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COLEMAN MAPS AND THE p-ADIC REGULATOR

ANTONIO LEI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES

ABSTRACT. In this paper, we study the Coleman maps for a crystalline rep-
resentation V' with non-negative Hodge-Tate weights via Perrin-Riou’s p-adic
“regulator” or “expanded logarithm” map Ly. Denote by H(I") the algebra of
Qp-valued distributions on I' = Gal(Qyp (11poc ) /Qp). Our first result determines

the H(I")-elementary divisors of the quotient of Deyis (V) ® (]B%:gg Q )¥=0 by the

H(T)-submodule generated by (¢*N(V))¥=0, where N(V') is the Wach module
of V. By comparing the determinant of this map with that of £y (which can
be computed via Perrin-Riou’s explicit reciprocity law), we obtain a precise
description of the images of the Coleman maps. In the case when V arises
from a modular form, we get some stronger results about the integral Cole-
man maps, and we can remove many technical assumptions that were required
in our previous work in order to reformulate Kato’s main conjecture in terms
of cotorsion Selmer groups and bounded p-adic L-functions.
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1. INTRODUCTION

1.1. Background. Let p be an odd prime, and write Qo = Q(up). Define the
Galois groups I' = Gal(Qx/Q) and I't = Gal(Qs/Q(pp)). Note that I' = A x I'y,
where A is cyclic of order p — 1 and I'y & Z,,. For H € {I',T'1}, denote by A(H)
the Iwasawa algebra of H, and Aq,(H) = A(H) ®z, Q.

Let V be a crystalline representation of Gg, of dimension d with non-negative
Hodge-Tate weights. (We adopt the convention that the cyclotomic character has
Hodge-Tate weight 1, so this condition is equivalent to Fil' De(V) = 0.) We define

Hllw(Qpa V)= Qp ®z, @Hl((@(ﬂp")vT)a

where T'is a Gg,-stable Z,-lattice in V. This is a Ag, (I')-module independent of the
choice of T. In | ], we construct A(T')-homomorphisms (called the Coleman
maps)

Col; : Hyyy(Qp, V) — Ag,(T)

for i = 1,...,d, depending on a choice of basis of the Wach module N(V). In the
case when V' = Vy(k — 1), where f = ) a,q¢" is a modular eigenform of weight
k > 2 and level coprime to p (we assume that a, € Q for the time being in order
to simplify notation) and V; is the 2-dimensional p-adic representation associated
to f by Deligne, these maps have two important applications. Firstly, we can
define two p-adic L-functions L, 1, L, 2 € Ag,(I') on applying the Coleman maps

to the localisation of the Kato zeta element as constructed in [ ]. In the
supersingular case, i.e. when p | a,, this enables us to obtain a decomposition of
the p-adic L-functions defined in | ], which are not elements of Ag, (I') but of

the distribution algebra H(I'). More precisely, we show that there exists a 2 x 2
matrix M € M (2,H(I'1)) depending only on k and a, such that

Lp a L 1
) =M P, .
() = (522)

This generalises the results of of Pollack | ] (when a, = 0) and Sprung | ]
(when f corresponds to an elliptic curve over Q and p = 3). Secondly, by modifying
the local conditions at p in the definition of the p-Selmer group using the kernels
of the maps Col;, we define two new Selmer groups Sel,,(f/Qx). These are both
A(T)-cotorsion, which is not true of the usual Selmer group in the supersingular
case.

Fixing a character n of A and restricting to the n-isotypical component, we get
maps

Col? : H}\ (@, V)" = Ag, ().

Via the Poitou-Tate exact sequence, we can reformulate Kato’s main conjecture
(after tensoring with Q) as follows:

Conjecture 1.1. Fori =1,2, and each character n of A,
CharAQp (T'1) (Qp ®Zp Sel;(f/(@oo)m\/) = CharAQp (') (Im(@:’)/(l}zﬂ))

where MY denotes the Pontryagin dual of a A(T'1)-module M and CharAQP(pl) M
denotes the A, (I'1)-characteristic ideal of M.
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When vy, (a,) is sufficiently large, we make use of the basis of N(V') constructed
in [ ] to show that the first Coleman map is surjective under some addi-
tional technical conditions. Therefore, we can rewrite Conjecture 1.1 as follows
(see | , Corollary 6.6]):

Theorem 1.2. Under certain technical conditions, the case of i = 1 in Conjec-
ture 1.1 is equivalent to the assertion that CharAQp(pl) ((@p ®z, Selzl,(f/(@oo)n,V) is
generated by Lz,l'

(In fact we can show that this equivalence holds integrally, i.e. without tensoring
with Q,.)

1.2. Main results. In this paper, we extend the above results in several ways. Let
V be a crystalline representation of Gg, of dimension d with non-negative Hodge-
Tate weights. We make the following assumption:

Assumption 1.3. The representation V admits at least one non-critical refine-
ment, after a suitable extension of coefficients.

See §1.3.5 below for the definition of a non-critical refinement. For now, let it
suffice to say that this assumption holds for all 2-dimensional representations, and
conjecturally for all representations “arising from geometry”.

We identify A(T';) with the power series ring Z,[[X]], where X = v — 1 for a
topological generator 7 of I'1. Denote by x : Gg, — Z,’ the cyclotomic character.

Firstly, we study the structure of N,z (V') := N(V) Bg B .0, 8s a T-module. If

rig
@*Nrii(V) denotes the Bxg’@p—span of p(Nyig(V)), then (¢*Nyig(V))¥=0 is contained
in (B

rig)@p)wzo ®q, Deris(V), and both are free H(I')-modules of rank equal to d =
dimg, V. We determine the elementary divisors of the quotient of these modules:

Theorem A (Theorem 2.10). The H(T')-elementary divisors of the quotient
Desis(V) @, H(L)/ (9" Nrig (V) ¥~
are Ny ,...,0,, where ri,...,rq are the Hodge-Tate weights of V and

_log(1+X) log(x(1)'*(1+ X))
X X = x(+t+1

Ny

This can be seen as a H(I')-module analogue of | , Proposition I11.2.1],
which states that the B;Eg Qp—elementary divisors of the quotient

(B0, ®2, Deris(V))/Nusg (V)
are (%)Tl ey (%)”. It is striking to note that for any k& > 0, the Mellin transform
of ny, agrees with (14 m)p (%)lC up to a unit in ]B%;qu(@p (see Proposition 1.6).
The second aim of this paper is to use Theorem A to determine the image of the

map

1= Nig(V)¥™! = (0" Nugg (V).
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To do this, we make use of the following commutative diagram of H(I")-modules:

>~

N(V)*! - - Hjy (V)
Iw,V
I-¢
Y
(" Nyig (V))¥=° Ly
! 1om-!
DcriS(V) ®Qp (IB+ )1/):0

rig,Qp Dcris(v) ®Qp H(F)

Here the map Ly is Perrin-Riou’s “regulator” or “expanded logarithm” map
(see [ 1), which is a dual version of the more familiar exponential maps Qv
appearing in Perrin-Riou’s earlier work | ]; and 9t : H(T) = (IB%;‘;g@p)w:O
denotes the Mellin transform. The commutativity of the diagram is a theorem of
Berger | , Theorem I1.13]. Colmez’s proof of the “dy-conjecture” (see | ,
Theorem IX.4.4]), which is part of Perrin-Riou’s explicit reciprocity law, gives a
formula for the determinant of the matrix of Ly (up to units). We can compare this
with the determinant of the bottom left-hand map, which follows from Theorem A,
to deduce that 1 — ¢ : Nyjg(V)¥=! = (0*Nyg(V))¥=0 is surjective up to a small
error term:

Theorem B (Corollary 4.13). Suppose that no eigenvalue of ¢ on Des(V) lies
in p”. Then for each character n of A, there is a short evact sequence of H(I'1)-
modules

rqg—1

_ 1— % - Ay iy, —i
0 — N(V)P=h7 —% (o*N(V))*=" —> P (Dexis(V)/ Vi) (X' x5 1) —> 0.
1=0

Here V;,, is a subspace of Deyis(V) of the same dimension as Fil ™" Deyis(V), and
the map A, is the composition of the inclusion of (0" Nyig (V) ¥=0 in Deyis (V) Rq,
H(I') with the map @,(id ®A,,;), where A, ; is the natural reduction map H(I') —
Qp(xixain) obtained by quotienting out by the ideal (X +1 — x (7)) - €,.

Using this we can describe the images of the Coleman maps (for any choice of
basis of N(V)):
Theorem C (Corollary 4.15). Let n be any character of A. Then for all 1 <i <d,
Im(Col?) = [ (X = x(7) + DAg, (T)
jern
for some I C {0,...,rq—1}.
As a corollary of the proof, we also obtain a formula for the elementary divisors

of the matrix of the map Ly, which can be seen as a refinement of the statement

of the d(V)-conjecture. For i € Z, define ¢; = % — .
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Theorem D (Theorem 4.16). The elementary divisors of the H(I')-module quotient

H(I) ®q, Deris(V)
H(T) ®nq, (r) Im(Ly)

are [Apy; Args -3 Aryl, where Ay = Loly .. Lp_q.

Suppose now that V = Vy(k — 1), where f = " a,e?™"* is a modular form of
weight k > 2 and level prime to p, and V; is the 2-dimensional p-adic representation
associated to f by Deligne. (Thus the Hodge-Tate weights of Vy are 0 and 1—k, and
those of V are 0 and k —1.) As we show in §1.3.5, Assumption 1.3 is automatically
satisfied in this case, since V is 2-dimensional. In this case, we can refine the above
results to study the integral structure of the Coleman maps. Let Ty be a Gg,-
stable lattice in V¢, and let us assume that the Bap-basis of N(V}) used to define

the Coleman maps is in fact an A&p—basis of N(T).

