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Abstract

This thesis studies affine Kac-Moody groups é(q) defined over a finite field Fy,
where ¢ is a power of a prime p, and the related Chevalley groups G(IF,([[t]]). The
groups é(q) are finitely presented but their standard presentation is infinite. In the
first half of the thesis we construct bounded presentations for these groups. The
second half of the thesis studies the subgroup growth of the congruence subgroups

of G(Fy([[t]]), which are examples of pro-p groups.
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Chapter 1

Introduction

The objects studied in this thesis originated with the study of Lie groups and Lie
algebras at the end of the 19th century. This was done by, among others, Lie, Killing
and Cartan, and followed in the 20th century by the work of Dynkin. Lie theory
and the study of finite simple groups naturally led to the study of the simple groups
of Lie type. In the 50s Chevalley groups over fields were introduced in [Cheb5]
as a way to systematically construct these groups, and the more general theory of
linear algebraic groups was developed by, among others, Kolchin and Borel. In the
60s, Steinberg extended the notion of Chevalley groups and defined them using an
explicit presentation (cf. [St62],[St68]), Demazure used the newly developed the-
ory of group schemes to define Chevalley groups over rings (cf. [D65]), and infinite
dimensional analogues of simple complex Lie algebras were defined by Serre, Kac
and Moody (see [Kac83]). In analogy with simple algebraic groups associated with
simple Lie algebras, in [Ti87] Tits defined groups over arbitrary fields associated
with Kac-Moody algebras, called Kac-Moody groups. These groups are in general

infinite and infinite dimensional.

The first half of this thesis is concerned with presentations of Kac-Moody
groups. Let G be a group given by a presentation o = (D, | R,) where D, is a set
of generators for G and R, is a set of relations among these generators. Recall that
G is said to be finitely generated if D, is finite for some presentation o of G. If
both D, and R, are finite we say that o is a finite presentation, and we denote
its length by

l(0) = |Ds| + |Rs|.

We say that G is finitely presented if [(0) is finite for some presentation o of G.
An explicit presentation of Kac-Moody groups using generators and relations
was given by Carter and Chen (cf. [Car92], [CarCh93]). This presentation was

modelled on the Steinberg presentation of Chevalley groups and is in general infinite:



both the number of generators and the number of relations are infinite. In this thesis
we will be considering affine Kac-Moody groups é(q) defined over finite fields I,
where ¢ is a power of a prime. From the definition of these groups (see Chapter 2) it
follows that they are finitely generated. Abramenko and Miihlherr [AbrM97] proved
that a large class of Kac-Moody groups are in fact also finitely presented. This
includes most of the affine Kac-Moody groups é(Q) Their proof is based on showing
that under certain conditions a Kac-Moody group is the universal completion of an
amalgam of rank two (Levi) subgroups (as they are arranged inside the group itself).
Recall that for simply connected Kac-Moody groups these are just certain subgroups
isomorphic to the finite groups SL (3, ¢), Sp (4, ¢) or Ga2(q). So the presentation of the
whole group can be pieced together from the finite presentations of these subgroups.

In particular their paper concludes the following.

Theorem 1.1 (Abramenko, Miihlherr). Let G denote a Kac-Moody group over a
finite field F,. Let M = (mij;)ijer be the associated Cozeter matriz and let m =
max{m; | i,j € I}. Suppose that m < co, ¢ > 3 if m =4 and that ¢ > 4 if m = 6.

Then G has a finite presentation.

We will define Coxeter matrices associated to Kac-Moody groups in Char-
ter 2. The definition implies that the only groups G(q) excluded from the above

theorem are those of types ﬁl and /T’l, since these types both have m = oc.

Recently there have been several papers showing that various infinite families
of finitely presented groups have bounded presentations, that is presentations
with a bounded number of generators and relations, with this bound being universal
for the whole family. These papers prove the following type of result.

Let A be a certain family of groups. There exists C > 0 such that for any
group G € A, G admits a presentation 0(G) = (Dy(q) | Ro(q)) such that

(0(G)) = [Do(c)| + | Bo(c| < C.

This result is known if the family A4 is a family of finite simple groups [GKaKasLO07,
GKaKasL08, GKaKasL11], a family of Chevalley groups over various rings [CLRel6],
and a family of affine Kac-Moody groups defined over finite fields [C13]. The latter
paper proves the following result.

Theorem 1.2 (Capdeboscq, [C13] Theorem 2.1). There exists C > 0 such that
if G = é(q) is an affine Kac-Moody group corresponding to an indecomposable
generalized Cartan matriz A and defined over a finite field Fy, ¢ > 4, and if G has
rank | > 3, then G has a presentation o with l(o) < C.

In Chapter 2 we will see that the rank [ > 3 requirement again only excludes



the groups A;(q) and A’ (q).

After proving the existence of bounded presentations for a certain family of
groups, the next natural step is to find a numerical bound on C' for these groups.
Guralnick, Kantor, Kassabov and Lubotzky [GKaKasL07, GKaKasL11] do this in
the case when A is a family of finite simple groups (with the possible exception of

%G(q). They prove the following result.

Theorem 1.3 ([GKaKasL11], Theorem A). All finite quasisimple groups, with the
possible exception of the Ree groups *Go(3%¢T1), have presentations with at most 2

generators and 51 relations.

The third chapter of this thesis finds a numerical bound on C for the Kac-
Moody groups é(q), establishing a value of 75. Namely, we obtain the following

result.

Theorem A. Let G be a simply connected affine Kac-Moody group of rank 1 > 3
defined over a finite field F,. If ¢ > 4, then G has a presentation with 2 generators
and at most 73 relations.

The result also holds if q € {2,3} provided that the Dynkin diagram of G is
not of type Ao and does not contain a subdiagram of type By or G for ¢ = 2, and
of type Go for q =3. If G = EQ(Q) or AVQ(?)), G has a presentation with at most 3

generators and 29 relations.

The upper bound of 73 in this theorem comes from the groups of type 5};((])
We obtain better bounds for the other types, as stated in the next theorem.

Theorem B. Let G be a simply connected affine Kac-Moody group of rank | > 3
defined over a finite field Fy. If ¢ > 4, G has a presentation og = (Dy | R,) where
|Dy| and |Rs| are given in Table A.2.

The result also holds if ¢ € {2,3} provided that the Dynkin diagram of G
does not contain a subdiagram of type By or Ga for g = 2, and of type G2 for ¢ = 3.

This theorem is proved by using the results of Abramenko and Miihlherr
from [AbrM97] to construct a presentation of é(q) using presentations of its rank
one and two subgroups, piecing together the results of Guralnick, Kantor, Kassabov
and Lubotzky from [GKaKasL07], [GKaKasL08] and [GKaKasL11] giving explicit
presentations and bounds on presentation lengths for finite simple and quasisimple
groups, as well as using results about reducing the final presentation length. These

results will be summarised in Chapter 3.

The second half of this thesis deals with the topic of subgroup growth in

Chevalley groups over the ring IF,[[t]], where p is a prime. For a finitely generated



group G, let a,(G) be the number of subgroups of G of index n and s,(G) the
number of subgroups of G of index at most n. If G is a topological group, a,(G)
is the number of open subgroups of index n, and similarly for s,(G). The topic of
subgroup growth is concerned with the asymptotic behaviour of the sequences
(an(G))nen and (sp(G))nen - In some cases we can derive information about the
structure of G from knowledge of its subgroup growth.

For example, Lubotzky and Mann [LMa91] showed that a group G is so-called
p-adic analytic if and only if there exists a constant ¢ > 0 such that a,(G) < n°.
Later Shalev proved that if G is a pro-p group for which a,(G) < n log, ™ for some

constant ¢ < %, then G is p-adic analytic. Mann then asked how big ¢ could be

g
so that all pro-p groups G for which a,(G) < nclo8r™ were p-adic analytic. Barnea
and Guralnick investigated this in [BGO1] by looking at the subgroup growth of
SL(F,[[t]]), the first congruence subgroup of SLa(F,[[t]]), for p > 2, and showed
that ¢ could be no bigger than % Thus it is not only the growth type, but also the
precise values of the constants involved that matter when studying the connection
between subgroup growth and the structure of a group.

Later Lubotzky and Shalev pioneered a study of the so-called A-standard
groups [LSh94], where A is a local ring. A particular subclass of these groups are

A-perfect groups for which they showed the existence of a constant ¢ > 0 such that
an(G) < nclosp™,

An important subclass of these groups consists of the congruence subgroups of
Chevalley groups over F,[[t]], which are F,[[t]]-perfect. Let G be a simple sim-
ply connected Chevalley group scheme and G the first congruence subgroup of
G(F,[[t]]). Abért, Nikolov and Szegedy established a precise value for the constant

c for these groups in the following result.

Theorem 1.4 ([AbNS03|, Theorem 2). Let m be the dimension of G. Then

S (Gl) < p§k2+mk'

Another way of stating this is s,(G1) < ns

The second half of this thesis is concerned with improving this estimate. We
do this by defining a new parameter of the Lie algebra g of G called the ridgeline
number v(g). Using this we prove the following result, which is valid for certain

characteristics that we call very good or tolerable.

Theorem C. Let G be a simple simply connected Chevalley group scheme of rank
I > 2. Suppose p is a tolerable prime for G. Let GGy be the first congruence subgroup



of G(Fp[[t]]), that is G1 = ker(G(F[[t]]) - G(F)p)). If m = dim G, then

3+4v
ap(Gr) < p B RS 2@k,

If 1l =2 and p is very good, then a stronger estimate holds:

[SII93

apk(Gl) Sp%k2+(m_ )k

The biggest possible value of v(g) is 2 (cf. Appendix A.6) so this makes
3+4v(g) < 17 < 7
2 =6 72

Our proof of Theorem C follows the ones of Barnea and Guralnick and of Abért,

Nikolov and Szegedy. The improvement in the result is due to the following new

estimates.

Theorem D. Let a be a Lie algebra over a field K. Suppose that the Lie algebra
g = a®g K is a Chevalley Lie algebra of rank | > 2 and that the characteristic of K

is zero or tolerable. Then for any two subspaces U and V' of a, we have
codim([U, V]) < (1 4 v(g))(codim(U) + codim(V)).
If | = 2 and the characteristic of K is zero or very good, a stronger result holds:
codim([U, V]) < codim(U) + codim(V').

The thesis is structured as follows.
Chapter 2 covers the basics of the groups involved. Each subsequent chapter starts
with a section of preliminaries, which summarises the background results we will
need to use.
Chapter 3 studies the bounded presentations of the affine Kac-Moody groups é(q)
Chapter 4 deals with the subgroup growth of the first congruence subgroup of the
Chevalley groups G(F,[[t]]).
Chapter 5 includes a partial solution to the problem of determining the subgroup
growth of the twisted analogues of the groups from Chapter 4.
Appendix A contains various tables that we construct or use in the thesis. Appendix
B provides a short example of a MAGMA calculation necessary for one of the proofs
in Chapter 4. Finally Appendix C contains a list of affine Dynkin diagrams and

generalised Cartan matrices.



Chapter 2

Preliminaries

In this chapter we introduce the basics of the groups we are working with - affine
Kac-Moody groups over finite fields and Chevalley groups over F,([[t]]), and explain
how these are related to each other. Each later chapter will have a section of
preliminaries to define the basic notions needed there.

References to results will be directly indicated. The material here is largely taken
from the books by Kac [Kac83] and Carter [Car05], and Rammage’s thesis [Ra92].

2.1 Chevalley groups

We begin by briefly reminding the reader of the construction of Chevalley groups.
See for example [Car72] for details of the construction over fields, and [PVa96] or
[A69] for details over commutative rings. There are different versions of Chevalley
groups, according to different so-called isogeny types. Two examples of these are
the adjoint Chevalley groups and the simply connected Chevalley groups.

In what follows we will mainly be looking at the first congruence subgroup of Cheval-
ley groups over F,,([[t]]). Note that the congruence subgroups are kernels of certain
homomorphisms, and that the differences between the isogeny types are preserved
in the images of these homomorphisms. In other words, the kernels for the different
types of Chevalley groups coincide, so the distinction makes no difference for our
purposes. Hence we can afford to be somewhat vague here. We start by defining

the adjoint Chevalley groups.

Let g be a simple finite dimensional Lie algebra over C. Let h be a Cartan
subalgebra of g, and let ® be the set of roots with respect to h. The Lie algebra
g admits a root decomposition g = h @ >_ I, where the [, are the root subspaces.
We choose an order on ® and let ®*, &~ and IT = {a,...,q;} denote the sets
of positive, negative and fundamental roots, respectively. We denote by (,) the

restriction of the Killing form of g on b, which is nondegenerate, so allows us to



identify h with h*. For each root o we define a corresponding coroot h, € b as
follows: hq := 2a/(a,a). We pick elements e, € [, and e_, € [_, such that
[ease—a] = ha-
This gives us a basis

{ea, € D ; hy,a € T1}

of g. It is possible to choose the elements e, carefully so that the structure constants
with respect to this basis are integers. Such a choice is called a Chevalley basis.

Let gz be the integral span of a Chevalley basis and let R be a commutative ring.
Set gr = gz ®z R. Then ggr is a Lie algebra over R, which as an R-module is a
free module, with the basis ¢, = e, ® 1, 715 = hg ® 1, and Lie bracket given by
[eas h] = [ea, hg] ® 1. The Lie algebra gp is called the Chevalley Lie algebra of
type @ over R.

If D is a nilpotent derivation of the Lie algebra g, where D™ = 0, then it can be
shown that exp(D) = 1+ D+ %2 +...+ % is an automorphism of g. It is known
that the adjoint maps ad e, are nilpotent derivations of g. If £ € C, we have that

ad (€en) = ad e, is also a nilpotent derivation, so we can define

zo(€) = exp(€adey).

These are then automorphisms of g. It can be shown that the elements z,(§) act

on the Chevalley basis as follows.

Here v and 8 are assumed to be linearly independent, and the numbers Ag,, k and
M,p) are certain integers. So the automorphisms x,(§) send each element of the
Chevalley basis to a linear combination of basis elements whose coefficients are in-
teger multiples of nonnegative powers of £. This allows us to define automorphisms
2o (§) of gr, where R is an arbitrary commutative ring, and £ € R.

The group of automorphisms of gr generated by all the automorphisms of the form

2o (§) is called the elementary adjoint Chevalley group of type ® over R.

The more sophisticated approach to Chevalley groups uses group schemes.
Broadly speaking, for a commutative ring R and a Dynkin diagram of type X, there
are several Chevalley-Demazure group functors taking the ring R to a group G~ (R).



We note that we get different groups GX(R) for different functors.
For example the simply connected functor with Dynkin diagram of type A,, is iso-
morphic to the functor

SLyi1: R— SLy11(R)

(taking ring homomorphisms to the corresponding group homomorphisms).

The knowledge that these functors exist will be sufficient for our purposes.

2.2 Generalised Cartan matrices

Now we begin to define Kac-Moody groups, and the first step towards this is gen-

eralising the definition of a Cartan matrix.

Definition 2.1. Let I be a finite set. A generalised Cartan matrix (abbreviated
GCM) is a matrix A = (A;;); jer with integer coefficients such that A;; =2, 4;; <0
if ¢ 75 j and Az’j =0 if and OIlly if Aji =0.

Ordinary Cartan matrices are examples of GCMs. GCMs can be classified
into three types, namely finite, affine or indefinite (cf. [Car05] Theorem 15.1).
The ones of finite type are Cartan matrices and precisely the ones that lead to finite
dimensional Lie algebras, whereas the other two lead to infinite dimensional ones.
Two GCMs are said to be equivalent when we can obtain one from the other by
relabelling the indices of the rows and columns. A GCM is said to be indecompos-
able if it is not equivalent to the diagonal sum of two smaller GCMs. Recall that
a submatrix of a matrix is a matrix obtained by deleting some rows and columns
of the matrix, a minor is a determinant of some square submatrix of the matrix, a
principal submatrix is a submatrix obtained by deleting the ¢-th row if and only
if one deletes i-th column, a principal minor is a determinant of some principal
submatrix of the matrix, and a proper principal minor is a principal minor that
is not the determinant of the whole matrix.

The following result allows us to determine the type of a GCM.
Proposition 2.2 ([Car05] Theorem 15.18). Let A be an indecomposable GCM. Then
(i) A is of finite type if and only if all of its principal minors are positive.

(ii) A is of affine type if and only if det A = 0 and all of its proper principal minors

are positive.
(iii) A is of indefinite type in all other cases.

Definition 2.3. Let A = (A;;)ijer be a GCM. We define the rank of A to be its

dimension, i.e. the cardinality of the indexing set 1.



Note that this rank is not necessarily equal to the rank of A as a matrix.
Indeed, Proposition 2.2 says that if A is of finite or indefinite type, then it is non-
singular, so it has full rank. Hence its dimension, GCM rank and matrix rank all
coincide. Whereas if A is of affine type, then A is singular but all of its proper sub-
matrices are nonsingular, so A has corank 1 as a matrix. We will usually denote this
matrix rank by n, and the GCM rank by [, so then A has dimensions (n+1) x (n+1)
and we have [ = n + 1. Which rank we are referring to will usually be clear from

context, or explicitly specified.

In what follows we will be concentrating on the affine case. It is well known
that finite GCMs (i.e. ordinary Cartan matrices) have been completely classified in
the Cartan-Killing classification. Similarly, affine GCMs have also been completely
classified (cf. [Car05] Theorem 15.23). There are, up to equivalence, 7 infinite

families as follows

A,(n>2), By(n>3), Cp(n>2), Dy(n>4), B.(n>3), C
as well as the following 9 exceptional cases

Ay, Es, E; Es, F, Gy A, Fl G
Note that the subscript n in the name again denotes the ordinary rank of the matrix.

Example 2.4. A possible representative for the Cartan matrix (or finite GCM) of
type Gy is the following 2 x 2 matrix with matrix rank n = 2 and GCM rank [ = 2.

)

And a representative for the affine GCM Go is the following 3 x 3 matrix of
ordinary matrix rank n =2 and GCM rank [ =2+ 1 = 3.

2 -1 0
-1 2 -1
0 -3 2

We list representatives for each type of affine GCM in Appendix C.

Note that the bottom right 2 x 2 submatrix in the 62 example above is equal
to the Cartan matrix of type Go. This is a special case of a general phenomenon:
the affine GCMs of types

An(nzl)a Bn(nZ?J)a Cn(TLZQ), Dn(n24)a EG) E77 EB, ﬁ47 62



are called extended Cartan matrices (or affine GCMs of untwisted type) be-
cause they can be obtained from the ordinary Cartan matrices via the following
process. We start with an ordinary indecomposable Cartan matrix A = (A4;j)i jer,
where I = {1,...,n}. Let g be the finite dimensional simple Lie algebra over C with
Cartan matrix A. We construct a matrix A from A by adding an extra row and
column, indexed by 0. Let {a;}icr be the simple roots of g and let {h;};c; be the
simple coroots. Let 6 = Z?:l a;a; be the highest root of g and let hy = Z?:l c;h;
be the coroot of §. Now we define A by:

Ai]’:Ai]’ lf’L,]E{lTL}

giOZ_ZGinj ifi,je{l...n}
j=1

n
Aoy == Ay ifije{l...n}
i=1
Ago = 2.
The remaining affine GCMs are said to be of twisted type. These are the following

matrices.
Ay, Bh(n>3), C,(n>2), C}(n>2), Ff, Gb.

2.3 Kac-Moody data, the Weyl group and roots

Definition 2.5. A Kac-Moody datum D associated to a GCM A = (A;;); jer is
a 6-tuple
D= (I7A7X7y7{ai}i617 {a;/}iEI)a

where [ is a finite indexing set with |I| = n, X is a finitely generated free abelian
group with Z-dual Y, a; € X, o € Y, such that a;(a)) = Aj;.

The set IT = {a;} is called the set of simple roots, while the set IIV = {a)/}

is called the set of simple coroots.

Definition 2.6. The root datum D is called simply connected if the simple

coroots form a basis for ), i.e. if we have

Y=z
i€l
Definition 2.7. The root datum D is called adjoint if the simple roots form a

X = @ZO[Z

il

basis for X, i.e. if we have

10



Definition 2.8. The Coxeter matrix M = (m;j);jcr associated to a gener-
alised Cartan matrix A = (A;j)ijer is given by: my; = 1 and if ¢ # j then
m;j = 2,3,4,6 or oo as A;jA;; =0,1,2,3 oris > 4.

Using the Coxeter matrix we define the associated Weyl group to be the

reflection group with presentation based on the entries of M:
W = ({w;} | (wjw;)™9 for m;; # oo).
Note that the w; are elements of order two since w? will always be a relator.

The Weyl group acts on X via the maps w; : 8 — 8 — B(a)) - a; for each

B € X and i € I. So in particular we see that if 3 is a simple root a;; we have
wi(eg) = aj — aj(af) - ai = aj — Ajja;

and w; applied to the corresponding root «; gives us

i\

wi(oy) = — ai(a)) - o = o — 204 = —a.

The set of real roots & is defined by
o =W.II

In general, the Weyl group and set of real roots are infinite. The term real root comes
from the fact that Kac-Moody theory also has so-called imaginary roots, which we
will not need here. Each element of ® is a Z-linear combination of elements of II
with coefficients all > 0 or all < 0. We define &, the set of positive real roots,
as the subset of ® for which all coefficients are > 0 and ®~, the set of negative

real roots, as the subset for which all coefficients are < 0. We have

=0 P

2.4 Dynkin diagrams

We now introduce the concept of a Dynkin diagram associated to a GCM.

Definition 2.9. Let A = (A;;); jer be a GCM. The Dynkin diagram of A, written
A(A), is a graph defined as follows.

The graph has |I| vertices, each corresponding to one of the simple roots.

If A;jAj; < 4 and |Ajj| > |Aj;|, the vertices ¢ and j are connected by |A;;] lines, and
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these lines are equipped with an arrow pointing from j to ¢ if |A;;| > 1.
If A;;Aj > 4, the vertices ¢ and j are connected by a bold-faced edge indexed by

an ordered pair of integers |A;jl, | Ajil.

Note that we always have A;;A;; < 4 for GCMs of finite and affine type.
From the definition it follows that A(A) is a connected graph if and only if A is an
indecomposable GCM. We also note that A is determined by the Dynkin diagram
A(A) and an enumeration of its vertices. If A is of finite, affine or indefinite type,
then we say A(A) is as well.
We list all connected Dynkin diagrams of affine type in Appendix C.

2.5 Minimal Kac-Moody groups

Definition 2.10. Two roots o and 3 in ® are said to be prenilpotent if there
exist w,w’ € W such that w(a) € &4, w(B) € ¢4, w'(a) € P_ and w'(B) € D_.

Note that in the finite case all non-opposite pairs of roots are prenilpotent.

We can now define the minimal Kac-Moody group associated to a Kac-Moody
datum, over an arbitrary field K. We define this group using a set of generators and
relations. There are several versions of this group corresponding to different types
of root data. The version constructed below is the simply connected version of the
group. It is called minimal to contrast it from the maximal or topological versions

of the group.

Definition 2.11. Let D = (I, A, X, Y, {a; }ie1, {a }icr) be a simply connected Kac-
Moody datum and K a field. The associated minimal or incomplete Kac-Moody

group Gp(K) over K is generated by root subgroups
Ua = Ua(K) = (za(t) | t € K),

one for each real root a € ®.
For each u € K and ¢ € I, we write x;(u) for z,,(u) and z_;(u) for x_q,(u). Let
K* =K\ {0}. For each v € K* and ¢ € I we put

Wi (u) = zi(u)z_i(u )z ()

and



A defining set of relations for Gp(K) is then:
(i) za(t)za(u) = xo(t 4+ u) for all roots a € ¢ and all ¢,u € K.

