannot penetrate to the surface ABCD. Hence, Broms 

proposed that the minimum visible crack spacing on these surfaces should 

equal the cover c. Further, the maximum crack spacing will equal twice 

the cover, since greater spacing than this would allow another visible 
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crack to form, and it was concluded that the average crack spacing would 

be 1.5c. (This need not be the case, of course, for there are more 

opportunities for cracks to form at small spacings than at large spacings 

- which brings the average value down. Beeby7 calculated that 

Lave = 1.33c. ) Broms' tests on tensile and flexural members showed that 

the crack spacing on the surfaces ABCD decreased rapidly with increasing 

load, and approached an average value which was in fact equal to 2c. The 

discrepancy was attributed to the differences between the actual and 

assumed stress distributions. 

1.2.2.2 Calculation of crack widths 

By assuming that the concrete elongation between cracks was 

negligible, Broms concluded that the mean crack width on the surface ABCD 

of a member loaded in tension was given by: 

Wa 2c (1.15) 

Crack widths on the tension face of a flexural member could be predicted 

by: 

w= 2rt c ss (i. z6) 

These equations were found to underestimate crack widths at low stresses 

and overestimate them at high stresses; the reason for this is not 

apparent. 

The shape of the cracks was investigated by testing tensile specimens 

of length approximately equal to the crack spacing. The cracks were 

found to be very narrow at the level of the reinforcement and wider at 

the surface of the concrete, and Broms thought that this indicated the 

presence of secondary internal cracks as otherwise very high concrete 

strains were indicated at the level of the reinforcement. Using a method 

he had developed earlier13 he found that these secondary cracks were 

indeed present, but that they also were narrow at the reinforcement and 
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widest some distance from it. He suggested that the discrepancy in 

apparent elongation of the concrete at the level of the reinforcement 

was due to the presence of minute cracks, which is probably the case, 

for Goto has detected such cracks in his own experiments15. Goto's 

longitudinal section through an axially loaded specimen is reproduced as 

Fig. l. 7, and it will be seen that the internal cracks are wider at the 

surface of the reinforcement than elsewhere. 

It was stated in Scction 1.2.1.1 that the bond-slip theory indicates 

that the sides of a crack in a member loaded in pure tension will be 

parallel: neither Broms' nor Goto's results support this. Also, Broms' 

formulae for crack width are independent of bar diameter and effective 

area of concrete in tension, which is evidence that bond-slip is not a 

factor in determining crack widths in concrete reinforced with modern 

deformed bars. 

1.2.2.3 Crack widths in wide members 

As noted earlier, a shortcoming of Broms' theory is its inability to 

predict variation of stress, crack spacing or crack widths across the 

width of the member (the y-direction in Fig. 1.6). This is particularly 

important in slabs, which are wide by definition. Broms and Lutz14 

attempted to solve this problem by defining an effective cover for points 

on the surface of reinforced concrete between two adjacent bars. The 

equation put forward was: 

ce (eö + [c + 0/2]2)0 5 

where: ce the effective cover; 

1a1+1; and 
eo e1 e2 

ei and 02 are defined in Fig. 1.8 
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Substituting ce into Equation 1.16 gives: 

wm2 rt ce s 
(1.17 

which was found to give reasonable predictions of the width of both 

external and internal cracks. It will be noted that Equation 1.17 is the 

only one proposed so far that predicts the observed variation of crack 

width along its length. 

1.2.3 Empirical formulae 

In 1968 Gergely and Lutz16 presented a purely statistical analysis 

of results from References 5,6,8,12,17 and 18. Using various com- 

binations of the parameters which other workers had thought to be 

important, they built up an alarming array of more than forty different 

equations and performed regression analyses on each of them for the 

various sets of data referred to. 

They found that O/p was a very poor variable in any form, and that 

the CEB variable (4.5 + O. 4/p)O greatly overestimated crack width for low 

values of p. Similarly for all other equations proposed in the past - 

although most fitted the data from which they were derived, none were 

found to predict accurately crack widths from other investigations. 

This is no doubt due to the rather confined scope of much of the 

work done to date. Hognestad, for example, measured crack width only 

between bars, whereas Rusch and Rehm is 
measured only crack widths above 

bars. 

The equations finally recommended by Gergely and Lutz include all the 

parameters found to be of importance - f8, Ac and c: 

w ax - 0.091 (c Ac), (f8 
- 5)rt (1.18) 

for crack widths on the tension face of a flexural member, ands 
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'wmax " 0.091 (es A0)A (fs - 5)/(1 + es/dl) (1.19) 

for side cracks at the level of the reinforcement, 

where: cs a minimum side cover to the reinforcing bar assumed to 

be controlling cracking on the side of a beam; 

and dl depth from neutral axis to the centroid of the 

tension steel. 

These equations are not dimensionally correct, in spite of what Gergely 

and Lutz say: the units used are not stated, but by inference they must 

be as follows: 

v in thousandths of an inch; 

c, d1 in inches; 

AC in square inches; 

fs in kips per square inch. 

Gergely and Lutz recommend their formulae in preference to Broms', 

but the grounds on which they do so are not particularly convincing. It 

is argued that the latter give poor predictions of results from References 

6,17 and 18, but results from the last two are ignored anyway, on the 

grounds that they are "out-of-line" with other data. The advantage of 

Gergely and Lutz's formulae is therefore that they give better predictions 

of crack widths from one series of experiments out of six; the dis- 

advantage is that they have no theoretical backing at all. It is 

surprising, therefore, that as recently as 1972 Nawy19 should recommend 

the use of Equations 1.18 and 1.19 in preference to all others. 

More recently, Albandar and Mills20 attempted to resolve the conflict 

between the bond-slip theory and the no-slip theory (still to be described) 

but in practice achieved little more than to add two more crack-width 

equations to the multitude that already existed. Nine beams were tested 

at a constant steel stress and a surface fitting computer routine was 
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used to derive the equation of best fit to the experimental data; 

Z= (0.00184acr + 0.000484A 
i) 

r 

where: acr distance from nearest reinforcing bar to point 

where crack width is measured. 

Assuming that crack widths are directly proportional to steel stress 

this was transformed into the recommended equation: 

wm (1.5acr + 0.4A01) E (1.20) 

where: the mean surface strain along the grid line in question. 

In view of the variability of cracking in reinforced concrete, however, a 

total of 9 beams and less than 300 crack measurements is a very small 

sample on which to base an empirical equation. Further, the scope of the 

investigation was very limited - steel stress, the cross section and steel 

percentage were all constant and cracks were only measured on one side 

face of each beam. In fact the only variables were bar diameter and 

spacing, which indirectly caused variation in the parameter Ac. 

1.2.4 No-slip theory 

1.2.4.1 General 

The most credible account of cracking in reinforced concrete to date 

has been given in a series of reports by the C and CA3'21-26. Not only 

is it based on measurements of more than 250,000 crack widths, but 

theoretical explanations have been sought and found for most of the 

phenomena which occurred. The work has been summarised by Beeby39, who 

also explains the derivation of the formulae for crack width and concrete 

strain used in current design practice. These formulae are considered in 

Sections 1.2.4.5 and 1.4 respectively. 

1.2.4.2 Cracking in reinforced concrete beams 

The new theory was introduced by Base et a13 who conducted tests on 
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105 reinforced concrete beams, each simply supported and subject to 

concentrated loads at one-third points. A series of grid lines were 

drawn on the surface of the beam parallel to the main reinforcement, and 

crack widths across these lines were measured at each load stage. It was 

found that the mean width of cracks crossing a grid line (w) was 

proportional to the average strain along that line. 

A statistical approach was used to analyse the test results, since 

variations between nominally identical beams were found to be of the same 

order as between different ones. This was particularly true of the effect 

of bar type, and a further 28 beams were tested21 - 12 each with plain 

and deformed bars, and 4 with heavily deformed bars. Beams reinforced 

with plain bars were found to contain fewer but wider cracks, but there 

was no significant difference between deformed and heavily deformed bars. 

This is, of course, further evidence that bond failure is not a critical 

consideration for modern deformed bars. 

A combination of theoretical and empirical considerations gave the 

following equations: 

w-1.67 acr s (1.21) 

wl = 3.3 acr r fs/Es (1.22) 

where: wl is the width exceeded by 1% of the cracks along the grid 

line. 

These equations may be used to predict crack widths anywhere on the 

surface of a reinforced concrete beam; their similarity to the equations 

put forward by Broms (1.15 and 1.16) will be noted. Of particular 

relevance to cracking in composite beams was the finding that stirrups 

acted as crack inducers - especially where cover was low. Another report 

by the C and CA24 confirmed this, but unfortunately insufficient data was 

available to form any quantitative conclusions on the matter. 
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1.2.4.3 Cracking in slabs 

The next report in the series22 was also of relevance to composite 

beams for it considered the effect of the wide bar spacings common in 

reinforced concrete slabs. The mean crack width on any particular grid 

line was again found to be proportional to the average strain, but the 

distribution of crack widths in the slab tests was found to be markedly 

skew, whereas that for beams had been normal. Each individual measure- 

ment of crack width along a grid line (w) was therefore divided by the 

appropriate mean strain, and the values of (w/) exceeded by 2,5,7.5, 

10,15,20,25 and 500 of the results were determined. These values were 

found to be constant for each grid line and were therefore used to define 

the crack width distribution. The parameter (w/) appears frequently in 

the following pages, where it is termed the "crack slope" and denoted by 

W; Wn refers to the crack slope exceeded by n% of the results and Wave 

to the average crack slope, which is not necessarily the same as W50" 

Crack widths measured at a distance of less than 2c from the bars 

were predicted reasonably well using Equation 1.21, but outside this 

range a further factor, related to the depth of section, was found to 

have a bearing. Beeby proposed that crack spacing (and hence crack width) 

at any point on the surface of a reinforced concrete slab was a function 

of two basic cracking patterns - one immediately over a bar which 

depended on the cover, and the other at hypothetical points an infinite 

distance from the bar, which depended on the initial crack height. In 

fact, since cracks taper to almost zero width at a reinforcing bar, one 

might say that both patterns depended on the initial crack height. 

For Wave and all values of na linear relationship was found to 

exist between 1/W and 1/acr, which allowed the cracking pattern at any 

intermediate point to be given in terms of the two basic patterns. Also, 

by projecting backward to the axis 1/acr a 0, the value of W at infinite 
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aor (Wlim) for the slab in question could be determined. It was found to 

be directly proportional to the initial crack heights 

Wlim °K ho (1.23 

where: h0= initial height of cracks; 

K is a constant which depends on the required 

probability of Wlim being exceeded. Values are 

tabulated in Re-L. 22. 

To determine relationships for the cracking patterns immediately over 

reinforcing bars, Beeby started with an equation derived by Ferry- 

Borges27: 

L 
ave '0 k1(A0/0) + k2c 

where: kl, k2 = constants. 

Crack width could be expected to follow a similar relationship. 

Beeby suggested that the markedly skew distribution of crack widths 

observed in his tests was due to slip between the concrete and reinforce- 

went after the crack pattern had formed, allowing greater crack widths to 

develop. Now, if bond remained intact, the cover would dominate, whereas 

if bond were to break down completely, the initial crack height would 

dominate. The ratio (c/ho) therefore determined the amount of 

modification possible and either (0/p), or (Ac/O) - the two differ only 

by a constant - could be looked on as determining the number of cracks at 

which modification would occur. 

Hence, a relationship for crack slope directly over a bar, Wb, was 

proposed: 

Wb -kc+ f(c/h0) g(ac/o) 

where: k=a constant; 

f(c/ho) -a function of (c/ho); 
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g(Ac/O) 4a function of (Ac/o) 
. 

The two functions were derived empirically and gave' 

Wb Klc + 
K2 AQ exp(-K3 c/ho) 

= 
0 

where K1,2,3 are constants which vary according to the required percentage 

of crack slopes exceeding the calculated slope. Values were found 

empirically and are tabulated in Reference 22. 

Equations 1.23 and 1.24 may be used to determine the crack slopes of 

the two basic cracking patterns, Wlim and Wb. The following equation, 

derived from the linear relationship of 1/W and 1/air, may then be used 

to calculate the crack slope anywhere on the surface of a reinforced 

(1.24) 

concrete slabs 

W 
acr wlim Wb 

(1.25) 
c Wlim + (acr - c) Wb 

The three Equations 1.23 to 1.25 will be referred to as the "slab 

equations". 

Many workers have assumed that: 

Lave Z/§ ave 

whereas Beeby found that average crack spacing often exceeded the average 

crack slope. This led him to the conclusion, already noted, that 

residual strain in cracked concrete was significant, and he proposed the 

following equation: 

have - Wave + R1/E 

where: R1 a 0.05 exp(-0.0135c) 

(1.26) 

1.2" .4 Cracking in prisms subjected to pure tension 

In a later report 
25, 

Beeby described a series of tests on reinforced 
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concrete prisms loaded in pure tension, the purpose of which was to 

study in detail the effect of the parameter Ac/O on the crack pattern 

immediately over a bar. This parameter had been introduced to predict 

the likelihood of internal failure at cracks, and is obviously important 

where such failure takes the form of bond-slip. However, Goto had 

found15 that for deformed bars internal cracking was the dominant form of 

internal failure, and it was not clear how the variable Ac/0 related to 

this. The parameter finally put forward in its place was (cl/e)2 (c/0) c, 

where cl and c are the greater and lesser covers respectively for a 

centrally reinforced rectangular prism. 

It was argued that the new parameter defined geometric similarity, 

and hence the stress pattern would be the same in any prism having the 
I 

same value of (cl/c)2 (c/¢) c. The term would therefore be effective 

whether internal failure took the form of bond-slip or of internal 

cracking. 

Substituting (cl/c) (c/6) c for Ac/O in Equation 1.24 gave the new 

formula for predicting crack slope immediately over a reinforcing bar: 

Wb - K'1 c+ K12 (A/B)-2 (cB/20) exp(-K'3 c/ho) (1.27) 

where: K'1, K'2, K'3 are constants; 

(A + 0) length of longer side of prism surrounding 

a bar; 

and (B + 0) - length of shorter side of prism surrounding 

a bar. 

Values of Kul, Kf 2 and K1 3 were found empirically and are tabulated in 

Reference 25, which also gives guidance on the dimensions to take for A 

and B for various arrangements of reinforcing bars. 

Equations 1.23,1.27 and 1.25 may be used to calculate crack widths 

anywhere on the surface of a reinforced concrete member and will be 
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referred to as the "tension formulae". 

1.2.4.5 Design formula 

Present design philosophy in Britain is to check that the crack 

width with a 2c$ probability of being exceeded is not greater than some 

specified limit anywhere on the surface of the concrete. Since the 

maximum crack width will always occur at the greatest distance from a 

reinforcing bar, the formula required for design is the one that gives 

w20 on the surface of the concrete mid-way between adjacent reinforcing 

bars. Beeby has shown39 how such an equation can be obtained from the 

"tension formulae". 

It is assumed that the initial crack height is proportional to 

(h - x), where h is the overall depth of the member and x is the distance 

from the compression face to the neutral axis so that for a 2O 

probability of the crack width being exceeded, Equation 1,23 gives: 

Wlim ° 1.5(h - x) 

The crack pattern over the bars will have little effect on crack widths 

mid-way between them, so Equation 1.27 is simplified to: 

Wb m 3c 

Substituting in Equation 1.25 gives: 

3a 
cr 

's 

1+ 2(acr - c)/(h - x) 

which is the formula given in both CP11033 and Bs5400 340 

1.2.4.6 Cracking in scale models 

Finally, we may look at crack similitude in reinforced concrete, 

which is of course particularly important in composite construction where 

prototype sizes are such that they cannot conveniently be handled in the 
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laboratory. Clark 23926 found that neither crack width nor crack spacing 

scaled, even at constant stress. Models exhibited a greater cracking 

strain and greater plasticity than prototypes, due not only to the 

properties of micro concrete but also to the absolute size of the specimen. 

It was also very difficult to obtain 'a scale bond effect between steel 

and concrete in small models, and for this reason model crack widths 

would either be greater or smaller than the scaled prototype crack widths. 

In particular, the greater plasticity of micro concrete and the very poor 

bond on small gauge wire combined to give a greater degree of internal 

failure in models reinforced in this manner. 

Clark shows how all these differences can take place within the 

framework of the no-slip theory of cracking, but concludes that we will 

seldom know the bond and tensile concrete properties of both model and 

prototype accurately enough to predict prototype crack patterns from the 

model. 

1.3 Research on composite beams 

1.3.1 Uniaxial bending 

Garcia and Daniels 28p29 
subjected uncased 'T' section composite beams 

to both static and dynamic loads to represent the effect of intermediate 

columns on continuous beams. Very little numerical data on crack width 

or spacing is given, but it is apparent that effects of shrinkage and 

temperature are quite significant, for cracks were first observed in the 

concrete while stresses due to applied loads were virtually zero. Garcia 

and Daniels also found that at low steel percentages the steel yields at 

an early stage and no more cracks form since the steel stress has reached 

an upper limit. Crack spacing is therefore large, and the cracks widen 

to an unacceptable degree. 

A series of tests on continuous composite 'T' beams has been 
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conducted at Cambridge University40-43. However, the primary aim was to 

study the various modes of collapse behaviour, and information on cracking 

is usually limited to photographs of the final cracking pattern after 

failure had occurred. Hope - Gill43 subjected beams of the size used in 

buildings to hogging moment and shear over intermediate supports, and 

found that individual crack widths sometimes exceeded the value permitted 

in CP11033. 

1.3.2 Biaxial bending 

Concurrently with the author's work on uniaxial bending, Arnaouti 

has been studying cracking in composite beams subjected to biaxial 

bending30-32. His approach differs in a number of important respects from 

that of others, as will become apparent. 

A finite element analysis was conducted on part of a concrete slab 

reinforced with a single layer of bars symmetrically placed and subjected 

to pure tension. The prism analysed is shown in Fig. l. 9; its length was 

taken to be half the crack spacing. Surface ADEH was assumed to be one 

cracked surface, and ABCD the top of the slab, so both were taken as free 

of restraint and stress. The planes zx, zy and yx were assumed restrained 

in the perpendicular direction by symmetry, and Arnaouti argued that 

because concrete stress falls off rapidly round a bar, the plane ABGH 

could be assumed free. 

The prism was loaded in increments, and once an element had cracked, 

it was assigned zero direct stiffness and zero shear stiffness for 

redistribution of stress and further increments of loads. Both these 

assumptions are reasonable for the case studied (direct tension) although 

the second would be suspect if any shear forces were to be applied to the 

element. 

Referring to Fig. 1.10, which shows a singly reinforced concrete 
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prism subjected to pure tension, one can write: 

w fi L(1 -9 C/e 
) (1.29) 

Ing 

where: w= width of the crack; 

smg = mean tensile strain over a length equal to half the 

crack spacing on either side of a single crack; 

and c- mean tensile strain at the surface of uncracked 

concrete, over a length equal to half the spacing on 

either side of an individual crack. 

If L and 90/C are known, therefore, the crack width can be calculated. 

Arnaouti postulated that: 

9c/smg ° f(Ec9 09 S, P, acr' L) 

Lg (s, 901 EmSr acrd 

where: f and ga functions of the terms enclosed in brackets; 

Ec - Youngs Modulus of concrete; 

and S- half the clear spacing of adjacent reinforcing bars. 

The finite element analysis was used to conduct a parametric study 

to determine the above functions, and it was found3° that: 

9 
c/t - (2 + 4400 ß)/(46.9/S + 0.53)acr 

which was approximated to: 

8-c/Erng ° (2 + 4400 mg)/acr (1.30) 

and: 2 Lcr 10 0.82 (S2 + c2) + 86 (1.31) 

where: Lor length along a bar, on one side of an isolated crack, 

over which the strain at the surface of the concrete 

is reduced by the presence of a crack; 

and Lcr, S, c and acr are measured in millimetres. 
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Equations 1.30 and 1.31 were substituted into Equation 1.29 to obtain an 

expression for predicting crack width anywhere on the surface of a 

reinforced concrete slab: 

w= ßg(0.82 (S2 + c2]j + 86)(1 - 
(2 + 4400 

mg]/acr 
(1.32') 

Now, Equation 1.31 only gives one value of "spacing" for a particular 

slab (assuming cover to be constant and the bars to be uniformly spaced) 

and is clearly not meant to predict crack spacing along any chosen grid 

line at a given strain; its substitution for L in Equation 1.29 therefore 

requires careful consideration. 

The parametric study had shown that there was a limiting value of 

crack spacing, above which the crack width was not influenced. This can 

be explained by considering the variation of steel and concrete stresses 

between two adjacent cracks. Referring to Fig. 1.11, the crack width is 

equal to the integral of the difference in strains over the length BD - 

the area of BCDC'. Concrete surface strain increases with increasing 

distance from the crack until at distance Lcr (points A and B) it reaches 

a maximum. If the crack spacing is less than twice Lcr, points A and B 

do not exist - and changes in spacing affect the area BCDC!. If the 

spacing is large however, change of spacing merely alters the length AB, 

and the area of BCDC' remains constant - as does the crack width. For a 

constant strain, then, increasing the crack spacing until it equals 

twice Lcr causes an increase of crack width, but increasing it beyond 

twice Lcr results in no alteration of width. A crack spacing of 2Lcr 

therefore corresponds to the maximum crack width for a particular grid 

line and strain. 

A further finding from the parametric study was that a linear 

relationship existed between Lor and distance from the grid line con- 

sidered to the nearest bar; in fact: 
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2Lor a 0.82a. 
r + 86 

For a grid line on the surface of a slab mid-way between two reinforcing 

bars, acr (S2 + c2)2 , so for such a grid line substituting Equation 1.31 

into Equation 1.29 is legitimate, and would be expected to give maximum 

crack widths. The justification for making this substitution and using 

the resulting equation to predict crack widths anywhere on the slab 

surface is not clear, however. 

To provide experimental backing for the theoretical work, a series 

of five tests were conducted on cruciform-shaped composite beams loaded 

in biaxial bending. The test rig is shown diagramatically in Fig. 1.12. 

Crack widths were measured where they intersected the grid lines of 

quadrants Q1 and Q3, and concrete strains were measured along all grid 

lines, parallel to both sets of reinforcing bars, and diagonally as well. 

The traditional method of analysing test results is to compare 

average crack widths along a grid line with average strains, but because 

each specimen was subjected to a varying moment this was not possible. 

Instead crack widths were related to the mean strain measured along the 

particular gauge length which spanned them. Now in Equation 1.32, the 

strain smg is the mean tensile strain over a length L/2 on either side of 

the crack in question; since Arnaouti argued that L could be replaced by 

2Lerg it followed that the gauge reading could be substituted for 6ME as 

long as: 

(i) the gauge length was approximately equal to 2Lor: and 
(ii) a method was developed for sharing the measured strain between 

the cracks if two or more formed within one gauge length. 

Both of these conditions were met, although the method for sharing strains 

relies on the crack width formula, and is subject to the criticism that 

the formula is being used to check itself. However, it was argued that 

the occasions when more than one crack formed in a single gauge length 
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are relatively few, so this point could safely be ignored. 

Equation 1.32 could therefore be expected to predict experimental 

results which were presented in the form of individual crack widths and 

the average strain over the associated gauge lengths. Arnaouti con- 

sidered the results from grid lines 1 to 4 of the present author's Tests 

UC4 and UC5, and found very good agreement with the predicted results30. 

Similarly with his own test results - once a method for deriving principal 

strains for comparison with crack widths had been developed31, agreement 

of predicted and measured values was very good. Pig. 1.13 is a 

reproduction of Fig. 6 of Reference 32, and shows a typical set of results. 

The limits of error mark the range within which experimental results 

should fall, assuming the theory is exact, but allowing for experimental 

error. Crack widths of less than 0.05mm were not included in the analysis, 

because reading errors for such narrow cracks had been shown to be as high 

as 4C. 

Two important points are illustrated by Fig. l. l31 

(i) results from tests on reinforced concrete showed that the ratio 

crack width : strain was constant for a given grid line at all 

strains. This is seen not to be the case for the slabs of 

composite beams, where w/8mg is inversely proportional to 8mg; 

(ii) given the surface strain in the region of a single crack, its 

width may be predicted with reasonable accuracy by using 

Equation 1.32. Earlier crack width formulae only allowed the 

average crack width, or the width exceeded by a specified 

percentage of results, to be calculated. 

Because Arnaouti's method predicts individual crack widths, the 

concepts of a "mean crack width along a grid line,; " and a "crack width 

exceeded by 2O/ of the results on a grid line, w20" are meaningless. 

Nevertheless, existing and future Codes of Practice33,34 give crack 
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control clauses in terms such as these, so a useful interpretation of w 

is that if there were a large number of bridges of identical geometry, 

loading and materials, the average of the width of cracks at the point 

considered would be w. The definition of w20 follows, and by assuming 

the distribution of w for the population of bridges to be normal (which 

it might well be) and considering the scatter of test results, it was 

proposed that: 

w20 = 1.2w (1.33) 

Equation 1.32, as applied to biaxial bending, was simplified to a form 

suitable for design purposes: making the same simplification for the case 

of uniaxial bending gives: 

Z- 8mg (0. es + 80) 

Unfortunately, the strength of Arnaouti's method is also its 

weakness: individual crack widths can be predicted but only if the 

(1.34) 

strain in the region of each crack is known beforehand. This of course 

will never be the case, but it was postulated that a conservative value 

of m, would be the strain calculated on the assumption of no tension- 

stiffening (nt). Hence: 

120 ' £nt(0.968 + 96) (1.35) 

However, test results to be described in this thesis (Sections 3.4 and 

4.6.1) show that the strain in the region of a single crack may be as 

large as 2 nt. In this case, the probability of the crack width 

exceeding w20 ( as calculated from Equation 1.35) is in fact much greater 

than 20%o. Conversely, a crack sometimes forms in a region where the 

strain is less than 
net' and the probability of its width exceeding the 

calculated value of w20 is therefore less than 20%. 
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1.4 Prediction of average surface strain 

It is well established that in a cracked reinforced concrete element, 

the concrete between cracks is able to develop tensile stress, and con- 

tributes to the element's stiffness. This is the "tension-stiffening" 

effect, and allowance must be made for it if calculations of the mean 

surface strain, and hence crack widths, are not to be grossly conservative. 

Beeby has explained39 how the design formula for calculating strain 

in CP11033 was obtained. The following general equation was used to 

calculate the reduction in strain due to tension-stiffening (S ¬): 

be =K ft fact' Es p fnt 1.36) 

where: K is a constant; 

fscr is the steel stress at cracking, calculated on the 

assumption of no tension-stiffening; 

fnt is the steel strain at the load considered, assuming 

no tension-stiffening; 

and p is the area of tension reinforcement, expressed as a 

proportion of the area of concrete. 

The following approximations were made: 

ft fscr' E3 - 0.7 x 10-3 

fnt = 0.58fy 

although, as noted by Beeby39, the second of these assumptions limits the 

applicability of the resulting equation without simplifying the design 

process, since fnt has to be calculated anyway. 

Substituting in Equation 1.36 gives the reduction in strain at the 

tensile face of the member, and results in the CP110 formula for 

predicting the mean strain at any levels 
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1.2bth (a' - x) 
Ea 

nt x 10-3 (1.37) 
Ar fy (h 

- x) 

wheres bt is the breadth of the section at the steel level; 

aI is the distance from the compression face to the point 

where cracking is being considered; 

Ar is the area of tension reinforcement. 

Two formulae are quoted in B55400 for calculating the mean surface 

strain: for reinforced concrete construction the CP110 formula is used 

unaltered, but for composite construction the following definition of 

p has been assumed: 

P (Ar + Af)/be hf 

where: Ar is the area of the tension reinforcement within the 

effective breadth of the slab; 

Af is the area of the encased tension flange of the 

structural steel member, where appropriate; 

be is the effective breadth of the composite section at 

the level of the tensile steel; 

and hf is the depth of the concrete flange in tension. 

Substituting in Equation 1.37 gives the 1335400 formula for predicting 

the mean strain in the slab of a composite beam. For an uncased 'T' 

beam, it is simplified to: 

1.2be hf (a' - x) 
ent -A --- x 10"3 (1.36) 

Ar fy (h -x) 
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CI PI' 2 

TESTS TO INVESTIGATE CRACKING 

2.1 Introduction 

A series of seven composite beams have been tested to observe their 

cracking behaviour, and to provide experimental data against which 

proposed crack-width formulae may be checked. Each bean was given a 

serial number from UCl to UC7. 

