
  

 

University of Warwick institutional repository: http://go.warwick.ac.uk/wrap  

 

A Thesis Submitted for the Degree of PhD at the University of Warwick 

 

http://go.warwick.ac.uk/wrap/61092  

 

This thesis is made available online and is protected by original copyright.  

Please scroll down to view the document itself.  

Please refer to the repository record for this item for information to help you to 
cite it. Our policy information is available from the repository home page. 

 
 

 

 

http://go.warwick.ac.uk/wrap
http://go.warwick.ac.uk/wrap/65113


THE LIBRARY
Tel: +44 1203 523523
Fax: +44 1203 524211

THE UNIVERSITY OF WARWICK, COVENTRY CV4 7AL

AUTHOR:Michele A. A. Zito DEGREE:Ph.D.

TITLE: Randomised Techniques in Combinatorial Algorithmics

DATE OF DEPOSIT: 16 JULY, 1999

I agree that this thesis shall be available in accordance with the regulations govern-
ing the University of Warwick theses.

I agree that the summary of this thesis may be submitted for publication.

I agreethat the thesis may be photocopied (single copies for study purposes only).
Theses with no restriction on photocopying will also be madeavailable to the British Library for microfilming.
The British Library may supply copies to individuals or libraries. subject to a statement from them that the copy
is supplied for non-publishing purposes. All copies supplied by the British Library will carry the following
statement:

“Attention is drawn to the fact that the copyright of this thesis rests with its author. This
copy of the thesis has been supplied on the condition that anyone who consults it is understood
to recognise that its copyright rests with its author and that no quotation from the thesis and no
information derived from it may be published without the author’s written consent.”

AUTHOR’S SIGNATURE:. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

USER’S DECLARATION

1. I undertake not to quote or make use of any information fromthis thesis with-
out making acknowledgement to the author.

2. I further undertake to allow no-one else to use this thesiswhile it is in my care.

DATE SIGNATURE ADDRESS

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .



Randomised Techniques in Combinatorial Algorithmics

by

Michele A. A. Zito

Thesis

Submitted to the University of Warwick

for the degree of

Doctor of Philosophy

Department of Computer Science

November 1999



Contents

List of Figures v

Acknowledgments vii

Declarations viii

Abstract ix

Chapter 1 Introduction 1

1.1 Algorithmic Background . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 1

1.2 Technical Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . 3

1.2.1 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.2 Parallel Computational Complexity . . . . . . . . . . . . . . .. . . . . . 7

1.2.3 Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.4 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.5 Random Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2.6 Group Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 24

Chapter 2 Parallel Uniform Generation of Unlabelled Graphs 25

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 26

2.2 Sampling Orbits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 28

2.3 Restarting Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 32

2.4 Integer Partitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 35

2.4.1 Definitions and Relationship with Conjugacy Classes .. . . . . . . . . . . 35

2.4.2 Parallel Algorithm for Listing Integer Partitions . .. . . . . . . . . . . . . 38

2.5 Reducing Uniform Generation to Sampling in a Permutation Group . . . . . . . . 42

2.6 RNC Non Uniform Selection . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 44

2.7 Algorithm Based on Conjugacy Class Listing . . . . . . . . . . .. . . . . . . . . 54

iii



2.8 Avoiding Conjugacy Classes . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 61

2.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 63

Chapter 3 Approximating Combinatorial Thresholds 64

3.1 Improved Upper Bound on the Non 3-Colourability Threshold . . . . . . . . . . . 65

3.1.1 Definitions and Preliminary Results . . . . . . . . . . . . . . .. . . . . . 66

3.1.2 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.1.3 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . .74

3.2 Improved Upper Bound on the Unsatisfiability Threshold .. . . . . . . . . . . . . 74

3.2.1 The Young Coupon Collector . . . . . . . . . . . . . . . . . . . . . . .. 76

3.2.2 Application to the Unsatisfiability Threshold . . . . . .. . . . . . . . . . 78

3.2.3 Refined Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 90

Chapter 4 Hard Matchings 91

4.1 Approximation Algorithms: General Concepts . . . . . . . . .. . . . . . . . . . . 93

4.2 Problem Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 95

4.3 NP-hardness Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 97

4.3.1 MINMAXL MATCH in Almost Regular Bipartite Graphs . . . . . . . . . . 97

4.3.2 MAX INDMATCH and Graph Spanners . . . . . . . . . . . . . . . . . . . . 100

4.4 Combinatorial Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 101

4.5 Linear Time Solution for Trees . . . . . . . . . . . . . . . . . . . . . .. . . . . . 106

4.6 Hardness of Approximation . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 108

4.6.1 MINMAXL MATCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.6.2 MAX INDMATCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.7 Small Maximal Matchings in Random Graphs . . . . . . . . . . . . .. . . . . . . 116

4.7.1 General Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.7.2 Bipartite Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .120

4.8 Large Induced Matchings in Random Graphs . . . . . . . . . . . . .. . . . . . . 126

4.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 132

Bibliography 134

iv



List of Figures

1.1 A p processor PRAM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 The 64 distinct labelled graphs on 4 vertices. . . . . . . . . .. . . . . . . . . . . . 16

1.3 The 11 distinct unlabelled graphs on 4 vertices. . . . . . . .. . . . . . . . . . . . 17

1.4 Examples of random graphs . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 19

2.1 Probability distributions on conjugacy classes forn = 5; 7; 8; 10. . . . . . . . . . . 29

2.2 Example of set family. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . 33

2.3 Integer partitions of 8 in different representations. .. . . . . . . . . . . . . . . . . 36

2.4 Distribution of different orbits forn = 4. . . . . . . . . . . . . . . . . . . . . . . . 45

2.5 Values of G after step (2). . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . 53

3.1 A legal 3-colouring (left) and a maximal 3-colouring (right). . . . . . . . . . . . . 69

3.2 Legal edges for a vertexv. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.3 Partition of the parameter space used to upper boundE(X℄). . . . . . . . . . . . . 83

3.4 Graph off1(x�(r); y�(r)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.5 Locating the best value of. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.1 Possible Vertex Covers . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 94

4.2 Gadget replacing a vertex of degree one in a bipartite graph. . . . . . . . . . . . . 97

4.3 A (1; 3)-graph and its 2-padding. . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.4 A cubic graph with small maximal matching and large induced matching. . . . . . 104

4.5 A d-regular graph with small maximal matching and large induced matching. . . . 105

4.6 A cubic graph with small maximal induced matching. . . . . .. . . . . . . . . . . 106

4.7 Gadgets for a vertexvi 2 V (G). . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.8 Gadget replacing a vertex of degree one. . . . . . . . . . . . . . .. . . . . . . . . 112

4.9 Gadget replacing a vertex of degree two. . . . . . . . . . . . . . .. . . . . . . . . 113

4.10 Possible ways to define the matching inG0 given the one inG. . . . . . . . . . . . 113

4.11 Filling an empty gadget, normal cases. . . . . . . . . . . . . . .. . . . . . . . . . 114

v



4.12 Filling an empty gadget, special cases. . . . . . . . . . . . . .. . . . . . . . . . . 115

4.13 Possible relationships between pairs of split independent sets . . . . . . . . . . . . 121

4.14 Dependence between pairs of induced matchings of sizek . . . . . . . . . . . . . 126

vi



Acknowledgments

Although my work in Theoretical Computer Science has been mainly a solitary walk through Dis-

crete Mathematics and Computational Complexity Theory, I would like to thank the many people

that joined my walk from time to time or that helped my progress, first in Warwick University and

then in the University of Liverpool.

First and foremost I would like to thank Alan Gibbons, my supervisor for his presence, his

trust in me and his constant support. He has always been much more optimistic about my work than

myself and he has often given me the strength to go on. Also I thank Mike Paterson and Martin Dyer

for their careful reading of my thesis. Their comments and suggestions have contributed to improve

the quality of my work.

I would also like to thank all the people that I met at Warwick.I feel particularly indebted

to S. Muthukhrishnan (Muthu). His company, scientific, and social advice was a pleasure during the

many days and evenings that we spent together at Warwick.

My thanks go also to all the people in the Department of Computer Science, at the Univer-

sity of Liverpool, especially Paul Dunne, Ken Chan and all the technical staff, for their friendship

and support. Thanks to William (Billy) Duckworth, my office colleague during my staying in Liv-

erpool (at least until he decided that the other hemisphere is more interesting than this one), for

keeping me interested in spanners and teaching me the exact difference between “tree”, “three” and

“free”! It was a great pleasure for me to work with him.
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Abstract

Probabilistic techniques are becoming more and more important in Computer Science.
Some of them are useful for the analysis of algorithms. The aim of this thesis is to describe and
develop applications of these techniques.

We first look at the problem of generating a graph uniformly atrandom from the set of all
unlabelled graphs withn vertices, by means of efficient parallel algorithms. Our model of parallel
computation is the well-known parallel random access machine (PRAM). The algorithms presented
here are among the first parallel algorithms for random generation of combinatorial structures. We
present two different parallel algorithms for the uniform generation of unlabelled graphs. The algo-
rithms run inO(log2 n) time with high probability on an EREW PRAM usingO(n2) processors.

Combinatorial and algorithmic notions of approximation are another important thread in
this thesis. We look at possible ways of approximating the parameters that describe the phase tran-
sitional behaviour (similar in some sense to the transitionin Physics between solid and liquid state)
of two important computational problems: that of deciding whether a graph is colourable using only
three colours so that no two adjacent vertices receive the same colour, and that of deciding whether
a propositional boolean formula in conjunctive normal formwith clauses containing at most three
literals is satisfiable. A specific notion of maximal solution and, for the second problem, the use of a
probabilistic model called the (young) coupon collector allows us to improve the best known results
for these problems.

Finally we look at two graph theoretic matching problems. Wefirst study the computa-
tional complexity of these problems and the algorithmic approximability of the optimal solutions,
in particular classes of graphs. We also derive an algorithmthat solves one of them optimally in
linear time when the input graph is a tree as well as a number ofnon-approximability results. Then
we make some assumptions about the input distribution, we study the expected structure of these
matchings and we derive improved approximation results on several models of random graphs.

ix



Chapter 1

Introduction

This chapter provides, in the first section, the algorithmiccontext of this thesis. The remainder of

the chapter describes essential technical preliminaries for all subsequent chapters.

1.1 Algorithmic Background

Probabilistic techniques are becoming more and more important in Computer Science. Probabilistic

paradigms can be grouped in two main classes: those concerned with the construction of randomised

algorithms (under some reasonable model of computation) and those involved in the analysis of al-

gorithms. Among the first, some have acquired wide popularity. Random sampling is often used

to guess a solution in problems for which a large set of candidate solutions provably exists. A re-

cent beautiful application of this technique is in the problem of computing the minimum spanning

tree of a graph [KKT95]. Random re-ordering can be used to improve the performances of sorting

algorithms [Knu73]. Montecarlo simulation of suitably defined Markov chains or (some other ran-

domised dynamic process) finds wider and wider applicationsin generation and counting problems

[DFK91] as well as in algorithmic analysis [FS96]. Finally what is called sometimes control ran-

domisation (loosely speaking different algorithms or sub-routines are run on the particular problem

instance depending on some random choices) is exploited to devise good hashing algorithms and

for the complementary pattern matching problem [KR87]. In all cases the main advantages of the

specific algorithmic solution over more traditional deterministic approaches are simplicity and good

performance improvement It could be argued that this is achieved at the price of a more involved

analysis process but since a good deal of discrete mathematics is involved in algorithmic analysis of

1



traditional techniques anyway, this does not seem a major problem.

As mentioned at the beginning there is also another class of probabilistic paradigms. Al-

though not directly related to algorithmic design, their use helps in understanding the combinatorial

structure of several computational problems. Normally theset of all inputs for a specific problem is

viewed as a probability space (see Section 1.2.3 for a formaldefinition of this concept) and this fact is

exploited in either the performance analysis of specific algorithms or the understanding of structural

properties of combinatorial problems. In the former case, sometimes called input randomisation

[Bol85], the advantage is that the usual “worst-case approach” is abandoned and therefore worst-

case instances only marginally influence the complexity of the different algorithmic solutions. In

the latter case, sometimes, the probabilistic approach enables us to understand the behaviour of few

parameters characterising the specific problem [ASE92].

The aim of this thesis is to describe and develop a few applications of several probabilistic

techniques related to the second type of paradigm describedabove. The usual assumption about

input randomisation is that input instances can indeed be generated with the desired distribution.

In some cases this is an important problem in its own right. For example it is still an important

open problem to find an efficient algorithm for generating a planar graph uniformly at random

[HP73, DVW96, Sch97]. Several techniques have been developed to build sequential algorithms for

generating combinatorial structures according to some predefined probability distribution [NW78].

In Chapter 2 we look at the issues involved in finding parallelalgorithms for sampling combinatorial

objects uniformly at random. In some cases trivial parallelisation of a sequential algorithm solves

the problem quite efficiently. In some others the nature of the problem seems to prevent efficient

solutions. The focus of this work is on “unlabelled” structures. All relevant definitions are given in

Chapter 1.2 and 2. Loosely speaking the aim is to sample an object in a given set, disregarding a

number of possible symmetries. For instance, if we were to sample the result of throwing two dice,

we might be only interested in the sum of the two individual outcomes, not their ordered values.

In this case the order among the two outcomes is irrelevant. In Chapter 2 we will study similar

problems in the context of graph theory.

Combinatorial and algorithmic notions of approximation are another important thread in

this thesis. One of the generation algorithms described in Chapter 2 outputs a graph with a prob-

ability distribution that, in some sense, only approximates the uniform one. In Chapter 3 we look

at possible ways of approximating the parameters that describe the phase transitional behaviour

(similar in some sense to the transition in Physics between solid and liquid state) of two important

2



computational problems: that of deciding whether a graph iscolourable using only three colours

so that no two adjacent vertices receive the same colour, andthat of deciding whether a proposi-

tional boolean formula in conjunctive normal form with clauses containing at most three literals is

satisfiable. A specific notion of maximal solution and, for the second problem, the use of a proba-

bilistic model called (young) coupon collector allow us to improve the best known results for these

problems.

Chapter 4 is even more about approximation, but the final partof it will describe a num-

ber of results obtained through the use of a number of probabilistic techniques. We look at two

graph theoretic problems. A graph is given, as a collection of nodes and edges joining them, and

we are interested in finding a set of disjoint edges satisfying some additional constraints. The goal

in each case is to find an “optimal” set according to some criterion that is part of the specific prob-

lem definition. We first study the computational complexity of these problems and the algorithmic

approximability of the optimal solutions, in particular classes of graphs. Then we make some as-

sumptions about the input distribution, we study the expected structure of these matchings and we

derive improved approximation results on several models ofrandom graphs (see Section 1.2.5 for

the formal definitions).

The thesis is mainly self-contained. All concepts used in itare defined. Original definitions

are numbered whereas, normally, well-known concepts are introduced in a less formal way and nor-

mally referenced. All original results are proved in full details. All non-original results are clearly

stated and their proof is normally either sketched or the reader is referred to an appropriate biblio-

graphic reference. Chapter 2 contains some general definitions from the branches of mathematics

and computability that are related to this thesis; the reader familiar with the specific field should

be able to skip Chapter 2. However, to avoid conceptual discontinuities, a few specific technical

concepts and results are introduced in the relevant chapters.

1.2 Technical Preliminaries

We recall some basic terminology and well-known results in the different areas of Computer Science

and Mathematics which will be used later on. This section contains all those background definitions

and results which are particularly useful in more than one ofthe following chapters, or simply too

long to be put in the specific chapter, without distracting the reader’s attention.

Some knowledge of basic set theory and elementary calculus is assumed [Giu83]. Iff is a

3



function on real numbers, for everyy 2 IR [ f�1;+1g, f(x) ! y (or simplyf ! y when the

independent variable is clear from the context) is a shorthand forlimx!1 f(x) = y
Also, the reader should be familiar with sequential computational models like Turing machines or

Random Access Machines [AHU74] and basic complexity theoretic definitions [GJ79, BDG88].

Asymptotic notations likeO(n2), o(1), 
(n), !(2n) and�(n) will denote function classes but we

will normally write f = 
(n) (instead off 2 
(n)) with the intended meaning that there exists

a constant such thatf(n) � n for n sufficiently large. The reader is referred to Section 2.1

in Cormen, Leiserson and Rivest [CLR90], for more formal definitions. In particular, given two

functionsf andg on integers, we will writef � g and we will say thatf is asymptoticto g if the

ratiof(n)=g(n)! 1 (the concept can be extended to functions on real numbers).

This section’s content can be subdivided into two parts. Thefirst two sections describe con-

cepts from Computability Theory and Computational Complexity. The remaining sections present

some relevant definitions and results from different areas of Mathematics.

More specifically, in Section 1.2.1 we recall some elementary definitions related to com-

putational problems that will be used throughout this thesis. Section 1.2.2 defines the models of

parallel computation which will be used in Chapter 2. Also the relevant complexity measures and

complexity classes are defined. Section 1.2.3 introduces the basic terminology related to Probabil-

ity Theory. Section 1.2.4 describes the relevant concepts in graph theory. Section 1.2.5 provides

a glimpse into the beautiful and by now well established theory of random graphs. We describe

several models of random graphs, each providing a differentframework for the analysis of combi-

natorial and algorithmic properties of graphs. Finally Section 1.2.6 introduces all basic definitions

and results in group and action theory that will be needed later, especially in Chapter 2.

1.2.1 Problems

Many computational problems can be viewed as the seeking of partial information about a relation

(see [BDG88, Chapter 1] or [BC91]). More specifically suppose � is a finite alphabet and that

problem instances and solutions are encoded as strings over�. A relationSOL � �� ��� defines

an association betweenproblem instancesandsolutions. For everyx 2 �� the setSOL(x) contains

all they 2 �� that encode a solution associated withx, with the implicit convention that ifx does

not encode a problem instance thenSOL(x) = ;. For everyx 2 ��, let jxj denote thelengthof

4



(the encoding)x. Notice incidentally that ifS is a set,jSj will be used, in the usual sense, as the

cardinalityof S. In this setting adecision problemis described by the relationSOL and a question

which has a yes/no answer in terms ofSOL [BDG88, p. 11]. Ifx 2 ��, a decision problem

(also known asexistence problem) answers the following question: is there ay 2 �� such thaty 2 SOL(x)? If x; y 2 �� are given, another decision problem (which will be referredto as the

membership problem) answers the question: doesy belong toSOL(x)?
There is a natural correspondence between a decision problemQ and the setQ of instances

that have a “yes” answer. Thus no strong distinction betweenQ andQ will be kept: the “name” of

the decision problem will also denote the set of instances with a solution. Notice thatQ � �� so

the wordslanguageor propertywill also be used as qualifiers.

Several other types of problems are definable in this setting. Informally, if x 2 �� is (the

encoding of) a problem instance then

1. aconstruction problem(or search problem) aims at exhibiting ay 2 �� such that(x; y) 2SOL;

2. an optimisation problem, given a cost function(x; y), aims at finding they 2 �� with(x; y) 2 SOL such that(x; y) is maximised (respectively minimised);

3. auniform generation problem, aims at generating a wordy 2 �� satisfying(x; y) 2 SOL
such that ally in SOL(x) come up equally often;

4. acounting problem, aims at finding the number of elements inSOL(x).
Example. In what follows we recall, in a rather informal way, a number of definitions related

to boolean algebra. The reader is referred to [BDG88, Chapter 1] or [Dun88] for a more formal

treatment of the subject.

A boolean formula is an expression like�(x3; x12; x25; x34; x70) =df (x25 ^ x12) _ :(:x70 _ (:x3 ^ x34))
built up from the elementsxi of a countable setX of propositional variables, a finite set ofconnec-

tives(usually includinĝ , _ and:) and the brackets.

If variables are assigned values over a binary set oftruth-valuesdenoted byV = f0; 1g
and connectives are interpreted in the usual way as operations onV then each formula represents

a function onV . It is evident that under this interpretation the formula�(x3; x12; x25; x34; x70) is
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equivalent to�(x1; x2; x3; x4; x5) obtained by replacingx3 with x1, x12 with x2 and so on. Thus,

without loss of generality, a formula onn different variables can be regarded as containing exactly

the variablesx1; : : : ; xn. LetX ��n = fx1; : : : ; xng. Sometimes notation�(~x) will be used instead

of �(x1; x2; : : : ; xn). ^
1 1 1

1 0 0

0 0 1

0 0 0

_
1 1 1

1 1 0

0 1 1

0 0 0

:
1 0

0 1

Any function� : X ��n ! V is called ann variable-truth-assignment(or simply a truth-

assignment). Notation�f�g will be used for the truth-value of� after each variablexi has been

replaced by�(xi) and the tables above (calledtruth-tables) have been used to find the truth-value

of conjunctions, disjunctions or negations of truth-values. Since truth-values are nothing but binary

digits, the set of alln-variable-truth-assignments will normally be denoted byf0; 1gn.

The formula is said to be inconjunctive normal form(CNF for short) if it is in the formC1 ^ C2 : : : ^ Cm
where eachclauseCi is the disjunction of some variables or negation of variables (expressions likexi or :xi are calledliterals). Every boolean formula can be transformed by purely algebraic rules

into a CNF formula (see for example [BDG88, p. 17–18]). A CNF formula� is in k-CNF if the

maximum number of literals forming a clause isk.

Every k-CNF formulae can be encoded over the finite alphabet� = f^;_;:; (; ); 0; 1g
(e.g. variablexi is encoded by the binary representation ofi). In this setting,k-SAT is the well

known NP-complete problem [GJ79] of deciding whether ak-CNF � is satisfiable, i.e. whether

there exists an assignment� of values inV to all variables in� such that the value of� under this

assignment is one.

Combinatorial structures associated with computational problems can be characterised by a

number ofparameters, describing specific features of the problem instances. Forexample ak-CNF

formula is built on somen variables,m clauses and each clause has at mostk literals. A graph (see

Section 1.2.4 for relevant definitions) might haven vertices,m edges, maximum degree�. In most

cases it will be possible to define two functions on natural numbers, theorderand thesize. In � ��
is the set of problem instances of ordern.
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The relationships between different parameters characterising the instances of two specific

problems will be the object of the work described in Chapter 3. We conclude this section with a

remark and a couple of useful definitions.

It is worth noticing that there might be no relationship between these parameters and the

length of the encoding of the instances of a particular problem. For instance the natural encoding of

ak-CNF formula of order (i.e. number of variables)n and size (i.e. number of clauses)m described

in the example above has length at mostkm logn.

A setQ � �� is amonotone increasing property(respectivelymonotone decreasing prop-

erty) with respect to a partial order<Q if for every fixednx 2 In \Q; y 2 In; x <Q y (respectivelyy <Q x)) y 2 Q
A setQ � �� is a convex propertyif for every x; y; z 2 In x <Q y <Q z andx; z 2 Q implyy 2 Q.

1.2.2 Parallel Computational Complexity

The algorithms described in Chapter 2 are designed for an idealised model of parallel computation

called (see [GR88], for example)parallel random access machine(PRAM).

Pp

Shared Random Access Memory

P P P1 2 3

Main Control Program

Figure 1.1: Ap processor PRAM

There arep processors working synchronously and communicating through a common

random-access memory. Each processor is a sequential random access machine (or RAM for short)

in the spirit of [CR73]. The set of arithmetic operations available to each processor includes ad-

dition, subtraction, multiplication and division betweenarbitrary length integers at unit cost. Each

RAM is also augmented with a facility to generate random numbers. The expressions rand(0; 1) is

a call to a function returning a random real number between 0 and 1. Tuples of values (also called

records) will be used occasionally. For example, following the moststandard notations,x:date is

the identifier for the variable associated with the field “date” of the record structurex. Ordinal nu-

merals are used as default field names. Assignments and the usual relational operations between
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field variables as well as whole record variables are allowed. Constant tuples will be represented by

lists of value. For example(4; 1; 3:14; 3) is a constant four-tuple. Constant time direct and indirect

indexing allow us to handle (multidimensional) arrays of integers or real numbers. For exampleA[i℄
is thei-th element of an arrayA, A[i : j℄ is the portion ofA between indexi and indexj, defined ifj � i and withA[i : i℄ = A[i℄. The expressionA[i; �℄ denotes the row vector formed by all elements

in row i. In what follows the terms array and list will be used interchangeably.

In a single computation step each processor can perform any arithmetic operation on the

proper number of operands stored in the shared memory. Notation a b+  is a shorthand for the

sequence feth(R1; b); feth(R2; );R3  R1 +R2; store(a;R3);
including three memory transfer operations and one arithmetic manipulation. However given the

asymptotic nature of the complexity results proved in Chapter 2, a  b +  will be counted as

a single step. OperandsR1, R2 andR3 are registers local to each processor: each processor has

available a constant number of them (the exact value of this constant being irrelevant). All the

algorithms do not use shared access to the same memory location in a single time step. A PRAM

enforcing this constraint is calledExclusive Read Exclusive WritePRAM (or EREW PRAM). Other

models allowing some degree of concurrent access are theConcurrent Read Exclusive WritePRAM

(or CREW PRAM) and theConcurrent Read Concurrent WritePRAM (or CRCW PRAM).

A PRAM algorithm will normally be specified as a sequence of instructions in a PASCAL-

like pseudo-code. The most important syntactic constructsare listed below.� Assignments such asa b+  are the simplest instructions.� Programs will contain typical control structures likeif -then-elseconditionals,for andwhile

loops. In particular when similar tasks need to be performedon different data a parallelfor

loop statement might be used. The syntax will be as follows

for all x 2 X in parallel do instructions

Indentation will show nested instructions.

The complexity measures we use are (parallel)running timeandnumber of processors, nor-

mally expressed in asymptotic notation and as a function of the input length. By efficient algorithms

we mean algorithms that run in polylogarithmic (i.e.O(logk n) for some constantk) time in the

input length using a polynomial number of processors. Such problems define the complexity class
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NC. A PRAM algorithm, in particular, is said to beoptimal (see [GR88]) if the product of its par-

allel running timet(n) with the number of processors usedp(n) is within a constant factor of the

computation time of the fastest existing sequential algorithm. The quantityw(n) = t(n) � p(n) is

calledwork.

Function and procedure names will often be used as macros. Inparticular the following

pre-defined subroutines are assumed.

1. A function copying inO(log n) time usingO(n= logn) processors an elementx across all

positions of an array ofn elements. The syntax will be copy(x; n) and the result will be an

array ofn elements all equal tox.

2. A function computing an associative operation on a list ofn elements in a certain domain, inO(log n) time usingO(n= logn) processors. The function will have as parameters the list,

its sizen, the operation to be performed and will return a value of the appropriate type. The

correct syntax for the function computing the sum of then elements of a listL is tree(L; n;+).
3. If + is an associative operation over some domainD andL[1℄; : : : ; L[n℄ is an array of elements

of D the prefix sums problemis to compute then prefix sumsS[i℄ = Pij=1 L[j℄ for i =1; : : : ; n. The algorithms in Chapter 2 will make use of a function prefix, computing the prefix

sums of a list ofn elements in parallel (this is also known asparallel prefix computation).

If L is a list of n elements and� is the integer multiplication, then the instructionR  
prefix(L; n;�) is carried out inO(log n) parallel steps usingO(n= logn) processors, ifn is

the number of element of the listL. After this instruction it will beR[i℄ =Qij=1 L[j℄.
The following definition (essentially from [Joh90]) captures the class of PRAM algorithms

which will be of interest in Chapter 2.

Definition 1 A search problem belongs to the class RNC if there exists a randomised PRAM algo-

rithmA whose running time is polylogarithmic which uses a polynomial number of processors and

such that

1. if SOL(x) 6= ; thenA outputsy 2 SOL(x) with probability more than 1/2;

2. if SOL(x) = ; then the output ofA is undefined.

Indeed, in all cases, the parallel algorithms in this thesiswill satisfy a stronger condition.

If Sol(x) 6= ; then the probability that the algorithm does not produce an output is bounded above
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by an inverse polynomial function. In all such cases we say that the algorithms succeedwith high

probability.

Sometimes it is convenient to slow down part of a parallel algorithm in order to achieve

optimal work over the whole algorithm. Consider a computation that can be done int parallel steps

with xi primitive operations at stepi. Trivial parallel implementation will run int steps onm =maxxi processors. If we havep < m processors theith step will be simulated indxi=pe � xi=p+1
time and so the total parallel time is no more than

Pti=1 xi=p+t. This is known as Brent’s scheduling

principle [Bre74]. This is assuming that processor allocation is not a problem: for specific problems

we may need to provide the processor allocation scheme explicitly (i.e. redesigning the algorithm

to work usingp processors). Sometimes this principle can be used to find thenumber of processors

which gives optimal work. For examples all library functions above have optimal work wheneverp(n) = O(n= logn). Of course reducing the number of processors will slow down the computation.

So if the parallel prefix operation is run on a list ofn elements usingn= log5 n processors the

resulting algorithm runs inO(log5 n) parallels steps.

1.2.3 Probability

Many of the results in this thesis are probabilistic. In thissection some terminology and general

results are given.

Following [GS92], aprobability spaceis a triple(
;�;Pr), where
 is a set called asample

space, � = fE : E � 
g is the set ofeventsandPr is a non-negative real valued measure on�
with Pr[
℄ = 1. The elements of
 are particular events calledelementary events. Unless otherwise

stated
 will be a finite set and� will be the set of all subsets of
. For everyE 2 � theprobability

of the eventE, Pr[E℄ =df P!2E Pr[!℄.
Theorem 1 The probabilities assigned to the elements of a sample space
 satisfy the following

properties (for everyE;F 2 �):

1. Pr[E℄ � 0.

2. (Monotonicity) IfE � F thenPr[E℄ � Pr[F ℄.
3. Pr[E [ F ℄ = Pr[E℄ + Pr[F ℄� Pr[E \ F ℄.
4. Pr[ �E℄ = 1� Pr[E℄.
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Theorem 2 (Total probability)If E1; : : : ; En is a partition of
 with Ei 2 � for all i andE 2 �
thenPr[E℄ =Pni=1 Pr[E \ Ei℄.
Proof. Immediate from Theorem 1.3 since the eventsE \Ei are all disjoint. 2Pr[EjF ℄ will denote the probability of the eventE given that the eventF has happened.

If Pr[F ℄ > 0, we definePr[EjF ℄ =df Pr[E \ F ℄=Pr[F ℄. A sequence of eventsEi aremutually

independentif Pr[E1 \ : : : En℄ = Qni=1 Pr[Ei℄. Mutual independence between pairs of events is

calledpairwise independence.

Example. Let
 = fa; b; ; dg with Pr[a℄ = q andPr[b℄ = Pr[℄ = Pr[d℄ = p. LetE1 = fa; bg,E2 = fa; g andE3 = fa; dg. Pr[Ei℄ = p + q andPr[E1 \ E2 \ E3℄ = Pr[fag℄ = q. Solvingq = (p+ q)3 with the constraint3p+ q = 1 we getPr[E1 \E2 \ E3℄ = Pr[E1℄ � Pr[E2℄ � Pr[E3℄
for p = (3 �p3)=4 andq = (3p3 � 5)=4. On the other handPr[EijEj ℄ = q=(p+ q) 6= Pr[Ei℄.
Similarly sample spaces can be built in which it is possible to construct events that are pairwise

independent but not mutually independent.

A real valuedrandom variableX on a probability space(
;�;Pr) is a function from
 to

the set of real numbers such that for every real numberx the setf! 2 
 : X(!) � xg 2 �. The

distribution functionof a random variableX is the functionF : IR ! [0; 1℄ with F (x) = Pr[X �x℄.
Moments. If h is any real-valued function on the set of real numbersIR then theexpectationofh(x) is E(h(X)) =df X
 h(x) Pr[X = x℄
In particular themeanof a random variableX , usually denoted by�, isE(X) and thek-th momentofX isE(Xk) (of course, if
 is not finite, these quantities might not exist). Thek-th binomial moment

ofX isE(�Xk �)whereas thek-th factorial momentofX isEk(X) =df E(X �(X�1) : : :�(X�k+1)).
It follows thatEk(X) = k! E(�Xk �).
Theorem 3 If X =PXi thenE(X) =PE(Xi).
This result, known aslinearity of expectation, (the proof follows immediately from the definition of

expectation) is a very useful tool for computing the mean of arandom variable. For example if the
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value ofX is the sum of a number of very simple random variablesXi then the mean ofX is easily

defined in terms of the means of theXi.
The varianceof X , usually denoted by�2, is defined byVar(X) =df E((X � �)2) =E(X2)� �2.

Theorem 4 If X =PXi and theXi are pairwise independent thenVar(X) =PVar(Xi).
Theorem 5 If X is a positive random variable thenPr[X � �℄ � E(Xk)=�k for every� > 0 and

integerk > 0.

Proof. By definitionE(Xk) �Px�� xk Pr[X = x℄. If x � � then the sum above is lower bounded

by �k Pr[X � �℄ and the result follows. 2
Theorem 5 has many useful special cases, depending on the choices of� andk.

Theorem 6 (Markov inequality)Pr[X > 0℄ � E(X).
Theorem 7 (Chebyshev inequality)Pr[jX � E(X)j � � � �℄ � ��2.

An important use of Chebyshev inequality is in proving that apositive random variable takes

a value larger than zero with “high” probability (this property will be used repeatedly for example

in Chapter 4).

Corollary 1 If X � 0 thenPr[X = 0℄ � Var(X)=E(X)2.
Proof. Pr[X = 0℄ � Pr[jX � E(X)j � � � �℄ if � = �=�. 2

So assuming that a natural numbern can be associated as a parameter with the elements

of the sample space under consideration, and thatE(X) andVar(X) are thus functions ofn, iflimn!1 E(X) = 1 andVar(X) = o(E(X)2) then the last corollary implies thatPr[X = 0℄
becomes smaller and smaller as a function ofn.

