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ABSTRACT
Sausage modes that are axisymmetric fast magnetoacoustic oscillations of solar coronal loops are

characterised by variation of the plasma density and magnetic field, and hence cause time variations of
the electron plasma frequency and cyclotron frequency. The latter parameters determine the condition
for the double plasma resonance (DPR), which is responsible for the appearance of zebra pattern (ZP)
structures in time spectra of solar type IV radio bursts. We perform numerical simulations of standing and
propagating sausage oscillations in a coronal loop modelled as a straight, field-aligned plasma slab, and
determine the time variation of the DPR layer locations. Instant values of the plasma density and magnetic
field at the DPR layers allowed us to construct skeletons of the time variation of ZP stripes in radio spectra.
In the presence of a sausage oscillation, the ZP structures are shown to have characteristic wiggles with the
time period prescribed by the sausage oscillation. Standing and propagating sausage oscillations are found
to have different signatures in ZP patterns. We conclude that ZP wiggles can be used for the detection of
short-period sausage oscillations, and exploitation of their seismological potential.

Subject headings: Sun: flares – Sun: oscillations – Sun: radio radiation

1. Introduction

Magnetohydrodynamic (MHD) waves in the so-
lar corona are subject to intensive observational and
theoretical research, especially in the context of di-
agnostics of coronal plasmas and the processes op-
erating there (e.g. De Moortel & Nakariakov 2012;
Liu & Ofman 2014; Nakariakov et al. 2016, for re-
cent comprehensive reviews). Interpretation of ob-
served coronal oscillatory phenomena is usually based
upon the MHD modes of a wave-guiding plasma non-
uniformity. One of the most popular models of such
a non-uniformity is a plasma cylinder stretched along
the magnetic field (e.g. Zajtsev & Stepanov 1975; Ed-
win & Roberts 1983), which is often used for studying
MHD oscillations in coronal loops and plumes, promi-
nence fibrils, etc. Properties of different MHD modes
are determined by the parameters of the waveguide,

and also by the type of the mode. In a plasma cylin-
der, the axisymmetric fast magnetoacoustic mode is
known as the sausage or peristaltic or m = 0 mode,
where m is the azimuthal wave number. This mode
is essentially compressive, and produces axisymmet-
ric perturbations of the plasma density and frozen-in
magnetic field. In the low-β plasma that is typical for
the corona, the sausage mode is characterised by alter-
nate radial flows of the plasma, perpendicular to the
field.

Recent theoretical studies of the sausage mode in-
clude the study of the dependence of its parameters,
e.g. the period and damping time, on the parameters
of the oscillating loop, e.g. the density contrast, the
transverse profile of the fast magnetoacoustic speed
(see, e.g. Pascoe et al. 2007b; Nakariakov et al. 2012;
Hornsey et al. 2014; Vasheghani Farahani et al. 2014;
Lopin & Nagorny 2014, 2015; Yu et al. 2015); ac-
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counting for the effects of multi-shell structuring (e.g.
Pascoe et al. 2007a; Chen et al. 2015a), a field-aligned
plasma flow (e.g. Chen et al. 2014; Li et al. 2014), non-
uniform cross-section (Pascoe et al. 2009), and mag-
netic field twist (e.g. Bembitov et al. 2014; Mikhalyaev
& Bembitov 2014). Parameters of standing sausage
modes provide us with a unique information about the
transverse profiles of the plasma in flaring loops and
the external Alfvén speed(e.g. Kopylova et al. 2007;
Zaitsev & Stepanov 2008; Inglis et al. 2009; Chen
et al. 2015b). These quantities are crucial for an-
swering the enigmatic question of solar coronal heat-
ing (e.g. De Moortel & Browning 2015, for a recent
review). Special attention has been paid to forward
modelling of the characteristic features of sausage os-
cillations, which appear in observations in differ-
ent bands, including imaging observations of the opti-
cally thin and thick thermal and non-thermal emission
(Gruszecki et al. 2012; Antolin & Van Doorsselaere
2013; Reznikova et al. 2014, 2015; Kuznetsov et al.
2015).

