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Abstract

This is an expository paper, focussing on the following scenario. We have two Markov
chains, M and M’'. By some means, we have obtained a bound on the mixing time
of M'. We wish to compare M with M’ in order to derive a corresponding bound on the
mixing time of M. We investigate the application of the comparison method of Diaconis
and Saloff-Coste to this scenario, giving a number of theorems which characterize the
applicability of the method. We focus particularly on the case in which the chains are not
reversible. The purpose of the paper is to provide a catalogue of theorems which can be
easily applied to bound mixing times.

1 Introduction

This expository paper focusses on Markov chain comparison, which is an important tool
for determining the mizing time of a Markov chain.

We are interested in the following scenario. We have two Markov chains, M and M'.
By some means, we have obtained a bound on the mixing time of M'. We wish to
compare M with M’ in order to derive a corresponding bound on the mixing time of M.

The foundation for the method lies in the comparison inequalities of Diaconis and
Saloff-Coste [5]. These inequalities give bounds on the eigenvalues of a reversible Markov
chain in terms of the eigenvalues of a second chain. Similar inequalities were used by
Quastel [15] in his study of the simple exclusion process on coloured particles.

The inequalities of Diaconis and Saloff-Coste provide the foundation for obtaining
mixing-time bounds via comparison because there is a known close relationship between
the mixing time of an ergodic reversible Markov chains and the eigenvalue which is second
largest (in absolute value). This relationship was made explicit by Diaconis and Stroock [6]
and Sinclair [17, proposition 1]. The latter is a discrete-time version of a proposition of
Aldous [1].

Randall and Tetali [16] were the first to combine Diaconis and Saloff-Coste’s inequal-
ities with the inequalities relating eigenvalues to mixing times to derive a relationship
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between the mixing times of two chains. Their result [16, Proposition 4] applies to two
ergodic reversible chains M and M’ provided the eigenvalues satisfy certain restrictions
(see the remarks following Theorem 10 below).

While the inequalities of Diaconis and Saloff-Coste are stated for reversible Markov
chains, their proof does not use reversibility.! The Dirichlet forms correspond more closely
to mixing times in the time-reversible case, but there is still some correspondence even
without reversibility, as has been observed by Mihail [13] and Fill [8].

The primary purpose of our article is to pin down the applicability of the comparison
method for non-reversible chains. This is done in Section 4. The main result (Theorem 24)
is rather weaker than the corresponding theorem for reversible chains (Theorem 8) but we
give examples (Observation 21 and the remark following Theorem 22) pointing out that
the additional constraints are necessary.

Section 3 describes the comparison theorem for reversible chains. The main result
(Theorem 8) is proved using exactly the method outlined by Randall and Tetali [16].
We feel that it is useful to provide a general theorem (Theorem 8) which applies to
all reversible chains, including those that do not satisfy constraints on the eigenvalues.
Diaconis and Saloff-Coste’s method is sufficient for this task, provided the construction of
the comparison is based on “odd flows” rather than just on flows. Observation 12 shows
that the restriction that the flows be odd is necessary. The statement of Theorem 8 is
deliberately general in terms of the parameters € and §, which are deliberately different to
each other (unlikely the corresponding theorem in [16]). The reason for the generality is
that the freedom to choose § can lead to stronger results, as illustrated by Example 9. We
have included a proof of Theorem 5, which is essentially Proposition 1(ii) of Sinclair [17]
because, as far as we know, no proof appears in the literature. The theorem gives a
lower bound on the mixing time of an ergodic reversible Markov chain in terms of its
eigenvalues. A continuous-time version has been proved by Aldous [1].

Lemma 27 in Section 5 formalizes a technique that we have found useful in the past. In
order to use the comparison inequalities of Diaconis and Saloff-Coste, one must construct
a flow in which the congestion on an edge of the transition graph of the Markov chain is
small. Lemma 27 shows that it is sometimes sufficient to construct a flow in which the
congestion on a state is small.

Finally, we note that Section 5 of Randall and Tetali’s paper [16] surveys other com-
parison methods which are not based on Diaconis and Saloff-Coste’s inequalities. We will
not repeat this survey, but refer the reader to [16)].

2 Comparing Dirichlet forms

The following variation of Diaconis and Saloff-Coste’s comparison method comes from [5,
Section C]. It adapts an idea of Sinclair [17].

2.1 Definitions

Let M be an ergodic (connected and aperiodic) Markov chain with transition matrix P,
stationary distribution 7, and state space ). In this paper, the state space 2 will always
be discrete and finite. We will assume that all Markov chains are discrete-time chains
except where we indicate otherwise. Let E(M) be the set of pairs of distinct states
(z,y) with P(z,y) > 0. Let E*(M) be the set of all pairs (x,y) (distinct or not) with
P(z,y) > 0. We will sometimes refer to the members of E*(M) as “edges” because they
are the edges of the transition graph of M. Define the optimal Poincaré constant of M

'For non-reversible Markov chains, the eigenvalues of the transition matrix are not necessarily real, but it
is still possible to make sense of “spectral gap” as we shall see in Section 2.
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where the infimum is over all non-constant functions ¢ from Q to R and the Dirichlet
form is given by

Emlpp) =5 3 ()P, u)(() — o)’
z,yeQ
and 1
var,p = 3 w(@)(ole) ~ Bag) = 5 3 w(mnu) () - o).
TEQ z,y€eN
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If N is the size of Q then let

Av_1(M) = inf M

=R vary ¢

where again the infimum is over all non-constant functions. When M is time reversible,
the eigenvalues 1 = By > 1 > --- > Bn_1 of the transition matrix P are real. Then
(see Facts 3 and 4 below) A\ (M) may be interpreted as the gap between 8; and 1, while
An_1(M) is the gap between Bxy_1 and —1. Although this explains the notation, the
definitions of A\; and Axy_1 make sense even for non-reversible Markov chains.