Distributions. We now briefly review the discrete probability distributions that will be used in

later chapters. Thediscrete uniform distributionon a finite sample space
 containingn elements is

defined by Pr[!i℄ = 1n 8i 2 f1; : : : ; ng
and in this case we say that!i is generated uniformly at random. The random variableX : 
 !f1; : : : ; ng defined byX(!i) = i has discrete uniform distribution (or equivalently that its values
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are distributed uniformly over
). Using the following simple identities, which can be easily proved

by induction onn, nXi=1 i = n(n+ 1)2 nXi=1 i2 = n(n+ 1)(2n+ 1)6
it is possible to derive E(X) = 1n nXi=1 i = 1n � n(n+ 1)2 = n+ 12Var(X) = 1n nXi=1 �i� n+ 12 �2= 1n " nXi=1 i2 � nXi=1 i(n+ 1) + nXi=1 (n+ 1)4 2#= 1n nXi=1 i2 � nXi=1 i� n+ 12 + (n+ 1)4 2= 1n nXi=1 i2 � n(n+ 1)2 + n2 � 14= 1n nXi=1 i2 ��n+ 12 �2= (n+ 1)(2n+ 1)6 ��n+ 12 �2 = n2 � 112

If X : 
 ! f0; 1g andPr[X = 1℄ = p thenX is called a0–1-random variableor random

indicator. 0–1-random variables model an important class of random processes calledBernoulli

trials. During one of these trials an experiment is performed whichsucceedswith a certain positive

probability p. In particular from now on we will always abbreviatePr[X = 1℄ by Pr[X ℄ andPr[X = 0℄ byPr[X ℄. We have E(X) = 0 � (1� p) + 1 � p = pVar(X) = (0� p)2 � (1� p) + (1� p)2 � p = (1� p)(p2 + p� p2) = p(1� p)
Random indicators have many applications in probability. For example they can be used to estimate

the variance of a random variable.

Theorem 8 If X can be decomposed in the sum ofn not necessarily independent random indicators

then

1. Var(X) � 2Pfi;jg Pr[Xi ^Xj ℄ + E(X) where the sum is over all 2-sets onf1; : : : ; ng.
2. Var(X) � E2(X) +O(E(X)).
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Proof. It follows from the definition thatVar(X) � E(X2). For every real numberx > 0 we

can writex2 = x + 2�x2�. HenceE(X2) = E(X) + 2E(�X2 �). If X = PiXi then
�X2 � is the

number of ways in which two differentXi can assume the value one, disregarding the ordering. SoE(�X2 �) =Pfi;jg E(fXi; Xjg) =Pfi;jg Pr[Xi ^Xj ℄ over allfi; jg � f1; : : : ; ng.
The second inequality is trivial sinceE2(X) = 2E(�X2 �). 2
The proof of Theorem 8 gives a combinatorial meaning toE(�X2 �) in terms of the random

indicatorsXi. If X = Pni=1Xi whereXi are random indicators also thek-moment and thek-th

factorial moment ofX have an interpretation in terms of theXi. E(X2) is the sum over all pairs of

(not necessarily distinct)i andj of Pr[Xi ^ Xj ℄ whereE2(X) is the sum over all ordered pairs of

distincti andj of Pr[Xi ^Xj ℄.
If Xi aren independent random indicators with common success probability equal top

thenX =Pni=1Xi hasbinomial distributionwith parametersn andp. Simple calculations (using

Theorem 3 and 4) implyE(X) = np Var(X) = np(1� p)
If a sequence of identical independent random experiments is performed with common

success probability equal top then the random variableY1 counting the number of trials up to the

first success hasgeometric distributionwith parameterp. Pr[Y1 = k℄ = p(1 � p)k�1 hence using

the binomial theorem and some easy properties of power seriesE(Y1) = 1=p Var(Y1) = 1� pp2
In the same setting as aboveYk counting the number of trial up to thek-th success has the

Pascal distribution(or negative binomial distribution). Pr[Yk = n℄ = �n�1k�1�pk(1 � p)n�k. Since

each trial is independentYk = Pkj=1 Y j1 where theY j1 have a geometric distribution. Hence by

Theorem 3 and Theorem 4 and the results for the geometric distribution we haveE(Yk) = k=p Var(Yk) = k(1� p)p2
Improved Tail Inequalities. The beauty of Theorem 5 resides in the fact the only assumption

made onX is on the existence ofE(Xk). If more accurate information is available it is possi-

ble to improve considerably the quality of the results. The following Theorem states a couple of

inequalities proved in [Hm90].
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Theorem 9 Letn 2 IN and letp1; : : : ; pn 2 IR with 0 � pi � 1, i = 1; : : : ; n. Putp = (1=n)P pi
andm = np and letX1; : : : ; Xn be independent 0-1 random variables withPr(Xi) = pi; i =1; : : : ; n. LetS =PXi. ThenPr(S � (1 + �)m) � e��2m=3; 0 � � � 1
and Pr(S � (1� �)m) � e��2m=2; 0 � � � 1:
In most cases theChernoff boundsstated above will be used on a sequence ofn independent iden-

tically distributed 0-1 random variables. Under these assumptions,S has binomial distribution and

some improved bounds are possible (see [Bol85, Ch. I]).

1.2.4 Graphs

Most of the graph-theoretic terminology will be taken from [Har69] and [Bol79]. A (simple undi-

rected) graphG = (V;E) is a pair consisting of a finite nonempty setV = V (G) of vertices(or

nodesor points) and a collectionE = E(G) of distinct subsets ofV each consisting of two elements

callededges(or lines). If e = fu; vg 2 E then the verticesu andv areadjacent, vertexu and the

whole edgee are incident (or else we say thatu belongs toe, sometimes using the set-theoretic

notationu 2 e). Also if f = fv; wg 2 E thene andf are incident. IfF � E(G) thenV (F ) is the

set of vertices incident to somee 2 F . For everyU � V (G), N(U) will denote the set of vertices

adjacent to somev 2 U and not belonging toU . If U = fvg we writeN(v) instead ofN(fvg). IfU;W � V then cut(U; V ) is the set of edges having one endpoint inU and the other inW .

Thedegreeof a vertexv is defined asdegG v =df jN(v)j. Theminimum(resp.maximum)

degreeof G is Æ = Æ(G) = minv2V degG v (resp. � = �(G) = maxv2V degG v). For alli 2 f0; : : : ; n�1g letVi(G) = fv 2 V : degG v = ig. A multisetis a collection of objects in which

a single object can appear several time. Amultigraphis a pairH = (U;E) in whichU is the set of

vertices andE is a multiset of edges. Ife appearsxe > 1 times inE then each of its occurrences is

a parallel edge. Theskeletonof a multigraphH = (U;E) is a graphG with V (G) = U andE(G)
containing a single copy of every parallel edge inH plus all thee 2 E with xe = 1. A graph is

directedif the edges are ordered pairs. Round brackets will enclose vertices belonging to a directed

edge.

A graph islabelledif its vertices are distinguished from one another by names.Figure 1.2

shows the 64 different labelled graphs on four vertices. Some of these graphs only differ for the
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Figure 1.2: The 64 distinct labelled graphs on 4 vertices.

labelling of their vertices, their topological structure is the same. More formally, two graphsG1
andG2 areisomorphicif there is a one-to-one correspondence between their labels which preserves

adjacencies. A graph isunlabelledif it is considered disregarding all possible labelling of its vertices

that preserve adjacencies. Figure 1.3 shows the eleven unlabelled graphs on four vertices.

A graph is completely determined by either its adjacencies or its incidences. This informa-

tion can be conveniently stated in matrix form. Theadjacency matrixof a labelled undirected (resp.

directed) graphG = (V;E) with n vertices, is ann � n matrixA such that, for allvi; vj 2 V ,Ai;j = 1 if vi is adjacent tovj (resp. if(vi; vj) 2 E) andAi;j = 0 otherwise.

A subgraphof G = (V;E) is a graphH = (W;F ) with W � V andF � E. H is a

spanning subgraphif W = V and it is aninduced subgraphif wheneveru; v 2W with fu; vg 2 E
thenfu; vg 2 F . If W � V (G) we will denote byG[W ℄ the induced subgraph ofG with vertex

setW . Kn is thecompletesimple graph onn vertices. It hasn(n� 1)=2 edges. Every graph onn
vertices is a subgraph ofKn.
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A graphG = (V;E) is bipartite if V can be partitioned in two setsV1 andV2 such that

every line ofG joins a vertex inV1 with a vertex inV2. Kn1;n2 is the complete bipartite graph

on n = n1 + n2 vertices. A graph isplanar if it can be drawn on the plane so that no two edges

intersect.

If G is a graph andv 2 V thenG � v is the graph obtained fromG by removingv and all

edges incident to it; ifv 62 V thenG+v = (V [v; E). If e = fu; vg 2 E thenG�e = (V;E nfeg)
andG+ e = (V [ fu; vg; E [ e). These operations extend naturally to sets of vertices and edges.

Figure 1.3: The 11 distinct unlabelled graphs on 4 vertices.

A pathin a graphG = (V;E) is an ordered sequence of vertices formed by astarting vertexv followed by a path whose starting vertex belongs toN(v). The path issimpleif all vertices in the

sequence are distinct. Thelength of a pathP = (v1; : : : ; vk) is k � 1. A cycle is a simple pathP = (v1; : : : ; vk) such thatv1 = vk. A single vertex is a cycle of length zero. Sincev 62 N(v) there

is no cycle of length one. An edgefu; vg 2 E belongs to a pathP = (v1; : : : ; vk) if there existsi 2 f1; : : : ; k � 1g such thatfu; vg = fvi; vi+1g. Two verticesu andv in a graph areconnected

if there is a pathP = (v1; : : : ; vk) such thatfu; vg = fv1; vkg. ThedistancedstG(u; v) between

them is the length of a shortest path between them. The subscriptG will be omitted when clear from

the context. Aconnected componentis a subgraph whose vertex set isU � V , such that allu; v 2 U
are connected and nov 2 V n U is connected to someu 2 U .

1.2.5 Random Graphs

LetGn;m be the set of all (labelled and undirected) graphs withn vertices andm edges. IfN = �n2�
andGn = SNm=0 Gn;m thenjGn;mj = �Nm� andjGnj = 2N . Informally, arandom graphis a pair

formed by an elementG of Gn along with a non-negative real valuepG such that
PG2Gn pG = 1.

In other words random graphs are elements of a probability space associated withGn, called the

random graph model. There are several random graph models. In most cases the setof events is the

set of all subsets ofGn and the definition is completed by giving a probability to eachG 2 Gn. If �
is a random graph model we will writeG 2 � to mean thatPr[G℄ is defined according to the given

model.

The probability spaceG(n;m) is obtained by assigning the same probability to all graphs on
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n vertices andm edges and assigning to all other graphs probability zero. For eachm = 0; 1; : : : ; N ,G(n;m) has
�Nm� elements that occur with the same probability

�Nm��1. Sometimes the alternative

notationG(Kn;m) is used instead ofG(n;m), whereKn is called thebasegraph since the elements

of the sample space are all subgraphs of the complete graph. Variants ofG(n;m) are thus obtained

by changing the base graph. For example the sample space ofG(Kn;n;m) is the set of all bipartite

graphs onn + n vertices andm edges. This is made into a probability space by giving the same

probability to all such graphs.

In the modelG(n; p) (sometimes denoted byG(Kn; p)) we have0 < p < 1 and the model

consists of all graphs withn labelled vertices in which edges are chosen independently and with

probabilityp. In other words ifG 2 G(n; p) and jE(G)j = m thenPr[G℄ = pm(1 � p)N�m.

A variant of G(n; p) is G(Kn; (pi;j)) in which edgefi; jg is selected to be part of the graph or

not with probabilitypi;j . So for exampleG(Kn;n; p), whose sample space is the set of bipartite

graphs onn + n vertices in which each edge is present with probabilityp, is indeed an instance ofG(K2n; (pi;j)).
To avoid undesired inconsistencies it is important that under fairly general assumptions

results obtained on one model translate to results in another model. A propertyQ holdsalmost

always(or a.a.), foralmost all graphsor almost everywhere(a.e.) if limn!1 Pr[G 2 Q℄ = 1. The

following theorem, reported in [Bol85, Ch.II], relatesG(n; p) andG(n;m).
Theorem 10 (i) Let Q be any property and suppose thatlimn!1 p(1 � p)N = +1. Then the

following two assertions are equivalent.

1. Almost every graph inG(n; p) hasQ.

2. Givenx > 0 and� > 0, if n is sufficiently large, there arel � (1��)2xpp(1� p)N integersM1; : : : ;Ml withpN � xpp(1� p)N < M1 < M2 < : : : < Ml < pN + xpp(1� p)N
such thatPrMi [Q℄ > 1� � for everyi = 1; : : : ; l.

(ii) If Q is a convex property andlimn!1 p(1� p)N = +1, then almost every graph inG(n; p) hasQ, whereM = bpN + xpp(1� p)N.
(iii) If Q is a property and0 < p =M=N < 1 thenPrM [Q℄ � Prp[Q℄e1=6Mp2�p(1� p)N � 3pM Prp[Q℄
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The success of a random graph model depends on many factors. From a practical point of

view the model must be reasonable in terms of real world problems and it must be computationally

easy to generate graphs according to the specific distribution assigned by the model. From the

theoretical point of view the choice of one model over another depends on the specific problem at

hand and it is often a matter of trading-off the simplicity ofcombinatorial calculations performed

under the assumption that a given graph was sampled according to a certain model, for the tightness

of the desired results.G(n;m) often gives sharper results but it is sometimes more difficult to handle

thanG(n; p). In Chapter 3 a slightly different model will be used which keeps the good features ofG(n;m) and is easier to analyse. LetMn;m be the set of all (labelled and undirected) multigraphs

on n vertices andm edges; letMn = S1m=0Mn;m. M(n;m) is the probability space whose

sample space is the set of pairs(M;�) whereM 2 Mn;m and� is a permutation ofm objects

(see Section 1.2.6 for further details on permutation groups) giving an ordering on them edges ofM . The probability measure on the sample space assigns the same probabilityN�m to all elements

ofMn;m � Sm. Strictly speaking,M(n;m) is a random multigraphmodel. Figure 1.4 shows
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Figure 1.4: Examples of random graphs

a graph on 7 vertices and 13 edges and a multigraph with the same number of vertices and edges.

In particular the multigraph shown on the right correspondstom! elements of the sample space ofM(n;m), one for each possible ordering. The model is somehow intermediate betweenG(n;m)
and theuniform modelor multigraph process modelas defined in [JKŁP93] in whichm ordered

pairs of (not necessarily distinct) elements of[n℄ = f1; 2; : : : ; ng are sampled.

The practical significance ofM(n;m) is supported by the very simple process which en-

ables us to generate an element in this space: form times select uniformly at random an element in[n℄(2), the set of unordered pairs of integers in[n℄ = f1; : : : ; ng.
Again a result that relates properties ofM(n;m) to those ofG(n;m) is needed. The fol-

lowing suffices for the purposes of Chapter 3.

Theorem 11 LetX andY be two random variables defined respectively onG(n;m) andM(n;m).
If X(G) = Y (G) for everyG 2 Gn;m \Mn;m andm = n thenE(X) � O(E(Y )).
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Proof. E(X) = XG2Gn;mX(G)m! (N �m)!N !� XG2Gn;mX(G) m!(N �m)m= XG2Gn;mX(G) m!Nm �1� mN ��m
If m = n sinceN = n(n� 1)=2 we have�1� mN ��m � e 2nn�1
which is asymptotic toe2 . HenceE(X) � O(1) XG2Gn;mX(G) m!Nm
For every simple graphG with m edges there are exactlym! elements of(G; �) 2 Mn;m � Sm
SinceX(G) = Y (G) for everyG 2 Gn;m \Mn;m we can writeE(X) � O(1) � E(Y ). 2
1.2.6 Group Theory

Most of the definitions and the results in this section are taken from [Rot65].

Basic Definitions. A group is an ordered pair(G; �) whereG is a set and� is a binary operation

onG satisfying the following properties:

g1 g1 � (g2 � g3) = (g1 � g2) � g3 for all g1; g2; g3 2 G.

g2 There existsid 2 G (the identity) such thatg � id = g = id � g for all g 2 G.

g3 For all g1 2 G there existsg2 2 G (the inverseof g1, often denoted byg�11 ) such thatg1 � g2 =id = g2 � g1.
If X is a nonempty set, apermutationof X is a bijective functiong onX . Let SX denote

the set of permutations onX . Although most of the definitions are general, in all our subsequent

discussionX will be the set[n℄.
There are many ways to represent permutations. We will normally use thecycle notation

defined as follows:

(1) Giveng, drawn points labelled with the numbers in[n℄.
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(2) Join the point labelledi to the point labelledj by an edge with an arrow

pointing towardsj if g(i) = j. (This will form a number of cycles).

(3) Write down a list(i1; i2; : : : ; ik) for each cycle formed in step (2).

(4) Remove all lists formed by a single element.

So for exampleg 2 S6 with g(1) = 3, g(2) = 2, g(3) = 4 g(4) = 1, g(5) = 6 andg(6) = 5 will be represented as(1 3 4)(5 6). It is possible to associate a unique multisetf1 : k1; 2 :k2; : : : ; n : kng (sometimes represented symbolically asxk11 xk22 : : : xknn or simply [k1; k2; : : : ; kn℄)
to every permutationg 2 Sn describing itscycle structure(or cycle type): g haski cycles of lengthi. In particulark1 is the number of elements of[n℄ that arefixedby g, i.e. such thatg(i) = i. Ifg(i) 6= i we say thatg movesi.

If g1; g2 2 SX theng1 Æ g2 is a new function onX such that(g1 Æ g2)(x) =df g1(g2(x)). It

is easy to verify thatg1 Æ g2 2 SX . The pair(SX ; Æ) is indeed a group called thesymmetric group

onX . Sn will denote both the setS[n℄ and the group(S[n℄; Æ).
Subgroups and Lagrange Theorem. If (G; �) is a group, a nonempty subsetH of G is asubgroup

of (G; �) if

sg1 g1 � g2 2 H for all g1; g2 2 H .

sg2 The identity of(G; �) belongs toH .

sg3 g�1 2 H for all g 2 H .

Theorem 12 If H is a subgroup of a groupG then there existsm 2 IN+ such thatjGj = mjH j.
Proof. (Sketch, see [Rot65] for details) GivenH andg 2 G, define the setgH = fg � h : h 2 Hg.
It follows from g1-g3andsg1-sg3that

1. jgH j = jH j for all g 2 G.

2. If g1 6= g2 2 G then eitherg1H = g2H or g1H \ g2H = ;.
3. For allg1 2 G there existsg2 2 G such thatg1 2 g2H .

So there exists anm such thatG = g1H [ : : : [ gmH and the setsgiH form a partition ofG. 2
The study of permutation groups is strictly related to the study of graphs because a graph

provides a picture of a particular type of subgroup inSn.
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Definition 2 [HP73] Given a graphG = (V;E) the collection of all permutationsg 2 SV such

that fu; vg 2 E if and only iffg(u); g(v)g 2 E for all u; v 2 V is theautomorphism groupof G
and is denoted byAut(G).

The structure and the properties of the automorphism group of a graph are of particular

importance in the study of unlabelled graphs and isomorphisms between labelled graphs.

Action Theory. A group(G; �) acts ona set
 if there is a function (calledaction) � : G �
! 

such that

1. id � � = � for each� 2 
.

2. g1 � (g2 � �) = (g1 � g2) � � for all g1; g2 2 G and� 2 
.

The action ofG on
 induces an equivalence relation� on
 (� � � if and only if� = g� for someg 2 G). The equivalence classes are calledorbits. For eachg 2 G, defineFix(g) = f� 2 
 : g �� =�g and conversely for each� 2 
 define thestabilizerof � to be the set�� = fg 2 G : g �� = �g.
Lemma 1 �� is a subgroup ofG.

In particularSn can be acting on itself:f �g = f ÆgÆf�1. In this case� is calledconjugacy

relationand the orbits are calledconjugacy classes. In what followsC will denote a conjugacy class

in Sn.

Theorem 13 Conjugacy classes inSn are formed by all permutations with the same cycle type.

Proof. If g = : : : (: : : ij : : :) : : : thenh Æ g Æ h�1 has the same effect of applyingh to the elements

of g henceg andh Æ g Æ h�1 have the same cycle type. Letf andg belong to the same conjugacy

class. Thenf = h Æ g Æ h�1 for someh 2 Sn. But this implies thatf has the same cycle type ofg.

Conversely iff andg have the same cycle type, align the two cycle notations, defineh and

it is easy to prove thatf andg are conjugate. 2
Thus the number of different conjugacy classes is the same asthe number of different cycles

types. From now on, a conjugacy classC will be identified with the decomposition ofn defining the

cycle type of the permutations inC. The following result is well known (see for example [Kri86]).

Theorem 14 The number of permutations with cycle type[k1; : : : ; kn℄ is n!Qni=1(ikiki!) .
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Proof. Given the form of the cycle notation(�)(�) : : : (�)| {z }k1 (�;�)(�;�) : : : (�;�)| {z }k2 : : : (�;�; : : : ;�)| {z }x| {z }kx
it is possible to count the number of ways to fill it.� There aren! ways to fill then places.� The firstk1 unary cycles can be arranged ink1! ways.� The k2 cycles of length 2 can be arranged ink2! ways times for each of thek2 cycles the

possible ways to start (two). Sok2! � 2k2 overall.� Similarly for ki, there arei ways to start one of thei-cycles. Henceki! � iki ways to putiki
chosen items in cycles of lengthi. 2

The following theorem states a couple of well known results which will be useful.

Theorem 15 LetG be a finite group acting on a set
 6= ;.
1. (Orbit-Stabilizer Theorem) For each orbit!, jf(g; �) : � 2 ! \ Fix(g)gj = jGj.
2. (Fröbenius-Burnside Lemma) The number of orbits ism = 1jGjX�2
 j��j = 1jGjXg2G jFix(g)j:

Proof. For each orbit! the elements off(g; �) : � 2 ! \ Fix(g)g are pairs withg 2 �� and� 2 !. There arej��j � j!j of these pairs. The first result follows from Theorem 12 applied to��
since there is a bijection� between! and the collectiongi��: if � 2 ! then� = g � � for someg 2 G; define�(�) = g��.

The first part of the second result follows from the first result. Assume there are!1; : : : ; !m
different orbits. Summing over all� 2 !i we haveX�2!i j!ij � j��j = X�2!i jGj
and from this X�2!i j!ij � j��j = j!ij � jGj
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and finally, simplifying on both sides X�2!i j��j = jGj
Finally, adding over all orbits mXi=1 X�2!i j��j = mjGj
To understand the second equality observe that the sum on theleft in the expression above is counting

pairs(g; �) for � 2 
 andg 2 ��. This is equivalent to count pairs(g; �) for g 2 G and� 2Fix(G). Hence mXi=1 X�2!i j��j =Xg2G jFix(g)j 2
Pair Group and Combinatorial Results. Let S(2)n be the permutation group on the set of un-

ordered pairs of numbers in[n℄. Every permutationg 2 Sn induces a permutationg� 2 S(2)n defined

by g�(fi; jg) = fg(i); g(j)g.
Theorem 16 Letf; g 2 C � Sn and assume the cycle type ofC is [k1; : : : ; kn℄. Then

1. f� � g�;
2. jFix(g)j = 2q(C) whereq(C) is the number of cycles ofg� 2 S(2)n definable in terms ofg;

3. If '(n) =df jfx : 1 � x < n; gd(n; x) = 1gj is the Euler totient function andl(i) =Pdn=iej=1 kij then q(C) = 12 ( nXi=1 l(i)2'(i)� l(1) + l(2))
4. jFix(f) \ !j = jFix(g) \ !j for every orbit!.

Proof. For everyg 2 Sn the cycle type ofg� only depends on the cycle type ofg (see for example

[HP73, p. 84]). The first statement is then immediate. The second statement follows from Theorem

15.2 and the formula for the number of unlabelled graphs given by the Pólya enumeration theorem

(see [HP73, Section 4.1]). The third and fourth results are mentioned in [DW83]. 2
1.3 Concluding Remarks

This chapter has provided both the algorithmic context and the necessary technical background for

this thesis. A few more specific concepts will be defined in therelevant chapters. We are now in a

position to apply a number of randomised techniques to several combinatorial problem areas.
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Chapter 2

Parallel Uniform Generation of

Unlabelled Graphs

In this chapter we look at some of the issues involved in the construction of parallel algorithms for

sampling combinatorial objects uniformly at random. The focus is on the generation ofunlabelled

structures. After giving some introductory remarks, providing the main motivations and defining

our notion of parallel uniform generator, in Section 2.2 we describe the main features of Dixon and

Wilf’s [DW83] algorithmic solution to the problem of generating an unlabelled undirected graph on

a given number of vertices. We present its advantages and drawbacks and comment on the limits

of some simple parallelisations. In Section 2.3 we present the major algorithmic technique that,

combined with some of the features of Dixon and Wilf’s solution, allows us to define our parallel

generators. Section 2.4 represents a detour from the main chapter’s goal. The focus is shifted to

the problem of devising efficient parallel algorithms for listing integer partitions. Such an algorithm

will be used as a subroutine in the uniform generation algorithms presented in the following sections.

The last four sections of the chapter present the main parallel algorithmic solutions. In Section 2.5

we describe how to implement efficiently in parallel the second part of Dixon and Wilf’s algorithm.

The initial parallel generation problem is thus reduced to the problem of sampling correctly into an

appropriate set of permutations. We then present three increasingly good methods to achieve this.

Section 2.6 describes a first algorithm which shares some of the drawbacks of Dixon and Wilf’s

solution and, moreover does not produce an exactly uniform output. With an appropriate choice of

some parameters, given the number of unlabelled graphs onn vertices, the algorithm generates one
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of them inO(log n) steps with optimalO(n2) work on an EREW PRAM, with high probability.

Unfortunately some unlabelled graphs are much more likely to occur than others. Better algorithmic

solutions are described in Section 2.7 and 2.8. We present two algorithms that, given the number of

vertices and no other counting information, generate an unlabelled graph inO(log n) parallel steps

andO(n2 logn) work on an EREW PRAM, with high probability. The first one mimics in a tighter

way the original Dixon and Wilf’s algorithm, whereas the second one, based on a solution proposed

by Wormald [Wor87], moves further from Dixon and Wilf’s framework.

2.1 Introduction

Graphs are very popular partly because they may be used to model many different problems and

partly because, in most real-world situations, they are relatively easy to handle computationally.

To get a better understanding of some property of a familyF of graphs in many cases it

may seem useful to list all the graphs inF . For graphs with a large number of vertices this may

become impractical because the cardinality ofF can be super-polynomial in the order (i.e. number

of vertices) of the graph. The listing of few “typical” representatives obtained by a randomised

procedure which outputs graphs with a uniform distributioncan be a viable alternative.

As mentioned in Section 1.1, assumptions about the input distribution sometimes make the

analysis of a particular algorithm easier. Theoretical results on the performance of a given algorithm

can then be tested experimentally if a procedure exists for generating input graphs according to the

desired distribution.

Uniform generation problems are also related to counting problems [JVV86]. Efficient

uniform generation algorithms can be exploited, through sampling techniques, to devise efficient

counting algorithms and conversely counting information is often crucial in uniform generation

procedures. Since counting problems are often computationally demanding tasks (see for example

[Val79]), uniform generation problems are difficult as well. If the requirement of getting exact

counting information or an output which is exactly uniform is relaxed then both types of problems

sometimes become solvable in polynomial time.

Sequential algorithms exist for the uniform generation of several classes of combinatorial

objects. The reader is referred to [NW78] for a large collection of early results and to surveys like

[Tin90, Sin93, DVW96, Wil97] for a few more up-to-date results. In this chapter we address the

problem of determining the parallel complexity of some uniform generation problems on graphs.
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Very little seems to be known about this problem [AS94]. The problems considered are not compu-

tationally demanding and the main aim is to show the existence of good PRAM algorithms. Also

the material in this thesis can be a starting point for a deeper understanding of the issues involved in

the seeking of parallel algorithmic solutions to other uniform generation problems.

The definition of a parallel uniform generator can be stated in the style of [JVV86]:

Definition 3 A randomised algorithmA is auniform generatorfor a relationSOL if and only if

1. there exists a function� : �� ! (0; 1℄ such that, for allx; y 2 ��,Pr[A(x) = y℄ =8><>: 0 (x; y) 62 SOL�(x) otherwise
2. For all x 2 �� such thatSOL(x) 6= ;, Pr[9y 2 SOL(x) : A(x) = y℄ � 1=2.

If the algorithm is designed for a PRAM thenA is a parallel uniform generator. In this

chapter we consider PRAM algorithms that run in polylogarithmic time using a polynomial number

of processors. Hence Definition 3 is actually a refinement of Definition 1 with the property that the

output is uniformly distributed.

In some cases the second property in the definition above is easily met. For example the

algorithm below always generates (the adjacency matrix of)a labelled graph onn vertices which is

distributed uniformly at random over all such graphs.

Input: n (* the number of vertices *)

(1) for all i; j 2 f1; : : : ; ng with i < j in parallel do

(2) if (rand(0; 1) > 1=2)

(3) G[i; j℄ 1;

(4) G[j; i℄ 1
(5) else

(6) G[i; j℄ 0;

(7) G[j; i℄ 0
The main focus of this chapter will be on the uniform generation of unlabelled graphs.

Unlabelled generation in general shows a strong interplay between Group Theory, Combinatorics

and Computer Science. In the most general (and rather informal) setting we want to sample a set

of structures disregarding possible existing symmetries.Action theory gives a way to describe and

account for these symmetries. Section 1.2.6 provides the reader with all relevant definitions.
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Unlabelled uniformly generated random graphs are often even more useful than labelled

ones for experimental studies, especially when the properties of interest are preserved under vertex

relabellings. A quantity of examples come from graph-theoretic applications in Chemistry [Har69,

Chapter 1]. Molecules can be represented as multi-graphs whose vertices are labelled by a particular

chemical element. Different vertices may receive the same label and in many applications the only

characteristic that matters is the way in which these vertices are connected. Thus these multi-graphs

can be considered as unlabelled. An important open problem is to count the different possible

unlabelled multi-graphs that correspond to existing molecules [GJ97].

In the next section we review the key ingredients of the basicalgorithmic solution for the

selection of an unlabelled undirected graph on a given number of vertices.

2.2 Sampling Orbits

The parallel algorithms for generating unlabelled graphs uniformly at random presented in the fol-

lowing sections are based on a general procedureDW for generating an orbit! of the set
 under

the action of a permutation groupG, first described in [DW83].

(1) Select a conjugacy classC � G with probabilityPr[C℄ = jCjjFix(g)jmjGj
(by Theorem 16.2g can be any member ofC sincejFix(g)j is the same

for all g 2 C; alsom is the number of orbits).

(2) Select uniformly at random� 2 Fix(g) and return its orbit.

The important observation in the analysis ofDW (stated in Theorem 15.2) is the fact that

if we list pairs(g; �) whereg is a permutation and� 2 ! \ Fig(g) then each orbit occurs exactlyjGj times in this listing.

Notice that the number of orbits is an input to the algorithm above. ThereforeDW is indeed

a nice and clean example of the relationship between counting and generation mentioned above. If

the number of orbits is known, using this numberDW will return an orbit distributed uniformly over

the set of all orbits.

AlgorithmDW can be adapted to generate unlabelled graphs of given order assuming that

their number is known in advance. In this case
 = Gn, the set of all labelled graphs withn vertices,

andG = Sn, the symmetric group of ordern. The action ofSn onGn is a mapping which, given

a graph and a permutation, relabels the vertices of the graphaccording to the permutation. The
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n = 5 n = 7

n = 8 n = 10

Figure 2.1: Probability distributions on conjugacy classes forn = 5; 7; 8; 10.

parameterm is the number of unlabelled graphs onn vertices. A sequential algorithm running inO(n2) expected time is obtained by noticing that, although the number of conjugacy classes is super-

polynomial (see Theorem 19 below), the probability distribution defined in step (1) assigns very high

probability to conjugacy classes containing permutationsmoving very few elements. Figure 2.1 (to

be read in row major order) shows this distribution for values ofn = 5; 7; 8; 10. More formally we

give the following definition:

Definition 4 If Ci andCj are two conjugacy classes inSn, thenCi � Cj if the number of elements

fixed by the permutations inCi is larger than the number of elements fixed by the permutations

in Cj . The partial order� is calledweak ascending lexicographic order(w.a.l. order for short).

In particular Ci � Cj if the permutations in the two conjugacy classes fix the same number of

elements.

Ideally we would like to prove thatPr[Ci℄ is a decreasing function of the number of po-

sitions that are not fixed. But this is clearly false in all theexamples in Figure 2.1. However it

is possible to prove monotonicity on a subset of all conjugacy classes and then, with a little more

effort, to establish that the probability of choosing a small (in w.a.l. order) conjugacy class in this

subset is much larger than that of choosing any other conjugacy class.

Definition 5 A conjugacy class is calleddominantif its cycle type is of the form[n�2k; k; 0; : : : ; 0℄
for somek 2 f0; : : : ; bn=2g. Dn is the family of all dominant conjugacy classes inSn.
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It follows from the definition that ifC 2 Dn thenPr[C℄ as defined inDW only depends

on the number of cycles of length two of the permutations belonging toC.

Lemma 2 For all n sufficiently large, ifC 2 Dn thenPr[C℄ is a decreasing function of the number

of cycles of length two in the permutations inC.

Proof. Theorem 16 gives an expression for the cardinality of the setFix(g). If C is dominant thenl(1) = n� k for somek 2 f0; : : : ; bn=2g, l(2) = k, all otherl(i) are null andq(C) = 12f'(1)(n� k)2 + '(2)k2 � (n� k) + kg
Function'(i), as defined in Theorem 16.3, is the well known Euler function giving the number

of positive integers less thani that are prime toi. In particular (see, for example, [Rio58, p. 62])'(1) = '(2) = 1. Henceq(C) = 12fn2 � 2nk + k2 + k2 � n+ k + kg= �n2�� k(n� 1) + k2
Thus it is possible to write mPr[C℄ = 2(n2)�kn+k2(n� 2k)! k!
and the proof will be completed by showing thatfn(k) : IN! IR defined byfn(k) =df 2(n2)�kn+k2(n� 2k)! k!
is a decreasing function ofk. For any fixedn, the ratiofn(k)fn(k + 1) = (k + 1)2n�1�2k(n� 2k)(n� 2k � 1)
If k � n=2� log[(p2 + �)n℄ for any� > 0, thenfn(k)fn(k + 1) � 22 log[(p2+�)n℄�1n(n� 1) = [(p2 + �)n℄22n(n� 1)
which is larger than one for anyn � 2. If n=2� log[(p2 + �)n℄ < k � bn=2 � 1 thenfn(k)fn(k + 1) � n=2� log[(p2 + �)n℄2(2 log[(p2 + �)n℄� 2)(2 log[(p2 + �)n℄� 3)= n� 2 log[(p2 + �)n℄8(log[(p2 + �)n℄� 1)(2 log[(p2 + �)n℄� 3)
which again is larger than one forn sufficiently large. 2
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Lemma 3 For every integerk such thatk = O(n= logn), if C1 is a dominant conjugacy class with

associated cycle type[n � 2k; k; 0; : : : ; 0℄, thenPr[C℄ � Pr[C1℄ for every conjugacy classC withC1 � C.

