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Abstract

The mitigation and control of impurities, or non-fuel ions, in tokamak plasmas

is vital for reducing energy losses and an understanding of impurity transport is

required in order to predict the performance of present and future tokamak devices.

The development and application of a full orbit, test particle code to the study of the

collisional transport of test impurity ions in spherical tokamak plasmas is presented.

This code is tested against the standard analytic description of collisional transport

in magnetised plasmas and is demonstrated to be particularly suited to the study

of the tight aspect ratio of the spherical tokamak design.

The principle results of the present work concern the investigation of the

role of the radial electric field, a feature of high performance tokamak plasmas, on

collisional ion transport. It is found that a static radial electric field leads to a

significant reduction in the radial transport of test impurity ions. This effect may

be explained in terms of a novel radial drift of the test ions arising due to the

introduction of collisional Langevin terms to the full orbit, test particle equations

of motion. This has significant implications for the confinement of impurity ions in

high performance, steady state tokamak discharges. A scaling of this modification

with impurity particle mass and charge numbers is derived analytically and verified

numerically and a scaling with electric field parameters is derived numerically.

A time dependent radial electric field, which models a number of transient

events in tokamak plasmas such as the low- to high-mode transition and edge lo-

calised modes, is also investigated and attempts at a preliminary comparison be-

tween experimental and numerical observations of impurity transport in spherical

tokamak devices is presented.
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Chapter 1

Introduction

1.1 Magnetic confinement fusion

The grand vision of proponents of nuclear fusion is the realisation of the generation

of commercial amounts of energy via nuclear fusion, the process of fusing light nuclei

into heavier nuclei. The potential of nuclear fusion as a future energy source has

been extensively considered with regards to fuel availability, safety, environmental

impact and economics [Miller, 1998; Najmabadi, 1999; Braams and Stott, 2002;

Sheffield et al., 2001; Llewelyn-Smith and Ward, 2005] and it is seen by many as a

sustainable long term energy source. The process is attractive since it releases no

carbon dioxide, produces a relatively small amount of benign radioactive waste and,

crucially, is inherently safer than existing nuclear fission power plants, since fusion

does not rely on a critical mass of fuel, eliminating the risk of runaway processes

which have plagued the nuclear fission industry.

It is envisioned that the first generations of commercial fusion power plants

will use deuterium and tritium, isotopes of hydrogen, as fuel, utilising the process

D � T Ñ He4 � n� 17.58 MeV (1.1)

to generate nuclear energy. Approximately 80% of the 17.58 MeV of fusion energy

released in each reaction is carried by the neutron, which can be used to generate

electricity, with the rest of the energy carried by the α particle. Central to the goal

of achieving self-sustained nuclear fusion is the effective utilisation of the energy

carried by the α particle in order to continually heat the deuterium-tritium fuel and

maintain a sufficiently high fusion reaction rate.

If this self heating is sufficient to overcome the various energy loss mechanisms

which exist in a fusion reactor then ignition is achieved. This is critical to the
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feasibility of future fusion reactors since, in order to be a viable source of energy,

any reactor must satisfy the condition that the energy used to drive the device is far

exceeded by the energy released from the fusion reactions. This requirement was first

formalised by Lawson [1957] and is widely referred to as the Lawson criterion. This

criterion is expressed as a product of three key parameters: density, n; temperature,

T ; and energy confinement time, τE. This condition for ignition expressed in terms

of the triple product of these quantities is

nTτE ¡ 3� 1021 m�3 keV s. (1.2)

Temperatures of the order of 10 keV, or approximately 110 million K, are required

for the fusion reactions to occur spontaneously and in order to satisfy the Lawson

criterion. At such temperatures the deuterium-tritium fuel mix is a fully ionised

plasma.

Currently, the most developed concept for a nuclear fusion reactor is the

tokamak, a magnetic confinement system in which strong applied magnetic fields

maintain a hot plasma for sufficiently long times that enough fusion reactions occur

to produce a useful amount of energy. The projected reactor values of n, T and τE

have all been achieved in tokamak devices, although never simultaneously. However,

the result of a large international collaboration, ITER [ITER Physics Basis Editors

et al., 1999], which aims to demonstrate the commercial viability of fusion energy, is

due to come on line in the next decade. ITER will address fundamental physics issues

concerning the steady state operation of magnetic confinement fusion devices in

operating regimes approaching that of a commercial power plant. The performance

of such a device is limited by the transport processes which limit the confinement of

the plasma fuel. Plasma transport is therefore a critical topic in the development of

a magnetically confined fusion device and this field is rightly at the heart of fusion

research.

1.2 Tokamak plasmas

Magnetic confinement devices such as tokamaks utilise strong applied magnetic fields

in order to confine the charged particles which constitute the fusion plasma. Due

to the solenoidal nature of the magnetic field a torus is the simplest topological

configuration that can be assumed to have no magnetic field lines exiting from it’s

bounding surface [D’haeseleer et al., 2001]. This property of toroidal confinement

systems is crucial for achieving sufficiently long energy confinement, since charged

particles are constrained to move along lines of magnetic force but cannot move
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across these lines, as demonstrated in section 2.3. Closed magnetic field lines which

are isolated from the material walls of a tokamak device therefore ensure that, in

principle, one can achieve sufficiently long energy confinement to satisfy the Lawson

criterion (however, it shall be shown that collisional processes, for example, limit

this confinement).

Of great importance for toroidal plasma equilibrium and stability calculations

and transport analysis are flux coordinates pΨ, θ, ϕq, which are natural coordinates

for describing a torus. Generally Ψ is the flux surface label, which can loosely be

identified with the minor radius of the torus and which identifies surfaces of constant

plasma pressure, ϕ is the geometric toroidal angle and θ is the geometric poloidal

angle. Here the toroidal and poloidal directions refer to the long way around and

the short way around the torus respectively, as depicted in figure 1.1.

The conventional design for a tokamak device is presented in figure 1.1. The

fusion plasma is contained in a toroidal vacuum vessel, surrounded by a metallic wall

which is one of a number of plasma facing components, and held in isolation from the

material walls by a helical magnetic field. The helical nature of the magnetic field

is key to the stability of the plasma. There are two major components required to

generate this magnetic field. The first is the central solenoid (orange in figure 1.1), an

iron core which passes through the centre of the toroidal vacuum vessel. The voltage

applied to the primary circuit is slowly swept from a large positive to a large negative

value, magnetising the iron core and inducing a toroidal current in the plasma,

analogously to the secondary coil of a transformer. This toroidal current in the

plasma gives rise to a poloidal magnetic field. In addition, large D-shaped toroidal

magnetic field coils (blue in figure 1.1) generate a toroidal magnetic field component.

In equilibrium, the applied tokamak magnetic field balances the outward pressure of

the high temperature fusion plasma. Often this requires the generation of additional

poloidal magnetic field or of a vertical magnetic field, using additional external coils.

The external coils can be used to shape the fusion plasma, so that the shape of

the plasma poloidal cross section (a cross section of the plasma at constant toroidal

angle) is not simply circular. Since in a tokamak power plant the temperature

and density profiles will be largely self-determined by fusion energy production and

plasma transport the shape of the plasma is left as a free parameter of the tokamak

design for controlling plasma performance. This magnetic shaping may be used to

operate a so called diverted plasma configuration. In this case the confined plasma is

surrounded by a region of open magnetic field lines, which direct any particles which

leave the confined plasma to the divertor, a dedicated region of the first wall which

can withstand the flux due to this exhaust of particles. The separatrix, or last closed
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Figure 1.1: Schematic of the conventional tokamak design [Nuttall, 2008]. The fu-
sion plasma is confined in a toroidal vacuum vessel by toroidal and poloidal magnetic
fields, generated by toroidal field coils and the plasma current induced by the trans-
former action respectively. The resultant helical magnetic field is crucial for plasma
stability.

flux surface, is the curve which separates the regions of closed and open magnetic

field lines. An alternative configuration which pre-dates the divertor configuration

is the limited plasma configuration, in which the minor radial extent of the plasma

is physically restricted by a limiter that extends in from the vacuum vessel wall.

Typically the plasma energy density is much smaller than the magnetic field

energy [Wesson, 2004], which has important consequences for the cost of electric-

ity produced via magnetic confinement devices. The ratio of plasma pressure to

magnetic pressure is called the plasma-β and is defined as

β � p

B2{2µ0
� nkBT

B2{2µ0
. (1.3)

Here p is the plasma pressure and B is the magnitude of the tokamak magnetic field.

This quantity is related to the overall cost of electricity production by tokamak

devices since it measures the efficiency of the use of the magnetic field, which is

a significant cost of the tokamak design. A high β is desirable since this quantity

scales with the plasma pressure. Thus, for a fixed magnetic field (in other words, for

a fixed machine cost), a higher β indicates higher plasma density and temperature

values, or an increased fusion reaction rate.

In the present thesis we investigate the collisional processes which limit con-
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finement in spherical tokamaks, an advanced tokamak design which offers a more

compact device than the conventional tokamak, see figure 1.2. In particular we pri-

marily focus on the Mega Ampère Spherical Tokamak (MAST) [Cox and the MAST

team, 1999], a relatively large spherical tokamak (ST) device. On key characteristic

of a tokamak is the aspect ratio of the plasma, that is the ratio of the major to mi-

nor radius of the torus. Early tokamak devices were large aspect ratio devices. For

example, the Joint European Torus (JET) [Rebut et al., 1985], the largest tokamak

currently in operation has, has a minor and major radius of 1.25 m and 2.96 m,

corresponding to an aspect ratio of 2.37. The MAST device on the other hand has a

minor radius of approximately 0.65 m and a major radius of approximately 0.85 m.

One considerable advantage of spherical tokamaks over conventional toka-

maks is that the compact design and tight aspect ratio allows a weaker magnetic

field to be used, reducing the cost of such a device for a given amount of heat-

ing power. It is well established that spherical tokamaks are able to access high β

[Lloyd et al., 2004]. Spherical tokamaks such as MAST have also been demonstrated

to exhibit conventional tokamak-like confinement, in agreement with international

scaling laws [Gusev et al., 2003]. Thus while ST devices may offer a number of

advantages over conventional tokamaks, they follow the same scaling laws as con-

ventional tokamaks and thus share many common properties and characteristics. I

will therefore occasionally use the term tokamak to refer to both conventional and

spherical tokamaks.

Spherical tokamak plasmas such as MAST tend to be strongly shaped, that is

the poloidal cross deviates significantly from the circular cross section of the idealised

large aspect ratio tokamak, as depicted in figure 1.2. This strong shaping and access

to high-β operating regimes has extended the operating space of tokamaks, providing

a stringent test of scaling laws and theories and offered insight into the dependence

of physical processes on, for example, the plasma shaping. The impact of MAST

and tight aspect ratio on a number of aspects of tokamak physics is reviewed by

Lloyd et al. [2004].

1.3 The impact of impurities

The control and removal of impurities from tokamak fusion plasmas is a critical issue

for future reactors. By impurities it is meant any ions which are not the reactants

for fusion reactions. There exists a maximum permissible impurity concentration

above which ignition cannot occur [Hirshman and Sigmar, 1981]. Thus it is critical

that impurity levels may be controlled or at the very least limited.
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Figure 1.2: Comparison of the aspect ratio of conventional (outer torus) and spher-
ical tokamak (inner torus) plasmas.

There exists two general sources of impurities in tokamak devices. The first

is intrinsic to the fusion reactions occurring in the plasma core, that is the fusion-

produced α particles. Simply by having fusion reactions occurring we are introducing

impurity ions which themselves do not contribute to the production of fusion energy.

However, as discussed in the previous section, one aims for a scenario where these

α particles are used for self-heating of the plasma. Thus, it is desirable to devise

an operational scheme such that α particles remain confined within the plasma just

long enough for them to transfer their energy to the deuterium and tritium ions,

but are then promptly lost. Once the helium ions have transferred their energy to

the fusion plasma, they are referred to as helium ash. The presence of helium ash

is undesirable for reasons discussed below.

The other source of impurities is the tokamak device itself. At the temper-

ature of a fusion reactor material hitting the tokamak walls (through, for example,

disruptions or instabilities of the plasma) sputter wall material into the plasma. We

therefore require materials with high charge numbers, Z, which are resistant to sput-

tering. However, high-Z impurities, when injected into the plasma, are detrimental

to plasma performance and so a compromise is necessary.

Impurities present in a fusion plasma affect the reactor performance through

enhanced radiation losses and fuel dilution [ITER Physics Basis Editors et al., 1999].

Sputtering of wall material and high-Z elements give rise to partially stripped ions,

which in turn give rise to plasma energy loss through enhanced radiation. There

are two types of process involved. The first is the enhancement of Bremsstrahlung

because of the higher value of the ionic charge for impurities. The second is the

radiation which occurs through the atomic processes of line radiation and recombi-

nation. The mitigation and control of impurities is therefore vital in reducing these

energy losses from fusion tokamak plasmas.

Conversely, impurity ions present in the edge or near the divertor of a toka-

mak, where there is little fusion energy production, may be beneficial by radiating
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thermal energy and thereby mitigating the heat load incident on the divertor and

plasma facing components [Murakami et al., 2003]. An understanding of impurity

transport (a topic which has received less attention than the transport of bulk ions)

is therefore crucial in order to predict the overall performance of fusion plasmas

[ITER Physics Basis Editors et al., 1999].

1.4 Thesis overview

In this thesis the role of the radial electric field on the collisional transport of im-

purity ions in spherical tokamak plasmas is investigated using a full orbit particle

code. In chapter 2 a number of important tokamak physics concepts are introduced

and discussed. These include tokamak plasma equilibria, the dynamics of charged

particles in toroidal magnetic fields and particle confinement and collisional trans-

port in tokamak plasmas. This chapter ends with a brief summary of experimental

observations of impurity transport in conventional and spherical tokamaks.

The development and application of the numerical tool used throughout this

thesis, the full orbit particle code CUEBIT, is then discussed in chapter 3. Examples

of collisionless particle trajectories in tokamak plasmas calculated using CUEBIT

are presented and these orbits are tested for correctness using the analytical results

of the preceding discussion of charged particle dynamics. The implementation of

collisions in CUEBIT is then compared against the standard theory of collisional

transport in tokamak plasmas, neoclassical theory, in chapter 4.

Having verified the correct expected behaviour of the numerical code and

it’s suitability for the study of spherical tokamak plasmas, chapter 5 introduces the

radial electric field and investigates the modification of the collisional transport of

impurity ions due to this field. A scaling of this modification with impurity particle

mass and charge numbers is derived analytically and verified numerically and a scal-

ing with electric field parameters is derived numerically. Chapter 6 introduces a time

dependency of the radial electric field, which models a number of transient events

in tokamak plasmas, and attempts a preliminary comparison between experimental

observations of impurity transport on MAST with the results of the CUEBIT code.

Finally, in chapter 7 a brief summary of the key results of the present work is given

and future plans are outlined.
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Chapter 2

Tokamak and plasma physics

The goal in plasma physics, as in the study of any fluid such as air,

water, or liquid helium, is to understand and to control it — to pump,

to compress, to heat and extract energy, to propagate waves, to measure

and, above all, to keep it from leaking.

Grad, H, Plasmas, Physics Today 19, pp. 34–44, 1969.

2.1 The problem of plasma physics

A plasma is essentially a collection of charged particles, both ions and electrons,

interacting self-consistently with one another, via the Coulomb force, and any ex-

ternally applied electric and magnetic fields. It is this property of collective long-

range interactions, of plasma with itself and of plasma with its electromagnetic

environment, that gives rise to the great complexity of its behaviour [Post, 1956].

One could, in principle, fully describe a plasma and its associated collective modes

by considering the motion of each individual charge. The motion of non-relativistic

charged particles in electromagnetic fields is governed by the Lorentz force equation,

m
dv

dt
� Ze pE� v �Bq , (2.1)

where m, Ze and v are the mass, charge and velocity of a particle and E and B

are the electric and magnetic fields experienced by the particle. In order to exactly

solve for the motion of a charged particle the dynamics of the fields must also be

considered, in other words E and B are not static and are in fact influenced by the

presence of charged particles. Equation 2.1 must therefore be solved self-consistently
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with the evolution of these fields, described by the set of Maxwell’s equations:

∇ �E � ρ

ε0
, (2.2a)

∇ �B � 0, (2.2b)

∇�E � �BBBt , (2.2c)

∇�B � µ0j� µ0ε0
BE
Bt , (2.2d)

which are coupled to particles through the charge density ρ and the current density

j. The set of equations 2.1 and 2.2 provides a formally complete description of a

plasma. However, the apparent simplicity of the problem, succinctly stated in five

equations, belies the hugely complex and varied solutions of the above system. For

systems of practical interest, the above system is in fact impossible to solve, since

it is not possible (nor desirable) to know the position and velocity of each particle.

Thus, much of plasma physics is directed at constructing approximations which

make solution of the above equations tractable.

Whilst the approach outlined above is not practical, the dynamics of individ-

ual charges and the Lorentz force equation, 2.1, are central to the present work. We

can reduce the complexity of the problem by neglecting the self-consistent evolution

of particles, that is we assume that the electric and magnetic fields in the problem

are externally prescribed and static. This allows us to solve for the exact particle

dynamics, in other words find exact solutions to the Lorentz force equation, assum-

ing this stationary electromagnetic environment. We further reduce the complexity

of the problem by assuming test particles, that is we follow a species of independent

particles which interact with with some prescribed background field or species of

particles which is either static or evolves independently of the test particle species.

Alternative particle descriptions exist. Rather than solving the Lorentz force

equation, guiding centre and gyrokinetic theories average over the particle cyclotron

period, solving for the trajectories of the averaged, or guiding centre, particle po-

sition. Averaging out the fastest particle time scale allows one to describe longer

time scale phenomenon more easily and allows gyrokinetic codes to simulate the

self-consistent dynamics of particles. However, the description of the averaged par-

ticle motion relies on an ordering of the particle equation of motion and care must

be taken to ensure that the solution has been calculated to a sufficiently high order

[Baños, 1967]. The first principles full orbit approach, based on the solution of the

Lorentz force equation, on the other hand, is rigorously correct and can ultimately

be used to verify the ordering and expansion employed in gyrokinetic calculations.
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2.2 Plasma equilibrium

The previous chapter introduced the toroidal nature of the confining tokamak mag-

netic field. This toroidal nature is crucial for achieving plasma confinement. In

the present section we demonstrate that toroidal magnetically confined plasmas are

viable, in other words that is it possible to form a toroidal plasma equilibrium

by the appropriate generation of a magnetic environment, and discuss a tokamak

equilibrium model valid for both spherical and conventional tokamaks that is used

throughout this thesis.

The full set of equations which describe the long-time behaviour of plasmas,

the MHD equations, may be reduced to an equilibrium set of equations, the so-called

magnetostatic equations [Freidberg, 1987],

j�B � ∇p, (2.3a)

∇�B � µ0j, (2.3b)

∇ �B � 0, (2.3c)

by assuming a stationary plasma. Non-stationary equilibria, with a non-zero plasma

flow velocity, v, do exist but the effect of toroidal flow, vϕ, on the equilibrium

flux surfaces is usually small provided that this rotation is small compared with

the bulk plasma ion thermal speed, vth,i, in other words provided that v2
ϕ ! v2

th,i.

Toroidal flows in present day conventional tokamaks are generally subsonic, although

in MAST higher levels of rotation compared to conventional tokamaks are readily

achieved due to the lower moment of inertia of the ST design.

From (2.3a) we have that the condition for equilibrium is for the magnetic

force, j�B, to balance the pressure gradient force, ∇p. This force balance equation

summaries the condition for the existence of a equilibrium plasma configuration.

Finding a solution to this equation, in other words forms of j and B which balance

∇p, is the aim of the present section.

2.2.1 The problem of toroidal confinement

From the magnetostatic equations above it follows that magnetic induction and

current density are everywhere normal to the pressure gradient,

B �∇p � 0 and j �∇p � 0. (2.4)
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In other words, pressure is constant along lines of both magnetic field and current

density. The curve p � constant defines a family of surfaces characterised by the

value of the constant. Since, for practical cases, we require that the plasma is con-

fined and isolated from material walls, surfaces of constant pressure must be closed.

Additionally, we require that the j � B force nowhere vanishes in order to satisfy

the equilibrium force balance. We therefore find, via a well know theorem [Alexan-

droff and Hopf, 1935], that such surfaces must be a set of nested tori (essentially

since any closed surface p � constant divides all space into two regions, inside and

out, all such closed surfaces must topologically be similar to a torus). These sur-

faces are called flux surfaces, since they may be uniquely labelled by the poloidal

flux function Ψ, this is the magnetic flux passing through a surface of constant

poloidal angle bounded by the magnetic axis and the magnetic surface of interest.

All surfaces contain within them the magnetic axis, a unique line which defines the

maximum pressure and therefore defines the limiting magnetic surface whose cross-

sectional area is zero. It should be noted that there exists two definitions of flux

surfaces, one from each of the equations in (2.4). In the following we assume that

these sets of surfaces are coincident.

One attractive property of these toroidal surfaces of constant pressure, and

a consequence of the aforementioned theorem, is that the fields B and j will be

non-zero everywhere on the surface, indicating that the j�B force can, in principle

at least, everywhere balance the plasma pressure.

We now consider two important consequences of constructing a toroidal

plasma and magnetic field structure. The first of these is analogous to the force

between parallel current carrying wires. The magnetic field observed at one wire

due to current in the other leads to a j � B force which acts to push the wires

together. In other words, parallel currents attract each other and, conversely, anti-

parallel currents repel each other. If we consider a plasma to be a bundle of parallel

current carrying wires in the toroidal direction then there is mutual attraction be-

tween each wire, resulting in an effective net force acting to reduce the diameter of

the bundle. The bundle could be replaced by a distributed current such as the cur-

rent carried by a finite-radius, cylindrical plasma. This contracting, inward directed

force is called the pinch force.

Secondly, at each point on a current carrying loop of wire there is a repulsive

force between that point and the point opposite, since current flows in opposite

directions on opposing sides of the loop. The result is an outward directed force,

called the hoop force, which acts to expand the diameter of the loop. The magnetic

field lines are more dense on the inside the loop than outside, a purely geometrical
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effect resulting from the curvature of the current path. Thus, the magnetic field

is stronger on the inside of the loop than on the outside, in other words there is a

larger magnetic pressure on the inside of the loop resulting in an outward force. The

combined effects of magnetic pressure and tension can be visualised by imagining

a current-carrying loop where the conductor has a finite diameter. The hoop force

will cause the diameter of the loop to increase while the pinch force will cause the

diameter of the conductor to decrease.

These forces may be introduced more rigorously by substituting for the cur-

rent density, using Ampère’s law, (2.3b), in the equation for force balance, (2.3a),

which yields

∇p � 1

µ0
p∇�Bq �B � 1

µ0

�
pB �∇qB�∇

�
B2

2


�
, (2.5)

or, expressed as the so called pressure-balance condition,

∇
�
p� B2

2µ0



� 1

µ0
pB �∇qB. (2.6)

The right-hand side of the above equation arises from a parallel tension force. The

left-hand side of this equation indicates that we consider the magnetic field to have

associated with it a magnetic pressure, pmag � B2{2µ0. An important figure of merit

used when comparing the design of magnetic confinement devices is the plasma-β,

(1.3), which is defined as the ratio of the kinetic (or plasma) pressure to the magnetic

pressure.

The problem of toroidal equilibrium may be considered two-fold. First, the

magnetic confinement must provide radial pressure balance, so that in the poloidal

plane flux surfaces form closed nested surfaces. Secondly, the configuration must

compensate for the outward expansion force inherent in all toroidal plasmas with-

out sacrificing stability [Freidberg, 1982]. This is often achieved by the suitable

application of a vertical magnetic field applied so as to reduce the magnetic field

on the inboard side of the plasma and increase it on the outboard side, resulting

in a balance of magnetic pressure on both sides of the plasma. Alternatively, an

appropriate balance of toroidal and poloidal magnetic fields may compensate this

expansion force [Freidberg, 1982, Sec. IV].

The existence of analytical solutions to (2.3a), despite its apparent simplicity,

has only been demonstrated for symmetric systems; there exists a basic existence

problem for the fully three-dimensional, non-symmetric case [Edenstrasser, 1980].

In the next section, we therefore deal only with the relatively simple case of axisym-
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metric toroidal plasmas. The problem of toroidal force balance can then be recast

into a single equation, the Grad-Shafranov equation, which must be satisfied by any

axisymmetric plasma in equilibrium.

