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SUMMARY

Let « be a volume element on Fn . Diffn(Rn) is the
group of «-preserving diffeomorphisms of Fn . Diffy(Fn) is the
subgroup of all elements whose set of non-fixed points has finite
«-volume. Difff(Fn) is the subgroup of all elements whose support
has finite «-volume. Diff“(Fn) s the subgroup of all elements with
compact suport. Diff“O(Fn) 1is the subgroup of all elements compactly
«-isotopic to the identity.

We prove, in case volffn<» and for n> 3 that a
subgroup of DifFr(l({’F H’) , N , is normal if and only if
Difon(Fn) c Nc Diffe(Fn) . If volgF n=<and for n » 3 , there
is no normal subgroup neither between Diffy(Fn) and Diffn(Fn)

nor between Diff*(Fn) and Diffr(Fn) .

mEU



INTRODUCT ION

The final goal of this dissertation is the study of the normal
subgroups of the group of all smooth volume presewing diffeomorphisms of
Rn , Diffn(Fn) , for n >3 and for any volume element fl. .

We were looking for similar results to the one on the group of
smooth diffeomorphisms of Fn ,Diff(Fn) , got by Ling in [10] and
McDuff in [14] saying that any non-trivial normal subgroup N of

Diff(F n) satisfies

DiffcO(Fn) ¢ N ¢ Diffc(F n)

where Diffc(Fn) is the subgroup of all diffeomorphisms with compact
support and DiffCQ(Fn) is the subgroup of all diffeomorphisms comp-*-tly

isotopic to the identity.

Since the groups of diffeomorphisms of a manifold preserving
equivalent volume elements are isomorphic we only have to study the
group Diffn(Fn) for non-equivalent volume elements on Fn .

Using Moser [18] .,we were able to reduce it two essentialy different
cases, the first one when ¢ is a volume element on Fn with
finite total volume and another one when q has infinite total volume.

In both cases we have the following chain of normal subgroups

of Diffn(Fn)

{id} ¢ DIffEQ(Fn) c Diff*(Fn) ¢ DiffJ(Fn) c Diffjj(Fn) c Difffi( Fn)

where DIffEO(Rn) 1S the subgroup of all elements isotopic to the

identity by an g-isotopy with compact support. Diff~(Fn) is the



subgroup of all  elementswith compact support. Diff~(Fn) is the
subgroup of all elementswith support of finite p-volume Diffr(Fn)
is the subgroup of all elements with set of non-fixed points of finite

p-volume. Clearly, if p has finite total volume we have

Diffj?(Fn) = Diffn(Fn) .

Now we are going to describe the contents of this disertation

Chapter by Chapter.

Chapter 1 gives some results on volume elements on a smooth

manifold including the one mentioned above.

Chapter 2 contains some general facts on the group Diffs(Fn) .
In particular, we give a direct proof of the fact that twovolume elements
on Fn with the sametotal volume are equivalent (2.1).This result
can also be proved using [6]

We also get a sufficient condition for a subgroup of DiffiXF n)

to be normal, namely , any subgroup N of Difffi(Fn) such that

DiffcO(F n) ¢ Nc Diff“(Fn)

is normal.
We end this Chapter giving some examples that prove that all the

inclusions of the above chain are strict.

The aim of Chapter 3 is to decompose an element of Diff“(F n)
as a finite product of volume preserving diffeomorphisms each one with
support in a strip. This method owes very much to Ling [10] who worked

out the decomposition of a diffeomorphism of Fn in a finite product



of diffeomorphisms each one with support in a locally finite union of
disjoint cells. The modification has been necessary since two strips

with the same ~-volume are diffeomorphic by an element of Difffi(Fn)
(3.4) while the same is not true for locally finite unions of disjoint

cells.

Chapter 4 contains several technical results. W e prove that the
subgroup of Diffn(Fn) of all elements with support in a given strip
is connected with respect to the compact-open C -topology (4.10). The
proof uses an extension to a smooth family of volume elements on Fn
of a result of Greene and Shiohama [6] that is proved in the Appendix of
this dissertation

Following McDuff [15] we prove that the subgroup of Diffn(Fn)
of all elements with support in a strip is perfect (4.7)

Another result that proves to be crucial is that for any element
h of Diffn(Fn) such that there is a disjoint union of cellb

n C. satisfying
i>l 1

(LLc. )n h(LLec.) =9

il 1 i>l 1
we find a strip ,V , and an element lying in the normal subgroup of

Diffn(Fn) generated by h , h" , such that h*"(V) n V =p

This enable®us to get in Chapter 5 some results on the classification
of the normal subgroups of Diff*(Fn) when £l has finite total
volume.

We prove that for n > 3 , there is no normal subgroup between
Diff*(Fn) and Diffn(Fn) (5.4) . Therefore, joining that theorem with

a result of Chapter 2 and with Thurston [22] we get that a subgroup N



is normal if and only if

DiffcO(Rn)c N c Diffc(Rn) =

Chapter 6 is a complement of Chapter 4 , proving some additional
results needed when n has infinite total volume .
We construct, for any volume preserving diffeomorphism , h ,

not lying in Diffjj(Fn) a disjoint union of cells , C.. , such that

(6.2) .

Also, we prove the last of the decomposition results, namely, we
see that any element of Diff“(Fn) with support in a strip of finite
ii-volume can be written as a finite product of elements of D1ff~(Rn)

each one having support in a strip of finite n-volume (6.4) and (6.6)

As before, this enablesus to get in Chapter 7 some results on
the classification of the normal subgroups of Diff (Fn) when n
has infinite total volume .

We prove that, for n » 3 , there is no normal subgroup neither
between Diffy(Fn) and Diffn(Fn) (7.2) nor between Diff“(Fn)
and Diff*(Fn) (7.5) . Thus, joining the above theorems with Thurston
[22] we get that the non-trivial subgroups of Diffn(Fn) , N , must be
either between Diff“Q(Fn) and DiffE(Fn) or between Diff (Fn)

and Diff“(Fn) .

To study those normal subgroups we have tried two methods that

are explained in Chapter 8 .



The first one is taking the closures of the normal subgroups in the
above chain with respect to the compact-open C°°-topology and to the
Whitney C“-topology .

We prove that Dif~O(Rn) is dense in Diffn(Fn) with
respect to the first of the topologies (8.1) and OiffA(Fn) and
Diff~A(Fn) are both closed with respect to the second one (8.3) (8-4)

A second one is studying different subgroups of Diffn(Fn)
between DiffA(Fn) and DiffA(Fn) . We construct an example of a

subgroup normal in  DiffA(Fn) but not in the whole group.

Notice that pages 3 to 9 and 32 to 35 have been deleted by

indication of the examin?tors.



Sl.- SOME PRELIMINARIES

This is an introductory chapter where we give the general definitions
and some results on volume elements on a manifold needed in the following

chapters.

ITf M 1is a connected n-dimensional smooth manifold we denote by
A* T* M the set of all differential forms of order n on M. We will
say that M is orientable if there is an element of \* T* M which does
not vanish at any point of M. We denote by r* c A* T* M the subset
of all differential forms of order n which do not vanish at any point

of M.

If m and e are two elements of r* we have e = fu where
f is a real valued function on M which does not vanish at any point
of M and f is either positive for all points of M or negative for
all points of M. So, we define w and O to be equivalent if f >0

giving an equivalence relation in r* with two equivalence classes.

A such class of r* is called an orientation of M An oriented
manifold is a manifold with a chosen orientation. IT M 1is assumed to be
oriented, a diffeomorphism g - MM is called orientation preserving
if the induced map i>: A* T* M %A*T*M sends any element of the

chosen orientation of M,ui, to an element equivalent to «.

A volume element a of an oriented manifold M is a differential
form of order n belonging to the chosen orientation. Let A be a subset
of M, we denote by vol™ A the integral of the n-form a along A
(see [13] ). A diffeomorphism h: M M is o-preserving or volume

preserving if h*Co ) =a . We will say that two volume elements a



and T on M are equivalent if there is an orientation preserving

transformation, M» M, such that ~*(0) =¢*

Now, we state a. result obtained by F'oser in [18] about the

equivalence of volume elements on com; act manifolds.

1.3 THEOREM [18].- Let M be a compact connected n-oincnsionr.1l manifold
and let a and T be tvo volume elements on @ such that

vl K = wl R . Then there is a diffeororphisr h :M* M such that






The folowing result give us a special extension of the above theorem

of Moser for volume elemtns on a particular type of non-compact manifolds.

1.4 THEOREM [16] - Let M be a non-compact smooth manifold.
let o and t be two volume elements on M« [-1, 1] . Then,

there is a diffeomorphism,

* M x[-1, 11 +M x [-1, 1]

which equals the identity near 1} andon Mx {0} and

such that ~(t)=o0 near Mx {o }

PROOF.- It suffices to prove the theorem when t is a product
t"adt where t" is some volume element on M, because if we have

proved the theorem in the above case we have a diffeomorphism

A :M*[-1, 1] + M * [-1, 13

which equals the identity near M x {-1, 1} and on Mx {0} and

H @¢adv)»o near H x {0} . Also we have a diffeomorphism

*2 :Mx[-1, 1] > M x [-1, 1]

which equals the identity near M x {-1, 1} and on M x {0} and

2 (tadt »t
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Along this dissertation we will need many times to extend embedding

to a volume preserving diffeomorphisms.

We will use the following vresult of Krygin proved in
19) . The proof is not included because it uses very different techniques
to the ones used in this dissertation like extension of vector fields and

Hodge*"s theory.

1.5.- THEOREM [9] Let M be a connected orientable closed n-manifold.

Let W be a n-dimensional submanifold with smooth boundary 3W. We denote by
by Wj the connected components of W and by the connected components

of M-W. Let a be a volume element on M. And let ft: W =M be a
family of embeddings such that fQ equals the identity on 3W,

volo\l\ll_ = volo7iqv_) and voloq_ = volofl_(‘\l.) where fL is some.
extension of ft . Then, there is a family of
diffeomorphisms F* : M %M such that F* (0) =0, Fq is the

identity and P* equals fj on W .

Moreover, if ft 1is defined on some components V  of
M-W and if it preserves o0 on V and preserves the total
volume of the other components of M-W either for all t or when

t =1, then, we may assume that Ft=f" on V for those values

of t .

T i-VOTEL.- jome. e.At.e-nt>c0 T K e*. ists to CiQj .



§2_- GENERAL FACTS ON THE GROUP Diff” Fn).

Let O be any volume element on Fn . We denote by
Diff*( Fn) the group of smooth diffeomorphisms of IFn  which preserve

the given volume element fi.

To study the group Diff*( Rn) one could expect to have a different
group for any volume element considered on IR. But it is obvious that
it 0] and are two volume elements equivalent on IRn and if

W : I A@Fn is the diffeomorphism such that ip *(n the map
n n
y: Diff c¢( Fn) = Diff 1(IM)

given by y(h) =i ° ho-y*is an isomorphism.

Thus, it is very interesting to know when two volume elements are

equivalent anithe next theorem gives us a sufficient condition.

2.1. THEOREM.- Let iR and be two volume elements on IFn

such that wvol n IFn = vol® 1RO . Then, there is a diffeomorphism,
o] 1

such that

. n
* (™l o
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PROOF.- First of all we will reduce to prove this theorem for two

volume elements and with the same total volume and such that
«l 6, = wolo, Bf
for any i £ IN, where is the closed ball of I of centre

the origin and radius .

There is a positive number X such that

Also, there is a positive number Xg such that X < X2 and

nl @ m .ol n, B. . Thus, inductively, we get 0 <X < X2 <

satisfying v°l,, 8
0

Bi =
Now we will construct a diffeomorphism of IR sending Bi into
There is a positive number XQ < X such that XQ <1 and

a diffeomorphism, f: IF % IR+ such that

1
x

fx) for x~ XQ and
f(i) = Xi for any ie N,

So, we can define a smooth function, IR » ERn by
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n Bi....xn) Il

LEl....xn) =
I (Xi....xn)H
Therefore, the volume elements, and ip (M) =nj satisfy
and
Thus, if we prove the theorem for and we will get a
diffeomorphism y* :Fn > IRn  such that =K and the

diffeomorphism y =1} - v' satisfEe>the desired property.

Now, we will construct, inductively, the diffeomorphism vy

Let = f fij . We choose a smooth function 7| such that
™ equals f] on B~2 * A ecluals 1 on a neighbourhood of
382 and

vol
We can apply 1.3 to the volume elements and 7§ fij and we

get a diffeomorphism g*: B2 -mB2 suc® tia® 9] is the identity
on a neighbourhood of 382 and g*(i2j) =7 il]. Therefore,

g (il]) = & on a neighbourhood of B~.



Now, we assume that we have a diffeomorphism g.: IR & |

such that g*(fij) = on a neighbourhood of B and

“HI m vo"sO “HI and

BH2 m vo\ BH2 *

We will find a new diffeomorphism g! : BM+i mB.+i satisfying
g-*og*C illj ) = & on a neighbourhood of Bi+tl and ¢g‘ equals
i i i i 1
the |dent|t}/ on Bl . Then we will define Ly > %; O % -
Vie- call i+l = g*( ) . Let be equal to fAfi. A
We can choose a smooth function, 7VI , such that 7VI equals fM
Bi+(3/2) - equals 1 on a neighbourhood of 9Bi+2 and

,ov “1+2 m TO0,a, “i+2 =«
Tt,°HI 0

We can apply 1.3. to the volume elements and
getting a diffeomorphism

gl - B, m B,
si 1+2 1+2

such that ¢! is the identity on B and on a neighbourhood of
3Bi+i  and gi*( m+l ) - 7 ~ , . Therefore, gr*(ll+l) =

=n0 on a neighbourhood of Bi+l
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Thus, inductively we have defined a diffeomorphism of Jm ,

y" : Fn Fn , satisfying t"™(fg ) =1 .