Proof. Let C1 be a dominant conjugacy class with associated cycle type[n � 2k; k; 0; : : : ; 0℄. By

Lemma 2 we only need to prove thatPr[C1℄ � Pr[C℄ for every conjugacy class whose permutations

move2k + 1 or 2k + 2 elements. We state the argument explicitly for permutations moving2k + 1
elements. Following [HP73] letg(i)n = mPPr[C℄ where the sum is over all conjugacy classes

whose permutations move exactlyi elements. Harary and Palmer [HP73] prove thatg(i)n � 2(n2)+(i�ni+i2=2)=2(n� i)!
LetC1 be a conjugacy class whose permutations have cycle type[n� 2k; k; 0; : : : ; 0℄. We haveg(2k+1)n � 2(n2)�k(n�2)+k2�n2+ 34(n� 2k � 1)!
By Lemma 2 mPr[C1℄ = 2(n2)�kn+k2(n� 2k)! k!
Hence ifC is a conjugacy class whose permutations move2k + 1 elementsPr[C℄ � XC moving 2k+1Pr[C℄ � (n� 2k)k! 22k�n2+ 34 Pr[C1℄
The result follows for sufficiently largen. The argument for conjugacy classes whose permutations

move2k + 2 objects is the same and the result follows sinceg(i)n is a decreasing function ofi. 2
A simple way to implement the first step of algorithmDW is to select a random real number� between zero and one, to list conjugacy classes in w.a.l. order and pick the first conjugacy class

for which the sum ofjCjjFix(g)jmjGj over all conjugacy classes listed so far is larger than the threshold�. Let tn be the random variable counting the number of conjugacy classes listed by this algorithm.

The following result is proved in [DW83].

Theorem 17 1 � E(tn) � 3 for everyn 2 IN.

The second step ofDW can be implemented deterministically inO(n2) sequential time so

that the overall algorithm has expected running timeO(n2).
The same algorithm can be simulated in parallel. The following result appears in [Pu97]

where, also, other parallel uniform generation algorithmsfor labelled graphs and subgraphs are

presented.
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Theorem 18 There exists an algorithm running inO(log n) expected time usingn2 processors of

a CREW PRAM which generates uniformly at random an unlabelled graph onn vertices, assuming

their number is known in advance.

This result can be improved by using the algorithms described in Section 2.5 instead of

some of the procedures embedded in the proof of Theorem 18 to obtain an optimal EREW algorithm.

However there are two major problems which are inherent to Dixon and Wilf’s algorithmic solution.

First of all, the number of unlabelled graphs of ordern is assumed to be known. Although an exact

formula for this number exists, its computation uses a listing of all conjugacy classes inSn. The

reader is referred to Section 2.4 for further details on the complexity of listing conjugacy classes.

Secondly it is not easy to convertDW into an RNC algorithm which succeeds with high probability.

By the Markov inequality and monotonicity of probability, Theorem 17 implies that, for

every� > 2 with probability at least1 � ��1, tn is smaller than3�. It might then be argued that

fixing � (for example to some polynomial function of the number of vertices), selecting a random� 2 [0; 1℄ and listing at most3� conjugacy classes during step (1), provides an algorithm which

always runs in polynomial time and returns a graph with probability at least1=2. In Section 2.6

a parallelisation ofDW based on this idea is described. The resulting algorithm belongs to RNC

and achieves optimal work and very low failure probability.Unfortunately it will be shown that

the distribution over the output graphs is not completely uniform. In a sense, usingDW , exact

uniformity seems possible only if the whole process is allowed to run for a super-polynomial number

of steps from time to time.

In Section 2.7 and 2.8 a combination of the main ideas inDW and a different technique

presented in Section 2.3 will result in RNC algorithms with exactly uniform output probability.

Lower failure probability will be traded-off for higher efficiency.

2.3 Restarting Algorithms

To construct parallel algorithms which run in polylogarithmic time using a polynomial number of

processors and produce an output with exactly uniform distribution with high probability, Dixon

and Wilf’s algorithm can be modified with a “restarting” facility. Acceptance-rejection samplingis a

well-known method in Statistics to generate a value according to an unknown probability distribution

(see [Rub81] or [vN51]). It has been used more recently in Computer Science by [KLM89] to

solve approximately some hard counting problems and applied successfully to uniform generation
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problems by Wormald [Wor87]. In the first part of this sectionthe basic conceptual ingredients of

the technique will be spelled out by looking at a simple “toy”problem. In the second part a short

description of Wormald’s use of a restarting algorithm to solve some uniform generation problems

in the context of unlabelled graphs will be given. The algorithms in Sections 2.7 and 2.8 show how

this idea can be exploited to define efficient parallel uniform generators as well.

Sampling in a Set Union. Consider the following problem. LetS1; S2; : : : ; Sn ben given sets.

An element in theuniverseS = [ni=1Si must be sampled uniformly at random. We further assume

that the counting and uniform generation problems forSi for all i can be solved in polynomial

time and that the membership inSi can be decided in polynomial time. Under these conditions the

following algorithmR generatesa 2 S with probability that does not depend ona and respects also

the second condition in Definition 3.

(1) Repeatn times steps (2)-(5):

(2) SelectSj with probabilityjSj j=P jSij.
(3) Selecta 2 Sj uniformly at random.

(4) ComputeN = jfk 2 [n℄ : a 2 Skgj.
(5) With probability1=N outputa and stop.

The probability of outputting a specifica during an iteration isPr[a℄ = Pr[outputja℄ Xj:a2Sj Pr[ajj℄ Pr[j℄ = 1N NP jSij = 1P jSij
The probability of getting an output in one iteration is at least1=n. Hence overn iterations the

probability of getting no output is at most(1� 1=n)n < 1=e < 1=2.

S

S

1

2

Figure 2.2: Example of set family.

Figure 2.2 gives a graphical description of the situation ina simple case. The universeS is

partitioned into three classesC1 = S1 n S2, C2 = S2 n S1 andC3 = S1 \ S2. Ideally the following

algorithmE should be used.

(1) SelectCj with probabilityjCj j=S;
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(2) Selecta 2 Cj uniformly at random

Unfortunately in most real world cases the cardinalities oftheCi are unknown and the uniform

generation insideCi might be difficult. Hence we resort to sampling in the set of pairs (a; i). From

the point of view of the original problem this is equivalent to sampling eacha with a probability

proportional to the number ofSi it belongs to. So we need to scale this down by allowing the

selection to take place with probability1=N . This is exactly what algorithmR does.

Restarting for Unlabelled Graph Generation. Rejection sampling can be applied to the gen-

eration of unlabelled graphs as well. Restarting procedures for generating uniformly at random

unlabelled graphs of various types are described in [Wor87]. In the case of unlabelled graphs on

a given numbern of vertices the symmetric groupSn is acting on the setGn. Also, the set of all

pairs (g; �), whereg is a permutation and� is a graph fixed byg, can be partitioned in classes�1; : : : ;�p. This time only approximate counting information on the�i is given: j�ij � ri for

eachi = 1; : : : ; p. The following algorithmW can be used instead ofDW (as long as theri satisfy

certain conditions, and�(n) = 
(log n))
(0) Repeat�(n) times steps (1.1), (1.2), (1.3), and (2):

(1.1) select a class�i with probabilityri=P ri.
(1.2) Select a permutationg uniformly at random among those such that(g; �) 2 �i.
(1.3) Restart with a probabilityf(�i)jFix(g)jri (wheref is some real valued

function of�i).
(2) select uniformly at random� 2 Fix(g) and return its orbit.

Notice that step (2) is exactly the same as before and the onlychange with respect to Dixon and

Wilf’s solution is in the way a permutation is selected. No exact counting information on the number

of unlabelled graphs withn vertices is needed. If the algorithm gets to step (2), the probability

distribution of the chosen�’s orbit is exactly uniform over all orbits (see [Wor87] for details).

Moreover with high probability the algorithm will succeed in generating a graph.

In Sections 2.7 and 2.8 two possible parallel implementations of this idea will be described.

Before that, in the next section, we will make a detour on integer partitions.
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2.4 Integer Partitions

Step (1) in Dixon and Wilf’s algorithm selects a conjugacy class at random with a particular proba-

bility distribution.

Given a probability space over a finite sample spacefe1; : : : ; exg, the obvious way to select

one such event is to compute all the probabilitiesPr[ei℄ for i = 1; : : : ; x, compute
Pij=1 Pr[ej ℄ fori = 1; : : : ; x, then select a random number� between zero and one and choose the eventei such thati�1Xj=1Pr[ej ℄ � � < iXj=1 Pr[ej ℄

(in the above expression
P0j=1 Pr[ej ℄ = 0). To compute the probabilitiesPr[ei℄ a method must be

available to list all theei’s.

In the first part of this section we describe a well-known bijection between the conjugacy

classes in the permutation group of ordern and the set of so called integer partitions ofn. By

Theorem 19 below and Theorem 16, for each conjugacy classC, all the information required to

computePr[C℄ can be extracted from the integer partition corresponding to the cycle type ofC.

Therefore the selection of a conjugacy class in Dixon and Wilf’s algorithm can be done by listing

the corresponding integer partitions and using them to compute the required probabilities.

As a side result the bijection mentioned above along with some old results on the number

of different integer partitions of a number, implies that the number of different conjugacy classes in

a permutation group is superpolynomial in the order of the group. Hence an explicit listing of all

of them is not a very effective way to compute the required probabilities. However in Section 2.2

we showed that if conjugacy classes are listed in w.a.l. order the first few are much more probable

than all the others. In the final part of the section we describe an NC parallel algorithm for listing a

polynomial number of integer partitions in the corresponding partial order.

2.4.1 Definitions and Relationship with Conjugacy Classes

Forn 2 IN+ any sequence� = (ai)i=1;:::;h with 1 � a1 � a2 � : : : � ah � n andn =Phi=1 ai
is called aninteger partitionof n. Following Theorem 19 below, we will occasionally drop the

distinction between� and the cycle type of the conjugacy class associated to it, and represent�
by thecycle type notation, [k1; : : : ; kn℄ (compare with Section 1.2.6), wheren = Pni=1 iki andki gives the number of parts of sizei. A more compactmultiplicity notationis obtained by taking

the pairs(ki; i) such thatki 6= 0. Figure 2.3 shows all integer partitions of 8 in the three different
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representations.

Lemma 4 The number of non-zero pairs in multiplicity notation of anyinteger partition ofn isO(pn).
Proof. Let (i1; k1)(i2; k2) : : : (ih; kh) be an integer partition ofn into someh non-zero parts. We

can writen = Phj=1 ijkj � Phj=1 ij but alson � Phi=1 i = h(h � 1)=2, sinceij � j. This

impliesh = O(pn). In particularh � p2n for every positive integern. 2
standard cycle type multiplicity
1 1 1 1 1 1 1 1 [8,0,0,0,0,0,0,0] 8,1

1 1 1 1 1 1 2 [6,1,0,0,0,0,0,0] 6,1 1,2

1 1 1 1 1 3 [5,0,1,0,0,0,0,0] 5,1 1,3

1 1 1 1 2 2 [4,2,0,0,0,0,0,0] 4,1 2,2
1 1 1 1 4 [4,0,0,1,0,0,0,0] 4,1 1,4

1 1 1 2 3 [3,1,1,0,0,0,0,0] 3,1 1,2 1,3
1 1 1 5 [3,0,0,0,1,0,0,0] 3,1 1,5

1 1 2 2 2 [2,3,0,0,0,0,0,0] 2,1 3,2
1 1 2 4 [2,1,0,1,0,0,0,0] 2,1 1,2 1,4
1 1 3 3 [2,0,2,0,0,0,0,0] 2,1 2,3
1 1 6 [2,0,0,0,0,1,0,0] 2,1 1,6

1 2 2 3 [1,2,1,0,0,0,0,0] 1,1 2,2 1,3
1 2 5 [1,1,0,0,1,0,0,0] 1,1 1,2 1,5
1 3 4 [1,0,1,1,0,0,0,0] 1,1 1,3 1,4
1 7 [1,0,0,0,0,0,1,0] 1,1 1,7

2 2 2 2 [0,4,0,0,0,0,0,0] 4,2
2 2 4 [0,2,0,1,0,0,0,0] 2,2 1,4
2 3 3 [0,1,2,0,0,0,0,0] 1,2 2,3
2 6 [0,1,0,0,0,1,0,0] 1,2 1,6
3 5 [0,0,1,0,1,0,0,0] 1,3 1,5
4 4 [0,0,0,2,0,0,0,0] 2,4
8 [0,0,0,0,0,0,0,1] 1,8

Figure 2.3: Integer partitions of 8 in different representations.

The next result shows a relationship between integer partitions and conjugacy classes in

permutation groups.

Theorem 19 The number of different conjugacy classes in the permutation groupSn is exactly the

numberp(n) of integer partitions ofn.

Proof. The result is proved by showing that every conjugacy class inSn defines an integer partition

of n and conversely for every integer partition ofn there exists a conjugacy class inSn.
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By Theorem 13 all permutations in a given conjugacy class have the same cycle type. Since

permutations are bijections everyi 2 [n℄ belongs to some cycle and to only one cycle. Hence the set

of cycle lengths of a permutation forms an integer partitionof n.

Conversely if� = [k1; : : : ; kn℄ is an integer partition ofn then the permutationg described

by (k1+ 1 k1+ 2) : : : (k1+ 2k2 � 1 k1+ 2k2)| {z }k2yles of length 2 (k1+ 2k2 + 1 k1+ 2k2 + 2 k1+ 2k2 + 3) : : :| {z }:::k3yles of length 3
hask1 fixed elements,k2 cycles of length 2 and so on. 2

Both the counting and the uniform generation problem for integer partitions can be solved

fast in parallel. The following result states a well known combinatorial identity on the numberp(n)
and the existence of an NC algorithm for calculatingp(n).
Theorem 20 [SS96]For everyn 2 IN+ the numbersp(i) for i 2 f0; : : : ; ng can be computed inO(log2 n) time usingn2 processors on an EREW PRAM.

Proof. It is well known (see for example [Rio58, p. 111]) that the numbersp(i) for i 2 f0; : : : ; ng
occur as coefficients ofxi in the polynomialnYj=1 bn=jXi=0 xij
LetQj(x) =Pbn=ji=0 xij andQ[j℄ be its internal representation. For example ifn = 10 thenQ[3℄ = (1; 0; 0; 1; 0; 0; 1; 0; 0; 1; 0)
corresponding to1+x3+x6+x9. The product of two polynomials can be implemented by a function

poly prod inO(logn) time usingn processors on an EREW PRAM using a parallel algorithm to

perform a Fast Fourier Transform (see [Wil94] for a nice and gentle description of the algorithmic

ideas and [Lei92] for details about the parallel algorithm). Finallyn polynomials can be multiplied

using the function tree(Q;n; poly prod) as defined in Section 1.2.2. The result follows. 2
Example. Forn = 10,1Yj=1 0 b10=jXi=0 xij = (1 + x+ x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10) �(1 + x2 + x4 + x6 + x8 + x10)(1 + x3 + x6 + x9)(1 + x4 + x8) �(1 + x5 + x10)(1 + x6)(1 + x7)(1 + x8)(1 + x9)(1 + x10)
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which eventually gives the polynomial1 + x+ 2x2 + 3x3 + 5x4 + 7x5 + 11x6 + 15x7 + 22x8 + 30x9 + 42x10 + : : :
It is worth noticing that there is a simpler way to compute thep(i)’s. It is easy to design

an algorithm for multiplying two polynomials inO(log n) parallel steps usingn2 processors on an

EREW PRAM. Such an algorithm can then be used in the proof of Theorem 20 instead of the one

based on Fast Fourier Transform. This results in aO(log2 n) time,O(n3) processors algorithm for

computing all thep(i)’s. Since the value ofn for whichp(1); : : : ; p(n) are computed is logarithmic

in the overall input order, the complexity values mentionedabove do not represent any penalty.

We conclude this section by stating without proof a well-known asymptotic identity onp(n). It will be used in analysing the algorithms presented in thenext sub-section.

Theorem 21 [And76, Th. 6.3]p(n) � e�p2n=34np3 .

2.4.2 Parallel Algorithm for Listing Integer Partitions

Due to their super-polynomial number there is no hope of finding an NC algorithm for listing all

integer partitions ofn in any order. The w.a.l. order defined on conjugacy classes inSection 2.2

induces a homonymous partial order on integer partitions inthe most obvious way: given two par-

titions�1 and�2, we say that�1 precedes�2 (and we write�1 � �2) in w.a.l. order if the number

of parts of size one in�1 is greater than that of�2. In this section an NC algorithm for listing a

polynomial number of partitions in w.a.l. order in multiplicity notation will be described.

We start by defining two parameters related to integer partitions of n. Let s2(n) be the

number of partitions ofn 2 IN+ with smallest part of size at least 2; in particulars2(0) = s2(1) = 0.

Lemma 5 s2(j) = p(j)� p(j � 1) for everyj � 1.

Proof. The number of partitions ofj with no part of size one is the number of partitions ofj less

the number of partitions ofj starting with a one and ending in any possible way, that isp(j � 1). 2
Let u(k) denote the number of integer partitions ofn with at leastn � k ones, for everyk 2 f0; : : : ; ng. The following lemma states the most important properties of u(k).

Lemma 6 For everyn 2 IN:

1. The parameteru(k) is independent ofn. More specifically it isu(k) = p(k) = 1 +Pkj=0 s2(j) for everyk 2 f0; : : : ; ng.
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2. For every 2 IR+ if k = b log2 n thenu(k) = ��n(�= log 2)p2=3log2 n �
.

Proof. The number of partitions ofn containing at leastn�k parts of size one is exactly the number

of integer partitions ofk. To understand the second equality, a partition ofk is either formed by all

ones or containsk� j ones and its remaining parts form a partition ofj with smallest part of size at

least 2.

For the second part, Ifk = b log2 n, by Theorem 21(1� ")e�p2k=34kp3 � u(k) = p(k) � (1 + ")e�p2k=34kp3 :
The result follows. 2

The key idea of the algorithm is to consider each partition asformed by two disjoint com-

ponents: a prefix ofn� i ones (for somei 2 f0g [ f2; : : : ; kg) and a tail consisting of an arbitrary

integer partition ofi with smallest part of size at least two. A more detailed description is as follows

(partitions are represented in multiplicity notation, polynomials of degreed by the vector of theird+ 1 coefficients).

Input: n, k and polynomialsQ[j℄ for j = 1; : : : ; k
(1) p tree(Q; k; poly prod);
(2) B  pre�x(p[1 : k℄; k;+);
(3) List[1; 1℄ (n; 1);
(4) CycleType[1; 1℄ (n; 1);
(5) if k � 2
(6) for all i 2 f2; : : : ; kg; j 2 f1; : : : ; p[i℄g in parallel do

(7) List[B[i � 1℄ + j; 1℄ (n � i; 1);
(8) for all i 2 f2; : : : ; kg in parallel do

(9) List[B[i � 1℄ + 1 : B[i� 1℄ + p[i℄; 2 : 2dpke+ 1℄ FL(i);
(10) Address[1℄ 1;

(11) for all i 2 f2; : : : ; B[k℄g in parallel do

(12) if List[i; 1℄ = (�; 1) and List[i; 2℄ = (�; 1)
(13) Address[i℄ 0;

(14) elseAddress[i℄ 1;

(15) Address prefix(Address,B[k℄;+);
(16) for all i 2 f2; : : : ; B[k℄g andi odd in parallel do

(17) if Address[i � 1℄ 6= Address[i℄
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(18) CycleType[i � 1; �℄ List[i� 1; �℄;
(19) for all i 2 f2; : : : ; B[k℄g andi evenin parallel do

(20) if Address[i � 1℄ 6= Address[i℄
(21) CycleType[i � 1; �℄ List[i� 1; �℄;

A 2-dimensional array CycleType of size kXi=1 p(i)!� �2dpke+ 1�
is used to store all required integer partitions (we assume the array as well as the partial result array

List are initialised so that at the beginning CycleType[x; y℄ = List[x; y℄ = 0 for all x andy). For

every legalx andy, Cyle Type[x; y℄ will contain they-th pair(kiy ; iy) of thex-th partition in the

listing.

A preliminary bookkeeping stage (steps (1) and (2)) is needed to allocate the right number

of processors and amount of space to complete the listing. The i-th entry of the arrayp gives

the number of partitions ofi and is computed by a tree computation using the function polyprod

defined in Theorem 20. The values of another vectorB are obtained fromp by parallel prefix.

For i = 2; : : : ; k, usingp(i) processors all partitions ofi will be computed and stored in positionsB[i� 1℄ + 1; : : : ; B[i� 1℄ + p(i) of List.

Since partitions are stored in multiplicity notation, prefixes ofn�i ones are encoded as pairs(n� i; 1). In step (3) List[1; 1℄ is set to(n; 1) and then, (step (6) and (7)) for everyi 2 f2; : : : ; kg,
List[B[i� 1℄ + j; 1℄ are set to the value(n� i; 1) for p[i℄ different values ofj.

The algorithm then usesk � 1 groups ofp(i) processors to complete the listing (steps (8)

and (9)). Thei-th group (fori 2 f2; : : : ; kg) lists all partitions ofi using a natural parallelisation

(breadth-first traversal of a binary tree) of the algorithm in [FL83]. Conceptually a treeTi is built

whose nodes correspond to partitions ofi. From a partition� two “children” partitions are obtained

by applying (in parallel using two different processors) the following rules

A. add one part of size two and remove two parts of size one.

B. if the smallest part greater than one has multiplicity onethen increase it by one and remove

one part of size one.

So for example ifi = 8, partition(8; 1) is the label for the root ofTi. This has one child(6; 1)(1; 2)
obtained applying rule A and this in turn has two children(4; 1)(2; 2) and(5; 1)(1; 3) obtained from
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rule A and B respectively. We then apply, if possible, the rules to these new leaves until the process

is complete. Notice that the concurrent access to� to generate its two children can be avoided, for

instance by storing two copies of every node, one to be used inbuilding its left children and the

other one for the right one.

A final clean-up stage is needed to remove from List all partitions whose tail is a partition

of i having smallest element one and compact the remaining elements. A sufficient condition for

List[x; �℄ to contain a “useless” partition is thatList[x; 1℄ = (n� i; 1) List[x; 2℄ = (j; 1)
For everyx 2 n2; : : :Pkj=1 p(j)o this condition can be tested in one parallel step. The clean-up

stage is implemented by first (steps (11) through (14)) filling an array Address with zeroes and ones

depending on the condition above. Then parallel prefix is runon Address. After this Address[i℄ is

the address of List[i; �℄ in the final array CycleType. The two finalfor loops (two distinct loops

are needed to avoid memory conflicts) copyA into CycleType avoiding the copying of “useless”

elements.

Lemma 7 The depth of the treeTi in step (9) of the algorithm above isO(i) for all i.
Proof. The partitions ofi into j parts is the set of nodes at leveli� j + 1 in Ti. 2
Theorem 22 For any givenk, the algorithm above generatesu(k) partitions ofn in w.a.l. order inO(k3=2) time usingO(u(k)) processors on an EREW PRAM.

Proof. If k stages are allowed the algorithm usesO(Pki=0 p(i)) processors to computeu(k) parti-

tions and the running time is proportional to the depth of thedeepestTi times the maximum time

spent at each node (which is at least the time to write down a partition in multiplicity notation, i.e.O(pk)).
By Lemma 5, deleting terms equal to zero,kXj=0 p(j) = 1 + kXj=2 s2(j) + kXj=1 p(j � 1):

By Lemma 6.2 for everyj sufficiently largep(j) > (1� �)e�p2j=34jp3 = 1� �1 + � �1 + 1j � 1� ep2=3(1� �)e�p2(j�1)=34(j � 1)p3� 1� �1 + � �1 + 1j � 1� ep2=3p(j � 1)
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where� is chosen so that the constant multiplyingp(j � 1) is larger than one. Hence we can writekXj=0 p(j) � 1 + kXj=2 s2(j) + 1 kXj=1 p(j)
for some > 1 and from this concludekXj=0 p(j) � � 1 0� kXj=1 s2(j)1A 2
2.5 Reducing Uniform Generation to Sampling in a Permuta-

tion Group

In this section an implementation of the second step of algorithmDW will be given. It is not difficult

to prove that if a permutationg 2 Sn has been selected (for instance according to the distributions

given by algorithmsDW orW in Section 2.2 and 2.3), then a graph can be constructed efficiently

in parallel with optimal work. As a by-product the proof of Theorem 23 provides an optimal NC

solution to the counting problem associated withFix(g).
Theorem 23 Given a permutationg 2 Sn the cardinality of the setFix(g) can be determined

in O(log n) deterministic parallel time on an EREW PRAM withO(n2= logn) processors. Also

a graph inFix(g) can be generated uniformly at random inO(log n) parallel time on an EREW

PRAM withO(n2= logn) processors.

Proof. Giveng 2 Sn, a graph inFix(g) is obtained by generatingg� 2 S(2)n and picking sets of

edges to be part of the graph by selecting cycles ofg� with probability1=2.

The PRAM implementation of this algorithm is rather straightforward. Sometimes the code

is a bit convoluted because of the need to avoid concurrent read operations. The first six steps of the

algorithm, giveng, constructsg� 2 S(2)n .

Input: n, g be stored as an arrayG such thatG[i℄ = g(i)
(1) for all i 2 f1; : : : ; ng in parallel do

(2) H[i; �℄ opy(G[i℄; n);
(3) G�[i; �℄:val opy(G[i℄; n);
(4) for all i; j 2 f1; : : : ; ng andi < j in parallel do

(5) G�[i; j℄:val (minfG�[i; j℄:val; H[j; i℄g;maxfG�[i; j℄:val; H[j; i℄g);
(6) G�[i; j℄:leader (i; j);
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G�[i; j℄:val contains the pairfg(i); g(j)g, whereasG�[i; j℄:leader will be needed for the

next stage. Its intended meaning is to keep track of the lexicographically smallest pairfx; yg be-

longing to the same cycle (ing�) thatfi; jg belong to. The parallel time complexity of the piece of

code above isO(1) usingn(n� 1)=2 processors on an EREW PRAM.

The next stage computes the cycle structure ofg�. This is the bottleneck computation. The

main technique used here is pointer jumping. The following algorithm associates with everyfi; jg
the value of the lexicographically smallest pairfx; yg belonging to the same cycle asfi; jg in g�.
The “>” used in step (9) is shorthand for the function implementingthe lexicographic order.

(7) for k 2 f1; : : : ; d2 log neg do

(8) for all i; j 2 f1; : : : ; ng andi < j in parallel do

(9) if (G�[i; j℄:leader > G�[G�[i; j℄:val:�rst; G�[i; j℄:val:seond℄:leader)
(10) G�[i; j℄:leader  G�[G�[i; j℄:val:�rst; G�[i; j℄:val:seond℄:leader;
(11) G�[i; j℄:val G�[G�[i; j℄:val:�rst; G�[i; j℄:val:seond℄:val;

For clarity this is a simpleO(log n)-timeO(n2)-processor EREW PRAM algorithm. An

optimal EREW algorithm for computing the cycle structure ofg� can be obtained by adapting the

optimalO(log n) time deterministic list ranking procedure due to Cole and Vishkin (see [CV88]).

Having computed the cycle structure ofg�, a label is associated with each cycle and the

array of labels is ranked.

(12) for all i; j 2 f1; : : : ; ng andi < j in parallel do

(13) if (G�[i; j℄:val = G�[i; j℄:leader)
(14) Ord[(i � 1)n + j℄ 1;

(15) elseOrd[(i � 1)n+ j℄ 0;

(16) Ord prefix(Ord; n(n � 1)=2;+);
After this Ord[n(n � 1)=2℄ contains the value oflog jFix(g)j. The bottle-neck from the

complexity point of view is the cycle structure computationand the first half of the theorem is thus

proved.

Finally an array Cycles is created which contains with probability a half the label of the

cycle leader for each cycle. All other elements of Cycles areassumed to be set to zero by some

constant parallel time initialisation procedure.

(17) for all i; j 2 f1; : : : ; ng andi < j in parallel do
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(18) if ((G�[i; j℄:val = G�[i; j℄:leader) and (rand(0; 1) � 1=2))
(19) Cycles[Ord[(i � 1)n + j℄℄ G�[i; j℄:val;

It is now easy to devise an algorithm that, using Cycles, deletes fromG� all edges which

have not been selected. 2
The algorithms contained in the proof of Theorem 23 will be used to implement the final

part (step (2) in the algorithm in Section 2.2) of the selection in all RNC algorithms described in the

following sections.

2.6 RNC Non Uniform Selection

In Section 2.2 (see Theorem 18) it was mentioned thatDW can be simulated on a PRAM using a

polynomial number of processors by an algorithm running inO(log n) expected parallel time.

The same sequential algorithm can be converted into an optimal parallel algorithm having

polylogarithmic worst case parallel time with high probability. The resulting algorithm, which will

be calledNU , is based on a different conjugacy class selection procedure. The number of conjugacy

classes that will ever be considered by the process is fixed inadvance as a certain function ofn. Here

is a high level description ofNU .

(1.1) For a givenk (to be defined later) selecti 2 f1; : : : ; u(k)g with prob-

ability Pr[Ci℄ = jCij2q(Ci)mn! and return “ERROR” with probability1 �Pu(k)i=1 Pr[Ci℄.
(1.2) Construct a representativeg of Ci.

(2) Select uniformly at random� 2 Fix(g) and return its orbit.

The major problem with this algorithm is that, although reasonable in practice, the distri-

bution of the output graphs is not uniform. A super-polynomial number of conjugacy classes is not

considered at all by the process and this introduces some imbalance in the probability distribution.

For the original Dixon and Wilf’s procedure, using Theorem 15 it is easy to show that it is equally

likely for the output graph� to be in any of the orbits:Pr[!�℄ = XC�SnPr[!�jC℄ Pr[C℄ = XC�Sn jFix(g) \ !jjFix(g)j jCjjFix(g)jmjSnj= 1mjSnj XC�Sn jCjjFix(g) \ !j = 1mjSnjXSn jFix(g) \ !j = 1mjSnj jSnj
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If Su(k)n = C1 [ C2 [ : : : [ Cu(k), thenPr[!�℄ = XC�Su(k)n jFix(g) \ !jjFix(g)j jCjjFix(g)jmjSnj = 1mjSnj XC�Su(k)n jCjjFix(g) \ !j= 1mjSnj Xg2Su(k)n jFix(g) \ !j
An upper bound onPr[!�℄ is derived remembering that, by Theorem 15.1,Xg2Sun jFix(g) \ !j � jSnj = n!:

HencePr[!℄ � 1=m. If u = 1 thenS1n = C1 = fidg. The set of graphs fixed by the identity

permutation coincides with the whole set of labelled graphsonn vertices. The distribution of rep-

resentatives of different orbits inGn is very imbalanced. The (orbit of the) complete graph appears

only once whereas orbits corresponding to labelled graphs with trivial automorphism group haven!
representatives. HencePr[!℄ � 1=(mn!). Figure 2.4 shows a small example. Rows are associ-

3 : (2,2)

6 : (1,4)

8 : (1,1), (1,3)

6 : (2,1), (1,2)

1 : (4,1)

= 1 representative

Figure 2.4: Distribution of different orbits forn = 4.

ated with conjugacy classes, columns with orbits (the eleven unlabelled graphs onn = 4 vertices

are drawn on the top to represent them). Notationx : (i1; k1)(i2; k2) : : : (ih; kh) means “there arex permutations with cycle type(i1; k1)(i2; k2) : : : (ih; kh). A small square in the row marked by

conjugacy classC stands for a labelled graph belonging to the orbit in the particular column and to

some setFix(g) for someg 2 C, with occurrences of the same graphs in two different sets being

counted twice. If only conjugacy classes above the dashed line are listed one of the two unlabelled

graphs with four edges occur more than three times as often asthe complete graph.

However, for sufficiently largen, graphs “behaving” likeKn are very rare. This implies that

the distribution on unlabelled graphs given by the algorithm above, although not exactly uniform, is
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skewed in very few cases.

Definition 6 A randomised algorithmA is a ( ; �)-uniform generatorfor a relationSOL if and

only if

1. Pr[A(x) = y℄ = 0 for all (x; y) 62 SOL.

2. there exist functions ; � : �� ! (0; 1℄ with  (x) < �(x) for all x 2 ��, such that ifx; y 2 In,  (x) � Pr[A(x) = y℄ � �(x)
and limn!1 jfy : Pr[A(x) = y℄ < �(x)gjjSOL(x)j = 0

3. For all x 2 �� such thatSOL(x) 6= ;, Pr[9y 2 SOL(x) : A(x) = y℄ � 1=2.

The qualifiers “parallel”, “RNC”, and “with high probability” can be applied to this defi-

nition in the usual way. Definition 6 is meant to capture the type of approximation to the uniform

distribution given by the algorithm sketched at the beginning of the section. Forn sufficiently large

the probability that the graph generated by the algorithm belongs to a specific orbit is uniform “most

of the time”. It is interesting to compare Definition 6 with another notion of approximation to the

uniform distribution.

Definition 7 [JVV86] A randomised algorithmA is analmost uniform generatorwith tolerance�
(0 � � < 1) for a relationSOL if and only if

1. there exists a function� : �� ! (0; 1℄ such that, for allx; y 2 �� and for all � 2 [0; 1),Pr[A(x; �) = y℄ 2 I(x; �) withI(x; �) =8><>: f0g (x; y) 62 SOLh�(x)1+� ; (1 + �)�(x)i otherwise
2. For all x 2 �� such thatSOL(x) 6= ;, Pr[9y 2 SOL(x) : A(x; �) = y℄ � 1=2.

