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Learning about common and private values
in oligopoly
D. Bernhardt∗
and
B. Taub∗∗

We characterize a duopoly buffeted by demand and cost shocks. Firms learn about shocks from
common observation, private observation, and noisy price signals. Firms internalize how outputs
affect a rival’s signal, and hence output. We distinguish how the nature of information —public
versus private—and of what firms learn about—common versus private values—affect equilibrium
outcomes. Firm outputs weigh private information about private values by more than common
values. Thus, prices contain more information about private-value shocks.

1. Introduction


In the real world, firms are buffeted by shocks both to demand and to costs, some of which
they learn about via direct common observation, some via private observation, and some of
which they must attempt to extract from information in prices. Some shocks have a commonvalue nature—for example, a common demand shock that raises demand equally for each firm’s
product—entering directly into each firm’s profit function. Other shocks take a private-value
form—for example, an idiosyncratic cost shock specific to one firm’s technology, or a firmspecific demand shock that raises demand for only one firm’s product—and hence only indirectly
affects a rival, affecting a rival’s profits only to the extent that the shock alters the output of the
affected firm.
In an oligopolistic industry, firms must account for the strategic behavior of rival firms when
unraveling information from price signals, and they must account for how their own actions
influence the price signals that rivals receive, and hence, their inferences and output choices. We
distinguish how the strategic incentives to manipulate a rival’s beliefs vary with the amount and
extent of public and private information about the shocks, whether those values have a common
value or private–value nature, and how these different types of information are aggregated and
expressed in prices.
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We start with a setting in which demand evolves from the beginning to the end of a production
period, and firms compete in supply schedules, producing output before end-of-period demand is
known. Firms receive private information about private-value and common-value shocks. They
then submit supply schedules that detail for each beginning-of-period price an output that is
optimal, conditional on their private information and the information contained in the fact that
equilibrium prices are market clearing. After production occurs, demand evolves. Final prices are
determined by market clearing, given end-of-period demand. We establish that the equilibrium
of this economy is formally equivalent to a noisy rational expectations economy in which, rather
than compete in supply schedules, firms observe a noisy signal of the final market-clearing price
and base outputs on that information. In effect, the information in the fact that the beginningof-period price is market clearing serves as a noisy signal of the final market clearing price—it
is “as if” firms see a noisy signal of the end-of-period price. The key difference from standard
noisy competitive rational expectations equilibrium (REE) models is that in an oligopoly, firms
understand and internalize how their actions affect price signals, and hence the information of
rivals, and thus their outputs. In contrast, competitive noisy REE models assume that agents are
informationally small and ignore the impacts of their actions on the information contained in
equilibrium prices.
In this economy, we characterize how and why firms’ outputs weight private information
about common-value shocks differently from private information about private-value shocks,
which, in turn, they weight very differently from public information. We show how common and
private values lead to very different impacts of public and private information.
We prove that firms always weight private-value shocks in their outputs more heavily than
they weight common-value shocks. As a result, prices convey more information about private
values than common values. The reason is that firms produce on opposite sides on private values,
whereas they produce on the same side on common values. For example, via its price signal
(equivalently, the information contained in the fact that the beginning-of-period price is market
clearing), a firm positively weights common-value demand shocks observed by its rival. This
causes a rival to cut its output weight on the common shock, which reduces the information
in prices about the common shock. In contrast, when a firm positively weights a private-value,
idiosyncratic shock to its demand, only the output consequences, and not the shock itself, matters
to its rival. As a result, the rival partially offsets this output; and this partially offsetting position
induces the firm receiving the shock to increase its weight on the private shock, which raises the
information in price signals about the private demand shock. As a result, the information content
of prices, and thus what rivals can learn from price, is always more sensitive to private signals
about private-value cost or demand uncertainty than to private signals about common-value
demand uncertainty.
The result that firms learn more from prices about private-value shocks than commonvalue shocks has important implications for equilibrium: whether an equilibrium exists, and
how many equilibria exist, depends on the amount of private-value uncertainty relative to the
noise in price signals. With noisy signals or little private-value uncertainty, a unique linear
equilibrium exists regardless of the uncertainty about common values. However, as private-value
uncertainty is increased, eventually we reach the point where two linear equilibria exist; and once
there is “enough” private-value uncertainty, no equilibrium exists. Strategic complementarities in
learning about private values underlie the multiple equilibria. In one equilibrium, a firm’s output
weights its private information about its private-value shocks by less; as a result, prices convey
less information to its rival, so that a rival’s output offsets little of the firm’s output, confirming
the optimality of not weighing shocks heavily. In the other equilibrium, a firm weights its private
information heavily; as a result, prices contain more information, causing a rival to offset far
more of a firm’s output, validating decisions to heavily weight private information. In contrast,
because firms produce in the same direction on common values, uncertainty about common values
alone cannot support multiple equilibria.
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In our linear-quadratic, Gaussian setting, learning is just the least squares projection of a
rival’s privately observed shocks on price signals. The relevant object of a firm’s learning is the
shift in the price due to the rival’s privately observed information – the residual common value
shock left after its rival’s direct output on it plus the impact of private-value shocks to a rival
on its output. We establish that what is learned is weighed just as if it were public information,
reflecting that a rival can also forecast this learning.
We use this result to assess how firms weight private versus public information about
private- and common-value shocks. The signal-jamming literature (Riordan, 1985; Aghion et al.,
1991; Mirman, Samuelson, and Urbano, 1993; Caminal and Vives, 1996; or Harrington, 1995)
highlights how firms overproduce on common-value public information – firm outputs weight
public common demand by more than they would in a full-information setting – to try to persuade
rivals via their price signals that the market is less profitable. However, what about privately
observed shocks? Also, how do answers hinge on the private- and common-value natures of these
demand and cost shocks?
We prove that firms collectively weight private information about private-value shocks by
more than they weight public information about private values; but they weight private information
about common-value shocks by less than they weight public information about common values.
What underlies this result is that firms weight information learned from prices just like public
information, reflecting that its rival can also forecast this learning. An informed firm acts like
a monopolist on its residual private information – but a monopolist weights common-value
information by less than a duopoly collectively would; whereas a monopolist weights privatevalue information by more than a duopoly, precisely because its rival partially offsets some of the
price impact of its output.
Relatedly, firms always collectively weight private-value shocks by more than they would
in a full-information setting. However, they only collectively weigh privately observed common
demand shocks by more if prices convey enough information to a rival. Indeed, the two firms’
collective output weight on a privately observed private-value shock always equals the monopoly
output weight. This reflects that a firm hit by a shock can forecast what its rival learns via its price
signal and take an offsetting position, leaving the firm in the position of a monopolist on a shock
that only directly affects it. In contrast, a firm that privately observes a common demand shock
always places a total (direct plus indirect) output weight equal to the monopoly output weight.
These findings highlight how the output impacts of private information hinge fundamentally on
whether that information concerns common or private values.
We next relate our article to various literatures. Section 2 presents our model. Given linear
conjectures about a rival’s output function, we solve a firm’s optimization problem to obtain
consistent linear outputs and pricing. Each firm projects its rival’s private information about
demand and cost on its noisy price signal. We solve for output strategies in terms of this pricing
filter and develop a recursive mapping in the projection coefficient, the fixed points of which
describe the equilibria. We characterize the correlation structure of information, the learning of
firms via price signals, and the equilibrium output weights in terms of the economic primitives.
We then describe how our static findings extend to a stationary dynamic setting. A conclusion
follows. Proofs are in the Appendix.
Related literature. The analysis of oligopolistic competition in supply schedules with
demand uncertainty dates back to Klemperer and Meyer (1989). They argue that competition
in supply schedules better describes strategic competition between firms than competition in
prices or quantities, because it more realistically allows firms to adjust to market conditions.
In particular, in a supply schedule equilibrium, firms adjust to market conditions in an optimal
manner given their rival’s behavior – given knowledge of the market-clearing price, they would
have no incentive to adjust their output level. In contrast, with stochastic Bertrand or Cournot
competition, firms would want to alter their actions after learning something about demand.
Our model is most closely related to Vives (2011). His model also features private information
and noisy signals: as in our model, the costs and benefits of manipulating beliefs via output are
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incurred simultaneously. In his model, firms receive private noisy signals about costs, and because
costs are correlated across firms, one firm’s signal is relevant for its rival. Firms compete in supply
schedules and there is no demand uncertainty. As a result, the market-clearing price is privately
fully revealing: in equilibrium, a firm’s own cost signal and price yield the same forecast of its
1
costs as when a firm sees the cost signals of each firm. In contrast, in our model, firms know
their own costs and they also have private information about demand, but they must estimate the
shocks observed by rivals via the information in preliminary prices. Moreover, these prices are
not privately fully revealing.
There is a large literature on learning and experimentation by firms when belief manipulation
issues are absent. McLennan (1984), Aghion et al. (1991), and Harrington (1995) look at learning
about a single parameter of demand, addressing whether and when firms eventually learn demand.
Rustichini and Wolinsky (1995) look at experimentation and learning by a monopolist when unit
demand moves according to a two-state Markov process, whereas Keller and Rady (1999) consider
experimentation and learning by a monopolist about a two-state Markov demand process in a
continuous time setting. Keller and Rady (2003) extend their analysis to a duopoly setting,
assuming that firms observe each others’ actions so that strategic manipulation considerations
are absent. We extend this literature by incorporating feedback from prices, so that the learning
process is entangled with the strategic efforts of firms to manipulate the beliefs of rivals; and we
derive how the private/common value nature of the information being learned affects outcomes.
Other research takes the opposite tack of exploring how actions are affected when firms have
incentives to manipulate beliefs of rivals in symmetric information settings. The signal-jamming
literature (Riordan, 1985; Aghion et al., 1991; Mirman, Samuelson, and Urbano, 1993; Caminal
and Vives, 1996; Alepuz and Urbano, 2005; Harrington, 1995) explores belief manipulation
incentives when firms learn about the level of demand from prices. In these two-date models,
firms are symmetrically uninformed about demand or costs. At date two, firms observe prices
and condition outputs accordingly. At date one, firms internalize how outputs affect price and
thus the inferences of rivals, and hence their date-two outputs. Due to the absence of private
information, in equilibrium at date two, firms perfectly infer the demand realization. Separating
the benefits from signal jamming (reduced date-two output by rivals) from the costs (excessive
date-one output) raises incentives to signal jam. In contrast, in our model, costs and benefits are
incurred simultaneously, so that strategic output choices cannot be divorced from the filtering
of price. We also distinguish how incentives to manipulate beliefs vary with public and private
information, and with the common/private-value nature of that information.
There is a large literature in which firms have private information about demand or costs. In
the two-period limit pricing models of Harrington (1986, 1987), Caminal (1990), or Bagwell and
Ramey (1991), an incumbent (or duopoly) have private information, for example, about a potential
entrant’s costs, and choose prices that signal this information, influencing entry decisions. Mailath
(1989) considers a differentiated good duopoly, where firms simultaneously signal costs via date
2
one price announcements, and determines when a separating equilibrium exists. Athey and
Bagwell (2008) introduce private cost uncertainty to the literature on collusion with imperfect
monitoring, analyzing a stationary procurement auction game in which a firm’s costs evolve
according to a two-state Markov process, and firms make cheap-talk announcements about costs
prior to making bids. Histories matter for incentives, but, with cheap talk, are never used to obtain
information about fundamentals.
Methodologically and philosophically, our model is closest to the literature on strategic
speculation in financial markets (Kyle, 1989; Bernhardt, Seiler, and Taub, 2010) where noise
enters prices due to “liquidity” traders, and speculators condition demands on prices (submitting
1