A generalization of this result is included in the work of Greene
and Shiohama in [6 J.

2.2 REMARK.- A consequence of the above theorem is that to study the group
Diff n(Jm ) it is sufficient to consider two different cases only, namely
veifl =

and vol~FO0 <<« . Furthermore, if wvolMIFLl= &
we can assume

ﬂ:zdx,ia...a d x

the standard volume element on IRn and otherwise

n=pClIXI2)dxla...adxn

for some non-vanishing smooth function p .

Recall that an isotopy on IR  is a smooth map

F: R x [01] - R

such that, for any te [0,1] . themap Ft : IR » Fn , defined by

Ft(X) = FX."t)

is a diffeomorphism.
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Thus, inductively we have defined a diffeomorphism of IRn ,

Y* : Kn #a Rn , satisfying ¥**(Cnl )=

A generalization of this result is included in the work of Greene

and Shiohama in [6 J.

2.2 REMARK.- A consequence of the above theorem is that to study the group
Diff IR ) it is sufficient to consider two different cases only, namely
volfi = =* and volfiFn << _ Furthermore, if Vvol*Rn = <

we can assume

the standard volume element on IRn and otherwise

n=P(IX]R )dx] a...adxn

for some non-vanishing smooth function p .

Recall that an isotopy on I is a smooth map

F : Ik x [0,1] IM

such that, for any te [0,1] . themap Ft : IRn+ Fn , defined by

FE® = F(x, D ,

is a diffeomorphism.
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We call H isotopic to FQ and F an isotopy from FQ to F~.

We define an fi-isotopy as an isotopy F: J? * [0,11 -m@®n

such that F preserves the volume element ft for any t e [0,1]

In [8] it is proved that if we consider Diff( IR ) with

the compact-open C"-topology, to have a smooth path

a : [0,1] - Diff (®n )

is equivalent to have an isotopy

F:Fnx[0, 1] #Fn

where

F( x.t ) = a(®) (X

and viceversa.

Now we will prove the fact that Diff* (IR ) 1is path connected

with respect to the compact-open C* - topology (see 88 for a description)

2.3. PROPOSITION.- [15 ].- Every element of Diff* (IRM ) is n-isotopic

to the identity.

PROOF.- a) Case vol™ IR =»r"
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As we have seen we can assume that ft is the standard volume
element on Pn . Let h be any element of Diffn (IR) and let ~ be
the translation that sends h(0) to 0 (where 0 is the origin of IR).
Obviously i, is  ft-preserving. Then, the composition map g = ji« h

fixes the origin. The standard isotopy

9t * (i/t )g( t x) if O0O<ts1

g = lim (vVt) g( tx)
0 t-0

is an ft-isotopy from g to the linear map gQ -

As  SL( n, R ) is path-connected we can join g" to the
identity by a path in SL( n, R ). So, we have an ft-isotopy from

ij/oh  to the identity.

As the translation ~ is ft-isotopic to the identity by the linear

isotopy, h is  ft-isotopic to the identity.

b) Case wvol™ Rn <» .

In this case we can assume that ft is spherically symmetric,

that is

2 =p(IKIR)dxia...adxn.

(IRn, ) is diffeomorphic to (D, ft) where D 1is an open

disc in I and
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fig =d xi acl XE a*eea d

is the restriction to D of the standard volume element on JRn

Let h be an element of Diff ii°(D). So, 0 and h(0) lie
in D . Thus, by restricting the isotopy of a) to a suitable
neighbourhood U of 0 we get a path, gt , of embeddings of U
into D such that ¢gQ 1is the inclusion U<= D, gl »hjy and
gt preserves ~ , forany t. By 15. we get an ijg isotopy,

ht : O -aD such that hE equals gt near 0 and hg is the

identity.

Thus, h™lo h is an element of Diff*0 (D) such that it is

the identity near 0 and it is QQ-isotopic to h

There are two balls By - B\1 of centre the origin and radius x
and u respectively (assume x < u ) such that the subgroup of a -
preserving diffeomorphisms of D which are the identity on a small
disc of centre 0 can be identified with the subgroup of aQ-preserving
diffeomorphisms of B - (0> such that they are the identity on B" - Bx
Then any element f of the latter group is aQ-isotopic to the identity
by the a -isotopy

ft = tf (/b if Ix|I<tu
ft(x) = X if 0X I> &

So, we have that h 1is oQ-isotopic to the identity.
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The aim of this dissertation is the study of the normal subgroups
of the group Diffn (1 ). Now we will define obvious subgroups of

Diffn (IFn ) that we will consider .

For any diffeomorphism h of IR we denote by Wh the set

of non-fixed points that is

Wh={xe B :h(xX) » x } .

Notice that the support of h is the closure of

Then, we denote by

Diffy (Fn) the subgroup of Diffn (IRn) whose elements h have the

set of finite ft-volume

Diffn (IR1) the subgroup of Diffn (IM) whose elements h have support
f

of finite ft-volume

Diff* (Fn) the subgroup of Diffn (Fn) whose elements have compact

support

and
Diff*“0 (®n) the subgroup of Diff*2 (J;1) whose elements are isotopic to the

identity by an n-isotopy of compact support.

2.4. PROPOSITION.- Every one of the subgroups considered above are normal

in Diff*2 (Fn).



The aim of this dissertation is the study of the normal subgroups
of the group Diff* (Fn ). Now we will define obvious subgroups of

Difffi (IPn ) that we will consider .

For any diffeomorphism h of I we denote by the set

of non-fixed points that is

Wh={xe R :hXx ™ x}.

Notice that the support of h is the closure of

Then, we denote by

Diffy (Fn) the subgroup of Diff* (IRn) whose elements h have the

set of finite fl-volume

Diffn () the subgroup of Difffi(IRn) whose elements h have support
f

of finite ft-volume

Diff* (Fn) the subgroup of Diffn (Fn) whose elements have compact

support

and
Diffjjo (IR) the subgroup of Diff0O (Fn) whose elements are isotopic to the

identity by an ft-isotopy of compact support.

2.4. PROPOSITION.- Every one of the subgroups considered above are normal

in Diff* (Fn).
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The proof is an immediate consequence of the fact that for any
g and h, diffeomorphisms of IR, the support of the composition

g oh » g-~ is exactly the image by g of the support of h.

Thus, we have then the following chain of normal subgroups of

Diffn (Fn ).

{id} ¢ DiffJO (IRn ) c DiffJ(IRn ) c DiffI( IR) c DiffjI(IRN) c Diffn (IRn)

where {id } is the trivial subgroup.

Notice that if il is a volume element on I such that

volfi M < » we have

DIffJ (IR ) = Diffn (IR0 ) .

If Gj and G2 are groups, we denote by  [G", G2j the group
generated by the elements of the form ¢ g2 g™l g™l where gl lies

in 6 and g2 lies in G2> We also denote

C9l» 920 = 9] 9 9] @

We have

2.5 PROPOSITION.-

[Diffji( Fn). DLFF( IR)] ¢ DLFFIO( A1)



PROOF.- Let g be an element of DiffA( Fn ) and let h be any
element of Diff* (IR ). By 2.3  there exists an  fl-isotopy h"
from h +to the identity. Then, Ft= [g ,ht] is an  iHsotopy
from [g, h] to the identity. Furthermore, the support of that

fl-isotopy is compact since, for any t, we have

supp [g, h&] ¢ supp 9 u ht (supp @) ¢

¢ H((supp g ) x [0,1] )

where H: I x[0,1 ]+ R is given by H( x,t ) = ht(X) . Since

the support of the ft-isotopy F is included in the closure of
u supp [g, h-]
t 1

we have

supp F c cl ( :supp Lo, hi] ) ¢ H((supp g X [0,1] ).

So, since supp g 1is compact, F has compact support.
Therefore, any generator of [ Diff* (IR1), Diff* (IRn) ]

lies in Diff;og)?n). Then, we have the desired inclusion.

As a corollary of this proposition we get a sufficient condition

for a subgroup of Diff*( Fn) to be normal.
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PROOF.- Let t, h2 be two elements of Diff{A IRn). We have, by 2.5 ,

that

hjoh2 °(h2 o h!)  [h”, 2]

lies in Diff*fo(IM). Thus the above group is abelian.

2.8. PROPOSITION.- The groups

Diff m"1) Diffc(IRn)
———————————— and ————————————
DiffEO(IRn) DiffCo (1Rn)
are isomorphic.
PROOF.- Let
Diff~(Rn) Diffc(IRn;
B SV e
Diff*0(IRn) Diffco(IRn)

be the natural map P Ch] = ChD

Clearly it is well-defined and a homomorphism.

It is 1-1 , since if g and h are elements of DIff*( M)
such that #®[g] =" [h] we have an isotopy, of compact support, Gt ,
from h-1 o g to the identity. Therefore, by [18] we get a compactly
supported fi-isotopy from h" o g to the identity. Then, h™"™ ° 9

lies in Diff’eo\(,Rn) and [ g] =[h].
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It is onto, since if g 1is any element of Diffc(IRn) we get

by 1.3 a diffeomorphism, < IR & IR , witn compact support and
*

ic
compactly isotopic to the identity such that g =1 . Therefore,

g o { is an element of Diff*(IRn) that satisfy

1"eo<@ =1[0*fl = [d
Notice that joining 2.7 and 2.8 we get, by a different way, the
result proved by Cerf in [3] that the group

Diffc(IR)
Difw R™
is abelian.

To finish this chapter we will remark that the inclusions of the
ffhain of normal subgroups of Diffn(IRn) that we are considering are

strict inclusions.

In the case that fi is the standard volume element on R,
any translation in Fn is a volumen preserving diffeomorphisms lying

in Diff*( ) but not in Diff*( IM). Thus,
Diffij( F°) ~ Diff°( R) .

Now, we will construct an element of Diffjj( ) not lying in

DIFFI( Fn) .
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We denote by B( r ) the closed ball of IR of centre the
origin and radius r and by Sn_1(r ) its boundary, dropping r

when r =1 . Recall that
a) volI*B(r ) =r vol*B

by vol® Sn-1(Cr )= rn1 VolfiSn 1

©) "B m4- “ras™t

voln Sn_1(r) w2yl
D - ((n-2) 72)
Gee 21 )

Thus, we have

volfi BR) - vol*B(r) = Rn - m) vol” B =

= (R-n(RN_1 + r Rn“2+._.+r_1) vol™ B =

2" (Rn-1+---+ rn_1) wolj
n (R+r)

Therefore, roughly speaking, we will construct a sequence of

disjoint annuli of finite total volume whose closure is IR and then
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we will define a volume preserving diffeomorphism by rotating in a

particular way each annulus, so, the set of non-fixed points will be

the sequence of annuli.

Let {r.}1'1 be any ordering of the positive rational

numbers greater than 1 and let us define

We call 1j the open interval of K,

and AjJ the closed annulus of I

y be the smallest integer such that r, _ t cl I, and let

be a positive number such that

Then, we call
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we will define a volume preserving diffeomorphism by rotating in a

particular way each annulus, so, the set of non-fixed points will be

the sequence of annuli.

Let be any ordering of the positive rational

numbers greater than 1 and let us define

We call H the open interval of F,

£
iI|—(r§ -2 - i+—2|_ )

and Al the closed annulus of F

£ H
A =cd @r, +- =) -B(r,-—— ))
1 1 2 1 2

Let n2 be the smallest integer such that rR { cl 1 and let

' < be a positive number such that
> ‘' P

n Vt
m +—-—--2——) nil3 ¢

Then, we call

£i £i
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We can define, for any r e IR the matrix

LGOS (1) - SN «( )

sin *(r) COS.(r)

and the diffeomorphism h : Rn % Rn given by h()= x M(Ix]] )-

Clearly h is smooth and volume preserving. Furthermore, W = u A

n 1il
and supp h = I - B. Therefore, h lies in Difi® (IR> but not in

DiffA(Rn). Then, DIffJ( Rn) c DIffI( IR) .

An example of a volume preserving diffeomorphism with support of
finite volume which is not compact can be constructed following the same

idea.

Let Cj be the open ball of I of centre (i,0,..., 0) and

radius /i . Then we have

-V, 5, ccV o, , vo,>c" V >, ? - V0,« B -
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We can define, for any r e IR the matrix

cos W(r) - sin r)
t

sin W(r) cos m(r)

\

MCr) =

and the diffeomorphism h : Fn % I given by h&x)= x M(IxI] )-

Clearly h is smooth and volume preserving. Furthermore, W = u A
n ial

and supp h = IRn - B. Therefore, h lies in Diff* (IRn) but not in

Diff*( En). Then, DiffJ( Fn) c DiffJ( IRM) .

An example of a volume preserving diffeomorphism with support of
finite volume which is not compact can be constructed following the same

idea.

Let Cj be the open ball of T of centre (i,0....0) and

radius 1/i . Then we have
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Repeating the construction above we get a volume preserving diffeomorphism

whose support is

cl C.

