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On Approximating Rectangle Tiling and PackingSanjeev Khanna� S. Muthukrishnany Mike PatersonzAbstractOur study of tiling and packing with rectangles in two-dimensional regions is strongly motivated by applicationsin database mining, histogram-based estimation of querysizes, data partitioning, and motion estimation in videocompression by block matching, among others.An example of the problems that we tackle is thefollowing: given an n � n array A of positive numbers,�nd a tiling using at most p rectangles (that is, no tworectangles must overlap, and each array element must fallwithin some rectangle) that minimizes the maximum weightof any rectangle; here the weight of a rectangle is the sumof the array elements that fall within it. If the array Awere one-dimensional, this problem could be easily solvedby dynamic programming. We prove that in the two-dimensional case it is NP-hard to approximate this problemto within a factor of 1:25. On the other hand, we providea near-linear time algorithm that returns a solution at most2:5 times the optimal.Other rectangle tiling and packing problems that westudy have similar properties: while it is easy to solve themoptimally in one dimension, the two-dimensional versionsbecome NP-hard. We design e�cient approximation algo-rithms for these problems.1 IntroductionFor motivation we begin with a simple example involv-ing two-dimensional histograms.Example. Cost-based query optimizers rely on esti-mating the result sizes of operators (e.g., natural join,selection) to evaluate complex query execution plans.Some statistics on the underlying data are used to ef-�ciently estimate the approximate result size of opera-tors. The popular method is to approximate the datadistribution using histograms, that is, to partition thedata into ranges and approximate each region by an ap-propriate \average" value: the fewer the data ranges,the faster is the estimation, and the better the accuracyin estimation. An example is the classical equi-depthhistogram for two numerical attributes of a database.Consider the rectangular region indexed by the domainof these two attributes, and which stores the frequency�Math. Sciences Center, Bell Labs, 700 Mountain Avenue,Murray Hill, NJ. sanjeev@research.bell-labs.comyInformation Sciences Center, Bell Labs, 700 Mountain Av-enue, Murray Hill, NJ. muthu@research.bell-labs.comzDept. of Computer Science, Univ. of Warwick, Coventry,CV4 7AL, UK. msp@dcs.warwick.ac.uk. This work was partlysupported by ESPRIT LTR Project no. 20244 | ALCOM-IT.

of tuples in the database with each combination of at-tribute values. The equi-depth histogram is a partition(without overlap) of this two-dimensional space into aprespeci�ed number of rectangular tiles of nearly equalsums of frequencies. This is an instance of the rectangletiling problem that we consider here.Other applications for rectangle tiling and pack-ing include data partitioning, load balancing in paral-lel scienti�c applications, motion estimation in videosby block matching, and database mining applicationsamong others. All our problems are natural extensionsto two dimensions of problems well studied and thor-oughly understood on one-dimensional arrays. From analgorithmic point of view, all our problems would havepolynomial time optimal solutions by dynamic program-ming in one-dimension. For two-dimensional regions, weshow that these problems become NP-hard and some-times are NP-hard even to approximate to within cer-tain constant factors. Our main results are highly e�-cient (often linear time) algorithms with provably smallapproximation ratios for these problems. We state ourproblems precisely in Section 1.1, give a brief overviewof application areas where they occur (Section 1.2), andthen describe our results in detail (Section 1.3).1.1 Problems.The three problems RTILE, DRTILE, and RPACK, thatare the primary focus of this extended abstract aredescribed next; a few others are given in Section 5.(a) Tiling Problems. Given an n � n array1 Aof non-negative numbers, partition it into at most prectangular subarrays (that is, the rectangles cover Awithout overlap) such that the maximum weight of anyrectangle is minimized; here, the weight of a rectangleis the sum of all the array elements which fall within it.We call this the rectangle tiling (RTILE) problem. Wealso consider its dual, namely, to �nd a tiling as above ofan n�n array A in which every rectangle has weight atmostW and which minimizes the number of rectangles.We call this the dual rectangle tiling (DRTILE) problem.(b) Packing Problem. Given l weighted axis-parallelrectangles in an n � n grid, �nd a disjoint subset of at1All our results extend easily to n�m arrays.1



