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Abstract

We prove CLTs for biased randomly trapped random walks in one dimension. By considering a sequence
of regeneration times, we will establish an annealed invariance principle under a second moment condition
on the trapping times. In the quenched setting, an environment dependent centring is necessary to achieve
a central limit theorem. We determine a suitable expression for this centring. As our main motivation, we
apply these results to biased walks on subcritical Galton—Watson trees conditioned to survive for a range of
bias values.
© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we investigate biased randomly trapped random walks (RTRWs) on Z and apply
the results to subcritical Galton—Watson trees conditioned to survive. Randomly trapped random
walks were first introduced in [3] where it is shown that the possible scaling limits belong to
a certain class of time changed Brownian motions. The purpose of the RTRW is to generalise
models such as the Bouchaud trap model (see [7,17] and [33]) and provide a framework for
studying random walks on other random graphs in which trapping naturally occurs such as
biased random walks on percolation clusters (see [15,18] and [30]) and random walk in random
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environment (see [22] and [31]). Higher dimensional (d > 2) unbiased randomly trapped random
walks have been studied further in [11] where a complete classification of the possible scaling
limits is given. In recent years there has been much progress in models involving trapping
phenomena; a review of recent developments in a range of models of directionally transient and
reversible random walks on underlying graphs such as supercritical GW-trees and supercritical
percolation clusters is given in [4].

A subcritical GW-tree conditioned to survive consists of a semi-infinite path (called the
backbone) with GW-trees as leaves. Typically, the leaves are quite short therefore the walk
on the tree does not deviate far from the backbone. For this reason we have that the walk on
the tree behaves like a randomly trapped random walk on Z with holding times distributed as
excursion times in GW-trees. Biased walks on subcritical GW-trees are, therefore, a natural
example of the randomly trapped random walk. Furthermore, they exhibit interesting behaviour
as the relationship between the bias and offspring law influences the trapping. In this paper we
are only concerned with ballistic walks. We note that the sub-ballistic regimes for the biased
walk on the subcritical tree have been studied in [10] where it is shown that either a strong bias
or heavy tails of the offspring law can slow the walk into a sub-ballistic phase.

Critical and supercritical GW-trees have also received much attention. In [13], it is shown that
the walk on the critical GW-tree conditioned to survive is always sub-ballistic; this is studied
further and it is shown that the walk belongs to the universality class of one-dimensional trapping
models with slowly-varying tails. For the biased walk on the supercritical GW-tree, it is shown
in [24] that when the bias is small the walk is recurrent, when the bias is large enough the walk
is sub-ballistic and there is some intermediate range for the bias such that the walk is ballistic.
The ballistic phase for this walk is studied further in [1] where an expression of the speed is
given and in [5] where appropriate scaling sequences for the sub-ballistic phase are shown. The
traps formed in the supercritical tree resemble those in the subcritical tree and it has been shown
in [10] that the walks observe similar scaling regimes.

We next introduce the models of interest and state the main results. We consider the randomly
trapped random walk model in which the embedded walk (¥;)i>o is a simple, biased random
walk on Z. That is, we write Y} = Z/;:U(j for a sequence of i.i.d. random variables (x;);>1
satisfying P(x; = —1) = (B + D=1~ P(x; = 1) where B > 1. For x € Z write

L(x,n):= Z Liy,—x
k=0
for the local time of Y at site x by time n. The random environment w is a sequence of (0, co)-
valued probability measures (w, ),z with environment law P := 7®7 for some fixed law 7. For
a fixed environment w, let (1x ;)xez.i>0 be independent with n, ; ~ w,. Writing
L(x,n—1) n—1
S, = Z Z Nei = Znyk’g(yk,k) and S,_1 =sup{k > 0: S <t}
xeZ =l k=0
we then define the randomly trapped random walk by X; := Y 1
This process is then a continuous time random walk on Z with k" holding time n; :=
ny,.cv.k and we write n = (ni)i=0 to be the sequence of holding times. For convenience
we will define S, = S|;) where |#]| := max{k € Z : k < t} for non-integer ¢ € R. Let P* denote
the law over X for fixed environment w and P(-) = f P?(-)P(dw) the annealed law. Furthermore,
we denote by D([0, 00), R) the space of cadlag functions mapping [0, co) to R which we always
equip with the Skorohod J; topology.

Please cite this article in press as: A. Bowditch, Central limit theorems for biased randomly trapped random walks on Z, Stochastic Processes and
their Applications (2018), https://doi.org/10.1016/j.spa.2018.03.017.




A. Bowditch / Stochastic Processes and their Applications 1 (1111) 11NN 3

We begin, in Section 2, by proving Theorem | which determines the ballistic range for the
walk.

Theorem 1. Suppose § > 1 and that E[ny] < oo, then X,;/n converges P-a.s. on D([0, 00), R)
to the process vgt where

) B-1
Vg = .
E[nol(8 + 1)
Following this, we use a renewal argument, similar to [29], to prove Theorem 2 which is an
annealed, functional central limit theorem for the walk.

Theorem 2. Suppose that f > 1 and E[n(z)] < o0 then there exists ¢ € (0, 00) such that

B = X — ntvg
sv/n

converges in P-distribution on D([0, 00), R) to a standard Brownian motion.

In Section 3 we adapt the technique used in [19] (to prove a quenched CLT for a random
walk in random environment) to derive a quenched central limit theorem with an environment
dependent centring for the randomly trapped random walk. This is Theorem 3.

Theorem 3. Suppose > 1, E[n(z)] < 00 and for some ¢ > 0 we have that E[E®[10]>T°] < oo,
then there exists 92 € (0, 00) such that for P-a.e. w we have that

v2

pP® <Xt;—j;(t) < u) — P(u) = /joo e’zz dv

uniformly in u ast — 0o where

lvpt—1]
GO(t) == vgt —vg Z w(Ew[ny,o] — ElnyoD.
y=0 p-1

The function G“(¢) is the annealed, deterministic centring with an environment dependent
correction. This correction is a sum of centred i.i.d. random variables with (typically) non-zero
variance under the environment law. This shows that the correction obeys a central limit theorem
under P, thus has /7 fluctuations and is, therefore, necessary.

In Section 4 we apply these results to the biased random walk on a subcritical GW-tree
conditioned to survive. Let f(s) = Y o, pks* denote the generating function of a GW-process
with mean u € (0, 1) and variance 6> < oo. Denote by Z, the n" generation size of a
GW-process with this law. Such a process gives rise to a random rooted tree 7/ where individuals
in the process are represented by vertices (with the unique progenitor as the root p) and
undirected edges connect individuals with their offspring. To avoid the trivial case in which
no traps form we also assume that py + p; < 1. We denote by & a random variable with the
offspring law. It has been shown in [21] that there is a well defined probability measure P over
f-GW trees conditioned to survive 7 which we describe in greater detail in Section 4.

For a fixed tree .7 rooted at p, we write ¥ to denote the parent of x € .7 and c(x) the set
of children of x. For 8 > 1, we then define the 8 biased random walk X as the Markov chain
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started from a fixed vertex z with transition probabilities

1 . «—
_ ify=x,
1 + Ble(x)
B .
— ify € c(x), x # p,
P7 (X1 = y1Xp = x) = { 1+ Blc®)] (1.1)
1
_—, ify € c(x), x =p,
le(p)]
0, otherwise.

As in the randomly trapped random walk case, we use P(-) = f PZ—(~)P(dT) for the annealed
law. This is the model of the biased random walk on a subcritical GW-tree conditioned to survive
which is the focus of Theorems 4-6. Let | X,,| denote the graph distance between the walk at time
n and the root of the tree. In Theorem 4 we determine an explicit expression for the speed of the
walk.

Theorem 4. Suppose i < 1, 0> < oo and B > 1, then | X,,|/n converges P-a.s. to

o n(g — (1 - p) _
P B+ (1= B +2B(0% — p(1 — )

A short calculation shows that this speed vg is unimodal in the bias; an example of which
is illustrated in Fig. 1. Proving this remains an open problem in the related models of random
walks on supercritical GW-trees and supercritical percolation clusters (see [4]) where explicit
expressions for the speed are, in general, not known.

Following this, we use Theorem 2 to prove Theorem 5 which is an annealed functional CLT
for the walk on the tree.

Theorem 5. If B> < 1, B > 1 and E[£3] < oo then there exists ¢* < oo such that

Bt” — |Xm| - ntvﬂ
sy/n

converges in P-distribution on D([0, 00), R) to a standard Brownian motion.

Finally, we use Theorem 3 to prove Theorem 6 which is a quenched CLT with an environment
dependent centring G7 (defined in (4.10)) for the walk on the tree.

0.4
1463

0.24

Fig. 1. An example of the speed vg relative to the bias for a fixed mean 1 = 1/2 and variance o2 =1/2.
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Theorem 6. If B2 < 1, B > 1 and E[£3+%] < oo for some § > O then there exists ¥ > 0 such
that for P-a.e. T we have that

_CcT
pT (Xtﬂ—i;(t) < x) — &(x)

uniformly in x as n — oo.