Therefore, DiffJ (Fn) y DifflJ( ImM) .

Ling in [10] proved that DiffcQ(I) ~ Diffc(IR). Thus,

by 2.8 we have that by any volume element on IRn ,

Diff?20 < (K™ =

Obviously,

(id) c Diffr0 (IR) »

Thus, throughout this dissertation we will consider the following

chain of normal subgroups of Diff*i Fn)

(id) ¢ DIfF*0( ) ¢ DIffA(IRn) ~DifFI(IRN) c Diffijj( IRN) e DifF” (IRn)

and the two last inclusions are also strict when o has"finite total

volume.
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voU u C )<

Repeating the construction above we get a volume preserving diffeomorphism

whose support is

cl C.

*

Therefore, Diff* (Rn) ~ DiffI( IR) .

Ling in [10] proved that DiffcQ(Im) / Diffc(IRn). Thus,

by 2.8 we have that by any volume element il on IR ,

MFfJo ( (K™ =

Obviously,

(id> ¢ Diff0 (IR) .

Thus, throughout this dissertation we will consider the following

chain of normal subgroups of Diff~RID

{id} c Diff*0(Fn) c OIfFA(IRn) ~DiffA(IRN) ¢ DIfFI(IRn) c Diff” (IRn)

and the two last inclusions are also strict when fl has"Vinite total

volume.
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§3_- DECOMPOSITION THEOREMS

The aim of this chapter is to prove that if n* 3 we can factor
each element of Diff* ) as the product of five elements of the same
group each one with support in a strip (Theorem 3.8 ). To do that we

need several definitions

3.1. DEFINITION.- A straight strand in IR is the line IR+ x { x }
where x 1is a point in Fn ~ and JrR+=[0, »). A strand is the image
under an element of DIff*( Fn) of a straight strand. A tangle is a
finite union of disjoint strands. A tangle, L, 1is said to be unknotted
or trivial if there is an element of Diffn(IRn) which straightens all the

strands in L simultaneously.

3.2. DEFINITION.- A strip in Fn is the image under some element of

Diff( Ij of the standard tube

p— n b
T *{xeBT : 1 xfs 1, x,a0}
2 1 1

Notice that a strip may have finite -volume since the diffeo-

morphism used may not be volume preserving.

Now we state a result on trivial tangles proved by McDuff in

Lemma 1.4 of [17]-

3.3 PROPOSITION [17j.- Let s and Sg be two disjoint strands in .
Then, there is a strand, Sg , disjoint with both, such that the tangles

sl\j Sg and s" v"Sg are both trivial.



- 31 -

S3.- DECOMPOSITION THEOREMS

The aim of this chapter is to prove that if n* 3 we can factor
each element of DIff*( M) as the product of five elements of the same
group each one with support in a strip (Theorem 3.8 ). To do that we

need several definitions

3.1. DEFINITION.- A straight strand in IR is the line IR+ x { x}
where x 1is a point in Rn-~ and [R+=[0, ®). A strand is the image
under an element of Diff*( Fn) of a straight strand. A tangle is a
finite union of disjoint strands. A tangle, L, 1is said to be unknotted
or trivial if there is an element of Diffn(IR) which straightens all the

strands in L simultaneously.

3.2. DEFINITION.- A strip in Fn 1is the image under some element of
Diff( J;nj cf the standard tube

n n ,
T ={xelRn : | xfsl1l, x,20}
1 1

*2

Notice that a strip may have finite fi-volume since the diffeo-

morphism used may not be volume preserving.

Now we state a result on trivial tangles proved by McDuff in

Lenma 1.4 of [17] .

3.3 PROPOSITION [17j.- Let s§j and SE be two disjoint strands in IR.
Then, there is a strand, Sq , disjoint with both, such that the tangles

sl\jsQ and Sg v Sq are both trivial.
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Next proposition gives a condition in two strips, V1 and \2,

to have a volume preserving diffeomorphism of IR sending onto

V2.

3.4. PROPOSITION.- Let and V2 be two strips with the same

il-wlure satisfying wolQ(Rn -3, =wolQ(Om -V2) ifvol”. vol©, =



Then, there is an element , h , of DIffA( 1) such that h(V1)=V2.

PROOF.- Let be V1=g]() and V?=g2(T). Then, g =9g20g"1l 1is a
diffeomorphism of IRn such that g(V*)= V2> Now, we will modify g

to be volume preserving.

First of all we modify g near 3V2 in such a way that the
volume elements ft and ft'= g* ft are equivalent near 3V2> Let be
M= 3v2 and we identify M x [-1,1] with a small bicollar of M.
Then, by 1.4 we find a diffeomorphism $ M x [-1,1] % M x [-1,1]
that is the identity near Mx{-1,1} and suchthat <gft = ft near

M x {0} . We denotealso by § its extension to I by the identity.

Now, we can apply Theorem 1 of the Appendix to the volume elements
ft and gygcft on V2 and also on IR -  with the Same volume
elements. So,we get a diffeomorphism, ¥ : I = IRn that is the
identity near 3V2and such that ipPgpy-ft=ft . Therefore,

h=gmw» 9 o jis the desired volume preserving diffeomorphism.

The following two propositions says us that we can modify a
diffeomorphism of T to be volume preserving but leaving it fixed

on a given strand.

3.5 PROPOSITION.- Let g be an element of Diff(IRn) with support
in a strip, V , containing a strand, s, 1in its interior. Then,
there is a volume preserving diffeomorphism, h, with support in V

which equals g on s.
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PROOF.- Without loss of generality we can assume that V is a tubular
neighbourhood of s .Then, there is an (n-1)-dimensional submanifold
M, of V containing s . We can assume that M is a closed subspace of
T without boundary. Thus, applying 1.4 to M with the restriction
of the volume elements a and g*n on J and identifying M x £L1,1]

with a small bicollar neighbourhood of M we get a diffeomorphism

PIMX [-1,1]7 Mx [-1,1] ,

that is the identity near M x {-1,1} and on M x {0} and is such that
<t g feft near M x {0} . The extension to IRn of this map by the

identity will also be denoted by $ .

Let Z be a small neighbourhood of s such that < g* fl

on it. Since,

voln (V-2) =vo I~ (V-2)

we can apply theorem 1 of the Appendix to ft and ipUft to get a
diffeomorphism, ~ :V-Z -»V-Z , such that gft = ft and it is
the identity near 3(V-Z). Therefore, h=g°$ » ip is a volume

preserving diffeomorphism that equals g on s.

3.6. PROPOSITION.- Let g be as in 3.5 and such that g is volume
preserving on a strip V° ¢ V containing s in its interior. Then,
there is an element h of Diffn(IM) with support in V which equals

g on a strip V" cV
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PROOF.- We have, gft =ft on V" , therefore, as in the proof of

3.5 we can apply theorem 1 of the Appendix to get a diffeomorphism

FIVVET V-V

such that ijjgft = ft and it is the identity near 3(V-V*). Then,

h= g o $ satisfy this proposition.

Notice that if in 3.6 , wvol® V" =< we can get the strip V"

also of infinite ft-volume.

Now, we want to prove that if we have a volume preserving
diffeomorphism of ™ that it is the identity on a strand, it can be
modified to be the identity on a neighbourhood of the strand. Thus,

we have

3.7. PROPOSITION.- Let s be a strand and let h be any element of
DiffA( ;) that is the identity on s. Then, there is an element
h" e DiffAi Fn) with support in a strip V of finite ft-volume and

equal to h on a strip V' ¢ V1 containing s in its interior.

PROOF.- Let \j and V2 be strips of finite ft-volure containing s
in its interior and such that V 2u h(V2)c V». Both V., and V] are

tubular neighbourhoods of s.

Let T=(E,d> ) be a tubular neighbourhood of s where E is

a normed vector bundle on s, * :E IRn  is an embedding that is the
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identity on s and <t>(E)- Vg. We apply the Uniqueness of Tubular
Neighbourhood Theorem of Mather (see [12] ) to the tubular neighbourhoods
T and h*T, where h*T = (h*E, h""of), and we get an isotopy,

H Rn x I =Jn, with support in V1 such that T and H*T

are equivalent that is the vector bundles (HM)*E and h*E are
isomorphic and if we denote by T : (H*)* E #h* E  the bijection between

the total spaces of the corresponding vector bundles the following diagram
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iscommutative. Therefore, f: E % E isan automorphismof vector

bundlessuch that 9 of=h<H 0% .

Since s s contractible the vector bundle E is trivial.
So, the automorphism 7 is isotopic to the identity. Let be
such isotopy with f 1 = f and ? is the identity.

Now, we will define a diffeomorphism $: IR ® Jn  that equals
f on a neighbourhood of s as follows. Let D" ¢ £ bethe disc bundle

of radius 2 and let D' be the disc bundle of radius 1.We define

*xX) = d d 0f \ x) for x*0 .09
$X) = €0 ft 0$ "1 for Xx€p @O - O

with t=2 - $ "1l

identity otherwise.

$C0

It is diffeomorphism of I with support in V2 and we have $« HM1

equals h on 9 (D) c V2.

Since h is volumepreserving we can apply 3.6 t$ o
and we get an element h" of Diff*( ) with support inV1l and

equal to h on a strip V'c V2 containing s in its interior.
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3.8. PROPOSITION.- Let s and h be as in 3.7 and let vol® I= <.
Then, there is an element h" e Diff~ ) with support in a strip V*
of infinite n-volume such that wvol*( Im- V') =00 and h" equal to
h on a strip V“c V" also of infinite n-volume and containing s in

its interior.

PROOF.- The proof goes as in 3.7 once we have constructed two strips
of infinite fl-volume, and V2 , containing*in its interior and

such that h(V2) uVv2 =\ and wvoln(Rn_ V] 3 «.

Now we will construct and VM. Let be a point of s

and let be a cell containing > 1in its interior and vol® C*= 1,

Let B, be the ball of centre the origin, radius Aj and such that
C|] uh(CM)c int . Let x2 be a point of s not lying in
Since voln(Rn-B* )= «, thera is a cell, C2 ¢ ImM-B* , containing
X2 in its interior and vol” C2= 1. Let be the ball of centre
the origin, radius X2 with A} < A2 and such that C2 u h(C2)c int B~.
Thus, inductively, we get a locally finite sequence of disjoint cells
I[ C., such that
ial 1

voln( _LL C.) =»
“1al 1

and s n int t $ forany i. |IFf

wl (Fn-C 1 C. ,

ii h(C-)) <-
n i21 1 in 1
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we consider the sequence 13 C.
j=2i J

Therefore, if V2 is the strip obtained by joining Cj to CJi

by a small bridge around s and V, the strip obtained by joining C‘.J
to h(Cj) and h(Cj) to Cj+i by small bridges around s, they satisfy

the desired properties.

Now, we are able to prove the main factorization theorem

3.9. THEOREM.- Let hbe any element of Diff~IRID). If ns 3we can
decompose h as the product of five elements of Diff* IR), hj, h2, h3>

™, hg, whereh. hassupport in some strip for any 1.

PROOF.- Let s be a straight strand. By transversality [8] , there is
a diffeomorphism, hj, with support in an arbitrarily small strip, Vjf
containing h(s) 1in its interior and such that hj « h(s)h s = 4

Then, applying 3.5 to hj we get a volume preserving diffeomorphism,

h~, with support in\V| and such that h”o h(s)h s = &

By 3.3 thereisa strand, t, disjoint from both s and h”»h(s)

and such that both tangles, t uh” » h(s) and t us are unknotted.

Let M be asurface inlRh diffeomorphic to IR+ x [0,1] and
bounded by t and s. Let be a neighbourhood of M  that isa strip
of finite n*volume. There isa diffeomorphism of Rn, h3 ,with support
in V3 and sending sonto t. As above, we can assume, by 3.5 ,

that h3 1is volume preserving.
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Repeating the same process with the trivial tangle tuh”™»h(s)
we get an element, h2, of Diffn(IRM) with support in a strip, V2 ,
sending t onto h”» h(s). Furthermore, we can get h' such that

h*o h™  equal to hj"i h on s.

Let be g= h”« 17° h”» h, we have that g equals the identity
on s. So, by 3.7 there is an element, h'e Diff*(IRn) with support

in a strip, V*, such that h4 equals g near s.

Let hg= h”"o h™ » h"1 ®«h”o h. Since it is the identity on a
strip near s and the closure of the complement of a strip is contained- > a

strip, hg has support in a strip \g.

Therefore, h= hg o h « hj » h» « ™ is the product of five

volume preserving diffeomorphisms of the appropriate type. <

3.10. REMARK.- Notice that in the proof of the Theorem above we can get
the strips ,V2 and Vg of n-volume as small as we like and we
can get also that the n-volume of is finite or vol*( IR-VY)= ®

and volQ(Rn- Vg)-

Also, as an immediate consequence of the proof of 3.9 and since
the set W 002 of non-fixed points of the composition of the
diffeomorphisms ¢ « g2 is included in the union of Wg and Wg |,

we have the two following corollaries.



3.11. COROLLARY.- If n » 3, any element, h e Difff(IRn; can be
decomposed as the product of five elements of Diffr( J),
h=h5 o oh3 oh2ohl , with support in strips , for

i= 1,2,3,4,5 and such that wvolfi v.. < < for iz 4.

