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The classical notion of the coalescence of two droplets of the same radius R is that surface tension

drives an initially singular flow.

In this Letter we show, using molecular dynamics simulations

of coalescing water nano-droplets, that after single or multiple bridges form due to the presence
of thermal capillary waves, the bridge growth commences in a thermal regime. Here, the bridges
expand linearly in time much faster than the viscous-capillary speed due to collective molecular
jumps near the bridge fronts. Transition to the classical hydrodynamic regime only occurs once the

bridge radius exceeds a thermal length scale 7 ~

Understanding the dynamics of coalescing liquid
droplets is crucial to diverse natural and man-made pro-
cesses. These include storm cloud formation [1], thermal
management of MEMS devices [2, 3], coating technolo-
gies [4], water harvesting through condensation [5] etc.
We wish to understand two stages in the coalescence of
two droplets: (i) how the droplets first join, and (ii) how
the formed liquid bridge subsequently grows.

Thermal capillary waves are created in the interplay
between the thermal motion of constituent molecules,
which act to distort the interface between two phases,
and surface tension, which acts to suppress increases in
interfacial area. Such fluctuations on droplet surfaces can
influence both stages of coalescence, potentially manifest-
ing themselves at much larger scales than their amplitude
(o0 ~ \/kgT /v, where v is the surface tension), as we dis-
cuss below. In the case of liquid jet breakup, the impor-
tance of thermal fluctuations has been uncovered through
molecular dynamics (MD) studies [6], observed in experi-
ments [7], and used to derive new scaling laws [8]. Previ-
ous studies have also considered the spontaneous growth
of hydrodynamic instabilities caused by thermal fluctu-
ations, and subsequent drainage of a fluid film between
droplets to initiate coalescence [9-11]. In such cases, a
thin intervening film of roughly constant width exists for
a long enough time for the instabilities to grow. How-
ever, there may also be cases where the growth rate of
the instability is sufficiently small that the fluctuations
do not develop significantly before contact. Here we con-
sider one such case, that of nano-droplets, and conjecture
others.

From a theoretical perspective, classical models for
stage (ii) predict singularities [12, 13] caused by infinite
free surface curvature when the droplets first meet. Much
of the focus has therefore previously been on this stage,
where scaling laws for the bridge evolution can be derived
for different force balances of inertia, capillarity and vis-
cosity, e.g. [14], depending on the ratio of characteristic
scales to the viscous length scale I, = u?/py (where y is
the viscosity and p is the density). Experimentally, opti-
cal imaging techniques have provided much insight, e.g.
[15], but it is only with the advent of electrical measure-

VR.

of approach

FIG. 1. The coalescence of two cylindrical droplets, each with
R = 58.5 nm (left), and a snapshot of the close-up of the
onset of coalescence in our MD simulations (right), which is
characterized by multiple local bridges between the droplets
caused by thermal fluctuations. In the figure, red denotes
oxygen and white denotes hydrogen atoms.

ments that bridge radii as small as a few micrometres
can be accessed [16]. Notably, however, this scale is still
well above that at which the initial stages of coalescence
may be expected to occur, i.e. the nanoscale. This leaves
clear opportunities for further theoretical and experimen-
tal exposition.

In this Letter we show that (a) the contact between
coalescing nano-droplets is initiated by thermal fluctu-
ations on the surfaces, with no evidence of an instabil-
ity, and (b) after contact, a new regime of bridge evo-
lution occurs until the bridge reaches a length 7 from
the collision axis. The dynamics of bridge growth within
this length, which we denote the thermal length scale, is
so fast that it is practically inaccessible to experimental
measurements on pure liquids, even using recent electri-
cal methods. At present, we can only investigate these
small spatio-temporal scales using high-fidelity molecu-
lar simulations. This new non-classical thermal regime
of droplet coalescence, revealed by our simulations, pre-
cedes the viscous regime and supplants classical consider-
ations of singularities. Conventional hydrodynamic mod-
els are only applicable in the later stages of coalescence.
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FIG. 2. The distribution along = of the coalescence points for
two cylindrical droplets of radii R = 11.1 nm, obtained from
40 independent MD realizations.