Theorem E (Theorem 5.10). Fori = 1,2 and for each character n of A, the image
of H(Qp, T)" under Col! is a submodule of finite index of the module

[[&X =x() +1) | AT

Jjer
for some subset I!' C {0,...,k —2}. Moreover, for each n the sets I and I3 are
disjoint.
This theorem generalises | , Proposition 1.2], which determines the images

of ( @f, @f) for elliptic curves with a, = 0. As a consequence of Theorem E,
we can rewrite Conjecture 1.1 as below, without making any technical assumptions.

Theorem F. For i = 1,2, Conjecture 1.1 is equivalent to the assertion that for
each n the characteristic ideal CharA@p(pl) (Qp ®z, Seli,(f/@oo)”’v) is generated by
L)/ Hjelf (X —x(7)? + 1) where I is as given by Theorem E.

Finally, we explain in Section 5.3 how it is possible to choose a basis in such a
way that I = IJ] = @, i.e. the modules A(T'1)/Im(Col!) are pseudo-null for both
i=1and 2.

Remark 1.4. The local results in this paper (Theorems A, B, C and D) hold with
representations of G, replaced by representations of Gr for an arbitrary finite un-
ramified extension F/Q,, with essentially the same proofs. We have chosen to work
over Q, for the sake of simplicity, since this is all that is needed for applications to
modular forms.

In a forthcoming paper of the second and third authors | |, these methods
are applied to the study of the “critical-slope” L-function attached to an ordinary
modular form (corresponding to the non-unit Frobenius eigenvalue).

1.3. Setup and notation.
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1.3.1. Fontaine rings. We review the definitions of the Fontaine rings we use in this
paper. Details can be found in [ ] or | ]

Throughout this paper, p is an odd prime. If K is a number field or a local field
of characteristic 0, then G denotes its absolute Galois group and Ok the ring of
integers of K. We write I' for the Galois group Gal(Q(ppe)/Q), which we identify
with ZJ via the cyclotomic character x. Then I' 2 A x I'y, where A is of order

—1and I't 2 7Z,. We fix a topological generator ~ of I';.

We write IB%IgQ for the ring of power series f(m) € Qp[[n]] such that f(X)

converges everywhere on the open unit p-adic disc. Equip ]B%;’;g@p with actions of T’
and a Frobenius operator o by g.m = (7 4+ 1)X(9) — 1 and o(7) = (7 + 1)? — 1. We
can then define a left inverse ¢ of ¢ satisfying

wou(f Zf C(1+m)—1).
CP 1

Inside ]Brlg g, We have subrings Aap = Zy[[r]] and ]B%ap =Qp®z, A&p. Moreover,
the actions of ¢, 1 and I" preserve these subrings. Finally, we write ¢t = log(1+m) €
]B%Ig o, and ¢ = o(m)/m € A&S,; A formal power series calculation shows that

g(t) = x(g)t for g € I and o(t) = pt.

1.3.2. Iwasawa algebras and power series. Given a finite extension K of Q,, denote
by Ao, (') (respectively Ao, (I'1)) the Iwasawa algebra Z, [[I']|®z, O (respectively
Zp|[I'1]] ®z, Ok ) over Og. We further write Ax(I') = Q® Ao, (I') and Ag(I'y) =
Q ® Ao, (T'1). If M is a finitely generated torsion Ao, (I'1)-module, we write
Chary,, (r,)(M) for its characteristic ideal.

Let H(I') be the space of distributions on I' (the continuous dual of the space
of locally analytic functions on I'), with the ring structure defined by convolution.
We may identify this with the space of formal power series

{f € Q,[A][[X]] : f converges everywhere on the open unit p-adic disc},

where X corresponds to v — 1. We may identify Ag, (I') with the subring of H(T')
consisting of power series with bounded coefficients.

The action of I on Bﬁg,@p gives an isomorphism of H(T') with (B, 5 )¥=°, the
Mellin transform

M H(T) = (Bl g,
o =1)m fly = 1)« (x+1).

In particular, Az, (I") corresponds to (Aap)wzo under M. Similarly, we define H(T'y)

as the subring of H(I") defined by power series over Q,, rather than Q,[A]. Then,
H(T'1) corresponds to (1 + w)cp(Bj;g@p) under 9, and Az, (I'1) to (1 + 7r)<p(A6p).
(See [ , B.2.8] for more details.)

If d is an integer and S is a A g (I'y )-submodule of K ®g, H(I'1)®¢ which is free of
rank d, we write det(S) for the determinant of any basis of S, which is well-defined
up to multiplication by a unit of Ax(I';). If F is a homomorphism of Ag(T')-
modules whose image is a free rank d A (I'1)-submodule of K ®q, H(I'1)®?, we
write det(F') for det(Im(F)).
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For an integer i, define

g _ log(l+X)
N 1ogp(x£(7)) € H(TY).
XA x()

Note that ¢; is independent of the choice of generator v (hence the choice of nor-
malising factor), but J; is not.

Remark 1.5. Note that for any positive integer k, we have
ng = arpdp_1 ...00,
where ay, = log(x(7))* € Z,, is nonzero.
The following result slightly refines | , Lemma I1.2].
Proposition 1.6. For any k > 0, we have

M(ly—1 ... LeH(T)) = (t’“B;Eg@p

k $=0
M(6p_1 ... 6oH(T)) = ((W(Zr)) Big,@p) :

Proof. One checks easily that ¢; acts on IEBjig’Qp as the differential operator (1 +

¥

m)t-L — i and hence
df

G = (1w

Since (1 + 7)<k is an isomorphism on (IB%Ingp)wZO (it is the map on distribu-
tions dual to the map f(x) — «f(x) on functions), it follows that each ¢; maps
(tJIBB;Eg’Qp)Qb:O bijectively onto (tJHIB%;Eg’QP)‘/’:O.

To prove the corresponding statement for the d;, we note that (Bjig Qp/(p(’ﬂ')BIg e y¥=0
is isomorphic to Q,[A] as a I'-module. Since ¢ is a uniformiser of the ideal (), we
have (p(m)/Bi, o, /(M) By 0,)" =" = (FBriy g,/ o(m)Bry 0,)" = = QplAl()
as a I'-module. Hence its annihilator is X + 1 — x(y)?. These factors are mutu-
ally coprime and coprime to §g ... dk—_1, and the product is ¢y ... ,_1, so the result
follows.

O

1.3.3. Isotypical components. Let n : A — Z; be a character. We write e, =
(p—1)" 'Y can t(o)o. If M is a Ag(I')-module, its 7-isotypical component is
given by M" = e, M. When = 1, we write M? in place of M".
We identify Ag(T';) with the power series in X = v —1 with bounded coefficients
in E. Given
F= Y agao(y—1)"€AN),
cEAN>0

we write F7 = e, F' for its image in Ag(I")7. In particular,

FT=e, Z (Z ag,nn(a)> (v=1D" € eyAp(Ty).

n>0 \oc€A
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Therefore, we can identify F" with a power series in X = v — 1. Under this
identification, the value F7|x_,(,)i—1 is given by x7xq’n(F) where xo = x|a for
all j € Z.

1.3.4. Crystalline representations. Let I/ and F' be finite extensions of Q,. Let V'
be a crystalline E-linear representation of Gg,. We denote the Dieudonné module
of V by Deis(V). If j € Z, Fil/ Deis(V) denotes the jth step in the de Rham
filtration of Deyis (V). We say V is positive if Degis(V) = Fil” Deyis (V) (following the
standard, but unfortunate, convention that positive representations are precisely
those with non-positive Hodge-Tate weights).

The (¢,T')-module of V' is denoted by D(V'). As shown by Fontaine (unpublished
— for a reference see | , Section IT]), we have a canonical isomorphism of Ag(T")-
modules

hig v D(V)Y=! = Hiy(Qy, V).

We write exppy @ F' @ Deyis (V) — H(F,V) for Bloch-Kato’s exponential over F'.
For an integer j, V(j) denotes the jth Tate twist of V, i.e. V(j) =V ® Ee,
where G, acts on e; via x7. We have

Dcris(v(.j)) = tichris(V) ® e;.

For any v € Deyis(V), v; = t7Iv® e; denotes its image in Deyis(V (7)).

If h > 1 is an integer such that Fil™" Deris (V) = Deris(V), we write Qv p, for the
Perrin-Riou exponential as defined in [ ].

Let T' be an Og-lattice in V' which is stable under Gg,. We denote the Wach
module of V' (respectively T') by N(V') (respectively N(T')), a free module of rank
d over Bap (respectively A&p). Recall that I' acts on both of these objects, and
there is a map ¢ : N(T')[r~1] — N(T)[¢(7) 1], preserving N(T') if T is positive (and
similarly for V).

For any j € Z we can identify N(7'(j)) with 7 7/N(T) ® e;, where ¢; is as above.
Given an R-module M with an action of ¢ and a submodule N, ¢*N denotes the
R-submodule of M generated by ¢(N), e.g. *N(T') denotes the Aap—submodule of

N(T)[7~] generated by »(N(T)). Finally, we write Ny (V) = N(V) ®BQ+ ng’@ .
D P

The following lemma is implicit in the calculations of [ , §3], but for the
convenience of the reader we give a separate proof:

Lemma 1.7. If the Hodge-Tate weights of V' are > 0, then we have
N(T) € ¢"N(T)
and similarly for N(V).