3.12. COROLLARY.- If n > 3, any element, heDiffJ(IRn) can be
decomposed as the product of five elements of DiIff*( ),
h=hj oh® «hj oh® «h] , with support in strips , for 1i=1,2,

3,4,5

As a consequence of the following lemma we can prove the factorization
theorem for volume preserving diffeomorphisms with support in a strip of

finite n-volume.

3.13. LEMMA [15] .- If n £3, any diffeomorphism he Diff* Im) with
support in the interior of a cell C is the product, h=mM oh2s M
of three elements W e Diff*( Fn) which are supported in the interiors

of cells where B cint C. and

PROOF.- Let M be a region M CC bounded by a hyperplane intersected
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voln M” 3 vyolnc *

There is an open neighbourhood N of M in C such that

f VOI~ N<—2 vol™ C .

Let pt be an isotopy with support in N which shrinks M so

close to 9C that h is the identity on p-|J(M). Then, the isotopy
gt=h op"l o h"1l op® has support in N u h(N) and satisfies that

gQ 1is the identity and g* equals h on M.

Applying 1.5 we can assume that the isotopy gt is an ft-isotopy
Thus, g”o h is a volume preserving diffeomorphism with support in

a cell (C-M) of volume less than (2/3)volfi C.

We will finish the proof by decomposing gl as the product of two

factors of the appropriate type.

We apply Vitali Covering Lemma [21] to the covering of (int C)-
-(N u h(N)) by all open balls and we get a finite number of disjoint

balls, B-],..., Bm, in (int C)-(N u h(N)) such that

m s
Bl mT vol@c «

We can join 3C to B* byapath a and 3Bjj to B
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by a path a.., for 1 < i sm Also we can construct such paths satisfying

0§ n0Oj = if ¥/ , aa n3B =F if j/i-1,i ,a nSB.~» <0),

in 3B. =othl)

is a cell. Then we will modify g to be the identity near u ,

(already we have that g equals the identity near u B®).

Let kt be an isotopy with support in N which pushes the paths
gj@tdy outside M for any i=l,...,m . By 1.5 we can assume that kt

is volume preserving. Then, Kkj ° g~ ° kj* is a volume preserving
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diffeomorphism with support in N uh(N) such that the paths

K, oglo 1 ) lie outside M, for any 1.
i

Let f be a diffeomorphism of IR which is the identity near

u @Gju uk] odj okA'l(aA))u 8¢C

and pushes the support of ~ e gt e kj" outside M. Thus

f okl °gt o k*f"I1Fan isotopy with support in int(C-M) such that

fon «9 okj' of»" =K ° g »k™ near

u B. ua.)
i=l 1 1

Therefore, by 1.5 we find a volume preserving diffeomorphism

of I, q , with support in int(C-M) equals Kkj ° gl 0 k1
near

u (B. ua.)

i=l "1

Then,
* 1 m ri
supp g °k, °g, °k, cint(C-C uB.u u a.))
1 1 1 =11 i=l 1

and we have K s «kM=qg°@1l»k ° < k™). So,
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of two factors of the appropriate type.

3.14. THEOREM.- Let V be a strip of finite o-volume and let h be
any element of Diffn(Kn) n-isotopic to the identity by an O-isotopy
h~, with support in V. Then, 1if n 23 forany t >0 we can

factor h as a finite product of volume preserving diffeomorphisms each

one having support in strips of O-volume less than e.

PROOF.- Let B be a closed ball in IR such that

voln(V-(supp h n B)) < e/2 .

There is a cell C, in IM such that hj.B) c C for anY t 6 [0,1]

and Cc B uV .

with support in C and equal to h on B. Thus, by 3.13 we can
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write f|] as a finite product of volume preserving diffeomorphisms

each one having support in a cell of il-volure less than e. Therefore,
since every cell is contained in a strip of fl-volure as near to the
fi-volure of the cell as we like, we can decompose T as a finite product

of elements of the appropriate type.

Let us define fg =f"~ 0Oh . It is a volume preserving diffeomor-
phism with support included in V-B that is a strip of fi-volure less than

e

Thus, h = f* o fg satisfy the theorem.
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84.- TECHNICAL RESULTS

In this chapter we prove the main technical results needed in

this dissertation. In particular we prove:

@.7.) If n22 , the subgroup of Diff*(IRn) of all elements
with supportin a fixed strip V is perfect.
and

(4.9.) If n23 , for any element h e Diff*( IR) such that

there is a disjoint union of cells ; J C. , satisfying
i>1 1

there is a strip V and a volume preserving diffeomorphism of IRn, h*,
lying in the normal subgroup of DiffA( 1) generated by h and

satisfying h*(Y) nV =% .

Let X be any subset of Fn. We denote by Gx the subgroup of

Diff*(JRn) of all elements with support in X.

Notice that in general, Gx 1is not a normal subgroup.

First of all let us prove

4.1. PROPOSITION.- Let V be a strip in IRn . Then Gy 1is pjtk- conne.cte<L

with respect to the compact-open c”’-topology.
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PROOF.- Let V be the image by g e Diff (Kn) of the standard tube

of ;. Let h be any element of Gy .

We will construct an ft-isotopy from h to the identity with

support in V.

Let Ht be the standard isotopy given by

Ht(X) (/t) g”1 oh « gt for t>0

HQ )

=@, ...} k)
So, Ft=g oHt «g"l 1is an isotopy from h to the identity with

1
x

support in V, but Ft is not an fi-isotopy. Thus, F* Q= ot is
a smooth family of volume elements on IRn  such that 0Q= 0= oj

and

voIoX V= vl V, forany te [0,1]

Therefore, by Theorem 2 proved in the Appendix of this dissertation

we get a smooth isotopy, Rn IRn , with support in V such that

4g =% equal to the identity and 4~ ot =il, for any te [0,1] .
Then, Ft . is an n-isotopy from h to the identity with

support in V. So, Gy 1is patK -canntc t«iL <

4.2. REMARK.- The above Proposition proves that any element h eDiffn(IR)

with support in a strip V is n-isotopic to the identity by an ij-isotopy



PROOF.- Let V be the image by g e Diff (IRh) of the standard tube

of ] . Let h be any element of Gy .

We will construct an fi-isotopy from h to the identity with

support in V.

Let Ht be the standard isotopy given by

Ht(x) m (/t) g-1 oh c g(t for t©>0
Ho(x) = x
*=I*,,.. )

So, Ft=g «Ht «g”’" is an isotopy from h to the identity with
support in V, but Ft is not an £2-isotopy. Thus, F* £2=ot is
a smooth family of volume elements on IR such that aQ= £=

and

voIOX vV = voI((()( vV, forany te [0,1]

Therefore, by Theorem 2 proved in the Appendix of this dissertation

we get a smooth isotopy, 4t: I & IRn , with support in V such that

4y =M equal to the identity and ot = £1, for any t e [0,1]
Then, Ft o is an n-isotopy from h to the identity with

support in V. So, Gy is path-«nnu te<L

4.2. REMARK.- The above Proposition proves that any element h «Diffn(IR)

with support in a strip V is il-isotopic to the identity by an n-isotopy
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with support in V. Thus, in 3.14 the hypothesis that h must be
n-isotopic to the identity by an n-isotopy with support in V 1is not

necessary. We only need h having support in V.

4.3. REMARK.- As an immediate consequence of 3.9 ,3.14 and 4.2
we get that if wvol® W <= and n s 3, any element of DiIff*(TRn)
can be decomposed, for any e > 0, as a finite product of volume
preserving diffeomorphisms each of them having support in a strip of

~-volume less than e

Now, we want to prove that if V is astrip in IR, Gy is
perfect. The proof is based on a modification of the proof that

Diff*( Rn) is perfect given by McDuff in [15]

We say that an element h e Diffn(IR) has a Ling factorization
with p-factors if it can be decomposed as a product h= " » (“»...ohp,
where, for any 1, " is a volume preserving diffeomorphism with
support in a locally finite union of disjoint cells. Usually we will

call these unions a disjoint union of cells.

In the proof that Gy is perfect, the special factoriza-

tion given in the next Lemma Lb crucial

4.4, LEMMA.- If n * 2, any element he Diffn(Fn) with support in
a strip V has a Ling factorization with two factors, W » \n*= h,

and such that supp h. cV, for any i.






By continuity of the n-isotopy and using the fact that

n 2
gd{xe F : 17 x. <1 ,x =Xi+l))
i>l

is a compact set for any i, there is a small neighbourhood,

of the above set such that, for any t and any i

ht(2i+D)c 9¢X 6 R = 1 xi*  x2i <xi < x2i+2}) "

Applying 1.5 to each compact

n 2
gfxe F - 7 x: g1, < X. ¥ X~ })
il 1 1

we get a volume preserving diffeomorphism, fj , such that is the identity

for any i, near

9( {XeF x? <1, Xj=x2i Pu g( {¥ IFh:_EIxi/\l x1ex2i+2\)
i>

and it is equal to h on N2i-+» , for any 1i. Therefore, ' has

support in a disjoint union of cells.

Thus, h has support also in a disjoint union of cells.

Also to prove that Gy 1is perfect we need the following two lemmas

that are a relative version of Lemmas 3 and 4 of [ 15 ].



4.5. LEMVA.- Let n *2 and let X be a closed subset of IR such

that Fn-X is connected and X has only a locally finite set of

connected components. Assume that JJ C. is a disjoint union of cells
i~ 1

in Fn-X and that {oi-} is a sequence of positive numbers such
1121

that g. s volfi Ci , for any 1i. Assume also that

£ @ -vol,, C.) svoU( IM-X)- ji C.
i2 1( ¢ )‘lufl )

where strict inequality holds if both sides are finite.

Then, there is a disjoint union of cells , 'Jll D- , 1in
is

Rn-X  satisfying

a  woin Di . for any i

by C. cDi for any i

c) wl (( Fn-X)- 11 10.)
i *

voU( Fn-X)- ii CJ
“ il

I
8
=

I
8

PROOF.- There is a locally finite union of balls, J_ C! , in IRn-X
i

such that each ball Ci has centre on the positive Xj -axis and

a diffeomorphism, g of Fn such that sends each cell onto the

ball C! and it is the identity on X. Therefore, the problem reduces
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to find a locally finite union of cells, qHI'P !1 , in I - X such that

Dj» C! and whose g*n-volume satisfy the desired conditions.

We can choose a locally finite union of cells JJB. , each one
Mol

being a solid of revolution about the x”axis and having the shape of
an annulus with a hole along the negative x"-axis so that they are cells
and they are distorted along the positive x-j-axis so that <NINtBi

for any i .In this way we can choose Bi to fill up as much or as

little of T as necessary.

Now, we will modify the cells B. in order to get the desired

e

cl (B*x) has a finite number of connected components. There is a
cell in each one of such components with n-volume very close to the

si-volume of the corresponding connected component. Then, since IFn-X



is connected we can join, by a small bridge in IFn-X, the connected
components of cl(B-j°X) getting a ecell D! . Making inductively the
above construction, we get a disjoint union of cells, 1 0" , with

i*1 i
the desired properties.

I ITT,

4.6. LEMMA.- Let ns 2 and let X be closed subset of I such that

Fn-X 1is connected. If J_ C and JL D

. ., are disjoint unions
i*1 1 i>1

of cells in  Fn-X such that vol® C= vol® , for any i, and

vol,,(C IR-X)- 1 Cj= vol. ((R-X)- N DJ, there is an element
il i-tl 1 “ i2l1 1

h eDiff* Fn) such that it is the identity on a neighbourhood of X

and h(CM = , for any 1.
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There is an isotopy , ¢. , of IR with support in ImM-X such
that gj (Cj)= Dj- We can assume that ¢. 1is an n-isotopy by 1.5.
Again by 1.5 we can extend gupl

to an n-isotopy of | , g’t ,
1
with support in IRM-X such that g" (0OM)= Thus, inductively we
get an n-isotopy, gt , of I with support in IRM-X such that
glCH=D! for any

Now, applying again 1.5
n-isotopy, Q" of

to each set (D™+1- DI) we get an

IR with support in int(D*-.,-D))-X and
PP Iy O OD

such that ¢] o gl (Ci)=

for any i. Therefore, h=

= gj #gl satisfies
the required conditions.

Now,we are able to prove

4.7. THEOREM.- If n 22 and V is a strip in IR
i.e. Gy= [Gv, Gy ] where by [Gy, Gyl

subgroup of Gy

, Gy is perfect,

we denote the commutator

PROOF.- a) case volfv = <.

Let h be any element of Gy , by 4.4 we can assume that h

has support in a disjoint union of cells j] C. c V. Also, without
it

loss of generality we can assume that wvolfi(V- jj C-)= =, (if necessary,



- 59 -

we consider separately the restrictions of h to jj_ C. and JQF C.
ied 1 1431

for., some subset J such that wl (/-1 C.)=» and wvol (V- Il C-)),
n iel 1 n iTj 1

We apply 4.5 with o/= wlC-i and w'=sup(@"™ ", volfi®). So,

we get a disjoint union of cells , 1 D. ¢V, such that
*1 1

i
voln D. s vOIn Di+] ,

Cic , Forany i, and wvoln(v- .Jl.1 DY) =<=. By 4.6 there is
a volume preserving diffeomorphism, f, with support in V and such

that f(Di; ¢ DI+l  for any i.

