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Abstract

The central theme of this thesis is the behavior of the value function of
general optimal stopping problems under a stochastic volatility model when
varying the volatility dynamics. We first use a combination of time-change
and coupling techniques to show regularity properties of the value function.
We consider a large class of terminal payoffs: when the first component of the
model is a stochastic differential equation without drift we allow for general
measurable functions, and when it has a drift we impose a mild condition which
includes possibly unbounded and discontinuous functions. We also consider
a running cost which can be any non-negative and bounded Borel function.
Moreover, we derive the solution of a zero-sum game of stopping and control,
which arises when considering some parameter uncertainty in the volatility
dynamics. In both finite and infinite horizon, we exhibit the existence of a
saddle point using stochastic control and martingale arguments as well as the

probabilistic representation of solutions to free-boundary problems.

Overall, our approach in mainly theoretical, however we impose only veri-
fiable conditions. We then discuss some examples arising in American option
pricing where our results are applicable. In particular, we are able to compare
American option prices under different volatility models in a variety of settings
and we establish that the optimal exercise boundary for the associated option

is a monotone function of the volatility.



Chapter 1
Introduction

The central theme of this thesis is the behavior of the value function of opti-
mal stopping problems in a general stochastic volatility model when varying
the volatility dynamics. Our techniques are mainly based on time-change,

coupling, and control of stochastic processes.

To illustrate the mathematical objects we are interested in, consider the
following situation. Suppose that we observe a random process X = (X})i>0
which evolves in continuous-time and that we wish to (optimally) stop the
observation when the value ¢g(X;) is maximal over a predetermined period of
time, for some payoff function g(z). Since X is random, each observation cor-
responds to a possible scenario, then we maximize in average over all random
times (stopping rules). The value function is precisely the maximal expected

payoff over all stopping rules.

In this thesis, the dynamics of X are initially determined by the stochastic

differential equation

t
Xt:XoJr/ a(X,) Y, dB,, (1.1)
0

where a : R — R is a Borel function satisfying certain conditions, B = (B;)¢>0
is a standard Brownian motion, and Y = (Y}):>0 is another stochastic pro-
cess to be referred to as the stochastic volatility of X (the dynamics of Y
are specified below in the Overview). We shall study this object with a so-
called discount (or killing) rate, meaning that X vanishes at an independent,

exponentially distributed time.



Given an initial condition (Xy, Yy) = (z,y), the value function v(z,y) we

are initially interested in is given by

v(z,y) = sup E,, e “Tg(X,)], (1.2)

0<r<T
where 7 denotes a (finite) stopping time of (X,Y"), T' is the time horizon (which
may be infinite), £, , denotes the expectation conditional on (Xo, Yy) = (z,v),
a > 0 is the discount rate, and the payoff (or gain) function ¢ : R — R is

measurable.

To ensure the well-posedness of this problem, we assume throughout this
thesis that

Buy | sup 6| <o (13)

0<t<T
for each initial condition (z,y), which is a common assumption in the context
of optimal stopping problems.
For completeness, we discuss in Appendix A sufficient conditions on g and
on the dynamics of (X,Y) in order for (1.3) to be satisfied.

Later on we will see that the functional properties of v(x,y) in (1.2) are

preserved in the more general case where there is cost of observation:

v(z,y) = sup E,,le“g(X;)— /OT e “e(Xs)ds], (1.4)

0<r<T
where ¢ is a non-negative and bounded Lebesgue integrable function.

The main focus of the thesis is on the behavior of v(z,y) when varying the

dynamics of Y.
Overview and literature review.

Chapter 2. Time-change of stochastic volatility: in this chapter we mainly
study monotone properties of v(z,y) as a function of the initial volatility value
y, when Y is either a Markov chain or a diffusion process. In the second case

we also study continuity of v(z, -).

In Section 2.1 we account for the main results on time-changes that will
be used throughout the thesis, and the proofs are provided at the end of the
chapter.



In Section 2.2 we look at the case when Y is an irreducible continuous-
time Markov chain (MC), with finite state space and is independent of the

Brownian motion B driving equation (1.1).

In Section 2.3 we assume that Y solves a stochastic differential equation of

the form . .
Vimvor [ aan) + [ ovyds (15)
0 0

where BY = (B} )i>¢ is a standard Brownian motion such that (B, BY), = dt,

for some real number § € [—1,1], and 1,60 : R — R are continuous functions.

In Section 2.4 we deal with an extension of the results obtained to the case

with cost of observations in (1.4).

Specifically, the method of proof of the monotonicity of v(x,-) in (1.2) is as
follows. First, by a suitable time-change device, we transform the “coupled”
system (X,Y) (where the X component depends upon Y') into a “decoupled”
one in the sense that each component is autonomous. Second, we reformulate
the original value function in terms of (X,Y’) into one in terms of the decou-
pled system by using the fact that the strong Markov property is preserved
after time-change. The key feature of the new formulation is that the whole
dependence on the volatility is placed on the discount factor only, which is a
continuous and strictly increasing additive functional. Finally, the construc-
tion is made in such a way that there is no “overtaking” by the paths of the

time-changed volatility processes.

The time-change technique proves to be very powerful and many authors

take advantage of a time-change device in a variety of settings, for instance:

e Hobson [24] and Henderson [21] time-change volatility processes to com-

pare European option prices.

e (Cissé et al. [8] time-change a one-dimensional regular diffusion X to
“modify” a reward function with a continuous additive functional as the
discount factor into one with linear discounting (see Lemma 3.1 in [8]).

We apply a similar technique in Lemma 4.4 below.

e Kyprianou et al. [34] time-change an a-stable process X to “erase” the

negative components of X (see Proposition 3.2 in [34]).



e In [2], we time-change the stochastic volatility system (X,Y") to “trans-
fer” the whole dependence of X on the volatility to the discount factor

only (see Lemma 2.10 below).

Chapter 3. Control of stochastic volatility: in this chapter we derive the so-
lution of a zero-sum game of stopping and control. The solution is presented
in Section 3.3.2, under verifiable conditions. Examples where these conditions

are satisfied are provided in the next chapter.

In Section 3.1 we establish the notation and state the problem. We allow
for some parameter uncertainty in the dynamics of Y. This uncertainty is
incorporated through the @-matrix (MC case) or the drift of the volatility

(diffusion case).

In Section 3.2 we derive smoothness for the value function of generic op-
timal stopping problems. The reason is because the proofs of our verification
theorems in the subsequent section rely on analytical methods for which suffi-
cient regularity of a candidate value function is required. The strong Markov
property as well as the probabilistic representation of solutions to Dirichlet-
type problems are the main tools. We remark that, despite the prominence of
regime-switching models in recent years, there are no general results concern-
ing the regularity properties of the value function v(z,y) in (1.4) within this

context, so these have been addressed here and in Section 4.2 as well.

In Section 3.3 we state and show the main results of this chapter, Theorems
3.16 and 3.17. These assert that the value of the game of stopping and control
identifies with the value function of certain optimal stopping problem associ-
ated to an extremal scenario. Such a candidate value function is assumed to
be continuous in some sense (depending on the setting) and monotone in y.
In particular, we exhibit a saddle point when the space of control values is

compact.

Some works involving the solution of a zero-sum game of stopping and

control are the following:

e Karatzas and Sudderth [32] assume that the gain function is continuous,
and that the state process is a linear diffusion in [0, 1] with drift and

diffusion coefficients affected by some control parameters.

4



e Weerasinghe [45] studies a game with running payoff, where the state
process is a one-dimensional diffusion and the control corresponds to its

diffusion coefficient (which may be degenerate).

e Karatzas and Zamfirescu [33] examine a differential game from a mar-
tingale approach and allowing terminal and running payoff. The state
process solves a controlled functional/differential equation (coefficients

may depend on the whole path) and the control only affects the drift.

Chapter 4. Applications to option pricing: our approach in the previous Chap-
ters is theoretical, and we try to keep as much generality as possible, yet to
impose verifiable conditions. This Chapter deals with the examples, the ver-
ification of such conditions, and deduce that the optimal stopping boundary

of the stopping problems we work with is monotone in y.

In the context of mathematical finance, X stands for the stock price pro-
cess. The model for X when its stochastic volatility Y is a (function of a)
MC is referred to as regime-switching (or Markov modulated). The literature
on optimal stopping with regime-switching models is mostly concentrated on
specific examples. See for instance, Buffington and Elliot [7], Guo and Zhang
[19], Jobert and Rogers [30], and Yao et al [47]. In the other formulation for Y,
Heston [22], and Hull and White [25] (amongst many others) assume that Y
solves an autonomous stochastic differential equation (SDE). See also a survey
by Frey [14].

The monotonicity property of option prices has been studied by several

authors in the diffusion case:

e Romano and Touzi [41, Theorem 3.1] deal with European options and
the stochastic volatility model of Hull & White [25]. They work under
the assumption that the volatility function is bounded by two constants

and that the payoff g satisfies a logarithmic growth condition.

e Ekstrom [10, Theorem 4.2] compares prices of American options in the
case that Y = 1 and the gain function satisfies the condition g(az) <
ag(x) fora>1and z > 0.



e Hobson [24, Theorem 6.4] applies time-change and coupling for compar-
ing prices of European options in a general stochastic volatility model,

and under the assumption that g is convex.

We adapt and combine the techniques of Ekstrom and Hobson to the case of
American-type options in both, finite and infinite horizon. We place minimal
constraints on the running and terminal payoff functions: when X is driftless
(as in (1.1)) g is only assumed to be measurable (see Chapter 2). In the case
that X has a linear drift (as in (1.6)), we impose a mild condition on g which
includes non-increasing, possibly unbounded and discontinuous functions (see
Section 4.1).

Whether it be a Markov chain or a diffusion process modeling Y, it is
difficult to make precise the parameters driving its dynamics because of the
uncertain nature of the volatility of stock prices. In the first case, the transition
rates model the occurrence of sudden economic movements (switches) but, in
practice, these rates are not fully observable (see Hartman and Heaton [20]
and references therein). In the other case, the drift of volatility typically
characterizes the choice of the pricing measure, but there is no definite criterion

telling us which measure should be used (see Hobson [23], [24]).

There is some work on model uncertainty that takes account of uncertainty
in the volatility model. For instance, Avellaneda et al. [3] and Frey [15] assume
that the volatility is a predictable process which is only known to be bounded
between two constant values. We allow for some parameter uncertainty in
Chapter 3, incorporated through the @-matrix or the drift of the volatility,
and study a zero-sum game which can be interpreted as the stopper trying
to maximize his payoff while nature plays against him and tries to minimize
this payoff. The resulting value of the game, when it exits, is the worst-case

scenario for the stopper in the presence of parameter uncertainty.

In Section 4.1 we adapt the results of Chapter 2 to the case where X has

linear drift, because we deal with the dynamics for the stock price process:

t t
Xt:XOJr/ XSYSdBSJr/ r X, dt, (1.6)
0 0

where r > 0 stands for the instantaneous interest rate.



In Section 4.2 we deal with the first example which is the regime-switching
model used by Guo and Zhang [19] and Jobert and Rogers [30], where the drift
of X is stochastic and depends on the volatility, and ¢g(z) = max{0, K — =},
for some positive constant K. An important consequence of our results is that
the optimal thresholds characterizing the optimal stopping rule of this problem
are monotone. This was suggested in the numerical examples provided in [19]
and [30], without proof.

Next, under a more general model for X and only assuming that ¢ is non-
negative and continuous, we also show that the function v(-,y) is continuous

for each y, in the regime-switching setting.

In Section 4.3 we examine two examples in the diffusion setting, based on
Bessel processes. We consider the Hull & White [25] and Heston [22] models.
Apart from verifying that these models satisfy all of our conditions in the
previous chapters, we also establish that the optimal stopping boundary for
American put options is monotone in the volatility. The last part of the section
is dedicated to a brief review of Bessel processes and some path-comparison

properties that are used.



Chapter 2

Time-change of stochastic

volatility

2.1 Preliminaries

Consider a two-dimensional strong Markov process (X,Y) = (X, Y;)i>0 given
on a family of probability spaces (2, F, P, (z,y) € R x §), and adapted to

a filtration (F;);>0 of sub-o-algebras of F satisfying the usual conditions.

This chapter deals with the value function

v(z,y) = sup E,,le""9(X;)], (z,y) e RxS, (2.1)
0<7<T
where o > 0 is the discount rate, T" € [0, 00| is the time horizon, the gain
function g : R — R is measurable, and the supremum is over finite stopping
times of (X,Y). The precise dynamics of the pair (X,Y’) are specified in
Sections 2.2.1 and 2.3.1 below.

The main focus is on the monotonocity of the function v(z, -).

The time-change method is extensively used in this chapter, so we review
the main results that are going to be used in the sequel. The proofs are

provided in Section 2.5.

Definition 2.1 A time-change A is a family {A;;t > 0} of stopping times

such that t — A; is increasing and right-continuous.



Proposition 2.2 Consider a right-continuous, non-decreasing, adapted pro-
cess I' and set Ay = inf{s > 0:1s > t}. Then A is a time-change. Moreover,
Iy =inf{t > 0: A, > s} and [ is an (Fa,)t>0-stopping time for each s > 0.

Corollary 2.3 In the context of Proposition 2.2,

(i) If T is strictly increasing then A; is continuous.

(ii) If T is continuous and limy_,o, I'y = 00 a.s. then A, is strictly increasing,

finite and lim;_,, A; = 00 a.s.

(i5i) If T is strictly increasing, continuous, limy o, [y = 00 a.s. and Ty is
finite for allt > 0 a.s. then

La, =Ar,=s, forall0<s< oo a.s.

and

s<TIy if and only if Ay, <t for all0 < s,t <00 a.s.

The following lemma is a consequence of the symmetric roles of A and
I'. Denote by M and 7T the families of finite stopping times relative to the
filtrations (F;)i>0 and (Fa, )i>0, respectively.

Lemma 2.4 Let I' be strictly increasing, continuous, lim; .., [y = oo and Ty

is finite for allt >0 a.s. If p€ M thenl', €T and if T €T then A, € M.

This lemma is used in the proof of Lemma 2.10. A similar statement can
be found in [42, VIIL.65.8].

The last part of this section looks at a very particular time-change. The

result is used in an argument in Section 2.2.3. Let us fix the notation:

Suppose that W is a Brownian motion, adapted to (F;);>0 and let Z be an
(Ft)e>0-adapted process satisfying that

t
/ f(Z,)%ds < oo, a.s. for all t > 0,
0



where f is a Borel measurable function. Then the stochastic integral M;, with

M, = /Ot F(Z)dW,,

is well-defined and is an (F;);>o-continuous local martingale. Further assume
that lim;_,oo (M), = oo and define A = (Ay)i>o by Ay :=inf{s > 0: (M), > t},
which is a time-change (see [39, Theorem V.1.6]).

Proposition 2.5 Suppose that f(-)* > 0. If W is independent of Z then
B. = My is independent of Z 4. .

2.2 The regime-switching case

2.2.1 Introduction

Let S = {y; : i = 1,2,...,m} be a subset of (0,00). We assume that the
strong Markov process (X, Y') satisfies the following. For every (z,y) € Rx S,
there is a Brownian motion B on (2, F, P, ,), adapted to (F;):>0, independent
of Y, and such that

t
X; = $+/ a(Xy)YsdBs, t>0, P, —a.s. (2.2)
0

where the process Y is a continuous-time, irreducible Markov chain on the
finite state space S with Q-matrix (q[y:, y;]).
We assume that the stochastic differential equation dX' = a(X')Y'dB’,
with B" and Y related as in (2.2), admits a weakly unique solution.
We will show that, under Condition C1 below (see page 13), for fixed x € R
and y,y € S:
if y<y then o(z,y) <wv(z,y). (2.3)

The proof of this result is mainly based on a combination of time-change and

coupling arguments.

The statement in (2.3) supports the intuition that the larger the volatility of

a diffusion the sooner this diffusion reaches the points where the gain function

10



g is large. Since the positive discount factor a kills the gain as time elapses,

one expects that v(z,y’) is larger than v(zx,y) for ¥ > y.

The following theorem is the main result of Section 2.2, which asserts (2.3)

when the gain function g is non-negative.

Throughout this thesis we say that a continuous-time Markov chain Y is
skip-free if its @Q-matrix is tridiagonal (e.g. when Y is a birth-death Markov

chain).

Theorem 2.6 Let Condition C1 on page 18 be satisfied. Assume that the
gain function g is non-negative, and that'Y s skip-free. Then, for each x € R,

v(x,-) is non-decreasing on S.

The proof is presented in Section 2.2.4, where we also discuss the case when
g is possibly negative.
2.2.2 Heuristics: the time-changed dynamics

Fix (z,y) € R x S and write

t
X, = x—i—/ a(X,)dM,, t>0, P, —a.s.,
0

where the stochastic integral M, = fos Y, dB, is well-defined because the paths
of Y are piecewise constant and so fos Yz2du < oo, P, -a.s., for all s >0 (see

39, IV.2.7)).

The quadratic variation (M). = [jY?ds is a continuous, (F);>o-adapted
process and satisfies P, , (limyoo (M) = 00) = 1 since min{yy, y2, ..., ym} > 0.
Hence, the inverse of (M), given by

(M);7' =inf{s >0: (M), > t},

exists for each ¢ > 0, and (M) defines a time-change.

Consider the following processes:

Gyi=Xo (M)}, Zy =Y o (M), t>0.

11



Using Proposition V.1.4 in [39] we can write, for each ¢ > 0,

(M) t
Xo(M);' = x+/0 a(X,) dM, = x+/0 a(X o (M);V)d(M o (M)1).

S

This yields
t
G, == +/ a(Gg) dWj t>0, P, —a.s., (2.4)
0

where W = M o (M)~! is an (F,;-1):>o-Brownian motion by the Dambis-
Dubins-Schwarz Theorem (see [39, V.1.6]).

Let us now consider Z. What is the generator of this time-changed process?

We claim that

Z is a Markov chain with Q-matrix (y; *q[y;, y;]). (2.5)

Indeed, if we let L denote the infinitesimal generator of Y, then for each

bounded and measurable function f and each y € S (x € R fixed),

L flg) =l 7 By Y 0 (M) = f()

iy, [ L2000~ 10 02
it o), t
) L (M);!

where the last equality is a consequence of the martingale problem for the

continuous-time Markov chain Y.

Given that d(M), = Y2 dt,

AL ! 1 tds
1 1 Y . SR P >
(M) / y2 1D /0<Yo<M>;1>2dS /Z t=0

Then, a simple application of L’'Hopital’s rule gives, P, ,-a.s.,

(M)
<M—1>_1 / Liv)ds % Li).  and

12



Finally, by the bounded convergence theorem and the above limits, it is
plain that LZ f(y) = y=2 L f(y), confirming the statement in (2.5).

2.2.3 Reformulation of the value function

An important part of our approach is to reformulate v(z,y) in (2.1) so that
we work on only one probability space, and this is where the coupling method

comes into play.

The almost sure equality in (2.4) shows that the constructed processes
G=Xo(M)and W = M o (M)~! form a weak solution to the equation
dG = a(G)dW. However, this solution may not be unique. The following

condition on the coefficient a is imposed.

C1: We assume that a is a measurable function such that the stochastic
differential equation dG = a(G)dW driven by a Brownian motion W,

has a weakly unique strong Markov solution with state space R.

There are well-known sufficient conditions for C1 to hold, for instance, it
suffices that a?(z) > 0, for all x € R, and a2(-) is locally integrable (see
Theorem 5.15 in [31], p.341). This includes any non-zero continuous function.
An example of a discontinuous function satisfying C1 is a(-) = sign(-) where
sign(z) = 1 for x > 0 and sign(z) = —1 for z < 0 (see p.73 in [36]).

More generally, Engelbert and Schmidt [12] give necessary and sufficient

conditions for C1 to be verified: consider the sets

I(a):{xeR:/;%:oo, V6>0}, N(a) = {z €R: afz) = 0}.

The claim in C1 holds if and only if I(a) = N(a) (we refer to Theorem 5.7 in
[31] for a proof).

Lemma 2.7 For given (x,y,y') € R x § X S, there is a complete probability
space (Q,]}, f’) equipped with a filtration F,, t > 0, which is big enough to
carry four basic processes G,W, Z, Z' such that:

(1) (G, W) is a (weak) solution of dG = a(G)dW starting from x.

13



(i) Z (resp. Z') is a MC with Q-matriz (y; q[yi,y;]) and starting from y
(resp. ).

(i1i) (G, W) is independent of (Z,Z").

(i) (G, Z,Z') is a strong Markov process with respect to (Fy)i=o-

Proof. The law of the strong Markov process G in C1 is entirely determined
by its semigroup of transition kernels of G. Multiply these transition kernels
and the transition kernels of a continuous-time Markov chain on & x S both
marginals of which are determined by the Q-matrix (y; *q[yi, y;]). This results
in a semigroup of transition kernels of a strong Markov process (G, Z, Z') with
G being independent of (Z, Z').

With the aid of Kolmogorov’s Existence Theorem, we choose a complete
probability space (€, F, P) such that (G, Z, Z') starts from fixed (x,y,y) in
RxSxS (see [1, Th. 3.1.7] for instance). Let (F;);>o denote the augmentation
of the natural filtration of the triplet (G, Z, Z").