Ogunronbi, who tested Beans UC1 and UC2 and assisted the present 

author with UC3, has already reported on these three tests35, but 

details of them are repeated below for convenience, as they will be 

referred to frequently in the following chapters. 

2.2 Test specimens 

2.2.1 Choice of srecimens 

It was decided that the test specimens would all be encased com- 

posite beams of 'T' cross-section, subjected to a constant uniaxial 

moment over part of their length by applying concentrated loads as shown 

in Fig. 2. l. Measurements of crack width and spacing and steel strain 

would be taken in the constant moment region, or the "test region". 

Beams UC1 and UC2 comprised a 254 x 102 x 28 Universal Beam with a 

slab 1000mm wide by 90mm deep cast on top, and a 150 x 25mm steel plate 

welded to the bottom flange. The effect of the latter was to lower the 

neutral axis of the composite beam, so the slab would behave in a similar 

manner to one acting compositely with a steel beam about 600mm deep. The 

test specimen therefore represented a full size model of a typical 

composite beam for use in buildiný"'s, and a 1: 3 scale model of a typical 

composite bridge beam. The problems associated with small scale models 

of reinforced concrete, referred to in Section 1.2.4.6, made it 
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inadvisable to use models of a smaller scale, and the proportions of 

Beams UC1 to UC3 were altered little for subsequent teste. 

The parameters considered in each test are listed in Table 2.1. 

Crack widths were to be measured at a number of load stages and on 

several grid lines marked on the surface of the slab, so the effect on 

crack width of distance to the nearest bar and concrete strain could be 

determined. Hot-rolled, high-yield deformed bars were used for 

longitudinal slab reinforcement throughout the UC series of tests. 

2.2.2 Detailing of test specimens 

2.2.2.1 The steel girder 

Details of the steel girders are given in rig. 2.2. The same girder, 

with different concrete slabs cast onto it, was used for Beams UC1 to UC4 

and UC7. Similarly, the girder used in UC5 was used again, with an 

additional flange plate, for UC6. The universal beans for both girders 

were out from a single length of grade 43 steel. Flange plates wexe also 

of grade 43 steel. 

The effects of using the same girder repeatedly on its behaviour 

during tests are considered in Chapter 4. 

2.2.2.2 The reinforced concrete slab 

The dimensions of the slab and the arrangement of the reinforcement 

in the test region are shown in Fig. 2.2: the sections of Beams UC1 to 

UC3 are repeated from Ref-35. 

The longitudinal slab reinforcement nornally consisted of eight 12mm 

bars, which represent ]4 of the cross-sectional area of the slab. 

Transverse reinforcement in the test region was set at a standard 

spacing of 155=, which was altered slightly to 150mm for DQara$ UC5 and 
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UC6 for ease of setting out. 8mm mild steel reinforcement was used 

instead of 6mm high-yield reinforcement in later tests in the series 

because the smaller bars were no longer available. In Beam UCl the 

transverse bars were placed outside the longitudinal reinforcement, but 

except where a test was conducted specifically to study the effect of 

spacing and position of transverse reinforcement, the present author 

preferred to place it inside the longitudinal bars. This would reduce 

any possible effect of the transverse reinforcement on cracking and 

increase, relatively, the effect of the parameter considered. 

Because the vertical shear force in the test region is zero, trans- 

verse reinforcement can be varied here without affecting the behaviour of 

the beam. Thus, in both UC2 and UC3, the arrangement of transverse rein- 

forcement was different in the two halves of the test region, giving in 

effect two test regions which were designated 'A' and 'B' respectively 

(Fig. 2.1). Results from region 'A' were treated quite separately to those 

from region 'B'. 

Outside the constant moment region the transverse reinforcement was 

designed by the method proposed by Johnson36 in the case of Beams UC1 and 

UC2, and in accordance with the rules now in BS5400, Part 534 for all 

others. 

2.2.2.3 Shear connection 

Headed studs 65mm long and 13mm diameter were used to provide the 

shear connection between the universal beam and the concrete slab: 

Fig. 2.3 shows the spacing adopted for each beam. This drawing is at 

variance with Fig-7 of Reference 35 which is incorrect; as may be verified 

from Fig-5 of the same work. 

Shear studs were used in two successive tests before being ground 

off and replaced by fresh ones. 
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2.2.3 Construction of test specimens 

Stiffeners and flange plates for both the steel girders were welded 

in the laboratory's workshops. Studs were welded to the beam using the 

semi-automatic apparatus provided by Cronpton-Parkinson. 

Ready mixed concrete supplied by Mix-Concrete had been used for UC1 

and UC2, and this practice wa3 continued for all subsequent tests. 

Ordinary Portland cement and aggregate of 20mm maximum size were used 

throu6hout. Usually a 23-day cube crushing strength of 30 TT/mm2 was 

specified, but for Beams UC5 and UC6 a strength of 40 N/mm2 was required 

in order to reduce the time lapse between casting the slab and testing 

the beam. 

The shuttering for the concrete slab mas supported rigidly along its 

outer edges but the inner edges were supported on the steel girder, which 

was in turn supported on two steel trestles placed as near to the jacking 

points as possible. The shuttering was removed three to four days after 

casting, but the damp hessian under which the slab was cured remained in 

place for seven days. 

Samples were taken from the concrete mix to make up specimens as 

follows: 

(i) Five prisms 250 x 50 x 50 for shrinkage measurements; 

(ii) Three prisms 500 x 100 x 100 for modulus of rupture tests; 

(iii) Three cylinders 200 x 100 diameter for indirect tensile tests; 

(iv) Not less than nine 150mm cubes for crushing tests. 

All specimens were cured under damp hessian for 24 hours, then the 

shrinkage prisms were stored with the test beam itself while all other 

specimens were transferred to a curing tank until they were tested. The 

only exception to this rule was UC2, in which all test specimens were 

stored with the beam, for reasons which are explained in Ref. 35. 
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2.3 The test : rig 

The rig used for Tests UC2 to UC7 is shown in Figs. 2.4 to 2.6. The 

load was applied to the beam through two hydraulic jacks, each of 20- 

tonne capacity, placed at one-third points under the beam and both fed 

from a single manual pump. The '11' shaped reaction frames at each end of 

the beam and the support frames which surround each jack (Fig. 2.4) were 

all built up from standard laboratory "Neccano". The rig for Test UC1 

was similar apart from the bearings at the reaction and jacking points. 

Some of the present author's modifications to that rig are referred to in 

Ref . 35, but a more complete account is given below. 

In Test UC1 cylindrical bearings with their axes transverse to the 

span of the beam were used at all four jacking and reaction points. There- 

fore, should the bearings be inclined to each other in the transverse 

direction at the start of the test, or should they become so during the 

course of loading, the beam would be forced to twist along its length. 

This was particularly so at the reaction frames, where the cylindrical 

bearing was 375mn long, and significant torsional stresses developed in 

the slab of UC1 - as indicated by the direction of cracks shown in Fig-3.1. 

The problem was overcome in subsequent tests by using spherical seatings 

the ball and socket joints used at the jacking points can be seen in 

Fig. 2.5 and the spherical surface of the end bearings is indicated in 

Fig. 2.6. 

Another problem experienced in Test UCl had been the lack of 

adequate lateral and torsional restraint to prevent instability of the 

beam, and the more substantial restraint provided at both jacking points 

in later tests is shown in Fi. 2.5. These restraints and the 'ii' frames 

at the end of the beam provided lateral restraint at four points alone 

the beam, and bending in plan was noted during a subsidiary test (UC4A) 

conducted immediately after Test UC4. The problem was avoided in 
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subsequent tests by introducing to the bearings at both reaction frames a 

layer of rollers with their axes in the direction of the span (Fig. 2.6). 

2.4 Instrumentation 

2.4.1 Measurements taken 

Fig. 2.7 illustrates the positions at which angular and linear dis- 

placements were measured. The extension of the slab was measured along 

grid lines marked on the surface, parallel to the reinforcement, as shown 

in Fig. 2.8, and the width of each crack was measured wherever it crossed 

a line. The applied load was measured at both jacking points. The 

displacement gauges mounted horizontally and bearing against the side of 

the slab were used in the subsidiary test UC4A only, to monitor bending in 

plan. 

2.4.2 Instruments used 

During the course of the UC series of tests the same variables have 

not always been measured with the same instruments so a summary of the 

instruments used in each test is given in Table 2.2. 

The two 20-tonne Phillips electrical strain gauge load cells used in 

Tests UCl and UC2 were used for all subsequent tests - one at each jacking 

point. They were calibrated by Ogunronbi35 before Test UC1, and cheoked 

again after Test UC 7. 

Strains on the surface of the concrete slab were determined with an 

8-in mechanical demec gauge of sensitivity 10.7 x 10-6 per division. 

Demec points were mounted at four inch centres to give overlapping gauge 

lengths. The same gauge was used to determine strain in the steel beam 

for some tests, but here the readings did not overlap and the demec points 

were placed at eight inch centres. 

Crack widths were measured using a microscope with a magnification 
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of 20 and a graticuie marked in 0.05mm divisions. 

Dial gauges, where used, were of sensitivity 0.01mm per division and 

a maximum travel of 25mm; since the maximum beam deflection usually 

exceeded 30mm the position of the dial gauges monitoring this movement had 

to be adjusted during the course of the test. In Tests UC3 and UC4, there- 

fore, deflections of the beam were measured with dial gauge calipers of 

lower sensitivity (. 05mm per division) but with a maximum travel of 100mm. 

Strains in the steel beam were always measured with electrical 

resistance strain gauges (e. r. s. g. s), although they were supplemented 

sometimes by mechanical demec gauges. Temperature-compensated foil gauges 

10mm long were used in conjunction, initially, with a Tequipment strain 

bridge. The bridge was calibrated to give readings in strain, and had a 

sensitivity of 10-5 per division. 

Rotations at four points along the beam were measured in Tests UC5 

to UC7 using a demountable inclinometer Sin long and of sensitivity 

0.333 x 10-3 radians per division. 

A more important change to the instrumentation for Tests UC5 to UC7 

was the use of a Solartron data-logging system, instead of the strain 

bridge, in conjunction with the e. r. s. g. s. The data-logger incorporated 

150 channels, and the built-in PIP-11 micro-computer was programmed to 

read the necessary channels and output the measured strains automatically. 

In Tests UC5 and UC6 linear voltage displacement transducers were 

used to measure deflections, and these also were read automatically by the 

data-logger. Transducers with a range of ± 50mm and sensitivity in the 

order of 50mm/V were used to measure beam deflections, and slip and uplift 

were measured with transducers of range f 25mm and sensitivity 

approximately 25mm/V. All transducers were calibrated accurately before 

each test. 

For Test UC7 measurements of linear displacements were again taken 
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with dial gauges because the accuracy of the transducers as found to be 

inadequate, as discussed in Section 4.2. 

2.5 Test procedure 

For Tests UC1 to UC4, the load was increased in increments of 10 to 

15kw per jack until the maximum load of 100kN per jack was attained. At 

each increment, the load was held constant for about 45 minutes while 

readings vere taken, and while new cracks and extensions to old ones were 

marked on the slab with felt-tip pens. A different colour was used to 

denote each load increment. 

Test UC4 was completed in one day, but Tests UC1 to UC3 continued 

over two days. There was a slight fall off in load overnight, but the 

original loading curve was regained on continued loading. 

A maximum jacking; force of 100kN was applied to Beams UC1, UC3 and 

UC4; this corresponded to a stress in the reinforcement of approximately 

3301'1/mm. In UC2 however, three further load cycles were applied in 2 

which the jacking force was increased to a maximum of 120kN. Their 

results have been reported elsewhere35 and are not discussed here. 

In Tests '5C5 to UC7 the load was increased and decreased in several 

cycles, primarily to study the overall behaviour of beams subjected 

previously to various amounts of cracking. The load was both applied and 

released in increments, and readings were taken at each. Crack widths 

and concrete strains were not normally measured during unloading of a 

beam or during re-loading to the previous maximum, except in the case of 

two grid lines (one over and one between reinforcing bars) in UC5 and UC7. 

The maximum load applied to Beams UC5 to UC7 corresponded to a stress 

in the reinforcement of approximately 33Ox/mm 2. 
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2.6 Auxiliary tests 

2.6.1 Material properties 

Tension tests were performed (some of them by Ogunronbi) on samples 

of the universal beam, cover plates and the longitudinal reinforcement, 

using a 10-tonne Monsanto Extensometer machine. For the mild steel 

specimens, with their well defined yield point, stress-strain curves were 

obtained from the x-y plotter, but for the high-yield reinforcing bars, 

this was supplemented by measuring extension with a Baty dial gauge of 

length 2in and sensitivity 1/20000in per division. Fig. 2.9 shows the 

dimensions and locations of the steel coupons. 

Tests on the concrete specimens were carried out in accordance with 

B5188137 where appropriate, using a 3M Denison machine. Cube crushing 

tests were conducted at regular intervals after casting the slab to 

determine a suitable date for testing the beam. 

Demec points were fixed at 8in centres on two opposite faces of the 

shrinkage specimens once the prisms had dried sufficiently to allow the 

points to adhere to the surface - typically this time lapse was five 

days. Readings of shrinkage were taken at regular intervals thereafter 

using an 8-in Demec gauge. 

In Tests UC4, UC5 and UC7 readings of the e. r. s. g. s mounted on the 

steel beam were taken immediately before casting the slab and at regular 

intervals thereafter, in order to determine the effects of shrinkage of 

the slab on the beam. For the same reason dial gauges were located at 

mid-span and both jacking points of the beams for Tests UC6 and UC7 and 

readings of these were taken throughout the period between casting the 

slab and testing the beam. 

2.6.2 Test on instrumentation 

A separate test, UC6A, was conducted after UC6 to assess the 
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relative accuracy of the various instruments used to measure the overall 

beam behaviour and, particularly, to check the output from the data- 

logger. Pig. 2.10 shows the instrumentation for this test. The steel 

girder used was the same as that in UC6, but the slab was broken off in 

order that the section properties of the beam could be calculated with 

greater accuracy and confidence. 

Three cycles of load were applied in Test UC6A; in each one the load 

was increased to a maximum in approximately equal increments and then 

reduced to zero, also in increments. All instruments were read at each 

increment. 
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Beam Parameter varied 
No 

(All changes given Comments 
. w. r. t. basic values) 

UCl Length of side of Steel percentage maintained 
effective concrete area constant by using more bars of 
reduced smaller diameter 

UC2A Transverse bars outside 
main bars 

UC2B All parameters have Used as control 
basic values 

UC3A Transverse bars outside 
main bars, at narrow 
spacing 

UC3B Transverse bars outside 
main bars, at wide 
spacing 

UC4 Cover to main bars The shorter side of effective 
increased concrete area is necessarily 

greater than its basic value 

UC5 Depth of neutral axis Achieved by using smaller 
decreased compression flange plate 

UC6 Bar diameter increased Additional compression flange 
plate welded to beam to maintain 
depth of neutral axis at its 
basic value 

UC7 Identical specimen to Used to check repeatability of 
that in UC4 results 

TABLE 2.1 THE PA WIET tS VARIED IN TI L2 UC SERIES OF TESTS 



- 54 - 

ö 

". ý m aý u> aý 
a ä 
c d ö ö H H H PCI -P 

'M 

0 P 

C 
43 

P 

O 

M 
CAtý UA] 

Ä Ä Ä 

H 

H 
" CS 0 C'S C7 C 

a P" CH r-4 

E 
, Id 

EH 
b 

0 
rl Ä 

A H E-4 
2 

U +ý 
f"' '' fr h fH ý~r "H 

U3 

I ! 

O va 

0 9 2 2 
04 . 

4-3 

H ä ä ä ä 

"f 

U 

H 
E-+ 
di 

v 

N 
U 

cv 
-Fý 
U) 

", -1 
4) N 

ho 
N 

H iP 
Cd P, 0) 
O .oÖ .0 

i P 5-. 1 r[ 
ý 4.2 

U 
-cd 

R3 r1 

W U) AH 

0 

W co ÄH 

a) 
p4 
r4 
U 

0 

4D 
ýb 

ÄÄ 

ýry 
U 

AýH 

a) 

O 
U 
fn 
0 
Fi 
U 

bt) 4J 
r-4 i 
rt cd "rl 41 fü r 
U 

U All 
ro ný o 
Cd N. a) 

2A '" 

t 
H 

W 

H 

U, 

N 

UZ 

N 

N 
ro 

E-4 



- 55 - 

I 

0 
14 

0 
0 
N 
Lo 

C 
0 

dý 
L 

J- .c 
N" 
d 
4- 

C 
0 

dý L 
4 i, 

U 
i 

ýý 

0 
0 
F- 

0 

Co 

c 0 0) 
U 
L 

L 
N 

N 

C -u OC 
m 
Zl 

Ü 

0N 

0 
Nd 
E 
d 

.0 
LO 
0 

LL r: 

SIE ýE 

N 
O 

U 

W 
Co 
LL 
0 

Z 
0 

W 
J 
W 

N 

C_7 
LL 

0 
0 v 

0 o. 



0 
0 
0 

N 
L 
U 

0 
m 
a 
N L 
O 

i" 

N L 
U 

_'. 
9 

00 
0a 
_ I. - 0 

A 

_N 

U) 
V 
U 
m 
N 

0 
0 cn 
0` 0 

0 

56 - 

N 
d 

E00 

d 
.0 L 
d0 
d 
a.. 1r 

U Fig IV? 

O 0 

N 

° °m 
. 

lL . ... ü 
i 0 

D -o 

06 

n 

m 

L 
0 

NN 

NN 

. L. 
Uß. 0 

'n i! 1 ýU 
t9 
>' 

o. S 
v 

N 
U (Q 

Co 

yN 
,OK 
(N 
º- 0 

.QX 
'O ý 

U 

Ud 
to CD L 

y, O 

0 in L N Q 
C) X n 

06 
0 r 

0 
0 
0 

0 
0 
0 

0 
0 
0 

N 
L 
V 

t9 

0 

L 
O 
D 

l9 } 

N 
b 
Q9 
m 

i 
O 

0 
1J 
N 

I 

N 
U 

v 
In 
0 
11 
N 

äýxa 
dui in d 

O 
NOx C.. d 

u 
0 
ui 

O 

O 
1] 

O 
2 

iro Co 

N 

u 

v vo. 

v ý9 sý x 
en O > in 

N 
a 

E 
0 

.Q 
d 

u 
N 

O 

O 

0 
Oil i 

U 
d 
00 
NN 
N, d 

ýn. 
U 

0 in NQ 
V. 

O 
O 

C0 
Na 

't 0 l) 

da-o < 

Ü Üt01 m 

z 
N0 
to 0 
0w 
z o: 

i- 
U V) 

F- 

CD 
D 
0 

S 
f- 

z 
0 
F- 
U 
W 
U) 

N 
N 

LL 

-4 
015 



9f-ý 

f 
i 
'I 

i 
i 
i 

i 
i 
i 

N 
L 
0 

N 
N 

0 

Nj 

N 
oI 
Z 

in 

N 
N 

N 
L 
0 

N 
v 
A- N 
ö" 
Z 

0 
0 

n 

aö 

U 

E 
0 
a, 

c 
0 
c 
0 

0 

0 

- 57 - 

SEý 

i 

i 

0 
i 
i 
i 
i 
i 

i 

Sfi 
N 

0 
In 
N 

Q 

_Q 3 
N 
dl 
z 
d 

0 

N 
L 
u 
0 
0 

a 

3 
i N 

0i 
z 
0 
N 

0 In cu 

to 
0ö 
It) 
U 

E 
v 
a, 

.0 
c 
0 
c 
0 

.0 

a 0 
rn ý 

0 0 Ü 
w 

Vwz 

Vz 
0 

ia 7w 

IL "a 0 
Q 

0 
-ý Z 

U 

(V 
E0 
I LL 



v 

If 

ýn 

I 



- 59 - 

, ä, 
4 , 

 º s "º 

iI! 
OAA 

a"r 

U 

4ý 
qýy 

r 

,,:. 

& -ý I iý 
Noe 

n 
U 

-p U 
cD 

W 

-0 11 

C', 1 

4- 

0 

z 
C7 
z 
a 
0 
IL 
0 

os 
F- 

rIn 



d 
d4E 

O 
11 C 

QU 
n. ° 
a 00 

Qi 

ii 

* 
E 

ýO 'U 
., tj 

iU1A. 
Ca' 

O 
fl OC 

Jl- 
13 dý 

1 

C 

v 
U) 
v 
u 
L 
a 
c 
N 

d 
. a. 
v ä 
d 
0 

. i: 7 
0 
L 

60 

C 
OT 

vt 
>o °1 r w 

0 
LA 

U 
3 

N 
i 
U) d 

N 
L 

0 
L 

0 
i X 
d 

Ü 
C 
0 

d 
0 
a 

C 
OL 

UQ 
d 

U) d 
Y 

U') 
U) 
o to 

0 
z 

r*_ 

U 

E- 

W 
F- 

rr 
O 
U. 

to 
Cý 
Z 
cC 

W 
m 

im 
Z 
W 

t0 
fV 
CD 
LL 



- 61 - 

4 

0 
r 

N 
r 
to 

In 
r 
oo 

1 

It 

1 

N 

N 
C 
d 
E 
U 
L 

N 

CT 
O 
d 

0c E 
0 

C 
'U N 0 i ° L ö 

Ün Ln `` 
UUu J3 

m v 
N 

01 gy .. C ] 

d cn 
Z -Q 

ý- 
ci 
0 d 0 Q1 

F E 0 0 
2 J- 0 

c . a N 0 
o n. tx 
a (D 0 

w x 

44 

v 

C 
0 

U 
N 



62 

4 

d 
u 
c 

a 
Aj1 

0 
u 

aº- 
uJ to 

T1I d 
X 

C 
O 

O 

N 

w 

I- 
I A 

L: 
E 

00C 

d 
yV 

mE 'U 

0 l9 

"1 
UOOU 

m Ln 
M L' tn O 00 

-N® 00 to Ul 
TO 

00 
M %fl i1 

Ü 
L 01 

QE O 
rTm 

0b 

44r 
v 

m-0 Q 

c0 cÜ 

a.. 
0 
Z 

ý, NI uiz, 
-84 0 

co a) 111 L 

U d' 
d 

r) ýU 

r m N 

'100 0 

00 
oo to in 

m N 
O 0 

r m 
N 00 

r 0 

N 
n o0 

N 

N 
U 

C 
0 

U 
(1) 

. - 

U 

C 
O 

U 
c1 

(I) 



- 63 - 

C 

00 

0\ O® U U 

t! 1 ýj 

moo' 

z 
0 
a QD 
U 

`" co 0 C) W NNNz 
I- 

QNwQ U) 

C) -j Tl U- 
0 

C-C c) 
0 lf) 

NON N_ N_ ÖX0 
Vj >Nr>U cn 
t9 N a) 0Z 

W ix W 
CD 

W LL 

un 0w p z L. 

Lf) N 
CL zO Z 

Oa "" O 
pc UDZ 

OO 
UQ 

U 
0 
J 
Q1 

N 

LL 

nil Öö 

0v 
Ný J 

0 
li.! II NrN 

SL E3S. L. 

c. N 



- 64 - 

0 
00 
ýý r 

0 
0 
r 

n 
31 

3 
3) 

D 
D 

d 
U 

-U 
v 0 J 

d 

Y 

C 
O 

a) 

W 

U 
C 
0 
AN 

Id d 

.d 
d L 

d00 

E Ö ? a ä, c` m 
u U) 

o 
C En -0 V ü. o td 

0 ÖE d C Q 

H 
N 

W HO 

os os o 
0 
u 

0 0) 
m 



- 65 - 

CHAPTER 3 

RESULTS OF TESTS TO INVESTIGATE CRACKING 

3.1 Introduction 

The results which are relevant to the global behaviour of Specimens 

UC1 to UC7 are presented in this chapter, as are the results of the 

auxiliary tests. 

The large number of measurements of crack width and crack spacing 

precludes the possibility of listing each individual result here, but 

this data has been analysed statistically and the results are given in 

Chapter 4. 

3.2 Formation of the crack pattern 

Initial cracking occurred when the applied moment was in the range 

0.10Mynt to 0.23Mynt, where Mit is the moment that would cause yield in 

the upper layer of reinforcement in the absence of tension-stiffening. 

Usually, two or three wide cracks formed across the full width and depth 

of the slab, together with a number of smaller cracks which were concen" 

trated around the outermost reinforcing bars. In Specimens UC2A and UC6 

a single, short crack formed first, but during the next load increment 

larger cracks of the type noted above appeared. 

In the early stages of cracking, increasing the load caused new 

cracks to develop both over the reinforcing bars and between them, but 

later on the only new cracks to form were those over the bars. A further 

increase of the load resulted in these cracks propagating outwards, and 

some of them meeting in between the bars. The final crack patterns of 

each specimen are shown in Fig-3-1; these correspond to a maximum applied 

moment in the range 0.75Mynt to 0.80M t. We note that: 

(a) More cracks form over or near to the longitudinal reinforcing 

bars than between them. This effect is not pronounced in Beam 
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UC1, where the bar spacing is small, nor in Beams UC4 and UC7 

where the minimum cover is quite large, but is apparent in all the 

other tests. 

(b) The different arrangement of transverse steel in the two halves of 

Beam UC2 has not caused any obvious difference in the final crack 

spacing. 

(c) There is no obvious difference in the crack spacing in the two 

halves of Beam UC3. However, all of the cracks which have formed 

across the full width of the slab in UC3B are located over or very 

near to the transverse reinforcing bars. 

(d) A number of short, random cracks were visible on the surface of 

the slab of Beam UC6, in addition to the normal cracking pattern. 

Most of these were the result of "crazing" of the surface of the 

slab before the test commenced, and did not attain a measurable 

width under the action of external loads. 

3.3 Beam curvature 

The moment-curvature plots for the Beams UCl to UC7 are shown in 

Figs-3.2 to 3.8. These have been derived as follows. 

The vertical axis is the externally applied moment (M), which is 

calculated from the average of two load cell readings - one at each jack. 

Curvature is the average of three values derived from the three columns 

of e. r. s. g. s mounted on the steel girder in the constant moment region 

(Fig. 2.8). Strains were measured with respect to the state of the beam 

immediately before the first increment of external load was applied. 

The curvature of the composite beams increased in proportion to the 

applied moment until first cracking occurred. Thereafter, increasing the 

moment caused a gradual reduction in the beam stiffness and the curvature 

increased more rapidly than before. However, if at any stage after 

cracking the moment was slowly reduced and then increased to its former 
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value, the moment-curvature relationship during that sequence was linear. 

The beam's curvature did not reduce to zero when the external moment 

was removed. Instead it returned to some value of residual curvature, 

which was increased when the maximum moment to which the beam had been 

subjected was increased. 

The lines labelled "uncracked", "no-tension" and "no-tension 

(corrected)" in Figs. 3.. 2 to 3.8 are discussed in Section 4.5" 

3.4 Concrete surface strain 

The surface strain in the concrete along the various grid lines was 

obtained from the demec gauge readings using a computer analysis. This 

gave the mean surface strain along each gauge length (e 
Mg 

) and over the 

length of the grid line (e). Examples of each are illustrated in Figs-3-9 

and 3.10 respectively. 

The surface strain of the slab increased uniformly with increasing 

load throughout the constant moment region until cracking occurred. 

Subsequent loading caused much greater extensions of the slab in the 

region of the cracks than between them, and this is the reason for the 

large variation in e along a grid line, as illustrated in Fig. 3.9. 

Where demec gauge readings were taken over a section of uncracked concrete 

its length was often seen to decrease as the applied moment was increased. 

For each load stage the area under the strain diagram (Fig-3-10) has 

been integrated, and divided by the breadth of the slab to give the 

average surface strain over the length and breadth of the constant moment 

region. This average strain is denoted by ss, and values have been 

derived for most load stages of Tests UC1 to UC7. However, during the 

unloading-reloading stages (only) of Tests UC5 and UC7,9s has had to be 

estimated from readings along two grid lines only. 

The M-Es curves for Specimens UC1 to UC7 are shown in Figs-3-11 to 
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3.16: the moment is expressed as a proportion of Myt, and the strain is 

given with respect to the state of the slab immediately before the first 

increment of external load was applied. The pattern of the T4-6s curve is 

similar to that of the moment-curvature relationship already discussed. 

The lines labelled "no-tension" and "uncracked" in Figs. 3.11 to 3.16 

are explained in Sections 4.3 and 4.6.2 respectively. 

3.5 Sli 

Fig-3.17 illustrates how the slip at the interface of the girder and 

the slab varies along Beams UC1 to UC4 and UC7. Results are not available 

for Beams UC5 and UC6, for the reasons given in Section 4.2. 