Proof. 1t suffices to prove the result for 7. Suppose that the Hodge-Tate weights of
V arein [0, m]. Then N(T') = 7=™N(T'(—m)). Since T'(—m) is positive, ¢ preserves
N(T(—m)) and N(T'(—m))/o*N(T(—m)) is killed by ¢™ | , proof of Theorem
I11.3.1]. Equivalently, we have

q" - 7"N(T) € " (7" N(T)) = ()™ " N(T).

Since ¢ = ¢(m)/m, the result follows. O
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1.3.5. Refinements of crystalline representations. Let V' be an E-linear crystalline
representation of Gg, of dimension d, and let s; < --- < s4 be the jumps in
the filtration of De,is(V), so the Hodge-Tate weights are —s;. If Y is an E-linear
subspace of Deis(V) of dimension e < d, we say Y is in general position (with
respect to the Hodge filtration) if the intersections Fi Y = Y NFil Deris(V') have
the smallest possible dimension; that is,
S P Y — {dim Fil! Dewis(V) —d+ e if dim 3111 V>d—e
0 otherwise.

This is equivalent to the requirement that the jumps of the filtration Fil/ Y are
S1,-..,8e-
Asin | , §2.4.1], we define a refinement of V to be a family Y = (Y;)%_, of
E-linear subspaces of De,is(V') stable under ¢, with 0 C Y; C -+ C Yy = Deyis(V),
so dimpg Y; = 4. It is clear that refinements exist if and only if the eigenvalues of ¢
on Di5(V) lie in E.

We say that the refinement is non-critical if each of the subspaces Y; is in general
position, or equivalently if ¥; N Fil** ! D (V) = 0 for all 4.

(If the Hodge-Tate weights of V' are distinct, as is assumed in [ ], then this
is equivalent to the assertion that De(V) =Y; @ Filsit! Deyis (V') for each 4, which
is the definition given in Definition 2.4.5 of op.cit.)

Proposition 1.8. If the eigenvalues of Frobenius on Deyis(V) lie in E, and either
d =2 or ¢ acts semisimply on Deis(V), then there exists a non-critical refinement
of V.

Proof. As noted in | , Remark 2.4.6(iii)], the case where ¢ acts semisimply is
obvious: any basis of eigenvectors of De,is(V') defines d! refinements, one for each
ordering of the basis vectors, and it is easy to see that we can choose an ordering
such that the resulting refinement is non-critical. Hence let us assume that V is
2-dimensional and ¢ acts non-semisimply on Deis(V). Thus Deis(V) has a basis
(e1,e2) such that ¢(e;) = ae; and @(e2) = e; + afez), for some @ € E*. By
twisting, we may assume that the jumps in the Hodge filtration are 0 and s with
s > 0. Let N be the valuation of «; the Newton and Hodge numbers of Dcs(V)
are tgy = s and ty = 2N, so we have s = 2N by weak admissibility.

The unique possible refinement is given by Y7 = Fey, and this is non-critical
unless s > 0 and Fil! Deris(V) = Y7. If this is the case, then the Newton and Hodge
numbers of Y7 are respectively ¢t (Y1) = s and tn(Y1) = N, and since s = 2N > N

this contradicts the weak admissibility of De,is(V). O
Remark 1.9.
(1) It is shown in | | that the Tate conjecture implies the semisimplicity

of ¢ on the crystalline cohomology groups of any smooth projective variety
over Fy, (or, more generally, on the crystalline realisation of any motive
over F,); so the hypotheses of the proposition conjecturally hold for all
crystalline representations “arising from geometry”.

(2) For representations of dimension > 3 with non-semisimple Frobenius there
may be no non-critical refinements, as the following counterexample shows.
Let D = Qf; with its standard basis ey, ez, e3, and let ¢ : D — D be given by

the matrix (§ (év (1)), where a € Z, has valuation 1. We define a filtration
[0
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on D with jumps {0,1,2} by Fil®(D) = D, Fil' D = Q,e; + Qpes, Fil> D =
Qpes, Fil> D = 0. Then the only p-stable submodules are Yo = 0, Y7 =
Qper, and Yo = Qpe1 +Qpes and Yz = D. The Hodge and Newton numbers
are given by

i | tu(Yi) | tn(Yi)
1 1 1
2 1 2
3 3 3

so D is a weakly admissible filtered p-module; and the unique refinement of
D is (Y;)i=o,....3, but Y1 is not in general position.

1.3.6. Modular forms. Let f(z) = 3 a,e?™"* be a normalised new eigenform of
weight £ > 2, level N and nebentypus . Write Fy = Q(a, : n > 1) for its
coefficient field. Let f(z) = 3. @,e?™™* be the dual form to f, which also has
coefficients in Fy. We assume that p { N and a, is not a p-adic unit, so f is
supersingular at p.

Remark 1.10. We make this assumption in order to save ourselves from doing
the same calculations twice in Section 5; they easily generalise to the ordinary case.

We fix a prime of F'y above p. We denote the completion of F; at this prime by
and fix a uniformiser wg. We write V; for the 2-dimensional E-linear representation
of Gg associated to f from | |. We fix an Og-lattice Ty stable under Gg, which
determines a lattice T of V. When restricted to Gg,, V7 is crystalline and its de
Rham filtration is given by

‘ 2 ifi<0
dimp Fil' Dy (Vi) = ¢ 1 if1<i<k—1
0 ifi>k

The action of ¢ on Des(V}) satisfies ¢? — app + e(p)p*~! = 0. Let us choose a
“good basis” v1, v, of Deyis(Vy) as in | , §3.3]; that is, 11 spans Fil! Deris (V)
and vy = p' " (v1). We also choose a basis 7y, U of Deris(VF) in the same way. The
isomorphism Vz = Vf*(l—k) gives a pairing Deis (V) X Deris (Vi) — Deris (E(1-F)) =
E -th=le; ;= E. As noted in | , §3.4], we have [v1, 1] = [vo, %] = 0 and
[va, 1] = —[v1, 2], and (by scaling) we may assume without loss of generality that
[Vl, 172] =1.

Unless otherwise stated, we always assume that the eigenvalues of ¢ on Dcris(Vf)
are not integral powers of p and the nebentypus of f is trivial. Our assumption on
the eigenvalues of ¢ allows us to define the Perrin-Riou pairing

[’i = 'Cl,(1+7r)®l/i,1 : Hllw(va Vf(k - 1)) - H(F)

for i = 1,2 where we have identified Vy(1)*(1) with Vz(k—1) (see | , Section 3.2]
or | , Section 3.3] for details).

1.3.7. Adequate rings and elementary divisors. Let R be a commutative integral
domain with identity, such that the following conditions hold:

e All finitely generated ideals in R are principal (i.e., R is a Bézout domain).
e R is adequate, i.e. for any a,b € R with a # 0, we may write a = ajaq,
where (a1,b) = (1) and (d, b) # (1) for every non-unit divisor d of as.
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Then R is an elementary divisor ring. That is, let M C N be finitely generated
R-modules such that N = R? Then there exists a R-basis ni,...,ng of N and
T1,...,74 € R (unique up to units of R) such that ry | --- | r4 and rinq, ..., 7ene,
where e is the largest integer such that r. # 0, form a R-basis of M. In particular,
we have det(M) = ry...7q. In this case, we write [N : M] = [N : Mg =
[r1;- -+ ;7q). When d = 1, we simply write [N : M] = rq.

If @Q is an arbitrary finitely presented R-module, then we may write @ as a
quotient N/M where N is a free module of finite rank and M is a finitely-generated
submodule of N, so the elementary divisors [N : M|g are defined. It is easy to
check that these are independent of the choice of presentation of @), and we define
these to be the elementary divisors of Q.

As explained in [ , §4.2], IB%Ig e is an adequate Bézout domain and hence an

elementary divisor ring. The same is true of £ ®q, Iﬁ%jig@p for any finite extension
E of Qp, and of H(I'1) (which is isomorphic to Bxg g, s an abstract ring).
We will need the following lemma; see | , Lemma II1.7.6].

Lemma 1.11. Let R be an adequate Bézout domain, M a finitely-presented R-
module, and N a submodule of M. Suppose that there is some a € R such that
N>~ R/a and aM =0. Then M =~ N & M/N.

Proof. Let q1,...,q, be a set of generators for M /N, with annihilators a;, giving
an isomorphism M/N = @I_; R/a;. Since aM = 0, each a; divides a. Let p; be an
arbitrary lift of ¢;; then a;p; € N, so a;p; = b;pp where pg is a generator of N and
b; € R/aR. Since aM = 0, we have 0 = (a/a;)a;p; = (a/a;)b;po.

Then we must have (a/a;)b; € aR, so ab; € aa;R. Since R is an integral domain,
we must have a; | b;, and we may write b; = a;c;. Thus p, = p; — ¢;po is a lift of
p; such that a;p; = a;p; — a;¢;ipo = a;p; — bipo = 0. It follows that the subgroup
generated by the p, maps bijectively to M /N, giving the required splitting. (I

A straightforward induction gives the following generalisation:

Corollary 1.12. If M is an R-module with a filtration by submodules 0 = My C
M, C -+ C My = M, and there are elements ay,...,aq € R such that for each
i=1,...,d we have M;/M;_1 = R/a; and a;M C M;_q, then M = @le R/a;.