Suppose that M is an ergodic Markov chain on state space (2 with transition matrix P
and stationary distribution 7, and that M’ is another ergodic Markov chain on the same
state space with transition matrix P’ and stationary distribution 7'.

For every edge (z,y) € E*(M'), let P, , be the set of paths from z to y using transi-
tions of M. More formally, let P, , be the set of paths v = (z = xo,z1,...,2r = y) such
that

1. each (z;,Tiy1) is in E*(M), and
2. each (z,w) € E*(M) appears at most twice on 7.2
We write |y| to denote the length of path 7. So, for example, if v = (o, ..., z)) we have
|v| = k. Let P = U(e,y)eB* (M) Pa,y-
An (M, M')-flow is a function f from P to the interval [0,1] such that for every
(z,y) € EX(M'),
> () =r'(@)P'(z,y). (1)
YEPe,y

The flow is said to be an odd (M, M')-flow if it is supported by odd-length paths. That
is, for every v € P, either f(v) =0 or |y| is odd.

Let r((z,w),7) be the number of times that the edge (z,w) appears on path 7. For
every (z,w) € E*(M), the congestion of edge (z,w) in the flow f is the quantity

Az,m(f) = Dl Z T((zaw)av) |’7| f(7)

P
T(2)P(z,0) | o e
The congestion of the flow is the quantity

A(f) = max Az w(f).

T (z,w)EE* (M)

>This requirement is there for technical reasons — we want to ensure that P, , is finite.



2.2 Theorems

The following theorems are due to Diaconis and Saloff-Coste [5]. Theorem 1 is Theorem 2.3
of [5].

Theorem 1. Suppose that M is an ergodic Markov chain on state space Q and that M’
is another ergodic Markov chain on the same state space. If f is an (M, M')-flow then

for every ¢ : Q = R, Exmr(p,0) < A(f)Em (0, 9)-

Remark. The statement of Theorem 2.3 in [5] requires M and M’ to be reversible, but
the proof does not use this fact. In [5], Py is defined to be the set of simple paths from x
to y. This is not an important restriction, because a flow f can always be transformed
into a flow f' which is supported by simple paths and satisfies A(f') < A(f). We prefer
to use our definition so that an odd flow is a special case of a flow.

Theorem 2. Suppose that M is an ergodic Markov chain on state space Q and that M’
is another ergodic Markov chain on the same state space. If f is an odd (M, M")-flow
then for every ¢ : Q = R, Fau(p,0) < A(f)Fmlp, p)-

Remark. Theorem 2.2 of [5] corresponds to the special case in which P, , contains a
particular path v with f(v) = 7'(x)P'(x,y). Again, the statement of the theorem requires
the chains to be reversible, but the proof does not use this. The authors point out that
their theorem can be generalized to the flow setting as we have done in Theorem 2. The
same proof works.

Remark. Note that the definition of an (M, M")-flow requires us to route 7' (x)P'(x,y)
units of flow between x and y for every pair (x,y) € E*(M'). If we do not care whether
the resulting flow is an odd flow we can dispense with the case x = y. For this case, we
can consider the length-0 path v from x to itself, and we can assign f(y) = 7' (x)P'(x,x).
The quantity f(y) contributes nothing towards the congestion of the flow (since it does
not use any edges of E*(M)).

3 Comparing reversible Markov chains

3.1 Definitions

The variation distance between distributions 8; and 6> on € is
161 =2l = 5 S 1610) = 62(9)] = max 61(4) = B2 ().
i
For an ergodic Markov chain M with transition matrix P and stationary distribution 7,
and a state z, the mixing time from z is
7(M,e) =min {t > 0: ||P" (z,-) — x(-)|| < e for all #/ > t}.
In fact, ||P!(z,-) — m(-)|| is non-increasing in ¢, so an equivalent definition is
T2(M,e) =min {t > 0: ||P!(z,-) — n(")|| < e}.

Let
7(M, ) = max 7, (M, e).

Let M be an ergodic Markov chain with transition matrix P, stationary distribution r,
and state space Q. Let N = |Q|. Suppose that P is reversible with respect to w. That
is, every z,y € () satisfies w(x)P(z,y) = 7w(y)P(y,z). Then the eigenvalues of P are real
numbers and the maximum eigenvalue, 1, has multiplicity one. The eigenvalues of P will



be denoted as fo = 1> B1 > --- > Bn_1 > —1. Let Bmax(M) = max(B1,|8~_1]). The
spectral representation of the transition matrix P plays an important role in the results
that follow. Let D denote the diagonal matrix D = diag(m 1 S 11\,/21) Then, using
the definition of reversibility, it is easy to see that A = DPD 1 is a symmetric matrix.
Therefore, standard results from linear algebra (for example, see [9]) tell us there exists
an orthonormal basis {e()" : 0 < i < N — 1} of left eigenvectors of A, where e’ is an
eigenvector corresponding to the eigenvalue §;, i.e., e®'4 = Bi e We also have that
egp) = 7rJ1./2 for j € {0,...,N — 1}. The important result we require (see [11, Section 3.2]
or [18, Proof of Prop. 2.1] for a derivation) is that for n € N,

N-1
. m n (i) (i
Pn(g,k):w(k)+,/7r—’f S prelel? (2)
J =1

where the P™(j, k) are the n-step transition probabilities.