An almost uniform generator always produces an output with probability which approxi-

mates tightly the uniform but is never guaranteed to produceoutput with exactly uniform distribution

(i.e. with constant probability). Ify 2 SOL(x) and a cost functionPA(x; y) =df Pr[A(x) = y℄
is associated withx andy then a generation problem can be recast as an optimisation problem in
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which the goal is to optimise the “uniformity” of the output distribution. An almost uniform genera-

tor is, in some sense, an approximation scheme (see Section 4.1 in Chapter 4) for the exact uniform

distribution. On the other hand, a( ; �)-uniform generator produces exactly uniform outputs in

most cases in the sense that it fails to do so on a small proportion of elements ofSOL(x) as stated

in the second condition of Definition 6. However some outputscan be generated with rather small

probability.

Theorem 24 There is an optimal EREW PRAM RNC(1=n!m; 1=m)-uniform generator for the class

of unlabelled graphs onn vertices, if their numberm is known in advance. Moreover an output is

produced with high probability.

Proof. (Sketch) The result follows from the statement in [Bol85, p.204] that almost all labelled

graphs onn vertices has trivial automorphism group. Hence the sequential algorithm at the begin-

ning of the section will produce a uniform output with probability (over all labelled graphs) going

to one. The proof is completed by the paragraphs following this theorem which provide details on

the computation of the probabilities associated with each conjugacy class and on the construction

of the representative permutation. The resulting algorithm runs inO(log n) parallel steps usingO(n2= logn) processors. 2
Selecting a conjugacy class. The implementation of step (1.1) in algorithmNU assumes that

probabilitiesPr[Ci℄ for i = 1; : : : ; u(k) have been computed. Lemma 9 and Theorem 25 below

describe an algorithm for computing these probabilities that runs in polylogarithmic time using a

polynomial number of processors as long as not too many conjugacy classes are listed. The value ofk can be either kept to a constant, in which case an optimal algorithm running inO(log n) parallel

steps usingO(n2= logn) processors is obtained, or chosen to be in
(logn), in which case a slower

but still optimal algorithm is obtained. Notice that by the bounds in Lemma 6.2, k cannot be chosen

to be asymptotically larger thanlog2 n otherwiseu(k) becomes too large.

First a tight bound on the number of cycles of the permutations inS(2)n associated with thoseg belonging to one of the conjugacy classes generated by our parallelisation ofDW is proved.

Lemma 8 For everyn 2 IN+ and for everyx 2 f0; 2; : : : ; n� 1g, leth(x; n) = xn2 � x(x+2)4 . If C
is a conjugacy class inSn with cycle type[n� x; k2; k3; : : :℄ then�n2�� 2h(x; n) � q(C) � �n2�� h(x; n)
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Proof. Let n be given andC be an arbitrary conjugacy class inSn. From calculations in [HP73], if[k1; k2; k3; : : :℄ isC ’s cycle type, thenq(C) = nXi=1 � i2� ki + nXi=1 i�ki2�+Xi<j gd(i; j)kikj
The upper bound is proved in [HP73, p. 197]. For the lower bound, if x = 0 thenq(C) = �n2�+ n2 .

Otherwise sincebx � x� 1=2 and
Pi<j gd(i; j)kikj > (n� x)x, we haveq(C) � nXi=1 � i� 12 � ki + nXi=1 iki22 � nXi=1 iki2 + (n� x)x

and therefore q(C) � nXi=1 iki22 � nXi=1 ki2 + (n� x)x= (n� x)2 2 � (n� x)2 + nXi=2 iki22 � nXi=1 ki2 + (n� x)x= �n2�� nx+ x2 2 + x2 + x2 + (n� x)x � nXi=2 ki2� �n2�� 2h(x; n) + (n� x)x � x2
The result follows sincenx� x2 � x=2 > 0 if x < n. 2
Lemma 9 For everyn 2 IN+ and for everyk 2 f0; : : : ; ng, letg(n; k) = max( n2logn; u(k)nlogn ; u(k)pknlog2 n ) :
LetC1; : : : ; Cu(k) be the firstu(k) conjugacy classes inSn in w.a.l. order. If the cycle types of the

conjugacy classes have been computed then all the numbersjCsj2q(Cs) for s = 1; : : : ; u(k) are

computable inO(pk logn) parallel steps usingO(g(n; k)) processors on an EREW PRAM.

Proof. Letn andk be given. Assume�1; : : : ; �u(k) are the partitions ofn describing the cycle types

of conjugacy classesC1; : : : ; Cu(k). The algorithm starts off performing some computation which

only depends onn, not on the conjugacy classes. First all “useful” powers of two are computed.

Since only conjugacy classes whose permutations move at most k objects are listed, by Lemma

8 an array Pow of size= h(k; n) will suffice. After the execution of the code below for everyj 2 f1; : : : ; sizeg, Pow[j; i℄ = 2bound+j where bound= �n2��2h(k; n)�1, for all i 2 f1; : : : ; u(k)g
(again multiple copies are needed to avoid concurrent readsin following stages). A first piece of

pseudo-code is need to generate the value2bound+1:
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(1) rep dlog ne;
(2) for all j 2 f1; : : : ; d(bound + 1)=repeg in parallel do

(3) s (j � 1) rep + 1;

(4) while (s � j rep) do

(5) SmallPow[s℄ 2;

(6) s s+ 1;

(7) Pow[1; 1℄ tree(Small Pow; bound + 1;�)
Each processor initialisesdlogne elements of the array SmallPow. Then a tree computation is run

on this array to compute2bound+1. Without loss of generality step (7) is run inO(log n) steps usingO(n2= logn) processors. All the other elements of Pow are computed as follows.

(8) for all j 2 f2; : : : ; sizeg in parallel do

(9) Pow[j; 1℄ 2;

(10) Pow[�; 1℄ prefix(Pow[�; 1℄; size;�)
(11) for all j 2 f1; : : : ; sizeg in parallel do

(12) Pow[j; �℄ opy(Pow[j; 1℄; u(k));
Steps (8) through (10) run inO(log n) parallel steps usingO(size= logn) processors. For the final

part, if k = O(log2 n) and it is such thatu(k) = O(n= log2 n), there are abouth(k; n) = O(nk)
objects to be copiedu(k) times each. By slowing down the copy function to make it run inO(log n) parallel steps, the whole algorithm’s running time is in thesame order of magnitude usingO(n2= logn) processors.

All factorials of j for j = 1; : : : ; n are computed similarly. The following algorithm runs

in O(log n) parallel steps and has optimal workO(n u(k)).
(13) Fact[0; 1℄ 1;

(14) for all j 2 f1; : : : ; ng in parallel do

(15) Fact[j; 1℄ j;
(16) Fact[�; 1℄ prefix(Fat[�; 1℄; n+ 1;�)
(17) for all j 2 f0; : : : ; ng in parallel do

(18) Fact[j; �℄ opy(Fat[j; 1℄; u(k));
Finally we compute'(j) for all j = 1; : : : ; n using the equation (see [GKP89, p. 134])'(j) = j xYi=1�1� 1pi� = jQxi=1 pi xYi=1(pi � 1)
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(wherepi are the primes occurring in the prime factorisation ofj). There exists a real constant > 0 such that there are at mostdj= log je primes less thanj (see for instance the discussion

in [GKP89, Sect. 4.3]). In the following code the array primes is a one dimensional array of sizex = dn= logne.
(19) primes[�; 1℄ SP(n);
(20) for all i 2 f1; : : : ; xg in parallel do

(21) primes[i; �℄ opy(primes[i; 1℄; n);
(22) for all i 2 f1; : : : ; xg; j 2 f1; : : : ; ng in parallel do

(23) if (j mod primes[i; j℄) = 0
(24) Vect[i; j℄ primes[i; j℄
(25) elseVect[i; j℄ 1;

(26) for all j 2 f1; : : : ; ng in parallel do

(27) Prod[j℄:�rst tree(Vet[�; j℄; x;�)
(28) Prod[j℄:seond  tree(Vet[�; j℄ � 1; x;�)
(29) Phi[j; 1℄ j Prod[j℄:seond=Prod[j℄.first

(30) for all j 2 f1; : : : ; ng in parallel do

(31) Phi[j; �℄ opy(Phi[j; 1℄; u(k));
Steps (19) through (21) in the algorithm above lists all primes up ton in O(log n) parallel steps

usingO(n=(log n log logn)) processors (see [SP94]) copying them to avoid subsequent concurrent

reads. Then (steps (22) through (25)) in parallel for everyj, x processors are used to single out the

primes belonging to the prime decomposition ofj. For eachi, the value primes[i; j℄ is assigned to

Vect[i; j℄ if primes[i; j℄ dividesj. After this using standard PRAM functions we can define Phi[j℄
(this is done in steps (26) through (31)). The best trade-offfor the algorithm complexities is obtained

if the copying steps are made to run inO(log n) parallel steps. The resulting complexity of the piece

of code above isO(log n) parallel steps usingO((n= logn)2) processors.

After the computation above, given partitions�1; �2; : : : ; �u(k) stored in multiplicity no-

tation in the 2-dimensional array CycleType as discussed in Section 2.4 the data structures Pow,

Fact and Phi are used to compute the desired cardinalities. Aset ofn= logn processorsfP si : i =1; : : : ; n= logng is associated with each partition CycleType[s; �℄ for s = 1; : : : ; u(k). Each pro-

cessor will compute a logarithmic number ofl(i) =Pdn=iej=1 kij (and store them into a portion of an

array L). Since all partitions have at leastn� k ones, by Lemma 4, there are onlyO(pk) non-zero

elements in each of the vectors CycleType[s; �℄. Hence a logarithmic number ofl(i) can be com-
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puted inO(k) sequential time (after the required copies of CycleType[s; �℄ have been made to avoid

concurrent reads). AfterO(k) parallel steps all thel(i) for each partition have been computed usingO �n u(k)logn � processors. The pseudo code is as follows:

(24) rep dlog ne;
(25) for all s 2 f1; : : : ; u(k)g; j 2 f1; : : : ; 2dpke+ 1g in parallel do

(26) CopiesCT[s; j; �℄ opy(Cyle Type[s; j℄; dn=repe)
(27) for all s 2 f1; : : : ; u(k)g; r 2 f1; : : : ; dn=repeg in parallel do

(28) t 1;

(29) while t � repdo

(30) i (r � 1) rep + t;
(31) L[s; i℄ 0;

(32) for j = 1 to 2pk + 1 do

(33) if (CopiesCT[s; j; i℄:seond mod i = 0)

(34) L[s; i℄ L[s; i℄ + Copies CT[s; j; i℄:�rst;
(35) t t+ 1
The complexity of this part of the algorithm isO(pk logn) parallel steps usingo(n2= logn) pro-

cessors.

For everys the valueq(Cs) = 12 ( nXi=1 l(i)2'(i)� l(1) + l(2))
is then computed using Phi[s; �℄ and L[s; �℄ (see [DW83]) inO(log n) parallel steps usingO �n u(k)logn �
processors. The value ofq(Cs) will be a pointer in the array Pow.

In parallel for each conjugacy classCs, O(n= logn) processors can compute the product

Product[s℄ = �ni=1 �ikiki!� in O(pk logn) time (each of theiki factors require a tree computation)

by just scanning the array CycleType[s; �℄, containing the partition in multiplicity notation (see

Section 2.4). Then the cardinality ofCs is stored in Card[s℄ = Fat[n; s℄=Produt[s℄ and the

computation of the numerator ofPr[Cs℄ can be easily completed.

The running time of the whole algorithm is dominated by the time to compute Product,O(pk logn). Depending on the chosen value ofk, the most expensive step in terms of number of

processors is either the initial computation of Pow (O(n2= logn) processors) or some of the copy

operations. 2
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Theorem 25 For everyn 2 IN+ and for everyk 2 f0; : : : ; ng, let g(n; k) be the function defined

in Lemma 9. LetC1; : : : ; Cu(k) be the firstu(k) conjugacy classes inSn in w.a.l. order. Ifm, the

number of unlabelled graphs onn vertices is given, the probabilitiesPr[Cs℄ involved in algorithmNU above, fors = 1; : : : ; u(k), are computable inO(pk logn) steps usingO(g(n; k)) processors

on an EREW PRAM.

Proof. Givenm, the number of orbits and the quantity computed as describedin Lemma 9Pr[Cs℄ =jCsj2q(Cs)=mn! for s = 1; : : : ; u(k) can be computed quite easily. 2
Theorem 26 For everyn 2 IN+, there exists a constant 2 IR+ such that ifk �  log2 n and

all probabilitiesPr[Cs℄ for s = 1; : : : ; u(k) have been computed, then step(1.1) of NU can be

implemented in constant parallel time and sublinear work onan EREW PRAM with high probability.

Proof. The parallel algorithm implementing step (1.1) ofNU is described below.

Input: n the number of vertices, the valuesPr[Cs℄ for all s = 1; : : : ; u(k)
(1) P [0℄ 0;

(2) P [1 : u(k)℄ pre�x(Pr[C℄; u(k);+);
(3) �  rand(0; 1);
(4) for all s 2 f1; : : : ; u(k)g in parallel do

(5) if ((P [s� 1℄ � �) and (P [s℄ > �))
(6) output(Cs) and stop;

The value of can be found from Lemma 6.

The probability that the process does not succeed is1� u(k)Xi=1 Pr[Ci℄ = p(n)Xi=u(k)+1Pr[Ci℄
The following result is from [HP73, p. 198]:p(n)Xi=u(k)+1Pr[Ci℄ � 2(n2)m n!O� nk2nk=2�
From which we deduce that the probability of failure isO � nk2nk=2�. 2
Selecting a permutation. Given a conjugacy class, for the purposes of the algorithmNU , anyg 2 C “behaves” in the same way: by Theorem 16.2, jFix(g)j is the same for everyg 2 C.
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i = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
min = 1 1 3 3 3 3 3 3 3 3 11 11 11 11 11 11 11 11 11 20 20 20 20 20 20

length = 1 1 2 2 2 2 2 2 2 2 3 3 3 3 3 3 3 3 3 6 6 6 6 6 6
next = - - - - - - - - - - - - - - - - - - - - - - - - -

Figure 2.5: Values of G after step (2).

Definition 8 If C has cycle type whose non-zero elements are((kj1 ; j1); : : : ; (kj ; j)) then the

canonical representativeg 2 C is the permutation such that the numbers involved in cycles of lengthjx (for x 2 f1; : : : ; g) are the numbers between1 +Py<jx yky and jxkjx +Py<jx yky in the

usual order.

Example. If n = 16 and the conjugacy class has the associated cycle type((3; 1)(2; 4)(1; 5)) then

its canonical representative isg = (1)(2)(3)(4 5 6 7)(8 9 10 11)(12 13 14 15 16).
Lemma 10 Given a conjugacy classC such that all permutations inC have cycle type((kj1 ; j1),: : : ; (kj ; j)), the canonical representative ofC can be built deterministically inO(log n) parallel

steps andO(n) work on an EREW PRAM.

Proof. The permutationg will be again represented by an array ofn elements such that theith
element contains the address (i.e. the index) of the elementfollowing i in its cycle. The array can be

built in O(log n) steps usingO(n= logn) processors. Indeed the real bottleneck in the running time

is O(log k) in the first stage; all other stages can be run in optimal linear work and even constant

parallel time. Given the chosen cycle type in the array CycleType[s; �℄ the algorithm will define the

contents of an array of lengthn whose elements are four-tuples:� G[i℄:min is the smallest number belonging to a cycle of the same length as the one thati
belongs to.� G[i℄:length is the length of the cycle thati belongs to.� G[i℄:next is the value ofg(i).

A detailed algorithmic description is as follows:

(1) Initialise a vector Offst such that Offst[1℄ is equal to one and, for alli 2 f2; : : : ; ng, Offst[i℄ is equal toCyle Type[s; i℄:�rst �Cyle Type[s; i℄:seond;
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and run parallel prefix on it. This takesO(log k) parallel steps usingO(pk= log k) processors on an EREW PRAM since there are only at

mostO(pk) non-zero elements in CycleType. After this stage Offst[i℄
will contain the first element involved in a cycle of lengthi (for every

length that is actually present). Ifn = 25 and the given cycle type is(2; 1); (4; 2); (3; 3); (1; 6) then Offst� 1; 3; 11; 20; 26.

(2) Define the elements in position Offst[j℄ (for j < jCj) in G by the tuple:(O�st[j℄;Cyle Type[s; i℄:seond; 0)
then replicate elements min and length so that each (processor associ-

ated with a particular) cell in the result array knows what isthe length

of the cycle it belongs to and what is the first element in a cycle of

the same length. In the example above after this stage the fields of G

contain the values reported in Figure 2.5. The worst case is when all

cycles have the same length. In this case the optimal copyingsteps run

in O(n) work.

(3) It is now possible to compute the field next in constant parallel time and

optimal linear work. G[i℄.next is alwaysi+ 1 unless

(a) G[i℄:length = 1, in this case G[i℄:next = i; or

(b) (i+1� G[i℄:min) mod G[i℄:length = 0, in which case G[i℄:next =G[i℄:min + G[i℄:length((i � G[i℄:min) � G[i℄:length) where “�”

returns the integral part of the division between its two operands. 2
2.7 Algorithm Based on Conjugacy Class Listing

The use of the restarting paradigm described in Section 2.3 seems to be crucial to the definition of

RNC algorithms for sampling unlabelled graphs of given order with uniform distribution. The RNC

algorithm described in this section does not require the number of unlabelled graphs onn vertices

as input.

Let C1; : : : ; Cu(k) be conjugacy classes with permutations containing at leastn � k fixed
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elements and letC0 = Sn nSu(k)i=1 Ci. DefineB0 = 2(n2) nXi=k+1 2 i(i+2)4 � in2 n!(n� i)!
andB = B0 +Pu(k)i=1 jCijjFix(g)j. Consider the following sequential algorithmA,

(1.1) selecti 2 f0; 1; : : : ; u(k)g with probabilityPr[Ci℄ = ( B0B if i = 0;jCij2q(Ci)B otherwise

(1.2) if i = 0 then select a permutationg 2 C0 uniformly at random other-

wise construct a representativeg 2 Ci (by Lemma 16.1 in Section 1.2,

if i > 0 theng can be any member ofCi).
(1.3) goto (2) with probabilityPr[Outj(i; g)℄ = ( jC0jjFix(g)jB0 if i = 0;1 otherwise

(otherwise go back to step (1.1)).

(2) select uniformly at random� 2 Fix(g) and return its orbit.

A single execution of steps (1.1) through (1.3) ofA is called arun. A successful runis a

run which ends with goto (2).

Theorem 27 AlgorithmA generates unlabelled graphs onn vertices uniformly at random.

Proof. The probability thatA generates a particular graph isPr[A = �℄ = u(k)Xi=1 12q(Ci) jCij2q(Ci)B + Xg2C0 jC0jjFix(g)jB0 1jFix(g)j 1jC0j B0B= 1B uXi=1 jCij+ Xg2C0 1B = n!B
which is the same for all graphs. 2

The natural parallelisation of algorithmA consists of executing� runs independently and in

parallel and outputting a graph if at least one run is successful. It will be shown that if� = 
(logn)
then the probability that there is no successful run isO(1=n). The following paragraphs provide

details of the implementation of the single steps. Theorem 32 is the main algorithmic result of this

section.
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Selecting a conjugacy class. The implementation of step (1.1) in algorithmA assumes that prob-

abilitiesPr[Ci℄ for i = 0; : : : ; u(k) have been computed. The pseudo-code for this pre-processing

phase is as follows. The value ofk will be fixed in Theorem 29.

(1) Form a list of the firstu(k) partitions�j in w.a.l. order.

(2) ComputePr[Cj ℄ for all j 2 f1; : : : ; u(k)g.
(3) Run parallel prefix on the probability vector and store the result into an

arrayP ; then definePr[C0℄ as1� P [u(k)℄.
(4) Finally update the vectorP so thatP [j℄  P [j℄ + Pr[C0℄ for all j 2f0; : : : ; u(k)g.

The most expensive steps in this process are (1) and (2)-(3).Theorem 22 deals with the

partition generation. Theorem 28 below shows that as long asnot too many conjugacy classes are

listed, the selection probabilities can be tabulated in NC.

Theorem 28 For everyn 2 IN+ and for everyk 2 f0; : : : ; ng, let g(n; k) be the function defined in

Lemma 9. The probabilitiesPr[Cs℄ for s = 0; : : : ; u(k) are computable inO(pk logn) steps usingO(g(n; k)) processors on an EREW PRAM.

Proof. Step (3) of the algorithm above shows how to computePr[C0℄, given all other probabilities,

using parallel prefix. Hence we only need to show how to definePr[Cs℄ = jCsj2q(Cs)=B fors = 1; : : : ; u(k). By Lemma 9 the quantitiesjCsj2q(Cs) for all s can be computed inO(pk logn)
parallel steps usingO(g(n; k)) processors on an EREW PRAM. A final piece of code is needed to

computeB0. This can be described as follows:

(1) InitialiseB0 = 2(n2). This can be done inO(log n) parallel steps using

optimalO(n2) work.

(2) Copyn times Fact[n℄. Then processorPi for i = k + 1; : : : ; n uses

Fact[n; i℄ to define Ratio[i℄ = Fat[n; i℄=Fat[n� k + i; 1℄ in optimal

linear work.

(3) The numberh(k + 1; n) 1k+1 = 2�n�12 + k+14 is computed using an opti-

mal linear work algorithm and stored in Pow2[1; 1℄.
(4) For i = 2; : : : n � k, Pow2[i; 1℄ is initialised to 4p2 and then parallel

prefix is run on it. After this Pow2[i; 1℄ = 2�n2+ k+i+24 .

(5) Then, each Pow2[i; 1℄ is copiedk + i � 1 times and a tree compu-
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tation is run. After this Pow2[i; 1℄ = 2� (k+i)n2 + (k+i)(k+i+2)4 (for alli = 1; : : : ; n� k).

(6) Using a tree computation on the product Pow2[i; 1℄Ratio[i℄ the summa-

tion in the definition ofB0 is easily computed inO(log n) parallel time

and linear work. ThenB0 can be redefined in terms of its initial value

and the sum above.

(7) B � B0 can be easily computed by tree(Card; u(k);+) andB defined

consequently. Finally Pr[s℄  Card[s℄=B in constant time for alls = 1; : : : ; u(k). All this can be achieved inO(log n) parallel steps

usingO(u(k)= logn) processors. 2
Theorem 29 For everyn 2 IN+, there exists a constant 2 IR+ such that ifk �  log2 n and

all probabilitiesPr[Cs℄ for s = 0; : : : ; u(k) have been computed, then step(1.1) of A can be

implemented in constant parallel time and sublinear work onan EREW PRAM.

Proof. Similar to that of Theorem 26. 2
Selecting a permutation. If the class chosen by step (1.1) isC0, a permutationg 2 C0 is gen-

erated uniformly at random. There are several algorithms for generating permutations in parallel

uniformly at random (see for instance [AS91]). IfRi is the set of permutations which move exactlyi elements out ofn theng 2 C0 = Si�k+1 Ri is built by first selecting one of theRi with proba-

bility proportional to its size and subsequently selectinga random permutationg moving exactlyi
objects using a method described in [Wor87].

Lemma 11 For everyn 2 IN+, jRij = n!(n�i)!Pij=0(�1)j 1j! for all i 2 f1; : : : ; ng. Moreover all

the numbersjRij can be computed inO(log n) time and linear work on an EREW PRAM.

Proof. Given a finite setS, a simple combinatorial principle, known asinclusion-exclusionstates

(see for instance [Rio58, Ch. 3]) that ifAi = fx 2 S : Pi(x)g for some propertyPi with i =1; 2; : : : ;m then the number of objects inS that have none of the propertiesPi isj m\i=1Aij = jSj�X jAij+X jAi \Aj j�X jAi\Aj \Akj+ : : :+(�1)mjA1\A2\ : : :\Amj
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In the case of interest, letAi = fg 2 Sn : g(i) = ig. Then jAij = (n � 1)! and in generaljAi1 \ : : : \ Aij j = (n� j)!. This implies that the number of derangements ofi objects isD(i) = iXj=0(�1)j�ij�(i� j)! = i! nXj=0(�1)j 1j! :
The number of ways of selecting an element inRi is the number of ways of choosingn � i fixed

objects out ofn, times the number of derangements on the remainingi objects.

(1) In Theorem 28 it was proved that a vector Fact of lengthn whosej-th position containsj! can be computed inO(log n) time and lin-

ear work. Using this vector another vector Sums such that Sums[i℄ =Pij=0(�1)j 1j! can then be computed within the same complexity.

(2) A third vector Frac containing the ratiosn!(n�i)! can again be computed

within the same complexity.

(3) Finally (in constant time using a linear number of processors)jRij =Fra[i℄ Sums[i℄.
The pseudo-code for the algorithm described above is

(1) Fact[0; 1℄ 1;

(2) Ft Fat[n; 1℄;
(3) for all i 2 f0; : : : ; ng in parallel do

(4) if oddi
(5) Sums[i℄ �1=Fat[i; 1℄;
(6) elseSums[i℄ 1=Fat[i; 1℄;
(7) F[i℄ Ft=Fat[n� i; 1℄
(8) Sums pre�x(Sums; n+ 1;+);
(9) for all i 2 f0; : : : ; ng in parallel do

(10) R[i℄ F[i℄ Sums[i℄; 2
Lemma 12 Elements ofC0 can be generated uniformly at random inO(log n) parallel steps usingÆn processors with high probability ifÆ = 
(log n).
Proof. First a classRi is selected with probability jRijP jRij . ThenÆ groups ofn processors are

allocated. Each of them, independently, selects a random permutation of1; 2; : : : ; i (in O(log i)
time steps andi processors using a result in [AS91]). Let the random variableX denote the number
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of derangements inÆ trials.X is binomially distributed with success probabilityp = D(i)=i!, whereD(i) was defined in Lemma 11. Sincee�1 = P1i=0 (�1)ii! , it follows thatp � e�1 (details are in

[GKP89, pp. 195]). ThenPr[X = 0℄ can be bounded above bye�O(Æ) using standard results on the

tail of the binomial distribution (for example Theorem 9) and the result follows. 2
If step (1.1) returns a conjugacy class then, for the purposes of the algorithmA, anyg 2 C

“behaves” in the same way: by Lemma 16.2, jFix(g)j is the same for everyg 2 C. By Lemma 10

the canonical permutation can be generated deterministically in O(log n) parallel steps and linear

work on a EREW PRAM.

Theorem 30 Step (1.2) ofA can be implemented inO(log n) time andO(n log2 n) work on an

EREW PRAM with high probability.

Restarting Probability. If C0 was chosen in step (1.1) and a random permutationg 2 C0 was

selected in step (1.2) the algorithmA proceeds to the selection of a graph inFix(g) with probabilityjC0jjFix(g)j=B0. The implementation of step (1.3) chosen here does not present any particular

difficulty. The values ofB0 has been computed already (see Theorem 28). Also,jC0j = n! �Pu(k)i=1 jCij can be easily computed inO(log n) parallel steps and optimal linear work using the data

structures defined in Theorem 28. Finally, the cycle type ofg� can be defined using pointer jumping

and algorithmic solutions as in Section 2.5.

Probabilistic Analysis. The parallelisation of algorithmA is obtained by performing� indepen-

dent trials each simulating a run ofA, in parallel. In this final paragraph an upper bound on the

probability that the whole process fails to produce a graph over� trials is given. LetXs be a random

indicator equal to one if thes-th run is successful.

Lemma 13 If m is the number of unlabelled graphs onn vertices thenPr[Xs = 1℄ � n!mB .

Proof. The algorithm chooses an indexi and a permutationg 2 Ci. Let Out= Out(i;g) denote the

event “the algorithm terminates given that somei andg were generated”.Pr[Xs = 1℄ =X(i;g)Pr[Outj(i; g)℄ Pr[(i; g)℄
Remembering that Pr[Outj(i; g)℄ = ( jC0jjFix(g)jB0 if i = 0;1 otherwise
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and Pr[(i; g)℄ = ( B0BjC0j if i = 0;jCijjFix(g)jB otherwise

Simplifying and making the sums explicit we get (here� � 1 is the probability that Step (2) does

generate a permutation inCi)Pr[Xs = 1℄ = � u(k)Xi=0 Xg2Ci jFix(g)jB = �B u(k)Xi=0 Xg2Ci jFix(g)j = �n!mB
The last equality follows by Fröbenius’ lemma since

Pu(k)i=0 Pg2Ci jFix(g)j = Pg2Sn jFix(g)j.2
LetX =PsXs count the number of successful runs over� trials. By Theorem 9,Pr[X =0℄ � e�O(E(X)). The following result shows that the expected value ofX is sufficiently high.

Lemma 14 E(Xs) = �(1).
Proof. By Theorem 15.2 n!m = P jCj2q(C) where the sum is over all conjugacy classes. We

need to prove thatB0 � Pi>u(k) jCij2q(Ci). Let Ri = fg : g 2 Sn; g moves i elementsg.C0 = Sni=k+1 Ri andjRij � n!(n�i)! (for all i � 1).

Now we writeB0 in terms of the conjugacy classes and by Lemma 8B0 � nXi=k+1 2(n2)�h(i;n) XC�Ri jCj � Xi>u(k) jCij2q(Ci)
From above, direct calculations show thatB0 = nXi=k+1 2(n2)�h(i;n) n!(n� i)! � n! 2(n2) nXi=k+1 2 i+242n2 !i � n! 2(n2) nXi=k+1� 12n�24 �i
from thisB0 � n! jC1j2q(C1) (whereC1 is the conjugacy class formed by the identity permutation).

Hence the contribution ofB0 toB is asymptotically smaller than that of
Pu(k)i=1 jCij2q(Ci) and sincePu(k)i=1 jCij2q(Ci) � n!m (see [HP73]) the result follows. 2

Theorem 31 If � = 
(logn) then with high probability there exists a successful run.

Proof. Follows from Lemma 14 and the previous discussion. 2
Putting together Theorem 28, Theorem 29, Theorem 30, Theorem 23 and the argument on

the restarting probabilities we get an RNC algorithm for generating uniformly at random unlabelled

graphs of given order.
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Theorem 32 For everyn, there exists an RNC algorithm for generating unlabelled graphs onn
vertices uniformly at random inO(log n) time andO(n2 logn)work on an EREW PRAM. Moreover

an output is generated with high probability.

Proof. The most expensive step in the proposed parallel implementation of algorithmA is the

preprocessing required to compute the probabilitiesPr[C℄. However this only needs to be done

once. If� trials are run in parallel andk is chosen to be a constant, the resulting algorithm runs inO(log n) time andO(�n2) work on a EREW PRAM. The result follows by choosing� = O(log n).2
2.8 Avoiding Conjugacy Classes

In [Wor87] an alternative sequential algorithm is described which does not require any information

about the conjugacy classes inSn. The collection(Ri)ni=1, as defined in Lemma 14, is a partition ofSn. If B1 = 2(n2 ) and for2 � i � n, Bi = 2(n2 )�h(i;n) n!(n�i)! whereh(i; n) is the function defined

in Lemma 8 thenjRij � Bi for all i = 1; : : : ; n.

The sequential generation algorithmW is described by the following steps (in what followsM =Pni=1Bi):
(1.1) selectRi with probabilityBiM ;

(1.2) select uniformly at randomg 2 Ri;
(1.3) goto (2) with probabilityjRijjFix(g)jBi (otherwise the run is failing and

the whole process is started again).

(2) select uniformly at random� 2 Fix(g) and return its orbit.

As before on a successful iteration the distribution of the output ofW is uniform over

unlabelled graphs onn vertices and each iteration has a fixed (very high) success probability n!mM .

The parallel implementation ofW does not need to be described in great details since most

of the work has been done already. After a preprocessing stage in which all theBi, for i = 1; : : : ; n
are computed,� trials are run in parallel each consisting in the successiveselection of a classRi, a

permutationg 2 Ri and the computation of the probabilities to restart the process. If� = 
(logn)
at least one of the trials ends with high probability (see [Wor87]). Finally one of the terminating

processes is chosen and a graph inFix(g) is generated. If all theBi have been computed, the

numerical calculations involved in (the parallel version of) Step (1.3) above can be performed in
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O(log n) steps usingO(n2= logn) processors sinceq(C) � n2. Step (1.2) can be performed using

the same algorithm described in Section 2.7. A graph can be output using the “usual” final phase

(see Section 2.5).

Lemma 15 For all n 2 IN+, the boundsBi , the selection probabilitiesBi=M and all thejRij
for all i 2 f0; : : : ; ng, in algorithmW can be computed inO(logn) steps usingO(n2= logn)
processors on an EREW PRAM.

Proof. An array B[i℄ is used to store the bounds defined at the beginning of the section. In particular

B[1℄ can be defined inO(log n) steps usingO(n2= logn) processors. Then all other B[i℄ for i =2; : : : ; n are computed as follows

(1) B  opy(B[1℄; n);
(2) for all i, 2 � i � n in parallel do

(3) V [i℄ n � i+ 1;

(4) V  pre�x(V; n� 1;�)
(5) Compute Pow2[i; 1℄ as in Section 2.7

(6) for all i, 2 � i � n in parallel do

(7) DefineB[i℄ in terms of their initial value,V [i℄ and Pow2[i; 1℄M  tree(B[�℄; n;+) and for all1 � i � n Pr[i℄ = B[i℄=M . Finally compute the vectorjRij fori = 1; : : : ; n as in Section 2.7. 2
Theorem 33 There exists a randomised parallel algorithm for generating unlabelled graphs uni-

formly at random in timeO(log n) andO(n2 logn) work on an EREW PRAM which succeeds with

high probability.