The ring H(T") is not a domain; but it is equal to the direct sum of its subrings
e H(T), where e, is the idempotent in Q,[A] corresponding to the character 7 :
A — Qp as above. Each of these subrings is isomorphic to H(I'1), and hence admits
a theory of elementary divisors. If M is a submodule of H(I')®?, we define the ith
elementary divisor of M to be Zn epa)l, where a] is the ith elementary divisor of
the submodule M" = e, M C e,H(I') considered as a H(I';)-module. In practice
we shall only apply this in situations where M has the form Q,[I'] ®g, M’ for an
H(T'1)-module M, in which case the isotypical components M" all have the same

elementary divisors.

2. REFINEMENTS OF CRYSTALLINE REPRESENTATIONS AND (I')-STRUCTURE

In this section, we will prove Theorem A. We will do this by working with a
certain filtration of the module Ny, (V'), which is a (¢, I")-module over Biqg@p; the

steps in this filtration are (i, T')-modules over B

te.0, but they are not necessarily
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of the form N, (W) for any representation W, so we begin by systematically de-
veloping a theory of such modules. Our approach is very much influenced by the
description of the theory of (¢, I')-modules over the Robba ring IB%L&
[BC09, §2.2].

2.1. Some properties of (¢, I')-modules over B;Eg Q" We define a (p, I')-module

o, given in
P

over IB%I&QP to be a free B;qg’(@p—module N of finite rank, endowed with semilinear
commuting actions of ¢ and I, such that the quotient N /p*(N) is annihilated by
some power of q (where ¢ = ¢(7)/7 as above). We define

Deris(N) = NT.
We equip Deis(N) with the filtration defined by
Fil' Deris(N) = {v € Deris (V) = 0(v) € ¢' N}
Let K, = Qp(ppn) and Ko = J,, K. We define

r
DR = (Ko o, Kalll @y, V)
where the tensor product is via the embedding B:Eg’(@p — K,[[t] arising from the
fact that
Kn 2Bl o,/¢" ' (2)

and t is a uniformiser of the prime ideal " 1(q). We endow K,[[t]] with the
obvious semilinear action of I', for which this homomorphism is I'-equivariant, and
the t-adic filtration. Then ]D)(d%) (N) is a filtered Q,-vector space, of dimension < d
where d is the B -rank of N (since K ((t))T = Q, | , §2.2.7]); the operator

rig,Qp
¢ gives an isomorphism of filtered Q,-vector spaces ]D)gﬁ) N) — Dgﬁﬂ)(/\/ ) for

each n, and an embedding of filtered Q,-vector spaces Deyis(N) < ]D)él) (N).

We shall say that N is crystalline if dimg, Deris(N) = d, and de Rham if
dimg, ]Dgfg (N) = d (for some, and hence all, n > 1). If N is de Rham, we de-
fine the Hodge-Tate weights of N to be the integers r such that Fil™" ]D)g;{) (W) #
Fil'~" Dgg (N) (with multiplicities given by the size of the jump in dimension).
Note that these are necessarily < 0, which is unfortunate but necessary for com-
patibility with the usual definition in the case of Galois representations.

Finally, we define DS (V) = Ko ®xk, N /o™ L()N. This is a K-vector
space of dimension d, with a semilinear action of I". As above, the ¢ operator
gives isomorphisms ]D)g;zl N) — ]D)(SZIT 1)(/\f ), of Ks-vector spaces with semilinear
I-action. (So both Dgen(N) and Dggr(N') are independent of n as abstract objects;
we retain the n in the notation when we are interested in the relation between these
spaces and the original module N.)

Proposition 2.1. Let j > 0, and suppose N is de Rham. Then there is an iso-
morphism of Q,-vector spaces

Fil! Dyr (N)/ Fil' ! Dgp (V) ——r Dgen(N)F=X

Proof. Let us fix an n > 1 and let 8 be the reduction map K,[[t]] = K,. Then 6
induces a map

-

DR (V) = DEG )T
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whose kernel is Fil' Dgg (V) and whose image is a Q,-linear subspace Sy C Dgen (M)

Similarly, we find that 6 o t=7 gives an injection Fil/ Dar(N)/Fi*! Dar(N) —
Dgen (N )F:X_J, whose image is a Q,-linear subspace ;. _
Since @;‘;0 S; has dimension d, it suffices to show that dimg, EB;';O Dgen (N)T=X"" <
d. This follows from the fact that it is a subspace of (Keo((£)) @ k.. Dgen(N))",
and (as remarked above) K ((t))) is a field, with Ko ((¢))' = Q, . O

Corollary 2.2. If N is crystalline, then the map
Deris(NV) = N = (N/"H(g)"N)F
is surjective for allr > 1 and n > 1, with kernel Fil" Deyis(NV).
Proof. Let us define N = Ko, @, K,[[t] ®@g+ . N, s0o (NI =Dygr (N). By
rig.Qp

hypothesis the map ¢" : Deis(N) — Dgg (N) is an isomorphism of filtered vector
spaces, and the filtration on Dgg () is defined by the t-adic filtration of N, so
it suffices to show that reduction modulo ¢" gives a surjection
(NONT — (N0 AT

We show that for each j, the map (N — (N /7 HI NPT s surjective.
Multiplication by ¢4 gives an isomorphism (£ N /AN s (A7) fgpr(m))T=x"7
but N /N () = ]D)(SZZI (N), and by the preceding proposition we know that 6ot~/
gives an isomorphism from Fil/ Dgg(N)/ Fil? ™! Dygr (N) to D(SZL(N)F:Xﬁ. So the
map (N — (N /" V)T is a morphism of filtered vector spaces for which
the associated map of graded modules is surjective. Since the domain and codomain
are finite-dimensional and their filtrations are separated, the original map is itself
surjective. ([l

Let us write M = ]B%Ig@p ®q, Deris(N) S N.

Proposition 2.3. If N is crystalline and T acts trivially on N /7wN, then the
elementary divisors of N'JM are

S S
()7 )
where —s1 > --- > —s4 are the Hodge-Tate weights of N.

Proof. This follows exactly as in | , Proposition III.2.1]. |

2.2. Quotients of (p,T')-modules. We now let N be a (p, I')-module over BI&QP,
as above. We assume that A is crystalline and T' acts trivially on N'/7N, and
investigate the properties of a certain class of (p, I')-modules obtained as quotients
of /. We continue to write M = Bjig,(@p ®q, Deris(N) CN.

Let Y be a p-stable E-linear subspace of Des(N). We set

y = B:Eg,@p ®QP Y g M

and

X:Nﬁy[(%)_l} ={zeN:(L)"z €Y for some m} CN.

Proposition 2.4. The spaces Y, Y, X have the following properties:
(a) X isa B:Eg’(@p -submodule of N stable under ¢ and T';
(b) X ={z e N :ax €Y for some nonzero a € ]B%I&QD} (the saturation of V);
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(c) X is free of rank dimg, Y as an Bj;g@p -module;
(d) Y =X NDeis(N) and Y = X N M;

(e) X and W= N/X are (p,T')-modules over ]B;‘i'g,@p.
Proof. Part (a) is immediate from the definition.

For (b), suppose z € A and there is some nonzero a € B:Eg’(@p such that ax € V.
By Proposition 2.3, we can find m such that (%)mx € M, and a(%)mm e ).
Since Y is clearly saturated in M, we deduce that (%)m x € ), and hence xz € X
as required.

For part (c), we note that X is a closed submodule of N, since it is the intersection
of the closed submodules (i)fN Y and N of (%)71\]/\/' , for any sufficiently large

s

N. (It suffices to take N larger than s;, where —s, is the lowest Hodge-Tate weight
of N.) Hence X is also a free module, of finite rank. As X {( )71] is clearly free

t
™
t

of rank dimg, Y as a BIg,Qp {(;)71}—module, the rank of X" over B;ﬁg@p must also

be equal to dimg, Y.

For part (d), it is clear that ) C X N M; and this inclusion is an equality, since
MY is torsion-free and X /) is torsion. Since Y N Deis(N) = Y, the statement
follows.

For the final statement (e), since X and W = N /X are both free B;’i’g,(@p—modules
with semilinear actions of ¢ and T, it suffices to check that X' /o* X and W/p*W are

annihilated by a power of ¢q. Since X is saturated in N, and B;ﬁg@p is an elementary
divisor ring, we can find a ]B%Ig Qp—basis ny,...,ng of N such that ny,...,n, is a

basis of X and the images of n,,1,...,nq are a basis of W, where r = dimg, Y.
Since X is p-stable, the matrix of ¢ in this basis is of the form <61 g) Hence

we have det(p*N) = det(A)det(C). As N/o*N is annihilated by a power of g,
det(¢* ) is a power of ¢, and thus the same is true of det(A) and det(C). Since A
and C' are the matrices of ¢ on X and W in the bases described above, the modules
X/o*X and W/p*W are also annihilated by a power of ¢, as required. O

Let W = Deyis(N)/Y, and (as above) let W = N /X. The natural map W —
Deris(W) is injective, by part (d) of the preceding proposition; hence it is also
surjective, for reasons of dimension. Thus W is a crystalline (p,I')-module and
Dcris(w) =W.

Proposition 2.5. The quotient filtation Fil®* W induced on W by the filtation of
Deis(N) agrees with the filtation Fil given by

FiI'W ={w e W : p(w) € ¢ W}.

Proof. Tt is clear from the definition that Fil" W C Fil" W.
Conversely, let y € Deyis(IN) such that [y] € Fil" W, so we can write ¢(y) =
q"y' + z for some 3y’ € N and z € X'. Then

zmod ¢"X € (X/q"X)".

