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The Francfort–Marigo model of brittle fracture is posed in terms of the minimization of
a highly irregular energy functional. A successful method for discretizing the model is to
work with an approximation of the energy. In this work a generalized Ambrosio–Tortorelli
functional is used. This leads to a bound-constrained minimization problem, which can
be posed in terms of a variational inequality. We propose, analyze and implement an
adaptive finite element method for computing (local) minimizers of the generalized functional.
Keywords: adaptive finite element method, variational inequality, Ambrosio–Tortorelli
functional, brittle fracture
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1. Introduction
The Francfort–Marigo model of quasi-static brittle fracture [26] is formulated in
terms of a free-discontinuity problem, in which the path of the crack is itself an
unknown variable. It is thus free from one of the major constraints for many models
from classical fracture mechanics, that of a pre-defined crack path. A brief description of the model is given in Section 1.2.
In practice, the Francfort–Marigo model requires a highly irregular energy functional to be minimized, which poses difficulties for numerical approaches that are
based on a direct discretization of the problem. However, there exist a number of
numerical schemes in the literature that minimize a regularization of the energy.
The Ambrosio–Tortorelli functional is one such regularization, which can be understood as a phase-field model for the crack set. An approximation of the Francfort–
Marigo model via the minimization of the standard Ambrosio–Tortorelli functional
was proposed by Bourdin, Francfort and Marigo [8] and implemented for a range
of examples by Bourdin [6, 7]. In addition, an adaptive finite element method for
computing numerical solutions of this approximation was proposed and analysed
by Burke, Ortner and Süli [14].
Although previous numerical schemes have focused on approximating the
Francfort–Marigo energy by the standard Ambrosio–Tortorelli functional, there exists, in fact, an entire family of generalized approximating functionals [10, 24]. In
1
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this paper we consider the minimization of a generalized functional together with
a new method for implementing crack irreversibility, which is based on the monotonicity condition proposed by Giacomini [27]. This will be presented in Section
1.3. Our motivation for considering this generalization is to investigate the possibility of selecting a functional so that the resulting minimization problem has certain
convenient properties. For example, the profile of a minimizer may allow it to be
resolved more easily by a numerical discretization or the minimized energy may be
closer to that of the exact solution.
The minimization of the generalized Ambrosio–Tortorelli functional can be
posed in terms of a variational equality and inequality (see Section 2), the solutions of which possess an interior layer in the vicinity of the crack. It is therefore
necessary to have a sufficiently fine spatial discretization within this layer to resolve the full behaviour of the solution, however, elsewhere a coarser discretization
will suffice. Since the location of the crack is unknown a priori we propose using
an adaptive finite element method to compute numerical minimizers, in which the
mesh-refinement is driven by a pair of residual estimates. These are presented in
Section 4.2 and an adaptive algorithm that combines mesh-refinement with an alternating minimization algorithm is given in Section 4.3. The convergence of the
algorithm is analyzed in Section 4.5 and we conclude by presenting some computational results in Section 5.
1.1. Notation
Throughout the paper, we assume that m, N ∈ N with N ≥ 2. We also assume
that Ω is a connected and bounded open domain in RN . For p ∈ [1, ∞], we use
Lp (Ω) to denote the standard Lebesgue spaces on Ω and H1 (Ω) to denote the standard Hilbertian Sobolev space on Ω. The N -dimensional Lebesgue and Hausdorff
measures are denoted by LN and HN , respectively.
For A, B ∈ RN ×N we define, using the summation convention, A : B := Aij Bij
and |A| := (A : A)1/2 . For a ∈ RN we define the standard Euclidean norm |a| :=
(aT a)1/2 .
1.2. The Francfort–Marigo model of brittle fracture
In this section we present a short description of the Francfort–Marigo model of
brittle fracture [26]. For the sake of brevity we choose not to give a full exposition of
the model and its surrounding theory but, instead, direct the reader to appropriate
references where further details can be found.
The model will be introduced in the setting of general linearized elasticity, incorporating anti-plane strain, plane strain and three-dimensional elasticity into one
unified framework. We consider a linearly elastic body whose crack-free reference
configuration is denoted by Ω. In addition to being open, bounded and connected
we assume that Ω possesses a Lipschitz boundary ∂Ω (although we shall later on
relax this assumption). We wish to study how the body evolves in time under the
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action of a varying load g(t), which is applied on an open subset ΩD ⊂ Ω of positive
N -dimensional Lebesgue measure. The fact that the Dirichlet condition is imposed
on a set of positive N -dimensional Lebesgue measure is mostly technical and ensures that the jump set on the Dirichlet boundary ∂ΩD ∩ Ω is well-defined. We call
∂ΩN := ∂Ω\∂ΩD the Neumann boundary. We assume that
g ∈ L∞ (0, T ; W1,∞ (Ω; Rm )) ∩ W1,1 (0, T ; H1 (Ω; Rm )).
When N = 2, we assume that m = 1 or m = 2 and when N ≥ 3, we assume
that m = N . We refer to the case N = 2, m = 1 as the anti-plane strain case,
the case N = m = 2 as the the plane strain case, and the case N = m = 3 as
three-dimensional elasticity.
The natural function space setting for the displacement depends on the value
of m. When m = 1 the displacement is taken from the space of special functions
of bounded variation, denoted by SBV(Ω; R), and when m ≥ 2 it is taken from the
space of special functions of bounded deformation, denoted by SBD(Ω; Rm ). A full
exposition of SBV(Ω; R) and SBD(Ω; Rm ) is provided in the book by Ambrosio,
Fusco and Pallara [3] and the paper by Ambrosio, Coscia and Dal Maso [2], respectively. We note, however, that a function u belonging to SBV(Ω; R) or SBD(Ω; Rm )
possesses a well-defined jump set, denoted by J(u), and is H1 -regular on Ω \ J(u).
At each time t ∈ [0, T ], the set of admissible displacements of the body is denoted
by A(t), which is defined as follows:
Case 1: When m = 1,

A(t) := u ∈ SBV(Ω; R) : u|ΩD = g(t)|ΩD .
Case 2: When m ≥ 2,

A(t) := u ∈ SBD(Ω; Rm ) : u|ΩD = g(t)|ΩD , kukL∞ (Ω) ≤ M ,
for some constant M < ∞, which is independent of t.
The Francfort–Marigo model is formulated in terms of an energy functional,
which will now be defined. For each u ∈ A(t), t ∈ [0, T ], we define the bulk energy
by
Z
EB (u) :=
A∇u : ∇u dx for u ∈ A(t),
Ω

2

where A ∈ R(m×N ) is the elasticity tensor. We assume that the tensor A is symmetric (major symmetries) for all m, N ∈ N and frame-indifferent (minor symmetries)
when m = N , and that there exist positive constants CB and CK satisfying:
1. |AP | ≤ CB |P | for all P ∈ RN ×m ;
N ×m

2. AP : P ≥ 0 for all P ∈ R
;
Z
3.
A∇u : ∇u dx ≥ CK k∇uk2L2 (Ω) for all u ∈ H1 (Ω; Rm ), u|ΩD = 0.
Ω

(1.1)
(1.2)
(1.3)
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For each Hausdorff measurable set Γ, we define the surface energy by
ES (Γ) := κ HN −1 (Γ),
where the positive constant κ is known as the fracture toughness of the body. This
reflects Griffith’s principle that, to create a crack one has to spend an amount of
elastic energy that is proportional to the area of the crack created [28].
For each u ∈ A(t), t ∈ [0, T ], and each Hausdorff measurable set Γ, we define
the total energy by

E(u, Γ) :=

EB (u) + ES (Γ),
+∞,

if HN −1 (J(u) \ Γ) = 0,
otherwise.

We introduce the Francfort–Marigo model in a time-discrete formulation. Let
the time-interval [0, T ] be discretized as follows:
0 = t0 < t1 < · · · < tΛ = T,
where Λ ∈ N, Λ ≥ 2. Define ∆t := max {tk − tk−1 : k = 1, . . . , Λ}. Given an
initial crack Γ(0) (which, for technical reasons, should be the jump set of a function
u(0) ∈ A(0)); for k = 1, . . . , Λ, we seek (u(tk ), Γ(tk )) such that the following two
properties hold:
1. Irreversibility: Γ(tk ) ⊃ Γ(tk−1 );
2. Global stability: E(u(tk ), Γ(tk )) ≤ E(û, Γ̂) ∀û ∈ A(tk ) and ∀Γ̂ ⊃ Γ(tk−1 ).
In practice, this formulation requires the successive solution of the global minimization problems: find
u(tk ) ∈ argmin {EB (v) + ES (J(v) ∪ Γ(tk−1 ))},

(1.4)

v∈A(tk )

followed by an update of the crackset,
Γ(tk ) := J(u(tk )) ∪ Γ(tk−1 ),

k = 1, . . . , Λ.