Mirman, Salgueiro, and Santugini (2014) analyze a monopolist whose price provides consumers a noisy signal of

quality.
2
A more distantly related literature identifies conditions under which firms with private information earn higher
profits if they first share information at a cheap-talk stage and then make output decisions than if they conceal their
information (Gal-or, 1985, 1986, 1988; Vives, 1984; Malueg and Tsutsui, 1996).
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demand schedules), internalizing how their demands influence price. However, oligopoly and
speculative incentives are diametrically opposed – speculators seek to conceal private information; whereas firms seek to convince rivals that demand and costs are low.


Discussion. Our analysis describes the strategic interactions of firms in settings with three
distinguishing features. First, the firms face substantial uncertainty about demand and/or costs,
and there is significant learning. Second, the industry has an oligopolistic structure – the actions
of individual firms affect prices and price signals, and firms internalize the direct effects in their
decision making, and the indirect effects on the other firm’s actions via their learning from the
information contained in prices. Third, production takes place over time with important decisions
(e.g., regarding inventory or scale) being made before final demand and/or final unit production
costs are known, being based on private information and the information in preliminary prices.
For example, our analysis describes strategic interactions in the large passenger-jet industry.
The two main rival firms, Airbus and Boeing, make production decisions long before they know
the prices they will receive: contracts with airlines are signed years ahead of production, but
orders can be cancelled, prices can rise or fall reflecting individual situations of airlines, inflation
can occur, and so on. Not only does new information about “final” demand come to firms as
production proceeds, but Boeing learns about Airbus’s production imperfectly, and with a lag.
For example, Boeing very imperfectly learns about the attributes that enter the quality of Airbus’s
aircraft – properties such as avionics, interior design, fuel economy stemming from aerodynamic
properties – and the costs of these new features.
One can view Boeing and Airbus as determining supply schedules, physically realized in
part by the inventories of parts built up in anticipation of production, decisions about speed of
production, and the confidential price schedules they provide their sales representatives. These
details are largely private in nature. As a result, information about demand, and how that demand
will translate into future prices is observed with noise. This means that the firms may use current
and past prices as signals from which they extract information about market conditions and a
rival’s costs. In turn, this means that a rival has incentives to consciously manipulate those signals
via production decisions – again, choices about stockpiles of inputs, speed of manufacturing, and
so on.
Our analysis also describes strategic interactions in the cell phone industry. The major players,
Apple and Samsung, are large enough to take into account how their production and pricing
decisions interact and influence decisions by rivals. Cell phone manufacturers periodically create
new models and face substantial uncertainty about how consumers will value different attributes,
how technological advances will affect new applications and their value, the costs of producing
new models, and so on. Full-scale production of new models begins months before they are taken
to the market, and firms update about what that final demand will be from intermim information
arrival that is influenced by the actions of rival cell phone manufacturers. Further, most phones
are sold via service providers like Sprint, T-Mobile, AT&T, and outlets like Best Buy, and prices
are determined via negotiation between the providers and manufacturers, implicitly aggregating
preliminary demand, just as we model.
It is tempting to use a two-period model to capture such strategic interactions. In such a
model, Airbus, given its initial private information about demand and costs, might make period
1 production decisions based on that information, but with those decisions modified by the
knowledge that Boeing will, in part, base period 2 output on information extracted from period 1
prices. The problem with this modelling approach is that the period 2 payoffs from manipulating
Boeing’s inferences from period 1 prices are not synchronized with the period 1 manipulation
costs, distorting manipulation incentives upward. This also complicates interpretations of results.
This leads us to model the strategic interplay in a setting where firms incur the costs and
benefits of manipulating a rival’s information at the same time, leaving incentives undistorted.
One could alternatively model this strategic interplay in a dynamic stationary setting in which
firms strategically manipulate a rival’s information in each period, incurring the costs of current
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manipulation, but also gleaning the benefits from past manipulation as the rival reacts. Section 3
describes how such intertemporal considerations alter firm behavior.