2most k rectangles of largest total weight.2 We call thisthe rectangle packing (RPACK) problem.3Some remarks about our problems. The tilingsthat we allow in RTILE and DRTILE are arbitrary. Forrestricted cases of tilings, there are known results. Forexamples, see [MM+96] for quad-tree tilings, and see[KMS97] for tiling with p vertical and q horizontallines to obtain pq blocks. The RTILE problem in onedimension has a rich history as surveyed in [KMS97];a dynamic programming solution of O(np) time isknown and the best known general bound is O(minfn+p1+�; n logng). The DRTILE problem in one dimensioncan be solved optimally by a simple greedy strategy inlinear time.The RPACK problem in two dimensions is very gen-eral; it captures many interesting problems as specialcases. One that we consider allows all axis-parallel sub-rectangles of a rectangular array; the weight of a rect-angle is the sum of array elements in it | the arrayelements are allowed to take negative values. The one-dimensional version of this is a generalization of Bent-ley's Maximum Subarray Sum to k regions; in Bentley'sproblem, one must �nd the interval of a one-dimensionalarray with largest sum [Be84]. We focus on the gen-eral two-dimensional RPACK problem in this abstract; aspecial case is discussed in Section 5. We point outthat two-dimensional bin packing problems have beenstudied in the literature (e.g., [KR96]), but they dif-fer signi�cantly from our problems: algorithms for binpacking have the exibility to move rectangles aroundin the space whereas in our case all rectangles are �xedin space. Our problems are similar in spirit to geometriccovering and packing studied by Hochbaum et al (e.g.,[H97, HW85]). The problem they study which is mostrelevant to our work is a special case of the DRTILE prob-lem when all the given objects are squares of identicalsizes. The authors obtain polynomial time approxima-tion schemes for this special case of our problem.1.2 Application Scenarios.The problems of tiling and packing arrays withrectangles arise naturally in a number of applicationareas. We describe some scenarios where these problemsare found exactly in the form we study here.Two-dimensional histograms. As mentioned earlier,this problem arises in building histograms over two2This is a packing problem with the additional constraint thatat most k items be packed.3The dual of the RPACK problem is to �nd a minimum cardi-nality subset of disjoint rectangles with total weight at least W .Since it is NP-hard to �nd even a feasible solution for this prob-lem (see [FPT81]), it cannot be approximated to any factor andhence is not considered any further.

attributes. A histogram is an approximate compactstatistic of the database contents and it is used forestimating result sizes of operators. Although othersuch estimators exist (such as sampling [LNS90] andparametric techniques [SL+93]), histograms are themost commonly used form of statistics in practiceand they are used in DB2, Informix, Ingres, Oracle,Sybase, etc. (See page 29 of [P97] for a list andmore information.) Using histograms over a singlenumerical attribute has been extensively researched inthe database community, and a number of histogramshave been identi�ed: MaxDi�, V-Optimal, Equi-depth,etc. (See [P97] for a �ne taxonomy, and [I93, IP95]for examples of their accuracy and optimality.) Morerecently, there has been an e�ort to capture the jointfrequency distributions in the database, and histogramsover multiple numerical attributes are being studied.This was initiated in [MD88] and recent work is found in[PI97, P97]. Both the RTILE and DRTILE problems areinstances of constructing what are known as equi-depthhistograms on two numerical attributes. Intuitively,the maximum weight of a tile controls the accuracy ofestimation and the number of tiles a�ects the e�ciencyof estimation. Our two tiling problems respectivelyoptimize one of these parameters while keeping theother bounded.Data partitioning. For data stored in two-dimensional arrays, high-performance computing lan-guages allow the user to specify a partitioning and dis-tribution of data onto a logical set of processors. Thegoal is to balance the load. See [FJ+88, M93] for tech-nical discussions. Examples of languages which supportsuch data partitioning include the Superb environment[ZBG86] and High Performance Fortran HPF2 [HPF].The general version of this problem with p processors isprecisely the RTILE problem.Database mining. Discovering association rules indatabases, introduced in [AIS93], is a promising ap-proach to mining. Association rules are of the formX ! Y where X and Y are predicates over a set of at-tributes. Such an association rule means that the tuplesthat satisfy X tend to satisfy Y . We are interested in�nding optimized-gain rules, that is ones where the num-ber of tuples that both X and Y satisfy exceeds a cer-tain percentage of the number of tuples that satisfy X .4The RPACK problem is that of �nding k clustered two-dimensional optimized-gain rules [LSW97, FM+97]5. It4There are optimized-con�dence and optimized-support rulesas well; they will not be discussed here.5An example: (Balance 2 [104; 105]) AND (Age 2 [40; 50]) !(Carloan=yes). Here the ranges in Balance and Age make theassociation rule clustered.