One of the difficulties in the observational detec-
tion of the sausage mode is its short period. In typ-
ical flaring loops sausage oscillations have periods
shorter than a few tens of seconds, which is shorter
than the time resolution of EUV imagers traditionally
used for coronal MHD seismology. But, if excited
in the impulsive phase of a solar flare, this mode can
be detected in the microwave and hard X-ray bands
with ground-based and space-borne instruments that
have high time resolution and sufficient spatial reso-
lution (e.g. Nakariakov et al. 2003; Inglis et al. 2008;
Kupriyanova et al. 2010; Kolotkov et al. 2015). Also,
it is believed that the sausage mode can be responsible
for some quasi-periodic pulsations in solar and stellar
flaring light curves (see Nakariakov & Melnikov 2009;
Nakariakov et al. 2010, for a review). Recently, Kar-
lický et al. (2013) developed a model interpreting ra-
dio fiber bursts in terms of propagating sausage wave
trains.

Recently, signatures of standing sausage modes
were found in moderate polarized zebra patterns (ZP)
detected in flaring radio emission (Yu et al. 2013).
ZP are sets of almost locally-parallel stripes in the
dynamical spectra of broadband type IV radio bursts
(see Chernov 2006, for a review). According to the
most commonly accepted interpretation of this phe-
nomenon, ZP are produced by coherent generation of
upper-hybrid waves at multiple double plasma reso-
nance (DPR) layers in a non-uniform plasma pene-

trated by non-thermal electrons accelerated in a solar
flare (Zheleznyakov & Zlotnik 1975; Kuznetsov &
Tsap 2007). Different stripes are generated at differ-
ent spatial locations (Chen et al. 2011) where the DPR
conditions are fulfilled, and the frequency separation
of adjacent stripes is proportional to the magnetic field
strength (e.g. Karlický & Yasnov 2015). Frequencies
of individual stripes correspond to the local electron
plasma frequency, or its second harmonic, in the emis-
sion region. Hence, a magnetoacoustic wave, in partic-
ular the sausage mode, in a flaring loop filled in with
non-thermal electrons, could affect the correspond-
ing ZP by periodic variation of the electron cyclotron
frequency and plasma frequency. This effect will pro-
duce wiggles in the dynamical spectrum of the flaring
radio emission. The periods of the ZP wiggles should
correspond to the periods of the modulating magne-
toacoustic waves.

The aim of this work is to model the process of the
ZP modulation by a sausage mode, providing a theo-
retical foundation for the interpretation of ZP wiggles
in terms of MHD oscillations, and the use of ZP wig-
gles for MHD seismology. In this study we concen-
trate on the MHD processes only, which determine the
instant location of the sources of ZP emission stripes
and their frequencies. The paper is organised as fol-
lows: Section 2 briefly describes the mechanism for
ZP formation, based on the double plasma resonance.
The numerical MHD model is introduced in Section 3.
Results of numerical simulations are described in Sec-
tion 3.4. Section 4 presents the discussion and conclu-
sions.

2. Zebra Pattern Formation

According to the DPR model (e.g. Zheleznyakov &
Zlotnik 1975; Kuznetsov & Tsap 2007) the emission
associated with individual ZP stripes comes from the
spatial locations where the following condition is ful-
filled,

sωce =

√
ω2

ce + ω2
pe = ωuh, (1)

where ωce = (eB/me)1/2 is the electron cyclotron fre-
quency, ωpe = (nee2/meε0)1/2 is the electron plasma
frequency, B is the absolute value of the magnetic field,
ne is the electron concentration in the background
plasma, and s is an integer representing the DPR har-
monic number. In this model, the radio emission is
produced at the upper-hybrid frequency ωuh, or its sec-
ond harmonic, due to nonlinear transformation of the
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plasma waves generated by kinetic instabilities. These
instabilities are caused by non-thermal electrons ac-
celerated in the solar flare and streaming through the
plasma. These instabilities are greatly enhanced under
the DPR condition. In a plasma with non-uniform B
and ne, e.g. in a flaring loop or arcade, the layers where
condition (1) is satisfied for different integers s, have
different spatial locations (see, e.g. Fig. 14 of Chen
et al. 2011, for illustration). Thus, different stripes of a
ZP radio burst come from different regions of the flar-
ing active region, depending on the specific value of
the integer s.