By the well-posedness of the martingale problem associated with the strong
Markov process G, with L f(z) = %az(x)g%{ denoting its infinitesimal genera-

tor acting on functions f € C?(R), we have that
t ~
f(Gy) — f(Go) — / L f(Gs)ds  is an (F;)i>0-local martingale.
0

In particular, setting f(x) = x, we obtain that G; — z is a continuous (F;);o-
local martingale with quadratic variation [; a(G,)*ds. Thus, by a well-known
result going back to Doob (see [26, Th. IT 7.1°] for example), there is a Brownian

motion W on (€, F, P) (or on a canonical enlargement of it') such that
t ~
Gi—x = / a(Gg)dWs, t>0, P—a.s. (2.6)
0

The construction of W (as given in the proof of Th. II 7.1" in [26]) shows
that the pair (G, W) is also independent of (Z, Z’). O

LOur convention is to use (Q, F, 15) for the enlarged space, too.
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Remark 2.8 The Brownian motion W in (2.6) might only be a Brownian mo-
tion with respect to a filtration (Gy)i>o larger than (F;);>0. Then the stochastic
integral in (2.6) can only be understood with respect to the larger filtration.
However, in the sequel, it is only relevant to consider the filtration (.7:})720
because we are solely interested in the strong Markov property of (G, Z, Z").
The latter is used in the proof of Theorem 2.6 to deduce that, for a specific
coupling of the chain (Z, Z’), the marginals (G, Z) and (G, Z') are also strong
Markov with respect to (]:"t)tzo.

In the remainder of this section we revert to the original system in (2.2)
but now on the probability space (Q, F, P). The procedure resembles (in fact,

inverts) the one of the previous section.
Let G, W, Z, Z' be given on (), F, 15) as described in Lemma 2.7 and define
I' = (T'y)is0 by t
I, = /0 Z:7%ds, t>0. (2.7)

This process is continuous and strictly increasing since Z only takes non-zero

values. Moreover, it has the property that

' <oo,t>0,a.s., and %m I =00 a.s., (2.8)

Thus A, the inverse of I, given by
Ay =inf{s > 0: Iy > t}, t >0, (2.9)
is also a continuous and strictly increasing process satisfying

Ay <oo,t>0,a.s., and 1iTmAt =00 a.S. (2.10)

As a consequence, the two technical properties

P1: I'y, =Ap, =tforallt >0 as.

P2: s < T if and only if Ay, <t forall 0 <s,f < o0 a.s.

must hold (see Corollary 2.3 above).
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We can rewrite (2.6) to get

t
G; = x—i—/ a(Gg)ZsdM;, t>0, a.s.
0

where the stochastic integral M, = fos dZ“ exists by (2.8), for each s > 0.

The inverse of (M), A, defines a time-change. Consider the processes

Xt::GOAt, E::ZOAU Bt::MOAt, tZO

Arguing as before to obtain (2.4)-(2.5),
~ t ~ ~ ~
Xy =« —|—/ a(Xy)Y, dBs, t>0,a.s., (2.11)
0

where B is a Brownian motion? by the Dambis-Dubins-Schwarz Theorem (39,

V.1.6], and also

Y is a Markov chain with Q-matrix (q[y;, y;]). (2.12)

Moreover, B and Y are independent since W and Z are independent (see
Proposition 2.5 with f(z) = 1/z).

The constructed processes ((X,Y), B) give a weak solution to (2.2) starting
from (x,y).

Remark 2.9 We can repeat the same constructions introduced for (X,Y)
using Z, but now with Z’. We identify these objects with an apostrophe. The
resulting pair ((X’,Y”), B), gives a weak solution to (2.2) starting from (z,7/).
Notice that the process G is the same in the definition of both X and X’. This

fact is key in the rest of the arguments below.

In the remainder of this section we give an alternative expression for the
value function in (2.1). We do this for (X,Y") only, because similar arguments

will follow for (X', Y").
The following lemma considers {I';;¢ > 0} and {A;;t > 0} as families of

2B is actually an (QNAt)tZO Brownian motion, see Remark 2.8.

16



stopping times and is a consequence of their symmetric roles. Consider the

families M and 7

M = { finite stopping times with respect to (F;)i>0}

and

T = { finite stopping times with respect to (Fa, )0}
Lemma 2.10 For any T € [0, o0],

sup £ [e™*7g(X,)] = sup Ele*"rg(G,)], (2.13)

T€TT pEMT

where Mp ={peM:0<p<Aras}andTr={r€eT:0<7<Taus.}

Proof. Fix 7 € Ty and observe that E [e=®"g(X,)] = E[e=*Tr g(G 4.)] by
Property P1. Also A, is in M by Lemma 2.4 and by the increasing property
of A; as a function of ¢, we have that 0 < A, < Ar a.s. Hence A, € Mt and

E [e_mg(f(T)] < sup E [e_o‘rpg(Gp)], V71éeTr.
pEMT

Similarly, given p € My, the equality E[e *Tvg(G,)] = E[e *Trg(Xr,)]
and the fact that I', € 77 lead to

EleTg(G,)] < sup E[e*Tg(X,)], Vpe M.

TETT

The proof is complete. O
Since the equation X; = x + f; a(X;)Ys dBs admits a weakly unique solu-

tion, we have that

(X,Y)=(GoA, ZoA)™ (X,Y).
~ ~— -~ ~——
under P under Px,y

As a consequence, we obtain that

v(z,y) = sup Ele *g(X:)], (2.14)



where the stopping times 7 are with respect to the filtration generated by

(X.7).

Proposition 2.11 Assume that (G, Z) is a strong Markov process with respect
to (F;)is0. Then, for any T € [0, oc],

v(z,y) = sup EeTg(G,)]. (2.15)
pEMT

Proof. Since (G, Z) is a strong Markov process with respect to (]}t)tzo, the
time-changed process (X' ,57) must possess the strong Markov property with
respect to (Fa, )0 (see Theorem 65.9 in [42]).

The stopping times used in (2.14) are with respect to the filtration gener-
ated by (X,Y) which might be smaller than (Fy,)i>0. However, given that
(X,Y) is also strong Markov with respect to (Fa,)i>0, the corresponding

suprema are the same (see Proposition B.2). In other words,

where the finite stopping times 7 are with respect to the filtration (.7:" A, )t>0-

The conclusion follows directly from Lemma 2.10. O

Of course, all the results above remain valid for v(x,y’), X'y, 1y M,
A’ and T if these objects are constructed by using Z’ instead of Z. Then the
conclusion of Proposition 2.11 holds for v(x,y’) provided (G, Z’) is a strong

Markov process with respect to (j}t)tzo-

2.2.4 Monotonicity in y

Proof of Theorem 2.6. Fix x € R and y,y’ € S such that y < y’. We split the

proof into two parts.

(i) While in Lemma 2.7 the coupling of the two chains Z and Z’ was not
specified any further, we now choose a particular coupling associated with a

@-matrix Q which allows us to compare Z and Z’ directly.
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Denoting the Q-matrix corresponding to the independence coupling by Q+,

we set
QL[% yj] i #k
I Yi|Yi | _ _ka Y | .
Ye | Ui v “aqlyiyl o i=k, g =1
0 ca=k,j#I

for yi,y;,yx, v € S. That is, Z and Z' move independently until they hit
each other for the first time and then they move together. It follows from the
skip-free-assumption that Z cannot overtake Z’ before they hit each other for

the first time. Hence
Zo=y<y =2, implies Z,<Z,t>0,a.s., (2.16)

which results in the inequality
t t
I, :/ Z%ds > / (Z))%ds =T}, t>0,a.s. (2.17)
0 0

As a consequence, we also have that the inverse (increasing) processes A =
I~ and A" = (I")~! must satisfy the relation A, < A}, t >0, a.s.

(ii) Notice that the above comparison and the fact that g is non-negative allow

us to conclude that

Ele T g(G,)] < Ele*Tg(G,)] for every p € My. (2.18)
Since Ay < Al implies that My C M/, we obtain that

sup Ele™Trg(G,)] < sup Ele v g(Gy)
pPEMT preMY,

or equivalently, that v(z,y) < v(z,y’) thanks to Proposition 2.11, provided
(G, Z) and (G, Z') are strong Markov processes with respect to (F;)iso, the
augmentation of the filtration generated by (G, Z, Z’). Let’s check this prop-
erty for (G, Z) only, as the same argument follows for (G, Z').

Given a bounded and measurable function f : R> — R and a stopping time
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T with respect to F;, first note that
E[f(Grts Zrst) | Fr) = B[ f(Grits Zrit) | G, Z2, ZL),

by the strong Markov property of the triplet (G, Z, Z') (simply set f(z,z,2") =
f(z,2)). Now, Z' is either independent or equal to Z,, depending on whether
7 is smaller or greater than the coupling time of the chains, respectively. For-
mally, if C' =inf{t > 0: Z; > Z]} is the coupling time, then

E[f(GT+tv ZT+t) | Gﬂ Z7'> Z;w {T < C}] = E[f(GTtha ZT+t) ‘ GT7 ZT? {T < C}]

by the independence of Z! and the pair G,, Z, on {T < C} (see for instance
Section 9.7 in [46]); and

E[f<GT+t7 ZT+t) | GT7 ZT) Z;a {T Z C}] = E[f(GTtha ZTth) ‘ GT) ZT7 {T 2 C}]

because Z, = Z. on {T > C}. We conclude that

E[ f(GT-‘,-ta ZT+t) | GT7 ZT7 Z;] - E[ f(GT-i—ta ZT+t) | GT7 ZT]
as required. The proof is now complete. [1.

The inequalities in (2.16), (2.17) and (2.18) are fundamental. With these
inequalities in mind, we can obtain some variants of Theorem 2.6 to include

the case where ¢ is possibly negative in the infinite horizon case.

Corollary 2.12 Let Condition C1 on page 13 be satisfied and the time hori-
zon T = oco. Assume that g is non-positive, and that'Y is skip-free. Then, for

each © € R, the function v(x,-) is non-increasing on S.

Proof. Fix x € R and y < /. If ¢ is non-positive then, instead of (2.18), we

obtain

Ele T g(G,)] > Ele*Tg(G,)] for every p € My (2.19)

with M7 equals (up to versions) to M/, since T' = co. Hence the inequality

v(z,y) > v(z,y’) can be deduced directly from Proposition 2.11. O

Notice that, in the case when 7' < oo, there can be stopping times in M/,
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which are not in M7 and so we could not deduce the monotonicity of v from
the inequality in (2.19).

Let us now suppose that g takes both positive and negative values. In this
situation, the conclusion of Theorem 2.6 remains valid provided the optimum
v(z,y), for (z,y) fixed, can be achieved by stopping at non-negative values
of g only. Define IC% to be the collection of all finite stopping times 7 with
respect to the filtration generated by (X,Y’) with (X, Yy) = (z,y) and such
that g(X;) > 0.

Corollary 2.13 Let Condition C1 on page 13 be satisfied and the time hori-
zon T = co. Assume that the gain function g is such that {z : g(x) > 0} # (),
and that Y is skip-free. Further assume that, for (x,y) fized,

v(r,y) = sup E., e “"g(X,)], (2.20)

TeKIt

where K9% = K45, Then, v(z,y) < v(w,y') for ally' € S such that y < y'.

Proof. Let iy € S be such that y < /.

Following the proof and notation of Theorem 2.6, part (i) remains valid
(as it does not involve the payoff function g) so that I'y > I} for all ¢ > 0

a.s. Part (ii) of that proof is replaced by the next considerations. Define

Mt ={peM:g9G,) >0as}tand TT:={reT:g9(X;) >0as.} To

complete the proof it is sufficient to see that

v(z,y) = sup Ele rg(G,)] (2.21)
pEMT
and that
sup BleDg(G,)] < sup BleHg(G)] = vlwy), (222
pEMT pEM

where the equality on the right-hand side is due to Proposition 2.11.
To see (2.21) (cf. (2.15) above), first notice that the equality

sup E e *7g(X,)] = sup E[e*Tg(G,)]

TeT+ pEMT*
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can be shown in exactly the same way that (2.13). Furthermore, under the

condition v(z,y) = Sup,cxor Euyle *79(X;)], we must have that

v(z,y) = sup Ele*g(X,)]
TeT*

because the law of (X,Y) is equal to the law of (X, Y) under P,,, and (X,Y)
is strong Markov with respect to the filtration (Fy,)sso-

To see the inequality in (2.22), just observe that (cf. (2.18))
Ele=Trg(G,)] < Ele T g(G,)] for every p € M+

and that M* C M, which in turn implies (2.22). O

Remark 2.14 It is intuitively clear that all of our results will not change if

the dynamics of X are instead
t
X, == +/ a(X,)o(Ys)dBs, t>0, P, —a.s. (2.23)
0

where o(-) > 0 and provided o preserves order, in the sense that, for any
y1 < 2, 0(y1) < o(y2). Of course, if for any y; < ya, 0(y1) > o(y2), then the
statements of the results change in order: increasing becomes decreasing and

vice-versa.

Remark 2.15 The condition (2.20) is a technical one which allows us to get
(2.22). A sufficient condition for (2.20) to hold is that

Py (inf{t >0:9(X;) >0} <0 ) =1 (2.24)

and it follows from the strong Markov property of (X,Y) (we are assuming
that the time horizon is infinite). Indeed, if the process X always hits the set
{z : g(x) > 0} with probability one then it is quite natural that maximal gain
is obtained whilst avoiding stopping at negative values of g. It is clear that
v(z,y) > sup,ciot By le”“7g(X;)]. To show the reverse inequality, it suffices
to check that for each finite stopping time 7 we can find 7/ € K9% such that

Epyle™79(X;)] < Epy e g(Xp)]. (2.25)
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Fix a finite stopping time 7 and consider the event B = {w : g(X;w)(w)) >0 }.
Also, define the stopping times

T(w): we B,
Tp(w) = @) and 7y :=inf{t > 7: g(X;) >0},
+o00: wé¢ B,

and set 7" = 75 A 7. By the strong Markov property and (2.24), 74 < oo
and g(X,) > 0 P, -a.s. so that 7/ € K9F. Moreover, by definition of 7/,
it follows that e *"g(X,) < e " g(X,/) P,,-a.s., which in turn implies the
desired inequality in (2.25) after taking expectation. In the case where T' < oo,
it is very difficult to guarantee that X will hit a subset of the state space in

finite time.

Consider the following example. Suppose that a(x) = z in (2.2) so that

t 1 t
Xt—xexp{/ YSst——/des}, t>0,
0 2 0

and the payoff function g satisfies that the set {z : g(z) > 0} is of the form
{z : o < z*} for some z* > 0 (for instance, g(x) = (K — x)* with K > 0

= ¢ 22 _ 1 for which 2* = K and z* = 2, respectively). In this

and g(z)
situation, the condition (2.24) is satisfied. If z < z* this is clear, so we only
have to verify the case where x > z*. Let us fix (z,y) such that x > z* and y is
an arbitrary point in §. We know that the local martingale M, = fg Y.dB; is
a time-changed Brownian motion. More precisely, there is a Brownian motion
W such that M; = Wy, where A; = (M), (see [39, V.1.6]). Then the laws of
X; and xexp {WAt — %At} coincide. Given that A; — oo as t — 00, it follows
that X; — 0 as t — oo almost surely. Therefore, if the initial value x > x*,

X; hits the set {x : x < z*} in finite time almost surely and (2.24) holds.

Now, the condition (2.24) is sufficient but not necessary as we next see.
Suppose that X is as in the previous paragraph taking values in the positive
half line, and ¢ is given by g(z) = —1if 2 < 1 and g(z) = 1 if z > 1. Let
0 <z < 1 and observe that

1 1
x exp {WAt — éAt} >1 & Wy — §At > log(1/x).
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Since A; — oo as t — oo almost surely, we have that (see [6, p.251] for

instance)

P, <sup (WAt - ‘?) > log(1 /x)) - P, <Sup <Wt - ;) > 10g(1/:v)> —r<l.

>0 >0
Setting 7 := inf{t > 0 : X; > 1} and using that X; and xexp {WAt — %At}

have the same law, we have that for 0 < x < 1,

P,y(m <o0)=PF,, (sup <WAt — %) > log(l/x)) =z <1,

t>0

and so condition (2.24) fails. However, for such a pair (z,y) with 0 <z < 1
and y arbitrary, (2.20) holds. Indeed, given that for any (z',y’)

(2", y) > Ep e M g(Xy,) = g(1) By I(11 < 00) = Po oy (11 < 00) > 0,

it is suboptimal to stop the observation of X; when X; € (0,1). In other
words, the maximal gain can only be obtained when we avoid to stop X at

the set of negative values of g.

2.3 The diffusion case

2.3.1 Introduction

Fix § € [-1,1]. We assume that the strong Markov process (X,Y) satis-
fies the following. For every (z,y) € R x S (S C (0,00)), there is a pair
(B, BY) of Brownian motions on (£, F, P, ), adapted to (F;);>0, with covari-
ation (B, BY); = 6t, t > 0, and such that

t t t
X, = .CE+/ a(X;)YsdBs, Y, = y+/ n(Y;)dBf—l—/ 0(Ys)ds (2.26)
0 0 0

for all t > 0, P,, — a.s., where a,n, 0 are continuous functions on S.

We assume that the system in (2.26), with (X,Y) unknown, admits a

weakly unique non-exploding solution.
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It is appropriate to state a preliminary result, which is the analogue of
Theorem 2.6. Recall that v(z,y) is given in (2.1) above and the payoff function

g is a measurable function satisfying (1.3).

Theorem 2.16 Let Conditions C1°-C2’ on page 26 be satisfied. Assume that
the gain function g is non-negative. Then, for each x € R, v(x,-) is non-

decreasing on S.

The proof of this and a more general version of it, Theorem 2.22, are

presented in Section 2.3.4.

Since the volatility process Y has continuous paths, it is natural to ask
to what extent continuity of v(z,-) holds. In Section 2.3.5 we further exploit
the time-change and coupling techniques to address this question. The next
theorem summarizes the results in that section, specifically part (i) (resp. (ii))

corresponds to Proposition 2.29 (resp. Proposition 2.30).

Theorem 2.17 Let Conditions C1°-C2’ on page 26 be satisfied. Then, for
each © € R, the following assertions hold:

(i) If T = oo and (2.49) is satisfied, then v(x,-) is continuous.

(i) If T < oo and g is continuous, then v(x,-) is continuous.

2.3.2 Heuristics: the time-changed dynamics

Fix (z,y) e R x S.

Similarly as in Section 2.2.2, we consider the stochastic integral My, =
fos Y, dB,, which is well-defined because the paths of Y are continuous and so
fos Yz2du < oo, P, -a.s., for all s > 0.

Assume for now that the quadratic variation (M). satisfies the property
that P, (limye (M) = 0o) = 1. Then, the inverse of (M), exists for each
t>0.

Consider the time-change of the pair (X,Y") by the inverse of (M):
Gy =X o (M); 1, & :=Y o (M)", t > 0.
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Using Proposition V.1.4 in [39], we can write

=it / oG AW, & = y+ / n(EE WS + / 0(e)E2ds,

for each t > 0, where
(M)
Wy =Mo (M), and W= / Y,dBY, t>0,
0

are (Fp-1)e>0-Brownian motions by the Dambis-Dubins-Schwarz Theorem
(see [39, V.1.6]).

The covariation (W, W¢); can be calculated as follows. First, by a property
of stochastic integrals (see [39, IV.2.7]) and using that (B, BY); = §t, we have
that

</0'nst,/'ndBZ>t: /Otﬁd«B,BY»s — §(M)..

0

Hence,

(W, W), = </ stBs,/ Y.dBY) o (M);' = dt.
0 0

2.3.3 Reformulation of the value function

In the previous section we showed that, for every (x,y) € R x S, there exists

a weak solution to the system of stochastic differential equations

th = a(Gt)dW,

d§y = U(ﬁt)ﬁflde +0(&,)&2dt, (2.27)

taking values in R x & and driven by a pair of Brownian motions with covari-
ation (W, W¢), = 6t, t > 0. However, this solution may not be unique. The

following condition is imposed.

C1’: We assume that the continuous functions a, n, 8 are such that the system
in (2.27) has, for all initial conditions (Gg, &) € R x S, a unique non-

exploding strong solution taking values in R x S.

The continuity of the functions a,n, # ensures the existence of a weak so-

lution (possibly exploding). Sufficient conditions for C1’ to hold (see e.g.
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Theorem 3.1 in [26]) typically require that the coefficients of (2.27) satisfy
a Lipschitz condition (for pathwise uniqueness of the solution) and a linear
growth condition (for non-explosion of the solution). These conditions may be
weakened in some particular cases. For example, when a(z) = x (which will
be assumed in Chapter 4), we only need to make sure that there is a unique
non-exploding strong solution for the autonomous equation for &. Since € is
one-dimensional, there are sufficient conditions for the preceding to hold which

weaken the Lipschitz condition (see for instance [26, V.3.2]).

Remark 2.18 We want to show (2.3) in this context using a similar method
to that applied in Section 2.3.4. The main difference is that here, instead
of constructing X by time-changing a solution of the single equation dG =
a(G)dW, we now construct X by time-changing a solution of the system in
(2.27).

Now, we choose a complete probability space (Q, F. [5) big enough to carry
a pair of Brownian motions (W, W¢) with covariation (W, W?¢), = §t. Denote
by (Fi)i»0, the augmentation of the filtration generated by (W, W¥¢).

Suppose that (G, &) is the unique solution of the system (2.27) given on
(Q,F, P) by (W,W¢) and starting from (G, &) = (z,y) in R x . Define
I' = (T't)>0 and A = (A¢)t>0 (compare to (2.7) and (2.9), resp.) by

t
Ft:/gs_st, t>0, and A, =inf{s>0:T, > t}.
0

These processes are continuous and strictly increasing since £ does not hit zero
(recall that the state space of £ is assumed to be S C (0, 00)).