2.2.2 The Grad-Shafranov equation

The Grad-Shafranov (GS) equation derives from the MHD equilibrium force balance

equation, j�B � ∇p, in coordinate systems with an ignorable coordinate [Shafranov,

1958; Grad and Rubin, 1958; Lust and Schlüter, 1957]. Tokamak plasmas are, to a

first approximation, axisymmetric, that is symmetric in the toroidal direction. The

assumption of axisymmetric allows one to reduce the three equations j�B � ∇p to

a single equation, the GS equation, which in cylindrical coordinates, pR,ϕ,Zq, has

the familiar form

∆�Ψ � R
B
BR

�
1

R

BΨ

BR


� B2Ψ

BZ2
� �µ0R

2 dp

dΨ
� 1

2

df2

dΨ
, (2.7)

where p � ppΨq is the plasma pressure, f � fpΨq is the poloidal current and ∆� �
R2∇ � �R�2∇

�
is the elliptic operator. The GS equation is a second order nonlinear,

elliptic partial differential equation, whose solutions describe axisymmetric plasma

equilibria. The solution to the GS equation, in other words the functional form of

ΨpR,Zq, describes the tokamak plasma shape and poloidal magnetic field.

The total tokamak magnetic field is generally written as

B � fpΨq∇ϕ�∇ϕ�∇Ψ � BT �BP, (2.8)

with f � RBϕ and Bϕ the toroidal magnetic field strength. Equation (2.8) is a

general result which follows simply from the divergence free nature of the magnetic

field vector, ∇ �B � 0, and the assumption of axisymmetry [D’haeseleer et al., 2001].

The toroidal magnetic field, BT, is determined by the prescription of fpΨq whilst

the poloidal magnetic field, BP, is determined by the solution of the GS equation,

ΨpR,Zq.

2.2.3 Analytic Solov’ev equilibria

Analytic solutions of the Grad-Shafranov equation are used to study plasma equi-

librium, MHD stability and transport properties of toroidally axisymmetric fusion

devices, both theoretically and numerically. They are also useful for benchmarking

MHD equilibrium codes, which solve the GS numerically, for situations where the

usual large aspect ratio expansion is not justified [Cerfon and Freidberg, 2010].
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The Solov’ev solution to the GS equation [Solov’ev and Shafranov, 1966;

Solov’ev, 1968] is a widely used analytic solution which is useful for both numerical

and analytic study of tokamak plasmas since it is both simple and yet exact. With

this solution we may describe up-down symmetric limited or diverted equilibria (we

could also describe up-down asymmetric diverted equilibria, however, these solutions

tend to be semi-numerical; in the present work we are concerned only with analytic

solutions). The Solov’ev solution, in general, includes the effects of finite aspect

ratio, finite beta and a non-circular cross section.

The Solov’ev solution derives from the assumption of a linear right-hand side

of the GS equation with the source terms fpΨq and ppΨq defined as [Solov’ev, 1968]

ppΨq � pe � p1Ψ, (2.9a)

f2pΨq � f2
0 � 2AΨ, (2.9b)

with p1   0 for physical equilibria. Here a prime denotes a derivative with respect

to the poloidal flux, Ψ. With this choice of the source terms the GS equation takes

the form

∆�Ψ � �µ0p
1R2 �A. (2.10)

The choice of the free functions given above has the considerable advantage of mak-

ing the GS equation a linear inhomogeneous partial differential equation.

Derivation of the Solov’ev solution

The usual method of finding a solution to the GS equation is to expand either the

homogeneous solution or the full solution as a separable power series, such as

ΨpR,Zq �
8̧

n�0

gnpRqZn (2.11)

or similar [Zheng et al., 1996]. In the following we expand the full solution in this

way. With this particular form of the solution the second derivative with respect to

the vertical coordinate is

B2Ψn

BZ2
� npn� 1qZn�2gnpRq � pn� 2qpn� 1qZngn�2pRq. (2.12)

where we have redefined the index n in order to arrive at the final equality. Substi-

tuting the expansion above into the GS equation, we have that the solution satisfies
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the equations

R
d

dR

�
1

R

dgn
dR



� pn� 2qpn� 1qgn�2 �

$&
%�µ0p

1R2 � ff 1 if n � 0,

0 otherwise ,
(2.13)

for each value of n, where we have collected terms proportional to each Zn. We

therefore have a system of ordinary differential equations for each term in the ex-

pansion (above), which couple the n and n� 2 terms of the expansion in the radial

coordinate.

In order to find simple analytic solutions to the GS equation we make some

simplifying assumptions and truncate the series expansion of our solution. First, we

seek solutions which are up-down symmetric, and so only retain even values of n in

the expansion above. Up-down asymmetric solutions may be found, but they tend

to be more complicated and require a semi-numerical approach to solve the required

plasma boundary conditions [Atanasiu et al., 2004; Guazzotto and Freidberg, 2007;

Cerfon and Freidberg, 2010]. Secondly, we truncate the expansion of the solution

at n � 2, in other words we assume that gn � 0 for n ¥ 4. With this truncated

expansion of the poloidal flux function the GS equation takes the form

R
d

dR

�
1

R

dg0

dR



� 2g2 � Z2R

d

dR

�
1

R

dg2

dR



� �µ0p

1R2 � ff 1. (2.14)

From this equation, we see that the right hand term is independent of Z2. The term

proportional to Z2 therefore satisfies

R
d

dR

�
1

R

dg2

dR



� 0, (2.15)

which is just (2.13) for n � 2 and which has solution

g2pRq � c1 � c2R
2. (2.16)

We may now solve for g0 using the n � 0 case of (2.13). With

R
d

dR

�
1

R

dg0

dR



� pC � 2c2qR2 �A� 2c1 (2.17)

we have that

g0 � 1

8
pC � 2c2qR4 � 1

4
pA� 2c1qR2 r2 lnR� 1s � c3

2
R2 � c4. (2.18)
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Here we have introduced C � �µ0p
1. Combining this with our expression for g2 we

have the solution to the GS equation

ΨpR,Zq � 1

8
pC � 2c2qR4� 1

4
pA� 2c1qR2 r2 lnR� 1s� c3

2
R2�c1Z

2�c2R
2Z2�c4.

(2.19)

This solution describes the geometry of surfaces of constant poloidal flux for up-down

symmetric, axisymmetric plasmas. For such plasmas the shape of the poloidal cross

section is described by four parameters: the major radius, geometric minor radius,

elongation and triangularity (see section 2.2.3), which are related to the constants

c1, c2, c3 and c4. The above solution is the simplest solution which allows one

the freedom to specify these four geometric quantities independently [Zheng et al.,

1996]. Furthermore, the constants A and C provide two constraints on the toroidal

plasma current and poloidal plasma beta figures of merit. Thus this equilibrium

model is specified by setting six free parameters: c1, c2, c3, c4, A and C.

Setting c1 � A{2 we arrive at Solov’ev’s original solution

ΨpR,Zq � 1

8
pC � 2c2qR4 � c3

2
R2 � c4 � A

2
Z2 � c2R

2Z2, (2.20)

as used by Freidberg [1987]. This may be easily rewritten in a more useful form as

ΨpR,Zq � C

"
γ

8

��
R2 �R2

0

�2 �R4
b

�
� 1

2

�
p1� γqR2 � A

C

�
Z2

*
, (2.21)

where we have introduced the new constants R0, Rb and γ to replace c2, c3 and c4,

with these two sets of constants related as follows:

c2 � 1

2
C p1� γq , (2.22a)

c3 � 1

4
CγR2

0, (2.22b)

c4 � 1

8
Cγ

�
R4

0 �R4
b

�
. (2.22c)

Here R0 is the major radius of the magnetic axis.

With the above Solov’ev solution (2.21) only three independent shaping pa-

rameters are free parameters of the model: the major radius, the geometric minor

radius and the plasma elongation (these quantities are defined in figure 2.1). The

triangularity is, for a given flux surface, a function only of the inverse aspect ratio

and so is not a free parameter of the solution above [Zheng et al., 1996; Weening,

1997]. To retain the freedom in the choice of triangularity we must retain the term

proportional to R2 p2 lnR� 1q in the solution. However, throughout the remainder
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of this work we continue to neglect this term. Whilst retaining it allows for a more

flexible model of axisymmetric tokamak equilibria, the simpler model which neglects

this term is easier to manipulate and to use to derive expressions for flux surface

averaged quantities and analytic coordinate system transformations.

The constant A, which is often referred to as the diamagnetic factor, char-

acterises the modification of the toroidal magnetic field, Bϕ, due to poloidal plasma

currents and defines the β regime of interest [Cerfon and Freidberg, 2010]. Through-

out the following we assume, for simplicity, that A, is zero. This corresponds to

operation with a pure vacuum toroidal field Bϕ � f0{R. Unfortunately, this has

the consequence of over constraining the plasma current, Ip, or poloidal beta, βp,

[Zheng et al., 1996]. In other words, by assuming that A � 0 we waive the freedom

to specify both Ip and βp independently. Again, we make this assumption for sim-

plicity when working with this equilibrium model. The (toroidal) plasma current

and poloidal-β are defined as

Ip �
»

j �∇ϕdSp (2.23)

and

βp � p

B2
p{2µ0

(2.24)

respectively, with the integral taken over the poloidal tokamak cross section.

Geometric properties of the Solov’ev solution

The geometry of the poloidal cross section of a surface of constant poloidal flux is

characterised by the three fundamental dimensionless parameters

ε � ag
Rg

, (2.25a)

κ � S

πag
, (2.25b)

δ � Rg �RZ�
ag

. (2.25c)

Here ε is the inverse aspect ratio, κ is the plasma elongation in the vertical direction,

δ is the plasma triangularity (see figure 2.1) and S is the area of the poloidal cross

section.

The poloidal flux function given above is defined such that Ψ � 0 charac-

terises the plasma boundary, usually called the separatrix or last closed flux surface,

and Ψ   0 everywhere within the plasma boundary. The major radial extent of the
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last closed flux surface (LCFS) along the mid plane occurs when Ψ � 0 and Z � 0,

R� �
b
R2

0 �R2
b . (2.26)

Using standard tokamak notation this corresponds to

R� � Rg � ag, (2.27)

with Rg the geometric major radius and ag is the geometric minor radius of the

plasma boundary. Solving the above relations simultaneously yields

R0 � Rg
a

1� ε2, (2.28)

in other words the magnetic axis is shifted outboard from the geometric axis, and

R2
b � 2εR2

g �
2εR2

0

1� ε2
, (2.29)

For convenience we define the parameter

α � 2ε

1� ε2
. (2.30)

Finally we note that [Freidberg, 1987; Weening, 1997]

γ � κ2

1� κ2
, (2.31)

with κ � S{πag the plasma elongation.

Generally it is more useful to define a plasma equilibrium in terms of the

magnetic axis major radius and poloidal flux value, plasma elongation and inverse

aspect ratio of the last closed flux surface, rather than the derived quantities C, Rb

and γ. Therefore, we rewrite the Solov’ev solution as

Ψ pR,Zq � Cκ2

2p1� κ2q
�

1

4

�
R2 �R2

0

�2 � α2R4
0

4
� R2Z2

κ2

�
. (2.32)

Here we have used that κ2 � γ{p1� γq. Defining the minimum poloidal flux value,

Ψ0, as that on the magnetic axis,

ΨpR0, 0q � Ψ0 � � Cκ2

2p1� κ2q
α2R4

0

4
� �CγR

4
b

8
, (2.33)
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R0

Rg

ag ag

δag
RZ±

R− R+

ǫ=ag/Rg

Figure 2.1: Geometric quantities which characterise up-down symmetric tokamak
plasmas. Indicated on the figure are: the major radius R0; the geometric major and
minor radii, Rg and ag respectively; the inverse aspect ratio ε; the plasma triangu-
larity δ; the maximum and minimum major radial extent, R� and R� respectively;
and the major radius of the maximum vertical extent of the plasma RZ� .

we may therefore write the Solov’ev solution as

Ψ pR,Zq � �Ψ0

"
1

α2R4
0

��
R2 �R2

0

�2 � 4R2Z2

κ2

�
� 1

*
. (2.34)

Introducing the normalised poloidal flux ψ � 1 � Ψ{Ψ0, with ψ P r0, 1s, we may

write

ψ pR,Zq � 1� Ψ

Ψ0
� 1

α2R4
0

��
R2 �R2

0

�2 � 4R2Z2

κ2

�
. (2.35)

Thus the magnetic surfaces, figure 2.2, are completely determined by the specifica-

tion of four free parameters: R0, ε, κ and C: the major radius of the magnetic axis,

the inverse aspect ratio, the elongation and pressure gradient constant respectively.

Here R0, ε and κ determine the shape of the flux surfaces whilst C sets the depth

of the potential well through Ψ0.
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Figure 2.2: Surfaces of constant poloidal flux for a MAST-like equilibrium (left),
approximated using the Solov’ev solution to the Grad-Shafranov equation with R0 �
0.964, κ � 2 and ε � 0.645, and corresponding safety factor profile (right). In the
left-hand figure the plasma separatrix is indicated by a thicker solid line and the
magnetic axis is indicated by a cross (+).

Limitations of the Solov’ev solution

We finish this section by noting a number of limitations of the Solov’ev solution

derived above. Firstly, the Solov’ev solution has finite pressure gradient and current

density at the plasma edge, thus the solution is characterized by finite jumps of pres-

sure gradient and plasma current at the plasma surface [Guazzotto and Freidberg,

2007]. One must use profiles which are quadratic in Ψ instead to give [Atanasiu

et al., 2004; Guazzotto and Freidberg, 2007] zero current and zero pressure gradient

at the plasma surface.

The Solov’ev equilibrium solution above is, as already mentioned, over-

constrained in βp, which is determined by the choice of plasma current, and tri-

angularity, which is determined by the choice of aspect ratio. More complicated

Solov’ev models lift this limitation [Weening, 2000].

Furthermore, in the limit of large aspect ratio the Solov’ev solution does not

display a significant variation in the safety factor (unlike in the case of tight aspect

ratio, see figure 2.2), which is a measure of the ratio of toroidal to poloidal magnetic
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field strength, with minor radius. Thus this solution is more suited for ST studies

[Freidberg, 1987]. This limitation often makes it difficult to fit the Solov’ev model

to experimentally determined plasma equilibria.

Finally, one limitation of the previous discussion of the GS equation, not

specifically of the Solov’ev solution derived, is that plasma rotation has been ne-

glected. We have derived and used the Grad-Shafranov equation for stationary

plasma equilibrium, which describe static equilibria. However, tokamak experiments

often use rotation in order to improve plasma confinement. In order to derive equilib-

rium solutions in this case one must retain the inertia terms in the fluid momentum

balance equation (force balance equation), which then reads

ρ
dv

dt
� �∇p� v �B, (2.36)

where ρ is the plasma mass density. This has the effect of introducing a centrifugal

force which acts in the direction away from the axis of rotation.

2.3 Charged particle dynamics

Since, as noted at the start of this chapter, a plasma is essentially a collection of

charged particles interacting self-consistently with one another and any externally

applied electric and magnetic fields, single particle dynamics is the most fundamental

description of a plasma. Whilst this approach is not practical for describing real

macroscopic-sized plasmas, the study of single particle motion can yield valuable

insight into the confinement and transport of particles in the complicated geometry

of a tokamak.

In the following sections, the motion of charged particles in externally applied

electric and magnetic fields are derived and the trajectories of such particles in the

magnetic field of a tokamak are discussed. For the present discussion the self-fields

of the particles are neglected.

2.3.1 Charged particle Lagrangian in electromagnetic fields

In the following sections, the dynamics of a charged particle in an electromagnetic

field is derived and discussed using a non-canonical Lagrangian formalism. Such

a formalism allows us to derive a number of important results of charged particle

dynamics using a unified framework and more quickly than directly from the Lorentz
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force equation. For a particle of mass m and charge Ze in an electromagnetic field

B � ∇�A, (2.37a)

E � �∇Φ� BA
Bt , (2.37b)

with Φ the electrostatic potential and A the magnetic vector potential, the La-

grangian of the particle is

L rqptqs � L pq, 9q, tq � 1

2
m| 9q|2 � ZeApq, tq � 9q� ZeΦpq, tq, (2.38)

a function of generalised position qptq, generalised velocity 9qptq and time t. The

equations of motion for a particle in such an electromagnetic field are found by

substituting the above Lagrangian into the Euler-Lagrange equations,

d

dt

�BL
B 9q



� BL
Bq , (2.39)

which are derived by demanding that the action, that is the path integral of the

Lagrangian, is stationary with respect to variation of the path. This is the principle

of stationary action [Landau and Lifshitz, 1976], which is central to Hamiltonian

and Lagrangian mechanics.

In general, given a Lagrangian Lpq,q, tq, the corresponding Hamiltonian is

defined as

H pq,p, tq � p � 9q� L pq, 9q, tq , (2.40)

where the generalised momentum p is used in favour of q. Given the Lagrangian in

(2.38), we have that

p � BL
B 9q

� m 9q� ZeA pq, tq , (2.41)

which I shall refer to as the canonical momentum.

The Lagrangian formalism is said to be coordinate independent. That is,

the action integral may be calculated in any coordinate system, and the principle of

stationary action that determines the trajectories may be stated without reference to

any particular set of coordinates. This property of the Lagrangian formalism allows

one to find easily the dynamical equations in new, more convenient coordinates.

We therefore transform to a phase-space Lagrangian, by specifying the phase

space coordinates z � tr,vu, where r is the particle position and v is the particle
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velocity, related to the canonical coordinates tq,pu through

r � q, (2.42a)

v � pp� ZeAq {m. (2.42b)

In these coordinates we have the phase-space Lagrangian

L pz, 9z, tq � mv � 9r� 1

2
m|v|2 � ZeApr, tq � 9r� ZeΦpr, tq. (2.43)

It is important to note that the variation of all six phase-space coordinates are

independent during the variational process, even if a functional dependence should

emerge from the equations of motion. This is because the variational process selects

the physical motion from all possible motions, as to make the action stationary. So

although, for example, v � 9r on the physical path of the particle, this will not be

true along all conceivable paths through phase-space.

The equations of motion of the particle now follow from the Euler-Lagrange

equations, which, in the phase space coordinates z, become

d

dt

�BL
B 9r


� BL
Br , (2.44a)

d

dt

�BL
B 9v



� BL
Bv . (2.44b)

From the phase space Euler-Lagrange equations for the velocity variable we have

that 9r � v, since BL{B 9v � 0. From the remaining Euler-Lagrange equations we

have that
d

dt
pm 9r� ZeAq � Ze∇ pA � 9r� Φq . (2.45)

Evaluating this explicitly, noting that ∇ pA � 9rq � 9r� p∇�Aq � p 9r �∇qA and that

the left-hand side of the above equation is m:r� Ze pBA{Bt� 9r �∇Aq, we find

m 9v � Ze pE� 9r�Bq , (2.46)

or the Lorentz force on a charged particle, after the identification 9r � v has been

made. This verifies the correctness of the phase-space Lagrangian introduced above.

2.3.2 Guiding centre motion

Despite the apparent simplicity of the equation of motion above, rigorous derivation

of the trajectories of charged particles in a non-uniform magnetic field is a formidable
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task, with exact solutions known only in a few simple cases [Vekstein et al., 2002].

Fortunately, in both laboratory plasma physics and in astrophysical plasmas, the

non-uniformity of the magnetic field may be considered as being weak, in the sense

that the gradient length scale of the magnetic field is large compared with the

characteristic size of the plasma. In this case, an approximate description of charged

particle motion known as the guiding-centre or drift approximation may be derived

[Alfvén, 1940; Northrop, 1963; Littlejohn, 1983; Cary and Brizard, 2009].

A large part of the analysis of any dynamical system is a search for variables

in which the motion is simplified. In the guiding centre approximation, a transforma-

tion is made in order to eliminate the rapid gyro motion from the particle equations

of motion [Cary and Littlejohn, 1983]. The guiding centre transform decomposes

particle motion into a fast, nearly circular gyro motion and a slower evolution of

the particle guiding centre, that is the gyro-averaged position of the particle, see

figure 2.3. The trajectory of the guiding centre evolves on a much longer time scale

owing to the non-uniformity of the field than the fast gyro motion. The equations

of motion of a particle guiding centre are now derived.

Figure 2.3: Charged particle motion in a non-uniform magnetic field. Left: in a non-
uniform magnetic field a particle guiding centre drifts away from a magnetic field
line. Right: field of orthonormal triads used to describe particle position [Littlejohn,
1988].

The guiding centre transform

The goal of the guiding centre transform is to introduce a transformation such that

the Lagrangian for the guiding centre variables (R, υ‖, υK, ϑ) has an ignorable gy-

rophase ϑ and thus an associated constant of motion (via Noether’s theorem, see,

for example, [Landau and Lifshitz, 1976]). Here the guiding centre coordinates (R,

υ‖, υK) are the guiding centre position and parallel and perpendicular velocities re-

spectively. In the following we sketch, rather than rigorously perform, the derivation

of the guiding centre motion.

24



In a uniform and constant magnetic field a charged particle will gyrate about

a magnetic field line whilst moving freely along it. This gyro motion has a radius

ρ � υK{Ω and frequency Ω � ZeB{m. The guiding centre of this particle,

R � r� 1

Ω
b� v, (2.47)

will remain on the same field line moving only parallel to that line:

9R � υ‖b, (2.48)

where b � B{B. This may easily be demonstrated: differentiating the above equa-

tion for the guiding centre position we have, using the Lorentz force equation (2.1)

and assuming zero electric field,

9R � 9r� 1

Ω
b� 9v � v� 1

Ω
b�

�
Ze

m
v�B



� v� b� pv� bq . (2.49)

Using the vector triple product pA�Bq �C � B pA �Cq �A pB �Cq, we find

9R � v� b pv � bq � v pb � bq � v‖b. (2.50)

This is the basis of magnetic confinement: in uniform magnetic fields charged par-

ticles are constrained to follow a magnetic field line (to within a Larmor radius)

but cannot move across the field (although clearly collisions will change the guid-

ing centre position, by an amount ∆R � �Ω�1b � ∆v, and particles can then be

transported across the field).

If, however, the magnetic field is non-uniform, then the particle guiding cen-

tre is no longer restricted to move purely parallel to a particular magnetic field line.

Guiding centre theory aims to describe the modifications to the above result, (2.50),

due to a non-uniform magnetic field.

Under the guiding centre approximation, in which we assume a magnetic field

that varies over length scales larger than the Larmor radius, we expect (motivated

by the case of constant, uniform magnetic field) that the motion of a charged particle

consists of a rapid gyro motion and a slower drift motion, so that we may write

r � R� ρ, (2.51)

with the gyro motion described by

ρ � ρ pe1 cosϑ� e2 sinϑq , (2.52)
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and the drift motion described by the time variation of R. Here e1 and e2 are unit

vectors perpendicular to the magnetic field which form an orthogonal triplet with

b, in other words b � e1 � e2 � 1 (see figure 2.3). Furthermore, we decompose the

particle velocity as

v � ub� wc (2.53)

with c � � sinϑe1 � cosϑe2 [the instantaneous particle gyrophase is implicitly

defined by this expression and (2.52)].

The derivation of guiding centre motion, as pioneered by Littlejohn [1983],

is reviewed by Cary and Brizard [2009]. This method consists of an order by order

expansion in particle position of the Lagrangian, using (2.51) and (2.53), at each

step adding exact time derivatives to the particle Lagrangian in order to produce an

appropriate simplification at that order. In the case of guiding centre motion, this

simplification is the elimination of the fast gyro motion. Exact time derivatives do

not change the equations of motion derived from that Lagrangian [Littlejohn, 1983].

This method is capable of producing the correct guiding centre expressions to all

orders in the gyroradius [Cary and Brizard, 2009]. Previous methods, for example

that of Northrop [1963], which did not derive from a Lagrangian or Hamiltonian

formalism but instead attempted to average the Lorentz equation directly, had a

number of short comings (the derived equations of motion did not conserve, for

example, phase-space volume or an appropriate energy invariant [Baños, 1967; Cary

and Brizard, 2009]), which are avoided using Littlejohn’s method.

The result of performing the guiding centre transform to first order in the

particle gyroradius is the guiding centre Lagrangian [Littlejohn, 1983]

Lgc pR, u, µ, ϑ; tq � mub � 9R� mu2

2
� µB � ZeA � 9R� ZeΦ� J 9ϑ, (2.54)

or

Lgc pR, u, µ, ϑ; tq � mub � 9R� J 9ϑ�Hgc, (2.55)

where we have introduced the gyroaction variable J � mµ{Ze and the guiding

centre Hamiltonian Hgc. Furthermore, we have replaced the perpendicular velocity,

w, with the magnetic moment µ � mw2{2B. Here the electric and magnetic fields

and the magnetic and scalar potentials are evaluated at the guiding centre position,

R.
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Guiding centre equations of motion

From the Lagrangian (2.54) and the Euler-Lagrange equations it is straightforward

to derive the equations of motion of the guiding-centre. Here we begin to arrive at a

number of important results and our rewards for utilising a Lagrangian formalism.

