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Sensitivity of Optimal Consumption Streams*
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Abstract

We study the sensitivity of optimal consumption streams with respect to perturbations of
the random endowment. At the leading order, the consumption adjustment does not matter:
any choice that matches the budget constraint simply shifts the original utility by the marginal
value of the perturbation. Nontrivial results can be obtained by considering the next-to-
leading order. Here, one first solves the problem for a deterministic perturbation, which leads
to a “prognosis measure”. The desired consumption adjustment for a general endowment
perturbation is in turn given by the conditional expectation of the latter, computed under
this measure and appropriately weighted with the conditional expectations of the remaining

risk-tolerance.
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1 Introduction

Consumption-savings problems are ubiquitous in economics (cf., e.g., [27, 211 [3 8] and the refer-
ences therein). For example, households need to smooth the consumption financed by their labor
income, and governments have to decide how to spend their tax revenueﬂ

Existence, uniqueness, and duality for problems of this kind are well understood, even in more
general settings that also allow for investment in a financial market. See, e.g., [18, 19, B1] and the
references therein. In contrast, beyond standard utilities and very particular endowment streams
(see, e.g. [24,[5]), little is known about the qualitative and quantitative properties of the solution.

In this paper, we shed new light on this issue by means of asymptotic techniques. To wit, we
start from a tractable benchmark endowment (Y3);c[o,7) for which the solution is well understood

— the canonical example is the case of a deterministic endowment. Then, we perturb the latter by
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LA problem of this type is studied in [I1] using the results of the present study.



an additional small endowment stream (¢AY;):[o,7], Which can be completely general. For this
perturbation, we in turn perform a sensitivity analysis of the consumption problem.

As suggested by the envelope theorem (see, e.g., [29, Theorem M.L.1]), at the leading order
O(e), any adjustment for which the budget constraint is binding, i.e., which consumes all of the
additional endowment, has the same asymptotic effect. To wit, expected utility is simply shifted
by the marginal value of the endowment, evaluated using the state price density corresponding to
the benchmark problem.

To understand the sensitivity of the optimal consumption stream with respect to changes in
the endowment, we therefore pass to the next-to-leading order O(e?) and exhibit a consumption
adjustment that is asymptotically optimal. To this end, we proceed as follows.

First, we show that the perturbation of the general consumption problem at hand can be
approximated by a problem for quadratic utility (with time- and state-dependent risk aversion) at
the next-to-leading order O(EQ)H To prove this result, we first obtain a lower bound by analysing
our concrete candidate strategy. An upper bound valid for all competitors is in turn derived by
considering a suitable dual element. This methodology for asymptotic verification first seems to
have appeared in the work of Henderson [I0]. Different variants have since been used in a number
of contexts by [22] 14l 25].

Next, we turn our attention to the approximating quadratic problem. Here, the basic idea is to
decompose the analysis into two steps. The first is generic, in that it only depends on the baseline
problem. The second depends on the specific perturbation at hand.

To wit, one first considers a deterministic perturbation of the baseline endowment, i.e., the
question of how to optimally consume one extra dollarEI The solution of the corresponding
quadratic problem yields a martingale, that can be used to define an auxiliary “prognosis mea-
sure”. By switching to the latter, the case of general, random risk tolerances and interest rates can
be reduced to the case where these quantities are deterministic, and explicit solution are readily
availableEI To wit, if discounted risk tolerances are deterministic, then the optimal consumption
adjustment is given by the agent’s prognosis of future endowment shocks, computed under her
marginal pricing measure and suitably weighted by her risk-tolerance. In the general case, an
analogous representation still obtains, if the estimates of future endowments and risk tolerances
are computed under the prognosis measure determined in the first step. As a byproduct, we also
obtain a formula for the second-order effect of the additional random endowment. Here, the key
ingredients are the fluctuations of the endowment prognosis, weighted by future risk tolerances.

To carry out this program, we first consider a discretized version of the problem. Here, the
steps outlined above can be carried through by means of explicit (backward) constructions. The
continuous-time analogues can in turn be obtained by passing to the limit in an appropriate
manner. Alternatively, under additional regularity conditions, they can be characterized directly

by means of a BSDE driven by the investor’s direct risk-tolerance processEI

2This parallels results for asymptotic utility-based pricing and hedging without intermediate consumption, where
a quadratic hedging criterion also approximates its general counterpart |28, [T} 23] [16].

3For problems with a financial market but without intermediate consumption, an analogous notion plays a key
role in the work of Kramkov and Sirbu [22].

4This is reminiscent of mean-variance hedging problems. Indeed, these admit an explicit solution for deterministic
mean-variance tradeoffs [32]. In general, one first solves a “pure investment problem” independent of the specific
random endowment. This in turn leads to a change of measure that neutralizes the effect of the random mean-
variance tradeoff, see [4] and the references therein.

5This is in analogy to the risk-tolerance wealth process of Kramkov and Sirbu [22], which also has a backward



The results of the present study play a key role in [II], where they are used study how trans-
action costs are optimally consumed by the entity receiving them, e.g., a government reinvesting
taxes or the operator of an exchange spending the fees it receives. Such consumption problems
are difficult due to the singular nature of the transaction cost payments. However, for small costs,
they can be made tractable using the asymptotic approach proposed here.

In our analysis, we focus on a pure consumption-savings problem without trading in risky
assets. This is in some sense orthogonal to the work of Kramkov and Sirbu [22] 23], who con-
sider consumption at the terminal time only and study the leading-order effect of a small random
endowment on the investment in risky assets. It is an intriguing question whether the two ap-
proaches can be combined to obtain a full picture of the sensitivity of optimal investment and
consumption with respect to small random endowments. However, this is bound to compound
the substantial technical difficulties inherent in each part of the analysis. We therefore defer this
challenging problem to future research.

The remainder of this article is organized as follows. In Section [2] we describe our setting for a
general consumption-savings problem. Afterwards, we recall the well-known “first-order condition”
for optimality. Section [4] contains the leading-order analysis of the problem. The main results of
the paper, concerning the analysis at the next-to-leading order, are collected in Section To
provide some intuition, we first derive these results on an informal level, and then state and prove

them in precise mathematical terms. The most technical aspects of these proofs are delegated to

Appendices [A] and

2 Setting

This section describes our setup for a general consumption-savings problem. Throughout, we fix
a filtered probability space (Q, F,F = (Fi)o<it<T, P) with finite time horizon T > 0; the filtration
F is right-continuous and the initial o-field Fy is P-trivial.

We consider an investor who receives a cumulative monetary random endowment (Y3);co,77,
which is adaptedEI She uses her endowment to purchase a perishable consumption good. Her con-
sumption clock i, a finite (deterministic) measure on [0,T], describes how she values consumption
over time. We assume that

w([0,t]) < w([0,T]) fort < T, (2.1)

so that the effective time horizon of the investor is indeed 7T'. Other than that, the clock u can
be completely general. Standard examples include p(dt) = ZkN:O Oxr (dt) (discrete consumption),
p(dt) = 1,1y (t)dt (continuous consumption), or u(dt) = 1, r)(t)dt + d7(dt) (continuous con-
sumption and terminal lump sum consumption).

Denote by (Bi):e[o,7) the exogenous exchange rate of consumption good against money, where

By = 1. We assume that B is absolutely continuous and positive, so that there exists an adapted

representation. The solution of this BSDE formally corresponds to the “indirect risk-tolerance process”, that plays
a pivotal role in the asymptotic analysis of optimization problems with small trading costs, compare [33} [I5} 30].

6The endowment process Y need not be nondecreasing, of finite variation, or even a semimartingale, even though
this will typically be the case in applications.



interest rate process (rt):efo,7) such that
dBt = TtBt dt, BO =1.

By means of the bank account B, the investor can save and thereby smooth consumption over
time. More specifically, she may purchase adapted consumption processes (ci)icjo,r) satisfying
f[OAT] % u(du) < oo P-a.s. and the budget constraint

/ % p(dt) < Yr P-as. (2.2)
[0,7] bt

This means that no debt is allowed at the terminal time T'; in contrast, the investor may borrow
against future endowment at earlier times.

For k € Ny, we say that a consumption stream c is kth-moment feasible for Y and write

ce€ Ap(Y), if .
([, 5 aw)] <=

We denote by Aj(Y) the subset of all consumption streams ¢ € Ai(Y) for which the budget

constraint (2.2)) is binding; with increasing marginal utilities and if p has an atom at 7', one

can restrict to these policies without loss of generality. Ag(Y) is the largest class for which
consumption-savings problems can be formulated. For technical reasons, we sometimes have to

restrict ourselves to some subclass A (Y'), k > 0. To wit, for given k € Ny, the investor maximises

¢ = argmax F/

ceAL(Y) [0,7]

U(w, ct(w)),u(dt)] . (2.3)

Here, her preferences are described by a wutility random field U : [0,T] x @ x R - R U {—oc0}

satisfying the following standard properties:

(a) for fixed x, the process U.(-, x) is progressively measurable,
(b) there exists xy € {—00,0} such that U.(-,z) = —oo for all z € (—o0, zy],

(c) for fixed t and w, Uy(w, ) is increasing, strictly concave, and C* on (x7, +00).