We define the following sequence of volume preserving diffeomor-

phisms

1
=

gl (F»hof DX

otherwise

gled

1
x

9l «h . GFeh .f 1) o0...0 (Fl »h »F_1)(x) if x e Di

otherwise

11

1
X

They define a volume preserving diffeomorphism, g, with support in

-
I
+
co
-
*
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We have [g, f] =g = f *g”1l» f 1 . So, supp [g-f] csupp g u

Osupp fog~of'l , but supp f o go fc jl D. . Thus,
i2l1 1

supp [g, F] ¢ L Di « V.
i*1

Furthermore, [0, f1 &) =h® for any x e . Therefore,

[g»f]l =h and h e [Gy, Gyl

b) Case wvol™MV <

First of all we will prove that any element h of Gy can be
decomposed as a finite product of volume preserving diffeomorphisms

each one having support in a disjoint union of cells , ] C. cV,

L
i >1
whose n-volumef, v..= vol® satisfy (1/72) v < vjjs v for

any i, and 421 v_|<(1/2) vol&v.

We can assume, by 4.4 that he Gy has support in a disjoint
union of cells , [0 Cj cV. Applying 3.13 tp each
cell CI we can represent h as a finite product of volume preserving
diffeomorphism*each one with support in a disjoint union of cells

1 CV  such that C? c Cl voi0 q < (2/3)4 volaci <(i/4)voifc;.

After renumbering we can assume

Now, we define inductively
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Vi = voln C-. if vl og ~/2)vi_l

<
1

wljj cv+(1/72)v. 1  otherwise.

Me have
L, *. E, voinc; +0/2) 1 .
i 21 1s1 is”
So,
Z v.s 2£ w0 < 2 E (I74)volOCIN(1/2)volnv,
i1 1 i 21 "1 i*l “
and
for any i.

Thus, applying 4.5 with w..= vi we get a disjoint union of cells,

Il C- =V, which satisfy the desired properties.
IT11

Now, we will prove that if he Gy has support in a disjoint

union of cells , I C,, which satisfy the above properties, then
ial 1

h e [Gy ,GyJde

Since E volI™C- < (W2) winV we can apply 4.5 with
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gi+l() =ho( i] K o (i)-1) ..... (4.4 0@ .,-D

In fact we have defined g, ----kg, Cg elements

of Diffn(Fn) such that suppgc || C. ,supp k- c Jjj E1
iTI 1 J iH J

supp tJ.c Vv, lj equals T outside _J;J_l C. and such that
1 >

g =kg o kgr...» k]=h»(® k1 »41)0...» (tg ° kg® i.o)

Thus,we have

>0
1

kg» kg ®...® k™ (tg® kg® 1g)'le...° ( @®k,® tjl)'l

(kg » kg®...0k1® Iy @kg] ®  k"® Kk~ @...® ®...®
g

®...« (Ki®t-|°k»

So, we have written h as the product of 9 elements of [Gv, Gy]



The next three Lemmas are the main tool in the proof of the
results included in Chapters 5 and 7. We use the following notation.
IT h is an element of Diffn(IM) we denote by N(h) the normal

subgroup generated by h in Diff*(IRn).

The idea of the next Lemma has been obtained from Epstein [5] <

4.8. LEMMA.- Let X be a subset of IRn and let h be an element of

Diffn( ) satisfying

a h nX-»

b) There is an element, fe DiIff*( ) such that fQOOn X ap

and hQ®) n f(X) =

Then, we have [G®, G*] ¢ N(h)

PROOF.- For any two elements, gl and g2 of Gx we have

supp [glt h] c supp gju h (supp g,)cXu hX) ,
also,
supp [02.]1 ¢ X u f(X).
Since on X u h(X), tg2, fJ equals g2 , we have
supp ttglh] , [92, fI1 ¢ X u h(X). Moreover,

CCgl, N1 , 1[92, fll is the identity on h(X). Thus,



CLO9-|» h] » [92» f 33 = [9]» 92] -

Since, [g4, hl [lies obviously in N(h), we have

[, 921 e N(h] . Therefore, [Gx, Gx ] c N(h).

4.9. LEMMA.- Let n 23 and let h be any element of Diff*(IRn)

such that there is a disjoint union of cells, i‘K]f'l Cl" satisfying:
h(JL C)n (ii_ C) =4,
i>1 1 i*1 1

if wl Fn= and wvol (_H_ _C-)<(1/4)vol Im
n “ i ’>"! 1 »

if vol* Fn < @ . Then, there is a strip V, containing Jj_ C-l
iil

in its interior and an element h* e N(h) such that h*(V) n V= 4

PROOF. Let s be a strand such that s-nint Ci &~ < snCi is
connected, for any i, and s n ( jj_l h(C.))= 4 . Applying transversality
i>

[B1 and 1.5 we get a volume preserving diffeomorphism, m, with

support in a disjoint union of cells , J[ D! , and such that

m o h(s) ns =9 . Furthermore, we can choose the above disjoint union

of cells satisfying
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cco-]»hl , [g2, 11 = [9~ 02] =

Since, [g” h] [lies obviously in N(h), we have

[o-1. 921 e N(h] . Therefore, [Gx> Gx ] c N(h).

4.9. LEMMA.- Let nz 3 and let h be any element of Diff*ilRn)

such that there is a disjoint union of cells, jt C., satisfying:

ial
h(JL CJ n (JjL C) =
i*1 1 i~ 1
vol (Fn- || C.)==0 if wvol Fn=» and wol ( ij_ C.)<(1/74)vol Im
n i.i 1 “i>11 “

if vol Fn <® . Then, there is a strip, V, containing it C
n iil 1

in its interior and an element h" e N(h) such that h"(V) n V= %

PROOF. Let s be a strand such that S n int N $ snC. is

connected, for any i, and s n ( ji_ h(c.)= ¢ . Applying transversality
i>

[B1 and 1.5 we get a volume preserving diffeomorphism, m, with

support in a disjoint union of cells , M21 DI , and such that
i

m o h(s) ns = & . Furthermore, we can choose the above disjoint union

of cells satisfying
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a wl DI < (@2 wvol C. |, for any i

b [} DJ c) = =*
G P9

© (11 DD n (1l hE.)) = *
iH 1 iil 1

In general, m is not an element of N(h). So, we will construct

now an element, m" eN(h) such that it equals m on h(s).

Let us call X = (Ji CJ u (il h(C-)) Ifwe apply 4.5
ial 1 ia 1
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to iL D! with w, =wvolD C. , for any i, we get a disjoint

i~1 1
union of cells, I C! , satisfying:
iT
Di ¢ int ci . for any
[ n(mn o.™
Gy % "G

(n hCyp =%
(ilfliqunm Jl)

voln c; m wIfi Ci ~ for any

Also, ifwe apply 4.6 to NI q and i 1q 1" with

X= 0 h(-) , we get a volume preserving diffeomorphism, f, such
iH 1

that it is the identity near X and f(C-)= | , for any i. Let

D. j= £1(j). Since D. cint g and wvolfiD. = vol® D! < (1/2)vol” q,

we can construct, Tfor any i, anewcell, E. cint C. , such that

Ei nlD— =4~ and voll& Ei = volﬁ D_r. Thus, we have constructed a disjoint

union of cells, B E . Now, applying again 4.6 to J! E. and jj; D
iTl 1 i*1l 1 i>l
with X = - iL int( , we get a volume preserving diffeomorphism,
i21

g, with support in Jl C, and such that g(D.) = E. for any 1i.
i2l 1
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let X= 1 C. and let m =+~ om » f . By construction
*

i*1 1
we have ge Gv and supp m =F Vsupp m) ¢ f ii_ D¢
X i>1 1 Tl
So, m = [m,g] is an element of [G", GN] . Furthermore, since
suppm ¢ JL D' and (JL E.) n(il_ D.) =$ we have that in
inl i *1 ial

equals i on jL D. . We have h(X) n X =4 by hypothesis,
i~1 1

fX) n X =9 by construction of ¥ and b"), and h(X) n f(X)= %

by construction of ¥ and c1). Thus, we can apply 4.8 to get
X c

Therefore, n lies in Nt). So, m" =fomnof is also

an element of N(h) and since supp m"= f(supp m)c __L2I_1 D) u _1I2_ 1f(Ei)
i i

we have, m" equals m on h(s).

To finish the proof of this lemma we call V the strip obtained

from I Cj by joining each cell C. to C”j by a small bridge
it 1
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around s and we call h* =m" h .

If G 1is any subgroup of Diff*( M) we denote by N(G) the

normal subgroup of Diff*( ) generated by G. And we have

4.10. LEMMA.- Let V be a strip and let h be any element of
DiffA( Rn) with support in a strip V" such that wvol® V" ~ volfiV
and vol® (Fn- V) =vol® (IM-V) =@ if volV's vol'vV = <. Then

h is an element of N(Gy).

PROOF.- By 3.4  there is an element, fc Diff (IR1), such that
fV") ¢ V. Thus, F »h of'l lies in Gy. Therefore, h is an element

of N(GV).

4.11. COROLLARY.- For any strip V in IRn we have DiffA( I)c N(Gy)

PROOF.- Let h be any element of Diff*( IRn). Since supp h 1is compact
there is a cell C such that supp h c C. Therefore, by 3.13 we can
assume that h is the product of a finite number of volume preserving
diffeomorphisms with support in cells of fi-volume less or equal than

vol?™V. Thus, we can apply 4 .10 to each factor. So, h lies in

N(Gy).
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85.- CASE OF FINITE TOTAL VOLUME.

Throughout this chapter O will denote a volume element of IRn

with finite total ft-volume

We have the following chain of normal subgroups of Diff*(IRn).

{id} ¢ DifffD (Rn) c DIfFI( R} ¢ Diff( IR).

where by {id} we denote the trivial subgroup. Thurston in [22] proved
that if n > 3 there is no normal subgroup of Diff*( IRn) between {id}
and Diff*O(IRn), We will prove here that if n > 3 there is no normal

subgroup between DiffA(IFn) and DiffA( IR1) (5.4).

First of all we will prove a preliminary lemma.

5.1. LEMMA.- Let h be any element of Diff*i IRM] with non-compact

support. Then, there is a disjoint union of cells JJ_1 Cj, such that
1>

11 C. ij h(C. = * _
G QL e

PROOF.- We denote by, fix h, the set of points of Fn fixed by h, i.e.

fix h= Fn-Wh .

Let xj be any point of WM. There is an open set, A", with
compact closure such that x* u h(x*) c A*. Also there is a cell, ",

in A| satisfying: >Xj e int G|, h(CM)hc A and nhc) = 4.
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We define V] = u h"1(A1). Since cl V] is compact we can find

x2 £ supp h-(vV1 u fix h); an open set, A2, with compact closure such

that

x2 u h(x2) u Vj c A2

and a cell, C2, in A2-cl Al such that x2 e int C2 , h(C2) c Ag-clAj
and C2 n h(C2) = g» Thus, inductively, we may construct a sequence of

point$of I, {Xi} ,a disjoint union of cells, J] C., and
1 iil iz
a sequence of open sets with compact closure {A.} 1 satisfying:
i

a) x*£intC c A~ ol Ail
b) h(Ci7cA.-clA._l

¢ C.nh(@C)= ¢
, for any 1.

Clearly, by construction we have (JJ. C.) n (J& hC..)= <&
iil i2l

5.2. REMARK.- In the above lemma we can get H ~C. such that
i

vol (J1 ©c.) < (@4 vol It
ni*l .

(If necessary we consider JL C
icJ
instead of L C.). Thus, by 4.9. we know that for any element,
iil -

., fTor a suitable subset J cfl



- 72

h e Diffn( 1), with non-compact support there is a strip V and an

element, h" € N(h), such that h*(¥) n V=$ and vol*V < (/4) voyRn.

5.3. THEOREM.- Let n * 3 and let h be any element of Diff ()

with non-compact support. Then N(h)= DiffA( ).

PROOF.- Let V be the strip that we have by 5.2 . Then, we can decompose
any element £ of Diff* (I) as a finite product, f=f ? i2°""°Mm
where, for any i, f. « DIff¥(®R) and supp F. c with a strip

such that wvol?V. < vol/V.

Therefore, by 4.10 ™ e N(Gy), for i=l....m. So, T e N(Gy).

The proof will be finished if we see that N(Gy) c N(h).

Since wvol V < (1/4) vol I we have room enough.to construct
b ¢ ]
a new strip, Vv, such that v- nv=$ , V" nhi(w= 9 and
>ectS 1 idH\

V = 1. Thus
o Volo v*

such that g(V) = V-.
So. [Gy, Gy] ¢ N(h™).

v ~Cy. Gy Then,

5.4. COROLLARY. If n

Diffc vR ) and Diff (R )

5.5. REMARK.- If n i 3, we have the following chain of normal subgroups



- 73 -
of Diffn(Kn)
{id} ---——-- DifanS M) c Diff"g IRN) --——-——- Diff~( IR)

where  ——————-—- means that there is no normal subgroup in between.

Furthermore, the above result and 2.6 prove that for n £ 3

a non-trivial subgroup, N, of DiIffA( IRn) is normal if and only if

DiffCg( ) ¢ N ¢ DIffI( IR).
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86. EXTRA RESULTS FOR THE CASE OF INFINITE TOTAL VOLUME.