For further details of the model and the existence of solutions in both the timediscrete form and as ∆t → 0 we refer to [3, 19, 20, 25, 26]. Finally we note that
although the model seeks to globally minimize the energy at each time step, for
reasons stated in [14, Section 1.1], we will be satisfied with computing local minimizers in our numerical method. As a matter of fact, we will only be able to prove
convergence of our optimization scheme to a critical point. This is a common shortcoming of much of the theory of continuous optimization that does not employ
Hessian information. One nevertheless expects that the computed critical points
are normally local minimizers.
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1.3. A generalized Ambrosio–Tortorelli approximation
Finding solutions of the minimization problem (1.4) is a nontrivial task, due to the
irregularity of the energy functional and the need to accurately measure the surface
area of the crack. There exist a number of numerical methods in the literature that
are based on minimizing an approximation of the energy functional E(u, Γ), which
is able to represent the crack set in a manner more readily tractable by numerical
methods. This regularisation is achieved in the sense of Γ-convergence [11], which
ensures that minimizers of the approximating functional converge to minimizers
of E. A popular choice of regularization is the standard Ambrosio–Tortorelli functional, which will be defined below. This is not, however, the only choice available
and in this paper we consider a generalized approximation.
The generalized Ambrosio–Tortorelli functional Jε : H1 (Ω; Rm )×H1 (Ω; [0, 1]) →
R is defined, for 0 < η  ε  1, as follows:
Z
Z

Jε (u, v) := (F (v) + η) A∇u : ∇u dx + κ
ε−1 G(v) + ε|∇v|2 dx,
(1.5)
Ω

Ω

3

where F ∈ C ([0, 1]) is an increasing function with F (0) = 0 and F (1) = 1, and
G ∈ C 3 ([0, 1]) is a non-negative function such that G(z) = 0 if and only if z = 1.
We refer to the case F = v 2 and G = 14 (1 − v)2 as the standard Ambrosio–Tortorelli
functional.
Let us define

Jε (û, v̂), if û ∈ H1 (Ω; Rm ), û|ΩD = g(tk )|ΩD , v̂ ∈ H1 (Ω; [0, 1]),
Lε (û, v̂) :=
+∞,
otherwise,

EB (û) + CS ES (J(û)), if û ∈ A(tk ), v̂ = 1 a.e. on Ω,
L(û, v̂) :=
+∞,
otherwise,
where
Z
CS := 4

1

p

G(s) ds.

(1.6)

0

It is reasonable to expect that Lε Γ-converges to L as ε → 0, although we do
not show the result here. The result was shown by Braides [11, Theorem 4.14] for
the anti-plane strain case, while, for the standard Ambrosio–Tortorelli functional,
Chambolle [17] has shown the corresponding result for linear elasticity. We therefore believe that it should be possible to combine and extend these results to the
generalized functional given above.
Although the Γ-convergence result has not yet been proved we will use Jε as
an approximation of the Francfort–Marigo energy functional. To construct an approximation of the time-discrete Francfort–Marigo model the minimization of Jε
must be supplemented with a criterion for enforcing irreversibility of the crack.
We choose to use a modification of the monotonicity condition vε (tk ) ≤ vε (tk−1 ),
k = 1, . . . , Λ, specified by Giacomini [27], who showed that this guarantees crack
irreversibility in the limit ε, ∆t → 0. We implement this monotonicity condition at
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time tk , k = 1, . . . , Λ, but only on the following subset of Ω:
MC(tk−1 ) := {x ∈ Ω : vε (x, tk−1 ) < MCTOL},
where MCTOL is a user-specified value. Alternative methods for implementing crack
irreversibility have been proposed [1, 4, 21, 31]; a nice survey and discussion of these
methods is provided in the paper by Amora, Marigo and Maurini [4, p. 1220].
We approximate the time-discrete Francfort–Marigo model as follows. At time
t = t0 , find

(uε (t0 ), vε (t0 )) ∈ argmin Jε (û, v̂) : û ∈ H1 (Ω; RN ), û|ΩD = g(t0 )|ΩD ;
v̂ ∈ H1 (Ω; [0, 1]) .

At subsequent times t = tk , k = 1, . . . , Λ, find (uε (tk ), vε (tk )) satisfying

(uε (tk ), vε (tk )) ∈ argmin Jε (û, v̂) : û ∈ H1 (Ω; RN ), û|ΩD = g(tk )|ΩD ;

v̂ ∈ H1 (Ω; [0, 1]), v̂ ≤ vε (tk−1 ) on MC(tk−1 ) .

(1.7)

The Ambrosio–Tortorelli approximation can be thought of as a phase-field
model, in which the crack is represented as a diffused interface. At the fixed time
t = tk , the function uε (tk ) is an approximation of the displacement of the body
u(tk ), with uε (tk ) → u(tk ) in L1 (Ω) as ε, ∆t → 0. The function vε (tk ), which is
constrained to take values in the interval [0, 1], acts as a phase-field variable. The
crack is approximated by the subset of the domain on which vε (tk ) takes values
close to zero, whilst the unfractured part of the body is represented by the subset of the domain on which vε (tk ) takes values close to one. The transition layer
between these two regimes has thickness of order ε.
A fundamental concern for any numerical approximation of the minimization
problem (1.7) is that the spatial discretization be sufficiently fine in the vicinity
of the crack to resolve the transition layers of the phase-field and displacement
variables. Since the location of the crack is unknown a priori it is natural to use
an adaptively refined mesh to compute numerical minimizers. Such a method was
presented for the standard Ambrosio–Tortorelli approximation by Burke, Ortner
and Süli [14], in which an adaptive finite element method is proposed. In this paper
we extend this method to the minimization of the generalized Ambrosio–Tortorelli
functional, together with a bound-constraint on the phase-field variable for enforcing
crack irreversibility.
2. Continuous Minimization Problem and Critical Points
Let us now state the specific minimization problem under consideration. Motivated
by our need to partition Ω for the purpose of defining a finite element approximation
we shall assume that Ω is an open and bounded polyhedral domain in RN . By
this, we simply mean that Ω possesses a finite partition into nondegenerate N simplices: there exist open, disjoint, nondegenerate simplices T1 , . . . , TK ⊂ Ω such
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that LN (Ω \ ∪k Tk ) = 0 (see also Section 3.1). In that case, it is clear that the usual
trace and embedding theorems for Sobolev spaces hold on Ω.
Let ε and η be fixed and set κ = 1. Fix also the time t = tk and define the
following function spaces:
H1g (Ω) := {u ∈ H1 (Ω; Rm ) : u = g(tk ) on ΩD },

H1D (Ω) := {u ∈ H1 (Ω; Rm ) : u = 0 on ΩD }.

We wish to incorporate the irreversibility condition into the function space setting
for v. We therefore define the following convex subspace of H1 (Ω):
K := {v ∈ H1 (Ω; R) : 0 ≤ v(x) ≤ χ a.e. x ∈ Ω},

for a given function χ ∈ H1 (Ω; [0, 1]). The function χ will be chosen so as to implement the monotonicity condition proposed for imposing irreversibility; the idea
being that χ(x) is equal to v(x, tk−1 ) for x ∈ MC(tk−1 ) and then increases continuously to 1 away from MC(tk−1 ). Since, in practice, we compute a finite element
approximation to v at each time, we will restrict χ to lie in the finite element space
Xh as soon as it is defined in Section 3.1, at which point we give a precise definition
of the function χ to be taken.
To simplify the notation we now relabel the generalized Ambrosio–Tortorelli
functional as J : H1g (Ω) × K → R where
Z
Z

J(u, v) := (F (v) + η) A∇u : ∇u dx +
ε−1 G(v) + ε|∇v|2 dx.
Ω

Ω

The minimization problem can now be stated as follows. Find (u, v) ∈ H1g (Ω)×K
such that
(u, v) ∈ argmin{J(û, v̂) : û ∈ H1g (Ω); v̂ ∈ K}.

(2.1)

Proposition 2.1. The generalized Ambrosio–Tortorelli
functional J is Gâteaux

1
m
1
∞
differentiable
in
(H
(Ω))
×
H
(Ω)
∩
L
(Ω)
:
Given
(u,
v)
∈ (H1 (Ω))m × H1 (Ω) ∩

∞
L (Ω) , the Gâteaux
derivative of J at (u, v) in the direction (ϕ, ψ) ∈ (H1 (Ω))m ×

H1 (Ω) ∩ L∞ (Ω) is
J 0 (u, v; ϕ, ψ) = ∂u J(v; u, ϕ) + ∂v J(u; v, ψ),

where the partial derivatives appearing on the right-hand side are defined by
Z
∂u J(v; u, ϕ) := 2 (F (v) + η)A∇u : ∇ϕ dx, and
Z Ωh
i
∂v J(u; v, ψ) :=
F 0 (v)ψA∇u : ∇u + ε−1 G0 (v)ψ + 2ε∇v · ∇ψ dx.
Ω

The proof is omitted since it is a straightforward calculation of the derivative.
A solution (u, v) ∈ H1g (Ω) × K of the minimization problem (2.1) can be shown
to satisfy the following variational equality and inequality [30, Theorem 3.7]:
∂u J(v; u, ϕ) = 0 ∀ ϕ ∈ H1D (Ω),