3is clustered since we look for rectangular regions. The kregions are disjoint since presumably the goal is to tar-get the k \favorable" regions for marketing, mail-orderor advertising purposes, where each region will be tar-geted di�erently or by di�erent departments within acompany. Finally, in our de�nition of the RPACK prob-lem, we have considered the general case of practicalinterest when only a subset of all the induced rectan-gles from the two-dimensional domain (of the two nu-merical attributes) may be of interest for mining. See[LSW97, FM+97] for more on this application.1.3 Results and Techniques.We summarize our results for each of the threeproblems.1. The RTILE problem. We show that it is NP-hardnot only to compute the optimum solution but evento approximate it to within a factor of 5=4 = 1:25.The hardness result holds even when each arrayelement is an integer in the range [1; 4]. On theother hand, our main result is an O(n2 + p logn)(near-linear time) algorithm for this problem withan approximation ratio of 2:5, which holds evenin the presence of large array elements. Observethat a running time of O(n2+p logn) is near-linearbecause the input is of size O(n2) and p = O(n2).Let the total sum of all the items in array A be W .A lower bound of W=p on the maximum weight isimmediate, and if there are no large elements in thearray our algorithm returns a tiling with maximumweight O(W=p). We use the natural approach ofpartitioning the problem into two disjoint partsand assigning each part a proportionate number ofrectangles for tiling, but the potential presence oflarge elements complicates this strategy.2. The DRTILE problem. Since this is the dual ofthe RTILE problem, it follows that it is NP-hard tosolve it exactly. We show a series of approximationalgorithms trading o� running time versus thequality of approximation. The best approximationwe achieve is a factor of 2 with high polynomialrunning time. At the other end of the spectrum,we have a near-linear time algorithm with a largerconstant approximation factor.The analysis of our approximation algorithm forthe RTILE problem proves that a strong relationshipexists between approximate solutions to these twodual problems. This relationship forms the basisof our e�cient O(1)-approximation for the DRTILEproblem. Our alternative algorithms are based onbinary space partitioning (BSP) [FKN80], and use

the fact that an arbitrary tiling can be convertedinto a structured hierarchical one with a relativelysmall increase in the number of rectangles. While astraightforward BSP-based dynamic programmingcan be used to get a 4-approximation, a moresophisticated dynamic programming yields a 2-approximation, albeit at the expense of a very highrunning time.Remark 1. Our analysis of the RTILE approxima-tion algorithm establishes that the solution valuechanges only by a constant factor when the totalnumber of tiles used is changed by a constant fac-tor. This strong relationship enables a BSP-basedapproach to get a constant-factor approximation tothe RTILE problem. Without such a relationship,the BSP approach would not be applicable since thenumber of tiles allowed is �xed.3. The RPACK problem. We show that the RPACKproblem is NP-hard even in the restrictive settingwhere each rectangle in the input intersects at mostthree other rectangles. We design an O(log n)-approximation algorithm for the general problemthat runs in time O(n2p logn). The main ideaunderlying the algorithm is a decomposition intoconstant-width problems which we show can bewell-approximated quite e�ciently. While the de-composition scheme itself is similar to the PTASparadigm used by Baker [B83], it requires a par-tition of the input into disjoint classes of geomet-rically \well-structured" rectangles such that eachclass is amenable to our decomposition strategy.The geometry of two dimensions leads to O(log n)disjoint classes and the algorithm chooses the bestsolution among all the classes.Even the special case of the RPACK problem thatallows all axis-parallel subrectangles in an array canbe shown to be NP-hard. On the other hand, aBSP-based dynamic programming approach givesa 2-approximation for this problem.1.4 General Comments on Our Results.Our rectangle packing and tiling problems seemquite natural; we expect them to �nd applications inscenarios besides the ones we have described here. Mostof our algorithms are simple and easy to implement.Our algorithms for the RTILE and DRTILE problemsare variations of what practitioners would normallyimplement, namely, hierarchical partitioning schemes.The key insight our algorithms for these problems cansupply to practitioners is that even simple heuristics cangive provably good performance guarantees.



41.5 Map.Section 2 shows the hardness result and the approx-imation algorithms for the RTILE problem. In Section 3,we present our results for the dual DRTILE problem. Sec-tion 4 sketches the hardness of the RPACK problem andgives our O(log n)-approximation algorithm. Finally, inSection 5 we briey describe other related problems andour results for them.2 The RTILE Problem2.1 Hardness of Approximation.We begin with a proof of the APX-hardness of theRTILE problem.Theorem 2.1. The RTILE problem is NP-hard, evenin the case where the element weights are non-negativeintegers bounded by a constant. Furthermore, it is NP-hard to determine the optimal value to within a factorof 5=4.Proof. The proof reduces PLANAR-3SAT to RTILE. Aninstance of PLANAR-3SAT is a 3CNF formula with theextra property that the following graph GF is planar.The bipartite graph GF has the variables and clauses ofF as its two vertex sets, and an edge corresponding toeach occurrence of a variable or its negation in a clause.It was shown in [L82] that the problem PLANAR-3SAT isNP-complete.For any formula F in 3CNF for which GF is planarwe construct an array AF of integers in the range [1; 4],and an integer pF , which gives an instance (AF ; pF ; 4) ofRTILE such that F is satis�able if and only if AF can betiled by pF tiles of weight at most 4. For each variable inF , we construct a closed loop of orthogonally adjacentelements, mostly of value 2. The loops are disjointbut, for each clause C, the three loops corresponding tothe variables occurring in C approach closely togetherin a special clause gadget which we describe below.Because GF is a planar graph there are no topologicalobstructions to this construction.Figure 1 shows a portion of the array AF . Theheavy lines are for the explanation only. They mark outthree paths, each corresponding to part of a variableloop. For the path on the left it is clear that anytile of weight 4 can cover at most two elements of thepath. Since the target number pF will require this tobe achieved, there are just two choices, depending onwhether odd or even pairs are to be covered. Thebottom-right path shows a minor variation where thesequence 2112 occurs. Here the two 1's must be tiledwith one or other of the 2's. This device allows usfreedom to alter the relative parity of the physical layoutof any path.