Two sets of curves are given in rig. 3.17: one corresponds to the 

maximum load applied to the beam, and the other to approximately 0.4 times 

the maximum load. The accurate values of the loads applied to each beam 

are listed in the figure. 

3.6 Auxiliary tests 

3.6.1 Shrinkage prisms 

Two examples of the shrinkage-time relationship of the trial prisms 

are shown in Fig-3.18. The shrinkage strain has been calculated by 

taking the average of ten experimental values - one from each side of the 

five shrinkage prisms. The day on which the first demec gauge readings 

were taken is indicated. 

The average shrinkage of the trial prisms from the seventh day after 

casting to the day (or days) that each test was conducted has been 

determined and the values are listed in Table 3.1: no experimental 

results are available for Test UC1. The figures given are at variance 

with those in Table 2 of Reference 35 which, it is believed, are estimates 

of the free shrinkage strain of the slab of the composite beam. 
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3.6.2 Material properties 

The results of the tests on the steel coupons and the concrete 

specimens are given in Tables 3.2 to 3.4. 

3.6.3 Accuracy of the instrumentation 

Typical sets of results from Test UC6A are illustrated in Figs. 3.19 

and 3.20. The first compares the strain profiles in the beam, as derived 

from electrical and mechanical strain gauges. The strains plotted at each 

level are the average values of three e. r. s. g. readings and four demec 

gauge readings. 

The curvature in the beam has been calculated using various sets of 

measurements, and the results are given in Fig-3.20. In the case of the 

electrical resistance and demec strain gauges, the curvature was taken to 

be the slope of the line of best fit to the results in Fig. 3.19. When 

deriving the curvature from dial gauge, transducer and inclinometer 

readings, it was assumed that the test region of the beam deflected in a 

circular arc of radius equal to the inverse of the curvature. The line 

labelled "calculated" was derived by taking E is equal to 207kN/mm2, and 

by assuming the nominal cross-sectional properties of the universal beam 

and cover plates. 
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Test 
Period after 

casting 
(days) 

Measured 
strain 

UC1 - - 

UC2 7-42 430 

UC3 7-41 472 

UC4 7-18 280 

UC5 7-41 630 (2) 

Uc6 7-25 275 

UC7 7-21 271 

Notes: (1) Test results not available 

(2) Exceptionally weak mix 

TABLE 3.1 MEASUREMENT OF SHRINKAGE IN TRIAL 

PRISMS -UP TO DAY (OR DAYS) OF TEST 
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Bar diameter 0.2% proof stress (N/mm2) 

and type 
Sample 1 Sample 2 Sample 3 

Y10 478 475 480 

Y12 440 437 434 

Y16 507 507 485 

TABLE 3.2 0.2 ä PROOF STRESS OF SAIIIPLES OF REIPJFORCE NT 

Location No. specimens 
tested 

Yield 
2 stress (N/ram ) 

Web (w1) 1 339 

Flange (SF1) 1 311 

Flange (Fl) 1 280 

Cover plates 
(Cl and C2) 2 326 

TABLE 3.3 YIELD STRENGTH OF STEEL COUPONS 
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Test 

Crushing 
strength of 
150mm cubes 

(u/mm 2ý 

Modulus of 
rupture 

2 (N/mm, 

Indirect 
tensile strength 

(rr/mm2 ) 

Age 
(days) 

1 39.6 4.3 3.2 28 

2 38.8(1 2.8 3.1 37 

3 40.1 4.3 3.4 40 

4 51.6 5.3 3.8 19 

5 24.8 3.8 2.5 54 

6 43.6 4.8 3.1 36 

7 50.1 4.8 4.0 21 

Note: (1) Air-cured. All other specimens water-cured to AS1881 

TABLE 3.4 PROPERTIES OF CONCRETE ON LAST DAY OP BEAM TEST 

(Average results from 3 specimens) 
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CHAPTER 4 

ANALYSIS AND DISCUSSION OF TEST RESULTS 

4.1 Introduction 

Following a discussion of the accuracy of the results of the UC 

series of tests, it is shown that the drying shrinkage of the concrete 

slab has a significant effect on the behaviour of composite beams. A 

method of allowing for this effect quantitatively is described. The 

global behaviour of Beams UC1 to UC7 is then discussed with particular 

reference to the effects of shrinkage, and an equation for predicting the 

mean surface strain in uncased composite 'T' beams is derived. 

Crack widths in composite beams are studied in Section 4.7 onwards. 

As noted (Section 3.1) only a statistical analysis of crack widths is 

practicable, and the method used is examined before the results of the 

analysis are presented and discussed. 

The relationship between crack widths, surface strain and crack 

spacing is then considered, and it is established that spacing, aä well 

as strain, determines crack widths. In Section 4.8 therefore, the 

parameters which determine crack spacing are discussed, and equations for 

predicting crack spacing in composite 'T' beams are derived. Design 

formulae for predicting crack widths are developed from these, and are 

compared with some of the existing formulae discussed in Chapter 1, 

4.2 Accuracy of test results 

4.2.1 Accuracy of experimental results 

The calibration tests on the load cells showed that their response 

was linear to within 0.5% of the maximum load applied in the UC tests. 

Allowing for the inaccurate alignment of the bearings the difference 

between the derived moment in the test region and the true moment will 

not exceed 1.5 of its maximum value. Dead loads induce stresses in the 
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concrete slab which are equivalent to a maximum hogging moment of 

0.011Mt at the jacks: dead load stresses have therefore been ignored. 

The curvature of a beam cannot be measured directly, but several 

methods are available for deriving it. In this dissertation, curvature 

is derived from the gradient of the strain profile in the steel girder, 

as determined from the e. r. s. g. s. It is estimated that the maximum error 

in measuring the strain was approximately 2x 10~5, so the derived 

experimental curvatures may be in error by up to 2% of the maximum value. 

This is confirmed by the results of Test UC6A (Fig-3.20). 

Test UC6A also confirmed an earlier suspicion that the strains out- 

put by the data-logger were much too large. The fault was traced to a 

program error, which resulted in the true strains being doubled before 

they were printed. The results presented here are, of course, based on 

the corrected values. 

In some tests, strains in the steel girder were determined with 
demec gauges to provide an independent check on the e. r. s. g. s. The 

results from the two types of gauges were found to be similar (Figs. 3.19 

and 3.20). Allowing for the various techniques employed by different 

people when using demec gauges, strain can normally be determined to 

within 
± lÖ 5 

leading to an error of 
± 1jo in the curvature, but this was 

probably doubled due to the awkward position of the demec targets on the 

steel girder. 

The use of transducers to measure deflection was found to be 

unsatisfactory, even though with an output of 1V per 50mm deflection and 

a digital volt-meter reading to the nearest micro-volt they are 

theoretically more sensitive to movement than dial gauges. In practice, 

they were only accurate to the nearest 0.1mm. 

The curvature of Beams UC1 to UCH may be obtained from the difference 
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between the deflections at the jacks and at mid-span. At maximum load, 

this was approximately 2.5mm, so the curvature may err by up to 1.5% 

when derived from dial gauge readings, and by 7% when dial gauge calipers 

or transducers are used. Fig. 3.20 confirms this. 

Trials showed that when an inclinometer was replaced on its bearing 

pads shortly after being removed, the previous reading could be repeated 

to within two divisions. Curvature is derived from the difference between 

two readings, which reached a maximum of about 250 divisions in Tests UCl 

to UC7. This suggests an error in calculating the curvature from 

inclinometer readings of less than 2%. The results of UC6A show the error 

is closer to 4% of the maximum curvature, presumably due to insufficient 

care being taken in locating the gauge on its pads, and in keeping the 

pads free of dirt over the period of the test. 

The mean surface strain along a grid line on the slab was determined 

from the average of 19 readings with an 8-in Demec gauge, so the error in 

9 will be virtually nil. In deriving the mean strain in the slab (s9) 

from experimental readings the strain profile between grid lines has to 

be estimated, but this becomes awkward only when 9s is large (see Fig. 3"l0). 

The percentage error is therefore quite low: it is estimated as less than 

3% of the true value at each load stage. 

Bending in plan will cause crack widths and strain at one side of 

the slab to exceed those at the other side. The only effect on the crack 

width-strain relationship is that for bending in plan, the slab will 

behave as a deep, narrow reinforced concrete beam, and not as a composite 

beam. Since the horizontal beam deflection is only 2. x'0 of the vertical 

deflection, this effect has been ignored. 

The maximum slip measured in the test region of Beams UC1 to UC7 was 

in the order of 0.1mm, and dial gauge readings would be accurate to 

J division, indicating an error of 5f of the maximum reading. The use of 
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transducers to measure slip in Tests UC5 and UC6 is seen now to have been 

a mistake, since their accuracy is of the same order as the quantity 

being measured; slip measurements for these two tests are therefore 

meaningless, and are not included here. 

Crack widths were measured to the nearest 0.025mm, but errors also 

arise from the difficulty of measuring a crack at exactly the same 

position in successive load stages. It is estimated that crack width 

readings were accurate to within 
± 0.05mm, so that for a crack 0.4mm wide 

the possible error is 13%. As will be shown in Section 4.7, however, the 

average width of all cracks crossing a grid line (w) was quite high until 

several cracks had formed, so the error in predicting w would probably be 

about 7%. 

4.2.2 Accuracy of theoretical calculations 

In Sections 4.3 to 4.6, experimental values of curvature and surface 

strain are compared with theoretical predictions. The assumptions on 

which the latter are based are now considered. 

The stiffness of each beam has been calculated on the basis of the 

nominal cross sectional area, which will not differ from the true area by 

more than i%. Tests showed that the modulus of elasticity for the steel 

sections and reinforcement varied between 204kN/mm2 and 211kN/mm2, so an 

average value of 207kN/mm2 was taken. The maximum error in the 

theoretical cracked stiffness of Beams UC1 to UC7 is therefore less than 

3%. 

Methods of calculating the modulus of elasticity of concrete for 

specific mixes give, at best, only an estimate of this property, so a 

nominal value of 27.6kN/mm2 has been used to calculate the uncracked 

stiffness of Beams UC1 to UC7. This may be in error by as much as 25%, 

which will lead to an error in the calculated beam stiffness of about 10%. 

Since the study of uncracked composite beams was not a primary reason for 
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conducting the UC tests, this degree of accuracy is thought to be 

sufficient. 

4 Moment-curvature and moment-strain relationships 

As the extent of cracking in the slab of a composite 'T' beam 

increases, the beam stiffness is gradually reduced. However, provided 

the shear connection between the slab and the girder is sufficiently rigid 

to prevent slip, and the beam's response to load is elastic, the lowest 

possible stiffness corresponds to the condition of no tension-stiffening 

in the reinforced concrete. Values of minimum stiffness have been 

calculated for Beams UC1 to UCH9 and are represented in Figs-3.2 to 3.8 

and 3.11 to 3.16 by the lines labelled "no-tension". 

Experimental values of curvature and surface strain often exceed 

those calculated on the basis of the theoretical minimum stiffness. 

Further, large values of residual curvature and strain are noted in those 

tests where measurements were taken as the load was reduced to zero, even 

though the theoretical elastic limit of the beam had not been exceeded. 

Three possible reasons for these phenomena are: slip between the concrete 

slab and the steel beam; residual stresses in the steel beams and the 

effects of using the same beam in several tests; and shrinkage of the 

concrete slab. These possibilities are now considered separately. 

(a) Slip The slip measurements in Fig. 3.17 have been used to calculate 

an equivalent slip strain over the length of the test region. It was 

found that slip of the magnitude observed in Tests UC1 to UC7 leads to an 

increase in the beam curvature of less than 4% of the value derived from 

a full-interaction analysis. Also, since the strain'at the top surface 

of the concrete slab is reduced by slip, this phenomenon cannot account 

for the discrepancy between calculated and experimental curvatures and 

surface strains. 
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(b) Residual stresses These are always present in rolled universal 

beams and result in the moment-curvature response of the beam departing 

from the idealised elasto-plastic relationship, as illustrated in Fig-4.1. 

The true elastic limit of the beam is therefore lower than expected. 

Loading a beam beyond its elastic limit results in a non-linear response 

of the beam, but also gives rise to work-hardening and a consequent 

increase in the elastic limit. 

The maximum stress in the steel beam in Test UC1, calculated on the 

basis of no tension-stiffening 
., j was 233N/mm' in the tension flange. This 

stress was not exceeded in Tests UC2 to'UC4 and UC7, which used the same 

beam, so the response of the steel beam in these tests would be purely 

elastic. (The moment-curvature and moment-strain curves are not linear 

of course, due to cracking in the concrete slab. ) Therefore, if residual 

stresses were responsible for the difference between expected and measured 

curvatures and strains, the difference ought to be more marked in Test 

UC1 than in Tests UC2 to UC4 and UC7: this is seen not to be the case. 

(c) Shrinkage Drying shrinkage of the concrete slab is thought to be 

the main cause of experimental strains and curvatures being larger than 

expected, and is now discussed in detail. 

4.4 Drying shrinkage in the concrete slab 

4.4.1 Theoretical consideration of shrinkage strain and curvature 

Consider a composite beam in which the free shrinkage strain in the 

slab on the day of test is esh. The shrinkage is restrained by the 

presence of the steel beam, which results in sagging curvature in the 

composite beam and a tensile stress at the top surface of the slab 

corresponding to a tensile strain of 88 t. These strains and curvatures 

develop before any external load is applied, and are shown by the lines 

ABC and OP in Figs. 4.2 and 4.3 respectively. Initial readings of strain 
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and deflection in Tests UC1 to UC7 correspond to the points c and P. 

If an external moment Mcr, not quite sufficient to cause cracking, 

is applied to the composite beam, the strains and curvatures increase as 

shown by lines CD and PQ. These changes will be detected by the 

instrumentation, and the lines AF and OS are plots of the experimental 

results. Since cracking has not yet occurred, there will be no release 

of shrinkage strain, and no alteration in the stiffness of the beam. The 

gradient of all four lines CD, AF, PQ and OS may therefore be calculated 

from the normal elastic theory of transformed sections. 

The external moment is now increased until a value, Mf is reached 

such that all shrinkage stresses and strains are released. The amount of 

tension-stiffening in the concrete must then be zero. The lines DE and 

QR show the moment-strain and moment-curvature relationships, which are 

assumed linear for convenience. The experimental results are indicated 

by the lines FG and ST. The increments in strain and curvature during 

this load stage are due not only to the elastic response of the composite 

beam to the applied moment, but also to the release of shrinkage strains 

and curvatures. 

A line through point 0 of Fig. 4.3 and of gradient equal to the 

stiffness of the composite beam (assuming no tension-stiffening in the 

concrete) should pass through R and not T. This is because as the moment 

increases from cr to Mf, the initial sagging curvature due to shrinkage 

(Osh) is released. To predict the experimental curvature of a beam 

subjected to an externally applied moment Mf therefore, one must calculate 

the curvature due to the elastic response of the beam to this moment, then 

add the amount Osh. Hence, the experimental relationship ST relates to 

the line UT. 

We now consider the moment-strain relationship. If all shrinkage 

stresses are released, the beam will return to its original, as-cast 
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length in the absence of any external moment. The concrete slab as a 

whole will return to this length also, although the mean strain in the 

concrete between cracks will then be -Ssh. 
(The difference in length 

will be made up in the crack widths. ) Release of shrinkage stresses 

therefore causes an increase in the mean surface strain of (S 
! 3h - 6st 

this amount must be added to the amount derived from the theoretical 

calculation of E on the basis of no tension-stiffening. The experimental 

line PG therefore relates to the line HHG. 

4.4.2 Estimation of strains and curvatures due to shrinkate 

This is the first of two stages to check the method of allowing for 

shrinkage described in Section 4.4.1. The second stage is to use the 

estimates in the prediction of total curvatures and strains for comparison 

with experimental results, which is dealt with in Sections 4.5 and 4.6 

respectively. 

The free shrinkage of the slabs of Bears UC2 to UC7 was estimated 

from the following equation: 

sh a (predicted strain in slab from casting to day of test) x 
(measured strain in prisms from day 7 to day of test) 
(predicted strain in prisms from day 7 to day of test) 

The measured strain in the prisms is the value given in Table 3.1. The 

predicted shrinkage strain in both the slab and the shrinkage prisms was 

calculated using Appendix C of BS5400, Part 434, making due allowanc9 for 

the reduction in ambient humidity when the damp hessian was removed from 

the slab. 

The estimated value of free shrinkage strain in each slab is listed 

in Table 4.1. The strain distributions in the composite beams due to 

slab shrinkage are also givens they were calculated from 9sh in the usual 

manner. In the absence of more reliable information, 6 
oh 

for the slab of 

UC1 has been taken as equal to that of UC3, since the variation in cube 
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strength with time was virtually identical for both tests. 

The above procedure to determine, the free shrinkage strain in the 

slab may be criticised on the grounds that it relies on a theoretical 

prediction of the shrinkage effect. An attempt was made to eliminate 

this problem by using strain gauges and dial gauges to measure the effects 

of shrinkage directly (Section 2.6.1). This proved unsuccessful however, 

for the instruinents used were not sufficiently accurate in relation to 

the small changes being measured to give consistent results. 

4. Moment-curvature relationships 

The poor correlation of experimental results and the theoretical 

"no-tension" lines in FiGs. 3.2 to 3.8 has been noted (Section 4.3). Two 

other theoretical relationships are shown in these figures, as follows. 

The line labelled "uncracked" assumes the concrete is effective in tension 

and that Es/Ec a 7.5. The other line is labelled "no-tension (corrected)" 

and shows the curvature calculated on the basis of no tension-stiffening 

in the concrete, with the addition of 0sh due to the release of shrinkage, 

taken from Table 4.1: it therefore corresponds to the line UT in Fig. 4.3" 

Initially the experimental results follow the "uncracked" theoretical 

line very closely; and at the maximum applied moment they are in 

reasonable agreement with the no-tension (corrected) line, which 

suggests that the calculation of shrinkage curvatures and the method of 

allowing for them is satisfactory, but is not conclusive. A proportion 

of the shrinkage curvature in a beam might still remain at maximum load, 

in which case agreement of the theoretical no-tension (corrected) line 

with the teats results would merely show that the allowance for shrinkage 

had been underestimated. 

For Beams UC3 and UC5 to UC7, experimental values of curvature 

during the release of the maximum applied moment are shown in Figs. 3.4 to 
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3.8. The gradient of the moment-curvature plot during unloading is equal 

to, the beam stiffness, which is constant because no further cracks form. 

For Tests U03, UC5 and UC6, the beam stiffness is seen to be very nearly 

equal to the theoretical "no-tension" value, showing that by the time a 

moment of 0.75Mmt to 0.80Mynt was applied, there was no tension- 

stiffening in the concrete slab. It follows that all shrinkage strains 

and curvatures were released, so the close agreement of experimental and 

theoretical results shows that the method described in Section 4.4 of 

allowing for shrinkage effects is satisfactory. 

The stiffness of Beam UC7 at maximum load is greater than the value 

for no tension-stiffening (Fig-3.8), so it is unlikely that all the 

shrinkage curvature had been released. The correlation of the experimen- 

tal results and the theoretical no-tension (corrected) line therefore 

indicates that the value of Osh has been underestimated for this beam. 

The moment-curvature plots for UC5 to UC7 show the result of 

releasing and then re-applying the external moment before the maximum 

value is reached. The gradient of the curve during unloading and 

reloading is the beam stiffness as before, and the residual curvature at 

zero load is the amount of shrinkage curvature that has been released. 

The test results show that as the largest moment to which the beam has 

been subjected is increased, the beam stiffness decreases, and more 

shrinkage curvature is released. The expected behaviour of cracked 

composite 'T' beams is therefore confirmed. 

4.6 Surface strains 

4.6.1 Strain along individual grid lines 

Fig. 3.9 illustrates the large variation in surface strains averaged 

over individual gauge lengths; it is this variation which renders the 

individual crack width theory (Section 1.3.2) unsuitable for use in 
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design. 

The line labelled "no tension at 0.79Mynt" in Fig. 3.9 is the 

theoretical surface strain, calculated on the assumption of no tension- 

stiffening, and including an additional strain of (ash 
- Est) to allow for 

the release of shrinkage effects. Of the five gauge lengths in which the 

theoretical strain is significantly exceeded, only one (the third from 

the left in Fig. 3.9) spans more than one crack. The others each span a 

single crack whose width lies in the range 0.55mm to 0.63mm. 

4.6.2 Average surface strain 

The experimental M- Es relationships are shown in Figs-3.11 to 3.16, 

where they are compared with two theoretical relationships which are 

labelled "uncracked" and "no-tension". The first assumes that concrete 

is effective in tension, and that Es/Ec = 7,5; the second assumes there is 

no tension-stiffening in the concrete. 

The moment-strain relationships follow the same pattern as the 

moment-curvature relationships already discussed. 

4.6.3 Prediction of mean surface strain 

4.6.3.1 General 

The work summarised in Chapter 1 shows that the mean surface strain 

of the concrete is an important parameter in determining crack widths, 

and design methods for predicting it are therefore required. 

In Figs-3-11 to 3.16, strain is given with respect to the length of 

the slab at the start of the test, but this is only one of three 

alternatives. Strain may also be given with respecti to: 

(a) the length of the beam at the time of casting, corresponding to 

point A in Fig. 4.2; or 

(b) the length that the slab would adopt if entirely free of restraint 

(point B). 
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Alternative (b) is used throughout the remainder of this chapter, because 

it offers the following advantages: 

(i) there will be a more definite relationship between w and 9 

defined as above than would exist if 9 were given with respect to 

the length at some arbitrary time after casting the slab; 

(ii) if strains were given with respect to the length at zero external 

load, in later stages of cracking the mean tensile strain at the 

surface of uncracked concrete (8cm) might well be compressive. 

For members loaded in tension this might be confusing. 

Revised M- Es curves, where es is given with respect to the unrestrained 

length of the slab, are shown in Pigs-4.4 to 4.10. They are obtained by 

adding a strain est to the experimental strains: the same strain must 

also be added to all theoretical values. 

4.6.3.2 Before cracking 

The derivation of the theoretical line "uncracked" has been given in 

Section 4.6.2, and is seen to give good predictions of ff 
s until cracking 

occurs, as long as a value 8st is added to the calculated strain to allow 

for the effects of shrinkage. 

4.6.3.3 After cracking 

The usual method of calculating strain after cracking is first to 

determine the strain on the assumption that the concrete is ineffective 

in tension (ant), and then to subtract an amount (68) to allow for tension 

stiffening. 

For composite beams, ant must include an amount to allow for the 

effects of shrinkage: this amount is 6 
sh when strains are given with 

respect to the unrestrained length of the slab. Calculated values of Ent 

are shown in Figs. 4.4 to 4.10. 

As noted in Section 1.4, current design method03304 for calculating 
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S8 are based on the equation: 

Sý k ft fscr'Es fnt (4.1ý 

It has been assumed previously39 that ft fscr/Es is roughly equal to 

0.7 x 10-3, but the effect of shrinkage will reduce the stress in the 

steel at first cracking. A smaller value of ft fr/Es equal to 

0.5 x 10-3 will therefore be taken. Substituting into Equation 4.1 gives 

the following expression for reduction in strain due to tension 

stiffening at any height in the slab of an unhaunched composite 'T' beam: 

0.5be hf at -x 
SE x l0"3 (4.2) 

Ar fnt 

(h 

-x 

where: Ar is the area of tensile reinforcement within the effective 

breadth of the slab. 

The term be has been calculated for Beams UC1 to UC7 at various 

values of applied moment, taking fnt to be the amount due to external 

moment only. 88 is then substracted from nt to obtain the curved lines 

labelled "tension-stiffened" in Figs. 4.4 to 4.10. Comparison of the 

experimental results with the "tension-stiffened" lines shows that the 

two are usually in agreement to within loo. The equation proposed for 

predicting the mean strain in the concrete is therefore: 

0.5be hf a` - 
snt + sgh -x 10"3 (4.3) 

Ar fnt h- x') 

The formula presently used34 for predicting the mean surface strain 

in the slab of an unhaunched composite 'T' beam is Equation 1.38, which 

is repeated below: 

1.2b 
e a' -x 

Ent -efx 10-3 
Ah-x 

rfy 

This equation has been used to calculate the strain in Tests UC1 to UC7, 
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and the results are plotted on Figs-4-4 to 4.10, where they are labelled 

"BS5400". The experimental values of strain are often underestimated at 

high loads, where a large proportion of shrinkage strains have been 

released, but overestimated at lower loads due to the tension stiffening 

term being a constant value. 

Equation 4.3 therefore gives better agreement with the results of 

Tests tCl to UC7 than existing equations, and its use in practice will 

require little extra design effort than previously, since . 
fnt and Esh 

will have to be calculated anyway. 

4.7 Crack widths 

Approximately 7000 measurements of crack width were taken during the 

UC series of tests, and these have been analysed by grouping together all 

readings along the grid line considered at each load stage. A typical 

histogram of the distribution of crack widths across a grid line is shown 

in Fig-4,11. The skewed distribution is common to the grid lines of all 

tests, so crack widths will be defined by two parameters: the average 

width across the grid line at the load considered (w); and the width with 

a 20? '/o probability of being exceeded (w20)" 

Fig. 4.12 illustrates plots of w and w20 against e for two typical 

grid lines: w20 is not shown at low strains because it is a meaningless 

term when only two or three cracks have formed. The first cracks to form 

were very wide and although subsequent loading increased their width 

further, new and smaller cracks formed so that w and w20 did not increase 

in proportion to the strain until the latter exceeded about 1x 10-3. 

The same behaviour was observed in the biaxial tests on composite beams 

already described (Section 1.3.2) and is in direct contrast to the 

cracking behaviour in reinforced concrete elements, where crack widths 

and strain are directly proportional no matter how few cracks have formed. 
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Results from 9 of the 77 grid lines investigated were unusual in 

that crack width and strain were directly proportional throughout the 

loading history. This occurred when short cracks formed across a grid 

line either before or at the same time as the formation of larger cracks 

which penetrated the full width of the slab (Section 3.2). An example is 

illustrated in Fig. 4.13a. 

Results from three other grid lines displayed an opposite tendency, 

in that crack widths were never directly proportional to strain. This 

was most noticeable for Grid Lines 3 and 7 of Beam UC5 (Fig-4.13b) but 

even here, relationships of the form: 

w=k9; 2 0=k1 
9 

give a sufficiently accurate fit to the test'data. 

The presence of wide cracks at low strains is discussed in Section 

4.11, but for the present we note that a surface strain of 1x 10-3 in a 

composite 'T' beam corresponds to a stress in the reinforcement of less 

than 205N/mm2. This is only half the characteristic strength of high- 

yield reinforcing bars, so for the majority of composite beams it will be 

sufficiently accurate for design purposes to assume that crack width and 

strain are proportional. 

For all grid lines of Tests UCI to'UC7 graphs of w against e have 

been plotted, combining results from symmetrical grid lines of the same 

test. The gradients of the lines which pass through the origin and give 

the best fit to the test results for which E exceeds 100048 are listed in 

Table 4.2. They are referred to as the average crack slope and denoted 

by Wave, since they correspond to the average crack slope in reinforced 

concrete elements, defined in Section 1.2.4.3. Similarly, crack slopes 

with a 20% probability of being exceeded (w20) have been obtained from 

graphs of w20 against e, and are listed in Table 4.2. The lines Wave and 
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W20 are shown in Figs. 4.12 and 4.13. 

Wave and W20 are seen to be greater between reinforcing bars than 

directly over them, especially where the bar spacing is wide and the 

minimum cover small. Doubling the minimum cover whilst the bar spacing 

remains constant almost doubles Wave and W20 over the reinforcement, and 

also results in larger crack widths elsewhere in the slab. 

4.8 Crack spacing 

4.8.1 Effect on crack widths 

Consider part of the slab of a composite IT' beam of original length 

Lo. At some subsequent load stage, the length of the slab element has 

increased by 8L0 and n cracks of widths wl.. w.. wn have formed. 

Hence: 

n 
Lo + 6L0 = L+ L+w (4.4) 

l 00 cm 
i=1 

Now define the crack spacing L ass 

La Lo/n 

Substituting into Equation 4.4 gives: 

n 
SLo/Lo cm + (1/L) wi/n 

imi 

But 8Lo/Lc a the mean surface strain as determined from the 

demec gauge readings; and 

n 
wi/n - the mean crack width. 

i=1 

Hence: 

9 (1_8cm/')L (4.5) 

Equation 4.5 predicts that w/9 approaches the crack spacing as the 

ratio SCM/E tends to zero. This will occur as the strain is increased, 
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for the mean crack spacing decreases and local failure around the bars 

will increase, both of which will have the effect of reducing the build- 

up of strain in the concrete between cracks. Hence, w/s ought to 

approach L as strain increases, and Figs. 4.14 to 4.16 show this to be the 

case for Test UC5: the same is true for all other tests in the UC series. 

