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Syntomic regulators of Asai—Flach classes

David Loeffler, Christopher Skinner, and Sarah Livia Zerbes

Abstract.

In this paper, we derive a formula for the p-adic syntomic regu-
lators of Asai—Flach classes. These are cohomology classes forming an
Euler system associated to a Hilbert modular form over a quadratic
field, introduced in an earlier paper [LLZ16] by Antonio Lei and the
first and third authors. The formula we develop here is expressed in
terms of differential operators acting on overconvergent Hilbert mod-
ular forms; it is analogous to existing formulae for the regulators of
Beilinson—Flach classes, but a novel feature is the appearance of a pro-
jection operator associated to a critical-slope Eisenstein series. We
conclude the paper with numerical calculations giving strong evidence
for the non-vanishing of these regulators in an explicit example.

§1. Introduction

1.1. Aims of the paper

Let F' be a real quadratic field, and F a Hilbert modular new-
form over F, of level coprime to p and weights > 2. Associated to
F is a 4-dimensional p-adic representation of Gal(Q/Q) (the Asai Ga-
lois representation of F), which is the tensor induction of the (perhaps
more familiar) 2-dimensional representation of Gal(Q/F') associated to
F. The preceding paper [LLZ16], by Antonio Lei and the first and
third authors, defines a collection of Galois cohomology classes (étale
Asai~Flach classes) for the Asai Galois representation, and proves that
these form an Euler system; however, the question of whether this Euler
system is non-trivial remains open in general.
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It is certainly expected that the étale Asai—Flach classes should be
non-zero, for the following reason. These classes are the étale realisations
of classes in motivic cohomology, whose images in Deligne-Beilinson
cohomology are known to be related to leading terms of complex L-
functions as predicted by Beilinson’s conjecture (as shown in [Kin98] and
[LLZ16, Theorem 5.4.8]). Perrin-Riou’s p-adic extension of Beilinson’s
conjecture [PR95, §4.2] thus predicts that the images of these classes un-
der the p-adic syntomic regulator should be related to p-adic L-functions;
and since there is a direct comparison between the syntomic and étale
regulators via the Bloch-Kato exponential map, this should give non-
vanishing of the étale classes.

In this work, we give some evidence towards a non-vanishing result
of this form, assuming that p splits in F'. We express the pairing between
the Bloch—Kato logarithm of the étale Asai—Flach class AFL];’] J and the
differential associated to F using the theory of overconvergent modular
forms. Our result is somewhat analogous to the formulae of [BDR15,
KLZ15] in the setting of Rankin—Selberg convolutions, although there
are important differences, such as the lack of any immediate connection
to p-adic L-functions. We use this to give very strong numerical evidence
(although a little less than a fully rigorous proof) for the non-vanishing
of the 3-adic Asai—Flach classes for an explicit example of a Hilbert
modular eigenform over Q(/13).

1.2. Statement of results

We now state our results slightly more formally. Our first main
result does not involve Hilbert modular forms at all, but is a result
about the Eisenstein classes for GLy /Q. Let N > 1 be coprime to p,
and let L be a p-adic field containing the N-th roots of unity. For k € Z,
denote by S};(N , L) the space of overconvergent cusp forms of weight k
with g-expansion coefficients in L.

Theorem A. Let k>0, and let x : (Z/NZ)* — L* be a Dirichlet
character modulo N with x(—1) = (=1)*. Ifk = 0, assume x is not triv-
ial. Let © be Coleman’s differential operator Sik(N, L) — S£+2(N, L)

k+1

d on q-expansions).

dg
Define the critical-slope Eisenstein quotient as the unique 1-dimen-
sional quotient of the space

(acting as (q

Slya(NV.1)/0 (ST, (V. 1))

on which the Hecke operators T(£) — 1 — £*T1x(¢) (for £ Np), U({) —1
(for £| N), and U(p) — p**1x(p) act as 0.
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If we identify SZH(N, L)/ (ST_k(N, L)) with a rigid cohomology
group as in Equation (lc) below, then the linear functional given by
pairing with the x-isotypical part of the weight k + 2 Fisenstein class
factors through this quotient, and maps it isomorphically to L. More-
over, this linear functional maps the critical-slope Fisenstein eigenform

Ec(fl?i) € S,1+2(N, L) to an explicit product of p-adic Dirichlet L-values.

Now let F' be a real quadratic field, with p = pipo split in F as
before; let o; be the embedding F' < L corresponding to the prime
p;. Let F be a Hilbert modular eigenform, of level Uy (M) for some I
coprime to p. Choose an embedding of the coefficient field of F into
L, and suppose that F has weights (k1 + 2, ko + 2) at the embeddings
01,09 respectively, where k; > 0. We write F [P1:p2] for the form obtained
from F by setting to 0 all Fourier-Whittaker coefficients ¢(m, F) with
m divisible by one or both of the p;. This is an element of the space
S(Tk1 2.k 42) (M, L) of overconvergent Hilbert modular forms of tame level

N and weight (k1 + 2, ko + 2).

Theorem B. The form F¥1P2l is in the image of the differential
operator

. gf T
O : S(fkl,k2+2) (M, L) — S(k1+2,k2+2)

(9, L),
k141
acting on g-erpansions as (‘ha%l) s and for any integer 0 < j <

min(k, k2), we have the formula

<10g (AF&f’j]> ,CU]-'> = (%) - ABis ([@11 (}-[phpﬂ)}klj) ’

where log is the Bloch—-Kato logarithm, (x) is an explicit non-zero con-
stant,

[@1_1 (]—'[mm])}kl_j € S,Zl+k272j+2(jv’ L)

1s the Rankin—Cohen bracket, and \gis denotes the linear functional de-
fined by pairing with the level N Eisenstein class. In particular, if the
projection of [@1_1 (]-"[pl"”])]klij to the critical-slope FEisenstein quo-
Jl

tient is non-zero, then the class AFZ:’ does not vanish.

See Theorem 5.3.9 below for a precise statement, and an explicit
formula for the constant (x). Assuming a certain hypothesis regarding
the rate of convergence of various power series, we have computed ex-
plicitly this projection for an example with p = 3 and F' = Q(+/13), and
verified that the critical-slope projection is indeed non-zero.
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1.3. Relations to other work

The Asai—Flach classes in the cohomology of a Hilbert modular sur-
face can be regarded as a “degenerate case” of diagonal cycles on the
product of a Hilbert surface and an elliptic curve. Since the initial release
of this paper in preprint form, analogues of our regulator formula in this
diagonal-cycle case have been announced by Blanco-Chacén and Sols
[BCS17] and by Fornea [Forl7]; there is a substantial overlap between
their computations and ours.
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assistance with the numerical example, and to the anonymous referee
for their comments on the original draft.

The ideas for this paper were developed while the first and third
authors were visiting the Institute for Advanced Study, and they would
like to thank the Institute for its hospitality.

§2. Preliminaries on elliptic modular forms

We start by recalling some facts about elliptic modular forms and
their p-adic analogues.

2.1. Nearly holomorphic modular forms

Let H be the upper half-plane. Recall (cf. [Urb14, §2.1.1]) that a
C® function f : H — C is said to be a nearly-holomorphic modular
form of level N, weight r and degree < n if:

e The function f transforms like a modular form of weight r under
'y (N).

e The absolute value |f(y7)| is bounded as Im 7 — oo, for every v €
GL3 (Q)-

e The function f can be written in the form

> fi(r)(Im7)~d

j=0
where f; are holomorphic functions.
We write MS"(N, C) for the space of such functions.

Definition 2.1.1. We say f € MS"(N,C) is strongly cuspidal if
all the f; vanish at oo, and the same holds with f replaced by f |, v for
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any v € SLa(Z). We write SS™(N, C) for the space of strongly cuspidal
forms.

The Maass-Shimura differential operator § = 5= (% + m)

gives maps
MS™(N,C) = M5 (N,C),  SS"(N,C) — S5 (N, C).

Shimura has shown that if » > 2n the inclusion M,.(N,C) —
MS"(N,C) has a left inverse, the “holomorphic projection” map IT"!,
characterised by the condition that IT"!(§7 f) = 0 for all j € {1,...,n}
and all holomorphic modular forms f € M,_;(N). This map clearly
sends SS(N) to S,.(N).

2.2. Geometric interpretation

Let s7(") denote! the r-th symmetric power of the first relative de
Rham cohomology sheaf of the universal elliptic curve £/Y7(N), ex-
tended to a vector bundle on X;(N) as in [Urbl4, §2.2.1]. The n-th
power of the Hodge line bundle w” embeds naturally in ("), and one
has

MS™(N,C) = H° (Xl(N)c, A of‘”) ,
SF(N,C) = H (Xy(N)o, #) @ ~"(=0)),

where C' is the divisor of cusps. (The first formula is [Urbl4, Proposi-
tion 1], and the second is proved similarly.) We can use this to define
MS™(N, L) and SS"(N, L) for any coefficient field L of characteristic 0
containing the N-th roots of unity.?

Remark 2.2.1. Note that the space S**(NN, C) of nearly-holomorph-
ic cusp forms defined in [DR14, §2.3], for » > 2, is a subspace of our
space MS(TQ) (N, C), but it is not the same as our space SS(TJ)(N7 C)
of strongly cuspidal forms. Darmon and Rotger work with a certain
“parabolic” sheaf (M 0% (n))par, intermediate between 7 (r=2) @2

and A" @O = ("2 @ w?(~C). In terms of functions on #, this

IFor consistency with our previous works, we have used square brackets
for “homological” objects, and round brackets for “cohomological” ones. Thus
A is the dual of #("). The sheaves 5 (") and "] are actually isomorphic
to each other, but their filtrations and their natural Hecke actions are not the
same, so we shall not treat this isomorphism as an identification.

2This is in order to avoid problems with the non-rationality of the cusp oo
in the standard Q-model of Y7 (N).
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corresponds to requiring that fo(co) = 0 but with no condition on the
higher f; (and similarly at the other cusps of I'1 (V).

2.3. Nearly overconvergent forms

Let p { N be prime, and let L be a finite extension of Q,, again
containing the N-th roots of unity. Following [Urb14, §3.2.1], we make
the following definitions:

Definition 2.3.1. Let r € Z and n € Z>o. We define the space
of nearly-overconvergent p-adic modular forms of degree < n, and its
subspace of strongly cuspidal forms, by

MPS<"(N, L) == HO (Xl(N)“g, 5t (%W ® uﬂ“*”)) :
SISU(N, L) = H (X, (V)" jT (™) g0 =(=0)))

where X1(N)™8 is the rigid space over L associated to X1(N), C is the
divisor of cusps, and j is the inclusion of the ordinary locus X1 (N)°rd
into X1(N)'e.

For n = 0 these are the familiar spaces M (N, L) and S}(N, L) of
overconvergent modular (resp. cusp) forms with g-expansion coefficients
in L. We shall often omit the coefficient field L or the tame level N (or
both) from the notation if these are clear from context.

Over the ordinary locus X;(N)°'d, the inclusion w < # admits a
left inverse, the “unit-root splitting”, giving an isomorphism 57 = w @
w™L. By [Urb14, Proposition 6], composing the unit-root splitting with
restriction to the ordinary locus gives an injective map M,"S"(N, L) <
HO (Xl (N)erd, wr) (the space of p-adic modular forms); in particular, we
may describe nearly-overconvergent p-adic modular forms by g-expan-
sions in L[[g]].