First, the Euler-Lagrange equation for the variable ϑ yields

d

dt

�BLgc

B 9ϑ



� BLgc

Bϑ Ñ 9J � 0. (2.56)

Thus the gyroaction (or, equivalently, the magnetic moment, µ) is conserved by the

guiding centre equations of motion (this is obvious when one considers Noether’s

theorem, since the gyrophase ϑ is an ignorable coordinate: only its time derivative

appears in the guiding centre Lagrangian [Cary and Brizard, 2009]).

Secondly, the Euler-Lagrange equation for the variable µ (or equivalently J)

yields
d

dt

�BLgc

B 9µ



� BLgc

Bµ Ñ 9ϑ � Ω (2.57)

This is an expected result, indicating that a positively charged particle will gyrate

with a left-handed screw along a magnetic field line. If one is concerned only with

the motion of the particle’s guiding centre and not the evolution of its gyrophase

then the term linear in 9ϑ may be dropped from the guiding centre Lagrangian, since

it does not affect the equations of motions of the variables R and u. Conversely,

the adiabatic invariant µ does appear in these equations, as we shall see below, but

only as a guiding centre dynamical parameter [Cary and Brizard, 2009].

The Euler-Lagrange for the variable u yields

d

dt

�BLgc

B 9u



� BLgc

Bu Ñ 0 � mb � 9R�mu. (2.58)

Thus the guiding centre Lagrangian (2.54) tells us that u � b � 9R is the velocity of

the guiding centre in the direction of the magnetic field (evaluated at the guiding

centre position).

Finally, all that is left to calculate are the equation of motion for the guiding

centre position, R. The left-hand side of this Euler-Lagrange equation is

d

dt

�BLgc

B 9R



�
� B
Bt �

9R �∇

 BLgc

B 9R

� m 9ub�mu

� B
Bt �

9R �∇



b� Ze

� B
Bt �

9R �∇



A, (2.59)
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and the right-hand side may be shown to be

BLgc

BR � mu
�
p 9R �∇qb� 9R� p∇� bq

�
� Ze

�
p 9R �∇qA� 9R�∇�A

�
� µ∇B � Ze∇Φ, (2.60)

using the vector identity ∇ pC �Xq � pC �∇qX�C� p∇�Xq, with C a constant.

Note that we have used the following in deriving (2.59):

B
B 9R

pb � 9Rq2 � B
B 9R

�
pb � 9Rqpb � 9Rq

�
� 2ub. (2.61)

Therefore, the equation of motion for the guiding centre is

m 9ub � ZepE� 9R�Bq � µ∇B �mu 9R� p∇� bq �mu
Bb
Bt . (2.62)

Parallel dynamics

The parallel dynamics of the particle are found by taking the parallel component of

(2.62), which yields

m 9u � ZeE‖ � µb �∇B �mub � BbBt . (2.63)

The final term on the right-hand side of this equation is small compared with the

electric field term [Helander and Sigmar, 2002] and is therefore neglected herein.

The remaining terms in the equation accelerate and de-accelerate the particle along

the magnetic field respectively. The parallel gradient of the magnetic field term is

called the mirror force and is responsible for particle trapping in tokamak plasmas

(see below).

Perpendicular dynamics

The perpendicular dynamics of the particle guiding centre are found by taking the

vector product of (2.62) with b. Noting that b�p 9R�Bq � pb�Bq 9R�pb� 9RqB � B 9RK

we find that

9RK � E�B

B2
� mµ

ZeB
b�∇B � mu2

ZeB
b�

�
9R� p∇� bq

�
. (2.64)

By approximating 9R by ub the above expression may be rewritten in the familiar

form

9RK � E�B

B2
� mu2

K

2Ω
b�∇ lnB � u2

Ω
b� κ. (2.65)
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Here we have used that B�1∇B � ∇ lnB and introduced the magnetic field curva-

ture κ � �b � p∇ � bq. This result demonstrates that the particle guiding centre

drifts across a strong magnetic field due to three forces. They are, in the order

they appear in the above equation from left to right, the E � B drift, the grad-B

drift and the curvature drift. The consequences of these drifts are discussed in the

following section.

Conserved quantities

In addition to the above equations of motion, the Lagrangian formalism allows us

to gain additional insight into the dynamics of charge particles. First, the particle

Hamiltonian is conserved in Hamiltonian theory [Cary and Brizard, 2009], which

implies, from (2.40), that the total particle energy,

ξ � mv2

2
� ZeΦ (2.66)

with v the total particle velocity, is a constant of the particle motion for time

independent magnetic and electric fields.

Furthermore, in tokamak plasmas that have an ignorable direction (or direc-

tion of symmetry) there is an additional exact constant of the particle motion: the

particle toroidal canonical momentum. From the toroidal Euler-Lagrange equation,

d

dt

�BL
B 9ϕ



� BL
Bϕ, (2.67)

it is clear that if the particle Lagrangian does not depend on the toroidal angle, in

other words if the electric and magnetic fields do not depend on this angle, then the

toroidal canonical momentum [see (2.41)]

Pϕ � BL
B 9ϕ

(2.68)

is a constant of the motion. This is true for both the particle and guiding centre La-

grangians. For the full particle Lagrangian we have, using RAϕ � �Ψ [D’haeseleer

et al., 2001],

Pϕ � mRvϕ � ZeΨ, (2.69)

whereas the equivalent guiding centre constant of motion is

PGC
ϕ � mRubϕ � ZeΨ. (2.70)
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2.3.3 Particle confinement and drifts in tokamaks

From the guiding centre equations above we can see that the effect of spatial varia-

tions in the magnetic field is to cause a modification of the parallel velocity of the

guiding centre and drifts of the guiding centre position perpendicular to the mag-

netic field. The parallel and drift forces are the reason for the complexity of the

orbits of charged particles in tokamak plasma, which we presently investigate. One

immediate consequence of these drift is eloquently summarised by Spitzer [1967]:

The crucial effects of field variation are particle trapping and the gradient-

B and curvature drifts of gyrating particles across field lines, resulting

from gradual distortion of the Larmor orbit. Thus the magnetic inhibi-

tion of free particle motion. . . has complementary weakness. Because it

provides localization of charged particles in only two dimension, it re-

quires a toroidal system for confinement; but the field curvature resulting

from toroidicity leads to perpendicular drifts, i.e., to a weakening of the

original inhibition.

So while we require closed magnetic field lines to confine charged particles,

by requiring a toroidal magnetic field we allow the charged particles to drift across

the otherwise confining field. In tokamak plasmas, these drifts can cause particles

to travel far from their initial flux surface, which leads to large cross-field energy

and particle transport described by neoclassical transport theory, a prominent result

of this weaknesses, which is discussed in the next section.

As derived in the previous sections particle motion in toroidal, axisymmetric

magnetic fields is characterised by three constants of their motion

ξ � mv2

2
� ZeΦ (2.71a)

µ � mv2
K

2B
(2.71b)

Pϕ � mRvϕ � ZeΨ (2.71c)

(µ is actually an adiabatic invariant). A particle cannot enter a region where the

magnetic field is such that µB ¡ ξ � ZeΦ, since this would imply that vK ¡ v

and v2
‖ � p2{mqpξ � µB � ZeΦq   0, which is clearly non-physical. This indicates

that there may be regions of strong magnetic field from which certain particles are

excluded.
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Introducing the pitch-angle variable

λ � µB0

mu2{2 � v2
K

v2

B0

B
, (2.72)

with B0 some normalising magnetic field, usually taken to be
〈
B2
〉1{2

, where angular

brackets denote the flux surface average. In a tokamak, the magnetic field varies

from a value of Bmin on the outboard side to Bmax on the inboard side. Thus, all

particles must satisfy the condition

0 ¤ λ ¤ B0

Bmin
, (2.73)

since the minimum value of λ occurs when vK � 0 and the maximum value of λ

occurs when v‖ � 0 and B � Bmin. However, a subset of particles exist for which

B0

Bmax
  λ ¤ B0

Bmin
, (2.74)

For these particles, their parallel velocity reaches zero at some point along their orbit.

Those particles satisfying the above condition are restricted to the outboard side of

a flux surface. In other words, there exists a region on a flux surface which certain

particles cannot enter because the magnetic field strength is sufficiently strong that

the magnetic mirror force of section 2.3.2 is able to reduce, and ultimately reverse,

the sign of the particle’s parallel velocity. Such particles are referred to as trapped

particles. The turning points of the particle orbit are called bounce points.

Furthermore, there exists a class of particles for which

0 ¤ λ ¤ B0

Bmax
. (2.75)

These particles are free to explore the entire flux surface. The magnetic mirror

force acts to slow down these particles, however, not enough to reflect them. These

particles are referred to as passing or circulating particles.

An illustration of the poloidal projections of these two main classes of particle

orbit in tokamak plasmas is presented in figure 2.4. We see that passing particle

orbits enclose the magnetic axis, whereas trapped particles are localised on the

outboard side of the tokamak and are limited in poloidal angle. The extreme poloidal

angles of a trapped particle orbit occur when the particle is reflected by the magnetic

mirror force, in other words when the parallel parallel velocity is zero.
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From the particle trapping condition (above) we have the lower bound on

the particle pitch angle parameter λ ¡ B0{Bmax, with Bmax the maximum magnetic

field experience by the particle (not the maximum magnetic field on the local flux

surface). For a large aspect ratio tokamak with circular, concentric magnetic flux

surfaces we have that the toroidal magnetic field may be written

Bprq � R0B0

R
� B0

1� ε cos θ
� B0 p1� ε cos θq , (2.76)

with r the minor radius, θ the poloidal angle and ε � r{R0 the inverse aspect ratio

of the torus. From the lower bound on the trapped particle condition we have that

θb   �π, since v‖ � 0 at the particle bounce points. It may be shown from (2.63)

that the equation of motion for a deeply trapped particle along a magnetic field line,

given the magnetic field above, is [Wesson, 2004]

d2s

dt2
� �1

2

v2
K

q

r

R3
0

s � �ω2
bs, (2.77)

with s the distance along a magnetic field line and q the tokamak safety factor. Thus

a deeply trapped particle undergoes simple harmonic motion between the poloidal

angles �θb with a bounce frequency ωb. In this deeply trapped limit it may also be

shown that [Wesson, 2004]

θb �
v‖,0

vK,0
2ε�1{2. (2.78)

Thus the smaller the angle v‖,0{vK,0 the shorter the trajectory between bounce

points. Here the subscript zero indicates a value of the particle velocity evaluated

at the location of the minimum magnetic field.

The constancy of toroidal angular momentum, Pϕ, implies that a particle

must drift across flux surfaces during an orbit, as illustrated by figure 2.4: since Pϕ

remains constant, changes in the particle toroidal velocity, υϕ, due to the variation

of the magnetic field and forces across the particle orbit, must lead to changes in Ψ.

Comparing the relative magnitude of the two terms in Pϕ we have

mRvϕ
ZeΨ

� mvϕ
ZerBp

� ρp

r
. (2.79)

Here ρp � mvϕ{ZeBp is the poloidal Larmor radius. In order to arrive at this

result we have used Bp � |∇Ψ|{R and estimated that |∇Ψ| � Ψ{r. The above

result allows us to draw an important conclusion: if the velocity of a particle is

small, such that ρp ! r, then the second term in the toroidal canonical momentum

is dominant. Therefore, a particle remains close to the same flux surface at all
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Figure 2.4: Illustration of the projection of a trapped particle orbit onto the poloidal
plane (above) and of trapped and passing particle orbits in tokamak plasmas (below)
[Wesson, 2004]. The variation of the magnetic field across the major radius of the
plasma leads to magnetic forces which cause particles to drift from their initial flux
surface and which causes some particles to become trapped on the outboard side of
the tokamak. The origin of the major radius is to the left.

times. This condition is usually satisfied for thermal ions and electrons. For these

particles, conservation of toroidal canonical momentum implies radial confinement.

This is Tamm’s theorem [Helander and Sigmar, 2002]. However, high energy ions

can often have substantial poloidal gyroradii, particularly near the magnetic axis

(where Bp Ñ 0), as can high mass, low charge states impurities. Therefore, the

orbits of these particles may deviate significantly from a given flux surface.

The radial extent of the trapped particle orbit may be determined using

the constants of particle motion derived above. First, from the conservation of

the toroidal angular momentum we may equate this quantity at two points of the

particle orbit to find

mR0v‖,0 � mRv‖ � Zepr � r0qΨ1
0, (2.80)

where the poloidal flux has been expanded as

Ψprq � Ψpr0q �Ψ1pr0qpr � r0q. (2.81)
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Here the subscript zero indicates that the quantity has been evaluated in the out-

board mid plane, at the position of minimum magnetic field on the particle orbit.

Noting that Ψ1 � ∇Ψ � RBP we have that

v‖ �
R0v‖,0

R
� Ωp∆r, (2.82)

with ∆r � r�r0 and ΩP the poloidal cyclotron frequency. Eliminating v‖ using the

constancy of particle energy and noting that the conservation of magnetic moment

yields the relationship

v2
K � v2

K,0 � v2
K,0ε p1� cos θq . (2.83)

For the large aspect ratio magnetic field (above) we find an equation that is quadratic

in ∆r, which we may solve to yield

∆r � 2

ΩP

�
�v‖,0R0

R
�
b
v2
‖,0 � v2

K,0ε p1� cos θq
�
. (2.84)

In the outboard mid-plane we find that the distance between the two legs of the

bounce orbit is

r0 � r � 2v‖,0

Ωp
, (2.85)

assuming that R0{R � 1.

2.4 Neoclassical transport theory: a heuristic discus-

sion of collisional particle transport

Plasma transport theory is concerned with the determination of how, and at what

rate, the transport of particles, energy and momentum perpendicular to a confining

magnetic field occurs, in other words how quickly do particles escape the confining

field. Understanding the mechanisms of plasma transport is of central importance

to plasma physics. There are many examples of plasma behaviour and performance

being limited by transport processes, from the transport of energy from the centre of

the sun to the realisation of controlled nuclear fusion. Neoclassical theory provides

a minimum level of transport which is inherent to collisional toroidal plasmas and

an understanding of this level is critical in order to correctly analyse and diagnose

transport contributions in magnetised plasmas.

Standard neoclassical theory [Hinton and Hazeltine, 1976; Hirshman and Sig-

mar, 1981] is a unified and mathematically complete theory of collisional transport in

toroidal magnetised plasmas, the development of which followed the work of Galeev
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and Sagdeev [1968], who first observed that transport in toroidal plasmas should be

greater than expected from purely classical transport, that is, collisional transport

in straight, uniform magnetic fields.

Whilst the majority of research effort spent investigating transport and con-

finement in tokamak plasmas has been directed towards the study of main ion and

electron turbulent transport, a number of collisional mechanisms remain important

for the next generation of tokamak devices and fusion reactors. For example, the

bootstrap current [Bickerton et al., 1971; Zarnstorff et al., 1988] and radial electric

field, investigated later in this thesis, are governed by neoclassical physics [Wang

et al., 2006]. It is therefore important to have an accurate estimate of the level of

neoclassical transport.

The full calculation necessary for computing particle transport rates, which

relies on the averaged description of charged particle dynamics derived above, is a

detailed and lengthy one and is beyond the scope of this thesis. The aim of this

section is to simply introduce some standard concepts and results of neoclassical

theory which are used throughout this thesis.

2.4.1 Classical transport

Individual particles in a plasma undergo collisions, which allow the particles to step

perpendicular to the magnetic field with a step size equal to the Larmor radius,

ρ, and with a characteristic collision time, τ . This leads to the classical diffusion

coefficient [Helander and Sigmar, 2002]

Dcl � ρ2

τ
� νρ2. (2.86)

The classical collision time for like ion collisions is given by [Helander and

Sigmar, 2002]

τii � 6
?

2π3{2ε20
ln Λ

m
1{2
i T

3{2
i

niZ4
i e

4
, (2.87)

which is a function of the local ion temperature and density profiles, Ti and ni,

respectively. Here, ln Λ is the Coulomb logarithm and ε0 is the permittivity of

free space. For collisions of impurity ions with the main (or bulk) ion species, the

collision time is a factor of mZ{mi longer [Helander and Sigmar, 2002]

τzi � 1

νzi
� 6

?
2π3{2ε20
ln Λ

mzT
3{2
i

nim
1{2
i Z2

i Z
2e4

. (2.88)
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From this expression it is clear that highly charged impurity ions will tend to be

more strongly collisional than bulk plasma ions due to the Z2 in the denominator.

From the above expression for the impurity-bulk ion collision time, which

varies as mZ{Z2, and the Larmor radius, which varies as Z{m1{2
Z , we see that the

rate of classical impurity diffusion is actually independent of particle mass and

charge.

The total friction acting on impurity ions, FZ , is the sum of the friction due

to bulk ions, FZi, and due to electrons, FZe,

FZ � FZi � FZe. (2.89)

From the plasma fluid equations [Braginskii, 1965] the relative magnitude of these

two contributions may be estimated as [Helander and Sigmar, 2002]

FZe

FZi
� meneνZe
mZnZνZi

�
c
me

mi
� O �10�2

�
. (2.90)

We therefore find that collisions between impurity and bulk plasma ions are more

important than the collisions between impurities and electrons for determining the

rate of impurity ion transport. We therefore neglect the later herein and assume

that impurity transport is driven solely by collisions with the bulk ions.

Whilst the above condition generally holds for thermal impurities, the treat-

ment of fast particle transport requires the inclusion of a velocity dependent con-

tribution to the collision frequencies presented above [McClements and Hole, 2012].

With this inclusion it is found that electron-impurity collisions are more important

than ion-impurity collisions for the fast impurity ions, although as the impurities

collide with the electrons and slow-down impurity-ion collisions again dominate.

Throughout the present text we assume thermal impurity ions.

2.4.2 Neoclassical transport and collisionality

One prominent result of the preceding discussion of particle orbits in non-uniform

magnetic fields is that particles may drift from their initial flux surface. Particularly

at high temperatures (for example, in tokamak fusion experiments) the classical dif-

fusion argument is inapplicable since the lower collision frequency allows particles to

follow trajectories determined by the global geometry. The existence of trapped par-

ticle orbits for example, whose orbits widths which may exceed the Larmor radius,

implies that the step size of the diffusion is enhanced.

Neoclassical transport theory is an extension to classical theory which in-
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cludes the effects of global magnetic field geometry on collision transport. Three

regimes of neoclassical transport may be identified: a high collisionality regime, the

Pfirsch-Schlüter regime; a low collisionality regime, the banana regime; and a regime

connecting the two in which there is no dependence on the collision frequency, the

so-called plateau regime. In each of these regimes the classical mass and charge

dependencies persist.

The goal of transport theory is essentially to determine the rates of particle

transport in each of these limiting collisionality regimes. Expressions for the diffu-

sion coefficients in each of these regimes are presented below. The magnitude of the

diffusion coefficient and the scaling of this coefficient with collisionality is illustrated

in figure 2.5.

Figure 2.5: An illustration of the dependence of the neoclassical diffusion coefficient
on collisionality. In the asymptotic limit ε Ñ 0 (dashed line), with ε the inverse
aspect ratio, three regimes of transport are evident, the so-called banana, plateau,
and Pfirsch-Schlüter regimes. However, even at a relatively large aspect ratio of
ε � 0.2 (solid line) the plateau regime cannot be identified [Helander and Sigmar,
2002, pp. 150].

The Pfirsch-Schlüter regime

The dominant mechanism of cross surface transport depends on the relative magni-

tude of the collision frequency, ν, to the thermal transit frequency, ωT � vT{qR. If

this ratio is large,
ν

vT{qR " 1, (2.91)
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collisions occur more frequently than the toroidal transiting of thermal particles and

particle drift orbits are not completed. This high-collisionality limit is called the

Pfirsch-Schlüter regime.

Typically the Pfirsch-Schlüter regime is associated with the relatively cool

plasma edge, close to the separatrix. Here the plasma is sufficiently collisional

to drive particle distributions to close to Maxwellian. Transport in this regime

is driven by the variation within a flux surface of the collisional friction between

particle species due to toroidal effects. This leads to an enhancement of the classical

diffusion coefficient, which gives the Pfirsch-Schlüter diffusion coefficient [Wesson,

2004]

DPS �
�
1� 2q2

� ρ2

τ
� �1� 2q2

�
Dcl. (2.92)

Here q is the tokamak safety factor, which is the measure of the local field line pitch,

or the rate of change of the toroidal magnetic flux with poloidal flux.

The banana-plateau regime

In the opposite limit,
ν

vT{qR ! 1, (2.93)

collisions occur infrequently enough so that particles may complete their drift or-

bits. This limit is called the banana-plateau regime. The plateau regime refers to an

intermediate regime (between the banana and Pfirsch-Schlüter regimes) in which cir-

culating particles may complete their orbits but trapped particles may not, whereas

in the banana regime both classes of particles may complete their full drift orbits be-

fore they are collisionally scattered. This subdivision of the banana-plateau regime

is

ε3{2 ! ν

vT{qR ! 1 Plateau regime, (2.94a)

ν

vT{qR ! ε3{2 Banana regime. (2.94b)

In the banana regime particles may be trapped on the outboard side of the tokamak

and undergo trapped, or banana, orbits, see figure 2.4. The half-width of such

particle orbits is given by [Wesson, 2004]

∆r � υ‖

Ωp
� qρ

ε1{2
, (2.95)
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which we take as the step size of the trapped particle diffusion. The frequency

of the diffusive steps taken is also modified compared to the classical expression to

reflect the fact that not all particles are trapped and to account for the trapping and

de-trapping of particles by collisions. The effective collision frequency is given by

νeff � νε�1 [Wesson, 2004]. We therefore take the banana regime diffusion coefficient

to be

DB � q2

ε3{2
ρ2

τ
� q2

ε3{2
Dcl. (2.96)

This is a factor q2{ε3{2 larger than the classical diffusion given by (2.86) and ap-

proximately a factor 1{ε3{2 larger than the Pfirsch-Schlüter diffusion coefficient. In

spherical tokamak a greater proportion of particles are trapped compared to con-

ventional tokamaks due to the larger magnetic field variation across the spherical

tokamak device. Thus, spherical tokamaks are ideally suited to the study of neo-

classical processes.

The plateau regime bridges the banana and Pfirsch-Schlüter regimes. Trans-

port in this regime is dominated by slowly circulating particles. The plateau regime

is an idealisation which relies on the large aspect ratio approximation. Detailed

neoclassical transport calculations find that the plateau regime approximations are

valid only for a very narrow range of collisionality for realistic values of the inverse

aspect ratio (see figure 2.5 and Wesson [2004, sec. 4.7]). For spherical tokamak

devices in particular this regime is relatively unimportant and is therefore not con-

sidered herein. Typically, modern formalisms of neoclassical transport group the

banana and plateau regimes into a single regime.

2.4.3 Impurity ion diffusion in spherical tokamaks

Both the Pfirsch-Schlüter and banana regime diffusivities for impurity ions are ac-

tually independent of impurity mass, mZ, and charge, Z. What does affect the rate

of diffusion in a tokamak, as one varies Z and mZ is the fractional volume of the

plasma in which these two regimes apply: the collision rate varies as Z2{mZ while

the bounce frequency varies as 1{m1{2
Z . Hence particles are pushed from the Pfirsch-

Schlüter regime towards the banana regime if Z is reduced for fixed mZ or if mZ

is increased at fixed Z. Banana regime particles are generally transported radially

by collisions more rapidly than Pfirsch-Schlüter regime particles because they are

undergoing a random walk with a larger step size, a trapped particle orbit width,

which is of the order of the poloidal Larmor radius. This is of course significantly

larger than the Larmor radius, which is the step size in the Pfirsch-Schlüter regime.
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2.4.4 The test particle limit

In the following chapters we simulate the collisional transport of test impurity ions.

In simulating test particles we assume that this species has no influence on the

evolution and transport of the background main ion and electron species with which

the impurities collide. In other words, there exists one or more background species

which remain static or evolve independently of the test particle population.

In the previous section we also argued that the collisions between electrons

and impurities have a negligible impact on the transport of impurity ions. We

therefore assume, for the purpose of investigating the collisional transport of im-

purities, that there is a single background species, that is the bulk plasma ions or

deuterons. In order simulate test impurity ions one must ensure that the density

of the simulated impurity species does not exceed that allowed by the test particle

limit

Z2nz ! ni

�
me

mi


1{2

, (2.97)

where Z is the impurity ion charge number, nz is the impurity ion number density,

ni is the bulk ion number density and me and mi are the electron and bulk ion

masses respectively. This condition essentially ensures that collisions of bulk ions

with impurity ions are sufficiently infrequent that they have a negligible effect on

the bulk plasma neoclassical transport and automatically ensures that collisions

between impurity ions can be neglected [Helander and Sigmar, 2002].