Part of variable loop

= Background

Clause pointFigure 1: Clause gadget and variable loopsThis portion of AF illustrates the modeling of aclause gadget. The element marked with a circle hasvalue 1. It can be checked that this can be tiled byjust extending one of the tiles of the tiling for a variableloop, provided that this tiling has the appropriate parity.If none of the three loops has the right parity then no4-tiling is possible, without using an extra tile.If F has a satisfying assignment then, with thecorresponding choices of parity for each variable loop,each clause point may be tiled by extending one of thetiles in a variable loop. If F is not satis�able then anychoice of parity for the variable loops leaves at least oneclause point uncovered. Any tiling with pF tiles whichis not of the form discussed above has at least one tilewith weight 5 or more.2.2 Approximation Algorithm.In the remainder of this section, we focus on design-ing an e�cient constant-factor approximation algorithmfor the RTILE problem. If W0 denotes the total weightof the given array A0, p denotes the number of tiles,and M the maximum weight of any element in the ar-ray, then maxfW0=p;Mg is clearly a lower bound forthe minimum weight in a tiling. As we shall see, it is al-ways possible to �nd a tiling which is within a constantfactor of this simple lower bound.Our algorithm uses a straightforward recursivepartitioning strategy. Let w = W0=p and M 0 =maxfw;Mg, so w is the average weight of a tile andM 0 is the simple lower bound on the maximum weight.Definition 1. (Thick Cut) For any rectangular array,consider partitions into two subarrays de�ned by vertical
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Figure 2: Subarray with no thick cutor horizontal lines. Such a partition for which eachsubarray has weight at least w is a thick cut.Theorem 2.2. There exists a 5/2-approximation algo-rithm for the RTILE problem.Proof. The algorithm begins by simply using thick cutsrepeatedly to partition the array into subarrays. Whenno further thick cuts are possible we analyse the \end-game" and complete the tiling. Provided that we use atmost bW=wc tiles for a subarray of weight W , the totalnumber of tiles used will be at most p.Let A be a subarray, of weight W say, remainingafter the partitioning, so A has no thick cut and theweight of A is at least w. Let i be the largest row indexof A such that the total weight of rows of index lessthan i is less than w. It must be that the total weightof rows of index greater than i (if any) is also less than w,otherwise there would be a thick cut. De�ne the columnindex j similarly. We can depict A as in Figure 2,where the ar's and br's denote the total weights of thecorresponding regions and m is the value of Ai;j .If W < 5w=2 then using just a single tile for Ais within the 5/2-approximation bound, since 5w=2 �5M 0=2.Otherwise, we may assume W � 5w=2 and so atleast two tiles can be allocated to A. There are fourobvious ways to partition A into two rectangles witha cut. Provided that br + ar + br+1 + ar+1 + br+2 +m < 5M 0=2 for at least one value of r (0 � r � 3and subscripts are taken modulo 4), we have a tilingwith two tiles of maximum weight less than the 5/2-approximation bound.Otherwise, we have br+ar+br+1+ar+1+br+2+m �5M 0=2 for 0 � r � 3, and adding these four inequalitiesyields2(a0+a1+a2+a3)+3(b0+ b1+ b2+ b3)+4m � 10M 0:Hence,3W = 3(a0 + a1 + a2 + a3 + b0 + b1 + b2 + b3 +m)