The differential operator § is defined on the spaces M,'S™ and S'S",
and we have the following crucial fact (cf. [Urb14, §3]):

Proposition 2.3.2. For any integer k > 0 the operator

k1.t £.<(k+1)
P MY — M

has image contained in Sli+2’ and it coincides with Coleman’s differential
k+1
operator ©, acting as (qf—q) On q-expansions. Q.E.D.

2.4. Rigid cohomology

Let £ > 0 be an integer, and K any field of characteristic 0. We
have the following general sheaf-theoretic fact:
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Proposition 2.4.1. Define complexes of sheaves on X1(N)gk by

= [t o %(’“)6991(0)},
- [%("’)(—C) e ® ®Ql,} :

)
)
%m) = [p® Yo (p® @Ql)par] ;
) _ :w*k e, wk+2:|’

)

= w7 (=0) =2 W2 (-0)]

BGG? (.;f(k)) - {w-’f 2. wk+2(—0)} .

For 7 € {@,c,par}, there are maps of compleres BGG? — DR? which
are quasi-isomorphisms. Q.E.D.

Here (57 @ Q') is the subsheaf of 2% @ Q!(C) mentioned in
Remark 2.2.1 above, V denotes the Gauss—Manin connection, and © the
differential operator of Proposition 2.3.2. The map BGG*® (%(’“)) —
DR*(# (k)) is the natural inclusion in degree 1, and in degree 0 it
is characterised by the fact that its composite with the natural map
A ) — w=F is multiplication by (—1)*k!; the other maps are charac-
terised similarly.

Remark 2.4.2. Note that this construction is purely algebraic, and
does not use the splitting /7 = w @ w™! of rigid-analytic sheaves over
X (N)ord_

If we let K = Q,, where p { N, and let j denote the inclusion of
the ordinary locus X (N)°™ in X (N)"8 as above, then the hypercoho-
mology groups H* (X1(N)"8, jTDR} (# (’“))) compute various flavours
of rigid cohomology of the special fibre (with coefficients in 57 (k)). The
hypercohomology groups of jDR® (# (k)) and jTDR;,ar (o (k)) com-
pute the rigid cohomology of the mod p varieties Y7 (N )°*® and X (NN)°rd
respectively. Asin [HLTT16, §6.5], we interpret the hypercohomology of
jTDR? as “rigid cohomology of Y (NN )°*® with compact supports towards
the cusps” (but not towards the supersingular locus), and we denote it
by Hrlig,c—(’) (E(N)Ord7 %(k)> :

Combining this with the quasi-isomorphisms of Proposition 2.4.1,
and the fact that X;(N)°™ is affinoid (so all higher sheaf cohomology
groups vanish), we obtain presentations in terms of overconvergent mod-
ular forms for these three rigid cohomology groups. More precisely, for
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L a finite extension of Q, containing the /N-th roots of unity, this con-
struction gives isomorphisms

_ M (N, L
(13) H;lig <Y1(N)Ord,%(k)> ®Qp = %7
0 (M_k(N, L))
_ ST (N, L
(1b) Hrlig (Xl(N)Ord,%(k)) ®Qp = #7
o (M_k(N, L))
Sks(N, L)

(1c) Hrlig,c—a (Yl(N)Ord,%(k)) ®q, L = m

All three isomorphisms are clearly compatible with Hecke operators away
from p, and the action of the p-power Frobenius map ¢ on the rigid co-
homology corresponds to the operator p*™1(p)V}, on M,I+2 (N, L), where
V, acts on g-expansions as ¢ — ¢”. (The operator (p) appears because
the cusp oo is not rational in our model of Y;(N); see [KLZ15, §6.1].)

We can also consider the cohomology with compact supports to-
wards the supersingular points (but not the cusps), which we denote
Hpg o—ss (Yi(N)°rd, —). This is dual to the preceding theory; although
such dualities are presumably well-known to the experts, we have not
been able to find a reference for rigid cohomology with partial compact
support, so we shall briefly sketch the proof. For brevity, in this discus-
sion we write X,Y for X; (V) and Y7(V), and omit the subscript “rig”
from cohomology groups. Let ¥ denote the dual of J#®*) (so that
AW = (k) as isocrystals, but the filtration and Frobenius actions
are shifted). If Q2 = [O(~C) — Q'] is the de Rham complex of X',
with trivial coefficients, relative to the cuspidal divisor C', then we have
pairings of complexes

DR (™)) @ DR® () = Q2.

Let RI,,4 denote the derived functor of sections with support in X°r4,
as defined in [LS07, §5.2]. By Corollary 5.3.6 of op.cit. we obtain a
pairing in the derived category of abelian sheaves on X8,

it (DR(#M)) @ Roeq (DR (1)) 5 ALy (20).

Since H? (X™&, R[4 (Q22)) = H2 (V') = Q,(—1), this gives a bilinear
pairing
2) (=) H,

CcC—SS

(Yord,%[k](l)) x H (Yord’%ﬂ(k)> - Q,.
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compatible with the action of Frobenius. Moreover, if Z = Yo' — Y
is the 0-dimensional scheme of supersingular points in characteristic p,
there are long exact excision sequences (cf. [LS07, Proposition 8.2.18]):

H(Y,#% (1)) — H(Z) — H}

Cc—S8Ss

(Vo) — H'(Y) — 0,
H(Y, AW) ~— HZ(Y) ~— H,_o(Y") ~— Hy(Y) ~— 0.

(omitting coefficients except in the first column, for reasons of space).
There are pairings between each term in the top sequence and the corre-
sponding term in the bottom sequence, compatible with the horizontal
maps (compare [Ked06, eq. 9.3.2.1]). By Poincaré duality for rigid
cohomology with coefficients [Ked06, Theorem 1.2.3], all of these pair-
ings except the middle one are known to be perfect. Hence the middle
pairing, which is (2), must be a perfect duality also.

Remark 2.4.3. (a) Presentations of rigid cohomology similar to (1)
are fundamental in the p-adic regulator computations of [DR14] and
[KLZ15]. However, unlike these previous works, in the present paper we
shall project to an Fisenstein eigenspace in the rigid cohomology, rather
than a cuspidal one; so it is important to distinguish carefully between
the three slightly different cohomology spaces (1a)—(1c). Our account is
based on the description of the theory for Hilbert modular forms given
in [TX16]. (There is a minor error in [DR14] at this point — it is claimed

. . . . st ,
in equation (2.30) of op.cit. that the quotient 5 k(L)

7(51;@(]\7@)) computes

parabolic cohomology.)

(b) The cohomology groups Hy, .., do not seem to have a direct
description in terms of overconvergent modular forms, unlike the groups
HE, ._ 5. They can be interpreted as the cohomology of the mapping
fibre of restriction to the “infinitesimal boundary” of the supersingular

residue discs.

2.5. Overconvergent projection operators

There exist two slightly different generalisations of the holomorphic
projection operator to nearly-overconvergent modular forms.

Urban’s overconvergent projector: In [Urbl4, §3.3.4], Urban shows
that whenever r ¢ {2,3,...,2n} there is an isomorphism

MEST =P (M;'LQJ')
=0
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and hence there is a unique projection map (denoted by H' in op.cit.)
onto M/, characterised by vanishing on the subspace @?:1 57 (ML2 ;)
This map evidently sends SI,<" to Si.

Darmon and Rotger’s overconvergent projector: For r =k + 2 > 2,
Darmon and Rotger have defined a space S} 5 intermediate between
our spaces M,Ifzk and S%fzk (see [DR14, Definition 2.4]), and a map
(denoted by II°° in op.cit.)

Shyz = Sli+2/@ (Mik) -

This map is defined as follows: S} 9¢ is the overconvergent sections
of (#*) OY)par, and I1°¢ sends such a section f to the element of

Sli+2/@ (Mik) representing the class of f in HJ}, (X1(N)°, AW,
Note that this is only well-defined modulo © (M T ,C) , rather than modulo

] (Sik) as claimed in op.cit., because of the error in (2.30) of op.cit.

mentioned above. However, the same construction with %) @ Q! in
place of () @ Q') par does give a well-defined map

I > 81,000 (51,).

which we denote by the same symbol II°°. This map is characterised
by vanishing on (ka); in particular, if n is small enough that Urban’s
projector is defined on SLfZ”, then the restriction of I1°¢ to this subspace

coincides with the image of Urban’s projector in the quotient.

83. A “compactification” of the GL, Eisenstein class

We begin with some computations relating to the Eisenstein classes
for GLs /Q; our goal is to understand the linear functional defined by
pairing with the Eisenstein class in terms of the presentations of rigid
cohomology given in Equation (1). We fix an integer N > 4, and abbre-
viate Y7 (V) simply by Y.

3.1. The Eisenstein class of level N

Let £ > 0. We write Eisfig’N € Hrlig (Y,%[k](l))¢:l for the rigid
realisation of the level N Eisenstein class, as in [KLZ15, §4.2].

Definition 3.1.1. The Eisenstein subspace H, (Y, (1)) B of
Hrlig (Y, %[k](l)) is defined as the mazimal subspace on which all of the
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Hecke operators U'(¢) — 1 (for £ | N) and T'(€) — 1 — £kF1(¢=Y) (for
(1 Np) act as zero.

We have Eisl;, v € HY, (Y, 2¥(1))F, by [KLZ17, Remark 4.3.5],

hence our choice of terminology.

Proposition 3.1.2. Let L/Q, be a finite extension and let x :
(Z/NZ)* — L* be a Dirichlet character such that x(—1) = (—1)*.
Then the intersection of H]rlig (}7,%”[’“](1))EIS ® L with the x-eigenspace
for the diamond operators is 1-dimensional over L, unless k =0 and x
18 the trivial character, in which case it is zero.

Proof. By the standard comparison theorems, it suffices to prove
the corresponding statement with rigid cohomology over L replaced
by de Rham cohomology over C. Moreover, by applying the Atkin—
Lehner involution Wy we may interchange the Hecke operators T”(¢)
and U’(¢) with their more familiar cousins U(¢) and T'(¢). Since the
Eichler—-Shimura isomorphism furnishes an isomorphism of Hecke mod-
ules Hip (Yi(N)c, #¥) = My, 5(N,C) @ Sp12(N, C), we are reduced
to checking that the eigenspace in M 2(N, C) on which the diamond
operators act by x, U({) = 1 for £ | N, and T(¢) = 1 + ¢kT1x(¢) for
¢4 N has dimension 1 (or 0 if £ = 2 and x is trivial). This follows eas-
ily from standard results on the Hecke module structure of Eisenstein
series, cf. [DS05, Theorems 4.5.2 and 4.6.2]. Q.E.D.

Remark 3.1.3. From the explicit formula given in [KLZ15, §4.3] for
the de Rham realisation of the Eisenstein class, one sees that if y is a
Dirichlet character mod N of the appropriate sign, then the projection
— ., E J— .
of Eisfigw to the x-eigenspace in HY, (Y, k(1)) ©® Q,, is non-zero.
Hence it must be a basis vector of this space, by the preceding proposi-
tion.

3.2. Lifting to compact supports
We define the Eisenstein subspace of HY, ., (V4,2 (1)) in the
same way as for Hrlig (}7, yau (1)) above (requiring that the same Hecke
operators act as zero).