As is customary, we usually drop the dependence on w in the notation. Moreover, we write U’ for

%—g, etc., which is of course only defined on (z,,00). Finally, we set F {f[O,T] Ui(cy) p(dt)| := —o0

for ¢ € Ag(Y) with E [ Siory Ui (e2) M(dt)} = .

Example 2.1. U is called standard deterministic utility field if it does not depend on w and is of

Uy(z) = exp < /0 t B du> u(z),

where (3¢)c(0,] is @ deterministic and bounded impatience rate and u : R — RU{—oc} is a utility

the form



function satisfying

(a) there is x,, € {—00,0} such that u(xz) = —oo for all x € (—o0, z,],

(b) u is increasing, strictly concave and C® on (z,,, 00),

. / _ . li _
(c) mlggu u' () = 400, Il;rgou (x) =0. (2.4)
Typical choices for u are the exponential utility u(z) = —exp(—~vax) with v > 0, the power

utility u(z) = %L@w} — 00lgz<0y with v € (0,00) \ {1}, or the logarithmic utility u(z) =
log (7)1 (z>0} — 001 z<0)-

For any utility random field U, we denote by AY, PV : [0,T] x Q x (zy,00) — RU {—oc0} its

absolute risk aversion and absolute prudence (cf. [§]):

_Ul(w,2)

U (w, )
Ul(w,z)’

Agj(w,x) = W

PY(w,2) :=
We say that U has decreasing absolute risk aversion (DARA) if AY (w,-) is nonincreasing for fixed
t and w, and decreasing absolute prudence (DAP) if PV (w,-) is nonincreasing for fixed ¢ and w,
compare [8, p.25]. Note that DARA implies U"” > 0 and PY > 0, whereas DAP implies that U’
is decreasing. If U is a standard deterministic utility field and the corresponding utility function
u is exponential, power or logarithmic, then U satisfies DARA and DAP.

Finally, U : [0,T] x Q x (0,00) — R denotes the conjugate of U:

Ui(w,y) := itelg(Ut(w,x) —zy). (2.5)

By a standard result in convex analysis, for fixed ¢ and w, U, (w, ) is decreasing, strictly convex

and C3. Moreover:

Ul(y) = —(U) " (v), (2.6)
U0 = gy )
UPUD)) _ —PE(U) w)

/
U;
!

U'(y) = wr(UhH=wy))  (UU)1(y)))

)

where U’ = %—g, etc. Note that under DARA and DAP, U"” is negative and increasing.

3 A sufficient condition for optimality

Before turning to our perturbation analysis, we recall the well-known “first-order condition™ a
consumption stream ¢ is optimal if the budget constraint (2.2) binds and the marginal utility,

evaluated along ¢, is a state price density.

Lemma 3.1. Let k > 2. If there are ¢ € AJ(Y) with é¢ > zy and E [f[o ) |Ut(ét)|u(dt)} < 00



and a positive square-integrable martingale (Zt)te[O,T] such tha

Uj(¢) = B, te|0,7T], (3.1)

then é is optimal in Ax(Y).

Proof. Let ¢ € Ai(Y) be a competing consumption stream with E [f[o 7] Ut_(ct),u(dt)} < oo.

Define the measure Q ~ P on Fr by dQ = gﬁ dP. Then concavity of U, the first-order condition

(B-1), Corollary [A-2](a), the budget constraint (2.2) for ¢ and ¢ (which is binding for ¢) give

B[ (e -Uieynan| <E|[ Uit u(dt)]
[0,7] [0,7]
2 Ct Ct
/[O,T] ! <Bt Bt> 2 )]
= ZoEQ / (Ct — Ct) [L(dt) S A()EQ [YT — YT] = O,
o1 \Bt Bt
as claimed. O

Standing assumption Henceforth, we assume that there exist a consumption stream ¢ € A5(Y)
and a positive square-integrable martingale Z satisfying the conditions of Lemma We denote
by Q ~ P on Fr the marginal pricing measure given by dQ = % dP (cf. [0 11]).

In general, the first-order condition is only guaranteed to hold for a dual variable from a larger
class of supermartingale densities, compare [I8] 19, BI]. However, it is often satisfied in concrete
examples, cf., e.g., [5, [I1]. In particular, it holds if all primitives of the model are deterministic. In
this case, which serves as the expansion point for the perturbation analysis of small endowmentsﬁ
the optimal consumption stream ¢ and the martingale Z in Lemma are deterministic and can

be computed explicitly up to the solution of a scalar equation:

Lemma 3.2. Suppose the total endowmentr Yr > x, is constant, the interest rate (ri)cpo,r) is
deterministic and bounded, and U is a standard deterministic utility field (cf. Example . Then

the process ,
¢ = (u)! (2 exp (/ By — Tu du)) (3.2)
0

is optimal in Ax(Y') for all k > 2. Here, 2 > 0 is the unique solution of

/OT(u’)1 (z exp (/Ot(ﬁu —Ty) du>) exp < /Ot Ty du> p(dt) = Yr; (3.3)

the martingale Z from Lemma s given by Z=3.

Proof. By the Inada conditions (2.4)), the function (u/)~! is defined on (0,0), is continuous,
strictly decreasing, and satisfies lim,\ o(u’) "' (y) = 400 and lim,_,(u/) " (y) = 2. (Recall that

7Since consumptions streams are typically not nonnegative here, we need to assume that Zis square-integrable
in order to apply Bayes’ theorem in the form of Corollary a).
8Note, however, that our results allow to expand around arbitrary, not necessarily deterministic, endowments.



Xy s either —oo or 0.) Hence, as r and (3 are deterministic and bounded and p is a finite measure
on [0,T], the function

F(z) = /OT(U’>1 <éexp (/Ot(ﬂu - ru)du)> exp ( /Ot - du> p(de)

is well defined on (0, 00), continuous, strictly decreasing, and satisfies lim.~ o f(z) = 400 as well
as lim, o f(z) = x,. Thus, by the intermediate value theorem, there exists a unique Z > 0
satisfying . If we define é by and set Z = 2, then ¢ — ¢ is continuous, deterministic
and bounded, and belongs to A} (Y) for any k£ > 2. The claim now follows from Lemma O

For exponential, power, or logarithmic utilities, the constant Z and the corresponding con-

sumption stream ¢ from Lemma [3.2] can be readily calculated explicitly.

4 First-order optimality

We now turn to the sensitivity analysis of the optimal consumption problem. Suppose that the

investor receives the perturbed cumulative endowment stream
YF =Y, +eAY,, tel0,T],

for ¢ > 0 and an adapted process (AY});e[o,7], null at 0. The leading-order effect of the perturba-

tion €AY can in turn be described as follows:

Theorem 4.1. Suppose that EQ [|AY7|] < 0o and U satisfies DARA. Moreover, assume there
exist Ac € A5(AY) and g9 > 0 such that é — go|Ac| > vy P-a.s. and

E

[ —vre—colde@de)? uan| <. (@)
(0,7]

Then the process (¢%)iejo,1), defined by

& =é+elAe, €€][0,e9),

belongs to Az(Y®) and is optimal in A2(Y®) at the leading order O(g), i.e.:

FE
ct€Ay(Ye

[ vnan| = sw B|[ vinn| o).
(0,77 ) (0,77
The corresponding leading-order mazximal utility is given by

E U(&) u(dt) | = E +eZ0E9 [AYr] — O(2). (4.2)

(0,77]

Ui () p(dt)
(0,17

Theorem states that — modulo integrability COHditiOHﬂ* any consumption correction eAc

9The second-order moments are needed are needed to control the second-order remainder terms appearing in
the Taylor expansion that we use to approximate general utilities by quadratic ones in the proof of Theorem E



is optimal at the leading order O(e) as long as the budget constraint f[o,T] %f‘ w(dt) = eAYr
is binding, i.e., all extra endowment is consumed eventually. Whence, the timing of the extra
consumption only has a second-order effect. The corresponding leading-order welfare correction
EZOEQ [AY7] is simply the marginal-utility based price of the perturbation [6] [17].

A sufficient set of conditions for Theorem[4.1]is that the endowment correction AY7 is uniformly
bounded and p has an atom at 7. (The unperturbed endowment Y7 can be general.) In this
case, the consumption correction Ac can be chosen uniformly bounded (regardless whether the
unperturbed optimizer ¢ is also bounded or not) and is then easily seen to be satisfied for
standard utility functions — assuming also that the unperturbed optimizer ¢ is uniformly bounded

away from 0 for utilities on the positive real line.

Remark 4.2. Theorem [£1] can be generalized as follows: Assume that Y¢ = Y + eAY*,
where AY® converges to AY in LY(Q). If A € A5(AY®) with ¢ — e|Ac?| > zy P-as. and
limsup, o E [f[o,T] —U/" (& — e|Act|)(AcE)? u(dt)} < 00, then an inspection of the proof of Theo-
rem shows that it remains valid (with ¢© = ¢+ eAc®) if O(e?) is replaced by o(e) in ([£.2).

Proof of Theorem[].1 We first establish a primal lower bound for the candidate ¢, then derive a
dual upper bound for any competitor ¢ € A3(Y*), and finally compare the two.