Further to these results, we also prove Einstein relations for both the randomly trapped random
walk and the random walk on the subcritical GW-tree conditioned to survive. That is, we relate
the diffusion of the unbiased walk with the derivative of the speed (with respect to the bias) as
the bias tends to 1 (i.e. neutral bias).

A technique is developed in [6] that can be used to extend an annealed invariance principle to
a quenched result. This is applied in [27] to prove a quenched functional central limit theorem
for the walk on the supercritical tree when the offspring distribution has exponential moments
and no deaths. The condition of exponential moments is purely technical. However, because
the offspring law has no deaths, the supercritical tree does not have traps which represents a
significant simplification of the problem. Due to the similarity of the traps in the supercritical
and subcritical GW-trees with leaves, a key motivation of this paper is to be able to extend the
result of [27] to allow for deaths in the offspring law.

The correction G7 is the annealed centring with an additional sum of centred i.i.d. random
variables with non-zero variance under the environment law. This term has fluctuations on the
order of ./t which suggests that the annealed convergence in Theorem 5 cannot be extended to
convergence under the quenched law as one may expect by comparison with the supercritical
tree where it is possible to adapt the argument of [6]. This argument relies on multiple copies of
the walk eventually having separate escape paths; this results in the randomness of the embedded
walk mixing the environment encountered sufficiently to remove the dependency on the specific
environment. In the subcritical GW-tree model, the walk is forced to escape along a single route
and therefore visits every branch in the tree. This results in the walk accumulating environment
dependent fluctuations.

We show in Lemma 4.5 that the duration of an excursion in a branch of a subcritical GW-tree
has infinite variance when 8%y > 1. For this reason a central limit theorem should only hold
when B < pu~!/2. This supports [4, Conjecture 3.1] which states that a quenched central limit
will hold on the supercritical tree only when 8 < ./B. where S, is the critical upper bound on
the bias for the walk to be ballistic. This will be shown in [8].

2. A law of large numbers and functional central limit theorem

The main aim of this section is to derive an annealed functional central limit theorem for the
RTRW model with positive bias. That is, we prove Theorem 2 by considering a regeneration
argument similar to that used in [29].

We begin, in Proposition 2.1, by using ergodicity of the sequence of holding times to show
convergence of the scaled clock process. We then use this to deduce the speed result Theorem 1.
Following this, by using a sequence of regeneration times, we approximate X,, — ntvg by a
sum of i.i.d. centred random variables. The result then follows straightforwardly from Donsker’s
theorem and continuity of the composition at continuous limits.

We now prove convergence of the clock process. Notice that we consider the unbiased case
(B = 1) as well as the positive bias case. This will be used to prove an Einstein relation for the
walk.
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Proposition 2.1. Suppose B > 1 and that E[ny] < oo then S,,/n and S, /n converge P-a.s. on
D([0, 00), R) to the deterministic processes S; = E[nolt and Sl_l =E[no]~ 't respectively.

Proof. By [11, Lemma 2.1], the left shift on sequences (6(no, n1,...) = (M1, N2, ...)) acts
ergodically on n under P for any non-degenerate random walk on a fixed environment with
i.i.d. traps. This includes our embedded walk for any g > 1.

We have that f(n) := ng is integrable because E[ng] < oo. Therefore, since 0 acts ergodically
on n under P, by the ergodic theorem

S 1 lnt]—1 [nt]—1
lim 2% = lim — ne = limt— > f©*n) = ELf()]
n—oo n n—oo n n—oo nt
k=0 k=0
almost surely. The sequence of functions Sy;/n are increasing in t and the limit S; = E[no]t is
continuous therefore the convergence holds uniformly over t € [0, T] for T < oc.
Since S, is strictly increasing we have the desired convergence of S,,' /n by continuity of the

inverse at strictly increasing functions ([32, Corollary 13.6.4]). O

Using Proposition 2.1, we are now able to complete the speed result for the walk.

Proof of Theorem 1. Notice that

Y1 ) -1
Xnt _ S\_m] _ S|_nlj . SLntJ

—1
n n SLntJ n

By the law of large numbers n~'Y, converges a.s. to (8 —1)/(8 + 1) therefore, by Proposition 2.1
and using that S;” ! is continuous, we indeed have the desired result. O

An additional result that can be deduced from Proposition 2.1 and Theorem 1 is that the
following Einstein relation holds.

Corollary 2.2. Suppose E[ng] < oo. The unbiased (8 = 1) walk me—l/z converges in
P-distribution on D([0, 00), R) to a scaled Brownian motion with variance T = E[no]~".
Moreover,

Vﬁ z

lim =
g1+ f — 1 2

where vg is the speed calculated in Theorem 1 for the B-biased walk.

Proof. For § = 1 we have that Y, is the sum of i.i.d. copies of the random variable x satisfying
P(x = 1) =1/2 = P(x = —1) thus by Donsker’s invariance principle Y, n 2 converges in
P-distribution on D([0, 00), R) to a standard Brownian motion.

By Proposition 2.1 we have that S L_nlt |/ n converges P-a.s. to the deterministic process t /E[n]
uniformly over t < T. By continuity of the limiting Brownian motion and continuity of
composition at continuous limits ([32, Theorem 13.2.1]), we have that

)
Xnt _ S\_nrj and Ym‘/E[ﬂO]

NN N
converge to the same limiting process. This is a scaled Brownian motion with variance T =
Elnol™".
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By Theorem 1 we have that, for 8 > 1,

b _B—D
P Elnol(B+ 1)

and therefore we indeed have that
Vg T

lim —— = —.
g1+ B —1 2
We now move on to proving Theorem 2. We want to approximate X,, — ntvg by the sum of
i.i.d. centred random variables with finite second moments. Let ko = 0 and, for j = 1,2, .
define «; = inf{m > «;_; : {V;}]C 01 N {Y};2,, = ¥} to be the regeneration times of the walk Y
We then have that S, for j > 1 are regeneration times for X and we write 9; := Y, = X Se; to
be the regeneration pomts We then write

Zj = (XSK.,. - XSKH - (SKj o SKH) Vﬁ) = (Qj —Qj-1— (SKj o SKH) Vﬁ) .
By [14, Lemma 5.1] the time and distance between regenerations of Y have exponential
moments when § > 1. That is, for any j > 1 and some constants C, ¢ (depending on f),

P(ojt1 —0j > n), Plkjr1 —k; >n) < Ce™ . 2.1
Lemma 2.3. Suppose that B > 1 and E[ng] < oo then {Z;};>> are centred and i.i.d. under P.

Proof. By [14] we have that the sections of the walk (Yi; — Yy, )K’+l i , for j > 1, are
i.i.d. therefore, since the traps (wy) ez are i.i.d. and independent of the walk Y, we have that the
collections (r]k)k’+1 are iiid. It follows that {Z;} j~> are i.i.d. under P.

It remains to show that Z; are centred. Since the distribution of a given holding time is
independent of the regeneration times of Y and E[ng] < oo we have that

Kky—1

Z Elmli, k1] | = 2L Bli, — k1. 22)

E[S., — S«
vﬂ[ 2 1] B+1

(B + 1)]E[770]
We want to show this is equal to Elg; — 0j—1] = E[Ye, — Y, 1. By (2.1) the time between
regenerations and distance between regeneration points have exponential moments hence, by the
law of large numbers,

" Y — Y.
Liwbo m Vo gy g

m
m
Yok — ki

m

— Elxz —«1]
and therefore
Yia¥o — Yo ElYg — Yyl
D k) = Kjm1 Elxs — «1]

(2.3)

P-a.s. as m — oo. However,

Z?:z YKj - YKj—l o & (1 + K] > _ qu
K Km

- =
ijsz—qu Km m — K1 — K
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where Y, [(km — k1) and k1/(kn — K1) converge P-a.s. to 0. Furthermore, by the law of large
numbers, Yy, [k, converges P-a.s. to (B — 1)/(B + 1) therefore

Z?:ZYKJ' _YKj—I ﬂ_l
—

- . 2.4)
D K = Kjm B+1
By (2.2), (2.3) and (2.4) we then have that Z; are centred since
Blo - 01) = ElY,, — Yo ) = G Bli 1] = 0BIS, = Sl O

In Theorem 2 we show that B}’ can be approximated by a sum of Z; which, by Lemma 2.3,
are i.i.d. centred random variables. With the aim of proving the central limit theorem, we now
show that they also have finite second moments.

Lemma 2.4. Suppose that § > 1 and E[né] < 00 then E[Z?] < ooforj=2.