Assume the following:

C2’: For each initial conditions (z,y) € R x S, the associated process I'
satisfies that P (limypoo 't = 00) = 1.

Under C2’, the properties in (2.8) and (2.10) still hold in this context. As
a consequence, the two technical Properties P1 and P2 on page 15 must also

be valid.
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Since £ is (]%)tzo—adapted, we see that

G, = x+/ta(Gs)§8d1\Zfs, (2.28)
0

& = y+ /0 n(E)ANTS + /0 0(¢.)dr,, (2.20)

where the continuous local martingales M and M¢ given by the stochastic

integrals

M, :/ E-2dW, and M :/ 1 dws
0 0

exist for each s > 0 by (2.8).

Now consider the (Fy,);0-adapted processes
X:=GoA, Y:=(o0A, B :=MoA, BY=MoA, t>0.

We have that B and BY are (Fa,)i>0- Brownian motions by the Dambis-
Dubins-Schwarz Theorem [39, V.1.6] and that

(B,BY)y = (M, M%) 4, = | & d(W,W®)), =04, =dt, t>0,as.,

0

by Property P1 on page 15.

It follows from (2.28)-(2.29) that (X,Y) constitutes a non-exploding weak
solution of the system (2.26) with Y; € S, t > 0. Hence

(X,Y)=(GoAEoA) = (X,Y).
~ ~— ~——
under P under P:c,y

As a consequence, we obtain that
v(z,y) = sup Ele " g(X:)], (2.30)

where the stopping times 7 are with respect to the filtration generated by

(X.7).
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Remark 2.19 Due to C2’ and the fact that the system (2.26) has weakly
unique solutions, we have that P, (lim [; Y2ds = oco) = 1, which was
assumed in Section 2.3.2. Indeed, given that Y = £ o A solves weakly the
second equation of (2.26), it follows that the law of Y under P, is the same
as the law of Y under P. Thus, for each ¢t > 0,

t t
/des 1a:W/ (V)%ds = A,.
0 0

In other words, [;Y7ds and A. are modifications of each other. Moreover,
both have continuous paths and so they must be indistinguishable. Therefore,

lim;_,o, Ay = 00 a.s. implies P, (limyeo fot Y2ds = c0) = 1.
Analogously to the families M and 7 of Section 2.2.3, we define here
M = { finite stopping times with respect to (F;)i>o a.5.},

T = { finite stopping times with respect to (Fa,)i>0 a.s.},
and Mr ={peM:0<p<Ar}, Tr ={r €T :0<7 <T} for each
T € [0, 00].

Remark 2.20 With these definitions, Lemma 2.10 remains valid in this set-
ting, but notice that the filtrations (F;);>0 and (Fy,);>0 are of a different

nature here.
Proposition 2.21 For any T € [0, o0]:

v(z,y) = sup Elerg(G,)]. (2.31)
pEMT

Proof. Following the proof of Proposition 2.11, we only have to argue that
(X,Y) is strong Markov with respect to (Fa,)i=0. Then we obtain that

v(x,y) = sup E [e_Mg(XT)],
TETT

and Lemma 2.10 does the rest.
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Given that (G, €) is a strong solution to (2.27), it is a strong Markov process
with respect to (]:"t)tzo, the natural filtration of the pair of driving Brownian
motions (W, W¢) (see [36, Theorem 7.1.2]). Then, the time-changed process
(X,Y) is strong Markov with respect to (Fy,)e=0 by [42, Theorem 65.9]. O

2.3.4 Monotonicity in y and drift of volatility

In this section we show Theorem 2.16 by comparing the values of the function
v(x,-) using the same model (X,Y") but with different initial conditions for Y.

Later on we will also compare the values of two functions v (z,y), i = 1, 2,
associated to two different models (X, Y ®) i = 1,2, which differ not only in

the initial condition but also in the drift coefficient of the second component.

Proof of Theorem 2.16. Fix x € R and y,y € S such that y < 3. We split

the proof into two parts.

(i) Let (G,€) and (G,E') be the solutions to (2.27) starting from (z,y) and
(z,7'), respectively, which are both given by (W, W¥¢) on (Q, F, P). Remark
that G is indeed the same for both pairs since (2.27) is a system of decoupled

equations.

Let C denote the coupling time of £ and &', that is, C' = inf{t > 0:& > ¢}

and set
& = &no + (& — Eine)s t>0,

so that & < & for all t > 0 everywhere.

The pair (G, §) solves the system (2.27) starting from (x,y) since

tAC tAC
=yt /0 n(Ea) € AWE + /0 0(6.) £ du
T / (€l (€)W + / (e

t t
—y+ [ @) €)W+ [ 66 E) Pdu
0 0
By strong uniqueness, & = & for all + > 0 a.s. Hence
gt S g;a t Z Oa a.s.,
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which results in the inequality

t t
I, _/ £%ds > / (€)%ds =T}, t>0,a.s. (2.32)
0 0

(ii) The second part is exactly as that of Theorem 2.6. Here we use Proposition
2.21 instead of Proposition 2.11. .

Let us now suppose that, for each i = 1,2, (X@ Y @) is a strong Markov
process given on a family of probability spaces (Q), F(®), P (z,y) e RXS).
The pair (X®Y®) satisfies the system (2.26) with functions a,n and 6©).

Finally, also assume the system
dX; = a(X,)Y,dB,,  dY,=n(Y,)dBY +69(Y;)dt,

with (X,Y) unknown, admits a weakly unique non-exploding solution.

The value functions v are given by

v (z,y) = sup EV[e*Tg(XD)],  (z,y) ERxXS,

0<r<T
where the stopping times 7 are with respect to the natural filtration of (X @, Y ®),

Now consider the following system, for each ¢ = 1, 2:

th = G(Gt)th,

de = n(&)e dWE + 09 (€)%t (233)

where (W, W¢) are Brownian motions with covariation (W, W¢); = 6t on some
complete probability space (2, F, P).
We proceed as in Section 2.3.3 with the natural notation, and impose the

following assumptions:

D1: For each i = 1,2, let a,n,0®% be measurable functions such that the
system in (2.33) has, for all initial conditions (Gy, &) € R x S, a unique

non-exploding strong solution taking values in R x S.

D2: For each ¢ = 1,2 and for all initial conditions (z,y) € R x S, the associ-
ated process Fii) = f;({gi))’st satisfies that P (limye ng) =o0) =1
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D3: Fix (z,yW), (z,y?) € R x S such that y) < y®. Let (G,¢®) be the
solutions to (2.33) starting at (x,y®), i = 1,2. The property

P(eV <&, vt>0)=1 (2.34)
is satisfied.

There are well-known sufficient conditions on the coefficients 1 and %
which ensure the validity of (2.34). This is part of the so-called comparison
theorems, like Theorem IX.3.7 in [39] or Theorem V.43.1 in [40]. However,
these Theorems usually ask for at least one of the the drifts b® (y) = 6% (y) /4>
to satisfy a Lipshitz condition, that is, [b®)(z) — b®(y)| < K|z — y| for some
constant K > 0. We do not impose such a condition here because, as we will
see in Section 4.3, there are examples of SDE’s with no Lipschitz drift and still
satisfying all of the above assumptions.

The next theorem should be compared with Theorem 6.4 of Hobson [24].
Hobson also applies time-change and coupling for comparing prices of Euro-
pean options in a general stochastic volatility model, and under the assumption

that ¢ is convex.

Theorem 2.22 Let Conditions D1-D3 be satisfied. Also assume that the gain
function g is non-negative. If 6 (y) < 8@ (y), then for each x € R,

v (2, yV) <o (2,y®), for all y) <y, (2.35)

Proof. Fix z € R. Let (G, £W) be the solution to (2.33) starting from (z, y®),
1 = 1,2, which exist by Condition D1.

Condition D2 yields the reformulation of v (z,y®). Specifically, for each
1 = 1,2, we have that

(G o AD ¢ o ADY & (X () y ()

under P under Pa(fg)!(i)

where A® is the right-inverse of T'®.
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Consequently,

[ N JO)
v (z,y) = sup Ele " g(G,)],
pEMg)

e ./\/lgf) is the family of all the finite stopping times p with respect to
(ﬁt)tzo such that 0 < p < Ag).

Finally, Condition D3 implies that F,El) > FIEZ) for all £ > 0 a.s. So,
~ o S or®
Ele™ g(G,)) < B[ g(G,),  VpeMy
Since Agl) < AEQ) for all t > 0 a.s. necessarily Mg}) - M(TQ). This gives

o —al(t o —al'(?
sup Ee™"7 g(Gy)] < sup Ele™™ g(G,));
pEM<T1) peMgg)
or equivalently, the desired result in (2.35). O

We state the next results without proofs, as these are very similar to those

of Section 2.2.4, with the obvious notation.

Corollary 2.23 Let all the other assumptions of Theorem 2.22 be satisfied,

but g is non-positive and the time horizon T = co. Then, for each x € R,
v(l)(x, y(l)) > @ (, y@)), for all yV) < y@,

Fix (z,y) € RxS and let 9" = g, be the collection of all finite stopping
times 7 with respect to the filtration generated by (X, Y") with (X, Yy) = (z,y)
and such that g(X,) > 0.

Corollary 2.24 Let Conditions D1-D3 be satisfied and the time horizon T =
00. Assume that the gain function g is such that {x : g(x) > 0} # 0. Further
assume that v (z,y) = sup,cxor EY) [eomg(XI)]. If 60 (y) < 0P (y), then

v (z,y) <v@(x,y) forally €S such thaty <y (2.36)

When () = ) = 4 the setting in the above theorem reduces to that of
Theorem 2.22 but with g possibly negative. In such a case, Conditions D1-D2

are equivalent to C1’-C2’, while D3 is a fact rather than a assumption.
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2.3.5 Continuity in y

Throughout this section we assume that Conditions C1’-C2’ on page 26 are

satisfied. We also agree on the following notation:

Let {y,}5° o € S be a sequence in S such that y, — yo as n — oco. Denote
by (G, &™) the solution to (2.27), starting from (Go,&J) = (z,yn), given by a
pair (W, W¢) of Brownian motions with covariation (W, W¢); = §t, t > 0, on
a probability space (Q, F, P).

Using (G, &"), define '™ A", n = 0,1,2,..., like ', A on page 27. By
Proposition 2.21,

v(z,y0) = sup Ee™Tg(G,)], v(x,y,) = sup EleTFg(G,)],
pEMT pEML

where M} ={peM:0<p < A} as.}.
We shall frequently use the assumed integrability of sup,,e™*|g(X,)| for

each initial point (z,y) (recall the condition in (1.3)). Notice that we can write

supe”t|g(Gy)| = sup e |g(X))]
t>0 t>0

since G; = X oI, and the range of T; over ¢ > 0 is (0, 00).

Discussion

Suppose that y, | yo as n — oo. By the coupling argument in the proof of

Theorem 2.16, without loss of generality, one may choose {{"}2° , such that
§28>>>->28 >0, >0, as
Hence the pathwise limit lim,, ', ¢ > 0, exists and satisfies that

lim & > &) > 0, t>0, a.s. (2.37)

Since the &-component corresponding to the unique strong solution to
(2.27) has continuous coefficients (see Condition C1’), we have that " con-

verges to £ weakly if y, — yo (see [44, Corollary 11.1.5]).
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Thus, for each t > 0,
lim &' fw P and lim & > &, a.s.
n n

This assertion implies that lim, &' = & a.s for all ¢ > 0 (see Lemma 2.36).
Finally, the processes (£9);>0 and (lim,, £);>0 must be indistinguishable as a
consequence of the almost sure continuity of their paths, (see Lemma 2.37).

In other words, we have verified that
lim& =¢), >0, a.s. (2.38)

It is intuitively clear that the continuity of v(z,-) should follow after some
limiting arguments using the key equation (2.38).

The next lemma is the crucial tool in the remainder of this section.

Lemma 2.25 If the sequence (y,)>, is monotone, that is, either y, | yo or

Yn T Yo as n — oo, then

P —T9 and A} — A} as n— oo t>0, as. (2.39)

Proof. Suppose that y, | yo as n — 0o. By (2.38),

t t
r?:/ (&) *du :/(1im§g)-2du = limT}, t>0, aus. (2.40)
0 0 n n

by monotone convergence. More precisely, I'" 1 T'? for all ¢ > 0, a.s. Since A"
and A are the right-inverses of the continuous increasing processes I'* and I'°,
respectively, we have that A? | A?, ¢t > 0, a.s. This concludes the proof in the

case where the y, decreases.

In the case where y,, T yo asn — 0o, we see that 0 < &} <--- <P < -+ <
&) and (2.38) also holds (the argument to obtain this equation is the same if
the ordering in (2.37) is reversed). Hence, we obtain (2.40) by Lebesgue’s
dominated convergence theorem. This ensures that I'" | 9, ¢ > 0 a.s., and so

At AVt >0, as. O
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The infinite horizon case

We now discuss the continuity of the value function v(x,-) on S, in the
infinite horizon case. An advantage over the finite horizon case is that the

families of stopping times M. coincide with M for all n when 7" = oo.

In the case where ¢ is non-negative, left-continuity is an easy consequence

of Lemma 2.25 and the monotonicity of v(z,-).

Proposition 2.26 Assume that T = oo and that g is non-negative. Then,

for each x € R, the function v(x,-) is left-continuous.
Proof. Let y, T yo. Since ¢ is non-negative, Theorem 2.16 implies that
limsup v(z, y,) < v(z,yo),
n—s00
so it remains to show that

v(x,yo) < liminfo(z,y,). (2.41)
n—oo

Pick an arbitrary p € M. Since y,, T yo we must have I'} | Fg as n — 00.

It follows from Fatou’s Lemma and Lemma 2.25 that

E’e‘argg(Gp) < h,{ii;‘f Ee T g(G,). (2.42)
Now, since v(z,y,) = supp,eMEe_argg(sz) for each n = 0,1,2,..., we
obtain that
Ee‘argg(GP) < liminfv(x,y,). (2.43)
n—oo

and taking the supremum over p € M on the left-hand side of (2.43) completes
the proof. O

Corollary 2.27 With the assumptions of Proposition 2.26, the function v(x,-)

18 lower semi-continuous.

Proof. The inequality in (2.41) was shown when y, 1 3o, whereas the case

Yn 4 9o follows by Theorem 2.16. Hence v(z,-) is lower semi-continuous. O
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To establish the right-continuity of v(z, -), we are naturally tempted to use
the reverse Fatou’s Lemma and apply a similar argument as in Proposition
2.26 to show that limsup,,_,. v(z,y,) < v(x,yo) when y, | yo. But, although
it is true that

limsup B e g(G,) < Ee’o‘rgg(Gp) <w(z,y0), forall pe M,

n—o0

it does not follow that

lim sup sup E e 7 g(G,) < sup limsup E e TP g(G,)
n—oo peEM pPEM  n—oo

and so a different argument has to be used.

We are able to show the right-continuity of v(x,-) upon assuming an extra
integrability condition, originated from the estimate in (2.44). It is important
to mention that, from now on, we shall only make use of Lemma 2.25 (recall
that ¢ > 0 is imposed in Theorem 2.16) and so we consider the case where g

is possibly negative.

Lemma 2.28 Assume that T = oo. Fixzy,y’ € S such that y <vy'. Then, for
all N e N

where X' = G o A’ as usual.
Proof. Fix N € N and an arbitrary € > 0. Choose an e-optimal stopping time
p. € M for v(z,y') = sup e p Ele=T%¢(G,)] so that

—al’,

0 < v(a,y) —v(e,y) < e+ Bl g(Gy) — e g(Gy)l.  (245)

After factorizing g(G,;) and using that I}, —1I7, > 0, it is easy to see that the

/
€

right-hand side of (2.45) is dominated by
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e+ E [ <1 — e —r’;,e)> e Tt

+FE [ e .

9(G)lI(p, < A |
9GO (> A) |

Moreover, on the event {p. < Ay}, we have that

—al’,
[ Pe

9(Gy)| < sup e Tg(Gr)] = supe g(K)|  (246)

1< Al

since {t < A} = {I < N} and X| = G 4. Also,

Pl Ay
0<T, T, = / (62— (€)2)du < / (62 = (€)2)du

(2.47)
= T, — Ty =Ty, — N
Similarly, on the event {p. > Ay}
—al’, —al -« %
e “otg(Gy)l < sup e |g(Gh)| = supe”™[g(X])]. (2.48)
> Al >N

Putting all together we obtain the estimate in (2.44) up to €, but € can be

made arbitrarily small so the proof is complete. O

Proposition 2.29 Assume that T = oco. Then, for each x € R, the function
v(z,-) is continuous provided the following condition holds: for each yy € S

there exists § > yo such that

sup E {supeat|g()z't’)]1 — 0 as N1 oo (2.49)

Yo <y'<y t>N

where X' = G o A’ as usual.

Proof. Fix yo. We split the proof of continuity of v(z, ) at y into left- and
right-continuity.

(1) Let v, 1T yo. In Lemma 2.28, replace y' and y by 4o and ¥, respectively.
By Lemma 2.25, 7 | T for all ¢ > 0 a.s. and so

lim (I'fy —N)=0 a.s.

0
n—00 N
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By (2.49), given an arbitrarily small € > 0 we can choose N large enough
that

E {supeat]g(f(to)q < e,

>N

and so Lemma 2.28 and the Dominated Convergence Theorem imply that

n—00 t<N

~ —o(lim, ', —N ~
hm<v<x,yo>—v<x,yn>>36+EK1—6 (i T ))supe—aﬂg(XE)@:e,

which yields the left-continuity of v(z,-) at yo.

(ii) Let y, | yo and assume without lost of generality that the sequence
{yn} is bounded above by y such that (2.49) holds.

We know that Fg < TP <TY and A? > A > AY for all t > 0 a.s. and so

supe *[g(X})| = sup e 7 |g(Gy)| < sup e " |g(Gy)| = supe *[g(X)]
t<N t<Am t<AY, t<N

where the right-hand side is integrable.
Now, given an arbitrarily small € > 0, choose N large enough that

swp B [supe—afrgo%m] <

Yo Syn<y t>N

and notice that N does not depend on n = 1,2,.... Hence, we obtain from

Lemma 2.28 and the Dominated Convergence Theorem that

(lim,, T'9

lim (v(x,yn) —v(x,90)) < e+ E [(1 _e " A?V_N)> sup eatlg(f(tyﬂ} = ¢,

n—00 t<N

which imply the right-continuity of v(x,-) at yq.
Since yo is arbitrary, we conclude that v(z,-) is continuous. O
The finite horizon case

The main part in the proof of the next proposition is in the spirit of Lemma
2.28, but now using 7" instead of N.
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Proposition 2.30 Assume that T < oo and that the gain function g is con-

tinuous. Then the function v(x,-) is continuous.

Proof. (i) Fix y,y’ € S such that y < ¢'. Fix an arbitrary ¢ > 0 and choose
an e-optimal stopping time p. € M/’ so that

!
—al”,

0 < v(a,y) —v(e,y) < et Bl g(Gy) — ¢ Trrg(Gnar)l. (250

Compare with (2.45) and notice that p, A Ar is used here instead of p. since
one cannot conclude that v(z,y) > Ee T g(G,) for stopping times p which
may exceed Ar with positive probability.

By considering the partition {p. < Ar} and {Ar < p. < A}, the right-
hand side of (2.50) can be dominated by

. [ (1 B e—Of(sz—Fég)) ¢t |g(G)| (. < Ar)

+ B (1 - e‘“(”éz)) e | g(G)| I(Ap < g < Ap)
+ Ee™T|g(Gy) = 9(Ga, )| I(Ar < p < A7),

by “adding” e *Tg(G,,) in the case where Ay < p, < Al
Next, we argue similarly as we did in (2.46)-(2.47). We know that p, < A’

a.s. and so both

e g(Gy) 9(Gy)l < sup e Tig(Gy)l,  as.

1< AL,

and
0 S Fpé — F;,/E S FA/T — T, a.s.

hold. Meanwhile, since {Ar < pp < A7} = {I"y, <T', < T}, we have that
0<T-T, <T-T,, on{Ar<p <AL}

Putting all together, we arrive to the following estimate for v(z,y") —v(x, y)

with y < 9/
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0 <wv(z,y) —v(z,y)

<e+FE <2—efa@%*T)—e_MT4§ﬂ>Supefﬂﬂg«%ﬂ

t< Al

+ E [ T9(Gp) = 9(Gap )| I(Ar < pl < A7)] .

(2.51)

Notice that the integrands on the right-hand side of (2.51) are bounded
above by

sup ¢ [g(Gy)|
<Al

because also e T |g(G4,)| = e a7 |g(G4,)| < SUP; < 41, et g(Gy)|.
(ii) Let y, 1 vo. Replace y and 3’ by v, and yo, respectively in (2.51).
By Lemma 2.25, ' | T'9 for all £ > 0 a.s. and so

lim (TZ% —T)=0, and lim(7T — F?LV%) =0 a.s.

n—oo n—oo

and also, given that g is continuous,

lim |g(Go) — (G| (A} < 0 S AD) =0 as.  (252)

n—oo

as A% can be made arbitrarily close to A%.

Since sup;< 40 e °T?|g(G,)| is integrable, it follows by dominated conver-

gence that
0 <v(z,y)—v(@,ys) = €  asy, T yo.

(iii) Let y, | yo. Now replace y and 3/ by yo and y,, respectively in (2.51).
By Lemma 2.25, T7 1 T for all ¢ > 0 a.s.