Crack widths therefore depend to a large extent on crack spacing. 

4.8.2 Presentation and discussion of test results 

The final crack patterns of the UC series of tests have already been 

considered (Section 3.2), but the relationship between crack spacing and 

surface strain is also important. Two typical plots of experimental 

results, with crack spacing defined as in Section 4.8.1 are shown in 

Figs-4.17 and 4.18. The same information is presented as graphs of crack 

spacing against inverse strain in Figs-4.19 and 4.20. 

The crack spacing decreased rapidly until the surface strain was 

approximately 1x 10-3. Thereafter only a few extra cracks appeared, and 

a stable crack pattern may be said to have formed. The linear part of 

the crack width-strain relationship corresponds to the formation of the 

stable crack pattern. 

Research on cracking in reinforced concrete construction has shown 

that an inverse relationship exists between crack spacing and strain 

(Sections 1.2.1 and 1.2.4.3). A least squares regression analysis has 

therefore been conducted on the results of Tests UC1 to UCH9 grouping 

symmetrical grid lines of each test together. The equation of best fit 

for each grid line, or pair of grid lines, is listed in Table 4.3, and the 

appropriate equations are shown on Figs-4.19 and 4.20, where they are 

labelled "all results". 

These lines give a poor fit to the test results: at low strains they 

indicate that the mean spacing decreases less rapidly with increasing 

strain than is actually the case, and at high strains they predict that 
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crack spacing continues to decrease indefinitely, whereas test results 

show that it approaches a minimum value in the region of 2000-300048- 

Further, many of the lines of best fit indicate that the final crack 

spacing (at infinite strain) is less than 0, which is nonsense, of course. 

Now, for many of the grid lines in Tests UC1 to UC7 the first value 

of crack spacing corresponds to only one or two cracks, and it would be 

reasonable to discard this result on the grounds that pure chance might 

have dictated either one crack more or one crack less, causing the 

spacing to either halve or double. A further linear regression analysis 

has therefore been conducted on the results of Tests UCl to UC7, again 

assuming an inverse relationship between mean crack spacing and average 

strain, but ignoring all results where less than four cracks have crossed 

the grid line in question. The equations of best fit are listed in Table 

4.3, and the appropriate ones plotted on Figs. 4.19 and 4.20, where they 

are labelled "selected results". 

The gradients of the lines of best fit are lower for the second 

analysis than for the first, with the desirable result that negative 

values of final crack spacing are predicted for fewer grid lines. How- 

ever, the work on reinforced concrete summarised in Chapter 1 leads one 

to expect that the dominant factor in determining the final crack spacing 

along a grid line is the cover to the nearest reinforcing bar. Hence, 

for Beams UC2 to UC7, the final crack spacing along grid lines 1 and 9 

should be of the same order as on grid lines 3 and 7, and both should be 

less than the final crack spacing along grid lines 2,5 and 8. Table 4.3 

shows that this is not the case. Therefore the assumed inverse relation- 

ship between crack spacing and strain does not appear to describe the 

cracking behaviour in composite beams as well as in reinforced concrete. 

elements, and a different relationship must be sought. 

Inspection of test results such as those in Figs. 4.19 and 4.20 
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suggests that an exponential equation of the formm. 

La exp(b/9) 
(4.6) 

where: a and b are constants 

would give a reasonable fit to the test data. When ý is zero, mean crack 

spacing would be infinite, but as 9 tends to infinity, L tends to the 

final value, a. 

Values of a and b for the grid lines of Tests UC1 to UC7 have been 

obtained from a least squares regression analysis, grouping data from 

symmetrical grid lines as before. The results are given in Table 4.4 and 

the appropriate curves drawn on Figs. 4.19 and 4.20 where they are 

labelled "exponential". A good fit with test results is observed. 

Further, the final crack spacing (= a in Equation 4.6) is consistently 

low for grid lines over the reinforcement, and high for those between 

the reinforcement. 

4.8.3 Prediction of final'crack spacing 

4.8.3.1 General 

Many of the cracks in Beams UC1 to UC7, and especially those that 

were not concentrated around the reinforcement, penetrated the full depth 

of the slab. The same behaviour will occur in most composite 'T' beams 

subjected to hogging moment, since the neutral axis is usually below the 

slab soffit. Therefore, in a slab without reinforcement, or where the 

bond between the reinforcement and the concrete has broken down, the 

shear connection between the steel beam and the slab will determine the 

final crack spacing, as follows. 

Consider the composite beam shown in Fig. 4.21a. The concrete slab 

is unreinforced, and it is assumed that the strength of the bond between 

the surface of the steel beam and the soffit of the slab is negligible. 

Fig-4.21b shows a plan of the beam when the applied moment is just 
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sufficient to cause a crack to form between (say) studs 'A' and 'B'. 

Once formed, the crack will prevent any tensile stresses developing in 

the slab between these studs, so their spacing will directly affect the 

final crack spacing. 

Assuming a 45° spread of load from the studs, tensile stresses cannot 

develop in the area of slab shaded in Fig. 4.21b. Subsequent loading may 

cause a crack to form at section x-x in Fig-4.21c but this crack will 

not extend further than shown. Cracks at sections y-y and z-z may 

however extend across the full width of the slab. The final crack spacing 

in an unreinforced slab therefore depends on the spacing of the shear 

connectors (St) and the distance between them and the grid line considered, 

measured transversely (H). 

4.8.3.2 Final crack spacing midway between bars 

For Tests UC2 to UC71 Grid Lines 2 and 8 were about 350mm from the 

steel beam, so the minimum crack spacing along these grid lines would be 

350mm. At a surface strain of 2x 1Ö-3, and assuming a mean residual 

strain in untracked concrete of 0.5 x 10-3, Equation 4.5 gives the 

minimum crack width as: 

Worin a2x 10-3 (1 - 2/0.5) x 350 ° 0.525mm 

The minimum crack widths measured in Tests UC1 to UC7 were very much 

less than this; in fact not even the average crack width at 20001ls ever 

reached 0.5mm. This shows that, even midway between reinforcing bars 

spaced as far apart as 315mm, the crack pattern is critically dependent 

on the presence of the reinforcement. 

Equation 1.31, which is repeated below, may be used to predict crack 

spacings in terns of bar spacing and minimum cover: 

2Lcr -0 .8 2( S2+ c2)1 + 86 

(all dimensions in mm) 
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The final crack spacing (Lf) is expected to fall within the range: 

Lcr L A2Lcr 

From Reference 7: 

Lf '- 1.33Lcr 

I 

hence: Lf = 0.55(S2 + c2)" + 57 (4.7) 

Equation 4.7 makes an average allowance for the effects of bond slip, 

which is sufficiently accurate for predicting crack spacing mid-way 

between reinforcing bars. 

4.8.3.3 Final crack spacing over reinforcing bars 

Both Broms and Beeby agree that if no slip occurs between the 

reinforcement and the concrete, the minimum final crack spacing will be c, 

and the maximum spacing 2c (Section 1.2.2). The average spacing would 

then be 1.33c. This conclusion was reached by studying crackirg in 

reinforced concrete, but there is no reason to suppose different rules 

would apply to composite slabs: where there would be a difference is in 

the effect of bond failure before the final crack pattern has formed. 

This is because bond failure in reinforced concrete will cause crack 

spacing to tend to the ho-controlled pattern, whereas in composite beams 

cracking; would tend to a pattern controlled by the shear connection, as 

discussed in Section 4. e. 3.1. 

The term which defines the effect of bond failure on crack spacing 

in Equation 1.27 is exp(-K'3 c/ho) so fnr composite beams this term ought 

to be replaced by one which is a function of c/(2H + St). The equation 

for predicting the final crack spacing above reinforcing barn in the 

slabs of composite beams ought theroforP to be: 

I 
I, f 

1.33c + (A/B) (cB/20) f(c/[2H+ St) 
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The final function is derived empirically by plotting ) against 

11, 
c/(2H + St) where x is (Lf - 1.33c)/(A/B)2(cB/20). 

This has been done in Fig. 4.22, using values of Lf from Table 4.4. For 

reasons which are not apparent, the two results from Test UCl lie well 

clear of all the other data and have therefore been ignored in deriving 

the line of best fit, which is: 

Xa0.51exp(-12c/[2H + St]) 

Hence: 
I 

Lý = 1.33c + 0.51(A/B)2(cB/20)exp(-12c/[2x + st]) (4.8) 

Equation 4.8 is the one proposed for predicting the mean final crack 

spacing directly over a reinforcing bar. Thy last term in the equation 

determines the variation in mean crack spacing due to internal failure, 

and it reduces to zero as the term c/(2H + St) approaches unity. This is 

the expected result, for when c- 2H + S. the patterns controlled by the 

cover and the shear connection will give much the same crack spacing, 

irrespective of the amount of bond failure. 

4.8.3.4 Final crack spacing anywhere on the concrete slab 

It has been shown (Section 1.2.4.3) that crack slopes are inversely 

proportional to aor, and a similar relationship might be expected to exist 

between Lf and acr. Experimental values of 1/Lf and 1/acr are compared 

in Fig-4.23, and although insufficient data is available to have any 

confidence in formulae derived from these graphs alone, a linear 

relations Up is seen to give a reasonable fit to the test results. 

The mean final crack spacing anywhere on the surface of the slab of 

a composite beam may therefore be found graphically by first calculating 

the final crack spacing over bars (Lb) and mid-way between them (Lm) and 

then plotting a graph of 1/Lf against 1/acr. Equation 4.9 below gives 

the expression for calculating Lf directly, but it is a rather cumbersome 
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one: the graphical solution is sufficiently accurate and much simpler 

to use. 

Lf 
(r- c) acr Lb Lm 

a. Lb(acr c) +c Lm(am acr) 
(4.9) 

where: am is the distance from the surface of the reinforcement to 

the point on the concrete surface mid-way between bars. 

4.8.3.5 Comparison with experimental results 

Equations 4.7 to 4.9 have been used to predict the final crack 

spacing along all grid lines of Beams UC1 to UC7. The predicted values 

are compared with the experimental ones (from Table 4.4) in Fig. 4.24 and 

are seen to be in reasonable agreement with them. 

4.9 Prediction of crack widths 

4 . 9.1 Introduction 

In Sections 4.9.2 and 4.9.3 formulae are developed for predicting 

the crack widths on the surface of the slab of a composite 'T' beam, when 

the strain there exceeds 1x 10-3. 

considered in Section 4.11. 

4.9.2 Mean crack widths 

Crack widths at lower strains are 

As noted, once the surface strain exceeds about 1x 10-3 the value 

of w/E is constant and very nearly equal to the crack spacing. However, 

the spacing still decreases slightly with increasing strain and Equation 

4.5 shows that there must be a compensating reduction in the ratio acm/9 

to maintain the constant value of w/g (ie. ave)* 

It seems reasonable to assume that the equation for predicting Wave 

will be of the same form as that for predicting the final crack spacing, 

and in Fic. 4.25 experimental values of Wave for Tests UC1 to UC7 are 

compared with Lf as calculated from Equations 4.7 to 4.9. The lines 
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Wave a 1.25Lf 

is seen to give a reasonable fit to the data. 

The equations put forward for predicting the average crack width 

when the mean surface strain exceeds 1x lo -3 are therefore: 

'zexp(-12c/[2H+ stJ) (4.10) Wh = 1.66c + 0.64(c B/20)(A/B)2 
.1 

0.70(5 + c2)`ý + 70 (4.11) Wm 
2 

(amr c) or 
Wb Wm 

(4.12) 

ým Wb (acr c) +c Wm (am- acs) 

where: Wb is the crack slope directly over a reinforcing bar; 

WM is the crack slope on the surface of the concrete mid-way 

between reinforcing bars. 

Using the term 'slope ratio' to denote the ratio of the experimental 

value of the crack slope to the predicted value, the mean of the slope 

ratios for the grid lines of Tests UC1 to U07 is 1.00, and the standard 

deviation is 0.21. 

To judge the usefulness of any crack width formulae it is first 

necessary to determine the degree of accuracy to be expected of them. 

Consider the worst possible formula for predicting crack widths in terms 

of crack slope: 

W=k 
ave 

where: k is a constant. 

In other words crack slope is assumed to be independent of all variables. 

The mean of all measured average crack slopes of Tests UC1 to UC7 is 

126mm and the standard deviation is 54.0, so if we were to use for a 

crack width formula: 

W 126mm 
ave 
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the mean slope ratio would be 1.00 and the coefficient of variation 

would be 54.0/126 or 0.43. Therefore, to be of any value a formula for 

predicting crack slopes must give a slope ratio coefficient of variation 

considerably less than 0.43. 

Now, cracking is a random phenomenon and test results are subject to 

experimental error, so there will be a lower limit to the coefficient of 

variation associated with any crack width formula. Comparison of results 

from nominally identical and lines (symmetrical grid lines of one test 

or the same grid line of two identical tests) shows trat for Tests UC1 to 

UC7 this lower limit is of the order of 0.15. 

Summarising, a formula which exactly predicted the effects of the 

known parameters (cover, bar spacing, etc. ) would give a coefficient of 

variation for the slope ratios of approximately 0.15, and a formula which 

takes no account of any parameters, known or otherwise, gives a 

coefficient of variation of 0.43. 

Equations 4.10 to 4.12 when applied to the grid lines of Beams UC1 

to UC7 give a coefficient of variation of 0.21, which compares very 

favourably with the limits set out above. 

4.9.3 Crack widths with a 22Lal probability of being exceeded 

Current design requirements involve the calculation of the crack 

width with a 20% probability of being exceeded (w20), which must be less 

than some specified limit. Any design formulae for determining crack 

widths in composite beams should therefore predict w20. 

It is now assumed that the equations for predicting W20 are of the 

same form as those for predicting the final crack spacing, although the 

relationship is not necessarily a linear one. Hence, one may write: 

Wb '- K1 c+ (A/B)`(c B/20) f(c/[2H + 5t]) (4.13) 

and Wm 'o K2(S2 + c2)k + K3 (4.14) 
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where: KZ, K2, K3 are con^tnnts; 

f(c/[2H + St]) is a function of c/[2H + St) 

The constant K1 determines the crack width directly over a bar in 

the absence of slip, and this should be the same for both reinforced 

concrete and composite construction. From Reference 25, KI = 1.59 for a 

20; ö probability of the crack width being exceeded. The function of 

c/(2H+ St) is determined by plotting rr a`ainst c/(21i+ St) where r1 is 
i (Wb- 1.59c)/(A/B)'''(c B/2O)9 and finding the line of best fit to the test 

data. This has been done in Fig-4.26 and gives the following equation 

for calculating crack widths with a 20; ) probability of being exceeded: 

i 
Wb 1.59c + 0.95(A/B)"(c B/20)exp(-2.5c/[2H + St]) (4.15) 

To obtain the values of K2 and K3 in Equation 4.14 one should plot 

Wm aCainst (S2 + c2 )`, but since the latter term is in the range 151mm to 

157mm for all save one grid line of Beams UC1 to UC7 this method would be 

very unreliable. Instead, it is assumed that Wm is proportional to the 

mean final crack spacing and experimental values of Wm are plotted against ý` 

Lf, calculated from Equation 4.7. The gradient of the line of best fit to 

the data is 1.70, which gives the following equation for predicting the 

crack width with a 20jß probability of being exceeded: 

Wm = 0.94($2 + c2)2 + 97 4.16) 

As for final crack spacing, an inverse relationship between W20 and 

acr is assumed, so W20 anywhere on the surface of the slab of a composite 

'T' beam may be found from Wb and Wm either -, raphical]y or by using 

Equation 4.1?. The values of Wb and W1 must, of course, be those 

appropriate to the 20, '0 level of probability. 

Equations 4.12,4.15, and 4.16 have been used to calculate W20 for 

each grid lino of Bemis UC1 to UC7, and the results are compared with the 
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experimental values in Fig. 4.27. The mean value of all slope ratios is 

1.05, and their standard deviation 0.23, which gives a coefficient of 

variation of 0.22. The range within which the coefficient of variation 

is expected to fall has been calculated by the method described in 

Section 4.9.2, using values of W20 rather than Wave, and is found to be 

from 0.15 to 0.42. Equations 4.22,4.15 and 4.16 therefore give good 

correlation with the test results. 

4.10 Comparison of various crack width formulae 

4.10.1 Introduction 

The aim of this section is to determine whether or not existing 

formulae may be applied to cracking in composite 'T' beams. The work 

reported in Chapter 1 has shown that the bond-slip theory is inappropriate 

when high-yield reinforcement is used, so formulae based on this theory 

are not considered here. Neither are any purely empirical relationships 

based on research on plain reinforced concrete elements, since the 

cracking behaviour of these is dissimilar to that of composite IT' beams. 

The numerical comparisons are summarised in Table 4,5, the derivation 

of which is now described. 

For each group of crack width formulae considered, the predicted 

crack slopes for the grid lines of Bearns UC1 to UC7 have been calculated. 

Some formulae rredict Wave and others W20: Table 4.5 indicates which. 

Slope ratios for each Grid line and each method of prediction were then 

found, using experimental values of Wave or W20 from Table 4.2, as 

appropriate. Table 4.5 gives the mean, standard deviation (S. D. ) and 

coefficient of variation (C. V. ) for various Groups of slope ratios; the 

first two rows deal with the crack width formulae developed in Sections 

4.9,2 and 4.9.3 respectively. 
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4.10.2 Equation based on stress-redistribution 

This is Equation 1.17, which is repeated below: 

w- 2rt ce Es 

where: ce is the effective cover, defined in Section 1.2.2.3. 

(4.17) 

Directly over a reinforcing bar, ce equals the minimum cover, which gives: 

W/9 = Wave m 2c (4.18) 

Equation 4.18 makes no allowance for the effect of bond failure in the 

region of a crack, and is expected therefore to underestimate crack slopes 

directly over bars. This is confirmed by the results of Tests UC1 to UC7 

(see Table 4.5). 

The average crack slope mid-way between adjacent reinforcing bars 

is given by: 

W =2c ave e 
(4.19) 

Crack widths obtained frort this equation are compared with those from 

the formula for predicting Wave in composite beams (4.11) in Fig. 4.28. 

Widths have been calculated for various values of bar spacing and minimum 

cover, assuming a mean surface strain of 1.6 x 10-3. For small covers and 

small bar spacings, where the effects of local bond failure will be 

greatest, the formula based on stress redistribution is seen to under- 

estimate the crack width calculated from the composite formulae by as much 

as 35io. For the values of cover and bar spacing in Beams UC1 to UC7 

however, there is little to choose between the two methods, (see Table 4.5) 

save that the calculation of ce for Equation 4.19 is rather complicated. 

4.10.3 Equations based on the no-slip theory 

The equations derived from the no-slip theory are the "tension 

formulae" (Equations 1.23,1.25 and 1.27). The crack width equation used 
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in current codes of practice (1.20) has been derived from these, and is 

also studied here, 

Equations 1.27 and 4.10 for predicting crack widths directly over a 

bar differ only in the term which defines the effect of bond failure: the 

former predicts that bond failure will result in the crack pattern being 

determined by the value of ho, and the latter by the value of (2H+ St). 

In a composite slab where the steel beam spacing is 2.0m, say, h0 remains 

constant whereas (2H+ St) varies across the width so the two methods 

cannot give the same width for all points on the slab. This is illustrated 

in Fig. 4.29 in which the predicted widths for two different composite 

slabs are compared. The two slabs have a similar cross section to those 

of Beams UC2, UC3, UC4 and UC7 respectively, and the range of (2Ii+ St) 

investigated in these specimens is indicated. There is good agreement 

between Equations 1.27 and 4.10 within this range - in fact Table 4.5 

shows that the equation developed for cracking in reinforced concrete is 

the better of the two. 

There is no single equation amongst the tension formulae which 

directly predicts crack widths on the surface of concrete mid-way between 

adjacent reinforcing bars, so comparisons between the tension formulae 

and Equation 4.11 may only be made for individual beams. Table 4.5 shows 

that the tension formulae give poorer predictions of Wm for the Tests UC1 

to UC7 than does Equation 4.11. 

The simplifications made to the tension formulae in order to obtain 

Equation 1.28 mean that its application in limited to predicting the crack 

width with a 2O probability of being exceeded mid-way between the rein- 

forcinG bars. Table 4.5 shows that these simplifications result in 

Equation 1.28 giving good predictions of W20 for the Tests UC1 to UC7. 

However, Fig. 4.30 shows that there is little agreement between this 

equation and the one developed specifically for composite 'T' behms (4.16) 
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outside the range of S and ho studied in Tests UC1 to UC7. 

4.10.4 Equation based on individual crack width theory 

This is Equation 1.35, which is used to predict the crack width with 

a 20% probability of being exceeded on the surface of the concrete mid- 

way between adjacent reinforcing bars. The equation is similar to the 

one developed in this thesis (4.16) although the two methods require the 

surface strain to be calculated in different ways. In Equation 1.35, 

strain is calculated on the assumption that tension-stiffening is zero, 

whereas in Equation 4.16 a reasonable estimate of the actual surface 

strain is required, and can only be obtained by considering the effects 

of tension-stiffening. 

Where the effect of tension-stiffening is small, Equations 1.35 and 

4.16 will give virtually the same answer, but Equation 1.35 will give 

larger values of w20 whenever tension-stiffening significantly reduces 

the mean surface strain. 

4.11 Crack widths at low strain 

4.11.1 Discussion of results 

As noted, the first few cracks to form in Beams UC1 to UC7 were 

often much wider, in relation to the average surface strain, than cracks 

which formed at higher loads. For example, along Grid Line 7 of Beam UC5, 

the average crack width at a mean surface strain of 0.3 x 10-3 was 0.25mm, 

giving w/9 - 833mm, whereas at higher strains the average value of w/£ was 

approximately 90mm. Values of w20 did not fall as the strain increased 

(as did w in some cases), but neither did they increase in proportion to 

the strain until 9 exceeded approximately 1x 10-3. 

It is believed that the behaviour described above is due to the 

release of shrinkage strains as cracks form in the slab. 
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4.11.2 Crack widths due to release of ehrinkaMe strain 

Consider the short length of composite beam illustrated in Fig. 4.31. 

The strains in the beam just before cracking occurs are shown in Fig. 4.31a. 

If the external moment (N) is increased slightly, a crack will form 

in the slab and a proportion of the shrinkage strains will be relieved. 

The following assumptions are now made in order to estimate the crack 

width: 

(i) the first crack to form penetrates the full depth and breadth of 

the slab. This was always the case when wide cracks formed at 

low stain; 

(ii) in the absence of the externally applied load, the steel bean 

would return to its original length between the studs A and B. 

This assu^iption is checked later; 

(iii) there is no relative movement between the slab, the reinforcement 

and the steel beams at the studs, i. e. the shear connection is 

assumed to be rigid; 

(iv) there is no bond between the slab soffit and the tension flange 

of the steel beam; 

(v) the bond between the reinforcement and the slab is completely 

destroyed over a length St/4 on both sides of the crack, but is 

otherwise intact. This assumption cannot be checked, but crack 

widths are calculated for other assumed lengths of bond failure. 

Pic-4-31b shows the composite beam and the idealised strain distribution 

(ignoring the strains due to external load for the time being). 

Making the assumptions above, the crack width in Test UC5 due to the 

release of shrinkage alone is 4.11mm. The corresponding increase in the 

average surface strain between the two studs is 0.45 x 10'3, so w/s is 

equal to 244mm. This is of the sane order as W 
ave 

for and lines between 

the reinforcing bars, but more trara twice as large as Warms for and lines 
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over the bars. The difference is exaggerated by the method of averaging 

strains over the length of the grid lines, for a strain of 0.45 x 10-3 

between two studs 250mm apart gives a value for 9 of only 0.056 x 10-3. 

Due to the release of shrinkage therefore, w/t for the first crack to 

form in the slab of UC5 is estimated as 1867mm, or six times larger than 

the maximum experimental value of Wave' 

A proportion of the measured widths and strains will be due to 

external moments for which w/9 is comparatively small, so the experimental 

value of w/O is not expected to be as high as 1867mm. As the strain 

increases, cracking due to the external moment begins to dominate, and the 

experimental values of w/9 drop. Also, once a large proportion of the 

shrinkage strain between two studs has been released by the formation of 

a single crack, further cracks between the same studs will be dominated 

by the external moment as soon as they form. This explains why the first 

cracks to appear in Beams UC1 to UC7 were large compared with the ones 

that formed later. 

Assumption (ii) on p119 may be checked by comparing the restraining 

force (F) that the steel beam must exert on the cracked and uncracked 

slabs to retain its original length. For UC59 F for the cracked slab is 

less than '7ö of that for the uncracked slab, so the assumption is 

reasonable. 

Crack widths and strains due to the release of shrinkage effects in 

UC5 have been calculated, assuming different lengths of bond failure, and 

the results are shown in Table 4.6. The stud spacing has been taken as 

250mm. We note that if the bond has failed over 20mm on each side of the 

crack, the restraining force in the cracked slab is 2]. of the restraining 

force in the uncracked slab. Assumption (ii) would therefore be invalid 

and a sagging curvature would develop in the composite beam, reducing the 

crack width. Nonetheless, w// due to the release of shrinkage would 
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still be very much greater than the largest experimental value of Wave' 

4.11.3 Prediction of crack widths at low striins 

The calculations above show that the large crack widths at low 

strains observed in Tests UC1 to UC7 result from shrinkage of the slab. 

The method used is not suitable for design purposes however, because it 

requires an estimate of the length over which the bond between the 

concrete and the reinforcement is destroyed. 

In Tests UCl to UC7, v20 was often almost ccnstant until at a strain 

of about 1x 10-3, it began to increase in proportion to strain. The 

value of w20 at 9=1x 10-3 was never significantly exceeded while the 

strain was less than this. Pending further research into crack widths in 

composite beams at low strain, the following rule is therefore suggested: 

that in calculating the design crack width from Equations 4.12,4.15 and 

4.16, E should never be taken as less than 1x 10-3. 

Given this requirement, Equation 4.16 may be used to calculate an 

absolute maximum bar spacing in terms of the permitted crack width. For 

example, if the permitted crack width is 0.2mm, and the cover to the main 

'einforcement 40mm, the clear distance between bars must not exceed 205mm, 

no matter how small the tensile strain in the slab. 
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Test 
Strain (, ()-6 )s extension positive Osh 

sh (slab) 8st E1 82 83 
(1_ 1 

UC1 -440 71 -272 168 43 1.10 

UC2 -401 57 -260 141 37 1.04 

UC3 -440 71 -272 168 43 1.10 

UC4 -248 2 -170 78 25 0.68 

UC5 -586 63 -358 228 72 1.62 

uc6 -269 62 -149 120 23 0.58 

107 -236 3 -162 72 25 0.65 

Key: 
sh 

st 

E1 

tani0sh 

E3 
Section Strain diagram 

TABLE 4.1 ESTIMATED STRAIN PROFILES IN UCI-UC7 

DUE TO SHRINKAGE 
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Beam Grid Wave W20 
lines (mm) (mr. ) 

1 It 5 70 100 
2,4 120 143 

3 80 125 

2A 1,9 60 81 
2,8 142 205 
3,7 70 125 

5 19o 225 

2B log 51 63 
2,8 208 253 
3,7 63 112 

5 170 240 

3A 1,9 69 109 
2,8 142 225 
3,7 61 95 
4,6 162 205 

5 140 155 

3B 1,9 59 100 
2,8 174 230 
3,7 77 130 
4,6 118 195 

5 19o 245 

Peace Grid 
lines 

E"ýavP 
(r. m) 

W20 
(, n) 

4 1,9 93 157 
2,8 200 270 
3,7 120 190 
4,6 165 250 

5 115 170 

5 l, 9 60 95 
2,8 140 250 
3,7 86 145 
4,6 165 243 

5 165 280 

6 1,9 48 57 
2,8 168 250 
3,7 51. 70 

3a, 7a 57 90 
416 102 178 

5 131 220 

7 1,9 142 260 
2,8 245 330 
3,7 150 225 

3a, 7a 193 310 
4,6 205 340 

5 1.86 330 

TABLE 4.2 EXPERIMENTAL VALUES OF Wave An W20 

FOR BEAMS UCl-UC7 
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b/9 
Grid Laae 

Test lines 
06 a b(1 

1 1,5 85 546 
2,4 118 494 

3 95 692 

2A 1,9 65 423 
2,8 136 526 
3,7 74 862 

5 159 541 

2B log 53 538 
2,8 152 699 
3,7 59 1063 

5 105 883 

3A 1,9 53 723 
2,8 114 583 
3,7 48 709 
4,6 160 325 

5 119 341 

3$ 1,9 53 609 
2,8 145 507 
3,7 55 739 
4,6 102 619 

5 145 540 

b/9 
Grid L° ae 

Test lines 
-6 a ) b(10 

4 1,9 88 410 
2,8 183 536 

3,7 99 604 
4,6 123 626 

5 70 767 

5 1,9 49 650 
2,8 101 892 
3,7 58 1108 
4,6 113 872 

5 125 755 

6 1,9 51 589 
2,8 139 441 
3,7 37 824 

3a, 7a 42 864 
4,6 84 702 

5 111 547 

7 1,9 93 645 
2,8 189 592 

3,7 108 703 
3a, 7a 150 692 
4,6 137 760 

5 118 743 

TABLE 4.4 EXPONENTIAL LINES OF BEST FIT TO TEST DATA: 

CRACK SPACING AND SURFACE STRAIN 

(See Table 4.2 for location of grid lines) 
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Directly over Mid-way between Total 
Formulae reinforcement reinforcement 

used 
Mean S. D. C. V. Mean S. D. C. V. Menn S. D. C. V. 