The following facts are well-known from linear algebra and follow from the “minimax”
(or “variational”) characterization of the eigenvalues (see [9], in particular the Rayleigh-
Ritz and Courant-Fischer theorems).

Fact 3. Let By =1> 1 > --- > Bn_1 > —1 be the eigenvalues of the transition matriz
of a reversible Markov chain M. Then 1 — 1 = A1 (M).

Fact 4. Let By =1> 1 > -+ > Bn—_1 > —1 be the eigenvalues of the transition matriz
of a reversible Markov chain M. Then 1+ By_1 = An_1(M).

3.2 Lower bounds on mixing time

The following theorem is the same as Proposition 1(ii) of [17] by Sinclair (apart from a
factor of 2). Sinclair’s proposition is stated without proof. Aldous [1] proves a continuous-
time version of Theorem 5. As far as we are aware, there is no published proof of the
lower bound in discrete time so, for completeness, we provide one here based on Aldous’s
idea.

Theorem 5. Suppose M is an ergodic reversible Markov chain. Then, for € > 0,

Buax(M) | 1

1= Bmax(M)  2¢
Proof of Theorem 5. Let P be the transition matrix of M and write the eigenvalues of P
as o = 1> p1 > --- > Bnv—1 > —1. Let m be the stationary distribution of M.
Let A be the matrix defined in the spectral representation of P in Section 3.1. Let
d(n) = maxjeq ||P™(j,-) — 7(-)||. We first give a lower bound on d(2n).

Let e(™®9) denote an eigenvector (of A) corresponding to fmax. Since e{™2) is an
(max)

#

T(M,e) >

eigenvector (and hence not identically zero), there exists some coordinate jo with €;
0. Then, using (2) we find

d(2n) = max||P*"(j.) = ()

I
_ 1 (k) on (z) el
—mg\\/ T Lo




ZBZTL (@) (1)
1 «— )2
=3 Z_; g ()

s h/Z

keQ

Zﬂ ((z))

21 2n (e('max))Q‘

2 max Jo

Z

Using this lower bound, we have

d(2n) 3Bt (e(max)) 1
P max \ “Jo (max)
hmnlnf o > hm inf T 3 (e ) > 0. (3)

Fix § > 0, and let 7* = 7(M, %) So, by definition d(7*) < g.
For s,t € N it is known that d(s + t) < 2d(s)d(t). (For a proof of this fact see [2,
Chapter 2].) Using this inequality we see that d(2k7*) < 22%(d(7*))?* < §2%. Then

d(2kr*)

2kT*
max

hm inf (52kﬂ 2kt

IN

limkinf
= hmklnf exp (2k(Iné — 7° In Brax)) - (4)

IfInd — 7* In Bmax < 0, the liminf in (4) is 0. This contradicts the lower bound in (3)

(this lower bound also applies to the subsequence d(2k7*)/B2E7" of d(2n)/B2%,). Thus
we conclude that Iné — 7% In Bpax > 0, or 7* > %.
Finally, assuming Smax > 0 (otherwise the theorem holds trivially),

L1 _/1 da /1 dm_[_l]l _ 1 fmax
Bmax T B 2 1 Brax ﬂmax

Z
max max

Combining this inequality with the previous one we obtain

™= T(M,g) > 1-3 fmﬂi:ax ln%.

Taking § = 2¢ gives the theorem. O
Corollary 6. Suppose M is an ergodic reversible Markov chain. Then

Brmae(M)
r(Mge) 2 7 Brax (M)

3.3 Upper bounds on mixing time

The following theorem is due to Diaconis and Stroock [6, Proposition 3] and to Sinclair [17,
Proposition 1(i)].

Theorem 7. Suppose that M is an ergodic reversible Markov chain with stationary dis-

tribution w. Then ) .
M,e In .
s )< 1 — Bmax(M)  en(x)




3.4 Combining lower and upper bounds

In the following theorem we combine Diaconis and Saloff Coste’s comparison method
(Theorems 1 and 2) with upper bounds on mixing time (Theorem 7) and lower bounds on
mixing time (Theorem 5) to obtain a comparison theorem for mixing times (Theorem 8).
This combination was first provided by Randall and Tetali in Proposition 4 of [16]. We
use the same reasoning as Randall and Tetali, though we consider odd flows in order to
avoid assuming that the eigenvalues are non-negative.

Theorem 8. Suppose that M is a reversible ergodic Markov chain with stationary distri-

bution w and that M’ is another reversible ergodic Markov chain on the same state space.
Suppose that f is an odd (M, M')-flow. Then, for any 0 < < 3,

T(M',4) 1

em

(M, e) < A(f) [W 1|

In particular,

, 1

M) < A (M1 3) 41| s 5

Proof. Let N be the size of the state space.

1 1
Tz(M,e) < 1= oM In @) (by Theorem 7)
1 1 1
= max (M D’ )\N—1(M)) In (@) (by Facts 3 and 4)
A(f) A(f) 1
< max ()‘1 My’ /\Nl(M')> In () (by Theorems 1 and 2)
1 1

= A(f) 1= B (M) In (@) (by Facts 3 and 4)
< A(f) [% + 1] In ;m (by Theorem 5, noting In(1/24) > 0).
|

The freedom to choose § in the statement of Theorem 8 is often useful, as we see in
the following example, based on the “hard core gas” model.