Proof. Since {Z;}j>, arei.i.d. under P we have that E[ng] = E[Z%]for all j > 2. By properties
of regenerations times 0 > 01 and S, > S, almost surely therefore we have that

EIZ31 < E[(e2 — o] + E[ (S — Sa)’] - 25)

For the second term we have

02—1 L(x,00)
s, =5 (5 )

x=01 i=I1

27

27

02—1 /L(x,00)
_® z( 3 n)

X=Q01 i=1

X=Q] y=01

o—lo—1 L(x,00) L(y,00)
+E|Y D 1{x¢y}< > m) > mi |- (2.6)
i—1 =

By conditioning on Y we have that the holding times at separate vertices are independent
therefore the second term in this expression can be written as

o2—102—1 L(x,00) L(y,00)
>y 1[ > nfr|e| 3 nly
i=1

x=01 y=01 Jj=1

o—-1o-1 L(x,00) (y,00
Z Z 1[x;£v ( Z E[nx,i]> Z '7) j

X=01 y=01 i=1

0—102-1
=E [Z Z Lz Elno]* L(x, 00)L(y, OO)i|

A=Q1 y=01

02—1
< Elnol’E (Z Lx, oo))

X=01

= Elnol*El(k2 — k1)*].
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By (2.1), the time and distance between regenerations have exponential moments therefore

E[(02 — 01)*] £ E[(k2 — k1)*] < o0. 2.7

Combining (2.7) with (2.5) and (2.6), in order to show that E[Z%] < o0 it remains to show that
2

[(0a—1 /L£(x,00)
2| T2 ) |
| ¥=e1 i=1
Conditioning on Y this expectation is equal to
(021 Lx.00) 0-1
ElY > E[nx,inx,,-\Y] < E[Z L(x, 00)’E [ni,l]} < EMJIE [(c2 — k1)?]
| x=e1 i,j=1 X=0]

which is finite by assumption and (2.7). 0O
We now conclude the proof of the annealed functional central limit theorem by showing that

BY' can be suitably approximated by a sum of Z;.

Proof of Theorem 2. By Lemmas 2.3 and 2.4
Em = sz = (Xskm — SKm Vﬂ) — <XSK1 — S,qvﬁ) = (Qm — S,(ml)/g) — (Q1 — S,qvtg)
j=2

for m > 2 is a sum of i.i.d. centred random variables with finite second moment.
Write m; := sup{j > 0: S, <1} to be the number of regenerations by time > 0 then

Btn _ Emtn
sv/n

ot S, vg + [ming Y|

- sv/n

Qj+1 —0j + (SK_,-+, - SKj> Vg
j=l,myy s/n .

The random variables g, S, and |min; Y| are all almost surely finite therefore the first fraction
converges to 0 P-a.s. For ¢ > 0, by a union bound and Markov’s inequality

Se. s — S
P sup o
<j:1 ~~~~~ MTn '\/ﬁ
<P (an > 2TnE[170]’1) + CynP (SK2 — S, > z;x/ﬁ)
< P (mry = 2TnE[0] ) + Cr. B[ (S, — S Lis,, 5, 2o |-

sup
1€[0,T]

By Proposition 2.1, since S;' > m,, we have that P’ (m, > 2TnE[n]™') — 0 asn — co. By
Lemma 2.4 we have that E [(S,(2 — S )2] < oo therefore by dominated convergence

E[(Se = 50015,y —s, 20| = 0

as n — oc. Similarly, by (2.7), E [(02 — 01)*] < o0 hence we have that

IP’( sup w>e>—>0
j=1
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as n — 00, and the supremum distance between (B;'),c0.71 and (X, / 6 +/N)ief0.7] converges to
0 in P-probability. It therefore suffices to prove an invariance principle for X,,,,.

For s € R* let X, denote the linear interpolation of X, then by Donsker’s invariance principle
we have that (X, /+/n):e[0,71 converges in distribution to a scaled Brownian motion.

By the law of large numbers we have that «, /n converges P-a.s. to E[x, — k1] as n — oo.
Therefore, by continuity of the inverse at strictly increasing functions ([32, Corollary 13.6.4]),
we have that m,,/n converges P-a.s. on D([0, c0), R) to the deterministic process R, =
ElnolElkz — k1)1

By continuity of composition at continuous limits ([32, Theorem 13.2.1]) it follows that the
sequence (X, /+/M)ie(0.7] converges to the same limit as (Xg,,/+/M)ief0.7] Which is a scaled
Brownian motion. In particular, choosing

,_ B2
E[nolElx2 — k1]
we have that B}’ converges to a standard Brownian motion.

(2.8)

3. Quenched central limit theorem

In this section we prove Theorem 3 which is a quenched CLT for the RTRW. We do this by first
proving a quenched CLT for the first hitting time of x. This involves an environment dependent
centring H“ which we then approximate by a more suitable sum H® of random variables which
are i.i.d. under P. We complete the result by controlling the variation of mean holding times at
different vertices and using that the walk does not deviate too far from the furthest point reached.

Write 7, ;= inf{t > 0 : X; = x} and, for w fixed, H*(x) := E“[1,]. Let {, := 7,41 — 7, be the
time taken between hitting y and y + 1 for the first time. The elements of (¢, )¢~ are independent
under P” and

x—1
=) 6
y=0

Lemma 3.1. Suppose that § > 1 and E[né] < 00. For P-a.e. w we have that

o [T — HO(X)
P <—O’\/)_C < t> — &(1)

uniformly int as x — oo, where o> = E[Var,(1))].
Proof. By definition of ., H*(x) and ¢,

—HOG) | Yasoy — EVl5))
oJx o/x ’

It therefore suffices to show that Lindeberg’s conditions (see [16, Theorem 3.4.5]) hold:

1. for P-a.e. w,as x — o0

el
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2. forP-ae. w,Ve > 0asx — o0

x—1 )
o| (&~ E¥IG]
2 [(ﬁ) l“-v—E“uﬂl»m} - 0.

y=0

Let 6 denote the shift map on the environment ((éa))k = wy+1) Which is ergodic because the
environment is i.i.d. For the first condition we have that ¢, — E“[¢,] = 67(¢y — E“[&o]). These
random variables are identically distributed under P and, similarly to Lemma 2.4, we have that
E[E“[(5o — E“[£0])*]] < E[r{] < oo therefore

S Var,, (g-y) _ S Varéyw (%o)

o2x o2x
y=0 y=0

which converges to E [Var,(y)] 0 ~> = 1 for P-a.e. by Birkhoff’s ergodic theorem.
For the second condition write U2(-) := E®[(- — E°[-])*1{.—go[> k)] then for all & > O there
exists AN, x € N such that e./x > K for all x > N, k. Therefore, for x large

x—1

x—1 2 x—1 0w
ol| (& — E”L15] Ug@&y) Ux “(%0)
£ (55 b ] = £ - S0

y=0 y=0

By Birkhoff’s ergodic theorem, for P-a.e. w, this converges to
E[U20)] E[E°[( — E°[50D Le-roico)=K1]]

o? o2
which converges to 0 as K — oo by dominated convergence. [
Write 7 := inf{m > 0 : Y,, = x} to be the first hitting time of x by the embedded walk.

The folloWing lemma describes the probability that the embedded walk moves back to y before
moving forward to x. The result is the classical Gambler’s ruin therefore we omit the proof.

Lemma 3.2. Forintegersy <0 < x
-1
By Lemma 3.1 we have a central limit theorem for the first hitting time of vertex x. The
environment dependent centring H“(x) can be written as the sum of x identically distributed
random variables E“[£,]. These are not independent however; they are only locally dependent.
Recall that 5, ; is the jth holding time at vertex y hence E[{y] = E[nool(8 + 1)/(8 — 1) then
write

Po(ryy < txy) =

x—1
o) . 13 + 1 w
H(x) = Z ﬁE [7)):,0]~
y=0
We now show that H#* and # do not differ too much and therefore Lemma 3.1 also holds with
‘H® replaced by H®. Notice that this is the first point at which we introduce the extra 2 + ¢

moment condition however we do require the condition later in Lemma 3.4 as well.

Lemma 3.3. Suppose B > 1 and E [E“’[no]ZH] < oo for some ¢ > 0. For P-a.e. w, as x — 0o,
HO(x) — HO(x)
Jx

— 0.
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Proof. Recall that £(y, m) denotes the local time of Y at vertex y by time m and that the trapping
times 7, ; do not depend on the embedded walk, then

x—1 L',(y,l’}/) x—1
HoG) = E| D0 Y myi | = Y ElL(ky, tHIE Inyol.
y=—co j=I y=—00

We need to determine the expected local times at sites up to reaching x. By the strong Markov
property Eo[L(y, /)] = Po(t) < t)E[L(y, T])].