(ii) If a, B € @ is a prenilpotent pair of roots, then for all t,u € K:

[za(t), z(u)] = 1T Ziatip(Cijapt'’)
ia+jBeD , i,7€N

where the Cj;,p are integers that are uniquely determined by i, j, v, 8, ® and

how the terms on the right hand side are ordered.
(iii) hi(t)h;(u) = hi(tu) for all t,u € K* and i € I.
(iv) [hi(t),hj(u)] =1 for all t,u € K* and 4,5 € I.
(V) hj(u)zi(t)h;(u)~t = z;(utiit) for all t € k,u € K* and 4,5 € I.

(vi) wihj(u)w; b = hj(u)h;(u=45) for all w € KX and 4, € I.

(2

(vil) Wize(u)w; ! = T, (o) (€u) where € € {£1} for all u € K.

In what follows we will be considering Kac-Moody groups defined over finite

fields, i.e. when K = I, where ¢ is some power of a prime p.

Remark. We will use several different notations for these Kac-Moody groups, de-
pending on context. If the root datum D is associated to a GCM A and the type
of the root datum is implied, then we may use the shorter notation G4(K) to refer
to Gp(K). We use the notation GZ.(K) (G/(K)) if D is some simply connected
(adjoint) root datum associated to A. If we want to refer to a general minimal Kac-
Moody group of affine type we may use the notation é(K), and if we have K = F,
we use the shorter notation é(q)

This notation is chosen to reflect the similarities with algebraic groups and Chevalley-
Demazure group schemes. If highlighting these similarities is not necessary for the
context, we will refer to the groups Gp(FF,) as X (¢) (or X (q) if we want to emphasise
the fact that the groups are of affine type).

We explain more about the construction of Kac-Moody groups, and in par-

ticular of the ones that are not simply connected, in Section 3.6.

2.6 Chevalley groups over F,[[t]]

Let p be a prime. We summarise the main features of the ring Fp[[t]], the ring

of formal power series with coefficients in [F,. It consists of the set of formal
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expressions of the form

o0
Zaiti =ap + ait + ast® +ast> + ...,
1=0

where the coefficients a; are in the field I, together with addition defined by

o0 oo oo
Z a;t" + Z bit" = Z cit" where ¢ =a;+b;
i=0 =0 =0

and multiplication given by

oo 0o 00 J
Zaitl . E bitt = E c;t! where ¢ = Z aibj_;.
=0 =0 7=0 =0

F,[[t]] is a local ring. Its unique maximal ideal is tF[[t]], the set of formal
power series with zero constant term. We have Fp[[t]]/(tFp[[t]]) = F,. There is a
canonical surjective ring homomorphism from I, [[t]] to the quotient F,[[t]]/(tF,[[t]])
- it maps each expression Y 0 a;t’ in F,[[t] to its first coefficient ao.
Any subset of form t"IF,[[t]] is an ideal of IF,[[t]]. It consists of the formal power
series where the coefficients ag, a1, ... an—1 are all zero. We have F,[[t]]/(t"F,[[t]]) =

[F,[t]/(t"). There is a canonical surjective ring homomorphism

pr = Fp[[t]] = Fp [£]]/ (" [[£1]),
mapping each expression Y o0 a;t" in F,[[t]] to its corresponding truncated polyno-
mial Y77 a;t’.
The ring of units of F,[[t]] consists of the formal power series for which ag # 0.
The field of fractions of IF,[[t]] is

Fp((2)) := {Z ait’ | k € Z, a; € Fy},
i=k

the field of formal Laurent series over I,,.
We can now form groups over F,[[t]] via the Chevalley-Demazure group

schemes. For each Dynkin diagram of type X, where X € {A,, By,Cy, Dy, Es,
E;, Es, Fy, G2}, we thus obtain a group G (F,[[t]]).

14



2.7 Congruence subgroups

The canonical surjective ring homomorphism p,, : Fp[[t]] — Fp[[t]]/(t"F,[[t]) in-
duces a surjective group homomorphism of Chevalley groups, which we by abuse of

notation also call py:
pn s G (Fp[[t]]) — GX (F,[))/ (¢"F [1]]).

Definition 2.12. The kernel of the homomorphisn p,, is called the n-congruence
subgroup of G (F,[[t]]). We denote this group by Gj,.
In particular the first congruence subgroup of GX (F,[[t]]), Gi, is the kernel of

the homomorphism
p GX(F,[[t]]) — G (Fp[[t]]/ (tFp[[t]]) = G (Fp).

The first thing to note about these subgroups is that they are nested, that
is that we have
Gi12G22G32Gy. ..

Another basic property of these groups is the following (see for example [BGO1]).
Proposition 2.13. For all n,m € N, we have [Gpn,Gpn] C Gpim and GY, C Gpyy.

We will need this is Chapter 4 where we will construct a graded Lie al-
gebra using successive quotients G, /Gp+1. The above proposition implies that
[Grn, Gr] € Gpit, so Gp/Gryq is abelian, and G, C G,,41 implies that every non-
trivial element of G,,/G,+1 has order p, so each such quotient is an elementary

abelian p-group.

The group G is a pro-p group, so we briefly explain what this means. See
[K107] for more details.
A directed set is a partially ordered set I with an ordering > such that for all
1,7 € I there exists a k € I such that k£ > 7 and k = j.
An inverse system (H;; ¢;;) of groups over I consists of a family of groups H;,
with ¢ € I, and homomorphisms ¢;; : H; — H; for all i = j, such that ¢;; is the
identity homomorphism on H; and such that for all 7,5,k € I with i > 57 = k we
have @ik = Pik-
The inverse limit of the inverse system (Hj; ¢;;) is the group

H = lim H; := {(gi)iel € [[Hi | 9i¢i; = 9; when ii]}

i€l

together with the natural coordinate maps ¢; : H — H;.
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If the H; are finite groups, then we can give each of them the discrete topology,
and their product [[;.; H; the product topology. By doing so @Hl becomes a
topological group under the induced topology. Such a group is called a profinite
group. If the H; are all finite p-groups, then l&nHz is called a pro-p group.

An equivalent definition is that a profinite group is a Hausdorff, compact, totally
disconnected topological group, and a pro-p group is a profinite group such that the

quotient by any open normal subgroup is a p-group.

A basic property of a topological group is that every open subgroup is closed.
Since pro-p groups are compact, the open subgroups are exactly the closed subgroups
of finite index. Thus pro-p groups can be studied by looking at their family of finite
quotients, which naturally form an inverse system for the group. For the groups G
defined above, we saw that the quotients G1 /G, are finite, so a key step in studying
the groups G is understanding how the other subgroups of finite index are related

to the congruence subgroups. We will look at this in Chapter 4.

2.8 Connection

Here we explain how the Kac-Moody groups é(p) are related to the Chevalley
groups G(Fp[[t]]). The two main chapters of this thesis are largely separate so it
will suffice to give a brief overview of this connection, but it will become more rele-

vant in the short final chapter.

Let A be a Cartan matrix and A the corresponding extended Cartan matrix.
Let Gi(K) denote the minimal simply connected Kac-Moody group associated to
the GCM A over the field K, and let G2 (K([t,¢~!]) denote the minimal simply con-
nected Kac-Moody group associated to the Cartan matrix A over the ring of Laurent
polynomials K([t,¢7!]). Since A is a Cartan matrix, the definition of Kac-Moody
groups coincides with that of Chevalley-Demazure group schemes, so G4, (K([t,t71])
is also a Chevalley group (cf. [Ra92] section 2.5). Then it can be shown that there
is a normal subgroup K of G‘S‘TC(K) isomorphic to K* such that

GL(K)/K = GLEK([t,t).

Having obtained the groups G4.(K([t, t']) we can define various topologies on them,
and complete them with respect to one of these topologies. The groups we obtain
by this procedure are G%,(K((¢))). These are called the topological Kac-Moody
groups. Inside these groups we find the subgroups GZ.(K][t]]), which can be seen

as maximal parabolic subgroups of the topological groups.

16



Chapter 3

Bounded presentations of affine

Kac-Moody groups

3.1 Preliminaries

3.1.1 Results about generating sets and presentation length

Definition 3.1. A Tietze transformation is a way of changing a given presen-
tation (X | R) of a group into another presentation (X’ | R’) of the same group.
Let F' := (X | ). The four Tietze transformations are defined as follows (cf. [J97,
Section 4.4]):

R+, adjoining a relator: X' = X, R' = RU {r}, where r € R\R (normal closure in

R—, removing a relator: X' = X, R' = R\{r}, where r € RN R\{r}.

X+, adjoining a generator: X' = X U {y}, R = RU {wy~ !}, where y ¢ X and
w e F.

X —, removing a generator: X' = X\{y}, R' = R\{wy '}, where y € X, w €
(X\{y}) and wy~! is the only member of R involving y.

These transformations are usually used in combination with each other, and
given any two finite presentations of the same group, one can be obtained from the
other using a finite sequence of Tietze transformations (cf. [J97, 4.4, Prop 6]). In
particular, the following lemma illustrates how to change the generating set of a
presentation. Theorem 1.3 is proved by constructing small presentations for each
family of groups of Lie type, and then using a variant of this reduction lemma to

obtain the main result.
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Lemma 3.2 ([GKaKasL11], Lemma 2.3). Let 0 = (X | R) be a finite presentation
of a group G, w: F(X) — G the corresponding natural map from a free group. If D
is a finite subset of G such that G = (D), then G also has a presentation (D | R')
such that |R'| = |D| + |R| — |=(X) N D].

Proof. Let D = {d;,ds,...,d;}. The new presentation is obtained by a sequence of
Tietze transformations. First we repeatedly use transformation X+ to add genera-

tors:

O'/:<XUD|RU{dZ:(SZ(X)|d1€D\7T(X)}U{d]:$J*

d; € DNw(X)})

where the second set in the union contains one relation for each d; € D \ n(X)
expressing d; as a word 9;(X) in X, while the third set in the union contains one
relation for each d; € D Un(X) where d; = m(x;+) for some 27 € X. We then
repeatedly apply transformation X — to remove the generators in X:

0" = (D | Rly,—y,(p) U{di = 6:(x1(D), ..., xx(D)) for d; € D\ m(X)})

where each z; € X is expressed as a word x;(D) in D and R|,,—,,(p) is a result of

this substitution in the relations R. O
We now state some results on 2-generation.
Proposition 3.3. Fvery finite simple group can be generated by two elements.

This is obvious for cyclic groups of prime order and is a classical result in

the case of the simple alternating groups. It was proved by Steinberg ([St62]) for
the finite groups of Lie type and by Aschbacher and Guralnick ([AsG84, Theorem
B]) for the sporadic groups.
Recall that a group G is said to be quasisimple if it is perfect, that is G = [G, G],
and G/Z(G) is simple (where Z(G) is the centre of G). Proposition 3.3 can be ex-
tended to quasisimple groups, using the following lemma. Recall that ®(G) denotes
the Frattini subgroup of G, that is the intersection of all the maximal subgroups
of G.

Lemma 3.4. If G finite and perfect, then Z(G) < ®(G).

Proof. Assume for a contradiction that there is a maximal subgroup M of G that

doesn’t contain Z(G). We have M < MZ(G) < G, hence we must have M Z(G) =

G. Let g € G, g = mz with m € M and z € Z(G), and let m’ € M. Then we have
~1 1, -1

g

finite, so G/M has prime order and is thus abelian, hence M contains [G, G| = G,

contradiction. O

m'g = z7'm7'm/mz = m~'m'm € M hence M < G. M is maximal and G is
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An equivalent definition of ®(G) is that it is the set of all non-generators
of G, i.e. the set of elements ¢ € G such that if X is a generating set for G
containing g, then X\{g} is a generating set for G as well. Hence we have shown
that elements of Z(G) in a finite perfect group G are non-generators of G and so

the above proposition implies the following.
Proposition 3.5. Fvery finite quasisimple group can be generated by two elements.
Together with Lemma 3.2 this implies the following.

Corollary 3.6. If a finite quasisimple group has a presentation with n generators

and m relations, then it also has a presentation with 2 generators and m+2 relations.
For G a group, we denote by G™ the direct product of m copies of G.

Proposition 3.7 (Maréti and Tamburini, [MarT13], Theorem 1.1). Let G be a
non-abelian finite simple group. We let h(G) denote the largest non-negative integer

such that GMS) can be generated by two elements. Then we have

hG) > 2v/]G|.

Proposition 3.8 (Kantor and Lubotzky, [KalL90], Lemma 5 a)). Let H be a finite
group with H = G{" x ... x G{"* where the G1,...,Gy are pairwise non-isomorphic
simple groups and mq, ..., my are positive integers.

Then a subset of H generates H if and only if its projection into G;** generates G

for each i.
We can now prove the following summarising statement.

Proposition 3.9. Let G = G¢ x G4 where Gy and G2 are finite non-abelian non-
isomorphic quasisimple groups and a and b are non-negative integers with 0 < a,b <
3. Then G is 2-generated.

Proof. By Proposition 3.5, G1 and G are 2-generated. The smallest order of a finite
non-abelian simple group is 60. Hence Proposition 3.7 implies that, for any finite
simple group, h(G) > 2v/60 ~ 15.49 so h(G) > 16. Hence, since a,b < 3 < 16, we
have in particular that G¢ and GY are 2-generated.

Finally Proposition 3.8 says that if g1, ¢} are generators for G§ and g¢s, ¢}, are gener-

ators for GS, then (g1, g2) and (g}, g) are generators for G. So G is 2-generated. [

In some of our proofs we will need to know how much freedom we have in
choosing these two generators. In particular we will need the following result of
Guralnick and Kantor. Recall that a group G is said to be almost simple if there
exists a non-abelian simple group S such that S < G < Aut (S), where Aut (5)
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is the automorphism group of S. The socle of a group G is defined to be the
subgroup of GG generated by its minimal normal subgroups. If G has no minimal

normal subgroups then the socle of G is defined to be {1¢}.

Proposition 3.10 ([GKa00], p. 745, Corollary). Any nontrivial element of a finite

almost simple group G belongs to a pair of elements generating at least the socle of

G.

A non-abelian finite simple group is trivially almost simple and has trivial
socle so this result implies that any nontrivial element of a non-abelian finite simple
group G belongs to a generating pair of G. If G is now quasisimple, then we explained
above that the elements of Z(G) are non-generators of G, so together with the last

proposition this implies

Corollary 3.11. Any non-central element of a finite quasisimple group G belongs

to a generating pair of G.

To get our main result, Theorem A, from the more detailed Theorem B we
need to use Lemma 3.2 together with the fact that the Kac-Moody groups in question
are themselves 2-generated (or 3-generated in the two special cases). This fact was
proved by Capdeboscq in [C15] for large enough ¢ and clarified by Capdeboscq and

Rémy in [CRe] to include the small values of p and q. We can state it as follows.

Theorem 3.12. Let )Z'(q) be a simply connected affine Kac-Moody group of rank
at least 3 defined over a finite field F,. Then )Z'(q) is generated by 2 elements, with
the possible exceptions of AVQ(Q) and 22(3) in which case it is generated by at most

3 elements.

This and Lemma 3.2 imply that if such a group has a presentation with n
generators and m relations, then it also has a presentation with 2 generators and

m + 2 relations (3 generators and m + 3 relations in the A3(2) and Ay(3) cases).

3.1.2 Presentations of finite simple and quasisimple groups

The series of papers [GKaKasL07], [GKaKasL08| and [GKaKasL11] establish vari-
ous bounds on the lengths of presentations of finite simple and quasisimple groups.
Recall Theorem 1.3, saying that all finite quasisimple groups, with the possible ex-
ception of %G (32¢t1), have presentations with at most 2 generators and 51 relations.

They obtain better bounds for the individual groups and we summarise the ones we
will need in Table A.1 (cf. Table 1 of [GKaKasL11]).

Theorem 4.5 of [GKaKasL11] gives a presentation o7 of SL (2, ¢) with 3 gen-

erators and 9 relations, and they show that this presentation can be reduced to a
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presentation p; with 3 generators and 5 relations if ¢ is even. They also explain that
similar reductions are possible for ¢ prime, and when ¢ < 16. All the other pre-
sentations in Table A.1 are based on the presentation of SL (2, ¢), so in the special
cases with ¢ even, ¢ prime, or ¢ < 16 it is possible to obtain smaller presentations of
these quasisimple groups (and hence also of the affine Kac-Moody groups). In what

follows we will consider the general case as well as the special case when ¢ is even.

We now explain how the various presentations in Table A.1 are connected.

Definition 3.13. Let B be a group and A its subgroup. Suppose further that B
has a finite presentation op = (Xp | Rg) and A has a presentation o4 = (X4 | Ra)
such that X4 C Xp and R4 C Rp. Then we say that o4 is contained in op and
write

oca Cop.

The presentation o1 of SL (2, q) (respectively p; for even ¢) is given in The-
orem 4.5 of [GKaKasL11|. Consider a group G = SL (3, ¢q). If {a1, a2} is the set of
simple roots of SL (3, ¢q), then G contains a subgroup L = (X,,, X_4,) = SL(2,q),
where X, and X_,, are the root subgroups of SL (3, ¢q) (cf. [Car72]). Theorem 5.1
of [GKaKasL11] gives a presentation oy of SL (3, ¢) that contains o, = o1 (respec-
tively po for even ¢ contains o7, = p1) . We will use this several times so we restate

it as a result.

Lemma 3.14. For odd q, the presentation o1 of SL(2,q) is contained in the pre-
sentation oo of SL (3, q).

For even q, the presentation p1 of SL(2,q) is contained in the presentation py of
SL (3,q).

Theorem 6.1 of [GKaKasL11] gives explicit presentations of SL (n,q) for
n > 4. First the authors construct the presentations o4 of SL (4, ¢q), o6 of SL(n,q)
for 5 <n <8, and og of SL(n,q) for n > 9 (respectively p4, ps and ps for even q).
If {a1, a9, ....;an—1} is the set of simple roots of SL (n, q), the group SL (n,q) con-
tains a subgroup M = (Xq,, X—a,, Xay, X—a,), isomorphic to SL (3, ¢). The initial
presentations given in the proof of Theorem 6.1 all contain a copy of the presenta-
tion of SL (3, ¢) given in Theorem 5.1. That is, we have oo C o; for i = 4,6 and 8
where o9 is the presentation of M (respectively po C p; for i« = 4,6 and 8 for even
qQ)-
As explained above, o9 contains the presentation o1 of SL(2,q). In the proof of
Theorem 6.1 the generators in oy are called {u,t,h}, and the generators in o9 are
{u,t,h,c}. The authors reduce their presentations of SL (n,q) by showing that ¢
is in fact redundant and can be removed. By doing so, and removing redundant

relations, they obtain the shorter presentations o3 of SL(4,q), o5 of SL(n,q) for
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5 < n <8, and o7 of SL(n,q) for n > 9 (respectively ps, ps and p; for even q).
Hence these shorter presentations no longer contain oy (respectively p2), but they
still contain the o1 that was contained in o9 (respectively the p; that was contained

in p2). Again we restate this as a result.

Lemma 3.15. The presentations o1, p1 of SL(2,q) and o2, p2 of SL(3,q) are

contained in the various presentations of SL (n,q) as follows.

For q odd, o1 Co; fori=3,4,5,6,7,8.
For q even, p1 C p; fori=3,4,5,6,7,8.
For q odd, o9 C o; fori=4,6,8.

For q even, p2 C p; fori=4,6,8.

So each of these groups has a longer presentation that contains og (respec-
tively p2), and a shorter one that does not. We will use the longer presentations

when we need this containment, and the shorter presentations otherwise.

Theorem 7.1 and Remark 7.4 of [GKaKasL11] give presentations o9, 019 and
p10 of Sp(4, q) (09, 010 in the case when ¢ is odd, and pj¢ in the case when ¢ is even).
Let a9 be a short root, a; a long root. Both og and o1g contain a presentation o
of its short-root subgroup Lo = (Xa,, X—a,) = SL(2,q), and o019 also contains a
presentation oy of its long-root subgroup L; = (Xa,, X_q,) = SL(2,q). When ¢
is even there is no distinction between short and long roots, but p;g contains two
copies of the presentation pi, one for each simple root. Again we summarise as

follows.

Lemma 3.16. The presentations o1, p1 of SL(2,q) and o9, 010 and p1o of Sp (4, q)

are related via the containments:

o1(L1) C o1, o1(L2) C o9, o10-

p1(L1), p1(L2) € pio.

The results of [GKaKasL11]| give a presentation for the family of groups
Spin (2n,q), n > 4, ¢ = p* with 9 generators and 42 relations. We will show how
to shorten this estimate to 7 generators and 34 relations (or smaller for small n or
even ¢) in Section 3.2. In that section we will also show that the presentations of

SL (2, q) are contained in the presentations of Spin (2n, q). We summarise this here.

Lemma 3.17. The presentations o1, p1 of SL(2,q) are contained in the various

presentations of Spin (2n, q) as follows.
For q odd, o1 C o; fori=13,14,15.
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For q even, p1 C p; fori=13,14,15.
All these containments are summarised in Table A.1.

3.1.3 Presentations of affine Kac-Moody groups

We now return to the specific scenario of affine Kac-Moody groups over finite fields.
Recall that the groups Gp(K) we have defined were said to be simply connected
because the set ITY = {a;’} of simple coroots was a basis for V.

A GCM A is said to be 2-spherical if for each J C I with |J| = 2, the submatrix
Ay = (Aij)ijes is a classical Cartan matrix. Note that all GCMs of affine type
satisfy this condition, apart from those of rank 2 (types Ay and g’l)

A Kac-Moody group arising from a 2-spherical GCM is also said to be 2-spherical.

Now, for each a € IT U —II, let X, be a root subgroup of Gp(K). Then
Xo = (Fy,+), and for all 4,5 € I with i # j, we set

L; = <Xa¢ U X,Oéi> and Lij = <Lz @] LJ> = Lﬂ

In what follows we will need to exclude some special cases, so we define the

following condition:
Lij/Z(Lij) % B2(2), G2(2), G2(3),%F4(2) for alli,j € I. (%)

‘We can now state an observation which will be useful for us in section 3.

Proposition 3.18. Let A be a 2-spherical generalised Cartan matrixz and D a simply
connected root datum corresponding to A. Suppose that the field K is finite and that
condition (%) holds.
Let J C 1 and

Ly=(L;|ieJ).

Then L is a simply connected Kac-Moody group Gz (K) with a root datum
of type Ay = (Aij)ijeJ-

Proof. This becomes clear once we construct the root datum for Ly. If J C I, let
© ={a; |i € J}. Then ©V ={«) | i € J} is the corresponding subset of II". Since
D is simply connected, the simple coroots form a basis for ), so the coroot lattice
(IIV) = @,c; Zay = Y splits into a direct sum

y=(e")q {1V \ ev).
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Hence, the root datum for L is
D(J) = (J7 AJ7 X/<®v>l7 <®\/>? 97 @V)

OV is clearly a basis for (©V), so D(J) is simply connected. O

In particular this means that for each 4,
Lz’ = SL(2, q).

We will also need the following result on generation by the subgroups L.

Lemma 3.19 (Capdeboscq [C15], Lemma 2.1). Let G be a simply connected Kac-
Moody group over a finite field K. Then the L; generate G.

In particular, if G = SL (3, ¢), this implies that G is generated by two copies
of SL (2, q), one for each simple root.

Abramenko and Miihlherr’s result stated as Theorem 1.1 above is a corollary
of another of their results (cf. [AbrM97], [Ca07, Th. 3.7]) which can now be stated

as follows:

Theorem 3.20. (Abramenko, Miihlherr) Let A be a 2-spherical generalised Cartan
matriz and D a simply connected root datum corresponding to A. Suppose that the
field K is finite and condition (%) holds.