2.5 Impurity transport in tokamak plasmas: the present

work in context

2.5.1 Experimental observations of transport in conventional toka-

maks

Neoclassical transport theory provides an irreducible minimum level of transport

in toroidal confinement systems. In practice, however, the level of transport in

tokamak plasmas greatly exceeds the neoclassical level. This so-called anomalous

transport is likely to be turbulent transport driven by plasma micro-instabilities at

the ion Larmor radius scale, such as the ion temperature gradient (ITG) mode, the

trapped electron mode (TEM) and the electron temperature gradient (ETG) mode.

The physical picture of these dominant particle transport mechanisms in the core

of magnetically confined fusion plasmas is discussed by Angioni et al. [2009] and

it is demonstrated that quantitative comparisons between theory and experiment
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is possible. Essentially, it may be shown that particle flux is comprised of three

terms: a diffusive term, driven by density gradients; a thermo-diffusive term, an

off-diagonal term driven by temperature gradients and a purely convective (i.e. not

proportional to the gradient of any kinetic profile) pinch term.

The goal of transport studies and fusion experiments is to control or to

even fully suppress the level of anomalous transport. If this were achieved the

underlying mechanism determining the rate of transport in tokamak plasmas would

be collisional and the level of transport would be at its irreducible neoclassical level.

This improved particle confinement would lead to higher core ion densities and

longer particle and energy confinement times could be achieved, yielding increased

fusion reaction rates and improved fusion reactor performance.

Indeed many experiments have demonstrated the routine transition of mag-

netically confined plasmas from a state of low confinement (L-mode) to a state of

higher confinement (H-mode) [Wagner et al., 1982; ASDEX Team, 1989], in which

the level of transport is significantly reduced, often to the neoclassical level. A phys-

ical picture of this suppression has been developed in recent years (see, for example,

the introduction of Stutman et al. [2006] and references therein) with both magnetic

shear and E�B flow shear able to regulate the level of anomalous transport. The

realisation of H-mode will be crucial for achievement of the operation goals of future

tokamak devices [Connor et al., 2004].

Generally the bulk ion rotation and pressure gradient in conventional toka-

maks is not sufficient to result in complete E�B shear flow suppression of turbu-

lence. However, in the vicinity of localised strong sheared rotation or large bulk ion

pressure gradients there can be a region of enhanced E�B shear flow associated

with significantly reduced levels of transport [Rogister, 1998]. These regions are

referred to as internal or external transport barriers, ITBs and ETBs respectively,

depending on their location in the plasma. In the vicinity of a transport barrier

the level of transport can be close to the neoclassical level [Chen et al., 2001]. In

addition, in regions of reversed magnetic shear ion thermal transport is reduced to

the neoclassical limit [Levinton et al., 1995; Lazarus et al., 1996].

Of particular interest in the present work is the transport properties of im-

purity ions. It has been observed that the diffusivity of low charge state (Z ¤ 10)

impurity ions is closely related to the level of ion thermal transport [Synakowski

et al., 1990; ITER Physics Expert Group on Confinement and Transport et al.,

1999] which is generally anomalous in L-mode. For example, Synakowski et al.

[1990] demonstrate that the diffusivity of He2� is of the order of the ion momentum

and thermal diffusivity in L-mode TFTR plasmas. Giannella et al. [1994] have also
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shown that impurities including nickel and iron are transported anomalously, with

diffusivities an order of magnitude greater than the neoclassical prediction, in JET

L-mode plasmas.

On the other hand, numerous experiments have demonstrated neoclassical

transport of impurity ions in H-mode experiments [Wenzel and Sigmar, 1990; Wade

et al., 1998; Dux et al., 1999]. For example, in the vicinity of an internal transport

barrier in JET H-mode plasmas, it was demonstrated that neoclassical transport

was the mechanism for impurity (intrinsic carbon and injected nickel) transport,

with quantitative agreement between experiment and theory [Chen et al., 2001].

Therefore, neoclassical mechanisms may dominate impurity ion transport,

either in H-mode plasmas with low levels of turbulence or in the vicinity of locally

suppressed turbulence or ITBs. However, recently is has also been noted that there is

some evidence that anomalous transport is negligible for impurity transport, at least

for light impurities, even in conventional tokamaks where ion transport is generally

anomalous [Janzer et al., 2010].

A greater understanding of impurity transport (a topic which has received

less attention than the transport of bulk ions) and the physical mechanisms at work

is crucial in order to predict the overall performance of fusion plasmas [ITER Physics

Basis Editors et al., 1999] and numerous open questions remain.

2.5.2 Experimental observations of transport in spherical tokamaks

One of the main predicted benefits of the ST design is a reduced level of turbulent ion

transport compared with conventional tokamaks [Stutman et al., 2003]. Whilst the

growth rates of the long wavelength micro-instability modes in STs is expected to be

comparable with the case of conventional tokamaks, the E�B shearing rate required

to suppress turbulence is lower in the lower magnetic field of the ST [Kotschenreuther

et al., 2000]. This is supported by observed near neoclassical levels of bulk ion

transport in MAST [Akers et al., 2003; Meyer et al., 2004] and NSTX [Stutman

et al., 2003; Kaye et al., 2005]. Part of the reason for this relative ease of turbulence

suppression in STs compared with conventional tokamaks is the higher levels of

rotation achieved in ST plasmas due to their lower moment of inertia.

In addition to E�B shear flow and magnetic shear stabilisation of turbu-

lence, gyrokinetic calculations which include beta gradient effects indicate that ITG

and TEM modes should be intrinsically stable in the core of NSTX plasmas having

a larger bulk ion temperature than electron temperature [Synakowski et al., 2002].

This effect is related to the gradient of the poloidal beta, which is generally higher

in STs than conventional tokamaks. This implies the possibility of intrinsic stabili-
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sation of turbulent modes in ST without the need for E�B shear flow stabilisation.

The baseline operating mode in MAST is a quasi-steady state H-mode, sus-

tained through the control of an edge transport barrier (ETB) [Akers et al., 2003].

Transport analysis of such MAST H-mode plasmas indicates that bulk ion transport

is close to the neoclassical level, within a factor of 1–3, demonstrating the impor-

tance of the collisional loss channel [Akers et al., 2003; Meyer et al., 2004; Kaye et

al., 2005] in MAST H-mode plasmas. In L-mode plasmas, the ion transport signifi-

cantly exceeds the neoclassical level, except in the vicinity of an ITB at mid minor

radii [Field et al., 2011]. The combined effects of reduced levels of anomalous trans-

port and enhanced neoclassical processes, due to the relatively large magnetic field

variation across the plasma compared with conventional tokamaks, make MAST

and other spherical tokamaks ideally suited for the study of neoclassical physics.
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Chapter 3

Full orbit particle simulation

3.1 The test particle approach

The test particle approach is a widely used numerical method for analysing the

dynamics and transport of particles. In this approach it is generally assumed that

the particles being simulated have no effect on the background through which they

move. Thus there exists a background field or species of particles which is static, or

which evolves independently of, the test particle population.

This approach has been widely employed in fusion and plasma physics appli-

cations with many examples available in the literature. For example, the test particle

approach has been used in the fusion physics context to determine collisional trans-

port coefficients [Boozer and Kuo-Petravic, 1981; Maluckov et al., 2001; Kononenko

and Shishkin, 2008; Kazakov and Kononenko, 2012], the formation and evolution of

the radial electric field in tokamaks [Kiviniemi et al., 2000; Heikkinen et al., 2001],

the heat loads on plasma facing components [Strumberger, 2000] and the effect of

rotation [McKay et al., 2008; McClements and McKay, 2009] and toroidal field ripple

[Bustos et al., 2010; McClements, 2005] on particle transport. Furthermore, when

coupled with additional codes which solve, for example, for the plasma turbulence

the effect of fluctuations of the background plasma may be studied [Romanelli et al.,

2011].

One advantage of test particle modelling over analytical treatments is the

simplicity of the test particle approach. The particle equations of motion (see sec-

tion 2.3) can be solved numerically without any restriction on the particle and ma-

chine properties, whereas neoclassical theory, for example, typically assumes that

the particle Larmor radius and the ratio of the poloidal to toroidal magnetic field

components are small parameters. Furthermore, the test particle approach may be

44



applied to tokamak plasmas with arbitrary collisionality (or arbitrary density and

temperature profiles), aspect ratio and magnetic field structure. The later point

includes deviation of the magnetic field structure from axisymmetry and nested flux

surfaces (due to magnetic islands [Hegna et al., 1993] or regions of stochastic mag-

netic fields [de Rover et al., 1999]) which are difficult to include in analytic models

such as neoclassical theory.

Thus the test particle approach may be used as a rigorous benchmark of

analytical theories and in order to test the validity of the approximations and as-

sumptions employed. As noted by Nersisyan et al. [2007]:

A fully numerical treatment is required for applications beyond the per-

turbative regime and for checking the validity of the perturbative ap-

proach.

One of the limitations of the test particle approach is the assumption that

the simulated particles have no influence on the background species. Whilst this

is generally the case for impurity ions, tokamak experiments often observe impu-

rity concentrations which impact on the transport and confinement of the bulk ion

species. In other words, the test particle limit of section 2.4.4 is not satisfied. In the

MAST tokamak, for example, carbon and oxygen are the most abundant impurities,

with concentrations of approximately nC{ne � 5% and nO{ne � 1% respectively

[Romanelli et al., 2011]. Here nC, nO and ne are the carbon, oxygen and electron

densities respectively. Assuming fully ionised carbon and a bulk ion (and electron)

density of 1019 m�3, we find that Z2nZ{ni � 2 and (2.97) is not satisfied. Thus the

test particle approach is strictly valid only for very low concentrations of impurity

ions.

In the present chapter we discuss the development of a full orbit particle code

which is capable of accurately simulating test particle dynamics in tokamak plas-

mas over transport time scales. We also discuss how this model may be extended

to include the effects of collisions and the calculation of appropriate transport coef-

ficients.

3.2 The CUEBIT full orbit code

The numerical tool used throughout the present thesis is the CUEBIT (CUlham

Energy-conserving orBIT) code [McClements et al., 2002; Hamilton et al., 2003],

which solves the Lorentz force equation in arbitrary magnetic and electric fields.

This code utilises an implicit, second order, finite difference scheme where the deriva-

tives of the particle position and velocity coordinates are discretised according to a

45



forward differencing scheme. Here the derivative of a function fpxq at a point x is

approximated by
df

dx
� fpx� hq � fpxq

h
(3.1)

when h is small. Here h is the spacing in the abscissa grid x.

In order to numerically solve for particle motion the Lorentz force equation

this second order ordinary differential equation (ODE) is first rewritten as two first

order ODEs:

dv

dt
� Ze

mz
rEpxq � v �Bpxqs , (3.2a)

dx

dt
� v. (3.2b)

Applying the discretisation (3.1) to the above system of equations we have the

integration scheme

vi�1 � vi � Ze∆t

mz

�
E

�
xi�1 � xi

2



�
�

vi�1 � vi

2



�B

�
xi�1 � xi

2


�
, (3.3a)

xi�1 � xi �∆t
vi�1 � vi

2
. (3.3b)

to solve. Here the notation xn denotes the value of the quantity x at a time t �
t0 � pn � 1q � ∆t, with t0 the starting time of the simulation and ∆t the time step

used to advance the simulation in time.

In the above integration scheme the electric and magnetic fields are evaluated

at the averaged particle location pxi�1 � xiq{2. This scheme ensures that energy is

conserved exactly in the absence of an electric field. This is clearly seen by taking

the scalar product of (3.3a) with vi�1 � vi.

It should be noted that the updated particle velocity, vi�1, appears both on

the left- and right-hand side of (3.3). The above set of equations is therefore an

implicit integration scheme and is solved using an iterative approach:

1. an initial guess for vi�1 is made by setting xi�1 � xi and solving (3.3a) for

vi�1;

2. a more accurate estimate of xi�1 is then found by solving (3.3b), which is then

used to obtain a more accurate value for vi�1;

3. this process continues until a suitable level of accuracy is reached. In practice,

convergence is reached after approximately five iterations.
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This numerical scheme is introduced and discussed in detail in McClements et al.

[2002].

The time step in the CUEBIT code, ∆t, must be chosen such that the shortest

time scales in the simulation are well resolved. In the case of a full orbit code the

highest frequency is the particle gyro motion. This is one of the major limitations of

the full orbit approach [Lee, 1983] and a price to be paid for adopting such a simple

approach [Kazakov and Kononenko, 2012], since the frequency of the phenomenon

of interest may be several orders of magnitude lower than the cyclotron frequency.

However, since we are not solving self-consistently for the fields we can simulate

transport time scales (of the order of seconds) with the full orbit approach.

Using the implicit scheme described above a time step of one-tenth of the

gyro-period is reasonable (even larger time steps may be used if the background

profiles, for example the magnetic field and bulk ion density and temperature, vary

on length scales much larger than the particle Larmor radius). It should be noted

that the Larmor period varies across the tokamak. Therefore, the step size is spec-

ified relative to some reference location, generally taken to be the magnetic axis.

By comparison with guiding centre codes, which solve the set of equations 2.63 and

2.64 and typically use a time step of approximately 1/25th of the particle bounce

time, full orbit codes require over 50 times more computation time.

The CUEBIT algorithm described above and used throughout this thesis has

excellent stability and energy conservation properties, as presently demonstrated.

However, since this algorithm is implicit it is not the most efficient scheme available,

since at each time step the equations of motion are solved multiple times for each

iteration of the solution. A number of alternative explicit integration methods could

be used instead, including the Boris rotation [Boris, 1970; Birdsall and Langdon,

1985] and standard explicit Runge-Kutta schemes. However, it has been found

while evaluating these alternative schemes that the Boris rotation method does not

conserve particle gyro-frequency: the gyration frequency is underestimated by a

factor 1 � pΩ∆tq2{12, with Ω the particle cyclotron frequency. We may correct for

this by replacing the electric and magnetic fields by effective fields where we divide

through by this factor. Then, automatically, the gyration frequency is more correctly

tracked. Furthermore, energy conservation in the Runge-Kutta scheme is not explicit

and numerical errors in the orbit integration will be visible as non-physical drifts of

energy. This scheme therefore typically requires orbit corrections at each time step

in order to achieve acceptable constancy of the appropriate conserved quantities. For

example the ASCOT code [Kiviniemi et al., 2000; Heikkinen et al., 2001] adjusts the

particle location computed by the solution of the guiding centre equations of motion
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in order to match the energy, magnetic moment and toroidal canonical momentum

of the particle at the previous time step to within some prescribed accuracy.

Ideally one would use an explicit variation symplectic integration scheme,

similar to that used to solve for the guiding centre motion of particles by Qin et al.

[2009], since such schemes are constructed in such a way to ensure that the discrete

analogous of the conserved quantities derived in section 2.3 are conserved exactly (to

machine precision). Qin et al. [2009] demonstrate the advantages of such schemes

over non-variational Runge-Kutta methods. The construction of a variational sym-

plectic integration scheme for the full orbit equations of motion in toroidal plasmas

is an open area for future work.

3.3 Collisionless particle orbits

The numerical scheme described in brief above is tested by solving for a number

of particle orbits in a spherical tokamak equilibrium, see figure 3.1. Here the three

main classes of particle orbit in an axisymmetric toroidal magnetic field, trapped,

passing and potato, are simulated and projected onto the poloidal tokamak cross

section. Figure 3.1 demonstrates an interesting feature of trapped orbits that is

unique to spherical tokamaks: that is the widest part of a trapped particle orbit is

not necessarily in the outboard mid plane of the device. Here the widest part of the

particle orbit is at the vertical extremes of the orbit due to the shaping (vertical

elongation) of the plasma.

The plasma equilibrium used in these simulations is the Solov’ev equilibrium

derived in section 2.2.3 with R0 � 3 m, ε � 0.1, BT,0 � 3 T, IP � 1.5� 105 A, and

κ � 1. The magnetic field components required in (3.3a) are computed from the

Solov’ev poloidal flux function (2.34). From the general form of the magnetic field

vector, (2.8), we have that the magnetic field components in cylindrical components

are

BR � � 1

R

BΨ

BZ � 8Ψ0

α2κ2R4
0

RZ, (3.4a)

Bφ � fpΨq
R

� R0BT,0

R
, (3.4b)

BZ � 1

R

BΨ

BR � � 4Ψ0

α2R4
0

�
R2 �R2

0 �
2Z2

κ2



. (3.4c)

Whilst this equilibrium model is two dimensional CUEBIT solves for the particle

dynamics in three dimensions. In three dimensions trapped particle orbits precess

in toroidal angle, that it the toroidal angle of the particle bounce points drifts over
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Figure 3.1: Poloidal projections
of C6� orbits in a MAST-like
Solov’ev equilibrium, as computed by
CUEBIT, illustrating the three main
classes of particle orbit: a passing
particle orbit (blue), a trapped orbit
(green) and a potato orbit (red).

adjacent particle bounce orbits [Roach et al., 1995]. The frequency of this toroidal

precession provides, at large aspect ratio, an additional check on the accuracy of

the particle solver.

An important test of a particle following code is the demonstration of the

constancy of the conserved quantities derived in section 2.3.2. For the trapped

particle orbit presented in figure 3.1 the relative change in particle energy at each

time step of the simulation,

∆Eptiq � |Eptiq � Ept0q|
Ept0q , (3.5)

is presented in figure 3.2. CUEBIT conserves energy to machine accuracy, that

is the difference in energy between successive time steps is equal to the difference

between floating point numbers of the machine. However, what is important for an

accurate code is that these small errors between time steps do not build up over the

simulation. Figure 3.2 shows that there is little secular increase in particle energy

with time and the maximum relative change is less than approximately 3� 10�14.

However, it is not sufficient for the algorithm to conserve just energy. The

particle magnetic moment and, for the case of an axisymmetric magnetic field,

toroidal canonical momentum are both constants of the particle motion and thus
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Figure 3.2: Change in particle energy relative to the initial particle energy for the
trapped particle orbit presented in figure 3.1. Vertical dashed lines denote bounce
periods.

must also be conserved. Generally, it is found that these quantities are not as well

conserved as particle energy. However, an acceptable level of accuracy, approxi-

mately single precision accuracy, of the toroidal canonical momentum is obtained

when the time taken is taken to be equal to or less than one tenth of the Larmor

period of the particle, as demonstrated in figure 3.3.
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Figure 3.3: Change in particle magnetic moment (left) and toroidal canonical mo-
mentum (right) relative to the respective initial values for the trapped particle orbit
presented in figure 3.1. Vertical dashed lines denote bounce periods.

From figure 3.3 it is clear that magnetic moment is not particularly well

conserved. This reflects that the magnetic moment is an adiabatic invariant, rather

than an exact constant of the particle motion. The magnetic moment calculated in
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section 2.3.2, µ � mυK{2B, is simply the first term in an expansion of this quantity.

Thus the conservation of this quantity is not a particularly good assumption at

tight aspect ratio and one must include higher order terms in the definition of the

magnetic moment. One striking consequence of this non-adiabatic, or non-constant

µ, behaviour at tight aspect ratio is the transition of beam injected particle orbits

from trapped to unconfined orbits, even in the absence of collisions, as demonstrated

by Akers et al. [2002, Fig. 3]. It has been observed that particle magnetic moment is

better conserved in simulations of large aspect ratio tokamaks, where the orderings

used to derive this adiabatic invariant are more clearly satisfied.

Figure 3.4 demonstrates that the CUEBIT algorithm is second order accurate

in time, that is the accuracy of the solution computed scales with the time step used

in the simulation to the second power. It should be noted that since the algorithm

is constructed such that energy is conserved exactly (to machine accuracy) it is not

possible to deduce the order of the scaling from the scaling in the relative error in the

particle energy (energy is conserved exactly regardless of the simulation time step

chosen). Thus one can also not use the error in the particle gyroradius. The relative

maximum change in toroidal canonical momentum is therefore used in figure 3.4 to

determine the order of the CUEBIT algorithm.
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Figure 3.4: Scaling of the maximum relative change in toroidal canonical momentum
with simulation time step (solid line). Each simulation is run for 1000 cyclotron
periods. The dashed line indicates the scaling expected scaling for second order
accuracy.

As a demonstration of the stability of the CUEBIT integration scheme a
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trapped particle orbit is simulated for 105 gyro periods (approximately 2000 bounce

periods or 20 ms) in figure 3.5. It is seen that the relative change in particle energy

remains below 10�13 for the entire simulation and there is no drift in the particle or-

bit in configuration space. Thus we may confidently simulate impurity ion dynamics

for transport time scales.
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Figure 3.5: Trapped particle orbit (left) simulated for 105 cyclotron periods and
the corresponding relative change in particle energy (right). It is clear there is no
secular increase in particle energy or any drift of the particle orbit.

3.4 Particle orbits in numerical equilibria

During the course of the present work CUEBIT was extended in numerous ways.

One of these enhancements is the option to use numerically defined equilibria, from

the output of an equilibrium code for example, to prescribe the plasma equilib-

rium as an alternative to the analytical Solov’ev model. Equilibrium codes such as

CHEASE [Lütjens et al., 1992, 1996] generally have an option for outputting the

poloidal flux, as computed from the numerical solution of the Grad-Shafranov equa-

tion, on a rectilinear grid in the poloidal plane, that is ΨpRi, Zjq, where Ri and Zj

are the discrete values of the major radius and vertical position of each of the grid

nodes. Using an equilibrium reconstruction code such as EFIT [Lao et al., 1985],

which attempts to determine the plasma equilibrium from data acquired from a
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suite of tokamak diagnostics, in conjunction with an equilibrium code allows one to

match experimental equilibria in CUEBIT simulations. In order to utilise a numer-

ical poloidal flux function, rather than the analytic Solov’ev solution, it is required

that methods for interpolating gridded poloidal flux values to arbitrary particle lo-

cations using bicubic splines be added to CUEBIT. An example of a trapped particle

trajectory computed in a numerically prescribed plasma equilibrium, reconstructed

from MAST shot number 26587, is presented in figure 3.6.

It is found that good energy conservation and orbit stability are maintained

when using a numerically prescribed equilibrium despite the relatively few grid

points used (65 � 65) in computing the trajectory in figure 3.6. However, the use

of numerically prescribed equilibria comes at the expense of a longer simulation

running time, since at each time step and for each particle the poloidal flux and

magnetic field components must be interpolated from their gridded values, a more

costly operation than evaluation of the analytic Solov’ev expressions of section 2.2.3.

On the other hand, use of arbitrary numerical equilibrium lifts some of the

limitations of using an analytic Solov’ev equilibrium model (see section 2.2.3). For

example, one may simulate plasmas with arbitrary shaping without restriction on

the plasma geometry. In particular up-down asymmetric diverted plasmas, which

are difficult to model with the Solov’ev solution, can easily be simulated: the ex-

perimental shape and conditions of MAST equilibria can therefore be used directly.

Furthermore, particle trajectories outside of the plasma separatrix and in the vicin-

ity of X-points (locations of zero poloidal magnetic field) and magnetic field coils

may be simulated (these regions are not modelled with the Solov’ev solution). Fi-

nally, the effects of plasma rotation on the equilibrium are easily incorporated. The

use of numerically defined plasma equilibrium therefore improves the flexibility of

CUEBIT since the code is no longer tied to a particular analytical equilibrium model.

3.5 Collisional particle dynamics: the Lorentz-Langevin

equation

The Langevin approach is widely used in order to determine the effect of fluctua-

tions in macroscopically known systems [Langevin, 1908; Van Kampen, 1992; Cof-

fey et al., 2004]. These fluctuations, which represent the collisional scattering and

slowing-down of particles, are modelled by adding random, or stochastic, terms to

the equations of motion. Mathematically, this approach is equivalent to the solution

of a Fokker-Planck equation but has the advantage of greater simplicity.

53



0.5 1.0 1.5 2.0
Major radius [m]

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

V
e
rt

ic
a
l 
p
o
si

ti
o
n
 [

m
]

Figure 3.6: Trapped orbit of a 1.7 keV
C6� ion in a numerical equilibrium. The
equilibrium is reconstructed from MAST
shot number 26587 using the equilibrium
reconstruction code EFIT and processed
by the CHEASE equilibrium code before
use as input to CUEBIT.

A Brownian particle of unit mass obeys the equation of motion

9υ � �γυ � L ptq (3.6)

where the stochastic variable to be considered is the velocity of the particle, v,

rather than it’s position. The right-hand side of this equation is the force exerted

by the particles of the surrounding medium. Whilst this force is unknown we may

postulate a number of the physical properties of this force:

1. The force consists of a damping term, linear in υ with a constant coefficient

γ, plus a remainder Lptq. Lptq may be treated as a stochastic process.