Let (Txy)+ = inf{m > 0 : Y,, = x} be the first return time to x by the embedded walk. By
Lemma 3.2, £(y, t}) for a walk started at y is geometrically distributed with escape probability
B BB -1

T P <2l ) = GE TG T

Pyt < (r;,’)*) -

Therefore,

E [Lk, )] = W= ED g

BB 1)

E-DE+)

o] OB |

Bl =y Sy
BB —1) y="

For fixed y < 0, Eo[£(y, t})] is increasing in x and converges to B¥(8 + 1)/(B — 1). In

particular,

—1 o0
0< Y EolL(y, tHIE Iyl < C Y BVE”[n-y0]
y=-00 y=1
which is finite for P-a.e. w therefore x’l/zz;fooEo[ﬁ(y, rf)]E“’[ny,o] converges to 0 for

P-ae. w.
For y > 0 fixed, Eo[£(y, t))]is increasing in x and converges to (8+1)/(8—1). In particular,

> 1
0=y (—ﬁ Lo, TXY)]> Elny o]
y=0

1
B VE [y 0]
-
x| 2ickh | -
= S BRIl + Y. BT TVE Il

y=0 _ log(x)
y=x— P log(ﬁ)J+1

X

=
+

=
|
—_
<)

=
+

=
|
—_

x—1 x—1
_plog(»)
<C|>Y BTRPDE )+ Y Enyol

y=0 o log(x)
y=x— LZlog(ﬁ)JH
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x—1 x—1

E“[ny,0]
—c|Y % + > | E“[ny.0]
y=0 y:x7L2}g§E;;J+l

The first term converges to 0 for P-a.e. w by the strong law of large numbers. For the second term
we have that, for §, ¢ > 0, by Markov’s inequality

x—1

o 102(X) ¢ (1o €y/x log(B)
P Z}jﬁ E°[ny0] > €v/x Szlog(ﬁ)P<E [n0] > Tm)
yx—| 200865 [ +1

1 C 14+5/2
— 2 20 p (g 5 S
log(B) log(x)?*
C log(x)**?
= L 18/2

since we can choose 6 > 0 sufficiently small such that E [E‘“[770]2+‘S ] < 00. By Borel-Cantelli
we then have that
i E“[1]y.0]
Jx

y=x=| 2505 |+

converges to 0 for P-a.e. . [

We now prove a technical lemma that allows us to control the difference between 7 and its
expected value under P which is important in proving the quenched CLT for the walk.

Lemma 3.4. Let
x—1

Jx) =Y (E”[ny.0l — Elny.))

y=0

and

T (x) = max J).

1. Suppose E E“’[no]z] < 09, then for any ¢ > 0, j(x)n’% — 0 for P-a.e. w;
2. Suppose E E‘”[no]z“] < oo for some ¢ > 0, then for 6§ > 0 sufficiently small and some

constant C
1

E[|._7*(x)|2+25]m <cx'2,

Proof. By [28, Theorem IX.3.17], if Z, are i.i.d. centred random variables, a, is an increasing,
diverging sequence and

L Y2 P(Z)| = ay) < oo;

2. Zcf:xa;z =0 (:—2),

3. ay/a, < Cy/x forall y > x

z
then Z';:, a—v converges to 0, P-a.s.
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Write Z, := E“[n,.0] —E[n, 0]l then Z, arei.i.d. and centred under P; moreover, the sequence
Itc . . . . . .
a, = x 2 isincreasing and diverges. By Chebyshev’s inequality we have that

oo [e.¢]
D P(Zi] = ay) < Y Varp(E[no)x "+ < oo
x=1 x=1
which gives condition 1. Since x/a? = x~¢, an integral test gives condition 2. For y > x we
I+c
have that a,/a, = (y /x)% < y/x so long as ¢ < 1 which gives 3. We therefore have that for

any ¢ > 0, J (x)x_% — 0 for P-a.e. w hence the first statement holds.
The process J(x) is a martingale therefore by the L”-maximal inequality we have that

r 2 28 2426
E rgg;mynz*”] < (1125) E[|J ()],

It therefore suffices to show that

24287
x—1

3 E“[ny,0] — Elny,0]
Jx

E

y=0

is bounded above. By the Marcinkiewicz—Zygmund inequality [26, Theorem 5] we have that

1 24287 1 ) 1+
E Z E [77)*,0] - E[ﬂy,o] <CE Z <E [77)*,0] - E[’H,O])

y=0 vx - y=0 vx

which is bounded above by

=1 (gory 1 _R[n. 2425 ]
ci| 30 el = Enol) | e[t - il 2]
y=0

using Jensen’s inequality. Using that E [E“’[r)o]2+£ ] < oo for some ¢ > 0, it then follows that for
8 > 0 sufficiently small and some constant C

1
E|:|j*(x)|2+25:|2+25 S Cxl/Z. D

We now prove the main result of the section which is a quenched central limit theorem for the
randomly trapped random walk. Recall that we use the centring

-1
Lvpt Jﬂ—!—l

-1
Go(t) =vgt —vg Y ———(E”[ny0] —Elny0)  where B
y=0

V= ——
p—1 ? 7 (B+ DE[no]
is the P-a.s. limit of X,,/n. Write ¢ = avg/z where we recall that 2 = E[Var,(t})].

Proof of Theorem 3. Let X, := sup{|X,| : s < t} be the furthest point reached by X up to time
tythentg, <1 < 73, and X, < XTY = X,;. We then have that | X, — X,;| = | X, — XTY | <
t t
SUP> X, — X,. Write
- 4t

‘[Yt
Ay = () {inf{Y,, :m = 7} > y — Clog(x)}
y=1
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to be the event that the walk never backtracks distance C log(x) up to reaching vertex x. By
Lemma 3.2 we then have that

P(A)CC) < fo(r_LCIOg(X)J <) < EXﬂiClOg(x) = Ex17C10g(/3).

Therefore, choosing C such that Clog(f) > 2, by Borel-Cantelli we have that there exists
only finitely many x such that the walk backtracks distance C log(x) up to reaching level x.
By Theorem | we then have that for ¢ sufficiently large | X, — X, |t~/ < Clog(t)t~'/?> which
converges deterministically to 0. It therefore suffices to show that for P-a.e. @

“(t
limP’”< g()_ ):@(u).
t—00 ﬁ\/_
By monotonicity we have that {X, < y} = {ty41 > t}. Writing Z°(t) := Lud v/t +G2@t)+1]
it then follows that

2 gea @
P ( 1}\/_() u) =P (‘[Iw(,)>t)

_po <TIw(t) —HY@P@) _ t-HUARw) [t
NT0) o/t Tt
The sequence Z“(¢) is increasing in ¢ and diverges; in particular, by the law of large numbers
t/Z®(t) converges to vlgl for P-a.e. w. The result then follows from Lemma 3.1 if H*(Z*(¢)) =

t+ avé/zu«/f + o,, where o,//t converges to 0 for P-a.e. w.
Since Z(t) diverges, by Lemma 3.3 it suffices to show that ’}—Nl"’(I“’(t)) =t+ avl/zxf t+o;.

By definition of H and Z“(t) we have that there exists some O; := O;(w,t, u) such that
|0y] < vy and

T®(1)— 1
HOT() = vy 'T(0) + Z —(Ew [1y.0] = El1ny,0])

Lvgr]—1

=t o ui— Z ﬁi(Ew[nyo] Elny o)

I%(t)—1
Z ﬁi(E‘“[nyo] Elny.0]) + O1.

Moreover, for some O, := O,(w, t, u) satisfying | O,| < 3, we have that
lvpt—1]

T°(t) — Lvpt] = duv/t +Elnol™" Y (E°Iny.ol — Elnyol) + 0.
y=0

By part 1 of Lemma 3.4 we have that (Z®(¢) — |vgt] )Z_% converges to 0 for P-a.e. w and
any ¢ > 0. In order to show that H*(Z“(t)) =t + Uvé/ 2u\/f + o, it now suffices to show that for
all ¢ > 0 suitably small

x+z
15} . —1/2 w
R(x,c) =x"V ma& Z (E [1y.0] — E[ﬁy,o])
z<x 2 |y=x

converges to 0 as x — oo for P-a.e. w.
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Suppose that R®(x2, 2c) converges to 0 for all ¢ > 0 suitably small and P-a.e. w then for
v=1,...,2x (thatis, x* < x> + v < (x + 1)?) we have that

x24v+z
Re(x%+v,0) = (x> +v)"? max » Z (Ew[ny,o] — ]E[ﬂy,o])
mg(x2+v)T k=x24v
x4tz
<2+ max || Y (E%Dny0l = Elnyol)
2<(xZ+4v) 2 y=x2
x2+v71
+ | > (E”Inyol = Elnyol)
y=x?