In chapter 4 we have proved some technical resultsas 4.7 and
4.9 valid for any volume element ft on Im. In this one we will
prove the extra results needed when the ft-total volume of IRn is infinite.
Thus, throughout this section ft will be a volume element on IR of

infinite total volume. In particular we prove

(6.3 ) If n~ 3, for any volume preserving diffeomorphism of
IR, h, such that wvol® =« , there is a strip V of infinite
ft-volure and an element hl of the normal subgroup generated by h such

that h*(V) nV =

(6.4), 6,6 ) If n ~ 3, we can decompose any element
h e DIffA( ) with support in a strip of infinite ft-volume as a finite
product of elements of DiffA( JR1) each one having support in a strip of

finite Tft-volume.

6.1. LEMMA.- Let h be an element of Diffn(IRM) and let X be any

open subset of Wh with compact closure. Then, there is a finite number

of disjoint cells, C,.... included in X satisfying:
m m
a) ( 1L Ci) n ( 1L hc)) =9
irl 1 i2l 1

m
b) E wl C > @1 6)wl X.
* 1 n 1 n
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PROOF.- We define, for any e >0 the set Xe(h) = { xeX: 11x-n(xX) || >e}

It is open because it can be written as p"~(e ,°) where p:IRn » I

is the continuous map defined by p() = |pc h(x) | - Also, we have
X= u X (h). Therefore, there is some t >0 such that
e e

vol® X~h) > (1/2) vol~X.

Applying Vitali Covering Lemma [19] to the Vitali Covering of
XEI(h) given by the set of all open balls of radius r < (e72), we
get a finite number of such balls, -..- Bp pairwise disjoint and

such that

vov j  >(1/2) volfXe,(h).

Notice that since each ball Bj has radius r < (e"/2) and any point

lying in  X£,ih) satisfies IIX - hG) II >e® we have

h(s. B: = f i
(J)nJ 9, or any j

Now, we will construct the set of disjoint cells,

by induction on j as follows.
Let Cl be a closed ball included in Bl with

voln Ccl > (1/72) volfi Bl
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We define h~r) uh*~AC~r and we have vol™ Y] *2 vol”
Applying Vitali Covering Lemma L19] to the covering of the open set
Y4 given by the set of all open balls, we get, C2,..

disjoint open balls in B2-Y-j such that

n2
Z vol~C! > (2/3) vol™ (Bg-Y,)

Let Ci be a closed ball in CI such that vol~ C. > 13/4) vol~ Cl

So, we have C2.... C , disjoint closed balls in B2* Y]
satisfying
2 n
2 wvol Ci > (3/4) Zz2 wol C'> (1/2) volr(B2- Y~
AR i2 -

Now, we define
n2 n2 .

Y2=YI #™ v~y, U™ h "C))

n2
and Y2=Y£-Yr So, we have voy2s2 Z" wvolfiCi

Thus, applying inductively Vitali Covering Lemma to (Bj"Yj-i)
for any j=2,...,p, we get, Cj,C2, . C »cCn™l,....Cn, ...C =

- ¢ . disjoint closed balls in X, (h) satisfying

(IT C.) n (JL h(C)) = 4 and
T=1 i=l
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E voljj~ > (1/2) vov 1 + (1/2)voln(B2- Y,) +
+(1/2) voln(B3- Yg) +...+ (1/2)voln(Bp- Y ) =

=(1/2) ? voln Bj -(1/72)VOIn(Y1l n B2) -
J

»(1/2)j=3 VP Hi(Yj-1 "=V *

(172).E vol®B. -(1/72)( Z voln™Yj nB.)+ 1 volfi(Y2n3j)+...+volfi(Yp.1nBp))
j=1 Jj= J=3

P-1
2 (/2 Z vol-B. - (/2) il ji >
T BN IR

> (W2)z vol B. - Z vol C.
j-1 a 3 i=l n 1

So,

mi
A

volCi > (/%) T_"vol"Bj > (1/8)volQXE,(h) > (1/16) voln X.

6.2. LEMMA.- Let h be any element of Diff* ) with vol™ WA= ».

Then, there is a disjoint union of balls J_ D

., such that
iH 1

o =0 and I DJ n (_U_ h(.) = 4.
i Fpvol®i (iFH (i_a_l (1))
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PROOF.-  Since volN W = « we can make the following construction
of disjoint open sets in W\ Let Xj c W* be any open set with compact

closure and vol™ Xj = 1. We define now Gj= X u h(:] u h?~Xj).

There is a closed ball, B, where B is the unit closed ball in
I and pj >0, satisfying cl c int Bj. Let X2 <Wh- Bl be
an open set with compact closure and vol® X2 =2 . We define C2

€2 = X2 u h(X2) u h"1(X2).

There is a closed ball B2= p2 B such that cl C2 c int B2 and

P2 > pj . Thus, inductively, we get a locally finite sequence of
disjoint open sets, X} , in W each one having compact
Jj*1 h
closure and such that £ wvoln X. ==,

j>1 “J

X.nh®)=0. X nhl®J= < forany i/ j

Applying 6.1 to X* , for any J, we get a disjoint union

of cells, [} D. , satisfying
i1l 1
£ wvoln Dj > (/16) £ wvoln X. =
ix1 =1 jH “J
Furthermore, by construction of {X.} we have
Jj~*1

i D) n(JL h(.) =d .
it 1 ial 1
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6.3. REMARK.- From the lemma above and 4.9 we get that if n > 3 ,
for any element h of Diff*( Fn) with volfith= @ there is a strip,

V, of infinite n-volume and an element hl e N(h) such that hlQV) n \=p.

Now we will prove the last decomposition result. We will see

separately the cases n: 4 and n=3.

6.4. THEOREM.- Let h be any element of Diff*( IR1) with support in a
strip, V, of infinite fi-wlure. Let n i 4. Then, we can decompose
h a h=hl oh2 0h3 oh where W lies in Diff*(IRn) and has

support in a strip, , of finite n-volume, for any i=1,...,4

PROOF.- Let us assume that V=g(T) where T is the standard tube of
Fn and g a diffeomorphism of IRn . Let A”= {xeT: i< x< i+l} and
X.J= g(int Aj)-supp h. Applying Vitali Covering Lemma to the Vitali Covering
of Xj given by all open balls included in X.., we get, in each X. , a

finite number of disjoint open balls , cl c,’.i , such that

n

i i
voln (Xi -~ Cj)=1/21 .

Let Bj be a closed ball include " in q such that volfiB% vol® Q| -e.,

where e- <-— e So, doing that construction in each X. we get

1

a disjoint union of closed balls, _jj_1 B, , in int V-supp h such
17
that
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vol (V- I B)

woljjVv E »olri -
“ I'T1 71

VL4 (\NFT Bk) + voln supp h =

ni .
= 1 voIOXj- jEI kgl voIH B+k+ voIH supp h =

i1
n.
= 1 vl X.-E E (vol -e.)+ol supp h =
jao " It kel < ko n

= E wol X.- E EJ vol Cj+ En.ei+vol supp h=
J*l J j*1 k=l n kJ/AJ J 0

"
~

—
+

Jal 2" j*Injej + volil SUPph <0°-

We can join each ball Bi to a/ by a smooth path, aj -

in V satisfying

a) The set {a.3} is locally finite
1"i 21

b) 4 n o ="* if it j

© 4in Bj « *

By transversality [8] and 1.5 we get a volume preserving
diffeomorphism, h’M , with support in a disjoint union of cells,

Il C.cV- |3 B. , each one having O-volume as small as we
m 1 i*1 1

like and such that hjl *h(@.) naj =4 forany it j and

h*r Oh(cij) only meets ai on a connected neighbourhood of its end points.
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Clearly, joining each cell C. to C~{ by a small bridge in

int V - JJ B. we can assume that h, has support in a strip V,
i21 1
of finite ft-volume.

Since V - IL B. - 1L <= s connected we can join, in that
iil 1 is1'!l1

set, each ball ., to 3V by a new path, Yi satisfying

a") The set . is locally finite.
) M5
vigyy - F 10
) yj i =P if i/j and Y(nB, =Y"0)
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We have to construct a volume preserving diffeomorphism h* ,

such that it is the identity on a neighbourhood of (_LL B.) u ( _LLy.)
i1 1 iall

and equals hJ« h on _LL & . So, h9 will have support in a
1 P *1 1 é

strip V, cV - || B.

c it

To do that, let V1 be some neighbourhood of ( || BOu(C I vy-)

iill ia11

such that V-V* is a strip. Since n a4, h” oh(a.)u is
unknotted, for any 1i. So, there is a smooth family of smooth embeddings,
0”: aj V-V , such that, 0~ is the inclusion, 97 is the identity
near a™o0) and near a.j{) and 0~ equals hj*oh on a. . Let
S, be minus some neighbourhood of a*(0) and of 0O“(1) on which

e is the identity. Then we have a smooth family of embeddings,

By transversality [8] , we can assume that if n >4
e . H ae* [0,1] - V-v*
ial
is a smooth embedding and if n=4, O 1is a smooth immersion with

transverse interior double points corresponding to different values of

the parameter in ] A . Thus, each path, O k [0,1] ), with
ial 1
x£ | o- meets at most one double point.
i"al 1

let Ei=cl 8(”~ *[0,1] ) and let 0~ be a very small
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neighbourhood of E.I sel» that U. _.n II_J = $ whenever E.n, E‘J =<3

all triple intersections U. n n are empty and each point of

(JL 0 u(iL KJ°h@)
i1 1 i M 1 1

lies inat most one U. . By 1.5 we extend each ed to anft-isotopy,
s’ , with supportin IK. Doing the construction of the iiUj ~
inductively we can assume that if xeU. nU. , e'J(X) does not meet any

Uk for k>j and any t. Therefore, the volume preserving diffeomorphism

hm =em, om-1--—-- 51

is well defined when m tends to . So, it defines a volume preserving

diffeomorphism, h,, with support in u U By construction we have
i inl
that h, equals h™ °h on _IlL < and joining U, to U by
c. 1 i—>1 1 1 1 +1
a small bridge we can assume that h* has support in a strip c V-V

of finite fi-volume.

Since h” ° h is the identity on I a. and on a neighbourhood
1 iTlh 1

of Il B. we have, by 3.7 , a volume preserving diffeomorphism, h, ,
i"TlE 1

with support in a strip, Vj of finite ft-volure and such that it

equals h™1 0 h™l« h  near JL . ihus, h4=h~° h”~0 h"1l» h

is the identity near

(JL «JI M 1 B-)
i21 1 i*1 1



Therefore, has support in a strip h4 of finite il-volure. Then,

h=hj »h2° h3 °© I .

6.5. REMARK.- By 3.11 and 6.4 we have that if n *4 any element
of Diff" (]Fﬂ) can be decomposed as a product of eight elements of

Diff*( IM) with supports in strips of finite ft-volure.

Notice that the proof of 6.4 does not work for n=3 because

h"1 e h(@) ua. could be knotted. Forn=3 wehave

0 3
6.6. THEOREM.- Let h be any element of Diff-( F ) with support in
a strip V of infinite il-volure. Then, h= hj o h2<>...ohg where
n 3 .
e lies in Diff*C R ) and it has support in a strip, , of finite

~-volume, for any i=1,..., 6 .

To prove it we need some definitionsand Lemmas about infinite

links.
6.7. DEFINITION.- Let J a , J_8- betwo locally finite
i*1 1 i1 1
3
sets of disjoint smooth paths in R  such that n 8 = if
itj aod O n 8i=(@0) = (@)u@@ =8.1D).

let p: 1IR3 == » {0} given by p, y, 2=, y, 0) be the

parallel projection.

We call a crossing of the link L= (J_ a.)u (j_E_ 8-)
i>1 i 1
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the set of points p_1(c) where c¢ 1is a multiple point of P| L.

When no confu sion is possible we also call a crossing the point c.

Since every differentiable knot is equivalent to one in regular
position and since in L we have a locally finite sequence of differen-
tiable paths, we can assume that all crossings are double. Let c be
a double point of P|JL, we call c¢* the point of p’~(c) with larger

z-coordinate and c'" the other one.

We have two different types of crossings

a) pl) cau a or P 1(cd)c ~ u B

b) one point of p_l(c) lies in & and the other one §j.

6.8. DEFINITION.- A crossing, p_1(c), of type a) is an overcrossing
if ¢ liesin ¢ when 1 <j or ifwe find c* first when a
is traversed from oM@ to @ if i=j. Similarly if

p"\c) c 6. u B
Also, a crossing, p_1(c), of type b) is an overcrossing if
c® liesin ¢ when 1 sj orin B} when jJ <i.

In both case we denote the crossing by "0".

Otherwise, we call a crossing an undercrossing and we denote it

by U



6.9. LEMMA.- Let L be

1L Bi
*1 1

very close to Bj »

°i
al n 8! = (a-(o0)= 81(0))

(L
i21

al) u ( Ji

1 i*1

3°)

PROOF.- We define o!
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as above. Then, there are smooth paths,
such that “j is very close to a. , 8
neiz=e TV

u @I(H= 3~L) and all crossings of

are overcrossings,

8 inductively on
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different from aj , 8i only in a chosen neighbour hood of each under-

crossing U =p~\c) where d and §j are defined as follows:

i) U 1is of type a). On a neghbour hood of c" , a!