A symmetric argument to that of the part (ii) yields
OS’U(.T,yn)—’U(.T,yo) — € as yn\LyO
Simply note that, without loss of generality,

sup e |g(Gy)| < sup e i[g(Gy)], Vn=1.2,...,

t<AR t<AL
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where the right-hand side is integrable, and so dominated convergence can be

used again.

Since € > 0 can be made arbitrarily small so the proof is complete. O

Remark 2.31 The continuity of g is only used in the argument in (2.52).
Notice that, although the limit of A% is AY as n — oo, the limit of the

indicator functions (A} < p? < A9) does not necessarily vanish.

2.4 Adding a running payoff

We are going to extend the monotonicity results on v(z,-) by adding a so-
called running payoff or cost of observations. We do so for both cases, regime-
switching and diffusion, simultaneously because the ideas involved are the

sale.

Suppose that the value function v(z,y) in (2.1) is, instead, of the form

v(z,y) = sup E,,leg(X,)—C;], (z,y) eRxS, (2.53)

0<7<T

where

t
Ct:/ e (X)) ds
0

and ¢: R — [0,00) is a bounded Lebesgue integrable function.

Theorem 2.32 The statement and result of Theorems 2.6 and 2.16 remain
valid when v(z,y) is as in (2.53).

To start, recall the construction of the new probability space (Q,]:" , ]5),
as well as the time-changed process (X,Y) in Sections 2.2.3 and 2.3.3. These
constructions do not depend on g nor ¢, but on the dynamics of the pair (X,Y)
only.

Lemma 2.10 now reads as follows. Using the corresponding definitions for

Mg and Tr:
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Lemma 2.33 For any T € [0, o0,

sup E e *"g(X,) — / e “te(X;)dt] = sup Ele™Mg(G,) — C,),
0

T€TT pEMT

where

- P
Cp = / e_aFtC(Gt) Zt_zdt
0

in the regime-switching case, or

~ P
, = / e Tie(Gy) &2t
0

in the diffusion case.

(2.54)

Proof. In the regime-switching case, (X;,Y;) = (Ga,,Z4,) and recall that

dly = Z;72dt (see equation (2.7) above).
If 7€ Tp then p= A, € My, and

- B r, p
[y [Tertcaan- [ et ar,
0 0 0

p
— / e Te(Gy) 272 dt.
0

Complementing this fact with the first part of the proof of Lemma 2.10,

we obtain that for any 7 € 77,

pEMT

Analogously, if p € My then we can verify that

Bl 09(G) ~ ) < swp Bleo(X) = [ et Xy

TETT

Ele™g(X,) — /OT e e(X,)dt] < sup Ele Trg(G,) — C,).

using a symmetric argument and the fact that 7 =I', € 77. The proof is then

complete.

In the diffusion case we only need to change the notation (use ¢ instead of

Z), but the arguments are not affected. O

43



Following the proof of Theorem 2.6, with the natural change of notation,
it is easy to convince ourselves that one only has to verify that (compare with
(2.18))

EleTg(G,) —C,] < EleMg(G,) — é;] for every p € Mp.  (2.55)

But (2.55) follows thanks to (2.16) and (2.17), the fact that both g and ¢ are

non-negative, and
et < ol and C, > C, vVt >0, a.s.

The rest of the proof of Theorem 2.6 remains unchanged.

2.5 Proofs of auxiliary results

Lemma 2.34 Let 7 and 7,,, n = 1,2,..., be stopping times of a filtration

(Fi)e>0 satisfying the usual conditions.

(i) If mn L 7 then Fr =), Fr.-

(ii) If 7 = ¢ a.s where c is a non-negative constant, then F, C F..
(iii) The event {1 < 1} € F,.

(iv) If X is a right-continuous adapted process then X, is Fr-measurable on

the event {1 < oo}.

Proof. (i) The fact that 7 < 7,,, n = 1,2, ..., implies that F, C [, Fr,- On
the other hand, if B € [, F,, then BN {7, <t} € F,n=1,2,..., and so

Br{r<t}=Bn|J{m<t}=UBn{m<t}eFR. t>0

(ii) If B € F; then BN {r <t} € F, t > 0. In particular, taking t = ¢

and noticing that {7 > c} is a null set we obtain
B=Bn{r<c}|JBn{r>c}eF.
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(iii) To see that {m <} € F,,, note that for any r > 0

{n<nin{n<r}= U {n<gn{g<nin{n<r}elr

q€Q, g<r

and so {1 < m} € F,,. Hence, {r < 7 + €} € F,,;. for each € > 0 and by
part (i),
{7'1STQ}:ﬂ{Tl<7'2—|—€}6ﬂf72+€:./—"7.

e>0 e>0

iv) Let 7,, be the approximating sequence of 7 given by 7, = LQLJH where
(iv) 8 given by ;

|-] is the floor function which returns the integral part of the argument. Then
each 7, takes values on {k/2" : k = 1,2,...,} and 7, | 7. By the right-

continuity of X we have that X, = lim,, X, .

We aim to show that for each Borel set B it holds true that {X, € B} € F,.
By part (i), it is enough to prove that {X, € B} € F,, for each n =1,2,...
Note that

{X;, € Byn{r, <t} = U {Xkjom € By N {7 = k/2"} € Fijom C F
k/2m <t
for each t > 0. Thus {X,,, € B} € F,,, m > n. Because X, = lim,, X, the
latter implies that {X, € B} € F,,, n=1,2,..., as required. O

Proof of Proposition 2.2. It is clear that A; increases with t¢.
Fix ¢t > 0. We first show that A is a time-change. A, is a stopping time

because it is the first entry time of the right-continuous process I'. into the
open set (t,00). Indeed, A; = inf{s > 0:T's € (t,00)} and if I'y € (¢, 00) then

Iy € (t,00) for every u € [s, s + €) for some € > 0 allowing us to write

{Ar<ry= |J {I.e(too)}eF,

s<r,s€Q

where we have also used that I' is adapted. The filtration (F;)¢>o is right-
continuous and so A; is a stopping time. To see that t — A, is right-continuous,
simply write {I'y >t} = J . o{I's >t + €}.

Next, we verify that I'y = inf{t > 0 : A, > s}. On the one hand, if
Ay > sthen s ¢ {u >0:T, >t} and so ['y < ¢t. The latter implies that

45



[y <inf{t > 0: A; > s}. On the other hand, it is clear from the definition
of A that Ap, > s and so Ar,, > s. The previous fact together with the
increasing property of A imply that I's,. > inf{t > 0 : A, > s} and the
right-continuity of I' gives 'y > inf{t > 0: A, > s}.

Finally, I's is an (Fa,)t>0-stopping time. This follows from the right-
continuity of the filtration (Fa,):>o. Indeed, we want {I's < r} € F4, for each
r > 0. Now, the event {I's = r} = {A,4. > s, for € > 0 arbitrarily small} is

necessarily in Fy, because the filtration (Fjy,)i>o is right-continuous. O
Proof of Corollary 2.3. (i) The process A can only jump if T has intervals
of constancy.

(ii) By definition of A, it is strictly increasing because of the continuity of T

It is finite and has the limit lim;_,., Ao, = o0 since lim;_,. I'; = oco.

(iii) Note that, by the continuity of I,

s ifl'y_ <o
Ap, =inf{t >0: T, > Ty} =

oo ifI'y_ = o0.

Thus, if T" is also finite then Ap, = s, 0 < s < co. Arguing symmetrically and
using parts (i)-(ii) we obtain that ['4, = s, 0 < s < 0.

Finally, by the definition of Ay it is plain that (A; < t = s < I'}), but
{s = I';} is null because on that event one has that Ar, = A; = t. Conversely,
by Proposition 2.2 we have that (s < Ty = A <t), but again {4y = ¢} is null

because on that event one has that [y =14, = s. U

Proof of Lemma 2.4. Fix p € M. We want to show that
{T,<r}eFa, Vr>0. (2.56)
By part (iii) of Corollary 2.3, we know that the event
Qo ={w: s < 'y(w) if and only if As(w) <t for all 0 < s,t < oo}

is so that P(29) = 1 and that, for each r > 0, A, is a finite (F;);>0-Stopping
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time. It is also clear that
{Fp ST}QQO = {pSAT}ﬂQO

By part (iii) of Lemma 2.34, {p < A,} € Fa, since both p and A, are (F)i>o-
stopping times. Therefore the claim in (2.56) holds true, that is, I', € T.
By the symmetry of I' and A, the second assertion (7 € T = A, € M) is
proved. [
Proof of Proposition 2.5. Define the so-called big filtration F*9 = (]—}Mg)tzo
by
F9 .= FVvo({Z,: s>0}), t>0.

Since W is independent of Z, W is also an F*9-Brownian motion and M
is an F®9-continuous local martingale. It follows by Theorem V.1.6 in [39)]
that B. = M4, is an (.7:%9 )t>0-Brownian motion. In particular, the property

of independent increments of B yields that
B, is independent of 39 = Fg'9, ¢ > 0. (2.57)

Next, notice that (M), is strictly increasing in s because f(-)> > 0. Hence
(M), = s for all s >0 (recall part (iii) of Corollary 2.3), and so

ACd(M), |
At = —_— —d .
o FZL) /of(ZAs)2 ’

That is, A. (and so Z4 ) is a functional of Z.
Finally, by the definition of F*¥ and the last assertion,

FU9 D o({Zy: s>0}) D2 0({Za, : s> 0}).

Therefore, using (2.57), we conclude that B. is independent of Z4 . O

The following elementary lemmas were used to show Lemma 2.25.
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Definition 2.35 Two processes U = (U)o and V' = (V;);>0 defined on the

same probability space are modifications of each other if
for each t > 0, U, =V, a.s.
They are indistinguishable if

U, =V, for each t > 0, a.s.

Lemma 2.36 Let U and V' be two random variables on the same probability
space satisfying U >V a.s. with U having the same law as V. Then U =V

a.s.

Proof. Let Q denote the set of rational numbers and P the probability measure.
Then

(V<= J{v<e<U}=J{v<a\{U<q}).

q€Q qeQ

If P(V < U) > 0 then there exists ¢ € Q such that P(V < ¢q) > P(U < q),

but this contradicts the assumption that U and V have the same law. O

Lemma 2.37 If U = (U)o and V = (V})i>0 are modifications of each other

and have a.s. continuous paths then they are indistinguishable.

Proof. Let Q denote all the non-negative rational numbers. Consider the
event A ={U, =V, ¢ Q"} and its complement (in Q)

A= | JA{U, # Vi)

qeQt

Since U and V' are modifications of each other, it follows that {U, # V,}
is null for each ¢ € Q" and then it is clear that A happens a.s.

Finally, every t > 0 can be approximated by a sequence of rational numbers,
say {q,(t)}°2, C Q*. Thus, by the a.s. continuity of the paths, we have that:

Ut = lim an(t) = lim V:]n(t) = W, Vi Z 0, a.s.
as required. [0
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Chapter 3

Control of stochastic volatility

3.1 Setting and problem statement

In this chapter we derive the solution of a zero-sum game of stopping and
control. The solution is presented in Section 3.3.2, under verifiable conditions.

Examples where these conditions are satisfied are provided in the next chapter.

Theorems 3.16 and 3.17 state that the value of the game identifies with
the value function of certain optimal stopping problem associated to an ex-
tremal scenario. In particular, we exhibit a saddle point under the assumption
that the space of control values is compact. The proof is based on analytical
methods for which smoothness of such a candidate value function is required.
To show the latter, the strong Markov property as well as the probabilistic

representation of solutions to Dirichlet-type problems are the main tools used.

The setting is similar to that of Sections 2.2.1 and 2.3.1 with the main
difference that here, we allow for some parameter uncertainty in the dynamics
of Y. This uncertainty is incorporated through the @Q-matrix (MC case) or
the drift of the volatility (diffusion case), and is represented in either case by
the parameter process m = (m);>0. The standing assumption is that 7 is only

known to lie within two level-dependent values at each time.

Let (X,Y) be defined on a probability space (€2, F, P), and adapted to a
filtration IF := (F;):>o of sub-o algebras of F. The process X evolves with the
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dynamics

where B is an F-adapted Brownian motion, and a, ;1 are continuous functions
and a?(-) > 0. Now, Y = Y7 is a continuous-time controlled Markov chain
or a controlled diffusion process. More precisely, the sample paths of Y are
affected by a control process m = (m;)i>0 adapted to F. Such a process belongs

to a set A of admissible controls which we now define.

Definition 3.1 (Admissible controls)

(i) Let S be a finite subset of (0,00) (which we assume to be {1,2,... ,m}
without loss of generality). At time t, given y,y’ € S, m[y,y'] represents the
infinitesimal rate at which Y; jumps from y to y’. We write 7; to denote the

matrix (m[y, v']).

Let 4y be the class consisting of all F-adapted processes m = (m;)>0 with

values in the space of (Q-matrices of jump rates on the state space S.

The set A of admissible controls is defined as

A={m=((my,y]) )z0 € U : mly,y] € Ayy, v,y €S, t >0},

where A, ,, = {0} if [y —¢/| > 1 and A, is a compact subset of [0,00) if
ly —v'| = 1. In other words if 7 € A then, for each t > 0, (m[y,y]) is a

tridiagonal m x m-matrix satisfying:

mly,y1=0 ifly—y|>1,  mlyy]>0 ifly—y|=1 > mly.y]=0
y'eS

(ii) Let 4p be the class consisting of all F-adapted processes m = (7)¢>0 with

values in R. Given w € ip, suppose that Y7 satisfies the equation
dY, = n(Y;)dB) + m, dt,

where BY is an F-adapted Brownian motion, F-adapted, with (B, BY), = §t
for some § € [—1,1], and 7 is a continuous function with n*(-) > 0. Assume
that Y™ has state space S C (0, 00).
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The set A of admissible controls is defined as
A={r=(m)>0 € Up: m € Ay,, t > 0},
where A, is a compact subset of R, for each y € S.

In either case, we denote the family of admissible controls by A and the
state space R x S of (X,Y) by £. The precise description of the sets will be

apparent from the context.

Remark 3.2 If 7 € ¢ is constant, that is m[y, y'] = qly,y] for all y, ¢/ € S
and all ¢ > 0, then we are in the setting of Section 2.2.1. If 7 € ip is such
that m; = 6(Y;) for all t > 0, then it corresponds to the setting of Section 2.3.1.

For each T' € [0, oo], denote by My the family of all stopping times 7 with
respect to the filtration F, which are no greater than 7. If T' = oo we simply
write M.

For each m and 7, define the objective function

Jpy(T,m) = Ey ) [e“”g(Xf) —/ e *%e(XT) ds] , (ryy) eR xS, (3.2)
0

where a > 0, g is a non-negative and continuous function, and ¢ is a non-

negative and bounded function.

Throughout this chapter, we assume that lim; ., e *g(X]) = 0 a.s. for
each 7, so that e=*7¢g(X7) = 0 on the event {7 = co}.

Problem. Find a pair (7, 7) such that

supinf J, ,(7,7) = Jy (7, 7) = inf sup J, , (7, 7). (3.3)

T

where 7 is chosen from My and 7 from a set A of admissible controls to be

specified below.

This Problem is associated to a zero-sum game of stopping and control
with objective function J, ,(7,7), in which the maximizer chooses a stopping
rule 7 € My whereas the minimizer chooses a control @ € A. It is common

to refer to (7,7) as a saddle point and J, ,(7,7) as the value of the game.
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3.2 Optimal stopping and regularity

Suppose that (X,Y) is the strong Markov process taking values in £ = R x S,
given as in either Section 2.2.1 (regime-switching) or 2.3.1 (diffusion) setting,
and X has drift as in (3.1).

Consider the value function:

o(zy) = sup B, [e-wgm)— | e%c(Xs)ds]. (3.4

TGMT

When T < oo, we will need to emphasize the dependence of the value

function on the time to expiration: for each t € [0, 7],

v(z,y,t) = sup E,,le “g(X;) —/ e “c(Xy)ds]. (3.5)
TEM, 0

Notice that v(z,y,0) = g(x) and v(z,y,T) = v(z,y).

Typically, there are two related approaches to study the value functions
in (3.4)-(3.5): the martingale and the analytical one. The first one refers
to a probabilistic interpretation of v, whereas the latter refers to regularity
properties of v as a real-valued function. These approaches are linked through
the probabilistic representation of the solution of an appropriate free-boundary

problem, which coincides with v.

3.2.1 The infinite horizon case

Assume that the time horizon is infinite, i.e. T = .

We know that (see Theorem B.3 and Remark B.4) the optimal stopping
time in the problem (3.4) is given by

™ =inf{t > 0: (X, Y;) ¢ C} < o0, (3.6)
the first exit time of (X3, Y;) from the so-called continuation region

C={(z,y) €& v(z,y) > g(x)}.
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That is,

*

o(z,9) = Es, [e—aT*g<XT*)_ /0 Lo sc(Xs)ds}.

We proceed to derive some analytical properties of v. The approach re-
lies on some regularity of the parameters of the problem, including a prior:

information on the value function itself, as we see next.

We start with the diffusion setting.

Proposition 3.3 (Diffusion case) Suppose that the infinitesimal generator
L of (X,Y), acting on functions h : £ — R with h € C**(£), is

1 1 0? 0 0

82
- 2 2_ - 2 _ s o
2@(96) Vgt (y)ay2 +“(I)ax +7T(y)ay- (3.7)

Assume that the functions a,u,n,m™ and c are locally Holder continuous. If
v(z,y) is (jointly) continuous then v is the probabilistic solution of the Dirichlet-
type problem
(L — a)h(z,y) = c(z), inC
h(z,y) = g(z), on OC.

In particular, v is C%? in C.

Proof. The assertion v(z,y) = g(x) on OC is clear.
Since both v and g are continuous, C is open. Fix (z¢,yo) € C and let U be
an open ball centered at (xg, yo) which is strictly contained in C. Now consider

the revised Dirichlet-type problem

(L — a)h(x,y) = c(z), inU

(3.8)
h(z,y) = v(z,y), on OU.

Thanks to the continuity assumption on a and n and that a(-)% n(-)* > 0,
we have that a(-)?,n(-)? are bounded away from zero in any bounded open
interval. This fact together with & C (0, 00), imply that the operator L. (and
so L — «) is uniformly elliptic in any bounded subset of £ = R x S (see [16]
for definition of ellipticity).

Given that a, u,n, 7™ and ¢ are locally Holder continuous, that v is contin-

uous, and the fact that I — « is uniformly elliptic in U, there exists a unique
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solution h to (3.8) which belongs to C*2(U) N C°(U) (see [17, Theorem 6.13]
or [16, Theorem 6.2.4]).

Applying Ito’s formula to e~ *h(X,Y;), it follows that the probabilistic

representation of A in U is given by
TU
h(z,y) = Eyy eV 0(X,,, Yo,) —/ e_o‘sc(Xs)ds} , (z,y) € U,
0

where 777 is the first exit time of (X,Y’) from U (see also [16, Theorem 6.5.1]).

Moreover, by the strong Markov property of the diffusion (X,Y"), and using
the fact that 7y < 7%, it follows that h(z,y) = v(x,y) everywhere in U (see
Lemma B.5). In particular, the partial derivatives vy, vy, vz, v, exist and are

continuous at (g, yo)-

Since (xg,yo) € C was arbitrary the claim of the proposition follows. O

We now proceed to verify the smoothness of v(+, y) in the regime-switching
case. An important difference from the previous setting is that the associated
Dirichlet-type problem is not in its classic form because the infinitesimal gen-
erator of (X,Y’) is not a linear partial differential operator. We use a local
argument to freeze the Markov chain Y; at the first jump time so that X;, up
to this time, is an autonomous process and the associated generator is a linear
partial differential operator. Although this technique is natural, we are not

aware of its application in the literature.

For each y € S, let Cy be the y-section of the continuation set, that is,
C,={reR:(z,y) €C}.

Proposition 3.4 (Regime-switching case) Suppose that the infinitesimal

generator L of (X,Y), acting on functions h : € — R with h(-,y) € C*(R), is
1 y o 07 0

52 T g+ k(e y+1) = hlz, g + [h(z,y = 1) = Az, )]y,

(3.9)

where Ay, py > 0 are the upwards and downwards jump rates, respectively.

Assume that the functions a,p and ¢ are locally Hélder continuous. If v(-,y)

18 locally Holder continuous, then v is the probabilistic solution of the Dirichlet-
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type problem
(L—O[)h({b,y) :C(x)a inC

h(z,y) = g(z), on OC.

In particular, for each y € S, v(-,y) is C* in C,.

Proof. The assertion v(z,y) = g(x) on OC is clear.

Since v(-,y) and g are continuous, C, is open.

Fix y € S and choose an arbitrary zy € C,. Let I = (I,u) be an open
interval centered at x( such that I C C,.

Define f(z) := A\jv(z,y + 1) + p,v(z,y — 1), which is a locally Holder

continuous function, and the linear ordinary differential operator L by

L=ty 2 v L~ wty) (3.10)
2 Yoz "My v '
where k(y) = A, + p, (the rate of leaving y). Since a is continuous and

a?(+) > 0, the operator L is uniformly elliptic in .

Consider the Dirichlet problem (in the variable x):

(L—a)H(x) =c(z) — f(x), in [
H(l) =v(l,y), (3.11)

Given that a,pu and ¢ — f are locally Holder continuous in /I, and that
L — « is uniformly elliptic in I, there exists a unique solution H to (3.11)
which belongs to C2(I) N C°(I) (see [17, Theorem 6.13]).

Define h on I x S as follows: for each x € I, set h(z,y) := H(x) and
h(z,y') == v(x,y’) for ¢y’ # y. Now, we aim to give a probabilistic representa-
tion of h(x,y), = € I.