Since v 4+ z < x'*2¢ for x suitably large we then have that R(x? + v, ¢) < 2R®(x2, 2¢) for all
v=1,...,2x thus it suffices to show that R“(x2, 2¢) converges to 0 for all ¢ > 0 suitably small
and P-a.e. . For € > 0, by Markov’s inequality

P (R®(x* 2¢) > €) < E[R”(x?,2c)*t%] e+

2428
x2

=C.E x~! max (Ew[ﬂy,o] - E[Wy,o])
Z§x1+2c >
y

(1426)(14-8)—2(1+8)

+
~

X
<C.x

by part 2 of Lemma 3.4. Choosing ¢ < §/(2 + 26) gives us that

ZP(R‘“(xZ, 2¢) > €) < 00
x=1

therefore by Borel-Cantelli we have the desired result. [

4. Subcritical Galton—Watson trees

A subcritical Galton—Watson tree conditioned to survive consists of a semi-infinite path with
GW-trees as leaves. The walk on the tree does not deviate too far from this path and therefore
behaves like a randomly trapped random walk on Z with holding times distributed as excursion
times in GW-trees. In this section we prove Theorems 4-6. Our strategy is to couple the walk on
the tree with a randomly trapped random walk in such a way that these results can be deduced
from Theorems 1-3 along with the appropriate moment bounds on the excursion times in random
trees.

Recall that f denotes the generating function of a GW-process with mean u € (0, 1) and
variance 0> < oo, Z, is the n™ generation size of a GW-process with this law and 7/ the
associated tree. Furthermore, recall that we denote by & a random variable with the offspring law
and then define £* to be a random variable with the size-biased law given by the probabilities
PE* = k) = kpp ™'

It has been shown in [21] that there is a well defined probability measure P over f-GW
trees conditioned to survive which arises as the limit as n — oo of probability measures over
GW-trees conditioned to survive up to generation 7. It can be seen (e.g. [20]) that the tree can be
constructed by attaching i.i.d. finite trees to a single semi-infinite path ) := (pp = p, pi, .. .).
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More specifically, starting with a single special vertex pg, at each generation let every normal
vertex give birth to normal vertices according to independent copies of the original offspring
distribution and every special vertex give birth to vertices according to independent copies of the
size-biased distribution, one of which is chosen uniformly at random to be special (and denoted
ok in the k™ generation). We will use 7 to denote an f-GW-tree conditioned to survive and 7.~
the branch rooted at x € ; that is, the descendants of x which are not in the descendant tree of
the unique child of x on ) (see Fig. 2).

Recall that a B-biased random walk on a fixed, rooted tree .7 is a random walk X on .7
which is B-times more likely to make a transition to a given child of the current vertex than the
parent (i.e. X is the Markov chain given by the transition probabilities (1.1)) and that we use
P() = f PZ(~)P(dT ) for the annealed law obtained by averaging the quenched law PPT over the
law P on f-GW-trees conditioned to survive (with a fixed root p). Unless stated otherwise we
will assume that 8 > 1 so that the walk is P-a.s. transient.

We now construct an almost equivalent model which allows us to consider the walk on the
GW-tree in our randomly trapped random walk framework. We begin by constructing the holding
times of the randomly trapped random walk via a sequence of i.i.d. trees. Start with an initial
vertex p and a unique ancestor p. Attach £* — 1 offspring to p where £* is size-biased as above
then attach independent f-GW trees to the offspring of p. This creates a tree 7 which has the
distribution of a branch with an additional vertex connected to the root (see Fig. 3).

Consider a walk (W,),>0 on T with transition probabilities

L ifx=y=7.
s S S
L+ B(Jec)|+ 1) =0,y =0,
P .
7 T a0 ey Hx=pyec),
PT(WrH—l = y|Wn = x) — 1 + ﬂﬁ(lc(x)l + 1) f )
1T+ Bleo)l’ if x & {p, P}, y € c(x),
1 ' B
1+ Ble@)|’ ifx & {p.phy=7%,
0, otherwise.

An excursion in 7 started from p until absorption in % has the same distribution as the time
taken to move between backbone vertices of T (except at the root of 7). Let w = (7T x)rez denote
a sequence of independent trees with this law. For w fixed let (1, ;)xez.i>0 be independent with

P (. = k) ZPTX (min{n > 0: W, =0} = k)

where p, 7 are the vertices in 7, corresponding with the construction. For convenience we often
write 7 for T . We then consider the randomly trapped random walk with these holding times.
A two-sided tree can be constructed as the extension of a subcritical GW-tree by using the
infinite backbone Y = (..., p_1, po, p1, - - .) and i.i.d. branches. The backbone is homoeomorphic
to Z therefore the randomly trapped random walk we consider is equal in distribution to the
projection of a random walk X,, on a two-sided tree onto the unique value x € Z satisfying
d(X,, px) = min,cyd(X,, y). By transience of the embedded walk on the backbone, the walk on
the two sided tree almost surely spends a finite amount of time outside the sub-tree rooted at p.
Moreover, for C large, up to level n there will be no branches of height greater than C log(n) with
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pP=po

Fig. 2. A sample subcritical GW-tree conditioned to survive 7~ with the backbone ) represented by solid lines and the
buds and traps connected by dashed lines.

Fig. 3. A tree 7 with fixed vertices p, 7 and £* — 1 independent f-GW-trees attached to p.

high probability. It follows that the walk on the one-sided subcritical GW-tree can be coupled to
a randomly trapped random walk so that the two walks deviate by at most C log(n) up to time n
for n large (see [9] for more detail). Since we consider polynomial scaling, it suffices to consider
this randomly trapped random walk. Without loss of generality, we continue to denote by X the
randomly trapped random walk.

Before discussing the walk in detail we give several useful asymptotic properties of the
generation sizes of GW-trees. To begin, by [23, Theorem B] the sequence P(Z, > 0)u™" is
decreasing and converges since i € (0, 1) and 02 < oo. In particular, we write

. P(Z,>0)
¢y = lim ——.

n— 00 M”

4.1
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For a fixed p-rooted tree 7 associated to Z,, with Z; > 0 it follows from hitting time identities
in electrical network theory (e.g. [25, Proposition 2.20]) that

7 ,Bn_l
T n
EJlr1=2) =

4.2)

n>1

where 7.F := inf{k > 0 : X; = x} is the first return time to a vertex x by a 8 biased random walk
X. Lemma 4.1 shows bounds on the expected moments of the generation sizes. Parts 1 and 2
follow from [2] and part 3 is a simple extension (full details of which are given in [9]) therefore
we omit the proof.

Lemma 4.1. Let Z, denote an f-GW-process with offspring distribution & and mean u € (0, 1).
Then,

L. E[Z,] = u*;

2. If E[gz] <ocoand m > nthenE[Z,Z,,] < Cu™ for some constant C;
3. IfE[E¥ ] < ococandl > m > n thenE[Z,Z,,Z;] < Cu! for some constant C.

4.1. The speed of the walk

We now prove Theorem 4 by proving a bound on the expected holding time for the randomly
trapped random walk and applying Theorem 1.

Proof of Theorem 4. The quantity 7 is distributed as the first hitting time of  in the random
tree 7 by the walk W started from p. Let

o
N =) 1w 43)
k=1

be the number of return times to the root p before reaching its unique ancestor p. That is, N
is the number of excursions to the trees attached to p before the walk reaches p. Let 1;0) =0
then fork = 1, ..., N write t® := min{n > t*~1 : W, = x} to be the hitting times of x and
¢ =t — ¥~V the duration of the kth excursion. We want to determine the expected value of

N
no=1+Y & (4.4)
k=1
Letting Z, denote the generation sizes of an f-GW-tree 7/ we have that
N
!
Elnol =1 +E [Z ]E[{kIN]] = 1+ EINIE[E] (5112, = 1].
k=1

The number of excursions N is geometrically distributed with termination probability 1 — p,,
where
T —, _BE* -1
e = PT (W =—.
p (W1 #p) BE 1
It therefore follows that

& — 1)} B (i Kpe 1) _ B’ = p(l =)

IE[N]:E[

B+1 | B+1 " B+

k=1
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Using the formula (4.2) for the expected time spent in a fixed tree and statement 1 of
Lemma 4.1 for the expected size of the k™ generation we have that

E[E]'[5/12 = 1] =E [22 26 g, - 1}

Z
k=1

=2 ElZ|Zi =118 =2 (B ".

k>1 k=1
Since B < ™! then this is equal to 2/(1 — B); otherwise, the sum does not converge. It follows
that
(B + D1 = Bu) +2B(0° — u(l — p) - oo
(B + DA — pur)

The result then follows from Theorem 1. [

E[no] =

4.5)

The following corollary extends the Einstein relation for the randomly trapped random walk
to the walk on the GW-tree. This is a non-trivial extension because, in the tree model, the
bias influences the trapping times and the unbiased walk is significantly influenced by the
restriction to the half line. For this reason we observe convergence to a reflected Brownian
motion and cannot simply apply Corollary 2.2. Despite this, we omit the proof which follows
by a straightforward adaptation of standard techniques (similar to [12]) using [3, Theorem 2.9]
and (4.5). Furthermore, the full details are given in [9].