2. The model


We begin by considering firm learning about private- and common-value components of
profits in a duopoly setting in which firms compete in supply schedules and demand evolves after
production decisions are made. The supply schedules detail for each beginning-of-period price
an output level. Firms recognize that demand will evolve after output is produced, so that realized
end-of-period sale prices will be different. We establish an equivalence between the equilibrium
of this supply schedule game, where firms do not directly see the market-clearing beginning-ofperiod price, and a noisy rational expectations setting in which firms directly observe a noisy
signal of the market-clearing end-of-period price, and internalize how their output choices affect
the information and output of a rival.
At the start of the period, firms 1 and 2, receive information, some of it private in nature,
about common- and private-value shocks to demand and to costs. Beginning-of-period demand
is given by
piP (q1 , q2 ) = â + bc (â1c + â2c ) + b p âip − (q1 + q2 ) + e P ,

where (i) â > 0 is a public information component of demand that is common to both firms; (ii)
â cj , j = 1, 2 is a common demand shock that firm j privately observes; (iii) âip is a private demand
shock that is specific to firm i’s product that firm i privately observes; (iv) b p > 0 and bc > 0 are
the associated weights on these shocks in demand; (v) q j is output by firm j = 1, 2; and (vi) e P is
3
a common, but unobservable, component of demand that disappears before final production. The
demand shocks are independently and normally distributed, with â jp ∼ N (0, σ̂a2 p ), â cj ∼ N (0, σ̂a2c ),
for j = 1, 2, and e P ∼ N (0, σe2 ).
As we describe below, firms compete in supply schedules that detail for each preliminary
price an output level. What complicates matters for firms is that after outputs are determined,
some components of preliminary demand disappear, for example, some sources of expected
customer demand may drop out, and there may be other unanticipated shocks to demand. What
firms i = 1, 2 care about is the final end-of-period demand,




3
,
piF (q1 , q2 ) = â + bc â1c + â2c + b p âip − (q1 + q2 ) + e F , where e F ∼ N 0, σeF
which determines the prices that their outputs will actually receive. This formulation captures the
fact that some potential consumers will appear or disappear from demand both prior to output
choices and afterward, and that firm output choices must account for both of these possibilities.
Each firm faces constant marginal costs of production. To produce qi , firm i incurs costs
ci (qi ) = (ĉ + ĉip )qi ,
where ĉ is a publicly observed component of costs that is common to the two firms, and ĉip is a
privately observed shock that affects firm i’s costs, but not its rival’s, where ĉip is independently
and normally distributed, ĉip ∼ N (0, σ̂c2 ). The normalization of the means of the shocks to zero is
without loss of generality.
3
One can allow for a more general formulation of firm demand, in which a firm’s own output has a greater weight
on its price than that of its rival, so that

p1P (q1 , q2 ) = â + bc (â1c + â2c ) + b p â1p − (q1 + yq2 ) + e P ,
where 0 < y ≤ 1. The approach to solving for the equilibrium mirrors that here. However, y < 1 introduces quadratic
terms in the output weights that firms place on their different sources of information. As a result, closed-form analytical
solutions do not obtain. One can solve for equilibrium outcomes numerically and verify that the qualitative properties are
unchanged as long as y is large enough (so that firm 1 cares enough about the output choices of firm 2).
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Noting that cost and demand components enter profits linearly as differences, we can consolidate these terms and write firm profits in reduced form
i = (ā + a1 + a2 + e F − (q1 + q2 ))qi − ci qi ,

(1)

where ā = â − ĉ is the net public-information demand-cost difference, a j = b â is a commonvalue shock to demand privately observed by firm j, where a j ∼ N (0, σa2 = (bc )2 σ̂ 2c ) and
c j = (ĉ pj − b p â jp ) is a net private-value demand-cost difference shock, so that c j ∼ N (0, σc2 =
(b p )2 σ̂ 2 p + σ̂ 2c ).
By rewriting profits so that it is “as if” private values only enter costs and common values only
enter demand, exposition is eased, and we obtain the simple profit formulation in (1). Moreover,
by loading all private–value components into costs, it is “as if” firms see the same price signals,
c

c
j

p1P∗ (a1 , c1 , a2 , c2 , e P ) = p2P∗ (a1 , c1 , a2 , c2 , e P ) = p P∗ (a1 , c1 , a2 , c2 , e P ),
easing presentation. We work with this in what follows.
Firms compete in supply schedules. At the beginning of the period, after observing public
and private information about demand and costs, firms choose supply schedules that detail for
each possible preliminary price an output choice. Firms optimize, choosing supply schedules that
maximize expected profits given public and private information and the information contained in
the preliminary price being market clearing (i.e., consistent with their output choices).
Definition 1. A strategy for firm i is a function Q i that maps its private information, ai and ci , into
a supply schedule qi ( p P ; ai , ci ) that details for each possible market-clearing preliminary price,
p P ∈ R, the quantity that firm i supplies to the market. Letting S denote the space of differentiable
supply schedules q : R → R, a strategy specifies for each (ai , ci ) ∈ R × R a supply schedule
qi ( p P ; ai , ci ) ∈ S.
Definition 2. A preliminary price function p P : (a, a1 , a2 , q1 , q2 , e P ) → R is market clearing if it
is consistent with the supply schedules qi : ( p P ; ai , ci ) → R. That is, for each (a1 , a2 , c1 , c2 , e P ),
p P (a1 , c1 , a2 , c2 , e P ) = ā + a1 + a2 + e P − q1 ( p P (a1 , c1 , a2 , c2 , e P ); a1 , c1 )
− q2 ( p P (a1 , c1 , a2 , c2 , e P ); a2 , c2 ).

(2)

Timing. The sequence of events and actions within each period as follows:
(i) (a1 , a2 , c1 , c2 , e P ) are realized.
(ii) Given (ai , ci ), firms i = 1, 2 submit supply schedules qi (·; ai , ci ).
(iii) The market-clearing beginning-of-period price p P (a1 , a2 , c1 , c2 , e P ) is determined, which,
in turn, determines outputs qi ( p P ; ai , ci ), i = 1, 2.
(iv) End-of-period price, p(a1 , a2 , c1 , c2 , e P , e F ) = p P (a1 , a2 , c1 , c2 , e P ) − e P + e F is realized
and firms realize profits.
When submitting supply schedules, firms understand and internalize the facts that (i) the
beginning-of-period price clears the market, and (ii) its rival’s output will hinge on this marketclearing price. Each firm i seeks to maximize expected realized profits conditional on its information, {ai , ci }, and the information contained in the fact that this price is market clearing. Thus,
for each possible beginning-of-period price p P , firm i’s supply schedule specifies a qi that solves
max E[(ā + a1 + a2 − (qi + q−i ( p P ; a−i , c−i ) + e F )q−i − ci qi |ai , ci , p P (a1 , a2 , c1 , c2 , e P )], (3)
qi ∈R