Proof. The algorithm listed after this proof solves the problem. The time to compute every iteration

of the inner loop is dominated by the time to generateg 2 Ri uniformly at random (which isO(log n) andO(Æn) processors by Lemma 12) and the time to computejFix(g)j = 2q(C). To

computejFix(g)j the cycle type ofg has to be determined first and then2q(C) can be computed

using a simplified version of the algorithm in Theorem 28 inO(log n) time usingO(n2= logn)
processors (all the required powers of 2 have been computed already). The final selection of� can

be performed again as in the algorithmA. So the overall running time isO(log n) using at mostO �� n2logn + n2logn� processors. 2
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(1) for all j, 1 � j � � in parallel do

(2) P  pre�x(Pr[i℄; n;+);
(3) �  rand(0; 1);
(4) for all l 2 f1; : : : ; ng in parallel do

(5) if ((Pl�1 � �) and (Pl > �))
(6) ij  l;
(7) Generate a random permutationgj 2 Rij ;

(8) ComputejFix(gij )j as in Section 2.5;

(9) �j  rand(0; 1)
(10) if (gj generated) ^ ��j � jRij jjFix(gj)jBij �
(11) Aj  1;

(12) elseAj  0;

(13) ĵ = minfj j Aj 6= 0g;
(14) if defined(ĵ)
(15) Choose� 2 Fix(gĵ);
(16) Return the orbit of�; Stop;

2.9 Conclusions

In this chapter we have presented some of the issues involvedin the efficient parallel generation of

unlabelled undirected graphs. After presenting our definition of uniform generator we analysed the

main steps involved in sequential algorithms. We showed howsome of them can be parallelised

quite easily, whereas some others present some problems. Using rejection sampling and algorithmic

techniques from [Wor87] we showed the existence of an RNC forgenerating unlabelled graphs onn vertices uniformly at random inO(log n) parallel steps usingO(n2) processors.
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Chapter 3

Approximating Combinatorial

Thresholds

This chapter explores another use of randomness in ComputerScience. Probabilistic techniques can

be used to gain some structural information about specific decision problems. Empirical studies

have indicated that a number of decision problems exhibit the following behaviour: if two integer

functions order(x) and size(x) (see Section 1.2.1) are defined for every instancex, andIn is the

set of instances of ordern, then most of thosex 2 In for which m = size(x) is “small” haveSOL(x) 6= ; and most instances for whichm is “large” haveSOL(x) = ;. Furthermore, there is

an apparentthreshold function� = �(n) such that, ifx 2 In wheneverm < �(n) thenSOL(x) 6= ;
and wheneverm > �(n) thenSOL(x) = ;. Behaviour of this nature is known as aphase transition.

For the satisfiability problem introduced in Section 1.2, the order of an instance� is the

number of variables occurring in� andm is the number of clauses in�. Experiments reported

in [HW94] suggest that a phase transition occurs atm = 4:24 n. By purely analytical means

Goerdt [Goe92] proved that a sharp threshold exists atm = n for the polynomial time solvable

2-SAT (similar results were obtained independently in [CR92] whoalso considered the generalk-

SAT case). Results fork > 2 are much weaker and, although the existence of a threshold has been

recently confirmed [Fri97], its exact “location” has yet to be found. Initial upper bounds on�(n) fork = 3 were obtained in [CS88] where it was proved that “almost all”m-clause,n-variable instances

with m > 5:19 n are unsatisfiable. The best results to date are

Theorem 34 [KKKS98] Almost all formulae with more than4:601 n clauses are not satisfiable.
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Theorem 35 [FS96]Almost all formulae with less than3:003 n clauses are satisfiable.

Phase transition phenomena are not restricted to decision problems. In fact the last two

sections in Chapter 4 will provide examples of such phenomena in the context of optimisation prob-

lems.

The importance of studying these problems lies partly in thefact that they shed more light

on the combinatorial properties of specific problems, partly in that the presence and location of the

threshold function seems to be related to regions in the parameter space where the problem is most

difficult to solve [CS88, HW94]. Far from attempting to settle such ambitious claims we concentrate

on the combinatorial aspects of this type of problems. The aim of this chapter is twofold. In the first

part we will define and analyse the phase transitional behaviour of another graph theoretic property,

that of vertexk-colourability (k-COL for short) [GJ79]. A very simple argument given in Section

3.1.1 shows that almost alln vertex graphs with more than2:71n edges cannot be “legally” coloured

with only three colours. By a more careful analysis of a necessary condition for the existence of one

such colouring, in Section 3.1.2 we are then able to strengthen this bound to2:61n.

In the second part of the chapter, we describe a probabilistic technique which can be use-

ful in approximating the threshold function of several combinatorial problems. Roughly speaking

sometimes the non-existence of a property in a given input instance is implied by the simultaneous

truth of a number of local conditions involving elementary building blocks of the instance. This is

well modelled in a random setting by the so-calledcoupon collectorproblem. In Section 3.2 we give

the relevant definitions and then, using some tight asymptotic expressions for the probabilities asso-

ciated with coupon collector instances, we improve the upper bound on the unsatisfiability threshold

given by Theorem 34 to4:5793n.

3.1 Improved Upper Bound on the Non 3-Colourability Thresh-

old

In this Section some new results on the non 3-colourability threshold are presented. After giving all

relevant definitions and a simple bound (see Theorem 36 below), the main result of the Section is

presented in Theorem 37. The Section finishes with a number ofremarks and possibilities of further

developments.
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3.1.1 Definitions and Preliminary Results

The informal notion of phase transition described above canbe formalised once the measure with

respect to which the sharp change in behaviour is observed isdefined. The approach taken in this

thesis is probabilistic. Given a decision problemQ, a probability space can be associated with the

class of all instancesI = Sn In (where, as usual,In is the set of instances of ordern), by assigning

a probability to eachx 2 I. The expressionPr[x 2 Q j x 2 In℄, abbreviated asPrn[Q℄, is the

probability thatx 2 In is inQ. UsuallyPrn[Q℄ will also depend on some other parameters of the

specific problem. For graph problems, ifn is the number of vertices a natural second parameter ism, the number of edges. ThusPrn;m[Q℄ is the probability that an instance of ordern and sizem
belongs toQ. We are now ready to define the notion of threshold function and phase transition.

Definition 9 A monotone decreasing decision problemQ has aphase transitionwith threshold func-

tion �(n) if

(a) if m=�(n) < 1� o(1) thenPrn;m[Q℄! 1
(b) if m=�(n) > 1 + o(1) thenPrn;m[Q℄! 0.

A recent result [FK96] states that many monotone graph properties have a phase transition

in the sense of Definition 9. Unfortunately, this result doesnot imply that the exact location of the

threshold function is known for every specific problem. It isthus interesting to prove constructive

bounds on the threshold function for specific problems.

The proofs of Theorem 34 and 35 are based on fairly standard techniques for approximat-

ing a threshold function. For a monotone decreasing problemQ an upper bound on the threshold

function is given by the so calledfirst moment method. This is described as follows:

1. We define a r.v.X = Xn;m counting the number of solutions for a random instance of ordern and sizem. The event “X = 0” is equivalent to the event “SOL(x) = ;”.
2. We findE(X) as a function ofn andm.

3. We findm0, the smallest value ofm such that for allm > m0 we have thatlimn!1 E(X) =0.

4. We use the Markov inequality (see Theorem 6) to prove thatlimn!1 Prn[Q℄ = 0.

If limn!1 E(X) =1, sometimes a lower bound on the threshold function can be proved

by the more refinedsecond moment methodwhich is based on an analysis ofVar(X) and Corollary
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1 in Section 1.2.3. Unfortunately in many interesting casesthe variance is rather large relative to the

mean, so that we cannot hope to prove thatX > 0 almost always using the second moment method.

In some cases, such as the constructive proof of Theorem 35, it is possible to define an algorithm

and to prove that if the size of the input is sufficiently smallthenX > 0 almost always.

Given an undirected graphG = (V;E) a k-colouring is a mapping� : V ! f1; : : : ; kg.
Notice that the mapping is not required to be surjective so any (k � i)-colouring (for1 � i < k) is

ak-colouring. Thek-colouring islegal iffu; vg 2 E ) �(u) 6= �(v)
Thevertexk-colourabilityproblem (ork-COL for short) is the decision problem that takes as input

a graphG = (V;E) and whose solution set is the class of all graphs for which there exists a legalk-colouring. To simplify notationsSOL(G) will be abbreviated as�G or simply� when the graphG is clear from the context. Also, in the casek = 3, we usefred, blue, whiteg as the set of colours.

For any 3-colouring� let R�, B� andW� be the set of vertices inV (G) coloured red, blue and

white, respectively. Lower case letters will be used for their cardinalities, e.g.r� = jR�j. The

dependence on� will normally not be shown explicitly.

Since a multigraph and its skeleton have the same number ofk-colourings we can study the

3-colourability of random multigraphs and then apply Theorem 11 to deduce corresponding results

for simple graphs with a given number of edges. Before stating a very simple upper bound on the

3-colourability threshold we need the following technicalresult.

Lemma 16 If G 2 M(n;m) ande 2 E(G), the probability thate is legally coloured by a given

3-colouring� is at most2=3 +O(1=n).
Proof. If only one colour is used (e.g. for exampler = b = 0) then trivially the required probability

is null. Otherwise there are preciselye(n; b; w) =df �n2�� ��n� (b+ w)2 �+�b2�+�w2�� = n(b+ w) � (b2 + w2 + bw)
ways of choosing an edge inG that is legally coloured by�. For every fixed value ofn define

the function~en(x; y) : (IR+)2 ! IR by ~en(x; y) = e(n; x; y). The point(x; y) = (n=3; n=3)
is stationary for~en(x; y), the Hessian matrix of~en(x; y) is

��2 �1�1 �2�. This implies that for every(x; y) 2 [0; n℄� [0; n℄ we have~en(x; y) � n2=3. The probability that an edge is chosen so that its
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endpoints have different colours is at mostn23 2n(n� 1) = 23 nn� 1 2
Theorem 36 Almost all graphs onn vertices with more than2:71 n edges are not 3-colourable.

Proof. If X = X(G) is the r.v. counting the number of legal 3-colourings of a randomG sampled

according to the modelM(n;m) then the event “X > 0” is equivalent to the event “G 2 3-COL”

(given thatG 2 Gn). We use linearity of expectation to compute an upper bound on E(X). If �
is a 3-colouring of then vertices (i.e. a tri-partition off1; : : : ; ng in the colour classesR, B andW ) let X� be the random indicator equal to one if and only if� is a legal colouring ofG. Since

each edge inG is chosen independently, the probability that� is a legal colouring forG is the

product of the probabilities that each selected edge is legally coloured by�. By Lemma 16 this is

at most2n=3(n� 1). We haveX = P�X�, and sinceE(X�) = Pr[� 2 �℄ � [2n=3(n� 1)℄m,

the expectation ofX is at mosten log 3�m[log 3(n�1)�log 2n℄ and the upper bound is asymptotically

very small ifm=n > log 3=(log 3� log 2) ' 2:7096. The result about simple graphs follows from

Theorem 11. 2
It might be worth noticing the asymptotic nature of this result. There is only one simple

graph onn = 4 vertices andm = 6 edges (the complete graphK4) and it is not 3-colourable,

whereas there are66 = 46656 pairs(G; �) whereG 2 M4;6 and� 2 S6. and only6! = 720 of

them are not 3-colourable.

3.1.2 Main Result

If 3-COLn;m is the set of 3-colourable graphs of ordern and sizem, thenPr[X > 0℄ =df j3-COLn;mjjGn;mj
If XG is a random indicator equal to one if and only ifG is 3-colourable then we can writePr[X > 0℄ = XG23-COLn;m 1jGn;mj = XG2Gn;mXG Pr[G℄ � XG2Gn;mX(G) Pr[G℄ = E(X)
This simple proof of the Markov inequality explains the problem we face when using this proba-

bilistic tool in Theorem 36. Graphs with a large number of colourings make a large contribution to

the expectation even though they occur with a fairly small probability. In order to reduce this effect
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Figure 3.1: A legal 3-colouring (left) and a maximal 3-colouring (right).

and improve Theorem 36 we need to identify a subset of the legal colourings of a graph which is

easy to handle combinatorially and compute an upper bound onPr[X > 0℄ based only on these

“special” colourings.

Definition 10 For any graphG a maximal 3-colouringis a legal 3-colouring such that by changing

the colour of any single red vertex we get an illegal 3-colouring.

In other words every red vertex in a maximal 3-colouring mustbe adjacent to a blue and a white

vertex. Vertexv in Figure 3.1 is only adjacent to white vertices hence the given colour is not

maximal. By recolouringv in blue we obtain a maximal 3-colouring (Figure 3.1 on the right).

If G is bipartite it can be vertex coloured using only two coloursand without loss of generality we

can assume these to be “blue” and “white”. Any such 2-colouring is a maximal 3-colouring simply

because there is no red coloured vertex. Let�℄G (again the dependence onG usually will not be

shown explicitly) denote the set of maximal 3-colourings ofG. Let X℄ be the r.v. counting the

number of maximal 3-colourings ofG.

Lemma 17 LetG 2M(n;m). Then

1. XG � X℄ � X .

2. Pr[X > 0℄ � E(X℄).
Proof. If XG = 0 thenG is not 3-colourable andX℄ = 0. If G 2 3-COL then there is a very

simple procedure which converts every legal 3-colouring ofG into a maximal 3-colouring. Let�
be a legal 3-colouring ofG and letR = fv1; : : : ; vrg be the set of vertices that are coloured red.

For eachi 2 f1; : : : ; rg recolourvi either blue or white if this gives a legal colouring (leave�(vi)
unchanged, otherwise). Afterr steps each vertex such that�(v) = R has either been recoloured or is

such that by changing its colour to blue or white the resulting colouring is not legal anymore. HenceXG � X℄. X℄ � X is true because all maximal 3-colourings are legal colourings by definition.

The second statement follows from the first one and the chain of inequalities above. 2
Using this refined notion of 3-colouring Theorem 36 can be improved as follows.
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Theorem 37 For n sufficiently large, almost all graphs onn vertices with more than2:61 n edges

are not 3-colourable.

The proof of this result is by the following argument:

1. By Lemma 17Pr[X > 0℄ � E(X℄).
2. If G hasn vertices andm =  n edges then there exists a functionh(n; k; ) such thatE(X℄) �Pnk=0 enh(n;k;).
3. For each fixed it is possible to find two positive real numbers� and�, with �+ � < 1, such

that forn sufficiently large

(a) there exists a positive constantÆ such thath(n; k; ) � �Æ < 0 for all k 2 [�n; (�+�)n℄.
(b) h(n; k; ) < h(n; k + 1; ) for all k � �n.

(c) h(n; k; ) > h(n; k + 1; ) for all (�+ �)n � k � n.

4. ThusE(X℄) �Pnk=0 e�Æn and Theorem 37 follows by choosing = 2:6028, � = 0:696139
and� = 10�5.

in the remaining part of this Section all these claims are proved. We start by finding an upper bound

onE(X℄) in terms of the probability that a given 3-colouring is a legal 3-colouring for a randomG
and the conditional probability that the 3-colouring is also maximal.

Lemma 18 E(X℄) � (2=3 +O(1=n))mP� Pr[� 2 �℄ j � 2 �℄.
Proof. Let X℄� be the random indicator equal to one if and only if� 2 �℄. Again using linearity

of expectationE(X℄) = P� E(X℄�) = P� Pr[� 2 �℄℄. To computePr[� 2 �℄℄ we use the total

probability law (Theorem 2).Pr[� 2 �℄℄ = Pr[� 2 �℄ j � 2 �℄ Pr[� 2 �℄ + Pr[� 2 �℄ j � 62 �℄ Pr[� 62 �℄= Pr[� 2 �℄ j � 2 �℄ Pr[� 2 �℄ + 0 � Pr[� 62 �℄ 2
Next we need a technical Lemma stating a useful inequality and an important Theorem

which will allow us to bound the conditional probabilities involved in the computation ofE(X℄).
Lemma 19 [1� (�n)�1℄n � e� � �O(n�1) for all positive constants� and.
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Figure 3.2: Legal edges for a vertexv.

Proof. For 0 < x < 0:69, log(1 � x) > �x � x2 (see for instance [Bol85, p. 5]), therefore, for

sufficiently largen, we have � + n log�1� 1�n� > � �2n
and the result follows by exponentiation. 2

The next Theorem is restated from McDiarmid [McD92].

Theorem 38 Let V andI be finite non-empty sets. Let(X� : � 2 V) be a family of independent

random variables, each taking values in some set containingI ; and for eachi 2 I , let Si = f� 2V : X� = ig. Let(Fi : i 2 I) be a family of increasing properties ofV . ThenPr"\i2IfSi 2 Fig# �Yi2I Pr[Si 2 Fi℄:
If e(n; b; w) is the function defined in the proof of Lemma 16, for any 3-colouring� of the

set of vertices and anyv 2 R� there aree(n; b; w)� b (resp.e(n; b; w)� w) ways to choose edges

connectingv to the rest of the graph so that no blue vertex (resp. white vertex) is adjacent tov (see

Figure 3.2 to get some more intuition). Hence ifG 2 M(n; n) with probability�e(n; b; w)� be(n; b; w) �n = �1� be(n; b; w)�nv is not adjacent to any blue vertex. For everyv 2 R define the eventsE1v = “v is adjacent to at

least one blue vertex” andE2v =“v is adjacent to at least one white vertex”. It follows thatPr[E1v ℄ = 1��1� be(n; b; w)�n :
andPr[E2v ℄ has a similar expression. We havePr[� 2 �℄j� 2 �℄ = Pr"\v2R(E1v \E2v )#
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and we aim at using Theorem 38 to upper bound this probability. The following result gives a

uniform upper bound onPr[E1v ℄ Pr[E2v ℄ for everyv 2 R.

Lemma 20 For every fixedn 2 IN and real > 0 let fn; : IN� IN! [0; 1℄ be defined byfn;(b; w) =df �1��1� be(n; b; w)�n� �1��1� we(n; b; w)�n� :
Then the maximum value offn;(b; w) subject tob+ w = k is at most

n1� h1� 12n�(3k=2)ino2.

Proof. To prove the result we relax integrality assumption and we solvemax(b;w)2[0;n℄�[0;n℄ fn;(b; w)
s.t. b+ w = kk 2 [0; n℄

Lettinggn;k = nk � k2, we have�fn;(b; k � b)�b = n��1� bgn;k + bk � b2�n�1 � b2 + gn;k(gn;k + bk � b2)2 �+��1� k � bgn;k + bk � b2�n�1 �2b2k2 � 2kb+ gn;k(gn;k + bk � b2)2 ��
The pointb = k=2 is stationary forfn;(b; k � b). Moreover the partial derivative is positive if0 � b < k=2 and negative isk=2 < b � k. Henceb = k=2 is the only stationary point offn;(b; k � b) for b 2 [0; k℄. 2
Lemma 21 If G 2 M(n; n) thenX� Pr[� 2 �℄ j � 2 �℄ � nXk=0�nk�2k �1� exp �� 2� (3k=2n)�+O(1=n)�2(n�k) :
Proof. To prove the Lemma an upper bound onPr[� 2 �℄ j � 2 �℄ is defined using Theorem 38.

LetG be a graph withb vertices coloured blue by�, w coloured white and, ifk = b+w, r = n� k
vertices coloured red. The set of red vertices is arbitrarily ordered: letvj , for j = 1; : : : ; r, be thejth vertex in this ordering. LetI = f1; : : : ; 2rg. LetV be the setf1; : : : ; ng. For each� 2 V andi 2 f1; : : : ; rg (resp.i 2 fr + 1; : : : ; 2rg) letX� = i 2 I if the �th edge inG is one of the edges

that makes the eventE1vi (resp.E2vi�r ) true. IfFi is, for all i 2 I , the increasing collection of all

non-empty subsets ofV then by Theorem 38Pr"\i2IfSi 2 Fig# �Yi2I Pr [Si 2 Fi℄
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Notice that Pr"\v2R(E1v \ E2v)# = Pr"\i2IfSi 2 (Fi n ;)g#
Therefore Pr"\v2R(E1v \ E2v)# = Pr"\i2IfSi 2 (Fi n ;)g#� Pr"\i2IfSi 2 Fig#� Yi2I Pr [Si 2 Fi℄� Yv2RPr[E1v ℄ Pr[E2v ℄
where the first inequality holds because the event on the right-hand side is bigger (see Theorem 1.2)

and the last one is true because the final term contains fewer factors than the previous one.

By Lemma 20 and the argument above, the product of the probability that a particular vertex

coloured red is adjacent to a blue and the probability that itis adjacent to a white vertex is at most�1� �1� 12n� (3k=2)�n�2 :
Thus Pr[� 2 �℄ j � 2 �℄ � �1� �1� 12n� (3k=2)�n�2(n�k)
By Lemma 19, �1� 12n� (3k=2)�n � exp �� n2n� (3k=2)��O(1=n)
hence we havePr[� 2 �℄ j � 2 �℄ � �1� exp �� 2� (3k=2n)�+O(1=n)�2(n�k)
The result follows since there are

�nk�2k ways of allocating the setsB andW so thatr = n� k. 2
This last result implies the existence of a functionh(n; k; ) such thatE(X℄) is bounded

above by
Pnk=0 enh(n;k;). More specifically by simple algebraic manipulations of theupper bound

onE(X℄) it is possible to defineh(n; k; ) =df  log 23 + 1n log�nk�+ kn log 2 + 2�1� kn� log �1� exp�� 2� 3k=2n��
Lemma 22 For all  > 0 there exist�; � 2 IR+ with 0 < �+ � < 1 andh(n; k + 1; )� h(n; k; ) > 0 0 � k � �nh(n; k + 1; )� h(n; k; ) < 0 (�+ �)n � k � n
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Proof. Let k = 1� exp�� 2�3k=2n�. We haveh(n; k + 1; )� h(n; k; ) = 1n �log 2(n� k)k + 1 � 2 log k�+ 2�1� kn� log k+1k
Sincek < k+1 < 1 for all k, if we consider0 � k � �n and(�+ �)n � k � n then we haveh(n; k + 1; )� h(n; k; ) � 1n �log 2(1� �)�+ 1=n � 2 log �n+1� > 0
Similarly for (� + �)n � k � nh(n; k+1; )�h(n; k; ) � 1n �log 2(1� �� �)� + �+ 1=n � 2 log (�+�)n�+2 (1� �� �) log (�+�)n+1(�+�)n < 02
Lemma 23 For any� > n=2 and� > 0 such that�+ � < 1, if �n � k � (�+ �)n, thenh(n; k; ) �  log 23+(�+�) log 2+log� 1�(�� 1)��1�+2(1����) log(1�exp�� 2� 3(�+ �)=2�)
Proof. The result follows using Stirling approximation for

� n�n� in the definition ofh(n; k; ) and

simplifying. 2
3.1.3 Concluding Remarks

We end this section by noticing that further improvements seem possible. Definition 10 can be

“naturally” strengthened as follows.

Definition 11 A colouring� is bettermaximal if it is a maximal colouring in which every blue vertex

is adjacent to a white one.

Indeed Achlioptas and Molloy [AM] recently used this definition and proved that almost all

graphs with more than2:522n edges are not 3-colourable. Experiments reported in [HW94]suggest

that the threshold function for this problem is located around 2:3n. Moreover the existence of a

sharp threshold has been recently proved [AF99]. We believethat by a more careful analysis of the

set of 3-colourings of a graphs it may be possible to move thisbound below2:5n and thus get closer

to real value of the non 3-colourability threshold. We leavethis as an open problem.

3.2 Improved Upper Bound on the Unsatisfiability Threshold

The problem of determining the satisfiability of a Boolean formula is certainly one of the most

famous in Computer Science. Its importance lies partly in the fact that the Boolean formula language
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offers a way to encode many combinatorial problems which preserves the key properties of the

combinatorial problem and partly in the nice combinatorialproperties of Boolean functions.

The aim of this section is to analyse the phase transitional properties of 3-SAT, the variant

of the general satisfiability problem in which the input formula is a conjunction of disjunctions of

at most three literals. All relevant definitions were given in Section 1.2.1. LetCn denote the set of

all clauses with exactly three literals of three distinct variables defined from a set ofn variables. A

random formula� is obtained by selectingm clausesC 2 Cn with replacement. Taking a more

static view, similar to the one used to define random graph models, arandom formula modelis

a probability space associated with�n;m, be the set of all formulae onn variables andm (not

necessarily all different) clauses.

Definition 12 For any Boolean formula� a maximalsatisfying assignment� is a satisfying assign-

ment such that if the variablex occurs in� and�(x) = 0 then the assignment�0 defined by�0(y) = 8><>: 1� �(y) y = x�(y) otherwise
does not satisfy�.

LetA� be the set of satisfying assignments of� andA℄� the set of maximal satisfying assignments

of �. LetX℄ be the r.v. counting the number of maximal satisfying assignments of�. Again not all

satisfying assignments are maximal. Also, if� is satisfiable then there must be at least one maximal

satisfying assignment. So by counting only maximal satisfying assignments it is possible to get an

improved upper bound on the unsatisfiability threshold.

Lemma 24 If C is selected at random among the set of all clauses on three literals and� is some

truth-assignment thenPr[Cf�g = 1℄ = 78 .

Proof. There are
�n3� ways of choosing three variables to be part of a clause and23 ways of choosing

whether the three variables occur in positive or negated form. HencejCnj = �n3�23. For any fixed

truth assignment� and any choice of three variablesxi; xj ; xk there is a unique clauseC containing

the three variables such thatCf�g = 0. HencePr[Cf�g = 1℄ = 1� �n3��n3�23 = 1� 18 2
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From the last lemma and the assumption about the random formula model it follows thatPr[�f�g = 1℄ = (7=8)m. By linearity of expectation,E(X℄) = �78�mX� Pr[� 2 A℄�j� 2 A�℄
The final bit of work involves obtaining a good upper bound on the probability that a specific� is a

maximal satisfying assignment conditioned on the fact that� is satisfied by�. LetK = 1� e�3=7
for every 2 IR+.

Theorem 39 [KKKS98] If � is a random formula onn variables andm = n clauses, and� setss variables to zero thenPr[� 2 A℄�j� 2 A�℄ � (K + o(1))s.
Theorem 40 [KKKS98] If � is a random formula onn variables andm = n clauses, the expected

value ofX℄ is at most(7=8)n(1 +K + o(1))n. It follows that the unique positive solution of the

equation (7=8)(2� e�3=7) = 1
is an upper bound on� (this solution is less than 4.667).

Using a stronger notion of maximality Kirousis, Kranakis, Krizanc, and Stamatiou managed

to improve this bound to0 = 4:601+.

The main idea presented in this chapter is a different way of estimating the probability that

an assignment is maximal (according to Definition 12). The expectation ofX℄ is
P� Pr[� 2 A℄�℄.

The probabilistic model described in the next Section will allow a tighter estimate onPr[� 2 A℄�℄
and this in turn will lead to an improvement on Theorem 40 and on the stronger Theorem 34.

3.2.1 The Young Coupon Collector

A nice way to define the probabilistic model we are interestedin is to quote one of the oldest

references to it:

I should like to say straightaway that collecting cigarette-cards isnot my hobby. But

recently the manufacturers of the brand of cigarette I smokestarted to issue an attractive

series of cards and I said to a friend, “I think I shall save these cards until I obtain the

complete set of fifty.” He replied, “About how many packets doyou think you will have

to buy before you get the set?” And this raises an interestingproblem in probability
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which I do not recollect having seen before. (F. G. Maunsell,Mathematical Gazette,

1938)

Maunsell’s paper also contains exact expressions for coupon(j; s), the probability of having

to buyj packets in order to see all thes different cards and the expected number of trials to see all

the cards, assuming that the cards are placed in the packets at random.

Theorem 41 oupon(j; s) =Psi=0 �si�(�1)i �1� is�j
Unfortunately the formula in the last theorem is only usefulwhens is a small constant,

for otherwise its numerical evaluation becomes very slow. Moreover, for larges, the functional

properties of coupon(j; s) are not apparent from the expressions above. For this reasons more

recent research has focused on finding useful asymptotic expressions for coupon(j; s) andE(s),
the expected number of trials before all coupons have shown up. A simple argument proves thatE(s) � s ln s + O(s). Moreover using Chebyshev inequality it is fairly simple toprove that the

probability that more than E(s) trials are needed is very small. A deeper analysis of coupon(j; s)
is needed to prove high probability results for smaller deviations from the mean. The following

is proved for example in Motwani and Raghavan’s recent book on randomised algorithms [MR95,

Sect. 3.6].

Theorem 42 Let the random variableX denote the number of trials for collecting each ofs types

of items. Then, for any constant 2 IR andj = s ln s+ s,lims!1Pr[X > j℄ = 1� e�e�
In this section we need to study the probabilities associated with what could be called

[Chv91] theyoung coupon collector. The following result, essentially proved in [Arf51], gives

an asymptotic expression for coupon(j; s) whenj = �(s).
Theorem 43 If j = �(s). oupon(j; s) �r j�s (er0 � 1)s� jesr0�j (3.1)

wherer0 is the solution off(r) = j=s with f(r) = rer=(er � 1) and� =df r0f 0(r0).
Theorem 43 has the following useful corollary.

Corollary 2 [Chv91]Letx = j=s with j = �(s). For all x > 1 defineg1(x) =df (er0 �1)� xer0�x
wherer0 is the solution off(r) = x. Also letg1(1) = e�1. Then for all sufficiently large integers
and allx � 1, coupon(j; s) � g1(x)s.
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3.2.2 Application to the Unsatisfiability Threshold

Let � be a maximal satisfying assignment of�(~x). For every variablex set to zero by� (called a

critical variable), there must exist in� a critical clauseof the following type:f�x; l1; l2g 2 � with�(l1) = �(l2) = 0. Therefore the random process by which� is built resembles the coupon collector

experiment: if� containss critical variables then there ares types of coupons, each corresponding

to (any) critical clause associated with a different critical variable. In this section this analogy will

be described formally and exploited to give an improvement to Theorem 40.

It should be remarked that the connection between maximal satisfying assignments (in

the sense of Definition 12) and the coupon collection experiment has been noticed before. In

[DB97], Dubois and Boufkhad prove upper bounds on the unsatisfiability threshold fork-SAT

for all constantk. Their description is in terms ofStirling numbers of second kindS(j; s) =(1=s!)Psi=0 �si�(�1)i(s � i)j (see [Rio58]) and the following identity follows immediately from

Theorem 41 oupon(j; s) = (s!=sj)S(j; s)
In Section 3.2.3 it will be shown how the use of a stronger notion of maximality and some results

in [KKKS98] in conjunction with the probability associatedwith the coupon collector will lead to

an improvement on Theorem 34 which brings the upper bound on the unsatisfiability threshold for

3-SAT down to 4.5793.

Let Cn(x; �) be the set of critical clauses for variablex under�. For every critical variablex, jCn(x; �)j = �n�12 � since there are this many ways of selecting the literalsl1 andl2. Also, for

every pair of critical variablesx andy, Cn(x; �) \ Cn(y; �) = ;. Assuming� setss variables to

zero, the probabilityPr[� 2 A℄�℄ is the ratio between a functionN(n;m; s) and the number of ways

to build a formula onm clauses out ofn variables. HencePr[� 2 A℄�℄ =df N(n;m; s)�8�n3��m
The functionN(n;m; s) counts the number of ways to build a formula withm clauses out ofn
variables containing at least one critical clause for each of the s critical variables. If� containsj 2 fs; s+ 1; : : : ;mg critical clauses, thenPr[� 2 A℄�℄ = mXj=s C(n;m; s; j) R(n;m; s; j)�8�n3��m
whereC(n;m; s; j) counts the number of ways of choosingj critical clauses so that at least one
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member ofCn(x; �) is chosen for each of thes critical variables andR(n;m; s; j) counts the number

of ways of filling up the remainder of� with m� j clauses that are true under� but not critical.

Lemma 25 For any choice of the parametersR(n;m; s; j) = �7�n3�� s�n�12 ��m�j .
Proof. By the argument in the proof of Lemma 24 there are7�n3� clauses satisfied by�. If � forcess variables to be critical there ares disjoint groups of

�n�12 � critical clauses. 2
Lemma 26 For any choice of the parametersC(n;m; s; j) = �mj � �s�n�12 ��j oupon(j; s).
Proof. Assume that there ares critical variables associated with a given assignment�. Moreover� containsj critical clauses. There are

�mj � ways of choosingj positions out of them available.

Also, there ares�n�12 � critical clauses. Therefore, if we do not distinguish amongthe non-critical

clauses, there are
�mj � �s�n�12 ��j ways of choosing a sequence ofm clauses so that exactlyj of

them are critical. SinceC(n;m; s; j) counts the number of these which has at least one occurrence

of a critical clause for each of thes critical variables, and since there are equal numbers of possible

critical clauses for each variable, the ratio of these termsis the probability coupon(j; s). 2
In terms of the coupon collector problem, there ares items, thes disjoint sets of critical

clauses, andj selections to be made. Critical clauses with respect to a specific critical variable are

indistinguishable.

Theorem 44 If � setss variables to zero thenPr[� 2 A℄�℄ = mXj=s�mj �� 3s8n�j oupon(j; s)�78 � 3s8n�m�j
Proof. By the argument at the beginning of the section and Lemma 25 and 26Pr[� 2 A℄�℄ = mXj=s�mj �oupon(j; s) s�n�12 �8�n3� !j  7�n3�� s�n�12 �8�n3� !m�j
and the result follows by straightforward algebraic simplifications. 2

It is convenient to split the analysis ofE(X℄) in two main parts.E(X℄) � �78�m �nXs=0�ns�Pr[� 2 A℄�j� 2 A�℄ +nXs=�n�ns� mXj=s�mj �oupon(j; s)� 3s8n�j �78 � 3s8n�m�j (3.2)

The first sum is dealt with using Theorem 39. For a sufficientlysmall� < 1 the expected number of

maximal satisfying assignments with at most�n critical variables is rather small. The second part
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of E(X℄) will be bounded using the result on the young coupon collector probability in Theorem

43.

Lemma 27
�ns� � �nes �s for all n 2 IN ands 2 f0; : : : ; ng.