In the presence of a standing or propagating magne-
toacoustic wave that perturbs the magnetic field B and
the plasma density, the spatial locations of the DPR
layers and the resonant values of ωuh change in time.
In this study we determine the location and frequen-
cies (ωuh) of different DPR layers in different phases of
standing and propagating sausage fast magnetoacous-
tic oscillations, taking into account non-uniformities of
the plasma density and magnetic field both along and
across the field.

3. Magnetohydrodynamic numerical simulations

3.1. Equilibrium

Following the standard approach introduced by Ed-
win & Roberts (1982) we model a semi-circular coro-
nal loop as a slab of enhanced plasma density, directed
along a uniform, constant magnetic field B0 = B0ẑ (see
Figure 1). The local angle between the magnetic field
and the gravitational acceleration varies along the slab,
allowing us to account for the loop’s curvature (see,
e.g. Nakariakov et al. 2000). The profile of the plasma
density in the transverse direction is given by a step-
function of width 2a. In the z-direction, along the field,
the density is exponentially stratified and is described
as a function of the height h(z) = L

π
cos( πL z),

ρ0(x, z) =

ρ0 exp(−h(z)/H) |x| < a,
ρe exp(−h(z)/H) |x| > a

(2)

where z is the coordinate along the magnetic field, with
z = 0 at the loop apex, L is the loop length. For
simplicity, we take the effective stratification to be the
same inside and outside the loop. In the following we
assume that the density scale height H is comparable
to the half length of the loop, H = L/2. This, a suffi-
ciently small value of the scale height, corresponding
to a low temperature in the case of a hydrostatic equi-
librium along the field, is not crucial for the results

obtained, and is needed only for better illustration of
the results. Moreover, in our study, the instant density
scale height does not need to coincide with the hydro-
static scale height that is prescribed by the plasma tem-
perature, as the background plasma does not need to
be in a hydrostatic equilibrium. As we are interested
in short-term phenomena occurring in the impulsive
phase of flares, with the typical time scale of about the
fast wave travel time across the slab (Hornsey et al.
2014), the field-aligned flows that operate at a much
slower, acoustic time scale, can be neglected. For the
sausage mode, because of the existence of the ignor-
able coordinate, the slab and cylinder models give very
similar results, as has been shown analytically by Ed-
win & Roberts (1982) and Edwin & Roberts (1983),
and numerically by Nakariakov et al. (2012); Hornsey
et al. (2014).

The magnetic field and plasma number density at
z = 0 were chosen as 25 G and 4.6 × 1010 cm−3, re-
spectively. Thus the electron plasma and cyclotron
frequencies are 1.9 GHz and 70 MHz, respectively.
These specific values are needed for the illustration
purposes only, and can be readily changed by sim-
ple re-normalisation. The density contrast was cho-
sen to be ρ0/ρe = 10. Thus the Alfvén speed inside
and outside the loop, CA0 and CAe are 0.4 Mm s−1

and 1.1 Mm s−1, respectively, which is typical for so-
lar coronal active regions. The plasma β was taken
to be 0.1. This value is typical for flaring active re-
gions, and it allows us to separate the scales of fast and
slow magnetoacoustic waves. In the following study,
we consider fast waves only. This approach is justified
by the short duration of ZP, shorter than several sec-
onds. During this time interval slow magnetoacoustic
waves that have much longer periods (e.g. 3–10 min-
utes) do not produce any significant redistribution of
the equilibrium density and magnetic field.