2. The stochastic properties of Lptq are prescribed regardless of υ, so that Lptq
is an external force. The average of this term vanishes

〈L ptq〉 � 0. (3.7)

3. Lptq is caused by collisions with the particles of the surrounding fluid and

varies rapidly. This may be formalised by postulating for its auto correlation
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function 〈
L ptqL �t1�〉 � Γδ

�
t� t1

�
, (3.8)

with Γ a constant. The idea here is that each collision is practically instanta-

neous and that successive collisions are uncorrelated. In fact, the delta function

should be replaced by a function of |t� t1| that is a sharp peak with a width

that is equal to the duration of a single collision. Provided that this is shorter

than all other relevant times one may use a delta function for convenience.

A term having the above three properties is called a Langevin force and (3.6) is the

Langevin equation. In this name we include the three properties given above.

3.5.1 Solution of the Langevin equation

We now proceed to solve the Langevin equation. Since this equation is a stochastic

differential equation, or a differential equation whose coefficients are random func-

tions of time with some given properties, this defines υptq as a stochastic process.

Specifying an initial condition υp0q � υ0 we may solve (3.6) explicitly as

υ ptq � υ0e
�γt � e�γt

» t
0
eγt

1

L
�
t1
�
dt1. (3.9)

In order to extract useful information from this solution we must average over all

possible realizations of Lptq. The average of this result for a sub-ensemble of Brow-

nian particles, all with initial velocity υ0, is simply 〈υptq〉υ0 � υ0e
�γt.

We now derive a relationship between the coefficients of the Langevin equa-

tion, γ and L (or equivalently Γ, see point three above). First we square (3.9) and

average over a sub-ensemble of particles all with initial velocity υ0:

〈
υ2 ptq〉

υ0
� υ2

0e
�2γt � e�2γt

» t
0
dt1
» t

0
dt2eγpt

1�t2q
〈
L
�
t1
�
L
�
t2
�〉
. (3.10)

Note that the cross terms vanish because of postulate 2. Using (3.8) we find that

〈
υ2 ptq〉

υ0
� υ2

0e
�2γt � Γe�2γt

» t
0
dt1
» t

0
dt2eγpt

1�t2qδ
�
t1 � t2

�
(3.11a)

� υ2
0e
�2γt � Γe�2γt

» t
0
dt2e2γt2 (3.11b)

� υ2
0e
�2γt � Γ

2γ

�
1� e�2γt

�
. (3.11c)

We now identify the previously unspecified function Γ by noting that for long times,
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tÑ8, the mean square velocity must have the known thermal value

lim
tÑ8

〈
υ2
〉 � Γ

2γ
� kBT. (3.12)

We have now related the size of the fluctuating term Γ to the damping term γ. This

is the simplest form of the general fluctuation-dissipation theorem. The success of

the Langevin approach is due to this: the noise term in the Langevin equation is fully

expressed by the macroscopic damping constant, together with the temperature.

The physical picture of the Langevin approach is that random kicks tend to

spread out the velocity υ, while the damping terms tend to bring υ back to zero.

The balance between these two opposing tendencies is the equilibrium distribution.

Equation (3.12) tells use that wherever there is a damping there must be

fluctuations. These fluctuations are small on the macroscopic scale because of the

factor kBT . In practice they only appear when magnified in some way. For example,

the velocity fluctuations in (3.11c) are not seen, but they build up a mean square

displacement which may be observed. This will be used to determine the transport

properties of impurities in tokamak plasmas in later chapters.

The Fokker-Planck (FP) equation describes the time evolution of the prob-

ability density function of the velocity of a particle. One would expect that (3.6) is

equivalent to the FP equation [Van Kampen, 1992]. However, this is not strictly the

case, since the FP equation fully specifies the stochastic process υptq, whereas the

Langevin equation determines only the first two moments of this process (since the

higher order moments were not discussed in postulates 1-3). One therefore usually

supplements these postulates with the additional condition:

4. L(t) is a Gaussian, in other words all odd moments vanish.

Formally the Langevin equation, with this supplementary postulate, describes the

characteristics of the Fokker-Planck equation, and many realisations of the Langevin

equation gives a distribution of particle velocities which is a solution to the Fokker-

Planck equation (see figure 3.7).

3.6 Applying the Langevin approach to collisional par-

ticle transport studies

To describe a system with fluctuations using the Langevin approach we apply this

approach as follows:

1. write the deterministic macroscopic equations of motion of the system,
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Figure 3.7: Multiple realisations of the Langevin equation (3.6) with γ � kBT � 1.
Each curve in the velocity-time plane represents the time evolution of particle veloc-
ity determined from an independent solution of the Langevin equation. The thick
blue curve is the distribution of all particle velocities at the end of the simulation and
the thick black curve is the expected velocity profile. The deviation of the simulated
solution from the expected solution is due to the finite number of realisations.

2. add a Langevin force with the properties described above,

3. adjust the fluctuating term Γ such that the stationary solution reproduces the

correct mean square fluctuations known from statistical mechanics.

The coefficient of the damping in (3.6) for the case of test impurity ions colliding

with a bulk ion species is the impurity-ion collision frequency given by (2.88). These

collisions cause a particle to thermalise to the temperature of the background species

with which it is colliding. Thus (3.12) gives an expression for the autocorrelation

function of the fluctuating term in (3.6) of

Γ � 2kBTi
τzi

, (3.13)

with Ti the bulk ion temperature.
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With these results and following the procedure above we arrive at the Lorentz-

Langevin equation,

mz
dv

dt
� mz pE� v �Bq � mz

τzi
pv � uq �mzar, (3.14)

which describes the dynamics of test particle ions colliding with a prescribed fluid

background which is moving with velocity u. This is the equation which is solved

in order to investigate the collisional dynamics of test particles in tokamak plasmas

throughout the remainder of the present thesis.

In the above equation ar represents the random velocity kicks due to col-

lisions with the background bulk ion plasma and is assumed to follow a Gaussian

distribution (see postulate 4 above). Thus this term is a set of three random num-

bers chosen independently for each particle and at each time step from a Gaussian

distribution with zero mean and variance

σ2 � Γ

∆t
� 2kBTi
τzi∆t

. (3.15)

Here the delta function of (3.8) has been replaced with the finite simulation time

step, ∆t, used in CUEBIT. Although the instantaneous collisions are taken to be

isotropic, the cumulative effect of these over an impurity Larmor orbit naturally

reflects the effects of gradients in the bulk ion temperature and density profiles

(leading to, for example, thermal forces), which in turn leads to anisotropy in the

collisions. This is not the case in guiding center codes, which generally add these

effects a posteriori.

The combined effects of the addition of the Langevin terms to the Lorentz

equation is to, in the absence of an electric field, ensure that the impurities relax to

a drifting Maxwellian distribution with a temperature Ti and flow velocity u which

matches that of the bulk ions and to cause a scattering of particle velocity vectors.

The relaxation of the temperature of the impurity species distribution, TZ , to the

temperature of the main ion species, Ti, is demonstrated in figure 3.8. Here the

impurity distribution of 5� 104 C6� ions is initialised with a temperature of 330 eV

and equilibrates to the bulk ion temperature of 250 eV with a characteristic time

scale equal to the prescribed impurity-ion collision time.

The scattering of particle velocity vectors due to the Langevin terms leads

to a diffusion of the impurity particle ensemble in space. This is demonstrated in

figure 3.9, in which 104 C6� ions are initially uniformly distributed on the flux sur-

face labelled by a normalised poloidal flux of 0.5 and with a Maxwellian velocity

distribution. The collisional terms in the Lorentz-Langevin equation cause the en-
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Figure 3.8: Equilibration of the impurity species temperature (solid line) with the
background ion temperature (dashed line) in a uniform magnetic field and with
a prescribed collision time of 0.08 ms. The simulation time is normalised to the
impurity-ion collision time (2.88).

semble of particles to diffuse in space and after approximately 500 collision times

the particles have largely filled the tokamak volume.

In the simulations of figure 3.9 and for the remainder of the present work,

the bulk ion density and temperature profiles are prescribed to have the forms

nipsq � pncore � nedgeq p1� sqα � nedge, (3.16a)

Tipsq � pTcore � Tedgeq p1� sqβ � Tedge, (3.16b)

with ncore, nedge and α, and the equivalent parameters for the temperature profile,

free parameters and ψ � 1 � Ψ{Ψaxis is the normalised poloidal flux. Here the pa-

rameters α and β control the gradient of the profiles, with α � β � 0 corresponding

to flat (constant) bulk ion profiles and α � β � 1 corresponds to a linear variation

of the bulk ion profiles with normalised minor radius. This later case is the standard

set of values of α and β used throughout the remainder of this thesis. The bulk

ion density and temperature profiles above couple the bulk ion and impurity species

through the collision time, τzi [given by (2.88)], present in the test impurity equation

of motion, (3.14).

Figure 3.9 demonstrates another enhancement of the CUEBIT code imple-

mented during the course of the present work, that is the loading of test particles
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Figure 3.9: Diffusion of 2�103 C6� ions in configuration space. Initially all ions
are distributed uniformly on a flux surface labelled by a normalised poloidal flux of
0.5 (left). Collisions cause particles to diffuse radially (centre) and after 10 ms, or
approximately 500 collision times, the ions have filled the tokamak volume (right).

in phase-space. Early versions of CUEBIT initialised all particles at the magnetic

axis. Each simulation therefore began with a transient phase which allowed parti-

cles to diffuse to fill the tokamak volume. This is clearly a waste of computation

time, particularly for the simulations presented in the later parts of the current

thesis, which concern the effects of a radial electric field located near the plasma

edge on impurity particle transport. To reduce this computation time we therefore

implemented a Hammersley (uniform, low discrepancy [Hammersley, 1960; Halton,

1960]) loading of particles in toroidal coordinates tΨ, θ, φu). This allows the user to

specify a range of normalised poloidal flux values, between which impurity ions are

uniformly loaded. However, the equations of motion, (3.2), are solved in Cartesian

coordinates, which requires the derivation and implementation of the inverse coor-

dinate transformation pΨ, θ, φq Ñ pR,φ, Zq Ñ px, y, zq for the case of the Solov’ev

equilibrium model. In the case of numerically prescribed equilibrium bisection is

used to perform this transformation.

In addition, the treatment of boundary conditions employed in CUEBIT has

been improved. With the addition of the treatment of collisions to the CUEBIT nu-

merical scheme particles may undergo a random walk out of the plasma. Previously

particles were simply removed from the simulation if they crossed the last closed

flux surface. This leads to a gradual depletion in the number of particles simulated
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and therefore a reduction in the quality of the statistical information which may be

determined from the evolution of the ensemble of particles.

In the present version of CUEBIT the user is free to specify an inner and

an outer boundary by specifying the minimum and maximum normalised poloidal

flux of interest (with the range r0, 1s describing the entire tokamak volume). When

the radial location of a particle’s guiding centre is outside of this range the sign of

the poloidal angle of the particle is changed, θ Ñ �θ, and the radial location of the

guiding centre is constrained to be in the allowed range. The allows just an annulus

of the tokamak to be simulated, increasing the density of simulated particles in the

region of interest and reducing the required computation time. One of the major

advantages of this treatment of particle boundaries is that the number of simulated

particles is constant and, in principle, steady state distributions of impurity ions

may be determined.

3.6.1 The parallel friction force

In addition to the usual Langevin terms, there is an additional term which has been

added to (3.14), that is �mzu{τzi. The term �mzνzi pv � uq is often referred to as

an Einstein drag term, or simply a drag term. The effect of such a term is to cause

particles to tend to the velocity u with a typical time scale of τzi. This is easily seen

by solving the equation
dv

dt
� �νzi pv � uq (3.17)

with u assumed to be constant. This equation has the solution (this type of equation

is solved in more detail in section 5.4.2)

v � u� v0e
�νzit. (3.18)

with v0 determined by the imposing of initial conditions. Thus for t Ñ 8 we find

that v Ñ u.

Previous work has used this term to investigate the role of bulk plasma rota-

tion on impurity transport in spherical tokamaks [McKay et al., 2008; McClements

and McKay, 2009]. Here u was prescribed to match typical rotation values of the

bulk ions in MAST plasmas.

However, in the present work this term is used to investigate the corre-

spondence between conventional neoclassical theory and the numerical treatment

described above in order to ensure that the CUEBIT code is reproducing the col-

lisional transport of impurity ions in tokamak plasmas correctly. Specifically, this

term is used to model the parallel friction force exerted on impurity ions due to a
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non-Maxwellian distribution of bulk ions [Helander and Sigmar, 2002]. This force

arises when the bulk ion species is in the banana regime, since the collisionality is

sufficiently low that particles may complete drift orbits determined by the global

geometry of the magnetic field which causes the distribution of particles to vary

across a flux surface. This deviation from Maxwellian leads to an additional friction

between the bulk and impurity ion species which acts parallel to the magnetic field

[Helander and Sigmar, 2002]. This parallel friction force is simulated in CUEBIT

by prescribing

u � � RBφ
ZeniB

dpi
dΨ

b. (3.19)

Here R is the major radial coordinate, ni is the bulk ion density, dpi{dΨ is the bulk

ion pressure gradient, B and Bφ are the total and toroidal magnetic field strengths

respectively and b � B{B is the unit vector parallel to the magnetic field. This

term is investigated in the next chapter.

In this chapter we have demonstrated the construction and verification of

a test particle, full orbit code which is suitable to use for the investigation of the

collisional dynamics of test impurity ions in global spherical tokamak plasmas. In

the remaining chapters we benchmark CUEBIT against neoclassical theory and use

the code to investigate the effect of a particular feature of high performance tokamak

experiments on impurity transport, that is a sheared radial electric field.
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Chapter 4

Comparison of full orbit and

neoclassical codes

The standard theory of collisional transport in toroidal plasmas, neoclassical theory

[Hirshman and Sigmar, 1981], has been extensively studied. However, in high-

performance tokamak discharges, particularly in those with strong transport barri-

ers, various effects including rotation, finite ion orbits, steep plasma gradients and

boundary conditions can challenge the analytical expressions of neoclassical theory.

Typically transport in tokamaks is anomalous and greatly exceeds neoclas-

sical predictions. However, in improved confinement regimes transport can remain

near the neoclassical level [Chen et al., 2001]. Since collisional processes provide

an irreducible minimum level of transport, an accurate estimate of the collisional

contribution to transport is required in order to asses the relative importance of

neoclassical and anomalous transport under given plasma conditions.

In spherical tokamak geometry it has been demonstrated that the collisional

transport of particles may exceed the predictions of neoclassical theory due to finite

Larmor radius effects [Gates et al., 2004; Romanelli et al., 2011] and due to finite

drift orbit effects [Wang et al., 2006]. In such geometries the standard drift-ordering,

used in the derivation of the averaged equations of particle motion in section 2.3, is

no longer applicable and it is not possible to treat particle motion analytically. There

is therefore a need for a reliable numerical simulation of collisional plasmas which

can include the strong gradients associated with transport barriers and complex

spherical tokamak geometries. The purpose of the present chapter is two fold: to

develop a scheme for solving the standard set of neoclassical equations for a tokamak

of arbitrary poloidal cross section and to use this scheme to compare the results of

the Monte Carlo particle code CUEBIT against neoclassical theory.
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4.1 Neoclassical transport codes

The neoclassical diffusion coefficients presented in section 2.4 are rather simplified.

Rigorous calculation of neoclassical transport requires the self-consistent determina-

tion of the particle and heat fluxes of all plasma species in a manner that includes a

description of the toroidal geometry and which is valid for all collisionality regimes.

The modern approach to the solution of the neoclassical transport problem is the

reduced charge state fluid description of Hirshman and Sigmar [1981], as reviewed

by Helander and Sigmar [2002]. It is this approach that is typically adopted by

neoclassical transport codes.

In general, classical fluxes are driven by perpendicular friction forces whilst

neoclassical fluxes are driven by parallel forces, reflecting the different transport

mechanisms of each of these processes. One may view neoclassical transport as

originating from the collisional relaxation of the distribution of guiding centres, see

section 2.3, to a Maxwellian, whereas the classical fluxes arise due to the gyro motion

deviation from this guiding centre Maxwellian. Whilst both of the neoclassical fluxes

are driven by a combination of toroidal curvature and particle collisions they are

driven by different physical mechanisms [Helander and Sigmar, 2002]:

• in the Pfirsch-Schlüter regime, toroidal curvature gives rise to a vertical guiding

centre drift, which drives a parallel return flow. Inter-particle collisions then

impede (and dissipate) this flow, creating a parallel friction force and a parallel

pressure gradient;

• in the banana-plateau regime, toroidal curvature and the related magnetic well

produce an anisotropic guiding centre distribution. The resulting difference in

parallel and perpendicular pressures produces a parallel viscous force.

Thus particle flux is typically expanded into classical (Cl), and banana-

plateau and Pfirsch-Schlüter (BP and PS) neoclassical contributions:

ΓΨ � 〈Γ �∇Ψ〉 � ΓBP � ΓPS � ΓCl, (4.1)

(a similar decomposition is made for the heat flux). Each of these contributions to

the neoclassical fluxes remain distinguishable throughout all collisionality regimes.

A number of codes have been written in order to solve the set of neoclassical trans-

port equations for the particle flux and related transport coefficients, including

NEOART [Peeters, 2000; Dux and Peeters, 2000] and NCLASS [Houlberg et al.,

1997], which may be used in conjunction with plasma equilibrium codes in order

to solve for the collisional transport coefficients is arbitrarily shaped plasma. The
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typical procedure for determining the total particle flux for each plasma species

is reviewed by Hirshman and Sigmar [1981] and the numerical implementation is

summarised by Peeters [2000] and Houlberg et al. [1997].

The closure of the fluid equations typically employed in neoclassical theory

makes a number of assumptions, the strongest of these is axisymmetry. Moreover,

the closure assumes thin drift orbit widths, such that particles don’t deviate very

far form their initial flux surface, and small Larmor radius. This ensures that

neoclassical transport is local and so solves for the radial transport of plasma species

for a single flux surface.

During the present work the neoclassical transport code NCLASS [Houlberg

et al., 1997] is used and extended in a number of ways. First, NCLASS is extended to

solve for multiple (independent) radial grid points, allowing the calculation of trans-

port coefficients across the plasma minor radius. Secondly, NCLASS is extended to

allow for the specification of required flux surface geometry information using the

CHEASE equilibrium code [Lütjens et al., 1992, 1996]. Previously, NCLASS as-

sumed a simplified circular concentric flux surfaces model in order to calculate the

geometric information describing the local flux surface of interest (required to solve

the set of neoclassical equations). The assumption of concentric circular flux surfaces

is clearly a poor approximation for the highly shaped MAST plasma.

In addition to the interface between the CHEASE and NCLASS codes, an

interface between the CHEASE and EFIT [Lao et al., 1985] codes is developed

to allow the use of experimentally determined equilibria. Thus a chain of codes,

figure 4.1, is available which allows for the fast calculation of neoclassical transport

coefficients for numerical, experimental or analytic plasma equilibria.

In should be noted that in addition to the assumptions made in neoclassical

theory a number of further approximations are made in NCLASS. For example, it

is assumed that a species flow velocity is small compared to the species thermal

velocity. This is generally valid for bulk ions and electrons. However, particularly

at tight aspect ratio, rotation is often supersonic when compared with impurity

ion thermal speeds. Furthermore, NCLASS uses an approximate collision operator

which yield viscosity coefficients which agree to within 20% of those calculated using

a full collision operator [Houlberg et al., 1997]. So whilst neoclassical transport codes

such as NCLASS allow a quick and flexible solution of the neoclassical equations for

an arbitrary number of plasma species and tokamak geometry, one must be aware of

a number of caveats and approximations employed in deriving the equations solved

by such codes.
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EFIT experimental equilibria
CHEASE

Analytic equilibria

NCLASS Transport coefficients

Figure 4.1: Chain of codes developed during the present work in order to solve for
collisional transport coefficients. The interface between the CHEASE and NCLASS
codes allows for the solution of the neoclassical transport equations for arbitrarily
shaped tokamak plasmas, whether the equilibrium is specified analytically or from
the reconstruction of experimental data.

4.2 Characterising transport in CUEBIT

CUEBIT solves the full orbit, single particle equation of motion and simply follows

the trajectories of charged particles. With the addition of the Langevin terms dis-

cussed in the previous chapter the collisional dynamics of trace impurity ions may

be solved for. In order to determine the transport resulting from these collisional

terms and in order to compare this level of transport to the predictions of neoclas-

sical theory a number of diagnostics have been incorporated into CUEBIT during

the course of the present work.

4.2.1 Mean squared particle displacement

The first of these measures of transport is the mean squared particle displacement,

which characterises the deviation of an ensemble of particles from their initial mean

position [Tsang et al., 1975; Wong and Cheng, 1989] and can be related to the

particle diffusion coefficient, D, through (see, for example, [Balescu, 2005, Chp. 11])

D � lim
tÑ8

d

dt

〈
δr2ptq〉 � lim

tÑ8

d

dt

〈
rrptq � 〈rpt0q〉s2

〉
. (4.2)

Here r is a measure of the minor radius of the plasma, t is the simulation time,

δr2 is the mean square displacement of a particle and the angle brackets denote an

average of the particle ensemble. For purely collisional transport the mean square

displacement behaves linearly in time in the limit of long time [Balescu, 2005].

Clearly particle diffusivity is a function of the local rate of collisions. With

gradients in the bulk ion density or temperature the diffusion coefficient becomes

a function of space. In order to determine the diffusion coefficient locally on a

flux surface the calculation must therefore be limited in time so that particles are

not transported far from the flux surface of interest and so as not to calculate

a configuration space averaged diffusion coefficient. Figure 4.2 demonstrates the
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mean squared particle displacement of 104 C6� ions initially released from a mid

minor radius, demonstrating the linear behaviour of the mean square displacement

in time.
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Figure 4.2: Mean squared displacement calculated for 104 C6� ions in a MAST-like
Solov’ev equilibrium. Time is normalised to the impurity-ion collision time.

4.2.2 Particle fluence

In addition to measuring the diffusion of particles directly we can also estimate this

quantity from the flux of particles passing through a magnetic surface. In order to

compute this particle flux CUEBIT is extended to include a Monte Carlo calculation

of the particle fluence, that is the time integral of the particle flux [Kiviniemi et al.,

2000; Heikkinen et al., 2001]. The particle fluence is calculated by counting the

number of particles crossing a particular flux surface in a unit time and using the

equation

FpΨq � wp∆N
ApΨq∆t . (4.3)

Here ∆N is the total number of particles crossing the flux surface Ψ during one

integration time step, ∆t, and ApΨq is the area of this flux surface. A positive value

of ∆N indicates that more particles which have crossed the flux surface are travelling

radially outwards than radially inwards and a negative ∆N indicating the opposite

case. The particle weight, wp, is taken simply to be the reciprocal of the total

number of particles simulated and is the same for all particles, which ensures that

the particle fluence calculated is independent of the number of test particles in the
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simulation. This is demonstrated in the convergence study presented in figure 4.3.

More generally this quantity may be different for each particle. Typically it is

defined such that arbitrary initial density profiles may be simulated whilst reducing

statistical noise: particles are loaded uniformly in phase-space, ensuring that all

regions are simulated and there are no sparse volumes, and a weight is assigned to

particle to give a prescribed density profile.
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Figure 4.3: Convergence of the particle fluence with increasing number of simulated
particles.

Rather than computing particle flux as the time derivative of the fluence,

many guiding centre and gyrokinetic particle codes compute the particle flux directly

as the flux surface average of the radial velocity component of particles which lie on

that surface using

ΓΨ �
〈
wpv �∇Ψ

∇Ψ

〉
. (4.4)

However, this was found to be a poor method to use in CUEBIT, since the gyro

motion was a significant contribution to this quantity (in guiding centre codes, for

example, only the slower drift motion contributes to this flux). During one gyro-

period a particle will contribute for half this time an outward flux and for the other

half a large inward flux, which makes it difficult to discern the smaller average cross

surface flux.
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4.3 Comparison to neoclassical theory

Having developed both a code which solves for the collisional dynamics of test ions

in arbitrary tokamak geometries and the interfaces between a collection of codes to

solve the set of neoclassical transport equations the present section aims to compare

the collisional diffusivities calculated using CUEBIT and NCLASS in order to test

the treatment of collisions in CUEBIT. In this section a more thorough neoclassical

benchmarking of the CUEBIT code than in the work of Romanelli et al. [2011],

which compared the diffusion coefficients calculated by CUEBIT in the case of large

aspect ratio with the simple heuristic estimates of the particle transport coefficients

discussed in section 2.4, is presented.