4.10,11,12 
(td ) 1.01 0.22 0.21 0.96 0.18 0.19 1.00 0.21 0.21 

c, ve 

4.12,15,16 
(w ) 1.07 0.26 0.25 1.00 0.19 0.19 1.05 0.23 0.22 

20 

Stress 
redistri- 
bution 1.62 0.29 0.18 1.04 0.19 0.19 - - - (4, ) 

. ve 

"'o-slip 
1 theory 

(tý 1 1.00 0.16 0.16 0.79 0.14 0.18 0.90 0.19 0.21 
ave' 

CP110 
BS5400 
(w ) 

20 
Not applicable 1.03 0.20 0.19 Not applicable 

TABLF 4.5 STATISTICS OF SLOPE RATIOS FOR VARIOUS 

CRACK WIDTH FtIRMULAE 

Len 7th on each side of 
k w 

Equivalent 
' 

Restraint 
crac over which bond (mm) between studs w/8 force 

destroyed (nur) (x10-6 (mm) (kN) 

?0 0.07 450 1200 231 

62.5 0.1) 450 1867 71 

1? 5 0.1.1 450 2000 0 

TABLE 4.6 CRACK WIDTHS DUO TO tI: LL: AS E OF SHHTPNKAs3Iý, STRAINS 
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FIG. 4.1 MOMENT-CURVATURE RELATIONSHIPS FOR 
A ROLLED STEEL GIRDER 
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FIG. 4.2 RELATIONSHIP BETWEEN TRUE AND MEASURED STRAIN 

Esh E. sh-Esh 
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F 

FIG. 4.3 RELATIONSHIP BETWEEN TRUE 
AND MEASURED CURVATURE 
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FIG. 4.4 MOMENT-STRAIN RELATIONSHIPS FOR UC1 
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FIG. 4.5 MOMENT-STRAIN RELATIONSHIPS FOR UC2 
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CHAPTER 5 

CONCLUSIONS OF THE WORK ON CRACKING 

5.1 Summary of conclusions 

The experimental work has shown that the first cracks to form in the 

slabs of composite 'T' beams penetrate the full width and depth of the 

slab, and those that form later are concentrated in the region of the 

reinforcing bars. This is similar to the behaviour of plain reinforced 

concrete, but the final crack spacing was approached much more rapidly 

with increasing strain in the composite beams. 

The first cracks to form in Beams UCl to UC7 were very wide in 

relation to the mean surface strain, and although this will not affect the 

design of most composite 'T' beams, it might cause problems where the 

crack width requirements are severe - in structures exposed to salt spray 

for example, where the maximum permitted width is 0. lmm. The release of 

tensile strain developed in the concrete slab due to drying shrinkage has 

been shown to be the cause of the large crack widths at low strain. 

Release of shrinkage strains can also have a significant effect on the 

moment-curvature response in a composite beam, as shown in Section 4.5. 

By using both theoretical argument and experimental data, five 

equations have been derived which may be used to predict w and w20 anywhere 

on the surface of the slab of a composite 'T' beam. These equations 

(4.10. to 4.12,4.15,4.16) are in close agreement with the results of Tests 

UC1 to UC7. Some of the formulae which have been developed from research 

into plain reinforced concrete have been compared with the same results, 

and give good predictions of crack width either over the reinforcing bars 

or between them, but never at all points on the slab's surface. 

5.2 Recommendations for design 

As noted in Section 1.2.4.5, current design practice is to check 
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that w20 for points on the concrete surface mid-way between reinforcing 

bars does not exceed some specified limit. Equation 4.16 may therefore 

be used as a design formula, and to make it compatible with existing 

crack width equations, acr may be substituted for the term (S2 + c2)`'. 

This alteration results in an error which is always conservative, and 

which will usually be less than 5o. The resulting design formula is: 

w= (0.9a + 100) 9 (5.1) 

Equation 4.16 is compared with the current design formula in 

Section 4.10.3. 

The recommended design formula for calculating the nean strain at 

any level in the slab of a composite 'T' beam is Equation 4.3, but 9 

should not be taken as less than 1x 10-3. The minimum value is 

stipulated because without it crack widths at low strain may be seriously 

underestimated. The formula differs from the one currently in use 

(Equation 1.38) in two respects :a term is included to allow for shrinkage 

effects, and the reduction in strain due to tension-stiffening decreases 

in inverse proportion to the steel stress. 

5.3 
_ 

Scope of proposed design formulae 

The proposed formulae rely in part on results from tests on uncased 

composite 'T' beams. The depth of the neutral axis below the top of the 

slab varied from 210mm to 285mm, and the diameter of reinforcement from 

10mm to 16mm. 

Strictly, the design formulae are applicable only to beams of similar 

cross section, but it is believed that the theoretical arguments in 

Chapter 4 extend their scope to any uncased composite IT' beam likely to 

be used in practice, provided it is reinforced with high yield deformed 

bars, and its neutral axis lies below the slab's soffit. 
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CHAPTER 6 

REVIEW OF PREVIOUS WORK 

6.1 Introduction 

This chapter seeks to establish the parameters which affect the mode 

of failure and the ultimate load of continuous composite plate girders 

with slender webs in the region of an intermediate support. 

The ultimate load behaviour of plain steel girders is considered 

first, and the pattern of loading on the concrete slab and shear 

connectors in a composite girder is determined. The work on slabs and 

composite beams which are loaded in a similar manner is then reviewed. 

Finally, some current methods of designing plain and composite plate 

girders are described. 

6.2 Plain steel girders 

6.2.1 Behaviour in pure shear 

Skaloud47 has given a clear description of the three stages leading 

to collapse of steel plate girders with slender webs. In the first stage, 

the web plate is subjected to equal tensile and compressive forces at 450 

and 135° to the flanges (Fig. 6. la). These stresses increase uniformly 

throughout the panel until a critical value is reached and the web 

buckles elastically. In the second stage, any further load in the web 

must be taken in tension alone, and the membrane stresses shown in 

Fig. 6. lb develop. 

Increasing the load causes yielding in a small zone in the web, 

which marks the onset of the third stage. The zone gradually expands to 

form a diagonal yield band (Fig. 6.2), the final width of which is greater 

for stiff flanges than for flexible ones. The use of stiffer flanges 

also results in the angle between them and the buckles increasing to a 
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maximum of approximately 450" 

Once the yield zone has reached the flanges, any additional load 

must be taken by the flanges alone and this, together with the membrane 

stresses already acting on them, leads rapidly to the formation of 

plastic hinges and the collapse mechanism of Fig. 6.3a. Rockey and 

Skaloud48-50 showed that the hinges B and E form very close to the edge 

of the yield band. 

6.2.2 Design methods for girders subjected to pure shear 

Research conducted before 1970 has been reviewed in a number of 

reports5l-53 and is considered only briefly here. 

The ultimate load of the girder, Vult, is given by: 

Vult - Vcr + VV (6.1) 

where: V 
cr = the shear force when the web buckles; 

Vm = the shear force developed by the plastic collapse 

mechanism. 

All researchers agree that Vcr is given by: 

Vcr = Ic cr 
dt (6.2) 

where: -r T or = uniform shear stress to cause buckling; 

dm clear depth of the web between flanges; 

t= web thickness 

but opinions differ concerning the support conditions of the edges of the 

web. Mackey54 and Fujii et ai55 consider that the flanges provide rigid 

supports, and the transverse stiffeners simple supports, whereas Rockey 

et a151 prefer the conservative assumption of simple supports throughout. 

For the latter case: 

=K 7t 
2 E(t/d)2/12(1 - v2) (6.3) IT cr 
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where: K-5.35 + 4(d/b)2 for b/d 1 

K-5.35(d/b)2 +4 for b/d <1 

bA clear width of web between vertical stiffeners; 

vs Poisson's ratio. 

It is customary to ignore the effects of geometrical imperfections in the 

web, and of residual stresses due to welding. This practice is to some 

extent justified by the close agreement of predicted and calculated 

ultimate loads obtained by many workers who have made this assumption. 

Values of the buckling load are likely to be overestimated, however, and 

in view of this it would be better to assume that the web is simply 

supported all round when calculating Tcr' 

Several methods have been proposed51'56_58 for calculating Vm, the 

main difference being in the assumed location of the flange hinges. 

Basler56 made the very conservative assumption that the flanges of plate 

girders were too weak to support any membrane stresses, giving the 

mechanism of Fig. 6.3b. Chern and Ostapenko57 considered that the flanges 

could withstand small membrane stresses, and that they would form°a 

picture frame mechanism before collapse occurred (Fig. 6.3c). 

In 1973, Calladine58 conducted a thorough upper bound analysis on 

the plastic mechanism which Rockey and Skaloud had observed in their 

tests (Fig. 6.3a). Girders with compact webs which yielded before they 

buckled were considered first. It was shown that the hinges at B and E 

actually formed at positions C and F, and that the whole web yields in a 

state of simple shear. 

Calladine also analysed girders with slender webs by idealising the 

region ABDE in Fig. 6.3a as a series of tendons in the direction of the 

principal tensile strain rate. The distance cc, as defined in the figure, 

was left variable. Expressions for cc and Vm were derived which showed 

that both increased as the flange size increased. In this respect, 



- 155 - 

Calladine's model reflects the true behaviour of steel girders, and is 

an improvement on earlier collapse models such as those in Fig. 6.3b and 

6.3c. However, it is not applicable to cases where the web develops 

shear stresses before it buckles, and it does not include the possible 

effect of the yield band extending beyond the region ABDE in Fig. 6.3a. 

Porter, Rockey and Evans5l also used the collapse model of Fig. 6.3a 

to predict the ultimate load of a plate girder. Analysis of the collapse 

mechanism gave: 

Vm a 4Mp/cc + cc t Qty sin2ß + vty t d(cotp - cotßd)sin2p (6.4) 

where: Mp a the plastic moment of resistance of each flange 

acting individually; 

aty a the membrane yield stress; 

ß- the inclination of the tension field to the flanges; 

ßd a the inclination of the web panel diagonal to the 

flanges. 

In the above expression the membrane yield stress is the diagonal tensile 

stress which develops in the web after buckling, and which acts in 

addition to the buckling shear stress, vcr, to cause yielding of the web. 

The required value of arty is calculated from the Von-Mises yield 

criterion. 

The hinges B and E will form at the position of maximum moment in 

the flanges, and consideration of the equilibrium of flange element AB 

gave: 

co - 2(M t)0.5/8inp (6.5) 

The only unknown on the right hand side of Equation 6.4 is ßO and this is 

calculated by trial and error: the value required is the one that 

maximises Vm. 

Substituting Equations 6.5 and 6.4 into 6.1 gives the expression for 
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calculating the collapse load of a symmetrical girder subject to pure 

shear: 

volt *vcr dt+ 2o0 t crty sin2ß + Qty t d(cotP - cotýd)sin2ß (6.6) 

This equation is not a true upper-bound solution (as was claimed) because 

the collapse mechanism analysed is for a web with a low yield stress equal 

to Qty. In fact the yield stress of the web is larger than this, and is 

only attained when the stress Qty acts in conjunction with the elastic 

critical stress, Kcr. Equation 6.6 is a combination of terms from 

separate elastic and upper-bound (plastic) analyses. 

Consideration of vertical equilibrium at the Section BE also gives 

Equation 6.6, and Porter et al51 showed that the yield criteria is not 

violated in the wedges BCH and EFG. They did not, however, check for 

equilibrium at any other part of the girder, so Equation 6.6 is not 

necessarily a true lower-bound solution. Since it is not a true upper- 

bound solution either, it may not be the exact solution for the collapse 

mode of Fig. 6.3a. Nonetheless, one would expect Equation 6.6 to give 

close estimates of Vult' and this has been shown to be the case; for 16 

plate girder tests the average value of the ratio Vult=measured ultimate 

load was 1.00 and the standard deviation was 0.05. 

6.2.3 Girders subjected to pure bending moment 

Basler and Thurlimann59 have described how buckling in the compression 

zone of the web causes direct stresses to be shed to the compression 

flange. Collapse of the girder occurs when the compression flange fails 

in one of three modest vertical buckling (Fig. 6.4), lateral-torsional 

buckling, or local buckling, when the flange rotates but does not 

translate. 

Girders which fail due to vertical flange buckling were considered 

initially. Their ultimate moment is determined by the stability of the 
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compression flange, which is restrained vertically by the web, and Basler 

and Thurlimann derived the relationship shown in Fig. 6.5 for a flange 

yield stress (a 
Yf 

) of 228N/mm2. Mit is the collapse moment of the girder 

and My is the moment to cause yield in the extreme compression flange 

fibres. In the region PQ the flange buckles vertically before it reaches 

a stress (calculated on the basis of the effective section in Fig. 6.4) 

equal to its yield stress. Decreasing the web slenderness in the region 

QRS improves the stability of the compression flange and leads to an 

increase in the collapse moment, until at S the full plastic moment of 

the girder is developed. When the web is very compact it can sustain such 

high strains that strain hardening occurs, and the collapse moment 

increases rapidly - ST. 

It was found that the curve QRS could be replaced with sufficient 

accuracy by the straight line: 

mint/My m1-0.0005(AW/Ar 
t 

'(t) J 

wheres Aw is the cross sectional area of the web; 

Af is the cross sectional area of the flange; 

(d/t) 
a 

is the slenderness ratio when M lt/My in It that is 

when the flange yield stress equals the flange 

buckling stress. 

Plate theory gives values for (d/t) 
0 

for simply supported or rigidly 

supported panels, and an intermediate value of 

(a/t)c - 5.7(E/Iryf)°. 5 

was taken. Hences 

Muiti/NY -1-0.0005(AW/Af)[d/t - 5.7(E/cr)015] 
(6.7) 

Local or lateral-torsional buckling is likely to be the limiting 

criteria for the bending strength of many girders, and Basler and 
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Thurlimann made an empirical modification to Equation 6.7 to allow for 

these modes of failure. The modified formula is: 

Nit/Mcr °1-0.0005(AW/Af)(d/t - 5.7[E MY/Mcr yf] 
0.5) (6.8) 

where: or = the lower critical moment obtained from separate 

local and lateral-torsional buckling analyses. 

Basler and Thurlimann59 recommended that the ratios Nklt/My and 

Mult/ cr should never be taken as greater than 1.0, but Cooper60 showed 

that this was unnecessarily conservative. Eight full size girders with 

web slenderness ratios between 61 and 123 were loaded in pure bending, 

and all developed their full plastic moments of resistance (Mpg) before 

collapsing. A reasonable limitation to Equation 6.8 is therefore that 

Muit should not exceed Mpg. It has been shown62 that with this proviso, 

Equation 6.8 accurately predicts the ultimate bending strength of girders 

from several independent series of tests. 

6.2.4 Girders subjected to combined shear and bending 

6.2.4.1 Empirical methods 

Basler61 described the ultimate load behaviour of girders subjected 

to combined loads with the aid of the interaction curve shown in Fig. 6.6a. 

V and M are the coexistent shear force and maximum panel bending moment, 

respectively. 
I 

It was assumed that the flanges of a girder are unable to resist any 

loads due to tension field action. The ultimate strength of a girder 

subjected to pure shear (point P on the interaction diagram) would there- 

fore be underestimated for the size of flanges common in structural 

engineering. It was also assumed that web buckling results in all bending 

stresses being shed to the flanges, unless their moment capacity is 

exceeded. This moment capacity is equal to the plastic moment of 

resistance of the flanges alone (14, ), so the shear strength of a girder, 



- 159 - 

it was argued, is not reduced by moments less than 1, ý. In practice 

however, some direct stress will remain in the web even after buckling, 

and will reduce its shear capacity, so the line PQ ought to slope down 

towards Q. 

The line QS represents a beam which yields throughout its section 

before bending failure occurs, and was assumed to be parabolic, with its 

apex at S. When failure of the girder results from buckling of the 

compression flange, in any of the modes described in Section 6.2.3, the 

line RT is appropriate. It is vertical because such modes of failure 

depend on the stress in the compression flange, which is assumed to be 

unaffected by vertical shear forces. Mult may be calculated from 

Equation 6.8. 

Füjii et a155 have developed interaction curves (Fig. 6.6b) which 

allow for the effect of tension field action on the flange stresses. The 

curve P'R'S' is appropriate for girders with compact webs which do not 

buckle; it assumes that all bending stresses are resisted by the flanges 

up to their yield stress, and that the flanges do not contribute to the 

shear strength of the girder. Hence the ultimate load under pure shear 

is equal to the shear yield strength of the web, Vy, and the line R'S' 

corresponds closely to the line QS in Fig. 6.6a. 

For-girders with slender webs, buckling will occur and the inter- 

action curve PQRS is appropriate. Points P and S are derived from 

analyses for pure shear and pure bending respectively. It was postulated 

that when the shear force equals the critical buckling load of the web, 

the web will not contribute to the strength in bending, but because there 

is no tension field action causing direct stresses in the flanges, these 

are able to develop their full plastic moment of resistance, MF. Point R 

may therefore be located. 

Point Q corresponds to the shear load developed by a girder with 



- 160 - 

flanges unable to resist any transverse stresses due to tension field 

action. This situation was said to arise when the direct flange stress 

due to tension field action, v'f, combines with the direct bending stress 

to cause yielding in the flange. Hence the moment at q is Mß, (1 
- 

The coordinates of Q are therefore based on the conservative assumption 

that stresses in the flanges due to tension field action reduce the 

bending resistance, but do not add to the shear resistance. 

Another conservative assumption is that the points P, Q, R and S may 

be connected by straight lines. Ultimate loads of 14 beams tested at 

Lehigh University were underestimated by as much as 20% using the inter- 

action curve PARS. 

6.2.4.2 Analytical methods 

Calladine58 extended his upper-bound analysis (Section 6.2.2) to 

include the effects of bending by considering the collapse mode shown in 

Fig. 6.7. Rotation of AB and DE causes the length AB to lengthen, and DE 

to shorten, because the location of the pivots in the plastic hinges is 

no longer at the centroid of the flanges. CD therefore rotates, and work 

is done by the applied moment. It was assumed that the distances cc and 

of (where ct is defined in the figure) were equal. This is by no means 

certain: in fact Evans et a162 have shown that ct exceeds cc in a 

symmetrical girder. Expressions for cc and z (as defined in Fig. 6.7) 

were obtained in terms of Mp. Allowance was made for the reduction of Mp 

due to the direct stresses in the flange. 

The interaction diagram derived from the equation of virtual work is 

shown in Fig. 6.8, but it is not reliable when M/Ms, approaches unity, 

because the possibility of compression flange buckling is not considered. 

The reservations concerning Calladine's analysis of a girder subjected to 

pure shear are also relevant. 

Evans, Porter and Rockey62 have described a method for calculating 
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the ultimate load of a girder when the shear ratio, defined as 

(V/Vy)/(M/ og), is large. It is assumed that the web stresses increase 

elastically until buckling of the web occurs. Further load is resisted by 

diagonal tensile stresses in the web, which are superimposed on the 

stresses at buckling and eventually lead to the formation of a diagonal 

yield band. The web buckling stresses are considered to remain constant 

up to the ultimate load of the girder; they are not increased or decreased 

as the amplitude of the buckles increases, but are merely added to by the 

diagonal stresses in the tension field. As noted in Section 6.2.2, this 

assumption was shown to lead to accurate prediction of Vult51' 

The assumed collapse mechanism is that illustrated in Fig. 6.9. It is 

an improvement on that used in Reference 58 in that cc and ct are not 

assumed to be equal. An equilibrium solution for the ultimate load of the 

girder is obtained by considering the forces and moments acting on Section 

BE, which are now explained. 

vor, Hcr and M are the forces and moments associated with the buckling 

load of the web. The following equation was recommended for calculating 

the buckling stresses, but since it does not allow for the presence of a 

net axial force in the web, it is only applicable to symmetrical girders: 

m' ýcr)2 + (Tm' Tcr)2 1 (6.9) 

where: Cr - 23.9 
2E (t/d)2/12(1 - v2) which is the critical 

bending stress of a panel subjected to pure moment; 

m and Tr are the critical co-existent bending and shearing 

stresses. om is the extreme compressive stress at 

the mid-panel section. 

FW is the resultant membrane force when the region ABDE has yielded# 

and acts at a perpendicular distance of q from the mid-height of the web. 

Its magnitude and position are obtained from the membrane stress 
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distribution, which varies through the depth of the web due to the 

buckling stresses, as follows: 

°ty a -0.5x + 0.5(x2 - 4[ ,2+3. Cm2 - 
2])0.5 (6.10) 

where: X= 3T1 sin2ß + am sin2ß - tom Cos2ß 

The stresses in the above expression should strictly be those in the web 

at the ultimate limit state, when buckling in the compression zone of the 

web will have caused some redistribution of the direct stresses to the 

compression flange. However, it was found to be sufficiently accurate to 

take both or and v as the values corresponding to the critical buckling 

load, assuming plane sections remain plane. 

Once Fw has been determined, the ultimate load on the girder is 

readily calculated from the expression of vertical equilibriums 

Vu - FW sinß + Ver (6.11) 

where: Vu the ultimate shear strength of a girder subjected 

to combined shear and bending. 

The forces acting on the length cc of the compression flange are 

shown in the inset of Fig. 6.9: similar (but not equal) forces act on the 

length ct of the tension flange. The membrane stress varies little over 

the length cc, and can reasonably be taken as that mid-way between E and 

D. The plastic moment of the compression flange MPc is reduced by the 

axial force, which varies along the flange, but it was shown that the 

reduced value, MI 
PC may be based with sufficient accuracy on the value 

mid-way between E and D (FIc). Hence: 

F, 
a- 

Acf cf = Fc - cc t(crtyc sing coaß + vm)/2 (6.12) 

MIPc pc(1 - 
ývcfý 

yf, 
2) (6.13) 

where: Qcf axial stress in compression flange mid-way between 

D and E; 
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A 
cf ft area of compression flange; 

"Ityc membrane yield stress adjacent to the compression 

flange, mid-way between D and E; 

F axial force in the compression flange at the mid- 

panel hinge. 

The location of E corresponds to the maximum moment in the flange, and is 

derived by taking moments about D: 

cc - 2(M'Pc/t vtyc)°°5/sing (6.14) 

Similarly for the tension flange: - 

FIt= Atf °tf = Ft + ct t(vtyt sin3 cosß + rm)/2 (6.15) 

M'pt = 11 
pt(1 - 

Iatf' 
yf12) 

(6.16) 

ct = 2(14 'pt/t Qtyt)°'5/sind (6.17) 

where: F't ý axial force in the tension flange mid-way between 

A and B; 

Atf == area of the tension flange; 

otf = axial stress in the tension flange mid-way between 

AandB; 

Ft = axial force in tension flange at mid-panel hinge; 

Ityt = membrane yield stress adjacent to the tension flange, 

mid-way between A and D; 

Mpt = plastic moment of resistance of the tension flange; 

MI 
pt = reduced plastic moment of resistance of the tension 

flant, e. 

Equations 6.13 and 6.16 are valid only for solid rectangular flanges, 

which marks a departure from earlier work by the same authors51 in which 

MP was calculated on the basis of an effective T-section. This comprised 

the flange and an effective depth of web, hw, given by: 
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hW = 30t(1 - 2T. r/Tyti, 
) 

No explanation is given for this change in approach. A large proportion 

of the web area adjacent to each flange hinge is already yielding in 

diagonal tension when the collapse mechanism forms, so the definition of 

an effective depth of web is a rather arbitrary one, but even so, to 

ignore the web completely seems over-cautious. This problem is discussed 

in the light of experimental results in Chapter 9. 

Consideration of the element of girder in Fig. 6.9b then gives: 

Fc sv (0.5d cotß +Z+0.5[cc - ct])/d + (M'pt + m, 
PC + FW q- w)/d 

- 0.5Vcr cote - 0.5, ccr tab - cc - ct) (6.18) 

Ft -Vu(-0.5d cote +Z+0.5[cc - et])/d + (M' + M' +Fq- Mw)/d 
pt pc w 

+ 0.5v,, cote + 0.5Tcr t(b - cc - ct) (6.19) 

where: Z is the lever arm of the external load about the mid-panel 

section. 

A direct calculation of Vu would involve the solution of the 

simultaneous Equations 6.9 to 6.19, which would be difficult, so an 

iterative method was recommended. Since the value of p is unknown, the 

process must be repeated several times for different values of ß to find 

the optimum one, ßo. It was argued that po would be the inclination that 

maximised Vm and, indeed, values of ßo so obtained were in very close 

agreement with the observed direction of the buckles in a number of plate 

girder tests5l. None of the girders considered had a web-slenderness 

ratio of less than 255, however, and there is some doubt concerning the 

derivation of a satisfactory value of p for relatively compact webs. In 

such girders, the margin between the buckling and the ultimate loads is 

small, and may not be sufficient for the buckles to rotate from their 

initial direction (450 to the flanges at the level of the neutral axis) 
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to their optimum direction, po. This matter is discussed further in 

Section 9.4.3.4. 

Because Equations 6.10 to 6.19 have been derived without reference 

to the shape and size of the flanges, the above procedure may be used for 

asymmetrical girders as well as symmetrical ones, provided allowance is 

made for net axial forces in the web when calculating the buckling load. 

In contrast with other analyses for combined loading, it considers both 

the reduction in the shear capacity of the web due to direct stresses at 

low moments, and the effect of tension field action on the flange stresses. 

6.2.4.3 Parametric study 

Evans, Porter and Rockey63 have conducted a parametric study on 

symmetrical steel plate girders which provides a useful insight into the 

behaviour of beams subjected to combined shear and bending. The results 

were used to develop a simplified design procedure 
64, 

but the application 

of this to composite 'T' beams (which are asymmetrical by definition) is 

questionable. 

A computer program based on Equations 6.9 to 6.19 was used to 

calculate the ultimate load of 31 plate girders subjected to shear and 

bending in various proportions. The interaction curve is given by the 

line PQR in Fig. 6.10. 

Vult is derived, essentially, from Equation 6.6, but a term has been 

added to allow for the shear strength of the flanges. The argument for 

doing so is not clear, however, for the ability of the flanges to resist 

shear is implicitly assumed in both the upper and lower bound solutions: 

there is no other way in which the vertical component of that part of the 

yield band supported by the flanges can be resisted. Calculated values 

of VUlt therefore allow for the shear strength of the flanges twice over. 

It was found that in the zone PQ. R, ß may be-taken as 2pd/3 with 
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reasonable accuracy unless the web slenderness ratio is below about 240. 

In this case, and especially if the panels are narrow so that ßd is large, 

P may be as low as o. 55pd. 

Point R marks the transition between the shear mechanism failure and 

a bending type of failure. For most girders, MR was found to be approxi- 

mately equal to T, but for wide-flanged girders, MIR is as low as 0.85M.. 

Conversely, in girders with an aspect ratio (b/d) greater than 1.0 and d/t 

less than about 180, P. increases to 1.25NF. All three situations might 

well arise in composite plate girders. The shear force VR is obtained by 

resolving vertically at Section C-D in Fig. 6.11: 

VR = Tcr dt+0.5t siri2p vty dt 

where: dt is the depth of the yield band adjacent to the stiffener. 