Example 9. Suppose G is some class of graphs of maximum degree A. Let G € G be
an n-vertex graph, and let Qg denote the set of all independent sets in G. Let My be
an ergodic Markov chain on Qg with uniform stationary distribution. Of the transitions
of My, we assume only that they are uniformly distributed and local. Specifically, to make
a transition, a verter v of G is selected uniformly at random; then the current independent
set is randomly updated just on vertices within distance r of v. We regard the radius r,
as well as the degree bound A, as a constant.

Now let Mg be another Markov chain that fits this description with r = 0. That is,
it makes single-site updates according, say, to the heat-bath rule. Suppose we have proved
that 7(My,e) = O(nlog(n/e)). (This is a typical form of mizing time bound coming
out of a coupling argument.) In this example, any reasonable choice of flow f will have
A(f) = O(1): the canonical paths are of constant length, and a constant number of them
flow through any transition of M. (To know how the constant implicit in O(1) depends
on A and r, we’d need to have more details about the transitions of M’, and be precise
about the flow f.) Note that it is easy to arrange for f to be an odd flow. Applying
Theorem 8 with the default choice § = 1/2e yields T(Mg,e) = O(n?log(n/ec)), whereas
setting & optimally at § = 1/n, we achieve T(Mg,e) = O(n?log(1/e)), gaining a factor
logn.



In the literature, the applications of Diaconis and Saloff-Coste’s comparison method to
mixing times are typically presented for the special case in which Bpax(M) is the second-
highest eigenvalue of the transition matrix of M. In this case, it is not necessary for the
flow f to be an odd flow, so the proof of Theorem 8 gives the following.

Theorem 10. Recall that 81 is the second-highest eigenvalue of the transition matriz
of M. Theorem 8 holds with “odd (M, M")-flow”, replaced by “(M, M")-flow”, provided
/Bmax (M) = ﬂl .

Remark. Theorem 10 is similar to Randall and Tetali’s inequality [16, Proposition 4],

which assumes that Bmax(M) and Bmax(M') correspond to the second-highest eigenvalues
of the relevant transition matrices, and that the latter is at least 1/2.

Since the restriction that f be an odd flow is usually omitted from applications of
comparison to mixing in the literature, it is worth considering the following example,
which shows that the restriction is crucial for Theorem 8. The general idea underlying
the example is simple. Let So =1 > 81 > --- > Bn_1 be the eigenvalues of the transition
matrix of M. The eigenvalue Sy _1 is equal to —1 if M is periodic and is greater than —1
otherwise. If this eigenvalue is close to —1 then M is nearly periodic, and this slows down
the mixing of M. Let M’ be the uniform random walk on the state space of M. Clearly
M’ mixes in a single step, but we can construct a (M, M’')-flow with low congestion as
long as we take care to send flow along paths whose lengths are consistent with the (near)
periodicity of M.

Example 11. Let Q = {a,b}. For a parameter § € (0,1), let P(a,b) = P(b,a) =1—-0
and P(a,a) = P(b,b) = 6. The stationary distribution = of M is uniform. Let t be even.
Then

1P'(a,) =)l > Pr(Xe =a| Xo=a) = 3 > (1—8)' = 2 > = —dt,

50 To(M,1/4) > |1/(268)]. Let M’ be the uniform random walk on Q. The chain M’ has
stationary distribution w and mizes in a single step.

Let P be the transition matriz of M and let P' be the transition matriz of M'. We
will now construct a (M, M')-flow f.
For the edge (a,b) € E*(M') let v be the length-1 path (a,b) and assign f(y) =
(a)P'(a,b). Similarly, for the edge (b,a), let v be the length-1 path (b,a) and assign
(v) = w(b)P'(b,a). For the edge (a,a) € E*(M'), let v be the path a,b,a and assign
(v) = w(a)P'(a,a). Finally, for the edge (b,b) let v be the path b,a,b and assign f(y) =
(b)P' (b, b).

Note that Aqo(f) = App(f) = 0. Also,

Ta
f
f

Aa’b(f) = m (W(G)Pl(aab) + ZW(G)PI(LL, a)) = llT(S (% + 1) — 2(13_ 5) .

Similarly, Ap,o(f) = 3/(2(1 —9)). If we take 6 < 1/2, we have A(f) < 3. Then

LJ A(f) TM', L) +1 1n (1/1n(a))
26 3 2 In8 ’

ra(M, 1) > {

and by making § small, we can get as far away as we want from the inequality (5) in
Theorem 8.

Example 11 prompts the following observation.

Observation 12. In general, for reversible ergodic Markov chains M and M' with the
same state space and stationary distribution, the ratio between 1,(M,e) and the quantity
[r(M', %) +1]In Mm from the right-hand-side of (5) can not be upper-bounded in terms
of the congestion of an (M, M")-flow. (We know from Theorem 8 that such a bound is
possible if we restrict attention to odd flows.)



It is well-known (see, for example, Sinclair [17]) that the eigenvalues of the transition
matrix P of a Markov chain M are all non-negative if every state has a self-loop probability
which is at least 1/2. That is, the eigenvalues are non-negative if every state z satisfies
P(z,z) > 1/2. Thus, Theorem 10 applies to any such Markov chain M. Observation 13
below shows that even weaker lower bounds on self-loop probabilities can routinely be
translated into mixing-time inequalities without consideration of odd flows.