Primal lower bound. For € € [0,&() and for fixed ¢ and w, a Taylor expansion of order one with

Lagrange remainder term gives
. . N 1 - U
Up(&) = Us(ée) + Up(&)(& = &) + UL (&, w)) (& = é)?,

where ¢&(t,w) takes values in the interval with endpoints é(w) and & (w). By definition of é°, the

fact that U” is increasing by DARA, and since € < g, we obtain the pointwise inequality
1
Ui (&) > Up(er) + eU/(é) Acy + §s2Ut”(ét —eolAc|) A, te0,T]. (4.3)

Take the expectation of the integral of the first-order term on the right-hand side of (4.3)) and use
the first-order condition (3.1]), Corollary [A.2|(a), and Ac € A3(AY) to obtain

~ ACt
Zy—— pu(dt
/[O’T] e >]

= 620EQ [AYT] .

A
cE BtU;(ét)FCt p(dt)| = eE
t

(0,77

/ Ui (ér)Acy M(dt)] =ckE
[0,T]

Act
— p(dt
/[O,T] By (d)

Now taking the expectations of the integral on both sides of (4.3) and using (4.1]) yields (4.2]).

= 520EQ

Dual upper bound. We proceed to show that

sup E <E +eZ0E? [AYq]. (4.4)

cf€A(YE)

Ui (ct) p(dt)

(0,77

Ui(ér) p(dt)
(0,7

To this end, let ¢® € A3(Y¢) be any consumption stream with E [ Ik

o Ur (i) pldt)| < oo. The



definition of the conjugate U (cf. and the first-order condition (3.1)) give the pointwise estimate

U(c§) < U, (BZ) + Eici =U(é) — Fict + écg = Uy(e) + §i(cg —&). (4.5)

Now the same argument as in the proof of Lemma [3.1] gives

E ‘/[0 T](Ut<0§) = Up(é)) p(dt) | < ZoEQ Y —Yr] < EZQEQ [AY7].

Comparison of lower and upper bound. Comparing (4.2)) to (4.4) shows that ¢® is indeed optimal
for A3(Y®) at the leading order O(e). O

Remark 4.3. The dual considerations in the proof of Theorem also show that Z is first-order
optimal for the minimization problem dual to (cf. [18, 19, BT, 14] for more details.)

5 Second-order optimality

Theorem shows that, at the leading order O(e), any consumption correction Ac® := ¢ — ¢
for the perturbed endowment Y¢ = Y + €AY is optimal as long as the corresponding budget
constraint is satisfied with equality. To understand the sensitivity of optimal consumption streams
with respect to a perturbations of the endowment, it is therefore necessary to perform a second-
order expansion including terms of order O(e?). This is done in the present section. To provide
some intuition, we start with a heuristic derivation. Afterwards, we state and prove our main

results in precise mathematical terms.

5.1 Heuristics

A key ingredient for our perturbation analysis is the direct risk tolerance process (p:)iefo,r] With
respect to current consumptionm
Ui o)
Ut'(ér)
In view of Theorem [I.1] ¢© is first-order optimal for the perturbed endowment Y =Y +cAY
if ¢ = ¢+ eAc and Ac € A5(AY). For each such Ac, a formal second-order Taylor expansion

gives
. . 1 .
Ut(Ci) = Ut<Ct) + EUt/(Ct)ACt + 552Ut”(ct)(Act)2 + 0(52).
As U” < 0, we therefore have to solve the following quadratic minimisation problem to determine

a second-order optimal policy:

A¢= argmin FE
AceA3(AY)

/ U (6 (Ben)? puldt) |
[0,T7]

10Likewise, without intermediate consumption, the terminal risk-tolerance pr is the crucial object in the analysis
of utility-based prices and hedging strategies [23]. The direct risk-tolerance process also plays a pivotal role in
models with small trading costs [15].



Set Ac = pAZ for some process (AZ;)sepo,r) to be determined. Together with the first-order
condition (3.1) for ¢ and the definition of p, this leads to the following minimisation problem for
AZ:

Minimise EQ
t [o,T] Pt

/[ ] %(AZI‘/)2 ,u(dt)} , subject to / &AZt wu(dt) = AYr. (5.2)
0,7

If AZ is a Q-martingale satisfying the constraint f[O’T] %AZ} w(dt) = AYp, then AZ is optimal
for lb Indeed, let AZ be any competitor satisfying f[O,T] B-AZ p(dt) = AYr. We have to
show that

EQ > 0.

[, @z @z

t

In view of the pointwise inequality (AZ;)2 — (AZ)? > 2(AZ, — AZ)AZ,, it suffices to establish

EQ
[0,7] t

AZt%(AZt —AZ) u(dt)] = 0.

To ease notation, define K; = f[O.t] B-(AZ, — AZ,) p(du). Integration by parts, K7 = 0, and the

Q—martingale property of AZ yield

AZoKo + AZ, dK;
(0,7]

EQ l AZLY(AZ — AZ) ()| = B9
[0.7]

t

AZr Ky — K, dAZ,
(O7T]

In summary, second-order optimality boils down to finding a Q—martingale AZ such that

/ PLAZ, pldt) = AYy. (5.3)
0,77 2t

To solve (5.3), first consider the case where the discounted risk tolerance (£-):ejo,r) is deter-

ministic. Define the remaining (discounted) risk tolerance
R, :/ Puidu), telo,T),
[¢,T7] B,

which measures the investor’s sensitivity with respect to changes in future consumption. Integra-

1 To motivate this, denote by Z¢ the dual martingale corresponding to ¢¢. Then, a Taylor expansion of the first-
order condition F- = U}(¢5) for &° yields F- + O(e?) = Uf (&) + U} (é4) A&y = U(ér)(1 — e42t). The first-order

condition (B:1) for & in turn gives Z& = Z¢(1 — s%) + O(£2), which suggests that % should be a Q-martingale.

10



tion by parts yields

AYy = AZLLu(dt) = AZe 22 u(foy) — AZ,dRy,
[0,7] By By (0,77
= AZAO&M({O}) + AZOR0+ - AZTRT+ + / Rt dAZt
By (0,77
= AZyRy + / Ry AAZ,. (5.4)
(0,17

Denote by MAY = EQ [AY7 | F] the Q-martingale generated by the total endowment, i.c.,
the agent’s best prognosis of AYp under the marginal pricing measure. Taking conditional Q-
expectations in (5.4) and using that AZ needs to be a Q-martingale gives

MtAY = AZORO =+ Ru dAZu,
(0]

and in turn

R MAY 1
AZy=—"2—+ / — dMEY. 5.5
t RO (()ﬁt] Ru u ( )

In summary, for deterministic discounted direct risk tolerances p/B, the optimal consumption
correction A¢ is the product of the direct risk-tolerance p and a Q—martingale AZ. The latter is
given explicitly by Formula as the agent’s best prognosis of the future endowment AYr at
time ¢, appropriately weighted by her remaining risk-tolerance R.

Let us now pass to the general case with possibly stochastic interest rates and risk tolerances.
Here, the idea is to reduce to the case studied above by a suitable change of measure. The latter
is determined by the solution for the problem with a unit perturbation. Indeed, suppose that we

can find a positive Q-martingale (Z{)tepo,1) satisfying
PLze u(dt) =1 5.6
E t /1'( )_ ) ( : )
[0,7] &t

so that (27 )teo, 7] is the optimal consumption correction for AYr = 1H This in turn allows to
reduce the case of random risk-tolerances to the deterministic one by passing from the marginal

. . o
pricing measure @) to the “prognosis measure” Q° =~ () =~ P defined by dQ* = % dP Note that
0

if the the total discounted risk-tolerance (%)te[o’q«] is deterministic, then no change of measure is

necessary because Z” is given by the constant Z? = (f[o 7] & w(dt))~! in this case.
To carry out this program, write the Q—martingale AZ as ZrZAY  where (ZtAY)tE[QT] isa Q°-
martingale to be determined and denote by (R¢)ie[o,r) the @”-expected remaining (discounted)

Pu
— p(du
/[t,T] B, "

12The process (th)te[o,T] depends on the interest rate, the direct risk-tolerance, and the marginal pricing measure,
but not on the particular endowment perturbation at hand. In Markovian baseline settings, it can be readily
determined from the benchmark policy.