Proof. For alln 2 IN ands 2 f0; : : : ; ng�ns� = n!s! (n� s)! � nss!
The result is then proved by showing that(s=e)s is a lower bound fors! for all s 2 IN. By induction

ons, clearly11 > 1=e. Using the inductive hypothesis(s+ 1)! � (s+ 1)�se�s
Multiplying and dividing bye(s+ 1)s+1,(s+ 1)! � �s+ 1e �s+1 ess(s+ 1)(s+ 1)s+1= �s+ 1e �s+1 e�1 + 1s�s > �s+ 1e �s+1
where the last inequality follows from1 + x � ex. 2
Theorem 45 For n sufficiently large there exists an� > 0 such that for every 2 (0; 0) there exists

a positive real number��; < (K + �)=(1 + K + �) such that if� is a random formula onn
variables andm = n clauses then for all� < ��;�78�n �nXs=0�ns�Pr[� 2 A℄�j� 2 A�℄ = o(1)
Proof. Let � : IN ! IN be an arbitrary function on natural numbers withlimn!1 �(n) = +1 and�(n) = o(n= lnn). First notice that, by Lemma 27,�(n)Xs=0�ns�(K + o(1))s � �(n)Xs=0 �ne(K + o(1)s �s
Also �ne(K + o(1))s �s � �ne(K + o(1))s+ 1 �s+1
Therefore�(n)Xs=0�ns�(K + o(1))s � (1 + �(n)) �ne(K + o(1))�(n) ��(n) = o([(7=8)0(1 +K0 + o(1))℄n)
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If �(n) � s � �n then �ns� � r n2�s(n� s) �ns �s� nn� s�n�s� O �1=p�(n)��ns �s� nn� s�n�s
Claim 1 The function[n(K + o(1))=s℄s[n=(n � s)℄n�s is increasing ins for all s � (K +o(1))n=(1 +K + o(1)).

Notice that�n(K + o(1))s �s� nn� s�n�s � �n(K + o(1))s+ 1 �s+1 � nn� s� 1�n�s�1
if and only if s+ 1(K + o(1))[n� (s+ 1)℄ �1 + 1s�s�1� 1n� s�n�s � 1
which in turn, since1 + x � ex for all x 2 IR, is satisfied ifs+ 1(K + o(1))[n� (s+ 1)℄ � 1
The last inequality is true if and only ifs � n � K + o(1)1 +K + o(1)�� 1
Hence, upper bounding the sum by its largest term,�nXs=�(n)�ns�(K + o(1))s � O �n=p�(n)��n(K + o(1))�n ��n� nn� �n�n��n= O �n=p�(n)�(�K + o(1)� �� � 11� ��1��)n
Forn sufficiently large the termo(1) in the last expression is upper bounded by some� > 0. The

remaining part of the proof is aimed at showing that for everypositive constants� and there exists

a value��; such that �78� �K + �� �� � 11� ��1�� < 1 (3.3)

for all � < ��;. Some simple calculations show that, for every fixed positive � and, the functionh�;(�) =df [(K + �)=�℄�(1� �)��1 is continuous and positive for� 2 (0; 1). Alsolim�!0h�;(�) = 1 lim�!1h(�) = K + �
Moreoverh�;(�) has a unique maximum at�� = (K+�)=(1+K+�) andh�;(��) = 1+K+�.
Since < 0, by Theorem 40(7=8)(1+K+�) > 1. Hence1 < (8=7) < 1+K+� and therefore
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there exists a unique��; < (K+ �)=(1+K+ �) solution of the equation(7=8)h�;(�) = 1. For

all � < ��; inequality (3.3) holds and the theorem follows. 2
Using the theory of implicit functions it is possible to prove that the function1(�) defined

implicitly by the equation(7=8)h�;(�) = 1 is increasing in� so that smaller values of� result in

smaller values for. This property will be used in Section 3.2.3.

If s is larger that�n then the asymptotic for the coupon collector given by Theorem 43

becomes useful. In order to successfully boundnXs=�n mXj=s�ns��mj �oupon(j; s)� 3s8n�j �78 � 3s8n�m�j
the following approximations are used:�ns� � �ns �s � nn�s�n�s if �n � s � n�ns� � � nen�s�n�s if n < s � n�nj � � � nj �s � nn�j�n�j if s � j � n�nj � � � nen�j�n�j if n < j � n
Then, settingy = s=n andx = j=s, the nested summation above is upper bounded bynO(1)�Z � Z y1 f1(x; y)ndx dy + Z 1 Z y1 f2(x; y)ndx dy++ Z � Z yy f3(x; y)ndx dy + Z 1 Z yy f4(x; y)ndx dy�
where f1(x; y) = � 1y�y � 11�y�1�y h (7�3y)8(�xy)i�xy � 38x�xy g1(x)yf2(x; y) = � e1�y�1�y h (7�3y)8(�xy)i�xy � 38x�xyf3(x; y) = � 1y�y � 11�y�1�y h e(7�3y)8(�xy) i�xy � 3y8 �xyf4(x; y) = � e1�y�1�y h e(7�3y)8(�xy) i�xy � 3y8 �xy
Figure 3.3 gives a graphical description of the partition induced on the space of values forx andy by the previous definitions. The four integrals above are estimated quite simply by using some

uniform upper bounds on each of thefi’s and multiplying them by the area of the region on the

plane in whichfi is defined. Also, in order to prove the main result of this section, each of thefi’s
is proved to have an upper bound smaller than one for sufficiently large and some choice of.

Functionsf3(x; y) andf4(x; y) only depend ony andxy. They can be upper bounded rather easily.

Theorem 46 For every > 0 there exists a � 1=2 such thatf3(x; y) < 1 for all y 2 [�; ℄ andx
such that()=y � x � =y.
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Figure 3.3: Partition of the parameter space used to upper boundE(X℄).
Proof. The following chain of inequalities holds for ally 2 (0; 1℄:�1y�y � 11� y�1�y = 1y �1y�y�1� 11� y�1�y= 1y � y1� y�1�y= 1y �1� 1� 2y1� y �1�y � ey 2y�1
Also, (e2y�1)=y is maximised either aty = � or aty = . It follows that there exists a positive real

constant�0 such that if� > �0 then the maximum of this function is(e2�1)=. Using this fact and

rearranging the expression forf3f3(x; y) � e 2�1�3ye�xy �e8 ��7� 3y� xy��xy3y=8 is smaller than one and increasing for ally in the given range;xy � . Hence�3ye�xy � �3e�
In the same way7� 3y is always larger than one and thus(7� 3y)�xy � 7(1�)
Finally, setting1� t = � xy, � 1� xy��xy = � 11� t�1�t
and the latter is maximised att = 1� 1=e. Hencef3(x; y) � e 2�1+ 1e � (3)(7e)1�8 �
The functione 2�1+ 1e is increasing in(1=2; 1℄ so a weaker upper bound onf3(x; y) ise1+ 1e � (3)(7e)1�8 �

83



For every given > 0, the expression inside the square brackets is decreasing for every  2(0; 7=3℄. Hence the upper bound onf3(x; y) is less than one for all 2 (; 1℄ where satis-

fies[(3)(7e)1�=8℄ = e�1�1=e. 2
Theorem 47 For every > 0 there exists a � 1=2 such thatf4(x; y) < 1 for all for all y 2 (; 1℄
andx such that()=y � x � =y.

Proof. By rearrangements similar to those in Theorem 46f4(x; y) � � e1� y�1�y �7� 3y� xy��xy �e8 �� 3e�� � e1� y�1�y e 1e (7� 3)(1�) �e8 �� 3e�� e 1e � e1� �1� �3(7e)1�8 �
and the result follows. 2

A little more effort is needed to get uniform upper bounds onf2(x; y) andf1(x; y). The

following are standard results contained in many introductory analysis texts [Apo57, Giu83]. In

what follows ifI is an interval inIRd then for eachi 2 IN the classCi(I) contains all functions that

are continuous and differentiablei times inI .

Definition 13 Let I � IR be an interval. A functionf : I ! IR is convexif for all x1; x2 2 I and

for all � 2 (0; 1), f(�x1+(1��)x2) � �f(x1)+ (1��)f(x2). A functionf : I ! IR is concave

if �f is convex.

Theorem 48 [Giu83] Let f : I ! IR with f 2 C2(I). Thenf(x) is concave if and only ifd2f(x)dx2 � 0 for all x 2 I .

The following Lemma will be needed in the proof of Theorem 49

Lemma 28 Letf : I � J ! IR with f 2 C2(I � J). Also assume that

1. The gradient off is zero at(a; y) for somea 2 I and for ally 2 J .

2. �2f(x;y)�x2 � 0 for all y 2 J .

ThenmaxI�J f(x; y) = maxJ f(a; y).
Proof. By contradiction assume there exists a point(�x; �y) such thatf(�x; �y) > f(a; y). Since�2f(x;y)�x2 � 0 for all y 2 J , by Theorem 48f is concave iny over allJ . By definition this impliesf(�x; �y) < f(a; �y). 2
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Theorem 49 For every > 0 there exists a such thatf2(x; y) < 1 for all y 2 (; 1℄ andx such

that1 � x � ()=y.

Proof. For allx andy in the given rangef2(x; y) � � e1� �1� � (7� 3y)8(� xy)��xy � 38x�xy = �f2(x; y)
The functionln �f2(x; y) is defined and continuous in the given domain. Also,��x ln �f2(x; y) = y ln 3(� xy)x(7� 3y)
and the partial derivative is zero if and only if(x; y) � (3=7; y) for all y 2 (; 1℄. The partial

derivative with respect toy is��y ln �f2(x; y) = x ln 3(� xy)x(7� 3y) � 3� 7x7� 3y
and it is also null at(3=7; y). The proof is completed by showing that the points(3=7; y) are

local maxima and that��y ln �f2(x; y) < 0 everywhere else in the given domain. Both results are

consequences of Lemma 28. 2
Finally, the following result describes the main features of f1. Notice thatf1 is the only

function involving the coupon collector’s asymptotic.

Theorem 50 If  > 4:642 thenf1(x; y) < 1 for all y 2 [�; ℄ andx such that1 � x � ()=y.

Proof. Sincef1 is defined and continuous in the given domain, the critical points can be found by

looking atln f1(x; y) = y ln 1y + (1� y) ln 11� y + (� xy) ln (7� 3y)8(� xy) + xy ln 38x + y ln g1(x)
By definition ofr, ddx ln g1(x) = ddx nln(er � 1) + x�ln xr � 1�o= erer � 1 drdx � xr drdx + ln xr= � erer � 1 � xr� drdx + ln xr = ln xr
Hence a straightforward computation shows thatGy(x) = ��x ln f1(x; y) = y ln 3(� xy)r(7� 3y)
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This function, for every fixedy, is defined and continuous. Forx = 1 sincer < x, it follows that3(� xy)r(7� 3y) � 3(� xy)x(7� 3y) = 3� 3y7� 3y > 1
where the last inequality holds for > 7=3. HenceGy(1) > 0. Forxy = ,3(� xy)r(7 � 3y) = 3(1� )r(7� 3y) < 3(1� )7� 3y
The last expression is strictly less than one if < 7� 33(1� )
and the upper bound on is at least 5 for � 2=3. HenceGy(=y) < 0. So there must be a valuex� = x�(y) such that 3(� x�y)x�(7� 3y) = rx� (3.4)

and henceGy(x�) = 0. IndeedGy(x) is actually strictly decreasing for allx in the given domain

(and therefore there is a uniquex�). To see this, notice that, by settingt = xy the functionh(t; y) =3(�t)7�3y is a decreasing function oft. Hence, for each fixedy, h(xy; y) is decreasing inx. Moreover,

by the implicit function theorem, drdx = (er � 1)2er(er � 1� r) > 0
This implies thatr is an increasing function ofx and in turn this means that1=r is decreasing.

The maximum off1(x; y) is to be found among the critical points ofF (y) =df ln f1(x�(y); y)
Notice that dF (y) =df Gy(x�(y))dx + ��y ln f1(x; y)dy
and ifx = x� the first term vanishes. HenceddyF (y) = 0 if and only if��y ln f1(x�; y) = ln 1� yy + x� ln 3(� x�y)x�(7� 3y) � 3� 7x�7� 3y + ln g1(x�) = 0 (3.5)

Since 3� 7x7� 3y = 3� 3xy + 3xy � 7x7� 3y = 3(� xy)7� 3y � x
using (3.4) and the definition ofg1(x) equation (3.5) simplifies toln (1� y)(er � 1)y � r = 0
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which is satisfied for y� = y�(r) = er � 12er � 1
It is also possible to expressx� as a function ofr using the definition ofg1(x),x� = x�(r) = rerer � 1
Finally, again using (3.4) and the last two definitions,(r) = r3(7� 3y) + xy = 2r(7er � 2)3(2er � 1)
The maximum value off1(x; y) in the given range isf1(x�(r); y�(r)). By simple calculus it

Figure 3.4: Graph off1(x�(r); y�(r)).
is possible to prove that this function is strictly decreasing for r � 1, f1(x�(1); y�(1)) > 1 andf1(x�(3); y�(3)) < 1, so that there exists a unique valuer0 ' 1:924 (numerically found using

Mathematica ’s built-in Newton approximation method) such thatf1(x�(r); y�(r)) < 1 for allr > r0. (r0) = 4:64248. 2
3.2.3 Refined Analysis

The method described in Section 3.2.2, based on the concept of maximal satisfying assignment in

Definition 12 can be further generalised. Smaller and smaller classes of satisfying assignments are

captured by the following definition.

Definition 14 For any boolean formula� an l-maximalsatisfying assignment� is a satisfying as-

signment such that any lexicographically larger assignment obtained by changing at mostl bits of� does not satisfy�.

Let Al� be the set ofl-maximal satisfying assignments of� (soA1� � A℄� as introduced

in Section 3.2) andX l =df jAl�j. In [KKKS98] a setA2℄� (alsoX2℄ =df jA2℄� j) is defined withA2� � A2℄� � A1�. The following results are proved in that paper
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Theorem 51 If � is a random formula onn variables andm clauses then

1. E(X2℄) = (7=8)mP� Pr[� 2 A2℄� j� 2 A℄�℄ Pr[� 2 A℄�j� 2 A�℄.
2. Letu = e�=7. There exists a functiond : f0; 1gn ! IN such thatPr[� 2 A2℄� j� 2 A℄�℄ �3m1=2Y d(�) withY = 1� 6u6 ln(1=u)(1� u3)n ++ 18u9 ln(1=u)(1� u3)2n  �6u6 ln(1=u)1� u3 + o(1)�+ o(1=n)

where (x) is the smallest root of = ex for any givenx 2 [0; 1=e℄.
3. If 0 � (K)2 � Y � 1 thenE(X2℄) � 3m1=2(7=8)mQn�1i=0 (1 +KY i=2).
4. LetZ = n lnY anddf eq() =df (Z=2) ln(7=8) + dilog(1 + K) � dilog(1 + KeZ=2)

wheredilog(x) = � R x1 ln t1�tdt. If df eq() = 0 thenlimn!1 E(X2℄) = 0.

The constant obtained by forcingdf eq() = 0 is exactly0 = 4:60108 : : :. Notice that

Theorem 51.3 holds for any numberK andY satisfying the given conditions. One simple way to

improve the value of the constant0 is to replaceK by someF < K and then solve the equationdf eq() = 0 usingF instead ofK.
As in the analysis in Section 3.2.2,E(X2℄) contains a noise component and a main compo-

nent. The following inequality is implied by the definitions:E(X2℄) � �nXs=0�ns�Pr[� 2 A℄�℄+ nXs=�n�ns�Pr[� 2 A℄�℄Y d(�) + nXs=n�ns�Pr[� 2 A℄�℄
By Theorem 45 the first summation is very small provided a sufficiently small� is used. The bounds

given in Theorem 46 and Theorem 47 imply that the last sum in the expression above is very small,

provided a sufficiently large value for is used. Hence a direct argument is needed only for the

central sum. If� has at least somen clauses thenPr[� 2 A℄�℄ is small by Theorem 49. Letf0(x; y) =df � 37x�x � (7� 3y)7(� xy)� y�x g1(x)
If there is a uniqueF = maxff0(x; y) : � � y � ; 1 � x � =yg By Lemma 24 and Theorem

44 nXs=�n�ns�Pr[� 2 A℄�℄Y d(�) � �78�nX� (F)sY d(�)
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Theorem 52 Functionf0(x; y) has a unique absolute maximum for� � y �  and1 � x � =y.

Proof. The partial derivatives ofln f0(x; y) are��x ln f0(x; y) = ln 3(�xy)r(7�3y)��y ln f0(x; y) = y2 ln 7(�xy)(7�3y) � 3�7xy(7�3y)
wherer is the solution off(r) = x as in Theorem 43. Simple analysis as in Theorem 50 implies

that, for every fixedy, there is only one pointx� such that ��x ln f0(x�; y) = 0. For any giveny,x� = x�(y; r) is the solution to the equation� xy7� 3y = r3 (3.6)

As in Theorem 50 letF (y) = ln f0(x�; y). Again the derivative ofF (y) is exactly the partial

derivative off0(x; y) with respect toy evaluated atx = x�. Since3� 7xy(7� 3y) = 3y � 7+ 7� 7xyy2(7� 3y) = 7(� xy)y2(7� 3y) � y2
the condition ddyF (y) = 0 is equivalent toy2 �ln 7r3 + 1� 7r3� = 0
Sinceln z � z � 1 for all z > 0 and equality holds atz = 1, the expression on the left is always

negative and only becomes zero whenr = 3=7. But substituting this value in the equationf(r) = x
and in (3.6) the value fory is not in the given range. This implies thatF (y) is strictly decreasing

and hence the (unique) maximum off0(x; y) for � � y �  is f0(x�; �). 2
The improved value of is obtained by usingF instead ofK in df eq() and solvingdf eq() = 0. Notice that the implicit value of obtained solvingdf eq() = 0 is a function of�,

Figure 3.5: Locating the best value of.2(�). It might be possible to prove (experimentally this looks true) that = (�) is a decreasing

function of�. Essentially smaller� makeF larger (this follows from last Theorem) and the larger
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F the larger the value of needed to make the all expression small. The value� = 4:5793 is

obtained by solving numerically1(�) = 2(�) (for � = 0:3963::).
3.3 Conclusions

In this chapter we studied some structural properties related to the problems of deciding whether a

graph is colourable using only three colours and whether a 3-CNF boolean formula is satisfiable or

not.

A simple probabilistic argument implies that “almost all” (in the sense described in Section

1.2.5) graphs onn vertices and more than2:71n edges cannot be legally coloured with only three

colours. By a more careful analysis of a necessary conditionfor the existence of one such colouring

we were able to strengthen this bound to2:61n. Far from believing that these results are best

possible, we concluded the relevant section by pointing outsome recent developments and open

problems.

The use of a well known probabilistic model allowed us to prove the best result to date on the

presence of a satisfying assignment for a random formula. InSection 3.2.3 we proved that almost all

3-CNF boolean formulae withn variables and more than4:5793n clauses are not satisfiable. Again

the possibility of further improvements on these bounds is left open by this work.
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Chapter 4

Hard Matchings

This chapter will investigate another application of randomness to Computer Science, sometimes

called input randomisation. This is based on the simple principle that sometimes the set of instances

for which a particular problem is difficult to solve forms a rather sparse or well structured subset

of the set of all instances. In this context the assumption that not all inputs occur with the same

probability can be used to derive improved performances forspecific algorithmic solutions.

The setting will be that of optimisation problems. Many of these problems seem to be quite

hard to solve exactly. For example the problem of finding the minimum length tour around a set

of towns is the well known NP-complete Travelling Salesman Problem [GJ79]; that of finding the

maximum number of non-adjacent vertices in a graph is equivalent to solving the so called Maximum

Independent Set problem [GJ79]. The hardness results tell us that it is possible to construct a set

of instances on which, under reasonable assumptions, the optimum cannot be found in polynomial

time.

One way to cope with these results is to relax the optimality requirement and be happy

with an approximate solution. In Section 4.1 the notion of approximation will be made precise: the

concepts of approximation algorithm and approximation complexity classes will be defined.

A matching in a graph is a set of disjoint edges. Several optimisation problems are definable

in terms of matchings by just changing the cost function or the optimisation criterion. For instance,

if for any given graphG and matchingM in G, the cost function returns the number of edges inM and the goal is to maximise the value of this function, then the corresponding problem is that of

finding a maximum (cardinality) matching inG. The problem of finding a maximum matching in a

graph has a glorious history and has an important place amongcombinatorial problems. The class
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NP can be characterised as the set of all decision problems for which finding a solution among all

possible candidates can take exponential time but checkingwhether a candidate is a solution only

takes polynomial time (see for example [BDG88, Ch. 8]). Maximum matching is a nice example

of a problem for which, despite of the existence of an exponential number of candidates, a solution

can be found quickly. This fact, discovered by [Edm65], led to a number of algorithmic applications

(see for example [HK73, MV80]).

Few other matching problems share the nice properties of maximum matching. In this

chapter two problems will be considered which are not known to be solvable in polynomial time.

Section 4.2 provides the reader with the relevant definitions and gives an overview of the known

results for these problems. The following four sections present a number of worst case results.

The results in Section 4.3 and 4.6 imply that both problems are NP-hard for graphs with

given bounds on the minimum and maximum degree. In Section 4.3 we introduce the concept of

almost regular graph and we prove that the first problem is NP-hard for almost regular bipartite

graphs of maximum degree3s for every integers > 0. For the second one, we show that even

finding a solution whose size is at least a constant fraction� from the optimum is NP-hard for some

fixed� < 1, even if the input graph is almost regular of maximum degree4s for every integers > 0.

Section 4.3.2 describes a slightly unrelated hardness result. A relationship is established

between one of the matching problems under consideration and the problem of finding a particular

subgraph of a given graph called a2-spanner(the reader is referred to Section 4.3.2 for further

details about this problem). The reduction has been recently used [DWZ] to prove approximation

results for an optimisation problem related to 2-spanners in a class of planar graphs. The result was

included in this work as an interesting application of the matching problem considered.

A number of simple positive approximation results are givenin Section 4.4 and 4.5. In

the first of the two a general technique is described for obtaining simple guarantees on the quality

of any approximation heuristic for the given problems if the inputgraphs have known bounds on

the minimum and maximum degrees. Also, families of regular graphs are constructed that match

these guarantees. Secondly, Section 4.5 describes a lineartime algorithm which solves optimally

the second problem if the input graph is a tree. The problem was known to be solvable exactly on

trees but the previously known algorithmic solution involved matrix multiplication and an intricate

algorithm for computing a largest independent set in achordal graph. Our solution is greedy in

flavour in that it builds the optimal matching by traversing the edges in the tree only once.

The simple positive results presented in Section 4.4 are finally matched by a number of
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negative results, presented in Section 4.6.

Probabilistic techniques are used in the final part of this chapter. Although difficult to solve

exactly in some worst case graphs, the matching problems considered in this chapter can be analysed

rather well if assumptions are made on the distribution of the possible input graphs. Section 4.7 and

4.8 contain some discussion about improved approximation results that follow from the assumption

that the input graphs belong to different models of random graphs. If the input graphs are very likely

to be dense (that is graphs withn vertices and�(n2) edges) the most likely values of the optima for

the problems discussed can be pinned down quite well. Moreover simple greedy strategies provide

very good quality approximation algorithms. If the most likely input graphs are sparse then the

algorithmic results are weaker, but they still compare favourably with the results of the worst case

analysis mentioned above.

4.1 Approximation Algorithms: General Concepts

The definition of optimisation problem was given informallyin Section 1.2. This chapter will be

entirely concerned with a particular class of optimisationproblems. All the definitions in this Section

are from [Cre97].

Definition 15 AnNP optimisation problem(NPO)P is a tuple(I;SOL; ; opt) where:

(1) I is the set of theinstancesofP and the membership inI can be decided in polynomial

time.

(2) For eachx 2 I, SOL(x) is the set offeasible solutionsof x. Membership inSOL(x)
can be decided in polynomial time and for eachy 2 SOL(x), the length ofy, jyj is polynomial in

the length ofx.

(3) For eachx 2 I and eachy 2 SOL(x), (x; y) is an integer, non-negative function,

called theobjectiveor costfunction.

(4) opt 2 fmax;ming is theoptimisation criterionand tells if the problemP is a maximi-

sation or a minimisation problem.

For example ifI is the set of undirected graphs,SOL(G) is, for everyG 2 I, the collection

of all sets of verticesU � V (G) such that every edge inG has at least one end point inU , (G;U) =jU j for everyU 2 SOL(G), andopt = min then the problem under consideration is that of finding

a, so called,vertex coverof the edges of minimum cardinality (denoted by MINVC). The number
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of vertices of this optimal cover is a graph parameter normally denoted by�(G) [LP86].

Definition 16 LetP be an NPO problem. Given an instancex and a feasible solutiony of x, the

performance ratioof y with respect tox isR(x; y) = max� (x; y)opt(x) ; opt(x)(x; y)�
whereopt(x) is the objective function evaluated at an optimal point.

U

Figure 4.1: Possible Vertex Covers

For example the vertex coverU in Figure 4.1 has cardinality32�(G) (an optimal cover is

shown on the left). HenceR(G;U) = 3=2.

Definition 17 LetP be an NPO problem and letT be an algorithm that, for any given instancex ofP , returns a feasible solutionT (x) of x. Given an arbitrary functionr : IN ! (1;1) we say thatT is anr(n)-approximation algorithmfor P if, for every instancex of ordern,R(x; T (x)) � r(n):
Also we say thatP can be approximated with ratior > 1 if there exists anr-approximation algorithm

for P .

For the vertex cover problem a very simple and elegant argument proves that the number of

end-points of the edges in a maximal matching inG always approximates�(G) within a factor of

two (see for instance [CLR90, Sect. 37.1]).

Optimisation problems can be grouped into classes depending on the quality of the ap-

proximation algorithms that they have. The class APX contains all NPO problems which admit a

polynomial timek-approximation algorithm forsomeconstantk > 1. The class PTAS contains all

NPO problems which admit a polynomial timek-approximation algorithm foranyconstantk > 1.

The class PTAS takes its name and is characterised in terms ofa particular family of approximation

algorithms.
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Definition 18 A polynomial time approximation scheme(or ptas) for an NPO problem P is an

algorithmA which takes as input anx 2 I and anerror bound� and has a performance ratioR�(x;A(x)) � 1 + �
The algorithmA runs in time polynomial in the input order and in��1.
4.2 Problem Definitions

In this section the relevant optimisation problems will be defined. All graphs in the following dis-

cussion will be undirected and labelled. IfG = (V;E) is a graph, a setM � E is amatchinginG ife1 \ e2 = ; for all e1; e2 2M . LetV (M) be the set of vertices belonging to edges in the matching.

A matchingM is maximalif for every e 2 E nM , there existsf 2 M such thate \ f 6= ; (we

say thatf coverse). A matchingM is inducedif for every edgee = fu; vg, e 2 M if and only

if u; v 2 V (M) ande 2 E. A number of parameters can be defined to characterise matchings in

graphs:

Definition 19 If G = (V;E) is a graph then

1. �(G) denotes the minimum cardinality of a maximal matching inG;

2. �(G) denotes the maximum cardinality of a matching inG;

3. �I(G) denotes the maximum cardinality of an induced matching inG.

In the following sections some of the combinatorial and computational properties of param-

eters�(G) and�I(G) will be described. The appelations MINMAXL MATCH and MAX INDMATCH

will be used to identify the corresponding optimisation problems.

A vast literature is concerned with the parameter�(G) (see [LP86] for a beautiful and com-

plete treatment) but much less seems to be known about�(G) and�I(G). The following paragraphs

give an overview of the known results.

Small Maximal Matchings. The oldest result on�(G) is by Forcade [For73] who proved an

approximation result on hypercubes. The first negative result is by Yannakakis and Gavril [YG80].

An edge dominating setin a graph is a set of edgesF such that for alle 2 E(G) there existsf 2 F with e \ f 6= ;. All maximal matchings are edge dominating sets. Yannakakis and Gavril
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proved that every edge dominating set can be translated intoa possibly smaller maximal matching.

Then they proved that finding an edge dominating set with at mostk edges is NP-complete even for

planar or bipartite graphs with maximum degree three. In thesame paper they give a polynomial

time algorithm for trees. Subsequently Horton and Kilakos [HK93] extended the NP-completeness

to planar bipartite graphs, planar cubic graphs and few other classes of graphs. A graph ischordal

if for every simple circuit of length at least four there exists an edge not in the circuit connecting

two vertices belonging to the circuit. Horton and Kilakos also gave aO(n3) algorithm for classes of

chordal graphs and a few other classes.

Induced Matchings. The first proof of NP-completeness is in [SV82]. The authors present their

results in terms ofÆ-separated matchings. The notion of distance between two vertices, defined in

Section 1.2.4, can be extended in the obvious way to pairs of edges. Given a graphG = (V;E), for

all e; f 2 E the distancedstG(e; f) is the length of the shortest path among all paths connecting

the vertices ine andf . A matchingM is Æ-separated if the minimum distance between two edges

in M is Æ. Obviously a 2-separated matching is an induced matching. Stockmeyer and Vazirani

prove that finding aÆ-separated matching of size at leastk is NP-complete. Their reduction is from

vertex cover and holds even for bipartite graphs of maximum degree four. An alternative proof of

NP-completeness, again even for bipartite graphs, is in [Cam89]. Induced matchings have attracted

attention following two questions by Erdős and Nesetril (see [Erd88]):

1. What is the maximum number of edges in a graph of maximum degree� and such that�I(G) � k?

2. What is the minimumt for which the edge set ofG can be partitioned intot induced match-

ings.

A series of improved answers have come in a number of papers [FGST89, HQT93, SY93, LZ97]

Not much is known about the approximability of�(G) and�I(G). The only non trivial

result is claimed in [Bak94] where a polynomial time approximation scheme for�(G) is described

for planar graphs.
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4.3 NP-hardness Results

In this Section we start describing the new results in this chapter. The class of graphs for which

M INMAXL MATCH and MAX INDMATCH are NP-hard to find is extended. The first result deals

the hardness of MINMAXL MATCH for graphs which show some regularity whereas the second one

relates MAX INDMATCH on bipartite graphs to another interesting combinatorial problem. Other

hardness results will follow as by-products of the results in Section 4.6.

A (Æ;�)-graph is a graph with minimum degreeÆ and maximum degree�. A (d; d)-graph

is a regular graph of degreed (or ad-regular graph). IfP is an NPO graph problem, then(Æ;�)-P
(resp.d-P) denotes the same problem when the input is restricted to the being a(Æ;�)-graph (resp.

ad-regular graph). Finally, a(Æ;�)-graphG is almost regularif �=Æ is bounded by a constant.

4.3.1 M INMAXL MATCH in Almost Regular Bipartite Graphs

The NP-completeness proofs in [HK73] and [YG80] show that itis NP-hard to find a maximal

matching of minimum cardinality in a planar cubic graph and in planar bipartite(1; 3)-graphs. This

last result can be extended to bipartite(ks; 3s)-graphs for every integers > 0 andk = 1; 2. The

following result shows how to remove vertices of degree one from a(1;�)-graph.

Lemma 29 There is a polynomial time reduction from(1;�)-M INMAXL MATCH to (2;�)-M IN-

MAXL MATCH.

Proof. Given a(1; 3)-graphG, the graphG0 is obtained by replacing each vertexv of degree one

in G by the gadgetGv shown in Figure 4.2. The edgefv; wg incident tov is attached to the vertexv0. The resulting graph has minimum degree two and maximum degree three. IfM is a maximal

matching inG it is easy to build a maximal matching inG0 of sizejM j+2jV1(G)j�jV (M)\V1(G)j.
For everyv 2 V1(G) addfv1; v2g toM 0 moreover iffu; vg 62M thenM 0 will contain also the edgefv0; v3g. Conversely every matchingM 0 inG0 can be transformed into a matchingM 00 =M 001 [M 002 ,

with jM 00j � jM 0j, such thatM 001 is a maximal matching inG andM 00 is a set of edges entirely

contained in the gadgetsGv . 2
v

v

1

2

v0

v3

vG

Figure 4.2: Gadget replacing a vertex of degree one in a bipartite graph.
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Figure 4.3: A(1; 3)-graph and its 2-padding.

To prove the main hardness result in this section, the following graph operation will be

useful.

Definition 20 Thes-paddingof a graphG,Gs, is obtained by replacing every vertexv by a distinct

set oftwin verticesv1; : : : ; vs with fvi; ujg 2 E(Gs) if and only iffu; vg 2 E(G).� The vertices ofGs are partitioned intos layers. Vertices in each layer along with edges

connecting pairs of vertices in the same layer form a copy of the original graphG.� For eache = fu; vg 2 E(G) edgesei = fui; vig for i = 1; : : : ; s are calledtwin edges.

Edgeseij = fui; vjg for eachi 6= j are calledcross edges.� Each copy ofKs;s obtained by replacing two vertices and an edge inG is called apadding

copy ofKs;s and sometimes denoted byKes;s, to show dependency on the edge in the original

graphG.

The following result is a simple consequence of Definition 20.

Lemma 30 If G is a (Æ;�)-graph withn vertices andm edges thenGs is a (s � Æ; s ��)-graph withsn vertices ands2m edges.

To prove Theorem 53 it is important to relate�(Gs) to �(G).
Lemma 31 �(Gs) � s �(G), for all graphsG ands � 1.

Proof. If M is a maximal matching inG, a maximal matchingMs in Gs is obtained by taking the

union ofjM j perfect matchings one in each copy ofKes;s with e 2M . 2
Lemma 32 �(Gs) � s �(G), for all bipartite graphsG ands � 1.

Proof. LetGs be the padded version of a bipartite graphG, andMs be a maximal matching inGs.
Thes-weighting of the edges ofG is a functionw : E(G)! f0; : : : ; sg. For eache 2 E(G) definew(e) =df jMs \ E(Kes;s)j. The following properties hold:
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1. If w(v) =df Pfe:v2eg w(e) thenw(v) 2 f0; : : : ; sg for all v 2 V (G).
The sum of the weights of the edges incident tov cannot be larger thans otherwise there

would be more thans edges inMs incident tov1; : : : ; vs; therefore one of these vertices

would be incident to more than one edge inMs.
2. Let E(i) = fe 2 E(G) : w(e) = ig for i 2 f0; : : : ; sg. Then

Ssi=1E(i) is an edge

dominating set ofG (as defined in Section 4.2).

This is true because if there was an edgee in G not adjacent to any edge with positive weight

thenKes;s would not be covered byMs in Gs.
3. LetG(E(i)) be the subgraph ofG induced byV (E(i)). ThenE(s) is a maximal matching inG(E(s)).

The edges inE(s) must be independent because each of them corresponds to a perfect match-

ing in a padding copy ofKs;s.
4. LetG �G(E(i)) be the graph obtained by removing fromV (G) all vertices inV (G(E(i)))

and all edges adjacent to them. Then
Ss�1i=1 E(i) is an edge dominating set inG�G(E(s)).