where q−i ( p P ; a−i , c−i ) is the supply schedule of its rival, evaluated at the market-clearing
beginning-of-period price, p P (a1 , a2 , c1 , c2 , e P ). In particular, firm i internalizes that as it varies
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qi , it affects the market-clearing beginning-of-period price, and hence its rival’s output, because
its rival’s supply schedule is evaluated at a different price. Of course, in equilibrium, a rival’s
supply schedule is evaluated at the market-clearing beginning-of-period price.
Definition 3. An equilibrium is a pair of strategies, Q ∗1 , Q ∗2 and a market-clearing price function
p P∗ (a1 , a2 , c1 , c2 , e P ) such that for each (a1 , a2 , c1 , c2 , e P ), (a) qi∗ ( p P∗ (a1 , a2 , c1 , c2 , e P ); ai , ci )
maximizes expected profits, solving (3), for i = 1, 2, and (b) preliminary prices are market
clearing,
p P∗ (a1 , c1 , a2 , c2 , e P ) = ā + a1 + a2 + e P − q1∗ ( p P∗ (a1 , c1 , a2 , c2 , e P ); a1 , c1 )
−q2∗ ( p P∗ (a1 , c1 , a2 , c2 , e P ); a2 , c2 ).
In general, solving for equilibrium in such a game is extremely difficult – the sensitivity of
the rival’s supply response to an increase in firm i’s output will hinge both on the curvature of the
pricing function, which determines the change in price, and on the sensitivity of the rival’s supply
schedule to that price change, which both enters that price change, and can conceivably vary in
complicated ways with its private information, {a−i , c−i }. Equilibrium is the fixed point of such a
problem, and, typically, it is completely intractable. Here, we exploit the Gaussian nature of the
demand and supply shocks, and conjecture that the rival’s equilibrium supply schedule is a linear
function of its information. This means that from firm i’s perspective, price is a linear function
of the fundamental primitives, which means that its conditional expectations of the unknown
primitives given its own information are linear. In turn, this means that the solution to its resulting
quadratic optimization problem is linear, confirming the linear structure of the equilibrium.
This leads us to conjecture that the rival’s supply schedule is linear, taking the form
q−i ( p P ; a−i , c−i ) = α−i a−i + β−i ā − γ−i c−i + δ−i p P .

(4)

Given the linear conjecture about the rival firm’s supply schedule, we can solve for the marketclearing preliminary price from the perspective of firm i:
p P = ā + a1 + a2 + e P − qi − (α−i a−i + β−i ā − γ−i c−i + δ−i p P ).
Firm i takes into account that as it increases its output q i , it alters the price at which the rival’s
supply schedule is evaluated, causing the rival to supply less, which ameliorates the direct impact
of firm i’s output on price. Taking this indirect impact into account, we solve for how price is
affected by firm i’s output from its perspective:
pP =

ai + (1 − α−i )a−i + (1 − β−i )ā + γ−i c−i − δ−i e P − qi
.
1 + δ−i

Thus, from firm i’s perspective, the marginal impact of an increase in qi on price is only 1+δ1 −i < 1.
Firm i chooses qi ( p P ; ci , ai ) to maximize expected profits, solving


ai + (1 − α−i )a−i + (1 − β−i )ā + γ−i c−i − δ−i e P − qi
+ e F − ci
maxqi ∈R E
1 + δ−i

(5)

ai + (1 − α−i )a−i + (1 − β−i )ā + γ−i c−i − δ−i e P − qi

.
×qi ci , ai ,
1 + δ−i
Because firm i knows ai , ā, and ci , we can reformulate its information set in terms of net
information:
{ai , ci , (1 − α−i )a−i + γ−i c−i + e P }.
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In turn, because firm i knows ai and ci , the net information, (1 − α−i )a−i + γ−i c−i + e P is
informationally equivalent from firm i’s perspective to the market-clearing preliminary price
p P (a1 , a2 , c1 , c2 , e P ). We can therefore write firm i’s objective (5) as:
 

(ai + (1 − α−i )a−i + (1 − β−i )ā + γ−i c−i − δ−i e P − qi )
maxqi ∈R E
+ e F − ci qi
1 + δ−i



ci , ai , (1 − α−i )a−i + γ−i c−i + e P .
By construction, the final demand shock e F is orthogonal to all other shocks. Because it is not
realized ex ante, its conditional expectation is zero, so it has no influence on the optimization.
The remaining optimization problem is deterministic. The first-order condition describing firm
i’s best response to the rival firm −i’s conjectured strategy is
2qi = ai − (1 + δ)ci + (1 − β)ā + E[(1 − α)a−i + γ c−i − δe P |(1 − α)a−i + γ c−i + e P ].
Given the Gaussian model structure, the conditional expectation is linear:
E[(1 − α−i )a−i + γ−i c−i − δ−i e|(1 − α−i )a−i + γ−i c−i + e P ] = λi [(1 − α−i )a−i + γ−i c−i + e P ],
where
λi =

(1 − α−i )2 σa2 + γ−i2 σc2 − δ−i σe2
(1 − α−i )2 σa2 + γ−i2 σc2 + σe2

(6)

is a projection coefficient. That is, firm i forecasts the residual component of demand (after
subtracting off components that are predictable given its own private information or public
information) by projecting it onto the residual information in the fact that the preliminary price
is market clearing. We then solve for firm i’s supply schedule,
ai − (1 + δ−i )ci + (1 − β−i )a + λi [(1 − α−i )a−i + γ−i c−i + e P ]
,
2
which is a linear function of the net information. We then have the following lemma:
qi ( p P ; ai , ci ) =

(7)

Lemma 1. If firm −i’s supply schedule takes the linear form of (4), then firm i’s optimal supply
schedule takes a linear form,
qi ( p P ; ai , ci ) = αi ai + βi ā − γi ci + δi p P ,
as does the market-clearing preliminary price.
Proof. All proofs are in the Appendix.



Observe that the end-of-period demand shock e F does not enter the solution: because it
is orthogonal to the information that firms have when they determine their supply functions,
it disappears from the calculations. Conversely, even though demand, and therefore profit, is
ultimately not influenced by the beginning-of-period demand shock e P , it necessarily influences
output via its influence on the market-clearing, beginning-of-period price.
Mechanically, the impact of the beginning-of-period demand shock and the consequent
structure of beginning-of-period price results in an isomorphism between this setting and one
where firms can base output on a noisy observation of end-of-period price. That is, e P can be
viewed as noise interfering with firms’ observations of end-of-period prices. This can be seen
explicitly in the signal extraction expressed in the projection coefficient in equation (6). As we
set out in the Introduction, the model can therefore be viewed as a noisy REE model, but with
the critical added element that firms strategically influence prices, and hence the net information
of rivals.
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With the linear structure of equilibrium strategies and prices established, it follows that the
equilibria of the two frameworks coincide. In what follows, we pose the language and analysis
within the noisy REE price framework. In this setting, the analogue of the volatility of the
beginning-of-period demand shock e P shrinking, is that the noisy signal of end-of-period price
becomes more informative.
We next solve for all symmetric linear equilibria. To do this, we exploit symmetry of
the two firms’ equilibrium strategies, substituting α1 = α2 = α, β1 = β2 = β, γ1 = γ2 = γ , and
δ1 = δ2 = δ. Recalling that λi is the projection on the firm’s net information in price (1 − α−i )a−i +
γ−i c−i + e P , we solve for α, β, γ , and δ in terms of λ.
To do this, we exploit symmetry, substituting for q1 and q2 into preliminary price to obtain
pP =

1 − λ(1 − α)
(1 + δ) − λγ
(a1 + a2 ) + βa +
(c1 + c2 ) − λe P .
2
2

(8)

We next solve for the equilibrium parameters of a firm’s output strategy. Equation (7) reveals that
firm 1’s output weight on a1 is 12 , which equals the sum of its direct output weight on a1 plus its
indirect output weight on a1 via price. The coefficient on a1 in price is 1−λ(1−α)
. Substituting this
2
into the conjectured form of output strategies reveals that its direct output weight α on a1 solves


1 − λ(1 − α)
1 − δ(1 − λ)
1
=α+δ
⇒ α=
.
a1 :
2
2
2 + δλ
An analogous exercise yields the solutions for the other parameters:
a2 :

λ

ā :
c1 :

−

c2 :
e:



1 − λ(1 − α)
1−α
= δ
2
2

⇒ α =1−

1−β
= β(1 + δ)
2

⇒ β=

δ
λ(1 + δ)

1
3 + 2δ

(1 + δ) − λγ
(1 + δ)2
(1 + δ)
= −γ + δ
⇒ γ =
2
2
2 + λδ
(1 + δ) − λγ
δ
γλ
= δ
⇒ γ =
2
2
λ
λ
λ
⇒δ =
.
δ(1 − λ) =
2
2(1 − λ)

One can show that after substituting for δ, that the two equations for γ (or α) yield the same
solution. Substituting for δ, yields the primitive parameters α, β, and γ solely in terms of the
price filter, λ:
α=

1−λ
,
2−λ

β =

1−λ
,
3 − 2λ

γ =

1
,
2(1 − λ)

and

δ =

λ
.
2(1 − λ)

(9)

The direct output weights, β and α, on common-value demand primitives fall with the information content of prices, λ, reflecting that more informative prices lead a rival to produce more
aggressively in the same direction on this information. In contrast, the direct output weight on
privately observed private-value costs rises when prices convey more information because firms
produce in opposite directions on private values, as the unaffected firm responds to the output of
the affected firm, and not the shock itself.
To solve for the equilibrium, we substitute the solutions for γ , β, α, and δ into the expression
for the projection coefficient λ to obtain an equation that implicitly characterizes the equilibrium,

λ=

C RAND 2014.