13This parallels the situation for mean-variance hedging [9} [4] and asymptotic utility-based pricing and hedging
[28) [T}, [16], 22}, 23], where one first solves a “pure investment problem” independent of the particular random endow-
ment, and in turn simplifies the original problem by a suitable change of measure (and, sometimes, numeraire).

risk tolerance:

R, = E<’

]-"t] , te€l0,T]. (5.7)
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This is investor’s best estimate of her discounted future risk tolerances, computed under the
prognosis measure Q). By Bayes’ theorem and the definition of Z” in (5.6]),

ZPRy = EQ /[tT] Z{jg—u p(du)

u

]-‘t] =1- / Z{;%‘ p(du). (5.8)
In particular, Z{ Ry = 1 and an integration by parts yields

AYr= [ 2Pt = 28V 2R (o)) - [ 2BV a(zfRus)
0,7] By By (0,7]

- ZoAYZS%Z n({0}) + Z8Y ZE Ry — Z2Y Z8 Ry + /( o ZPR,dZ8Y

= 258 Z§Ro + / Z{ R dZPY
(0.7]

=75 + / ZPR dZPY. (5.9)
(0.,7]

As the final ingredient, define the investor’s best estimate of her random endowment, also computed

under the prognosis measure:
MAY = EQ [AYy | F], telo,T).
Taking conditional Q”-expectations in (5.9) and using that Z2Y needs to be a QP-martingale gives

MPY = Z8Y + / ZPR,dZ5Y
(0]

or, equivalently:

ZRY = MEY + / Zle dMAY (5.10)
(0,t] “utlu

For general p and B, the optimal (normalised) consumption correction Aé therefore is the product
of three terms. Like for deterministic p/B, the first one is the direct risk-tolerance p. The new
ingredient is the martingale Z”, which governs the change of measure to the prognosis measure.
The last factor, Z2Y, is given by Formula as the investor’s best prognosis of her random
endowment, weighted by her expected risk tolerances. The only difference to the case of deter-
ministic p/B is that these estimates are now computed under the prognosis measure Q* instead

of the marginal pricing measure Q

Remark 5.1. Suppose the underlying filtration is continuous and p(dt) = 1o 7y(t) dt + o7 (dt).
Then, the above heuristic arguments suggest a characterization of the processes R and Z” by
means of a quadratic BSDE. Indeed, (5.8)) and the product formula yield

Z0 AR, + Ry dZ0 + d(Z°, Ry, = —Zfpydt, ZLRp = Z0pr,

12



or, equivalently:

R 1
dR, = —Z—;dzf — s {Z2°, R)r — prdt,  Rr = pr. (5.11)
t t
Now, define the martingale
Mﬁ:—gﬁﬂ,AM:%. (5.12)
t

Plugging this into (5.11)) in turn leads to a quadratic BSDE for the process R:

1
th = thp + ﬁ d<Mp>t — Pt dt, RT = pT. (513)

¢
Given a solution (R, M) of (5.13), the process Z* is in turn determined by (5.12)) via the linear
SDE dz!f = —% dM/{ with initial condition Zf = M. Together with the informal arguments

in [I5] Appendix B.1], this suggests that the Q”-expected remaining risk tolerance R should in
fact coincide with the risk tolerance of the indirect utility process in the investor’s unperturbed
problem. The latter is readily obtained for Markovian benchmark problems by differentiating the
corresponding value function.

We note in passing that to prove existence and uniqueness of a solution to (for “sufficiently
nice” p and B; cf. also Remark , it is simpleIE to consider the process R~!, which solves the
BSDE

dR; ' =AM/ + ps(R;7Y)?dt, R = ppt. (5.14)

Here, M{ solves the SDE dM{ = (R;")*dM{ = 77 dZ{ with initial condition M{ = M§ = Z§.

5.2 Uniqueness, existence, and structure of AZ
In this section we study the uniquess, the existence, and the structure of a Q—martingale AZ
satisfying
/.A&AZuMﬂ:A%g
o1 B

t

as required for (|5.3). First, we establish uniqueness of AZ under quite general conditions:

Lemma 5.2. Suppose that E9 {(f[o 7] g—iu(dt))?’] < o0. Then there exists at most one Q-
martingale (AZt)te[O,T] with EQ {|AZAT\3} < oo such that

/ %AZtu(dt):AYT. (5.15)
.11 Be

Proof. First, note that if AZ is any Q-martingale satisfying EQ [|AZ|3] < o0, then Holder’s

14This has been kindly pointed out to us by Hao Xing.

13



inequality and Doob’s maximal inequality (with the universal constant C3 > 0) give

P8z [, GlazIuan ] Cam o) [, oo
el /{OT]giumt))j

3 ~
EX
%
Pt 3
— n(dt < 00.
2| /[O’T] 2 >)]

Next, assume that there are two Q-martingales AZ(M) and AZ® with E@ [\AZ(Ti)|3] < o0 satis-
fying (5.15) with AZ replaced by AZ®, i € {1,2}. Set Z := AZ() — AZ®?). Then Z is also a
Q-martingale with E9 [|ZT|3} < 0o and satisfies

1
3

( sup |AZ,5)

<CJE [|AZT\ ]

/ Pt u(dt) = 0. (5.16)
0,7 Bt

Now, multiply both sides of (5.16]) by Zr, take C:Q—expectations7 and use Fubini’s theorem, the

tower property of conditional expectations and the Q—martingale property of Z. This gives

ZT/ P2 n(dty / B9 l:ZTptZt:| p(dt)
o.7] Bt [0.7] By

:/ EQ |27, @ [ZT‘]-}} u(dt):/ EQ | L 22y ar).
[0,7] By 0,7] By

As a consequence, E {%Zﬂ =0 for p-a.e. t € [0,T]. Since ]‘;—ZZE > 0 P-a.s. for each t € [0,T],
it follows that %Zg =0 P-as. for pra.e. t € [0,T]. As &= > 0 P-ass. for each t € [0, 7], this
yields Z, =0 P-as. for p-a.e. t € [0,T). The Q—martingale property of Z then gives Z =0 P-as.
on [0,¢] for p-a.e. t € [0,T]. Finally, Condition implies that Z = 0 P-a.s. on [0,7T); by the
martingale convergence theorem, we may therefore conclude that Z = 0 P-a.s. on [0,7]. Thus,
AZM) = AZ®) P-as., establishing the claimed uniqueness. O

0=E®

Next, we establish existence of AZ under the key additional assumption that p has an atom

at T. Otherwise, we cannot expect existence to hold, see Example [5.4}

Theorem 5.3. Suppose that w({T'}) > 0. Moreover, assume that EQ [(suptE[O,T] %)3] < 00,
EQ [(E,—TT)_?’} < o0, and AYp is bounded. Then, there exists a (unique) Q-martingale AZ with
EQ [\AZATﬂ < o0 satisfying

/ PEAZ, u(dt) = AYy P-as. (5.17)
0,11 Bt

Moreover:

(a) If AYp =1, then AZ is nonnegative.

14



(b) If &= is uniformly bounded from below, then AZ is bounded.

The proof of Theorem is rather lengthy and technical, and therefore delegated to Ap-
pendix Here we just sketch the main ideas. In a first step, we construct a solution to
in finite discrete time, i.e., on a finite time grid 0 = tg,...,txy = T. This is done exactly as
outlined in Section To wit, we first construct a positive Q- martingale Z”V satisfying the
discretized analogue of . Next, we construct the “prognosis measure” Q7" ~ Q ~ P by
dQrN = ﬂ ~ dP and define Z2YN as the discretized analogue of the SDE (5.10). Finally, we
set AZN ::0 ZPN ZAYN 1n a second step, we make the grid finer and finer and check that the
resulting limit AZ (in the “Komlés sense”) satisfies (5.6).

The following example shows that if the consumption clock p does not have an atom at T', we

cannot expect AZ to exist in general, even if the discounted risk-tolerances p;/B; are deterministic.
Indeed, if the quadratic variation of the prognosis M* = EQ [AYT | F] of the endowment does not
vanish quickly enough as the horizon T nears, it may not be possible to satisfy the budget constraint
(5.15) with equality. This is because there might be an unexpected move of the endowment close

to the time horizon which cannot be “consumed away”["]

Example 5.4. Assume that T = 1, B = 1, p = 1, p(dt) = 1¢7)(t)dt, so that Q =
(cf. Lemma with 7 = 0 and U(t,2) = exp(—z)). Let AY; = exp(—W?), where (Wy)icpo,1)
is Brownian motion. Then there does not exist a P-martingale (AZAt)te[o,l] with £ [|AZAT|3} < 00

satisfying (5.17). Indeed, we trivially have E [ f[o T] Sp(dt)) } < o0o. Thus, in the notation of

—(1_ AY _ T2 _ 1 _w?
Corollary |5.6) below, R; = (1 —t) and M E [exp( Wl) | 7] Z5=5; P | —3=%; ) If there

were a P-martingale AZ with E [\AZTP} < oo satisfying (5.17)), then by Corollary below, it
would satisfy the SDE

2

32t

dAZ, = —dMAY —% exp(
1-t (1—1t)(3—2t)2

>th, AZy = ]‘2 L as)

It is an easy exercise to verify that (5.18)) does not have a solution on [0, 1]@

Finally, suppose that the process Z” from Equation (5.6]) exists (e.g., under the conditions of
Theorem l and is positive. Then, if the process AZ exists as well (e.g., under the conditions of
Theorem it is of the form as derived in the heuristics:

Lemma 5.5. Suppose that B9 {(f[OAT] %ﬁp(dt))‘g] < oo and that there exists a positive Q mar-
tingale Z° satisfying

/ Pt ze u(dt) = 1. (5.19)
0,7] Bt

Define the measure Q° ~ Q ~ P on Fr by dQP = % dQ. If the Q-martingale AZ from Lemma

exists, it is of the form
AZ = 7P ZRY (5.20)

15 A related phenomenon is the “facelift” observed in [26]. For absolutely continuous endowments, however, these
issues typically do not arise, cf. [5].
L60f course, (5.18)) does have a unique (strong) solution on [0,1), but this is not enough for our purposes.
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where Z2Y is the QP-martingale with dynamics

1

AY _
dZ; = 7R

dMAY,  Z8Y = M&Y. (5.21)

Here, MPY = EQ" [AYry | Fy] is the (cadlag version) of the QP-martingale generated by the total
endowment, and the (ladlag) process Ry = E” [f[t 7] 5= u(d )’]—'t} measures the QF-expected

remaining (discounted) risk tolerance.