4.3.1 Large aspect ratio comparison

CUEBIT uses a Solov’ev plasma equilibria model, as detailed in section 2.2.3,

whereas NCLASS does not assume a particular model but requires a number of

geometric properties of the flux surface of interest. The example driver program

provided with NCLASS however assumes a circular concentric flux surfaces model

[Lapillonne et al., 2009]. In the first comparison presented here, that of a large aspect

ratio plasma, we use this simplified model as input to NCLASS. It must therefore

be ensured that the equilibrium models employed in the two codes match as closely

as possible. In figure 4.4 we plot the average difference in the total magnetic field

strength on a flux surface between the Solov’ev and circular surfaces models for the

parameters given in table 4.1. Since the toroidal magnetic field employed in both

models is identical the difference arises from the poloidal magnetic field, the strength

of which is controlled by the specification of q0, the on axis safety factor values, in

the circular surfaces model used by NCLASS and IP, the total toroidal current, in

the Solov’ev model.

The toroidal plasma current in the Solov’ev model was chosen to minimise,

as far as possible, this difference between the magnetic field strengths in the two

models. The increasingly significant discrepancy with minor radius between the

two models arises from the safety factor profile employed: in calculating the ad-hoc

model quantities a flat safety factor profile was used, which is not a valid solution

to the Grad-Shafranov (GS) equation. The Solov’ev solution is strictly a solution

to GS equation and so will not exactly match the circular surfaces model. However,

at the flux surface of interest, with a normalised minor radius of 0.5, the difference

between the two models is À 1%.

In order to compare the results of CUEBIT with the impurity diffusion coeffi-
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Circular surfaces model Solov’ev model

R0 [m] 3 3
ε [-] 0.1 0.1

BT,0 [T] 3 3
q0 [-] -3 —
Ip [A] — �1.5� 105

κ [-] — 1

Table 4.1: Parameters used to achieve a correspondence between the circular surfaces
and Solov’ev models in the case of a large aspect ratio tokamak equilibrium.
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Figure 4.4: Comparison of the total magnetic field strength calculated for a large
aspect ratio tokamak equilibrium using the ad-hoc concentric circular flux surfaces
model and the analytic Solov’ev model. The measure of the difference between
the magnetic field strengths between the two models is calculated as ∆Bpriq �
1
nθ

°nθ
i�1 |Bpri, θiqSolov1ev �Bpri, θiqcircular|.

cient calculated by NCLASS 104 C6� ions, all released from the flux surface ψ � 0.5

(with ψ the normalised poloidal flux) with a uniform distribution in poloidal angle,

were simulated using CUEBIT. The mean squared displacement of the ions was then

used, as described above, to compute the corresponding diffusion coefficient, see fig-

ure 4.5. This comparison between CUEBIT and NCLASS was repeated for a range

of values of the bulk ion density and with zero density gradient and fixed values of

the bulk ion temperature, 2 keV, and temperature gradient, -0.14 keV m�1. The

bulk ion density was varied from 4� 1018 m�3 to 1021 m�3. This yields a scaling of

the diffusion coefficient with the normalised collision frequency (see section 2.4.2),

which is in the range 0.006 to 5.556 for the bulk ion density and temperature values

70



quoted here.

It is found that the calculations of CUEBIT in the Pfirsch-Schlüter regime un-

derestimate the diffusion coefficient, compared with the NCLASS prediction, when

the parallel friction force of section 3.6.1 is included in the simulation. Rerun-

ning these particular simulations without the parallel friction force, which is strictly

valid only in the banana regime, yields a broad agreement between the two codes,

see figure 4.5. We therefore find that the scaling of the impurity diffusion coefficient

calculated by CUEBIT is as expected from neoclassical theory and the NCLASS

simulations. Plotting this figure on a linear scale reveals the expected scaling from

figure 2.5. We may therefore have confidence that CUEBIT is capturing the key

features of collisional impurity transport in large aspect ratio tokamak plasmas.
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Figure 4.5: Comparison of particle diffusion coefficients calculated by NCLASS
(solid line) and CUEBIT (broken lines) in a simplified, large aspect ratio concentric
circular flux surface equilibrium. Diffusion coefficients were calculated both with
(- - - -) and without (� � � � � �) the parallel friction force included in CUEBIT.

One area for further investigation is the investigation of the minor radial

variation of transport coefficients. CUEBIT and NCLASS are in broad agreement

for this large aspect ratio case. However the model employed by NCLASS in known

to be limited close the the magnetic axis and plasma edge, quoting Houlberg et al.

[1997]:

It must be cautioned that although the model [employed in NCLASS]

takes a step toward a more self-consistent treatment of neoclassical ef-

fects, it is still incomplete. First, none of the models considered here are
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applicable within a banana width of the plasma edge because ion orbit

losses violate the assumptions made in the derivation of the viscosity. . .

Second, near the axis real ion orbits are also not well represented by the

approximation of orbits concentric about the axis and thin relative to

the minor radius made in the kinetic determination of the viscosity.

It would be interesting to observe whether the agreement between NCLASS and

CUEBIT diverges near the plasma edge or core.

4.3.2 Spherical tokamak comparison

We continue to compare the treatment of collisional transport in CUEBIT against

NCLASS, this time at tight aspect ratio. In this case the CHEASE code, using the

plasma boundary and equations for the pressure gradient and ff 1 from the Solov’ev

equilibrium model as inputs, is used to calculate and prescribe the flux surface

information required by NCLASS. In this case we are therefore using the same

equilibrium model in both CUEBIT and NCLASS, with the model parameters listed

in table 4.2. Again comparing the diffusion coefficients as calculated by NCLASS

and CUEBIT for a range of normalised collision frequencies we see from figure 4.6

that the discrepancy between the two codes is larger than in the large aspect ratio

case. In this case the bulk ion density was varied between 1.3 � 1018 m�3 and

1.25 � 1020 m�3 and the bulk ion density gradient, temperature and temperature

gradient were fixed at 0, 0.2 keV and -0.246 keV m�1 respectively.

10-2 10-1 100 101

Normalised collision frequency[-]

0.0

0.2

0.4

0.6

0.8

1.0

D
if
fu
si
o
n
 c
o
e
ff
ic
ie
n
t 
[m

2
 s
−1
]

Figure 4.6: Comparison of particle diffusion coefficients calculated by NCLASS
(solid line) and CUEBIT (broken lines) for a tight aspect ratio plasma equilibrium.
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In order to ensure that this discrepancy was not due to the use of an equilib-

rium code in NCLASS the correct treatment of CHEASE equilibria in NCLASS was

verified. The diffusion coefficient computed for 104 Ne10� ions in both an analyti-

cally and a numerically prescribed large aspect ratio circular tokamak equilibrium

were compared, with the numerical CHEASE solution matched exactly to the circu-

lar surfaces model at the plasma boundary. We see from figure 4.7 that the diffusion

coefficient and advection velocity match in both cases. Thus we can be confident

that the discrepancy between NCLASS and CUEBIT in this spherical tokamak com-

parison case is a result of moving to tight aspect ratio, rather than due to the use

of the numerical CHEASE equilibria, which was not used in the large aspect ratio

case.

1 2 3 4 5 6
Charge number

0.12

0.14

0.16

0.18

0.20

D
if
fu
si
o
n
 c
o
e
ff
ic
ie
n
t 
[m

2
s−

1
]

1 2 3 4 5 6
Charge number

−0.08

−0.07

−0.06

−0.05

−0.04

−0.03

−0.02

−0.01

A
d
v
e
ct

io
n
 v

e
lo

ci
ty

 [
m

s−
1
]

Figure 4.7: Comparison of diffusion coefficient (left) and advection velocity (right)
for 104 Ne10� ions calculated using NCLASS with a simplified concentric circular
flux surface equilibrium (solid line) and an equilibrium calculated using CHEASE
(dashed line).

This discrepancy between the CUEBIT and NCLASS results at tight aspect

ratio is consistent with other investigations of collisional transport in global spher-

ical tokamak geometries. For example, Gates et al. [2004] demonstrated that finite

Larmor radius effects can enhance the rate of collisional transport by over a factor

of 2 compared with that calculated using a guiding centre code. This is because

at tight aspect ratio particle Larmor radii can be comparable to drift orbit widths.

Essentially, at tight aspect ratio, the level of classical transport can be comparable

to neoclassical transport, enhancing the overall level of collisional transport signifi-

cantly. Furthermore, Wang et al. [2006] demonstrated that finite drift orbit widths

can also enhance the level of observed collisional transport if particle drift orbit

widths are a significant fraction of the plasma minor radius. This demonstrates

a limitation of the local calculations employed in NCLASS and other neoclassical
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codes at tight aspect ratio.

Furthermore, at transport barriers the bulk ion temperature or density pro-

files can vary strongly on the scale of the ion orbit width, requiring a global (non-

local) calculation that does not rely on the conventional neoclassical expansion. A

number of attempts have been made recently in order to incorporate the effects

of finite drift orbit widths in neoclassical calculations in both particle-in-cell (PIC)

codes [Wang et al., 2006] and in continuum codes [Landreman and Ernst, 2012a,b]

in order to overcome these limitations we mention and have demonstrated in the

present chapter.

Plasma equilibrium parameters

Major radius, R0 [m] 3
Inverse aspect ratio, ε [-] 0.65
Normalising magnetic field, BT,0 [T] 0.4
Plasma current, Ip [A] �1� 106

Plasma elongation, κ [-] 2

Table 4.2: Solov’ev equilibrium parameters used to model the MAST plasma. Ex-
cept where noted these parameters are used throughout the remainder of the present
thesis to represent a tight aspect ratio plasma.

4.3.3 Diffusion coefficient error estimate

The tight aspect ratio simulations of the previous section corresponding to a nor-

malised collision frequency, ν�, of 0.2066, 0.5188, 1.2993 and 2.5481 were repeated

a further ten times, each with different initial random seeds, in order to estimate

the error associated with the results presented above. The results of averaging the

computed diffusion coefficient for each of these sets of ten simulations are presented

in the table below. We see that the use of 104 test particles and an average over ten

realisations provides an accurate estimate of the test particle diffusion coefficient.

ν� Diffusion coefficient [m2 s�1]

0.2066 0.065� 0.001
0.5188 0.135� 0.003
1.2993 0.294� 0.003
2.5481 0.498� 0.007

Table 4.3: Particle diffusion coefficients and associated error estimates, each calcu-
lated as the standard deviation of 10 realisations of CUEBIT.
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Chapter 5

Full orbit simulations of

collisional impurity transport in

spherical tokamak plasmas with

strongly-sheared electric fields

In the previous chapters the development of a test particle transport code which

includes finite Larmor radius effects and is applicable to global spherical tokamak

(ST) geometries is described. The correspondence between the results of this code

and the predictions of neoclassical theory was demonstrated. In the present chapter

we apply this code in order to investigate the impact of strong, sheared electric fields

on the transport of impurity ions in a MAST-like equilibrium. The key results from

this chapter have been submitted for publication to Plasma Physics and Controlled

Fusion and have appeared in the 38th proceedings of the EPS Conference on Plasma

Physics.

5.1 The radial electric field

The radial electric field is an important feature of high performance tokamak dis-

charges due to it’s role in the regulation of anomalous transport and the transition

from low to high confinement modes [Rogister, 1998] and will likely be a feature

of the baseline operating regime for ITER [Shimada et al., 2007]. The structure of

the electric field determines the rate of E �B shear flow stabilisation of turbulent

transport, thought to be the underlying mechanism generating transport barriers

[Meyer et al., 2011], that is regions of the plasma with reduced levels of transport.
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The origin of the radial electric field may been seen from the fluid momen-

tum force balance equation, which can be written in the form (see, for example

[Braginskii, 1965; Ida, 1998; Callen et al., 2010])

msns
dVs

dt
� nsZse pE�Vs �Bq �∇ps �∇ � πs � Fs � Ss, (5.1)

where s denotes the plasma species, Vs is the species flow velocity and ps, πs and

Fs are pressure, viscosity and the friction force acting on species s and Ss denotes

a source of this species. Neglecting the inertia, friction, viscosity and sources the

radial electric field is approximated by the pressure gradient and Lorentz terms

[Meyer et al., 2008],

Er � 1

nsZse

dp

dr
� V ϕ

s Bθ � V θ
s Bϕ. (5.2)

We therefore find that a radial electric field is supported by a radial pressure gradient

and toroidal and poloidal flows of the plasma. It should be noted that whilst there

is an equation of the form (5.2) for each plasma species, the electric field which

appears in these equations is the same for all species. In order to determine the

radial electric field one typically uses impurity rotation velocities, determined using

Doppler spectrometry, the pressure gradient determined using the same diagnostic

and the poloidal and toroidal magnetic field components determined by equilibrium

reconstruction, using, for example, EFIT [Meyer et al., 2008].

In MAST a strongly-sheared, inward directed radial electric field is observed

close to the plasma edge in H-mode (see figure 5.1a), consistent with the general

observation of a strong radial electric field during H-mode on other tokamak devices

[ASDEX Team, 1989; Ida, 1998; McDermott et al., 2009; Meyer et al., 2011]. We

see from figure 5.1a the evolution of the edge radial electric field through an L-H

transition, that is the transition from L-mode to H-mode, during which the electric

field strength increases to a peak value of approximately -15 kVm�1 with a full width

at half maximum of the order of the bulk ion Larmor radius. In L-mode the radial

electric field has a peak value of less than -5 kVm�1 and is broader than in H-mode,

figure 5.1b. The contributions to the electric field in L-mode are indicated on this

figure: we see that the radial electric field is closely approximated by the sum of the

diamagnetic and Lorentz terms of the momentum balance equation, justifying our

neglect of the viscosity, inertia and friction terms from (5.2).

In the remainder of this chapter we neglect bulk rotation of the main ions

and therefore assume that the radial Lorentz force is sub-dominant to the pressure

gradient term in the radial component of the bulk ion fluid momentum balance equa-

tion. This assumption is consistent with reported measurements of temperatures,
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densities and flows in the vicinity of ETBs in MAST L-mode plasmas, as presented

in figure 5.1b and reported elsewhere [Meyer et al, 2009; Field et al., 2009]: the

pressure gradient is typically several tens of kPa m�1 whereas the contributions of

poloidal and toroidal flows to the radial component of the Lorentz force are typically

around one or two kPa m�1 at most.

CUEBIT has previously been used to study the influence of bulk plasma

rotation on impurity transport [McKay et al., 2008; McClements and McKay, 2009].

In order to separate the physics of the radial electric field and plasma rotation we

consider only the former herein. It should be noted however, that whilst the radial

electric field is close to the diamagnetic term in the ion momentum force balance

in L-mode, in H-mode a significant V �B contribution can arise (see, for example

[Burrell et al., 1994]).

Figure 5.1: (a) Time evolution of the radial electric field in the edge of a MAST
plasma through the L-H transition, measured in L-mode (red, black and blue curves)
and H-mode (light blue and green curves). A negative, strongly sheared radial
electric field develops in H-mode. (b) The contributions to the radial electric field
in an L-mode MAST plasma, demonstrating the key role of the pressure gradient
term in (5.2), [Meyer et al., 2008].

5.2 Orbit squeezing

The motion of a charged particle in electromagnetic fields is fundamental to many

theories in plasma physics, including neoclassical theory. Generally, analytic dis-

cussions of such motion rely on the guiding centre approximation, as discussed in

section 2.3, which decomposes the particle motion into parallel streaming along the
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magnetic field, fast gyro motion about the field and a slower drift motion across

the field. This treatment of the guiding-centre problem, however, is valid only for a

strong but slowly varying magnetic field, possibly combined with a small and slowly

varying electric field. These idealised assumptions and not generally valid, particu-

larly in tokamak plasmas where strongly sheared electric fields are often employed

to improve plasma performance, and the standard drift ordering,

ρ

LB
! 1,

ρp
LE

! 1 (5.3)

with Ln � pd lnn{drq�1 the gradient length scale of the quantity n, fails to be satis-

fied. As discussed above, electric fields in tokamaks can vary on scales approaching

the ion banana width, either close to a transport barrier or in the plasma edge,

where there may be steep electrostatic potential gradients. The electric field is then

able to distort particle orbits, a phenomenon referred to as orbit squeezing or orbit

shrinking, depending on the effect on the orbit. The influence of the radial electric

field on trapped particles trajectories is most prominent for ripple-trapped parti-

cles [Itoh and Itoh, 1996]. However, the banana orbit [Shaing and Hazeltine, 1992;

Krasheninnikoy and Yushmanoy, 1994; Hinton and Kim, 1995] and the gyro mo-

tion [Shaing et al., 1998] can both be modified if the electric field gradient becomes

strong enough. This can have important consequences for the transport of parti-

cles and heat in advanced tokamak operation regimes. Since strong radial electric

field gradients squeeze banana orbits all neoclassical processes, including ion ther-

mal conduction, particle diffusivity and the bootstrap current, are correspondingly

modified [Burrell et al., 1994; Shaing and Zarnstor, 1997; Rogister, 1998].

In the present chapter we elucidate the effects of a strongly sheared electric

field on particle trajectories in spherical tokamaks and the consequences for col-

lisional transport, motivated by the observation of the role of a strongly-sheared

electric field in the L-H transition and in transport barrier formation. A number of

authors have previously discussed the present problem. However, it shall be demon-

strated that their analytical results tend to be rather limited when attempting to

apply these results to experimental observations of the radial electric field.

5.2.1 Gyro motion squeezing

Conventional magnetised orbit theory, see section 2.3, is not applicable in the case

of strongly sheared electric fields if the field variation length scale is of the order of

the particle gyro-radius [Shaing et al., 1998]. Thus we return to the exact equation
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of motion of a charged particle, the Lorentz force law,

dv

dt
� Ze

mz
p�∇Φ� v �Bq , (5.4)

where mz is the particle mass and Ze is the particle charge. In the following we

use Cartesian coordinates, px, y, zq, and assume a uniform magnetic field, B � Bẑ.

Furthermore, we assume that the electrostatic potential varies only in x, which

yields an E�B drift velocity

vE�B � Φ1 pxq
B

ŷ, (5.5)

where the prime indicates a spatial derivative in the x-direction. The x and y

components of (5.4) are

dvx
dt

� �Ze
mz

vyB � Ze

mz
Φ1, (5.6a)

dvy
dt

� �Ze
mz

vxB. (5.6b)

Differentiating the y-component with respect to time, we find that

:vy � �Ω2

�
vy � Φ1

B

�
. (5.7)

where Ω � ZeB{mz is the usual cyclotron frequency. Repeating this procedure for

the x-component, we have

:vx � �ZedΦ1

dt
� ZeB 9vy � �Ω2

�
1� Φ2

ΩB

�
vx. (5.8)

where we have used that dΦ1{dt � Φ2vx. We define an effective cyclotron frequency

Ω� � Ω

c
1� Φ2

ΩB
. (5.9)

It is clear from (5.8) that the effect on particle motion by a sheared electric field

will become important when the shear parameter, Φ2{ΩB, approaches minus unity

[Tao et al., 1993]. We therefore find that, in the y-direction, we have the usual

gyro motion plus the E � B drift. However, in the x-direction we have defined

an effective cyclotron frequency. Particle motion in this direction is therefore not

simply described by the usual circular periodic motion.
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5.2.2 Drift-orbit squeezing

In addition to the gyro-motion distortion derived above, particle drift orbits may

also be distorted by a sheared radial electric field. In order to demonstrate this we

return to the particle constants of motion and the averaged gyro-averaged particle

description of 2.3. Extending the derivation of the trapped particle orbit width out-

lined at the end of section 2.3.3 to include an electrostatic potential Φprq, following

Hazeltine [1989] and Hinton and Kim [1995], we find that the width of the banana

orbit is modified such that

r � r0 � �2v‖,0

SΩp
(5.10)

in the outboard mid-plane. In contrast to the width derived in the absence of

an electrostatic potential, (2.85), the above expression is dependent on the orbit

squeezing factor

S � 1� mΦ2

ZeBP
. (5.11)

When this factor is greater than 1, the width of a trapped particle orbit is smaller

than the corresponding width in the case where Φ2 � 0. In addition to the shrinking

of drift orbit widths, the inclusion of a sheared electric field in the particle equations

of motion leads to a modification of the trapped-passing particle boundary [Shurygin

and Dewar, 1995].

5.3 Collisionless orbits and a sheared electric field

The effect of a sheared radial electric field, leading to both gyro-orbit and drift-

orbit distortion, is illustrated in figure 5.2. Here an inward direction, sheared radial

electric field, E � �∇Φ, has been simulated in a MAST-like plasma equilibrium

using a flux function electrostatic potential of the form

ΦpΨq � Φ0 arctan

�
Ψ�Ψ1

∆Ψ



, (5.12)

where Ψ0, Ψ1 and ∆Ψ are the potential barrier height, location in Ψ space and width

in Ψ space, respectively. The measurements reported by Meyer et al. [2008] of edge

radial electric fields in MAST H-mode plasmas (see figure 5.1, above) indicate that

the corresponding potential profile is approximately of the form given by (5.12)

and that these constants have typical values of Ψ0 � 60 V and ∆Ψ � 1.35 �
10�3 Tm2. We choose, for the time being, to centre the electric field structure on

Ψ1 � 0.6ΨpR0, 0q � �0.4 Tm2.
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Figure 5.2: Comparison of the
trajectory of an Ar12� ion in a
MAST-like equilibrium without
(blue solid curve) and with (red
solid curve) a sheared radial elec-
tric field, demonstrating both or-
bit and qyro motion squeezing.
Red dashed curves indicate the
positions of the peak and full
width at half maximum of the ra-
dial electric field.

For our particular choice of equilibrium, characterised by the parameters

given in table 4.2, these quantities correspond to a physical location and width in

the outboard mid plane (Z � 0) plane of R1 � 1.2 m and ∆R � 1.1 cm respectively.

The corresponding peak electric field strength, E0, is �10.5 kVm�1, which is close to

measured values in MAST ETBs [Meyer et al., 2008]. The form of this prescribed

electric field along the outboard mid plane is shown in figure 5.3, which clearly

illustrates a limitation of using the orbit squeezing model discussed above, namely,

which value of the squeeze factor to use when characterising the impact of the

electric field on particle motion. In addition to a radial electric field, the inward

Ware pinch [Ware, 1970] is modelled approximately with a 1{R dependency of the

toroidal electric field, with Eφ � �0.3 Vm�1 at the magnetic axis.

We note that no attempt is made to model a self-consistent bulk ion distribu-

tion. For example, the bulk ion temperature and density profiles and the equilibrium

pressure gradient are chosen independently. Furthermore, this pressure gradient, as-

sumed to be a linear function of the poloidal flux in the derivation of the Solov’ev

solution, is not consistent with the strongly sheared radial electric field derived from

(5.12), although it has been chosen to be of the correct magnitude to support such

values of the radial electric field. In the present work we are concerned with the

role of a strongly sheared radial electric field on test impurity transport, not on the
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combined effects of such a field and strong gradients in the background bulk ion dis-

tribution. Future quantitative investigations will need to consider a self-consistent

background plasma equilibrium.

Solving for the trajectory of an Ar12� ion using CUEBIT, both with and

without the prescribed electric field of a shrinking of the particle gyro-orbit in the

outboard mid plane and the change in location of the orbit bounce points are clearly

visible, see figure 5.2.
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Figure 5.3: Form of the prescribed electric field (solid line) and corresponding
squeeze factor for a C6� (dashed line) ion in the outer mid-plane of a MAST-like
equilibrium. The full-width half-maximum of the radial electric field is chosen to
be equal to the bulk ion gyroradius evaluated at the location of maximum electric
field. The squeeze factor is calculated from S � 1� ZeΦ2prq{mzΩ

2
p.

It is also found that just-passing particles can become trapped under the

influence of a sheared electric field. We therefore find that the effect of a sheared

radial electric field on collisionless particle orbits is to increase the trapped particle

fraction and reduce the orbit width of trapped ions. For the remainder of the present

chapter we are interested in the role of a sheared radial electric field on the collisional

dynamics of test particle ions.
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5.4 Collisional particle dynamics and the radial electric

field

5.4.1 Preliminary simulations

Given the prescribed electric field derived from (5.12) we investigate the effect of

this field on the the collisional dynamics of ions of various species. We simulate

separately 104 He2�, C6�, Ne10� and W20� ions, with each initialised on the mag-

netic axis and allowed to diffuse and fill the plasma volume, interacting with the

inward radial electric field. The flux surface averaged test particle densities after

100 ms (approximately 1000 collision times) are presented in figure 5.4, both with

and without the electric field.