Applying Corollary 2.2 to X, we find that z is congruent modulo ¢" to an element
of XU =Y. O
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The final result we will need about these quotients is the following slightly fiddly
lemma. Let us suppose that the jumps in the filtration of Dyis(N), with multiplic-
ity, are 57 < s9--- < s4 (i.e. the Hodge-Tate weights of A/ are —s;). We say that
the p-stable subspace Y is in general position (with respect to the Hodge filtration
of Deris(N)) if the jumps in the filtration Fil* Y are s, ..., s;, where j = dimg, Y.

Lemma 2.6. IfY is in general position, then for any m > sq, we have

(5" ME ()N Y,

s

Proof. As remarked above, the quotient module W = N//X is a crystalline (p,T)-
module over B;Eg,@p of rank d — j, with I' acting trivially modulo 7. By proposi-
tion 2.5, the Hodge-Tate weights of W are exactly {—s(j;+1),...,—sa}; hence its
I-invariants lie in (%)S(j“’ W. This is equivalent to M C (%)8(”1) N + X. Multi-
plying by (£)™~5G+1, we see that

(5777 ME ()W (£) 70

™

Since both (£)™7"U*Y M and (%)™ A are manifestly contained in M, we may
replace the last term with its intersection with M, which is clearly contained in

XNM=)Y. (]

2.3. Application to crystalline representations. Let V be a d-dimensional
crystalline representation of Gg, with Hodge-Tate weights {—s1,...,—sq}, where
0 <s1 <---<sq(soV is positive in the sense of §1.3.4 above). As above, we define

Nyig(V) = Bﬁg’(@ ®p+ N(V), where N(V) is the Wach module of V' as constructed
p Qp

in [ ]. Then Nyig(V) is a crystalline (¢, I')-module over B:gg@p with T acting
trivially modulo 7, and Deis(V') is isomorphic (as a filtered ¢-module over Q)
t0 Deris(Nyig (V) as defined in the previous section | , Theorems I1.2.2 and
I1.4.4)].

If V is in fact an E-linear representation, for I/ some finite extension of Q,,
then Nyjg(V) is naturally an E ®q, IEBjig’Qp—module, and De,is(V) is a filtered E-
vector space. If we choose an E-linear y-stable subspace, then all of the above
constructions commute with the additional E-linear structure.

We shall suppose that V' admits a non-critical refinement, and fix a choice of such
a refinement Y. Applying the above theory to each of the subspaces Y;, we obtain
E ®q, ]B%;qg@p—submodules Y, = B;Zg,@p ®q, Yi € M and X; = ysat of Nyig(V).

Let us consider the representation V(m), for some m > s4. This has non-negative
Hodge-Tate weights {m — s;}i=1,.. 4. If e,, denotes a basis of Q,(m), then we have

Dcris(V(m)) = {t_mx Qem T € ]D)cris(v)}a
Niig(V(m)) ={m"™y ® em 1 y € Niig(V)}.
We define A; = {77y ey € X} and B, = {t "z Q@ eyt x € Vi)
Proposition 2.7. For eachi=1,...,d,

(a) (£)™ B 2 A 2 (£)™ *'Bi;

(b) B; is the saturation of A; in By = Bj;g@p ® Deris(V(m));

(¢) The inclusion Ay — By identifies Aq/A;—1 with a submodule of By/B;—1

and the quotient is annihilated by (L)™%.
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Proof. The chain of inclusions in (a) is equivalent to (£)51X; 2 V; 2 (£)% X;, which
follows from Propostion 2.3 since the Hodge-Tate weights of X; are {—s1,...,—8;}.
Moreover, B; is manifestly saturated in By (being the base extension of a subspace
of Deis(V(m))), and together with (a), this proves (b). For part (c), we note that
AgNB;_1 = A;_1, so the given map is well-defined and injective; to show that the

annihilator is as claimed, we must check that
(L)y™=%iBy C Bi—1 + Aqg,
which is equivalent to Lemma 2.6. ([l

We now pass from the “additive” to the “multiplicative” situation. Let us define
A; = @’;;i(l +7)%p(A;), and similarly for B;. Note that these are I-stable, since
I and ¢ commute. Moreover, the action of I' on gd clearly extends to an action of
the ring H(T"), which is continuous with respect to the Fréchet topologies of H(T")
and gd. As the submodules gl and .Zl are all clearly closed and I'-invariant, they
also inherit a Fréchet topology and a continuous action of H(I').

Remark 2.8. Note that we can define an operator v : Bq — Bgq which is ¢~ on

Deis(V) and is Bxg@p -semilinear (for the usual definition of 1 acting on B o ).

Then A; = (o*A;)¥=0, where *A; is the B;’;&Qp-submodule of B; genemtifpby
o(A;). Clearly we have ©*(B;) = B; for all i, and B; = (¢*B;)¥=0 = BY=°.
Lemma 2.9. For eachi=1,...,d, these spaces have the following properties:

(a) AiCB.

(b) AgnNB; = A;.

)
(c) The quotient By/(Bi—1 + Aq) is annihilated by v, _, .
(d) The quotient B;/(B;—1+.A;) is cyclic as a H(T')-module, generated by (1 +
m)p(v;), and its annihilator is Ny, s, .

Proof. Parts (a) and (b) are clear from the corresponding statements for the spaces

A; and B;. For part (c), we note that B;/B;_1 is isomorphic as a (¢,I")-module
over BIg’Qp to the tensor product

B:irg,Qp ®q, (Ya/Yi1)

with I' acting trivially on the latter factor and the ¢-action multiplied by p~™. By
Proposition 1.6, we have

ng - (Ba/Bi—1)V=0 = ((Qp(tﬂ))k Bd/8i1>¢_0.

Since By/(Bi—1+Aqg) is annihilated by (£)™ ™", we deduce that By/(Bi—1+¢*Aq) is

annihilated by (ﬁﬂ)) n Hence, by the displayed formula above, By/(Bi_1 +Aq)
is annihilated by the ideal n,,_s, of H(I'y).

Similarly, B;/(B;—1+.4;) has the single elementary divisor (%)mfsi (by applying
Proposition 2.3 to X;/X;_1, which is a (p,T")-module over B;Eg,t@p by Proposition
2.4(e)). Hence we deduce that n,,_, is the exact annihilator of the corresponding
H(T)-module gi/(gi—l + sz) U

We are now in a position to complete the proof of Theorem A.
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Theorem 2.10 (Theorem A). Let W be any E-linear crystalline representation of
Gq, with non-negative Hodge-Tate weights r1 < --- < rq. Suppose that there exists
a finite extension F of E such that V @g F' admits a non-critical refinement. Then
the E @ H(I")-elementary divisors of the quotient

(Bjig’(@py/;:O Y ]Dcris<W)/(Lp*Nrig(W))¢:0

are [ny;...;np,].

Proof. Let us choose an m such that V' = W (—m) is positive. Then the Hodge-Tate
weights of V are —s; > -+ > —s4, where s; = m — rg41-; > 0. Suppose first that
V' admits a non-critical refinement. Choosing such a refinement, we may argue as
above to deduce that the F ® H(T')-module

M = (B, 0,)" " ® Dexis(W)/ (9" Nuig(W)) "= = Ba/ A

has a filtration by £ ®q, H(I')-modules M; = B;/A; where M;/M;_ is cyclic with
annihilator n,,_s,, and n,,_,, annihilates M/M;_1. So for each character n of A,
the module M" is an H(T'1)-module of the type covered by Corollary 1.12. This
gives the result in this special case.

If V only admits a non-critical refinement after extending scalars to an exten-
sion F'/E, then we may consider the representation V ® g F' and apply the above
argument to this representation. It is clear that if M is any F ® H(I')-module, then
the elementary divisors of F @ M as a F ® H(I')-module are the base extensions
of the elementary divisors of M; by uniqueness, this gives the proposition. O

We now briefly explain how ¢*Nyiz(V) is related to the Wach module N(V)
considered in our earlier work. Note that #H(I") and @(BI&QP) are both Fréchet-
Stein algebras in the sense of | ] (by Theorem 5.1 of op.cit.); hence any finite-
rank free module over either one of these algebras has a canonical topology, and
a submodule of such a module is finitely-generated if and only if it is closed in
this topology (Corollary 3.4(ii) of op.cit.). Moreover, (B;Eg@p)w:o = @f:ll(l +

™) (B,

ng,(@p) is a free module over @(B:Eg@p) of rank p — 1.

Proposition 2.11. There is an isomorphism

(" Naig (V))*=0 = H(T) @y, ry (2" N(V)P=.

Proof. We first note that (p*Nyg(V))¥=0 = @f;ll(l + )t p(Nyig (V) is a finitely-
generated @(Bzg@p)—submodule of Deris (V) ®gq, (Bxg@p)wzo_ Hence it is closed in
the canonical Fréchet topology of the latter space. It is also I'-stable. Since the
Mellin transform is a topological isomorphism between (B;Eg’(@p)wzo and H(T'), we

see that (p*Nyg(V))¥=0 is a closed I'-stable subspace of a finite-rank free H(T')-
module; hence the action of T' extends to a (continuous) action of H(I"). So there
is a natural embedding of H(I') @, (ry (¢*N(V))¥=" into (¢*Nyig(V))*=°.