Let G be the direct limit of the inductive system formed by the L; and L;; fori,j € I,
with the natural inclusions.

Then the canonical homomorphism G — Gp (K) is an isomorphism.

A direct consequence of this result is that Gp(F,) has a presentation whose
generators are the generators of the root subgroups X;, ¢ € I, and whose relations
are the defining relations of all L;’s and L;;’s with ¢,5 € I,7 # j. More specifically
we have the following observation (cf. proof of [C13] Th 2.1):

Proposition 3.21. Let )Z'(q) be a simply connected 2-spherical split Kac-Moody
group of rank n > 3 over the field of q elements. Let A be the Dynkin diagram
of )Nf(q) with the vertices labelled by (B, ..., Bn. Suppose further that if A contains
a subdiagram of type Ba, then q > 3, and if it contains a subdiagram of type Ga,
q=>4.

Suppose that A contains k proper subdiagrams A1, Ao, ..., Ap such that
A= U?ZlAi, and each pair of vertices of A is contained in A; for somei € {1,...,k}.
Let Xi(q) := (Lj | aj € Ay). If ox,q) = (Di | Ri) is a presentation of X;(q), then
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X (q) has a presentation

0% = (D1UD2U...UDL | RiU...URU | Ry)
1<i<j<k

where R;; are the relations coming from identifying the generators of X;;(q) := (L |
ap € AjNA;j) in X;(q) and in X;(q).
Definition 3.22. Let J C I. We say that A’ is a subdiagram of A based on

the vertices «; for i € J if A’ is a subgraph of A with the a;, i € J, as its vertices,
and with vertices having the same number of edges and arrows between them as
they do in A. This is equivalent to A’ being the Dynkin diagram corresponding to
the reduced GCM (A;j)i jes-

We now consider the special case where A = A1 UAs on the level of vertices.
That is, A may contain edges not included in A; or As. We cannot use Proposi-
tion 3.21 immediately because it is not necessarily true that any pair of vertices is
contained in some A;. To remedy this we introduce As.

Let Ag be a subdiagram of A based on the vertices of
A \ (Al N Ag) = (Al \ Az) U (AQ \ Al)

Now any pair of vertices of A is contained in some A;. Proposition 3.21 gives a

presentation
0%y = (D1UDyUDs | Ry URyURyURioU RizU Ryg).

In order to reduce this presentation we now pick a special presentation of X3(q) by
considering two of its subgroups.
Let X1(q) be the subgroup of )Nf(q) corresponding to Ap \ Ag, and let

oxi(g = (D3 | R3)
be its presentation. Likewise, let
IX3(q) = (D3 | R3)

be a presentation of the subgroup X3(q) of )?(q) corresponding to Ag \ A;. Now

we can choose a special presentation of X3(q):
0xy(q) = (D3 U D5 | Ry U RS U RyY),

where R3* are those relations that include generators in both D} and D%, i.e. the

relations that express how the subgroups Xi(q) and X3(q) are related inside X3(q).
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Using 0x,(q) In 05

X(q) Ve get,

0§@>=<DluDzul%ulﬁ | RiURyURLURSURS URjoU Ri3U Rag).

Since A; 2 Ay \ Ag, X3(g) is also a subgroup of Xi(q). So the generators D3 are
expressible in terms of D1, and the relations Ril)) already hold since they are enforced
by Ri. So we can use Tietze transformations to remove D} and R} from %)
Similarly, since Ay D Ay \ Ay, we can remove D% and R% from o )
Finally we have A; N Az = Ay \ Ag, so X13(¢) = Xi(q). The relations Rj3 come
from needing to identify the generators of Xi(¢) in Xi(g) and X3(g), since the
original presentation generated X1(g) twice. But we have now removed D3, so the
generators we need to equate are both written in terms of D1, hence they are already
equal and the relations R;3 become superfluous. So we can remove R;3, and we can
similarly remove Rog.

We can now summarise the above in the next corollary.

Corollary 3.23. Let )A(/(q) be a simply connected affine Kac-Moody group of rank
at least 3 over the field of q elements. Let A be the Dynkin diagram of )Z'(q) with
the vertices labelled by ., ..., . Suppose further that if A contains a subdiagram
of type Ba, then q > 3, and if it contains a subdiagram of type Go, q > 4.

Suppose that A contains three proper subdiagrams A1, Ao and As such that
a1y ey 0y € A1 U Ag and As is a subdiagram of A based on the vertices of (Aq '\
Do) U (A2 \ Ay). If fori = 1,2, ox,(q = (Di | R;) is a presentation of X;(q) and

TX4(q) 1S as defined above, then )Z'(q) has a presentation
o5 = (D1 UD;y | R URyUR;U Rya)

where the relations in R3 are obtained from the relations in R3* by substituting
generators in D3 with their expressions via generators in Dy or Do. In particular
we have |Rj| = |R5*|.

We will use this corollary many times in our calculations, and in practice we
will always choose A; and As to have an overlap. Corollary 3.23 holds more gen-
erally for 2-spherical split Kac-Moody groups - we state it for affine groups because

this is how we will use it.

3.1.4 General strategy

We now proceed to find presentation lengths for the 7 infinite families and 7 excep-

tional types of affine simply connected Kac-Moody groups of rank greater than or
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equal to 3 (i.e. n > 2), as well as for the groups Spin (2n,q). We will be following

the same general strategy in each case:

Step 1: Split the Dynkin diagram A into overlapping subdiagrams A; such that

A = U;A; and every subdiagram of rank 2 is contained in some A;.

Step 2: Apply Proposition 3.21 or Corollary 3.23 as appropriate to obtain a pre-

sentation of the group.

Step 3: Make use of presentation containments to remove redundant generators

and relations.

Step 4: Calculate the length of the obtained presentation using the presentation

lengths of quasisimple groups given in Table A.1.

Several of the cases with smaller values of n will need to be done separately

because we have smaller presentations of the quasisimple groups available in those

cases, or because the choice of subdiagrams is different to the general case.

3.2 Presentation of Spin (2n, q)

A presentation of the groups Spin (2n, q), n > 4 is given in [GKaKasL11]. Their pre-

sentation has 9 generators and 42 relations. In this section we show how to shorten

this estimate using our general strategy. In the next section we will move on to

calculating presentations of the affine Kac-Moody groups using the same strategy.

ay

ay

To obtain an initial presentation of G = Spin (2n,q), n > 4, we use Corol-
lary 3.23.

a2

QAp—1

An—1
.

.............. < o—0— +°++—0 -
Ap—3 an—2 a a ap-3
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Let A1 be the subdiagram of A whose vertices are the n—1 nodes ay,...,a,_1.
Let As be the subdiagram of A whose vertices are the nodes a,_o and a,. Then
Aj is the subdiagram of A based on all vertices but a,_s.
By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(gq) are simply
connected. Ay has type A,,_1 and so

X1(q) = SL(n,q).

As is of type Ao and so

Finally, Az is of type A,_3 x A1 X A1, hence
X3(q) 2 SL(n—2,q) x SL(2,q) x SL(2,q).
Clearly, A = Aj U As. Therefore G has a presentation
o =(D1UDsy| RiURyUR;U Ry2),

as described in Corollary 3.23.

We take a presentation ox, (4 of X1(g) from Table A.1. If n > 9, ox, (4 = 07
(or p7 if g is even), if 5 < n < 8, ox,(q) = 05 (or ps if ¢ is even), and if n = 4,
Ox,(q) = 03 (or p3 is g is even). Consider the subgroup X = L, 2 of GG. Its Dynkin
diagram is of type A; and Proposition 3.18 asserts that the corresponding subgroup
is simply connected, so X = SL(2,q). From Table A.1 we know that X has a
presentation ox = (Dx | Rx) = o1 with |[Dx| = 3 and |Rx| = 9 (or p; with
|Dx| =3, |Rx| =5 if ¢ is even).
Now X is a subgroup of both X (¢q) and X2(g). The group Xs(q) has a presentation
Oxy(q) = 02 (or pa if ¢ even) with ox C 0x,(,). Since X < Xi(q), clearly the
generators Dy are contained in X7(g). Thus elements of Dy can be expressed in
terms of elements of D;. Moreover, the relations Ry automatically hold, since they
hold in X;(g). We can thus use Tietze transformations to eliminate Dx and Rx.

This makes the relations Rj2 superfluous so we can remove them too, obtaining;:
O'IG = (D1 U (Do \ Dx)| RiU(R2\ Rx)U R§>

If n > 9, we use o7 for ox,(4), which requires 6 generators and 25 relations,
so that Dy U (Do \ Dx)| =6+ (4—3) =7 and |Ry U (Ry \ Rx)| =25+ (14— 9) =
30. For g even we use p7, which requires 6 generators and 21 relations, giving us
|D1U (Do \ Dx)| =64 (4—3)=7and |R; U(Ry \ Rx)| =21 + (10 — 5) = 26.

Now consider X3(q) = (X3(q) N X1(q)) x (X3(q) N Xa(q)) where X3(¢q) N
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Xi1(q) 2 SL(n—2,q) xSL(2,q) and X3(¢q) N X2(q) = SL(2,¢). Each factor has two
generators (Proposition 3.9). Denote them by a1, az and by, by respectively. R} is
the set of relations that ensure that X3(q) N X1(¢) commutes with X3(q) N X2(q).

So we have
R3 = {[a1,b1] = [a1,b2] = [a2,b1] = [az, bo] = 1}

and |R3| = 4.

Therefore if n > 9, G has a presentation with 7 generators and 30 +4 = 34
relations (or 7 generators and 26 + 4 = 30 relations if ¢ is even). We call this
presentation 015 (p15 in the even case) of Table A.1.

Similarly, if n = 4 then we use the presentation o3 for o, (4), which requires

q)
5 generators and 20 relations, so G has a presentation with 5+ (4—3) = 6 generators
and 20 + (14 — 9) + 4 = 29 relations. We call this presentation o3 of Table A.1.

For g even we use the presentation p3 for ox, (4), which requires 5 generators and 16

)’
relations, so G has a presentation with 5+(4—3) = 6 generators and 16+(10—5)+4 =
25 relations. We call this presentation pi3 of Table A.1.

Finally, if 5 < n < 8 then we use the presentation o5 for oy, (,), which
requires 5 generators and 21 relations, so G has a presentation with 5+ (4 —3) =6
generators and 21 + (14 — 9) + 4 = 30 relations. We call this presentation o4
of Table A.1. For g even we use the presentation ps for o, (4), which requires 5
generators and 17 relations, so G has a presentation with 5+ (4 — 3) = 6 generators
and 17+ (10 — 5) + 4 = 26 relations. We call this presentation p14 of Table A.1.

Note that our final presentations contain oy, (4 in its entirety, and the latter
contains oy (respectively p; for ¢ even), so our presentations o013, 014 and o135 also

contain o (respectively p13, p14, p15 also contain py).

3.3 Untwisted affine Kac-Moody groups

We now go through the calculations for the 4 infinite families and 5 exceptional
types of affine untwisted simply connected Kac-Moody groups of rank greater than

or equal to 3.

3.3.1 A,(q),n>4

We begin by considering the case n > 8. The Dynkin diagram A of G = gn(q)

consists of n + 1 vertices:
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a’n a”ﬂ

ay Q
0 Ap—1 0 Ap—1

o e o 0

aq as
a2
AQ Ag
[£2%
o
ag .
Ap—1 0 Ap—1
ay $a3 . a1 L oa3

We now use Corollary 3.23. Let A; be the subdiagram of A whose vertices
are the n nodes ag, a1, as,...,an_1. Let As be the subdiagram of A whose vertices
are the n nodes a1, ag, Gn,@n—1-..,a3. Then Ag is the subdiagram of A whose
vertices are the two nodes as and a,,.

By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(q) are simply
connected. Ay and Ay are both of type A, so we have

Xi1(q) = Xa(q) ®SL(n+1,q).
Aj is of type A1 x A1 and so

Clearly, A = A; U Ay. Therefore, following the notation of Corollary 3.23,
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G has a presentation
oG = <D1UD2 | R1UR2UR§UR12>.

We now proceed to find the required presentations for Xi(q), X2(q) and
X3(q)-
Consider the subgroup X of G that is generated by Lg and L;. Its Dynkin diagram
is of type As. Proposition 3.18 asserts that this subgroup is simply connected, and
thus X = SL (3, ¢q).
From Table A.1 we know that X has a presentation ox = (Dx | Rx) of type o9
with 4 generators and 14 relations (respectively ps with 4 generators and 10 rela-
tions when ¢ is even).
Now X is a subgroup of both X;(¢) and Xs(q). Both of these are isomorphic to
SL (n 4+ 1,q) and Table A.1 says this group has two presentations o7 and og, with
og containing o9 (for ¢ even the two presentations are p7 and ps, with pg containing
p2). In particular X;(g) has a presentation ox, (4 of type o7 that requires 6 genera-
tors and 25 relations (respectively p7 with 6 generators and 21 relations for ¢ even),
and Xs(q) has a presentation oy, ) of type os, with 7 generators and 26 relations

(respectively pg with 7 generators and 22 relations for ¢ even), and

ox © 0Xs(q)-

Since X < Xj(q), the generators Dy are in X;(¢q) and the relations Rx already

hold. We now use Tietze transformations to eliminate Dx and Rx:
o = (D1U (D2 \ Dx) | RiU(Ry \ Rx) U RS U Rya).

We have |D;U(Dy\ Dx)| = 6+(7—4) = 9 and |R U (R \ Rx)| = 25+ (26—14) = 37
(for g even we have |D; U (D2 \ Dx)| =6+ (7—4) =9 and |R; U (R2 \ Rx)| =
21 + (22 — 10) = 33), and so it remains to compute |Rj| and |Rj2|.

Consider X3(q) = L2 x L,. Since Ly = L, = SL(2,q), each factor has
2 generators (Proposition 3.9). Denote them by aj, a2 and by, by respectively. In
the notation of Corollary 3.23, R} is the set of relations that ensure Xi(q) = Lo
commutes with X2(q) = Ly, and so

R = {[a1,b1] = [a1,b2] = [a2,b1] = [az, bo] = 1}

and hence |R3| = 4.

Finally, A1 N As is of type As x A,,_3. By Proposition 3.9, the corresponding
group SL (3,¢) x SL (n — 2,¢) has 2 generators. We call them c;,d; as elements of
X1(q) and c9, dy as elements of X5(q). Then Ry is the set of relations equating the
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corresponding generators of this group so
Riz = {c1 = ca,dy = da}

and hence |Ri2| = 2.
It follows that the presentation oy, of G has 9 generators and 37+4+2 = 43

relations (9 generators and 33 + 4 + 2 = 39 relations for ¢ even).

If 4 <n <7, according to Table A.1 we may use the presentations o5 and
o¢ instead of o7 and og (respectively ps; and pg instead of p; and pg for ¢ even).
The presentation o5 has 5 generators and 21 relations while o¢ (containing o9)
has 6 generators and 22 relations, so G has a presentation with 5+ (6 —4) =7
generators and 21 + (22 — 14) + 4 + 2 = 35 relations. For ¢ even, the presentation
ps has 5 generators and 17 relations while pg (containing ps) has 6 generators and
18 relations, so G has a presentation with 5+ (6 — 4) = 7 generators and 17 4 (18 —
10) 4+ 4 + 2 = 31 relations.

3.3.2  Ay(q)

To obtain a presentation of G = gg(q), we start with Proposition 3.21.

A = A(Ay) A
& o
L

Ay As

ap

ay
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We let Ay be the subdiagram of A based on the vertices ag and a1, As be
the subdiagram based on the vertices ag and as, and Aj be the subdiagram based
on the vertices a; and as.

Clearly, A = Ug’zlAi and every pair of vertices is contained in at least one of the
A;.

Thus G has a presentation
oG = <D1 U Dy U Dg | R, URQURgUR12UR13UR23>.

By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(gq) are simply
connected. Ay, Ag and As all have type As, so we have

Xi1(q) = Xa(q) = X3(q) = SL(3,9),

and Table A.1 tells us that each X;(q) has a presentation oy, = 02 (i = 1,2,3)
with 4 generators and 14 relations (or py with 4 generators and 10 relations if ¢ is
even).

Now consider the group X = L. It is isomorphic to SL (2, ¢), and thus has a
presentation ox = o with 3 generators and 9 relations (or p; with 3 generators and 5
relations if ¢ is even). Moreover X is a subgroup of both X;(¢q) and X2(q). Table A.1
says that o7 is contained in o9 (respectively p; C p2), so we can choose presentations
0x,(q) ad 0 x,(q) of type o2 (vespectively p2) such that ox C ox, () and ox C ox,(g)-
It follows that |D;jUDy| =4+4—3=5and |[Rj URy| =14+14 -9 =19 (for ¢
even this becomes |D; U Dy| =4+4—3=5and |[R; URe| =10+ 10— 5 = 15).
Also, Rys is by definition the set of relations that identify the generators of X12(q) =
(L; | oy € A1 N Ag) in Xi(q) and in Xa(q), and we have X12(¢) = X, so these
relations are superfluous.

Take now Y = L;. It is also isomorphic to SL (2, ¢), and thus has a presen-
tation oy = o with 3 generators and 9 relations (respectively p; with 3 generators
and 5 relations if ¢ is even). o7 is contained in oy (respectively p; C p2), so with-
out loss of generality we may assume that oy C ox,(,). Then by Theorem 5.1 of
[GKaKasL11],

Ox3(q) = (Dy U{c} | Ry U Rj),

where Dy = {u,t,h} (in the notation of Theorem 5.1 of [GKaKasL11]) and R
is a set of 5 relations involving ¢ and elements of Dy. Y is a subgroup of Xi(q),
so in particular the elements Dy are contained in Xi(q). Thus w, ¢ and h can be
expressed in terms of elements of Di. Moreover, the relations Ry hold, since they
hold in X;(¢). And since Y = Xj3(q) := (L; | oy € Aj N Ag), the relations Ry
identify the generators of Y inside X7 (¢) and X3(¢). But these are now both written

in terms of D; and are already equal so these relations are superfluous. Now we can
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use Tietze transformations to eliminate the redundant generators and relations Dy,
Ry, R13 and R12:

O'é;:<D1UD2U{C}|R1UR2UR§UR23>.

By Lemma 3.19, X3(q) = SL (3, q) is generated by its subgroups Ly =Y and Ly. Y
is a subgroup of X;(q) and Ls is a subgroup of Xs(q). Hence ¢ can be expressed in

terms of elements of D1 U Dy, so we can eliminate it. We obtain
05 = (D1UDy | Ry URyU RS U Rag).

Finally, since AoNA3z = A; and the corresponding simply connected group Xs3(q) =
SL (2, q) is 2-generated (Proposition 3.9), the relations Re3 need to pairwise identify
these two generators in Xs(q) and X3(q), so |Rasz| = 2.

So G has a presentation with 5 generators and 194542 = 26 relations (5 generators
and 15 4+ 5 4 2 = 22 relations when ¢ is even).

3.3.3  A5(q)

To obtain a presentation of G = Z3((]), we start with Proposition 3.21.

A = A(A3) A
ap as Qo as
[o Vo) O e .
o O o °J
ay a9 ay as
AQ A’%
an as ag as
c 3 Y o
O . b o
aq a9 ap a2
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We let A be the subdiagram of A based on the vertices ag, a; and as, As
be the subdiagram of A based on ag, a; and a3, and Asz be the subdiagram of A
based on ay and as.
Now A = U}_,A; and every pair of vertices is contained in at least one of the A,

so (G has a presentation
oGg = <D1 U Dy U Dg ’ R, URQURgUR12UR13UR23>.

By Proposition 3.18, the corresponding groups Xi(¢q), X2(q) and X3(gq) are simply
connected. Ay and As have type Az, so we have

Xi1(q) = Xa(q) = SL(4,9).

In particular, Table A.1 tells us that X;(q) has a presentation Ox,(q) = 03 With 5
generators and 20 relations (respectively p3 with 5 generators and 16 relations if ¢
is even).

Let us consider the subgroup X of G generated by Lo and L;. Its Dynkin
diagram is of type As and Proposition 3.18 says that it is simply connected, so
X = SL(3,q). From Table A.1 we know that X has a presentation ox = (Dx |
Rx) = oy with 4 generators and 14 relations (respectively ps with 4 generators and
10 relations if g is even).

Now X is a subgroup of both X (q) and X2(g). Moreover Table A.1 says that X2(q)
has a presentation o, ;) = 04 (respectively py for q even) with ox C ox,(4). Since
X is a subgroup of X1(¢), Dx C Xi(q) and the relations Ry already hold, so we
can use Tietze transformations to remove them both from og. And by definition
Rj12 is the set of relations identifying the generators of Xi2(¢) = X inside X;(q)
and X(q), but both of these are now written in terms of D1, so these relations are

superfluous and we can remove them too, obtaining:
oG ={(D1U(D2\ Dx)U D3 | Ri U (Rz\ Rx)U R3 U Ri3U Rag).

Since o4 requires 6 generators and 21 relations, |D; U (D2 \ Dx)| =5+ (6 —4) =7
and |R1U(R2\ Rx)| =20+ (21 —14) = 27. For q even, p4 requires 6 generators and
17 relations, so we have |D; U (D2 \ Dx)| =5+ (6 —4) =7 and |R; U(R2 \ Rx)| =
16 + (17 — 10) = 23.

Take now Y = L3. By Proposition 3.18 we have Y = SL (2, ¢) and X3(q) =
SL(3,q). Y is a subgroup of X3(q) and, without loss of generality, using Table A.1,
we may assume that oy C ox,(,) With oy = 01 and oy, = 02 (respectively
oy = p1 and oy, = p2 for ¢ even). Then by Theorem 5.1 of [GKaKasL11],
Ox,3(q) = (Dy U{c} | Ry URS) where Dy = {u,t,h} (in the notation of Theorem 5.1
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of [GKaKasL11]) and Rj is a set of 5 relations involving ¢ and elements of Dy. Since
Y is a subgroup of Xs(q), the elements Dy are obviously in X2(q). By the above,
every element of X»(q) can be expressed in terms of elements of D; U (D2 \ Dx),thus
u, t and h can be expressed in terms of elements of Dy U (D2 \ Dx). Moreover, the
relations Ry hold, as they hold in X3(g). So we can use Tietze transformations to
eliminate Dy and Ry. Finally, as above, the relations Rs3 are no longer required

since they now identify subgroups that are already equal, so we get
O’é = <D1 U (D2 \ Dx) U {C} ‘ Ry U (R2 \ D)() U Rg U R13>.

Recall that Lemma 3.19 says that X3(q) = SL (3, ¢q) is generated by its subgroups
Ly and Ls. Lo is a subgroup of X (q) and L3 is a subgroup of X2(q), hence ¢ can be
expressed in terms of elements of D U (D2 \ Dx), so we can remove it. Finally, since
A1 N Az = A; and the corresponding simply connected group X135 = Lo = SL (2, q)
is 2-generated (Proposition 3.9), we need two relations to pairwise identify these

two generators inside Xi(¢) and X3(g), hence |Ry3| = 2. Therefore
o = (D1U(D2\ Dx) [ RiU (R \ Dx) U R3 U Ryz),

and so G has a presentation with 7 generators and 27 4+ 5 4+ 2 = 34 relations (re-

spectively 7 generators and 23 + 5 4+ 2 = 30 relations if ¢ is even).

3.34 B,(q),n>9

To obtain a presentation of G = En(q), n > 9, we use Corollary 3.23.
Let A; be the subdiagram of A whose vertices are the n nodes ag, a1, ...,a,—1. Let
A, be the subdiagram of A whose vertices are the nodes a,_1 and a,. Then Aj is

the subdiagram of A based on all vertices but a,_.