∂v J(u; v, v − ψ) ≤ 0

∀ ψ ∈ K,

(2.2)
(2.3)
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Definition 2.1. We say that (u, v) ∈ H1g (Ω) × K is a critical point of J if both
(2.2) and (2.3) are satisfied.
3. Finite Element Approximation
3.1. Finite element discretization
Since we assumed that Ω is a polyhedral domain (see Section 2), we may discretize it
as follows. Let Th be a subdivision of Ω into N -dimensional open simplices T ∈ Th ,
such that Ω = ∪T ∈Th T and Ti ∩ Tj = ∅ for Ti , Tj ∈ Th with i 6= j. The subdivision
Th is chosen in such a way that the boundary of ΩD is discretized as the union of
faces of simplices from Th .
We define h := maxT ∈Th diam(T ) and each simplex T ∈ Th is taken to be an
affine image of the open unit simplex
T̂ := {x̂ = (x̂1 , . . . , x̂N ) : 0 < x̂i , i = 1, . . . , N, 0 < x̂1 + · · · + x̂N < 1}.
Each simplex T ∈ Th is called an element. We assume that the subdivision is
conforming, that is, the intersection of the closure of any two elements is either
empty or is along an entire k-dimensional face, 0 ≤ k ≤ N − 1. We also require that
the subdivision is shape-regular, i.e.,
sup
T ∈Th

hT
≤ ρ,
dT

for some ρ ∈ (0, ∞), where hT := diam(T ) and dT is the diameter of the largest
N -dimensional ball contained in T .
Let Nh ⊂ N denote an index set for the vertices of Th . For a vertex with index
i ∈ Nh , let xi denote the position of the vertex and let ζi be the continuous piecewise
linear basis function such that ζi (xj ) = δij . Define NhD := {i ∈ Nh : xi ∈ ΩD }.
Let Eh denote the set of (N − 1)-dimensional open faces in the subdivision with
EhD := {e ∈ Eh : e ⊆ ΩD }, EhN := {e ∈ Eh : e ⊆ ∂ΩN } and EhI := Eh \(EhD ∪ EhN ).
We define Eh , EhD , EhN and EhI as the union of all faces in Eh , EhD , EhN and EhI ,
respectively. For a face e ∈ Eh we define he := diam(e).
For all i ∈ Nh , let ωi be the closure of the union of elements T ∈ Th that have xi
as the position of a vertex, that is, ωi := supp(ζi ). For a face e ∈ Eh and an element
T ∈ Th define
[
[
ωe :=
ωi and ωT :=
ωi .
i∈Nh :xi ∈e

i∈Nh :xi ∈T

We now define the piecewise linear finite element space
n X
o
Xh :=
λi ζi : λi ∈ R .
i∈Nh
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For simplicity we assume that the applied displacement g ∈ (Xh )m and define
the following finite element spaces:
Xgh := (Xh )m ∩ H1g (Ω)

and

m
1
XD
h := (Xh ) ∩ HD (Ω).

We also assume that χ ∈ Xh and define the finite element space
Kh := Xh ∩ K.
P
In practice, at time t = tk , we take χ = i∈Nh χi ζi (x), where

1,
if vh (xi , tk−1 ) > MCTOL,
χi :=
vh (xi , tk−1 ), if vh (xi , tk−1 ) ≤ MCTOL.

In the finite element approximation we wish to find (uh , vh ) ∈ Xgh × Kh such
that
(uh , vh ) ∈ argmin {J(ûh , v̂h ) : ûh ∈ Xgh , v̂h ∈ Kh }.

(3.1)

Remark 3.1. In practice, for general functions F and G and a given (uh , vh ) ∈
Xgh ×Kh it may be difficult to evaluate J(uh , vh ) exactly. As such it may be necessary
to use a numerical quadrature scheme to compute the integral. However, since this
is not the main focus of our work and since the algorithm will only be implemented
in cases where exact integration is possible, we choose not to consider the effect of
quadrature here. We remark, however, that the generalization of Theorem 4.1, the
main convergence result, is not entirely straightforward.
3.2. Discrete variational inequality
Similarly to the continuous problem, it can be shown that a solution, (uh , vh ) ∈
Xgh ×Kh , of the discrete minimization problem (3.1) satisfies the following variational
equality and inequality:
∂u J(vh ; uh , ϕh ) = 0 ∀ϕh ∈ XD
h,

∂v J(uh ; vh , vh − ψh ) ≤ 0

∀ψh ∈ Kh .

(3.2)
(3.3)

Definition 3.1. We say that (uh , vh ) ∈ Xgh × Kh is a discrete critical point of J if
it satisfies both (3.2) and (3.3).
We conclude this section with a proposition showing that the variational inequality (3.3) becomes an equality on a subset of the domain on which the bound
constraints are inactive. Before stating the proposition we first define the discrete
contact and non-contact sets.
For all vh ∈ Kh we define the discrete contact set
[
Ch (vh ) :=
ωi , where Nhc := {i ∈ Nh : vh (xi ) = 0 or vh (xi ) = χ(xi )}.
i∈Nhc

The discrete non-contact set is Nh (vh ) := Ω \ Ch (vh ).

October 4, 2012

10

10:12

WSPC/INSTRUCTION FILE

GAT˙paper

S. Burke, C. Ortner & E. Süli

Following the work of Chen and Nochetto [18], we also introduce the discrete
function σh = σh (uh , vh ) ∈ Xh , which is defined through the relation
Z
Ph (σh wh ) dx = ∂v J(uh ; vh , wh ) ∀wh ∈ Xh ,
(3.4)
Ω

where Ph : C(Ω) → Xh is the standard nodal interpolation operator [12, Section
3.3]. For each fixed (uh , vh ) ∈ Xgh × Kh , the existence and uniqueness of the function
σh (uh , vh ) ∈ Xh follows from the Riesz Representation Theorem [23, Appendix
D]. For the sake of simplicity, we shall henceforth write σh instead of σh (uh , vh )
whenever (uh , vh ) ∈ Xgh × Kh is fixed.
Remark 3.2. Given (uh , vh ) ∈ Xgh × Kh we can evaluate σh (xi ) for all i ∈ Nh as
follows:
Z
Z
ζi dx.
∂v J(uh ; vh , ζi ) =
Ph (σh ζi ) dx = σh (xi )
Ω

ωi

Hence,
σh (xi ) =

1
∂v J(uh ; vh , ζi ) ∀i ∈ Nh ,
(1, ζi )

where (·, ·) denotes the standard L2 inner product on Ω.
Proposition 3.1. Let (uh , vh ) ∈ Xgh × Kh satisfy
∂v J(uh ; vh , vh − ψh ) ≤ 0

∀ψh ∈ Kh .

(3.5)

Then, σh (x) ≡ 0 for all x ∈ Nh .
Proof. Suppose that (uh , vh ) ∈ Xgh × Kh satisfies (3.5). Let i ∈ Nh be such that
0 < vh (xi ) < χ(xi ). For sufficiently small t > 0 we have vh − t ζi ∈ Kh . Taking
ψh = vh − t ζi in (3.5) and dividing by t,
∂v J(uh ; vh , ζi ) ≤ 0.
Similarly, taking ψh = vh + t ζi ∈ Kh in (3.5) with sufficiently small t > 0, we have
∂v J(uh ; vh , ζi ) ≥ 0.
This implies, using Remark 3.2, that
σh (xi ) =

1
∂v J(uh ; vh , ζi ) = 0.
(1, ζi )

It thus follows that σh (xi ) = 0 for all i ∈ Nh such that 0 < vh (xi ) < χ(xi ).
Therefore, σh (x) ≡ 0 for all x ∈ Nh .
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3.3. Alternating minimization algorithm
The following algorithm was originally proposed by Bourdin, Francfort and Marigo
[8] for the minimization of the standard Ambrosio–Tortorelli functional. In the following description, VTOL is a user-specified termination tolerance.
Alternating Minimization Algorithm
1. Input initial crack field vh1 .
2. For n = 1, 2, . . .
(a) unh = argmin {J(zh , vhn ) : zh ∈ Xgh };
(b) vhn+1 ∈ argmin {J(unh , zh ) : zh ∈ Kh };
(c) Repeat until kvhn+1 − vhn kL∞ (Ω) < VTOL.

3. Set uh (tk ) = unh and vh (tk ) = vhn+1 .

The minimization with respect to vh takes the form of a bound-constrained
minimization problem, which may not possess a unique solution. It is therefore
necessary to state a specific minimization algorithm for J with respect to vh in
order for the above algorithm to be well-defined. One such minimization algorithm
will be given in Section 5. For the moment, however, we assume that a minimizer
of J can be computed on a fixed mesh.
4. Adaptive Finite Element Approximation
Since both the phase-field variable and the displacement variable possess an interior
layer in the vicinity of the crack, it is necessary to have a sufficiently fine mesh in
this region to resolve the minimizer. However, outside this layer a coarser mesh
will suffice. Since we do not know the location of the crack path in advance, it is
a natural idea to use an adaptively refined mesh. Following established adaptive
finite element theory we use a residual-based local refinement indicator to identify
those elements where mesh refinement would be most beneficial for improving the
accuracy of the solution.
For a discrete critical point (uh , vh ) ∈ Xgh × Kh of J we use a posteriori upper
bounds of the residuals
sup
ϕ∈H1D (Ω)

|∂u J(vh ; uh , ϕ)|
kϕkH1 (Ω)

and

sup
ψ∈K

∂v J(vh ; uh , vh − ψ)
kψkH1 (Ω) + 1

(4.1)

as refinement indicator functions for the u and v minimization problems, respectively.
4.1. Quasi-interpolation operator
The following interpolation results will be needed for the subsequent residual estimate. Henceforth we use . to denote ≤ C where the positive constant C depends
only on the shape-regularity parameter ρ of the mesh but not on the mesh size.
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We use the quasi-interpolation operator defined by Carstensen [15]. Its definition
requires us to first identify the set of free nodes, that is, the set of nodes on which
a Dirichlet condition is not enforced. Since, in the estimate of the first residual
defined in (4.1) the quasi-interpolation operator will act on functions from H1D (Ω) on
which a homogeneous Dirichlet condition is imposed, whilst, in the estimate of the
second residual in (4.1) the quasi-interpolation operator will act on functions from
K on which no Dirichlet condition is enforced, we will define two quasi-interpolation
operators:
IhD : H1D (Ω) → XD
h

and Ih : H1 (Ω) → Xh .