It is clear that in the absence of the electric field, figure 5.4a, the distribution

of the test particles of all species are broadly the same, as expected from neoclassical

theory. However, in the presence of the electric field, figure 5.4b, a step in the density

profiles is observed with the greatest step occurring for the high mass, high charge

state W20� ions. This indicates that the inward radial electric field is acting to

impede the outward diffusion of the test particles, increasing the confinement of the

particles. This is further evident in the poloidal distribution of the He2�, Ne10� and

W20� ions in the presence of the electric field, figure 5.5.
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Figure 5.4: Test impurity ion density profiles against minor radius, both without
(a) and with (b) a sheared radial electric field. Simulated ions are He2� (——), C6�

(– – –), Ne10� (— � —) and W20� (� � � � � �). Vertical lines in (b) indicate the peak
strength and full-width half-maximum positions of the sheared radial electric field.

5.4.2 Characterising transport: the drag force drift

In order to begin to explain the particle species dependency of the effect of the radial

electric field on the outward diffusion of test particles we return to the single particle

picture of collisional particle dynamics, that is the Lorentz-Langevin equation of
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Figure 5.5: Poloidal distribution of (a) He2�, (b) Ne10� and (c) W20� ions in a
MAST-like equilibrium with a radially sheared electric field, the position of which
is indicated by a dashed red line.

section 3.5,

m
dv

dt
� Ze pE� v �Bq � m

τzi
pv � uq �mar. (5.13)

In order to proceed analytically we neglect the stochastic term ar and assume a

constant bulk rotation of the plasma, in other words u � constant. Noting that an

ODE of the form
dx

dt
� ax � 0 (5.14)

may be re-written as

e�at
d

dt

�
eatx

� � 0, (5.15)

we rearrange the above equation of motion to read

dw

dt
� w �Ω� Feνzit, (5.16)

where we have introduced w � exp pνzitq pv � uq and F � u�Ω�ΩB�1E. Assuming

that B � Bẑ and E � EKx̂ we may write

9ωx � Ωωy � Fxe
νzit, (5.17a)

9ωy � �Ωωx � Fye
νzit. (5.17b)
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Solving the above equations for Ωx and Ωy we find that

ωx � C sin Ωt�D cos Ωt� νziFx � ΩFy

ν2
zi � Ω2

eνzit, (5.18a)

ωy � �C cos Ωt�D sin Ωt�
�
Fy

νzi
� Ω

νzi

νziFx � ΩFy

ν2
zi � Ω2

�
eνzit. (5.18b)

Solving for υx and υy, rather than ωx and ωy, and applying appropriate initial

conditions we find that

υx � υKe
�νzit cos Ωt� EK

B

νzi

Ω

1

1� ν2
zi{Ω2

�
�
ux
νzi

Ω
� uy

	 νzi

Ω

1

1� ν2
zi{Ω2

, (5.19a)

υy � υKe
�νzit sin Ωt� EK

B

1

1� ν2
zi{Ω2

�
�
ux � uy

νzi

Ω

	 νzi

Ω

1

1� ν2
zi{Ω2

. (5.19b)

We see that the effect of adding the Langevin terms to the Lorentz force equation is

to dampen the particle gyro motion and to cause ions to move with the background

flow velocity u. Moreover, we have, in addition to the (modified) E�B drift in the

y-direction, an electric field dependent term in the x-component of the collisional

particle equation of motion. In tokamaks plasmas we invariably have that ν2
zi ! Ω2,

that is the collision frequency is much smaller than the particle cyclotron frequency.

In this limit, we are left with the usual E�B drift in the y-direction, found in the

solution of the usual Lorentz force equation, and an additional “drag force drift”

in the x-direction, which arises from the inclusion of a collisional drag in the test

particle equation of motion. Substituting for the impurity-ion collision frequency,

given by (2.88), we find that the drag force drift velocity can be written as

vd � Z
Ex

B2

ni

T
3{2
i

m
1{2
i e3 ln Λ

6
?

2π3{2ε20
. (5.20)

This is independent of test particle mass but proportional to test particle charge.

Identifying the x-direction as a proxy for the radial direction in tokamak geometry

the above equations imply an inward-pinch in the presence of a negative radial

electric field. This has important implications for impurity particle transport in the

vicinity of radial electric fields, as we presently investigate.

We note that the perpendicular flux, nvx, with n the particle number density

and vx derived above, is part of the classical particle flux [Braginskii, 1965; Helander

and Sigmar, 2002], which for electrons has the form

nevK � � 1

meΩ2
eτee

�
∇Kpe � neeEK � 3

2
ne∇KTe



. (5.21)
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This contains contributions due to the electron pressure gradient, describing the

expansion of the electron species in the direction �∇pe, the temperature gradient

and the electric field. Whilst (5.21) is typically derived using a fluid model, we find

that the electric field contribution is identical to the drag force drift velocity derived

from the single particle Lorentz-Langevin equation above in the limit that ν2
zi ! Ω2.

The other contributions to the classical particle flux may also be derived from this

test particle equation of motion by retaining the stochastic Langevin term, ar in

(5.13), and Taylor expanding this term about the guiding centre position.

In order to relate the impact of this collisional drag force drift on particle

transport we consider the stationary one-dimensional transport equation

d

dx

"
D

dnz

dx
� vnz

1� px{∆xq2
*
� 0, (5.22)

where v is the peak value of the drag drift, vd. Here we have assumed a form of

the spatial variation of Ex that is consistent with the electrostatic potential given in

(5.12), with x the displacement from the peak electric field (x � Ψ̄� Ψ̄1) and ∆x a

measure of the electric barrier width (∆x � ∆Ψ̄). We neglect all spatial variations

in vd except for that occurring due to its dependence on Ex. We also assume that

the impurity ion Larmor radii are small compared to ∆x and that particle drifts

in the x-direction are due solely to the drag effect derived above. The above form

of the transport equation ensures that the test particle flux, which we assume is

composed of the usual diffusive and advective terms,

Γz � �Ddnz

dx
� vdnz, (5.23)

is constant. Introducing a dimensionless spatial variable ξ � x{∆x and a Péclet

number Pe � v∆x{D, (5.22) becomes

dnz

dξ
� Penz

1� ξ2
� �γ, (5.24)

where γ � Γz∆x{D. This has the exact solution

nzpξq � n0 exp
��Pe tan�1 ξ

� �
1� γ

» ξ
0

exp
�
Pe tan�1 η

�
dη

�
(5.25)

where n0 is the particle density at x � 0, the position of peak electric field and drag
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force drift. For ξ ! 1, or x ! ∆x, this reduces to

nzpxq � n0 exp

�
�Pex

∆x



� Γz

v

�
1� exp

�
�Pex

∆x


�
. (5.26)

It follows that, at x � 0, we have

Deff � � Γz

dnz{dx �
D

1� vn0{Γz
. (5.27)

Identifying v with the drag force drift velocity and noting that nz{Γz is essentially

constant between CUEBIT simulations we therefore find that the local effective

particle diffusion coefficient scales with test particle charge as

Deff � D

1� αZ
, (5.28)

where

α � Ex

B2

n0ni

T
3{2
i

m
1{2
i e3 ln Λ

6
?

2π3{2ε20Γz

, (5.29)

and is independent of both the test particle mass and charge. Despite the approx-

imations used to derive (5.28), we will show in the next section that it provides

a fairly accurate description of impurity ion transport at an ETB in full toroidal

geometry.

5.4.3 Diffusion coefficient scaling with particle parameters

We now present CUEBIT simulation results for a number of impurity species in order

to determine, from first principles, the scaling of the effect of the radial electric field

with particle parameters and to verify the scaling suggested in the previous section.

A number of impurity ion species were simulated, both with and without

the inclusion of a radial electric field, for a fixed plasma equilibrium and fixed bulk

ion density and temperature profiles. In table 5.1 we list the normalised collision

frequency for each of the impurity species simulated. We also list the diffusion

coefficients calculated for each species both with and without the inclusion of an

inward directed, sheared radial electric field.

In the absence of an electric field we expect collisional particle transport to

be purely diffusive [Helander and Sigmar, 2002]. For tokamak plasmas with slowly-

varying profiles, transport coefficients may be deduced empirically from moments of

the spatial distribution of test particles [Wong and Cheng, 1989; McClements and

McKay, 2009] (see section 4.2.1). However, in the case of narrow transport barriers,
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Impurity species ν� D0 Deff

Ne2� 0.017 0.271 0.033
Ne3� 0.038 0.306 0.029
Ne4� 0.067 0.295 0.028
Ne5� 0.105 0.277 0.024
Ne6� 0.152 0.261 0.022
Ne7� 0.206 0.238 0.020
Ne8� 0.270 0.228 0.017
Ne9� 0.341 0.213 0.017
Ne10� 0.421 0.205 0.015
Si10� 0.356 0.210 0.016
Ar10� 0.298 0.217 0.016
Mo10� 0.196 0.224 0.019
W10� 0.139 0.213 0.019

Table 5.1: Normalised collision frequency for impurity ions simulated with computed
effective diffusion coefficients, (5.30), without, D0, and with, Deff , a sheared radial
electric field as given by (5.12). For both D0 and Deff the associated error is of the
order of 5� 10�3.

with plasma properties varying on length scales down to the Larmor radius, it is

not possible to infer local transport coefficients using this method. In such cases a

local effective diffusivity Deff may be deduced directly from the local radial particle

flux, ΓZ, and density gradient, BnZ{Bρ as

Deff � � ΓZ

BnZ{Bρ, (5.30)

with the particle flux calculated as the time derivative of the particle fluence (see

section 4.2.2). Here nZ is the flux surface-averaged minority ion density and ρ �
ρpΨq is the flux surface minor radius, defined as

ρpΨq � R� �R�
2

, (5.31)

with R� and R� the minimum and maximum major radial extents of the flux surface

Ψ along the mid plane [for the case of an analytic Solov’ev equilibrium, this is given

by (2.26)]. To quantify the impact of sheared electric fields on particle transport

the value of Deff is normalised to the value of the diffusion coefficient measured in

the absence of any electric field, D0.

Clearly Deff is a simplified formulation of the particle diffusion coefficient

since we assume that particle flux scales linearly with the minority ion density gra-

dient. However, the impurity ion flux ΓZ, which appears in (5.30), is the full particle
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flux as computed by CUEBIT. This includes the effects of transport driven by bulk

ion gradients, including the thermal force arising from the bulk ion temperature

gradient (see, for example, Helander and Sigmar [2002, equation 5.9]). Such a force

arises from the variation of the collision frequency across a Larmor orbit and, un-

like guiding centre and fluid calculations, this force appears naturally in full orbit

particle simulations. The subscript eff is intended to emphasise this point.

In the absence of an electric field both the mean square displacement and the

particle fluence measurements can be used to calculate particle diffusion coefficients.

This allows one to verify one measurement against the other. With the inclusion of

the electric field only the particle fluence measurement, discussed above, is available.

In simulating the impurity species listed in table 5.1 test particles were ini-

tialised uniformly in configuration space, with initial normalised poloidal flux values

between 0.3 and 0.5. Particles which left this region were reintroduced on the same

flux surface but with the sign of their poloidal angle changed. Unlike the prelimi-

nary simulations of the previous section, in which all particles were released from

the magnetic axis, the current scheme is more computationally efficient, since par-

ticles begin interacting with the electric field immediately. Each simulation is run

until the particle flux and density gradient at the peak of the electric field have each

reached a stationary value, except for noise fluctuations arising from the use of a

finite number of test particles. Whilst this is not a global steady-state solution since

the core impurity density will be continually depleted in the absence of a particle

source, locally to the radial electric field a stationary equilibrium is achieved, con-

sistent with the assumption of zero divergence of the particle flux used from (5.22)

onwards, since transport due to the radial electric field occurs on a shorter timescale

than the losses due to collisional transport (as shall be demonstrated in the following

chapter).

In figure 5.6a the normalised diffusion coefficient is plotted for particle mass

numbers in the range 20 (neon) to 184 (tungsten) all with Z=10. We see that the

diffusion coefficient is essentially independent of mass number. In figure 5.6b the

test particle mass number is held fixed at 20 but the charge state is varied from Z=2

to Z=10. Equation (5.28) predicts that the quantity D{Deff � 1 varies linearly with

particle charge number, which we see is in good agreement with the results shown

in figure 5.6b.

The results presented in table 5.1 and figure 5.6 demonstrate that, despite its

relative simplicity, the analytical model presented in the previous section appears

to capture the key effects and scaling of a MAST ETB-like, inward directed radial

electric field on collisional impurity transport and is in good agreement with the

89



results of the first principles, global collisional transport results of the CUEBIT

code.
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Figure 5.6: Scaling of particle diffusion coefficient with particle parameters: (a)
scaling with test particle mass with constant charge number Z=10; (b) scaling with
test particle charge for constant mass number of 20 (neon).

5.4.4 Diffusion coefficient scaling with electric field strength and

width

We also investigate the scaling of the change in particle transport with the model

parameters of the electric field, that is the electric field width and strength. For

the following discussion 104 C6�, Ne10�, Ar15� and Mo20� were simulated for ra-

dial electric field profiles with parameter in the ranges 0.5ρLi ¤ ∆R ¤ 4ρLi and

�0.65 kVm�1 ¤ E ¤ �7.65 kVm�1 for all impurity species, with ρLi the bulk ion

Larmor radius. Figure 5.7 shows the variation with electric field width and height

of the effective diffusion coefficient for C6� ions. We see that the particle diffusion

coefficient is most strongly reduced for the largest and widest electric field structures

simulated.

Plotting the C6� normalised effective diffusivity against electric field width

for constant electric field heights, we find a a power law scaling between effective

diffusivity and electric barrier width. The coefficients of this fit themselves scale

linearly with barrier height. Thus the scaling of diffusion coefficient with electric

field width and strength may be expressed in the form

Deff � D0

�
∆R

∆R0

�E{E0

m2s�1, (5.32)

where ∆R is the full width at half maximum (FWHM) of the electric field in the
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outer mid-plane and E is the peak height of the radial electric field barrier. We see

that the diffusion coefficient scales as the width of the electric field barrier to a power

of the electric field strength, with the width of the barrier normalised to a fraction

of the bulk ion Larmor radius. In the limit of no electric field this scaling recovers

the effective diffusivity as found in simulations without an electric field barrier. The

scaling parameters for various species are listed in table 5.2.
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Figure 5.7: Contours of constant normalised effective diffusion coefficient for C6�

ions against radial electric field height and width.

Unlike (5.28) the empirical expression for Deff given by (5.32) does in fact

depend on the barrier width, implying limits in the validity of the approximations

used to derive the former. We expect that for large ∆R{ρLi, the effective diffusion

coefficient will no longer have a power law scaling but will tend asymptotically to a

result similar to (5.28).

We note from table 5.2 that ZE0 and ∆R0 are broadly constant. There-

fore, the dependency of impurity transport on the shape of the electric field barrier

depends approximately only on the charge state of the species, not on the species

mass. Thus, we can approximate this scaling as

Deff � D0

�
∆R

0.2ρLi


ZE{57

. (5.33)

Equation (5.33) provides a simple empirical formula which may be used as a rule of

thumb to estimate the likely reduction of transport of test impurity ions with the

introduction of a radial electric field.
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Impurity species D0 (m2s�1) ∆R0 E0 (kVm�1)

C6� 8.3� 0.4 p0.17� 0.02q ρLi 8.1� 0.4
Ne10� 3.4� 0.4 p0.21� 0.03q ρLi 5.7� 0.4
Ar15� 2.0� 0.6 p0.20� 0.02q ρLi 4.2� 0.4
Mo20� 1.6� 0.8 p0.22� 0.03q ρLi 2.9� 0.6

Table 5.2: Scaling of computed effective diffusion coefficient, (5.30), with electric
field strength, E, and width, ∆R, for several impurity species.

5.5 Discussion

In this chapter we have simulated realistic radial electric field profiles in a spherical

tokamak equilibrium and investigated the impact on collisional impurity transport of

the strength and width of the electric field profile for a variety of impurity species. It

has been shown that a strongly-sheared radial electric field can significantly increase

the confinement of test particle ions. This effect has been explained in terms of a

drift arising from the drag between impurity and bulk ions, with the direction of the

drift given by the radial electric field and its strength determined by the impurity

charge.

Clearly, the negative implication of this work is the enhanced confinement

of highly ionized impurity species in the vicinity of strong, negative radial electric

fields, such as those in the edge of MAST plasmas. This is in addition to the

neoclassical impurity accumulation [Helander and Sigmar, 2002], which is driven by

gradients in the bulk ion temperature and density. In high performance tokamak

discharges, with both strong edge radial electric fields and a steep pedestal in the

bulk ion density, we would expect that, in the absence of anomalous transport, both

neoclassical effects and the drag force drift will lead to the accumulation of impurity

ions in the plasma core.

Whilst the effect of bulk plasma rotation was neglected in the present study,

one would expect the edge radial electric field to be associated with flows of the

bulk ions in H-mode plasmas, as discussed at the start of this chapter. For impurity

ions in particular inertial effects will become important in rotating plasmas. As

shown by McClements and McKay [2009], strong toroidal rotation can cause heavy,

incompletely-ionised impurities such as W20� to undergo rapid collisional transport,

due to the combined effect of trapping in a centrifugal potential well and a mod-

ification to the effective magnetic field arising from the Coriolis force. One would

therefore expect a competition between this enhanced transport due to rotation and

the improved confinement resulting from sheared radial electric fields.

We note that the effect of improved confinement due to a sheared radial
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electric field is more important for spherical tokamak plasmas than for conventional

tokamaks, primarily due to the strong B dependence in (5.20). For example, in

the MAST-like equilibrium used throughout, we have that the Ware pinch velocity

is of the order vWare � qEφ{εB � 5.6 ms�1 and the drag force drift velocity is

of the order vd � 8.2 ms�1 for C6� (where we have used B � 0.4 T, Ex � �10

kVm�1, Eφ � �0.3 Vm�1, ni � 3 � 1019 m�3, Ti � 500 eV, q � 3 and ε � 0.4).

Typical values for a large conventional tokamak such as JET, on the other hand,

are vWare � 0.4 ms�1 and vd � 0.02 ms�1 (assuming B � 3 T, Ex � �20 kVm�1,

Eφ � �0.04 Vm�1, ni � 3 � 1019 m�3, Ti � 5 keV, q � 3 and ε � 0.1 [Tala et al.,

2007]). Thus, the drag force drift is therefore less significant than the Ware pinch

under typical conventional tokamak conditions.

Finally, we note that in our derivation of the drag force drift given by (5.20)

we neglected both spatial variations in the radial electric field and toroidal geometry.

However, the scaling of effective diffusivity with Z inferred from using this drift

velocity in a simple slab model of the transport barrier, (5.28), is in agreement with

our test-particle simulations in which no approximations are made with regard to

finite Larmor radius or toroidal effects. This suggests that test-particle transport

in the immediate vicinity of the barrier is not strongly-dependent on the effects of

toroidal geometry or the collisionality regime (in other words the value of ν�). This

further indicates that finite Larmor radius effects are relatively unimportant. One

would expect electric field shear on length scales approaching the particle Larmor

radius to result in a modified drag force drift velocity, analogous to the E�B drift

with finite Larmor radius correction discussed by Tao et al. [1993]. However, this

requires further study.
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Chapter 6

Test particle simulations of the

role of time varying radial

electric fields on collisional

transport

In the previous chapter the effects of a stationary radial electric field on the colli-

sional transport of impurity ions is investigated. However, in simulations of realistic

tokamak plasmas one should include the fluctuations of the radial electric field aris-

ing from a number of processes, including instabilities in the plasma and turbulent

processes. For example, the radial electric field has been observed to fluctuate due

to geodesic acoustic mode (GAM) oscillations [Krämer-Flecken et al., 2009; Temple

et al., 2009]. These are sound waves which arise from toroidal coupling between

zonal (m � n � 0) potential fluctuations and m � 1, n � 0 density fluctuations,

with m and n the toroidal and poloidal mode numbers of the fluctuations. Fur-

thermore, in fluid simulations of the COMPASS-D tokamak it has been observed

that the H-mode radial electric field close to the plasma edge changes from being

negative between edge localised modes (ELMs), ballooning-like MHD instabilities

driven by steep pressure gradients in the plasma edge, to positive during an ELM

[Thyagaraja et al., 2010]. Typically ELMs are associated with H-mode plasmas and

an ELMy H-mode is likely to be the baseline operating regime for ITER [Shimada

et al., 2007]. In the context of the results of the previous chapter one would ex-

pect the direction of the drag force drift to switch between inward and outward

directed, which could have important implications for impurity accumulation and

the transport of particles at transport barriers.
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Moreover, whilst the structure of the radial electric field, Er, is likely to be

important in determining the rate of E � B shear flow suppression of turbulent

transport and in the formation of transport barriers, it is thought that it is fluctu-

ations of the radial electric field, Ẽr, rather than the mean field which is important

for the transition from low- to high-confinement modes of operation [Estrada et al.,

2009; Meyer et al., 2011].

The flexibility of the full orbit approach means that oscillatory or even turbu-

lent electric (and magnetic) fields can be readily incorporated into numerical studies

of impurity transport. In the present chapter we therefore investigate the transport

of impurity ions in the presence of a time varying edge electric field. First, we in-

vestigate the impact of an oscillatory electric field, maintaining the same functional

form of the radial electric field as used in the previous chapter, intended to model

a generic rapid collapse and reformation of the edge radial electric field. These pre-

liminary simulations inform subsequent simulations of two specific scenarios, that of

an ELM event and the L-H transition. In both of these scenarios the time variation

of the edge radial electric field is matched to the observed behaviour of this field in

the edge of the MAST plasma for these two distinct scenarios. We then close this

chapter with a brief comparison to experimental observations of impurity density

profiles on MAST.

6.1 Preliminary simulations

In order to gain insight into the effect of time variations of the edge radial electric

field we modulate the radial electric field of the previous chapter with a simple

periodic time dependence and compare the results of these simulations to simulations

with no electric field and with the stationary electric field of this previous chapter. In

figure 6.1 the flux surface averaged density profiles of C6� ions as a function of time

and normalised minor radius is presented for these cases. In all cases approximately

104 test ions are initialised uniformly across the plasma minor radius and a flat bulk

ion number density profile to avoid neoclassical impurity accumulation. In each of

these simulations, and in the remainder of the simulations presented in this chapter,

the bulk ion density is held fixed at 1.25�1019 m�3 and the bulk ion temperature

at the magnetic axis and at the plasma edge are 240 eV and 140 eV respectively.

In the case of no radial electric field, figure 6.1a, the test particle density

remains broadly flat for the entire simulation. This is in contrast to the case of the

static electric field of the previous chapter, figure 6.1b. In this case we find that

there is an inward convection of test ions in the vicinity of the radial electric field,
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with a minimum in the test ion density at the location of the peak radial electric

field.

Introducing a time dependence of the radial electric field of the form

Er pR,Z, tq � Er pR,Zq sin2 pπΩEtq. (6.1)

With ΩE � 2000 s�1 (corresponding to a period of variation of approximately

0.3 ms), figure 6.1c, we see that the confinement of the test ions is significantly

weakened by the introduction of a time variation of the electric field. One would

expect that this case broadly corresponds to the case of a stationary radial electric

field whose magnitude is equal to the averaged magnitude of this time varying field,

although this has not been verified.

Finally we simulate the case of a time variation of the form

Er pR,Z, tq � Er pR,Zq
�

3

4
cos p2πΩEtq � 1

4

�
. (6.2)

This is so that the magnitude of the electric field oscillates between it’s peak negative

value and a smaller positive value. Thus, we would expect that the drag force drift

force of the previous section will oscillate from being inward to outward directed

during each period of the electric field oscillation. In this final case the peak of the

radial electric field was moved out to the plasma edge to more closely approximate

the radial electric field of MAST. We find in this case that the density profile of the

test ions is largely indistinguishable from the case of no electric field.

6.2 Oscillatory radial electric fields: simulating edge lo-

calised modes

The steep edge temperature and density gradients in H-mode plasmas lead to a

specific MHD instability, the so-called edge localized mode (ELM), a ballooning-like

mode which expels energy and particles from the plasma edge [Zohm, 1996; Loarte

et al., 2003; Huysmans and Czarny, 2007]. The ELMy H-mode is an operating

regime obtained in many diverted tokamak plasmas which has has acceptable energy

confinement at the high densities required in future tokamak devices. In many

experiments, it has been found that stationary H-mode discharges could only be

obtained in ELMy H-mode [Zohm, 1996]. However, a significant drawback of this

operating regime is the large periodic power loads on plasma facing components

associated with the ELMs [Loarte et al., 2003]; these cause fast losses of energy (in
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Figure 6.1: Simulated C6� test ion density profiles against normalised minor radius
and simulation time, both with and without a radial electric field included in the
CUEBIT simulations: (a) no radial electric field; (b) stationary radial electric field
with prescribed electrostatic potential of the form (5.12); (c) time varying radial
electric field of the form (6.1); and (d) time varying electric field of the form (6.2).

several hundred microseconds) from the confined plasma that amount, typically, to

a few per cent of the total plasma energy [Zohm, 1996]. Extrapolating the size of the

ELMs towards ITER based on existing experiments leads to an excessive predicted

ELM size [Huysmans and Czarny, 2007], in the sense that the energy flux directed

towards the first wall and divertor could damage these plasma facing components.