3In more detail: this projection is represented by a modular form
F such that a,(F) is given, up to an explicit non-zero constant, by
Zd\n(n/d)kJrlG(X’Cld\l)? where G(x, (%) = Zbe(Z/NZ)X x(b)CR. Since Q(Cn)
is isomorphic as a Galois module to the regular representation of (Z/NZ)*, the
sum G(x, (%) must be non-zero for some d; and if n is equal to the least d > 1
for which this holds, then a,,(F) is non-zero.
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Lemma 3.2.1. The natural map

H (Ymh %[kl(n) — H (Y, %”[k](l))

rig,c—ss rig

restricts to an isomorphism between the Fisenstein subspaces.

Proof. Let Z be the subscheme of supersingular points in Y. The
Gysin sequence for rigid cohomology gives us a long exact sequence
0 (7 k
Hrig (Z’%[ ](1)) N Hl

0— _ .
image H?]g (Y, %[k](l)) rig,c—ss

(vord, M ))

— HY, (Y,%[k](l)) -0
where the exactness at the right-hand end is a consequence of the fact
that Z is zero-dimensional, so its Hrlig vanishes. So it suffices to show
that the given system of eigenvalues cannot occur in the the first group
in the above sequence.

The systems of Hecke eigenvalues appearing in Hﬂg (Z , A (1)) are
well-understood. By a theorem of Deuring and Serre [Ser96], there is a

bijection of finite sets
Z(F,) = B*\(B® Ay)”* /Up1(N),

where B is the quaternion algebra ramified at {p, oo}, and Ug1(N) C
(B® Ay)* is a suitable level group. This bijection is compatible with
Hecke operators away from p, and induces an isomorphism of prime-to-p
Hecke modules between Hp, (Z, (1)) ®q, L and the space of auto-
morphic forms for B* of level Ug 1(IN) and weight the representation
Sym*(L?) of (B ® L)* = GLy(L), for any extension L/Q, splitting B.
(This last statement is not proved in op.cit., but a proof can be extracted
as a special case of the much more general results on Hilbert modular
varieties proved in [TX16].)

In turn, this space of automorphic forms for B* is related to classical
modular forms via the Jacquet—Langlands correspondence. This gives
the following concrete description of the systems of prime-to-p Hecke
eigenspaces appearing in H?ig (Z, %[k](l)):

e If £ = 0 there is a 1-dimensional subspace generated by the constant
function, which is exactly the image of H?ig(Y, Q,(1)); if k£ > 1, this
image is zero.

e In either case, the remaining eigenspaces correspond to the Hecke
eigenvalues of cusp forms of level I'1 (N) NTg(p) which are new at p.
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Hence the Hecke operators T’(¢) cannot act via T7(f) = 1 4 k1 (¢=1)
on any non-zero element in the first group of the above short exact
sequence. Q.E.D.

k
rig,

(Yord,%[k](l))EiS. Moreover, this lift lies in the

Corollary 3.2.2. The rigid Fisenstein class Eis
ok
lift Eis i, v € Hrlig7c_ss
p =1 eigenspace.

~ has a unique

Proof. It remains only to check that the lift lies in the ¢ = 1
eigenspace; but this is immediate from the fact that the Frobenius com-
mutes with the prime-to-p Hecke action and with the forgetful map from
HL (Yord) to HL (V). Q.E.D.

rig,c—ss rig
Via the Poincaré duality pairing (2), we can regard this “com-

pactified” Eisenstein class Eis;, y as a linear functional on the space
H! (Y'“d, %”(k)), extending the functional on H (Y, 7#®)) given

rig,c—0 rig,c
by Eis’rfig’N. As we have seen above, the space Hrlig,c—a (vord, %”(k)) can
be computed in terms of overconvergent modular forms.
Definition 3.2.3. We define the critical-slope Eisenstein quotient

of S£+2(Na L) to be the maxzimal L-vector space quotient of the space

SILFQ(N, L)/© (Sik(N, L)) on which the following Hecke operators are
zero:

e the Hecke operators T(£) — 1 — £*+Y1(¢) for primes q { Np;
e the operators U(¢) — 1 for £ | N;

e the operator U(p) — p*+1(p).

Proposition 3.2.4. Under the isomorphism
Stya (N, L)
o (Sik(N, L))

Hrlig,cfa (Yord,%(k)) ®Qp L =

—
the linear functional on Sli+2 (N, L) given by pairing with Eis;, n factors
through projection to the critical-slope Eisenstein quotient.

Proof. For £ # p, the operators T"(¢) — 1 — ¥+ (¢=1) and U’ (¢) — 1
annihilate the Eisenstein class, so the linear functional given by pairing
with this class must factor through the quotient where the adjoints of
these operators act as 0.

To see how the linear functional interacts with U(p), we use the fact
that the Eisenstein class is invariant under ¢, whose adjoint is ¢! =
p 1 F(p)~U(p). So the linear functional factors through the cokernel
of themap 1 —p~! =1 —p 1 =F(p=1U(p). Q.E.D.
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It follows from Proposition 3.1.2 that, for any x : (Z/NZ)* — Q;
such that x(—1) = (—1)*, the y-eigenspace for the diamond operators
in the critical-slope Eisenstein quotient is 1-dimensional. Moreover, it
follows from Remark 3.1.3 that the Eisenstein class defines a non-zero
linear functional on each such eigenspace. Hence Proposition 3.2.4 char-

. o Tk o X
acterises the class Eis)j, y up to a unit in Q,, for each such x.

3.3. The “Eisenstein period”

As well as the critical-slope Eisenstein quotient described above,
there is also a critical-slope Eisenstein subspace of SZ 42(N, L), defined
as the largest subspace where the above operators act as zero. This is of
course spanned by classical modular forms: for each x of the appropriate

sign (non-trivial if £k = 0) we can consider the level N Eisenstein series

p+2) - Lo =120 _21_k)+2q"< ) X(d)d’““).

n>1 d|n
(d,N)=1
Then Ec(flfi) = E;k+2)(7') - E;kﬁ) (p7) is a classical form of level

' (N)NTy(p), which vanishes at all the cusps contained in the ordinary
locus, and is therefore in S,i +2(N , Qp). This form spans the x-isotypical
part of the critical-slope Eisenstein subspace.

It follows from the computations of Bellaiche [Bell2] that the map
from the critical-slope subspace to the critical-slope quotient is an iso-
morphism if and only if a certain value of the p-adic Dirichlet L-function
of x is non-zero; otherwise, this map is the zero map. In this section,
we shall give an alternative proof of this result, by computing explicitly
the Poincaré duality pairing of the two classes involved. Together with
the results of the previous section, this completes the proof of Theorem
A from the introduction.

Proposition 3.3.1. Suppose x is primitive modulo N. Then we
have
<]::Tsk E(k+2)> (=DM EINF

= —1
rig, N Perit,x ) = WLP(X 1+ E)L(x,—1—k),

where (—, =) is the Poincaré duality pairing (2).

Here G(x ) is the Gauss sum 3, z/nz)« X(u) (R, and Ly(x, s)
denotes the p-adic L-function of y, so that for all integers s < 0 such that
(=1)* = —x(=1) = (=), we have L,(x,s) = (1 = p~*x(p))L(x. 3)-
Thus the right-hand side of the above formula is the product of a critical
L-value and a non-critical p-adic L-value.
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Remark 3.3.2. This p-adic L-value could potentially be zero; this is
exactly the pathological case identified by Bellaiche in which the critical-
slope Eisenstein generalised eigenspace is non-semisimple of dimension
> 1. If k = 0 then this does not occur, since L,(x~!,1) is the p-adic
logarithm of a cyclotomic unit, and therefore non-zero.

We shall give only an outline of the proof. Firstly, we note that
the Poincaré duality pairing (2) can be expressed in terms of residues.
Classes in H! (V4 () are represented by 5 *)-valued overcon-
vergent 1-differentials w on X°'4; while classes in H! _ (Y°rd, 7#1F(1))
are represented by pairs [;1, G], where y is an J#*-valued 1-differential
on some strict neighbourhood V of X' in X8, with simple poles at
the cusps, and G is a section of ¥ over the “boundary” V N X sat-
isfying VG = p. In terms of these representatives, the Poincaré duality
pairing is given by the formula

(I1:GL.1w]) = D" Resy(G-w),

where - denotes the pairing s x 7#*) — Q,, and Res, denotes the
residue map at . (This is a consequence of a more general formula
in which w and p are taken to be differentials defined on some strict
neighbourhood of Y°'¢ in X'& in which case one needs to take into
account residues at cusps as well as supersingular points; see e.g. [Col89,
Proposition 4.5] for the case of trivial coefficients, or in a more general
setting [LS07, Proposition 6.4.18]. We are taking advantage of the fact
that the cuspidal locus of X lifts canonically to characteristic 0 and we
can choose w and p to have logarithmic poles at the cusps, from which
it follows that the residue terms at the cusps are all zero.)

In our case, w is the class of the differential associated to the form

k42 Cq o
Ec(ritx), which is exact; we may write it as V(A) for some overconver-

gent 7 F)-valued analytic function on X°'9. Since Res,(G - V(4)) =
—Res;(V(G) - A) = —Res;(p - A), and the sum of the residues of the
1-differential 4 - A at all points of X — Y°'d must be zero, we can write

this as
(1.G1. [VA]) = 3 Rese (- A),
ceC
where C' is the set of cusps. We may take for A the ordinary Eisenstein
series of weight —k,

Fé@?iz(?HZ( > x(d)(d’>1k>q",

dd’:/n
(d,N)=(d',p)=1



16 D. Loeffler, C. Skinner, and S.L. Zerbes

where ? = 1(,(1 4+ k) if x = 1 and ? = 0 otherwise. In terms of the
BGG complex, the pairing between ¥ and ") @ Q! is induced by
the pairing

{= -} xR (=0) 2w (=0) =Y, {[.g} = (-1 k![g,
so we are reduced to computing

—k k
(DR FSE () - B ),

ceC

where Féﬁﬁ\[) is the classical level N Eisenstein series that is the de
Rham realisation of the weight k Eisenstein class.

It is well-known that X7 (V) has exactly 1¢(d)¢(N/d) cusps of width
d for each integer d | N. Proposition 3.10 of [Kat04] gives formulae for

the constant terms of the Eisenstein series Féklﬁv) at each of these cusps,

and one can obtain corresponding formulae for F(Er_dk))( by p-adic interpo-
lation. One concludes that both Eisenstein series vanish at all cusps of
width < N. The cusps of width N are exactly those lying above the cusp
0 of Xo(V), and they biject with (Z/NZ)* /(£1). If ¢ is an element of

this quotient, then the constant terms of the two Eisenstein series are re-
k+1

spectively ];]GT&C))LP(XA, 14+k)and —N~! (32

Thus the sum over ¢ € C' is given by

Y (BerL i R) (N Y

n=c mod N n*S) |s:—1—k'

c€(Z/NZ)* mod N s=—1—k
_ NPL(xTh14k) Z (c) Z =
- 4G(x~1) Xie "
c€(Z/NZ)x mod N s=—1—k
_NF
= L,(x L 1+k)L(x, -1 — k).
4G(X71) P(X ’ + ) (Xv )

Remark 3.3.3. The above formula has a complex-analytic counter-
part. The Eisenstein series Eéfl:'i) vanishes at every p-ordinary cusp of
the modular curve of level T'; (N) NTy(p), i.e. every cusp above the cusp

o0 of Ty(p). The Atkin—Lehner involution Wy, interchanges these with

the cusps above 0, so the product Eéflji) - Whp (Eéfi?) vanishes at

every cusp and the Petersson product

<E(k+2) Wy (E(k-+2)>>

crit,x ? crit,x
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is well-defined. Using the well-known fact that (f, g) is the residue at s =
k +2 of the Rankin-Selberg L-function L(f,g,s) (up to an explicit non-
zero constant factor), one can compute the above pairing as a product
of various explicit constants and the quantity L(x~!,1+k)L(x,—1—k).