We first define IhD ; let NhF := Nh \ NhD and define a partition of unity, {ζ̄i : i ∈
as follows:
X
ζi (x)
ζ̄i (x) :=
∀i ∈ NhF , where ζ(x) :=
ζi (x).
ζ(x)
F

NhF },

i∈Nh

For ϕ ∈ H1D (Ω), the quasi-interpolant IhD ϕ ∈ XD
h is defined as follows:
R
X
ϕζ̄i dx
D
.
Ih ϕ(x) :=
ϕi ζi (x), where ϕi := Rωi
ζ dx
ωi i
F

(4.2)

i∈Nh

1

For ψ ∈ H (Ω), the quasi-interpolant Ih ψ ∈ Xh is defined as follows:
R
X
ψζi dx
Ih ψ(x) :=
ψi ζi (x), where ψi := Rωi
.
ζ dx
ωi i
i∈N

(4.3)

h

Note, however, that IhD reduces to Ih on taking NhD = ∅, so that NhF = Nh ; hence,
all the approximation results for Ih will follow from those for IhD .
Remark 4.1. The quasi-interpolation operators IhD : H1D (Ω) → XD
h and Ih :
1
1
H (Ω) → Xh are positivity preserving; that is, for all ϕ ∈ HD (Ω) and ψ ∈ H1 (Ω)
such that ϕ, ψ ≥ 0 we have IhD ϕ ≥ 0 and Ih ψ ≥ 0.
The following local averaging property is satisfied by the quasi-interpolation
operators. Let ϕ ∈ H1D (Ω) and ψ ∈ H1 (Ω), then
Z
(ϕ − ϕi ζ)ζ̄i dx = 0 ∀i ∈ NhF ,
(4.4)
ωi
Z
(ψ − ψi )ζi dx = 0 ∀i ∈ Nh .
(4.5)
ωi

We now state several approximation and stability properties satisfied by the
quasi-interpolants, which are modifications of the results presented in [15].

October 4, 2012

10:12

WSPC/INSTRUCTION FILE

GAT˙paper

An Adaptive Finite Element Approximation of a Generalised Ambrosio–Tortorelli Functional

13

Proposition 4.1.
(a) There exists a constant Ĉ1 > 0, independent of ωi , and a patch of elements
ω̄i ⊇ ωi , such that,
k(ϕ − ϕi ζ)ζ̄i kL2 (ωi ) ≤ Ĉ1 hi k∇ϕkL2 (ω̄i )

∀ϕ ∈ H1D (Ω) ∀i ∈ NhF .

(4.6)

The patches have uniformly bounded overlap, that is, there exists a universal
constant C such that, for all x ∈ Ω,
#{i : x ∈ ω̄i } ≤ C.

(4.7)

(b) There exists a constant Ĉ2 > 0, independent of e, such that
kϕ − IhD ϕkL2 (e) ≤ Ĉ2 h1/2
∀ϕ ∈ H1D (Ω) ∀e ∈ Eh ,
(4.8)
e k∇ϕkL2 (ω̄e )
S
where ω̄e := i:xi ∈e ω̄i .
(c) There exist constants Ĉ3 > 0 and Ĉ4 > 0, independent of T , such that
kIhD ϕkL2 (T ) ≤ Ĉ3 kϕkL2 (ωT ) ,

and

k∇(IhD

ϕ)kL2 (T ) ≤ Ĉ4 k∇ϕkL2 (ω̄T ) , ∀ϕ ∈ H1D (Ω)
S
S
where ωT := i:xi ∈T ωi and ω̄T := i:xi ∈T ω̄i .

∀T ∈ Th ,

(4.9)

Properties (a) to (c) also hold on replacing IhD with Ih and H1D (Ω) with H1 (Ω).
The proof of Proposition 4.1 is quite technical, and since it is not the main focus
of this paper we do not present it here but refer to [13, Appendix A] for the full
details.
Remark 4.2. The local averaging properties (4.4) and (4.5) allow us to achieve
tighter upper bounds in the estimate of the residuals. For all f ∈ L2 (Ω) and ϕ ∈
H1D (Ω), we have
Z
X Z
f (ϕ − IhD ϕ) dx =
f (ϕ − ϕi ζ)ζ̄i dx.
Ω

i∈NhF

ωi

Therefore, using (4.4), we may subtract any scalars αi ∈ R, i ∈ NhF , from f as
follows:
Z
X Z
f (ϕ − IhD ϕ) dx =
(f − αi )(ϕ − ϕi ζ)ζ̄i dx.
Ω

i∈NhF

ωi

Hence, using the approximation property (4.6),
Z
X
f (ϕ − IhD ϕ) dx ≤
kf − αi kL2 (ωi ) k(ϕ − ϕi ζi )ζ¯i kL2 (ωi )
Ω

i∈NhF

≤
.

X
i∈NhF

Ĉ1 hi kf − αi kL2 (ωi ) k∇ϕkL2 (ω̄i )

h X
i∈NhF

h2i kf − αi k2L2 (ωi )

i1/2

k∇ϕkL2 (Ω) ,
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where, in the last inequality, we have employed the bounded overlap property (4.7).
It can be similarly shown that for all f ∈ L2 (Ω) and ψ ∈ H1 (Ω) we have
Z
Ω

f (ψ − Ih ψ) dx .

h X
i∈Nh

h2i kf − αi k2L2 (ωi )

i1/2

k∇ψkL2 (Ω) .

In the residual estimates, we will take αi to be the following average of f in ωi ,
for each i ∈ NhF :
Z
1
f dx.
(4.10)
αi := f¯i :=
|ωi | ωi
4.2. Residual estimate
Before stating the main proposition of this section it will be useful to adopt the
following definitions.
For all uh ∈ Xgh and e ∈ Eh , with unit normal vector n, we define



 A∇uh |T1 − A∇uh |T2 n , if e ⊆ Eh \∂Ω, with e = T 1 ∩ T 2
for some T1 , T2 ∈ Th ,
JA∇uh Ke :=



| A∇uh n|e , if e ⊆ ∂Ω .
For all vh ∈ Kh and e ∈ Eh we define


 ∇vh |T1 − ∇vh |T2 , if e ⊆ Eh \∂Ω, with e = T 1 ∩ T 2
for some T1 , T2 ∈ Th ,
J∇vh Ke :=


|∇vh · n|e , if e ⊆ ∂Ω,
where n is the outer unit normal to ∂Ω.
Proposition 4.2. Let (uh , vh ) ∈ Xgh × Kh be such that
∂u J(vh ; uh , ϕh ) = 0
∂v J(uh ; vh , vh − ψh ) ≤ 0

∀ϕh ∈ XD
h,

(4.11)

∀ψh ∈ Kh .

(4.12)

Then,
|∂u J(vh ; uh , ϕ)| . µh k∇ϕkL2 (Ω)

∂v J(uh ; vh ; vh − ψ) . νh kψkH1 (Ω) + 1



∀ϕ ∈ H1D (Ω),

∀ψ ∈ K,

where µh and νh are defined as follows:
µh (uh , vh ) :=

h X
T ∈Th

|µT (uh , vh )|2

i1/2

,

νh (uh , vh ) :=

h X
T ∈Th

|νT (uh , vh )|2

i1/2

,
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where,

|µT (uh , vh )|2 :=

X
i∈N F :
h
xi ∈T

h2i kp − p̄i k2L2 (ωi ) + 4

X
D
e⊆∂T \Eh

he k(F (vh ) + η)JA∇uh Ke k2L2 (e) ,
(4.13)

p(uh , vh ) := 2F 0 (vh )(A∇uh )∇vh ,

|νT (uh , vh )|2 :=
|νT1 (uh , vh )|2 :=
|νT2 (uh , vh )|2 :=



(4.14)

|νT1 (uh , vh )|2 + |νT2 (uh , vh )|2 , if T ⊆ Ch (vh ),
if T ⊆ Nh (vh ),
|νT1 (uh , vh )|2 ,

X
i:xi ∈T

h2i kq − q̄i k2L2 (ωi ) + 4ε2

X h N/2
hT kqkL2 (T ) + ε

i:xi ∈T

X
e⊆∂T

he kJ∇vh Ke k2L2 (e) ,

X
e⊆∂T \∂Ch (vh ):
xi ∈e

(4.15)

(4.16)

i
heN −1 J∇vh Ke osch (χ; ωi ),
(4.17)

0

−1

0

q(uh , vh ) := F (vh )A∇uh : ∇uh + ε G (vh ),
Z
X

1
osch (χ; ωi ) :=
χ(xi ) − χ(xj )
ζj ζi dx .
|(1, ζi )|
ωi

(4.18)
(4.19)

j:xj ∈ω i

Proof.
Part 1. Let us fix ϕ ∈ H1D (Ω) and consider first the functional ϕ 7→ ∂u J(vh ; uh , ϕ).
The bound for this term is a standard residual estimate with the quasi-interpolant
defined in (4.2).
Since (uh , vh ) satisfies (4.11) it is easily shown (by decomposing the integral as
a sum integrals over elements and then applying the divergence theorem) that

|∂u J(vh ; uh , ϕ)| ≤

Z

p · (ϕ − ϕh ) dx
X Z

+
2
(F (vh ) + η)(A∇uh )n · (ϕ − ϕh ) ds ,
Ω

T ∈Th

∂T

for all ϕh ∈ XD
h , where p = p(uh , vh ) is defined in (4.14).
We choose ϕh = IhD ϕ; hence, using Remark 4.2 and the approximation prop-
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erty (4.8), we have
|∂u J(vh ; uh , ϕ)|
h X
.
h2i kp − p̄i k2L2 (ωi ) + 4
i∈NhF

.