σa2
1
(2−λ)2 σe2

+

σa2
1
(2−λ)2 σe2

σc2
1
4(1−λ)2 σe2

+

−

σc2
1
4(1−λ)2 σe2

λ
2(1−λ)

+1

.

(10)

/

BERNHARDT AND TAUB

11

We divide through by σe2 to emphasize that the equilibrium projection coefficient is a function of
the signal-to-noise ratios. Observe that public information (ā) does not affect the weight firms
place on price signals, because ā is perfectly forecastable. The converse is not true: when prices
contain more information – when λ is higher – firms reduce direct output weights on ā, that is, β
falls.
We now provide necessary and sufficient conditions describing the existence of symmetric
linear equilibria of this oligopoly game.
Proposition 1.
(i) If

σc2
σe2

≤ 2, then there is a unique symmetric linear equilibrium, and λ < 34 .

(ii) There exists an s( σσae2 ) > 2, where s < 0 with s(0) =
σa2
σe2

2

9
4

and s(∞) = 2 such that for 2 <

σc2
σe2

<

s( ), two symmetric linear equilibria exist, and the larger equilibrium λ exceeds .
(iii) For

3
4

σc2
σe2

≥ s( σσae2 ), no symmetric linear equilibrium exists.
2

Proposition 2. The equilibrium price projection λ rises with the signal-to-noise ratios

r
r

σc2
σe2

and

σa2
σe2

.

The information content of prices is more sensitive to privately observed private-value (cost)
uncertainty than to privately observed common-value (demand) uncertainty: ∂σ∂λc2 − ∂σ∂λa2 > 0.
The higher sensitivity of λ to privately observed private-value uncertainty than to privately
observed common-value uncertainty rises with σc2 and σa2 : ∂σ∂c2 ( ∂σ∂λc2 − ∂σ∂λa2 ) > 0 and ∂σ∂a2 ( ∂σ∂λc2 −
∂λ
) > 0.
∂σa2
Inspection of equation (A1) reveals that the left-hand side rises in both
σc2
σe2

σa2
σe2

and

σc2
σe2

(more

quickly in ), implying the comparative statics. Intuitively, with more noise, the signal-to-noise
ratio shrinks in equilibrium, so the projection coefficient λ falls. The reason why private-value
uncertainty contributes more than common-value uncertainty to the information content of prices
reflects their opposing impacts on a rival’s actions. Firm 2’s output weights a1 positively (via
price) because a1 enters firm 2’s payoff directly; but this causes firm 1 to reduce its output weight
on a1 – firms produce in the “same” direction on common demand. In turn, this reduces the
information about a1 in firm 2’s price signal. In contrast, firms produce in “opposite” directions
on private-value shocks, and when firm 2 takes an offsetting position against firm 1’s output on
c1 , this causes firm 1 to weight c1 even more heavily. As a result, firm 2’s price signal provides it
even more information about c1 .
Thus, there are strategic complementarities in learning about private values, and strategic
substitution in learning about common values. The learning complementarities about private
values not only can cause equilibrium to break down when there is too much uncertainty about
private values, but they can also lead to multiple equilibria in linear strategies. That is, for
2
2
2 < σσce2 < s( σσae2 ), two equilibria exist. In one equilibrium, a firm produces less aggressively on its
private information about private values; as a result, price signals contain less information, so
that its rival’s output does not aggressively offset a firm’s production on its costs, confirming the
optimality of not weighing cost shocks heavily in output. In the other equilibrium, a firm produces
aggressively on its private information; as a result, price signals contain more information, causing
its rival to offset far more of a firm’s production on its costs, validating a decision to heavily weight
costs in output.
The driving force for equilibrium breakdown when there is substantial private-value uncertainty can also be seen in the stability properties of best responses. The best-response dynamics
2
dλ1
in the neighborhood of an equilibrium switch from being stable to unstable at s( σσae2 ). Intuitively,
dλ2
dλ1
rises with the information in prices about c1 due to the strategic learning complementarities,
dλ2
and best responses become unstable once prices become sufficiently informative.
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When σc2 ≥ 94 σe2 , an equilibrium does not exist because price signals convey enough information to firms about costs that the low cost firm goes infinitely long on output, whereas the
high-cost firm takes the offsetting position, “producing” a negative infinity of output. One can
show that existence of a linear equilibrium is always retrieved if there is an additional quadratic
component to costs, so that c j (q j ) = ĉq j + c j q j + f q 2j , where f > 0 is public information. Increasing marginal costs ensure that when σc2 is large, “trading” unbounded production roles by
communicating via price is not optimal. Intuitively, with increasing marginal costs, the costs of
large outputs eventually swamp the “gains from trade” between firms with different costs, ensuring bounded outputs. In turn, bounded outputs mean that noise-to-signal-ratios in price signals
are bounded away from zero, so that λ, although increasing σc2 , remains strictly bounded away
from one.


Learning. A firm learns about its rival’s private information by forecasting via leastsquares projection on its price signal. Firm 1’s supply function in equation (7) expresses this via
the term λ1 that multiplies the elements of the net information in price. Firm 1 seeks to forecast
the net shift in the price that it will receive due to the shocks privately observed by its rival,
(1 − α2 )a2 + γ2 c2 . That is, it seeks to forecast the sum of the residual common-value demand
shock left after accounting for its rival’s direct production on that information, (1 − α2 )a2 , plus
the direct price impact of its rival’s cost shock via its output, γ2 c2 . By expressing λ1 in terms of
a more fundamental projection, we now show that a firm treats information learned from this
projection as if it were a publicly-observable common-value shock. This reflects that its rival
knows the true shocks and hence can forecast this learning.
The net information in firm 1’s price signal is (1 − α2 )a2 + γ2 c2 + e. Firm 1 projects the
grouped private signal (1 − α2 )a2 + γ2 c2 − δ2 e onto this net information using the projection
coefficient λ1 . Our decomposition begins by projecting the net price shock (1 − α2 )a2 + γ2 c2 onto
the net information in firm 1’s price signal; the associated projection coefficient is
π1 =

(1 − α2 )2 σa2 + γ22 σc2
cov((1 − α2 )a2 , (1 − α)a2 + γ c2 + e)
=
.
var((1 − α)a2 + γ c2 + e)
(1 − α2 )2 σa2 + γ22 σc2 + σe2

The projection coefficient λ1 can be decomposed in terms of the direct projection π1 :
λ1 =

(1 − α2 )2 σa2 + γ22 σc2 − δ2 σe2
cov((1 − α2 )a2 + γ c2 − δ2 e, (1 − α2 )a2 + e)
=
.
var((1 − α2 )a2 + γ2 c2 + e)
(1 − α2 )2 σa2 + γ22 σc2 + σe2

Thus,
λ1 = π1 − δ2 (1 − π1 ).