Let T} be the first exit time of X from [ and T be the first jump time
of the Markov chain Y from y, and set 7 = T7 A T;. We can apply Dynkin’s

formula to obtain, for all x € I,
h(z,y) = Ewye " h(Xo,Y.) — Es, [ / 5 (L — a)h(X., Y.)ds|
0

%)



On the one hand notice that, for all s < 7,

(L - Oé)h(XS’ Y:?> = (L - Oé)h(Xs, YS) + f(Xs) = C(Xs)'

On the other hand, h(X;,Y;) = v(X,,Y;) because of the boundary condi-
tion on H and the definition of h. Putting the latter facts together,

T

h(z,y) = Eqy {e“v(XT,YT) — /

e“sc(XS)ds} ,x el
0

Moreover, using the strong Markov property and the fact that 7 < 7%, it
follows that h(-,y) = v(-,y) in I (see Lemma B.5). But A(-,y) = H(:) in
I, which implies that (L — a)v(z,y) = c(x), for all z € I, as required. In
particular, v(-,y) € C*(I).

Since y € S and zy € C, were chosen arbitrarily, the claim of the proposition

follows. O

Remark 3.5 The arguments in the proof of Proposition 3.4 are not restricted
to the case where the ()-matrix of Y is tridiagonal. We only assumed this to

tailor the result to our setting.

Remark 3.6 We know from Theorem B.3 in Appendix B that, defining
t
V= e (X, Y;) — / e %e(Xy) ds,
0

the stopped process Via;» = (Viar+)i>0 s a martingale under P, ,, for each
fixed (z,y) € €.

If moreover V..~ is known to be uniformly integrable (e.g. when g is
bounded), then the assertion h(z,y) = v(z,y) in the proofs of smoothness of v

are readily seen. For instance, in the proof of Proposition 3.3, we obtain that
h(iL‘, y) = E:c,y V;'U = Ez,y V:r* = U(-CC’ y)

since 7y < 7* (see Theorem I1.3.2 in [39]). This holds even if 7 = oo with

positive probability (see Appendix B for more details).
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3.2.2 The finite horizon case

Let us now assume that the time horizon is finite, i.e. T < 0.

Fix t € [0,7]. We know that (see Theorem B.3 and Remark B.6) the
optimal stopping time in the problem (3.5) is given by

7, =inf{0 <s<t: (XY, t—s)¢C} <t, (3.12)
the first exit time of (X, Y;,t — s) from
C={(x,9,u) € £ x [0,T]: v(w,y,u) > glx)}.

That is,

)= [t [ e
0

9
ot’

where L will be either the operator (3.7) in Proposition 3.7 or (3.9) (with
h(x,-) replaced by h(zx,-,t)) in Proposition 3.8. Although the idea of the

proof of smoothness of v is very similar to that of the infinite horizon case,

In the next statements we consider the parabolic operator L. — o —

we provide the proofs for completeness. Since T' < co, we show instead that
v identifies with the solution of a revised initial-boundary value-type problem
by restricting the domain to a bounded cylinder contained in C with v as the
boundary condition. Again, the strong Markov property of (X,Y’) plays an

important role for this identification to hold.

Proposition 3.7 Let the assumptions of Proposition 3.3 be satisfied. If v(x,y,t)
is (jointly) continuous then v is the probabilistic solution of the initial-boundary

value-type problem

(L—a—0/0t)h(z,y,t) = c(x), inC,
h(z,y,t) = g(z), on dC,

where 1L is in (3.7). In particular, v is C**! in C.
Proof. The assertion v(x,y,t) = g(z) on OC is clear.
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Fix (zo,y0,t0) € C. Since both v and g are continuous C is open, and
so we can choose an open rectangle R around (xg,1o) and an open interval
I = (t1,ty) around ¢, such that the cylinder @ = R x [ is open and contained
in C.

Let B" denote the interior of Q N {t = t,} (this is the area obtained by
intersecting the closure of the cylinder with the right end-point of I, and

without the edge) and consider the revised initial-boundary value-type problem

(L—a—0/0t)h(x,y,t) = c(z), in@QuUB"

(3.13)
h(z,y,t) =v(z,y,t), on IQ\B".

The operator L. — o — 9/t is uniformly parabolic in ). This property is
inherited from the uniform ellipticity of L in R and the fact that the functions

a and 7 are time-homogeneous.

Given that, by assumption, the functions a, u,n, 7 and ¢ are locally Holder
(hence uniformly Holder in @) and v is continuous, there exists a unique
solution A to (3.13) which is continuous in @ and has continuous derivatives
P, by, By, By, By (see [16, Theorem 6.3.6]).

Take an arbitrary (z,y,t) € @ and let 7 be the first exit time of the process
(X, Ys,t — s) from @ (notice that it cannot exit across B"). Applying Itd’s
formula to e=**h( X, Y;,t — s) we obtain that the probabilistic representation

of h in @ is given by

Q
h(z,y,t) = Ey, e “Rv(X,,, Y, t—TQ)—/ e_a“c(Xu)du}
0

Q) Q)

Finally, using that 7o < 7/, one sees that h(z,y,t) = v(z,y,t) everywhere
in @ (see Lemma B.7). In particular, v € C**1(Q).

Since (xg, Yo, to) € C was arbitrary the proof is complete. O

In what follows, for each y € S, C, denotes the set

Cy:={(z,t) e Rx[0,T]: (z,y,t) € C}.
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Proposition 3.8 Let the assumptions of Proposition 3.4 be satisfied. Ifv(-,y,-)
is locally Holder continuous then v is the probabilistic solution of the initial-

boundary value-type problem

(L—a—090/0t)h(z,y,t) = c(x), inC
h(z,y,t) = g(z), on OC.

where L is in (3.9). In particular, for eachy € S, v(-,y,-) is C*' in C,.

Proof. Fix y € S and (w9, to) € C,.
Since v(+,y, -) and ¢ are continuous, C, is open. Let () be an open rectangle
around (g, tp) such that ) C C,, and B" be the upper open edge of Q.
Define f(x,t) := A\jv(z,y + 1,t) + p,v(x,y — 1,t), which is a continuous
function, and recall the operator L in (3.10).

Consider the classical initial-boundary value problem

(L —a—0/0t)H(z,t) = c(x) — f(z,1), in@QuUB"

(3.14)
H(z,t) =v(z,y,t), on 0Q\B".

The operator L — o — 0/0t is uniformly parabolic in Q). Arguing as before,
by Theorem 6.3.6 in [16], we conclude that there exists a solution H to (3.14)
which is continuous in @ and such that H(z,t) € C%(Q).
Recall that y € S is fixed from the beginning. Now, for each (¢,x) € Q
and 3y’ € S, set
H(z,t) ify =y

h(x,y' t) ==
v(z,y',t) ity #y.

Using this function and a local argument (we freeze Y at its first jump),

we will show that

v(x,y,t) = H(z,t) in Q.

Take (¢,x) € Q. Consider the stopping times T} = inf{s > 0: (X;,t—s) ¢ Q}
and Ty = inf{s > 0: Y, # y}, and set 7 = T3 A Ty. Notice that 77 <t a.s.
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Since Y; = y up to the time 7, an application of Dynkin’s formula yields

b, .8) = Euy [6h(X,, Vet~ 7]

- B,y [/ e "(L—a—0/0t)h(Xs, Y, t — s)ds| .
0

Now, h(X,, Y, t —7) = v(X,,Y,,t — 7) a.s. Indeed, if 7 = T} we use
the boundary condition in (3.14), otherwise the equality still holds by the
definition of h.

Moreover, after a simple algebraic manipulation it can be seen that, for
each (t,z) € Q,

(L—a—090/0t)h(z,y,t) = (L —a—0/0t)h(z,y,t) + flz,t) = c(x).

We then arrive to the expression

T

hz,y,t) = Epy |e“T0(X, Yot —7) — /

e_“Tc(XS)ds] .
0

Upon recalling Lemma B.5 it is seen that h(-,y, ) = v(-,y,-) in Q. But
h(-,y,-) = H(x,t) in @, which in turn yields that (L—a—090/0t)v(z,y,t) = ¢(x)
and in particular v(-,y,-) € C*1(Q).

Since y € S and (¢, yo) € C, were arbitrary, the proof is complete. O

3.3 Characterization of the value of the game

Proposition 3.9 Suppose that there exists T € My and © € A, and a func-
tion w(z,y) : € — R such that

w(x,y) < Jpyu(7,m), and w(x,y) > Jpyu(7,7), (3.15)
forallme A and 7 € Mp. Then w is the value of the game, that is,

supinf J, ,(7,7) = w(z,y) = inf sup J, , (7, 7). (3.16)

T

If w(z,y) = Ju (T, 7) is such a function, then (7,7) is a saddle point.
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Proof. Fix an initial condition (z,y) € £.
The last assertion simply refers to the defining property of a saddle point.
The first inequality in (3.15) implies two things: first, that w(z,y) <
sup, Jy (7, ) for all m, which yields

w(z,y) <infsupJ, (7, 7);

second, that

w(z,y) <inf J, (7, 7) <supinf J, ,(7, 7).

T

Similarly, the second inequality in (3.15) also implies two things: first, that

w(x,y) > inf, J, (7, m) for all 7, and so
w(zx,y) > supinf J, (1, 7);
and finally, that

w(x,y) > sup Jy, (7, 7) > inf sup J, , (7, 7).

Putting all together we can see that if w satisfies (3.15) then it is the value
of the game. O

The saddle point, if it exists, may not be unique as the following example

shows.

Example 3.10 Suppose that g(z) = 0 and that ¢(z) > 0 for all x € R. Then
Jpy(T,m) <0 for all 7 and 7.

Set 7 = 0, and note that J,,(7,7) = 0 for all 7. Hence, for each 7, the

pair (7,7) is a saddle point and w(x,y) = 0 is the value of the game.
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3.3.1 Verification theorems

For each constant m € A,, denote by L™ the operator

1 0? 1 0? 0 0
L™= sa(@) g’ 55 + §n2(y)a—y2 + () 5+ "oy

Theorem 3.11 (Diffusion case, T = o0) Assume that the horizon T is
infinite.  Suppose that w : € — R is a continuous function such that the

following conditions hold:

(i) Its restriction on the open set C = {(z,y) € € : w(x,y) > g(x)} is C*2,

and satisfies

inj (L™ — a)w(x,y) = c(z), in C,
mety (3.17)
w(z,y) = g(z), on E\C,

where the infimum is taken over all constant and admissible values.

(i) For each m € A, let 7 =77 :=inf{t > 0: (XT,Y) ¢ C}. The family
{e Tw(XT,YT) : finite T < 7} is uniformly integrable.

(iii) For each m € A, limy_,o0 By ye*w(X],Y,™) = 0.

Then
w(x,y) < Jpyu(T,m), for all m € A. (3.18)

Proof. Fix an initial condition (z,y) € &.

Pick an arbitrary m € A and define the process N(m) = (Ny(7))i>0 by
Ny(r) == e “w(XT],Y]), t>0.

For each R > 0, let Ug denote the open ball centered at (z,y) of radius R,

and let 7p denote
TR = min{7, inf{t > 0: (X[, Y)") ¢ Ur} } < 0.
Notice that 7, — 7 a.s. as R — oo.
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Since w is a smooth function in C*?(C), we can apply Ito’s formula for

semimartingales (see Theorem I1.33 in [38]) to obtain

tATR
Niprp (1) —w(z,y) = / e “(Ly — a)w(X), Y, )du+ Mip.,,
0

where

t t

My = [ (XT YD) aXDYFAB, + [ e, (XYY )BY

0 0

and for each w € (1,

ol a1, P ) )
Li(w) = a()"y 52 T 5 (y)ay2 + u(fv)agj + ”u(“)ay'

Given that w,, w,,a and 1 are continuous, they are bounded in Ug. This
implies that M., has bounded quadratic variation for each ¢ > 0, and hence

the process M. ,, is a true martingale.

Moreover, by (3.17) we have that

(LF — a)w(X,,Y,) > inAf (L™ — a)w(X,,Y,) = c(Xy), inC, (3.19)
Tu €AY,
which yields
tATR tATR
/ e (LI — a)w(XT, Y. )du > / e (X du.
0 0
Hence for each R > 0,

tATR
Nual®) = wlag) 2 [ e e(XD)du+ My,
0

and after taking expectation we obtain

t/\’TR
w(z,y) < E,, |:Nt/\TR(7T) —/ e Me(XT)du| . (3.20)
0
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Using that 74 — 7 a.s. and the continuity of w we obtain the limit
lim Nipr, (1) = e M (XL VL), as.
R—o0
and further

lim e M (X7 VL) = e g(XT), on {7 < oo} as.

by the definition of 7.
Since the family {e~*"w(X7,YT) : finite7 < 7} is uniformly integrable by

TYTT

assumption, it follows by dominated convergence that, for each t > 0,
T B,y [Ny (1] = By o™ (X0, Vi3]
On the one hand, by dominated convergence, we can see that

lim By (6™ w(X7,s, Yia)I(F < 00)] = Euyle™ g(XT)]

t—r00
since e *7g(XT) =0 on {7 = oo} a.s.

On the other hand, the assumption in (iii) yields

lim B, ,le”*w(X],Y)I(7 = 00)] = 0.

t—o00

Therefore, after taking the limit as R — oo and t — oo in (3.20), we obtain

w(z,y) < Eyy {e‘o‘%g(X;r) —/ e c(X;r)du} = Jy (7, 7),
0

where we also used monotone convergence for the Lebesgue integral part. This

verifies (3.18), since m was chosen arbitrarily, and the proof is complete. O

In what follows, each constant, admissible Q-matrix (7[y,y']), denote by

L™ the operator

L w(z,y) = %a(xf Y wee(2,y) + plx)we(z,y) + [w(z,y + 1) — w(z, y)]xly, y + 1]

+ [w(x,y - 1) - U}(ZE,y)]ﬂ'[y,y - 1]
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Theorem 3.12 (Regime-switching case, T' = o) Assume that the horizon
T is infinite. Suppose that w : £ — R is a function such that for each v € R,

w(z,-) is bounded; and for each y € S, w(-,y) is continuous. Suppose that:

(i) The restriction of w(-,y) : R — R on the open set C, = {v € R :
w(z,y) > g(x)} is C?, and that the function w satisfies

inf (L™ — o )w(z,y) = c(x), in C,
™ (3.21)
w(z,y) =g(x),  on&\C,

where C = {(z,i) € £ : w(x,i) > g(x)} and the infimum is taken over

all constant and admissible (Q-matrices.

(ii) For each m € A, let 7 = 77 := inf{t > 0 : (X[,Y]) ¢ C}. The family
{e7*w(XT,YT) : finite T < T} is uniformly integrable.

(iii) For each m € A, limy_,oo E, ye*w (X[, Y") = 0.

Then
w(x,y) < Jpyu(7,m), forall m e A. (3.22)

Proof. The only consideration to bear in mind in this setting is the form of
the operator LT (w)w(z,y), which is now given by
1
@) Y wea(w,y) + pl@)ws(z,y) + [wlz,y +1) — wlz,y)lmly, y + 1](w)
+ w(z,y — 1) —w(z,y)mly,y — 1) (w).
The rest of the arguments are identical to those in Theorem 3.11. O

Remark 3.13 Condition (i) of Theorems 3.11 and 3.12 may also be stated
using variational inequalities. That is, we may require instead that w satisfies

the following:
w(z,y) > g(xr) everywhere, ir;f (L"'w—aw—c)>0 inC  (3.23)
where C = {(z,y) € £ : w(z,y) > g(z)}, and
min {inf (L"w —aw —c¢), w— g} = 0. (3.24)

™
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The disadvantage of this formulation is that it needs w and g to satisfy enough
regularity conditions to belong to the domain of L™, unlike the formulation in
(3.17) and (3.21) which only assumes that w is C? in C and g is non-negative

and continuous.

When T < oo the arguments in the preceding proofs are virtually the
same, except for natural changes in the notation. Then we only give the

corresponding statements.

Theorem 3.14 (Diffusion case, T' < o) Assume that the horizon T is
finite. Suppose that w : € x [0,T] — R is a continuous function such the

following conditions hold:

(i) Its restriction on the open set C = {(z,y,t) € € x [0,T] : w(x,y,t) >
g(z)} is C*21 and satisfies

ilTlrf(L”—a—a/at)w(x,y,t) = c(x), in C,
w(z,y,0) = g(x), on £ x {0}, (3.25)
w(z,y,t) = g(x), on € x (0, T)\C,

where the infimum is taken over all constant and admissible m € A,.

(ii) For each m € A, let 7 =77 :=inf{t > 0: (X[, Y, T —t)¢C} <T.
The family {e=*"w(XT, Y, T —7): 7 <7} is uniformly integrable.

Then w(z,y,T) < Jyu (7T, m) for all m € A.

Theorem 3.15 (Regime-switching case, 7' < c0) Assume that the horizon
T is finite. Suppose that w : € x [0,T] — R is a function such that for each
(x,t) € R x [0,T], w(x,-,t) is bounded; and for each y € S, w(-,y,-) is

continuous. Suppose that:

(1) The restriction of w(-,y,-) : R x [0,T] = R on the open set C, = {z €
R: w(x,y,t) > g(x)} is C*'.
Also, w satisfies (3.25) where the infimum is taken over all constant and

admissible Q-matrices m = (m|y,y']).
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(ii) For each m € A, let 7 = 7™ :=inf{t > 0: (X[, Y, T—t)¢C} <T.
The family {e~*"w(XT, Y™, T —1): 7 < 7} is uniformly integrable.

Then w(z,y,T) < Jp, (7, m), for all m € A.

3.3.2 Existence of a saddle point

In this section, we characterize the value of the game problem, stated on page
51, as the value function of an optimal stopping problem associated to an

extremal scenario.

In the context of Proposition 3.3, suppose that 7(y) is replaced by the

admissible control,
™" (y) = inf A, yeS C(0,00),

which is well-defined since A, is a compact subset of R. In particular 7™ =

(7™1(Y;))s>0 is an admissible and Markovian control.

Let (X;,Y;) = (X™",Y;™") be the associated diffusion process and v™™" the
corresponding value function as in (3.4). From now on we avoid to write the

superscript on (X™", Y, for ease of presentation.
t t

When T' = oo, the following convergence in probability will be assumed:

For each 7 € A, e~ tymin( X Y™y 250 (3.26)

This condition holds, for instance, when ¢ is bounded.

Theorem 3.16 (Diffusion case) Let T € [0, 00| be the time horizon. Sup-

pose that the functions a, pu,n, ™™ and c are locally Holder continuous, v™"

is continuous, and v™™ is non-decreasing as a function of y. If T = oo also
assume that (3.26) holds. Then, for each (x,y) € &,

supinf J, , (7, 7) = v™™(
s

x,y) = inf sup J, , (7, 7).

That is, v™" is the value of the game and (7%, 7™1") is a saddle point, where

*

T* is the optimal stopping time for v™®.
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Proof. Set & = 7™ 7 = 7* and w = v™®. We only have to verify (3.15).

To start, by the optimality of 7,
w(x,y) > Jyyu(7,7), for all 7 € My

with equality for 7 = 7.
(I) Suppose that T' = oo. We will verify Conditions (i)-(iii) of Theorem 3.11.

Since w(z, -) is non-decreasing, we have that for each y € S

A . w
7(y) = argmin — (z,y) m,
(y) = arg m oy &Y
for all x € R. Using this and Proposition 3.3 it follows that Condition (i) is
satisfied.

To check Conditions (ii)-(iii), first notice that the function w can be esti-

mated by

w(z,y) = Eyy e’afg()(}) —/0 easc(Xs),ds}

< E,, |supe * g(X;) } + E,, {/ eo‘sc(Xs),ds}
0

|l s>0

< Ery | supe™ g(X,) ] +D < o0
where we have used the triangle inequality and D > 0 is some constant due to
the fact that c is bounded. The expectation is finite because of the integrability
condition (1.3) on g.

Now, for each ¢ > 0 and m € A, (X[,Y/") is F;-measurable. The strong
Markov property of the diffusion (X,Y") (see for instance [36, Theorem 7.2.4])
when started from (X7, Y;") implies that,

e w(X],Y) < e Exgyr {sup e g(XS)} +D
s>0

= Eqy {Sup e ) g(X1y) | E} +D

s>0

< E., {sup e g(Xs) | .7'}} + D.

s>0
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Since (XT,YT) is Fr-measurable, we can even replace t by a finite stopping
time 7 € M with 7 < 7, in the above inequalities.

Setting S* = sup,>,e~** g(Xs) + D, the collection of conditional expecta-
tions {E, ,[S* | F;] : finite 7 € M} is uniformly integrable. Indeed, setting
D, = E,,[S* | F;], D, is F.-measurable and

lim sup E, (D, I(D; > K)) = lim sup E,,[S*"[( E,,[S" | ;] > K)]

K—oo + K—oo +

= lim B[S [(Epy[S7] > K)]

=B, [ lim S"I(E,,[S7] = K)] =0,

where we have used the tower property of conditional expectations, dominated

convergence and the fact that £, ,[S*] < oo.

As a consequence, the family {e”*"w (X", Y") : finite 7 < 7} also is uni-

T T

formly integrable, that is Condition (ii) holds.

Finally, using Condition (3.26) together with the fact that {e~*w(X[,Y,") :
t > 0} is uniformly integrable, we obtain (see Section 13.7 in [46]) that

e “w(X[,Y]) o

This proves Condition (iii).
Then
w(x,y) < Ju,(7,7), for all m € A,

and this concludes the proof when T = co.