h X
T ∈Th

|µT (uh , vh )|2

i1/2

X
D
e⊆Eh \Eh

he k (F (vh ) + η)JA∇uh Ke k2L2 (e)

i1/2

k∇ϕkL2 (Ω)

k∇ϕkL2 (Ω) ,

where p̄i is defined in (4.10) and µT (uh , vh ) is defined in (4.13).
Part 2 Fix ψ ∈ K and consider the functional ψ → ∂v J(uh ; vh , vh − ψ).
Since we have assumed that (uh , vh ) satisfies (4.12), we have that
∂v J(uh ; vh , vh − ψ) ≤ ∂v J(uh ; vh , vh − ψ) + ∂v J(uh ; vh , ψh − vh )
= −∂v J(uh ; vh , ψ) + ∂v J(uh ; vh , ψh ),

for all ψh ∈ Kh . Hence,
|∂v J(uh ; vh , vh − ψ)| ≤ |∂v J(uh ; vh , Ih ψ − ψ)| + |∂v J(uh ; vh , ψh − Ih ψ)|, (4.20)
where Ih ψ is the quasi-interpolant defined in (4.3). We estimate the first and second terms from (4.20) in Part 2(a) and Part 2(b), respectively.
Part 2(a) We estimate the first term in (4.20) in a similar manner to Part 1.
We have
Z
Z
∂v J(uh ; vh , Ih ψ − ψ) =
q(Ih ψ − ψ) dx + 2ε
∇vh · ∇(Ih ψ − ψ) dx
Ω
Ω
Z
X Z
=
q(Ih ψ − ψ) dx + 2ε
∇vh · n (Ih ψ − ψ) ds,
Ω

T ∈Th

∂T

(4.21)

where q = q(uh , vh ) is defined in (4.18).
We estimate the first term in (4.21) using Remark 4.2 and the second term using
the approximation property (4.8), giving
|∂v J(uh ; vh , Ih ψ − ψ)|
h X
i1/2
X
.
h2i kq − q̄i k2L2 (ωi ) + 4ε2
he kJ∇vh Ke k2L2 (e)
k∇ψkL2 (Ω)
i∈Nh

.

h X
T ∈Th

e⊆E

|νT1 (uh , vh )|2

i1/2

k∇ψkL2 (Ω) ,

where νT1 (uh , vh ) is defined in (4.16).
Part 2(b) We now consider the second term in (4.20), which will be bounded
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in terms of the obstacle χ. For all ψh ∈ Kh , it follows from (3.4) and Proposition
3.1 that
Z

|∂v J(uh ; vh , ψh − Ih ψ)| =
Ph σh (ψh − Ih ψ) dx
Ω
Z
X
=
σh (xi )(ψh (xi ) − Ih ψ(xi ))
ζi dx
ωi

i∈Nh

X

=

i∈Nhc

σh (xi )(ψh (xi ) − Ih ψ(xi ))

Z
ζi dx .
ωi

Thus, using Remark 3.2,
|∂v J(uh ; vh , ψh − Ih ψ)| ≤

X
i∈Nhc

|∂v J(uh ; vh , ζi )| |ψh (xi ) − Ih ψ(xi )|.

The term |∂v J(uh ; vh , ζi )| is estimated as follows:
Z
|∂v J(uh ; vh , ζi )| =
(qζi + ε∇vh · ∇ζi ) dx
ωi
X Z
X Z
≤
|q| ζi dx + ε
T ⊆ωi

≤

X

T

N/2

hT

T ⊆ωi

T ⊆ωi

kqkL2 (T ) + ε

∂T

∇vh · n ζi dx

X
e⊂ωi \∂ωi

heN −1 J∇vh Ke .

Therefore,
|∂v J(uh ; vh , ψh − Ih ψ)|
X h X N/2
≤
hT kqkL2 (T ) + ε
i∈Nhc

T ⊆ωi

X
e⊂ωi \∂ωi

i
−1
hN
J∇vh Ke |ψh (xi ) − Ih ψ(xi )|.
e

Clearly, we would like to choose ψh = Ih ψ; however, Ih ψ may not belong to the
finite element space Kh. Following the work of Chen and Nochetto [18], we choose
ψh = Ph min{Ih ψ, χ} . Hence, ψh ∈ Kh and
ψh (xi ) = min{Ih ψ(xi ), χ(xi )}

∀i ∈ Nh .

(4.22)

The following inequality, derived by Chen and Nochetto [18, Section 5], is key to
our analysis. It is seen from Remark 4.1 and (4.22) that


0 ≤ Ih ψ(xi ) − ψh (xi ) ≤ Ih ψ(xi ) − χ(xi ) + ≤ Ih χ(xi ) − χ(xi ) + ;
hence,
|ψh (xi ) − Ih ψ(xi )| ≤ |χ(xi ) − Ih χ(xi )|.
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Since we assumed that χ ∈ Xh , we have
Z
1
|χ(xi ) − Ih χ(xi )| =
(χ(xi ) − χ)ζi dx
|(1, ζi )| ωi
Z 

X
1
=
χ(xi ) −
χ(xj )ζj ζi dx
|(1, ζi )| ωi
j:xj ∈ω i
Z
X

1
=
χ(xi ) − χ(xj )
ζj ζi dx ,
|(1, ζi )|
ωi
j:xj ∈ω i

which can be easily computed using the mass matrix. We therefore define
Z
X

1
ζj ζi dx ,
osch (χ; ωi ) :=
χ(xi ) − χ(xj )
|(1, ζi )|
ωi
j:xj ∈ω i

to obtain
|∂v J(uh ; vh , ψh − Ih ψ)|
X h X N/2
.
hT kqkL2 (T ) + ε
i∈Nhc

.

T ⊆ωi

X
T ∈Th :
T ⊆Ch (vh )

X
e⊂ωi \∂ωi

i
heN −1 J∇vh Ke osch (χ; ωi )

|νT2 (uh , vh )|2 ,

where νT2 (uh , vh ) is defined in (4.17).
Combining the estimates from Parts 2(a) and 2(b), we have
h X
i1/2

∂v J(uh ; vh ; vh − ψ) .
|νT (uh , vh )|2
kψkH1 (Ω) + 1 ,
T ∈Th

where νT (uh , vh ) is defined in (4.15).
For all T ∈ Th we use µT (uh , vh ) and νT (uh , vh ) as local refinement indicator
functions for uh and vh , respectively. Note that
h X
i1/2
k∂u J(uh , vh )k 1 ∗ .
|µT (uh , vh )|2
, and
HD (Ω)

T ∈Th

i1/2
∂v J(vh ; uh , vh − ψ) h X
sup
.
|νT (uh , vh )|2
.
kψkH1 (Ω) + 1
ψ∈K
T ∈Th

4.3. Adaptive algorithm
We now state the adaptive algorithm. It has a similar structure to the second adaptive algorithm proposed in [14] for the minimization of the standard Ambrosio–
Tortorelli functional. The user-specified tolerances REFTOL U and REFTOL V determine when to halt the refinement loops with respect to u and v, respectively. The
marking parameter θ is a fixed number lying in the interval (0, 1]. Within each alternating minimization step n ∈ {m/2 : m ∈ N} we denote the mesh at the jth
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level of refinement by Tjn and the associated mesh size hnj := maxT ∈Tjn diam(T ),
for all j ∈ N.
Adaptive Algorithm
1. Input: Initial crack field v 1 and initial mesh T 1/2 .
2. Alternating minimization loop: For n = 1, 2, . . .
(a) Set T1n = T n−1/2

(b) Mesh refinement loop: For j = 1, 2, . . .
• Compute unj := argmin {J(z, v n ) : z ∈ Xghn };
j
P

n n 2 1/2
• If
|
µ
(u
,
v
)
|
>
REFTOL
U,
n
T
j
T ∈T
j

Find the smallest set Mj ⊆ Tjn such that
P
P
n n 2
n n 2
T ∈Mj |µT (uj , v )| ≥ θ
T ∈Tjn |µT (uj , v )| ;
n
 Refine elements in Mj to obtain the new mesh T
j+1 .
P

n n 2 1/2
• Repeat until
≤ REFTOL U.
T ∈T n | µT (uj , v ) |


j

n+1/2

(c) Set un = unj , T n = Tjn and T1

= T n.

(d) Mesh refinement loop: For j = 1, 2, . . .

• Compute vjn+1 ∈ argmin {J(un , z) : z ∈ Khn+1/2 };
j

P
n n+1 2 1/2
)|
> REFTOL V,
• If
n+1/2 | νT (u , vj
T ∈T
j

n+1/2



Find the smallest set Mj ⊆ Tj
such that
P
P
n n+1 2
)| ≥ θ T ∈T n+1/2 |νT (un , vjn+1 )|2 ;
T ∈Mj |νT (u , vj
j

n+1/2

Refine elements in Mj to obtain the new mesh Tj+1 .
P

n n+1 2 1/2
• Repeat until
)|
≤ REFTOL V.
n+1/2 | νT (u , vj
T ∈T


j

n+1/2

(e) Set v n+1 = vjn+1 and T n+1/2 = Tj
(f) Repeat steps (a) to (e) until kv
n

3. Set uh (tk ) = u and vh (tk ) = v

n+1

n+1

.

;

n

− v kL∞ (Ω) < VTOL.