(resp. 8j) goes vertically (in the z-direction) over a.
(resp. 8—') instead of under . On a neighbour hood of c" , a5
(resp 8\']—) is the same as aj (resp. 8JJ
1) U is cf type b). g is . On a neighbour hood of c*,
8j goes vertically (in the z-direction) under instead of over it
if isj and if i >]j on aneighbour hood of c", 8 goes vertically

(also in the z-direction) over a, instead of under.



different from
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8" only in a chosen neighbour hood of each under-

crossing U =p"rc) where a! and 8! are defined as follows:

i U

(resp.
(resp.-

(resp

i) U

instead of under . On a neighbour hood of c*

is of type a). On a neghbour hood of c" , a!

8J) goes vertically (in the z-direction) over

, a.
J

is the same as a. (resp. 8-

is cf type b). a' 1is au . On a neighbour hood of c*,

8] goes vertically (in the z-direction) under or instead of over it

if 1sj

and if

i >J on a neighbour hood of c", §3 goes vertically

(also in the z-direction) over instead of under.
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JL

Clearly, all crossings of (11 o!) u (
i21 1 i21

B-) are overcrossings,

6.10. REMARK.- Let L be a link as above, then, there are paths,

il al , and J1 . such that (IL a) u (Ll 8)
il 1 i21 1 i21 i21
is untangled.
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Furthermore, we know by  McDuff [15] that u aj and

~ u B! are both unknotted, for any i.

Now, we are able to prove 6.6

PROOF.- As in 6.4 we get a disjoint union of closed balls,

| B. ¢ intV-supp h, such that voln (V- ||] B.) < @
iTi 1 “ rri 1

Also, we join each ball to 3V by an unknotted smooth path,
ou , in V satisfying a), b) and c) of 6.4 And we get a volume

preserving diffeomorphism , hj , with support in a strip, \§ , of

finite fi-volume such that 1 ° h(@™)n =¢, forany if j and
h~ °h@") and only meet on a connected neighbourhood of its end
points.

We consider the infinite link L= (C B a.)u (1L B-) where
iTl 1 iH 1

Bt = h”1 ® h(a.j) and we apply 6.9 to it. So, we get a! =ai ,

for any i, because . never cross each other and we get also

I 8 , where B! is different fron h” « h(a.) only in a small
iTl11 1 1 1

neighbourhood of each undercrossing, we have
JBL a ) U (Il 3i
(i 211 ) (i Nl 1)

untangled and a! u 8 . 8~ u Bj unknotted, for any 1.
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Now, we want a volume preserving diffeomorphisms with support in

a strip of finite fi-volume and such that sends 3i on 6! , for any

1.

Since the change from an undercrossing to an overcrossing can
happen inside a cell and we can choose these cells pairwise disjoint
and as small as we like. We get, for the crossings of type a) a
diffeomorphism of R3 , hg , with support in the cells containing a
crossing of type a) (so, with support in a strip of finite Q-volume),
such that hg () =h"1 0 hj( 81), for any i, we can assume, by
1.5 that hO is volume preserving. For the crossings of type b)

we get a volume preserving diffeomorphism of lR3 , hil , Wwith support

in a strip of finite il-volume such that 8! = h™M ° h”"° h « hg™).

for any i.
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Now, we can construct, inductively, pairwise disjoint embedded

2-dimensional open discs such that the boundary of cl is

»J uP] , for any 1i. Also there are smooth unknotted paths, Y* ,

in

V- B B - IL dE
iT1 1 i*1 1

joining <. (0 and a..() , near and such that each crossing

of [} y. u I B! 1is an overcrossing.
iTlh 1 iTh 1
Thus, there are pairwise disjoint small neighbourhoods, ,
B, - .1 y. . So, there is an isotopy

of cl E. in V- 1. .
1 rrir 1 1T 11
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e: 1L o. » [0,1] 4 1L uU. with en the identity and
i*1 1 i 1L 1
el equal to h”® h~ »h ®hg . By 1.5. we get an n-isotopy ,

et , with support in and 64 equal to hlloh °h6

on _Jk 1 <’I . Let hj = 0, . We have h3 with support in a strip
i

i
of finite fl-volure and suth that h” °h” »hj* » h « ™

is the identity on Jj. < and on a neighbourhood of it B.

i*1 1 i*1 1

Now the proof follows as in 6.4

6.11. REMARK.- By 3.11 and 6.6 we have that any element of
DiffJ (R3) can be decomposed as a product of ten elements of Diff~(IRn)

with supports in strips of finite fl-volure.
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57.- CASE OF INFINITE TOTAL VOLUME.

Throughout this chapter ft will denote a volume element of

J  of infinite total  O-volume.

Then, we have the following chain of normal subgroups of Diff*( IR)

(id} cDiff*0(IR) c DiffJ( Rn) c Diffy(IR) ¢ DIfFI( IRM) ¢ DiffA( IR)

where {id} denotes the trivial subgroup. Thurston in [22J proved
that if ni 3 there is no normal subgroups of DiIff*"IR1) between {id}
and DiIffA0O(IM). We will prove here, also for n s 3 , that there is

no normal subgroup between Diff*(IRn) and Diff*( ) (7.5 ). And,

there is no normal subgroup between DiffA(IRn) and Diffi IM) (7.2 ).

7.1. THEOREM.- Let h be any element of Diffn(IRn) with volfi W= =,
If n: 3 the normal subgroup of Diffn(IRn) generated by h, N(h),

is the whole group.

PROOF.- By 6.3 there is a strip V withtrfinite n-volume and an element
h* £ N(h) such that h*(Y) n V= g Clearly, without loss of generality

we can assume vol® (Fn -(V uh*"(V))) =~

We will prove Diffn(Fn) ¢ N(h). Let T be any element of
Difffi(lIRn). We have, by 3.9 and 3.10 that f = » ? «...« fg

with # £ Diff* (IR) and F has support in a strip such that
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§7.- CASE OF INFINITE TOTAL VOLUME.

Throughout this chapter 0 will denote a volume element of

T of infinite total n-volume.

Then, we have the following chain of normal subgroups of Diffn(IRn)

(id) cDiffro(Rn) c DIffFA( Rn) ¢ DIFFA( IRN) ¢ DiffI( IM) ¢ Diff” ( IR)

where {id} denotes the trivial subgroup. Thurston in [22J proved
that if n i 3 there is no normal subgroups of DiffAfIR™) between {id}
and Diff*0( Im). We will prove here, also for n s 3 , that there is

no normal subgroup between DiffA(IRn) and DiffA( M) (7.5 ). And,

there is no normal subgroup between Diffy(IRn) and Diff*( IM) (7.2 1

7.1. THEOREM.- Let h be any element of Diff*(IRn) with vol”® Wh= <.
If ni 3 the normal subgroup of Diffn(IRn) generated by h, N(h),

is the whole group.

PROOF.- By 6.3 there is a strip V with«finite il-volume and an element
hle N(h) such that h*(V) n V= 4 Clearly, without loss of generality

we can assume vol® (Rn -(V u h*(V))) = ».

We will prove Diffn(Rn) c N(h). Let f be any element of
Diffn(IM). We have, by 3.9 and 3.10 that f=Ff ° fg »...» fg

with f. e Diffn (IR) and fi has support in a strip V.. such that



volfi (- V.) = , for any 1i. Therefore, by 4.10 , f. is an

element of N(Gy), for any i. So, T lies in N(Gy).

We will prove that N(Gy) c N(h) wusing a very similar method
to the one used in 5.3 Since vol® (OM-(V u h*(V)))=® we have
enough room to construct a new strip, V*, in IR-(V uh"(V)) of in-
finite fi-volure. Since V and V* are both of infinite il-volume
we have, by 3.4 , a volume preserving diffeomorphism, ¢, such that
g(v) =V* . We have, g(V) nV =< and g(V) nh"[V)= $. So, by

4.8 we know that

[Gy , Gyd c N(h®)

As Gy is perfect (proved in 4.7 ) we have

Gy = [Gy, GyJ CN(h) C N(h)

Therefore, N(Gy) ¢ N(h).

7.2. COROLLARY.- If n £ 3 there is no normal subgroup between

Diffy (1) and Diff*2 ( IR).

Similarly as in 5.1 we have

7.3. LEMMA.- Let h be an element of Diff° (Im) with non-compact



- 95 -

support. Then, there is a disjoint union of cells, n C., such
i21
that

(11 CJ n (3L hEC) = *
i21 1 i>1 1

PROOF.- Let be any point of W\. There is an open set Aj c IR
with compact closure such that x| u h(xJ) ¢ . Also, there is a cell,
c Aj , satisfying xj e int , hGPD c A and G n h@CPD= <

Let be \J = A" u h_1(A). Since supp h is non-compact there is an

element X2 €\ "~ *

Thus, inductively we get a locally finite sequence of disjoint

cells n c, satisfying the desired property.
iH 1

7.4. THEOREM.- Let h be an element of Diff*( J?n) with non-compact

support. If n i 3 the normal subgroup generated by h is DIff*( Im).

PROOF.- By 7.3 and 4.9 we know that there is a strip, V, and an

element hle N(h) such that h*(¥) nV = <

We will prove Difly( Rn) ¢ N(h). Let f be any element of
DiffA( Fn). By 6.5 and 6.11 we have f = fj °...° g where
f. ¢ DIff*C Rn) and has support in a strip of finite fi-volume, for

i-1.... 10. We can assume, by 3.14 , that f is a finite product
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support. Then, there is a disjoint union of cells, 1L C., such
i >
that

(11 CcJ n(1L hE)) =¢
i2l 1 i>1 1

PROOF.- Let xjJ be any point of W*. There is an open set Aj c Im
with compact closure such that x1 u h(x*) c Al. Also, there is a cell,
G ¢ Av , satisfying Xj e int , h(C®) <Al and C1 n hCGPD= <
Let be = A" u h~1(A"). Since supp h is non-compact there is an

element X2 £~ "M "

Thus, inductively we get a locally finite sequence of disjoint

cells I C. satisfying the desired property,
1

i 1

7.4. THEOREM.- Let h be an element of Diff*( Kn) with non-compact

support. If n * 3 the normal subgroup generated by h is Diff*(IRn).

PROOF.- By 7.3 and 4.9 we know that there is a strip, V, and an

element hle N(h) such that h*(V) nV = .

We will prove Diffy( Rn) c N(h). Let f be any element of
DiffA*(Fn). By 6.5 and 6.11 we have f = «...< g where
fj € DiIfff( ) and has support in a strip of finite ft-volume, for

i=l..._.10. We can assume, by 3.14 , that f 1is a finite product
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of elements of Diff*( 1) each of which has support in a strip of
n-volume less than wvol® V. Therefore each factor lies in N(GV)

by 4.10 So, T 1is an element of N(Gy).
As in proof of 7.1 we can see that

G/ c [Gy, Gy] ¢ N(h" c N(h).

Therefore, f e N(Gy) c N(h).

7.5. COROLLARY.- If n 23 there is no normal subgroup between

Difny]Rn) and Dif'fe(an).

7.6. REMARK.- If n >3 we have the following chain of normal sub-

groups of Diffn (Im).

{id} -— DiffcO(IR0) c ) -—— DiffI(IRn) ¢ Diffjd( F)---Diffn(Fn)

where ----- means that there is no normal subgroup in between.

Also, we know by 2.6 that any subgroup N of Diffn(Pn)
such that DiIff*0(IRn) ¢ N ¢ DiffJ( IRn) is normal.

To obtain the same result for the normal subgroups of DiffA(IRn)

in the case of vol"Fn =& as in the case volfi | < «
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it remains to study the subgroups between DiffA*(IRn) and Diff*( Fn)

The arguments used in this chapter do not work in this case
because we know, by 3.12 , that .any element h of Diffyj (IR) can
be decomposed as Il hj « ™ «,,.0 h] where W e DIff* (IR) ,
supp h. ¢cV. , forany 1i=l,..., 5 . So, we can have one of the
strips Vj of infinite fl-volure. And on the other hand, given
any element £ of Diff* (IR) we do not know if there is a

strip , V, of infinite ft-volure and an element e N(F) such

that () NV = &.
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§8.- SOME ADDITIONAL FACTS

With the idea of studying the normal subgroups between Diff~A(Fn)
and DiffA(Rn) in the case that volQRn =» , we can consider
Diff°(F n) as a topological group with diffeients topologies and since
the closure of any normal subgroup is itself a normal subgroup we can

try to identify the closure of the normal subgroups in the chain

iid 1 ¢ DIff'0O(Fn)c DiffA(Fn) = DiffA(Fn) e Diff*(Fn) ¢ Diff(Fn)

It is known that Diff*(F n) is a topological group both with
respect to the weak or compact-open C -topology and with respect to the
strong or Whitney (T-topology but not with respect to the uniform
topology. We prove in (8.1) that DiffCO(Fn) is dense in Diff~Fn)
with respect to the weak (T-topology. With respect to the Whitney
C -topology we prove that Difl~r.(Fn) and DiffJ\Fn) are both

closed (8.3) (8.-4)

Now we recall a description of the weak or compact-open C®-
topology on Diff~F0). Let T be an element of Diff~Fn) , let
K be a compact subset of Fn and let U be an open subset of Fn

such that f(K) c u . For any e >0 we define
Nr(f; K,U,e ) = {he Diffi(Fn) : h(K) = U ,

IDK(H ) - Dk(MCY WU t , for all xe K

and k=0,...,r)

The seti  Nr(f; K,U, e) for all possible K, U, e form a



- 99 -

subbase of neighbourhoods of f for the weak Cr-topology. We define the

Cm—topology the union of the Cp-topologies for r >0 .