Observation 13. Suppose that M is a reversible ergodic Markov chain with transition
matriz P and stationary distribution © and that M’ is another reversible ergodic Markov
chain on the same state space. Suppose that f is a (M, M")-flow. Let ¢ = min, P(z,x),
and assume ¢ > 0. Then, for any 0 < § < 1/2,

re) <maxfa(p | T 4], L

Proof. Write P = cI + (1 — c)]3 Since the matrix P is stochastic, its eigenvalues BZ all
satisfy |3;| < 1. The relationship between the eigenvalues of P and those of P is simply
Bi = c¢+ (1 —c¢)B;- In particular Sy—1 =c+ (1 —¢)Bn-1 > —1+ 2¢.

By Theorem 5,
: Bmax(M) 1
r(M00) 2 0 o

or, equivalently,
T(M',9)

Tn(1/25)
Pnax(M) < gy -
In(1/24)

By Fact 3,
1
A1 (MI) >
= r(M’,9)
w138 T 1
and hence, by Theorem 1,
1

At(M) > — -
A(f) (Fsg + 1)

On the other hand, we know by Fact 4 and the lower bound on By_; calculated above
that Ay_1(M) > 2¢. Thus

1= Bunax (M) = minfAs (M), Ay_1 (M)} > min ! 2

AN (B mg +1)°

The result follows immediately from Theorem 7. O

Suppose that M is a reversible Markov chain with transition matrix P. Let Mgzz
be the Markov chain on the same state space with transition matrix Pzz = (I + P).
Mz is often referred to as the “lazy” version of M. In the literature, it is common to
avoid considering negative eigenvalues by studying the lazy chain Myzz rather than the
chain M, using an inequality like the following.

Observation 14. Suppose that M is a reversible ergodic Markov chain with stationary
distribution © and that M’ is another reversible ergodic Markov chain on the same state
space. Suppose that f is a (M, M")-flow. Then

1 1
—)+1]1
150 +1]In

To(Mazz,€) < 2A(f) [T (M’ em(x)’



Proof. Since the eigenvalues of Myzz are non-negative, 1 — Bmax(Mzz) = A1 (Mzz), which
is equal to 1A;(M). The proof is now the same as that of Theorem 8. O

The approach of Observation 14 is somewhat unsatisfactory because it gives no insight
about the mixing time of M itself. For example, we can applying Observation 14 to the
chains M and M’ from Example 11. This gives

T(Mzz,1/4) <2 [1+1]In(8) = Ing,

_3 6
2(1—9) 1-0

whereas we know from Example 11 that 7,(M,1/4) > [1/(26)]. Making § < 1/4 small,
we can make M mix arbitrarily slowly, while Mzz mixes in at most 17 steps.

4 Comparison without reversibility

4.1 Definitions

Given a discrete-time ergodic Markov chain M on state space (2 with transition matrix P
and stationary distribution 7, the continuization M is defined as follows ([2, Chapter 2]).
Let @ be the transition rate matriz defined by () = P — I. Then the distribution at time ¢
is v - exp(Qt) where v is the row vector corresponding to the initial distribution. (For a
concise treatment of matrix exponentials, refer to Norris [14, Section 2.10].) The mixing

time TZ(M, €) is thus
m(ﬂ,s) =inf {t > 0: ||v, - exp(Qt') — 7|| < & for all ' > t},

where v, is the unit vector with a 1 in state z and 0 elsewhere. Denote by P! = exp(Qt)
the matrix of transition probabilities over a time interval of length ¢. A standard fact is
the following (see Norris [14, Thm 2.1.1]).

Lemma 15. %lgt = QP! = PtQ.
The conductance of a set S of states of M is given by

EieS Eje§7r(i)P(iﬂj) + Zie? Ejesw(i)P(iaj)
271(8)w(9S) ’

Ps5(M) =

and the conductance of M is ®(M) = ming ®5(M), where the min is over all S C Q
with 0 < w(S) < 1.

Suppose S is a subset of  with 0 < 7(S) < 1. Let xs be the indicator function for
membership in S. That is, xs(z) = 1 if z € S and xs(z) = 0 otherwise. Then since
vary xs = m(S)m(S), we have

2 ;
(g = Elrss)

Thus, ®(M) is the same as A\; (M) except that in ®(M) we minimize over non-constant
functions ¢ : Q@ — {0, 1} rather than over functions from  to R. Thus we have

Observation 16. A\ (M) < ®(M).

4.2 Lower bounds on mixing time

The analogue of Corollary 6 for the non-reversible case will be obtained by combining
Theorems 17, 18 and 19 below. Theorem 17 is from Dyer, Frieze and Jerrum [7], and
Theorem 18 is a continuous-time version of the same result.

10



Theorem 17. Suppose that M is an ergodic Markov chain. Then

%_
Mz T Ly

Proof. Tt is immediate from the symmetry in the definition of ®g(M) that ®g(M) =
®5(M). Therefore, we can restrict the minimization in the definition of ®(M) to sets S
with 0 < 7(S) < 4. That is,

) N|>—~
m|l—‘m

(M) = min dg(M).
5CQ,0<n(S)<5
Also, since
2.2 OPG) +D ) 7P ) =3 w(i) ) Pli.j) =n(S)
i€S JES i€S jeS i€s jeQ
and

8)=>"w(i) Y Pli,j) =D w()PG,5) + Y. > 7(@)P,]

i€EQ jeS 1€S je§ i€S jes
the two terms in the numerator in the definition of ® (M) are identical and the definition
of ®5(M) can be rewritten as follows.