(11)

The decomposition reflects firm 2’s awareness of both firm 1’s learning, and of the errors that firm
1 makes in its learning. Because firm 2 sees a2 and c2 , it knows what firm 1 learns and it knows
the forecast error that firm 1 makes, and it weights them differently; in turn, firm 1 understands
this. The term −δ2 (1 − π2 ) is the reduction in the weight on learned information that reflects firm
2’s strategic exploitation of its private knowledge about the forecast error in firm 1’s projection,
1 − π1 ; and firm 1’s understanding of this impact.
Using the decomposition in equation (11), we now establish:
Proposition 3. Information that firm 1 learns about (1 − α)a2 + γ c2 from its price signal is
weighted as if it were publicly observed common-value information. That is,
λ = (1 − β)π.

(12)


Correlation in private information. In this economy, the relevant private information that
firms hold is the error in the other firm’s forecast of its private information conditional on the
information in prices. We next derive the correlation structure of this residual private information:
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Proposition 4. The residual private information of firms, that is, the forecast errors in the
projection of private information on price signals, is positively correlated between firms.
Defining ρc to be the projection of the common-value demand shock observed by a rival on
the net information in a firm’s price signal, and ρ p to be the analogous projection of the rival’s
private-value cost shock, the correlation in the errors of the two firms in their forecasts of common
demand shocks is ρc2 σe2 , the correlation of their forecasts of each other’s cost shocks is ρ 2p σe2 , and
the correlation of one firm’s forecast error of demand and the other firm’s error in its forecast
of costs is ρc ρ p σe2 . It follows that more informative prices raise forecast error correlations. This
result stands in contrast to the correlation of private information in models of strategic speculation
in financial markets. In financial markets, the relevant private information of privately informed
speculators – the differences between their forecasts of an asset’s value and the market’s forecast –
is negatively correlated. This reflects that when speculators receive uncorrelated signals, their net
private information tends to be on “opposite sides” of the asset’s expected value (the price), that
is, the errors in the market makers’ forecasts of their signals are negatively correlated (Bernhardt,
Seiler, and Taub, 2010; Back, Cao, and Willard, 2000; Foster and Viswanathan, 1996). What
underlies the opposing correlation structures in speculation and duopoly frameworks is that the
relevant private information of firms concerns levels (e.g., of demand) rather than differences.


Output weights. From an economic perspective, what matters is not just a firm’s direct
output weight on a fundamental, but rather its total direct plus indirect (via its price signal)
output weight. We now derive both how an individual firm’s output weights compare with their
full-information counterparts and how aggregate (across firms) output weights compare. In a
full-information setting, firm 1’s output is
q1 =

ā + a1 + a2 − 2c1 + c2
ā + a1 + a2 − c1 − q2
=
.
2
3

(13)

The second equality shows that because firms produce in the same direction on common components, they scale back weights relative to monopoly levels; but because firms produce in opposite
directions on private-value components, a firm hit by a shock raises (the absolute value of) its
weight.
We next show how private information affects how firms’ outputs weight differently public
and private information about common and private values.
Proposition 5. In the private information economy,

r
r
r
r

Firms overproduce on the publicly-known, common ā relative to a full-information setting.
Firms overproduce by the same amounts on common-value learned and public information.
Aggregate (across firms) output weights on publicly-known, common demand exceed those on
privately observed common demand by the product βα of the direct output weights on privately
observed and publicly observed demand.
Aggregate (across firms) output weights on a firm’s privately observed private-value cost shocks
exceed those on publicly-known, private-value costs by β2 .

2−λ
= 1−β
exceeds
A firm’s weight on the publicly-known, common value ā = â − ĉ of 2(3−2λ)
2
1
its full-information economy weight of 3 . Similarly, reflecting Proposition 3, firm 1 also weights
its forecast of its rival’s net privately observed demand shock by 1−β
; and it weights its forecast
2
.
That
firms
overproduce on both
of how its rival’s output is affected by its cost shock by 1−β
2
public and this learned information relative to a full-information setting reflects classical signaljamming incentives. Each firm overproduces on a, which captures the market’s ex ante expected
profitability, to try to convince its rival that the market is less profitable. This overproduction
grows with λ, reflecting that when prices are more informative, firms weight price signals by
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more, so that a rival’s output becomes more sensitive to signal jamming. Thus, there are synergies
between the informativeness of price signals and signal-jamming incentives.
The incentives to over weight publicly-known common values are clear. In contrast, it is
unclear whether firms should overweight or underweight privately observed shocks, and how
this should vary with their common- and private-value natures. The proposition shows that in
our private information economy, firms collectively weight publicly observed common-value
shocks by exactly βα more than when those shocks are privately observed. This is reversed for
private-value shocks: firms collectively weight privately observed private-value cost shocks by
β
more than when they are publicly observed. Thus, the combined output weights by the two
2
firms on the privately observed private-value shocks exceed the combined weights on publiclyknown common demand, which, in turn, exceed the combined weights on privately observed
common demand. This result reflects that firms weight information learned from price signals
about privately observed shocks just like public information, so the net effects depend on how
the informed firm’s output weights its residual private information. An informed firm acts like a
monopolist on this information – but a monopolist weights common-value information by less
than a duopoly collectively would; whereas a monopolist weights private-value information by
more than a duopoly precisely because its rival partially offsets some of the price impact of its
output.
Proposition 6. Each firm acts as a monopolist on the common demand shock that it privately
observes, whereas firms collectively act as monopolists on a privately observed private cost shock
to one firm: regardless of the informativeness of prices, firm i’s total (direct plus indirect via
price) output weight on ai is always 12 ; whereas the aggregate (across firms) output weight on ci
is 12 .
An individual firm always overweights a privately observed common demand shock relative
to full-information settings, trying to convince its rival that the absolute magnitude of the shock
is smaller. Indeed, firm i overweights ai by exactly β2 more than it overweights publicly-known
common demand, a, where β2 is half of its direct output weight on a. In contrast, the two firms
collectively weight a privately observed private-value cost shock by (minus) 12 , as the firms take
offsetting positions on what the rival learns about the cost shock. That is, a firm places a weight
λ
λ
] on its own marginal cost shock, but its rival offsets 4(1−λ)
. The offsetting positions
−[ 21 + 4(1−λ)
reflect that firm i can forecast what its rival learns. It follows that relative to a full information
setting, collective firm output always weighs a firm’s privately observed private-value costs by
more (by 12 − 13 = 16 ). In contrast, firms collectively overweight privately observed common
demand shocks relative to a full-information setting only if price signals are informative enough
that λ > 12 .
This contrast highlights the very different strategic consequences of privately observed
common-value and private-value shocks. In both cases, a firm has an incentive to signal jam on
its private information. However, with privately observed common-value demand shocks, firms
produce in the “same direction,” so enough information must be transmitted via prices for the
signal-jamming strategic effect to dominate the reduced information that a rival has about a
demand shock in the private information economy in terms of collective firm output. As price
signals become less noisy, the weight λ that firms place on their price signals rises, and hence so
do both the signal-jamming strategic effects and the information conveyed to a rival via its price
signal. As a result, output weights rise, and they eventually exceed their full-information levels.
Proposition 7. Relative to a full-information setting, a firm overweights its own private-value
shock ci , and its rival’s private-value and common-value shocks c−i and a−i , if and only if prices
are sufficiently informative. The required informativeness of prices λ is higher for common-value
shocks than private-value shocks.
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Output Weights
Column 1 has the full-information economy weights; column 2 has the private-information economy
weights; column 3 has the difference in private-information economy weights on private and public
information. The first row shows weights on publicly-known common values. The middle cell shows
weights on privately observed common value shocks ai : the top row is the direct weight after netting out
a firm’s own indirect weight via price; the second row is the indirect weight on information observed
by the rival via price; and the third row is the sum. The bottom cell has a similar decomposition for
privately observed private-value shocks. See Propositions 5 through 7
Full
Info.