8.1_PROPOSITION.- Diff“O(Fn) is dense in Difffi(Fn) with

respect to the compact-open C°°-topology.

PROOF. We will prove that the closure of Diff*0(Fn) is
Diff*(F n) by constructing an element h 1lying in cl Diff*Q(Fn)

but not in Diffy(Fn). Then, by 7.2 we will have that
cl DIiffEO(Fn) = Diffn(Fn)

Let {C.}< , be the familyof closed balls ofF n of centre
(,0....0) and radius 1/4 _let dqi ; F w [0,1]be a bump
function such that i) = Oif either -» <r<1-@/4) or
1+ (/%) < r<+o .Forany r e F ,we can define thematrix MW\r)

as follows

cos (D -sin ()

sin if\® cos V()

Thus, the map h. - Fn @aFn given by hQG) = xMW(ID 1is a
volume preserving diffeomorphism with support in . Furthermore,

_ t - B,
there existst ~ - F » [0,1] , a Cm—famlly of bump functions such that

forany t ,”~(r) =0 ifeither -«<r$1- (/4 or
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- |
1+ W9 $r<+, i|c;’.j(r) =0 forany rekF and equals

¥j ; the map :Rnx 1+ Fn given by H'X) = xW(IXID

is an m-isotopy from to the identity with support in

Therefore, h. is an element of Diff*0(Fn) .

Since , hj has support in for any 1 , we can define

a new volume preserving diffeomorphism of Fn ,h ...Oh20ohj

Clearly we have

Wh =Jj( int C. - (i,0-...0))

VoL W. = voi m £ ,0,»cim

Therefore, h does not lie in Diffy(Fn) .

On the other hand, h is the limit of the sequence

{thhjuﬁo“*OhA}J',\ [ with respect to the weak C"-topology. Since each

element of the sequence lies in Diff"O(Fn) , h lies in the closure

of Dif'f’c\O (F n) with respect to the weak C°°-topology

As an immediate consequence we have
8.2. COROLLARY.- The closure of any normal subgroup of Diffn(Fn)

with respect to the compact-open C°°-topology is the whole group  Diffil(Fn)

Now recall a description of the strong or Whitney C’-topology
Let f be an element of DiIffO(Fn) . let { } sa be a locally

finite set of open subsets of Fn and let ™-jJliea a “ocay
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finite family of compact subsets of Fn such that f(K.)c for

any ie a . For any family of positive numbers we define

Nr(f ; <K,)teA'<VfeA-<el>le« > ' {heDiffO(B") : for All 1

h(kF)= U, J|IDK(F| - Dk{) |l <e.

for all xe K. and h*0,...,r } .

The sets Nr(f ; {IL}. L{E1}. ) for all possible families
{Ki}ieA’ » { L.J ﬁ»zx} , {e'f}liA”A , form a base of neigbourhoods of f for

* %
the strong Cftopology. We define the Whitney C@°—topology the union of the

Cr-topologies for r "~ 0 .

8.3. PROPOSITION.- Diff”(Fn) is closed in Diffn(Fn)

respect to the Whitney C°°-topology-

PROOF. Let h be any element of Diffn(Fn) with non-compact

support. We will construct a neighbourhood of h  not intersecting

DiffJ(Fn) .
By 7.3 there is a disjoint union of cells, » such ttiat
(I Jci)n (J_] MCi))=*.
Without loss of generality we can assume that each cell is a closed
ball of centre and radius r* . Let Cj be the closed ball of
centre and radius r./2

We define

with
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N(h ; {int h@Ci)},{C1}.{ri/2} ) = {ge Diffn(Fn) : for all i

g(CY) c int h(C1) ,Jl k(M) - k@]l < r./2

for all x e Cl and any k> 0]

Obviously, it is a neigbourhood of h in DifffilFn) with the Whitney
C“-toplogy-

It does not meet DiffA*(Fn) since if f is an element of
DiffA*(Fn) there is some index je N such that (supp H)nC. =
Therefore, for any point xe Cj we have h(X) f x and Ff) =x ,

thus, Ix - hQ)Il > r./2 . So, f is not an element of

NC h ; {int h(C.)}, {CI}, {r./2} ) .

8.4. PROPOSITION.- Diff[j(Fn) is closed in Diffn(Fn) with

respect to the Whitney C"-topology.

PROOF. We will use a similar argument to the one u’ed- before .
Let h be any element of DIiffB(Fn) such that volfiv* =(° «

By 6.2 thereis a disjoint union of closed balls J|]_ C* such that

vol~A C.o=» , (J].C.)n (Il hECi))=*

and O is the ball of centre x. and radius ™ _As above, let
{CI} be the family of closed balls of centre x* and radius r"/2

Therefore, the subset

NC h ; {int h(C.)}, {C1} . {r.-/2} )

defined as above, 1is a neighbourhood of h with respect to the Whitney
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C“-topology. It does not meet Diffy(Fn) since if Ff s an

element of Diff*(Fn) we have vol” * * *so» there is some

jerF and xe C'j such that f(x) = x .Thus,|] h(XX) - xl| > ra/2 N

Then,

cl Diffjj(Fn) = Diffg(F n)

Another way to study if there is any normal subgroup between
Diff*(Fn) and Diffy(Fn) is to define a subset in between
identifying the normal subgroup generated by it.In this sense we have
been able to define a subgroup of Difffi(Fn) that is normal in

Diff“(Fn) as follows.

8.5. PROPOSITION.- Let Bi be the closed ball of Fn of
centre the origin and radius i . Then, the subset N of Difffi(Fn)

of all elements h Diffw(Fn) such that the sequence

tends to 0 as i grows to < , is a normal subgroup of DiffA(F n)

and

DiffJ(Fn)c Nc Diff*(Fn) .

PROOF, a N is a group.

let h ad Ff be two elements of N . We have
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supp (foh_1) c supp f u supp h"1 = supp ¥ u supp h

So,

vol ((supp (fOh_1) n B. )
1AM e 2m i
P, volnBi

lim w 1g» >uPP f) nBj) , lim voyUupp h)n Bi) _ q¢
volOBi n wlOBi
Therefore, f0h_1 lies in N .
b) N is normal in Diffy(Fn) .

Let h be any element of N and let g be any element of

DiffA*(Fn) « We have supp (gohog"1l) = g(supp h) . Also, we have,
g(supp h) n B* ¢ (supp hn B u
Then, since vol~ < » we have

volR(supp (gohog*1) n B.)

1lim
W
volilBi
lim voln((supp h) n g C1» "V's . o
1> 1B
volnB1 Vol By

Therefore’ gOhOg_l lies in N . SO, N is normal in Diffljﬂ?n

Clearly we have

DiffA*(Rn)c N c DIFfJJ(Rn)



- 105 -

8.6. PROPOSITION.- Let N  be as above. Then N

normal in  Diffn(Fn) .

PROOF. We will construct an element h of N and we will
find an element fe Difffi(Fn) such that fOhOF 1 does not lie
in N .

Let T be the standard tube of Fn . We will construct an
element h of Diff“(Fn) with support in T . The construction
is similar to the one made in 8§ .

Let {rjj:)}.j be any ordering of the positive rational

numbers and let be
202

we define Ij the open interval of F

and A the closed subset of T

n
A =(XcT: E x. 71
1 9

=N

Let n2

1'2 < inZ be a positive number such that

and we call

is not
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A2 = x€T : t X2<1,7r

i*2

Inductively we get a family (Ai} of closed subsets of T  satisfying

a) 1L 's dense T
i*l 1
b) volO(J1 A,) m ~ 01 A fi»ol/Tl < <t
=wl Bh M 1. —Mif <@

n il 1

Also, as in the example that we get in & there is a smooth

function | F %[0 ,) such that

Let $ F m [0, 1] be abump function such that <«r) =0 for

., <rso or 1*r <+» . We define, for any x = (x*....xn) in

Fn the matrix

M) =

Then we define h : Rn- Fn the diffeomorphism given by h(X) =

= x.K(X) .1t is clearly volume preserving and we have
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=l

i>i
and supp h =T . Therefore, h lies in DiffE£(Fn) .

Furthermore, h is an element of N since

1im voln((supp h) n Bi) lim "VTnyVv IIm Cvol~-~I
i-w [0
voldBi volnBi Ve1lfiBl
lim . him vol/ 1 0
n in(volnBn) In-“(vol/)

where Bn is the ball of centre the origin and radius 1 in F

and Bn 1l is the ball of centre the origin and radius 1 in F

Let V be the subset of F
V{xeF :x, %0}.

There is, by 3.4 an element f of Diff*iF1) such that f(T) =V

Then, we have supp fohof"1 = f(supp h) =V . Therefore,

lin volrr]l((supp fohof'1)n B.1 _ 1lim voln(V n B.)
15 i volaB,
"V
11m
1-KO - 2
,0v 1

and fohof"l is not an element of N .



108 -
APPENDIX

In this appendix we prove an extension of the following theorem

of Greene and Shiohama ([6])

A.l. THEOREM ([6])-- If M is a non-compact oriented manifold
and if o and t are volume elements on M such that voIaM =
= vol_lj\/l and if each end of the manifold M has finite o-volume if
it has finite x-volume and infinite o-volume if it has infinite x-volume,

then there is a diffeomorphism § : M ®M such that <*0=x -

The extension involves smooth families of volume elements on

Fn as follows.

A_2.THEOREM.- Let V be a strip in Fn and let ot be
a smooth family of volume elements on Fn such that, for any t ,

on Rn-intV ,an =0 and wl_V =vwl _ V . Then,
0 1 °t °0

there is an isotopy Ht : Rn Fn .with support in V such that

a. =an
t O

Yo and Yj are the identity and =oq forany t

The proof is based in the three following lemmas. The first one

is an easy consequence of Moser [16]

A.3.LEMMA.- Let ot be a smooth family of volume elements on
n gpltk Int K connected”,

Rn.Let K be a compact subset of F n w»""Tuch that all are

eaual on Rn- int K and wl K= wl K , for any t _.Then, there
°t °0

is a smooth isotopy :Fn Fn such that is the identity
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outside K and o~. =0g , for any te [0, 1] . Furthermore, if

0o =0g we can get By and N equal to the identity .

A_4_LEMMA.- Let ot be a smooth family of volume elements on
F .Let M be a connected compact submanifold of codimension one
in Fn and let U be a tubular neighbourhood of M . Then, there
is an isotopy M ; Fn Fn such that is the identity on
Fn-U, 01 =03 on some neighbourhood of M in U,

and wvoi,* U vol U where  U. and U
ntat * uo

t*"« connected components of U -M . Furthermore, if o =0g we

. R
VO'IQ’I{U-’f VOIOBU:F

can get 9@ and equal to the identity .

PROOF. Let U1l be a tubular neighbourhood of M with
compact closure and cl U“= U . There is a smooth function
G:Fn F and a smooth family of functions Ft : Fn »F with
supports in U" satisfying

a) G takes the value one on a neighbourhood of M and
also Ft takes the value one on a neighbourhood of M .

b) Ft(x) $1 forany te [0 ,I] adany xeFn .
Also, G(x) $1 any xe Fn .

utml = wl U Ll
C>Ve" (1-G)o0*Ft,t V - 0

and

U nu” = voi .U nU*®

vl (1_6)og+Ftot 00
So, since supp (og - (@ - G)og + Ftot)) c U" we can

apply A.3 to the smooth family of volume elements (1 - G)aQ + Ftgt



and we get an isotopy :Rn Fn such that & is the
identity on M -cl U and g = (@ - G)og + Ftot . Therefore,
*ta0 = °t near M *

Clearly, if we have 0 = o0Q , we get and

equal to the identity.

A.5_LEMMA.- Let {K~} be a sequence of compact connected

submanifolds of V  with boundary such that V = u K. and
il 1

K, n Kj is either empty or a codimension one submanifold of V

included in both boundaries. Let be a smooth family of volume

elements on  F n such that all are equal on Rn - int Vv

and wl K. =wl K. , for any i and te [0, I]. Then, there
a0 1 °t 1 n

is an isotopy :F SF with support in V  such that

ot =¢gg Torany te [0, 0] -Furthermore, if 0Q =0 we

get jJig!*lid -

PROOF. By A.4 there is a smooth isotopy <€ : Rn+ Fn
satisfying:

a N is the identity outside the union of disjoint
tubular neighbourhoods of the connected components of the boundary of
each Ki . So, the isotopy <$t has support in V .

b) = oq on the union of some neighbourhoods of the
boundary components.

¢c) wl * K. =vol K. forany te [0,1] andany i
ot°t 1 °0 1

Applying A.3 to K. we get an isotopy ' + Ki  such

that ¢g. is the identity on a neighbourhood of the boundary.






Thus, inductively we get an isotopy <£: Fn *Rn With

support in u K. such that, for any t
i=k 1

Therefore we can define an isotopy with support in V

$ :Fn>Fn as follows

*tIKi = ¢t0- Gjt °*t *

We have that 7~ and @ are the identity and 4t satisfy

vol * K. = vol *t(K.) = vol <Cic-=
ot°t 1 °t1l °t 2

= wvol . .*18 Ki = volgon *

So, by A.5 we have an isotopy dt: Fn % Fn With support
in v such that for any te [0, 1]
ot*t°t = °0

and and ijig are the identity.

Then. vt = gives the isotopy we where looking for .
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