3.2. Governing equations

Numerical simulations of magnetoacoustic oscil-
lations perturbing the equilibrium plasma configura-
tion described in Section 3.1 were performed using
the Lare2D code (Arber et al. 2001), in terms of ideal
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Fig. 1.— Sketch of the equilibrium state. The colour
shows the normalised local plasma density. The origin
of the Cartesian coordinate set is at the centre of the
computational domain. (A colour version of this figure
is available in the online journal.)

MHD equations,

∂ρ

∂t
= −∇ · (ρv), (3)

Dv
Dt

=
1
ρ

(∇ × B) × B −
1
ρ
∇P, (4)

DB
Dt

= (B · ∇)v − B(∇ · v), (5)

Dε
Dt

= −
P
ρ
∇ · v, (6)

∇ · B = 0 (7)

where the operator D/Dt denotes the total derivative, ρ
is the mass density, v is the velocity, B is the magnetic
field, ε is the internal energy, P = ρε(γ − 1) is the
thermal pressure and γ = 5/3 is the ratio of specific
heats. The effect of the gravity on MHD oscillations
was neglected.

All the simulations were carried out in a domain
of (−L/2, L/2)×(−L/2, L/2) (see Fig. 1), covered by
1000 × 1000 uniformly distributed grid points. The
convergence was tested by increasing the grid density
by a factor of 2.

3.3. Boundary and initial conditions

The equilibrium was perturbed by a pulse of the
transverse component of the plasma velocity,

vx(x, z, t = 0) = A0 x exp

− (
x
λx

)2 f (z) (8)

where A0 and λx are the pulse amplitude and trans-
verse width, respectively; and the function f (z) de-
scribes the pulse structure in the longitudinal direction,
along the field. The pulse is of the sausage symme-
try, as the transverse component of the velocity is an
odd function, which is zero at the axis of the slab. In
all simulations we used a pulse width that coincides
with the slab half-width, λx = a. This guaranteed
the preferential excitation of the fundamental sausage
mode in the transverse direction (see, e.g. Nakari-
akov et al. 2004, 2005; Inglis et al. 2009; Shestov et al.
2015).

The function f (z) was taken to be even. Its specific
form allowed us to excite either propagating or stand-
ing sausage modes. Standing waves were excited by
setting

f (z) = cos(kz), (9)

where k = π/L. In all simulations the pulse amplitude
A0 was chosen to be 0.1, minimising nonlinear effects
that are not of interest in this study. This choice of f (z)
led to the preferential excitation of the fundamental
sausage mode in the longitudinal direction. Propagat-
ing waves were excited by setting

f (z) = exp
[
− (z/λz)2

]
, (10)

where λz � L. Thus, in this case the initial pulse was
localised in the vicinity of z = 0, near the loop top, and
developed towards the footpoints.

In all simulations performed in this study the length
of the loop L was chosen to be 10 Mm. The boundary
conditions were line-tying in the magnetic field direc-
tion at z = −L/2, L/2, corresponding to the photo-
spheric boundary conditions at the coronal base. In the
transverse direction, open boundary conditions were
applied.