A =A(B,) A
Qg )
as as Ap—2 Gp—1 Ap [ as Ap-—9 Ap—1 ap,
P o o 0 oo — Q@ Il
ay ay
AQ AS
ap 4]
T L 2 as Up—2 Ap—1 an a2 as Qp—2 Gn—1 an
e e oc—>—Do —0 LRSS -

ai
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By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(q) are

simply connected. A; has type D, so we have
X1(q) = Spin (2n, q).

As has type Cy and so
X2(q) = Sp (4,9).

Aj is of type D, _1 x Aj hence
X3(q) = Spin (2n — 2,q) x SL(2,q).
Clearly, A = A1UA,. Therefore, as described in Corollary 3.23, G has a presentation
og=(D1UDy | Ry URyUR3U Ry2).

Consider a subgroup X = L,_1 of G. Its Dynkin diagram is of type Aj.
Proposition 3.18 asserts that this subgroup is simply connected, and thus X =
SL (2, q). From Table A.1 we know that X has a presentation ox = (Dx | Rx) = 01
with |[Dx| = 3 and |Rx| = 9 (respectively p; with [Dx| = 3 and |Rx| = 5 if ¢ is
even).

Now X is a subgroup of both X (¢q) and X2(g). The group Xs(q) has a presentation
OXx,(q) = 09, With 5 generators and 27 relations, if ¢ is odd, and ox,(4) = p10, with 6
generators and 20 relations, if ¢ is even. From Section 3.2 we know that X (g) has
a presentation ox, () = 015, With 7 generators and 34 relations (respectively pis,
with 7 generators and 30 relations, if ¢ is even), and that ox C X1 (q)-

Since X is a subgroup of X3(q), the elements Dx are obviously in Xs(q),
so we can write them in terms of Dy. Moreover, the relations Rx hold, as they
already hold in X5(g). So we can use Tietze transformations to eliminate Dy and
Rx. This causes the relations Ri3 to become redundant, so we can remove them

too, obtaining:
ot = (D1 \ Dx) U Dy | (R1\ Rx)U Ry URj).

We have |(D1\Dx)UD3| = (7—3)+5 =9 and |(R1\Rx)UR2| = (34—9)+27 = 52if ¢
is odd, and |(D1\Dx)UD3| = (7—3)+6 = 10 and | (R \ Rx)UR2| = (30—5)+20 = 45
if ¢ is even.

It only remains to compute |Rj|. Consider X3(g) = Spin (2n—2, ¢) xSL (2, q).
Each factor has two generators (Proposition 3.9). Denote them by a1, as and by, by

respectively. Then R} is the set of relations that ensure that X3 (g) = Spin (2n—2, q)
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commutes with X2(q) 2 SL (2, ¢) and so
R; = {[a1,b1] = [a1, b2] = [a2, b1] = [ag, bo] = 1}

and hence |Ri| = 4.
Therefore G has a presentation with 9 generators and 52 + 4 = 56 relations

if ¢ is odd, and 10 generators and 45 + 4 = 49 relations if ¢ is even.

3.3.5 B,(q), 3<n<8

To obtain a presentation of G = En(q) for 4 <n < 8, we use Corollary 3.23 just as
in the previous case, making use of the smaller presentations of X;(¢) = Spin (2n, q)

now available to us.

IfG = §4(q), Ay is of type Dy, and so X1(¢q) = Spin (8, ¢) and has a presen-
tation ox, () = 013 with 6 generators and 29 relations (or pi3 with 6 generators and
25 relations if ¢ is even). Using this in place of the o15 (or p15) we used previously
gives us a presentation of G with (6 —3)+5 = 8 generators and (29—-9)+27+4 = 51
relations if ¢ is odd, and (6 — 3) + 6 = 9 generators and (25 — 5) +20 +4 = 44

relations if ¢ is even.

For G = En(q) with 5 <n <8, A; is of type D,,, and so X1(gq) = Spin (2n, q)
and has a presentation oy, () = 014 with 6 generators and 30 relations (or p14 with
6 generators and 26 relations if ¢ is even). Using this in place of the 015 (or p15) in
the general case gives us a presentation of G with (6 — 3) + 5 = 8 generators and
(30 — 9) + 27 + 4 = 52 relations if ¢ is odd, and (6 — 3) + 6 = 9 generators and
(26 — 5) + 20 + 4 = 45 relations if ¢ is even.

Now we do the final case of G = Eg(q). We use Corollary 3.23 again as in

the previous case.
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A = A(Bs) Ay

ap Qo
as as as as
ay ay
A2 A.}
ag ag
o
. a2 ag az ag
q::b NN -
o
ax ay

As before we take A; to be the subdiagram of A based on the vertices ayg,
a1 and a9, and Ay to be based on the vertices as and 3. Then Ag consists of the
three disconnected vertices aq, a1 and as.

Now A; is of type Az and Proposition 3.18 asserts that the corresponding subgroup

is simply connected so we have
Xi(q) = SL(4,9),

and Table A.1 gives us a presentation o, ) = 03 with 5 generators and 20 relations
(or p3 with 5 generators and 16 relations if ¢ is even). A is again of type Cy so we

have
Xo(q) = Sp(4,9),

and this group has a presentation o, ) = 010, with 6 generators and 28 relations,
if ¢ is odd and ox,(4) = p10, With 6 generators and 20 relations, if ¢ is even. Note
that we have chosen the larger presentation oyg instead of o9 as in the previous case,
since by Lemma 3.16 this presentation contains two copies of o1, corresponding to
both a short and a long root.

Taking X = Lo again, we have that X is a subgroup of both X;(¢) and Xa(q),
X = SL(2,q9), and X has a presentation ox = (Dx | Rx) = o1 (or p; if ¢ is
even) with ox C Oxy(q)- Since X is a subgroup of X1(q), the generators Dx are
themselves in X;(g), and the relations Rx hold, since they already hold in X;(q).
So we can use Tietze transformations to remove Rx and Dx. As before this causes

the relations Ry2 to become superfluous, so we can eliminate them too.
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We obtain that G has a presentation
O'IG =(D1U(D2\ Dx) | RiU(R2\ Rx)UR3).

Finally, we have X3(q) = (X1(q)NX3(q)) x (X2(¢)NX3(q)) = (SL(2,q) xSL(2,q)) x
SL (2, q). Each factor is 2-generated (using Proposition 3.9), so as before we obtain
that |R}| = 4.

So G has a presentation with 5+ (6 — 3) = 8 generators and 20 + (28 —9) +4 = 43
relations if ¢ is odd, and 5 + (6 — 3) = 8 generators and 16 + (20 — 5) + 4 = 35

relations if g is even.

3.36 C,(q),n>3

To obtain a presentation of G = én(q), n > 3, we use Corollary 3.23.

A = A(C,) Ay
o - © © . -] [ 0 O ¢ ——0 Il
ao ay a2 Gp—2 QAp—1 Qp, Qo ay a2 Qap—2 Qn-1 Qp,
AQ A’;
B R R oc——=c—Do o —0 [EEEE SRR -}
ao ax az Qn—2 Qn—1 an o ax az U2 Qn-1 an
Let Ay be the subdiagram of A whose vertices are the n nodes ag, ..., Gn_1.

Let As be the subdiagram of A whose vertices are the nodes a,_1 and a,. Then
Aj is the subdiagram of A based on all vertices but a,_1.

By Proposition 3.18, the groups Xi(q), X2(¢) and X3(q) are simply connected.

Ay has type C, so

Xi1(q) = Sp (2n,q).

A, is of type Cy and so
X2(q) = Sp (4, q)-

Finally As is of type A1 x C,,_1 hence
Xs3(q) = SL(2,q) x Sp (2n — 2,q).
Clearly, A = A1 U As. Therefore G has a presentation

UG:<D1UD2‘R1UR2UR§UR12>.
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as described in Corollary 3.23.

From Table A.1 we take a presentation oy, () = 011, with 8 generators and
47 relations, if ¢ is odd, and oy, () = p11, with 9 generators and 40 relations, if ¢ is
even.
Consider a subgroup X = L,_1 of G. Its Dynkin diagram is of type A; and by
Proposition 3.18 the corresponding subgroup is simply connected, so we have X =
SL(2,q). We also know that X has a presentation cx = (Dx | Rx) = o1 with
|Dx|=3and |Rx| =9 (or p; with |Dx| =3 and |Rx| =5 if ¢ is even).
Now X is a subgroup of both X (¢) and X5(q). The group Xs(q) has a presentation
OXx,(q) = 09, With 5 generators and 27 relations, if ¢ is odd, and ox,(4) = p10, with 6
generators and 20 relations, if ¢ is even. X corresponds to the short root of Xs(q), so
recall from Lemma 3.16 that ox C 0x,(g). Since X < X;(g), obviously, Dx C X1(q).
Thus elements of Dx can be expressed in terms of elements of D;. Moreover, the
relations Rx hold, as they hold in X (q). We use Tietze transformations to eliminate
Dx and Rx. As before, this causes the relations R to be redundant, so we can
remove them too.

We obtain that G has a presentation
U/G = <D1 U (DQ \ D)() | Ry U (RQ \ Rx) U R§>

We have |D1U(D2\ Dy )| = 8+(5—3) = 10 and |RyU(Ry\Rx)| = 47+ (27—9) = 65 if
qisodd, and [D1U(D2\Dx)| = 9+(6—3) = 12 and |R1U(R2\Rx )| = 40+ (20—-5) =
55 if ¢ is even.
Finally, consider X3(q) = Sp(2n — 2,q) x SL(2,q). Each factor has two
generators (Proposition 3.9). Thus as in the previous cases we obtain |Rj| = 4.
Therefore G has a presentation with 10 generators and 65 + 4 = 69 relations

if ¢ is odd, and 12 generators and 55 + 4 = 59 relations if ¢ is even.

3.3.7 (s(q)
A = A(Ch) Ay
a >3 [ o] L o) ﬂibiﬁiiiiiiiiiiiii
AQ A?
11222111212121120:=D Q. llliiiiiiel O
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The only difference with the previous case is that A; = Co, and thus Xs(q)
has a presentation ox, () = 09 if ¢ is odd and ox, ;) = p10 if ¢ is even. Replacing 013
and p11 by these, we obtain that G = Cs(q) has a presentation with 5+ (5—3) =7
generators and 27 + (27 — 9) + 4 = 49 relations if ¢ is odd, and with 6+ (6 —3) =9
generators and 20 + (20 — 5) + 4 = 39 relations is ¢ is even.

3.3.8 D,(q),n>6

We start by assuming that n > 9. To obtain a presentation of G = En(q) we use
Corollary 3.23.

Let A1 be the subdiagram of A based on the n — 1 vertices ay,as,...,a,—1. Let Ao
be the subdiagram of A based on the vertices ag, as, a,_2 and a,. Then Ag is the

subdiagram of A based on all vertices but as and a,_s.

A =A(D,) Ay
ap ao Ap—1
a2 as as as an-3 ap—2 "
.
ay ay Qp
AQ AB
ao Ap—1 [¢0] Gp—1
.

ay Qp, ai A,

By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(q) are

simply connected. Aj has type A,_1 so we have
Xi(q) = SL(n, q).
A, has type As x Ay and so
Xa(q) = SL(3,q) x SL(3,9).
As is of type (A1)* x A,_5 hence
X3(g) = (SL(2,9))" x SL (n — 4,q).

Clearly we have A = A; |JAy. Therefore, as described in Corollary 3.23, G
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has a presentation
oG = <D1UD2 | R1UR2UR§UR12>.

Now X(¢) has a presentation 0x,(q) = 07 With 6 generators and 25 relations (or p7
with 6 generators and 21 relations if ¢ is even).
Consider a subgroup X of G generated by Ls and L, 5. Its Dynkin diagram is of
type A1 X A and by Proposition 3.18 the corresponding group is simply connected,
so we have X = SL(2,q) x SL(2,q). From Table A.1 it follows that X has a
presentation

ox = (D% UDY? | Ry URE2U RY)
where 0% = (D% | R%) is a presentation of Ly = SL(2,q), 0% = o1 (or p; if ¢
is even), o2 = (D% ? | R’ ?) is a presentation of L, = SL(2,q), o'y > = o
(or p1), and R% are the relations that ensure that [Lo, L,—2] = 1. Proposition 3.9
says that both Ly and L, s are 2-generated, so we may chose c1,co € Lo and
di,dy € L9 so that R = {[c;,d;] = 1,1 <1,j < 2}. Hence, |R%| = 4.

Now X is a subgroup of both X;(q) and X2(q). Moreover Xs(q) has a
presentation ox,(,) With ox C ox,(). Indeed, take oy, = (D2 | R2) such that
D, = Dg U Dy~ and Ry = R3 U Ry™> U Rj where for i = 2 and n — 2, o’ =
(D% | RY) is a presentation of a subgroup Lggo of Xa(q) if i = 2, and Ly,_g,, if
i =n—2, 0%2@ = (D} | R}) = 09 and R} are the relations that ensure that
[Lo2, Ln—2,] = 1. Now Proposition 3.9 says that both Lo and for L,_s, are 2-
generated, and Corollary 3.11 says that we can freely choose one of the generators in
the corresponding generating pairs, so we may take ¢}, ¢, € Los and d},d) € Ly_2p
with ¢] = ¢1, d] = di. Then let Ry = R, U{[c},dy] = [c),d]] = [y, d5] = 1}. Then
R% C R; and |R5 \ R%| = 3.

Since X < Xi(¢), Dx € Xi(¢) and relations Rx already hold in X;(gq). We

use Tietze transformations to eliminate Dy, Rx and Rqs:
O'/G = <D1 U (DQ \ Dx) | Ry U (RQ \ Rx) U R§>

Notice that |D; U (D \ Dx)| =6+ (4 —3)+ (4 —3) =8 and |R; U (Ry \ Rx)| =
95 + (14 — 9) + (14 — 9) + 3 = 38,

Finally, X3(q) = (X3(q) N X1(q)) x (X3(q) N X2(q)) where X3(q) N X1(q) =
Ly x (L3, ...;Lp—3) x L1 = SL(2,q) x SL (n—4, q) x SL(2, ¢) and X3(q) N X2(q) =
Lox L, = SL(2,q) xSL(2,q). Since each of the factors requires only two generators
(Proposition 3.9), we obtain that |Rj| = 4. Therefore G has a presentation with
8 generators and 42 relations if g is odd. For even ¢ the corresponding calculation
gives 8 generators and 21 + ((10 — 5) + (10 — 5) + 3) + 4 = 38 relations.

If 6 < n <8, then the above argument works with little variation. The
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subgroup Xi(q) = SL (n, q) has a presentation ox, ;) = 05 with 5 generators and 21
relations. The rest of the argument does not change, producing a presentation of G
with 7 generators and 38 relations if g is odd and 7 generators and 34 relations if ¢

is even.

3.3.9 D,(q),n=45

A = A(Dy) A

ao az

AQ AB
ao as ap as
. e 0. N [
) aog\ as
o (]
ay 4 ay a4

This time we use Corollary 3.23 with Ay = D, based on all vertices but
ap, and Ag = Ay based on vertices ap and as. Then X;(¢) = Spin(2n,q) and
Xo(q) = SL(3,q). Thus Az = A} if n = 4, and A3z = A? x A3 if n = 5, giving
X3(q) = SL(2,¢)* and X3(q) =2 SL (2,q)? x SL (4, q) respectively.

Consider a subgroup X = Lo of G. Then X < X;(q) for i = 1,2, X =
SL(2,q) and X has a presentation ox = (Dx | Rx) = o1. Now Xj(q) has a
presentation ox, 4 = 013 if n =4 and ox, () = 014 if n = 5. The group X2(q) has
a presentation ox,) = 02 and ox C ox,(g). Since X < X1(q), Dx C X;(q) and
Rx hold as they hold in X;(q). We use Tietze transformations to eliminate Dy,

Rx and Rjs to obtain a presentation
oG = <D1 U (D2 \D)() ‘ Ry U (R2 \ Rx) UR§>

where as usual |Rj| = 4 (using Proposition 3.9). Thus G has a presentation with
6 + (4 —3) = 7 generators and 29 + (14 — 9) + 4 = 38 relations if n = 4, and
6 + (4 — 3) = 7 generators and 30 + (14 — 9) + 4 = 39 relations if n = 5. For even
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q the corresponding calculations give 25 + (10 — 5) + 4 = 34 relations if n = 4 and
26 4 (10 — 5) + 4 = 35 relations if n = 5.

A = A(Ds)
ag Qg
as ag
ai as
Ay As
ag as ag ay
. 0
............ < P
as as a az
(-]
ay as ay a,

3.3.10 Eg(q)

This time we use Corollary 3.23. Take A; = As on vertices aq, a9, as,as and ag,
Ay = Az on vertices ag, ag and az. Then Ag = Ay x Ag x As is based on all vertices

but as.

A= A(E@) A1

ay

A, Ay

ag I ag
ay D a4y

Hence, G = Eg(q) has a presentation
oG = <D1UD2 | RlURzUR§UR12>.

Using Proposition 3.18 and Table 3 we have that X; = SL (6, ¢q) has a presentation

Tx,(q) = 05, and Xa = SL (4, ¢) has a presentation ox,(,) = 3.
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Consider a subgroup X = L3 = SL(2,q) of G. Then X has a presentation
ox = (Dx | Rx) = 01. Now X < X;(q) for i = 1,2, and Lemma 3.15 implies
that ox C ox,(g)- Since X < Xi(q), Dx € Xi(q) and the relations Rx hold (as
they hold in X7(q)). We use Tietze transformations to eliminate Dy, Rx and Rjs.

Hence, G has a presentation
O'/G = <D1 U (D2 \ Dx) | Ry U (RQ \ Rx) U R§>

Finally, Xs(q) = (Xs(g)NX1(9)) % (Xs(g) 1 X(0)) 2 (SL(3,0) xS (3,)) xSL (3, ).
Both factors require 2 generators (Proposition 3.9), implying |R5| = 4. Therefore
G has a presentation with 5+ (5 — 3) = 7 generators and 21 + (20 — 9) + 4 = 36
relations if ¢ is odd. For even ¢ the corresponding calculation gives 7 generators and
17+ (16 — 5) 4+ 4 = 32 relations.

3.3.11  E:(q)

Again we use Corollary 3.23. Take A; = Ay based on all vertices but a5, and
Ay = As based on vertices a4 and as. Then Az = A3 x A3 x A; is based on all

vertices but ay.

A = A(F;) Ay

as . a5

AQ A‘%
as o 45
ay a2 ag (21 ag a7 o 431 a a3 Lay ag a7
.................................................... o—o0—=90 i - Q———0

Hence, G = E7(q) has a presentation as described in Corollary 3.23. Using
Proposition 3.18 and Table 3 we have that X; = SL (8, ¢) has a presentation Tx,(q) =
05, Xo = SL (3, ¢) has a presentation 0x,(q) = 02. Consider a subgroup X = Ly &
SL(2,q) of G. Then X has a presentation cx = (Dx | Rx) = 01. Now X < X;(q)
for i =1,2, and ox C 0x,(g)- Since X < Xj(q), Dx € Xi(q) and the relations Rx
hold (as they hold in X;(q)). We use Tietze transformations to eliminate Dx, Rx

and R12. Hence, G has a presentation

ol = (D1 U (D2 \ Dx) | RB1 U (R \ Rx) URL).
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Finally, X3(q) = (X3(¢)NX1(q)) x (X3(q)NX2(q)) = (SL(4,¢) xSL (4, )) xSL (2, q).
Both factors require 2 generators (Proposition 3.9), implying |R%| = 4. Therefore
G has a presentation with 5+ (4 — 3) = 6 generators and 21 + (14 — 9) +4 = 30
relations if ¢ is odd. If ¢ is even the corresponding calculation gives 6 generators
and 17 + (10 — 5) + 4 = 26 relations.

3.3.12  Ex(q)

We use Corollary 3.23. Take A; = Ag based on all vertices but ag, and Ay = Ao

based on vertices as and ag. Then Az = As x Ay X A1 is based on all vertices but as.

A = A(Ey) A

ag . Q6

ay a2 ag ay as a7 ag g ay a2 a3 [¢2) T a ay

Ag A)

ag o &
(<) ay a2 az @y as ay as g ay a2 as g a ar as
...................................................... P S N NS — T VS N

Hence, G = Eg(q) has a presentation as described in Corollary 3.23. Using
Proposition 3.18 and Table 3 we have that X; = SL (9, ¢) has a presentation TX1(q) =
o7, Xo = SL (3, ¢q) has a presentation oy, () = 02. Consider a subgroup X = L5 =
SL(2,q) of G. Then X has a presentation ox = (Dx | Rx) = 01. Now X < X;(q)
fori=1,2, and ox C 0x,(g)- Since X < Xi(q), Dx € Xi(q) and the relations Rx
hold (as they hold in X;(q)). We use Tietze transformations to eliminate Dx, Rx

and Rjo. Hence, G has a presentation
O'IG = <D1 U (DQ \ Dx) | Ry U (RQ \ Rx) U R§>

Finally, X(q) = (X3(q)NX1(g)) % (Xs(q)1Xa(a)) = (SL (6, 4) xSL (3, 4)) xSL (2, ).
Both factors require 2 generators (Proposition 3.9), implying |R%| = 4. Therefore
G has a presentation with 6 + (4 — 3) = 7 generators and 25 + (14 — 9) + 4 = 34
relations if ¢ is odd. If g is even we get 7 generators and 21 + (10 — 5) + 4 = 30

relations.

3.3.13  Fy(q)

The following proof is somewhat more convoluted than the ones we have seen so
far. It is possible to find a presentation of ﬁ4(q) using Corollary 3.23, but the more

careful method described here gives us a smaller presentation.
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We apply Proposition 3.21 with &k = 5. Take A; = A3 based on vertices ag,
a1 and ag, Ay = C9 based on vertices ag and ag, Az = As based on vertices ag and
aq4, Ay = Ag X As based on all vertices but as, and finally A5 = A3 x A; based on

all vertices but as.

A = A(Fy) Ay
ap ayp az as aq ag ap a a3 Qa4
[ o c—=—Do——0 [ © O lililiilEeeees .
Ay Ay
ay ay as as ay ag a as as ay
L a—s—mDo - e R Q)
Ay As
ag ay as az ay ay ay a: as ay
O—0 Il Q) o o O IlllililiE s )

Taking subgroups X;(q) corresponding to A; for 1 < i < 5, we obtain a

presentation of G

oG =(D1UDyUD3UDyUD;5 | Ry URyURsURyURsU|JRyj)
1<j

as described in Proposition 3.21. Notice that Rz = ().

Using Proposition 3.18 and Table 3 we have that X;(q) = SL(4,q) has a
presentation o, () = 03, X2(q) = Sp (4, ¢) has a presentation oy, = o9 (or p1o if
q is even), and X3(q) = SL (3, ¢) has a presentation o,y = 02.