MD simulations.—We study the early stages of the co-
alescence of two free water droplets by performing un-
conventionally large and computationally expensive MD
simulations [17] using the LAMMPS software [18]. We
simulate droplet coalescence in close-to-vacuum condi-
tions in order to focus on the effects of thermal fluc-
tuations in the absence of film drainage effects. We
choose liquid water in the present study because of its
wide practical applications [5, 19, 20]. A schematic is
provided in Fig. 1. The rigid four-site model of water
TIP4P /2005 [21] is used in all the major simulations; a
different model, the one-site mW model [22], was also
considered in order to study the influence of the fine de-
tails of the inter-atomic potentials used on the results
(Please see the Supplemental Material (SM) for details
[23]). We investigate both spherical (3D) and cylindri-
cal (quasi 2D) droplets of identical radius R by placing
two droplets with a slight separation and then bringing
them together with a small velocity, similar to experi-
mental analyses. Previous studies have shown that cylin-
drical discs can qualitatively represent the coalescence of
spheres [24, 25], and an analytical solution for the bridge
growth in 2D at its early stages [13] has been shown to be
asymptotically equivalent to that for 3D coalescence [12].
Most of the investigations in this Letter are therefore on
cylindrical droplets (with an axial length L), because this
enables larger droplets and more realizations to be simu-
lated. Further details of the simulations are provided in
the SM.

Stochastic coalescence—The shape of a free droplet
can be assumed to comprise a mean profile (i.e. a sphere)
and a fluctuating part, which arises due to the presence
of thermal capillary waves on the surface. Our MD sim-
ulations show that these spatio-temporal fluctuations at
the interface make the onset of coalescence a stochas-
tic process. On a free droplet surface, the local thermal
fluctuations about the mean interface profile have a stan-
dard deviation that can be determined using the theory
of thermal capillary waves [26-29] (see SM). If we define
x along the normal to the collision axis (or line of ap-
proach, see Fig. 1), then the locations where coalescence
initiates are observed to be distributed along x with the
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FIG. 3. MD simulation snapshots (quasi 2D; R = 20.1 nm)
from a reference time top when coalescence just begins, show-
ing the bridge growth in (a) the thermal regime by collective
molecular jumps from both droplets (i.e. due to the yellow col-
ored atoms), and (b) the hydrodynamic regime, which is the
classical bridging flow from under the bridge (i.e. due to the
maroon colored atoms). Only the oxygen atoms are shown,
and are colored for illustrative purposes only.

most probable location at z = 0 (see Fig. 2). We obtain
this distribution from 40 independent MD realizations of
the coalescence of two cylindrical droplets with R = 11.1
nm, and determine the width of the spread of the con-
tact points (99% confidence interval (CI)) by fitting a
Gaussian function. Based on the relative fluctuation of
neighboring points on the surface, assuming that the fluc-
tuations on one droplet are not affected by the presence
of the other, and there are no instabilities, we also derive
an order-of-magnitude estimate of this width (see SM):

1/4
lo ~ ("”:T) RY?. (1)

In Fig. 2, I, is seen to be comparable to the 99% CI of the
distribution of contact points from our MD simulations,
within a pre-factor of order unity. In the region |x| < I,
we observe that coalescence initiates as if the fluctuations
of two independent droplets meet from opposite sides.
Multiple bridges within [, are also possible (see Fig. 1).

Physical mechanism.—We investigate the mechanism
of bridge growth after the first contact by observing the
dynamics of molecules close to the bridge front. Dur-
ing the initial stages, the bridge fronts propagate by
means of collective molecular jumps (Fig. 3(a)), in con-
trast to the ordered circulatory bridging flow from un-
der the bridge that is characteristic of the classical vis-
cous/inertial regimes that occur later (Fig. 3(b)).

We classify this initial stage as the thermal regime,
where the bridge grows due to molecules moving di-
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FIG. 4. Droplet interfaces for R = 11.1 nm and 58.5 nm quasi
2D droplets immediately after the onset of coalescence. The
line of approach connects the centers of mass of each droplets.

rectly across the intervening gap between the droplets,
caused by the proximity of the confronting surfaces of
the droplets coupled with the effect of thermal motion.
After the first contact at a molecular scale, the surfaces
of the droplets appear to be drawn into each other across
the gaps on either side of the bridge (see video in SM). As
more molecules from both droplets populate this gap, the
outer and inner bridge fronts (in the case of multiple con-
tacts) propagate until either two bridge fronts meet from
opposite sides (in the case of inner bridges) or the outer
bridge grows and the gap eventually becomes too large
for thermal fluctuations to dominate the bridge growth.
The hydrodynamic mechanism takes over when the outer
bridge fronts have grown past a droplet radius-dependent
length scale 7, which we quantify below.