3.4. Small levels

In order to compute explicit examples, it will be convenient to relax
the assumption that N > 4. Of course the modular curve Y7 (N) does
not exist as a fine moduli space for N < 3, so we shall use the following
workaround: we choose an auxiliary prime ¢ not dividing Np, and form
the modular curve of level T'y(N) NT(g). The cohomology groups of
this curve (and its compactifications, special fibres, etc) will all carry an
action of GLy(F,), and we simply project to the invariants under the
fi& N and
Eisfigw for any N > 1 and k > 0. (Note that if N < 2 and k is odd, or
if N =1 and k = 0, then these classes are both 0.)

action of this group. With these conventions, we can define Eis

84. Preliminaries on Hilbert modular forms

Virtually all of the theory of overconvergent modular forms and
rigid cohomology described in §2 can be generalised to the setting of
Hilbert modular forms (although in the present paper we shall not need
to consider holomorphic projection operators in the Hilbert setting).
We shall let F' denote a real quadratic field, and o1, 02 the embeddings
F — R (in some fixed order). We write Hp for the product H x H,
with GLj (F) acting on the first factor via ; and the second via oy.
A weight will be a quadruple of integers p = (r1,72,t1,t2) such that
1+ 2t1 =179 + 2t2.

4.1. Nearly-holomorphic Hilbert modular forms

As in [LLZ16], we interpret Hilbert modular forms of level U C
GL2(AF, ) as functions on the quotient (GLa(Ap ) x Hp)/U which are
holomorphic on each coset of Hp, and transform appropriately under
left translation by GL3 (F). The restriction of any such function to Hp
has a Fourier—Whittaker expansion

F(r1,72) = Z a1 (N) oo (V) T2e(N, F) exp (2 [T101(A) + 1202 (N)])
A0

where the Fourier—Whittaker coefficients ¢(—, F) are smooth functions
on Aj. We are most interested in the case where U = U1 (M) := {g €
GL2(OF) : g = (§ 1) mod 9}, for some ideal M < Op.
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Definition 4.1.1. Define a nearly-holomorphic Hilbert modular
form over F, of weight u, degree < (ni,n2) and level N, to be a C
function

fi(GLa(Apy) X Hp) /U1 (M) — C

which transforms appropriately under left translation by GL3 (F), and
whose restriction to every coset of Hp can be written in the form

ni T2

Z Z firin (11, 72)(Im ) =% (Im 75) 72

11=012=0

with the f;, i, holomorphic and bounded at co. We write M,f(nl’m’) (N, C)
for the space of such forms.

As in the case F' = Q, we have two notions of cuspidality: one can
require that all the f;,;, vanish at co (strong cuspidality) or only that foo
does so (weak cuspidality). We write Sf(nl’HQ)(‘)”(, C) for the subspace
of strongly cuspidal forms.

Note 4.1.2. There are two Shimura—Maass derivative operators §;
and J9, one for each real place. The operator §; is a map

<(ni,n strtnz)
Mu( 1m2)(N, C) — Mu+(2,o,71?0)(m’ ©)

given by 2%” (8%1 + 21#1(71)) on each coset of H ; and similarly for ds.

These spaces also have a geometric interpretation. Let L be any
subfield of C containing the images of the embeddings 01,05 of F. We
write Y7 (1) for the base-extension to L of the Hilbert modular surface,
and Y7*(9M) the finite covering of a subset of the components of Y7 (91)
described in [LLZ16]. On Y7*(M) the line bundle w("72) is defined for
any r; € Z, and if r; > 0 this embeds in the vector bundle J7 (r,r2),

If uw = (ry,re,t1,t2) is a weight (so, in particular, r; = r9 mod 2),
then the tensor product

%(TLLHQ) ® w(m—m,m—nz) ® det(tl’t2)

(where “det” denotes the trivial line bundle with its Hecke action twisted
by the determinant map) descends to Y;(M); we denote the descent by
0 (mm2) I we assume our field L contains the N-th roots of 1, where
N is the integer such that 91 NZ = NZ, then we may define

MO, L) = HO (X3 (00, 0 )

S5 (N, L) = B (X4 (), 40 (=)
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where X7 (91) denotes any smooth toroidal compactification of Y3 (),
and C denotes its boundary divisor. These spaces are independent of
the choice of toroidal compactification [TX16, §2.12], they have a natural
Hecke action, and they are consistent with Definition 4.1.1 when L = C.
Finally, if N is as above, the map ¢ : H — Hp defined by 7 — (7, 7)
gives a pullback map
(3) e MEm (L) - MU (N L),
4.2. Overconvergent and nearly-overconvergent p-adic Hil-
bert modular forms

We choose a prime p £ 0 unramified in F, a finite extension L/Q,
containing py, and an embedding oy : F' — L.

Overconvergent forms If p = (r1,79,t1,t2) is a weight, then we de-
fine spaces M l(‘ﬁ, L)yD> SL(‘T(, L) of overconvergent p-adic Hilbert mod-
ular (resp. cusp) forms of level Uy (M) and weight p with coefficients in
L as in [TX16, §3]:

MW, L) = HY (le)rgg, 5t WW) :

SH(M, L) = HO (X1 (m)gig,ﬂw(l‘)(—c*)) .

Here j is the inclusion of the ordinary locus X;(91)9" into X; (‘ﬁ)rLig
(see Notation 4.3.3 below). These spaces have the following properties:

e These spaces are independent of the choice of toroidal compactifica-
tion X4 (M) [TX16, §3.3].

e Overconvergent forms F € M l(‘ﬁ, L) have Fourier—Whittaker co-
efficients c¢(m,F) € L, for every fractional ideal m C 2~ !; and
if F is cuspidal (or if (ry,72) # (0,0)) then F is uniquely deter-
mined by its Fourier-Whittaker coefficients. (This follows from the
corresponding statement for not-necessarily-overconvergent p-adic
Hilbert modular forms; see e.g. [Hid04, Corollary 4.23].)

e The space M Z(‘ﬁ, L) has an action of the normalised Hecke operators
T (q) for each prime q 1 pM [TX16, §3.7], and U(q) for q | pP1 [TX16,
§3.18], having the expected effect on Fourier—Whittaker coefficients;
in particular, we have c¢(m,U(q)F) = c¢(mq,F). These operators
preserve the subspaces of cusp forms.

e The operators U(p) for p | p have right inverses V(p) satisfying

0 if ptm,

e(m, V(p)F) = {c(m/p,}') if p | m.
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(See [TX16, Lemma 3.20]; note that the operator S, in the notation
of op.cit. is obviously invertible.)

e If 71,79 > 2, then M;E(‘ﬁ, L) contains the space of classical Hilbert
modular forms of weight p and level Uy (91) N Uy (p) with coefficients
in L as a Hecke-invariant subspace [TX16, §3.3], and the Fourier—
Whittaker coefficients and Hecke operators coincide with the classi-
cal ones on this subspace.

We shall frequently omit the field L and/or the level 91 from the no-
tation if these are clear from context. As with classical Hilbert modular
forms, the spaces SIZ are independent of (¢1,t3) up to a canonical isomor-
phism, so we shall also occasionally omit (¢1,¢2) from the notation and
just write .S, gﬁ“) (M, L); this identification twists the Fourier—Whittaker
coefficients and the actions of the operators T(q) and U(q) by a power
of Nm(q).

Nearly-overconvergent forms Exactly as in the elliptic modular case,
we can define nearly-overconvergent spaces by replacing the line bundles
w) with the larger vector bundles 2+ "1:m2)  for ny ng > 0. The
resulting spaces M'S" "2 (9 1) 5 SIS (91 1) have actions of
the operators §; and ds.

4.3. Theta operators and rigid cohomology

We now assume p = pypo is split in F, and (without loss of geneial—
ity) pi is the prime corresponding to the embedding oy : F — L C Q,-

Proposition 4.3.1 (Tian—Xiao).

(i) [TX16, Proposition 3.24] Fvery slope of the operator U(p;) acting
on S;L(‘ﬁ) is = t;.

(i) [TX16, Remark 2.17(1)] If ry > 2, the operator 5?171) is an injective
map

O,: 8!

w

T
L = S

where wy () = (2 —ry,re,t1 + 11 — 1,t2), which preserves Fourier—
Whittaker coefficients*, and commutes with the action of the nor-
malised Hecke operators T(q) and U(q). In particular, the image
of ©1 is a Hecke-invariant subspace of SZ on which every slope of
U(p1) is = t1 + 11 — 1. The same holds mutatis mutandis for Oq if
T2 > 2.

4Given our conventions for Fourier-Whittaker expansions, the fact that ©,
preserves Fourier—Whittaker coefficients, while decreasing ¢; by r; — 1, amounts
to stating that it acts on Fourier—Whittaker expansions in the same way as the

r1—1
operator ( L9 ) on Hp.

271 011
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Notation 4.3.2. Somewhat abusively, we shall write U(p;) for the
operator p~ il (p;) (fori=1,2), and U(p) = U(p1)U(p2). Similarly, we
write V(p;) = p'V(p;), and V(p) =V (p1)V (p2).

These operators are then well-defined on ng,rg) (independent of
the choice of the ¢;). In this language, part (i) of the theorem states
that these operators have all slopes > 0, and part (ii) states that ©
increases the slopes of U(py) by r; — 1 (while leaving the slopes of U(p2)
unchanged).

The differential operators ©; have a geometric interpretation via

rigid cohomology. To state this, we shall need to introduce some nota-
tion. Suppose (r1,72) = (k1 + 2, ko + 2) with k; > 0.

Notation 4.3.3.

o Let Y be the smooth model over Z, of the Hilbert modular variety
Y1 ().

e Let X be a smooth toroidal compactification of Y, and X its generic
fibre.

o LetC =X —) be the boundary, which is a relative simple normal
crossing divisor over Zy.
Let X,Y,C be the special fibres of X,),C.
We let Z denote the closed subvariety of Y parametrising Hilbert—
Blumenthal abelian surfaces which are non-ordinary at one or both
of {p1,p2} (the vanishing locus of the total Hasse invariant).
We write Y'Y =Y — Z, and similarly X°™4.
We write #“=2) for the F-isocrystal on Y corresponding to the
algebraic representation of Resr/q GLy of weight (ky, ko, t1,t2).

Proposition 4.3.4 (Tian—Xiao, [TX16, Theorem 3.5 & Lemma
4.11]). The complex BGG? (%ﬂ(“_z)) of sheaves on X given by

wwrwa(p) (92.701) W) g ywa(n) (61,02), w”} (=)

maps quasi-isomorphically to the de Rham complex DR (L%”(“_z)) rel-
ative to the cuspidal divisor C'; and taking overconvergent sections over
the tube of X' induces an isomorphism

St(m,L) ~ 772 (’ord ( 72))
3 - Hri c— Y s Wi [24) L
[SH (SLI(“)(‘X,L))-‘:—@Q (5:5)2(“)(9’1,[,)) g,c—0 Q,

for any p-adic field L containing the N-th roots of unity.