Measurements of the edge radial electric field, Er, in MAST H-mode plasmas

through an ELM event [Meyer et al., 2011] demonstrate the collapse of the radial

electric field during the ELM, see figure 6.2. From this figure it can be seen that

the ELM destroys the shear layer in Er during its rise time before Er recovers more

slowly.

In order to simulate the effect of such a collapse of the radial electric field on

the transport of test particle ions we introduce a time variation of the electric field

chosen to model this asymmetric fall and rise of this field. From Meyer et al. [2011]
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Figure 6.2: Evolution of the edge radial electric field in MAST during an edge
localised mode [Meyer et al., 2011].

the spatial variation of the electric field remains well approximated by the form

used in the previous chapter, (5.12). From the preliminary simulations presented in

the previous section we may expect that a collapse in the radial electric field would

lead to an outward flux of particles, similar to a single period of the oscillation of

figure 6.1c.

Motivated by this case we model the response of the particle distribution to

a time varying electric field using the equation

df

dt
� f � f0

τ
� F ptq. (6.3)

Here F ptq is a term describing the time variation of the electric field and the time

constant τ characterises the time response of the particle distribution to a constant

electric field. In the absence of a time variation, with F ptq � 0, we find that (6.3) has

the solution f � f0 � k exp p�t{τq with k a constant. Thus, the as yet unspecified

quantity f tends to a value f0 with a characteristic time scale τ . In the following we

use the particle fluence (section 4.2.2) to characterise the effect of a time variation

of the radial electric field on test particle transport and as the dependent variable

in (6.3). Alternatively, we may use the flux surface averaged density, as plotted in

figure 6.1.

Equation (6.3) may easily be solved using the same technique as used to solve

the Langevin equation, section 5.4.2. Writing

exp

�
� t

τ



d

dt

�
exp

�
t

τ



pf � f0q

�
� F ptq (6.4)
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we find that

f � f0 � exp

�
� t

τ


» t
0

exp

�
t1

τ



F pt1qdt1. (6.5)

A first attempt at modelling an ELM-like perturbation to the radial electric

field was simulated by prescribing a log-normal variation in time to the electric field.

However, there are no closed form solutions to the above equation when F ptq is a

log-normal distribution. A similar functional form to the log-normal distribution

may be constructed from the product of the normal, or Gaussian, distribution with

a linear function of the independent variable. We therefore choose to model F ptq as

F pt;µ, σq � pt� µq
σ
?

2π
exp�1

2

pt� µq2
σ2

. (6.6)

Here we note that F ptq is simply related to the derivative of the Gaussian function.

Denoting the normal distribution by N ,

N pt;µ, σq � 1

σ
?

2π
exp�1

2

pt� µq2
σ2

, (6.7)

we have that

F pt;µ, σq � �σ2 dN
dt

. (6.8)

The functional form of this expression is illustrated in figure 6.3. Here this choice

of the form of F ptq can be justified by comparing to figure 6.2: the form of (6.8)

for t ¡ 0 is an idealisation of the time evolution of the edge radial electric field at

R�Rsep � �2.0 cm of figure 6.2.

The turning points of this function defined in (6.8) occur at t � µ � σ.

Normalising this function to equal �1 at these points and redefining F such that

F � 0 for t ¤ µ we finally arrive at an equation for the time variation of the radial

electric field

F pt;µ, σq �
$&
%
pt�µq
σ exp

�
1
2 � 1

2
pt�µq2

σ2

�
t ¡ µ

0 t ¤ µ.
(6.9)

Now µ determines the start time of the rise of the function and µ � σ defines the

location of the peak of this function, F pt � µ� σq � 1.

With the functional form of F derived above, (6.9), we have an analytical
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Figure 6.3: Functional form of the prescribed time variation to the edge radial
electric field, (6.8), with µ � 0 and σ � 1.

solution to (6.3). First we evaluate

» t
0

exp

�
t1

τ



F pt1qdt1 �� σ2

?
2πe1{2

» t
0

exp

�
t1

τ



dN
dt

dt1

�� σ2
?

2πe1{2

#�
exp

t1

τ
N pt1q

�t
0

� 1

2τ
exp

�
µτ � 0.5σ2

τ2


�
erf

�
t1 � σ2{τ � µ?

2σ


�t
0

+
. (6.10)

Here erf is the error function, that is the integral of the Gaussian function. The

solution to (6.3) is therefore found to be

fptq �f0 � σ exp

�
1

2
� 1

2

pt� µq2
σ2

�
� σ exp

�
1

2
� t

τ
� µ2

2σ2




�
c
π

2

σ2

τ
exp

�
1

2
� µτ � 0.5σ2

τ2


�
erf

�
t� σ2{τ � µ?

2σ



� erf

��σ2{τ � µ?
2σ


�
.

(6.11)

We therefore postulate that the response of the particle fluence to a time variation

of the radial electric field may be modelled by this above expression.

We first determine the value of the time constant τ . This is achieved by

running a simulation with a step function time variation of the electric field. That

is, the electric field, initially zero, is increased to it’s maximum value in a single
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time step. The introduction of the radial electric field causes an inward flux of test

ions due to the drag force drift. Fitting to the increase in magnitude of the particle

fluence following the introduction of the electric field we find that τ , for the case of

C6� ions and the electric field profile of the previous chapter, has a value of 2000 s.

Clearly one would expect the value of this constant to change with test ion species

and, possibly, with changing characteristics of the electric field structure, such as

the extent and magnitude of the electric field. One would need to recalculate this

quantity for each new scenario simulated.

We now introduce a time variation of the radial electric field of the form

ErpR,Z, tq � r1� F ptqsErpR,Zq, (6.12)

with F ptq given by (6.9). Here µ and σ are chosen to be 5 ms and 1 ms respectively

in order to approximate the time variation of figure 6.2. This start time of the

‘ELM’ is chosen such that the response of the particle density profile to the collapse

of the radial electric field is well separated from the initial inward pinch due to the

electric field.

The time evolution of the flux surface averaged test particle density and the

time evolution of the particle fluence at the flux surface of the peak in the spatial

variation of the electric field (indicated by the solid horizontal line) are presented

in figure 6.4 for an ensemble of approximately 3 � 104 C6� ions. We see from the

particle density profile that test ions diffuse outwards with the fall of the radial

electric (indicated by the leftmost vertical dashed line) field in order to fill the void

left by the initial inward convention due to the drag force drift. This corresponds

to an increase in the particle fluence (and a corresponding increase in the outward

particle flux). As the radial electric field begins to rise (after reaching it’s minimum

value at the rightmost vertical dashed line) the inward pinch again starts to become

increasingly important and the time derivative of the particle fluence, the particle

flux, changes sign. Overlaid on the plot of particle fluence is a fit to the fluence of

the form of (6.11). We find that the above derivation is able to approximate the

response of the test particle distribution to a time varying electric field.

One advantage of the procedure described above is that multiple ‘ELM’

events may easily be simulated by imposing multiple independent time variations

of the radial electric field. The solution (6.11) is easily generalised to describe the

response to a time varying electric field, F ptq, which is a sum of functions of the

form (6.9).

Throughout the above discussion we have modelled only the effect of a time
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Figure 6.4: The response of a distribution of C6� ions to a time varying electric field
of the form (6.12). Shown is the time variation of the flux surface averaged particle
density as a function of time (a) and the particle fluence at the location of the peak
electric field (b). The time variation of the electric field begins at 5 ms [leftmost
dashed vertical line in (a)] and the electric field reaches it’s minimum value at 6
ms [rightmost dashed vertical line in (a)]. The location of the peak electric field
is indicated by the solid horizontal line in (a). Superimposed on (b) is the time
evolution of the maximum value of the peak radial electric field (green dashed line).

varying radial electric field on the transport of test particles, with the time variation

chosen to model the observed variation due to an ELM. However, transport in the

plasma edge is dominated by intermittent three dimensional helical filaments, coher-

ent structures which are localized perpendicular to the magnetic field, but extend

much longer distances along it [Ben Ayed et al., 2009]. These coherent structures

require a self-consistent simulation and have not been modelled here. However, one

could in principle incorporate CUEBIT into a non-linear MHD simulation in order

to determine effect of filaments on the transport of test impurity ions. This is a

potential area for future work.

6.3 Simulating the L-H transition: a comparison with

experiment

The second case we consider is a model of the transition from low- to high-confinement

modes. Meyer et al. [2011] demonstrate that a sheared edge radial electric field de-

velops through the L-H transition, see figures 5.1 and 6.5. After 1.5 ms from the

onset of the L-H transition a well in the electric field develops which is broadly the

same as the initial electric field in figure 6.2.

We again simulate approximately 3� 104 C6� ions, uniformly distributed in
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Figure 6.5: Evolution of the edge radial electric field during an L-H transition in
MAST [Meyer et al., 2011].

configuration space. The radial electric field strength is increased linearly over a

period of 1.5 ms to a peak value of approximately -5.5 kVm�1. By observing the

time variation of test ion density profile (figure 6.6), we find that the inward pinch

of these ions increases with the radial electric field strength, reducing the density of

the impurity species in the vicinity of the peak of the radial electric field.
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Figure 6.6: (a) Variation of test C6� ion density with normalised minor radius and
simulation time due to a radial electric field whose strength is linearly increasing in
time. The radial electric field initially increases from zero at 5 ms [leftmost dashed
vertical line in (a)] to a peak value of -5.5 kVm�1 at 6 ms [rightmost dashed vertical
line in (b)]. The location of the peak electric field is indicated by the solid horizontal
line in (a). (b) initial (dotted line) and final (dashed line) test ion density profiles.

One motivation for studying this particular case is that recent MAST exper-

iments have yielded data for the density profiles of injected carbon and helium in

both L-mode and H-mode plasmas. Thus we may attempt to make at least quali-

tative comparisons with experiment. First, the time evolution of the density profile
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of carbon through an L-H transition is presented in figure 6.7. We see that in the

vicinity of the edge radial electric field (at a major radius of approximately 1.25 m

in figure 6.7) a minimum in the particle density forms as the edge electric field de-

velops. This is similar to figure 6.6b where the minimum in test particle density

coincides with the peak of the radial electric field.

There are however a number of differences between the two plots. The ex-

perimental density profile is initially strongly peaked and flattens in the core as the

plasma enters H-mode, whereas the simulation of figure 6.6 is initialised with a flat

impurity ion density profile. We are, however, interested only in the behaviour of

the test particle ions in the vicinity of the edge radial electric field. The pump out

of impurity ions in the plasma core in the experimental data is likely to be linked to

anomalous transport of the impurity ions, which we make no attempt to simulate.

Furthermore, there is a strong peak in the impurity ion density between a major

radius of 1.3 and 1.4 m in figure 6.7 which is not captured in figure 6.6. This peak is

likely to be due to an influx of carbon from the plasma facing components of MAST

due to MHD activity which we again make no attempt to simulate.

Figure 6.7: Time evolution of the density of Carbon in MAST during an L-H transi-
tion [McCone, 2011]. The density profiles are measured in L-mode at 275 ms (black
line) and in H-mode at 285, 290, 300 and 310 ms (red, green, dark blue and blue
lines respectively).

More detailed experimental data with improved time resolution of the evo-

lution impurity density profiles has recently been obtained by Henderson [2012] for

both injected carbon and helium. This work also attempts to determine the diffu-

sion coefficient and convective velocity of these species, both in L-mode and H-mode

plasmas. Figure 6.8 shows the computed diffusion coefficient and convective velocity

for carbon in a H-mode MAST plasma. There is a large, inward convective velocity
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Figure 6.8: Computed diffusion coefficient (upper) and convection velocity (lower)
computed using the SANCO code [Giroud et al., 2007] for a H-mode MAST plasma.
The solid and dashed lines represent the different models used to match these coef-
ficients to experimental observations [Henderson, 2012].

at the plasma edge in the vicinity of the peak of the edge radial electric field (this

is also the case for helium in a H-mode plasma). This inward velocity is larger in

H-mode than in L-mode [Henderson, 2012]; this is consistent with the theory of the

drag force drift assuming a more negative edge electric field in the H-mode plasma

than the L-mode case, as suggested by [Meyer et al., 2011] (see figure 5.1).

The diffusion coefficients for carbon and helium are similar in comparative

experiments, as would be expected from neoclassical theory. The CUEBIT simu-

lation presented in figure 6.6 implies a core diffusion coefficient, using the effective

diffusivity of the previous chapter, of   1 m2 s�1 which rises to approximately

5 m2 s�1 at the plasma edge. This is broadly consistent, although somewhat higher

than, the figures of figure 6.8. Dedicated simulations which attempt to match the

magnetic geometry, bulk ion density and temperature profiles, radial electric field

and bulk ion rotation profiles would be required in order to attempt a quantitative

comparison with experiment. This is an area for future work.

A qualitative comparison of the time evolution of the carbon density profile

with simulation reveals significant differences between these results and CUEBIT

simulations, reflecting the simplicity of the model employed in the present work.

The CUEBIT model currently neglects any MHD activity, anomalous transport and

fluctuations of the radial electric field, which will all affect the transport of impurity

ions. Furthermore, the experimental results are strongly influenced by the position

of injection of the impurities, whereas the simulated impurity ions are initialised

with a uniform distribution across the plasma minor radius.
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Chapter 7

Concluding remarks

The present thesis has detailed the development and application of a test particle,

full orbit code for the investigation of collisional transport of impurity ions in spher-

ical tokamak fusion plasmas. This may be extended and improved upon in a number

of ways. We present in this final part of this thesis a summary of the key results

and a number of possible future studies; this is by no means an exhaustive list.

7.1 Thesis summary

The key results of the present work are concerned with the modifications to the colli-

sional transport of test impurity ions due to a radial electric field. It has been shown

that such an electric field can significantly increase the confinement of test ions. This

effect has been characterised in terms of a drag force drift, which is independent of

particle mass but dependent on particle charge, Z, as derived analytically from

the Lorentz-Langevin equation and verified numerically using the CUEBIT code in

chapter 5. This effect has important consequences for the confinement of impurity

ions in tokamak plasmas; since high-performance tokamak discharges tend to be

associated with steep density and temperature profiles and large edge radial electric

fields one would expect a significant impurity accumulation in the plasma core due

to neoclassical impurity accumulation and additionally, in the context of the present

work, due to the drag force drift in stationary H-mode plasmas. However, whilst

a static radial electric field has been shown to lead to a significant enhancement of

impurity ions, particularly for high-Z ions, the introduction of a time dependency

of this field, due to, for example, edge localised modes, has been shown to minimise

or even eliminate the accumulation due to the drag-force drift, as demonstrated in

chapter 6. Further work is required in order to determine the scaling with mass and
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charge of the effect of a time varying electric field on collisional transport coefficients.

7.2 Topics for future work

One of the key motivations for the application of the test particle approach to the

problem of the radial electric field and collisional transport was the limitation of the

previous theories of gyro- and drift-orbit squeezing for describing the predicted role

of radial electric fields of the form observed in the edge of MAST plasmas. However,

in the present work, whilst we have included radial electric field profiles which have

been chosen to resemble the edge electric field observed in MAST, we have concen-

trated on the effect of the strength of the edge radial electric field since the drag

force drift, as derived in section 5.4.2, depends only on the magnitude of this field.

We may nevertheless extend the previous discussion to include a spatial variation of

the electric field. Repeating the calculation of section 5.4.2 but allowing for such a

spatial variation we find that the solution of the Lorentz-Langevin equation, again

assuming Cartesian coordinates with B � Bẑ and E � EKx̂, is given by

υx � ux � |υK|e�νzit cos
?
SΩt� EK

B

νzi

Ω

1

S � ν2
zi{Ω2

, (7.1a)

υy � uy �
?
S|υK|e�νzit sin

?
SΩt� EK

B

1

1� Sν2
zi{Ω2

. (7.1b)

Here S is the squeeze factor introduced in section 5.2,

S � 1� ZeE1
K

mZΩ2
� 1� ZeΦ2

mZΩ2
. (7.2)

The modification to the cyclotron motion in (7.1) is exactly as found in section 5.2.

Again assuming that ν2
zi ! Ω2 we recover the usual E�B drift in the y-direction and

a modified drag velocity in the x-direction. This differs from the result of section 5.2

by the squeeze factor in the denominator of this term. We therefore find that the

drag force drift velocity is correspondingly modified and is no longer independent

of particle mass. Consequently, the modified diffusion coefficient used throughout

section 5.2, Deff , is also no longer independent of particle mass. We instead find

that the extent of the modification of Deff due to the radial electric field depends on

the sign of the electric field shear, Φ2, with S ¡ 1 decreasing the significance of this

modification and S   1 increasing it. An interesting course of future work could be

to determine a suitable parametrisation of the spatial variation of the radial electric

field and to determine the role of this variation on the collisional transport of test

ions. One could then also attempt to demonstrate the correspondence between the
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Langevin approach of the present work with the previous theories of orbit-squeezing.

Throughout the present work it is assumed that the radial electric field can be

modelled using a flux surface function for the electrostatic potential [see (5.12)]. In

reality however MHD and ELM activity will lead to a time variation in the magnetic

vector potential and thus an additional contribution to the electric field. The mode

structure of the MHD activity will lead to a modification of the poloidal structure

of the radial electric field; currently the only poloidal variation of the electric field

included in CUEBIT is due to plasma shaping. It would be interesting to investigate

the role of the poloidal structure of the radial electric field on impurity ion transport

and the distribution of particle losses with a time variation of this field. Generally,

diagnostics of the edge radial electric field provide information on the electric field

close to the outboard mid-plane and not the poloidal structure of the field, so a

direct comparison with experiment would be difficult.

One of the key experiences gained during the course of the present work

is the appropriate benchmarking of the CUEBIT code against neoclassical theory,

which is crucial if one is to have confidence in the results obtained with this code.

Chapter 4 demonstrates the correspondence between the CUEBIT test particle code

and the neoclassical transport code NCLASS at large aspect ratio. At tight aspect

ratio the agreement is not as good due to finite drift orbit and finite system size

effects, as outlined in section 4.3.2. A more complete neoclassical benchmarking

could investigate the scaling of this disagreement with aspect ratio and determine

the limit of applicability of the NCLASS (and similar) codes. The derivation of

the model employed in NCLASS utilises a number of assumptions. To quote from

Houlberg et al. [1997]:

. . . none of the models considered [in NCLASS] are applicable within a

banana width of the plasma edge. . . Second, near the axis real ion orbits

are also not well represented by the approximation of orbits concentric

about the axis and thin relative to the minor radius made in the kinetic

determination of the viscosity.

It would therefore be interesting to compare calculations of impurity ion transport

coefficients across the entire plasma minor radius in order to to determine the level

of correspondence between NCLASS and CUEBIT across the minor radius for a

range of aspect ratios, rather than the local calculations presented in chapter 4.

Particularly in tight aspect ratio devices the ion banana orbit width can be a sig-

nificant fraction of the minor radius of the device, suggesting that the application

of NCLASS to the study of collisional transport in MAST may be questionable for
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a significant fraction of the MAST plasma. In a similar vein it would be fruitful

to compare CUEBIT to more complete neoclassical models, such as the global neo-

classical codes of Wang et al. [2006] and Landreman and Ernst [2012a,b], in order

to validate the results of CUEBIT at tight aspect ratio.

The use of the full orbit approach discussed in the present work is not only

applicable to the study of impurity ions but also to the study of fast, non-thermal,

bulk and minority ions. It has previously been demonstrated that non-adiabatic

particle motion at tight aspect ratio (that is particle motion which does not demon-

strate conservation of the first order expansion of the magnetic moment, µ) can

lead to trapping and de-trapping of fast injected bulk ions even in the absence of

collisions [Akers et al., 2002]. CUEBIT is well suited to the study of such ions

since no assumption on the constancy of µ is made (unlike in guiding centre codes).

However, the previous statement is made with the caveat that an improved, velocity

dependent collision operator must be implemented in place of the model of collisions

presented in section 3.5. Such an extension of the CUEBIT model has recently been

implemented [McClements and Hole, 2012], which therefore extends the applicability

of CUEBIT to the investigation of fast particle physics on collisional slowing-down

time scales, a critical issue for ITER. The inclusion of a velocity dependent friction

force in CUEBIT allows for a wide range of future investigations of fast particle

physics.

Throughout the discussion of the radial electric field in the present work it

was assumed that the pressure gradient term in the momentum balance equation

(5.1) was the dominant contribution to the radial electric field. Thus the contri-

bution from the bulk plasma rotation was neglected. However, in reality there is a

contribution from plasma rotation that must be included in a complete simulation

of transport barriers in tokamak plasmas. Rotation is particularly important for

minority ions compared with bulk plasma ions since the bulk ion rotation velocity

can be comparable to or greater than the thermal velocity of impurity species. The

effect of the rotation of the bulk plasma ions on minority ion transport has previ-

ously been studied using CUEBIT [McKay, 2008; McClements and McKay, 2009].

It has been shown that rotation of the bulk ions can significantly increase the rate

of collisional impurity ion transport, particularly for incompletely ionised, heavy

impurities. This is likely to offset the enhanced confinement of test impurity ions

due to the drag force drift demonstrated in the present work.

Finally, the incorporation of numerical equilibria in the present work (see

section 3.4) and the work of previous authors [Romanelli et al., 2011] has demon-

strated the ease with which the CUEBIT test particle code may be incorporated
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with and used with other numerical models. One area of potential future study is

the investigation of transport driven by turbulent fluctuations of the electric and

magnetic fields. Romanelli et al. [2011] coupled CUEBIT with a fluid turbulence

code (CUTIE, [Thyagaraja, 2000]), which was used to compute fluctuating electric

and magnetic fields used as inputs to CUEBIT. This study demonstrated that fluc-

tuating magnetic fields lead to non-diffusive and non-local transport of test ions.

Since transport is no longer diffusive, and the mean square displacement measure-

ment is no longer applicable, the authors therefore characterised the effect of field

fluctuations solely by the confinement time of the test ions, that is the time taken for

the number of particles lost through the last closed flux surface to reach a fraction

of 1{e of their initial number. The definition of an effective diffusion coefficient or

the particle fluence and particle flux measurement of section 4.2.2 would provide

additional diagnostics to quantify the role of fluctuations on impurity ion transport.

An alternative to the inclusion of a turbulence code would be to extend

the Langevin equation used throughout this work to include fluctuations of the

electric and magnetic fields, given a suitable description of the turbulent spectrum

of fluctuations of these quantities, in a manner similar to the work of Thyagaraja

et al. [1985] and Hannibal [1993].

The incorporation of CUEBIT into a suite of codes which treat separate

physics issues, such as an equilibrium code, as demonstrated in the present work,

and, for example, turbulence and plasma wave codes, would allow one to determine

impurity ion transport coefficients in a more complete model of tokamak plasmas.

The use of CUEBIT to determine transport coefficients is particularly important for

plasma conditions in which the validity of the NCLASS model is not strictly valid,

for example at tight aspect ratio, as demonstrated in the present work (see 4.3.2),

or in plasmas with large plasma rotation. Additional codes could be used to model

the contribution to the plasma species transport coefficients due to, for example,

turbulence and MHD activity.

These transport coefficients could then, in principle, be used to solve for the

evolution of the temperature and density profiles of the plasma species in addition to

the evolution of plasma equilibrium quantities such as the flux surface geometry and

the radial electric field, creating a self-consistent loop which describes the long-time

evolution of these quantities. The codes described above could be used to solve for

the instantaneous plasma transport coefficients, given a fixed plasma equilibrium.

These transport coefficients then determine the evolution of the respective density
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profiles through, for example, the continuity equation [Helander and Sigmar, 2002]

Bns
Bt � �∇ � Γs, (7.3)

which can be solved with significantly larger time step than may be used in, for ex-

ample, CUEBIT, which is limited in time step by the particle cyclotron frequency.

Finally, these evolved plasma profiles can then feedback into the solution of a new

plasma equilibrium and the whole process repeated. In order to facilitate this nu-

merical scheme the spline interpolation routines used in the solution of particle orbits

in numerically defined equilibria (see section 3.4) have been extended in order to

allow for the numerical prescription of the bulk ion profiles and the radial electric

field. Preliminary simulations have been successfully performed with the plasma

equilibrium, the bulk ion density and temperature profiles and the radial electric

field all prescribed numerically.
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