It was recommended that dt is calculated from the empirical formula: 

dt/d = (0.64 + 42.5Mp/MF)(2 - 
(b/d] 1/8) 

This equation overestimates dt, and therefore VR, when the slenderness 

ratio is less than about 180. The resulting formula for VR is: 

vR/vy ° car/-cyw + x(0.554 + 36. arp/r) (6.20) 

where: D= at,, sin(00) (2 - 
(b/d] 1/8)Ie'y, 

W 3 

Tyw = the shear yield stress of the web. 

The term in P has been queried70 on the grounds that when a moment of 

Mr is applied to a symmetrical girder, the axial stresses in the flanges 

are such that they cannot resist any extra lateral forces. V. should 

then be independent of MP. This is true of very slender webs where the 

critical buckling stress is negligible, so that the tension flange 

force at B is equal to that at C, and both are equal to the yield force. 

A and B are therefore coincident. Even in less slender webs, where the 

shear stress at buckling has a finite value, the flange force at B will 
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be only slightly less than that at C, so that ct will be almost zero. 

For symmetrical girders, the failure mode shown in Fig. 6.11 is therefore 

inconsistent with the assumption of a moment of MF, at Section CD, so that 

Equation 6.20 is suspect. 

An empirical method is used to plot the interaction diagram between 

P and R, and was found to be in close agreement with the results of the 

parametric study. MQ is taken as b Vult (the maximum moment in the end 

panel of a simply supported girder) but not greater than 0.5MF. The 

curve QR is assumed to be parabolic, with its apex at Q. 

When the shear ratio is low, Evans et al use an interaction curve 

which is virtually identical to that proposed by Basler6l. The curve RST 

corresponds to failure of a girder where web buckling is prevented and 

is assumed to be parabolic, with its apex at T. The vertical out-off SU 

allows for the possibility of buckling in the compression flange; lt is 

calculated from Equation 6.8. 

The theoretical collapse load of 58 vertically stiffened plate 

girders was calculated from the interaction chart of Fig. 6.10, assuming 

that: 

MR = M. and ß=0.67ßd 

The average value of the ratio of the calculated collapse load to the 

experimental collapse load was 0.995 and the standard deviation was 0.071, 

which indicates excellent correlation. Further, the values of cc, ct and 

ß were found to agree well with experimental observation. 

6.3 Composite beams 

The author knows of no published account concerning the ultimate 

load behaviour of composite plate girders when the shear ratio is high. 

However, from the work reported in Section 6.2, the probable mode of 

failure if buckling of the compression flange is prevented is the one 
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sketched in Fig. 6.12. 

The shear sway mechanism observed in tests on plain steel girders 

is assumed to occur in composite beams also. If the shear connection 

between the slab and the girder is sufficiently strong, large hogging and 

sagging curvatures will occur in the slab at positions A and B. These 

will cause yielding in the reinforcement in tension, and may lead to local 

crushing in the slab, although the global tension in the slab due to 

bending might prevent the latter. The shear connectors at B will be 

subjected to large uplift forces as well as longitudinal shear, and this 

may cause local pull-out failure of the slab. 

Willmington65 conducted tests on composite beams with compact webs 

where the shear ratio exceeded unity. Although the steel beam does not 

develop the tension field action and the diagonal yield band associated 

with plate girders, the loads imposed on the shear connectors and the slab 

are similar to those described above. The observed collapse mode is shown 

in Fig. 6.13. The web of the girder yields in shear over the length AC, 

and plastic hinges form in the flanges as shown. Large local curvatures 

were seen to form in the slab at A and C, and due to this and considerable 

slip, compressive forces developed in the bottom of the slab at the 

support. At the sagging hinge, however, measurements indicated that the 

whole depth of the slab remained in tension. Considerable uplift and slip 

were noted in this region, but the shear connectors did not fail, even 

though no account was taken of the uplift forces in their design. 

The shear force carried by the reinforced concrete slab (aV) in 

these tests is of particular interest. Willmington65 described how the 

normal elastic theory could be used to calculate the vertical shear 

stresses in the composite beam, assuming the concrete to be either fully 

effective (uncracked) or totally ineffective (cracked). The true stresses 

in the slab were expected to lie somewhere between these extremes, and 
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test results indicated that in the regions where the slab reinforcement 

remained elastic the uncracked value of a could be used. 

Where the reinforcement has yielded, such as over the length AB in 

Fig. 6.13, consideration of equilibrium leads to the conclusion that there 

is no shear force in the slab (unless the deformations are so severe that 

the reinforcement strain-hardens). The shear force all must therefore be 

transferred to the steel girder at the boundary of the plastic zone, as 

shown. This was confirmed by Willmington's test results. 

6.4 Shear in cracked reinforced concrete 

It is now well established that cracked reinforced concrete can 

resist considerable shear force66-68. Taylor68 conducted tests on simply 

supported beams subjected to a point load at midapan, and for a cube 

crushing strength of 45N/mm2 and a reinforcement ratio of approximately 

1% found that less than 4(ylo of the total shear was resisted in the com- 

pression zone. Between one-third and a half of the total load was taken 

by the interlocking of aggregate particles on opposite sides of a crack, 

and the remainder was taken by the dowel action of the reinforcement. 

The maximum force transmitted by dowel action is determined by the 

formation of horizontal cracks at the level of the reinforcement, and 

thus depends on the net width of the concrete there, and its splitting 

strength. 

The contribution of aggregate interlock to shear strength depends 

primarily on the crack width and the shear displacement. Fenwick and 

Paulay67 tested plain concrete prisms in which the width of a pre-formed 

crack was held constant while an increasing shear force was applied 

parallel to it. They found that the shear force at failure was inversely 

proportional to the crack width. Taylor 
6a 

argued that shear displacements 

(Se) and crack widths (w) increase simultaneously in reinforced concrete 
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beams, and conducted a series of tests in which the ratio ös: w for each 

specimen was maintained constant while the applied shear force was 

increased. The aggregate interlock force was proportional to this ratio, 

which confirms the results of Fenwick and Paulay. 

6.5 Design rules for composite girders 

Part 5 of BS540034, and the 1977 draft of Part 3 of the same 

standard 
69 

make specific provision for the effects of tension field action 

in a manner which allows for the influence of the flange stiffness on the 

width of the yield band. A report by Horne, Ogle and Dowling70 describes 

the derivation of the recommendations in the draft of Part 3. 

For slender composite beams subjected to pure shear, the entire load 

is assumed to be resisted by the steel girder, whereas for beams subjected 

to pure moment, an elastic, full-interaction analysis, ignoring concrete 

in tension, is used to determine the stresses in the beam. In each case, 

the stresses should not exceed the limits laid down in Part 3 of the 

standard. No guidance on the method to be adopted for composite plate 

girders subjected to combined shear and bending is given, however, due to 

a lack of experimental data for such cases. 

The design method given in Ref. 69 is based on the interaction diagram 

of Fig. 6.14. A. partial safety factor for material strength is included 

in the expressions in the draft Part 3, but is taken as 1.00 in the 

following discussion, partly because its final value is not yet fixed, 

and partly to facilitate direct comparison of the design rules with test 

results. 

Mult is the ultimate bending moment capacity of the girder, which is 

derived from consideration of local buckling, lateral-torsional buckling, 

or inward collapse of the compression flange. 

vult is the ultimate shear capacity of the panel and is determined 
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from graphs derived from Equations 6.5 and 6.6. As noted, these formulae 

do not include the extra term for shear in the flanges which Rockey added 

to his later solutions 
63 

and are more realistic for that reason. Tip is 

calculated for an effective flange section shown in Fig. 6.15. bf is the 

lesser of half the actual flange width and lOtf(355/c )°'5, where tf is 

the flange thickness, and hw is 12t(355/ q)°*5" P has been taken as 

2Pd/3 in the design charts, which are therefore subject to the reservations 

noted in Section 6.2.4.3 in this respect. More seriously, however, there 

is no provision for increasing Mp when a concrete slab acts compositely 

with the steel flange, and where the flanges are unequal the lower value 

of Mp is taken. These recommendations are likely to have a crippling 

effect on continuous composite beams in the region of an intermediate 

support, since the steel tension flange is often very small there: 

information on the effect of the concrete slab on the plastic moment of 

resistance of this flange would be very useful. 

VR and N'., are, respectively, the shear force and the maximum panel 

moment when the axial forces in the flanges are such that they cannot 

support the tension field. The collapse mechanism is the one shown in 

Fig. 6.16. The forces acting on the flanges and the vertical stiffeners 

are shown - they are calculated on the assumption that the critical shear 

stress causes negligible variation of the flange forces along their length. 

VR is derived from the design charts by substituting MPc = Mpt = 0. A'R 

is calculated from: 

MR=FD' (6.21) 

where: D' A the distance between the centroids of the two flanges; 

P- the limiting flange force - to be taken as the lower 

value for the two flanges. This is the yield force in 

the case of the tension flange, but is determined by the 

critical buckling stress for the compression flange. 
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The contribution to MR of the direct stresses in the web (Iýw) is ignored. 

This is reasonable in the case of slender webs, but for relatively 

compact webs (100 c d/t --150, say) Mw may be significant, so that MR will 

be underestimated. Further inaccuracy arises because the force in the 

yield band is ignored: if the tension flange controls, Fw will add to 

the calculated value of MR, but if the compression flange controls, T 

will be reduced because the lever arm of the compression flange force is 

no longer D'. 

The shape of the interaction diagram between points P and R, and 

R and T is clearly an approximation introduced for the sake of simplicity. 

Evans et al62,63 have shown that in the zone PR, the true interaction 

curve is a very shallow parabola and that V drops off rapidly with 

increasing moment only when M is almost equal to N. Further, the 

bending strength of a girder is not significantly decreased until the 

applied shear force exceeds 0.5V 
R. As long as the calculated values of 

VR and MR are reasonably accurate therefore, the interaction diagram 

PQRST is a good representation of the true curve. 
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FIG. 6.1 STRESSES IN PLATE GIRDER SUBJECTED TO SHEAR 
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CHAPTER 7 

TESTS TO INVESTIGATE ULTIMATE STRENGTH 

7.1 Introduction 

Tests have been conducted on three uncased composite plate girders 

of 'T' cross-section. They represented that length of a continuous beam 

which is subjected to hogging moment and shear over an intermediate 

support. The purpose of the tests was to determine whether a slab acting 

compositely with the steel girder increased its ultimate strength in 

shear and bending. The behaviour of the shear connectors was of interest, 

because they would be subjected to a combination of uplift forces and 

longitudinal shear if tension field action occurred as in steel girders, 

and might fail as a result. This would probably lead to a loss of 

composite action. 

The three test girders were numbered PG1 to PG3 and the two ends, 

which were tested separately, were denoted by 'A' and 'B' respectively. 

Only those parameters related to the concrete slab and its connection to 

the steel beam were varied. 

7.2 Test specimens 

7.2.1 Choice of specimens 

Specimens PG1 and PG3 represented the main longitudinal girders of 

a bridge, and the two ends of PG2 simulated, respectively, a transverse 

diaphragm of a bridge and a main girder in a building. 

The depth of the slab in composite bridges varies in practice 

between 200mm and 230mm, and it was thought that for the slab to have a 

significant effect on the beam behaviour, its depth should not be less 

than 10 of the total beam depth. The overall beam depth would therefore 

be approximately 2.0m, which precluded the possibility of testing a 

full-size beam in the laboratory. Conversely, a small-scale model was 
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undesirable because of the difficulty of manufacturing representative 

micro-concrete and, especially, of welding plate girders from very thin 

metal. 

A scale of approximately 1: 2 was therefore chosen for the models of 

longitudinal bridge beams, but the building girder and the transverse 

diaphragm were modelled almost full size. The overall dimensions of the 

specimens are listed in Table 7.1, which also gives the purpose of each 

test. 

The method of conducting two separate tests on each beam is 

illustrated in Fig-7-1. The first test is conducted on end 'A', which is 

almost certain to fail before end 'B' because it is subjected to a much 

greater shear force (see Fig. 7. la). Once failure has occurred in one or 

more panels of end 'A', they may be stiffened with a diagonal brace 

before the beam is turned round to test end 'B' (Fig-7.1b). Changes in 

the dimensions of the slab or size and spacing of the shear connectors 

between one end of the beam and the other occur over panel 'C'. 

7.2.2 Detailing of test specimens 

7.2.2.1 Steel girder 

The dimensions of all three plate girders for Beams PG1 to PG3 are 

shown in Fig-7.2. The slenderness ratio-of the web is 130, which 

corresponds to a web thickness of approximately 13mm in a 2m deep com- 

posite beam. 

The flange dimensions were chosen to avoid any possibility of local 

flange buckling, and all welds and stiffeners are over-scale to ensure 

that they do not fail prematurely. 

7.2.2.2 Reinforced concrete slab 

The dimensions and reinforcement of all the slabs are shown in 

Fig. 7.3. Test PG3A was on a plain steel section, and the slab for PG3B 
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was cast while the steel beam alone was subjected to about 330 of the 

predicted ultimate load of the composite beam. The length of the slab 

was reduced for Specimens PG2 and PG3 to increase the clearance between 

the end of the slab and parts of the test rig. 

7.2.2.3 Longitudinal shear 

The magnitude of the longitudinal shear force at the interface of 

the steel beam and slab determines the design of the shear connection 

and the transverse slab reinforcement. 

The shear connection in Girder PG2A was designed to the recommenda- 

tions in the draft for public co=ent of Part 3 of the new BS44944. For 

the other specimens, the recommendations now in BS5400, Part 534 were 

used. Headed studs were used throughout, arranged as shown in Fig. 7.4" 

The full width of the concrete slab was assumed to be effective and no 

allowance was made for uplift forces on the connectors which might have 

developed due to tension field action. Specimen PG2B is a model of a 

transverse beam framing into a main longitudinal beam (represented by the 

support stiffeners) and the gap of 500mm between adjacent groups of 

connectors is the one recommended by BS5400 in such circumstances. 

The transverse reinforcement in Beam PG2A was designed to the 

recommendations in Ref-44. The longitudinal force in the slab at the 

critical section above the support was assumed to be that corresponding to 

a stress of 4ß0N/mm2 in the main reinforcement. For the other specimens, 

the transverse reinforcement was designed to the latest draft of BS5400, 

Part 5 available at the time46. It differs from the published standard 

in the calculation of shear flow at the interface of. the girder and slab 

for the ultimate limit state. In the draft, the shear was derived from 

the difference in the longitudinal force in the slab between critical 

cross sections (as in Ref-44), whereas in BS5400 itself the cross section 
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is analysed elastically, assuming the slab to be uncracked and the 

loading appropriate to the ultimate limit state. For Specimens PG1 to 

PG3, the latter method gives a force in the slab above the support 

corresponding to four times the yield stress in the main reinforcement, 

so the draft rules are more appropriate here. 

For the purpose of calculating longitudinal shear forces, the loads 

at serviceability and ultimate limit states were calculated as follows. 

It was assumed that the yield stress of the structural steel was 280N/mm2, 

and its modulus of elasticity 207kN/mm2. 

(a) The load at the serviceability limit state generally was taken 

as the one that causes buckling in the web of the girder, 

calculated by the classical theory described in Chapter 6 and 

ignoring concrete in tension. By the time Specimen 3B was 

designed, it was clear that yield in the tension flange occurred 

before web-buckling, so for this test the serviceability load was 

taken as the one that resulted in a stress of 250N/mm2 in the 

tension flange. 

(b) The ultimate load was calculated from Rockey's method (Chapter 6). 

The area of longitudinal reinforcement in the slab was added to 

the area of the tension flange, but otherwise the effect of the 

slab was ignored. When designing PG2A, the "flexural strength" 

of the section was not calculated as recommended in Ref-449 but 

was taken as the maximum moment in the girder at the calculated 

ultimate load. 

7.2.3 Construction of test specimens 

The plate girders were fabricated by Clarke-Chapman Ltd., Horsely 

Piggot Division, using grade 43A steel throughout. The method and 

accuracy of fabrication followed as closely as possible the practice 

adopted for actual bridge girders up to 2. Om deep. Welds were made in 
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the sequence shown in Fig. 7.5" 

The concrete for the slabs was mixed in the laboratory using a 

0.13m3 - capacity pan mixer. Two mixes were designed to give 7-day cube 

strengths of 25N/mm2 and 45N/mm2 respectively, using Rapid-hardening 

Portland cement and crushed aggregate of maximum size 20mm. Table 7.2 

lists the mix used in each beam, and the number of batches required. 

Although only a standard strength concrete was needed in Test PG3B, the 

strong mix was used to reduce the delay between casting and testing. 

The two halves of the slab for PG1 were cast on consecutive days. 

Plywood shuttering was used for all tests. 

The concrete was compacted with vibrating pokers and a vibrator 

mounted on a timber baulk which spanned the width of the slab. The slab 

was cured under damp hessian for seven days after casting. 

Specimens were taken from each batch of concrete; the total number 

for each beam is shown in Table 7.3. They were stored under damp hessian 

for 24 hours before being demoulded. The shrinkage prisms were then 

placed alongside the test beam, but all other specimens were stored under 

water until they were tested. 

7.3 The test rig 

Two views of the test rig are shown in Figs-7.6 and 7.7. Standard 

laboratory "meccano" was used for most of the components. 

The beam was loaded as a double-cantilever, using a 90-tonne 

hydraulic jack placed at one end of the beam and operated with a manual 

pump. The support for the girder was placed on a large concrete plinth 

to spread the load over a wide area of the strong floor, which was 

stiffened flexurally by connecting two 12-in channels to it with high- 

strength friction grip bolts. 
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Knife-edge bearings were used at all three loading points. They 

were essentially constructed to the design of May45 who had developed 

crossed knife-edge bearings capable of withstanding a load of 2000141 for a 

column-testing rig45. Only one knife-edge is used in each bearing of the 

plate girder rig, to provide rotational freedom in the plane of bending. 

Longitudinal freedom is provided in the two bearings at the ends of 

the beam by incorporating nineteen silver steel rollers 13mm diameter and 

300mm long. Calculations based on the theory of elasticity showed that 

the measured yield stress of the silver steel rod would be exceeded two- 

fold at the design load of 1000kN. However, tests on a scale model 

subjected to an equivalent load revealed no sign of distress in either the 

rollers or the bearing plates, and the design was therefore thought to be 

satisfactory. 

All the knife-edge bearings were carefully aligned to prevent 

torsional deformations being imposed on the beam. 

Lateral and torsional stability of the beam was ensured by the system 

of braces shown in Fig. 7.7, supplemented by guide plates bolted to the 

reaction frames at both ends of the beam and bearing against the edges of 

the tension and compression flanges. 

The diagonal bracing to the reaction frames, and the two longitudinal 

channels which span between them (Fig. 7.6) were added during Test PGfA. 

Previously, two attempts to load the beam to failure had had to be 

abandoned due to instability of the reaction frames and an unsatisfactory 

arrangement of the bearings there. 

7.4 Instrumentation 

A Phillip3 100-tonne electrical strain gauge load cell was used to 

measure the load in the shorter cantilever (the 'test span'). A 50-tonne 

cell was used in the longer cantilever (the 'reaction span') except in 
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Test PG2 where an oil pressure gauge was inserted in the hydraulic system 

to determine the jacking force. 

Rotations of the beam were measured at the points shown in Fig-7-8 

using an inclinometer of sensitivity 333 x 10-6 radians/division. The 

rotation of the slab was not measured after Test PGl because it was found 

to depend on local deformations only, which could be determined more 

accurately from deflection readings. 

Deflections of the beam were measured at the positions shown in 

Fig. 7.8 using dial gauges of sensitivity 0.01mm per divison. All gauges 

were mounted on the instrumentation rig which is illustrated in Fig. 7.9, 

except as follows: 

(a) In PG1A the dial gauges for measuring slab deflections were 

clamped to magnetic bases which were mounted on the underside of 

the steel tension flange. Uplift of the slab was therefore 

measured directly, but due to the limited space the gauges were 

difficult to read, and in subsequent tests they were mounted on 

the instrumentation rig. 

(b) During the pre-loading and casting phases only of PG3B, measure- 

ments of deflection were limited to the vertical displacement of 

the extreme tips of the plate girder. The dial gauges were 

located underneath the compression flange and were mounted on a 

frame of 'Dexion' which was clamped rigidly to the supporting 

concrete plinth. 

Strains on the surface of the steel girder and the reinforcing bars 

were measured with 10-mm temperature-compensated electrical resistance 

strain gauges. The output from them was recorded on the Solartron data- 

logger described in Chapter 2. The location of the gauges is shown in 

Fig-7-10. A diagonal grid of gauges was mounted on the web of PG1A to 

detect the effects of tension field action, but was replaced by a column 
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of strain-gauge rosettes in subsequent tests because buckling of the web 

did not occur until immediately before the beam collapsed. 

At some cross-sections of PGI, strain gauges were placed on both 

sides of the longitudinal centre-line of the girder to check that 

deformations were symmetrical in the transverse direction. 

A ripple scanner was used to measure the out-of-plane deformations 

of the web panel nearest the support in the test span. It is illustrated 

in Fig-7-11 and consisted of six transducers mounted on an aluminium 

channel which the operator could slide manually along two guide rails. 

The rails consisted of 20mm diameter steel rods and were mounted in self- 

aligning bearings clamped to the stiffeners of the girder. They were 

therefore located in the transverse direction, while avoiding distortion 

due to in-plane and out-of-plane deflections of the girder. Sensitivity 

of the transducers was either 50mm/volt or 25mm/volt, and the output was 

recorded by the Solartron data-logger. 

Initial out-of-plane imperfections of the web were determined with a 

straight edge and feeler gauges. 

The extension of the top surface of the concrete slab was measured 

along the grid lines shown in Fig-7-12 with a 200-mm demec gauge. 

Measurements were taken on consecutive gauge lengths. Crack widths were 

measured where they crossed the grid lines, using a microscope with 

0.05mm graduations. 

7.5 Test procedure 

7.5.1 General 

The procedure adopted for individual tests in the PG series is 

described in Sections 7.5.2 to 7.5.6, but some features are common to all 

tests and these are listed here. Where loads are given, they refer to 

the vertical shear force in the test span, and not the force in the jack. 
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In each test, the load was increased to 200kN and then dropped to 

zero three times to check the instrumentation. The load was applied in 

four equal increments and a complete set of readings was taken at each, 

apart from concrete surface strains and crack widths which were read 

during the first cycle only. 

Once the instrumentation was checked, the load was increased in 

increments of 5OkN until approximately eo% of the expected failure load 

was reached. Out-of-plane deflections of the web were measured at 

alternate load stages, but otherwise a complete set of readings was taken 

at each increment. In some tests, and for a variety of reasons as 

detailed below, the load was released before the beam failed. On con- 

tinuing the test it was increased in increments of lOOkN until the 

previous maximum load was attained. 

As a beam approached the expected failure load, increments were 

decreased to a nominal 30kN. Only a few selected crack widths and 

concrete surface strains were measured,. but otherwise a full set of 

readings was taken at each increment. When increasing the load, it was 

monitored very carefully and as soon as it showed any signs of falling 

off, a set of readings was taken as quickly as possible. Thereafter the 

test was deflection-controlled, applying a jack movement of approximately 

5mm in each of six or seven load stages. 

None of the tests were concluded in a single day, and the beams were 

left loaded overnight. The following morning the load had usually dropped 

off a little, but never by more than 5 of the overnight value. 

7.5.2 PGIA 

As noted, this test was abandoned twice due to instability in the 

rig; once at 600kN and again at 800kN. In each case, the load was 

released while modifications were made to the rig. Once the stiff 
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longitudinal bracing shown in Figs. 7.6 and 7.7 had been added, the load 

was increased until the beam failed. 

7.5.3 PGlB 

The instrumentation was checked as usual, but in the third cycle the 

load was increased to 400kN before being released, in order to study the 

elastic behaviour of the beam. Thereafter, the load was increased 

steadily until the beam failed. 

7. .4 PG2A and PG3A 

Once the instrumentation had been tested, the load was increased 

steadily until failure occurred in the test span. In each test the panel 

that buckled was the end panel, so the load was released while diagonal 

stiffeners of rectangular hollow section were welded in (Fig-7-13a). A 

further test was then conducted by reloading the beam in 100-kN increments 

until 80% of the expected failure load was applied, and thereafter in 

30-kN increments until the panel adjacent to the support collapsed. 

7.5.5 PG2B 

In this test the concrete slab extended only half-way along the end 

panel, which would therefore represent neither a plain steel girder nor 

a composite one. It was therefore stiffened as shown in Pig. 7.13b before 

the test, to prevent it buckling. Once the instrumentation had been 

checked, the load was increased steadily until the panel adjacent to the 

support failed. 

7.5.6 PG3B 

The end panel of this test was also stiffened as shown in Fig. 7.13b. 

The test followed the normal procedure until the required prestress in 

the steel beam was reached. The corresponding load was 300kN, but 350kN 

was briefly applied to the beam to remove any slack from the rig. The 

shuttering was then constructed and the slab cast. The steel strains and 
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the vertical deflection at the tips of the beam were measured at regular 

intervals while the concrete was curing, and once it had reached the 

required strength, the test continued as usual. 

7.6 Auxiliary tests 

All transducers were calibrated immediately before each test using 

a micrometer of sensitivity 10-4in per division. The calibration of the 

load cells was checked with a 3-MN Denison compression-tester when the PG 

tests were complete. 

Tension tests were performed on three coupons cut from Girder PG3, 

using a 10-tonne Monsanto Extensometer machine and a Baty dial gauge of 

length 21n and sensitivity 1/20000 in per division. The dimensions and 

location of each coupon are shown in Fig-7-14. 

Tests on the concrete specimens were carried out in accordarD e with 

B5188137 where appropriate, using a 3-MN Denison compression-tester. 

The shrinkage of the concrete prisms was determined as described in 

Section 2.6.1, except that 150-mm demec gauges were used. 
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Design 
strength Number Beam 

of mix batches 

N/mm2 

PG1A 25 3 

PG1B 45 2 

PG2 25 6 

PG3B 45 4 

TABLE 7.2 CONCRETE MIXES POR BEAMS PG1 - PG3 

No. of specimens 

Beam 150mm Cylinders Shrinkage prisms 
cube 

200mm x 100mm 200 x 50 x 50mm diam. 

PG1A 6 3 2 

PG1B 6 3 3 

PG2 6 3 5 

PG3B 2 3 5 

TABLE 7.3 CONCRETE TEST SPECTTh S FOR BEAMS PGl - PG3 
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CHAPTER 8 

RESULTS OF TESTS ON PLATE GIRDERS 

8.1 Introduction 

The general behaviour of Beams PG1 to PG3 is described first in 

terms of their load-deflection (V-S) curves, which are plotted in Figs. 8. l 

to 8.3. S is the movement measured by the dial gauge marked 'X' in 

Fig. 7.8, which was mounted on the instrumentation rig and therefore 

recorded the relative deflection of the support stiffeners and the tips 

of the beam. The load is the vertical shear force in the test span (V) 

and is expressed as a proportion of Vy. 

The deformations in each beam after collapse are summarised in Fig. 

8.4, and the final crack patterns are shown in Fig. 8.5. 

The detailed results from Tests PG1 to PG3 which are relevant to the 

discussion in Chapter 9 are given later in this chapter, as are the 

results of the auxiliary tests. 

8.2 PG1A 

The test on this beam was abandoned twice before the beam was loaded 

to failure, and the V-8 curve for all three phases is shown in Pig. 8.1. 

The beam's response is non-linear, except when it is being reloaded to a 

previously applied maximum force. 

At a load of 0.06Vy the first crack formed in the slab, at the 

boundary of the two concrete pours. At 0.11Vy a further crack spanning 

the full width of the slab formed adjacent to the support stiffeners and 

thereafter increasing the load caused cracks to develop over a greater 

length of the slab. 

There were no signs of imminent collapse of the beam at a load of 

0.9Vy, which was then increased to 0.96Vy. This caused the maximum 

v 
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out-of-plane deflection in the test panel (öo) to increase suddenly from 

1.7mm to 2.4mm. While applying the next load increment thin bands of 

whitewash and scale on the faces of the web were seen to flake off in a 

pattern resembling Lueders lines. A load of 1.02Vy was briefly sustained 

by the beam, but buckles formed in the test panel and &o increased to 

13mm, which caused the load to fall off considerably. Simultaneously, a 

vertical shear deflection of 0.5mm developed across the flexural crack in 

the slab adjacent to the support stiffeners. 