(As in the case of modular curves, one can define similarly groups
Hfi& s (YOrd 2 (“_2)) with compact support towards the supersingu-
lar locus, but we will not use them here.)
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4.4. Rankin—Cohen brackets

Let F be a holomorphic Hilbert cusp form of weight (r,t), where
r = (ri,72), and level Uy (N).

Proposition-Definition 4.4.1 (Rankin-Cohen, cf. [Zag94]). In
the above setting, for any n > 0, the function on H defined by

LD SVl i [ G G

ai+az=n @2 “
rm+n—1\[/ro+n—-1
= X o (T e e
ay+az=n a2 a1
(where 0; is the differential operator ﬁa%j = qjaiqj on Hp, and t* is

as in (3)) is a holomorphic modular form of weight r1 + ro + 2n and
level Uy (N), where WNZ = NZ. We call this the n-th Rankin-Cohen
bracket of F.

The equality of the two expressions for [F], is part of [Lan08,
Theorem 1]. From the first expression one sees that [F], is a nearly-
holomorphic modular form of level N, weight r1 4+ ro + 2n and degree
< n, and from the second expression one sees that it is actually holo-
morphic. Note that [F7], = (—1)"[F]., and that [F]o is just *(F).
Moreover, the brackets [F], are unchanged if one twists F by a power
of the adele norm character.

Proposition 4.4.2 (Lanphier). We have
- N G M I
COTF) =) (r1+r2+2j72]) (r1+r2in‘+jfl)

j=0 J n—j

0" ([F1;)-

Proof. See [Lan08, Theorem 1]. (Lanphier’s result is stated for a
product of two elliptic modular forms, but the same identity is valid in
the Hilbert setting also.) Q.E.D.

Corollary 4.4.3. If F is a (holomorphic) Hilbert cusp form, then

1+ 1o+ 2n—2
n

#1 = -0 ) (haro o oat) (7).

Proof. We note firstly that Shimura’s projection operator is well-
defined, since ¢*(07F) has weight 1 + r2 + 2n and degree < n, and
r1 + ro > 0. Applying I}, to Lanphier’s formula, all the terms go to 0

except the j = n term, which gives thte stated formula. Q.E.D.
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The theory of Rankin—Cohen brackets extends to overconvergent
forms:

Proposition 4.4.4. If F is an overconvergent Hilbert cusp form
of weight (r1,r2), then there are overconvergent elliptic cusp forms [F|,
(the Rankin—Cohen brackets of F) of weight r1 +ra + 2n, for alln > 0,
given by the same formulae as in Proposition-Definition 4.4.1.

Proof. The case n = 0 is obvious from the definition of overconver-
gent Hilbert modular forms, as sections of the automorphic line bundles
w(Tm2) gver a strict neighbourhood of the ordinary locus in the Hilbert
modular variety. Pulling such a section back to the image of Y7 (V) gives
a section of t* (w(m72)) = w™+2 over the ordinary locus of Y;(N), and
(by considering Fourier-Whittaker coefficients) this section must vanish
at the cusps of Y7 (V), and therefore defines an overconvergent modular
form.

For n > 1, we use the theory of nearly-overconvergent p-adic modu-
lar forms. We may interpret 07052 F, for F € ng,rz) and any ay, as with
a1 + ag = n, as the degree 0 part of the nearly-overconvergent Hilbert
modular form §7*052F, which has a polynomial Fourier-Whittaker ex-
pansion in which the Fourier—Whittaker coefficients are polynomials in
two variables X7, Xo of degree < n. Pulling this back via ¢ gives a
nearly-overconvergent elliptic cusp form of weight r + ro + 2(a; + a2);
and exactly the same computation as in the classical case shows that in
the linear combination defining [F],,, all the positive-degree terms cancel
to 0, and the result is an overconvergent form. Q.E.D.

We now relate Rankin—Cohen brackets to overconvergent projection
operators. We let r1,79,n be integers, with n > 1 (the case n = 0 being
trivial), and write ¢t = ry + 79 + 2n.

Proposition 4.4.5. If F € Sgrl T2)(‘)’t, L), then in SI’gn we have
the equality

[Flp = (=1)" (t - 2) v* (62 F) mod & (sjf;*l) .

n

In particular,
(i) if 11 +ro = 1, then Urban’s overconvergent projector is defined on
* (0} F), and maps it to (—1)"(:2)71[}']“;
(ii) if ri+re = 2—n, then Darmon and Rotger’s overconvergent projector
is defined on v* (07 F), and maps it to the image of(—l)”(t:f)i1 (Fln
modulo © (S1_,).
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Proof. If r1 + ro > 1 then Lanphier’s identity is valid for F €
S(Trhm) (M, L), so we may argue as in the case of classical forms. However,
when 1 + 79 < 0, we cannot argue in this fashion, since some of the
binomial coefficients in the denominator are 0. Hence we use a slightly
different argument.

We can write [F], as ¢* (P(d1,02)F), where P(X,Y") is the polyno-
mial ZZZO(—l)“(”:fgl) (TQJF:*l)X“Y”_“. Since we have P(X, —X) =

(=1)"(*?) X", we can write

t—2
n

P(X,Y) = (—1)" ( )X + (X +Y)Q(X,Y)

for some homogenous polynomial @ € Z[X,Y] of degree n — 1. Since
t*((01 4 62)G) = 6(+*G) for any nearly-overconvergent G, we have that

Fla - -07

t—2
n

)ﬁ (67 F) =6 (1*Q(61,02)F) € 6 (3152"—1) .

Q.E.D.

Remark 4.4.6. Lanphier’s formula is also valid if ry + 79 < 2 — 2n.
In the intermediate cases 2 — 2n < r1 + 12 < 0, we do not know whether

V(67 F) lies in Y0 6 <S;r72a).

4.5. P-depletion

Definition 4.5.1. If F € SL, and a is a square-free product of
primes dividing p, we define the a-depletion of F by

Flal — (1 - V(a)u(a))f,

s0 that c(m, F19) = 0 if a | m, and c(m, F1) = c¢(m, F) otherwise.

We advance here a conjecture relating these depletion operators to
the differential operators ©; in the case of p a split prime.

Conjecture 4.5.2. Suppose ri,r9 > 2, and assume F is a clas-
sical eigenform of level M.  Then F¥1) is in the image of the map
©1: 80 )= Sh

Although simple to state, this conjecture appears to be surprisingly
difficult. Notice that it is automatic that ©7(FP1l) exists as a p-adic
Hilbert modular form, since we can write it as a uniform limit of the
forms any(p_l)_ﬁﬂ(}'[pl]) as n — oo; the difficulty is ensuring that it
is overconvergent. We can only prove the conjecture under an irritating
additional assumption:
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Proposition 4.5.3. Assume that F is non-ordinary at ps. Then
Conjecture 4.5.2 holds.

Proof.  The operators U(p1) and U(pz) are both invertible on H, .
Hence, since the form FP1 is in the kernel of U(p1), it must lie in the
sum image ©; + image O.

We consider the projection of FP1) to the quotient

image (©5)
image (©1) Nimage (©3)

Since all the maps are Hecke-equivariant, this quotient has an action of
U(p2), and all slopes of U (ps2) are > to+ ko — 1. However, by assumption,
F is non-ordinary at po; thus FP1l lies in a sum of finite-dimensional
generalised eigenspaces for U(p2) whose slopes o satisfy to < o < t3 +
ks — 1, and hence its image in this quotient is zero. Q.E.D.

We shall not in fact use this result directly; instead, we shall use
the following proposition due to Fornea. However, we leave Proposition
4.5.3 in situ, since Fornea’s argument is partially based on the proof of
Proposition 4.5.3 from an earlier preprint version of this paper.

Proposition 4.5.4 (Fornea; [Forl7, Corollary 4.7]). For any F as
in Conjecture 4.5.2, the form FWPup2l = (FleahyP2] s in the image of ©4
(and also of O3).

(Fornea’s argument is formulated for forms that are ordinary at po,
but it in fact suffices to have at least one po-stabilisation of non-critical
slope, as is clear from the proof, and this holds for all such F.)

65. Evaluation of the regulator

We now begin the computation of the regulators of the Asai-Flach
classes attached to Hilbert modular eigenforms. We assume p = pips
is split in F', and o7 is the embedding of F' into our coefficient field L
corresponding to p1, as above.

We fix, throughout this section, a level 91 coprime to p, a weight
of the form (ki + 2, ko +2,t1,t2) with kq, ks > 0, and a Hilbert modular
eigenform F of level Uy (1) and weight p with coefficients in L. We
assume (for simplicity) that 91 is sufficiently large; the case where 9 is
not sufficiently large can be handled by introducing full level ¢ structure
for an auxiliary prime g and then passing to invariants, but we shall not
spell out the details explicitly.
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5.1. Cohomology classes from Hilbert eigenforms

Let Y = Y1(M) be the Hilbert modular surface considered as a
Q,-variety, and Y its smooth Z,-model. Then the F-eigenspace for
the Hecke operators acting on Hp (Y, =2 (t +15)) ®q, L is 4-
dimensional, and lifts isomorphically to the compactly-supported co-
homology of Y. We denote this space by Mggr(F). By comparison with
the rigid cohomology of the special fibre Y of ), the space Mgr (F) has
an L-linear action of the Frobenius map. Moreover, for any i # 2 the
F-eigenspaces in H, éR and H 3R7c vanish (and likewise in rigid cohomol-
ogy).

Remark 5.1.1. The overconvergent filtered F-isocrystal 2 (#=2) (¢, +
t9) is independent of the choice of the t;, up to a canonical isomorphism,
and we denote it by #*1:k2). These isomorphisms twist the Hecke
operators 7(q) by a power of Norm(q); so we obtain an identification
between the spaces Mag(F) and Mag (F[R]) for any R € Z, where F[R]
is the form of weight (k1 + 2, ko + 2,t1 + R, t2 + R) obtained by twisting
F by the R-th power of the finite adele norm. We can thus regard
Mar(F) as a subspace of H2, (Y, #*1:*2)) @ [ canonically associated
to the twisting-equivalence class of forms {F[R]: R € Z}.

If o, B; are the roots of the polynomial
PPi (‘7:’ X) = X2 - pitic(pia ‘F)X + pkiJrlE]:(pi)v

for i = 1,2, then the eigenvalues of ¢ on Myg(F) are the pairwise prod-
ucts {ayag, aqfe, Bras, f102}. (Note that «; and f; are the eigenvalues
of the operator U(p;) on the F-eigenspace at level pOt.) Thus the poly-
nomial

Py(F,X)=det(l - X¢: Mgr(F)) =(1—aqasX)...(1—B18:X)
is the local Asai Euler factor of F at p.

Notation 5.1.2. Let P € 1 + XL[X] be a monic polynomial. We
write Hf*p(y,%(kl’b),P) for Besser’s finite-polynomial cohomology of
Y, with coefficients in 7 F1F2)  relative to the polynomial P; and sim-
wlarly Hf*w(y, 0 krska) P) for its compactly supported analogue.