Yies 2 jes ()P (4, ])
7(S)m(3) '

Ps(M) =

Let ®'(M) be the asymmetrical version of conductance from [17]. Namely,

(M) = min Py (M),

5CQ,0<m(8)<5

where

Bl(M) = B5(M)n(3).

In the process of proving Claim 2.3 in [7], Dyer, Frieze and Jerrum prove

1_ 1
q)I(M) Z 2 2e .
(M, 5;)
The theorem follows since
d(M) = min d5(M) > min dg(M)7(S) = ' (M).
SCQ,0<n(S)<5 SCQ,0<n($)<3

O

A very similar bound holds in continuous time. There does not seem to be a published
proof of this result, so we provide one here, modelled on the proof in discrete time [7].

Theorem 18. Suppose that M is an ergodic Markov chain. Then

1 _
M) > 22
(M) T

© “’|»—~
Y |)—‘ (4]
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Proof. Suppose ¢ is an arbitrary function ¢ : § = R. The notation IStgo denotes the
function Q@ — R defined by [P'¢](z) = 3, q

Pt(x,y)p(y), for all z € Q. Define ¢} :
Q2 = R by ¢i(z) = %]Btgo(x) for all . By Lemma 15, ¢,(z) = [QPy](z) = [PQy](z),
where [Q Pyp](z) is the function Q2 — R defined by [QPy|(z) = 3, co(QP)(z,y)¢(y) and
[PQ¢](x) is defined similarly. Define 6 : Rt — R by 8(t) = [|¢illr,1 = > cq 7(@)|@; ()]
Now observe that

t t
Dt _ — ’ ’ ]
Boe) — p(c)| ‘ [ e@ras| < [1elas

Multiplying by m(z) and summing over z we obtain

t t
1Pl — gl < / 1) l1 ds = / 6(s) ds. (6)

As before, denote by xs the indicator function of the set S C 2. We will show:
(a) 6(t) < 6(0), for all t > 0, and (b) if ¢ = xs then 6(0) < 2(vary; ¢) ®s(M). It follows
from these facts and (6) that

P4 = @l < 2(vary ¢) (M)t = 2m(S)7(5S) B(M)t, (7)

where ¢ = xs and S C Q is a set that minimises ®g5(M), i.e., one for which ®g(M) =
®(M). Now when ¢t = 7(M,1/2¢), we know that [Pto(z) — n(S)| < 1/2e for all z.
(Otherwise there would be a state z € Q for which |Ptp(z) — 7(S)| > 1/2e. But then
we would have |Pt(z, S) — n(S)| = |Pto(z) — 7(S)| > 1/2e, contrary to the choice of t.)
Assume without loss of generality that 7(S) < 1. Now

Y m@[Pel(z) = Y m(@)p@) = Y w(@)p(x),

z€EQ z€EQ €S

so subtracting ), ¢ W(;c)[ﬁt(p] (z) from both sides (and using the fact that ¢ is the indi-
cator variable for S), we get

Y 1@ ([Pel) - p(2)) = Y w(@)(p(x) — [P'e](x))

zeQ-S z€S

Then

1P'o = ol > 2 m(z)| Plo(z) — ()]

zeS
>2Y  w(x)(1—7(S) — 1/2e)
€S
11
> 2;77(33) (5 - _e)
>2(5 -5 ) w3

which combines with (7) to yield the claimed result. To complete the proof, we need to
verify facts (a) and (b).

12



By Lemma 15,

In particular, if ¢ = x5 and t =0,

0(0) = llpolle < D (@) P(2,9) [o(y) — ¢(2)| = 2Em(p, ) = 2(varz ) Bs(M),
z,yeQ

by definition of ®g, which is fact (b). Fact (a) follows from the following sequence of
(in)equalities:

0(t) = [Pl = ijm) |i(2)| = ijw<w)|[ﬁtw]<w)|
= gw(x) 3 P, )[Qel(v)
< ;W(w) Zy Pi(z,9)|[Qe)(v)|
= Zy:|[QsO](;)| Zzzﬂ(x)ﬁt (z,y)

=> 7y [[QeIW)]

9(0).

The following theorem is known as Cheeger’s inequality.

Theorem 19. Suppose that M is an ergodic Markov chain. Then Ay (M) > ®(M)?/8.

Proof. We will reduce to the reversible case, in which Cheeger’s inequality is well-known.
Let P be the transition matrix of M and let 7 be its stationary distribution. Let M be
the Markov chain with transition matrix P(z,y) = 3 (P(z,y) + 7(y)/m(z)P(y,z)). Now
for any o : Q@ = R

22 (@)P(z,)(p(z) — ¢(y))?
=3 zzy (@) P(z,y)(p(z) — () + i ;y m(y) Py, z)(p(z) — ¢(y))?

=Em (907 (P)

This implies both A; (M) = A; (M) and ®(M) = &(M) since these are just minimisations
of £, ¢) and Em(ip, p) over ¢ (recall the remark just before Observation 16).

13



Note that M\ is time-reversible since

7(2)Pla,y) = 57(0)P(e,v) + 57(0)Pw,2) = () P(y,2).

o~

Now let ®'(M) be the asymmetrical conductance from the proof of Theorem 17. Since
M is time-reversible, the eigenvalues of P are real numbers o =1> f; > --- > By_1 >

—1 and from Fact 3 we have 1 — 8; = A\; (M). Now by Lemma 2.4 of Sinclair [18] we have
AL (M) = A\ (M) > @'(M)?/2. Also,

—. — —_ .