The following corollary covers the important special case of deterministic discounted risk tol-
erances p;/ Btm It follows immediately from Lemma using that Z* = ( f[o T} ” w(dt))~1 and

Ry = Z%,), in this case.

Corollary 5.6. Suppose that p/B is deterministic and f[o ) g—‘tu(dt) < 00. If the Q-martingale
AZ from Lemma exists, it satisfies the SDE

M&Y
Ry

. 1
dAZ, = = dMAY, AZy= (5.22)
t
Here, MPY = EQ [AYp | Fi is the (cadlag version) of the Q-martingale generated by the total
endowment, and the (caglad) function Ry = f[tT 2 1(du) measures the remaining (discounted)

risk tolerance.

Proof of Lemmal[5.8. Set ZAY = %—,,Z. Then Z2Y is a QP-martingale by Bayes’ theorem. Define
the process (R¢)cjo,1) by

Then R is positive on [0,T) by Assumption (2.1) on u. (It is positive on [0,7] if and only if
uw({T}) > 0.) Note that R has ladlag paths and ZR is nonincreasing and left-continuous; in
particular, it is predictable. By (a conditional extension of) Corollary b),

Pu
— p(du) | Ft| -
/[t,T] B, " t]

AYp = Z2%0 4 / ZP Ry dZPY . (5.23)
(0.,7]

R, = E<’

Arguing as in (5.9)), it follows that

As ZPR is nonincreasing from 1 to ZZRp > 0 and E%” [|Z2Y]] < oo because ZAY is a Q*-
martingale, it follows from Lemma that [ Z°R dZ2Y is a (true) Q-martingale. So in par-
ticular the right-hand side of is QP-integrable. Then so is the left-hand side AYr, which
shows that the QP-martingale (MY )07y given by MAY = EQ” [AYy | Fy] is well defined. Now,
taking conditional QQP-expectations in shows that M2Y satisfies

AMPY = ZPRrdZPY,  MEY = z5Y. (5.24)

17In essence, this is the case of exponential utility and deterministic interest rates.
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Note that (5.24) implies in particular that M2Y — MA2Y = 0 if Ry = 0. Using again that Z”R is
nonincreasing and strictly positive on [0,T"), we may deduce that Z AY satisfies (5.21)). O

Remark 5.7. Even if Z* exists, it need not be positive (but only nonnegative) in general, in
which case the decomposition fails. However, if p and B are “sufficiently nice”, Z” is indeed
positive. For example, suppose the filtration is continuous and p/B is uniformly bounded from
above and away from zero. Then, as has been kindly pointed out to us by Hao Xing, standard
BSDE arguments show that the BSDE has a unique solution (R~!, M*), where R™! is
uniformly bounded from above and away from zero, and M? is a BMO Q-martingale. R := 1 JR7!
is in turn well defined and uniformly bounded, whence [ RdAM? is also a BMO Q-martingale and
ZP = %R dMP> is a positive (true) Q-martingale (cf. [20]). It is now easy to check that Z”
(15.19)

solves

5.3 The main result

After the preparations of the previous section, we can now formulate our main result about the

second-order sensitivities of the consumption-savings problem:

Theorem 5.8. Suppose that ¢ € A5(Y), E [|Z%|} < o0, E9 [f[o T](%Pu(dt)} < o0, as well
as EQ [AY%] < 00. Assume that U satisfies DARA and DAP, and suppose that there exists a
Q-martingale AZ with E9 [|AZr|?] < oo satisfying

/ Pnz, wu(dt) = AYy P-a.s. (5.25)
7] Bt

Moreover, assume that AZ is locally bounded, there is eg > 0 such that é—eopt|AZt| > xy P-a.s.,

and we have the estimates

3
E PUAZ p(dt) ) | < oo, (5.26)
o) Bt
E / Ut"/(ét—€opt|AZt|)Pf|AZAt|3ﬂ(dt)] < 00, (5.27)
[0,7]
as well as

’ Z\ %
E sup |AZ / —U | 2| 2L u(dh)| < . 5.28
(te[O,T]| t|> (0,T] " \2B,) B} (%) (5.28)

Then, the process
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is second-order optimal for A3(Y®). It satisfies

/ U, (é5) () / Us(é) u(dt)
[0,7] [0,7]

_ %EQZOE@ [aZravy) +o(e). (5.29)

FE =+ 620EQ [AYT]

Moreover, if there exists a positive Q-martingale Z° with f[o B & Z” wu(dt) =1, then
E=¢+epZPZ™Y, e€0,g),
where Z2Y is as in Lemma and the welfare expansion can be written as

/ —d [(MAY]
OT]

AY)
M0

eZ0EQ [AYy] — 5EQZOEQ + o(g?),

with (MtAY)te[O’T] and (Rt)efo,r) as in Lemma .

Theorem states that — under the stated integrability assumptionﬁ — the (normalized)
second-order consumption correction Aé = (¢¢ — ¢)/e is the product of the direct risk-tolerance
p, the martingale Z”, and the prognosis martingale Z2Y. The first-order welfare correction
EZ()EQ [AYT], is the marginal-utility—based price of the terminal perturbation eAYr. The second-
order welfare correction —1e2Z)E@ [( + Jior & 4 [M2Y] } is the expected fluctuation of

the terminal perturbation 5AYT weighted by the 1nd1rect risk-tolerance R. In the special case that

AY7 is deterministic, it simplifies to —fEQZO ion (AYT)2

A sufficient set of conditions for the first part of Theorem is that p has an atom at 7', the
endowment correction AY is bounded (the unperturbed endowment Y7 may be general), and p
and B are uniformly bounded from above and from zero[l] Then AZ exists and is bounded by
Theorem and for standard utility functions - are easily seen to be satisfied.

Proof of Theorem [5.8 Tt follows from (5.26) that pAZ € A5(AY) and ¢ € A5(Y®).
The basic idea for the remaining proof is similar to the one of Theorem a lower bound
is established by considering our concrete strategy; a universal upper bound is in turn obtained

from a duality argument.

Primal lower bound. For e € [0,e0) and fixed ¢ and w, a Taylor expansion of order two with
Lagrange remainder term gives
. . N 1 N 1 - U
Up(&) = Us(ér) + Up(&)(& = &) + 5UL (é)(éF — &) + gUt (@t w)(@ - &)?,

where é(t,w) takes values in the interval with endpoints é;(w) and é(w). By the definition of é°,

18The third-order moments are needed to control the third-order remainder terms appearing in the Taylor ex-
pansion that we use to approximate general utilities by quadratic ones in the proof of Theorem

19For utilities on the positive real line, we also have to assume that the benchmark optimizer ¢ is uniformly
bounded away from 0.
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the fact that U" is positive and nonincreasing by DARA and DAP, and since ¢ < &g, we have
. ) A .1 T | A . )
Ut(Ci) Z Ut(Ct) + E‘U{(Ct)ptAZt + §€2Utﬂ(ct)pt2AZt2 — EEBUtW(Ct — €0pt|AZt|)p§‘AZt‘3 (530)

Now, take the expectation of the integral of the first-order term on the right-hand side of (5.30).
Then, it follows as in the proof of Theorem [£.1] that

¢E = e Z,E° [AYy). (5.31)

/ U, (é)peAZy p(dt)
(0,77

Next, take the expectation of the integral of the second-order term on the right hand side of (5.30)).

Using the definition of p in (5.1)), the first-order condition (3.1]), Corollary (b)7 Lemma and
the budget constraint ([5.25)), we obtain

—&’E

A 1
| vresazuan| = 58
[0,7] 2

[0,T] By

1 . .
= —552201«7@

0,T t
1 ~ A ~
= —5c*20B? {AZTAYT} . (5.32)

Finally, taking the expectation of the integral on both sides of ([5.30) and using (5.31)), (5.32), and
[£-29) yields (5.29).

Dual upper bound. We proceed to show that

/ Ut<c§>u<dt>]SEV U (&) u(dlt)
[0,T] (0,77

1 ~ A ~
— 5622, E° [AZTAYT} + o(e?). (5.33)

sup FE +eZyER [AY7]

cceA3(Y?)