Take X = Ly = SL(2,q). Then X < Xj(q) for i = 1,2 and Lemma 3.15
implies that ox C ox,(q)- Since X < Xa(q), Dx € X2(g) and Rx hold as they hold
in X2(q). We use Tietze transformations to eliminate Dx, Rx and Rj3 to obtain a

presentation

) <(D1\Dx)UD2UD3UD4UD5 ‘ (Rl\Rx)URQURgUR4UR5UURij\R12>.

e
1<j
Take Y = L3 = SL(2,q). Then Y < X;(q) for i = 2,3 and oy C ox,(q)-

Again we use Tietze transformations. This time we eliminate Dy, Ry and Ros to

obtain
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o) — ((Dy\ Dx) U Dy U (D3 \ Dy)U Dy U Ds |
(R1\ Rx)URyU(R3\ Ry) URyURs U [ JRij \ (Ri2 U Rag)).
i<j

By Proposition 3.18, X4(q) = (X4(¢)NX1(g)) x X3(g) = SL(3,q) x SL (3, q).
Each factor is 2-generated (Proposition 3.9). Let us denote these pairs of generators
by c¢1,co and dy,ds respectively. In fact, Corollary 3.11 allows us to choose ¢; €
Lo < X4(q) N X1(q) and dy € Ly < X3(q). Then X4(q) has a presentation TX4(q) =
(c1,¢2,d1,da | Rey ey URgy a4, URS) where (c1,c2 | Re, ¢,) is a presentation of X4(q)
Xi(q) = SL(3,q), (di,d> | Ra,.d,) is a presentation of X4(q) N X3(q) = X3(q)
SL(3,q), and R} = {[c1,d1] = [c1,d2] = [c2,d1] = [c2,d2] = 1}. Since X4(q) N
X1(¢9) < Xi(q), c1,¢2 € Xi1(q) and the relations R, ., hold as they hold in X;(q).
Similarly, di,ds € X3(¢) and relations Ry, 4, hold as they hold in X3(q). We now
use Tietze transformations to eliminate c1, c2,d1,da, Re c, U Ry, 4, and Ri4 U R3q.
Now we may eliminate relations Raq: R4 identify Xo(q) N X4(q). Note that Xo(g)N
X4(q) = (Xa(g) N X3(q)) N (X3(q) N X4(q)), and we have already identified X2(q) N
X3(q) and X3(q) N X4(q). Thus G has a presentation

I >

o) — ((Dy\ Dx) U Dy U (D3 \ Dy) U Ds |

5
(R1\ Rx)URyU(R3\ Ry)UR;URs U Ris).
i=1
Finally, by Proposition 3.18, X5(q) = X1(q) x (X3(¢) N X5(q)) = SL (4, q) x
SL (2,q). Each factor is 2-generated (Proposition 3.9). Let us denote these pairs
of generators by ¢}, ¢, and d},d, respectively. Notice that Corollary 3.11 implies

that we may choose ¢ = ¢ and d} = dy. Then X5(¢) has a presentation T X5(q)
(c1,¢h,dr,dy | Rey oy U Ry, g U R5) where (c1,¢) | Re, o) is a presentation of X5(g)
X1(g) = X1(q) = SL(4,q), (d1,d; | Ry, ay) is a presentation of X3(g) N X5(q)
SL(2,q), and Rf = {[c1,d1] = [c1,dy] = [ch,d1] = [¢h,d5] = 1}. Since X5(q) N
Xi(q) = Xi(g), c1,¢5 € Xi(g) and relations R, 4 hold as they hold in Xi(q).
Similarly, di,d; € X3(q) and relations Ry, 4 hold as they hold in X3(¢). We use

Tietze transformations to eliminate ¢y, c,dy, dj, R, o U Ry, ¢ and Ri5 U Rss to

R >

obtain
o) = (D)\ Dx)UDyU(D3\ Dy) | (Ry\ Rx)URyU(Rs\ Ry)UR;URLURgsU Rys).

Now we may eliminate relations Ras: Ras identify Xa(q) N X5(q). Note that Xa(g)N
Xs5(q) = (X1(g) N Xa(q)) N (X1(g) N X5(¢)), and we have already identified X;(q) N
Xo(q) and Xi(q) N X5(¢). We may also eliminate relations Ry5. Relations Rys
identify X4(q) N X5(g) which is a direct product of two components: Lo = (X1(g)N
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Xa(q)) N (X1(g) N X5(q)) and Ly = (X3(q) N X4(q)) N (X3(g) N X5(q)), and we have
already identified those.
Notice that |R; N RE| = 1 and so |R; U RE| = 7. Thus we have obtained a

presentation
o) = ((D1\ Dx)U Dy U (Ds\ Dy) | (Ra\ Rx)U Ry U (Rs \ Ry) U R} U )
with (5—3)+5+(4—3) = 8 generators and (20 —9)+27+ (14 —9)+7 = 50 relations

if ¢ is odd. If ¢ is even the corresponding calculation gives (5 —3)+6+(4—3) =9
generators and (16 — 5) 4+ 20 + (10 — 5) + 7 = 43 relations.

3.3.14  Gs(q)

A = A(Gy) Ay
o Cib O—————0 i
ag a as [ a a2
AQ AB
--------------- = O AN
[N ay a2 ag aq a2

We now use Corollary 3.23. Let A; be the subdiagram of A based on ag and
a1 and Ay the subdiagram based on a1 and as. Then Ag is the subdiagram based
on ag and as.

By Proposition 3.18, the corresponding groups Xi(q), X2(q) and X3(gq) are simply

connected. Aj is of type As so we have
Xi1(g) = SL(3,q)

Ay is of type G2 so we have
Xa(q) = Ga(q).

And finally Ags has type A1 x Ay so

X1(g) has a presentation ox, () = 02 and X2(q) has a presentation o, ) = o17. We
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have A = A1 UA,, therefore, in the notation of Corollary 3.23, G has a presentation
oG = <D1UD2 | R1UR2UR§UR12>.

Now take X = L; = SL(2,q). Then X is a subgroup of both X;(q) and Xs(q).
Also, X has a presentation ox = o1 which is contained in o, (), so we may use

Tietze transformations to remove Dy, Rx and Ri2, thus obtaining
oG = <(D1 \ D)() U Dy | (Rl \ Rx) U Ry U R§>

Since each SL (2, ¢) factor of X3(q) is 2-generated (Proposition 3.9), we obtain |Rj| =
4, and so og has 4 — 3 4 6 = 7 generators and 14 — 9 4+ 31 + 4 = 40 relations.

We now use Corollary 3.23. Take A; based on ag and aj, Ay based on ag
and a9, and Az based on ag and as.

Then X1(q) = SL (3, ¢) has a presentation ox, (4) = 02, X2(q) = Ga(q) has a
presentation o, ) = 016. Take X = L; = SL(2,q). Then X < X;(q) for i = 1,2.
Since X < Xo(q) and ox C 0Xx,(¢q), We may use Tietze transformations to remove

Dx, Rx and Rj9, thus obtaining
oG = <<D1 \ D)() U Dy ’ (R1 \ Rx) U Ry U R§>

Since X3(q) = SL(2,q) x SL (2, ¢q) and SL (2, q) is 2-generated (Proposition 3.9), we
obtain |R3| = 4, and so o¢ has (4 —3) +6 = 7 generators and (14 —9) +31+4 = 40
relations if ¢ is odd. If ¢ is even we get 7 generators and (10 — 5) + 23 + 4 = 32

relations.

3.4 Twisted affine Kac-Moody groups

We briefly go through the calculations for the 3 infinite families and 2 exceptional

types of twisted affine Kac-Moody groups of rank at least 3.
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3.4.1 Bi(q)

n A1
ap aq
a9 as Up—2 Qp—1 G, a2 as Q2 Qp—1 Gn
O O o—=—D0 ¢ —Q—0: il
ay ay
AQ A3
a Qo
..
as a3 Qp—2 Qp—1 Ay, a2 as Gp—2 Qp—1 an
------------------------- oc—=—po L R RRERR SR -]
ai a1

For n # 3, the proof is line by line repetition of the case G = gn(q) giving
us the same result: a presentation of G with 9 generators and 56 relations when ¢

is odd, and with 10 generators and 49 relations when ¢ is even, for n > 9, and the
same results as for En(q) for 4 <n <8.

A = A(BY) Ay
ap ap
as as as ag
ay ay
AQ A?
ap ap
o
a2 agz a3z az
d::b B S - |
o

ap

Now for G = Eé(q), we repeat the proof of the case ég(q) line by line with
one change: in the case when ¢ is odd, we take oy, = 09, thus obtaining a

presentation of G with 5+ (5—3) = 7 generators and 20+ (27 —9) +4 = 42 relations
if ¢ is odd, and 8 generators and 35 relations if ¢ is even.
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3.4.2 Cl(q)

To obtain a presentation of G = 6£(q), n > 3, we use Corollary 3.23.

A= A(CY A
o0— -+ —O O— +0¢e —O———0Q i
ap ay as Ap—2 Up—1 Ay, ag ay a9 Ap—2 Ap—1
AQ A’%
GIIIIIIIIR e e e o—=—Do x —0 i
ao ay (23] Ap—2 Gp—1 [ Qg ay a2 Up—2 Ap—1
By Proposition 3.18, the groups Xj(q), X2(¢) and X3(q) are simply con-
nected. Let A; = B, be the subdiagram of A whose vertices are the n nodes
ai,...,ay, and As = Cy the subdiagram of A whose vertices are the nodes ag and

a;. Then Xi(¢) = Spin(2n + 1,¢) and Xa(q) = Sp(4,q). It follows that Ag is
the subdiagram of A based on all vertices but ay, thus of type A; x B,_1. Hence,
Xs3(q) = SL(2,q) x Spin(2n — 1,q). Clearly, A = A; U Ag. Therefore G has a
presentation

og=(D1UDy | Ry URyUR3U Ry2).

as described in Corollary 3.23.

Take a presentation ox, () = o012 if ¢ is odd and ox ;) = p11 if q is even
(notice that By, (2%) = Cp,(2%)). Consider a subgroup X = L; of G. Its Dynkin
diagram is of type A; and so by Proposition 3.18, X = SL (2,¢q). From Table 3 we
know that X has a presentation ox = (Dx | Rx) = o1 with [Dx| = 3 and |Rx| = 9.
Now X < Xj(q) for i = 1,2. The group X2(q) has a presentation oy, = 010
By Lemma 3.16, ox C o0x,(y)- Since X < Xi(g), obviously, Dx C Xi(g). Thus
elements of Dy can be expressed in terms of elements of D;. Moreover, the relations
Rx hold, as they hold in X;(gq). We use Tietze transformations to eliminate Dx,
Rx and R;s to obtain:

ol = (D1 U (D2 \ Dx) | Bi U (Rs\ Rx) URY).

Finally, consider X3(q) = Sp (2n — 2,q) x SL(2,q). Each factor has two generators
(Proposition 3.9). Thus as before we obtain |Rj| = 4.

Therefore G has a presentation with 9 + (6 — 3) = 12 generators and 48 +
(28 —9) +4 = 71 relations if ¢ is odd. For even ¢ the corresponding calculation gives
9+ (6 — 3) = 12 generators and 40 + (20 — 5) + 4 = 59 relations.

93



(e ] S [ @] > [ o)
ap ay a2
Ay
'ZIZIZZIIZIZIZZIZO:,:D
ap ay az

Ay
aq ar a2
Aj
[« T RN « ]
Qg ay az

It n =2, we use oy, () = 09 if ¢ is odd and ox,(4) = p1o if ¢ is even, thus
obtaining a presentation with 5+ (6 — 3) = 8 generators and 27 4 (28 — 9) + 4 = 50
relations if ¢ is odd, and 6 + (6 — 3) = 9 generators and 20 + (20 — 5) + 4 = 39

relations if ¢ is even.

3.4.3 C(q)

_ !
A - A(On)
an 43 a2 Up—2 Gp—1 ap
Ay
‘‘‘‘‘‘‘‘ e e .o—=xt—D
aq ay a2 QAp—2 QAp—1 [

Ay
m—o_n c—o_oiﬁi::::::
ag ay («2) Qp—2 An—1

Az
——D0—O0—+:+—0 - MREEAREEE
ag ay a2 Up—2 an-1

For n > 3, the proof is a line by line repetition of the case G = @L(q)

with one change: in the case when ¢ is odd, we take oy, = 010, thus obtaining a
presentation of G with 8+(6—3) = 11 generators and 474 (28 —9)+4 = 70 relations.

In the ¢ even case nothing changes, we have a presentation with 12 generators and

59 relations.
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A= A(CY)
@ = U < L] a:\:n::::::'::::::::

2] ay a2 [N ay a9
AQ AB
-:::::::::::::::a¢n [« SN SN - ]
aq ] az ag al a9

For n = 2 we repeat the proof of the G = 5’2(q) case, but now ox C ox,(g),

so our presentation becomes:

O',G = <(D1 \Dx) U Dy | (R1\Rx) U Ry UR§>

This does not change the calculation, G still has a presentation with 7 generators

and 49 relations if ¢ is odd and 9 generators and 39 relations if ¢ is even.

Fi(q)
3.4.4 Fj(q
A:A(F4) A1
ag ay as as [ ag ay as az a4
[ o a—=—D—0 o o O illliiiae s
Ay As
ap ay as as ay ap ay az az aq
....................... —=—D0 - B I e I - o "
A4 AF)
g ay as as g Qg ay a2 az aq
L N - e -] © © L JERREDRRRERE AR o

The proof is line by line repetition of the case G = ﬁ’4(q). The outcome is the

same: a presentation with 8 generators and 50 relations if ¢ is odd and 9 generators

and 43 relations if ¢ is even.
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3.45 Gi(q)

A = A(GY) JAN|
o ———>> O—————0: ;i
agp a a2 g a as
AQ AB
--------------- [ == O iiiO
aqp ay a ag ay as

The argument follows the proof in the case G = éQ(q). The outcome is
the same: a presentation of G with 7 generators and 40 relations if ¢ is odd and 7

generators and 32 relations if ¢ is even.

3.5 Chevalley groups

As we mentioned earlier, affine Kac-Moody groups defined over I, are related to
Chevalley groups defined over F,[t, t71]: G(F,[t,t71]) = é(]Fq)/Z where Z = F is
a central subgroup of CN-‘w(Fq) [MoReh91, Section 2]. For example, SL ,(F,[t,t71]) is
the quotient of the simply connected affine Kac-Moody group Ap_1 (q) by its central
subgroup Z = Fx. Therefore we can obtain a presentation of G(F,lt, t=1) from
a presentation of G(Fq) (as in Table A.2) by adding one extra relation to kill a
generator of Z.

The groups G(F,[t,t~!]) can be generated by two elements (cf. Theorem 3.12).
Therefore we can change our presentation to a presentation of G(F,[t,t!]) in these
two generators. This change of generators costs two extra relations (cf. Lemma

2.1). The next theorem summarises this.

Theorem 3.24. Let G be a simple simply connected Chevalley group scheme of rank
n > 2. Take ¢ = p®, a > 1 with p a prime and set G = G(Fy[t,t™']). Then G has
a presentation with 2 generators and at most 72 relations with the possible excep-
tions of As(Falt,t7Y]), Bu(Falt,t71]), Cn(Falt,t71]), Go(Falt,t™1Y]), Fy(Falt,t™1)),
Ao (F3[t,t7Y]) and Go(F3[t,t71]). If G = As(Falt,t1]) or As(Fs[t,tY]), G has a

presentation with at most 3 generators and 30 relations.

The precise number of generators and relations in a presentation of G(F,[t, t1])
can be deduced from Table A.2 by adding 1 relation, and for a presentation with 2

generators can be found in Table A.3.
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Capdeboscq, Lubotzky and Remy connected the presentations of Chevalley
groups over F,[t,t71] with the profinite presentations of Chevalley groups defined
over F,[[t]] [CLRel6, Proposition 1.2]. An immediate consequence of their Proposi-

tion 1.2 combined with our Theorem 3.24 is the following statement.

Theorem 3.25. Let G be a simple simply connected Chevalley group scheme of rank

a

at least 2. For ¢ =p*, a > 1, p a prime, consider a profinite group G = G(F4][[t]]).

Then G has a profinite presentation with 2 generators and at most 72 relations with
the possible exceptions of Az(F2[[t]]), Bn(F[[t]]), Cn(F[[t]]), G2(F[[t]]), Fa(F2[[]]),
As(F3[[t]]) and Ga2(F3[[t]]). If G = Aa(F2[[t]]) or Aa(F3[[t]]), then G has a profinite

presentation with at most 3 generators and 31 relations.

3.6 Adjoint and Classical Groups

So far we have worked with presentations of a simply connected Kac-Moody group
X(q) defined over a finite field K = F,. Our method can be used to derive a
presentation of a Kac-Moody group that is not necessarily simply connected. In
this section we deal with adjoint and classical groups. This approach can be used
to derive a presentation of an arbitrary Kac-Moody group over F,.

There are two different meanings of the term adjoint group in the literature.
For a group X(g), one meaning is that its adjoint group is its image under the
natural homomorphism X (¢) — Aut (X(¢)) given by the adjoint action (that is the
action on itself by conjugation). This is otherwise known as the inner automorphism
group of X (q), Inn (X (q)), so we have X(q)aq := X(q)/Z(X(q)) = Inn (X (q)).

Besides the adjoint group X(q)qq, there is also the group of points for an
adjoint root datum. A convenient language to discuss this is the language of group
K-functors, the functors from the category of commutative K-algebras to groups.
A Kac-Moody group Gp(K) with a root datum D = (I, A, X, Y,II,11V) is the result
of applying a group functor Gp to the field K. Recall that the Kac-Moody datum
D is said to be adjoint if II is a basis of X, in which case we also say the group
Gp(K) is adjoint. We denote the adjoint Kac-Moody group Gp(K) by Xaa(q).
Note that the notation is chosen to be suggestive, X,4(q) is the result of applying a
functor X,q to Fy, and X (q)qq is the image of X (¢) under the adjoint map induced
from conjugation.

A homomorphism of the root data induces a homomorphism of the group
K-functors w : X — X,q. Taking points over K yields a group homomorphism
7m(q) : X(q) = Xa4(q). The kernel of 7(q) is the centre Z(X(q)) of X(q). Hence, we

have an exact sequence of groups

15 2(X(9) = X(¢) = X.u(q)
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and X (q)qq is observed in this sequence as the image of m(q). For instance, if
X = Anfl, it is

)

1= in(Fy) = An1(g) = SLn(q) 2% (Ay1)aa(q) = PGLy(q)

where (i, is the group scheme of the n-th roots of unity and A,—1(q)eq = PSL,(q)
is the image of m(q) in PGL,(q).

Another insightful example is X = A,_1. The key exact sequence is

15 i (Fg) <FX — Ay 1(q) = S (Fyltt7Y]) 2% (Ay1)aa(g) = B ) PGLy (Fylt,t~1)

where the simply connected group gn_l(q) is the Steinberg central extension of

SL ,(Fg[t,t~']) by F and the adjoint group (A,—1)aq(q) is the semidirect product
where the action of F* is given by a - 32, Ppt? = 3, o Pt*.

Let P be the weight lattice, @ the root lattice of the corresponding Kac-
Moody Lie algebra. The weight lattice P is the root lattice X" for a simply connected
root datum, and similarly for @ and an adjoint root datum. The natural map p :
Q — P is given by the Cartan matrix (or its transpose, depending on conventions).

It is a part of an exact sequence
oL Pz

where Z = coker p. The Cartan matrix pinpoints all the tori (of the corresponding

Kac-Moody groups) of interest for us:
Z(q) = Z(X(q)) = hom(Z,F7), T(q) = hom(P,Fy), Taa(q) = hom(Q,Fy), m(q)(x) = xop.
Let us examine the corresponding (not exact) sequence of tori

1 Z(X(a)) = Tla) “™ T(q) = Tuala)

where T'(q) = T'(q)/Z(X(q)) can be thought of as a torus of X(q).q.

Proposition 3.26. Let X(q) be a simply connected irreducible Kac-Moody group
over a finite field K = F, (finite, affine or indefinite). Let H(q) := Extl(Z,IE‘;)
(in the category of abelian groups) in the finite or indefinite case and H(q) :=

Extl(Z,IFqX) x F7 in the affine case. Then there exists a short evact sequence
1= X(q)aa = Xaa(q) = H(q) = L. (3.1)

Proof. Let us assume that X is of finite or indefinite type. Then p : Q — P is
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injective and Z is finite. The long exact sequence in cohomology
1 = hom(Z,FX) = hom(P, F2) 2% hom(Q, FX) - Ext!(Z,F) — 1
reduces to a short exact sequence connecting the adjoint tori
1 — T(q) = Tua(q) — H(q) — 1. (3.2)

This implies the existence of the short exact sequence (3.1).
If X is affine, the map p : @ — P is no longer injective. We can decompose
Q = Q' x Z where Z = ker p and p : @ — P is injective. The long exact sequence

in cohomology is
1 — hom(Z,F;) — hom(P,F;) LiCIN hom(Q',F)) — Extl(Z,IF‘qX) — 1.

It gives a description of the tori using an auxiliary group 7"(q) = hom(Q’,Fy). The
sequence
1= T(q) = T'(q) > Ext'(Z,F) = 1

is exact. Since T,a(q) = T'(¢q) x F{, a direct product with F* establishes the exact
sequence (3.2) in the affine case. This proves the existence of an exact sequence (3.1)

in all cases. ]

Proposition 3.26 gives presentations of both X (¢).q and X,4(q). Since X (q)aq =
X(q)/Z(q), one gets X(q)qq from X(q) by “killing” generators of Z(q). The pre-
sentation of X,4(q) is obtained from presentations of X (q).q and H(q) by P. Hall’s
Lemma [CLRel6, Lemma 2.2]. Observe that the right conjugations in P. Hall’s

Lemma are superfluous. One usually adds them for convenience.

Corollary 3.27. Suppose we have a presentation of X(q), Z(q) and H(q):
ox(q) = (D | R), oz =(D1|R1), opg = (D2]| Ra).
Then we have presentations of adjoint groups
Ox(g)y = (D | RUD}) and ox, ) = (DUDs| RUD}URSU D§

where Dg = {2* = 1|2 € Dy,2% is an expression of x in D},

Rg ={w=w!|w € Ry, w' € X(q)aq is an expression of w(Ds) in D} and

DSt = {zax~' = “a(D) | x € Do, a is a generator of X (q)ad,

®a(D) is an expression of rax~' in D}.
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The group P/Q is computed by calculating the integral Smith normal forms
of Cartan matrices. We summarise these calculations in Table A.4.

As an application of our techniques we write down the numbers of generators
and relations of the remaining classical groups over F,[t,¢7!] in Table A.5 (for suf-
ficiently large ¢q). The groups SL,,, Spin,, and Sp,,, are simply connected, so they
are already in Tables A.2 and A.3. The group

PSL  (F,lt, t_l]) = gnfl(Q)ad
is adjoint, hence its presentation follows from Tables A.2 and A.4. The groups
PGLn(Fq[tvtil]) < (ﬁn—l)ad(Q)’ SO 2n41 (Fq[tutil]) g (En)ad(Q)

are normal subgroups in the adjoint groups (before the semidirect product). Simi-

larly to Proposition 3.26 they appear in an exact sequence
1= X(q)ad — G(Fq[t, t7"]) = BExt'(Z2,F)) — 1,

hence they get a presentation as in Corollary 3.27 but with Ext!(Z ,F;) instead of

H(q).
Finally, SO g, is not related to the adjoint group. It is an intermediate

quotient fitting into the exact sequence of group schemes
1—7Z/2 — Spin,,, — SO 4, — 1.
Using our arguments, we fit the group into an exact sequence
1 — Dy(q)/Z — SO 2, (Fy[t, 1)) — Ext!(Z/2,F)) — 1

where the central subgroup Z is isomorphic to hom(Z/2,F;). We get a presentation

as in Corollary 3.27 where the result depends on whether ¢ is even or odd.
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Chapter 4

Subgroup growth of Chevalley
groups over [F,([|¢]])

4.1 Preliminaries

References for this section are [L.Sh94], [BGO1] and [LSe03].

Definition 4.1. Let H be a subgroup of a finitely generated group G. We define

d(H) to be the minimal number of generators of H.

In the case of pro-p groups, a key tool in studying their subgroup growth is
associating a graded Lie algebra L to the group, and then deriving information about
d(H) for subgroups H of a given order from information about the codimensions of

corresponding Lie subalgebras of L.

4.1.1 The graded Lie algebra

We now show how to associate a graded Lie algebra to the first congruence subgroup
of a Chevalley group over [F,([[t]]).