We reiterate the comment made in Section 3.3 that, as currently stated, the algorithm is not well-defined since the v-minimization problem in Step 2(d) may not
have a unique minimizer. This will not affect the convergence analysis of the algorithm, however, for which it is sufficient to compute any minimizer. We therefore
postpone our discussion of a specific minimization algorithm for v until Section 5
and begin with a convergence analysis of the Adaptive Algorithm, for which it is
useful to consider the following modification.
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Adaptive Iteration:
In step n of the Adaptive Algorithm, we replace REFTOL U and REFTOL V by
REFTOL Un and REFTOL Vn , respectively, and require that REFTOL Un → 0 and
REFTOL Vn → 0 as n → ∞. Furthermore, we remove the termination condition
2(f) and make the following assumption:
Assumption (B): Steps (b) and (d) in the Adaptive Algorithm and Adaptive
Iteration terminate in a finite number of iterations.
Assumption (B) is a nowadays well-understood property of adaptive algorithms
of the type that we propose [16, 18, 22]. Having said this, our setting is not covered
by existing results, and a rigorous justification of termination of the algorithm in a
finite number of iterations is beyond the scope of this work.
4.4. Auxiliary results
We now state two lemmas that will be useful in the convergence analysis of Section
4.5.
1
Lemma 4.1. The sequence ((un , v n ))∞
n=1 ⊆ Hg (Ω) × K generated by the Adaptive
1
m
1
Iteration is bounded in (H (Ω)) × H (Ω).
1
Proof. Let ((un , v n ))∞
n=1 ⊆ Hg (Ω) × K be the sequence generated by the Adaptive
n n ∞
Iteration, then (J(u , v ))n=1 is a bounded sequence in R. Since
Z h
i
n n
J(u , v ) =
(F (v n ) + η)A∇un : ∇un + ε−1 G(v n ) + ε|∇v n |2 dx
Ω

≥ ηkA∇un : ∇un kL1 (Ω) + εk∇v n k2L2 (Ω) ,

n
it follows that (k∇v n kL2 (Ω) )∞
: ∇un kL1 (Ω) )∞
n=1 and (kA∇u
n=1 are bounded sen
quences in R. We also have that 0 ≤ v (x) ≤ 1 for almost every x ∈ Ω, which
n ∞
1
implies that (kv n kL2 (Ω) )∞
n=1 is bounded. Therefore, (v )n=1 is bounded in H (Ω).
Using the coercivity and positivity assumptions on A together with the bound∞
n
edness of (kA∇un : ∇un kL1 (Ω) )∞
n=1 , it can be shown that k∇(u − g)kL2 (Ω) n=1
is bounded. Using a variant of the Friedrichs inequality [9, Chapter 2, Section 1.5]
and noting that (un − g) ∈ H1D (Ω), for all n ∈ N, we then have

kun kH1 (Ω) ≤ kun − gkH1 (Ω) + kgkH1 (Ω) ≤ CF k∇(un − g)kL2 (Ω) + kgkH1 (Ω) ,

where CF = CF (Ω, N ) > 0 is the Friedrichs constant. Therefore, (kun kH1 (Ω) )∞
n=1
is a bounded sequence. Consequently, ((un , v n ))∞
n=1 is a bounded sequence in
(H1 (Ω))m × H1 (Ω).
∞
1
Lemma 4.2. Suppose that the sequences (vj )∞
j=1 ⊂ K and (wj )j=1 ⊂ L (Ω) are
1
1
such that vj → v in L (Ω) and wj → w in L (Ω) as j → ∞, for some v ∈ K and
w ∈ L1 (Ω). Let s ∈ {1, 2}; then,
Z
lim
|f (v) − f (vj )|s |wj | dx = 0 ∀f ∈ C([0, 1]).
j→∞

Ω
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Proof. Since f ∈ C([0, 1]),
Z
Z
|f (v) − f (vj )|s |wj | dx ≤
|f (v) − f (vj )|s |w| dx
Ω
Ω
Z
+ kf (v) − f (vj )ksL∞ (Ω)
|w − wj | dx.
Ω

Lebesgue’s Dominated Convergence Theorem [34, Section 5.2] and the continuity of
f imply that the first term converges to zero as j → ∞. The second term converges
to zero as a result of the strong convergence wj → w in L1 (Ω) as j → ∞.
4.5. Convergence analysis
The main result of this section is established in Theorem 4.1; it implies that the
sequence ((un , v n ))∞
n=1 computed by the Adaptive Iteration, under Assumption (B),
converges to a critical point of J. Before showing this result we first establish two
lemmas concerning the convergence of the partial derivatives of J.
1
Lemma 4.3. Suppose that there exists a sequence ((uj , vj ))∞
j=1 ⊂ Hg (Ω) × K and
1
1
N
1
(u, v) ∈ Hg (Ω) × K such that (uj , vj ) * (u, v) in (H (Ω)) × H (Ω). Suppose also
that ((uj , vj ))∞
j=1 satisfies

∂u J(vj ; uj , ϕ) ≤ µj k∇ϕkL2 (Ω)

∀ϕ ∈ H1D (Ω),

(4.23)

for some µj ∈ R≥0 with µj → 0 as j → ∞.
Then, u and v satisfy
∂u J(v; u, ϕ) = 0

∀ϕ ∈ H1D (Ω),

and uj → u strongly in (H1 (Ω))N as j → ∞.
Proof.
Step 1. ∂u J(v; u, ϕ) = 0 for all ϕ ∈ H1D (Ω):
Fixing ϕ ∈ H1D (Ω) we have
Z
∂u J(v; u, ϕ) = 2 (F (v) + η) A∇u : ∇ϕ dx
ZΩ
Z
= 2 (F (v) + η) A∇(u − uj ) : ∇ϕ dx + 2 (F (vj ) + η) A∇uj : ∇ϕ dx
Ω
Ω
Z
+ 2 (F (v) − F (vj )) A∇uj : ∇ϕ dx
Ω

=: Rj + Sj + Tj .
Our aim is to show that Rj , Sj and Tj → 0 as j → ∞.
Using the symmetry of the elasticity tensor,
Z
Rj = 2 (F (v) + η)A∇ϕ : ∇(u − uj ) dx.
Ω
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Since ∇uj * ∇u in (L2 (Ω))m×N and (F (v) + η)A∇ϕ ∈ L2 (Ω) we have Rj → 0 as
j → ∞.
Now let us examine Sj ; by (4.23) we have
|Sj | ≤ µj k∇ϕkL2 (Ω) → 0 as j → ∞.
Finally, we bound Tj as follows
Z
|Tj | ≤ 2
|F (v) − F (vj )| |A∇uj | |∇ϕ| dx
Ω
1/2
Z
k∇uj kL2 (Ω) ,
≤ 2CB
|F (v) − F (vj )|2 |∇ϕ|2 dx
Ω

where CB is the boundedness constant from (1.1). As |∇ϕ|2 ∈ L1 (Ω), it follows
from Lemma 4.2 that Tj → 0 as j → ∞. Thus we deduce that ∂u J(v; u, ϕ) = 0 for
all ϕ ∈ H1D (Ω).
Step 2. ∇uj → ∇u strongly in (L2 (Ω))m×N :
Using the coercivity assumption (1.3) on A we have
Z
2CK ηk∇u − ∇uj k2L2 (Ω) ≤ 2 (F (vj ) + η) A(∇u − ∇uj ) : (∇u − ∇uj ) dx
Ω
Z
= −∂u J(vj ; uj , u − uj ) + 2 (F (vj ) + η) A∇u : ∇(u − uj ) dx.
Ω

By Step 1 we have ∂u J(v; u, u − uj ) = 0; thus
2CK ηk∇u − ∇uj k2L2 (Ω)
≤ −∂u J(vj ; uj , u − uj ) + 2
= −∂u J(vj ; uj , u − uj ) + 2

Z
ZΩ
Ω

(F (vj ) + η) A∇u : ∇(u − uj ) dx − ∂u J(v; u, u − uj )
(F (vj ) − F (v)) A∇u : (∇u − ∇uj ) dx

≤ µj k∇u − ∇uj kL2 (Ω) + 2CB k(F (vj ) − F (v))∇ukL2 (Ω) k∇(u − uj )kL2 (Ω) .
In summary,
2CK ηk∇u − ∇uj kL2 (Ω) ≤ µj + 2CB

Z
Ω

|F (vj ) − F (v)|2 |∇u|2 dx

1/2

,

and thus, using Lemma 4.2 and µj → 0 as j → ∞, it follows that uj → u strongly
in (H1 (Ω))N as j → ∞.
1
Lemma 4.4. Suppose that there exists a sequence ((uj , vj ))∞
j=1 ⊂ Hg (Ω) × K and
1
1
(u, v) ∈ Hg (Ω) × K such that uj → u strongly in H (Ω) and vj * v weakly in H1 (Ω)
as j → ∞. Suppose also that ((uj , vj ))∞
j=1 satisfies

∂v J(uj ; vj , vj − ψ) ≤ νj (kψkH1 (Ω) + 1)
for some νj ∈ R≥0 with νj → 0 as j → ∞.

∀ψ ∈ K,

(4.24)
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Then, vj → v strongly in H1 (Ω) as j → ∞. Moreover, u and v satisfy
∂v J(u; v, v − ψ) ≤ 0

∀ψ ∈ K.