As AZ is locally bounded by assumption, there exists a nondecreasing sequence of F-stopping
times (7, )neny with values in [0, 7] such that lim, o P[r, = T] = 1 and, for each n € N, the
stopped martingale AZ™ is bounded. Set 7 := 0. For € € (0,1/(2A%)), let

n(e) = max{n €{0,...,[1/e]}: sup |AZ]"| < 1 P—a.s.} .
t€[0,T] 2e
Define AZ¢ := AZ™®. Then sﬁptE[O’TﬂAZAﬂ < 5= P-as. for cach ¢ € (0,1/(2]AZ))) and
limo\ 0 AZ® = AZ P-as. as lim\ g n(e) = +00. Set Z° := Z(1 — eAZ*) and note that Z¢ > 57
P-ass.
Fix ¢ € (0,1/(2A%)) and let ¢¢ € Ag(Y®) with E [I[O’T] U, () u(dt)} < o0. By definition

of the conjugate U, we have U;(cf) < U, (%) + %{cf for each fixed ¢ and w. Whence, a Taylor

1
2
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expansion of order two with Lagrange remainder term gives

ZE é . / Zy e | T 27mm é ﬁ ARY
o (2) - () -t () s o (2) o

= Low e Zo a2y
6 ) B3 ’
where ((t,w) lies in the interval with endpoints gz%z% and Z- Ew; Now, use that U/ ( t) = —¢

(which follows from (3.1) and (2.6)), U/ ( & ) = —% = pt% (which follows from 1) and
7)), the fact that U is negative and nondecreasing by DARA and DAP, and Z¢ > % This

yields the following estimate:
Ze _(Z & 2 sem [ Ze \ 23« 5o
2t ZANZEL 4 227, Eh (A Zs 2 2 Az,
U(Bt> Ut<3t>+5 ¢ tBtJr tBt( ) - EUt 2B, B§>| il

gi) =Us(&) — g—’t’ét (which follows from (3.1])) and (4.5)):

Combining this with the identity U, (

A Z . Pt 1 3~ Zy
Ui(cf) < U(er) + ﬁ(cf — )+ fEQZt B, (AZE) 6€3Utm (23 > B3 \AZ8|3 (5.34)

Now, consider separately each of the last three terms on the right-hand side of (5.34). First,
calculate the expectation of the integral of the second one. Corollary (a), positivity of Z¢, the
budget constraints for ¢© and ¢, the definition of Z ¢, Bayes’ theorem and dominated convergence

give

E
Ct

2t / = c u(dt)] <E [Z%sAYT]
[0,7] t

= EZOEQ |:(1 — €AZE)AYT:| = 620EQ [AYT] — 6220EQ [AZ%AYT:I

E =K

A5 — ét
Zf = p(dt)
/[O’T] " B

— cZ0EQ [AYy] — 22, B9 [AZTAYT} +o(e?).

Next, calculate the expectation of the integral of the third term on the right-hand side of (5.34).

Corollary [A-2[b), dominated convergence, (5.25)), and Lemma give

1 5 . 1, 4 3
~e2E / Z 2L (AZE? p(dt) | = =22, B9 / PtAZEY? p(dt)
2 o7 DBt 2 (0,7 Bt
_ Loy pa PUANZ2 p(dt 2
—55 0 B, i u(dt) | +o(e”)
fo.7) Bt
1 N
= §€2EQ AZtB AZ; p(dt) | + o(e?)
[0.7]

_ %52EQ [AZrAYy] + o).

Finally, compute the expectation of the integral of the last term on the right-hand side of ([5.34)).
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By (5.28]), we have
1 -l Ze\ Z
A <2> 2 AZi ata >]
[0.7]
1 [ ’ Z VA
< -3E || sup |AZf| / ~U" | SH) 25 p(dt)
6 +€[0,T] (0,T] B;

6
1 _ ’ Z z}
—&3E sup |AZ| / i L p(dt) | = O(e®) = o(e?).
6 +€[0,T] (0,T] B;

Now taking the expectation of the integral on both sides of (5.34]) and then the supremum over
all ¢ € A3(Y*) with E [ Jio.r U () u(dt)] < o gives (5.33).

IN

Comparison of lower and upper bound. (5.29) and (5.33) show that ¢¢ is indeed second-order
optimal for As(Y®).

Additional Claim. Finally suppose that the martingale Z” from Lemma [5.2] exists and is positive.
Define Q° =~ Q, (ZtAY)te[O’T], (MtAy)te[o,T], and (Rt)epo,r) as in Lemmam Then it suffices to

show that

EQ {AZTAYT} — g9 [ Ly [MAY] ] .

o.11 Rt

Bayes’ theorem, the dynamics of Z2Y (cf. (5.21)), the product formula, and Lemma yield

E° [AZATAYT} = Z0E9 [Z8Y MAY] = Z0EY

1
d [M2Y
(0,7] Rtth [ L]

1 A VAS
— B9 |7, / Sd [MAY] | = E¢ / >d [MAY]
0.1) B2 0.1 B2l
= E9 d[MaY
[0,7] Rt [ l
This establishes the last assertion and thereby completes the proof of the theorem. O

Remark 5.9. The dual considerations in the proof of Theorem also show that the martingale
Z¢ is second-order optimal for the minimization problem dual to (2.3)).

A On Bayes’ theorem

In this appendix, we recall a simple — but apparently not so well-known — sufficient condition for
the stochastic integral of a finite variation integrand with respect to a martingale integrator to be
a true martingale. Moreover, we deduce two versions of Bayes’ theorem which are used in several
of the proofs.

We denote by ||A|| the total variation of a finite variation process A, and use the convention
that Ag_ :=0.
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Lemma A.1. Consider an adapted cadlag process of finite variation (A¢)iepo,r) and a martingale
(M)iefo,r) such that
E||Allr|Mr|] < .

Then, the stochastic integral [ A_ dM is a martingale and, for any stopping time T taking values

in [0,T], we have

E M, dA;

[0,7]

= E[M.A,]. (A1)

Proof. Let 7 be an arbitrary stopping time with values in [0,7]. Then, by the submartingale
property of |M| and the tower property of conditional expectations:

Ef|All- M) < E (Al E[|Mr]| F-]] = E[[|All-|Mr]] < E[[|A]lr|Mr[] < co.

Hence, by (the optional version of) [7, Theorem VI.57 and Remark VI.58d)| and using that the

optional projection of M, is the stopped martingale M 7™, we obtain

E[M;A;]=FE M.dA;| = F M7 dAy| = E | MpAp + M, dA; (A.2)
[0,7] [0,7] (0,7]
This gives (A.1). Moreover, an integration by parts yields
E M()A() + Mt dAt == E M-,—A-,— - At, th‘| . (Ag)
(0,7] (0,7]

Together, (A.2) and (A.3]) show

E / At_ th‘| = 0
(0,7]

As 7 was arbitrary, it follows that the process [ A_ dM has constant expectation 0 over stopping

times and therefore is a martingale. O

Corollary A.2. Let (Zt):ej0,1) be a positive martingale and Q =~ P defined by dQ = %dP be the
corresponding equivalent measure. Let (At)te[o,T] be an adapted cadlag process of finite variation,

and assume that at least one of the following conditions is satisfied:
(a) ||Allr and Z1 are square-integrable under P.
() B |firy ZedlAl] < oo.

Then the process (f[o . ZsdAs)tejo,r) is P-integrable, and

E = E[ZpAr] = ZyE® [A7].

/ ZsdAs
[0,7]

Proof. By Lemma it suffices to show that E [||AllrZr] < co. For (a), this follows from the
Cauchy—-Schwarz inequality. For (b), this is a consequence of (the optional version of) [7, Theorem
VL57). O

22



B Proof of Theorem 5.3

This appendix contains the proof of Theorem which is broken up into several auxiliary results
for better readability. Throughout, notation is eased by replacing Q and p/B in Theorem
with P and p, respectively.

The first step is to establish existence of the martingale Z” in finite discrete time, by means

of an explicit backward construction inspired by the heuristics from Section

Lemma B.1. Let (Q,F,F = (Fi)reqo,...n}, P) be a filtered probability space, and assume that
Fo is P-trivial. Let (pr)reqo,...,n} be an nonnegative adapted process such that E [pi] < oo for
k € {0,....,N}, py > 0 P-a.s., and E [p&d] < o00. Then, there exists a unique martingale
(Z)keqo,...,Ny with E [|Z8]*] < oo such that

N
Zka,? =1 P-a.s. (B.1)
k=0
Moreover, Z* is positive and satisfies
Z8 < pyNt P-as. (B.2)

Proof. Uniqueness of Z* follows by the same argument as in Lemma

To establish existence, define the process (Rk)ke{07.._7N} recursivelﬂ by Ry := py and

Rer:=pea+E[R; | Fon] ™, kefl,...,N}. (B.3)
This process is well defined and satisfies Ry > 0 P-a.s. as well as F/ [R,;l] <ooforke{l,...,N}.
Indeed, for £k = N, this follows from the assumptions that py > 0 P-a.s. and F [pfvl] < oo. By
backward induction, if we know that Ry > 0 and F [R,;l] < oo for some k € {1,..., N}, then
Rj._q is finite and satisfies Rp_1 > F [R,:l |]-'k_1] ! > 0. Rearranging, taking expectations and
using the tower property in turn yields

E[Rk J<E[E [Rillfk—lﬂ :E[Rlzl] < 00.