Let G(F,[[t]) be a simple simply connected Chevalley group and let G,, denote its
n-congruence subgroup. Let g be the corresponding Lie algebra defined over IF,.
The first step is a result about the structure of the successive quotients G, /Gy 1
(see for example [BGO1]), the first part of which is an easy consequence of Proposi-
tion 2.13.

Proposition 4.2. For all n € N, G,,/Gp+1 is an elementary abelian p-group of
order pY™8. It is the adjoint module for g.

So each successive quotient G, /Gp+1 can be viewed as a vector space of di-

mension dim g over I, and g acts on it via the adjoint action.
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Next we define

Gn+1

Since this is a direct sum, any element of L(Gl) has only finitely many non-identity
coordinates. Each compotent in the sum is a vector space of the same dimension over
[F,, so L(G1) becomes a vector space over F), itself if we endow it with component-
wise scalar multiplication by elements of IF,,. We define a product on homogeneous

components of the form G, 41 and yGp,41 where z € G, and y € G

[Gni1, YGm1] = [2,Y]Gnirmy1-

Next we have the following standard result about this product (see [BGO1]
or [LSe03]).

Proposition 4.3. Eztending this product by linearity gives L(G1) the structure of

a Lie algebra over IF,,.
Definition 4.4. We call L(G}) the graded Lie algebra associated with G.
We now come to a result about the structure of this graded Lie algebra.

Proposition 4.5 (cf. [BGO01]). We have
L(Gh) = tgt] = g @, tF,[t],

Here ¢ g[t] is the set of polynomials with 0 constant coefficient over g. We
will usually use the third form of expressing this graded Lie algebra, so by abuse of

notation we can write
L(G1) = g ®r, tFp[t] = (9 ®F, ) © (8 OF, t°) ® (9 ®F, 1) © ...,

hence each element a in L(G1) can be written as a = ¥°,a; ®F, t' with a; € g,
where it is understood that only finitely many non-zero summands are allowed.

Now let H be a closed subgroup of G;. We define a graded subalgebra of
L(G) corresponding to H:

oo

H N G n+1
n—1 n+1

We now quote some results about this construction (see [BGO1]).

Lemma 4.6. L(H) is a graded subalgebra of L(G1).

Lemma 4.7. If K < H are closed subgroups, then L(K) C L(H) and dim(L(H)/L(K)) =

log,[H : K].
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Lemma 4.8. If H is normal in G, then L(H) is an ideal of L(G1).

Lemma 4.9. G, < H if and only if t* g[t] C L(H).

Lemma 4.10. If L(H) is generated by d homogeneous elements, then d(H) < d,

where d(H) is the minimal number of elements required to generate H topologically.
A result of a similar genre is the following.

Lemma 4.11 ([LSe03], Prop 4.3.1 “Level vs. index”). Let H be an open subgroup
of index p* in Gi. Then H > Gpi1.

4.1.2 Subgroup growth estimates

We now quote some results that give us estimates on subgroup growth. First we
need to define some notation. For two groups H, G we write H C, G when H is an

open subgroup of G.
Definition 4.12. For a finitely generated pro-p group G, we define g,(G) to be

the maximum of the minimum number of generators required to generate an open

subgroup H of G of index n, i.e.
gn = gn(G) :=max{d(H) | H C, G, |G : H| =n}.

Recall that a,(G) denotes the number of subgroups of index n in G. The
following proposition allows us to relate the sequences a,(G) and g,(G) and will be

used to prove Theorem C.

Lemma 4.13 (|[LSh94], Lemma 4.1). We have

L SR

p—1

< pI1tgp oty -1

i=0 B
The following proposition is useful estimating codimensions in the graded
Lie algebra L.

Lemma 4.14 ([LSh94] Proposition 4.2). Let Lo be a finite-dimensional perfect Lie
algebra over Fy,, and let L = Ly ® gr(M). Then there exists a constant ¢ such that,

for every proper open Lie IF)-subalgebra K of L we have
dim(K/K') < ¢-dim(L/K).

In this proposition M is the maximal ideal of the local ring A and K’ =
[K, K]. So in our situation A = F,[[t]], M = tF,[[t]] and Ly = g. So we can let
L = £ = Ly ® tF,[t], in which case this proposition concerns any proper Lie [F,-

subalgebra IC of L of finite codimension.
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4.1.3 Ridgeline numbers and small primes

Now we move on to the preliminaries necessary for the proof of Theorem D.

Let G be a simple simply connected Chevalley group scheme. We take gz to
be the Lie algebra of G over the integers. Let K be a field of characteristic p, where
p is either zero or a prime. We define a new Lie algebra by extension of scalars,
g =gz 7z K.

Recall that a bilinear form 7 = (, ) on g is said to be invariant or associative if

we have
([z,9],2) = (z, [y, 2])

for all z,y,z € g.

We fix an invariant bilinear form 7 = (, ) on g of maximal possible rank. Note that
we do not require 7 to be symmetric, although n will in fact be symmetric in the
cases we are interested in. The bilinear form 7 defines two maps from g to g*, one
mapping x € g to y — (-, y), and the other to y — (y,-). Since 7 is not assumed
to be symmetric or reflexive these maps need not have the same kernel, but the
dimensions of these two kernels will be equal. We let g be a kernel for some choice

of these two maps. Notice that the nullity
r = dimg"

of 17 is independent of the choice of 7.

Recall that the centraliser of an element x in g is defined as

¢(x) ={y €g|[xy] =0}

Clearly the elements in g with centraliser of maximal dimension are those that lie in
the centre of g. For such an element x we have dim ¢(x) = dim g. In what follows we
will be interested in the non-central elements of g whose centralisers are of maximal
dimension.

We now introduce a new parameter of the Lie algebra g.

Definition 4.15. Let [ be the rank of g, m its dimension and s the maximal
dimension of the centraliser ¢(x) of a non-central element x € g. We define the

ridgeline number of g as

m—s—r

We will prove that m — s = 2(h" — 1) where h" is the dual Coxeter number

64



of g (see Proposition 4.24). Therefore,

l

A

We present the values of v(g) in Appendix A.6. We include only Lie algebras in tol-
erable characteristics (see Definition 4.16) where our method produces new results.
Now we let the characteristic p be a prime, and consider when the Lie algebra

g behaves as in characteristic zero.

Definition 4.16. The positive characteristic p of the field K is called good for g if
p does not divide the coefficients of the highest root of g. The positive characteristic
p of the field K is called very good if p is good and g is simple. We call the positive

characteristic p tolerable if any proper ideal of g is contained in its centre.

Let us first consider what the good characteristics are for each Chevalley
Lie algebra. For a Chevalley Lie algebra of rank [, let oy, as,...q; be a system of
fundamental roots. We number the roots according to [Car05], and the same order
appears in the Dynkin diagrams in Appendix C. We list the highest roots of each
type of Lie algebra and which characteristics this correspondingly excludes from

being good in Table 4.1.

Now the very good characteristics for each Chevalley Lie algebra are p {1+ 1
in type A;, p # 2 in types By, C;, Dy, p # 2,3 in types Eg, Er, Fy, Go, and p # 2,3,5
in type Eg. If p is very good, the Lie algebra g behaves as in characteristic zero. In
particular, g is simple, its Killing form is non-degenerate, etc. Let us consider what
can go wrong for the Lie algebra g in small characteristics.

Suppose that p is tolerable but not very good. If p does not divide the
determinant of the Cartan matrix of g, the Lie algebra g is simple. This covers the
following primes: p = 2 in types Fg and G, p = 3 in types Fy and Fy, p = 2,3,5 in
type Eg. In this scenario, the g-modules g and g* are isomorphic, which immediately
gives us a non-degenerate invariant bilinear form on g [H95, 0.13].

If p divides the determinant of the Cartan matrix of g, there is more than one
Chevalley Lie algebra. We study the simply connected Lie algebra g, i.e., [g,g] = ¢
and g/3 is simple (where 3 is the centre). There is a canonical map to the adjoint

Lie algebra g’
pia=he@Po—>0 =00
(0% o

The map ¢ is the identity on the root spaces g,. Let us describe it on the Cartan
subalgebras. The basis of the Cartan subalgebra § are the simple coroots h; = o) =
[€q,;,€—_a,]. The basis of the Cartan subalgebra b’ are the fundamental coweights

yi = w,; defined by «o;(y;) = ; ;. Now the map ¢ on the Cartan subalgebras is
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Table 4.1: Good characteristics for a Chevalley Lie algebra g

type of g highest root good det(A) | very good
A ar+ag+ ...+ all I+1 | pt(+1)
By a1+ 2a9 + ...+ 204 pF£2 2 pF£2
C 2001 + 209 + ...+ 201 + oy pF£2 2 pF£2
D, a1+ 20 + ...+ 2059+ 1 + o pF2 4 pF2
Es a1 + 2an + 3az + 2a4 + 205 + ag p#2,3 3 p#2,3
Er a1 + 200 + 3as + day + 2a5 + 3ag + 207 p#2,3 2 p#2,3
Eg 2aq + 3as + 4as + bas + 6as + 3ag + 4dar + 2ag | p £ 2,3,5 1 p#2,3,5
Fy 2a1 4 3ag + 4das + 20 p#23 1 p#2,3
Go 2ai1 + 3 p#2,3 1 p#£2,3

given by

p(hy) = cjiy;
J

where c;; are entries of the Cartan matrix of the coroot system of g. The image of
p is [gb, g"]. The kernel of ¢ is the centre 3. From our description 3 is the subspace
of b equal to the null space of the Cartan matrix. It is equal to g%, the kernel of 7.
The dimension of 3 is at most 2 (see the values of r in Table A.6).

The key dichotomy now is whether the Lie algebra g/3 is simple or not. If
g is simply-laced, the algebra g/3 is simple. This occurs when p | [ + 1 in type Aj,
p =2 in types D; and E7, p = 3 in type Eg. Notice that A; in characteristic 2 needs
to be excluded: g/3 is abelian rather than simple. In this scenario the g-modules
g/3 and (g/3)* are isomorphic. This gives us an invariant bilinear form with the
kernel 3 [H95, 0.13].

Let us look meticulously at g of type D; when p = 2. The standard repre-

sentation gives a homomorphism of Lie algebras

P11 (x) p12<x)>

p:g—s0y(K), x— p(x)= <p21(X) pa2(x)

where pa9(x) = p11(x), while p1a(x) and po1(x) are skew-symmetric [ x [-matrices,
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which for p = 2 is equivalent to symmetric with zeroes on the diagonal. The Lie
algebra $09;(K) has a 1-dimensional centre spanned by the identity matrix. If [ is
odd, p is an isomorphism, and g has a 1-dimensional centre. However, if [ is even,
p has a 1-dimensional kernel, and g has a 2-dimensional centre.

It is instructive to observe how the standard representation p equips g with an
invariant form. A skew-symmetric matrix Z can be written uniquely as a sum Z =
ZE + 7V where Z! is strictly lower triangular and ZY is strictly upper triangular.
Then the bilinear form is given by

n(x,y) = (p(x), p(y)) = Tr (p11(x)p11(y) + pr2(x) " p21 (y)" + p21 (x)“p12(y)").
This form 7 is a reduction of the form 3Tr (p(x)¢(y)) on s09(Z), hence it is invari-
ant.

Finally we suppose that p is not tolerable. This happens when p = 2 in
types B;, C; and Fy or p = 3 in type Go. In all these cases g is not simply-laced
and the quotient algebra g/3 is not simple. The short root vectors generate a proper
non-central ideal I. This ideal sits in the kernel of any non-zero invariant form.

Consequently, our method fails to produce any new result.

4.1.4 Dimension estimates

Here we go over some results about dimension estimates, which will be essential for

proving Theorem D.

Proposition 4.17. Let g be an m-dimensional Lie algebra with an invariant bilinear
form n, whose kernel g° is the centre of g. Suppose r = dim(g") and k > dim(c(x))
for any non-central element x € g. Finally, let U,V be subspaces of g such that
dim(U) + dim(V) > m + k +r. Then [U, V] =g.

Proof. Suppose not, so [U, V] is a subspace of g of dimension strictly smaller than
m. Let us consider the orthogonal complement W = [U, V]* under the form 7. Note
that W # g°. Observe that U C [V, W] since 7 is associative. But W admits a

noncentral element x € W so that dim(c¢(x)) < k. Hence
dim([V,W]) > dim(V) — k and dim([V, W]*) <m + &k +r — dim(V).

Inevitably, dim(U) < m + k 4+ r — dim(V). O
Another basic but essential lemma is the following.

Lemma 4.18. The inequality
dim([U, V]) > dim(V) — dim(V N ¢(x)) ()
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holds for any x € U.
In particular, if there exists x € U such that dim(U) + dim(V N¢(x)) < dim g, then
the inequality

dim([U, V]) > dim(U) + dim(V') — dim g. (M)
holds.
Proof. Let v € V. The restricted map ad = : v +— [z,v] is linear, so by the first
isomorphism theorem, [z, V] and V / (V Ne(x)) are isomorphic as vector spaces. We
have [x, V] C [U, V], so taking dimensions immediately gives (é).
For the second statement, if there exists x € U such that dim(U) 4+ dim(V Ne(x)) <

dim g, then
dim(V N¢(x)) < dim g — dim(U),

0
—dim(V N¢(x)) > dim(U) — dim g,

and inserting this in (&) we get
dim([U,V]) > dim(U) 4+ dim(V') — dim g.

O]

We now state a theorem of [AbNS03] that was essential for their proof of

Theorem 1.4, and can be viewed as the inspitation for our Theorem D.

Proposition 4.19 ([AbNS03], Theorem 3). For every pair of subspaces U and V
of g, we have

codim([U, V]) < 2 (codim(U) 4 codim(V)).

4.2 Proof of Theorem C

The proof of Theorem C relies on Theorem D that will be proved later. We follow the
proof of Abért, Nikolov and Szegedy’s Theorem 1.4 and Barnea, Guralnick [BGO1,
Theorem 1.4].

Suppose that hypotheses of Theorem C hold. We start with the following
observation (cf. [AbNS03, Corollary 1 and Lemma 1] and [LSh94, Lemma 4.1] ).

Lemma 4.20. If H is an open subgroup of G1 and d(H) is the minimal number of

generators of H, then

d(H) <m+ (3 +4v(g))log, |Gy : H|.
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Moreover, if | = 2 and p is very good, then
d(H) <m+ 3log, |Gy : H|.

Notice that in the second case g = As, Cy or Go and m = 8, 10 or 14

respectively.

Proof. First of all recall that d(H) = log, |H : ®(H)| <log, |H : H'| where ®(H) is
the Frattini subgroup. Because of the correspondence between the open subgroups of
G and subalgebras of its graded Lie algebra £ = L(G1) (see results of Section 4.1.1),
log, |H : H'| < dimH/H' where H = L(H) is the corresponding subalgebra of L.

Hence it suffices to show that
dimH/H' < m + (3 + 4v(g)) dim L/H
in the general case, and that
dimH/H <m+3dim L/H

in the very good rank 2 case.

Recall that the graded Lie algebra L is isomorphic to g ®r, tF[t]. Since every
element @ € £ can be uniquely written as a = ¥°,a; ® t' with a; € g, one can
define I(a) = as where s is the smallest integer such that as # 0, and in this case

s := deg(a). Now set
H; = (l(a) | a € H with deg(a) =1).

Observe that H; = {l(a) | a € H with deg(a) = i} U {0}. Then dimL/H =
Y20, dim g/ H;, and this sum is finite as the left hand side is finite. We define

H; = (l(a) | a € H' with deg(a) = 1).
Note that [H,L, Hj] - Fi+j- Then
[H; @t H; @t/ C [Hy, Hj) @t C Hipy @t

and so dimg/[H;, H;] > dimg/H,+;. Adding up these inequalities for i = j and
1 =7+ 1 we get
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Now we use the estimates of Theorem D:
dim £/H' < m + 352, j<;a(dim g/ H; + dim g/ Hj) < m + 4adim L/H,

where a = 1 4 v(g) or 1 depending on the rank of g and p. The result follows

immediately. O

g1t .t k-1 where

Now we apply an estimate from Lemma 4.13: a,x(G1) < p
9pi = 9i(G1) = max{d(H) | H <open G1,|G1 : H| = p'}.
Using Lemma 4.20, in the general case (I > 2) we have

0, (G) < pSime ™ M) _ SO (- (@)k

For [ = 2 and very good p, Lemma 4.20 gives us

(W

i=k—1 . 31.2 _
0 (Gr) < poimt s R =1k,

This finishes the proof of the theorem.

4.3 Proof of Theorem D: the General Case

Let a be an m-dimensional Lie algebra over a field K of characteristic p (prime or
zero). We consider it as a topological space in the Zariski topology. We also consider
a function dimoc : @ — R that for an element x € a computes the dimension of its

centraliser ¢(x).

Lemma 4.21. The function dimoc is upper semicontinuous, i.e., for any number

n the set {x € a | dim(c¢(x)) < n} is Zariski open.

Proof. Observe that ¢(x) is the kernel of the adjoint operator ad(x). Thus, dim(¢(x)) <
n is equivalent to rank(ad(x)) > m — n. This is clearly an open condition, given by

the non-vanishing of one of the (m — n)-minors. O

Now we move to K, the algebraic closure of K. Let a = a®gK. To distinguish
centralisers in a and @ we denote ¢(x) := ¢q(x) and ¢(x) := cz(x). Now we assume
that a is the Lie algebra of a connected algebraic group A. Let Orb(x) be the

A-orbit of an element x € a.

Lemma 4.22. Let x andy be elements of a such that x € Orb(y). Then dim¢(x) >
dim¢(y).
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Proof. The orbit Orb(y) intersects any open neighbourhood of x, and, in particular,
the set X = {z € a | dim(¢(z)) < dim(¢(x))}, which is open by Lemma 4.21. If
z € Orb(y) N X, then dim¢(x) > dim¢(z) = dim ¢(y). O

The stabiliser subscheme Ay is, in general, non-reduced in positive character-
istic. It is reduced (equivalently, smooth) if and only if the inclusion ¢(x) O Lie(Ax)
is an equality (cf. [H95, 1.10]). If Ay is smooth, the orbit-stabiliser theorem implies
that

dim(a) = m = dim Ax + dim Orb(x) = dim ¢(x) + dim Orb(x).

In particular, Lemma 4.22 follows from the inequality dim Orb(x) < dim Orb(y).

Let us further assume that A = G is a simple connected simply connected
algebraic group and a = g is a simply connected Chevalley Lie algebra. Let us fix a
triangular decomposition g =n_ @ h & n. An element x € g is called semisimple
if Orb(x) N # (. An element x € g is called nilpotent if Orb(x) Nn # (. We call
a representation x = X + X, a quasi-Jordan decomposition if x5 € g(h) (image
of h under g) and x, € g(n) for the same g € G.

Recall that a Jordan decomposition is a quasi-Jordan decomposition x =
Xs + Xp such that [xg,x,] = 0. A Jordan decomposition exists and is unique if g
admits a non-degenerate bilinear form [KacW76, Theorem 4].

Notice that part (1) of the following lemma cannot be proved by the argu-
ment that the Lie subalgebra Kx is contained in a maximal soluble subalgebra: in

characteristic 2 the Borel subalgebra b = ) & n is not maximal soluble.

Lemma 4.23. Assume that p # 2 or G is not of type C; (in particular, this excludes
Cy = By and Cy = Ay). Then the following statements hold.

1. Every x € g admits a (non-unique) quasi-Jordan decomposition X = Xg + Xy.
2. x4 belongs to the orbit closure Orb(x).

3. If Orb(x) is closed, then x is semisimple.

4. dim¢(xs) > dime(x).

Proof. (cf. [KacWT76, Section 3].) (1) Our assumption on g assures the existence
of a regular semisimple element h € b, i.e., an element such that ¢(h) = h. The
differential d, pya : g bh — g of the action map a : G x h — g is given by the
formula

d(e,h)a(x’ k) = [Xv h] + k.

Since the adjoint operator ad(h) is a diagonalizable operator whose 0-eigenspace is
b, the kernel of d(, xya is h @& 0. Hence, the image of a contains an open subset of g.

Since the set Ugegg(b) contains the image of a, it is a dense subset of g.
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Let B be the Borel subgroup of G whose Lie algebra is b. The quotient space
F = G/B is a flag variety. Since F is projective, the projection map 7 : g X F — g
is proper. The Springer variety S = {(x,¢(B)) |x € g(b)} is closed in g x F. Hence,
Ugegg(b) = m(S) is closed in g. Thus, Ugegg(b) = g. Choosing g such that x € g(b)
gives a decomposition.

(2) Suppose x5 € g(h). Let T be the torus whose Lie algebra is g(h). We

decompose x over the roots of T:

X = X5+ Xy =X+ Z Xo-
acY (T)

We can choose a basis of Y(7) so that only positive roots appear. Hence, the
action map a : T — g, a(t) = t(x) extends alone the embedding 7 < K! to a map
a:K! — g. Observe that xs = a(0).

Let U 3 x4 be an open subset of g. Thena ~'(U) is open in K! and 7Na ~}(U)
is not empty. Pick t € T Na *(U). Then a(t) = t(x) € U, thus, x, € T(x) C
Orb(x).

(3) This immediately follows from (1) and (2).

(4) This immediately follows from (2) and Lemma 4.22. O

If a is a long simple root, its root vector e, € g = a is known as the minimal
nilpotent. The dimension of Orb(e,) is equal to 2(hY — 1) (cf. [Wa99]).

Proposition 4.24. Suppose that | > 2 and that the characteristic p of the field K

is tolerable for g. Then for any noncentral x € a
dim ¢(x) < dim¢(e,) = m —2(hY —1).

Proof. Let x € a (y € g) be a noncentral element with ¢(x) (¢(y) correspondingly)
of the largest possible dimension. Observe that dim ¢(x) < dim¢(x) < dim¢(y).

Let us examine a quasi-Jordan decomposition y = ys + yn. Since ys €
Orb(y), we conclude that dim¢(ys) > dim¢(y). But dim¢(y) is assumed to be
maximal. There are two ways to reconcile this: either dim¢(y,) = dim¢(y), or ys
is central.

Suppose ys is central. Then y and y, have the same centralisers. We may
assume that y = y, is nilpotent. Lemma 4.22 allows us to assume without loss of
generality that the orbit Orb(y) is minimal, that is, Orb(y) = Orb(y)U{0}. On the
other hand, the closure Orb(y) contains a root vector es.

Let us prove the last statement. First, observe that K*y C Orb(y). If
p is good, this immediately follows from Premet’s version of Jacobson-Morozov
Theorem [Pr95]. If Orb(\y) # Orb(y) in an exceptional Lie algebra in a bad

tolerable characteristic, then we observe two distinct nilpotent orbits with the same
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partition into Jordan blocks. It never occurs: all the partitions are listed in the
VIGRE paper [Vi05, section 6]. The remaining case of p = 2 and g is of type D
is also settled in the VIGRE paper [Vi05]. Now let y € g(n), and 7y be the torus
whose Lie algebra is g(h). Consider T := Ty x K* with the second factor acting on
g via the vector space structure. Write y = ZﬂeY(%) yp using the roots of 7y. The

closure of the orbit 7 (y) is contained in Orb(y). Let us show that 7 (y) contains one
of ys. Let us write 7o = Gin X G X ... X Gy and decompose y = yp+yi+1+-..+¥n
using the weights of the first factor Gy, with yx # 0. Then

T 2 {11 LA yAe K} = {yr + Mypsr + ...+ X Py e K}

Hence, y, € T (y). Repeat this argument with yj instead of y for the second factor
of 7o, and so on. At the end we arrive at nonzero yg, hence, eg € Orb(y).
Without loss of generality we now assume that y = eg for a simple root 3.