Proof.
Step 1. ∇vj → ∇v strongly in (L2 (Ω))N :
Substituting ψ = v into (4.24) gives
Z h
i
F 0 (vj )(vj − v) A∇uj : ∇uj + ε−1 G0 (vj )(vj − v) + 2ε∇vj · ∇(vj − v) dx
Ω

≤ νj (kvkH1 (Ω) + 1),
which implies
Z
Z
2
2ε
|∇vj | dx ≤ νj (kvkH1 (Ω) + 1) + 2ε
∇vj · ∇v dx
Ω

Ω

+ ε−1 kG0 (vj )kL2 (Ω) kv − vj kL2 (Ω)
Z
0
+ CB kF (vj )kL∞ (Ω)
|v − vj | |∇uj |2 dx.
Ω

2

N

Recall that νj → 0, ∇vj * ∇v in (L (Ω)) and vj → v in L2 (Ω) as j → ∞. Hence,
using Lemma 4.2 with wj = |∇uj |2 and w = |∇u|2 it follows that
lim sup k∇vj k2L2 (Ω) ≤ k∇vk2L2 (Ω) .
j→∞

Hence, using the weak lower semi-continuity of the L2 -norm, we have
k∇vk2L2 (Ω) ≤ lim inf k∇vj k2L2 (Ω) ≤ lim sup k∇vj k2L2 (Ω) ≤ k∇vk2L2 (Ω) ,
j→∞

j→∞

which implies that ||∇vj ||L2 (Ω) → k∇vkL2 (Ω) as j → ∞. This result together with
2
N
the weak convergence of (∇vj )∞
j=1 to ∇v in (L (Ω)) implies the strong convergence
∞
2
N
of (∇vj )j=1 to ∇v in (L (Ω)) , as j → ∞. Thus, (vj )∞
j=1 converges strongly to v
in H1 (Ω) as j → ∞.
Step 2. ∂v J(u; v, v − ψ) ≤ 0 for all ψ ∈ K:
Let ψ ∈ K; then
∂v J(v; u, v − ψ)
Z h
i
=
F 0 (vj )(vj − ψ) A∇uj : ∇uj + ε−1 G0 (vj )(vj − ψ) + 2ε∇vj · ∇(vj − ψ) dx
Ω
Z
+ [F 0 (v)(v − ψ) A∇u : ∇u − F 0 (vj )(vj − ψ) A∇uj : ∇uj ] dx
Ω
Z
+ ε−1 [G0 (v)(v − ψ) − G0 (vj )(vj − ψ)] dx
Ω
Z
+ 2ε [∇v · ∇(v − ψ) − ∇vj · ∇(vj − ψ)] dx
Ω

=: Qj + Rj + Sj + Tj ,

(4.25)
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by labelling each of the integrals in turn. We now show that lim supj→∞ Qj ≤ 0
and limj→∞ Rj , Sj , Tj = 0.
Using (4.24), we have
Qj ≤ νj (kψkH1 (Ω) + 1) → 0

as j → ∞.

We bound Rj by
Z
Z
0
0
|F 0 (vj )(v − vj )| |A∇u : ∇u| dx
|F (v) − F (vj )| |v − ψ| |A∇u : ∇u| dx +
|Rj | ≤
Ω
Ω
Z
0
+
|F (vj )(vj − ψ)| |A∇u : ∇u − A∇uj : ∇uj | dx
Ω
Z
≤ kv − ψkL∞ (Ω)
|F 0 (v) − F 0 (vj )||A∇u : ∇u| dx
Ω
Z
+ kF 0 (vj )kL∞ (Ω)
|v − vj | |A∇u : ∇u| dx
Ω

+ CB kF 0 (vj )kL∞ (Ω) kvj − ψkL∞ (Ω) k∇u − ∇uj kL2 (Ω) k∇u + ∇uj kL2 (Ω) .
∞
∞
Since v, ψ, (F 0 (vj ))∞
j=1 and (vj )j=1 are bounded in L (Ω), it therefore follows from
Lemma 4.2 and the strong convergence ∇uj → ∇u in (L2 (Ω))m×N that Rj → 0 as
j → ∞.
Next, let us consider Sj ,
Z
Z
|Sj | ≤ ε−1
|G0 (v) − G0 (vj )| |v − ψ| dx + ε−1
|G0 (vj )| |v − vj | dx
Ω

Ω

≤ ε−1 sup |G00 (z)|kv − vj kL2 (Ω) kv − ψkL2 (Ω) + ε−1 kG0 (vj )kL2 (Ω) kv − vj kL2 (Ω) .
0≤z≤1

Since vj → v in (L2 (Ω))N , it follows that Sj → 0 as j → ∞.
Finally, the strong convergence ∇vj → ∇v in (L2 (Ω))N implies that Tj → 0 as
j → ∞.
1
Theorem 4.1. Let ((un , vn ))∞
n=1 ⊂ Hg (Ω) × K be the sequence generated by the
Adaptive Iteration under Assumption (B).
∞
Then, there exists a subsequence ((unj , vnj ))∞
j=1 of ((un , vn ))n=1 and (u, v) ∈
H1g (Ω) × K, such that unj → u strongly in (H1 (Ω))m and vnj → v strongly in H1 (Ω)
as j → ∞. In addition, u and v satisfy

∂u J(v; u, ϕ) = 0
∂v J(u; v, v − ψ) ≤ 0

∀ϕ ∈ H1D (Ω),

∀ψ ∈ K,

(4.26)
(4.27)

that is, (u, v) is a critical point of J in H1g (Ω) × K.
Proof.
Step 1. Existence of convergent subsequences of ((un , vn ))∞
n=1 :
It follows from Lemma 4.1 that the sequence ((un , vn ))∞
is
bounded in (H1 (Ω))m ×
n=1
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H1 (Ω). Since H1 (Ω) is a Hilbert space, there exists a subsequence ((unj , vnj ))∞
j=1
such that
(unj , vnj ) * (u, v)

in (H1 (Ω))m × H1 (Ω) as j → ∞,

for some (u, v) ∈ (H1 (Ω))m ×H1 (Ω). Since H1g (Ω) and K are convex closed subsets of
H1 (Ω) they are both weakly closed [5, Proposition 2.5]. Hence, (u, v) ∈ H1g (Ω) × K.
Upon extracting further subsequences we may assume, without loss of generality, that unj −1 * u0 and vnj −1 * v 0 weakly in H1 (Ω) for some u0 ∈ H1g (Ω) and
v 0 ∈ K.
Step 2. ∇unj −1 → ∇u0 strongly in (L2 (Ω))m×N :
Note that
∂u J(vnj −1 ; unj −1 , ϕ) ≤ µnj −1 k∇ϕkL2 (Ω)

∀ϕ ∈ H1D (Ω),

with µnj −1 → 0 as j → ∞. Note also that (unj −1 , vnj −1 ) * (u0 , v 0 ) in H1 (Ω) ×
H1 (Ω). Therefore, it follows from Lemma 4.3 that ∇unj −1 → ∇u0 in (L2 (Ω))m×N
as j → ∞.
Step 3. ∂v J(u0 ; v, v − ψ) ≤ 0 for all ψ ∈ K and ∇vnj → ∇v in (L2 (Ω))N :
Since
∂v J(unj −1 ; vnj , vnj − ψ) ≤ νnj (kψkH1 (Ω) + 1),

with νnj → 0 as j → ∞ and ∇unj −1 → ∇u0 in L2 (Ω), it follows from Lemma 4.4
that
2

∂v J(u0 ; v, v − ψ) ≤ 0

and ∇vnj → ∇v in (L (Ω))

N

∀ψ ∈ K,

as j → ∞.

Step 4. ∂u J(v; u, ϕ) = 0 for all ϕ ∈ H1D (Ω) and ∇unj → ∇u in (L2 (Ω))N ×N :
Noting that
∂u J(vnj ; unj , ϕ) ≤ µnj k∇ϕkL2 (Ω)

∀ϕ ∈ H1D (Ω),

with µnj → 0 as j → ∞, it follows from Lemma 4.3 that

∂u J(v; u, ϕ) = 0 ∀ϕ ∈ H1D (Ω),

and ∇unj → ∇u in (L2 (Ω))N ×N as j → ∞.

Step 5. u0 = u:
Noting that (J(un , vn ))∞
n=1 is a nonincreasing sequence, we have
J(u0 , v) = lim J(unj −1 , vnj ) ≤ lim J(unj−1 , vnj−1 ) = J(u, v).
j→∞

j→∞

Since u is a critical point of the strictly convex map ũ 7→ J(ũ, v) it is its unique
minimizer. Therefore, J(u0 , v) = J(u, v) and u0 = u; hence, (u, v) is a critical point
of J.
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5. Computational Examples
The computational examples presented in this section aim to address two questions.
Firstly, what is the effect of using a monotonicity constraint on the phase-field
variable to impose irreversibility of the crack? Secondly, how does the choice of
the functions F and G in the generalized Ambrosio–Tortorelli functional affect the
evolution of the crack and the profile of the associated minimizers? In order to focus
on these two issues we restrict, for simplicity, the computations to the anti-plane
setting taking N = 2, m = 1 and A∇u : ∇u = |∇u|2 . We state from the outset
that while our numerical experiments demonstrate the potential of the approach
to irreversibility and the choices of phase field models that we advocate, they also
show certain practical difficulties that still need to be overcome.
5.1. Alternative functionals and cross-sectional profiles
We shall compute the brittle fracture evolution using four different generalized
Ambrosio–Tortorelli functionals. Let Jij , i, j = 1, 2, be the functional J with F (v) =
Fi (v), i = 1, 2 and G(v) = Gj (v), j = 1, 2, where
F1 (v) = v,

F2 (v) = v 2 ,

G1 (v) =

9
(1 − v)
64

and G2 (v) =

1
(1 − v)2 .
4

9
The coefficients 64
and 41 in G1 (v) and G2 (v) ensure that the constant CS , which
is the scaling of the surface energy ES defined in (1.6), is equal to one.
To motivate this choice of functions for F and G we present the results of a
simple one-dimensional example, which show the profiles of the displacement and
phase-field variables across a crack. We consider the domain Ω = (−1, 1) with a
mesh refined towards the origin. The fixed displacements u(−1) = −1 and u(1) = 1
are imposed at the two ends of the domain. We only consider the minimization of Jij ,
i, j = 1, 2, at one time and a crack is ‘created’ at x = 0 by starting the minimization
algorithm with an initial input close to a local minimizer corresponding to a cracked
state. We use the following values for the phase field parameters: ε = 10−1 and
η = 10−4 .
Figure 1 shows the profiles of the phase-field and displacement variables across
the crack. We first discuss some of the properties exhibited by G. Taking G = G1
results in the constraint v ≤ 1 being enforced away from the crack, that is, v = 1 is
an active constraint; hence the transition and cracked regions for v are compactly
supported and there is a clear distinction between the ‘uncracked’ part of the domain
and the transition region. Note that this is not true for G = G2 since v < 1
throughout the domain. We therefore hypothesize that, in general, a propagating
crack will be less affected by the boundary of the domain (or other cracks) with
G = G1 than with G = G2 . We also note that taking G = G1 produces a transition
region for v that is a quadratic function (compared to an exponential function for
G = G2 ); hence, in theory, the phase-field variable can be resolved with fewer
elements.
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Fig. 1. A comparison of the phase-field and displacement profiles across a one-dimensional crack.