We find that in the thermal regime the collective mo-
tion of the molecules strongly affects the bridge growth in
time, described by 7 (¢) which is measured from the line
of approach. Figure 4 shows three instances of the bridge
formed between the droplet interfaces (i.e. the equimolar
line where the local density is the average of the liquid
and vapor densities) immediately after coalescence has
begun: (a) R = 11.1 nm, offset = 0.1 nm, (b) R = 11.1
nm, offset = -1 nm and (¢) R = 58.5 nm, offset = -4
nm, where the offset is the distance between the line of
approach and the initial contact point. Figure 5 shows
the corresponding bridge growths.

Bridge growth in its early stages is observed to be lin-
ear in time. From our results, we determine the thermal
length scale I as the length over which the bridge grows
linearly as a result of collective molecular jumps (see SM).
Interestingly, we note that iy & 2. (i.e. Iy ~ ) for both
spherical and cylindrical droplets, which is reasonable
since both lengths are defined by thermal mechanisms.
Remarkably, for spherical droplets with R ~ 1 mm (the
size usually studied in experiments), assuming that the
above relations are still valid, {7 ~ 1 pym, so nanoscale
effects are amplified by the high-aspect-ratio geometry of
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FIG. 5. Bridge growth corresponding to the cases presented in
Fig. 4. Bridge location is measured from the line of approach.
Bridge growth qualitatively changes beyond 7. No line is fit
in (b) to the ‘4’ markers within /7, because there are not an
appreciable number of data points. Note that the time here is
measured from when a bridge appears in the equimolar plots;
actual coalescence might have started before (see SM).
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FIG. 6. The variation of the number of interface molecules,
N(t) near a bridge front after the onset of coalescence at to.
(a) For quasi 2D droplets, N(t) is linear within the thermal
regime. (b) For 3D droplets, N(t) ~ —t>.

the gap between the droplets, and dominate the initial
bridge formation.

We study bridge growth in the thermal regime by mea-
suring the rate of change of total surface area during
coalescence. With MD, we are able to measure the num-
ber of interface molecules over the entire surfaces of the
droplets as a function of time, which is a direct indication
of the surface area (see SM). This enables us to estimate
the bridge growth velocity (for quasi 2D/3D systems) in
the thermal regime as

vy = % Y 7dN/dt7 (2)

t P VAVA
where —dN/dt is the rate of loss of interface molecules
near a bridge front of length AZ over which molecular
jumps occur (see below), and ny4 is the number of inter-
face molecules per unit surface area of a droplet. For the
3D spherical case, AZ is the circumference of the bridge.

For quasi 2D systems with a single contact point be-
tween the droplets, we can track the variation of the num-



ber of interface molecules near a particular bridge front,
i.e. above/below that contact point separately, and con-
sequently AZ is the length of a single front (L). In this
case, we observe N(t) to vary linearly in time in the ther-
mal regime: Ny — N(t) = Kr(t — tp), where Ny denotes
the number of interface molecules above/below the con-
tact point before coalescence began, N(t) is the instan-
taneous number of interface molecules above/below that
contact point, Kt = —dN/dt, and tq is the time at which
that contact occurred.

For instance, near the bridge front 1 in Fig. 4(b), with
a value of —dN/dt ~ 44.2 molecules/ps (see Fig. 6(a)),
L = 4.3 nm, and na ~ 25 molecules/nm?, Eq. (2) pre-
dicts vp &~ 200 m/s, which is close to the observed bridge
growth velocity (Fig. 5(b)) at an early stage of coales-
cence, and is much greater than the viscous-capillary ve-
locity scale v/u ~ 75 m/s for water. The smaller rate of
bridge growth in the case of Fig. 5(a) can be attributed
to a smaller curvature at the bridge front arising from the
initial contact being close to the line of approach, leading
to a smaller dN/dt, which results in a lower velocity.

As expected, beyond the thermal regime the bridge
evolution qualitatively changes and is no longer linear in
time. It is also interesting to note from Figs. 5(b) and
(c) that even if the bridges are not symmetric about the
line of approach in their initial stage, symmetry tends to
develop at later times, as is usually assumed in classical
studies.