Imposing further deflection on the beam caused the load to decrease, 

and led to large rotations in the plastic hinges in the steel flanges. 

The concrete slab developed a sagging curvature over about one-third the 

length of the test panel (Fig-8-4). In the slab of PG1A, and in all other 

slabs where a region of local sagging curvature developed, additional 

cracks in this region formed first at the soffit of the slab, and did not 

penetrate its full depth. On the top surface of the slab, the width of 

existing cracks near to the sagging hinge decreased, and compressive 

strains were measured here when the hinge rotation was large. 

When 8 was increased to 23mm, serious local failure occurred in the 

soffit of the slab at the position marked 'L' in Pig. 8.5. Failure was of 

the type shown in Pig. 8.9, wherein the supporting knife edge is to the 

left of the picture, and the reaction frame to the right. 

Fig. 8.6 illustrates the permanent deformations in the slab of PGl 

after both ends of the beam had been loaded to failure. 

8.3 PG1B 

The V-8 curve for this beam was approximately linear up to 0.69Vy 

which was the force applied to this end of the beam during the test on 

PG1A. Very few flexural cracks formed during this test (Fig. 8.5). 

Lueders lines were visible on the web panel at 0.96Vy, and between this 
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load and 0.99Vy9 So increased from 0.25mm to 0.9mm. While applying the 

next increment of load, the shear force in the panel rose to 1.03Vy, but 

this caused large buckles to form in the web (So m 4.8mm) and the load 

then dropped off. 

Imposing further deflection on the beam resulted in the load dropping 

off further, and in large rotations developing in the plastic hinges in 

the steel flanges. Sagging curvature developed in the concrete flange 

(Figs-8.4 and 8.6). When 6 was increased to 26=, local shear failure in 

the slab caused a horseshoe-shaped crack to develop on the top surface: 

this is illustrated in Fig. 8.7, and marked 'H' in Fig. 8.5. 

8.4 PG2A 

The first time this specimen was tested, the V-S curve followed the 

plot labelled "end panel failing" in Fig. 8.2. The firnt crack in the 

slab formed at a load of 0.06Vy, across the full width of the slab at the 

root of the tapering section. Increasing the load caused the region of 

flexural cracking to spread out from this point. 

A maximum load of 0.96Vy was applied to this specimen before gross 

out-of-plane deflections occurred in the end panel of the test span. At 

this stage 6o for the test span was 1.3mm. When the beam deflection (S) 

was increased to 13mm, 60 in the test panel decreased to 0.7mm while that 

in the end panel increased to 22mm. Further deflection of the beam 

resulted in increased amplitude of the buckles in the end panel, and a 

small increase in those of the test panel. This test was terminated 

before local failure occurred in the slab. 

After welding a stiffener into the end panel, Specimen PG2A was 

tested again and the V-S curve is the one labelled "test panel failing" 

in Pig. 8.2. At a load of 0.90Vy, So was approximately 1.33mm, but this 

increased suddenly to 5.9mm when a load of 0.97V 
y was applied. The load 
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then dropped immediately, and further pumping of the jack caused it to 

drop further. 

Plastic hinges in the steel flanges were first apparent when 6 was 

10.3mm, but the concrete slab remained in hogging curvature throughout 

the test, which resulted in larger separation between it and the girder 

than usual (Fig. 8.8). Fig. 8.9 illustrates the extent of the shear crack 

in the soffit of the slab at 6= 17.5mm. 

8.5 PG2B 

The load-deflection plot for this specimen (Fig. 8.2) was linear up 

to a load of 0.68Vy. The test was unusual in that very few cracks formed 

on the top surface of the slab. 

Between 0.90Vy and 0.97Vp So increased from 1.0 to 2.7mm. When a 

load of 0.99Vy was applied to the beam, severe buckling occurred in the 

web and the load dropped off rapidly. Imposing further deflections on 

the beam resulted in large rotations in the plastic hinges of the steel 

girder and sagging curvature in the slab over part of the test panel. 

When S was equal to 24mm local failure had occurred at the soffit of the 

slab as shown in Fig. 8.10. The crack is labelled 'L' in Fig. 8.5. 

8.6 PG3A 

Failure of this specimen first occurred due to web buckling in the 

end panel. The V-S plot is labelled "end panel failing" in k'ig. 8.3. 

Large values of So were noted in the end panel at 0.82V 
y 

(6=) and at 

0.88Vy (9mm), but the shear force in the beam was increased to 0.90Vy 

before So increased rapidly and caused the load to drop off. This test 

was terminated when So in the end panel had reached 26=, at which stage 

the equivalent value in the test panel had attained a maximum of only 

1.2mm. 

A further test was conducted on this specimen after the end panel 
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had been stiffened, and the V-S plot is labelled "test panel failing" in 

Fig. 8.3. A load of 0.92Vy was sustained by the beam with no signs of 

distress, but a shear force of 0.93Vy could only be sustained by rapid 

pumping of the jack, even though bo in the test panel was only 1.0mm. A 

set of readings was taken at this stage, after which further deflection 

was imposed on the beam. This caused the load to increase to 0.941Vy and 

remain steady there. The same pattern of apparent failure, and subsequent 

pumping to a higher load occurred at 0.945Vy, where 6a was 2.0mm. When a 

load of 0.950Vy was applied however, So increased to 4.1mm and the load 

dropped off more rapidly than ever. Subsequent deflection of the beam 

caused a reduction in the load and an increase in 6 
o. 

Large rotations 

occurred in three plastic hinges in the steel flanges, but there was no 

evidence of the formation of a sagging hinge in the compression flange. 

8.7 PG 3B 

The V-S relationship for this specimen was linear up to a load of 

0.34V , when the concrete slab was cast'. When the test continued after 

the slab was cured, a flexural crack appeared above the support stiffeners 

at a load of 0.45Vy, and the region of cracking spread out from here as 

the load was increased. This part of the V-S curve is not linear, even 

though this end of the beam had been subjected to a shear force of 0.63Vy 

during the test on PG3A. 

At a load of 0.96Vy, So was only 1.2mm, but this increased suddenly 

to 307mm when a load of 0.97Vy was applied, and led to a rapid drop in 

the load. 

When the beam deflection, 8 was 16.5mm, a horseshoe-shaped crack of 

the type illustrated in Fig-8-7 developed; it is labelled 'H' in Fig. 8.5. 

Sagging curvature was noted in the slab over part of the test panel. 

Increasing S to 20mm led to the formation of the crack marked 'S' in 

Fig. 8.5, which was similar to that in Fig. 8.9. The vertical shear 
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deformation across this crack was less than lmm, whereas at the same load, 

the deformation across the horseshoe crack on the top of the slab was 

2-3mm. 

8.8 Onset of plasticity 

8.8.1 The steel girder 

The output from the e. r. s. gauges mounted on the girder and reinforce- 

ment has been used to determine when yield occurred at the location of 

each gauge. The onset of plasticity in PG1A is described in detail first, 

and any differences in the behaviour of the other beams are then listed. 

Plasticity was first detected at a load of approximately 0.5Vy, when 

the web at location C in Fig. 8.4 yielded due to the concentrated stresses 

there. A small area of the web yielded in diagonal tension when the 

applied shear force was equal to 0.84Vy, but apart from this, no further 

plasticity was detected until the load stage immediately after the beam 

had failed. It was then found that a diagonal yield band had formed in 

the web, and that the tension flange had yielded at B. 

In both of Girders FG2A and PG3A, the tension flange at location B 

in Fig. 8.4 yielded before the beam failed, at approximately 0.84Vy. The 

web at B yielded in diagonal tension at the same load, and plasticity 

extended throughout the depth of the web at B and C after failure of the 

beam due to collapse of the end panel. Following stiffening of this 

panel and the subsequent reloading of the beam, yield strains were not 

achieved in the tension flange until approximately 0.93Vy was applied. 

The whole depth of the web at B and C yielded in diagonal tension at a 

load of 0.97Vy in the case of PG3A, but not until the ultimate load had 

been applied in PG2A. 

In PG1B, PG2B and PG3B, the tension flange at B yielded before 

collapse of the beam occurred, at loads of 0.98Vy, 0.96Vy and 0.91Vy 
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respectively. 

8.8.2 Slab reinforcement 

In all of the composite beams tested, yielding of the reinforcement 

was detected first in the top layer of bars at position B in Fig. 8.4. In 

Beam PG1A, this happened when the ultimate load of the girder was reached, 

but for all the other beams it occurred just before then, at loads within 

the range 0.90Vy to 0.96Vy. The lower layer of reinforcement at B did 

not yield until after the ultimate load of the beam had been reached but, 

as in the reinforcement above it, strains in the bars continued to 

increase with further jacking of the beam even when advanced plastic 

mechanisms had formed. 

The top layer of bars at location A in Fig. 8.4 never attained the 

yield strain; indeed the strain here fell slightly when large rotations 

developed in the adjacent sagging hinge. In the lower layer of bars at 

A, the large rotations resulted in an increase in the tensile strain, and 

eventual yielding in the case of Beams'PG1A and PG2B. 

8.9 Out-of-plane web deformations 

pontours of web deformation for the test panels of each girder are 

shown in Fig. 8. ll': they are derived from measurements taken immediately 

after the maximum load in each girder was attained. The direction of the 

tension field has been estimated from the contours and is indicated by 

the diagonal straight line. 

The development of web buckling is traced in Fig. 8.12, wherein the 

out-of-plane deflection of a point near the centre of the panel is 

plotted against the applied shear force. Gross buckling did not occur 

until either just before or just after the ultimate load was reached, and 

was therefore elasto-plastic in nature, since it coincided with the 

formation of the diagonal yield band in the web. 
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8.10 Slip 

Slip at the interface of the steel girder and the slab of Beams PG1 

to PG3 is plotted against the vertical shear force in Figs. 8.13 to 8.15. 

8.11 Uplift and vertical deformations in the tension flange 

The deflected shape of the tension flange in the region of the test 

panel has been determined at selected load stages, and the results are 

shown in Figs. 8.16 to 8.18. Loads subscripted "F" are on the falling 

branch of the V-6 curve. The curves plotted are the relative displacement 

of the tension flange and the instrumentation rig shown in Fig-7-9. True 

deflections of the flange may be obtained by referring each curve to a 

straight line drawn through two points which are known not to have moved 

vertically. With sufficient accuracy, two such points may be taken as the 

pivot of the instrumentation rig (P in Fig. 7.9) and the dial gauge nearest 

the support stiffeners, and the resulting reference lines are shown dotted 

in Figs. 8.16 to 8.18. 

The uplift of the concrete slab relative to the steel beam has been 

plotted below the curves of deflection, using the same horizontal scale 

but a much enlarged vertical one. 

8.12 Auxiliary tests 

The results of the tests on the steel coupons and the concrete 

strengths specimens are given in Tables 8.1 and 8.2. The cube crushing 

and moduli of elasticity for concrete are average results from tests on 

three specimens, except for PG3B, where only two cubes were cast. 

Tabulated values of shrinkage strain are the average of the strain in two 

sides of each prism (Table 7.3) between the seventh day after casting and 

the last day of the corresponding girder test. 

The results of the tests to calibrate the load cells are given in 

Fig. 8.19. 
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Girder coupons 
Coupons from 

12mm diem. reinforcement 

Modulus of 0.2f 
Location Yield stress elasticity Sample proof stress (Fig. 7.14) 2 (IT/mm ) ( I/ 2) 

MM ) (N, 2 

T 273 211 1 438 

W 328 209 2 425 

C 306 214 3 432 

TABLE 8.1 RESULTS OF TESTS ON STEEL COUPONS 

Cube crushing Modulus of 
Compressive strain 

in 
Specimen strength 

2 
elasticity 

2 shrinkage prisms 
(Ný ) (ý ) (10" 6) 

PG1A 36.3 28.1 271 

PG1B 60.8 39.1 465 

PG2 
(Test on End 'A') 33.2 - 280 

P02 
(Test on End 'B') 33.7 26.3 311 

PG3B 43.7 28.3 257 

TABLE 8.2 PROPERTIES OF CONCRETE ON LAST DAY OF GIRDER TEST 
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CHAPTER 9 

ANALYSIS AND DISCUSSION OF TEST RFULTS 

9.1 Introduction 

In this chapter, the results of the PG series of tests are considered 

in order to determine a satisfactory collapse model for composite plate 

girders subjected to high shear ratios. It is shown that an established 

model for plain steel girders provides a satisfactory basis for further 

development, and the modifications required to allow for the presence of 

the concrete slab in composite beams are discussed. 

A method of designing composite plate girders subjected to combined 

shear and hogging moment is then proposed. Finally, existing design rules 

for plain steel girders are discussed, and it is shown that they may be 

applied to composite girders with only slight modification. 

9.2 Accuracy of results 

9.2.1 Experimental results 

The calibration test on the load cell showed it to be accurate to 

better than 0.5/ of the maximum load. The use of knife-edge bearings 

permitted accurate positioning of the applied loads, and it is estimated 

that the shear force and bending moment derived from the load cell reading 

would be within 1; % of the true values at the instant the measurement was 

taken. 

The terms "ultimate load" and "maximum load", as used in this thesis, 

refer to the greatest load that the beam can sustain for an indefinite 

period of time. However, due to dynamic effects in the beam and the test 

rig the beam may develop instantaneously a load which exceeds the ultimate 

load, so test results can only give an estimate of the latter. It lies 

somewhere between the maximum recorded load and the load at the previous 

load stage, which was sustained while all readings were taken. 
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The error in estimating the ultimate load was minimised in Tests PG1 to 

PG3 by increasing the jacking force slowly as the beam approached failure, 

and monitoring the load cell readings constantly for any rapid reduction 

in load. Estimated values of the ultimate load of Beams PG1 to P03 are 

thought to be accurate to within 2ö - allowing for non-linearity of the 

load cell and errors in measuring the positions of the applied load. 

Small variations in the strength of the three steel beams used for 

PG1 to PG3 are to be expected, but these were kept to a minimum by having 

all the girders fabricated at the same time by a firm with considerable 

experience in large-scale structural steelwork. 

The ultimate load of the end panels of PG2A and PG3A was lower than 

that of the test panels. The higher shear force sustained by the test 

panels is too consistent to be ascribed to random deviation, and it is 

concluded that Vu for the end panels is unrealistically low. Draw-in of 

the end vertical stiffeners due to a lack of horizontal continuity and, 

in the case of PG2A, local effects due to the concrete slab terminating 

at mid-length of the panel, would account for this. 

The onset of plasticity has been judged from e. r. s. g. readings which, 

of course, can only give information for specific locations. Reference 

is made to previous research on plain steel girders for more detailed 

information in this respect. Strain readings are accurate to within 

2x 10-5 (see Section 4.2.1) so the load at which yield occurs at the 

position of each gauge may be judged with insignificant error. 

Strain gauge readings are also used to determine the average shear 

strain in the web before the onset of plasticity, and the accuracy of 

these will be affected by buckling in the web. Measurements of out-of- 

plane deflections show that the shear strain derived from readings of an 

individual gauge rosette may be in error by as much as 6- 7%. For all 

beams except PG1A, however, web strains were measured by a vertical 
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column of gauges, so that convex out-of-plane bending at some gauge 

locations was balanced by concave bending at others. The error in the 

average web shear strain will therefore not exceed about 2$. 

Deflections of the steel girder and the slab were measured with dial 

gauges mounted on a non-rigid frame (Fig. 7.9), and errors would therefore 

accrue due to friction in the bearings of the frame. The deflected shapes 

of the girders are thought to be accurate to within 0.2mm which is satis- 

factory because they are not used in any quantitative analysis. The 

vertical separation of the girder and slab is determined from the 

difference in deflections recorded by adjacent dial gauges, the relative 

deflection of which would be very small. The plots of vertical separation 

should therefore be accurate to within . 02mm. 

. 2.2 Theoretical analyses 

All theoretical analyses in this chapter are based on the measured 

yield stress of the component plates of the girders. An average value 

for E of 207kN/mm2 has been used, and Poisson's ratio for steel was taken 

as 0.3. A yield stress of 430N/mm2 was used for the longitudinal slab 

reinforcement, which is within 2% of the values determined by coupon tests. 

Properties of the concrete slab are not required. 

The effects of residual stresses and initial imperfections of the 

web are not considered. This is thought to be reasonable because these 

phenomena were ignored in all the work reported in Section 6.2, without 

impairing the close agreement of theoretical predictions and experimental 

observations. Dead load accounts for less than 0.5V-, of the stresses at 

the ultimate load in Beams PG1 to PG3, so this also has been ignored. 

2.3 Discussion of test results 

9.3.1 Elastic response 

The non-linear response of the girders which is evident in Figs. 8.1 
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to 8.3 is to be expected because tension cracks form in the slab at low 

load, and lead to a gradual loss of stiffness as the cracked zone spreads 

outwards from the central support with increasing load. During parts of 

the loading history when no extra cracks form, either because the beam is 

being loaded for the second time or because there is no slab at all, the 

V-8 plot should be linear: Figs-8-1 to 8.3 show this to be the case. 

A full-interaction elastic analysis has shown that shear strains 

account for approximately 40/5 of the total deflection of Beams PG1 to PG3 

in their original condition. Adding heavy diagonal braces in one or more 

panels will significantly decrease the total shear deflection of the beam, 

and this explains why the apparent stiffness of Beams PG2A and PG3A is 

greater after the end panel has failed (and been stiffened) than before. 

It also explains why Beams PG1B and PG2B are as stiff as PG1A and PG2A, 

respectively, even though cracking in the slab wao more extensive when the 

"B" end of each girder was tested. 

Equation 6.9 has been used to calculate the theoretical shear force 

in the composite beam, Vor, which causes elastic buckling in the webs of 

PG1 to PG3. It was found to lie in the range 0.47Vy to 0.54Vy, the 

variation being due to the different depths of concrete slab on some of 

the girders which means that different loads must be applied to them in 

order to develop the same shear and bending stresses in the web. 

In practice, initial imperfections in the web cause out-of-plane 

deflections to increase gradually with load, making it impossible to 

determine the elastic buckling load from experimental results. This was 

the case in Beams PGl to PG3 (see Fig. 8.12), but it is clear that web 

buckling is not significant until the load is almost double the calculated 

buckling load. The same behaviour was noted in other tests on plain 

steel girders with web-slenderness ratios of approximately 13054'71. 
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9.3.2 Onset of plasticity 

A full interaction analysis has been used to calculate the loads at 

which various elements of the composite beam are expected to yield, and 

the results are listed in Table 9.1. Concrete in tension has been ignored. 

Discounting failure of the end panels for the present, yielding of 

the tension flange adjacent to the support stiffener occurred at a lower 

load than expected in all beams except PG3A. This was the plain steel 

girder, and the discrepancy is believed to be due to the existence of 

local hogging curvatures in the flange imposed by tension field action. 

In the composite beams, slip at the interface of the steel girder and the 

slab accounts for the higher strain measurements than calculated from 

full-interaction theory. 

However, yield occurred in the top reinforcement of the composite 

beams at a load so much lower than expected that slip alone cannot be held 

responsible. The difference indicates the presence of local hogging 

curvature in the slab when the beam reaches its ultimate load, and is 

consistent with the presence of compressive strains in the soffit of the 

steel flange as described above. Compressive strains in the flange soffit 

will delay the onset of yield here, so the effect of slip in decreasing 

the load to produce plasticity in the flange is greater than is immediately 

apparent from the difference in the measured and calculated yield loads. 

The spread of plasticity in the webs of PGl to PG3 is, as far as 

could be determined from the strain gauge readings, the same as that 

reported in Chapter 6 for plain steel beams. Yield in diagonal tension 

was detected either just before or just after the ultimate load was 

reached, but this variation is to be expected because the margin in load 

between the web yielding and a plastic collapse mechanism forming is 

apparently small47. 
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9.3.3 Behaviour at and beyond ultimate limit state 

9.3.3.1 Uplift and deformation in the tension flange 

The main cause of vertical separation of the concrete slab and the 

steel beam in Beams PG1 to PG3 is the development of the diagonal tension 

field in the web. It is resisted by bearing of the concrete against the 

underside of the head of the shear studs and, partly, by friction between 

the stud shank and the surrounding concrete. 

The extent to which the slab and the steel girder act compositely 

with respect to vertical deformations of the flange is therefore closely 

related to the vertical strength of the shear connection. In Beam PG1 the 

shear connectors were designed to the stringent requirements of BS5400, 

and even though no specific allowance was made for uplift forces, the 

separation of the girder and slab remained small even when the ultimate 

load was applied (Fig. 8.16). This resulted in the regions of severe 

sagging and hogging curvature in the slab, shown in Fig. 8.4. 

In PG2 the shear connection over both test panels was much weaker 

than in PG1, and the large separation of the slab and girder is not 

surprising. However, it does not follow immediately that the connectors 

should be designed to allow for uplift forces specifically: the value of 

doing so depends on the effect of large separations on the ultimate load 

of the composite beam, and is discussed later in this chapter. 

In Beam PG3B, the vertical pull-in of the tension flange is of the 

same order as that in PG1A, yet the separation of the slab and girder is 

much larger. The arrangement of the shear connectors is identical in the 

two beams, so this indicates that the slab of PG3B offers greater resis- 

tance to the development of severe sagging and hogging curvature. This is 

as expected, because the prestress in the steel beam before casting the 

slab will reduce the extent of flexural cracking at a specified load, 

compared with a non-prestressed beam such as PG1A. The greater flexural 
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strength of the slab is, apparently, not counteracted by greater resis- 

tance to separation, and this agrees with the work done by Arnaout172, who 

showed that flexural cracking in the slab of a composite beam has no effect 

on its punching shear strength. 

The plastic hinges which formed in the steel flanges of Beams PG1 to 

PG3 led to a shear-sway mode of collapse similar to the one proposed for 

plain steel girders (Fig. 6.3a). There was surprisingly little variation 

in the position of these hinges, bearing in mind the differences in the 

flexural strength of the tension flange implied by the degree of vertical 

separation. For all three beams the sagging hinge in the tension flange 

fell within a distance of 0.44b to 0.52b from the support stiffener 

(Fig. 8.4). Nor was the variation consistent: in PG1B the hinge formed 

closer to the support stiffener than in PG2A, where the tension flange was 

much weaker with respect to vertical forces. 

The results of PG1 to PG3 therefore indicate that the resistance of 

the shear connectors to uplift has little effect on the position of the 

plastic hinges in the flanges, and that the small variation observed in 

these tests was probably due to random variations between the test 

specimens. 

9.3.3.2 Web buckles 

The inclination of the buckles to the flanges in PG1A and PG1B is 

noticeably larger than in the other composite beams due to the improved 

resistance of the shear connection to vertical separation. This increases 

the resistance of the tension flange to vertical loads, and attracts a 

greater proportion of the stresses in the tension field. In Beams PG2 and 

PG3B the considerable separation of the slab and girder causes a loss of 

composite action with respect to bending of the flange, and the inclination 

of the buckles is approximately equal to that in PG3A - the plain steel 

girder. 
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9.3.3.3 Slab behaviour 

If local curvatures in the slab in the region of the plastic hinges 

become so severe that compression develops in the concrete, a considerable 

shear force will be required in the slab to maintain equilibrium, and this 

will add to the ultimate shear strength of the composite girder. 

Strains in the top layer of reinforcement above the support stiffeners 

increased indefinitely as rotation occurred in the adjacent hogging hinge, 

as would be expected, but tensile strains in the lower layer of bars also 

increased and sometimes exceeded the yield strain, indicating that com- 

pression did not develop here. A normal plastic analysis of the assumed 

section of Fig. 9.1 confirms this, for the neutral axis with respect to 

local bending is found to lie in the steel flange. 

Crack width measurements on top of the slab at the sagging hinge 

show that for all beams except PG2A compression occurs there when large 

rotations develop. The reversal of slip both at the free end of the slab, 

and at point A in Fig. 8.4 confirms this, but the beam deformation at this 

stage is so large that it would be unrealistic to allow for compression in 

the slab when calculating the ultimate load of the girder. Tensile 

strains in the lower layer of reinforcement at point A approached yield 

values at large deformations, indicating that these bars almost certainly 

yielded in tension at the mid-panel hinge where, apart from Beam PG2A, 

sagging curvatures were much greater. 

9.3.3-4 Ultimate loads 

The ultimate load of the test panels of Beams PG1 to PG3 has been 

derived as explained in Section 9.2 and the results are listed in Table 

9.2. Fig. 9.2 is an interaction diagram on which the coexistent shear 

force (Vu) and the maximum panel moment (1u) at the ultimate limit state 

are plotted in terms of Vy and MPC of Beam PGl. For composite 'T' beams, 
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Mpg is defined as the full plastic moment of the girder, including the 

reinforcement but ignoring concrete in tension. The various theoretical 

relationships plotted in Fig. 9.2 will be described in due course. 

There is very little variation in the ultimate load of Beams PG1 to 

PG3. Using a concrete with a cube crushing strength of ; 0N/mý2 (PG1B) 

instead of 30N/=2 increases the ultimate load by 2%, and omitting the 

slab altogether (FG3A) reduces it by 2.5`/x. However, prestressing the 

steel beam, increasing the depth of the slab, or reducing the shear 

connection to the extent that considerable separation develops between the 

slab and the steel girder, had a negligible effect on the ultimate strength 

of the composite beam. These results will be discussed at length in the 

following sections, when realistic methods for calculating the strength of 

composite plate girders have been derived. 

9.4 Ultimate strength of composite girders subjected primarily to shear 

9.4.1 General 

It is beyond the scope of this project to conduct a detailed' 

investigation of the behaviour of plain steel plate girders, so one of 

the existing design methods described in Section 6.2 has been used as a 

basis for further development. That developed by Rockey et a148-51,62-64 

was chosen for several reasons: the assumed failure mode was the same as 

that in Beams PGl to PG3; the behaviour of steel girders was thoroughly 

investigated and described in a series of reports; and calculations based 

on the design method correlate well with test results. 

The elements that contribute to the shear strength of plain steel 

girders may be identified by combining Equations 6.1,6.4 and 6.5 as 

follows: 

Vult 3 Vor + 2ce t Qty sin2ß + vty t d(cotp - cotpd) sin2P (9.1) 

The three terms in the expression for VUlt are, in order, the shear 
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buckling load and the loads due to the tension field supported by the 

flanges and the vertical stiffeners. A fourth term which is usually 

ignored in the case of steel girders, but which may be significant in 

composite construction, is the shear strength of the flanges. 

9.4.2 Shear force in the slab 

Four stages in the behaviour of the slab of a composite beam may be 

identified, as follows: 

Stade 1 When the concrete slab is uncracked, a normal elastic analysis 

may be used to calculate au, the proportion of shear taken by it. This 

has been done for Beams PGl to PG3, assuming full interaction, and the 

results are shown in Table 9.3. The proportion of shear is constant 

throughout the length of the composite beam. 

Stage 2 When cracks have formed in the slab, an elastic analysis may 

still be used to determine a. Consider Fig-9.3a which illustrates the 

forces acting in a cracked composite beam subjected to combined shear and 

bending. Full interaction is assumed, but the slab and girder are shown 

separated for clarity. 

Equilibrium dictates that: 

as a (SR1 hl + SR2 h2)/V 8 (9.2) 

where: a value of a calculated on the basis of a cracked 
0 

section; 

R1, R2 s force in the top and bottom layers of reinforcement, 

respectively, at the section considered; 

hl, h2 - height of top and bottom layers of reinforcement, 

respectively, above the slab soffit; 

s distance as defined in Fig-9-3a. 

This formula has been used to calculate the proportion of the total shear 

carried by the cracked slabs of PG1 to PG3. Values of 8R1 and 8R2 were 
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derived from a full-interaction analysis, ignoring concrete in tension, 

and the results are shown in Table 9.3. The slab shear force will be 

transferred across the cracks by a combination of aggregate interlock and 

dowel action. 

It is now assumed that Section B in Fig-9.3 is sufficiently far away 

from the nearest crack for the tensile stresses in the slab to have 

reached the value calculated from a full-interaction, uncracked analysis, 

so a here is the uncracked value. A total shear force of (au - ac)V must 

therefore be transferred to the steel beam over any length BC, and the 

proportion of the shear force carried by a slab varies between the limits 

au and ac, dependent on the extent of cracking. 

Stage The onset of plasticity in the slab reinforcement marks the 

beginning of Stage 3. Yield will occur first in the zone subjected to the 

largest bending moment, so when this region reaches Stage 3 other parts of 

the slab will still be at Stage 2. 