3.4. Simulations of MHD oscillations

Figure 2 shows the development of initial perturba-
tions, visualised by snapshots of the spatial structure of
the transverse flows. The upper row presents the evo-
lution of the perturbation that is initially localised in
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Fig. 2.— Evolution of fast magnetoacoustic pulses in a field-aligned plasma slab in the case of a propagating wave
(panels a, b, c and d) and a standing wave (panels f, g, h and i) and its possible manifestation in radio bursts as zebra-
pattern wiggling. The colour shows the instant local values of the x-component of velocity, with the blue and red
colours corresponding to the motions in the positive and negative directions, respectively. The snapshots are taken at
times of 0, 1/4, 1/2, 1 of the simulation runtimes, showing different phases of the oscillations. The simulation runtimes
τ1 and τ2 were 4 s and 1 s for the propagating and standing waves, respectively. The grey contours in the snapshots
show the position of the DPR levels. Panels e and j show the simulated dynamical spectra of the radio emission
containing ZPs. The vertical arrows indicate the four time steps at which the snapshots are taken. The asterisks in
panels (a–d) and (f–i) indicate the locations where the time-dependent signals shown in Fig. 3 are taken. The cyclotron
harmonic numbers of the DPR levels and the corresponding ZP stripes are shown in panels a, e, f and j. (A colour
version of this figure is available in the online journal.)
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the longitudinal direction at the centre of the slab (10),
along the slab axis. Panels a, b, c and d show different
instants of time of the evolution, until the perturbation
reaches the footpoints. The perturbation splits into two
pulses, propagating in opposite directions along the
slab in the form of fast magnetoacoustic waves. It is
evident that a significant part of the energy is guided by
the slab, as it undergoes a decrease in the fast speed.
We observe the gradual development of an oscillatory
wave train, with several cycles of oscillation along the
slab, similar to that detected in numerical experiments
of (see, e.g. Nakariakov et al. 2004, 2005; Jelinek &
Karlicky 2010; Mészárosová et al. 2014; Shestov et al.
2015). This phenomenon is caused by the geometri-
cal dispersion caused by the plasma non-uniformity
(Roberts et al. 1984). In Figure 3 we show time pro-
files of the developed wave trains. The perturbations
of the plasma density and absolute value of the mag-
netic field are seen to be in phase, which corresponds
to a fast magnetoacoustic wave in the low-β plasma
considered here.

The bottom row (panels f, g, h and i) of Fig. 2
shows different phases of a standing sausage oscilla-
tion, given by initial condition (9). As in the previous
case, the oscillation consists of alternate converging
and diverging transverse flows to and from the axis of
the slab, and is accompanied by periodic perturbations
of the density and magnetic field. The velocity oscil-
lations have nodes at the footpoints (z/L = ±0.5) and
a maximum near the centre of the slab (z/L = 0). This
geometry corresponds to the fundamental (or global)
sausage mode of the slab. Fig. 3 shows time profiles of
the oscillation taken at a specific point inside the loop.
The plasma density and absolute value of the magnetic
field oscillate almost in phase.

3.5. Variations of the DPR layers

As both propagating and standing sausage oscilla-
tions of the slab perturb the density and magnetic field,
one could expect that at different instants of time, cor-
responding to different phases of the oscillations, the
spatial locations of the DPR layers given by Eq. (1)
are different. This is based upon the fact that in the
low-β regime the density and magnetic field strength
are perturbed almost in phase, while the upper hybrid
frequency depends on the magnetic field strength, via
the electron cyclotron frequency, and the root of the
plasma density, via the electron plasma frequency (see
Eq. (1)). Fig. 2 shows variations of the locations of
DPR in the loop caused by the sausage perturbations,
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Fig. 3.— Time profiles of the normalised density and
magnetic field strength of the fast-propagating mode
(first row) and the fast-standing mode (second row) at
the point marked with the asterisk in Fig. 2.

at different instants of time corresponding to different
phases of the oscillations or development of the run-
ning fast magnetoacoustic pulse. It is seen that the
DPR frequencies corresponding to different harmonics
s vary in time. Thus, fast waves perturb the locations
and values of different stripes in the generated ZP.