The image of this embedding is a #H(I')-submodule, which is finitely-generated,
since (*N(V))¥=0 is finitely-generated as a Ap-module [ , Theorem 3.5].
So it is closed. On the other hand, the image contains (¢*N(V))¥=C. Since we
evidently have

p—1

(¢ Neig (V)"0 = (1 +m)"o(Nuig (V)

i=1
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and p(Nyig(V)) = @(]B;tg@p) Op(By) ©(N(V)), it follows that

i=1

= ¢(B0,) Opiag ) PNV

(" Ng(V)"™ = (B q,) &m, (69(1 . ﬂi@(N(V’))

As @(B&p) is dense in @(Blﬁg@p), it follows that (¢*N(V))¥=Y is dense in (¢*Nyig (V) V=Y.
Thus the image of H(I') ®a, (r) (*N(V))¥=Y in (p*Nyig(V))¥=0 is both dense and

closed; hence it is everything. (I

We recall the following result from our previous work:

Theorem 2.12 (] , Lemma 3.15)). (¢*N(V))¥=0 is a free Ag(T)-module of
rank d. More specifically, for any basis vy, ..., vq of Deis(V), there exists a E®IB%ap_

basis ny,...,ng of N(V') such that n; = v; mod 7 and (1+m)p(n1),...,(L+m)o(ng)
form a Ag(T)-basis of (p*N(V))¥=0.
Combining this with Proposition 2.11, the following corollary is immediate:

Corollary 2.13. (¢*N,iz(V))¥=0 is a free E @ H(T)-module of rank d. More
specifically, for any basis vy,...,vq of Deis(V), there exists a E ® Biqg’(@p-basis
ni,...,Ng of Nyig(V) such that n; = v; mod w and (1 + m)p(ni1),..., (1 + m)p(nqg)
form a E ® H(T)-basis of (¢*Nyg(V))¥=0.

Remark 2.14. [t seems reasonable to conjecture that for any E ® Bxg@p—basis

mi,...,maq of Nug(V), the vectors (1+m)p(m;) are a EQH(T)-basis of (¢*Nyg(V)) V=Y,
and similarly for N(V'); but we do not know a proof of this statement.

3. THE CONSTRUCTION OF COLEMAN MAPS

3.1. Coleman maps and the Perrin-Riou p-adic regulator. Let E be a finite
extension of Q. Let V' be a d-dimensional E-linear representation of Gg, with non-
negative Hodge-Tate weights ry < re < --- < 714. We assume that V' has no quotient
isomorphic to the trivial representation. Let T' be a Gg,-stable Og-lattice in V.
Under these assumptions, there is a canonical isomorphism of Ap, (I')-modules

h‘Ilw : N(T)@b:l ; Hllw(QP7T)

by [ , Theorem A.3]. Moreover, since the Hodge-Tate weights of V' are non-
negative, we have N(T') C ¢*N(T') by Lemma 1.7. Hence there is a well-defined
map 1 — ¢ : N(T') = ¢*N(T), which maps N(T)¥=! to (¢*N(T'))¥=0.

As we recalled above, | , Theorem 3.5] (due to Laurent Berger) shows
that for some basis ny,...,nq of N(T) as an O ® A&p—module, the vectors (1 +

7)p(n1), ..., (14 7)p(ng) form a basis of (¢*N(T))¥=? as a Ao, (I')-module. This
basis gives an isomorphism
3 (NP0 — Ao, (1)
(the Iwasawa transform), and we define the Coleman map
Col = (Col;)iy : N(T)=" = Ao, (1)®?

as the composition Jo (1 — ).
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Remark 3.1. This direct definition of the Coleman map is equivalent to that given
in our earlier work, but applies to any representation with non-negative Hodge-Tate
weights, rather than starting with a positive representation and twisting by the sum
of its Hodge-Tate weights as in | ].

Let v4,...,v4 be a basis of Deis(V), so (14+7) @ v1,..., (1 +7) @ vy are a basis

of (Bxg@p)wzo ®Deyis (V') as an H(I')-module; and let nq, ..., ng be a basis of N(V)
lifting v1,...,v4 as in Theorem 2.12. Then there exists a unique d x d matrix M
with entries in H(T') such that

(1+m)p(ny) 1+7m) @1
) R VR R

(14 m)p(nag) (1+7) vy

In fact M is defined over H(T';), since the n; lie in (1 + m)e(N(V)) C (1 +
ﬂ)@(IB%;Engp) ® Deis(V). By Theorem 2.10, we know that the elementary divisors
of M are n,,,...,n,,.
Corollary 3.2. Up to a unit, det(M) is equal to H;j:l ;.
We can write the Coleman map Col in terms of M as follows:
Lemma 3.3. For z € N(T)¥=!, we have
(1 + 7T) X
(1 —)(z) = Col(x) - M - :
(1+7) vy
Proof. We have by definition
(1 +m)ep(n1)

(1 - )z = Col(x) - :

(1 +7m)p(na)

Therefore, we are done on combining this with (1). O

Definition 3.4. The Perrin-Riou p-adic regulator Ly for V' is defined to be the
Ag(T)-homomorphism

(M 'el)o(l—yp)o (hIlW,V)_l D Hiy(Qp, V) —— H(T) @ Deyis (V).
Using the isomorphism hj, y @ N(V)¥=' — H} (Q,, V), we can thus rewrite
Lemma 3.3 as
1551
(2) Ly(z) = (Colo(hy, v)™) (2) - M-

Vq

4. IMAGES OF THE COLEMAN MAPS

Let 7 be a character on A. In this section, we study the image of Col”(N(V)¥=1)
as a subset of A E(Fl)@d for a crystalline representation V' of dimension d with non-
negative Hodge-Tate weights. We then consider the projection of this image, giving
a description of Im(Col}) for i =1,...,d.
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4.1. Preliminary results on Ag(T';)-modules. Recall that we identify Ag(T')
with the power series ring F ® Og[[X]] by identifying v — 1 with X. Therefore, if
F € Ag(T'1) and z is an element of the maximal ideal of E, F|x—, € E.

Lemma 4.1. Let V be an E-subspace of E® with codimension n. For a fired
element x of the maximal ideal of E, we define the Ag(T'1)-module

S={(F,....Fs) € Ap(T))*": (Fi(),..., Fa(z)) € V}.
Then, S is free of rank d over Ag(T'1) and det(S) = (X — x)".
Proof. Let vq,...,vq be a basis of F such that Z?:l e;v; € V if and only if e; =0

for all i > d — n. On multiplying elementary matrices in GL4(F) if necessary, we
may assume that S is of the form

S={(F,....,Fy) € Ap(T1)® : Fy_pia1(z) = = Fy(z) =0}
= AE(F1)$(d—7z) oy ((X — x)AE(Fﬂ)@n,
so we are done. O

Proposition 4.2. Let I = {zg,...,z,} be a subset of the maximal ideal of E. For
eachi=0,...,m, let V; be an E-subspace of E®% with codimension n;. Define

S={(F,...,Fs) € Apg(T1)®: (Fi(2;), ..., Fa(z;)) € Vi, i =0,...,m},

then S is free of rank d over Ag(T1), and det(S) = [T/% (X — o)™

Proof. We prove the result by induction on m. The case m = 0 is just Lemma 4.1.
Assume that m > 0 and let
S'={(F1,....Fy) € Ap(T1)® : (Fi(zy), ..., Fa(z;)) € V;,i=0,...,m —1}.

By induction, S’ is free of rank d over Ag(I';) and det(S") = H:r;_ol(X —x;)". Let

FO = (Ff”,...,Fﬁ), i =1,...,d, be a Ag(I'1)-basis of S’. Write F,, for the
d x d matrix with entries Fj(i)(xm). As X — z,,, does not divide det(Fj(i))7 we have
Fm € GL4(E). Define
S// = {(Gh ceey Gd) € AE(Fl)EBd : (Gl(xm)7 o Gd(xm)) € me;ll} :

By Lemma 4.1, S” is free of rank d over Ag(I'1) and det(S”) = (X — x,,)™™. Say,
(ng), cee, Gglk)), k=1,...,d,is a basis.

For (Gy,...,Gq) € Ap(I'1)®?, we have Z?Zl GiF® € 8" C S by definition. Tt is
easy to check that Z?Zl GiF® ¢ S if and only if (G1,...,Gy) € S”. Therefore, a
basis for S is given by the row vectors of (ng))(Fj(l)) and det(S) = det(S’) det(S”).

Hence, we are done. (I

Lemma 4.3. If S is a Ag(T'1)-module as described in the statement of Propo-

sition 4.2, then the image of a projection from S into Ag(Ty) is of the form

[Lic/;(X —2:)AR(T'1) where J is some subset of {0,...,m}.

Proof. We consider the first projection pry : (Fy,..., Fy) — Fi. Let
J={i€[0,m]: (e1,...,eq) €V; =e; =0}.

It is clear that Im(pr;) C [[;c;(X —2;)Ag(I'1). It remains to show that |
x;) € Im(pry).

z‘eJ(X*
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By definition, for each i ¢ J, there exist e( ) e E, k=2,...,d, such that

H(xz —z;), eé),...,eg) ev.

jeJ
Similarly, take any (0 (i) el ) € V; for i € J. There exist polynomials F}, over
E such that Fj(x;) = for k =2,...,dand i =0,...,m. It is then clear that
<H(X — ), Fy, .. .7Fd> €s.
i€
Hence we are done. (]

4.2. On the image of the Perrin-Riou p-adic regulator. Let V be a d-
dimensional E-linear crystalline representation of Ggp, with non-negative Hodge-
Tate weights ry < --- < ry.