By construction, we have a long exact sequence of L-vector spaces

RPN ng(y,%(k17k2)7p> — Rl H}iR(Yﬂ %(kl,kz))L

P(p) Hfig

(Y,%(kl’k2))L — ...,
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and similarly for compactly supported cohomology. This sequence is
compatible with the action of the Hecke operators away from p, so from
the vanishing statements above, we see that the natural map

(4)
H2, (3,204 (n), PY [F] = (FIl" Mg (F) )1 Mysg (F) P07 9)=0)

is an isomorphism for all n € Z. If 7 is a class in Fil" My (F), and P
is any polynomial such that P(p~"¢) annihilates 7, then we write 7 for
the preimage of 7 in Hf2p,c'

Notation 5.1.3. We let j be an integer with 0 < j < min(kq, ko),
and we write m = k1 + ko — 27 > 0.

We write Yq for the smooth Z,-model of Y7 (IV), where N = 9MINZ as
usual. There is a morphism of filtered F-isocrystals on Vq, the Clebsch—
Gordan map,

CGIk2D) o g hok2) () — s (m),

Proposition 5.1.4. Suppose P(p~!) # 0, and let

i€ B2, (P00 41+ ), P) [F]
be the unique preimage of n € Fil'*7 Mag (F)P® " 79)=0 ynder the iso-
morphism (4). Then

[F.J] o som k1,ko.j * ~
<logp (Apét i ) ’”>dR,Y _ <Elbsyn7N,cG< vk2d) ”)>fp,P7yQ’

where AFéJt:’j] € HY(Q, My (F)*(—3)) is the Asai-Flach class defined in
[LLZ16], and we have written log, for the map

H(Qp, Met(F)* (7)) = Mar(F)g,/ Fil ™
induced by the Bloch—Kato logarithm and the de Rham comparison iso-
morphism Mag(F) = Dar(Me (F)).

Proof. Let CGWFuk2ul: stml sy * glkikzl (5 be the dual of the
map CG¥1-%2:7) " This map also makes sense in étale cohomology, and
the étale Asai-Flach class was defined in [LLZ16] as the image of the
class '

ARG = (1 0 OGI ) (Bis )

under projection to the F-eigenspace.
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We recall from [LLZ16] that the syntomic and étale Asai-Flach
classes are both defined as realisations of the same class in motivic co-
homology. The compatibility of syntomic and étale cohomology via the
Bloch-Kato exponential map (cf. [KLZ15, Proposition 5.4.1]) therefore
gives the equality

log, (AFE ) = AJp gyn (A1)

where AFgﬁh’kz’j] = (e 0 CG[kl’“*ﬂ)(Eisgth) and AJr gyn is the pro-
jection map
H3 (Y, 7%0%2)(2 = ) = Hy, (Spec Zy, Miig(F)* (=)
Mar (F)*(=3)

o) P Man () () Man(F)/FIL,

1

where the last map is given by (1 —)~! (which is well-defined, since all
eigenvalues of Frobenius on M,z (F)*(—j) are Weil numbers of weight
(—m —2) <0).

Via the compatibility of the cup-products in rigid and finite-poly-
nomial cohomology,

A oo (AF[kl,kz,j]>’ > — <AF[vk1,k27j]7~> ,
< Fsy syn n dR,Y syn " fp, P,y

we use here the fact that P(p~!) # 0 in order to define the right-hand
side, since this is required to define the trace map Hy, (¥, Q,(3), P) —
L. Since the cup-product in FP-cohomology satisfies the adjunction
formula, we obtain the statement above. Q.E.D.

Proposition 5.1.5. Suppose that at least one of the following hy-
potheses is satisfied:

e m =1 (that is, we do not have ky = ko = j);
e F is not CM, and not twist-equivalent to its internal conjugate.

Then the map

Otk o Hig (Voo™ (04 )) | = Hine (Yo 257 ())

is zero on the direct summand Mar (F)(1+ j) of the domain.

Proof. There is nothing to prove unless k1 + ko = 25 (i.e. unless
m = 0), since otherwise the target of this map is zero. To settle the
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remaining case we can use the comparison with étale cohomology: we
have Myr(F) = Dar (Mgt (F)), so it is sufficient to show that the map

CG* R o s B (VA4 ) | o HE o (Yo, Qp(1),

is zero on the direct summand Mg (F)(1 + 7). But HéQt’c (Yq,Q,(1)),
is 1-dimensional since it is dual to HY, (Yq,Qp),, and Mei(F) is an ir-
reducible 4-dimensional Galois representation (cf. Proposition 9.4.1 in
[LLZ16]). Since the map CG(¥1:#2:9) o 1* is Galois-equivariant, its re-
striction to Mg (F) must be zero. Q.E.D.

Recall_that m = k1 + ko — 25 > 0. It follows from the above that
(CG*1:F2,9) 6 1*)(7) lies in the image of the natural map

Hl

rig,c

(Yq,2™(1))
P(p)Fil°

—~ HZ . (yQ,fﬂm)a), P) .

(cf. [KLZ15, §2.5]). Moreover, this natural map is compatible with cup-
product up to a factor of ﬁ. We thus deduce the following:

Proposition 5.1.6. If £ is any element of € H}ig,c(YQ,L%ﬂ(m)(l))
mapping to (CGF1:*2:9) o 1*)(7), then we have

7,41 __1 i
<logp (AFét ) ’n>dR y  P(pY <Elsrig’N7£>ring
1 mem
= ) (B S ) e

vg, (™) (1)). We have
already seen that this rigid cohomology group has a simple presentation
in terms of overconvergent cusp forms, and that the linear functional
given by product with the rigid Eisenstein class corresponds to projec-
tion to the critical-slope Eisenstein quotient of this space. So we would
like to compute a representative of (CG*1:¥2:9) o 1*)(7}) as an overcon-
vergent modular form.

.. . . 1
The restriction §|Y(3rd is a class in Hrig,c—a

5.2. Representatives over the ordinary locus

We now recall how classes in finite-polynomial cohomology may be
constructed. We shall not work with ) itself, but rather with a slightly
modified version of the toroidal compactification X: we let X' be the
complement, in X, of the subscheme Z of supersingular points in the
special fibre X. Thus X° is a smooth, but non-proper, Z,-scheme,
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whose generic fibre is the proper Q,-variety X, and whose special fibre
is the non-proper Fp-variety Xord = X — Z defined above.

As before, we fix ki, ko,j with 0 < j < min(kq,k2), and we set
m = k1 + ko — 2j. We define a crude, but explicit, space which is an
“approximation” to the finite-polynomial cohomology of X°"d:

Definition 5.2.1. We let B = B(M, k1, ko, P) denote the L-vector
space consisting of pairs (f,g), where f € S,(M, L) is a Hilbert mod-
ular form with coefficients in L, and g = (g1,92) € Szu(u) (M, L) &

SLZ(“) (M, L) is a pair of overconvergent forms satisfying

P(p~ ') (f) = 01(91) + O2(g2),

modulo the equivalence relation (f,g1,92) = (f,91 + O2(h), g2 — ©1(h))

;
for h € Swlwz(u).
Here ¢ acts on Sgk1+2,k2+2) as the Hecke operator p*1+*2+2(p)V(p).

Note that B is finite-dimensional: the natural map (f,¢g) — f has
finite-dimensional target, and its kernel is a presentation of the rigid
cohomology group Hrlig,c—a (Yord,jf(”’z)) and is therefore also finite-
dimensional.

As in [Bes00b, Ban02], we attach to X°*? and the filtered isocrys-
tal 2 (k1:F2) various complexes of L-vector spaces: de Rham cohomol-
ogy complexes Fil" C3y for every r > 0; a rigid cohomology complex
Cr'ig(/'\f ord) equipped with an action of Frobenius; and a specialisation
map relating the two. The actual complexes C'® are rather hard to de-
scribe explicitly (they depend on various choices of injective resolutions),
but once they are chosen, we can write Hf2p7c_(9 (yord, A k1k2) (1 4 ), P)
as a mapping fibre:

{(m,y) gz € Fil't C’gR,y S Crlig dr =0,dy = P(p_l_jgo)sp(x)}

{(dm’, P(p)sp(a’) —dy') : 2’ € FI'Y Clg,y' € C?ig}

()

Proposition 5.2.2. There exist maps
S(kl,k'z)(m) — Fill+j Cc21R7

and

ST

T 1
(—k1,k2+2) ® S(k1+27—k2) -G

rig»

which assemble into a map B — Hf2p,c—8 (yord,%(kl’kQ)(l +7), P).
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Proof. The complex Fil™ C$y is given by the global sections of a
suitable injective resolution of the algebraic de Rham complex of sheaves
on X (cf. [TX16, §2.14]),

Fil™ DR (7 *1k2)y) = (Fﬂm—' A Fk) (—C) @ 0%, (log 0)) :
Hence, for any m, there is a natural map
HO (X, Fil™ 2 s (k) (L0 @ 02(log 0)) N,

However, the sheaf Q2 (log C) is just the automorphic line bundle w®?2),
and FilF1hz gp(kik) ig y(kuk2) - Go the source of the above map is
HO(X, (b +2H242) (_C)) = 5,().

The rigid cohomology is handled similarly, replacing the variety X
with the rigid-analytic space X*%, and the algebraic de Rham complex
with its overconvergent analogue jf DR (2 (F1:52)) where j is the in-
clusion of X' into X. This gives a natural map

HO (Xrig, 4t DR;(%W»‘%))) —Cly
However, the complex DR (s (*1:52)) is quasi-isomorphic to its sub-
complex BGG® (.7 (F1:k2)) by Proposition 4.3.4, and HO(X*, T BGG})
is precisely the direct sum Sg—khkfr?) ® S(k1+27_k2).

Finally, the specialisation map C3p — tig 18 chosen to be compati-
ble with the differentials and with the natural inclusion H°(X,DR) <
HO(X™2 jTDR); so we do indeed obtain a map from B into the quotient
(5). Q.E.D.

Remark 5.2.3. The map from B to Hf2p is neither injective nor sur-
jective in general. We do not know at present how to give a convenient
presentation for the space Hfzp in terms of p-adic modular forms.

Proposition 5.2.4. Ifb = (f,q1,92) € B, and p is the image of b in
Hg,, then (CGW1k2.0) 0,%)(p) is represented by the nearly-overconvergent
elliptic modular form

Ky k! . j chi—j ka—j <m
e (78 o) = 857 () € SE V)
Proof.  Via the map of complexes BGG? — DR described above,

the pair (g1, g2) determines an overconvergent rigid 1-differential on the

ordinary locus of X;(M) with values in #*1:F2) and clearly (*(p) is
represented by the restriction to Xq of this 1-differential (since the re-

striction map on 2-differentials is 0).
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Let us recall how this map of complexes is defined in degree 1, where
it is given by a map of sheaves

(w2 g btk ) (—0) = k) (- C) 2 Q1 10g C)
=Rk (_0) @ (W3 @ w©?),

This map is characterised by sending a section « of w(*kl”@“)(—C) to
the unique section & of #(F1:0) @ (0:k242)(_) such that V(€) lies in
wk12:k242) () and the image of ¢ via the quotient map #(F1:0) —
wF10) is (—1)*kla.