(IT) Suppose that T" < oco. Likewise, it suffices to verify Conditions (i)-(ii)
of Theorem 3.14. This can be done in the same way as in part (I) with no

substantial differences. O
We now turn to the regime-switching case.

In the context of Proposition 3.4, suppose that the upward and downward
rates A, and p, are replaced by

At =inf Ay 0, and " =sup Ay, Y ES,

min

respectively. Denote by 7™" the tridiagonal Q-matrix with entries A7, ™,
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y € S. In particular, 7™" is admissible.

As before, let (X, Y;) = (XM Y™n) be the associated strong Markov

process and v™" the corresponding value function.

Theorem 3.17 (Regime-switching case) Let T' € [0, 00| be the time hori-
zon. Suppose that the functions a, p, c and v™™(-,y) (V™*(-,y,-) when T < c0)

min

are locally Holder continuous, and v™" s non-decreasing as a function of y.
If T'= o0 also assume (3.26). Then, for each (z,y) € &,

min(x, y) = infsup J, , (7, 7).

supinf J, ,(7,m) = v

T

That is, v™ is the value of the game and (7%, 7™") is a saddle point, where

*

T* is the optimal stopping time for v™®,

Proof. We only have to show that w = v™" satisfies Conditions (i)-(iii) of
Theorem 3.12 when 7' = oo and Conditions (i)-(ii) of Theorem 3.15 when

T < o00.

Here we set # = 7™ and use that the Q-matrix © = (#[y,v']) is such that,
for each fixed y € S,

Tly,y + 1] = argmin [w(z,y + 1) —w(z,y)] A,
AEAy y11

ly,y — 1] = argmin [w(z,y — 1) — w(z,y)] 1,
HEAy,y—1
and when T < oo simply replace w(zx, ) by w(zx, -, t).
Proposition 3.4 (resp. 3.8) and the expression for 7 above verify Condition
(1) when 7" = oo (resp. T' < 00).
The rest of the proof does not change in comparison with the proof of the

previous Theorem. [

Remark 3.18 (a). As stated in Theorems 3.16 and 3.17, the continuity of

the value function v™®

is required to identify it with the value of the game.
This requirement goes back to Propositions 3.3 and 3.4 to guarantee that
v™1 belongs to the domain of the associated operator L™, at least in the

continuation region C.
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There are well-known results regarding the continuity of v when (X,Y) is
a diffusion process. For instance, Krylov shows in Theorem 6.4.14 [35] that
the region where v is continuous coincides with the set where the infinitesimal
generator L of (X,Y) (see expression in Proposition 3.3 above) is elliptic,
provided the drift and diffusion coefficients o(x,y) and b(x,y) are Lipschitz

and satisfy a linear growth condition. Here,
lo(z,9)1? = a*(@)y? +1°(y),  [b(z,y)|* = u(@)® + x(y)*.

We do not impose, however, these conditions because they rule out some
classical examples. For instance, in the Heston model (S,V) appearing in
Section 4.3.2, the volatility coefficient of each component has the factor /x
which is not a Lipschitz function, but is Holder continuous.

(b). The non-decreasing property of the function v™"(z,-) was studied in
Chapter 2 in the case when X is driftless. Sufficient conditions are given for
instance in Theorems 2.6 and 2.16 (see also Section 2.4), under the assumption

that ¢ is non-negative. We extend these results in the next chapter to the case

when X has drift.
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Chapter 4

Application to option pricing

4.1 American options setting
Suppose that the dynamics of X are given by
dXy = Xy Y dBy (4.1)

and so that (X, Y) is like in the setting of Section 2.2 or 2.3, with the particular
case a(x) = z.

Note that the stochastic integral fg Y,dB,, t > 0, is well-defined since Y is
adapted and either a piecewise-constant or a continuous process. Then, X is

an exponential local martingale of the form

t 1 t
X, = Xy exp {/ Y, dBs — 5/ Y2 ds} , t>0, as. (4.2)
0 0

The American options we are interested in, pay g(e*” X,) when exercised
at a stopping time 7 before the maturity 7" € [0,00]. Assuming that the
probability measure P, , is used for pricing when Xy =z and Yy =y, (z,y) €

R, x &, the price of such an option is

v(z,y) = sup E,,[e""g(e*"X,)], (4.3)

0<r<T
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where the supremum is taken over all finite stopping times with respect to the
filtration generated by (X,Y’), and o > 0 stands for the instantaneous interest

rate.

The process (e X;);>o describes a simple model for the price of an asset

with stochastic volatility Y.

Since g is not applied to X, but to e*” X, some of the conditions for our

results in Chapter 2 have to be slightly adjusted.

First, the condition

E.y | sup e *g(e™X)|I(t < 00)| < 00

0<t<T

for all (x,y) € Ry x S is now assumed throughout.

The analogue to what was obtained in Propositions 2.11 and 2.21, but now

for the value function given in (4.3), is

v(z,y) = sup Ee Trg(e®™*G,)], (4.4)
pEMT

without imposing further conditions.

Following the proofs of Theorems 2.6 and 2.16, but now considering v(x, y)

in (4.4) instead, one can see that one only needs to verify that

EleTrg(e G,)] < Ele™Y%g(e?T*G,)] for every p € My, (4.5)

where Iy > I}, t > 0 a.s. This is the analogue of the crucial comparison in
(2.18).
Notice that (4.5) is true, for instance, when ¢ is non-increasing. More

generally, if we assume that

g is a non-negative and measurable function such that g # 0,

(4.6)
g(az) < ag(x), foralla > 1, z >0,
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then the inequality in (4.5) holds. Indeed, for each fixed p € My, simply

choose a = e*T»~T%) > 1 and note that

g(e?™ G,) = glae™ G,) < ag(e™* G,), a.s.

We obtain the following analogues of Theorems 2.6 and 2.16, respectively,

for the value function in (4.3).

Theorem 4.1 (MC case) Assume that g satisfies (4.6). Also assume that

Y is skip-free. Then, for each x € Ry, v(x,-) is non-decreasing on S.

Proof. By Theorem 2.6 and the previous discussion, we only need to verify
Condition C1 on page 13 but this is plain thanks to the special case a(z) = z.
O

Theorem 4.2 (Diffusion case) Assume that g satisfies (4.6). Also assume
Conditions C1’-C2’ on page 26 with a(x) = x. Then, for each x € R, , v(x,-)

1s non-decreasing on S.
Proof. The proof follows by Theorem 2.16 and the above discussion. O

Remark 4.3 Since a(x) = z, Conditions C1’-C2’ on page 26 become a con-

dition only on the autonomous process ¢ in (2.27).

The class of functions in (4.6) was introduced by Ekstrom [10] to compare
prices of American options when the volatility is stochastic but only depends

on the stock price process and time.

The following classes of functions satisfy the condition in (4.6):

e Non-increasing: it is plain that (4.6) holds.

e Concave: since ¢g(0) > 0, we have that g(Ay) > Ag(y) for any A € [0, 1]
and y > 0. Now, for any @ > 1 and = > 0, simply set A = 1/a and

y = ax to obtain the desired inequality.
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4.2 A regime-switching model

Consider the regime-switching model of Guo and Zhang [19] and Jobert and
Rogers [30] for the stock price process:

dSt = St(Zt dBt + T(Zt)dt),

and Z is an irreducible, continuous-time Markov chain with finite state space
S C (0,00) and independent of B. It is assumed that r(z) > 0 for all z € S =
{y1,y2, ..., Ym}. Here it is understood that y; < yo < -+ < Yp,.

The value of a perpetual American-type option with random discount is

given by (cf. equation (13) in [30])

(o) = By [exp (= [ (s ot50)]. @7)

TEF

where the payoff ¢ is a measurable function, and (z,y) € Ry x §. The supre-
mum is over all stopping times 7 with respect to F = (F;)¢>0 (we write 7 € F),
the augmentation of the natural filtration of (S, Z), and E, , denotes the con-

ditional expectation E[- | Sy = x, Zy = y.

4.2.1 From additive to linear discounting

In this section we show that the value function in (4.7) is non-decreasing in
y, which has an impact in determining the shape of the optimal stopping

boundary (see next section).

We shall further exploit the time-change technique to deduce that this value
function can be reduced to one with a linear discount factor, so that we can

apply Theorem 4.1.
Some of the ideas here are in the spirit of Cissé et al. [8].

Let us rewrite S; as follows:

t ¢
Sy =x+ / Sur'(Zy)dM, + / Sur(Zy)du
0 0
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where

r'(z) = — (4.8)

and

M, = /Ot \/1(Z,)dB,.

Define the random, additive functional R = (R;);>¢ and its right-inverse
A= (At)tzo by

¢
R; = / r(Zs)ds, Ap:=inf{s>0: R > t}.
0

The process R possesses all the properties as I' in (2.8), and so does A. In

particular, (M); = R; and A defines a time-change with A; = fot T;@)ds.
Define X; :=SoA; and Y, := Zo A, and Wy = M o A;, t > 0. Then

dXt = Xt(T"(Y;) th + dt), XO =, (49)

where W is an F4-Brownian motion (F4 = (Fg,)i>0). Also, arguing very

similarly to the way we did in Section 2.2.2, Y is a Markov chain with generator

LY f(y) = — L f(y), (4.10)

where L denotes the generator of Z, and f is any bounded and measurable

function.

The proof of the following result is exactly as that of Lemma 2.10, but
with different notation. We include the proof for completeness and ease of

reference.
Lemma 4.4 The following holds:

v(z,y) = sup B, [e ¥ g(S;)] = sup B,y [e g(X,)] (4.11)

TeF TEF 4

Proof. First, for every 7 € F, 7/ = R, € F4, by Lemma 2.4. Since

/

e_RTg(ST) - e_RTg(SART> =e g(XT’)
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we obtain
sup B, [e 7" g(S,)] < sup B,y [e77g(X,)] .

TelF TEIFA

Next, for every 7 € Fu, 7/ = A, € F, again by Lemma 2.4. Since
e Tg(Xr) = e Mrg(Sa,) = e g(Sh),

the other inequality must hold. O

Starting with the strong Markov process (S, Z) with respect to IF, the time-
changed process (X,Y) is also strong Markov but with respect to F4. Also,
the stopping times on the right-hand side of (4.11) can take values on the
entire half-line (0, 00) since lim; R, = co. In other words, we are in the setting
of Section 4.1 with: a modified volatility, namely 7/(Y;) instead of Yy; a unitary

instantaneous interest rate r = 1; and with infinite horizon T' = oc.

In [30], there was no assumption on the order of the values of r(-) what-
soever as the main focus of the authors is on pricing. But, for the purpose
of monotonicity of the function v(z,-), the order of the values of r(y) when

comparing different y’s becomes important.

Proposition 4.5 Assume that g satisfies (4.6). Also assume that Z is skip-
free and that r(-) is decreasing in its argument. Then, for each v € R, v(x,-)

is non-decreasing on S, where v is given in (4.7).

Proof. The process Y, as a time-change of the original Markov chain Z, inherits

the skip-free property of Z.
Also, notice that /(-) in (4.8) satisfies that for any y; < yo, 7' (y1) < 7/(y2).

The result now follows from Remark 2.14, Theorem 4.1 and Lemma 4.4. O

4.2.2 Threshold ordering

We are going to apply Proposition 4.5 in the case that the gain function is
g(x) = max{K — z,0} where K > 0 is the strike price.

The authors of [19] and [30] verified that the value function is uniquely
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attained at a stopping time of the form

where the vector bly;|, ¢ = 1,2, ...,m, is indexed by the states of the Markov
chain Z. The values bly;| are the so-called thresholds.

As part of the program to calculate the value of v(x, y), there is an standing
assumption: that bly;] > -+ > b[y,] (see PROBLEM 1 in [30]). It is then
stated in a footnote on the same page 2066 that “When it comes in practice
to identifying the thresholds, no assumption is made on the ordering, and all

possible orderings are considered.”
This approach has exponential complexity as the number of states in-

creases. However, our result in Proposition 4.5, reduces this complexity to

choosing a unique ordering, namely
blya] > -+ > blym]. (4.13)

Indeed, since 7* is the unique optimal stopping time for the problem in
(4.7), by general theory, it must coincide with the first time that the process
(X,Y) enters the stopping region {(x,y) : v(x,y) = g(x)}. Thus, as it is not

optimal to stop when ¢ is zero in this example:
v(z,y;) = g(x) for © < bly;]  while v(x,y;) > g(x) for x > bly]

for each ¢ = 1,...,m. Now suppose that (4.13) does not hold. Then, there
exists i such that bly;] < x < b[y;11] for some x. So v(x,y; 1) = g(x) < v(z,v;),
but this contradicts the result of Proposition 4.5.

4.2.3 Continuity of the value function in x

We learned, in Section 4.2.1, that we can study functional properties of v(z, y)
in (4.7) under an equivalent model (X,Y’) obtained by a suitable time-change.
The new pair (X,Y’) has the advantage that X has linear and deterministic
drift (unlike 5).
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In this section, we assume that the model for X is given by
dXt = Xt(}/t dBt -+ ,udt),

with Xy € Ry, where 4 € R and Y is an irreducible, continuous-time Markov
chain with finite state space S’ and independent of B. Notice that X is
explicitly given by
t 1 t
X, =X, exp{,ut+/ YSdBS—é/ des}, t>0, a.s. (4.14)
0 0

We are interested in the (Lipschitz) continuity of

w(x,y) = sup B, , [e"*"g(X;)] (4.15)

TeF

as a function of x. Here, o > 0 and the supremum is over all stopping times
7 with respect to the augmentation of the natural filtration of (X,Y), F. As

usual we assume that, for each initial value (z,y),

E,, {sup eatg(Xt)l < 00. (4.16)

t>0

Remark 4.6 The function w identifies with v in (4.7) via Lemma 4.4. Simply
set @ = p = 11in (4.14)-(4.15) and the state space of Y equals &’ = {r'(y) :
y e S}

We start with a simple result, which is a straightforward consequence of
the form of X in (4.14).

Theorem 4.7 Assume that g is a convex function. Then, for each y € S,

the function w(-,y) is convezr in R, .

Proof. Consider £/ := exp(ut + fot Y,dBs — % fot Y2ds), where the superscript
indicates that Yy = y. Then we can write w(z,y) = sup, Ele *"g(z EY)].
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Let A be in [0,1]. Then for each pair z, 2’ € Ry,

Aw(a,y) + (1= Nw(a',y) > sup {AE [e™*7g(x EN)] + (1 = N E [e*Tg(2’ EY)]}
>sup{ Ee " (Ag(zEY) + (1 - N)g(2' EY) ) }
>sup { Ee " g([Me+ (1 -\ €2) }
= whz + (1= N2, y).

That is, for each y, the function w(-,y) is convex in the positive half-line.[

Remark 4.8 An immediate by-product of the preceding proposition is that

if g is convex then w(-,y) is locally Lipschitz continuous in R.

Let us introduce some notation. From the general theory of optimal stop-
ping for Markov processes (see Appendix B), the continuation region for the
problem (4.15) is given by C = {(z,y) € Ry x & : w(z,y) > g(x)}. For each

y € §', consider the y-section
C, = {r Ry : wiz,y) > ga)}

In what follows we verify that w(-,y) is locally Lipschitz continuous in
C, and continuous across the boundary 9C, provided g is continuous. As a

consequence, we have the following results.

Theorem 4.9 Assume that g is non-negative and continuous. Then, for each

y € S', the function w(-,y) is continuous in R, .
Proof. The result follows from Lemmas 4.11 and 4.12 below. O

Theorem 4.10 Assume that g is non-negative and locally Lipschitz continu-
ous. Then, for eachy € §', the function w(-,y) is locally Lipschitz continuous

m R+.

Proof. The result follows from Lemmas 4.12 and 4.13 below. O
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Lemma 4.11 Assume that g is non-negative and continuous. Then, for each

y €8, the function w(-,y) is continuous in C,.

Proof. Fix y € S and denote by q¢ly] the rate of leaving y, that is, q[y] =
> iy qly,y']. Let 7* be the optimal stopping time for the problem with initial
condition (z,y). For any § € R satisfying z + § € R, the form of X in (4.14)
implies that

w(x+6,y) > E e g(Xp) | Xo=2+6,Yy =y]
-

ars [TFO
{ g( . XT*)Ionx,Yo:y-

Since g is non-negative and continuous, Fatou’s Lemma yields the inequality

E
E

liminfs o w(z + d,y) > w(z,y), i.e., w(-,y) is lower semi-continuous in R .
This in turn implies that the set C, is open.

Let I be a bounded open interval contained in C,,. It is enough to show
that = — w(x,y) is continuous in 1.

Denote by T and T the first exit of X from I, and the first jump time of
the Markov chain Y from vy, respectively. Set 7 = T1 AT;. Then we have that

7 < 7% and since (X,Y) is a strong Markov process it follows that
w(z,y) = Eyye w(X,,Y;), Voel. (4.17)

We shall show that the functions

Fi(z) =B, e " w(Xyp, Yr,) I{T1 < Ty}], and

Fy(2) :=E,, e *w(Xy,, Yp,) I{Ty < T} }]

are continuous in [, so that the result follows because w(z,y) = Fi(z) + Fy(z)
(since P, (11 =T3) = 0).

We next use the following fact to show the continuity of F} and Fy. Let X
be the solution to the equation dX; = Xt(y dB; + pdt) started at X, =z, and
killed at an independent, exponentially distributed random time e, ~ Exp(7).
That is, Xisa geometric Brownian motion started at Xo =Xo=xand X; =0
for all ¢ > e, where 0 is a cemetery point. We know that Xisa strong Feller

process (see [44]) and therefore, for every bounded and measurable function ¢
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on I U 9, the functions
z— Elp(Xp) | Xo=2] and zw— E[p(X,) I{t <T}| Xy = 2]

are continuous in I (see [5, Theorem 2.1 and Lemma 2.2]). By convention
¢(0) = 0.

Set ¢(z) = w(z,y) and e, = e, ATy, where e, ~ Exp(«) is independent of
Ty (that is, v = o + g[y]).

Since X is independent of Y = , and on the event {T} < T3} one has that
XTl = XTl, YTl =Y a.s.,

=] = Bo(Xn,) {T1 < e,} | Xo = 2,Yy =y
( ~T17y)[{crl < TQ}[{Tl < ea} ’ )N(O :ZE,YE] :y]
[w(XTpYTl)]{Tl < TQ}]{Tl < ea} | X() = ZL’,}/O = y]

/oo { ae_o‘sw(XTl, YTl) ]{Tl < Tg} I{TI < 3}} d3:|

G_Oéle(XTl, YT1) ]{Tl < TQ} / { Oée_a(s_Tl) dS} :|
T
= B, e M w(Xy, Yr,) I{T), < Ty}] = Fi(x).

Hence Fi(-) is continuous in .

Let us now turn to Fy(z). Since To ~ Exp(qly]),
Fy(z) = / glyl e W E, [e M w(X,, V) I{t < Ty} | To = t] dt.
0

Now, take y' # y and set ¢(z) = w(x,y’) and e, = e,, where e, ~ Exp(«)
is independent of T5.

Since X is independent of Yy = y and Tb,

Elo(Xy) I(t <Th)

Xo =] = E[p(X) I{t <T\} | Xo =2, Yo =y, Tp = ]
Ew(Xe,y) {t <Ti} {t < ea} | Xo=2,Yo =y, T = 1]
Elw(X,y)I{t <Th} I{t < ey} | Xo=2,Yy =y, To =]
E,ylew(Xy,v) I{t <Th} | To =]

ty
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for each ¢ > 0. The LHS of this chain of equalities (and so the RHS)
is continuous in I with respect to x. Hence the conditional expectation
E. e *'w(X, V) I{t < T1} | T> = t] in the expression for Fy(z), given
by

Ex7y[€7atw(Xt7yl) I{t < Tl} ‘ T2 = t]’
y'#Y
is also continuous in I with respect to z.

We conclude that Fy(-) is continuous in I by dominated convergence (recall

that w is bounded), and so the proof is complete. O

Lemma 4.12 (Continuous-fit) Assume that g is non-negative and continu-

ous. Then, for each y € S', w(-,y) is continuous on the boundary 0C,.

Proof. Let us fix y € §'.

We know that C,, is open (see proof of Lemma 4.11) and so it is the union
of countably many open intervals. We shall assume, for ease of presentation,
that C, is a half line of the form (b, co0) for some b = b[y] € R (like in Section
4.2.2) so that 0C, = {b}. The reasoning below applies likewise to the case
where (), is a union of open intervals without substantial changes.

Since w(z,y) = g(x) on (—oo,b] and ¢ is continuous, it is clear that w(-,y)
is left-continuous at b. It remains to see right-continuity.

Let 0 > 0. On the one hand, since (b+ 9, y) € C, we have
w(b+6,y) —w(by) = g(b+0) — g(b)
and so the continuity of ¢ yields

li%%nfw(b +4,y) —w(b,y) > 0. (4.18)

On the other hand, let 7% denote the optimal stopping time for the problem
with initial condition (b + d,y). Then

8

w(b+8,y) = B | e g(X,s) | Xo=b+8,Y =y

b
—E [e_még (%5)(75) | Xo=0b,Yy = y] .
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As 79 is suboptimal for the problem w(b, %), we obtain that

wlv+0.)—uto) < B | {o (UF0x0 ) 9060} 1 Ko =030 =

Using Fatou’s lemma (recall the assumption (4.16)) as well as the continuity
of the paths of X,

limsup w(b+ d,y) — w(b,y) <O0. (4.19)
510
Putting (4.18) and (4.19) together we conclude that w(-, y) is right-continuous
at b and the proof is complete. O

Lemma 4.13 Assume that g is non-negative and continuous. Then, for each

y €S, the function w(-,y) is locally Lipschitz continuous in C,,.