� 10M 0 �m � 9M 0;and so W � 3M 0. In this case at least three tiles canbe allocated to A.There is an obvious way to partition A with twoparallel cuts into three rectangles of maximum weightless than 5M 0=2 unless b0 + b2 + m � 5M 0=2 andb1 + b3 +m � 5M 0=2. In this caseW � b0 + b1 + b2 + b3 +m � 5M 0 �m � 4M 0:This case then allows four tiles for A.In a similar way, there is a 4-tiling with maximumweight less than 5M 0=2 unless br +m � 5M 0=2 for allr. The latter case impliesW � b0 + b1 + b2 + b3 +m � 10M 0 � 3m � 7M 0:It is clear though that if at least �ve tiles can be used,there is a tiling with maximum weight less than M 0.The following theorem shows an O(n2 + p logn)bound on the time complexity of the algorithm outlinedin the previous theorem.Theorem 2.3. The algorithm of Theorem 2.2 can beimplemented to run in time O(n2 + p logn).Proof. Assume access to an oracle that, given the end-points of any rectangular region in the array, givesin constant time the total weight of all its elements.Then we claim that the initial partitioning can becreated in O(p logn) time. To see this, �rst observethat each partition step can be done in O(log n) timesince �nding a thick cut only requires a binary searchwhich can be done in O(log n) oracle calls. Next weclaim that the �nal tiling can be done in time O(log n)per subarray; this follows since these partitions can bedetermined by a straightforward binary search. Thusall the steps associated with the algorithm can beperformed in O(p logn) time. Finally, the constant timeoracle used above can be implemented by an O(n2)time pre-processing step using standard arguments. LetA = faijg1�i;j�n be the input array. For 1 � k; l � n,de�ne S(k; l) = P1�j�l akj . Using the pre�x sumalgorithm, these sums can be implicitly computed afterO(n) time preprocessing for each row in the given array.For 1 � k; l � n, de�ne T (k; l) = P1�i�k S(i; l).It is easy to see that the table of S() entries canbe used to compute all T (k; l) entries in O(n2) time(just compute them left to right, and top to bottom).The �nal step is to show that the array T allowsus to implement the desired oracle in constant time.Suppose we want the sum of the elements contained inthe rectangular region determined by (i1; j1) (top left



6corner) and (i2; j2) (bottom right corner). This sum isgiven by T (i2; j2)+T (i1; j1)�T (i1; j2)�T (i2; j1). Theclaimed result now follows.The proof of the following theorem is based on theideas already described, and hence is omitted.Theorem 2.4. There exists an O(n2+p logn) time al-gorithm which gives a 9/4-approximation for the RTILEproblem on f0; 1g-arrays.3 The DRTILE ProblemThe following theorem is an immediate corollary ofTheorem 2.1.Theorem 3.1. The DRTILE problem is NP-hard, evenin the case where the element weights are non-negativeintegers bounded by a constant.We design three di�erent approximation algorithmsfor this problem. While each one gives a constant-factorapproximation, they reect a tradeo� between the timecomplexity and the quality of the approximation guar-antee achieved. The �rst two algorithms use dynamicprogramming, while the third algorithm is based on thepartitioning approach and uses the strong relation thatexists between the average tile weight and the maxi-mum tile weight in an optimal solution, as shown in theanalysis of the RTILE problem.3.1 Hierarchical Binary Tilings.We begin by formally de�ning a nicely structuredclass of tilings that underlies the dynamic programmingapproach that we use in this section.Definition 2. (Hierarchical Binary Tiling) A tiling ofa region is called a hierarchical binary tiling (HBT) ifit consists of a single tile, or there exists a vertical orhorizontal line such that the line does not intersect theinterior of any rectangle, and the two distinct regionson either side are also hierarchical binary tilings.The hierarchical binary W-tiling problem is to �ndan HBT such that the maximum weight of any rectangleis at most W and the number of rectangles is a mini-mum. We show how to calculate the minimum numberr of rectangles in any such partition using dynamic pro-gramming; a solution, namely an HBT with r rectanglesnone of whose weights is more than W , can be foundeasily from the dynamic program. For any region, wecalculate the minimum over all possible horizontal andvertical lines of the number of rectangles used in thetwo regions obtained by splitting with that line. At thebase level, any region which has total weight at mostW