The slab reinforcement may yield in tension as a result of local 

bending due to tension field action, or global bending, or a combination 

of the two. As noted in Section 6.3, Johnson and Willminbton have shown 

that if the reinforcement yields over the length PQ (Fig. 9.3b) the slab 

takes no shear force in this region, and shear transfer occurs at P. 

Stage 4 This is reached when severe deformations develop in the slab due 

to the formation of the shear-sway mechanism of Fig. 6.12. Test results 

(Section 9.3.3.3) indicate that the forces acting on the slab are as shown 

in Fig. 9.4a. Fy is the force to cause yield in tension in either the top 

or bottom layers of reinforcement, and Fes is a compressive force in the 

slab. 

Uplift forces develop at B and are balanced by vertical compressive 

forces between the girder and slab at A and C. Since these are unknown 

for Beams PGl to PG3, the proportion of the shear force carried by the 
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slab cannot be calculated accurately. However, if it is assumed that the 

vertical forces Pc and Pt are equal in magnitude to aV, and act at the 

position shown, a may be estimated. Taking the resultant of Fcs and Fy to 

be the plastic moment of resistance of the reinforced concrete slab acting 

alone, gives: 

aA V= aB Va 48kN; and 

aG V= 96kN 

where: the proportion of the total shear force carried by 
s 

the slab at locations A, B and G respectively. 

From the discussion in Section 9.3.3.3, the composite beams tested 

in the PG series had reached Stages 2 and 3 at their ultimate limit state, 

and the problem of calculating the shear force in the slab resolves to one 

of determining which value of a is appropriate, and where shear transfer 

occurs due to yielding of the slab reinforcement. 

Measurements of strain in the webs of the girders have been used to 

determine the shear force in the steel beam, and better correlation with 

these results is obtained if the uncracked value of a is assumed in 

theoretical calculations. 

Small variations in the location of shear transfer will not be 

crucial, because the extra force applied to the girder here will seldom 

exceed 10,14o of the total, and will usually be as low as 4- 5jo. For 

composite beams which fail in the shear-sway mode, the top layer of rein- 

forcement yields due to hogging curvatures imposed by tension field action, 

but this plastic zone will not extend further than the mid-panel section 

because local sagging develops there. The conservative assumption that 

shear transfer occurs at the position of the sagging hinge is therefore 

made, and the forces acting on the girder and slab are shown in Fig. 9.4b. 
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The effect of this assumption is that in any upper-bound analysis 

based on the collapse mechanism of Fig-9.4t the entire shear force is 

taken by the steel girder. Such an analysis would be an approximation of 

a true upper-bound solution, since it depends on the top layer of rein- 

forcement at B being at yield in tension, even though a sagging hinge is 

forming there: the two conditions are not compatible. 

Later in this chapter, an estimate of the lower-bound solution is 

found by considering the equilibrium and yield criteria at Section BE in 

Fig. 9.4b. The slab shear force is taken as acting to the right of this 

section (otherwise it would not be a critical one) so the region ABEF of 

the steel girder must resist the total applied shear force. 

9.4.3 Shear strength of the steel girder 

9.4.3.1 General 

The shear force resisted by a plain steel girder may be obtained 

from Equations 6.9 to 6.19, but these will be modified slightly by the 

presence of the concrete slab, as follows. 

9.4.3.2 Critical buckling load 

As noted in Section 6.2.2, all researchers agree that 

vcr 0 gor (9.3) 

but opinions differ concerning the support conditions at the edges of the 

web. Since the flanges of most girders are torsionally very stiff com- 

pared with the web, the addition of a concrete slab to the tension flange 

is unlikely to make much difference in this respect. The conservative 

assumption that the web is simply supported all round is now made, to 

balance the unsafe assumption that the buckling load is not affected by 

initial imperfections in the web. 

The neutral axis in composite beams is usually above the mid-depth 
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of the web, which is therefore subjected to a combination of bending, 

shear and global compressive stresses. The critical shear stress is there- 

fore obtained from Equation 9.4, rather than Equation 6.9: 

22 

++ Tm 1 (9.4) 

acr cr cr 

where: äcr =4(n2 E/12[1 - v2])(t/d)2, which is the critical 

axial stress of a panel subjected to pure compression; 

= the net compressive stress at the mid-panel section 
a 

which results in buckling in the presence of bending 

and shearing stresses. 

Values of oT and ä are derived on the assumption of full-interaction 

between the slab and girder, ignoring concrete in tension. When calcula- 

ting Tm, allowance must be made for the shear force in the concrete slab, 

as follows: 

'C m= 
vor(l - au )/t d (9.5) 

9.4.3.3 Plastic moment of resistance of the flanges 

As noted in Section 6.2.4.2, it is not clear whether p should be 

based on the flange alone, or on an effective 'T' section comprising the 

flange and part of the web, so both methods have been applied to the 

plain steel girder, PG3A, 

If Mp is calculated for the flanges alone, Equations 6.9 to 6.19 may 

be used without modification. Taking ß as equal to the measured inclina- 

tion of the web buckles leads to calculated values of cc, Ct and Vu which 

are considerably less than those observed in the test on Beam PG3A, 

indicating that Mpo and Mpt are underestimated. 

As noted in Section 6.5, Reference 69 recommends that MP is taken as 

the plastic moment of resistance of a 'T' section comprising the flange 

and a depth of web equal to 12tw(355/ )°. 5. If Mpc and Mpt are so 
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defined for PG3A, satisfactory agreement between theoretical and experi- 

mental values of Vu, cc and ct is obtained. 14' 
PC 

and M' 
pt 

for a 'T' beam 

are calculated not from Equations 6.13 and 6.16, but in the manner shown 

in Fig. 9.5" Subject to the neutral axis of the section being in the 

flange, this gives the following equation: 

M'pC = Mpg - F' 
C/4 

y. bf (9.6) 

M'pt = Mpt - Ftt/4 yf bf (9.7) 

In composite girders it will be conservative to ignore the increase in p 

afforded by the concrete flange, but not unduly so for several reasons. 

As noted, flexural cracks do not close up until the deformation of the 

beam is excessive, so the strength of the slab lies almost entirely in its 

reinforcement. Also, it is doubtful if the shear connection in a composite 

beam is sufficiently stiff to ensure full-interaction of the slab and the 

tension flange in the region AB of Fig. 9.4b (the slip readings in PG1 to 

PG3 confirm this); but even if it were, the positive work done by the 

reinforcement at A would be balanced to some extent by the negative work 

at B. There is further experimental evidence that the assumption of full 

interaction of the flange and the reinforcement when calculating Mpt is 

optimistic. If this is done, pt is larger than Mpc, and because o'ty 

is less in the region of the tension flange than it is near the compression 

flange, ct should then be much greater than cc. Fig-8.4 shows that this 

is not the case. 

It follows from the assumption that the slab reinforcement yields 

over the length AB (Section 9.4.2) that the slab is unable to resist any 

transverse forces applied to the flange due to tension field action. This 

is consistent with the results of PGl to PG3, in which large variations in 

the slab dimensions and the effectiveness with which vertical separation 

at the girder-slab interface was prevented, were seen to have minimal 
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effect on the position of the flange hinges. It is therefore recommended 

that the slab be ignored when calculating the full plastic moment of 

resistance of the tension flange. 

Nonetheless, the presence of a concrete slab generally increased ct 

in PG1 to PG3 (see Fig-8-4). This is because the tensile stress in the 

reinforcing bars at B will contribute to the flange force required to 

maintain equilibrium (Ft in Equation 6.15), so the reduction in pt due to 

the axial stress in the steel flange will be less if a concrete slab acts 

compositely with the steel girder. The results of PG1 to PG3 indicate 

that at the ultimate load the lower reinforcing bars yield in tension 

while the strain in the upper bars diminishes slowly. Bearing in mind the 

conservative approach in calculating pt, and the earlier assumption that 

both layers of reinforcement yield over the length AB, it is reasonable to 

take the tensile force in the slab as A. fyr. 

The revised system of forces acting on BE of Fig. 6.9 is shown in 

Fig. 9.6. Consideration of the vertical, longitudinal and rotational 

equilibrium gives the following expressions for P0 and Ft: 

Fe a Vu(d cote/2 +Z+ (cc ct]/2)/d + (M' 
pt - MI 

PC +Fwq- Mw)/d 

- (vor cote/2 + rtcr t[b - cc - ct]/2) + Fr(0.5 - hr/d) (9.8) 

Ft = Vu(-d cotß/2 +Z+ [cc - ct]/2)/d + (M'pt - M'pc + Fw q- Mw)/d 

+ (Vor cotß/2 + Tcr t[b - cc - ct]/2) - Fr(0.5 - hz, /d) (9.9) 

where: Fr is the resultant of the forces in the reinforcing bars, 

assumed to be at yield in tension; 

r is the lever arm of this force about the mid-depth of 

the web. 

Vcr' to and w are the values calculated for the composite beam as 

described in Section 9.4.3.2. 
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In Beams PG1 to PG3, Ft is in the order of 1MN, and the yield force 

of the slab reinforcement for all the composite beams is approximately 

400kN. The reduction of the full plastic moment of the tension flanges 

due to axial force is therefore almost equal for all the composite beams 

tested, and less than the reduction in the plain steel girder. In 

accordance with Equation 6.17, of should therefore be almost the same for 

all the composite beams, and greater than ct for the steel beam. This 

correlates well with experimental results. 

9.4.3.4 Inclination of the yield band 

Evans et al 
62 

recommended that for any particular girder subjected 

to a given combination of loading, p be taken as the value that maximised 

the ultimate load (ßo). This method has been applied to Beams PG1 to PG3, 

using the following iterative approach: 

(i) Estimate values of cc and ct. 

(ii) Determine rW and q from the membrane stress distribution, as 

given by Equation 6.10. 

(iii) Calculate ü from Equation 6.11. Since the slab is assumed to 

take no shear over the length AB, Vu is the total shear strength 

of the composite girder. 

(iv) Calculate the average axial force in the compression and tension 

flanges from Equations 9.8,6.12 and 9.9,6.15 respectively. 

(v) Obtain M' 
PC and M' 

Pt 
from Equations 9.6 and 9.7, basing Mp on 

the effective 'T' section as described in Section 9.4.3.3. 

(vi) Calculate new values for cc and ot, and repeat until convergence 

is obtained. 

Various shear ratios were assumed, and for each several different values 

of p were used. The maximum value of Vu for each load combination was 

then plotted on the interaction chart of Fig. 9.2. 

Two curves are shown. One represents the plain steel beam (PG3A) in 
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which F. is of course zero, and the other is applicable to all the 

composite beams. This is possible because the longitudinal reinforcement 

in each slab was identical, and its height above the steel flange varied 

only slightly between beams; it correlates well with the very small 

variation in the experimental ultimate loads of the composite beams. The 

variation in ßo as the shear ratio decreases is indicated by the figures 

adjacent to each interaction curve. 

Although there is excellent agreement between the calculated and 

experimental ultimate loads for the test panels of PG1 to PG3, cc and ct 

are usually overestimated, and ßo is always less than the measured 

inclination of the web buckles. These differences are listed in Table 9.4, 

in which it is implicitly assumed that the experimental value of Po is the 

inclination of the web buckles. 

Further analyses have been conducted using the procedure above, but 

taking po as the measured inclination of the web buckles. Calculated 

values of Vu, cc and ct are different for each beam, and are compared with 

experimental values in Table 9.5. Each term is seen to be underestimated. 

Two questions therefore arise: why are the inclinations of the web 

buckles in PG1 to PG3 so large, and are these necessarily the same as the 

inclination of the yield band? 

We consider a plate girder subjected to pure shear, as shown in 

Fig. 9.7. As noted in Chapter 6 buckling will first occur at an angle of 

450 to the flanges, because the maximum tensile and compressive stresses 

in the web are at 450 and 1350 respectively. A small increase in load 

will be taken by direct tension at an angle of 450, but because the 

regions AB and DE are better anchored against lateral forces, there will 

be a small concentration of tensile force there relative to the regions 

BC and EF. The stresses acting on an inclined element of the web are 

therefore as shown in Fig. 9.7b, and these result in the directions of 
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principal stress rotating by an amount Sp. The buckles will re-orientate 

themselves to the new direction, and the process will repeat itself, with 

the inclination of both the tension field and the buckles gradually 

decreasing by equal amounts as the load increases. The process cannot 

continue indefinitely, of course, for a stage is reached when further 

reduction of the angle of the tension field would lead to a reduction of 

the vertical component of the force therein, and ß has then reached its 

optimum value. If there is a sufficiently large difference between the 

buckling and ultimate loads (as in very slender webs) this optimum value 

will be attained. Porter et a151 tested girders with web slenderness 

ratios between 250 and 400 and found that the inclination of the web 

buckles was very nearly equal to the calculated value of po, which varied 

between 200 and 400. 

The above argument indicates that for plate girders with relatively 

compact webs, the inclination of the web buckles may never attain the 

value ßc, and this is certainly the case with Beams PG1 to PG3, where 

d/t a 130. References 54 and 71 describe tests on plain steel girders 

with similar slenderness ratios, in which the web buckles formed at 

approximately 450 to the flanges. 

In PGl to PG3, serious buckling did not occur until the ultimate load 

of the beam was exceeded, and it is possible that the angle öß in Figure 

9.7b was quite large at the maximum load. The inclination of the yield 

band in these tests is therefore not known accurately: but Fig. 9.2 shows 

that good agreement with the experimental ultimate loads is obtained if it 

is assumed to equal ßo, while Table 9.5 shows that the ultimate load is 

underestimated if it is taken as equal to the inclination of the buckles. 

The first of these methods is seen to overestimate the values of cc and 

ct (Table 9.4) as would be expected, because assuming a low value of ß 

results in a low value of the vertical forces on each flange. The second 
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method uses a high value of ß and is therefore expected to underestimate 

co and ct, which Table 9.5 shows to be the case. 

9.5 Design method for composite plate girders 

Steps (i) to (vi) in Section 9.4.3.4, repeated for several values of 

to find the optimum one, constitute a design method for composite plate 

girders subjected to combined shear force and hogging moment. The limita- 

tions to its use are now discussed. 

The method is not applicable to beams where the web yields before it 

buckles, because the yield band would then extend over the full width of 

the panel and all four flange hinges would form adjacent to the vertical 

stiffeners, as described in Section 6.2.2. This would invalidate the 

equilibrium equations on which the design method is based. Calladine5$ 

has shown that for plain steel girders with a slenderness ratio less than 

100, the assumption of plastic buckling leads to better predictions of 

the ultimate load than does the assumption of elastic buckling and the 

consequent collapse mode of Fig. 6.9. 

For plate girders with very slender webs (d/t greater than 200, say 

buckling will occur at an early stage of the loading history, and this 

will result in greater vertical forces on the flanges than were present in 

PGl to PG3. The possibility of excessive separation of the steel tension 

flange and the slab then arises. Test results showed, however, that wide 

variations in separation caused a negligible change in the ultimate 

strength of the girder, which suggests that the design method is suitable 

for all slenderness ratios above 100 which are likely to be used in 

practice. 

Equations 9.6 to 9.9 are based on the slab behaviour observed in 

Tests PG1 to PG3, where the applied moment was such as to cause wide 

flexural cracks at the ultimate load. When the shear ratio is high, such 
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cracks will be narrow or might not form at all, in which case the distri- 

bution of stresses in the slab will be different from that assumed. The 

loading arrangement for PG1 to PG3 was such as to represent a girder with 

a point of contraflexure distance 1.9h from the support, so if a typical 

span: depth ratio of 25 is taken, the point of contraflexure is 0.08 x span 

away from the support. It is therefore unlikely that the problem of high 

shear ratios will occur in practice. 

As the shear ratio decreases, a stage is reached when the axial 

forces are so large they cause yielding of one or both of the flanges in 

either global compression or global tension. The flange is then unable to 

resist any lateral load, so that cc or et will be zero, and the forces and 

moments acting on Section BE of the girder will be as shown in Fig. 9.8. 

A further decrease in the shear ratio leads to a bending mode of failure, 

and the design method is no longer valid. The critical moment, M, is the 

sum of several terms, as follows: 

(i) the moment of the yield force in the reinforcement about the 

mid-depth of the web; 

(ii) the moment of the flange forces, FC and Ft about the mid-depth of 

the web. One of these will be equal to the yield load of the 

effective section under pure axial load; 

(iii) the moment exerted by the yield band, equal to FW q; 

(iv) the elastic critical moment in the web, wM . 
It is the super- 

position of the diagonal stresses due to tension field action on 

the direct stresses due to Mw which lead to the formation of a 

diagonal yield band; 

(v) the reduced plastic moment of resistance of the flange which has 

not yielded under the influence of the pure axial load. 

The moment obtained by summing these terms must be corrected in the ratio 

of Z: (Z +b+ [cc - et]/2) to find the required value of T, R at mid-length 

of the panel. Values of MR for Beams PG1 to PG3 have been calculated, 
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., 

and are plotted in Fig. 9.2. 

Of particular interest to designers is whether the moment capacity of 

a girder is reduced by shear, and whether the composite action between the 

slab and the girder is destroyed by tension field action. In PG1 to PG3 

the strength of the shear connection in the region of the test panel 

varied from zero (PG2B) to that required by the stringent clauses of 

BS5400, Part 5 and yet the slip never exceeded 0.6mm at the maximum load. 

This compares with a slip of approximately 2.5mm at the ultimate load of 

the stud, and indicates that the slab is still acting compositely with the 

beams. Measurements of strain in the reinforcement at A in Fig. 8.4 confirm 

this, for both layers of bars yield in tension - which would not be 

possible if composite action had broken down. The moment capacity of the 

girder is, nonetheless, decreased by the presence of shear forces, as 

shown by the interaction diagrams of Fig. 9.2. Since lateral-torsional 

buckling was prevented in Specimens FG1 to FG3, Equation 6.7 may be used 

to calculate the ultimate moment capacity of these beams. This has been 

done, taking Af to be the value appropriate to the compression flange and 

assuming full-interaction of the girder and slab, but ignoring concrete 

in tension. The results are plotted in Fig. 9.2 where they are labelled 

'Mbit': the reduction in bending capacity is seen to be approximately l4 

for the composite beams. 

A serious limitation of the proposed design method is it3 complexity, 

for steps (i) to (vi) in Section 9.4.3.4 have to be repeated three or 

four times for each ß. However, it is a straightforward process to write 

a computer program which will calculate Vu for an assumed value of P so 

that the maximum Vu may rapidly be found. Such a program is within the 

capabilities of the more powerful programmable "pocket" calculators 

introduced by various manufacturers during 1978-79: the interaction 

curves in Fit;. 9.2. were derived in a morning with the aid of a Texas 
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Instrument T159. 

9.6 Implications for design recommendations 

The recommendations considered here are those in Reference 69, which 

are described in Section 6.5. Their application to PG3A (the plain steel 

girder) is straightforward, and the resulting interaction line is shown 

in Fig. 9.9, where it is labelled PQRST. "alt has been calculated from 

Equation 6.7, since lateral-torsional buckling was prevented. The ultimate 

loads of Beams FG1 to PG3 are plotted on Fig. 9.9 for the purpose of 

comparison. 

vult is expected to be underestimated by the draft recommendations 

since the calculations are based on the weaker flange, which in Beam PG3A 

is the tension flange: no allowance is made for the extra width of the 

yield band adjacent to the compression flange. The assumption made in the 

draft recommendations, that the inclination of the yield band is two-thirds 

that of the panel diagonal, is shown in Fig. 9.2 to be a reasonable one. 

Point R corresponds to the load at which the limiting force P is 

reached in the weaker flange. The forces and moments acting on the beam 

are the ones shown in Fig. 9.8a, except that Fr is zero because there is no 

concrete slab. Reference 69 only allows for the buckling shear force in 

the web, the yield band supported by the vertical stiffeners and the 

moment Ft D' when calculating VR and MR: the width of the yield band 

supported by the compression flange, the moment M' 
PC and the web moment 

are all ignored. The last term, especially, is significant in all Beans 

PG1 to PG3, since the webs are relatively compact (d/t - 130), and the 

result is that the simplified design recommendations'in Reference 69 

underestimate the ultimate load of PG3A by almost 20, of the true value. 

This degree of inaccuracy is not really acceptable, and suggests that 

more sophisticated rules are necessary for plate girders with asymmetrical 

flanges and relatively compact webs. 
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Before the interaction diagram of Reference 69 can be applied to 

composite plate girders, some means of allowing for the effect of the 

concrete slab must be determined. For the purpose of calculating `. itq 

this is straightforward, and is covered in Part 5 of BS5400 - see Section 

6.5. In the case of Beams PG1 to PG3, Equation 6.7 controls. 

Realistic values of MR and VR may be derived as follows. Part 5 

recomnends that the entire shear force in a composite plate girder should 

be assumed to act on the steel girder, and it was shown in Section 9.4.2 

that this is satisfactory for the shear ratios used in practice. It was 

also shown that when a shear-sway mode of failure occurs, both top and 

bottom layers of slab reinforcement yield at the section of the maximum 

panel moment, so that the limiting force in the tension flange now becomes 

the sum of the yield forces in the effective steel section and the rein- 

forcement. If the conservative assumptions made by Reference 69 in 

defining MR are deemed acceptable for the present, I' may then be calculated 

from Equation 6.21, bearing in mind that the centroid of the tension flarge 

will be raised by the slab reinforcement. 

The draft recommendations assume that neither flange is able to 

support any tension field action for the purpose of calculating VR, so the 

concrete slab will have no effect on this tern. Even when allowance is 

made for the slab reinforcement, the yield force of the tension flange is 

likely to control in composite beams of practicable dimensions, so it is 

the width of the yield band adjacent to the compression flange that is 

ignored when calculating VR. The errors in VR will therefore be of 

similar magnitude for steel and composite beams. 

A satisfactory value of Vult is much more awkward to define, and the 

following discussion is based on the assumption that the slab behaviour is 

similar to that described in Section 9.4.2. As stated in Section 9.5P the 

actual behaviour of the slab at very high shear ratios may be quite 
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different, so Vult as defined below has no physical meaning - it is merely 

a device for obtaining the ultimate load of composite plate girders 

subjected to realistic shear ratios. 

It was shown in Section 9.4.3.3 that the effect of the slab rein- 

forcement is simply to reduce the axial force in the tension flange: this 

increases the latter's ability to resist the vertical forces applied by 

tension field action and hence increases the shear strength of the girder. 

Any expression which attempts to define an effective Mpt for a composite 

beam must therefore include terms in the yield force of the slab rein- 

forcement, the shape and size of the effective flange section, the yield 

stress of the flange and the web, and the shear ratio of the loading 

arrangement. The derivation of such an expression would require an 

extensive parametric study which is beyond the scope of this thesis. It 

is suggested that in the absence of any further information, the slab be 

ignored when calculating Vult for design in accordance with Reference 69. 

(If this is thought to be too conservative for a specific girder, recourse 

may always be made to the more accurate, but more complex, design method 

discussed in Section 9.5") 

The interaction chart for the composite Beams PG1, PG2A and FG3B has 

been derived in accordance with the rules above and is shown in Fig. 9.9, 

where it is labelled P'Q'R'S'T'. As expected, the same assumptions which 

cause the ultimate load of the plain steel girder to be underestimated 

lead to the predicted failure loads of the composite girders being 13; 0 

lower than the experimental values. The magnitude of the error is lower 

for the composite beams than for the plain steel one, because with the 

higher limiting force in the tension flange of the former the assumption 

that MIpc =0 when a moment of NR is applied is nearly correct. 



- 264 - 

Beam 
Yield load/Vy 

(Po') 
Tension flange 

soffit 
Bottom 

reinforcement 
Top 

reinforcement 

1A 0.98 1.51 1.27 

1B 0.98 1.51 1.27 

2A 0.98 1.51 1.27 

2B 1.01 1.38 1.12 

3A 0.83 - - 
3B 0.92 1.85 1.61 

TABLE 9.1 LOADS TO CAUSE YIELD AT VARIOUS LEVELS 
IN THE TENSION FLANGE 

Beam 
(PG: ) 

Brief 
description 

Ult load 
(kIT) 

Ult load 
Vy 

1A Datum 854 0.964 

1B Strong concrete 884 0.997 

2A Weak shear connection 852 0.961 

2B Deep slab 857 0.967 

3A No slab 829 0.935 

3B Prestressed girder 864 0.975 

TABLE 9.2 ULTI14ATE LOAD OF TEST PANELS 

Beam a 
(In') 

Uncracked Cracked 

1A 0.043 0.0085 

1B 0.043 0.0085 

2A 0.043 0.0085 
2B 0.109 0.0191 

3B(1) 0.043(v-300)/V 0.0085(v-300)/v 
Note: (1) for V expressed in kN 

TABLE' 9.3 PROPORTION OF TOTAL SHEAR CARRIED BY SLAB (a) 
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Beam 
(PG: ) 

Vu Po 0c 0t 

1A 1.00 0.65 1.03 1.23 

1B 0.97 0.63 1.05 1.36 

2A 1.01 0.78 1.05 1.23 

2B 1.00 0.72 0.98 1.17 

3A 0.99 0.74 - 1.31 

3B 1.01 0.70 1.03 1.20 

TABLE 9.4 RATIOS OF THEORETICAL: EXPERITENTAL VALUES FOR 

VARIOUS PARAMETERS, USING CALCULATED ßo 

Beam 
(PG: ) 

Vu PO 00 ct 

1A 0.93 1.00 0.80 0.83 

1B 0.89 1.00 0.82 0.92 

2A 0.98 1.00 0.90 0.98 

2B 0.96 1.00 0.79 0.86 

3A 0.97 1.00 - 0.96 

3B 0.94 1.00 0.83 0.88 

TABLE 9.5 RATIOS OF THEORETICAL: EXPERIMENTAL VALUES FOR 

VARIOUS PARAMETERS, USING MEASURED INCLINATION OF WEB BUCKLES 
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CHAPTER 10 

CONCLUSIONS OF THE WORK ON TENSION FIELD ACTION 

10.1 Experimental observations 

Tests have been conducted on five composite and one plain steel 

plate girders, subjected to a combination of shear and hogging bending. 

In all cases, failure occurred when the diagonal yield band in the 

buckled web combined with plastic hinges in the flanges to form a collapse 

mechanism. It was found that if the applied moment at the ultimate limit 

state is such that the slab is badly cracked due to flexural action, it 

does not contribute to the shear strength of the composite beam. It does, 

however, add to the bending strength, and because it resists some of the 

force that would otherwise be borne by the steel tension flange, the axial 

stress in the latter is reduced. This in turn enables the steel flange 

to withstand greater lateral forces applied by tension field action, and 

so increases the shear capacity of the steel girder. 

The ratio of slab reinforcement was 1j% in all the composite beams of 

the PG series, and data from tests on beams with heavier reinforcement 

would be useful. 

Wide variation in the strength of the shear connection was found to 

have little effect on the shear capacity of composite beams that fail in 

a shear-sway mode. However, the strength of the shear connection, based 

on the full design shear strength of the studs, should be sufficient to 

develop the yield stress in both top and bottom layers of slab reinforce- 

ment in the region of an intermediate support of a continuous beam. Tho 

results of Tests PGl to PG3 also showed that tension field action does 

not lead to failure of the shear connection and subsequent loss of inter- 

action until deformations are such that, by any reasonable definition, 

the beam has already failed. It is argued (Section 9.5) that the same 
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will be true of beams with more slender webs than those of PG1 to PG3. 

10.2 Design methods 

The following comments on the design of plate girders are made on 

the understanding that the proportions of the compression flange, and the 

lateral bracing to it, are such that lateral-torsional buckling is not a 

problem in girders that fail in a shear-sway mode. It is also assumed 

that secondary modes of failure, such as fracture of the welds or 

yielding of the transverse slab reinforcement, are avoided by suitable 

detailing. 

A method for designing composite plate girders of practicable 

dimensions subjected to high shear ratios has been developed. It is based 

on an iterative technique which is not particularly suitable for hand 

analysis, but which is readily programmed on a small desk-top computer. 

Several phenomena observed in Tests PG1 to PG3 are explained, and the 

ultimate loads-are accurately predicted. 

The simplified rules in the 1977 draft of Part 3, BS5400 axe 'such 

that the ultimate load of asymmetrical plate girders with relatively 

compact webs is underestimated to an extent that could lead to significant 

loss of economy. If this error is deemed acceptable however, a sensible 

interpretation of the terms in the interaction diagram of the draft Part 3 

permits the same rules to be applied to composite plate girders. 

Unfortunately it has not been possible, in the time available, to develop 

a simple method of allowing for the increase in the shear capacity of the 

steel girder afforded by the concrete slab, and further study in this 

respect would be useful. 
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