This can be given a more explicit form after restriction to the or-
dinary locus. We consider the Hilbert modular Igusa tower JNJ, which
is the p-adic formal scheme classifying Hilbert—Blumenthal abelian sur-
faces A with polarisations, points of order 91, and embeddings of Op-
module schemes p,~ @ Op — A (cf. [Hid04, §4.1]). Then Y is an
inverse limit of finite Galois coverings of the identity component of
Yord and as in the case of elliptic modular forms studied in [KLZ15,
§4.5], the pullback of #(*1:k2) to Y has a canonical basis of sections
{omone) @ ykemenez) 0 < a; < k). Given g1 € S(T—kl,k-z+2) as
above, we can consider the section of #(F1:#2)(—C) @ Q' (log C) given
by the formula

k1

=5 ED il g (e g (ka0 22

where 6 is the differential operator acting on ¢-expansions as qla%l.
One checks that this form lies in the subsheaf 2 1:0) @ ,(0:k242) (— (),
and maps to (—1)*k;lg; in the quotient w(~F1:F2+2)(—C). Moreover,
computing V() using the formula for the Gauss—-Manin connection in
our basis given in [KLZ15, §4.5] (which carry over unchanged to the
Hilbert case), the series telescopes and one finds that V(¢) = 051 (gy),
which in particular lies in the subsheaf w(*1+2:k2%2) (). Thus & must
be the pullback to Y of the image of g; in DR;. Similarly, g € SLz(u)
is mapped to

ko
(=1)%2! k,—a (k1,0) o - (ka—asa)y 941
So= =) ot (g2) - (00 @ o) T
= (k2 —a)! ¢

If £ =& + &, then one verifies easily that

V() = (01 90 + 05 (g2)) - (2 A %) = 1+ (G nd2).
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We now consider the images of these forms under the composition
of pullback to ] Xg[C X, o and the Clebsch-Gordan map. Considering
the characters by which the diagonal torus acts, we see that Clebsch—
Gordan must send v(F1=®%) @ p(*2.0) to zero if a < j, and to a scalar
multiple of v(™m~a+7.a=7) otherwise; and in the boundary case a = j,
one computes (using the formulae in [KLZ15, §5.1]) that its image is
ﬁv(m’o). Similarly, v*1:0) @ v(*2=77) maps to (—1)7 (kfj!j)!v(m’o)
plus higher-order terms. Consequently, we have

(GO 01%)(6) =

%L* ((*1)j911€17j(91) - 9]2627]'(92)) om0

where the dots indicate terms involving (M=) with b > 1. Hence
(CGk1k2,0) o 1*)(¢) and the form in the statement of the proposition
are both overconvergent sections of (™) @ 0%, whose images under
the unit-root splitting coincide as p-adic modular forms, and hence they
must be equal. Q.E.D.

5.3. Choice of the g;

To make the above formulae completely explicit, we explain how
to choose the polynomial P and the forms g; giving a lifting of F to
the quotient B. Recall that we are using the notation P,(F,T) for the
polynomial det(1 — T'¢ : M,iz(F)), whose roots are the eigenvalues of
o~ ! on Myig(F). We consider the Hecke operator P,(F,V (p)) obtained
by evaluating this polynomial at the operator V' (p) of Notation 4.3.2.

Lemma 5.3.1. The overconvergent form
Py(F.V(p) F € SN, L)

is in the kernel of the operator U(p)3.

Proof. It follows easily from the recurrences satisfied by the Four-
ier—Whittaker coefficients of F that

Py(F,V(p)) - F = (1 — a1a2B1 52V (p*)) F1,

where F1P! is the p-depletion of F. This is clearly in the kernel of U (p)®.

QE.D.
Since U (p) acts invertibly on Hr2ig,c—6(Y1 (D)ord, s (kaik2)) Uit follows
from Proposition 4.3.4 that P,(F,V(p))-F lies in the sum of the images

of the two © operators. As the Frobenius map on 7 *1:¥2) © 02 is given
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by pF1+k2+2(p)V(p), this gives a lifting of F to B, taking the polynomial

P to be ‘
p'T
PTY=P, (| F,———>F+—— | .
( ) p< ’pk1+k2+1€}-(p)>

We can build a specific choice of lifting to B by considering Hecke
operators at the primes pi,ps above p. Recall that we have defined
U(pi) = p~"U(p;), and similarly V(p;).

Notation 5.3.2. Write P,,(F,T) for the polynomial (1—ay, T)(1—
BWT)'

Thus P,(F,T) is the “star product” of P, (F,T) and P,,(F,T)
in the notation of [Bes00a, §2] — the polynomial whose roots are the
pairwise products of the roots of the two quadratics. One sees easily that
for each i € {1,2} we have P,, (F,V(p;)) - F = FIPil| the p;-depletion
of F; this is in the kernel of U(p;), and hence defines the trivial class in
Hfig, as before.

Proposition 5.3.3. For eachi € {1,2}, we can find a pair of forms
(ggz),gél)) € SLI(H) & SLQ(H) such that:

o We have ©, <g§i>) 4O, (gg)) = Flea,
e For every prime q 1 pN, the pair

(7@ = n@) - 9. (T(@) = () - 65"

defines the zero class in H- (Yord sg(kk)) where p(q) is the

rig,c—9
T (q)-eigenvalue of F.
e Both gy) and géz) are in the kernel of U(p;).

Proof. Since U(p;) acts invertibly on the rigid H?, the existence

of a pair (ggl),gg)) satisfying the first condition is immediate. Since

the system of Hecke eigenvalues associated to F does not appear in
Hrlig(Yord, A F1E2)) e can arrange that the second condition is satis-
fied.

Finally, since the pj-depletion operator 1 — V(p1)U(p1) acts on

Sjul(”) @ SL(M) compatibly with its Hecke action and with the map

to S;ft, and it sends F1l to itself, applying this operator to an arbi-
trary pair (ggi)7 géi)) satisfying the first two conditions will give a pair
satisfying all three. Q.E.D.

Remark 5.3.4.
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(1) The third condition implies the second, since U(p;) acts invertibly
on Hrlig,%a (Yord, %”(kl*k?)). In fact, one can check that this group
actually vanishes unless k1 = ko = 0; via various exact sequences
this ultimately follows from the fact that the group GLa(OF) has
the congruence subgroup property, which forces H!(Y1(9),—) to
vanish for any coefficient sheaf.

(2) If Conjecture 4.5.2 holds for F, then we can take g§1) = O }(Flmly,
and gél) = 0. Similarly, we can choose g%z) = 0 if Conjecture 4.5.2
holds for the internal conjugate F?. However, we are not assuming

this at present.

Since P,(F,X) is the star product of P,, and P,,, we can con-

struct a preimage of P,(F,V(p))-F out of the four forms gﬁs), following

the construction of cup-products in [Bes00a]. We choose polynomials
a(T1,T>) and b(T1,T>) such that

(6) (L(Tl,TQ)Ppl(]:, Tl) + b(Tl,Tg)sz (.7:, Tg) = Pp(]:, TlTQ).

Then the forms (hy, he) defined by

h = a (p~ IV (), Vipa)) gt + b0~ E IV (1), V (p2))gt”
and

ha = a(V(p1),p~ "IV (p2))gs" + b(V (p1), p~* DV (p2)) gl

satisfy ©1(h1) + ©2(he) = P,(F,V(p)) - F, and they define the unique
lift of F to B which lies in the F-eigenspace for the Hecke operators
outside p.

Proposition 5.3.5. The identity (6) is satisfied by the polynomials
a(T1,Ts) = a1 Broofa(as + B2) LTS
— a1 1o BeTTTy — aofBe(on + B1)ThT5 + 1
and
b(T1, Tz) = aiBiasBoTi T — a1 fi(as+Bo)TETs — a1 S1 T + (g + B1) T4

These polynomials are carefully chosen so that almost all of their
terms will contribute nothing to the final formula, because of the follow-
ing lemma (which is an analogue for Hilbert modular forms of [DR14,
Lemma 2.17] and [KLZ15, Lemma 6.4.6] in the Rankin—Selberg setting).
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Lemma 5.3.6. Suppose x,y are non-negative integers with x > v,
and let G be a p-adic Hilbert modular form (not necessarily overcon-
vergent) whose Fourier—Whittaker coefficients ¢(m,G) are zero unless
vp, (M) > z and vy, (m) = y. Then the p-adic elliptic modular form
L*(G) is in the kernel of U(p)'+Y.

Proof. If A € (071)* satisfies vy, (\) = z and vy, (\) = y, then we
must have v,(TrA) = y. Since the coefficient of ¢" in the Fourier ex-
pansion of ¢*(G) is given by >\ 1, (3)—p A7te(N, G), this implies that the
Fourier expansion of ¢*(G) is supported on coefficients of p-adic valuation
y, and is therefore in the kernel of U (p)**+v. Q.E.D.

Since all the monomials in b(T1,Ts) are of the form TFTy with
x >y, and we are applying the operators b(p~*1+DV (), V(ps)) and
b(V(p1),p~*2+DV (py)) to forms which are pp-depleted, the result will
pull back to a differential which lies in the kernel of U(p) and is therefore
exact. Similarly, the terms involving T12T23 and T1T22 in a(T1,T3) can be
neglected.

So if n = wr is the de Rham cohomology class associated to the
eigenform F, and 7 is the unique Hecke-equivariant lifting of wx to FP-
cohomology, we conclude that the restriction of CG*1:¥2:9) (1* (7)) to the
ordinary locus is represented by the nearly-overconvergent cusp form

(1— a1Brasfap 2 2V (p?)) - |(—1)768 T gV — b2 giM
(2) (2

and the forms ¢,’, g5’ do not enter the formula. Combining this formula
for CG¥1k2:7) (,*(7)) with Proposition 5.1.6, we have:

Proposition 5.3.7. Let wr be the class in Fil*' ™22 Myg (F) cor-

responding to the eigenform F, and let ggl),gél) be overconvergent Hilbert

modular forms satisfying the conditions of Proposition 5.3.3. Then

2j
Fi (“a Braap )
<1og (AFE’;t ,.7]) ,w]__> _ — = 181 zpj 5
(1_111(12>(1_0¢1/32)<1_310¢2><1_m>
e oc  * i ck1—7 1 —5 (1
% gl (B, v 100 (=708 () — ab 7 g0) )
Remark 5.3.8. Notice that all the products {ajas,..., 102} have

complex absolute value p(*1+%2+2)/2 which is strictly larger than p/, so
the Euler factors are all non-zero.

rig

This formula is not convenient in practice, since we do not have an

explicit description of the overconvergent forms (ggl), gél)). If Conjec-
ture 4.5.2 holds (e.g. if F is non-ordinary at ps), we can take gg) =
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Ch (]:[pl]) and gél) = 0; then we can write the above formula in terms
of Rankin—Cohen brackets, since

(<0108 (o 7#1) = o for o]

ki—j

modulo §™+1(ST (N, L)), by Proposition 4.4.5(ii). However, following
an idea of Fornea [Forl7|, we can modify the above argument slightly
so we still obtain a canonically-defined answer without needing to im-
pose additional hypotheses, using the fact that although we do not have
uniquely-determined antiderivatives of FP1 or FP2l| by Proposition
4.5.4 we do have such an antiderivative for F¥1P2l. This gives our main
theorem:

Theorem 5.3.9 (Theorem B). We have the formula

. (17%)
log (AF?“) W >: : a1P1026z )
e o (s
[eaNes) @1 P2 102 1P2
(71)]61]91”{)2! <"\,'/€1+7€2—2j 1
X ————— = (Eis; ; [@ }-["1”’21] .
(k1 + ks — 25)! el ' k1= / 1ig

In particular, if the projection of [@1—1].‘[1311132]}“_]. to the critical-slope

Eisenstein quotient is non-zero, then the étale Asai—Flach class AF[éf’j]
1s also mon-zero.