(M) = min ds5(M) < min d5(M)2m(S) = 28" (M),
5CQ,0<n(5)<5 SCQ,0<r(S)<5
so (M) > ®(M)/2 = B(M)/2. O

Combining Theorems 17, 18 and 19 we get the following analogue of Corollary 6.
Corollary 20. Suppose that M is an ergodic Markov chain. Then

(3~ 2)
87(M, )2

2

no|=

A (M) >

and

(5—35)
(M) > =2 2e0
87(M, £)2

Note that the first lower bound is a function of the discrete mixing time 7(M, 5-) and

the second is a function of the continuous mixing time 7(M, %) Otherwise, the bounds
are the same.

Corollary 20 seems quite weak compared to Corollary 6 because of the squaring of the
mixing time in the denominator. It turns out that our bound cannot be improved for the
general (non-reversible) case.

Observation 21. There is an ergodic Markov chain M with Ay (M) € O(1/7(M, 5-)?).

Proof. Let M be the Markov chain described in Section 2 of [4]. This chain has state
space
Q={-(n-1),-(n-2),...,-1,0,1,...,n}.

The transition matrix P is defined as follows. If j = i+1 (mod 2n) then P(i,j) = 1-1/n.
Also, if j = —i (mod 2n) then P(i,j) = 1/n. The stationary distribution # is uniform on
the 2n states. Diaconis et al. [4, Theorem 1] show that 7(M, 3-) € O(n). We show that
A1(M) € O(1/n?), implying A (M) € O(1/7(M, 5)?).

Let ¢ be the function given by ¢(i) = |i|. We show that Ex(p,p) € O(1) and
var, ¢ € Q(n?).

First, the transitions from ¢ to —i preserve ¢, so to calculate £, we need only consider
the edges from i to i + 1 (over which ¢ differs by 1).

1 1
Emlp,p) = 5 > %(1 —1/2n).
zeQ
To calculate var, ¢, we observe that
ne

E 1 ZlJFEn: 1 2n(n—1)+n n
= — '3 7 = — _— = —
Y= o T o 2 2’

i=

14



o (Ex ¢)” =n2/4. Also

Ew(w)=—<n +2Zz): <+2( 1)"(2(”—1)+1)>:2n2+1‘

6 6

So vary ¢ = Ex(¢?) — (Bx ¢)? = 2242, -

4.3 Upper bounds on mixing time

We now give a continuous-time analogue of Theorem 7 for the general (non-reversible)
case. Our proof follows the treatment in Jerrum [10] on pages 63+ followed by 55-56,
with a few details filled in.

Theorem 22. Suppose that M is an ergodic Markov chain with stationary distribution .
Then

=(M,e) <

ETE (a%lw)) '

Proof. Let €2 be the state space of M. Let P be the transition matrix of M, let () = P—1
be the transition rate of M and P* = exp(Qt) as in Section 4.1. Let ¢ be any function
from Q to R with E, ¢ = 0. If 2 is chosen from a distribution then [P*¢](x) is a random
variable. Note that E.[Ptp] = 0.

Using Lemma 15, we have

@ var [Pt) = & 3" 7o) (IPl(e)

var,[Pty]
< =20 (M) varg [Pty

Now let w denote var,[P'y] and consider the differential equation 4y < —2X (M)w
Solving this we get 22 < —2X; (M)dt soInw < —2X; (M)t+c and w < exp(c—2A1 (M)1).
Plugging in ¢ = 0 we get w < (varg ) exp(—2A1(M)t). For a subset A C Q define

p: Q= Rby

(@) 1-7(4) ifzeA,

i) = —m(A) otherwise.

Note that E; ¢ =0 and var, ¢ <1 so
var[Pty] < exp(—2A1 (M)1).
Set

= (e%rl(x))
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s0 var, [Pty] < e2n(x). Now var,[Plg] > n(z)([Pr](z))” so

e > |Plo(z)| =

> ex(@0)(e. 1))

-|(Z ew@i@n ) - )

yeEA
= |Pr(X; € A) — n(4)],

for any A. So 7, (/’\;t/, g) <t
O

Remark. If M is not reversible, it may not always be possible to get a discrete-time
version of Theorem 22. In fact, we cannot always upper-bound 7,(M,€) even as a function
of both 1/A\1(M) and 1/An_1(M). Here is an example. Let M be the Markov chain
which deterministically follows a directed cycle of length 3. Both A1 (M) and An_1(M)
are bounded above 0. To see this, let ¢ be a function from Q to R with variance 1. Note
that Eam (@, ) and Fa(p, ) are non-zero. But M is not ergodic (so certainly we cannot
upper-bound its mizing time!). Let M’ denote the uniform random walk on K3. There is

a low-congestion odd (M, M')-flow f, so 1/ (M) < A(f)/A (M) and 1/An_1(M) <

A(f)/An—1(M'). These inequalities do not give upper bounds on 7,(M,e) because, while
they rule out length-2 periodicities in M, they do not rule out higher periodicities.

Let R(M) be the time-reversal of M with transition matrix R(P) given by

™Y
R(P)(z.y) = " Ply, )
(z)
Consider the chain R(M)M which does one step of R(M) followed by one step of M
during each transition. Here is a discrete-time companion to Theorem 22. This is based

on Theorem 2.1 of Fill [8]. This idea (bounding convergence in terms of the Dirichlet form
of R(M)M) is also in [12].