Proof. Fix y € §'. Let I be a bounded open interval contained in C,.

Take x,2' € I with x # 2/ and assume that X = (X;);>0 in (4.14) starts
at z. Also denote by X' = (X[);>0 the process satisfying (4.14) with driving
Brownian motion —B = (—B});> and started from X, = 2’. Suppose without
loss of generality that x > 2/ > 0 (the case 2/ > x > 0 is covered by symmetry).

Consider the coupling time
7(z,2') = inf{t > 0: X, = X,}.

Let 77 be the first time that either X or X’ exits from the interval I, and
T be the first jump time of the Markov chain Y from y. If 7 =T} AT5 then,
for each x € I,

w(x,y) = Fe “w(X,,Y,) and  w(a',y) =Ee “w(X.,Y;).

The function w(-, y) is bounded on [ (as it is continuous in C,), say by K/2 > 0.
Thus the difference in payoffs is bounded by K times the probability that the
processes X and X' have not coupled by first exit time from I and by first
jump of the chain. That is,

lw(x,y) —w(@',y)| < KP(Ty ATy < 7(x,2")). (4.20)
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We next argue that P(Ty < 7(x,2')) is O(x — 2') as ¢ — 2’ — 0.

After simple calculations, we see that X; = X] if and only if log(x) +
fot Y,dBs = log(x') + fot Y,d(—By). Setting r = log(z/x") > 0 and

t
R, ::r—i-/ 2Y,dB,, t>0,
0

it follows that 7(x,2’) = inf{t > 0: R, < 0}.
Let us consider A, := fot 4Y2ds, t > 0. By the DDS Theorem, we know that

there is a standard Brownian motion W such that R; and r + W}y, coincide.

Hence
T(x, 2y =inf{t >0: R, <0} =inf{t > 0: Wy, < —r}. (4.21)
Notice that by the continuity of the paths of A;,
{T <7(x,2")}C{Wy, > -1, Vs <Th} ={W,> —r, Vs < Ap, }.

Moreover, as the chain Y takes only a finite number of positive values, we have
that A; is bounded from below by k(t) = 4m?t where m is the smallest state

value. Hence,

{Ws > —r, VSSATQ}g{ir}‘f Wy >—r} C{ inf W,>—r}.

<Ar, s<k(Tz)

Hence
P(Ty < 7(z,2')) < P( inf W, > —7") .

s<k(Tz)
Since k(7,) has exponential distribution and is independent of B, it follows
that the right-hand side is O(r) as r — 0 (see e.g. [6]). Using that r =
log(z) —log(z"), we conclude that the right-hand side is O(x —2') as x—z’ — 0.
The probability P(7T; < 7(x,2')) can also be seen to be O(z — z’) as
x — 2’ — 0. Intuitively, as the starting points x and 2’ get arbitrarily close,
the probability that either X or X’ exits I before they couple gets very close

to zero. O

85



4.3 Two Bessel-type models

4.3.1 The Hull & White model

Consider the model for the stock price S and its instantaneous variance V' of
Hull & White (cf. (a)-(b) on page 284 in [25]):

dSt = St(\/vt dBt +r dt)

(4.22)
dVi = 2nV,dB} + kV, dt,

where 7, k are positive constants, and B, BY are independent Brownian mo-
tions. Setting X; = e 'S, and Y = v/V transforms the above system into

dXt = XtY; dBt

(4.23)
dY; = nY;dB) + 0Y; dt,

where 6 = (k—n?)/2. Assuming a positive initial condition y > 0, the equation
for Y has a pathwise unique positive solution for every n, 60 € R.

The system in (4.23) is a particular case of (2.26) with

a(z) =z,  nly)=ny, Oy =0y

We shall verify that Conditions C1’ and C2’ on page 26 are satisfied in this

context.

Calculating the equation for £ in (2.27) gives a constant diffusion coefficient
n and, if Z; denotes &;/n for each t > 0 then

0
dZ, = dW} + — Z; \dt.
n
We could easily rewrite the last equation as
o—1

dZ, = dW§ + TZ;I dt (4.24)

which formally is an equation for a Bessel process with dimension ¢ = 1 +

20/n? = k/n*. This equation, and so the equation for £, only has a unique
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non-exploding strong solution if ¢ > 2 and this solution stays positive when

started from a positive initial condition. Hence Condition C1’ holds true.

On the other hand, Condition C2’ requires that lim;_,,, I';y = 0o a.s., where

tl ) tl
F:/—du:n/—du, t>0.
he o Za

This is true thanks to Proposition 4.24 with p = 2, provided ¢ > 2.

Moreover, since Bessel processes are Feller processes (see [39, p446]), it

follows that 7, and so &, is a Feller solution.

Therefore, assuming ¢ > 2 (i.e. K > 2n?), the conclusion of Theorem
4.2 applies to American-type options (with either finite or infinite horizon)

whenever the corresponding pay-off function g satisfies the stated conditions.

4.3.2 The Heston model

Consider the model for the stock price S and its instantaneous variance V' of
Heston [22]:

dS, = S,(V'V,dB, + rdt)

(4.25)
AV, = 20V V dB) + Mk — V;) dt,

where 7, \, k are positive constants and B, BY are Brownian motions with
covariation ¢ € [—1,1].

The equation for V' describes the so-called Cox-Ingersoll-Ross process (also
known as the square root process) and it is well-known (see [9, p.391]) that,
with a positive initial condition, this equation has a pathwise unique positive

solution provided \x > 2n?.
Setting X; = ¢S, and Y = V'V transforms the above system into

dX;, = XY, dB,

t

0, (4.26)
dY, = ndB) + (7 — 92Yt> dt,

where 6; = (Ax —n?)/2 and 6, = \/2. Tt is clear that the pathwise uniqueness

of the equation for V' ensures the pathwise uniqueness of positive solutions of
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the equation for Y.
The system in (4.26) is a particular case of (2.26) with

ar) =2,  n()=1, e<y>=%—ezy.

Again, we shall verify that Conditions C1’ and C2’ on page 26 are satisfied

in this context.

Calculating the equation for £ in (2.27) yields

dg, = gde + (%l) - %) dt (4.27)

and hence Z; = f(&), with f(x) = 2?/(2n), satisfies

dZ, = dWE + (¢ —1 5) dt (4.28)
27,
with ¢ = 61/n* +3/2 =5 +1and 6 = by/n = 5.

Notice that the equation for Z above is that of a Bessel process with drift,
and so by changing to an equivalent probability measure, Z is a Bessel process
with dimension ¢. In other words, up to a change of measure, if ¢ > 2 then
Zy = f(&) is the unique, non-exploding strong solution to (4.28) and is strictly

positive a.s.

Since f is a strictly increasing and smooth function and so invertible on
(0,00), we have that & = f~!(Z;) is a positive strong solution to (4.27). We
claim that this is the only solution and so Condition C1’ holds provided ¢ > 2.
Indeed, if ¢ also solves (4.27), with the same driving Brownian motion and
same initial condition, then we must have that f(¢]) is a solution to (4.28).
But this equation has pathwise uniqueness, that is, f(&) = f(&) for all ¢ > 0
a.s. and this implies that & = & for all t > 0 a.s. because f~! is injective on
(0, 00).

Finally, the process

b 1 [t
Pt = —Qdu = —/ —du, t Z 0,
o Sa 2n Jo
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satisfies Condition C2’ if ¢ > 2, by Proposition 4.24 with p = 1.
The Feller property of the Bessel process Z carries over to £.

So, as in the previous example, the conclusion of Theorem 4.2 applies to
American-type options (with either, finite or infinite horizon) whenever ¢ > 2
(or Ak > 2n?) and the corresponding pay-off function g satisfies the stated

conditions.

4.3.3 Price scenarios

In stochastic volatility models, the drift of volatility typically characterizes the
choice of the pricing measure (which is not unique), but there is no definite

criterion telling us which measure should be used (see Hobson [23], [24]).

In this section we deduce that increasing the drift of volatility yields larger
American option prices. This is shown, for instance, by Hobson [24] for Eu-
ropean options with convex payoff; and by Ekstrom [10] for American options

but in the case V; = o(t, S;), so that there is not extra source of randomness.

Consider the system in (4.22) (or (4.25)) and suppose that (S, V@),
1 = 1,2, are the corresponding solutions which differ only in the coefficient
% = Kk > 0 and the initial conditions (S, V) = (z, y®) such that y@ < y®.
For each i = 1,2, the associated American option price is (cf. (4.3)):

v (z,y") = sup EL) [e77g(SW)]
0<r<T

In the previous sections, we verified Conditions D1-D2 on page 31. Now

consider the next situations:
Hull and White model. In the context of Section 4.3.1, assume that 2n? <
kY < K2
If Zt(i) = £t(i) /n denotes the associated Bessel process with dimension ¢() =
k¥ /n? as in (4.24), then 2 < o) < 3,
Heston model. In the context of Section 4.3.2, assume that 2n? /X < k! < K2
If Zt(i) = (ft(l) )2/(2n) denotes the associated Bessel process with dimension

o) = “2(:])2)‘ + 1 (up to a change of measure) as in (4.28), then 2 < ¢() < (2.
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In either of the above cases, Condition D3 on page 31 is also satisfied since,

by Proposition 4.23,
O<Z() Zt(), Vt >0, a.s.

Theorem 4.14 Assume that g satisfies (4.6). If the coefficients K, i = 1,2,

are related as above, then for each v € Ry
v (2, yW) <o (2,y®),  for all y® < y®.

Proof. The idea of the proof is outlined in the proof of Theorem 2.22, for which
all Conditions D1-D3 hold in this context. There are some natural changes

of notation. Here,

o (z,y) = sup B[ g(e™' G, (4.29)
p€M¥>

for each i = 1,2 and using that g satisfies (4.6) we obtain

~ o _, (1) _, 7@ (2) 1
Ele ™™ g(e™ G,) < Ele™™7 g(e™ G)] foreverype./\/lgr).

The last inequality completes the proof because M(Tl ) ¢ ./\/lg? ). o

Remark that there is no continuity assumption on g to obtain the above

comparison.

4.3.4 Properties of American-type option prices

Suppose that the stochastic volatility model (S, V) is either the Hull & White
model in (4.22) or the Heston model in (4.25). In this setting, V' stays positive

a.s. and
t 1 t
Sy = Sy exp (rt —I—/ v/ VidBg — 5/ Vsds) , t>0, a.s. (4.30)
0 0

Consider the value of a perpetual American-type option associated to
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(S, V), represented by
v(w,y) =sup By yle77g(S)],  (2,y) €RE, (4.31)

where the payoff function g is non-negative and the supremum is over all
stopping times with respect to the augmentation of the natural filtration of
(S, V).

We are implicitly assuming that the support of g restricted to the positive
half-line is non-empty, and we write supp(g) = {x € Ry : g(z) > 0} # 0.
For technical reasons, we further assume that e=*7¢(S;) vanishes on the event

{T = o0} (e.g. if g is bounded).

Proposition 4.15 If g satisfies (4.6) then the function (z,y) — v(z,y) is

strictly positive on Ry X R,

Proof. Let (x,y) € R% be an arbitrary initial condition for (S, V).
If z € supp(g) then v(z,y) > g(x) > 0, and we are done.

Let us now suppose that x ¢ supp(g). Given that g satisfies (4.6), neces-
sarily g(z) = 0 for all £ > x. Indeed, if z > x then we can find a > 1 such
that £ = az and so 0 < ¢(7) < ag(x) = 0.

But supp(g) # 0 by assumption, hence there must exist x < z such that
x € supp(g). Consider the stopping time

r=inf{t >0:5; <x} <oo.
Using that e7"7¢(S;) = 0 on the event {7 = oo}, we have that

v(r,y) > Eyye”"g(Sr)
= Q(E)Ea:,ye_TTHT < 00) + Ex,ye_rTg(ST)I(T = 00)
= g(x) Eyye "TI(1T < 00) > 0.

The last strict inequality is due to the fact that g(x) > 0 and that 7 > 0
with positive probability on the event {7 < co}. The latter is true because S

has continuous paths and Sy = = > x. The proof is now complete. O
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Proposition 4.16 Assume that g is a continuous function satisfying (4.6).
Then, for each x € Ry, the American-type option value v(z,y) is a continuous

and non-decreasing function of y.

Proof. From the calculations in Sections 4.3.1 and 4.3.2 we know that, by
Theorem 4.2, the function v(z,-) is non-decreasing on § = (0,00). We also
verified that the time-changed diffusion ¢ in those examples is a Feller process.
Upon assuming that g is continuous, the proof of the continuity of v(x,-) is
along the lines of the proofs of Propositions 2.26 and 2.29, with some natural
changes. We require continuous g because we deal with the payoff ¢(S;) =
g(e"™X;) instead of g(X,), and recall that the limit arguments in the proofs

of Propositions 2.26 and 2.29 only involve the discount factor. O

The following result complements Proposition 4.16 and its proof is identical

to that of Theorem 4.7 so we omit it here.

Proposition 4.17 Assume that g is a convex function. Then, for each y €

R, the function v(-,y) is conver in R,.

Combining Propositions 4.16 and 4.17, we now show that v is jointly con-

tinuous everywhere.

Let us first prepare a lemma borrowed from [4]. We shall use the following

notation: for p > 0, I(z; p) denotes the open interval (x — p,x + p).

Lemma 4.18 Let f : R — R be a conver function, xg € R and p > 0. If
1 = SUD,cr(zg:p) f () and o € (0,1) then

[f(2) = fzo)| < aln = fx0)), V€ l(xoap).

Theorem 4.19 Assume that g is a non-negative, non-increasing and convex

function. Then the function v(x,y) is jointly continuous on Ry x R,
Proof. Fix (xo,y0) € R%. By Proposition 4.16, v(z,-) is continuous at yo.

Then it suffices to prove that z — v(z,y) is continuous at xy uniformly over a

neighborhood of .
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Fix p > 0 such that I(xo;p) C Ry. Since v(-,y) is convex by Proposition

4.17, it is also continuous in I(zo; p) and so

n(y) == sup v(z,y) < oo.
z€l(zo;p)

Moreover, by Lemma 4.18, for any « € (0,1) the convexity of v(-,y) yields

[o(z,y) —v(zo, y)| < aln(y) —v(zo,y)), Vo €llzoap).  (4.32)

Now, let U be a neighborhood of g such that U x I(zg; p) C R2. It follows
that the function v(-, -) is bounded in U x I(z; p) because v(+, y) is continuous

and v(x,-) is non-decreasing. This implies that

n = supn(y) < oo
yeU

and we can replace n(y) in (4.32) by 7.

Since o > 0 can be made arbitrarily small and does not depend on y, we

conclude that v(-,y) is continuous at g uniformly in y € U. O

Proof of Lemma 4.18. Fix x € I(x;ap). By the convexity of f we have
that

)= st = £ (o (FZEZ) 1= g ) - e
of (FEE ) - ) )~ flaw
(s

(m+x‘“)—f@w>3aw—fuwx

| /\

since |z — zo|/a < p.

Now set o/ = /(1 4 «), and again by convexity it follows that
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where we used that |z¢g — z|/a < p. From here,

(1= a)(f(wo) = f(x)) < o/(n = f(x0) ).

Finally, after multiplying the last inequality by 1 + «, we obtain

fxo) = f(z) < aln— f(zo))

which completes the proof. [J

4.3.5 Monotone optimal boundary

As in the previous section, assume that the stochastic volatility model (S, V)
is either the Hull & White model in (4.22) or the Heston model in (4.25).

In this section we concentrate on the American put option, that is, when
g(x) = max{K —z,0} for some K > 01in (4.31). All the results of the previous

section hold in this setting.

From the theory of optimal stopping (see Appendix B), the optimal stop-
ping rule for v(x,y) is given by

™ =inf{t > 0:v(S, V;) ¢ C} < o0, (4.33)

where C = {(2,y) € R : v(z,y) > g(z)}.
Now, for each fixed y € R, consider the y-section C, = {z € Ry : v(z,y) >
g(x)}, and define
b(y) :=inf C,. (4.34)
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The aim of this section is to show that the optimal stopping boundary of
v is characterized by the mapping y — b(y) and that b is non-increasing and

left-continuous in y.

Before stating and proving the main theorem, we show a further property
of v(z,y) in the direction of the variable x, which will be used to deduce the

continuity of b(y) (compare with Proposition 1 in [30]).
We use that max{a — b,0} > max{a,0} — max{b,0}.

Proposition 4.20 For each y € Ry, the mapping x — v(x,y) — g(x) is non-
decreasing in (0, K).

Proof. Fix z € (0, K) and let € > 0 be such that z + ¢ < K. Suppose that 7
is optimal for v(x,y). Then

—r7* —rr* T+ €
v(r+€y) > Epreye " g(S) = Epye g ( x ST*)
» T+
=FE, e max{K — 6ST*,O}
X

= Epy e "™ max {K — Sy — EST*,O}
x

_ * 6 _ *
> FEy e max{K — S;,0} — S Bye TS

=v(x,y) — %Ew e S

Now, recalling that fot Y2ds < oo a.s. for each t > 0 in our examples,
we must have that the process (e "S;);>0 is a non-negative continuous local

martingale. Hence (e7"S;);>0 is a supermartingale and, in particular,
Eyye ™ S <.

The previous arguments yield v(x + €,y) > v(x,y) — €.
Finally, since x 4+ ¢ < K, we must have that g(x) — g(z +¢€) = €. From here

we conclude that

vz +ey) —glz+e) =v(ry) —g(z)
as required. O
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Remark 4.21 Remark that the inequality v(z+€,y) > v(z,y) — € could have
been obtained even if x > K. We only used that < K in the final part of the

above proof. Instead, we obtain that x — v(x,y) is non-increasing in [K, co).

By adapting the arguments in [27], we are now ready to show the main

result of this section.

Theorem 4.22 The optimal stopping time T* is given by
™ =inf{t >0:5, <bV,)}, (4.35)

where the boundary b(y) satisfies that 0 < b(y) < K, and is a non-increasing

and left-continuous function.

Proof. We split the proof into four parts. We shall use that, by definition,
b(y) =inf C, = inf {z e R} : v(z,y) > g(x)}.

Notice that if > K then necessarily x € C, because g(x) = 0 and v(z,y) > 0
by Proposition 4.15. Thus C, # 0 and b(y) < K.
(I). The function y — b(y) is non-increasing.

Since v(z, ) is non-decreasing by Proposition 4.16, we have that for each
€ >0,
y<y+e = C,CCu. = by >bly+e),

proving the claim.

(IT). We establish (4.35). To this end it is enough to prove that, for each
y e R+7
C,={rxeRi:z>0by)}
We know that if + > K then z € C,,.
On the other hand, suppose that x € C, is such that x < K. Such an z

exists because C, is open by the continuity of v(-,y) (see Proposition 4.17) and

g, while [K,00) C C,,.
Using that « — v(x,y) — g(x) is non-decreasing in (0, K') by Proposition
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4.20, we have that for each € > 0 such that z + € < K,
r<z4+e = ve+ey) —glr+e >0 = (r+¢) €,

Since C, is open, b(y) ¢ C,. This completes the proof.

(ITI). The boundary b(y) satisfies that 0 < b(y) < K. Since v(z,y) > 0
everywhere and b(y) ¢ C,,

But ¢(b(y)) = max{K — b(y),0} > 0 if and only if 0 < b(y) < K.

(IV). The function y +— b(y) is left-continuous.
We know that (b(y),y) € C° for all y € R,.
Let {yn,y} be a sequence in R, such that y, 1 y.

By part (I), b(y) < liminf, b(y,). On the other hand, using that C° is
closed and that for each n, (b(yn),yn) € C¢, we obtain (limsup,, b(y,),y) € C°.
This in turn yields lim sup,, b(y,) < b(y).

Putting all together, the claim is evident. O

4.3.6 Appendix: Bessel processes

We consider some well-known facts about Bessel processes that are used above.
We refer to Chapter XI in [39], Section V.48 in [40], or the survey [18] for a

deeper insight into this class of processes.

Consider the stochastic differential equation

t
Xt—a:+2/ VX dB, + ¢t, (4.36)
0

where x > 0 and ¢ > 0. By Theorems IV.2.3 and IV.2.4 in [26] we know that
for each x > 0, there exists a non-exploding weak solution to (4.36). This can
be seen because the coefficients o(x) = 24/|z| and b(z) = ¢ are continuous
and satisfy the linear growth condition |o(x)|*>+ [b(z)|* < K(1+ |z|?) Also, by
part (ii) of Theorem IX.3.5 in [39], we know that pathwise uniqueness holds
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for this equation, because

< d
Vi— Vi <|t—yl, y>0, and / 9 _ oo,
0

L a
which verify the conditions of that theorem.

In other words, the equation in (4.36) has a unique non-exploding strong
solution X = (X})i>0 and it is referred to as the square Bessel process with
dimension ¢.

Since X; = 0 is the solution when x = 0 and ¢ = 0, by a simple application
of the comparison Theorem 1X.3.7 in [39], we have that for ¢ > 0,

X; >0, forallt>0a.s.

If = 2 then X; can be represented as the Euclidean norm |WW;|? of a
two-dimensional Brownian motion W. Given that W does not hit {0} in finite

time with positive probability, the same is true for X. Hence, for ¢ > 2,
X, >0, forallt>0as., (4.37)

again by Theorem 1X.3.7 in [39].