can be tiled with a single rectangle. The total runningtime of this algorithm is bounded by O(n5), since thereare O(n4) subrectangles and, for each subrectangle, theproblem can be solved in O(n) time using previouslycomputed solutions and the recursive de�nition.That lets us conclude:Lemma 3.1. The hierarchical binary W-tiling problemcan be solved in O(n5) time.Now we relate the hierarchical binaryW-tiling prob-lem to the DRTILE problem.Lemma 3.2. If an array has a solution to DRTILE withp rectangles, then there is a hierarchical binary W-tilingwith at most 4p rectangles.Proof. The proof follows from the results in [dAF92] forconstructing binary space partitions (BSPs) for axis-parallel rectangles in two dimensions. Given a two-dimensional region with n axis-parallel rectangles, anorthogonal binary space partition (OBSP) recursivelypartitions the region into two disjoint regions using avertical or a horizontal line, repeating this process untileach region intersects at most one of the rectangles. If arectangle is intersected by a line, then it is split into twodisjoint rectangles given by the partitioning. It is clearfrom the de�nitions that an OBSP of rectangles gives ahierarchical binary tiling. In [dAF92], it is shown thatthere exists an OBSP in which each original rectangleis split into at most four parts. Thus, there exists ahierarchical binary tiling of at most 4p rectangles, andthe lemma directly follows.Combining the two preceding lemmas, we have thefollowing theorem:Theorem 3.2. There exists a O(n5)-time 4-approximation algorithm for the DRTILE problem.Proof. The proof follows from the observation thatany tiling with p rectangles can be converted to ahierarchical binary tiling of at most 4p rectangles byusing the results of [dAF92] on binary space partitions.Since an optimal hierarchical binary W-tiling can befound in O(n5) time, the theorem follows.We next show that working with a relaxation of thenotion of HBTs can lead to a better approximation atthe expense of signi�cantly increased time complexity.The relaxation is referred to as a two-hierarchical binarytiling and is de�ned as follows:Definition 3. (Two-Hierarchical Binary Tiling) Atiling of a region is called a two-hierarchical binary tiling



7(2HBT) if it consists of a single tile, or there exists avertical or horizontal line such that the line intersectsthe interior of at most two rectangles, situated at eitherend, and the two distinct regions on either side are alsotwo-hierarchical binary tilings.Theorem 3.3. There exists an nO(1) time 2-approximation algorithm for the DRTILE problem.Proof Sketch. As before, let the W-2HBT problem beto �nd a 2HBT with maximum weight at most W withthe minimum number of rectangles. It can be shownthat the W-2HBT problem can be solved by dynamicprogramming in nO(1) time; the details are omitted.On the other hand, given n axis-parallel rectangles intwo dimensions, the BSP of [dAF92] can be shown toproduce a 2HBT of size at most 2n. Combining the two,we get the claimed result.Unfortunately, the O(1) in the exponent is very high, sothis is not a practical algorithm.3.2 Partitioning Approach.While the dynamic programming approach takenabove leads to strong performance guarantees, ithas a rather high time complexity even for the 4-approximation. We now sketch how the partitioningapproach for the RTILE problem in the previous sectioncan be used to obtain a near-linear time approximationalgorithm for the DRTILE problem.Let p� be the number of rectangles in the optimumsolution and W0 be the total weight of the array.Clearly, p� � W0=W and W � M where M is thelargest entry in the array. We �rst solve the RTILEproblem with p = dW0=W e. From the analysis inTheorem 2.2, we know that the weight of each resultingrectangle is at most 2:5maxfW0=p;Mg (observe thatthe solution is again a HBT). Those regions for whichthe weight is at mostW are not processed further, whilethe others are processed until their weight drops to Wor less. By an end-game analysis in a manner similarto the analysis for the RTILE problem, we can derivethe following approximation guarantee for the DRTILEproblem; the details are omitted:Theorem 3.4. There exists an O(n2 + p logn) time 5-approximation algorithm for the DRTILE problem. Ifthe array has only f0; 1g-entries, the approximationguarantee improves to 9=4.4 The RPACK ProblemThe following theorem shows that even a very restrictedversion of the RPACK problem is NP-hard.Theorem 4.1. The RPACK problem is NP-hard in two

dimensions, even in the case that each rectangle in thefamily intersects at most three other rectangles.Proof. The proof is a reduction from PLANAR-3SAT as inTheorem 2.1, and is similar to the proof of Theorem 2in [FPT81].Our main result in this section is an O(log n)-approximation for the RPACK problem. The algorithmuses a decomposition strategy that requires the inputrectangles to have a certain geometric structure. Weensure the existence of such a structure by partitioningthe input into many distinct classes and independentlysolving the problem on each such class. Both steps,namely the partitioning of the input into disjoint classesand the decomposition strategy, rely on the geometry ofour problem.To motivate the main algorithm, we begin with avery simple O(log2 n)-approximation algorithm.Lemma 4.1. Given a family F of weighted rectangles inthe plane such that every rectangle intersects at most cdisjoint rectangles, one can compute a c-approximationto the problem of �nding a largest-weight disjoint collec-tion.Proof. We use a greedy algorithm: repeatedly choosethe largest-weight rectangle such that it is disjoint fromeach of the previously chosen rectangles. We claimthat the weight of this selection is within a factor cof the optimal solution. Let O = fO1; O2; :::; Okgbe the rectangles chosen by an optimal solution andlet G = fG1; G2; :::; Glg denote those chosen by thegreedy solution above. De�ne a map f : O ! Gsuch that f(Oi) = Gj if and only if Gj is the �rstrectangle chosen by the greedy algorithm that intersectsOi. Clearly, weight(Gj) � weight(Oi). Also, at mostc rectangles from O may map to any �xed Gj . ThusPki=1 weight(Oi) � cPlj=1 weight(Gj). The lemmafollows.Theorem 4.2. There is a simple polynomial time ap-proximation algorithm that returns a solution of p rect-angles with total weight at least 
(1= log2 n) of the op-timal.Proof. The algorithm consists of the following simplesteps:1. Partition the set of given rectangles into dlogne2classes (i; j), 1 � i � dlogne and 1 � j � dlogne.The class (i; j) comprises all rectangles with width2 [2i�1 + 1; 2i], and height 2 [2j�1 + 1; 2j ].2. In each class of rectangles, we compute a constant-factor approximation to the optimal solution for