5. Letv 2 V (G�G(E(s))); if w(v) < s thenw(u) = s for everyu 2 N(v).
Let vi be one of the twin vertices associated withv that is not inV (Ms). For eachu 2 N(v)
each of the edgesfvi; ujg (for j = 1; : : : ; s) must be adjacent to a different edge inMs
otherwise they would not be covered.

Using thes-weighting defined above the edges inMs can be partitioned intos matchings

each corresponding to a maximal matching inG.

First of all, each edgee in E(s) corresponds tos distinct edgese1; : : : ; es in Ms. DefineM(j) = fej : for eache 2 E(s)g. We prove, reasoning by induction ons, that the set of remaining

edges inMs,M 0s, can be partitioned intos setsM j such that,M j [M(j) corresponds to a maximal

matching inG, for eachj = 1; : : : ; s.
BASE. If s = 2 by property 4 above, the setE(1) is formed by a number of paths and even length

cycles,E1; : : : ; Ek. Each cycle of length2m (for some integerm > 1) can be decomposed into two

matchingsM1 andM2 of sizem by taking alternating edges. IfEj is a path then, by property 5

above, neither of its end-points can be adjacent to a vertexv with w(v) = 0. Therefore again two

set of edges are added toM1 andM2.
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STEP. LetHs be the graph induced by the edges of positive weight less thans. If Ms is a maximal

matching inHs, thenw0(e) = w(e) � 1 (resp.w0(e) = w(e)) if e 2 Ms (resp. e 62 Ms) is an(s�1)-weighting ofE(G�G(E(s))) corresponding to the a maximal matching in thes�1-padding

of G�G(E(s)). The inductive hypothesis applies. 2
Theorem 53 M INMAXL MATCH is NP-hard for almost regular bipartite graphs.

Proof. We will prove hardness for(ks; 3s)-graphs, withk = 1 or k = 2. Yannakakis and Gavril

[YG80] proved that(1; 3)-M INMAXL MATCH is NP-hard for bipartite graphs. The hardness of(2; 3)-M INMAXL MATCH follows from Lemma 29. Then,k = 1; 2 the s-padding can be used

to obtain an instance of(ks; 3s)-M INMAXL MATCH restricted to bipartite graphs. The result then

follows from Lemma 31 and Lemma 32. 2
4.3.2 MAX INDMATCH and Graph Spanners

Given a graphG = (V;E) a2-spanneris a spanning subgraphG0 with the property thatdstG0(u; v) �2 � dstG(u; v) for everyu; v 2 V . Let s2(G) be the number of edges of a sparsest 2-spanner ofG.

The problem has many applications in areas like distributedcomputing, computational geometry

and biology [PU89, ADJS93]. Peleg and Ullman [PU89] introduced the concept of graph spanners

as a means of constructing synchronisers for Hypercubic networks (their results have been recently

improved in [DZ]). The problem of finding a 2-spanner with theminimum number of edges is NP-

hard [Pm89]. In this Section we present a reduction from the problem of finding a sparsest 2-spanner

in a graph to that of finding a largest induced matching in a bipartite graph without small cycles.

For everyG on n vertices andm edges, letB(G) be a bipartite graph with vertex setsU = fue : e 2 E(G)g andW = fwC : C is a cycle of length 3 inGg. Two verticesue 2 U andwC 2 W in B(G) are adjacent if the edgee belongs to the cycleC in G.

Lemma 33 s2(G) � m� �I (B(G)).
Proof. LetM be an induced matching inB(G). DefineS = fe 2 E(G) : fue; wCg 62 Mg. We

claim thatS is a spanner inG. This is so because for everyfue; wCg 2 M the edgesf; g 2 E(G)
that form the cycleC along withe are such thatfuf ; wCg; fug; wCg cannot be inM and therefore

aref; g 2 S. 2
Lemma 34 s2(G) � m� �I (B(G)).
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Proof. LetG0 be a 2-spanner inG. We prove that we can construct an induced matching inB(G).
If e 2 E(G) n E(G0) then there exist two edgesf; g 2 G0 such thatC = fe; f; gg is a triangle inG. We addfue; wCg to the matching inB(G) and we say that the triangleC coverse. LetM be

the set of edges inE(B(G)) constructed in this way. Since a triangle can only cover one edge, there

are no two edges inM sharing a vertexwC . Also by our construction every edge inE(G) n E(G0)
is considered only once so that there are no two edges inM sharing an edge-vertex. We claim

thatM is an induced matching inB(G). Let fue; wCg 2 M , assume edgee belongs to trianglesC1; : : : ; Ct(e), and letC = fe; f; gg. No edgefuh; wCjg can be inM because, by the definition ofM , fuh; wCjg 2 M would imply thate 2 E(G0) and thereforefue; wCg 62 M . Similarly neitheruf , norug can be inV (M). 2
Thegirth of a graph is the length of its shortest cycles.

Theorem 54 MAX INDMATCH is NP-hard on bipartite graphs with girth at least six.

Proof. For every graphG, the girth ofB(G) is at least six, since no two verticesue; uf 2 U can

share two neighbours inW . The result follows from Lemma 33 and 34. 2
4.4 Combinatorial Bounds

The NP-hardness proofs in the previous section (and those inSection 4.6) imply that under reason-

able assumptions (see [GJ79]) there can be no polynomial time algorithm which finds a maximal

matching of minimum cardinality or one of the largest induced matchings in the given graph. The

next best option is to look for algorithms returning approximate solutions. In this section we de-

scribe some easy combinatorial results which imply some guarantees on the quality of the solutions

for the matching problems under consideration produced by abroad family of algorithms.

The set of all matchings in a graphG, which we denote byM(G), defines an instance

of a type of combinatorial object called an independence system. The following definition is from

[KH78].

Definition 21 An independence systemis a pair (E;F) whereE is a finite set andF a collection

of subsets ofE with the property that wheneverF � G 2 F thenF 2 F . The elements ofF are

called independent sets. A maximalindependent set is an element ofF that is not a subset of any

other element ofF .
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Korte and Hausmann [KH78] analysed the independence system(E(G);M(G)) and proved

an upper bound of 2 on the ratio between the cardinalities of any two maximal matchings. The result

they prove is

Theorem 55 �(G) � 2 �(G) for any graphG.

The theorem immediately implies the existence of a simple approximation heuristic for�(G): an algorithm returning any maximal matching inG is a 2-approximation algorithm. We

therefore have the following theorem.

Theorem 56 M INMAXL MATCH can be approximated with ratio 2.

In the next result a similar argument is applied to(1;�)-MAX INDMATCH. Let G be a(Æ;�)-graph. LetMI(G) be the set of all induced matchings inG. The pair(E(G);MI (G)) is an

independence system. For everyS � E the lower rankof S, �(S) is the number of edges of the

smallest (maximal) induced matching included inS; theupper rank�� is defined symmetrically. By

a theorem in [KH78], ifM is a maximal induced matching, then�I (G)jM j � maxS�E �(S)�(S)
Theorem 57 LetG be a(Æ;�)-graph and(E(G);MI (G)) be given. ThenmaxS�E �(S)�(S) � 2(�� 1):
Proof. Let M1 andM2 be two maximal induced matchings inG and lete 2 M2 nM1. By the

maximality condition, the setM1 [ feg is not independent (i.e. it is not an induced matching

anymore). Hence there exists�(e) 2M1 at distance less than two frome and sinceM2 is maximal

and independent,�(e) 2 M1 nM2. Indeed� defines a function fromM2 nM1 toM1 nM2. Let f
be one of the edges in the range of�. A bound on the number of edgese 2 M2 nM1 that can be

the pre-image off 2M1 nM2 is needed. In the worst case (occurring whene is not adjacent tof )

there can be at most2(�� 1) suche. The result follows. 2
The last result proves that any algorithm that returns a maximal induced matching in the

given graph is a2(�� 1)-approximation algorithm.

Theorem 58 (1;�)-MAX INDMATCH can be approximated with ratio2(�� 1).
The next set of results describes a technique to obtain improved bounds on�(G) and�I(G)

on (Æ;�)-graphs. The idea can be readily introduced in the context ofvertex cover. LetG = (V;E)
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be a(Æ;�)-graph and letU be a vertex cover of cardinalityk in G. If U is a vertex cover thenR = V n U must be an independent set otherwise there would be an edge not covered byU . This

implies that all edges going out fromR must end inU . Let d1(v) be the number of edges adjacent

to v 2 U and to somev0 2 R. Then Xv2R deg(v) =Xv2U d1(v) (4.1)

If G has minimum degreeÆ > 0 and maximum degree�(n� k)Æ �Xv2R deg(v) = Xv2U d1(v) � k�
from which k � nÆ�+ Æ :

Similar argument can be applied to bound�(G) and�I(G).
Theorem 59 If G is a (Æ;�)-graph

1. �(G) � ÆjV (G)j2(�+Æ�1) ;
2. �I(G) � �jV (G)j2(�+Æ�1) .

Proof. If M is a maximal matching thenR = V nV (M) is an independent set. OtherwiseM could

be extended with any edge connecting two different verticesin R. This implies that all vertices

adjacent to a vertex inR must belong toV (M). The analogue of (4.1) isXv2R deg(v) = Xv2V (M) d1(v)
If G has minimum degreeÆ > 0 and maximum degree� � 1,(n� 2k)Æ �Xv2R deg(v) = Xv2V (M) d1(v) � 2k(�� 1)
Thus k � ÆjV (G)j2(� + Æ � 1)

If M is a maximal induced matching then for eachv such thatfu; vg 2 M , (N(fvg) �fug) \ V (M) = ;. On the other hand it is not true anymore thatR is an independent set (an edge

between two vertices inR is at distance one from edges inM so it cannot be chosen, but its presence

is legal in a maximal induced matching). In this case we can write (whered1 now refers toR)Xv2R d1(v) = Xv2V (M)(deg(v)� 1)
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If G has minimum degreeÆ � 1 and maximum degree� � Æ(n� 2k)� � 2k(Æ � 1) (4.2)

from which we get the upper bound k � �jV (G)j2(� + Æ � 1) 2
Notice that ifG is d-regular the lower bound on�(G) and the upper bound on�I(G)

coincide. Indeed it is not difficult to construct a family of graphs matching these bounds.

z1

u4z2

v4
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u2

v1

v2

v3 u3

Figure 4.4: A cubic graph with small maximal matching and large induced matching.

Theorem 60 Letd 2 IN+. If G is ad-regular graph onn vertices then�I(G) � djV (G)j2(2d� 1) � �(G)
Moreover for everyd = 2i + 1 with i 2 IN+ there exists a graphGi on 2(2d � 1) vertices with�I(Gi) = �(Gi) = d.

Proof. The first part is an immediate consequence of Theorem 59. The second part can be proved by

giving a recursive description ofGi for all i 2 IN+. To simplify the description it is convenient to

drawGi so that all its vertices are on five different layers, calledfar-left, mid-left, central, mid-right

and far-right layer. Figure 4.4 showsG1. Verticesv1 andv2 (respectivelyu1 andu2) are in the

far-left (respectively far-right) layer. Verticesv3 andv4 (respectivelyu3 andu4) are in the mid-left

(respectively mid-right) layer. Verticesz1 andz2 are in the central layer. Moreover an horizontal

axis separates odd-indexed vertices (which are below it) from even-indexed ones (which are above),

with smaller indexes below higher ones.

LetGi�1, for i � 2, be given. The graphGi is obtained by adding four central vertices, two

mid-left and two mid-right vertices. SinceG1 has two central and two pairs of mid vertices and easy

inductions proves thatGi�1 has2[2(i� 1)� 1℄ central vertices and2(i� 1) mid-left and mid-right

ones. Letz4(i�1)�1, z4(i�1), z4i�3, z4i�2 be the four “new” central vertices,v2i+1 andv2(i+1),
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Figure 4.5: Ad-regular graph with small maximal matching and large induced matching.u2i+1 andu2(i+1) the mid-left and mid-right ones.Gi has all edges ofGi�1 plus the following

groups:

1. two edges connecting each ofv2i+1, v2(i+1), (respectivelyu2i+1 andu2(i+1)) to v1 andv2
(respectivelyu1 andu2), plus edgesfv2i+1; z4(i�1)�1g; fv2i+1; z4(i�1)g;fv2(i+1); z4i�3g; fv2(i+1); z4i�2g;fu2i+1; z4(i�1)�1g; fu2i+1; z4(i�1)g;fu2(i+1); z4i�3g; fu2(i+1); z4i�2g
All these edges are the continuous black lines in Figure 4.5.(c).

2. A final set of edges connects each of the even index mid vertices with the central vertices ofGi�1 with indices4j � 2 and4j � 3 for j = 0; 1; : : : ; i � 1. Each of the odd index mid

vertices are connected with the central vertices ofGi�1 with indices4(j�1) and4(j�1)�1
for j = 1; : : : ; i. The squares in Figure 4.5 represent all mid vertices inGi�1. The bold solid

lines in Figure 4.5.(d) represent this kind of edges. 2
Theorem 59.2 is complemented by the following result, giving a lower bound on the size of

a particular family of induced matchings in the given graph.
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Figure 4.6: A cubic graph with small maximal induced matching.

Theorem 61 Let f(Æ;�) = 4�2�4�+2Æ . If G is a (Æ;�)-graph, then�I(G) � jV (G)j=f(Æ;�).
Moreover for everyd � 2 there exists a regular graph of degreed with d � f(d; d) vertices and a

maximal induced matching of sized.

Proof. LetG be a(Æ;�)-graph onn vertices andM a maximal induced matching inG. An edgee 2 E(G) is coveredby an edgef 2M if there exists a path of length less than two between one of

the end-points ofe and one of the end-points off . Each edge inG must be covered by at least one

edge inM . Conversely every edge inM can cover at most2(�� 1)2 + 2�� 1 edges. ThusjM j � jEj2(�� 1)2 + 2�� 1 � ÆjV (G)j2(2�2 � 2�+ 1) :
A d-ary depth two treeTd is formed by connecting with an edge the roots of two identical copies

of a completed-ary tree ond2 � d + 1 vertices. The graph obtained by takingd copies ofTd all

sharing the same set of(d�1)2 leaves is regular of degreed, it hasd �f(d; d) vertices and a maximal

induced matching of sized. Figure 4.6 shows the appropriate cubic graph. 2
4.5 Linear Time Solution for Trees

Although NP-hard for several classes of graphs including planar or bipartite graphs of maximum

degree four and almost regular graphs of maximum degree four(see Theorem 66), the problem

of finding a largest induced matching admits a polynomial time solution on trees [Cam89]. The

algorithmic approach of Cameron reduces the problem to thatof finding a largest independent set

in a graphH that can be defined starting from the given tree. IfG = (V;E) is a tree, the graphH = (W;F ) hasjV j�1 vertices, one for each edge inG and there is an edge between two members

of W if and only if the two original edges inG are either incident or connected by a single edge.

Notice thatjF j = O(jV j2). Moreover each induced matching inG is an independent set of the

same cardinality inH . Gavril’s algorithm [Gav72] finds a largest independent setin a chordal graph

with n vertices andm edges inO(n + m) time. Since the graphH is chordal, a largest induced

matching in the tree can be found inO(jV j2) time. In this section we describe a simpler and more
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efficient way of finding a maximum induced matching in a tree based on dynamic programming. IfG = (V;E) is a tree we choose a particular vertexr 2 V to be theroot of the tree (and we say thatG is rootedatr). If v 2 V n frg then parent(v) is the unique neighbour ofv in the path fromv to r;
if parent(v) 6= r then grandparent(v) = parent(parent(v)). In all other cases parent and grandparent

are not defined. Ifu = parent(v) thenv is u’s child. All children of the same node aresiblingsof

each other. Let(v) be the number of children of nodev. Theupper neighbourhoodof v (in symbols

UN(v)) is empty if v = r, it includesr and allv’s siblings if v is a child ofr and it includesv’s

siblings,v’s parent andv’s grandparent otherwise.E(UN(v)) is the set of edges inG connecting

the vertices in UN(v).
Claim 2 If G = (V;E) is a tree andM is an induced matching inG thenjM \ E(UN(v))j � 1,

for everyv 2 V .

To believe the claim notice that ifM is an induced matching inG, any nodev in the tree belongs to

one of the following types with respect to the set of edgesE(UN(v)):
Type 1. the edgefv; parent(v)g is part of the matching,

Type 2. eitherfparent(v); grandparent(v)g or fparent(v); wg (wherew is some siblings ofv)

belongs to the matching,

Type 3. NeitherType 1. norType 2. applies.

The algorithm for finding a largest induced matching in a treeG on n vertices handles ann� 3 matrix Value such that Value[i; t℄ is the cardinality of the matching in the subtree rooted ati if

vertexi is of typet.
Lemma 35 If G is a tree onn vertices,Value[i; t℄ can be computed inO(n) time for everyi 2f1; : : : ; ng andt = 1; 2; 3.

Proof. LetG be a tree onn vertices and letr be its root. We assumeG is in adjacency list repre-

sentation and that some linear time preprocessing is performed to order (using standard topological

sort [CLR90, Ch. 23]) the vertices in decreasing distance from the root.

The matrix Value can be filled in a bottom-up fashion startingfrom the deepest vertices ofG. If i is a leaf ofG then Value[i; t℄ = 0 for t = 1; 2; 3. In filling the entry corresponding to nodei 2 V of typet we only need to consider the entries for all children ofi, j1; : : : ; jr.
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1. Value[i; 1℄ =P(i)k=1 Value[jk; 2℄.
Sincefi; parent(i)g will be part of the matching, we cannot pick any edge fromi to one of

its children. The matching for the tree rooted ati is just the union of the matchings of the

subtrees rooted at each ofi’s children.

2. Value[i; 2℄ =P(i)k=1 Value[jk; 3℄.
We cannot pick any edge fromi to one of its children here either.

3. If i has(i) children then Value[i; 3℄ if defined as the maximum between
P(i)k=1Value[jk ; 3℄

and a number or terms sjk = 1 +Value[jk; 1℄ +Xl6=k Value[jl; 2℄
If the upper neighbourhood ofi is unmatched we can either combine the matchings in the

subtrees rooted at each ofi’s children (assuming these children are of type 3) or add to the

matching an edge fromi to one of its childrenjk (the one that maximisessjk ) and complete the

matching for the subtree rooted ati with the matching for the subtree rooted atjk (assumingjk is of type 1) and that of the subtrees rooted at each ofi’s other children (assuming these

children are of type 3).

Option three above is the most expensive involving the maximum over a number of sums equal to

the degree of the vertex under consideration. Since the sum of the degrees in a tree is linear in the

number of vertices the whole table can be computed in linear time. 2
Theorem 62 MAX INDMATCH can be solved optimally in polynomial time ifG is a tree.

Proof. The largest between Value[r; 1℄, Value[r; 2℄ and Value[r; 3℄ is the cardinality of a largest

induced matching inG. By using appropriate date structures it is also possible tostore the actual

matching. The complexity of the whole process isO(n). 2
4.6 Hardness of Approximation

So far two particular graph theoretic parameters both defined on the setM(G) of the matchings inG have been considered. After proving some NP-hardness results, their algorithmic approximability

was studied. In this section we present some negative results.
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Polynomial time approximation schemes (as defined in Section 4.1) for NPO problems are

considered the next best thing to a polynomial time exact algorithm. For many NPO problems an

important question is whether such a scheme exists. The approach taken parallels the development

of NP-completeness: some useful notions of reducibility are defined and then problems are grouped

together on the basis of their non-approximability properties.

Although several notions of approximation preserving reductions have been proposed (see

for example [Cre97]) the L-reduction defined in [PY91] is perhaps the easiest one to use. LetP be

an optimisation problem. For every instancex of P , and every solutiony of x, let P (x; y) be the

costof the solutiony. Let optP (x) be the cost of an optimal solution.

Definition 22 LetP andQ be two optimisation problems. AnL-reductionfromP to Q is a four-

tuple (t1; t2; �; �) wheret1 and t2 are polynomial time computable functions and� and � are

positive constants with the following properties:

(1) t1 maps instances ofP to instances ofQ and for every instancex ofP , optQ(t1(x)) �� � optP (x).
(2) for every instancex ofP , t2 maps pairs(t1(x); y0) (wherey0 is a solution oft1(x)) to a

solutiony of x so thatjoptP (x)� P (x; t2(t1(x); y0))j � �joptQ(t1(x))� Q(t1(x); y0)j:
We writeP �L Q if there exists an L-reduction fromP to Q. An important property of

L-reductions is given by the following result.

Theorem 63 LetP andQ be two NPO problems such thatP �L Q with parameters� and�, and

it is NP-hard to approximateP with ratio .
1. If they are both maximisation problems, then it is NP-hardto approximateQ with ratio��(���1)+1 .

2. If they are both minimisation problems, then it is NP-hardto approximateQ with ratio(��+1)�1�� .

Proof. The result is essentially derived from [Pap94, Proposition13.2]. To prove the first statement,

suppose by contradiction that there is an algorithm which approximatesQ with ratio ��(���1)+1 . For

every instancex of P let y0 be the result of applying this algorithm tot1(x). Then, by definition of
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L-reduction, optP (x)� P (x; t2(t1(x); y0))optP (x) � �� optQ(t1(x))� Q(t1(x); y0)optQ(t1(x))
By definition of performance ratio,optQ(t1(x))Q(t1(x);y0) � ��(���1)+1 , thereforeoptQ(t1(x))� Q(t1(x); y0)optQ(t1(x)) � 1� (�� � 1)+ 1�� = 1�� �1� 1�
and the result follows.

Similarly if P andQ are minimisation problems and there exists an algorithm which ap-

proximatesQ with ratio (��+1)�1�� thenP (x; t2(t1(x); y0))� optP (x)P (x; t2(t1(x); y0)) � �� Q(t1(x); y0)� optQ(t1(x))optQ(t1(x))
By definition of performance ratioQ(t1(x);y0)optQ(t1(x)) � (��+1)�1�� and the result follows. 2
4.6.1 M INMAXL MATCH

Yannakakis and Gavril [YG80] prove the NP-hardness of(1; 3)-M INMAXL MATCH using a reduc-

tion from 3-MINVC restricted to planar graphs. Their reduction can be used as a building block for

a number of L-reductions.

Theorem 64 3-M INVC �L (k; 3)-M INMAXL MATCH with parameters�k = 1+2f(k) and�k =1 wheref(k) = 3�k2�+ 2 for k = 1; 2; 3.

Proof. Let G = (V;E) be a planar cubic graph. Reduce3-M INVC to (k; 3)-M INMAXL MATCH,

by replacing every vertexvi 2 V by the gadgetH ik shown in Figure 4.7. The three edges incident

to vi are attached toui, mi andpi (there are 3! possibilities to do this). The resulting grapht1(G)k
is planar and�(t1(G)k) = 3 for all k. We claim that�(t1(G)k) = f(k)jV (G)j + �(G). If U is a

vertex cover ofG defineM1 = ffui; wi1g; fmi; wi3g; fpi; wi4g : vi 2 Ug [ ffwi1 ; wi2g; fwi3 ; wi4g : vi 62 UgM2 = M1 [ ffzi1 ; zi2g; fzi3 ; zi4g; fzi5 ; zi6g : vi 2 V gM3 = M1 [ ffti1 ; ti2g; fti3 ; ti4g; fti5 ; ti6g : vi 2 V g[ffzi1 ; zi7g; fzi2 ; zi8g; fzi3 ; zi9g; fzi4 ; zi10g; fzi5 ; zi11g; fzi6 ; zi12g : vi 2 V gMk is clearly a matching for allk. It is maximal because all edges in eachH ik are adjacent to somee 2 M and if e 2 E was incident to somevi 2 U thene 2 E(t1(G)k) and it is incident to one offui; wi1g; fmi; wi3g; fpi; wi4g 2M . We havejMkj = (2 + 3�k2�)n+ jU j.
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Figure 4.7: Gadgets for a vertexvi 2 V (G).
Conversely to prove�(t1(G)1) � 2n+�(G) Yannakakis and Gavril show that any maximal

matchingM in t1(G)1 can be transformed (in polynomial time) into anotherM 0 containing no edge

of the original graphG and such that everyH i1 contains either two or three edges inM . Every edge

of the original graph must be adjacent to at least oneH i1 containing three edges inM 0; verticesvi 2 V associated with suchH i1 define a vertex cover inG.

For k > 1, any maximal matchingM in t1(G)k can be transformed in another (possibly

smaller) matchingM 0 that uses the edges inMk nM1 to cover the setsE(H ik) n E(H i1). Then

Yannakakis and Gavril’s applies toM 0n(Mk nM1) and the edges inE(t1(G)k)n(E(H ik)nE(H i1)).2
3-MINVC is APX-complete [BK99]. Therefore there exists a0 > 1 such that it is NP-hard

to approximate�(G) with ratio  even ifG is a cubic graph. Using this constant and Theorem 63

we have

Corollary 3 Let 0 be a constant such that3-M INVC is NP-hard to approximate with ratio0.
Then(k; 3)-M INMAXL MATCH is hard to approximate with ratio2(f(k)+1)0�1(2f(k)+1)0 .
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Figure 4.8: Gadget replacing a vertex of degree one.

4.6.2 MAX INDMATCH

Let MIS denote the problem of finding a largest independent set in a graph (problem GT20 in

[GJ79]). Appellations(Æ;�)-MIS andd-MIS are defined in the obvious way. There is [KM] a very

simple L-reduction from MIS to MAX INDMATCH with parameters� = � = 1. Given a graphG = (V;E), definet1(G) = (V 0; E0) as follows:V 0 = V [ fv0 : v 2 V g; E0 = E [ ffv; v0g : v 2 V g:
If U is an independent set inG thenF = ffv; v0g : v 2 Ug is an induced matching int1(G).
Conversely ifF is an induced matching int1(G) the sett2(t1(G); F ) obtained by picking one

endpoint from every edge inF is an independent set inG. Therefore the size of a largest independent

set inG is �I (t1(G)).
The s-padding of a graph was introduced in Section 4.3.1. The key property of thes-

paddings with respect to the induced matchings in the original graph is that they preserve the dis-

tances between two vertices. IfG = (V;E) is a graph then for everyu; v 2 V (G), dstG(u; v) is the

distancebetweenu andv, defined as the number of edges in a shortest path betweenu andv.

Lemma 36 For all graphsG and for everys � 2, dstG(u; v) = dstGs(ui; vj) for all u; v 2 V (G)
with u 6= v and all i; j 2 f1; 2; : : : ; sg.
Lemma 37 For all graphsG and for everys � 2, �I(G) = �I(Gs).
Proof. LetM be an induced matching inG. DefineMs = ffu1; v1g 2 E(Gs) : fu; vg 2 Mg. By

Lemma 36 all edges inMs are at distance at least two. Conversely ifMs is an induced matching inGs defineM = ffu; vg 2 E(G) : fui; vjg 2 Ms for somei; j 2 f1; : : : ; sgg. M is an induced

matching inG. 2
The following Lemmas show how to remove vertices of degree one and two from a(1;�)-

graph.

Lemma 38 Any(1;�)-graphG can be transformed in polynomial time into a(2;�)-graphG0 such

that jV1(G)j = �I(G0)� �I(G).
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Figure 4.9: Gadget replacing a vertex of degree two.

Proof. Given a(1;�)-graphG, the graphG0 is obtained by replacing each vertexv of degree

one inG by the gadgetGv shown in Figure 4.8. The edgefv; wg incident tov is attached tov0. The resulting graph has minimum degree two and maximum degree�. If M is an induced

matching inG it is easy to build an induced matching inG0 of size jM j + jV1(G)j. Conversely

every induced matchingM 0 in G0 will contain exactly one edge from every gadgetGi. Replacing

(if necessary) each of these edges by the edgefv1; v2g could only result in a larger matching. The

matching obtained by forgetting the gadget-edges is an induced matching inG and its size is (at

least)jM 0j � jV1(G)j. 2
Lemma 39 Any(2;�)-graphG can be transformed in polynomial time into a(3;�)-graphG0 such

that jV2(G)j = �I(G0)� �I(G).
Proof. LetG be a(2;�)-graph. Every vertexw of degree two is replaced by the graphGw in Figure

4.9. The two edgesfu;wg andfv; wg adjacent tow are replaced by edgesfu;w1g andfv; w2g.
LetG0 be the resulting(3;�)-graph. IfM is a maximal induced matching inG, a matchingM 0 inG0 is obtained by taking all edges inM and adding one edge from each of the graphsGw. Figure

4.10 shows all the relevant cases. Ifw 2 V (M) then without loss of generality we can assume thatw1 2 V (M 0) and one of the two edges adjacent tow2 can be added toM 0. If w 62 V (M) then

any of the four central edges inGw can be added toM 0. After these replacements no vertex in the

original graph gets any closer to an edge in the matching. Inequality �I(G0) � �I(G) + jV2(G)j
follows from the argument above applied to a maximum inducedmatching inG.

Conversely for any induced matchingM 0 in G0 at most one edge from each copy ofGw
belongs toM 0. The copies ofGw with M 0 \ E(Gw) = ; are calledempty, all others are called

full. Inequality�I(G) � �I (G0)�jV2(G)j is proved by the following claims applied to a maximum

w

w

any of these edges can be chosen

w

Figure 4.10: Possible ways to define the matching inG0 given the one inG.
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Figure 4.11: Filling an empty gadget, normal cases.

induced matching inG0.
Claim 3 Any maximal induced matchingM 0 in G0 can be transformed into another induced match-

ingM 00 in G0 with jM 0j � jM 00j and such that all gadgets inM 00 are full.

Claim 4 M =df M 00 \ E(G) is an induced matching inG.

To prove the first claim, an algorithm is described which, given an induced matchingM 0 � E(G0),
fills all empty gadgets inM 0. The algorithm visits in turn all gadgets inG0 that have been created

by the reduction and performs the following steps:

(1) If the gadgetGw under consideration is empty some local replacements are performed that fillGw.

(2) The gadgetGw is then marked as “checked”.

(3) A maximality restorationphase is performed in which, as a consequence of the local replace-

ments in Step (1), some edges might be added to the induced matching.

Initially all gadgets are “unchecked”. LetGw be an unchecked gadget. IfGw is full the algorithm

simply marks it as checked and carries on to the next gadget. Otherwise, sinceM 0 is maximal, at

least one of the two edges adjacent to verticesw1 andw2 must be inM 0 for otherwise it would be

possible to extendM 0 by picking any of the four central edges inGw. Without loss of generality letfu;w1g 2 M 0. Figure 4.11 shows (up to reflection symmetries) all possible cases. If vertexv does

not belong to another gadget then either of the configurations on the left of Figure 4.11 is replaced

by the one shown on the right. Ifv is part of another gadget few subcases need to be considered.

Figure 4.12 shows all possible cases and the replacement rule. In all cases after the replacement the

neighbouring gadget is marked as checked. Notice that all replacement rules do not decrease the

size of the induced matching. Also as the process goes by, newedges inE(G) can only be added to

the current matching during the maximality restoration phase. To prove the second claim, assume

by contradiction that two edgese = fu; vg andf = fw; yg in M are at distance one. Notice thatdstG0(e; f) = dstG(e; f) unless all the shortest paths between them contain a vertex of degree two.
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Figure 4.12: Filling an empty gadget, special cases.

The existence ofe andf is contradicted by the fact thatM 0 andM 00 are induced matchings inG0
and all gadgets inG0 are filled byM 00. 2

The non-approximability of(ks; (�+1)s)-MAX INDMATCH (for k = 1; 2; 3) follows from

Theorem 63 applied to known results on independent set [AFWZ95, BK99].

Theorem 65 Leth(Æ;�; ) = [f(Æ;�)+1+bÆ=3℄f(Æ;�)+1 . Defineg(0;�; ) = g(i;�; ) = h(i;�; g(i� 1;�; )) i � 1
For every� � 3, let � be a constant such that it is NP-hard to approximate(1;�)-MIS with ratio�. Then fork = 1; 2; 3 and every integers > 0 it is NP-hard to approximate(ks; (� + 1)s)-
MAX INDMATCH with ratio g(k � 1;�+ 1; �).
Proof. The result fork = 1 follows from the L-reduction at the beginning of the sectionfor s = 1
and a further L-reduction based ons-paddings fors � 2. Fork 2 f2; 3g If G has minimum degreek�1, Theorem 61 implies�I (G) � jVk�1(G)j=f(k�1;�). The result follows using these bounds

along with the reductions in Lemma 38 and 39. 2
Theorem 66 Let 0 be a constant such that3-MIS is NP-hard to approximate with ratio0. Then

for every integers > 0 it is NP-hard to approximate(3s; 4s)-MAX INDMATCH with ratio 480380+5 .

Proof. The reduction at the beginning of Section 4.6.2 and Theorem 63 imply that it is NP-hard to

approximate(1; 4)-MAX INDMATCH with ratio0. If the original cubic graphG hasn vertices, thent1(G) hasjV1(t1(G))j = jV4(t1(G))j = n, no vertex of degree two or three,5n=2 edges and the

maximum number of edges at distance at most one from a given edge is 19. We call one such graph

a special(1; 4)-graph.
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Claim 5 There is an L-reduction from(1; 4)-MAX INDMATCH restricted to special(1; 4)-graphs to(3; 4)-MAX INDMATCH with parameters� = 435 and� = 1.

If G is a(1; 4)-graph withjV2(G)j = jV3(G)j = 0, then replacing each vertexv of degree one with

the gadget in Figure 4.8, gives a(3; 4)-graphG0. The properties of special(1; 4)-graphs and the

same argument used to prove Theorem 61 imply�I(G) � 538 jV1(G)j. Therefore�I(G0) = �I(G) + jV1(G)j � �I(G) + 385 �I(G) = 435 �I(G)
Also, for every matchingM 0 in G0, definet2(G0;M 0) as described in Lemma 38. It follows that�I(G)� jt2(G0;M 0)j � �I(G0)� jM 0j and the claim is proved.

Therefore, by Theorem 63,(3; 4)-MAX INDMATCH is hard to approximate with ratio1 =430380+5 . Thespecial(3; 4)-graphsH generated by the last reduction have again a lot of structure. In

particular,jV3(H)j = jV4(H)j, jE(H)j = 7jV3(H)j=2 and again the maximum number of edges at

distance at most one from a given edge is 23. 2
4.7 Small Maximal Matchings in Random Graphs

The previous sections described a few positive and negativeresults concerning the complexity and

algorithmic approximability of the parameters�(G) and �I(G). In this Section we look at the

combinatorial and algorithmic properties of�(G) whenG is a random graph or a random bipartite

graph. (A similar analysis for�I(G) is in Section 4.8).