Corollary 4.2. Suppose ;< 1 and o> < oo. The unbiased (B = 1) walk X ,;;jn~/? converges
in P-distribution on D([0, 00), R) to | B;| where B, is a scaled Brownian motion with variance
T = E[nol~". Moreover,

\)/3 _T

lim = —.
ﬁ—>l+l3—1 2

4.2. An annealed functional central limit theorem

We now prove Theorem 5 by using the annealed invariance principle Theorem 2. That is, we
show conditions on the tree and the bias which ensure that ]E[n(z)] < 0.

In order to show this we will use a decomposition which counts the number of visits to each
vertex. For z € 7 and A, B C .7 write

¢.(A, B) =P7(x] < 1)

to be the probability that the walk started from z hits A before B.

Let J;,, denote a tree with root p in which every vertex has a single offspring except the
vertices w, x, y where w has two offspring and x, y have none. Denote these offspring w,, w,
then let x, y be descendants of w,, w, respectively (possibly w,, w,) (see Fig. 4).

Lemma 4.3 gives the probability that the walk started at w reaches p before x or y.
Alternatively, this can be shown by comparing with an electrical network with conductances
B* between vertices in generations k, k + 1 and then using network reduction (see, for example,
[25, Chapter 2]).

Lemma 4.3. For any 7, ,,

(Bl — y(plI—lwl — 1)
2B+ xI=lwl — glyl+ix=2lwl — glxl — gyl 41"

Qw(pv {X, y}) =
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Fig. 4. The tree .7, , with single branching point w and extremal points p, x, y.

Proof. Write w,, as the parent of w then

529w, (0, {x, ¥}

_ 1 B
quw(p, {x, ¥) = s7——qu,(p, {x, y}) + Gu, (p, {x, y}) + T

28+ 1 28+ 1
qu, (P, {x, ¥} = qu(p, {x, yHqu, (W, p) + qu,(p, w)
Guw, (P, {x, ¥ = qu(p, {x, yDqu, (w, x)
Guw, (P, {x, yD = qu(p, {x, yDquw,(w, y).

Combining these gives us that

_ qu(p,{x, ¥} Gu, (P, w)
gu(p. b YD) = == (qu, W, ) + Bgu, (W, X) + Bqu, (w, y)) + TN
_ qu/)(p7 w)
284 Gu, (0 w) — Gu, (W, X) — Gu, (w, )
p—1
glwl—1

= B—1 pli—lwi_g  gi-lwl_g
Zﬂ + plwl—1 — piI-Twl—1 — ghI-Twl—]

by Lemma 3.2. Rearranging gives the result. [J

Let .7 be a fixed tree and (X,),>; a B-biased walk on .7. For x € 7 let

7
= L
k=1

denote the number of visits to x before returning to the root. Then 7" = 3~ _ v, and
T @] = D0 E vyl (4.6)
x,yeT

For any x, y € .7 there exists a unique vertex w, , which is the closest ancestor of both x and y.
We will often write w instead of w, , whenitis clear to which vertices we are referring. Moreover

E] v, =P)(r) < THE] [vw]
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where, by comparison with a simple biased random walk on Z, we have that P (T, , < l’+) €

[1—p87", 1]. We now prove abound on E; T v, v, ] following a similar method to that used in [21]
for the unblased case. Recall that ¢(x) is the set of children of x in 7.

Lemma 4.4. For B > 1, there exists a constant Cg such that for any finite tree 7,

E7 [vew,] < E) [v,vy] < Cplle@)|B + D(Ie(p)IB + DB

Proof. When w = p at least one of x and y is never reached therefore v,v, = 0 and we may
assume |w| > 1. There are now three cases to consider; these are:

Lx=y=1wy,;
2. x =wyy # s
30X F Wy F Y.

In case 1 we have that v, is geometrically distributed with termination probability g, (p, x)
therefore

x (X, 1
EZ Ty = E7 2] = S0P L
b qx(p, x)
For x ¢ c(p) we have that 8/(1 + B) < g.(x, p) < 1 and by Lemma 3.2
1-p71

40 = OB+ DA =)

‘We therefore have that
EJ 7] < Cp(le@)|B + 122

In case 2, the number of visits to x from x is geometrically distributed as in case 1. For each
visit to x (except the last) the walk reaches y before returning to x with probability g.(y, x)/
gx(x, p) since, due to the tree structure, the walk cannot move from p to y without hitting x. From
v, the walk returns to y a geometric number of times before returning to x. More specifically,

o0
E] vy =E] v, =) jadp, 0)g:(x, p) ' E] vy fve =
j=1
where, conditional on the event {v, = j}, we have that v, is equal in distribution to the sum
of Bx y ~ Bin(j — 1,q.(y, x)/q:(x, p)) independent geometric random variables G ~
Geo(gy(x, y)). Under Pg the number of excursions are independent therefore

a(,x) 1
qx(-xa ,0) CI_V(X, J’)

E [vylv, = jl=( — 1)
‘We therefore have that
4x(y, X)q:(p, x) i1
[vevy] = i(j — Dax(x, p)’
Euy [0 q:(x, P)ay(x, y) 4 Z

_ 4y, ¥)gx(p, x) 2qx(x, P)
g, p)gy(x,y)  gx(p,x)}
_ . 2q:(y.%)

T gy Y)g(p. x)

“4.7)
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Using Lemma 3.2 we then have that

_ B 1—-8!
O =1 T e
-1
qy(x,y) = . :3_ ’
lec|B+1 pbi=xl —1
1 g—1
qx(p, x)

T le@IB 1 BT
Combining these with (4.7) we have that

E7 Tv,] < Cole@)|B + Dlle(n)Ip + DM,

In case 3, started from w, ,, the walk reaches either x or y before returning to p with probabil-
ity gy, ,({x, y}, p). From x the walk has a geometric number of returns to x before returning to
Wy y. Moreover, from x, the walk must return to wy,, before reaching either p or y by definition
of wy,,. The same also holds switching x and y. Letting

7,(x,y)=P7 (rj < ‘L';r|‘[{;y} < r;r) and
7,0, x)=P7 (1:;r < tj|r{;y} < r;r)

we then have that

Ef[vxvy] = qu({xv y}’ p)jQw(IO9 {x, y})
=0

Y a7 (y,x>f—k(j )M (45)
pard w w k qx(w,x)qy(w,y)

since g, (w, x)~! is the expected number of visits to x (started from x) before returning to w (and
similarly for y) which are independent. Rearranging gives

J ) .
37, @ )G, () <i) kG — k)

k=0 qx(wax)q,v(w’ }’)
! - — k— j—k J!
~ q:(w, g, (w, y) ;q“’(x’ R e T )
@ T 0D G-
=Jj( - 1)m qu(x,y) quw(y, x) m

=0
q,(x, ¥)q,(y, x)

qx(w, x)gy(w, y) ’
Substituting back into (4.8) it follows that

=jG =D

(%, Y)q,(y, X)guw(e, {x, ¥y}

Eg[v vy =
v ge(w, x)qy(w, y)

> 3G = Dau({x, ¥} p)’
j=0

_ T 07,3 )qulp, (X, 9] 2qu({x, ¥} p)?
B gx(w, X)qy(w, y) qu(p, {x, y}?
_ 2qu(fx, ¥}, 0’7, (x, )G, (3, X)
— qu(p, (X, yD2ge(w, X)gy(w, y)
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The terms in the numerator can all be bounded below by half of the escape probability 1 — g~!
therefore we gain nothing using their exact expressions and bound them above by 1. Using
Lemmas 3.2 and 4.3 for the other terms we have that

(Bl — y(plI—lwl — 1)

Qu(P: 1 YD) = 5 BT ol — g2l — g — BT+ 1°
1 B—1
g:(w, x) = COf T 1 B 1
B—1
Qy(wv )’)

T eI+ BT =T
Since |y| > 1 we have that 8! > 1 therefore

(ﬂl.v\—\wl — 1)(ﬂ|ﬂ—\wl -1
2By IxI—lwl

quw(p, {x,y}) >

and
2

E7 [v,v, C 1 DA O
o ey ] < 200 5P @, D, ) < Cg(Je™)|B + D(lc(W1B + DB

Proof of Theorem 5. By Theorem 2 it suffices to show that E [E® [n§]] < oc.
Recall from (4.3) that N is the number of return times to the root p before reaching its unique
ancestor p. This is geometrically distributed with termination probability 1 — p,,; that is,

7 BE*—1)

PT(N =k) = p* (1 — pox) where pe =——"=
( ) = Pex(l = pex) p BEr 1 1

and £* 4 1 is the number of neighbours attached to p in 7. By (4.4) and convexity we have that

B[R] = £ (1 +g;k>2 < ET|:(N+ ) (1 +XN:§;3>]

k=1

4.9)

where ¢ is the duration of the k™ excursion.
Noting that N > 1 with positive probability and

BE[E*] — 1)
_— <
B+1

since E[£3] < oo, it suffices to show that

{rhgd~

Recall that 7~ denotes the tree 7 without the ancestor of the root p. Since the separate
excursions are independent under P7 and N is geometrically distributed we have that

E [ET [N é cﬁﬂ = GE[()E] [¢]].