=

a

1
3

ai own

1
3

1
2

a−i indirect

1
3

λ
2(2−λ)

ai + a−i
ci own
c−i indirect
ci + c−i

2−λ
2(3−2λ)

2
3

− 23
1
3

− 13

Difference
Noisy Private v. Noisy a

Noisy

1
2

−

+
1
2

1−β
2

1−λ
2(3−2λ)

λ
2(2−λ)

+

λ
4(1−λ)

λ
4(1−λ)

− 12

−

=

β
2

4−7λ+3λ2
2(2−λ)(3−2λ)

>0
<0

(1−λ)2

(v. 2ā) − (2−λ)(3−2λ) = −βα < 0
2−λ
<0
− 4(1−λ)(3−2λ)
4λ −9λ+4
− 14 (1−λ)(3−2λ)
> 0 if λ > 0.61
2

(v. −a)

1−λ
2(3−2λ)

=

β
2

>0

To understand the intuition, first suppose that price signals are extremely noisy. Then, a firm
acts as a monopolist on the private-value shocks that it privately observes, and its output minimally
weighs the shocks observed by its rival. Thus, the full-information output weights on these shocks
are greater (in particular, because a rival does not offset any output on a private-value shock that
it does not learn about). Now reduce the noise in price signals. Then λ rises. As a result, the
weights firm i places on ci , c−i , and a−i rise, reflecting the increased learning and signal-jamming
incentives. Eventually, the synergies between these two forces dominate, reflecting that firms
always overweight public/learned information relative to a full-information setting. That prices
must be more informative for the weights on common demand shocks observed by a rival to
exceed their public-information levels than for the weights on a rival’s private cost shocks to do
so reflects the strategic learning complementarities about private values and strategic learning
substitutes about common values. Table 1 presents the calculations for the results in Propositions
5–7.

3

Dynamics



Our static analysis can be extended to a dynamic setting. In Bernhardt and Taub (2013),
we develop a stationary dynamic version of our static model and analyze it numerically. In the
dynamic model, firms are buffeted each period by new, long-lived shocks to demand and costs
that evolve according to persistent autoregressive processes driven by Gaussian innovations. Now
firms learn about rivals’ private shocks via current and past price signals. In turn, each firm
chooses output strategically, knowing that its current output also influences a rival’s future actions
– each firm combines the information it extracts from the history of price signals with that in the
history of its privately- and publicly observed innovations to determine how much to produce.
We establish that many key structural properties of our static model also hold in the steady
state of the dynamic model. For example, the economics of how firms weigh privately observed
private- and common-value shocks carry over: in the steady state of the dynamic model, at any
given lag, the output weight placed by one firm on a common-value shock that it privately observes
equals the collective output weight that the two firms together have on a privately observed
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private-value shock. So, too, in the dynamic model, just as in the static model, (i) the level of
public information does not affect how firms filter information in price signals or how they weigh
information that is privately observed, (ii) information learned from the history of price signals
is treated in output decisions as if it is public information, and (iii) indeed, only the current value
of public information components and not the timing of their arrival enter firm output decisions.
More generally, (iv) the result in the static setting that firms learn more about privately observed
private-value shocks than privately observed common-value shocks carries over to the dynamic
economy for exactly the same reasons. That is, as a firm learns more about a rival’s private cost
shocks, it produces more intensively in the opposite direction, leading its rival to raise its output
weight further. In contrast, as a rival learns more about a common value shock observed by a
firm, the rival produces more intensively on that information, causing the firm seeing the shock
to cut back.
However, a conjecture that with autoregressive shocks, the firms’ output choices in the
dynamic setting simply echo those processes, with the same fixed autocorrelations – essentially
replicating the static model iteratively – is misplaced for two reasons. First, firms understand
that their strategic actions affect a rival’s inferences not just in the current period, but also in
future periods. As a result, the incentives to manipulate a rival’s beliefs (e.g., a firm’s incentives
to convince a rival that its costs are lower than they actually are) rise in a dynamic setting because
a firm gains not only in the current period from this manipulation, but also in future periods.
Second, the correlation structure of the firms’ information evolves – each firm learns more and
more over time via new price signals about older shocks observed by its rival, so that less of
that information remains private information to the rival. Output weights on public and private
components differ, so it follows directly that the dynamics are far more complicated. As a firm
learns more about a common value shock observed by its rival, its output weight rises, causing
its rival to cut back. In contrast, weights on privately observed, private-value shocks rise with
lags: as a firm learns more about a rival’s private cost shocks, it produces more intensively in
the opposite direction, leading its rival to further raise its output weight. Consequently, price
signals convey more information about a rival’s privately observed older private-value shocks
than privately observed older common-value shocks. Moreover, the induced patterns on outputs
mean that firm profits move together with privately observed private-value shocks and publicly
observed common value shocks, but firm profits move in opposite directions on privately observed
common-value and publicly observed private-value shocks.
The static setting also informs about the comparative statics of the dynamic model. For
example, the partial learning that takes place in the static model is mirrored in the dynamic
model. However, when shocks are larger or more persistent, learning is faster, which increases
the positive correlation in the private information of the two firms. Accordingly, this alters the
evolution of output weights at longer lags.

4 Conclusion


In this article, we characterize a duopoly buffeted by demand and cost shocks. Firms learn
about these shocks via common observation, private observation, and the information conveyed
by noisy price signals. We derive how firms extract information from noisy price signals and
strategically choose output to manipulate a rival’s beliefs and hence output. We distinguish how
the nature of information – public versus private – and of what firms learn about – common versus
private values – affect equilibrium outcomes.
Firms treat private information about common values differently from private information
about private values. In particular, firm outputs weigh private information about private value by
more than common values. As a result, price signals contain more information about privatevalue shocks than common-value shocks. This reflects strategic learning complements in output
on private values, and strategic learning substitutes in output on common values, due to the fact
that firms produce in the same direction on common values, but in opposite directions on private
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values. In turn, total firm output weights on privately observed private-value shocks exceed those
on publicly-known private values; but total weights on privately observed common value shocks
are less than those on publicly-known common values. A further consequence is that when most
private information concerns common values, equilibrium is unique; but when private information
about private values predominates, there can be multiple equilibria, and, indeed, with extensive
private information about private values, equilibrium can break down.
Appendix
In this Appendix, we provide proofs for Lemma 1 and Propositions 1-4.
Proof of Lemma 1. To complete the proof, we rewrite output in terms of the beginning-of-period price rather than net
information. To begin, write p P in terms of net information and known terms:
pP =

[ai + (1 − β−i )a − qi ] + [(1 − α−i )a−i + γ−i c−i + e P ]
.
1 + δ−i

Thus, we can write net information as
[(1 − α−i )a−i + γ−i c−i + e P ] = (1 + δ−i ) p P − [ai + (1 − β−i )a − qi ].
Substituting this into the solution for qi in equation (7) yields
qi ( p P ; ai , ci ) =

ai − (1 + δ−i )ci + (1 − β−i )a + λi [(1 + δ−i ) p P − [ai + (1 − β−i )a − qi ]]
.
2

Solving for qi yields
qi =

ai − (1 + δ−i )ci + (1 − β−i )a + λi [(1 + δ−i ) p P − [ai + (1 − β−i )a]]
.
2 − λi

This is linear in preliminary price as asserted, with
δi ≡

λi
(1 + δ−i ).
2 − λi


Proof of Proposition 1. Our geometric approach rearranges the equation (10) describing the equilibrium λ as
(1 − λ)2 σa2
1 σc2
3 − 2λ
.
+
=λ
(2 − λ)2 σe2
4 σe2
2

(A1)

The LHS decreases in λ and exceeds the RHS at λ = 0, but is less than the RHS at λ = 1 if
in [0, 1]. The RHS achieves a maximum of
σc2
σe2