Definition 4.4. For an integer i > 0, we write
n; = dimpg Fil™ Doy (V) = #{j : 75 < i}
We make the following assumption:
Assumption 4.5. The eigenvalues of ¢ on Deis(V) are not integer powers of p.
Recall that we have the Perrin-Riou exponential map (c.f. | D
Qg+ (Bigg,)" ™" ® Deris(V) = H(T) ® Hyyy (Qp, V).
The Perrin-Riou p-adic regulator is related to Qv ,, via the following equation.

Theorem 4.6. As maps on HL (Q,,V), we have

rqg—1
Ly = (M ' o1) <H é) (Qry)”
Proof. By definition, this is the same as saying
Td 1
(1_90)°(h%wv <H£> QVTd )

which is just a rewrite of | , Theorem II.13]. O

Corollary 4.7. We have

rqg—1
det(Ly) = ] (e)* .
i=0
Proof. The §(V')-conjecture (see | , Conjecture 3.4.7]) predicts that

det(Qvpy) = ] (€)™

Z‘S’l‘dfl
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As pointed out in [ , Proposition 3.6.7], this conjecture is a consequence of
Perrin-Riou’s explicit reciprocity law (Conjecture (Réc) in op.cit.) which is proved
in | , Théoreme IX.4.5]. Therefore, Theorem 4.6 implies that
rqg—1
det(Ly) = <H (fi)d> H ()" |,
i=0 i<rg—1
which finishes the proof, since n; = 0 for ¢ < 0. O

Let z € H{, (Qp, V). Then Ly (z) € H(I')®q, Deris(V), s0 we can apply to Ly (2)
any character on I' to obtain an element in Ds(V). The following proposition
studies elements obtained in this way when we choose characters of a specific kind.
Recall that we denote by x the cyclotomic character, and by xg the restriction of
x to A.

Proposition 4.8. Let z € HL (Q,,V). Then for any integer 0 < i < ry —1 and
any Dirichlet character § of conductor p™ > 1, we have

(3) (1—¢p) ! (1 - p_lw_l) XLy (2) @tle_;) € Fil° Deis (V(—1));
(4) e " (X'6(Lv(z) @te_;)) € Qpp @ Fil® Doy (V(—14)).
Proof. We write [ , ] for the pairing

Dcris(v(*i» X Dcris(v*(l + l)) — Dcris(E(l)) =F- tilel.
The orthogonal complement of Fil® Deyis(V(—i)) under [ , ] is Fil®(V*(1 +1)). Let
z € Fil'Deis(V*(1 4 4)) and 2’ = (1 — ¢)(1 — p~to~ 1)z, and write 2/ ; for
2’ @ tte_;. Then
(A=) (1 =p e ) X (Lv(2) @ teni),z] = [X'(Lv(2) @ t'es), 2]
=xX'[Cv(2), 2",
1

where the first equality follows from the observation that 1 — ¢ and 1 —p~l¢~! are
adjoint to each other under the pairing [ , ].
We extend [ , ] to a pairing on

H(I) @q, Deris(V) X H(I') ®q, Deris(V* (1)) — E ®q, H(T')

in the natural way. By Perrin-Riou’s explicit reciprocity law (c.f. | , Théoréme
IX.4.5]) and Theorem 4.6, we have

Tdfl

(5) [EV(Z)vx/i]:(_l)rd_l< Il 4 Z’QV*<1>,1m((1+W)®x'i)>
=0

where ( , ) denotes the pairing
(H(D) @ Hiy(Qp, V) x (H(D) @ Hiy (@, V(1)) — E@H(T)

as defined in | , §3.6]. By | , Lemme 3.6.1(i)], the right-hand side of (5)
in fact equals

(6) <z 1T ¢ QV*<1>,1_rd((1+w>®x’_i>>:<z,ﬂw<1>,1((1+w)®x’_i)>-

J=0
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By an abuse of notation, we let Tw denote the twist map on the Hi s as well
as the map on H(T'") that sends any g € " to x(g)g. We have

(Tw™"(z), Tw' (y)) = Tw'(z, y)

for any = and y by | , Lemme 3.6.1(ii)]. Therefore, by combining (5) and (6),
X'[Lv(2),2";] is equal to the projection of

(Tw™'(2), Tw' (Qu )1 (1 +7) @2 ,)))

into E. The projection of Tw? (Qvey1 (L4 m) @a’;)) into HY(Qp, V*(1+1)) at
the origin is equal to a scalar multiple of

expg, v- i (1 =P 71071 = 9) 7' ("))
(see for example | , Proposition 3.19]). But
(1—p e (1 —¢) (@) =z € Fil’ Deyio(V* (1 + 1))

by definition. Therefore, as expg (144 vanishes on Fil° Deis (V*(1 + i) by con-
struction, it follows that

exXPQ, v+ (144) (1—¢) '(1—p ")) =0
and hence that
(A=) (A =p o )X (Lv(2) @ tes),z] = X [Lv(2),2,] = 0.
This implies (3), and (4) can be proved similarly. O
For any character n of A and an integer 0 < i < ry — 1, define
Vo= {(1 —p'o)(1—p o) T R Deis (V) if xg =1
B @(Fil ™" Deyis (V) otherwise
Note that V; ,, is a subspace of De,is(V') of the same dimension as Fil™* Deyis (V).
Corollary 4.9. Ifn is a character on A, then
Ixa n(enly(2)) : 2 € Hiy(Qp, V) } € Vi

Proof. Note that Fil™* Des(V) = Fil® Deyis (V(—i)) @ t~%e;. Therefore, if x4 = 1,
the result follows from (3) and the fact that ¢(t'e_;) = p't'e_;. Assume otherwise.

Since X'xp‘mla = n, we have x'xg'n(enLyv(2)) = X'xo'n(Lv(2)). Hence, (4)
implies that

et (X'xg "nlenLv (2) @ te_;)) € Qp(pp) @ Fil° Deyis (V(—1)).

But x'xg ‘n(en Lv (2)®t'e_;) = Ly (2)7] x =y (v)i—1 Ot e_; in fact lies inside Deyis (V (—4)).
Hence,

0 (X' xg (en Ly (2) @ tie ;) € Fil° Deyis(V(—i)) = Fil 7 Deyis (V) @ te_
and we are done on applying ¢ to both sides. ]
Corollary 4.10. Ifn is a character on A, then

{Lv(2)" x=x(v)i-1: 7 € Hiyy(Qp, V)} C Vi,

Proof. This is immediate from Corollary 4.9 as Ly (2)"| x =y (y)i—1 = XX ‘n(en Ly (2)).
O
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4.3. Images of the Coleman maps. We now fix a character n: A — ZJ. Let
Vi,...,vq be a basis of Dgis(V) and ny, ..., ng a basis of N(V) lifting v4,...,v4 as
in Theorem 2.12. We consider the image of the Coleman map defined with respect
to this basis as in Section 3.

Proposition 4.11. The image of the map
Col" : N(V)¥=! — Ap(Ty)®?

lies inside a Ag(T'1)-submodule S as described in the statement of Lemma 4.2 with
I={z;=x(7)"-1:0<i<my - 1} and V; =V, ,,, which is an E-vector space of
the same (co-)dimension as Fil™" Deyis (V).

Proof. Recall from (2) that
vy

Ly = (@ﬁjh%w,v) M
Vg
where M is as defined in (1). Note that M"7 = M for any character n of A, since
M is defined over H(T';). Moreover, Corollary 3.2 implies that X — y(v)* + 1

does not divide det(M), so M|x—y(y)i—1 € GLa(E). Therefore, we are done by
Corollary 4.10. O

Theorem 4.12. Equality holds in Proposition 4.11.

Proof. Write S for the basis matrix of the A g (T';)-submodule of A g (T'1)®¢ described
in the statement of Proposition 4.11. Then, Proposition 4.2 says that

aet($) = T[ (X = x()' + 1%
=0
But
d rj—1 & rg—1 51 d—mn;
det(M)ﬂl(ﬂ)X—x(v)’#l) 1}) (X—X(v)“rl) ’

since n; = #{j : r; < i}, as noted above. Hence, Corollary 4.7 implies that
det(Ly) = det(M) det(S)
and we are done. O
We can summarize the above results via the following short exact sequence:

Corollary 4.13. Suppose that no eigenvalue of @ on Deis(V) lies in p”. Then for
each character n of A, there is a short exact sequence of H(I'1)-modules

rqg—1
= 1- * = Ay i, —i
0 — N(V)¥=17 =% (¢"N(V)*=0" o @D (Deris(V)/ Vi) (X X0 1) — 0.
1=0

Here the map A, = ,(1® Ay;), where Ay ; is the natural reduction map H(I') —
Qp(xxo'n) obtained by quotienting out by the ideal (X + 1 — x(7)?) - .
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Remark 4.14. The short exact sequence in Corollary /.13 can be seen as an ana-
logue of Perrin-Riou’s exact sequence (see | , 82.2])

Td ) _
0 — PtDuis(V)*™ " — (Bfiyg, @ Deris (V)"
1=0

rig,Qp

Tad

2 B0, 0 DeaV) — (7)) — o,

iz \ 1P
In particular, the injectivity of the first map in our sequence follows from Perrin-

Riou’s sequence, since our assumption on V implies that the first term of Perrin-
Riou’s sequence vanishes.

We can now prove Theorem C.

Corollary 4.15. Fori=1,...,d, we have
Im(Col}) = [ (X = x(3)’ + D)Ap()
jery
for some I C {0,...,rq—1}.
Proof. This follows immediately from Lemma 4.3. O

We can also use this argument to determine the elementary divisors of the cok-
ernel of the map Ly, refining the result of Proposition 4.7.