8 this class. Since rectangles in each class satisfy thepremise of Lemma 4.1 for c = 9 (it is easy to seethat this is tight), we can get a 9-approximation.3. Pick the largest-weight solution among all theclasses.By the pigeon-hole principle, the largest-weight classmust contribute a proportion 
(1= log2 n) of the totalweight. Thus we get an O(log2 n)-approximation.We next show how the total number of classescan be reduced to O(log n) by using somewhat moreinvolved ideas. We begin by showing that the packingproblem can be e�ciently approximated if the problemhas \constant width", i.e., any vertical line intersectsonly a constant number of rectangles.Lemma 4.2. Given a family F of n weighted rectanglesin the plane such that every vertical line intersects atmost c disjoint rectangles, one can compute in O(np)time a c-approximation to the problem of �nding alargest-weight disjoint collection of size p.Proof. The algorithm is as follows:1. Project each rectangle onto the x-axis; assign eachprojection the weight of the corresponding rectan-gle.2. The projections de�ne an interval graph G. We usedynamic programming to compute the optimumsolution as follows:(a) We maintain a two-dimensional array S[i; j]where 1 � i � n and 0 � j � p. Thearray entry S[i; j] denotes the optimal weightobtainable by a collection of j intervals suchthat each interval is contained in [1; i].(b) We iteratively compute S[i + 1; j] as follows.Let Ji denote the set of intervals ending at lo-cation i and let wU and lU respectively denotethe weight and the left end-point of an intervalU . Then S[i+1; j] = maxU2Ji+1fS[i; j]; wU+S[lU ; j � 1]g:(c) Output S[n; p].3. Output the p rectangles associated with projectionsin I , breaking any ties arbitrarily.Clearly, every independent set in G maps to adisjoint collection of the same weight in R. On theother hand, we now establish that given any disjointcollection C in R, there exists an independent set ofsize p whose weight is at least 1=c times the weight of

C in the graph G. To see this, consider the followinglevel-assignment scheme for C : Sweep a vertical linefrom left to right; the topmost rectangle touching thesweep line at any instant is assigned level 1. Remove allrectangles that have been assigned a level, and assignthe next level in an identical fashion. Repeat until thereare no more rectangles remaining. Clearly, at most cdistinct levels will be assigned in this manner and, bythe pigeon-hole principle, one of the levels must containat least a fraction 1=c of the weight of the collection C.Thus the solution computed by the above algorithmmust be at least a c-approximation. The dynamicprogramming above trivially takes O(n2p) time becauseit takes O(n) time to evaluate each of the np termsS[i; j]. A more careful accounting gives O(np) runningtime since, for each �xed j, the calculation of S[i; j] forall i takes only O(n) time.Theorem 4.3. There is an O(n2p + np2 logn) timeapproximation algorithm that returns a solution of atmost k rectangles with total weight at least 
(1= logn)of the optimal.Proof. The algorithm comprises the following steps:1. Partition the set of all the given rectangles intodlogne classes such that the class i consists of allrectangles with height 2 [2i�1 + 1; 2i].2. For each class i of rectangles, do the following steps:(a) Superimpose a collection L of horizontal linessuch that each consecutive pair of lines isexactly distance 2i+1 apart, the topmost lineis exactly distance 2i+1 above the topmostrectangle of the class and the lowest line is justbelow the lowest rectangle in the class. Thisgives us a collection of slabs indexed, say, 1through q.(b) Discard any rectangles that intersect any linesin the above collection. Each slab satis�esthe premise of Lemma 4.2 with c = 3 andhence for any i 2 [1; p], we can compute a3-approximate solution for rectangles in eachslab.(c) Let Tj [i] be the weight of the solution com-puted above for slab j with an allocation of irectangles. We use dynamic programming to�nd an allocation i1; :::; iq of rectangles suchthat Pqj=1 ij = p, and Pqj=1 Tj [ij ] is maxi-mum possible over all such allocations. Sincethe slabs induce a disjoint partition, a unionof solutions across the slabs also constitutes asolution to our problem.