Labelling py, ..., pg+_; as the neighbours of p in 70, and 7_;; as the tree consisting of p, px and
the descendants of p; we have that

E[E?[N—l—l]]:l—i-

Please cite this article in press as: A. Bowditch, Central limit theorems for biased randomly trapped random walks on Z, Stochastic Processes and
their Applications (2018), https://doi.org/10.1016/j.spa.2018.03.017.




A. Bowditch / Stochastic Processes and their Applications 1 (1111) 11NN 25

-1 o [ 2
o E, [(r ) ]
E) [d]=) —
£ —1
k=1
when £* #£ 1 and 0 otherwise. Moreover, it then follows that

- N e
E [ET [N Zfﬁﬂ = GE| & Y ET (7] | = GBIV IE[ET [)?]]
k=1

k=1

since the subtraps are independent. We have that E[(§ *)2] < CE[£3] < oo thus it suffices to
show that

E [EZ [(r;r)z]] < 00

where 7T is a tree (equal in dlstrlbutlon to T ) with root p, single first generation vertex 7 and,
under P, the subtree rooted at 3 is a subcrltlcal GW-tree with the original offspring distribution.
By (4.6) and Lemma 4.4 we have that

E[E] [ 7] =E| 2 E]lvwy)

X, yET

<CE| [ DU+ DA || Y deIp+1) "

xeT yeT
By collecting terms in the k™ generation we have that

Y Ge@lp+ D g = 143 ZT (B + ) < a-p )Y Z] p*

xeT k>1 k>0

where ZkT is the size of the k™ generation of T . For k > 0 the tree 7 satisfies Z +1 = Zj for
a GW-process Z; with Zo = 1. Therefore, using that B < 1 and Lemma 4.1, we have that

E [ZJTZJT] < Cu/, for j > k. In particular,

E[E] (7] <o B SBR[ 2T ] < Y8 Sy

k=0 j>k k=0 >k

<Csyu Z(Mﬂz)k <oo. [
k>0

Recall that the expression (2.8) for ¢ was given in Theorem 2 in terms of the moments of the
distance and time between regenerations. We can therefore use this to write the corresponding
form in the GW-tree model as

2
E |:<YK2 — Y —vg ZI;Z K: 77]) ]
¢’ =
E[nolE[x2 — 1]
where «; are the regeneration times of the walk Y.
We now show that both of the conditions 8% < 1 and E[£%] < oo are necessary in order

to apply Theorem 2. This suggests that these conditions are required to obtain an annealed
functional central limit theorem for the walk on the subcritical GW-tree conditioned to survive.
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Lemma 4.5. If 8> > 1 or E[£3] = oo then

Elnd] = E[E7 (o | = 0.

Proof. Recall that 5 is the first hitting time of 5 by W, started from the root p in 7. With
positive probability p has neighbours other than p and the walk moves to one on the first step.
Until returning to p the walk is equal in distribution to a B-biased random walk on an f-GW-tree
conditioned to have a single first generation vertex. In particular, it suffices to show that for a
B-biased walk

E[£] [/ 121 =1] = oo

where 7/ is an f-GW-tree rooted at p. Using the formula for the expected time spent in a tree
(4.2) we have that

2
4 4
E [E;Ff [T;r]2|z, = 1] = EE (Z'Bkzk> 1Zi=1]|> ﬁ ZﬂZkE[Z,%IZI —1].

k>1 k>1
Since Z; takes nonnegative values in Z we have that
E[Z{|1Z) =1] 2 E[Z|Z) = 1] = i

by statement 1 of Lemma 4.1. We therefore have that

E[E] 5 P1zi=1] 2 ¢ )
k=1
which is infinite if 82u > 1.
The first hitting time of p is at least the number of visits to the offspring of p. From p, the
walk takes a geometric number of visits (with termination probability 1 — p,., see (4.9)) to these
vertices before reaching p. Using properties of geometric random variables we then have that

_ *_ 1 2
E[E]no?] = E[(%)} > c(BIE 1) = c(u'EE—1). O

4.3. A quenched central limit theorem

We now prove a quenched central limit theorem for the biased walk on the subcritical GW-tree
conditioned to survive. As in the annealed case, it will suffice to show the result holds for the
corresponding randomly trapped random walk and we obtain the result by using Theorem 3.
Define

Lvpt]
G0y =vst —vs 3 B (BT, 01 — Elnol) (4.10)
o A

Notice that, under the assumptions of Theorem 6, vgt — QT(t) is a sum of i.i.d. centred random
variables with positive, finite variance. It therefore follows that this expression (scaled by \/7)
converges in distribution with respect to P to a Gaussian random variable. In particular, this
means that the environment dependent centring is necessary.
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Proof of Theorem 6. By Theorem 5 we have that E[n]] < oo therefore by Theorem 3 it suffices
to show that for some ¢ € (0, 1)

E [ET[nO]ZH] < oo.

Recall that

2
0

N =Y =
n=1

is the number of hitting times of the root p before reaching 77 (for the walk started at p) and T
is the tree 7 with o removed. Then
E] [no] = L+ ET[NIE] [t}] = 1+2E7[N] Z ,3" !

0
n>1

< 2ETIN +1)Z ,8”1

n>1

by (4.2) where Z, is the nth generation size of T since the walk on T is B-biased.
For a fixed tree, N is geometrically distributed with excursion probability p., (see (4.9))
therefore E” [N] < Z,. By conditioning on Z; we therefore have that

B [£T0] < B | 22 (Z Zo g ]> +€)zl

n>1

2+4¢
=CE (Zz B~ ‘)

n>1

We can write

where Z/) are independent GW—processes. Therefore, by convexity,

2+ Z(j)
sap) |-r| 2 (L
(nzl j=1 n>1

Z
<E le+£ Xl: <Z Z(/)lﬂn 1

j=1 \n>1

=E[¢" — D*]E (Zzzlllﬂ" ‘)
n>1

By the assumptions of the theorem we have that E[(§* — ***] < u 'E[£3T°] < oo whenever
& < & hence it suffices to show that
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2+¢
E (Z Zn,B") <00

n>0

where Z,, now denotes the n'" generation size of an f-GW-process.
For ¢ < §, by conditioning on the height H := max{n > 0 : Z, > 0} of the tree we have that

2+ B 24
E (ZZ,,,B”) <E | peromE <Zz> i

n>0 n>0

<E ﬁ(Z-‘ré‘)H(H + 1)2+£E |:me};l( Z3+5 H]:|

IA

I
e ——

H
,3(24—8)7'[(7_[ + 1)2+8 Z E I:Zs-‘ré‘ H:I:|
n=0

E [ﬂ(2+S)H (H 4 1)2+€ Z,%-H]

3
Il
o

>R = PE[FTHH A 1PZ,= ] @D

I
1M

j=1

From (4.1) we have that P(H > n) ~ cu” therefore P(H > n) < Cu”" for some constant C

hence

E[BEHMH + 1712, = j] = B[00y 4 )| 7, = ]

v

BTN 4y 4 1Y2HEP(H = i|Zy = j)

o

1

BT 4 n 4+ 1PTP(H > 0120 = )

&

L

IA

1
00

C ﬂ(2+s)(l+n)(l~ +n+ 1)2+aj’ul
i=1

(o]

< Cjﬂ(2+6)n(n + 2)2+8 Z i2+6(ﬂ2+su)i .

i=1
Since B2 < 1 we can choose ¢ > 0 sufficiently small so that 8>*¢ < 1 therefore

[e0]

Zi2+g(ﬂ2+gﬂ)i < 00.

i=1

Substituting back into (4.11) we have that

2+e 00 00
E (Z zm") <CY B+ Y P, =)

n>0 n=0 j=1
=C Y p"*(n+ 2 E[Z)]. (4.12)
n=0
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Using a telescoping sum we can write
n—1
Zy=p" + Z(ank — R Zu—ern) "
k=0
Using convexity we then have that

n n—1 k 3+e
Zytk — WZ,_
E[szLE] — (n + 1)3+£E 1< + ( n—k 1% (k+]))/L
n—+1 = n—+1
n ° n—1 k 3+4¢
AT Wi < (G S RTINS
- n+1 = n+1
n—1
£ n £ £ & 3
=(n+ 1" 4 (n + 1) le«k(3+ 'E [(Zn—k — Hzn—(k+1)) +8] .
k=0

(4.13)

Let &; be independent copies of & then using the Marcinkiewicz—Zygmund inequality and
convexity we have that

3+
Zn—(k+1) ¢

E [(Zn—k - MZn—(k+l))3+8] =E|E Z & —w ‘Zn—(k-‘rl)

C Ty 3
n—(k+1)
<CE[E[[ > &-w*]| |Ziw
j=I
- 3+r
Zn—(k+1) 2
& = 75
—CE|E ‘z )
; Zn—k+1) . Fusies
[ [ Zu-a+) 3te
1§ — ul He
<CE|E —\Z,- zZ,’
< ,Z; Zoweeny |Zr 0D | Zuzaen

= CE[IS u*1E [Zn <k+1>}
<CE[lt — u’*]E [an(kJrl)] .