We now discuss some properties exhibited by the function F . Our main observation is that choosing F = F1 ensures more rapid decay of u0 towards the constant
strain u0 = 0. Analogous conclusions as for the phase field variable can be drawn
from this.
5.2. Irreversible quasi-static evolutions
Next, we briefly discuss the implementation of the irreversibility condition in a
quasi-static evolution. Given a time-dependent load g(t) we choose a time step
∆t = T /Λ and an initial crack field v0 , and solve, for k = 1, . . . , Λ,

1
(uk , vk ) ∈ arg min J(u, v) : u ∈ Hg(k∆t)
, v ∈ Kk ,
(5.1)
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where Kk is the admissible set for the crack field variable:
• Reversible case: if we do not implement the irreversibility condition, then
we set Kk = {v ∈ H 1 : 0 ≤ v ≤ 1}.
• Irreversible case: If we do implement the irreversibility condition, then we
set Kk = {v ∈ H 1 : 0 ≤ v ≤ vk−1 }.
The minimisation problem (5.1) is solved using the Adaptive Algorithm proposed
in Section 4.3, with varying refinement parameters and functionals Jij as discussed
in Section 5.1.
The Adaptive Algorithm requires us to find a local minimizer of the generalized
Ambrosio–Tortorelli functional with respect to each variable separately. While it
is straightforward to minimize J with respect to u (since J is quadratic in u)
the minimization with respect to v is more involved due to the bound constraint
v ∈ Kk . For general functions F and G satisfying the conditions set out in Section
1.3 it is possible to use a gradient projection method [29, Section 5.2] to solve the
v-minimization subproblem. In the following numerical experiments, however, we
will restrict our attention to generalized functionals for which F and G are either
linear or quadratic. Consequently, the resulting Hessian matrix (for J with respect
to v) is strictly positive definite and a projected Newton method may be used. We
use the algorithm presented by Kelley [29, Section 5.5.2] but replace the specified
line search (Step 1(e)) with the Cauchy point computation given by Nocedal and
Wright [33, Section 16.6].

5.3. Example 1: curved crack
Our first computational example is chosen to showcase some of the strengths of the
modified functionals and adaptive algorithms that we propose. The computational
domain, depicted in Figure 2, is a square with a pre-existing crack, from which a
section of a circle is removed to break the symmetry of the problem. The applied
load is defined by

g(x, t) =

t, for x1 > 1,
−t, for x1 < 1.

The time step is ∆t = 0.02 and the final time is T = 2.
We compute the irreversible quasi-static evolution, using the four generalized
Ambrosio–Tortorelli functionals Jij , i, j = 1, 2, and phase field parameters ε =
k × 10−2 , k = 1, 2, 3, 4, and η = ε2 . The refinement indicator tolerances were chosen
(through trial and error) so that the total number of elements would remain around
100, 000 for the case J22 and below 500, 000 for J12 and J11 . In the following table,
we display these choices as well as the resulting numbers of elements after the final
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Fig. 2. Computational domain for Example 1, described in Section 5.3. The shaded area denotes
the extension of the domain where the Dirichlet condition is applied.

time step (we show only the case ε = 10−2 ):

#T Λ

J22
J21
J12
J11
REFTOL U
0.1
0.1
0.2
0.2
0.08
1.0
1.0
REFTOL V 0.08
for ε = 10−2 101798 176505 529917 504734

The results are shown in Figure 3. We observe that the evolutions with the
functionals J12 and J11 capture the crack path already for a much larger choice
of ε, while the evolutions with J22 and J21 fail to resolve the crack path in that
case. Unfortunately, this comes at the cost of a much finer finite element grid.
We conjecture that this property of F = F1 is due to the fact that the spurious
stress field generated by the phase field variable, which “interacts” with the domain
boundary, is much more localized than in the case of the functionals using F = F2 .
A second observation that can be drawn from Figure 3 is that the typically
observed “widening” of the phase field at the crack tip (in part due to the irreversibility constraint) is less pronounced in the case of the functionals J21 and J11 ,
which employ G = G1 . In this case, we conjecture that this is due to the compact support of the phase field variable, which prevents it from “interacting” with
domain boundaries or other crack fields.
5.4. Example 2: Straight crack
We now consider a more demanding test for the generalized Ambrosio–Tortorelli
functionals. We consider an example with a straight crack (i.e., the crack path
is known a priori) and directly compare the approximate evolutions to the exact
Griffith solution. Let Ω be the two-dimensional rectangular domain (−1, 1)×(0, 2.2),
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Fig. 3. Result of Example 1, described in Section 5.3. We observe that the functionals J12 and
J11 , using F = F1 are capable of capturing the qualitative behaviour of the crack path for much
larger values of ε.

containing a slit along {0}×[1.5, 2.2]. This is shown in Figure 4 (a) where the shaded
part (−1, 0) ∪ (0, 1) × (2, 2.2) is ΩD . The applied anti-plane displacement g(x, t)
is given by

−t, on (−1, 0) × (2, 2.2),
g(x, t) =
(5.2)
t, on (0, 1) × (2, 2.2).
Rather than computing on the whole domain Ω we exploit the symmetry of the
problem to compute on the half-domain Ω̃ = (0, 1) × (0, 2.2), shown in Figure 4
(b). We remark that this considerably simplifies the problem as it forces the crack
field v to “move” along the exact crack path. This allows us to focus entirely on the
accuracy of the surface energy.
Since we know, a priori, that the crack path lies along the line x = 0, Griffith’s
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J

1

J
J
J

0.2
22
12
21

0.1

11

Griffith

0.5

0
0
0

0.5

1

1.5

1.8

0.4

0.6

0.8

1

Fig. 5. Surface energies in the straight crack example described in § 5.4.

(This choice was required, however, to ensure that the number of elements remains
below 500,000.)
We may deduce from this experiment that in terms of the accuracy of the surface
energy, all four functionals are roughly comparable, however our main concern with
the functionals J11 and J12 is that they require very fine meshes to satisfy the
tolerance requirements. In order to test whether this is a genuine requirement, or
simply due to gross overestimation of a certain component of the residual, we repeat
the numerical experiment of this section without mesh adaptivity and without the
irreversibility constraint. The mesh is refined a priori towards the crack path at
x1 = 0. The total number of finite elements in this simulation is 49345. The resulting
surface energies are plotted in Figure 6. Our suspicions are confirmed in that we
indeed observe a better accuracy for all four functionals, than we achieved with
the adaptive computation, which also required far more elements. Of course such
pre-adapted computational meshes can only be constructed in those rare instances
when the crack path is known a priori.
6. Conclusion
We have presented an adaptive algorithm for numerically approximating local minimizers of the generalized Ambrosio–Tortorelli functional with a bound constraint
on the phase-field variable. We have shown that the algorithm generates a sequence
of numerical solutions that converge to a critical point of J as the termination
tolerances are driven to zero.
We have tested the algorithm in two simple examples, demonstrating both the
potential of our approach as well as certain shortcomings. We can deduce that the
generalized Ambrosio–Tortorelli functionals J11 , J12 , J21 have desirable qualitative
properties that set them apart from the standard Ambrosio–Tortorelli functional
J22 (see § 5.1 for the definitions). Unfortunately our numerical experiments also

October 4, 2012

10:12

WSPC/INSTRUCTION FILE

GAT˙paper

33

An Adaptive Finite Element Approximation of a Generalised Ambrosio–Tortorelli Functional

0.2

J22

1

J12
J21
J

0.1

11

Griffith

0.5

0
0
0

0.5

1

1.5

1.8

0.4

0.6

0.8

1

Fig. 6. Surface energies in the straight crack example described in § 5.4, without the irreversibility
constraint and without mesh adaptivity.

indicate that our mesh refinement criterion is not efficient in practise. Our adaptive
algorithm generates meshes that use far more elements than an a priori refined
mesh, which appears to achieve higher accuracy (see § 5.4).
These observations open up a number of possible directions for further research,
such as a study of further generalized Ambrosio–Tortorelli functionals, or an indepth study of the effect of the monotonicity constraint (which we have largely
ignored in our numerical experiments). The main challenge, from out perspective,
is the derivation of more efficient refinement indicators for the functional J11 that
would make this a practically viable alternative to the standard Ambrosio–Tortorelli
functional.
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