In the coalescence of 3D spherical droplets, the region
within which a contact can occur is delineated by a cir-
cle of radius [. centered on the line of approach. As
with quasi 2D droplets, we have verified that in our 3D
droplet simulations the bridge grows within the thermal
regime through collective molecular jumps (see SM). We
track the total number of interface molecules as a func-
tion of time, N(t). In this case, Ny signifies the total
number of interface molecules before the onset of coales-
cence. However, in this geometry, the length over which
molecular jumps can occur (AZ = 27rp,) increases as the
bridge grows, and so the rate of loss of interface molecules
(dN/dt) must also increase. Since the bridge expansion
in this case is also observed to be linear in time within
the thermal regime (see SM), then 71, ~ ¢ and vy, ~ t°, so
from Eq. (2) —dN/dt ~ t and consequently N (t) ~ —t2
after the onset of coalescence (see Fig. 6(b)). When the
bridge radius expands past I, surface tension starts to
drive the bridge front, and coalescence will proceed as
usual to form a larger spherical droplet.

Discussion.— Previous theoretical analyses of coales-
cence have considered a singular process driven by surface
tension and resisted by a combination of viscous and/or
inertial forces. In this Letter, we have found that the key
driving mechanism in the initial stages is actually ther-
mal fluctuations, and that surface tension acts to sup-
press this motion. The fact that molecular effects have
a macroscale influence for larger droplets (i.e. I ~ 1 pym
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when R ~ 1 mm) calls into question the relevance of
continuum simulations that go below the thermal length
scale [30]. Only once 7, ~ I is reached in the coalescence
does surface tension-driven bridging flow occur, which is
described well by classical hydrodynamics.

In experimental studies, with a single bridge expanding
radially outwards at a high speed given by Eq. (2), the
thermal regime for two water droplets of radii 2 mm is
over within a few nanoseconds; this is below the temporal
resolution of the latest experiments [16]. Notably, in the
electrical method employed in recent studies [16, 31, 32],
electrostatic forces may have affected the size of the ini-
tial contact by deforming the two surfaces at a very early
stage and altering the local geometry. The extent of the
thermal regime may have been affected as well.

Molecular dynamics is perhaps the only current tech-
nique that can provide insight into the role of thermal
capillary waves in the coalescence of pure liquids, be-
cause of the nanoscale amplitude of these waves. A pre-
vious MD work on liquid droplet coalescence [24] failed
to capture the thermal regime because of low-resolution
measurements. In the present study, we observe that
the thermal fluctuations initiate coalescence before hy-
drodynamic instabilities get time to grow. For smaller
droplets, this happens even at slow speeds of approach,
since their size restricts the available fluctuation wave-
lengths, resulting in a slower growth rate of instability.
For larger droplets colliding in a vacuum at high speeds,
we expect the same coalescence mechanism (see SM).

In our theoretical analysis where we derived Eq. 1 (see
SM page 4), we have not considered the inter-atomic at-
tractions between molecules in different droplets. These
may, however, be important in two ways: first, by mod-
ifying the spectrum of fluctuations of one surface when
the other is close; and second, by drawing the surfaces
towards each other both before and after a contact is ini-
tiated. These effects may contribute to the dependence of
vp on the curvature of the bridge front; but the fact that
the simulation results match our analysis even though
we ignore them seems to suggest they are not of major
importance.

We have also not considered here the influence of an
external fluid. In the most general theoretical model,
the effect of van der Waals forces should be considered
simultaneously with thermal fluctuations and a thin in-
tervening fluid film in order to determine the initial lo-
cation of coalescence. Coalescing droplets in oil-in-water
emulsions [11, 33] and bubble coalescence [34] can be re-
garded as suitable examples, and we intend to study such
systems in detail in the future.

Our framework is universal in that it is easily extended
to coalescing droplets on a planar interface, and coalec-
ing droplets of different radii (see SM page 4). An open
question is whether or not the thermal motion can be in-
corporated into an extended hydrodynamic framework,
or whether the initial stages must be omitted from any



such analysis. The collective molecular jump mechanism
has parallels with the molecular kinetic theory [35] used
in continuum models of wetting, and there are also sim-
ilarities to interface formation/disappearance processes
already applied to coalescence [36]. So there are prece-
dents for building macroscopic models incorporating ad-
ditional molecular physics.

Thermal fluctuations have already been incorporated
into continuum fluid models for the breakup of liquid jets
[6], by using fluctuating hydrodynamic theory [37]. In-
terestingly, in the liquid jet case, the models have been
validated experimentally using ultra-low surface tension
mixtures [38] in which thermal motions are visible at
much larger scales. We posit that such techniques could
also be capable of verifying the thermal regime in droplet
coalescence that we have described in this Letter.
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