Theorem 23. Suppose that M is an ergodic Markov chain with stationary distribution .

Then
1

N EMM) ™ (s%rlw)) ‘

Tw(Mas) <

Proof. Let ¢ be a function from 2 — R with E; ¢ = 0. The following equality, due to
Mihail [13], is Proposition 2.3 of [8].

Ermm(p, ) = % > m(@)R(P)(z,y)P(y,2)(w(z) — ¢(2))

= % > 7(y) Py, )Py, 2)(p(z) — 9(2))?
= vary o — ) w(y)P(y, 2) Py, 2)p(x)p(2)

w7yiz

varz ¢ — Y _7(y) Y P(y,x)p(z) Y Py, 2)p(2)

= var, ¢ — var; (Pyp).
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This gives

vary (Py) = vary ¢ — Egaym (e, )

_ (1 Ermym (@, <P)>
=(1—- ——"""" | vary p
vary

< (1= M(RM)M)) varr ¢
T (Pl < (1 = M (RMIM))" vary o < exp(—tAs (R(M)M)) var, .

Then we can finish as in the proof of Theorem 22. O

4.4 Combining lower and upper bounds
The following theorem follows immediately from Theorem 22, Theorem 1 and Corollary 20.

Theorem 24. Suppose that M is an ergodic Markov chain with stationary distribution
and that M' is another ergodic Markov chain on the same state space. Suppose that f is

an (M, M')-flow. Then

(M, ) < 4a(f) "M %), ( L )

and

R (0 < 44() e (1Y

e2n(x)

As in Corollary 20, the first inequality gives an upper bound in terms of the continuous
mixing time 7(M’, 5-). The second inequality is the same except that the upper bound
is in terms of the discrete mixing time 7(M’, 3-).

If we use Theorem 23 instead of Theorem 22, we get

Theorem 25. Suppose that M is an ergodic Markov chain with stationary distribution ©
and that M' is another ergodic Markov chain on the same state space. Suppose that f is

an (RIM)M, M")-flow. Then

) 8T(M',5)* (1
2(M,e) < A(f)— 12 : (EQW(w))-

(3~ 2
We can do better if M’ is known to be reversible. Using Corollary 6, we get

Theorem 26. Suppose that M is an ergodic Markov chain with stationary distribution
and that M' is another reversible ergodic Markov chain on the same state space. Suppose

that f is an (M, M")-flow. Then
v A(f) 1 1
TZ(M,E)S 2 |:T(M,2—e)+1:| ln (m)

5 Comparison and state congestion

This Section generalizes an idea that we used in [3]. In order to use the comparison
inequalities of Diaconis and Saloff-Coste, one must construct a flow in which the congestion
on an edge of the transition graph of the Markov chain is small. The following lemma
shows that it is sometimes sufficient to construct a flow in which the congestion on a state
is small.
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Suppose that f is an (M, M')-flow. The congestion of state z in f is the quantity

B.(f)=— 3 hlie.

71'(2:) YEP:zEY

Let B(f) = max.cq B.(f). Let

k(f) = y zw(f)>0 (Z min { P(z, z), R(P)(w, x)}) .

(z,w

Lemma 27. Suppose that f is an (M, M')-flow. Then there is an (M, M')-flow f' with
A(f") < 8s(f)B(f)-

Proof. Without loss of generality, we will assume that the flow f is supported by simple
paths. That is f(y) = 0 if the path « has a repeated vertex. See the remark after
Theorem 1.

Let p(z,w,z) denote min {P(z, ), R(P)(w,z)} and let §(z,w) = Y, cqp(2, w,2).
Construct f’ as follows. For every path v = (zo,...,z)), route the f(v) units of flow
from zy to xp along a collection of paths of length 2k. In particular, spread the flow
along v from z; to z;;1 as follows. For each z € Q, route p(z;, zit1,2) f(v)/d(z;, z;41) of
this flow along the route z;,z, ;1.

First we check that f' is an (M, M')-flow. Note that if p(z;, 2;11,2) > 0 then both
P(z;,x) > 0and R(P)(xit1,x) > 0so (since 7(x;4+1) and 7(x) are assumed to be nonzero)
P(z,zi+1) > 0. We conclude that the edges used by f' are edges of E*(M). Also, each
edge appears at most twice, as required, since f is simple.

Now we bound the congestion of f'. Let (z,w) be an edge in E*(M). By definition,
the congestion of edge (z,w) in f' is

A w(f') = Wyepgmeyr((z’w)ﬂl) I £ (%)
2 ! 1 !
< T P(w) v’EP:(;w)E'y’ Y () (8)

But the flow f' was constructed by “spreading” the flow f(v) on each v € P over a
number of paths 4" with |y/| = 2|v| as described above. Thus, the right-hand-side of (8)
is at most

(Z ) 2Ivl ) ’y’ +Z > 2|7|7f(7;fy(?$’z)>

yeEQ veP:(2,y)€Y yEQ yeP:(y,w)EY

< e (Z S e yw) + Y Y Ivlf(v)p(y,w,Z))

yeQ veP:(2,y)€Y yeQ yeP:(y,w)€Y

S TP w) (Z Z MENPEw)+> . > bl W

YyEQ veP:(z,y)EY YyEQ veP:(y,w)€Ey

< 4(f) (Bz(f) + Bu(f)).
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