9
16

σc2
σe2

< 2, implying an intersection

at λ = 34 . Hence, the LHS necessarily exceeds the RHS if
σa2
σe2

σc2
σe2

> 94 . For

∈ (2, ), the LHS intersects the RHS only if is sufficiently small, where “sufficiently small” is decreasing in σσc2 . To
e
complete the proof, we show that (i) if there is an intersection, then there are two, but (ii) only intersections with λ < 1
are associated with equilibria – fixed points with λ > 1 feature negative expected profits.
σa2
σc2
1
1
Substitute z(λ) = (2−λ)
2 σ 2 + 4(1−λ)2 σ 2 to write
9
4

e

e

λ=
Solve this for

2

z(λ) −

λ
2(1−λ)

z(λ) + 1

⇔ λz(λ) + λ = z(λ) −


(1 − λ)z(λ) = λ 1 +

1
2(1 − λ)


=λ

λ
.
2(1 − λ)

(A2)

3 − 2λ
.
2(1 − λ)

Cross-multiply by 1 − λ, and substitute for z(λ) to obtain
(1 − λ)2 σa2
1 σc2
3 − 2λ
.
+
=λ
(2 − λ)2 σe2
4 σe2
2
Note that LHS(0) > RHS(0) and L H S(1) < RHS(1), for
achieves a maximum of

C RAND 2014.

9
16

σc2
σe2

(A3)

< 2, implying at least one solution with λ ∈ (0, 1). The RHS

at λ = 34 , so that the LHS necessarily exceeds the RHS if

σc2
σe2

> 9/4. The LHS is increasing in
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, so that the maximal

σc2
σe2

∈ (2, 94 ) for which the LHS ever intersects the RHS is decreasing in

s( σσa2 ) ∈ (2, 94 ] such that the LHS and RHS intersect if and only if σσc2 ≤ s( σσa2 ).
e
e
e
The RHS is a concave (quadratic) function of λ, that reaches a maximum of
2

2

The first derivative of the LHS is

−2(1−λ) σa2
(2−λ)3 σe2
1
2

σa2
σe2

. Hence, there exists a

2

9
16

at λ = 34 , and it equals

1
2

at λ = 1.

< 0 for λ < 1 (and going to zero at 1). The second derivative of the LHS is

2λ−1 σa
2 (2−λ)
, and positive for λ > 12 . Hence, when the LHS and RHS intersect, there are two
4 σ 2 , which is negative for λ <
e
intersections. It remains first to determine when there are multiple intersections for λ ∈ [0, 1), and then to show that λ ≥ 1
cannot be part of an equilibrium. If there are multiple intersections for λ ∈ [0, 1), the larger one exceeds 34 , and multiple
intersections occur for λ ∈ [0, 1) if and only if LHS and RHS intersect (and are not just tangent at 34 ) and LHS(1)>
RHS(1) (as the concavity of the RHS and convexity of LHS for λ > 12 imply that the LHS crosses the RHS from below
2

and there is not a third intersection). Finally, LHS(1)>RHS(1) if and only if σσc2 > 2.
e
It remains to show that a fixed point with λ > 1 cannot be part of an equilibrium. Inspection immediately reveals
that λ ≥ 1.5 cannot be a solution to equation (A3). Inspection of (9) reveals that for λ ∈ (1, 1.5) that γ , β, α, and δ are
all negative. We now show that this implies that the solutions for output weights would mean that firms expect to lose
money, a contradiction. Profits are:
2

p − c1 = (1 − λ(1 − α))(a1 + a2 ) + β ā + ((1 + δ − λγ )(1/2))(c1 + c2 ) − c1 − λe
times
q1 = αa1 + β ā − γ c1 + δ( p + e).
The coefficients on a1 , a2 , ā, e in p − c1 are negative, but they are positive in q1 , implying that they contribute expected
λ
1−λ
losses to the firm. In particular, the coefficient in price of (i) ai is 1 − λ(1 − α) = 1 − 2−λ
= 2 2−λ
< 0, (ii) ā is β < 0,
1−λ
λ
(iii) e is −λ < 0. Conversely, the coefficient in q1 of (i) a1 is positive because |α| = | 1−λ
|
<
|2δ
|, that is, | 1−λ
|>1
2−λ
2−λ
for λ ∈ (1, 1.5), (ii) a2 is positive because δ < 0, (iii) ā is positive because β(1 + δ) > 0, and (iv) e is λ2 > 0. Finally,
substituting γ and δ, reveals that the coefficients on c1 and c2 in p − c1 are − 12 and 12 , respectively. The coefficient on c1
λ−2
λ
in q1 is 4(1−λ)
> 0, and that on c2 is 4(1−λ)
< 0. Hence, the signs on c1 in p − c1 and q1 differ, as do those on c2 . Hence,
they also contribute expected losses. Thus, λ ∈ [1, 1.5) cannot be part of an equilibrium: the solution implies that firms
necessarily earn negative expected profits, and they can earn zero profits by not producing.

Proof of Proposition 2. Examining equation (A3) reveals that variances enter only according to their ratios σσa2 and σσc2 on
e
e
the left-hand side and do not enter the right-hand side. Increasing σe2 shrinks the left-hand side and hence the intersection
point, whereas increasing σa or σc does the opposite. To see that λ is more sensitive to σc2 than σa2 , observe that the
2
, which is less than 14 when there is private information (so
coefficient of σc2 in (A3) is 14 , whereas that on σa2 is (1−λ)
(2−λ)2
λ > 0), and decreasing in λ.

Proof of Proposition 3. Imposing symmetry, begin by solving for π in terms of λ:
π=

λ+
λ+δ
=
1+δ
1+

λ
2(1−λ)
λ
2(1−λ)

=

3 − 2λ
3λ − 2λ2
=
λ,
2−λ
2−λ

where the first equality follows from substituting for δ. Next, observe that
1−β =1−

1−λ
2−λ
=
.
3 − 2λ
3 − 2λ

Thus,
(1 − β)π =

2 − λ 3 − 2λ
λ = λ.
3 − 2λ 2 − λ

2)
The supply schedule equation (7) shows that the firm’s output weights this projection by one half. The weight (1−β
on
2
the learned component, πa2 , equals that on publicly known common demand—the projected or learned part is weighed
just like public information.


Proof of Proposition 4. Firm 1’s projection of the common value demand shock observed by firm 2, a2 , on the net
information in firm 1’s price signal is:
P[a2 |(1 − α)a2 + γ c2 + e] =
=
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cov(a2 , (1 − α)a2 + γ c2 + e)
var((1 − α)a2 + γ c2 + e)
(1 − α)σa22
(1 − α)2 σa2 + γ 2 σc22 + σe2

≡ ρc .

(A4)
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Firm 2’s residual private information is the forecast error:
a2 − ρc ((1 − α)a2 + γ c2 + e).
Hence, the correlation of firm 1 and firm 2 residual private information about demand is:
cov(a1 − ρc ((1 − α)a1 + γ c1 + e), a2 − ρc ((1 − α)a2 + γ c2 + e)) = ρc2 σe2 > 0.
Similarly, Firm 1’s projection of the private-value cost shock to firm c2 on the net information in firm 1’s price signal is:
P[c2 |(1 − α)a2 + γ c2 + e] =
=

cov(c2 , (1 − α)a2 + γ c2 + e)
var((1 − α)a2 + γ c2 + e)
γ σc22
(1 − α)2 σa2 + γ 2 σc22 + σe2

≡ ρp.

(A5)

Hence, the correlation in the residual private information of the two firms about costs is:
cov(c1 − ρ p ((1 − α)a1 + γ c1 + e), c2 − ρ p ((1 − α)a2 + γ c2 + e)) = ρ 2p σe2 > 0,
and the correlation in their residual private information about demand and costs is ρc ρ p σe2 > 0.
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