If p is good, then dim(¢(eg)) does not depend on the field:

c(eg) =ker(df: h — K) @ 4 g

~v+8 is not a root

In particular, it is as in characteristic zero: the long root vector has a larger cen-
traliser than the short root vector and dim¢(y) = dim¢(e,) = m—2(hY —1) [Wa99].
If p = 2 and g is of type D;, then a direct calculation gives the same formula for
dim¢(ey). In the exceptional cases in bad characteristics the orbits and their cen-
tralisers are computed in the VIGRE paper [Vi05]. One goes through their tables
and establishes the formula for dim¢(y) in all the cases.

Now suppose dim¢(ys) = dim¢(y). We may assume that y = yy is semisim-
ple. Then y is in some Cartan subalgebra g~!(h) and dimc(g(y)) = dim¢(y).
Moreover,

o) =bo P ga
{ala(g(y))=0}

is a reductive subalgebra. If ¢ : g — g’ is the canonical map (see Section 4.1.3),
then dim¢(g(y)) = dim ey (¢(g(y))). It remains to examine the Lie algebras case by
case and exhibit a non-zero element in h” with the maximal dimension of centraliser.
This is done in Appendices A.6 and B. O

We may now prove the first part of Theorem D. We use m, [, r and s as in
Definition 4.15. If dim(U) + dim (V') > m + s + r, we are done by Proposition 4.17:

codim([U, V]) =0 < (1 + v(g))(codim(U) + codim(V')).

Now we assume that dim(U)+dim(V') < m+s+r. It is known, see Proposition 4.19,
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that
codim([U, V]) <1+ codim(U) + codim(V).

It remains to notice that [ = v(g)(m — s —r) < v(g)(codim(U) + codim(V")). The

theorem is proved.

4.4 Proof of Theorem D: Rank 2

In this section G is a Chevalley group scheme of rank 2. The characteristic p of
the field K is zero or very good for g. Let {«, 3} be the set of simple roots of g
with |8] < |a|. If g is of type Ay then a and [ have the same length. The group
G = G(K) acts on on g via the adjoint action. By ¢(x) we denote the centraliser
¢g(x) in this section. Let us summarise some standard facts about this adjoint action
(cf. [H95]).

1. If x € g, the stabiliser Gy is smooth, i.e., its Lie algebra is the centraliser ¢(x).
2. The dimensions dim(Orb(x)) = dim(G) — dim(¢(x)) and dim(¢(x)) are even.

3. If x # 0 is semisimple, dim(c(x)) € {2,4}. Hence, dim(Orb(x)) € {m —2,m —
4}.
4. A truly mixed element x = x5 + x;, (with non-zero semisimple and nilpotent

parts) is regular, i.e., dim(c¢(x)) = 2 (cf. Lemma 4.23).

5. x is nilpotent if and only if Orb(x) contains 0.

6. There is a unique orbit of regular nilpotent elements Orb(e,) where e, =

€, + eg. In particular, dim(c(e;)) = 2 and dim(Orb(e,)) = m — 2.

7. For two nilpotent elements x and y we write x =y if Orb(x) D Orb(y). The
following are representatives of all the nilpotent orbits in g (in brackets we
report [dim(Orb(x)), dim(c(x))]):

(a) If G is of type Ag, then
€r [67 2] > €q [474] =0 [078} :

(b) If G is of type Cs, then e, and eg are no longer in the same orbit and
so we have
e [8,2] —es[6,4] = e,[4,6] =0[0,10].
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(c) If G is of type Gg, there is an additional subregular nilpotent orbit of an

element e, = ea,435 + €. In this case we have
e [12,2] = e4 [10,4] = e5[8,6] = e, (6,8 = 0]0,14].

We will now prove Theorem D for groups of type Az, Co and G5. We need
to show that if U and V are subspaces of g, then inequality (#) holds, i.e.

dim([U,V]) > dim(U) 4+ dim(V') — dim g.

This is proved by repeated use of Lemma 4.18.
Now we give a case-by-case proof of inequality (#). Without loss of generality
we assume that 1 < dim(U) < dim(V') and that the field K is algebraically closed.

441 G=A,

Using the standard facts, observe that if x € g\ {0}, then dim(¢(x)) < 4. Moreover,
if dim(c¢(x)) = 4, then either x € Orb(e,), or x is semisimple. Since dimg = 8, we
need to establish that

dim([U, V]) > dim(U) + dim(V') — 8.

Now we consider various possibilities.

Case 1: If dim(U) < 4, then dim(V N¢(x)) < dim(e(x)) < 4 < 8 —dim(U)
for any nonzero x € U. We are done by Lemma 4.18.

Case 2: If dim(U) + dim(V) > 12, then the hypotheses of Proposition 4.17
hold. Hence, [U,V] = g that obviously implies the desired conclusion.

Therefore we may suppose that dim(U) 4+ dim(V) < 12 and dim U > 5. This
leaves us with the following two cases.
Case 3: dim(U) =5 and dim(V) < 7. We need to show that

dim([U, V]) > dim(U) 4 dim(V) — 8 = dim(V') — 3.

As dim(Orb(e,)) = 4, we may pick x € U with x ¢ Orb(e,). If x is regular, we

are done by Lemma 4.18 since dim(V N¢(x)) < dim(c¢(x)) = 2. If x is not regular,
then dim(c(x)) = 4 and x is semisimple. In particular, its centraliser ¢(x) contains
a Cartan subalgebra g(h) of g.

Let us consider the intersection V N ¢(x). If dim(V Ne(x)) < 3, we are done
by Lemma 4.18. Otherwise, V' 2 ¢(x) and V contains a regular semisimple element
yeglh) CV. IfU Dc(y) =g(h), then U >y and we are done by Lemma 4.18 as
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in the previous paragraph. Otherwise, dim(U N¢(y)) < 1 and we finish the proof

using Lemma 4.18:
dim([U, V]) > dim(U) —dim(U N¢(y)) > 5—1=4 > dim(V) — 3.
Case 4: dim(U) = dim(V) = 6. This time we must show that
dim([U, V]) > 4 = dim(V) — 2.

By Lemma 4.18 it suffices to find a regular element in x € U (or in V) since
dim(V N¢(x)) < dim(¢(x)) = 2. Observe that

dim(UNV) > dim(U) + dim(V) — 8 = 4 = dim(Orb(e,)).

Since m is an irreducible algebraic variety and not an affine space, there exists
x € UNV such that x & Orb(e,). If x is regular, we are done. If x is not regular, x
is semisimple and its centraliser ¢(x) = Kx @[, a direct sum of Lie algebras Kx = K
and [ = sl (K).

Consider the intersection V N e¢(x). If dim(V N¢(x)) < 2, we are done by
Lemma 4.18 as before. Assume that dim(V N¢(x)) > 3. If dim(V Nne(x)) =4, V
contains ¢(x) and consequently a regular semisimple element y.

Finally, consider the case dim(V N¢(x)) = 3. Let mo be the natural projection
mo 1 ¢(x) = [and set W := m(V Ne(x)). Since Kx C V N ¢(x), the subspace W
of slp(K) is 2-dimensional. Clearly, V Ne¢(x) € Kx @ W. Since both spaces have
dimension 3, V N¢(x) = Kx @ W. Then W = at (with respect to the Killing form),
where 0 # a € sly(K) is either semisimple or nilpotent. In both cases W contains a
nonzero nilpotent element z. Thus, we have found a regular element x+z € VNe(x).
This finishes the proof for As.

4.4.2 G=0C)

Notice that this time dim(¢(x)) < 6 for all 0 # x € g. Moreover, if dim(¢(x)) = 6,

x € Orb(ey). Finally, the set Orb(e,) = Orb(e,)U{0} is a 4-dimensional cone, and

the set Orb(eg) = Orb(eg) U Orb(e,) U {0} is a 6-dimensional cone.
As dim g = 10, this time we need to show that

dim([U, V]) > dim(U) 4 dim(V) — 10 = dim(V') — (10 — dim(U)).
Case 1: dim(U) < 4. We are done by Lemma 4.18 since for any 0 # x € U,

dim(V N¢(x)) < dim(¢(x)) < 6 < 10 — dim(U).
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Case 2: 5 < dim(U) < 6. Hence, we may choose x € U such that x ¢

Orb(e,). We are done by Lemma 4.18 since
dim(V N¢(x)) < dim(¢(x)) <4 <10 — dim(U).

Case 3: If dim(U) + dim(V) > 16, then then the hypotheses of Proposi-
tion 4.17 hold. Hence, [U, V] = g, which implies the desired conclusion.

Therefore, we may assume that dim(U) + dim(V) < 16 and dim(U) > 7.
This leaves us with the remaining two cases.

Case 4: dim(U) = 7, dim(V) < 9. Now we must show that dim([U, V]) >
dim(V') — 3. By Lemma 4.18 it suffices to pick x € U with dim(V N¢(x)) < 3. In
particular, a regular element will do.

Let us choose x € U such that x ¢ W(eb)). If x is regular, we are done.
If x is not regular, x is semisimple. Hence, its centraliser ¢(x) contains a Cartan
subalgebra g(h). Let us consider the intersection V N ¢(x). If dim(V Ne¢(x)) < 3,
we are done again. Assume that dim(V Ne¢(x)) = 4. Consequently, V' D ¢(x) and V
contains a regular semisimple element y € g(h) C V. Now if U D ¢(y) = g(h), then
we have found a regular element y € U. Otherwise, dim(U N¢(y)) < 1, and so, as
y € V, we finish using inequality (&) of Lemma 4.18:

dim([U, V]) > dim(U) —dim(U N¢(y)) > 7—1=6 > dim(V) — 3.
Case 5: dim(U) = dim(V) = 8. Let us observe that

dim(U NV) > dim(U) + dim(V) — 10 = 6 = dim(Orb(eg)).

Since Orb(eg) is an irreducible algebraic variety and not an affine space, there exists

x € UNV such that x ¢ Orb(eg). If x is regular, we are done by Lemma 4.18:
dim([U, V]) > dim(V) — dim(V N ¢(x)) > 8 — 2 = 6 = dim(U) + dim(V') — 10.

If x is not regular, then x is semisimple and its centraliser ¢(x) = Kx & [, a direct
sum of Lie algebras K and [ 2 sly(K). If dim(V Ne¢(x)) < 2, then by Lemma 4.18

dim([U, V]) > dim(V) — dim(V Ne(x)) > 8 — 2 = 6.

Thus we may assume that dim(V N¢(x)) > 3. We now repeat the argument from

the last paragraph of Section 4.4.1. This concludes the proof for Cs.
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4.4.3 G =0Gs

In this case dim(c¢(x)) < 8 for all 0 # x € g. Moreover, if dim(c¢(x)) = 8, then

x € Orb(e,). The centre of ¢(e,) is Ke,. Finally, the set Orb(e,) = Orb(e,)U{0} is
a 6-dimensional cone, the set Orb(eg) = Orb(eg)UOrb(e,)U{0} is an 8-dimensional
cone and the set Orb(es,) = Orb(es,) UOrb(eg) UOrb(e,)U{0} is a 10-dimensional
cone.

As dim g = 14, our goal now is to show that
dim([U, V]) > dim(U) 4 dim(V') — 14.

In order to do so, as before, we are going to consider several mutually exclusive
cases.
Case 1: dim(U) < 6. We are done by Lemma 4.18 since for any 0 # x € U,

dim(V N¢(x)) < dim(c¢(x)) < 8 < 14 — dim(U).

Case 2: 7 < dim(U) < 8. In this case we may choose x € U such that

x & Orb(e,). We are done by Lemma 4.18 since

dim(V N ¢(x)) < dim(c(x)) < 6 < 14 — dim(U).

Case 3: 9 < dim(U) < 10. Now we may pick x € U such that x ¢ Orb(eg).

Again we are done by Lemma 4.18 since
dim(V Ne(x)) < dim(e(x)) <4 < 14 — dim(U).

Case 4: If dim(U)+dim (V') > 22, then [U, V] = g by Proposition 4.17. This
leaves us with a single last possibility.
Case 5: dim(U) = dim(V) = 11. It remains to show that

dim([U, V]) > 8 = dim(V) — 3.

By dimension considerations we can choose x € U such that x ¢ Orb(es,). Then
dim(e(x)) < 4. If dim(V Ne(x)) < 3, we are done by by Lemma 4.18. Thus we
may assume that dim(c¢(x)) =4 and ¢(x) C V. Since x is not nilpotent, x must be
semisimple. Hence, ¢(x) C V contains a Cartan subalgebra g(h) and, therefore, a

regular semisimple element y € g(h). We are done by Lemma 4.18:
dim(U Ne(y)) < dim(e(y)) < 2.

We have finished the proof of Theorem D.
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Chapter 5

Subgroup growth of twisted
Chevalley groups over F([|¢]])

5.1 Twisted Chevalley groups

Here we include a partial solution to the problem of determining the subgroup

growth of the twisted counterparts of the groups from Chapter 4.

In the previous chapter we examined the subgroup growth of the congruence
subgroups of Chevalley groups over Fj([[t]]). These are the groups related to the
Kac-Moody groups corresponding to extended Cartan matrices, i.e. the so-called
untwisted types of affine Kac-Moody groups. Now we would like to look at the
remainder of affine Kac-Moody groups over [Fj,, namely the twisted groups

I = ~, ~ I Gt
Gic (Fp), Gi" (Fp), Gscc" (Fp), Gg:" (Fp), Gsé (Fp), G (Fp),

whose bounded presentations we calculated in Section 3.4.

It is possible to realise the Kac-Moody algebras associated to the twisted
GCMs as fixed point subalgebras of Kac-Moody algebras associated to extended
Cartan matrices under certain automorphisms (cf. [Car05] section 18.4), and sim-
ilarly it is possible to realise the twisted groups above as fixed point subgroups of
the untwisted affine Kac-Moody groups under certain automorphisms (cf. [Ra92]
chapter 4).

Now let G be a simple simply connected Chevalley group scheme and G = G(F,][[t]])
a Chevalley group with G its first congruence subgroup. Let o be a group automor-
phism of an untwisted affine Kac-Moody group corresponding to G of the type just
described. The automorphism ¢ induces an automorphism of G, which we by abuse

of notation also call o. Let G? be the fixed points of G under this automorphism
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and let
‘17 =G NG,

In this chapter we postulate the following provisional result on the subgroup growth
of GY.

Conjecture 5.1. Let p be a very good prime for G. If o has order 2 and G° is not
of type 52 then we have

D—112 (3
@ (G({) < ka +(d1mm71)k.

If G is of type é’é then we have

Btlel) g2
apr(G7) <p 2 k" 46k
Here m is a known finite dimensional Lie algebra module associated with

G and D and € are positive constants that need to be determined. This result is

unproven since it relies on some other conjectures that we will state below.

In order to establish this result, we need to know what happens to the graded
Lie algebra under these automorphisms. Recall that for the first congruence sub-
group G of the Chevalley group G(F,[[t]]) the graded Lie algebra £ was isomorphic
to g ®r, tF,[t], where g was the simple finite dimensional Lie algebra over I, cor-
responding to G. So first we need to know what happens to g under such an
automorphism. On the level of this finite dimensional Lie algebra, this automor-
phism is a graph automorphism. We again call this graph automorphism o. Let g°
denote the fixed point subalgebra (or eigenspace with eigenvalue 1) of g under this

map. Over the complex numbers g splits into the eigenspaces of o as follows.

Proposition 5.2 ([Car05], Prop. 18.8, 18.13). (i) Let g be a simple Lie algebra
of type Ay, Dyy1 or Eg and o be a graph automorphism of order 2. Let g_1 be
the eigenspace of o on g with eigenvalue —1. Then we have the vector space
decomposition

g=9"®g1

and g_1 s an irreducible g7 -module.

(ii) Let g have type Dy and o be a graph automorphism of g of order 3. Let g,

g2 be the eigenspaces of o with eigenvalues w, w? where w = e2i/3 Then we

have the vector space decomposition
=107 S 0o D g2
and @, 9,2 are both irreducible g%-modules.
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In very good characteristic the Lie algebra g behaves as it does over C, so
the above still holds. We now go over the different cases of this decomposition more
carefully - this is largely taken from the proof of the above proposition. We let L(A)
denote the simple Lie algebra with Cartan matrix of type A over a field K of very

good characteristic.

Al: We have g = L(Ay) = sy of dimension 8, g° = L(A;) 2 sly of dimension 3,
and the decomposition is
L(Ag) = L(A1) ©g-1,

where g_; is the irreducible L(A;)-module of highest weight 4w; and dimension 5.

CN'l’: We have g = L(Ag;) = sly4+1 of dimension 2[(2] 4 2), g = L(B;) of dimension
[(21 4+ 1), and the decomposition is

L(Ay) = L(B;) @ g1,

where g_; is the irreducible L(B;)-module of highest weight 2w; and dimension
121+ 3).

élt: We have g = L(D;;) of dimension (I 4+ 1)(2l + 1), g¢° = L(B;) of dimension
[(20 + 1), and the decomposition is

L(Dyy1) = L(B)) © g1,
where g_1 is the irreducible L(B;)-module of highest weight wq and dimension 2/+1.

Ef: We have g = L(Ag—1) of dimension (2l — 1)(21 + 1), g° = L(C}) of dimension
[(21+ 1), and the decomposition is

L(Agy-1) = L(C1) © g-1,

where g_; is the irreducible L(Cj)-module of highest weight ws and dimension (I —
1)(20+1).

ﬁi: We have g = L(Fs) of dimension 78, g° = L(Fy4) of dimension 52, and the
decomposition is

L(Eg) = L(Fy) ® g-1,

where g_; is the irreducible L(Fy)-module of highest weight w4 and dimension 26.
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(N}g: We have g = L(D4) of dimension 28, g = L(G2) of dimension 14, and the
decomposition is
L(‘D4) = L(GQ) D Yw D gw27

where g,,, g2 are both irreducible L(G2)-modules of highest weight ws and dimen-
sion 7.
Now we can proceed to looking at what happens to £ under the suitable

automorphism. We do this separately for the cases of order 2 and order 3.

5.2 General methods when ¢ has order 2

Let g be the finite dimensional Lie algebra appearing in the realisation of the affine
Kac-Moody algebra we are twisting. As above we write g° for the fixed point Lie
subalgebra of g under the automorphism o of order 2. We have the vector space
decomposition g = g% ® g_1, where g_1 is the —1-eigenspace of . We know that
this eigenspace is a g?-module, and we denote this module by m.

By considering eigenvalues, note that inside g we have [m,m] C g°.

The graded Lie algebra £ of the untwisted Chevalley group is isomorphic to g ®r, tFp|t].

By abuse of notation we also call this £, so we have
L=@got)o(@et)o@ot’)e(@athe...,

where we write @ for ®p, .

The automorphism we need to define on £ comes from a suitable automorphism
of the associated affine Kac-Moody group. See Chapter 4 of [Ra92] for details
of how such an automorphism is constructed. For our purposes it is enough to
know what it does on L. It turns out that here it is a variant of the twisted
graph automorphisms that occur for the loop realisations of the affine Kac-Moody
algebras of untwisted type, see Section 18.4 of [Car05] for details of this.

We proceed to define a map o : L — L (by abuse of notation we again use the same
notation for the automorphism). Each element a of £ is of the form a = ¥3° ,a; Rtk
with a; € g, where only finitely many non-zero summands are allowed. We can
define o by specifying what it does on homogeneous components of form aj ® t*.
Let r be the order of o. Then in analogy with the twisted graph automorphisms of

2mi/r

affine Kac-Moody algebras, we define § = e . In this section we have r = 2, so

6 = —1. Then we define

o(ar @ t*) = o(ay) ® 6 F¢F
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and extend this by linearity to all of L. If k is odd, say k = 2k’ + 1, we see that we
have
o(ar @ %) = o(ay) @ (=1)"2* 1k = —o(ap) @ tF,

and if k is even, say k = 2k’, we have
o(ar ®tF) = o(ap) @ (=1)"2Ft* = o(ap) @ t*.

The elements in g for which o(a) = a are precisely the ones in the fixed point
subalgebra g7, and the elements in g for which o(a) = —a are precisely the ones in
the —1-eigenspace m.

Let £ be the fixed point subalgebra of £ under this automorphism. Then we see

that we have:
L2=met)(@ot)emeot))e (g9t e ...

To proceed like we did in the previous chapter we will need a result analogous to
Theorem D. Recall that for subspaces U and V' of a Lie algebra g this result placed
an upper bound on the codimension of [U, V] in terms of a multiple of codim(U) +
codim(V'). MAGMA computations indicate that similar results hold for the twisted
cases, but we are currently unable to prove them. Instead we make the following

conjectures.

Conjecture 5.3. Let [, ]1: g7 x g7 — g7 be the ordinary Lie bracket in g°. Let U

and V' be two subspaces of g°. Then we have
codim([U, V]1) < A (codim(U) + codim(V'))

for some constant A > 1.

Conjecture 5.4. Let [, |2 : g7 x m — m be the action of g° on its module m. Let

U be a subspace of g° and V be a subspace of m. Then we have
codim([U, V]2) < B (codim(U) + codim(V))

for some constant B > 1.

Conjecture 5.5. Let [, |3 : m x m — g7 be the Lie bracket in g restricted to m.
Let U and V' be two subspaces of m. Then we have

codim([U, V]3) < C (codim(U) + codim(V))

for some constant C' > 1.
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Assuming these results we can proceed to prove an analogue of Theorem C.

We let H be a graded subalgebra of finite codimension in £7. Since every
element a € £ can be uniquely written as a = X°,a; ® t' with a; € g, we can
define I(a) = as where s is the smallest integer such that as # 0, and in this case

s := deg(a). Now set
H; = (l(a) | a € H with deg(a) =1).

Note that H; = {l(a) | a € H with deg(a) =14} U {0}. Similarly we define
L; = (l(a) | a € L7 with deg(a) =1).

Then -
L L;
dim — = dim —.
=1
and since the codimension of H is finite, this sum has finitely many non-zero terms.
We have

(e

g° forieven

L; = )
m for i odd

Next we note that
[Hi & ti, H; ® tj] - [HZ', Hj] ® it - Fi—&-j & tH—j,

where H;j is the Lie algebra part of the i+j-th term of H' = [H, H]. So dim H;; >
dim[H;, H;] and so
Livj o di Liyj

(H;, Hj] — Hij

dim

Now we consider these inequalities for i = j and i = j + 1:

ji=1 i=1": dim[[:ff]ziﬁ}gzdim][g where Lo = g% and H; Cm
. . . Ls . Ls

j=1 i=2: dlmmzmmﬁ—g where Lo =m and Hy C g’ H Cm
. . . Ly . Ly - -
j=2 1=2": durnmzmmj4 where Ly = g% and Hy C g
. . : Ls . Ls

j=2 i1=3": dlmmzmmﬁ—s where Ly =m and H3 Cm,Hy C g
j=3 i=3": dimi>dim§ where Lg = g° and H3 Cm

[H3, H3ls — 6 -

j=3 i=4": d1m[HZf;3}22dimH77 where Ly =m and Hy Cg°, H3 Cm

84



where Lg = g° and Hy C g°

1 : 1m 1M — ere an y

and so on. Adding these together we get

dlm— Zd

N ) > . Liyj
< dim — + Z dim

baixj>itn [, Hj)
< di > . LiJr]
<dim L + Z dim H,., |
iy 41y

1>i>j5>i+1

Ly Le
( [H1, Hi3 [H3, H3)3 )

. Ly . Lg
+ dlmi—i—dlmi—i—
( [Ho, Ha]q [Ha, Hi)q )

L L
+ (dim —2— 4 dim ———— 4 ..)