When ¢ > 2, we can apply Itd’s formula to Z, = f(X;), with f(z) =/,
by the fact in (4.37) so that we obtain the stochastic differential equation

p—1
27,

dZ, = dB, + dt, ¢ >2. (4.38)

This equation has at least one solution for each initial condition z = 22 > 0,
namely Z; = /X;. It turns out that this is the only solution, because if Z’

also solves (4.38) (with the same driving Brownian motion) and Z} = z, then

t
b—1(1 1

Setting ®(t) = |Z; — Z}| and B(t) = 2‘%—;2, > 0 we have that, for each t > 0,

0<a(t) < /Otﬁ(s) B(s)ds.
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By Gronwall’s inequality we conclude that ®(¢) = 0, or equivalently, that
Zy = Zj for all t > 0.

The unique non-exploding strong solution Z = (Z;):>o to (4.38) is referred
to as the Bessel process with dimension ¢.

We used the following elementary comparison result, which is a consequence

of the above discussion:

Proposition 4.23 Let ¢', 2%, i = 1,2 be real numbers such that 2 < ¢' < ¢?
and 0 < 2t < 22 Let Z', i = 1,2 be two Bessel processes with dimension

@' and with respect to the same driving Brownian motion, such that Z} = z".
Then
0< 2z} <72, Vt>0 a.s.

We also made use of Proposition A.1(ii)-(iii) in [24] in the examples, so we

re-state it here for ease of reference.

Proposition 4.24 (Hobson [24]) Let Z = (Z;)1>0 be a Bessel process with
dimension ¢ and such that Zy > 0. Define I'; = ng) = fg ZPds.

(a) Suppose that ¢ > 2. Then limy_, ., ng) = oo if and only if p < 2.
(b) Suppose that ¢ = 2. Then lim;_, Fl(fp) = 00 for all p.
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Appendix A

Estimates of moments and

integrability

The main goal of this Appendix is to provide sufficient conditions on g and on

the dynamics of (X,Y’) in order to obtain

E., | sup e *|g(X,)| | < o0 (A1)

0<t<T

where T' € [0, o0].

We first derive some estimates of the moments of the solution to an stochas-
tic differential equation (SDE) with regime-switching coefficients. The proof
of Proposition A.1 below is inspired by ideas in Kyrlov [35], and it is somewhat

an extension of Corollary 2.5.12 in that book.
Estimates of moments of SDE’s with regime-switching

The result of this section is of independent interest, and this is the reason
why we assume the following general set-up.

Let (W, Ft) be a dj-dimensional Brownian motion. Suppose that r =
(1+)e>0 is a continuous-time Markov chain, adapted to (F;):>0, with finite state

space S C R. The process r determines the regime-switching dynamics.

For d € N and zy € R?, z = (x4)1>0 is a progressively measurable process
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in RY, with respect to (F;)i>o, satisfying that

¢ ¢
Ty = X +/ os(ws,15)dWs +/ bs(xs,7s)ds, a.s. (A.2)
0 0

where oy(z, ) is a random matrix of dimension d x dy; and b(z, ) is a random

vector of dimension d.

Proposition A.1 Fix T > 0. Let there exist a constant K > 0 such that
llow(z, )| + [be(z, )| < K(1+ |z]), forall t>0,z€RYreS. (A3)

Then for all t € [0, T], ¢ > 0, there exists a constant N = N(xq, K,t,q) such
that
E sup|zy? < N < 0. (A.4)

s<t

Remark A.2 The particular case where S is a singleton corresponds to Corol-
lary 2.5.12 in [35].

Proof. Fix an arbitrary ¢ € [0,7] and ¢ > 0.
We split the proof into three parts.

(I). Assume that x,(w) is bounded in w and t.
Notice that

2

t
f? < 4 | Jool? + / o (s r)dW,| +
0

t 2
/ bs(xs,75)ds )
0

The linear growth condition in (A.3) implies the following. First, the
stochastic integral M. = fo os(s, m5)dWy satisfies that

t t
E(M), = E / low(za, ) [2ds < 2K2E / (1 + [2.2)ds < o
0 0

for all ¢ > 0, since z; is assumed to be bounded. Then M is a martingale.

Second, using Holder’s inequality,

t 2 t t
/ bs(zs,1s)ds| <t / b (25, 75)|?ds < 2Kt / (14 |z|*)ds.
0 0 0
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Putting the last assertions together we obtain, after taking supremum over

[0,¢] and expectation,

r t
E sup |z,]> <4 | |xo)* + E sup |MS|2—|—2K2tE/ (1+ |xs|2)ds]
0

0<s<t 0<s<t

r t
<4 ]x0|2+4E|Mt|2+2K2tE/ (1+|x3|2)d5]
L 0

t t
<4 ]a:0|2+(2K2)4E/ (1+\x3\2)d5+2K2tE/ (1+|x3|2)ds]
0 0

t
§4|x0|2+8K2(4+t)/ (14 E sup |zaf)ds
0

0<u<s

where we have used Doob’s inequality, the fact that M2 — (M), is a martingale
(see for instance [39, I1.1.7 and IV.1.3]), the linear growth condition in (A.3),

Fubini’s Theorem and the boundedness of x;.

Now set @(t) = supg<,<; [25|%, @ = 14 4|zo|?, and b = 8K?(4 4 t), so that

1+ FEop(t) < a+b/0t{1+Egp(s) }Hds.

Then, by Grownwall’s Lemma, we have that 1 + Ep(t) < ae®, that is

E sup [z,! < N(ao, K, 1)

0<s<t

where N(:UO, K,t)=(1+ 4’x0’2)egK2t(4+t)_

(IT). Since z; is continuous and bounded in ¢, it follows that sup,., |27 =
(supy<; |7s])P for any p > 0. Using this equality with p = ¢ and then with
p = 2, we obtain that

q/2
B sup [zl < (E up mwz) < N(zo. K. t.q)

0<s<t 0<s<t

where we also used Holder’s inequality in the form En? < [En?]%?. Here,
N = N(zo, K, t,q) = N(xo, K, )92

(ITI). We now assume the general case for z;(w).

For each R > 0, consider the stopping time 7 = inf{t > 0 : |z;| > R}.
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Then the stopped process Tz, (w) is bounded in w, ¢ and moreover,

INTR tATR
Tinrn = To + / os(xs,75)dW +/ bs(zs,75)ds
0 0
t
=z + / I{s < TR}0s(Tsprps Tsnrr ) AW
0

t
+/ I{s < TR}bs(Tsnrg, Tsnry)ds.
0

Notice that x4, solves (A.2) only that with the coefficients o,(x, r), bs(x, r)
replaced by I{s < tr}os(x,7),I[{s < Tr}bs(x, 1), respectively. However, for

each fixed w,
[{s < 7r}os(z,7)|| < |lov(z,r)ll, and |[{s <7r}ibi(z,r)| < |bi(z,r)].

Then the linear growth condition in (A.3) is satisfied for the coefficients of
'rt/\TR‘

From parts (I)-(II), we know that

E sup |zspnrp|? < N, for each R > 0.

0<s<t

Given that limp . TR = 00 a.s, it follows that imp_,o0 [Tsars |9 = |25|7 a.8. by
continuity of the paths of z;. As this is true for each s < ¢, we must have

757 < limp_o0 SUP, < |Tunry |? for each s < ¢. Hence

sup |zs]? < lim sup |Tsnrp|?,  a.s.
0<s<t R—000<s<

Finally, Fatou’s Lemma implies

E sup |z4|? < hmme sup |Tsarp]? < N,
0<s<t 0<s<t

and the proof of Proposition A.1 is complete.
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Sufficient conditions for integrability

In this section we provide sufficient conditions in order for (A.1) to hold.

To this end, we shall adapt Proposition A.1 to the setting in this thesis.
Fix the initial condition (z,y) € R x § and a time horizon T" € [0, co].

In the regime-switching case, we typically work with
t t
X, = a:+/ a(X5)Ys dBg —|—/ w(Xs)ds, t>0, P, —a.s.
0 0

where the process Y is a continuous-time, irreducible Markov chain on the
finite state space S ={y; : 1 =1,2,...,m} C (0,00) with Q-matrix (q[y;, y;]).

In the notation of Proposition A.1,

d=1, z,=X,, rn=Y, o) =ad (@)’ [bzy)= )

In the diffusion case, we typically work with the system

t t t t
X, = x—i—/ a(X)Ys st—i-/ u(Xs)ds, Y, = y+/ 77(Ys)de/+/ 0(Y;)ds
0 0 0 0

for all ¢t > 0, P, - a.s. where (B, BY), =t for some § € [—1,1].

In the notation of Proposition A.1,

d=1, z;,=(X},Y;), 7 = constant

(A.6)
lo(z,9)|I> = a*(@)y* + n*(y), |b(z,y)]> = p(z)® +0(y)*.

We assume the following:
(S1) The measurable gain function g has polynomial growth, that is,
lg(z)| < C(1 + [x])

for some constants C', ¢ > 0.

(S2) The measurable functions a, y1, 7 and 6 satisfy a liner growth condition.
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(S3) If T = oo, further assume that

tliglo e “g(X)| =0  as.
With Assumption (S1), we have that for each 7" < oo,

E,, { sup eat|g(Xt)\] <C+E,, [ sup |Xt]q} : (A7)

0<t<T 0<t<T

Denote by C* the right-hand side of (A.7). Then we also have that
E., {sup e_o‘t]g(Xt)q <C*"+E,, [sup e_o‘t\g(Xt)]] . (A8)
>0 t>T"

Under Assumption (S2), it is easy to see that the linear growth condition
in (A.3) holds true in either of the cases (A.5) or (A.6). Hence C* is finite,
thanks to Proposition A.1.

If the horizon T is infinite, then Assumption (S3) implies that we can
choose a sufficiently large 7" such that

sup e~ *|g(Xy)| =~ 0 a.s.
>T

This implies that the right-hand side of (A.8) is finite.
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Appendix B

Key results from optimal

stopping

Fix a time horizon T' € [0, co]. Assume that (X,Y) is a strong Markov process
defined on (£, F, P, (x,y) € &), with (augmented) natural filtration F =

(Ft)e>0-

We shall use the common notation 7 € Fp (resp. 7 € Fyq)) to mean a
stopping time 7 : Q — [0, 00] with respect to F subject to 0 < 7 < T (resp.
t<7<T)as.

Consider the value function

v(z,y) = sup E e “Tg(X,) —C;], (z,y) e RxS. (B.1)

TEFT

where

With this notation, v is like in (2.1) when ¢ = 0, or like in (2.53) when ¢ > 0
and bounded.

Recall that we are assuming the integrability condition in (1.3).

We shall state some classical results from the theory of optimal stopping,
mainly based on Theorem 1.2.2 in [37]. But before that, let us introduce some

notation:
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Define the process U = (U)o by
Ut = eiatg<Xt) — Ct

and V' = (V})o<t<r to be the so-called Snell envelope of U with respect to the
filtration IF,
Vi = esssup E,, U, | Fl.

TGF[t’T]

We will also use U(t, 7), which is defined for each 7 € Fp, 1] as
Ut,7) = e *Tg(X,) —/ e “%e(Xs) ds.
t
Notice that V; may also be written as

t
Vi =esssup E,, [U(t,7) | Fi] — / e “%c(Xy) ds,
0

TEF[t,T]

and that V; > U; P, ,-a.s. for each t > 0 and V) = v(z,y).

Lemma B.1 The process V. = (Vi)o<i<r is the smallest F-supermartingale

which dominates U.

The proof of this Lemma is very similar to that of part 1° of Theorem 2.2
in [37]. The only difference is that here, for each fixed ¢ > 0, one shows the

existence of a sequence {75, : £ > 1} in F}; 7 such that,

esssup E,, [U(t,7) | Fi] = klggo E,, Ut m) | Fil, (B.2)

TEF[t’T]
where the limit is monotonously increasing. The rest of the arguments are the
same after the natural changes in notation.

The following result is used in the proof of Propositions 2.11 and 2.21 and
states that the stopping times in (B.1) may be taken with respect to a larger
filtration G, provided (X,Y) is a G-strong Markov process.
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Proposition B.2 Suppose that (X,Y") is a strong Markov process with respect
a filtration G = (Gt)i>0, and Fy C Gy for all t > 0, with Gy = Fy. Then

v(z,y) = sup E,, e “"g(X,) — C;].

T7€GT

Proof. Let V = (‘Zg)tz[) be defined as

t
Vi =esssup E,, [U(t,7) | G| — / e “e(Xs) ds,
T€G, 1) 0
so that V is the smallest G-supermartingale which dominates U
Since F; C Gy, it is clear that Vy < ‘70.

We will show that V is a G-supermartingale, which implies that V; < V;
a.s. for each t > 0. In particular, this yields that Vj = Vo, proving the result.

For each t > 0, the terms on the right-hand side of (B.2) satisfy that
Evy (U@t m) | o] = Eoy (Ut 1) | 0(Xe, Vi) = Euy [U(t,7) | G, k21,

by the strong Markov property of (X,Y’) with respect to both, F and G.
If w <t then

r t
Eoy[Vi | Gl =Euy | lim Eoy (Ut 7) | Fi] — / 5 c(X,) ds ygu}
0

k—o0

r t
—E,, | lim Eay [U(t7) | G — / et e(X,) ds |gu}
0

k—o0

- ¢
=FE,, | lim E,, [U(t,Tk) —/ e (X)) ds |Qt] ]gu}
0

k—o0
¢

= lim F,, {Er,y lU(t,Tk) —/ e~*c(X,) ds |gt} |gu]
0

k—o0

k—o0

¢
= lim E,, [U(t,Tk) —/ e (X)) ds \gu]
0

where we have used monotone convergence.
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Now, by the linearity of the Lebesgue integral,

¢
E,, [U(t,m) —/ e (X)) ds |gu}
0
¢ ¢
=FE,, [U(u,Tk)%—/ e “%e(Xy) ds—/ e (X)) ds | G,
u 0
=FE,, [U(U,Tk) / e (X)) ds |gu}

—CMS

:Er,y [ (U Tk |gu

—OéS

= E:c,y [U(U, Tk

Nc\

Putting all together,

BoulVi | = Jim Buy [U(nm) | F = [ eoe(X)ds

<esssup E,, [U(u, )| Fu] — / e (X)) ds =V,.
0

TEF[uyT]

Hence V' is a G-supermartingale, and the proof is complete. O

It is interesting that in the previous statements there is no need to impose
any assumption on the function g other than measurable. However, for the
next result which is used in Section 3.2, we add the assumption that g is
upper semi-continuous so that the gain process U = (U;)o<i<r has upper

semi-continuous paths.

Let 7* be the first time that V' coincides with U, that is,
=inf{0 <t <T:V,=U}.

If T'< oo then Vi = Ur and so 7* < T < 00 a.s. Otherwise, 7" < oc.

Theorem B.3 Suppose that 7% < 0o P, -a.s. and that g is an upper semi-
continuous function. Then T* altains the supremum in (B.1), the process
V = (Vi)o<t<r is the smallest F-supermartingale which dominates U, and the

stopped process V.are = (Viars Jo<i<r is an F-martingale.

We refer to Theorem 2.2 in [37] for a proof: simply replace G; and S; by
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U; and V;, respectively.

Remark B.4 When 7' = oo, the strong Markov property of (X,Y’) implies
that

esssup E,, [U(t,7) | Fi| = esssup E,, e “g(X;) — / e “e(Xy)ds | Fi
¢

Te]F[t,oo] TE]F[t’OO]

= e esssup B,y [e T Vg(X,) — / e 0 e(X,)ds | Fi
t

TE]F[t’oo]

= e (X, Y,).

So, in fact,

t
Vi, =e “v(X;,Y;) — / e “e(Xs) ds. (B.3)
0

The latter implies that V; = U, if and only if v(X,,Y;) = ¢g(X;). As a

consequence, 7° takes the form
" =inf{t >0:0v(X;,Y;) = g(X;) } < o0.

In Section 3.2, we assume that lim; ., e *g(X;) = 0 a.s. In this case, it is
readily seen that both, Uy, := lim;_, U; and U(t, 00) := lim,_,o, U(t, s), exist
because c¢ is bounded, and so the result in Theorem B.3 is not affected when

7" = oo with positive probability.

The following Lemma is a by-product of the strong Markov property and

it is used in the proofs of Propositions 3.3 and 3.4.

Lemma B.5 Suppose that T = oo. Fix (x,y) € € and assume that g is upper
semi-continuous and satisfies that lim; o, e~ *g(X;) = 0 a.s. Then for every

finite stopping time T such that T < T,

where V' is of the form in (B.3).

Proof. By Theorem B.3 and Remark B.4, it follows that

*

v(z,y) = E,, (e‘aT*g(XT*) — /0 e‘asc(Xs)ds) =FE,y Vi,
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Since limy o e~ *g(X;) = 0 a.s. we have that

*

E.,V; = E,, {e” Ex. v, (eO‘T*g(XT*)[(T* < 00) — / e“sc(XS)ds> }
0

_E, [ /0 ' eo‘sc(Xs)ds}

Let us now concentrate on the first expectation of the right-hand side of this

equality. We have that

*

(X, ) I(7 < 00) — /0 ' e_asc(Xs)ds)

*

Ex, v, (ffm

=FE,, <e°”*g(XT*)I(T* < 00) — / eo‘sc(Xs)ds> 06, | .7:7]
0

=E,, | e (X)) I(TF < 00) —/ e e Xspr)ds | .7:7]
0

- *

=E,, | e T g(X ) (77 < 00) — 7 / e “e(Xs)ds | FT] ,

where 6, shifts the paths by 7.
Given that [ e **¢(X,)ds is F,-measurable, we obtain that

E,,V; = E,, {Exﬂ {e_aT*g(XT*)I(T* < 00) —/ e e(Xy)ds | ]—"T] }
0

*

_ g, [e‘aT*g(XT*)I(T* < o0) — /0 ' e—asc(xsms]

= Ew,yv;'* 5

which completes the proof. O

We remark that the optional sampling Theorem cannot be used in the case

that 7* is unbounded, unless the martingale V.,,+ is uniformly integrable.

Since we are assuming the integrability condition in (1.3) and that ¢ is
bounded, we can show that V..« is indeed uniformly integrable. Then the
following is an alternative proof to the above Lemma under (1.3), although

the strong Markov property is again the main tool.

Alternative proof of Lemma B.5. 1t is enough to show that V.., is uniformly
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integrable. Then we can use Theorem I1.3.2 in [39].

The fact that ¢ is non-negative and bounded together with the strong
Markov property of the (X,Y) imply that, on the event {t < 7%}, Vir,+ is
bounded above by

t
eoty(X,, V) — / 5 e(X,)ds| <
0

t
< (X, V)| + / e0c(X,)ds

S efatEXhYt < efar*g(XT*) _/ e—as > / efozs
0 0
<e *Ex,y, {sup {eas lg(Xs)| +/ }] + e*O‘S X,)ds
>0 0 0

o0
— By, | supe ) |g(Xop)| + / e ve(X,)du | F + e oe(X,)ds
t

L s>0

O

L s>0

< By | supe (X0 + [ e elX)du m]
0

< E,, |supe *|g(Xy)| |]-"t} + D < .

| s>0

where we have used the triangle inequality, the integrability condition (1.3) on

g, and D > 0 is some constant due to the assumption that ¢ is bounded.

On the event {t > 7%},
Vi = Ve =7 g(Xer) = [ e )ds
0

Therefore, setting S* = sup,>oe™** |g(X)|+D, the collection of conditional
expectations {E, ,[S* | F¢] : t > 0} is uniformly integrable. Moreover,

Evy 5™ | 1,

from which we conclude that {Vj,,« : t > 0} is uniformly integrable as well,

as required. [

To finish this Appendix and to complete the exposition, let us consider
the finite horizon case, T' < oo. In this case, we shall need to emphasize the

dependance of the value function v on the time to expiration:
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v(z,y,t) =sup E, ,[e *Tg(X;) — C. ], 0<t<T. (B.4)

TEF:

Notice that v(z,y,0) = g(x) and v(x,y,T) = v(x,y).

Remark B.6 When T < oo, the strong Markov property of (X,Y") implies
that

esssup B, , [U(t,7) | Fi| = esssup E,, e “g(X;) — / e “e(Xy)ds | Fi

TG]F[t‘T] TEF[t’T]

=e “esssup F,, e~ / el s)ds | Fil
TEF[t7T]
=e¢ “ esssup Ex,y,[e g / e *¢(
TEF o, 74 0
=e (X, Y, T —t).
So, in fact,
t
Vi=e (X, Y, T —t) — / e (X)) ds. (B.5)
0

The latter implies that V; = U, if and only if v(X,,Y;, T —t) = g(X;). As

a consequence, 7 takes the form
=inf{0<t<T:v(X,Y, T—t)=g(Xy)}.

Moreover, the previous reasoning and the form of v(x,y,t) also yields that
for each t € [0,7],

=inf{0<s<t:v(X,Yst—s)=g(Xs)}
is optimal for v(z,y,t).

Unlike the infinite horizon case in which the optimal time to stop may be
infinite, the following Lemma is a straightforward consequence of Theorem B.3

and the optional sampling Theorem.

Lemma B.7 Suppose that T < co. Fiz (z,y,t) € € x [0,T] and assume that
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g s upper semi-continuous. Then for every stopping time 7 such that T < 77,
Efﬂay V:rt = E:v,y V;tt = ’U(ili', Y, t)?
where V! is given by

S

Vi=e"u(X,, Yt —s) — / e “e(Xy) du, 0<s<t.
0

Proof. Theorem B.3 establishes that the process (V;An*)sgt is a martingale.

The result holds by the optional sampling Theorem, because 7; <t a.s. O
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