Now, define the positive martingale (Z;)req1,... .~} recurswelyﬂ by Z§ := (Ro)~! and

—1

R
Z0 =20 pefo,...N -1} B.4
k+1 kE [RI;-H |~7'—k] { } ( )

This process is well defined by the properties of R. We proceed to show by backward induction

20This deﬁnltlon is motivated by the BSDE ) for R—1. If we discretize the latter — in a slightly nonstandard

way —as AR, " = px_1E [R ! R_ ‘]—'k 1] +AMP take conditional Fj_ 1-expectations yielding E [R ’]-'k_l]
R,C 1= Pk— le 1 {R_ ‘]—'k 1] and solve for Ry_1, we get -
21This is again motivated by the BSDE - ) for R~! and the SDE dM” = Zp dZ Discretizing the latter

E Fr . _
as AM£+1 = %AZE 1, using AMk = Rk+1 E [ k+1 ‘}—k], and solving for Zf, we get (B.4).
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that

N
ZERy =Y Zfpr, ne{0,...,N}. (B.5)
k=n

The induction basis n = N is trivial. So assume that (B.5)) holds for all k € {n,..., N} for some
n € {1,...,N}. Then by the induction hypothesis, (B.4]), and (B.3):

N
_ —1
E Z]gpk = Z£_1Pn—1 + Zan = 5_1l)n—1 + Zz_lE [Rnl "Fn—l} = 5_1Rn—1~
k=n—1

Now (B.5]) for n = 0 yields

N
Zpkz;g = RoZf = 1. (B.6)
k=0

in accordance with (B.1]). The estimate (B.2) follows immediately from the fact that 0 < Z{ pn <

1 P-a.s. by nonnegativity of p, positivity of Z” and py, and (B.1). As E [,0]7\[3] < o0, (B.2)
immediately implies that Z” has finite third moments. O

Next, we establish existence of AZ in finite discrete time, again by working with the discrete

analogues of the relations in Section

Lemma B.2. Let (2, F,F = (Fr)reqo,...n}, P) be a filtered probability space, where Fq is P-
trivial. Let AYn be a bounded Fy-measurable random variable and let (px)reqo,...n} be a non-
negative adapted process. Assume that E [pi] < oo for k € {0,...,N}, py > 0 P-a.s., and
E [p&‘j] < o0. Then, there exists a unique martingale (AZAk)kE{O,_.qN} with B [|AZAN|3} < 0
such that

N
ZpkAZk = AYN P-a.s. (B?)
k=0
Moreover, we have
|AZN| < 203 |AY N o0 P-as. (B.8)

Proof. Uniqueness of AZ follows by the same argument as in Lemma
To establish existence, let (Z})reqo,....n} and (Ri)geq1,...,n} be as in the proof of Lemma

It follows from (B.5) and (B.1) that

n—1

ZhR, =1-Y Z{ps, nef0,...,N},
k=0

in accordance with (5.7). In particular, Z”R is predictable. By nonnegativity of p, positivity of

1

ZP and py, and the definition of R, we may also deduce that

is well defined, nondecreasing

and satisfies
1 1 1

< =
ZﬁRn - Z]%RN lei/va,

ne{l,...,N} (B.9)

As motivated by the discussion in Section define @Q” ~ P on Fy by dQ* = % dP and the
(QQP-martingale (M,CAY);CE{07,,,N} by

MAY = EQ" [AYN | Fi] .
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Clearly, MY = AYy. In analogy to the continuous-time SDE (5.10)), now define the process
(Z2Y )keqo....Ny by
MpY &

1
MAY — MAY) = MAY — MAY
( J J*l) Z(/))RO +; ZJpR]( J J71)7

k
1
7y
j=1 J-4

where the second equality follows from the fact that Z§ Ry = 1 by (B-6)). Then Z2Y is a martingale
transform of the Q”-martingale M2Y. As

1

< ||AY N E [prt] < o0,
P < |AYN[looE [py'] < o0

B [|MJ%Y

-
PN

it follows from Lemma that M2Y is a Q”-martingale. Moreover, integration by parts yields

MpY I 1 1
ZAY _ T _ A [ey _ .
N7 ZR Ry ; T\ ZPR; 20 R,

Thus, by a telescopic sum and ,

N

1 1 1 1
Z3Y 1 < |AY N loo | 55— + — < 2| AYN ||loo 50— B.10

Finally, define the process (AZy)reqo,....N} by
AZy, = 2078V

Then AZ is a P-martingale by Bayes theorem and satisfies (B.8) because of (B.10). Note that as
E [p]_\ﬂ < o0, (B.8) implies in particular that AZ has finite third moments. It remains to show
that AZ satisfies (B.7). By the definitions of AZ, ZAY  and R, (B.5) and an integration by parts,

we have

N N N
S oAZe =Y Z¢Y prZf = Zy  pn 28 =Y ZR(RuZf — Ry Z]_4)
k=0 k=0 k=1
N
= Z8V RoZ§ + Y RiZR(Z1Y — 7))

k=1

N
= M&Y + > (MEY — MEY) = MRY = AYy.
k=1

This completes the proof. O

The next step is to extend the two results above to continuous time by passing to the limit
in an appropriate manner. This requires a rather technical lemma on the existence of special
partitions of [0, 7], whose mesh sizes do not only go to 0 with respect to the Lebesgue-measure

but also relative to the consumption clock pu.

Lemma B.3. Let p be a finite measure on ([0, T], Bjo,r1). Then:
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(a) For each N € N, there exists a partition 0 =t < -+ <X =T of [0,T] such that

211((0, 7))
k=1,...N V=N and k:r?f%,}fNN((tk—utk)) < N

(B.11)
(b) Let {tlY,...,tN}nen be any sequence of partitions of [0,T] satisfying (B.11)) for each N.
Then for each cadlag function f :[0,T] — R, we have

N
li — _ dt) = 0.
Ngnoo];/(w o |f(t) — f(te—1)| p(dt) =0

k-1t

Proof. We may assume without loss of generality that x((0,7)) > 0; otherwise simply take ¢ :=
2T,k €{0,...,N} for (a), and (b) is trivial.
(a) Fix N € N. Set s{’ := 0 and define recursively, for k € {0,..., N — 1},

R L e R O e IR V(G B e
k+1 —
T, if pu((sf, 7)) < 2R,

Then p((sp,1,s5)) < 2”((]?,’T)) < p((shyq,s]) for all k € {0,...,N — 1} with sy < T and hence
k

w((0,7) > (s, 5¥]) = 3 p((sy, 5V > #2400 T (B.12)

for all k € {0,...,N — 1} with s < T. Set kxy = min{k € {1,...,N} : s/ = T}. Then
ky < & +1 by (BI12). Now for ¢t € (0,7), set jV(¢) := min{k € {1,...,kN} : s)’ >t} and define

tV, ... tN recursively by t)Y = s}’ =0 and, for k €0,...,N — 1
N+ 2 AN -t > 2
N S;'\[N(tkN)’ if V) -t <2 and GN(EY) <k,
k+1 — N
N e NN — N < 2N and jNHY)=ky and k< N -1,
T, if g NEY) -t <2 and jN(tY)=ky and k=N -1
In this recursion, we have j¥ (t) — ¢ > % for at most % many k € {0,..., N —1}. Moreover,

for at most ky —1 < & many k € {0,..., N — 1} we have jN(t}) — t} < 28 and jV(¢})) < kM.
Thus, jN(N_;) — t8_; < 2 and jV(tY_,) = ky. This shows that t}} = 7' and the partition
0=t < <tl =T satisfies (B.I1).

(b) Let {tY,...,t}} ven be any sequence of partitions of [0, 7] satisfying for each N.
Fix a cadlag function f : [0,7] — R, and let € > 0 be given. By [2| Lemma 1 in Chapter 3|, there
exists a partition 0 = ug < -+ < u™ =T of [0, 7] such that

€
max sup fu) = flug—1)| < =————=-
T L A A (G 3
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Choose N large enough that MI\(]O’T))H fllo < § and define
K:={te{l,... N} :thereis k € {1,..., M} with u, € (t}_1, ')}
Clearly |K| < M. Then:

N

t) = f(te-1)| p(dt) = t) — f(to_1)| p(dt
S [ sl =5 [ 50 st laa
X[ 0 et
kell,. N} 7 (te-1:tr)
21((0, 7)) €

<KD 2 flloo === + 5y O T))

€ €
This completes the proof. -

With Lemma at hand, we proceed to extend Lemma to continuous time by means of
Komlés” Lemmas:

Lemma B.4. Let (2, F,F = (Ft)iepo,1), P) be a filtered probability space, where Fo is P-trivial.
Let p be a finite measure on ([0,T], Bio,r7) with u({T'}) > 0. Let AYr be a bounded Fr-measurable

random variable and (ps)icjo4) @ nonnegative, adapted, cadlag process. Assume that pr > 0 P-a.s.,
3 .
E [p;ﬂ < o0, and B |:(Supt€[O,T] pt> ] < 00. Then there exists a unique martingale (AZt).e(o,1)

with E [\AZATF’} < o0 such that

/ ptAZt w(dt) = AYy P-a.s.,
[0,7]
and we have
|AZ7| < 207 u({TH) M AYr |0 P-aus.
Moreover:
(a) If AYr =1, then AZ is nonnegative.
(b) If g—? is uniformly bounded from below, then AZ is bounded.