9(d) Shift the collection L down by one unit andrepeat this process. Terminate when thetopmost line touches the topmost rectangle inthe class.(e) Output the best solution computed over all2i+1 iterations.3. Output the best solution computed for any class.We begin with an analysis of Step 2 for a �xedclass, say, class i. Let OPTi denote an optimal solutionrestricted to class i rectangles. We �rst claim that,in one of the iterations in Step 2 above, the weight ofthe intersected rectangles is at most half the weight ofrectangles in OPTi. To see this, simply observe that,among the 2i+1 shifts used in this step, a rectangle isintersected by a line in L in at most 2i shifts.This observation combined with Step 2(c) impliesthat Step 2 outputs a solution of weight at least 1/6of OPTi. The approximation in the theorem nowfollows by observing that, for some i, we must haveOPTi � OPT=dlogne. The running time follows fromtwo observations. There are �(n) iterations in Step(e) each of which takes O(np) time in Step (b), givingthe O(n2p) term. The O(np2 logn) term comes fromsumming O(n2p) for Step (c) over all iterations.5 Concluding RemarksSome related rectangle packing and covering problemsare as follows. A simple case of the RPACK problem isthat all possible rectangular, axis-parallel subrectangles(subarrays) of a n�n array are given, with their weightsbeing the sum of the numbers within; a crucial pointis that the array elements may be positive or negative.This problem arises in database mining situations whereeach array entry denotes the optimized-gain relativeto some threshold, and hence some entries may benegative. The problem as before is to pick at mostk non-intersecting rectangles of largest total weight.The following theorem summarizes our results for thisproblem, we refer to it as the ARRAY RPACK problem:Theorem 5.1. The ARRAY RPACK problem is NP-hardbut can be approximated to within a factor of two inpolynomial time.The NP-hardness proof above is somewhat involvedand we defer its details to the �nal version. The ap-proximation algorithm, on the other hand, is basedon 2HBTs. Rastogi and Shim [RS97] have indepen-dently obtained a 4-approximation based on the HBTapproach.A further variation of this scenario is when our goalis to pick at most k possibly overlapping rectangles of

largest total weight where the array elements in thecommon portions are counted only once. A greedyapproach works in this case to give a constant factorapproximation.Motion-compensated video compression by blockmatching is an application area where a variant of theRTILE problem arises. Since successive frames of avideo sequence are strongly correlated, frames can becompressed by reference to the preceding ones. Themost popular method for this is block matching [JJ81],which involves tiling the current frame with blocks, thenreplacing each by a reference to the block in the previousframe from which it di�ers least (say, in Hammingmetric) and appending the vector of the di�erences.One problem here is to put a limit on the maximumdi�erence for each tile and to minimize the numberof tiles used. That gives the DRTILE problem with acaveat: the weight of a tile is no longer the sum ofthe elements in it, but rather it is given by an oraclethat computes the appropriate Hamming distance foreach tile. The HBT-based algorithms from Section 3carry through for this problem and we have 4- and 2-approximations respectively. See [S94] for backgroundon block matching, [M94] for an extensive bibliography,and see [MM+96] for a detailed formulation of thisproblem.AcknowledgementsSincere thanks to Rajeev Rastogi and Kyesuk Shim forformulating a version of the RPACK problem and sharingit with us graciously. Thanks to Vishy Poosala fornumerous discussions on multi-dimensional histograms,and to Jon Sharp for a careful reading of a preliminaryversion of this paper.References[AIS93] R. Agrawal, T. Imielinski and A. Swami. Databasemining: a performance perspective. IEEE Transactionson Knowledge and Data Engineering, 914-925, 1993.[BNR95] V. Bafna, B. Narayanan and R. Ravi. Nonoverlap-ping local alignments (Weighted independent sets ofaxis-parallel rectangles). Proceedings of the Workshopon Algorithms and Data Structures (WADS '95), LNCS955, 506-517, 1995.[B83] B. Baker. Approximation algorithms for NP-completeproblems on planar graphs. Proc. 24th FOCS, 265-273,1983.[Be84] J. Bentley. Programming Pearls. Comm. ACM, 865-871, 1984.[dAF92] F. d'Amore and P. Franciosa. On the optimalbinary plane partition for sets of isothetic rectangles.Information Proc. Letters, 255-259, 1992.
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