[Ha, Hil2 [Hs, Ha)s
<d1mm+C’(d1mII;+d1mII;I1+d1 53+d1m112+ )
A(dlmir?-i-dl ﬁb+dl ﬁﬁ;—i_dlmiﬂ;—i_ )
(dlmfh+dl 152+d1 f_"z'f'd Ig‘;++d éz )

Ly Ly L
= dimm + (2C + B) dim == + (24 + 2B) dim —= + (2C + 2B) dim —>
H, Hy Hs
+ (24 + 2B) dim La | (2C + 2B) dim Ls | (24 + 2B) dim Lo |
H, Hs Hg

We now set D = max{2A+ 2B, 2C' + 2B}. Then the whole sum above is less than
or equal to dimm + D dim f[

So we have d1m < dimm+D dlm . And since we also have dim £ H/ = dim % 5 ~ o+

dim 2 777> this glves us

g

dim% <dimm+ (D —1)dim ?—l

Following the method described in the proof of Theorem C we can use this estimate
to give us the following estimate on the subgroup growth of the corresponding first

congruence subgroup G¢:
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i=k—1 3. .
apk(Gclf) < pi=o dimm+(D—1)i

D—11.2 | (1; D1
S-k?+(dimm—5+35)k

=P
< p%k%(dimm—nk.

We would now need to look at these three products in more detail to establish
precise values for the constants A, B and C in the above conjectures.
Note that in the case ‘{C;, m Am = g, so the product [, |3 is the wedge product.
We state a lemma about the dimension of the wedge product of two subspaces of a

vector space.

Lemma 5.6. Let V be a finite dimensional vector space of dimension n and let U
and W be subspaces of V' of dimensions k and l, respectively. Then U AW is a
subspace of N°V = V \V. Assume furthermore that dimU N'W = m. Then we

have
dim(U \ W) = (7;) 4kl —m2.
Proof. For any basis y1,...,yn of V, {ys Ay; | 1 <i < j < n}is a basis of A V.

We can pick a basis

ULy -3 Uk—my L1y --5Tmy W1y ..o, Wi—my V1, ... Un—(k+l—m)

for V' such that the z; form a basis for U N W, the u; form a basis for a complement
of UNW in U, the w; form a basis for a complement of UNW in W, and the v; form
a basis for a complement of U + W in V. If we take the wedge products of this basis
to get a basis of /\2 V, then the elements in this basis of form y; A y; where y; € U
and y; € V will form a basis of U A\ V. Hence we proceed to count the number of
elements of this form.

One option of getting elements of this form is if the first component is of form u; and
the second component is of form z; or w;. There are (k—m)-(m+Il—m) = (k—m)-I
elements like this.

Another option is that both the first and second component are of the form z;.
These elements form a basis of A?(U N W), so there are (y) of them.

The last option is that the first component is of form x; and the second is of form
wj. There are m - (I —m) elements like this.

Adding these together we get

2
. . . . W .
dim(U A\ W) = dlm(UﬂW)-dlmW—{-dlm/\(UﬂW) + dim () - dim(U N W)
m

:(k—m)-l+<2>+(l—m)-m
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= <";> Ty —

We see that in the tél case Conjecture 5.5 cannot be uniformly true, i.e. it

O]

is impossible to find a constant C' that will work for all /. Indeed, in that case m
has dimension 2/ + 1 and g° = m A m has dimension (21;1) =[(2l +1). If we pick
U and V to to be subspaces of codimension 1 in m such that U = V', then we have
C(codim(U) +codim(V)) = 2C but codim(U A V) = dim g7 — ((¥) +21-20 - (2)?) =
2l. So it is impossible to pick a constant C' that will make Conjecture 5.5 true for
all [, the best we can do is a constant depending on .

In the other cases the product maps through the wedge but has a kernel so we expect

the conjectures to hold.

5.3 GL(F,)

Here we do as in the previous section, now for groups where the twisting automor-
phism has order 3. There is only one type of these: éé As we saw above, the finite

Lie algebra g of type D4 has an eigenspace decomposition

0=9" Do D 9,2,

where g7 is a finite Lie algebra of type Go and dimension 14, w = €2™/3 and g.,, g,z
are both irreducible g?-modules of dimension 7. We call these modules m; and mo.

As before, the graded Lie algebra £ has form

L=@got)o@at)e @ot)o@eotha....

2mi/r

Again we define § = e , where r is the order of 0. So here § = w. We again

define the map o : L — L by
o(ar @t%) = o(ay) @ 6 Ft*

and extend this by linearity to all of £. By similar reasoning to the precious case

we get that the fixed point subalgebra £ of £ under this map is
L2=m )Mt (g 2t?)dm eothometd)o (ot o...
Let us denote by L; each term in the expression for £7, so that we get

L7 =@, L.
Now let H be a graded Lie subalgebra of £7 of finite codimension.
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To proceed further, we again make the following conjectures, which can be

seen as twisted analogues of Theorem D.

Conjecture 5.7.

Let U and V' be subspaces of g°. Then we have

g7 U O o
< dim = + dim >=.
[U, V] < dim U 4+ dim v

dim

Conjecture 5.8.

Let U and V be subspaces of mi. Then we have

dim% < dim%—i—dim%.

Similarly, if U and V are subspaces of ma, we have dim % < dim §# + dim .

Conjecture 5.9.
Let U be a subspace of g° and let V be a subspace of ma. Then we have

my g’ .My
< dim =— + dim —.
[U, V] < dim U + dim %

dim

Similarly, if U is a subspace of my and V is a subspace of g°, we have dim [U“?‘l/] <
dim 7+ + dim §-.
Conjecture 5.10.

Let U be a subspace of ma and let V' be a subspace of my. Then we have

<q +s)(dim% + dim %),

dim

U, V]
where € > 0.
We then get the following conditional result.

Lemma 5.11. Let H be a graded Lie subalgebra of finite codimension in L°. Then
dimH/H <7+ 3+ [e])dim L7 /H,

where H' = [H,H] and [e] is the smallest integer which is greater than or equal to

€.

Proof. We follow the proof of Theorem C, which closely follows the proof of Lemma
1 from [AbNSO03]. Every a € L% can be written uniquely in the form

o
a:Zas@)ts,
s=1
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where a5 € Lg, where L is given by

my, ifs=1 mod3
Ls=q{my, ifs=2 mod3

g%, ifs=0 mod 3.

We define the leading term of a by [(a) := as, where s is the least integer such that
as # 0, and we call this s the degree deg(a) of a. We put

H; = (l(a) | a € H with deg(a) = i).

So H; is the i-th homogeneous component of H. We therefore have

dim £7/H = dim L;/H;, (5.1)

i=1

and since we assume dim £7/H is finite, this sum has finitely many non-zero sum-

mands. We have
[H; @t H; @t/ = [H, Hj] @t C Hipj @t (5.2)

where

H; = (l(a) | a € H' with deg(a) = i)

7' . . , . . .
1 9
(so H; is the i-th homogeneous component of H', which is a graded Lie subalgebra

of H). So the inclusion in equation (5.2) implies
dim Li+j/[Hi7Hj] > dimLi-l—j/ﬁi—l-j- (53)

We now expand the following sum and bound each term from above using (5.3) (and
the fact that dim £+ < dim L; = 7):

R — . Iy . Lo . L3 . Ly . Ls . Lg
dim L7 /H :ZdlmLi/Hi:dlmj—|—d1mj—f—dlmj—i—dlmj—i—dlmj—i—dlmj
— H,y Hj H3 H, Hs Hg
L L L L L
+dim =~ + dim =2 + dim =2 dim —2 + dim =2
H, Hyg Hy Hig Hy,y
L L L L L
+dimjm+dimjlg+dimjl4—|—dimjl5+dimjlﬁ+...
Hio Hqs Hyy His Hig
L2 . L3 . L4 .
dim +dim ——— + dim ————
[H1, Hi] [Ho, H] [Hy, Ho) [H3, Ho)

<7+ dim

+ di Ls L1 i
m-————- m-——-——-— m ———-—-—- m————-—-
[H3, H3) [Ha, H3] [Hy, Hy [Hs, Hy)
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i O G 4 g O g
+ dim [Hf, ] + +dim [Hi 7 + +dim [Hj,ljilg]
Now we use our four conjectures to bound each term in this sum:
< 7+(d1m§1+d1 lIL/Il) (1+5)(d1m£[—+d1 I[;l)—i—(dmﬁb—i—dlmllg)
+ (dim IZ;I;), + dim 1_1;2) + (dim II;— + dim 1_1;3) (dim II;Q + dim IIE)
+(dim 4 dim )+ (14 €)(dim 22 4+ dim )+ (dim 72+ dim )
(d1m[L{6 +dmll}55) + (dim JIL/I +dim£f2)+(d H7+dimll;fz)
+(dim P+ dim ) (1) dim 7 dim )+ (dim 2 o+ dim ) +

And rearranging this we get
Ly Lo Ls Ly Ls
=7+ (4+€)d1mﬁ+(4+€)d1mﬁ+4d I, (4+E)d1mﬁ+(4+€)dlmﬁ5

. Lg . Ly . Lg
+4d1mF+(4+€)dlmﬁ7+(4+€)dlmﬁ8+'”
<T+MA+] Zdlm—
=74+ 4+ [e])dim L7 /H.

And since we have dim £7/H' = dim L7 /H + dim H /H', by substracting dim L7 /H

from each side we get the desired
dimH/H <7+ (3+ [e])dim L7 /H.

O

Now let GY denote the intersection of the first congruence subgroup of
Dy (F,[[t]]) with the subgroup consisting of fixed points G” of G = Dy(F,[[t]]) under
the automorphism ¢ of order 3. Following the method described in the proof of
Theorem C, the above estimate on the dimension of dimH/H’ can give us the

following estimate on the subgroup growth of GY:

0, (G7) < plizo | THE+[ED

(3+[e]) 3_[e]
BRI (-5 =50k

(3+4[<1)
pr R ok
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Appendix A

Tables

A.1 Presentations of G(F,)

Table A.1: Presentations of G(IF,) [GKaKasL11]

Group q odd q even
|Do| | |Rs| | label | contains | |Ds| | |Rs| | label | contains
SL(2,q) 3 9 o1 3 5 P1
SL(3,q) 4 14 09 o1 4 10 02 p1
SL(4,q) 5 20 o3 o1 5 16 03 P1
SL(4,q) 6 21 | o4 o1, 09 6 17 | pa P1, P2
SL(n,q),5<n <8 5 21 o5 o1 5 17 05 p1
SL(n,q),5<n <8 6 22 o6 o1, 09 6 18 06 P1, P2
SL(n,q),n>9 6 25 o7 o1 6 21 07 p1
SL(n,q),n>9 7 26 og o1, 09 7 22 08 p1, P2
Sp(4,q) 5 27 o9 | o1 (short)
Sp(4,q) 6 28 | o010 | o1 (twice) | 6 20 | pio | ;1 (twice)
Sp(2n,q), n >3 8 A7 | o1 9 40 P11
Spin(2n+1,q9),n >3 | 9 48 | o019
Spin(8, q) 6 29 | o013 o1 6 25 | pi3 p1
Spin(2n,q),5<n <8 | 6 30 | o014 o1 6 26 P14 p1
Spin(2n,q), n > 9 7 34 o15 o1 7 30 P15 p1
Ga(q) 6 31 | o016 | o1 (twice) | 6 23 | pis | p1 (twice)
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Generators and Relations of X (q)

Table A.2: Generators and Relations of X (q)

Group q odd q even
generators | relations | generators | relations

Ay(q) 5 26 5 22
As(q) 7 34 7 30
An(g), 4<n<T 7 35 7 31
An(q),n>38 9 43 9 39
Bs(q) 8 43 8 35
BL(q) 7 42 8 35
Bu(q), Bi(q) 8 51 9 44
By(q), Bt (q),5<n < 8 52 9 45
B,(q), Bt(q), n>9 9 56 10 49
Ca(q), Cs(q) 7 49 9 39
Culq),n >3 10 69 12 59
C'(q),n>3 11 70 12 59
Ch(q) 8 50 9 39
Ct(q) 12 71 12 59
Dy(q) 7 38 7 34
Ds(q) 7 39 7 35
Dn(q), 6 <n<8 7 38 7 34
Dn(q),n>9 8 42 8 38
Es(q) 7 36 7 32
Ex(q) 6 30 6 26
Es(q) 7 34 7 30
Fi(q), Fi(q) 8 50 9 43
Ga(q), G(q) 7 40 7 32
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A.3 Relations of G(F,[t,t"']) with 2 generators

Table A.3: Relations of G(F,[t,t!]) with 2 generators

type G [Rs| | |Ros| || type G [Ro| | |Ro|
q odd | g even q odd | g even

SL 3 29 25 Spin ; 45 38

SL 4 37 33 Spin 4 54 47

An—1| SL,,4<n<8 38 34 B, | Sping,.1,5<n <8 | 55 48

SL,,n>9 46 42 Sping, 1, n>9 59 52

Spin g 41 37 Spy 52 42

Spin ¢ 42 38 Spe 61 51

D, | Spin,,,6<n<8| 41 37 Cp Spg 67 57

Sping,,, n > 9 45 41 Spop, D<n <8 68 58

Eg 39 35 Spop, > 9 72 62

E, Er 33 29 Ey Fy 53 46

Eg 37 33 Go Ga 43 35
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A.4 Extra Generators and Relations for X (¢).q and X,4(q)

The columns of Table A.4 are organised as follows. We list Dynkin’s labels for affine
groups and Cartan labels for finite groups in Column 1. Column 2 contains the
group P/Q: by (ai,...,ar) we mean the group Z/aj X ... X Z/a.

The next two columns are related to X(¢)qq. Column 3 lists the minimal
number of generators for Z(gq). We get a generator if there is a non-trivial homo-
morphism from a cyclic direct summand Z/k of P/Q to F. We introduce a symbol
2(k), equal to 1, if ged(k,q—1) > 1 and 0 if ged(k,q— 1) = 1. Column 4 is a max-
imal possible value of (k) taken over all ¢: this is the number of extra relations to
describe X(q)qq for generic q.

The right three columns are related to X,q(¢). Column 3 lists the minimal
number of generators for H(q). We get a generator if there is a non-trivial quotient
by the k-th powers, where Z/k is a direct summand of P/Q: Extl(Z/k,IFqX) =
Fx/ (F;)k. This is controlled by the symbol 2(k). No generator arises from the
infinite cyclic group: Extl(Z,FqX) = 0, yet the infinite cyclic group appears only in
the affine types where H(q) has an extra generator. Hence, |D;| = |Dz|. Column 4
uses a maximal possible value of 2A(k): this is a number of extra generators needed
to describe X 4(q) for generic q. The last column is the maximal cardinality of
D% U Rg U DS the number of extra relations needed to describe X,4(g). In our
computation we use the estimates |D¥| = |Dy| = |Dsy|, |R}| = |Ra| = |Ds| and
| D3| = 2| D5|. The latter holds because X (q) is generated by 2 elements (with few
exceptions, see Theorem 3.12). Hence, ]Dtlt U Rg U D§| = 4| D |.
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Table A.4: Extra Generators and Relations for X (q)aq and )N(ad(q)

X, P/Q | |D1] = |Dy| | max (|D1| =|Dsl) | max [D} U RS U Dg|
Ay (n+1) | An+1) 1 4
By, Ch, Er (2) 2A(2) 1 4
Doy, (2,2) 29(2) 2 8
Dant1 (4) A(2) 1 4
Gy, Fy, Ex 0 0 0 0
Eg (3) 2A(3) 1 4
Any (0,7n) 1+ 2A(n) 2 8
By, Cu, E7, Bt .Ct | (0,2) 1+ 2A(2) 2 8
Do, (0,2,2) || 1+22(2) 3 12
Dons1 (0,4) 1+2(2) 2 8
Gy, Fy, Es,C! F1.GL | (0) 1 1 4
Eg (0,3) 1+2(3) 2 8
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A.5 Generators and Relations of Classical G(F,[t,t!])

Table A.5: Generators and Relations of Classical G(F,[t,t71])

G D, | Ry, q | Ry, q G Dy, | Ry | Dy | Rs

odd | even q odd q even

PSL3 5 28 24 SO 7 9 | 48| 8 | 36
PSL,,4<n<8 | 7 37 33 SO 9 |56 | 9 | 45
PSL,,n>9 9 45 41 SO 2p41,5<n <8 9 |57 | 9 | 46
PGL 3 6 31 27 SO 2p41, > 9 10 | 61 | 10 | 50
PGL,,4<n<8| 8 40 36 SOgor SOg,, 6<n<8| 8 |43 | 7 | 35
PGL,,n>9 10 48 44 SO 10 8 | 44| 7 | 36
SO2,, n>9 9 | 47| 8 | 39
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A.6 Ridgeline numbers and maximal dimensions of cen-

tralisers

The columns of Table A.6 are organised as follows. Column 3 contains the nullity
r of an invariant form. It is equal to dimj. Column 4 contains the dual Coxeter
number. Column 5 contains the ridgeline number. Column 6 contains dimension of
the centraliser of the minimal nilpotent. Column 7 contains a minimal non-central
semisimple element in g°, using simple coweights y; and the enumeration of roots in
Bourbaki [Bo68]. Column 8 contains the dimension of the centraliser of the minimal

semisimple element in g’.
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Table A.6: Ridgeline numbers and maximal dimensions of centralisers

type of g P hY v(g) m—2hY—1) | y | dimc(y)

Ayl >2 (p,l+1)=1 I+1 i 12 yi 12

Ayl >2 p|(I+1) I+1 ST 12 Y1 12
B, 1>3 p#2 201 Ya+2) | 22-31+4 |y |[22-31+2
Cp, 1>2 p#2 I+1 i 202 — 1 yi | 212 =31 +2
Dy, 1>4 p#2 202 | J(1+5%55) | 22-51+6 |y |202—50+4
Dy, 1=2lp>4 2 20-2 | 1(14+:%) | 22-51+6 |y |22—5l+4
Dy, l=2+1>4 2 20-2 | 21+ 5%) | 22-51+6 |y |2%-5l+4

Ga p>3 4 3 8 yi 4

Gs p=2 4 3 8 yi 6

Fy p#2 9 3 36 V1 22

Es p#3 12 2 56 yi 46

Eg 3 12 2 56 V1 46

E; p#2 18 = 99 y7 79

E; p=2 18 = 99 y7 79

Fyg p#2 30 = 190 ys 134

Fyg p=2 30 = 190 y3 136
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Appendix B

MAGMA example

Here we show how to use MAGMA for one of the tasks needed in the proof of Propo-
sition 4.24. Recall that this involved a finite dimensional Chevalley-type Lie algebra
in positive characteristic. It was known that the dimension of the centraliser of a
minimal nilpotent element was given by m —2(h" — 1) (where m was the dimension
of the Lie algebra and hY was the dual Coxeter number) and it was necessary to
show that the maximal dimension of the centraliser of a non-zero semisimple element
was not greater than this. This was checked manually by working out the maximal
dimension of the centraliser of a semisimple element in all bad characteristics, over
the corresponding prime field. We illustrate this on the example of Fg in character-
istic 3.

In this case we have m = 78 and h" =12, s0 m — 2(h" — 1) =78 — 2 11 = 56.

We begin by defining the root datum and printing the Dynkin diagram and number

of positive roots.
> R := RootDatum("E6");

> DynkinDiagram(R);

E6 1-3-4-5-6
I
2

> NumberOfPositiveRoots(R);

36

MAGMA has these 36 positive roots ordered, with the roots Root (R, i) for i =
1...6 referring to the 6 fundamental roots. Note that MAGMA uses a different
ordering to the one we choose in Appendix C. Next we define the fundamental

coweights:
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> L:= FundamentalCoweights(R);

[1 0000 0]
[01 000 0]
[001000]
[00010 0]
[000O010]
[000O0O0 1]

This lists the fundamental coweights y1,...,ys as rows of a matrix. If we want to

apply a particular coweight to a particular root we do the following:

> (Root(R, 36) , L[1] + L[3]);

This applies the coweight y; + y3 to the 36th root in MAGMA'’s numbering, which
corresponds to aq + 2aig + 2ai3 + 3ay + 2ai5 + aig. The result is 3 and this number is
viewed as a rational number, so to reduce it modulo 3 we need to coerce it into the

field of 3 elements like so:

GF(3) ! (Root(R, 36) , L[1] + L[3]);

0

The fundamental coweights form a basis for the Cartan subalgebra, so a semisimple
element is a linear combination of fundamental coweights. Now we can do the
main loop of applying this to every positive root and every linear combination of

fundamental coweights:

for a:= -1 to 1 do
for b:= -1 to 1 do
for c:= -1 to 1 do
for d:= -1 to 1 do
for e:= -1 to 1 do
for f:= -1 to 1 do
y:= 0;
for i:= 1 to 36 do
x:= GF(3) ! (Root(R, 1) , axL[1] + b*L[2] + cxL[3] + d*L[4] + exL[5] +
£xL[6]); x;
if x eq O then y:= y+1;
else y:= y;
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end if;
end for;
Y
end for;
end for;
end for;
end for;
end for;

end for;

This produces a list of all the results of this calculation, each stored under the vari-

able x. Removing the x; from the code, the only displayed value becomes y, which

counts the number of 0’s, i.e. for each mod-3-linear combination of fundamental

coweights it counts the number of roots that annihilate it. The for i:= 1 to 36

do command by default assumes steps of size 1, so it produces 36 iterations.

The result of the code above with the x; produces a list with 3% entries. We would

like to quickly find the maximal one. There is one entry of 36 (obtained by setting

all the coefficients of the coweights to 0) so we would like to ignore this entry. The

correct modification is:

z:= 0;
for a:= -1 to 1 do
for b:= -1 to 1 do
for c:= -1 to 1 do
for d:= -1 to 1 do
for e:= -1 to 1 do
for f:= -1 to 1 do

y:= 0;

for i:= 1 to 36 do

x:= GF(3) ! (Root(R, i) , axL[1]

£xL[6]);

if x eq O then y:= y+1;

else y:= y;

end if;

end for;

Y

if y ge z and y 1t 36 then z:= y;
else z:= z;
end if;

end for;

end for;
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end for;

end for;
end for;
end for;

z;

which displays the same long list plus 20 at the bottom. Removing the y; in each
iteration displays only the final result, 20.

We would also like to find a specific instance of a semisimple element whose cen-
traliser has this dimension. Trial and error shows that often at least one of the
fundamental coweights has a centraliser of maximal dimension, so we attempt now

with the fundamental coweight y:

y:= 0;

for i:= 1 to 36 do

x:= GF(3) ! (Root(R, i) , L[11);
if x eq O then y:= y+1;
else y:= y;
end if;
end for;

Y

20

This shows that y; does indeed get annihilated by the maximum number of positive
roots, 20, so it is a semisimple element whose centaliser has maximal dimension.
The element y; gets annihilated by the corresponding negative roots as well, and by
the elements in the Cartan subalgebra, so its centraliser has dimension 20+20+6 =
46 < 56, which we record in Table A.6.
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Appendix C

Affine Dynkin diagrams and
GCMs

Here we include a list of the generalised Cartan matrices and Dynkin diagrams that
we use. We include here only the ones of affine type. To obtain the ones of finite
type, recall that for an extended generalised Cartan matrix A we can obtain the
corresponding Cartan matrix A by deleting the 0-th row and column of A, and we
can obtain the Dynkin diagram of type X from the one of type X by deleting the

vertex ag (and all edges connected to it).
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Untwisted types

n—2

n—1
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ao
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ay
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2 -1 -1 2 -1
3 -1 2
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n_1 -1 2 -1
n -2 2
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0 2 -1
—2 2 -1
2 -1 2
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n —1 2
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Twisted types

A
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Qo

as as Up—2 ap—1 Qn

ai

0 2 -1
1 2 —1
2 -1 -1 2 -1
3 -1 2
n—2 2 —1
n—1 -1 2 =2
n -1 2
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ago al as Ap—2 An—1 Qn
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