By Lemma 4.1 we have that EL o (k+1)] < C/lef(kJrl) where C is independent of n, k

therefore substituting into (4.13) we have that
n—1
E[Z'3;+£] < (n+ 1)2+sﬂn(3+a) +Cn + 1)2+sun Zﬂk(ZJre) < Cn+ 1)2+8Mn.
k=0

Combining with (4.12) we then have that

2+e 00
(Z zm”) <CY (n+ 2"y

n>0 n=1

which is finite since we have chosen & > 0 sufficiently small so that 8>**u < 1. O

Please cite this article in press as: A. Bowditch, Central limit theorems for biased randomly trapped random walks on Z, Stochastic Processes and
their Applications (2018), https://doi.org/10.1016/j.spa.2018.03.017.




30 A. Bowditch / Stochastic Processes and their Applications 1 (1111) IR

Acknowledgements

I would like to thank my supervisor David Croydon for suggesting the problem, his support
and many useful discussions. This work is supported by EPSRC as part of the MASDOC DTC
at the University of Warwick. Grant No. EP/H023364/1.

References

[1] E. Aidékon, Speed of the biased random walk on a Galton-Watson tree, Probab. Theory Related Fields 159 (3—4)
(2014) 597-617.
[2] K. Athreya, P. Ney, Branching Processes, Dover Publications, Inc., Mineola, NY, 2004.
[3] G. Ben Arous, M. Cabezas, J. éern}’/, R. Royfman, Randomly trapped random walks, Ann. Probab. 43 (5) (2015)
2405-2457.
[4] G. Ben Arous, A. Fribergh, Biased random walks on random graphs, in: Probability and Statistical Physics in St.
Petersburg, in: Proc. Sympos. Pure Math., vol. 91, Amer. Math. Soc, Providence, RI, 2016, pp. 99-153.
[5] G. Ben Arous, A. Fribergh, N. Gantert, A. Hammond, Biased random walks on Galton-Watson trees with leaves,
Ann. Probab. 40 (1) (2012) 280-338.
[6] E. Bolthausen, A. Sznitman, On the static and dynamic points of view for certain random walks in random
environment, Methods Appl. Anal. 9 (3) (2002) 345-375.
[7] J. Bouchaud, Weak ergodicity breaking and aging in disordered systems, J. Phys. 12 (9) (1992) 1705-1713.
[8] A. Bowditch, A quenched central limit theorem for biased random walks on supercritical Galton-Watson trees, J.
Appl. Probab. 55 (2) (2018).
[9] A. Bowditch, Biased Randomly Trapped Random Walks and Applications to Random Walks on Galton-Watson
Trees (Ph.D. thesis), University of Warwick, 2017.
[10] A. Bowditch, Escape regimes of biased random walks on Galton-Watson trees, Probab. Theory Related Fields
170 (3) (2017) 685-768. http://dx.doi.org/10.1007/s00440-017-0768-y.
[11] J. Cerny, T. Wassmer, Randomly trapped random walks on Z¢, Stochastic Process. Appl. 125 (3) (2015) 1032-1057.
[12] D. Croydon, Random walk on the range of random walk, J. Stat. Phys. 136 (2) (2009) 349-372.
[13] D. Croydon, A. Fribergh, T. Kumagai, Biased random walk on critical Galton-Watson trees conditioned to survive,
Probab. Theory Related Fields 157 (1-2) (2013) 453-507.
[14] A. Dembo, Y. Peres, O. Zeitouni, Tail estimates for one-dimensional random walk in random environment, Comm.
Math. Phys. 181 (3) (1996) 667-683.
[15] D. Dhar, Diffusion and drift on percolation networks in an external field, J. Phys. 17 (5) (1984) L257.
[16] R. Durrett, Probability: Theory and Examples, fourth ed., in: Cambridge Series in Statistical and Probabilistic
Mathematics, Cambridge University Press, Cambridge, 2010.
[17] L. Fontes, M. Isopi, C. Newman, Random walks with strongly inhomogeneous rates and singular diffusions:
convergence, localization and aging in one dimension, Ann. Probab. 30 (2) (2002) 579-604.
[18] A. Fribergh, A. Hammond, Phase transition for the speed of the biased random walk on the supercritical percolation
cluster, Comm. Pure Appl. Math. 67 (2) (2014) 173-245.
[19] I. Goldsheid, Simple transient random walks in one-dimensional random environment: the central limit theorem,
Probab. Theory Related Fields 139 (1-2) (2007) 41-64.
[20] S.Janson, Simply generated trees, conditioned Galton-Watson trees, random allocations and condensation, Probab.
Surv. 9 (2012) 103-252.
[21] H. Kesten, Subdiffusive behavior of random walk on a random cluster, Ann. Inst. H. Poincaré Probab. Stat. 22 (4)
(1986) 425-487.
[22] H. Kesten, M. Kozlov, F. Spitzer, A limit law for random walk in a random environment, Compos. Math. 30 (1975)
145-168.
[23] R. Lyons, R. Pemantle, Y. Peres, Conceptual proofs of L log L criteria for mean behavior of branching processes,
Ann. Probab. 23 (3) (1995) 1125-1138.
[24] R. Lyons, R. Pemantle, Y. Peres, Biased random walks on Galton-Watson trees, Probab. Theory Related Fields
106 (2) (1996) 249-264.
[25] R. Lyons, Y. Peres, Probability on Trees and Networks, in: Cambridge Series in Statistical and Probabilistic
Mathematics, vol. 42, Cambridge University Press, New York, 2016.
[26] J. Marcinkiewicz, A. Zygmund, Quelques théoremes sur les fonctions indépendantes, Fund. Math. 29 (1937) 60-90.
[27] Y. Peres, O. Zeitouni, A central limit theorem for biased random walks on Galton-Watson trees, Probab. Theory
Related Fields 140 (3—4) (2008) 595-629.

Please cite this article in press as: A. Bowditch, Central limit theorems for biased randomly trapped random walks on Z, Stochastic Processes and
their Applications (2018), https://doi.org/10.1016/j.spa.2018.03.017.



http://refhub.elsevier.com/S0304-4149(18)30066-8/sb1
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb1
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb1
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb2
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb3
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb3
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb3
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb4
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb4
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb4
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb5
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb5
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb5
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb6
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb6
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb6
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb7
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb8
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb8
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb8
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb9
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb9
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb9
http://dx.doi.org/10.1007/s00440-017-0768-y
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb11
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb12
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb13
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb13
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb13
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb14
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb14
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb14
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb15
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb16
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb16
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb16
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb17
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb17
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb17
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb18
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb18
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb18
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb19
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb19
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb19
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb20
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb20
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb20
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb21
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb21
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb21
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb22
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb22
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb22
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb23
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb23
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb23
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb24
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb24
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb24
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb25
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb25
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb25
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb26
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb27
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb27
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb27

ARTICLE IN PRESS

A. Bowditch / Stochastic Processes and their Applications 1 (1111) 1IN 31

[28] V. Petrov, Sums of Independent Random Variables, Springer-Verlag, New York-Heidelberg, 1975.

[29] A.Sznitman, Slowdown estimates and central limit theorem for random walks in random environment, J. Eur. Math.
Soc. 2 (2) (2000) 93-143.

[30] A. Sznitman, On the anisotropic walk on the supercritical percolation cluster, Comm. Math. Phys. 240 (1-2) (2003)
123-148.

[31] A. Sznitman, M. Zerner, A law of large numbers for random walks in random environment, Ann. Probab. 27 (4)
(1999) 1851-1869.

[32] W. Whitt, Stochastic-Process Limits, in: Springer Series in Operations Research, Springer-Verlag, New York, 2002.

[33] O. Zindy, Scaling limit and aging for directed trap models, Markov Process. Related Fields 15 (1) (2009) 31-50.


http://refhub.elsevier.com/S0304-4149(18)30066-8/sb28
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb29
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb29
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb29
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb30
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb30
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb30
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb31
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb31
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb31
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb32
http://refhub.elsevier.com/S0304-4149(18)30066-8/sb33

	Central limit theorems for biased randomly trapped random walks on Z 
	Introduction
	A law of large numbers and functional central limit theorem
	Quenched central limit theorem
	Subcritical Galton–Watson trees
	The speed of the walk
	An annealed functional central limit theorem
	A quenched central limit theorem

	Acknowledgements
	References