Theorem 4.16. The elementary divisors of the H(I')-module quotient
H(F) ®Qp DcriS(V)
H(I) @ag, ) Im(Ly)

|, where A\, = £oly ... L—1.

are [Ar;.. 5\

Proof. We know that the matrix of Ly is equal to M - S, where M and S have
elementary divisors that are coprime. Hence the elementary divisors of the product

matrix are the products of the elementary divisors, which gives the above formula.
O

Td

5. THE COLEMAN MAPS FOR MODULAR FORMS

In this section, we fix a modular form f as in Section 1.3.6. We pick bases n1,ns
of N(Ty) and 1,72 of Deris(Vy) as in [ , Section 3.3]. Let V = V¢(k — 1),
which has Hodge-Tate weights 0 and k& — 1. We consider the Coleman maps Col}
and Col] defined on N(V)¥=! where 7 is a fixed character on A. As a special case
for Theorem 4.12 and Corollary 4.15, we have the following result.

Proposition 5.1. There exist 1-dimensional E-subspaces V; of E? for0 < i < k—1
such that

Im(Col”) = {(F,G) € Ap(T1) : (F(x'(v) —1),G(x'(7) — 1)) € Vi}.
Moreover, forl = 1,2, we have
Im(Col}) = J[ (X = x/(v) + 1)Ag(T1)
jery

for some I C {0,...,k— 2} with I and I disjoint.
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Proof. For 0 < j <k — 2, Fil™7 Deris(V) is of dimension 1 over E. Hence the first
part of the proposition by Theorem 4.12. The second part of the proposition follows
by putting

I'={i:Vi=0®E} and I!={i:V,=E®O0}.
O

Remark 5.2. Note that the second part of the proposition is a slightly stronger
version of Corollary /.15.

Corollary 5.3. In particular, there exist non-zero elements r; € E for i € I :=
{0,...,k =2} \ (I U L)) such that

Fu'—1)=0 ifiell
Im(Col") = { (F,G) € Ag(Ty) Gu'—1)=0 ifiel]
Fu'—1)=rGu' —1) ifielj
where u = x (7).
The aim of this section is to study the set above in more detail.

5.1. Some explicit linear relations. Recall from | , proof of Proposition 3.22]
that the maps £; and L5 as defined in Section 1.3.6 satisfy

Ly (z) = =L2(2)01 k-1 + L1(2)V2, k-1

for any z € HL (Qp, V). Therefore, Corollary 4.9 says that £1(z) and La(2) satifsy
some linear relations when evaluated at x’d for 0 < j < k— 2 and § some character
on A. We now make these relations explicit. First we recall that we have:

Lemma 5.4. Let j,n > 0 be integers and i € {1,2}. For z € H}. (Q,, V), we write
Z_jn for the image of z under
(7) Hyy (Qp, V) = Hyy (Qp, V(=5)) = H (@, V(=5))
where the first map is the twist map (—1)7 Tw; and the second map is the projection.
Then, we have
(8) X (Li(2) = 311 =) (1= p~ o™ i g, expg, v (i) (2—40)]-
If 0 is a character of G,, which does not factor through G,_1 with n > 1, then
. 4! _ n . o
(9) Xj(s(ﬁl(z)) = 7_(6_1) Z d 1(0) [SD (Vi,j—&-l),eXpr‘l,V(j) (z—j,n)]

ceGy

where T denotes the Gauss sum.
Proof. See for example [ , Lemma 3.5 and (4)]. O

Lemma 5.5. If 0 < j < k — 2 and 0 1s a non-trivial character on A, then
x?6(L2(2)) = 0.
Proof. On putting n =1 in (9), we have
‘ 4! _ _ % o
XJ(S(L:Q(Z)) = 7(6_1) Z 4 1(0) [90 1(V27j+1)7eXprvl,V(j)(Z—j,l)]'
cEA
o(11), so
o N (1r2j41) € E -1 1 = Fil° Dens (Vi (5 + 1))

But vy = p'=F
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Therefore, we have
[‘Pil(VQ,J’-‘rl)veXp(apyl,V(j)(zg)] =0
for all o € A and we are done. O
Lemma 5.6. If ©? + ap +b =0, then
_ 1 1+a+pb)po+a(l+a+pb)+bp—1
(1_90) 1(1_p 14,0 1):( )50 ( ) ( )

pb(1 +a+b)
Proof. We have

> +ap+b=0
> —1+alp—1)=—-1—a—0b
1-¢)(¢p+1+a)=1+a+b.

Therefore,
1 pt+l+a
A=) =T
Similarly, we have
1 pHta
= -
The result then follows from explicit calculation. O

Corollary 5.7. For 0 < j <k — 2, we have
(—ap + " + 0" )N (L2(2) = (0 — DX (L1(2)).
Proof. On Deys(Vi(k — 1 — j)), o satisfies

—kt1+4j —k+14+25 _
)

> — app o+Dp

as we assume £(p) = 1. Let u = 1 — ap,p ¥ 4 p= k242 o/ = —q p=k+1Hiy +
p~*+1+2i(p — 1). Then, Proposition 4.8 and Lemma 5.6 imply that

(UQD+’U,/)Xj(7[:2(2’)517]6_1_]‘4*51(2)1727k_1_j) S Fllo Dcrls(Vf(kflfj)) = EVl,k—l—j~

On writing the above expression as a linear combination of vy ;_1—; and vo —1—j,
the coefficient of the latter turns out to be

—plux? (L2(2)) + (0 + app™ T u)x"(L1(2)),

which must be zero, hence the result. O

Remark 5.8. The coefficient —a, +p’T* + p*=177 s non-zero by the Weil bound.

Recall from | , (32)] that we have
(L2 Ly) = (ﬁoh%w,v) M.
By [ , proof of Proposition 3.28 and Theorem 5.4], we have M|x—¢ = Ag =
(_01 pZ:) Therefore, the relations for j = 0 are given by
(=ap + 1+ p"?) Coly(2)®|x=0 = p" *(p — 1) Col, (2)* | x—0 if n=1;
Coly ()" x=0 =0 if n# 1.

In particular, for the case k = 2, we have the following analogue of | ,
Proposition 1.2].
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Proposition 5.9. If k = 2, the trivial isotypical component of the Coleman maps
give a short exact sequence

Col®
0 — H}\,(Q,,V) == Ap(l1) ® Ap(l1) —> Q, — 0,

where p is defined by
p(9(X), h(X)) = (2 = ap)g(0) — (p — 1)h(0).

5.2. Integral structure of the images. We now describe the integral structure
of Im(Col;)". Under the notation of Corollary 5.3, we define

X7 =[x =x(v)7 +1).
jEI!
Then, we have:

Theorem 5.10. Fori = 1,2, let X' be as defined above, then Col; (D(T7(k — 1))¥=1)" c
X!Aog(T1). Moreover, X;'Ao,(T1)/ Col; (D(Tj(k — 1))¥=1)" is pseudo-null.

Proof. Let

k—2
X = [[(xX =x(v) +1).
§=0
Note that [ , proof of Proposition 4.11] is true integrally. We therefore have

("M (m)e* N(Tf(k — 1)))1&:0 C (1 — @)N(Tf(k —1))¥=",

This implies that X € Im(Col,) for i« = 1,2. Hence, we have the following inclu-
sions:

XiAo, (1) € Col; (D(T5(k —1))Y=1)" € X[Ao,(T1)
for i = 1,2. Since X} is not divisible by wg, the quotient

X'Ao, (T1)/XeAoy (T1)

is a free Og-module of finite rank. Moreover, for a coset representative, x say, it
follows from Corollary 4.15 that there exists an integer n such that

wha € Col, (D(Ty(k —1))¥=1)".
Therefore, Col; (D(Tj(k — 1))11’:1)77 is of finite index in X"Ap, (T'1). O
5.3. Surjectivity via a change of basis. Unfortunately, we do not have an ex-

plicit description of the sets I} given by Corollary 5.3. However, this can be resolved
by choosing a different basis:

Proposition 5.11. Let S be a subset of Ap(I'1)®? as defined in Corollary 5.5.
Then, there exists A € GL(2,0g) such that SA =S’ for some S’ which is of the
form

{(F,G) e Ap(T'1)®? : F(u' = 1) =7[G(u' —1),0< i <k —2}
for some non-zero elements r} € E.

Proof. Let e1,eo € Op be non-zero elements such that ejes # 1, then

1 €9
(61 1) € GL(2,05).
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Let (F,G) € Ap(I'1)®%, we write (F/ G') = (F G)A= (F+e1G G+eF).
We have

Fu'—1)=0 < F'(u' - 1) =e;G'(u" - 1);
G(uz _ 1) =0 — G/(uz — 1) = EQF/(Ui — 1)7
F(u'—1) =7,Gu' —1) <= (ear; + DF'(u’ —1) = (e1 +71:)G' (u' — 1).

Therefore, we are done on choosing e; # —r;l and e; # —r; for all i € I7. O
Remark 5.12. In the construction of the Coleman maps, replacing (Zl> by
2
A (Zl> where A € GL(2,0Fg) is equivalent to replacing M by AM.
2

Therefore, on multiplying M by an appropriate matrix in GL(2, Og) on the left,
we can make both Coleman maps surjective (though we cannot assume M|x—o =
Ag any more). By Proposition 5.11, we deduce

Theorem 5.13. There exists a basis ofN(Tf) such that the corresponding Coleman
maps have the following properties:

Aoy (T'1)/ Coly(D(Tr(k — 1))*=1)"

is pseudo-null for i =1,2.
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