Proof. We replace the identity P,(ThT%) = a(Th,T2)Py, (F,Th) +
b(Ty,T5) Py, (F,Ty) with the slightly different identity

Pp(TiT2) = (1 = 1 1023 T{T3) Py, (T1) Py, (T2)
+0(T1, T2) Py, (T2) + V' (T, To) Py, (Th),

where b’ is the polynomial obtained from b by interchanging the indices
1 and 2 throughout. Substituting in V (p;) for T3, this gives us

PP(‘F’ V(p)) - F = (1 - a1ﬁ1a262V(p)2)]:[P17P2]
+b(V(p1), V(p2) FP2L 4+ 0/ (V(p1), V(p2)) FIP.

We use this to construct an integral of P,(F,V(p))-F, as before. Using
the fact that b(T1,T>) contains only monomials with higher powers of
T, than Ty, and vice versa for V/(7},7T3), the integrals of the second
and third terms become exact after pulling back to Vq. This gives the
formula stated. Q.E.D.
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§6. An example for D =13

6.1. The newform F

Let I be the field Q(v/13). Note that this field has narrow class
number 1. We let 1 : F' — R be the embedding corresponding to the
positive square root, and oy its conjugate.

Using Dembélé’s algorithms for computing Hilbert modular forms
via Brandt matrices (cf. [Dem07]), which are implemented in Magma
[BCPI7], we find that there is a unique Hilbert modular form F over
F' of weight (2,8,3,0) and level 1, up to scalars. If we write p(m) for
the T (m)-eigenvalue of F, then the quantities u(m) all lie in the field F
itself. For the first few prime values of m the values of u(m) are given
by the following table:

prime p Nm(p) | T (p)-eigenvalue pu(p)
2 4 —104
(V13 +5)/2 3 —-3v/13 - 60
(—V13+5)/2 | 3 3v/13 — 60
5 25 —11375
7 49 —1368913
11 121 —2664662
(3v13+13)/2 | 13 —3380
(V13 4+9)/2 17 —3744+/13 — 15795
(—V13+9)/2 | 17 3744+/13 — 15795
19 361 556580414
VI3 +6 23 94381/13 + 35100
—V13+6 23 —9438v/13 + 35100
2v/13+9 29 19860+v/13 — 84456
—2V/13+9 29 | —19860+/13 — 84456

(The left-hand column gives, for each ideal, the totally-positive gen-
erator having the smallest possible trace.) Notice that A(p) is always
divisible by p3, since t; = 3. Moreover, A\(o(m)) = o(A(m)), where o
is the Galois automorphism of F. (This can be used to speed up the
computations somewhat, since it is not necessary to compute A(p) and
Mo (p)) separately.) We normalise F by setting c(d=%, F) = 1 (this is
different from the normalisation used in [LLZ16], but it makes the com-
putations simpler). Then we have ¢(\, F) = u(dA), and the values p(m)
for all m are easily computed once one knows A(p) for each prime p.
We set p = 3, and we embed F' in Q3 using the embedding corre-
sponding to the prime p; = (v/13 4 5)/2. Then F is ordinary at p;, but
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non-ordinary at po, since its T (p2)-eigenvalue maps to 2-:3+3%+2-3%+. ...
Hence FP1] is in the image of ©;.

For any n € N the set {\ € (D_l)+ : Tr(\) = n} is finite (and easy
to compute), so one can evaluate the g-expansion of the overconvergent
elliptic modular form ¢* (@flf [pl]) up to degree N via the formula

* —1 [p1]) — C()‘7‘F) n
L(el ]—“Pl>_z 3 o |
n>1 Ae(@™HT !
Tr(A)=n, p1tA

(Evaluating the g-expansion up to degree N requires the computation of
the A(p) for primes p of norm up to %NQ.) Since F has level 1, this must
be an overconvergent 3-adic modular form of tame level 1 and weight 8.
The theory does not seem to give any immediate bound for its radius
of overconvergence; since FP1l is r-overconvergent for every r < 1 /4, it
seems likely that * (@1_1.7-" [pll) should also have this property, but we
have not proved this.

Remark 6.1.1. A similar result is sketched for elliptic modular forms
in [Lauld, §2.3.2], but the argument does not seem to generalise to this
2-dimensional setting.

6.2. A basis for overconvergent modular forms

Since X(3) has genus 0, one has a convenient explicit presentation
for the space S} (1,7) of r-overconvergent 3-adic cusp forms, for any even
integer k > 2. For k = 8 and any r < pillil = %, a Banach basis is given
by the forms

(3L6rnj gn . Eord)
8 n>=1
where Eg'd = 1 — 240 n>1 (de,sm d7) q" is the ordinary weight 8

1093
. . . . . . A(3z) 1/2
Eisenstein series, and g is the meromorphic modular function ( NG ) ,

which gives an isomorphism X (3) =2 P!. See [Loe07] for further details.
For the purposes of our example we will take r = %.

The matrix A of the Hecke operator U(3) on S,i(l,r) in the above
basis has been extensively studied by many authors (going back to work
of Kolberg in the 1960s), and the entries satisfy a wealth of congruences

and recurrence relations. Using these relations, one can verify that for
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k=8 and r = %, the matrix entries (a;;)1<i j<oo have the following two
properties: °

e If j > 3i then a;; = 0.

e For all 7,j we have vs(a;;) > 2i.
It follows that all entries of the matrix lie 32Zs, and for any N > 1, we
have a;; = 0 mod 32N if 4 > N or if j > 3N — 2. For instance, modulo
310 the only non-zero entries of the matrix are

4374 52488 51030 8019 14580
39366

48087 21195 9 81
6561 6561 15309 21870 729

39366 39366 6561)

6.3. Numerical linear algebra

Definition 6.3.1. Let us say that an infinite matrizc A = (ai;)i j>1
over Z, is computable if, for every N > 1, there exists R = R(N) > 0
such that vp(a;;) > N whenever i > R or j > R, and there is an
algorithm which, given an integer N, computes such a bound R(N) and
the values a;; mod p™ for all 1 <i,j < R(N).

Via the theory of Newton polygons, one sees that if A is computable,
then the dimension of the slope < n subspace of A (the sum of the gen-
eralised eigenspaces for all eigenvalues of valuation < n) is a computable
function of n € Zy.

Remark 6.3.2. More precisely, for each integer r > 0 let us define
¢ € Zy to be (—1)" times the sum of the determinants of the r x r

5The first property is obvious. Let us sketch the proof of the second. It is
convenient to extend the definition of a;; to allow ¢ = 0 or j = 0 (which gives
the matrix of U(3) on the full space of overconvergent forms Mg (1,7)). Then
the operator U(3) is an “operator of rational generation” in the sense of [Smi04]:
the generating function )7, . a;; X'Y7 is a rational function. Explicitly, it is
given by

i, mi XYI
(109342106 X —2187X2)(1—270XY —8748X2Y —108X Y 2—59049X 3Y —729X2Y2—9X Y 3)

where m;; are the entries of the matrix

0 —230580 —34222176 —2449943010 —48920206932 —282300396318

(1093 2106 —2187 0 0 0 )
0  —40068 —5959575 —304338546 —1742595039 ’

Substituting 372X and Y in place of X and Y gives the rational function
whose coefficients are 3*21@”; and this function is easily seen to be a ratio of
polynomials over Z whose constant terms are 3-adic units, so its power-series
coeflicients are in Z3. One can prove in the same way the slightly stronger bound
v3(@i3i—¢) = 20+ %t, which is the optimal linear bound on vs(a;;).
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diagonal minors of A (the trace of \" A), so that formally 3 ¢ t" =
“det(1 — tA)”. Then the dimension of the slope n subspace is equal
to the total length of the edges of slope n in the Newton polygon of A,
which is the convex hull of the points {(r,¢,) : 7 > 0}. Any vertex (7, ¢;)
such that ¢, > rn will not affect the slope n edges. However, it is easily
seen that v,(c,) > N(r — R(N)) for any N > 1, and if N > n then this
is eventually larger than rn; so the set of r such that ¢, < rn is finite,
and computable as a function of n.

We now define a “condition number” for non-zero eigenvalues of
computable matrices. For simplicity, we suppose that the eigenvalue \
is known exactly as an element of Z, N Q*, and that the A-eigenspace is
one-dimensional, as this is the case in all the examples we shall consider.

Definition 6.3.3. We define the condition number of A to be the
largest non-zero power of p appearing as an elementary divisor of the
R(N) x R(N) truncation of (A — X) mod p~, where N > v,(\) is any
integer sufficiently large that this truncation has exactly one elementary
divisor which is zero (in Z/pNZ).

Note that the condition number is always at least v,(A) (but it may
be much larger). If ¢ is the condition number of A, then the image
modulo p” of the kernel of (A — \) mod pV*¢ is free of rank 1 over
Z/pNZ. Since it must contain the mod p~ reduction of the kernel of
A — )\, these spaces must be equal. Thus we may calculate the mod
pN reduction of the A-eigenspace of A by performing our calculations
modulo pNte.

We now apply this to our U(3) example. As we saw in the previous
section, the matrix of U(3) in the Kolberg basis of S; (1, %) is computable
(and it suffices to take R(N) = 3[4] — 3). We find that the slope < 7
subspace is 2-dimensional, and hence must be spanned by the classical
level 3 newform g + 6¢* — 27¢® + ... (whose U(3)-eigenvalue is —27, of
slope 3) and the critical-slope Eisenstein series

ES =" Y /)7 | ¢" = q+129¢* + 2187¢% + 16513¢* + ...
n=1 \d|n,3td

(whose U(3)-eigenvalue is 37). In particular, both of these U(3) eigen-
spaces are 1-dimensional, so the critical-slope Eisenstein series is not a
critical eigenform in the sense of [Bell2, Definition 2.12].

We computed the matrix A modulo 3%° (which is zero outside the
top left 27 x 27 submatrix) and computed the Smith normal form of
A — 37. The smallest non-zero elementary divisor of this matrix was
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3%, so exactly 9 digits of 3-adic precision were lost, and this compu-
tation determines the kernel of A — 37 modulo 3'': it is spanned by
(42041, 1, 54513, 21870,0,0,...)". Up to a normalisation factor this is

(of course) just the expansion of Eéfi)t in the Kolberg basis. Much more
interestingly, this computation also determines the kernel of (4 — 37)¢,
so we can use it to write down a non-zero linear functional factoring

through projection to the critical-slope Eisenstein subspace.

6.4. The result

We computed the Hecke eigenvalues of F for all primes of norm
up to 10,000, which was sufficient to determine the first 55 coefficients
of the form h = ¢* (O 'F¥1]) in the Kolberg basis of Sg(l, ). These
coefficients appeared to be tending rapidly to zero 3-adically; in fact the
coefficient b,, of the n-th basis vector appeared to have p-adic valuation
growing approximately as %n (supporting our conjecture that this form

1

is r-overconvergent for all r < 7). However, since we have no precise

bounds on the b,,, we have been forced to assume such a bound:
Conjecture 6.4.1. We have vs(b,) > 10 for all n > 55.

Under this conjecture, we find that the coefficient of ¢ in the critical-
slope Eisenstein projection of his 372 +371 +24+ 3 +2.32 +35+ 2.
3% + O(3"). In particular, it is non-zero.
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