Proof. Uniquess follows from Lemma [5.2
To establish existence, we use an approximation argument. For N € N, let (tﬁv)ie{()’.__,N} be a
partition of [0,7] as in Lemma and let (o )reqo,...,n} be defined by

N _ ptlkvﬂ([t{cvativ+l)) lfke {Oa'~'7N_1}7
pru({T}) if k=N.

By Lemma for each N € N, there exists a martingale (AZN )telo,7) With finite third moments
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such that

N
> PN AZy = AYr P-as. (B.13)
k=0

Moreover, if A =1, it follows from Lemma that each AZY is positive. Define the martingale
(N?)iefo,) by

o =sltosl]

Then, by :

AZY| < B [|AZF|| F] < 21AYN N P-as. (B.14)

We proceed to show that fo 7 peAZN 1u(dt) converges to AYy in L'. By (B.13) and (B:14),

N
[ oazuaw - ave| = | [ paZY utan) - 3 o A2y
[0,T] (0,7] k=0
N A A
= Z/ (PuAZz]LV _Ptfk‘QlAZtkal)M(du)
k=1 (tF_t)
< Z/ tN) —AZw ’ p(du)
" Z / oy A2 o= oy [ mtan
k 1’
N
<[ sup p / ‘Afo — AZX ‘,u(du)
(te[o,T] t) ; (Nt Ha
2| AYy ( sup |N”>Z / ooy | (). (B.15)
k 1’

Both summands on the right-hand side of (B.15|) converge P-a.s. to 0 by Lemma Moreover,
the right hand side of (B.15]) is P-a.s. bounded from above by

te[0,T) t€[0,T)

(2 +4AYN] ) ( sup pt) ( sup |th|> p((0,7)).

Hoélder’s inequality and Doob’s maximal inequality yield

3/2 3 3
E sup p: sup |[AZN| <cFE sup p: E [(N£)?]? < oo,
te[0,T) te[0,T] te[0,T)

for some constant ¢ > 0. Thus, the right-hand side of (B.15|) is uniformly integrable. As a result:

N

=0. (B.16)

N—o00

lim F H/ puAZY p(du) — AYyp
0,T

Finally, we construct AZ as the “Komlés limit” of the AZN. Since the sequence (AZACIFV )NenN Is
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bounded in L? (and a fortiori in L') by (B.14)), Komlés’ Lemma [12, Theorem 5.2.1] shows that
there exist a sequence (AZQJY)NeN with AZ}V € conv(AZJTV, AZIIYH, AZZZYJFQ7 ...) and a random
variable AZr € LY(Fr) such that AZ}V converges P-a.s. to AZr. Note that if AYy = 1, then
each AZJTV is positive, and so AZy is nonnegative. As each AZITV satisfies the estimate ,
the sequence (AZQJY )nen is bounded in L3 and therefore converges to AZp also in L2 by the de la
Vallée-Poussin’s criterion for uniform integrability (cf., e.g., the remark before [13, Lemma 4.10]).
Denote by AZ = (AZt)tE[QT] the cadlag version of the martingale generated by AZp. Clearly,
AZ has finite third moments. We claim that

/ puDAZy p(du) = AY P-as.
[0,7]

Since f[O,T] puAZfLV ,u(duz converges to AYy in L' by 1 and linearity of the integral, it suffices
to show that f[o 7) puAZY 11(du) converges to f[o 7) puAZ, p(du) in L'. By Hoélder’s inequality
] <u(0,T)HE

sup py | | sup |AZY —AZ,|
+€[0,T] te[0,7]
071/2

< 20((0, 7)) E <sup pt> Bz -azy?] ",

and Doob’s maximal inequality, we have

B[ paZY - az)utw
[0,

t€[0,T]

The claim now follows from the fact that AZYN converges to AZy in L? as N — oo, O

References

[1] D. Becherer, Bounded solutions to backward SDEs with jumps for utility optimization and indifference
hedging, Ann. Appl. Probab. 16 (2006), no. 4, 2027-2054.

[2] P. Billingsley, Convergence of Probability Measures, second ed., John Wiley & Sons, Inc., New York,
1999.

[3] C. D. Carroll and M. S. Kimball, On the concavity of the consumption function, Econometrica 64
(1996), no. 4, 981-992.

[4] A. éerny and J. Kallsen, On the structure of general mean-variance hedging strategies, Ann. Probab.
35 (2007), no. 4, 1479-1531.

[5] P. O. Christensen and K. Larsen, Incomplete continuous-time securities markets with stochastic in-
come volatility, Rev. Asset Pricing Stud. 4 (2014), no. 2, 247-285.

[6] M. H. A. Davis, Option pricing in incomplete markets, Mathematics of Derivative Securities, Cam-
bridge University Press, Cambridge, 1997, p. 216-226.

[7] C. Dellacherie and P.-A. Meyer, Probabilities and Potential. B, North-Holland Publishing Co., Ams-
terdam, 1982.

[8] C. Gollier, The Economics of Risk and Time, MIT Press, Cambridge, MA, 2001.

[9] C. Gourieroux, J. P. Laurent, and H. Pham, Mean-variance hedging and numéraire, Math. Finance
8 (1998), no. 3, 179-200.

[10] V. Henderson, Valuation of claims on nontraded assets using utility mazimization, Math. Finance 12
(2002), no. 4, 351-373.

29



[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]
21]

22]

23]

[24]

[25]

[26]

27]

(28]

[29]

(30]

31]

32]

M. Herdegen and J. Muhle-Karbe, Stability of Radner equilibria with respect to small frictions, Fi-
nance Stoch. 22 (2018), no. 2, 443-502.

Y. Kabanov and M. Safarian, Markets with Transaction Costs: Mathematical Theory, Springer,
Berlin, 2009.

O. Kallenberg, Foundations of modern probability., second ed., Springer, Berlin, 2002.

J. Kallsen and S. Li, Portfolio optimization under small transaction costs: a conver duality approach,
Preprint, 2013.

J. Kallsen and J. Muhle-Karbe, The general structure of optimal investment and consumption with
small transaction costs, Math. Finance 27 (2017), no. 2, 659-703.

J. Kallsen and T. Rheinlédnder, Asymptotic utility-based pricing and hedging for exponential utility,
Statist. Decisions 28 (2011), no. 1, 17-36.

I. Karatzas and S. G. Kou, On the pricing of contingent claims under constraints, Ann. Appl. Probab.
6 (1996), no. 2, 321-369.

I. Karatzas, J. P. Lehoczky, S. E. Shreve, and G.-L. Xu, Martingale and duality methods for utility
mazimization in an incomplete market, SIAM J. Control Optim. 29 (1991), no. 3, 702-730.

I. Karatzas and G. Zitkovié, Optimal consumption from investment and random endowment in in-
complete semimartingale markets, Ann. Probab. 31 (2003), no. 4, 1821-1858.

N. Kazamaki, Continuous Exponential Martingales and BMO, Springer, Berlin, 1994.

M. S. Kimball, Precautionary saving in the small and in the large, Econometrica 58 (1990), no. 1,
53-73.

D. Kramkov and M. Sirbu, Sensitivity analysis of utility-based prices and risk-tolerance wealth pro-
cesses, Ann. Appl. Probab. 16 (2006), no. 4, 2140-2194.

, Asymptotic analysis of utility-based hedging strategies for small number of contingent claims,
Stochastic Process. Appl. 117 (2007), no. 11, 1606-1620.

P. Lakner and E. Slud, Optimal consumption by a bond investor: the case of random interest rate
adapted to a point process, STAM J. Control Optim. 29 (1991), no. 3, 638—655.

K. Larsen, O. Mostovyi, and G. Zitkovié, An expansion in the model space in the context of utility
mazimization, Finance Stoch. 22 (2018), no. 2, 297-326.

K. Larsen, G. Zitkovic, and H. M. Soner, Facelifting in Utility Maximization, Finance Stoch. 20
(2014), no. 1, 99-121.

H. E. Leland, Saving and uncertainty: the precautionary demand for saving, Q. J. Econ. 82 (1968),
no. 3, 465-473.

M. Mania and M. Schweizer, Dynamic exponential utility indifference valuation, Ann. Appl. Probab.
15 (2005), no. 3, 2113-2143.

A. Mas-Colell, M. D. Whinston, and J. R. Green, Microeconomic theory, Oxford University Press,
New Yorwk, N.Y., 1995.

L. Moreau, J. Muhle-Karbe, and H. M. Soner, Trading with small price impact, Math. Finance 27
(2017), no. 2, 350-400.

O. Mostovyi, Optimal investment with intermediate consumption and random endowment, Math.
Finance 27 (2017), no. 1, 96-114.

M. Schweizer, Approxzimating random variables by stochastic integrals, Ann. Probab. 22 (1994), no. 3,
1536-1575.

30



[33] H. M. Soner and N. Touzi, Homogenization and asymptotics for small transaction costs, SIAM J.
Control Optim. 51 (2013), no. 4, 2893-2921.

31



	Introduction
	Setting
	A sufficient condition for optimality
	First-order optimality
	Second-order optimality
	Heuristics
	Uniqueness, existence, and structure of 
	The main result

	On Bayes' theorem
	Proof of Theorem 5.3