The effect of the sausage oscillation modulation of
ZP is demonstrated in the simulated spectra of ZP
shown in the right panels of Fig. 2 for propagating
and standing waves. Skeletons of the radio emission
spectra caused by the DPR mechanism were calculated
with the use of Eq. (1). We assume that the emission
is produced at the loop axis only, i.e., the non-thermal
electrons are concentrated within a very narrow slab
around the loop axis. Then these electrons interact
with the time-varying non-uniform plasma, and pro-
duce the radio burst in the intersections of the loop axis
with the DPR layers at the double harmonics of the
DPR frequencies. We also assume that the emission
intensity is only sensitive to the emission frequency,
as the actual emission intensity depends on the pro-
cesses that are beyond the MHD modeling (see Sec. 4).
For visualisation purposes, a Gaussian line shape is
adopted for different DPR emission lines correspond-
ing to the individual ZP stripes. The standard deviation
of the Gaussian function is set to be 30 MHz. It is sev-
eral times larger than typical spectral resolution of, e.g.
the Solar Broadband Radio Spectrometer (SBRS) (see,
e.g. Jiricka et al. 1993; Fu et al. 2004) that is often used
for ZP detection. It is also evident that the simulated
ZP spectra of the propagating and standing fast waves
show propagating or standing patterns, respectively, in
the radio spectrum.
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4. Discussion and Conclusions

We performed numerical modelling of the evolution
of plasma parameters in a coronal loop by an axisym-
metric, sausage fast magnetoacoustic oscillation, and
determined the evolution of the DPR layers in the loop.
Assuming that radio ZP structures are produced by the
DPR mechanism, our study demonstrates that wiggles
of ZP structures in broadband radio bursts can be pro-
duced by the variation of the macroscopic plasma pa-
rameters by a magnetoacoustic wave. We found that
the modulations of ZP spectra, produced by propa-
gating and standing sausage modes are different. In
the case of the modulation by a standing wave the ZP
stripes wiggle in phase, while for a propagating wave,
e.g. formed due to the geometrical dispersion, the
propagating pattern is clearly seen in the ZP spectrum.
In particular, our modelling managed to reproduce the
quasi-periodic wiggling of ZP stripes, which was ob-
servationally found by Yu et al. (2013). The period of
the ZP wiggling is prescribed by the standing sausage
mode period that, in turn, is determined by the pa-
rameters of the oscillating plasma non-uniformity (e.g.
Nakariakov et al. 2012). Thus, the analysis of ZP wig-
gling allows one to get information about short-period
MHD oscillations of the source region. These oscilla-
tions can be used for seismological diagnostics of the
plasma in flaring regions (e.g. De Moortel & Nakari-
akov 2012; Chen et al. 2014, 2015a).

This study has several important shortcomings. In
particular, in our modelling we considered only a step-
function transverse profile of the plasma density in the
coronal loop. In this geometry, DPR layers are almost
perpendicular to the local magnetic field, and differ-
ent layers are situated along the field. This simplifying
assumption was necessary, as it allowed us to high-
light the basic effect responsible for the ZP modula-
tion. However, in the case of smooth profiles of the
equilibrium plasma parameters (density, temperature,
magnetic field) across the field, different DPR layers
are situated not only across the field, but also along it,
e.g. at the transverse slopes of loops and plumes, etc.
Consideration of the effect of the smooth transverse
structuring on the ZP modulation is an interesting fu-
ture task. The MHD part of the study could also be
advanced by including effects of the loop’s curvature
and cylindrical geometry, for example.

Also, in this study we restricted our attention to the
MHD modelling only, determining the “skeleton” of
the ZP and their modulation, based on the DPR condi-

tion. Our approach was similar to the modelling per-
formed by Karlický et al. (2013) for radio fiber bursts.
In the present study, this approach was chosen too,
as we aimed to reproduce theoretically the results ob-
tained by Yu et al. (2013) who studied the variation
of the ZP stripe skeletons only. The emission of elec-
tromagnetic waves by the interaction of non-thermal
electrons with the plasma was not considered, as it re-
quires accounting for non-MHD effects which would
complicate the modelling and possibly hide the impor-
tant physics involved. The possible time and spatial
variation of the non-thermal electron distribution func-
tion (e.g. Zlotnik 2013) was neglected too. Likewise,
we did not consider the possible evolution of the ZP
emission polarisation (e.g. Zlotnik et al. 2014; Kaneda
et al. 2015). Accounting for these effects may pro-
vide us with additional seismological information, and
hence should be addressed in future.
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