More specifically, in Section 4.7.1 the size of the smallest maximal matchings in random

graphs generated according toGn;p are analysed and a number of improved approximation resultsare

proved. Two regions of values for the parameterp are considered. Ifp is a constant it is proved that,

with high probability,n2 � lognlog(1=(1�p)) � �(G) � n2 � logn2 log(1=(1�p)) . In particular the upper bound

is algorithmic in the sense that there is an algorithm that returns a maximal matching of size at mostn2 � logn2 log(1=(1�p)) in a graphG 2 Gn;p. The results build up on a relationship between maximal

matchings and independent sets which maybe useful on its own. If p = =n with  constant, on

average, the graph is much sparser. Again it is possible to exploit the relationship between maximal

matchings and independent sets, but the known results for the latter problem are much weaker than

in the dense case. Using them we are only able to prove lower bounds on�(G). For small values of the simplest first moment method actually gives better results.
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In Section 4.7.2 a similar investigation is performed underthe assumption thatG is a ran-

dom bipartite graph belonging toG(Kn;n; p). The notion ofsplit independent setis introduced, that

plays a role similar to that of independent set for general graphs. The analysis is completed for the

dense case: it is proved that, with high probability,n � 2 lognlog(1=(1�p)) � �(G) � n� logn2 log(1=(1�p)) ,
if G belongs toG(Kn;n; p), with p constant.

It should be remarked that some of the results in these sections can be interpreted as phase

transition phenomena. Ifn and p are fixed and the size (i.e. the cardinality) of the solution is

varied, the proportion of graphs containing a solution of that specific size experiences a dramatic

change in value. For instance, Theorem 68 and 69 on small maximal matchings imply that, on dense

random graphs, as the size of the required matching is increased between two functions in the classn=2��(logn) the proportion of graphs containing a matching of that givensize goes from almost

all to almost none.

4.7.1 General Graphs

Let X = Xp;k(G) be the random variable counting the number of maximal matchings of sizek
in G 2 G(n; p). Also, letZ = Zp;n�2k be the random variable counting independent sets of sizen� 2k and letY = Yp;k be the random variable counting perfect matchings inH 2 G2k;p
Theorem 67 If G 2 G(n; p) then

1. E(X) = � n2k� (2k)!k! �p2�k q(n�2k2 ).
2. E(X) = E(Z) � E(Y ).

Proof. LetMi be a set ofk independent edges, assume thatG is a random graph sampled according

to the modelG(n; p) and letX ip;k be the random indicator equal to one ifMi is a maximal matching

in G. E(X ip;k) = Pr[X ip;k℄ = pkq(n�2k2 ). Then by linearity of expectationE(X) = XjMij=kE(X ip;k) = jfMi : jMij = kgj � pkq(n�2k2 )
The number of matchings of sizek is equal to the possible ways of choosing2k vertices out ofn
times the number of ways of connecting them byk independent edges divided by the number of

orderings of these chosen edges:E(X) = � n2k� (2k)!k! �p2�k q(n�2k2 ):
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The second result is true sinceE(Z) = � nn� 2k�q(n�2k2 ) E(Y ) = (2k)!k! �p2�k 2
If p is a constant, a natural way to lower bound the size of the smallest maximal matching in

a random graph would be to get an upper bound on the expectation ofX and then to use the Markov

inequality (as we did in Chapter 3). Assuming2k = n� 2!E(X) = n!k! (n� 2k)! �p2�k q(n�2k2 ) � nn2�!(2!)! �p2�n2�! q2!2�! � �pn2 �n2 � nepq!�! q2!2
and this goes to zero only if! = 
(pn). However a different argument gives considerably better

lower bounds. Following Theorem 67.2 it is possible to use the natural relationship between maximal

matchings and independent sets. IfM is a maximal matching inG thenV nV (M) is an independent

set.

Theorem 68 �(G) > n2 � log nlog(1=q) for almost all graphs inG(n; p) with p constant.

Proof. Let Zp;2! be the random variable counting independent sets of size2! = 2 lognlog(1=q) in a

random graphG.Pr[Xp;n2�! > 0℄ = Pr[Xp;n2�! > 0 j Zp;2! > 0℄ Pr[Zp;2! > 0℄ +Pr[Xp;n2�! > 0 j Zp;2! = 0℄Pr[Zp;2! = 0℄� Pr[Xp;n2�! > 0 j Zp;2! > 0℄ Pr[Zp;2! > 0℄ + 0 � 1� Pr[Zp;2! > 0℄! 0
The last asymptotic result follows from a theorem in [GM75] concerning the independence number

of dense random graphs. This implies�(G) > n2 � lognlog 1=q for almost all graphsG 2 G(n; p). 2
The argument before Theorem 68 based on upper boundingE(X) is weak because even

if E(Zp;2!) is smallE(Xp;n2�!) might be very large. The random graphG might have very few

independent sets of size2! (perhaps, only one) but a large number of maximal matchings of sizen2 � ! (corresponding to the different possible ways of selectingthe edges forming the matching).

Results in [GM75] also have algorithmic consequences. Let�g(G) be the size of the in-

dependent set returned by the simplest greedy heuristic which repeatedly places a vertexv in the

independent setI (as long asE(G[I [ fvg℄) = ;) and removesfvg [ N(v) from G. It is easily

proved that�g(G) � lognlog(1=q) .
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Theorem 69 �(G) < n2 � logn2 log(1=q) for almost all graphs inG(n; p) with p constant.

Proof. Let IS be an algorithm that first finds a maximal independent setI in G using Grimmett

and McDiarmid’s heuristic and then (attempts to) find a perfect matching in the remaining graph.

With probability going to onejI j � (1� Æ) lognlog(1=q) for all Æ > 0. Also, Grimmett and McDiarmid’s

algorithm does not use any information aboutG� I . HenceG� I is a completely random graph on

aboutn � jI j vertices, each edge in it being chosen with constant probability p. Results in [ER66]

imply that almost all such graphs contain a matching leavingat most one vertex unmatched. 2
Independent sets are useful also for sparse graphs. Ifp = n a lower bound on�(G) can be

obtained again by studying�(G).
Theorem 70 �(G) > n2 � n log  for almost all graphsG 2 Gn;=n for  > 2:27.

Proof. �(G) < 2n log  for almost all graphsG 2 Gn;=n for  > 2:27 (See Theorem XI.22 from

Bollobás’ book [Bol85]). The result follows by an argumentsimilar to that of Theorem 68 2
In the dense case knowing the exact value ofE(X) does not allow us to improve the lower

bound on�(G) given by the independent set analysis, sinceE(Y ) is always large ifp is constant andk � logn. If p = n for  sufficiently small,E(Y ) is small. This implies that the exact expression

for E(X) in Theorem 67 gives some improved lower bounds on�(G) for sufficiently sparse graphs.

Roughly if  is sufficiently small andU is a large independent set inG thenG[V n U ℄ very rarely

contains a perfect matching.

Theorem 71 Letd be a positive constant larger than one. Then�(G) > n=2d for almost all graphsG 2 G(n; =n).
Proof. By Theorem 67E(X) = n!(n�2k)! k! (p=2)k(1 � p)(n�2k2 ). Using Stirling approximation for

the factorials involved in this expression we haveE(X) � o(1)� nn� 2k�n �p(n� 2k)22ke �k (1� p) (n�2k)2 2
Sincep = =n, it follows thatE(X) � o(1)� nn� 2k�n �(n� 2k)22kne �k e� (n�2k)2n 2
Now settingk = n=2d we haveE(X) � o(1)� dd� 1�n "�d� 1d �2 de # n2d e� n(d�1)22d2
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Taking the logarithm of the right hand side, we have thatE(X)! 0 if2d(d� 1) log dd� 1 + d log de � (d� 1)2 < 0
and this inequality is satisfied for every larger than a certain(d) > 0. 2
4.7.2 Bipartite Graphs

The analysis in the last section can be adapted to the case whenG is a bipartite graph. Again�(G)
is closely related to another graph parameter whose asymptotic behaviour, at least on dense random

graphs, can be estimate rather well.

Definition 23 Given a bipartite graphG = (V1; V2; E) with jV1j = jV2j = n a split independent

set inG is a set of verticesS with jSj = 2!, jS \ Vij = ! andE(G[S℄) = ;. Let�(G) be the size

of a largest split independent set inG.

One interesting property of split independent sets is that they “control” the existence of

small maximal matching in bipartite graphs in the same way asindependent sets control the maximal

matchings in general graphs. IfM is a maximal matching in a bipartite graphG thenV n V (M)
is a split independent set. LetX be the random variable counting maximal matchings in a random

bipartite graph; letZ = Zp;n�k be the random variable counting split independent sets of sizen�k
andY = Yp;k the random variable counting perfect matchings inH 2 G(Kk;k; p)
Theorem 72 If G 2 G(Kn;n; p) then

1. E(X) = �nk�2k!pkq(n�k)2 .

2. E(X) = E(Z) � E(Y ).
Proof. Let Mi be a set ofk independent edges andG 2 G(Kn;n; p) and letX ip;k be the random

indicator equal to one ifMi is a maximal matching inG. E(X ip;k) = Pr[X ip;k℄ = pkq(n�k)2 . ThenE(Xp;k) = XjMij=kE(X ip;k) = jfMi : jMij = kgj � pkq(n�k)2
The number of matchings of sizek is given by the possible ways of choosingk vertices out ofn on

each side times the number of permutations onk elements. The result follows. 2
If p is constant, it is fairly easy to bound the first two moments ofZ and get good estimates

on the value of�(G).
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Figure 4.13: Possible relationships between pairs of splitindependent sets

Theorem 73 �(G) � 4 lognlog 1=q for almost all graphs inG(Kn;n; p) with p constant.

Proof. The expected number of split independent sets of size2! is
�n!�2q!2 . Hence, if2! =2 l 2 lognlog 1=qmPr[Z > 0℄ < �n!�2q!2 � �n!!! �2 q!2 = 1(!!)2 exp�2! logn� !2 log 1q�

and the bound on the right goes to zero if! > 2 lognlog 1=q .

Let 2! = 2 j2(1��) lognlog 1=q k
for any� > 0. The event “Z = 0” is equivalent to “�(G) < 2!”

because if there is no split independent set of size2! then the largest of such sets can only have

less than2! elements. By Chebyshev inequalityPr[Z = 0℄ � Var(Z)=E(Z)2. Also Var(Z) =E(Z2) � E(Z)2. There ares! = �n!�2 ways of choosing! vertices from two disjoint sets ofn
vertices. IfZi is the random indicator set to one ifSi is a split independent set inG thenZ =PZi and thenE(Z2) = Pi;j Pr[Zi ^ Zj ℄ where the sum is over alli; j 2 f1; : : : ; s!g. From

the definition of conditional probabilityPr[Zi ^ Zj ℄ = Pr[Zi j Zj ℄ Pr[Zj ℄. HenceE(Z2) =Pj Pr[Zj ℄Pi Pr[Zi j Zj ℄. Finally by symmetryPr[Zi j Zj ℄ does not actually depend onj but

only on the amount of intersection betweenSi andSj . Thus, lettingS1 = f1; : : : ; 2!g, E(Z2) =�Pj Pr[Zj ℄��Pi Pr[Zi j Z1℄� = E(Z) � E(ZjZ1). Thus to prove thatPr[Z = 0℄ converges to

zero it is enough to show that the ratioE(ZjZ1)=E(Z) converges to one.Pr[Z = 0℄ = Pr��(G) < �4(1� �) lognlog 1=q �� � E(ZjZ1)E(Z) � 1
(this is assumingE(ZjZ1) > E(Z)). NowE(ZjZ1) = X0�l1;l2�!�!l1��!l2��n� !! � l1��n� !! � l2�q!2�l1l2
DefineTij (generic term inE(ZjZ1)=E(Z)) byTij�n!�2 = �wi��wj��n� !! � i��n� !! � j�q�ij
Claim 6 T00 � 1� 2!2n�!+1 + !3(2!�1)(n�!+1)2 .
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To see this writeT00 = �n� !! �2�n!��2= �(n� !) � (n� ! � 1) � : : : � (n� 2! + 1)n � (n� 1) � : : : � (n� ! + 1) �2= ��1� !n� ��1� !n� 1� � : : : � �1� !n� ! + 1��2
From this �1� !n�2! � T00 � �1� !n� ! + 1�2!
In particular T00 � �1� !n� ! + 1�2!= 1� 2!2n� ! + 1 +�2!2 �� !n� ! + 1�2 (1� �)2!�3< 1� 2!2n� ! + 1 + !3(2! � 1)(n� ! + 1)2
Claim 7 Tij � !2n�!+1 for i+ j = 1 and for sufficiently largen.

The truth of this follows from Claim 6 sinceTij = !�n� !! � 1��n� !! ��n!��2 = !2T00n� ! + 1 � !2n� ! + 1
Claim 8 Tij � T10 for all i; j 2 f1; : : : ; !g and for sufficiently largen.

The ratioTij=T10 is bounded above as followsTijT10 = !!i! ! � i! � !!j! ! � j! � n� !!! � i! n� 2! + i! � n� !!! � j! n� 2! + j! ��! � 1! n� 2! + 1!n� !! � !! n� 2!!n� !! � q�ij!= (!!)4(! � i!)2(! � j!)2 � n� 2!!n� 2! + i! � n� 2! + 1!n� 2! + j! � q�ij!2 i! j!� (!)2(i+j)�2 � (n� 2!)1�i�j � q�ij=  !2q� iji+j�1n� 2! !i+j�1
The function iji+j�1 � !22!�1 for all i; j 2 f1; : : : ; !g. Moreover !22!�1 � !2 + 1 for all ! � 1.

Hence TijT10 � �!2q�!2�1n� 2! �i+j�1
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From the claims abovePr�� < 2�2(1� �) lognlog 1=q �� �� T00 + T10 + T01 + !2T10 � 1� 1� 2!2n� ! + 1 + !3(2! � 1)(n� ! + 1)2 + 2!2n� ! + 1 + !4n� ! + 1 � 1� !3(2! � 1)(n� ! + 1)2 + !4n� ! + 1 2
Theorem 74 �(G) > n� 2 lognlog 1=q for almost all graphs inG(Kn;n; p) with p constant.

The similarities between the properties of independent sets in random graphs and those

of split independent sets in random bipartite graphs have some algorithmic implications. A rather

simple greedy heuristic almost always produces a solution whose cardinality can be predicted quite

tightly. Let I be the independent set to be output. Consider the process that visits the vertices of a

random bipartite graphG(V1; V2; E) in some fixed order. IfVi = fvi1; : : : ; ving, then the algorithm

will look at the pair(v1j ; v2j ) during stepj. If fv1j ; v2j g 62 E and if there is no edge betweenvij and

any of the vertices which are already inI then bothv1j andv2j are inserted intoI . Let�g(G) = jI j.
Theorem 75 �g(G) � log nlog 1=q for almost all graphs inG(Kn;n; p) with p constant.

Proof. Suppose that2(k � 1) vertices are already inI . The algorithm above will add two verticesv1 andv2 as thekth pair if fv1; v2g 62 E and there is no edge between eitherv1 or v2 and any of the

vertices which are already inI . The two events are independent in the given model and their joint

probability is (1� p) � (1� p)2(k�1) = (1� p)2k�1
(since the graph is bipartite,v1, say, can only possibly be adjacent tok � 1 of the vertices inI).

LetXk be the random variable equal to the number of pairs considered before thekth pair is added

to I . From the previous discussion it is evident thatXk has geometric distribution with parameterPk = (1 � p)2k�1. Moreover the variablesX1; X2; : : : are all independent. LetY! = P!k=1Xk.

The event “Y! < n” is implied by “�g(G) > 2!”: if the split independent set returned by the greedy

algorithm contains more than2! vertices that means that the algorithm finds! independent pairs in

strictly less thann trials. Also if Y! < n then certainly each of theXk cannot be larger thann (the

opposite implication is obviously false). HencePr[Y! < n℄ � Pr[\!k=1fXk � ng℄ = !Yk=1Pr[Xk � n℄ = !Yk=1f1� [1� (1� p)2k�1℄ng
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Let ! = l (1+�) log n2 log 1=q m and, given� > 0 andr 2 IN, choosem > r=�. For sufficiently largen,! �m > 0. HencePr[Y! < n℄ � !Yk=!�mf1� [1� (1� p)2k+1℄ng � f1� [1� (1� p)2(!�m)+1℄ngm
Now, since(1� x)n � 1� nx,Pr[Y! < n℄ � fn(1� p)2(!�m)+1gm = (1� p)m�2m2nm(1� p)2!m = o(n�r)

The event “Y! > n” is equivalent to “�g(G) < 2!”. Let ! = j (1��) logn2 log 1=q k. If Y! > n
then there must be at least onek for whichXk > n=! (for otherwiseY =PXk would be strictly

smaller thann). HencePr[Y! > n℄ � Pr[[!k=1fXk > n=!g℄ � !Xk=1Pr[Xk > n=!℄ � ![1� (1� p)2!�1℄bn=!
By the choice of!, (1� p)2!�1 > n�(1��)1� p
Hence Pr[Y! > n℄ � ! �1� n�(1��)1� p �bn=! � ! exp��n�(1��)1� p jn!k�
Sincebn=! > n=! � 1, Pr[Y! > n℄ � ! exp�� n�(1� p)! � o(1)�
and the result follows from the choice of!. 2

The greedy algorithm analysed in Theorem 75 is equivalent tothe following algorithm

which, at the same time, builds the split independent set in arandom graph that is uncovered on the

fly. Notice that at the end of the algorithm no choice has been made about the edges connecting

pairs of vertices in(V1 [ V2) n V (M).
Input: n, the order ofV1 andV2.

(1) I  ;;
(2) E  ;;
(3) repeat

(4) Letvi be the first vertex inVi (for i = 1; 2);

(5) N(v1) ;;
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(6) N(v2) ;;
(7) with probability p do

(8) E(G) E(G) [ fv1; v2g;
(9) N(v1) fv2g;
(10) N(v2) fv1g;
(11) if (jV1j = 1) ^ (E(G) = ;)
(12) I  I [ fv1; v2g;
(13) else

(14) (* let Vi = fvi; ui;2; : : : ; ui;jVijg (for i = 1; 2) *)

(15) for i = 2 to jV1j � 1
(16) with probability p do

(17) N(v1) N(v1) [ fu2;ig;
(18) E(G) E(G) [ fv1; u2;ig;
(19) with probability p do

(20) N(v2) N(v2) [ fu1;ig;
(21) E(G) E(G) [ fv2; u1;ig;
(22) if fv1; v2g 62 E(G)
(23) I  I [ fv1; v2g;
(24) V1  V1 n (fv1g [N(v1));
(25) V2  V2 n (fv2g [N(v2));
(26) until V1 = ;;

The advantage of this algorithm is that, after the split independent set has been found, the

graphG � I is still completely undefined. Thus this algorithm can be thefirst part of a bigger

procedure that first finds a (large) split independent set in arandom bipartite graph and then a large

matching in the remaining random graph. The following result is thus the analogue of Theorem 69

for bipartite random graphs.

Theorem 76 �(G) < n� logn2 log 1=q for almost all graphs inG(Kn;n; p) with p constant.
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4.8 Large Induced Matchings in Random Graphs

We conclude this chapter by looking at the properties of large induced matchings in dense and rather

sparse random graphs. The model we use isG(n; p) and we will consider the casep constant and the

casep = =pn, with  constant. In the former case it is possible to prove that, with high probability,�I(G) � lognlog(1=(1�p)) . Furthermore there is an algorithm that, with high probability returns an

induced matching of size asymptotic to logn4 log(1=(1�p)) . In the casep = =pn, with  constant we

were only able to prove thatlog 3 pn � �I(G) � 12pn logn.

Let Yk = Yp;k(G) be the random variable counting the number of induced matchings of

sizek in G 2 G(n; p).
Expectation. Let Mi be a set ofk independent edges inG 2 G(n; p). DefineY ip;k, the random

indicator equal to one ifMi is an induced matching inG. The probability that this happens ispk times the probability(1 � p)(2k2 )�k = q2k(k�1) that the subgraph induced by the vertices inV (Mi) does not contain any other edge apart from those inMi. ThusE(Y ip;k) = Pr[Y ip;k = 1℄ =pkq2k(k�1). By linearity of expectationE(Yk) = � n2k� (2k)!k! � �p2�k q2k(k�1)
s

l

k - l - s

Figure 4.14: Dependence between pairs of induced matchingsof sizek
Variance. The main ingredient in the variance isE(YkjY ip;k) for somei: this is the expected num-

ber of induced matchings of sizek given thatMi is an induced matching of sizek in G. Figure 4.14

shows two matchings of the same size and the possible interactions between them. IfMi is given by

the black lines, andMj by the light ones we havePr[Y jp;k j Y ip;k℄ = pk�lq2(k�l)(k�l�1)+4l(k�l)�2ls
There arek� l “new” lines ands �2l of the possible

�2(k�l)2 �� (k� l)+2(k� l)2l lines which must

not be inMj have already be accounted for in dealing with the probability Pr[Y i℄. There are
�kl�
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ways of choosingl edges inMi to be inMj as well. Then there can bes vertices which are adjacent

to bothMi andMj , there are
�2(k�l)s �

ways of choosing them, then
�n�2ks �

ways of choosing the

others endpoints ands! ways to connect them in a matching. Finallyk � l � s more independent

edges can be chosen inKn�2k�s. We haveE(YkjY ip;k) == kXl=0 �kl� k�lXs=0�2(k � l)s ��n� 2ks �s!� n� 2k � s2(k � l � s)� �[2(k � l � s)℄!2k�l�s(k � l� s)!pk�lq2(k�l)(k�l�1)+4l(k�l)�2ls= kXl=0 �kl��p2�k�l q2(k2�l2�k+l) k�lXs=0�2(k � l)s � (n� 2k)!(k � l � s)! (n� 4k + 2l + s)! � 2q2l�s
Theorem 77 �I(G) � log nlog 1=q for almost all graphs inG(n; p) with p constant.

Proof. To prove�I(G) < lognlog 1=q we use again Markov inequality.E(Y ) � n2kk! �p2�k (1� p)2k2�2k� 1k! � exp�2k �logn� (k � 1) log 11� p��
and this expression goes to zero asn grows to infinity ifk > lognlog 1=q + 1.

Let k = j (1�Æ) lognlog 1=q k
. For l = 0; : : : ; k and defineTl(n) byTl(n)� n2k�2k!k! = �kl��p2��l q�2(l2�l) k�lXs=0�2(k � l)s � (n� 2k)!(k � l� s)! (n� 4k + 2l+ s)! � 2q2l�s

so that
E(YkjY ip;k)E(Yk) = Pkl=0 Tl(n). The following sequence of claims is aimed at proving thatPkl=0 Tl(n)! 1. Note that

Pkl=0 Tl(n) � 1.

Claim 9 T0(n) � 1 + 4k2=(n� 2k) +O((k2=(n� 2k))2).
To see the claim notice thatT0(n) = (n� 2k)! k!n! kXs=0 (2k)!s! (2k � s)! (n� 2k)!(k � s)! (n� 4k + s)! 2s= (n� 2k)!n! kXs=0�ks� (2k)!(2k � s)! (n� 2k)!(n� 4k + s)! 2s� 1(n� 2k)2k kXs=0�ks�(2k)s(n� 2k)2k�s2s = �1 + 4kn� 2k�k
and the validity of the claim follows.
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Claim 10 T1(n) = O((k=(n� 2k))2).
By simple algebraic manipulationsT1(n) can be expressed in terms of a binomial sum.T1(n) = 2kp (n� 2k)! k!n! k�1Xs=0�2(k � 1)s � (n� 2k)!(k � s� 1)! (n� 4k + s+ 2)! � 2q2�s= 2k2p (n� 2k)!n! k�1Xs=0�k � 1s � (n� 2k)!(n� 4k + s+ 2)! 2(k � 1)![2(k � 1)� s℄! � 2q2�s� 2k2p 1(n� 2k)2k k�1Xs=0�k � 1s �(n� 2k)2k�s�2[2(k � 1)℄s � 2q2�s= 2k2p(n� 2k)2 k�1Xs=0�k � 1s �� 4(k � 1)q2(n� 2k)�s = 2k2p(n� 2k)2 �1 + 4(k � 1)q2(n� 2k)�k�1
Claim 11 Tl(n) = o(T1(n)) for l = 2; : : : ; k.

It is fairly easy, if tedious, to expressTl�1(n) in term ofTl(n).Tl�1(n)� n2k� (2k)!k! = � kl� 1��2p�l�1�1q�2[(l�1)2�(l�1)℄ �� k�l+1Xs=0 �2(k � l + 1)s � (n� 2k)!(k � l + 1� s)! (n� 4k + 2l � 2 + s)! � 2q2l�2�s
Since

� kl�1� = (l=(k � l + 1))�kl� and(l � 1)2 � l + 1 = l2 � l � 2(l � 1),Tl�1(n)� n2k� (2k)!k! = lpq4(l�1)2(k � l + 1)�kl��p2��l q�2(l2�l)�k�l+1Xs=0 �2(k � l+ 1)s � (n� 2k)!(k � l+ 1� s)! (n� 4k + 2l� 2 + s)! � 2q2l�2�s
Since

�2(k�l+1)s � = �2(k�l)s � 2(k�l+1)2(k�l+1)�s 2(k�l)+12(k�l)+1�s ,Tl�1(n)� n2k� (2k)!k! = lpq4(l�1)2(k � l + 1)�kl��p2��l q�2(l2�l)�� k�l+1Xs=0 �2(k � l)s � 2(k � l + 1)2(k � l + 1)� s 2(k � l) + 12(k � l) + 1� s �� (n� 2k)!(k � l + 1� s)! (n� 4k + 2l � 2 + s)! � 2q2l�2�s= lpq4(l�1)2(k � l + 1)�kl��p2��l q�2(l2�l) k�l+1Xs=0 �2(k � l)s � (n� 2k)!(k � l � s)! (n� 4k + 2l + s)! �2(k � l+ 1)2(k � l + 1)� s 2(k � l) + 12(k � l) + 1� s (n� 4k + 2l + s)(n� 4k + 2l � 1 + s)k � l + 1� s q2s� 2q2l�s
The three fractions involvings are as small as possible whens = 0. Also q2s is always larger thanqk�l+1. Thus, taking everything that does not depend ons out of the sum,Tl�1(n)� n2k� (2k)!k! � lpq2(k+l�1)2(k � l + 1) (n� 4k + 2l)(n� 4k + 2l � 1)k � l + 1 �
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�kl��p2��l q�2(l2�l) k�l+1Xs=0 �2(k � l)s � (n� 2k)!(k � l � s)! (n� 4k + 2l + s)! � 2q2l�s= lpq2(k+l�1)(k � l + 1)2�n� 4k + 2l2 �Tl(n)
and, since1 < l � k, Tl�1(n) � lpq2k(n� 4k)22k2 Tl(n)
Finally a simple induction onl shows that, for all1 � l � k,Tl(n) � 1l! � 2k2q2kp(n� 4k)2�l�1 T1(n)

Using the claims above it is now fairly easy to prove that almost alwaysG 2 G(n; p) has

an induced matching of size
j (1�Æ) lognlog 1=q k

for any Æ > 0. Applying exactly the same argument

as in Theorem 73, to prove thatPr[Y > 0℄ almost always, we just need to show that the ratioE(Y jY 1)=E(Y )! 1. This follows from the claims above sinceE(Y jY 1)=E(Y ) =Pkl=0 Tl(n). 2
It turns out that it is possible to approximate the largest induced matching in a random graph

by another variant of the greedy procedure. Pairs of vertices are visited in some (arbitrary but fixed)

order and added to the induced matching if they are connectedand they are not connected to any

other edge in the matching. The following piece of code is onepossible implementation.

program Greedyinducedmatching

Input: randomG = (V;E) with V = fv1; : : : ; vng
(1) M  ;;
(2) for i = 1 to bn=2 do

(3) if (fv2i�1; v2ig 2 E and cut(fv2i�1; v2ig; V (M)) = ;)
(4) M  M [ fv2i�1; v2ig;

Let grI be the cardinality of the resulting matching.

Theorem 78 grI(G) � logn4 log 1=q for almost all graphs inGn;p with p constant.

Proof. The proof technique is identical to that of Theorem 75. Ifk � 1 edges are in the matching

already (letMk�1 denote the matching withk � 1 edges) the pairfvj ; vj+1g is added to it if

(1) fvj ; vj+1g 2 E and,
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(2) cut(fvj ; vj+1g; V (Mk�1)) = ;.
The probability that this happens isPk = p(1 � p)4(k�1). Fork = 1; 2; : : :, letXk the geometric

random variables equal to the number of pairs considered until the kth pair is added to the matching.

DefineZl =Plk=1Xk. Let � be a positive real constant. Ifl = l (1+�) logn4 log 1=q m andm > r=� thenPr[Zl < n=2℄ � lYk=1f1� [1� p(1� p)4(k�1)℄n=2g� f1� [1� p(1� p)4(l�m)℄n=2gm� �n2�m pm(1� p)4lm�4m2= � p2(1� p)4m�m nmn�(1+�)m = O(n�r)
If l = j (1��) logn4 log 1=q k Pr[Zl > n=2℄ � lXk=1Pr[Xk > n=2l℄� l[1� p(1� p)4(k�1)℄bn=2l� l �1� pn�(1��)(1� p)4 �bn=2l� l � exp��pn�(1��)(1� p)4 j n2lk� 2
Sparse Graphs. The performances of the algorithm “Greedyinducedmatching” described above

can be analysed also on sparser graphs. LetG 2 Gn;=pn. The following is a technical result needed

in Theorem 79.

Lemma 40 If p = pn then
P1j=0 pj+1j+1 � 3p2 for all n > 42.

Proof. 1Xj=0 pj+1j + 1 � p+ 12 1Xi=2 pi= p+ p22 1Xi=2 pi�2= p+ p22 1Xt=0 pt= p+ p22 11� p
The result follows using the assumption onp. 2
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Theorem 79 grI(G) > log 3 � pn for almost all graphs inG(n; p) with p = =pn and constant.

Proof. At stepi there arei�1 edges inM . The probability that algorithm Greedyinducedmatching

executes step (4) isPi = p(1�p)4(i�1). LetXi, for i = 1; 2; : : : count the number of edges removed

until the i-th edge is added toM . We havePr[Xi = s℄ = Pi(1 � Pi)s�1. So each of theXi has

geometric distribution andE(Xi) = 1=Pi andVar(Xi) = (1 � Pi)=Pi2. Moreover the random

variablesXi are all independent. LetZ =Pki=1Xi. We havePr[Z > n℄ = Pr[Gr(G) < k℄. Since

all theXi are independent we can derive tight bounds on the expectation and the variance ofZ and

use Chebyshev inequality to complete the proof of the theorem. The geometric sum
Pki=1 �i is at

most�k+1��1 for any� > 1, thereforeE(Z) = (1� p)p 4 kXi=1 [(1� p)�4℄i � (1� p)�4k+4p[1� (1� p)4℄ :
Since1� (1� p)4 = p(4� 6p+ 4p2 � p3) � p,E(Z) � (1� p)4(1�k)p2
If p = =pn, using Lemma 40,E(Z) � n2 e�4k log(1�=pn) � n2 e 6kpn
If k = log �Æ3 pn then E(Z) � ne2Æ � (1� �)n
for some fixed�. Similarly Var(Z) = kXi=1 1� p(1� p)4(i�1)p2(1� p)8(i�1)� (1� p)p2 8 kXi=1 [(1� p)�8℄i� (1� p)p3 �8k+8
Using the assumptions onp andk,Var(Z) � n 323 e 12kpn � 8pn = n 32e4Æ+ 8pn
By Chebyshev inequality, sinceE(Z) � n� �nPr[Z > n℄ � Pr[Z � E(Z) + �n℄ � Var(Z)�2n2 �  � n�1=2(�e2Æ+ 4pn )2
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2
The result in Theorem 79 is complemented by the following Theorem. As above letY =Yp;k(G) be the random variable counting the number of induced matchings of sizek in G.

Theorem 80 �I(G) < pn�logn2 for almost all graphs inG(n; p) with p = =pn and constant.

Proof. Without loss of generality, by Theorem 79 it is possible to assume thatk > log 3 � pn. Using

Markov inequality, Pr[Y > 0℄ � n!k! (n� 2k)! � 2pn�k e� 2k(k�1)pn� n2kk! � 2pn�k e� 2k(k�1)pn� O(1)p2�k  en 322k !k e� 2k(k�1)pn� O(1)p2�k � 3e2n2 log �k e� 2k(k�1)pn
The last upper bound goes to zero ifk > pn2 � log�3e2nlog  �
By using standard calculus it is not difficult to prove thatf() = 3e2log  is minimised for = e 12 andf() � 6e2. Hence the expected number of induced matchings of sizek is very small as long ask > pn2 log 6e2n = pn(2 log 6+log n)2 . 2
4.9 Conclusions

In this chapter we studied two graph-theoretic problems related to the set of matchings in a graph.

M INMAXL MATCH denotes the problem of finding a maximal matching of minimum cardinality

whereas MAX INDMATCH denotes the problem of finding an induced matching (see the beginning

of Section 4.2 for a precise definition of an induced matching) of maximum cardinality in a given

graph.

The first part of the chapter described a number of worst-caseresults. In particular, we

proved that MINMAXL MATCH is NP-hard even if the input is an almost regular bipartite graph of

maximum degree3s, for each integers > 0, and MAX INDMATCH is NP-hard to approximate with

approximation rationr (for somer > 1) even if the input is an almost regular graph of maximum

degree4s, for each integers > 0. After presenting simple approximation heuristics for classes of
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regular and bounded degree graphs based on structural properties of these matchings, and a linear

time optimal algorithm for MAX INDMATCH if the input graph is a tree, the investigation of the

complexity of these problems in bounded degree graphs was completed by deriving a number of

non-approximability results (see Section 4.6) for severalclasses of bounded degree graphs.

The second part of the chapter described a number of improvedresults obtained under the

assumption that the input graph is generated according to a number of different procedures (see

Section 1.2 for all the relevant definitions).
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