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SUMMARY

We study the bordism algebra of immersions of closed smooth
manifolds in closed smooth manifolds. We give two sets of polynomial
generators. We obtain a splitting in terms of bordism groups of
vector bundles with structural group E /0(k) and a splitting in
terms of bordism of covering spaces and vector bundles. We study the
problem of reducing, modulo bordism, the structural group Er/0(k)

to the subgroup /0(k) by calculating some characteristic numbers.



INTRODUCT ION

In this thesis we study the bordism of immersions of closed smooth
manifolds in closed smooth manifolds and its relation with the Dyer-Lashof

operations. We shall describe its contents chapter by chapter.

In chapter 1 we give two sets of generators for the bordism of
embeddings of closed smooth manifolds in closed smooth manifolds. One set
of generators is given in terms of Milnor manifolds and the other one in
terms of projective spaces. To do this we study, in the first section,
the relation between bordism and homology and the multiplicative properties

of the Thom class as a map of spectra.

Chapter 2 deals with the Dyer-Lashof operations. We begin with
some details about the homology mod. 2 of the spaces EG a Xr , where
G 1is a subgroup of the symmetric group of degree r. We need these
results, in the case r=2 to define the operations and in the general

case for the calculations in chapter 7. We then give the definition of

the operations in the homology mod. 2 of any é"~-space, where

is the cubes operad, following [13 & 16] . In section 3 we define the
operations in unoriented bordism N*(). The general properties of
these operations were studied in [28 & 39] . In section 4 we see that

the operations in bordism correspond to the operations in homology under

the Thom homomorphism y: N*()-*e H*(. ; 1» ).

In chapter 3 we give two sets of polynomial generators for the bordism

of immersions of closed smooth manifolds in closed smooth manifolds in



\

codimension k that we denote by I(*, k), k>0. For this we use a

theorem of P. Schweitzer [40] that gives an isomorphism of

N*-algebras I(*, K) a N*(Q MO®) then we obtain the structure of

N*(Q MOk) in terms of the operations using the calculations of

01 & 16] in homology, then we give an interpretation of the operations
in terms of irrmersions and finally we use the generators for the

bordism of embeddings that we obtained in chapter 2.

In chapter 4 we use the results in C28] and [43] to get a
splitting of the groups 1I(n,k), for n "o, k>0 1in terms of bordism
groups of vector bundles with structural group £-[0(k), where T
denotes the wreath product. Using this splitting we can associate to
a self-transverse representative in a bordism class of immersions, the
characteristic numbers associated to this bundles and then we obtain
that two self-transverse immersions are bordant if and only if their

characteristic numbers are the same.

In chapter 5 we use some results of A. Borel C5] on homogeneous
spaces to show that any (rk)-vector bundle over a closed smooth manifold

is bordant to a vector bundle with structural group Er/0(k).

In chapter 6 we use the method of F.W. Roush for classifying

transfers [1] to give an interpretation of the groups W*(EE * BO(k)r)
r

in terms of bordism of pairs (M, £) where M M is an r-covering over

a closed smooth manifold M and 5 1is a vector bundle over M.



We see the relation of this with Atiyah"s direct image construction and
we get another interpretation for the splitting of the bordism of

immersions.

Chapter 7 deals with the problem of reducing, modulo bordism, the
structural group of a bundle with group 2z~ f 0(k) to the subgroup
Zr /0(K) -

In section 1 we study the edge homomorphisms of a spectral sequence
converging to H*(EZrE£ X1';7)» f°r anX space X of finite type;
in section 2 we give a brief account of the work of 6. Segal [41]
on the cohomology of topological groups and some other related results
and in section 3 we use the results of the previous 2 sections to
calculate some of the characteristic numbers defined in chapter 4 to

give examples related to the problem of Cyclic reduction modulo bordism.

Finally, in chapter 8 we use the operations to show that
the Dyer-Lashof operations in the mod. 2 homology of an Eilenberg-Mac Lane
space K(A,n) are zero for any abelian group A. An algebraic proof,

for the case A =TI, can be found in [32].



Chapter 1 : Generators for the Bordism of embeddings

In this chapter we give 2 sets of generators for the bordism of manifolds
manifolds. To do this we first study the relation between bordism

and homology -

1.1 The Thom class

We denote by MO the Thom spectrum for unoriented cobordism, its

k-th space M= T(Y (K)) is the Thom space for the universal k-vector
bundle over BO(k). We denote by HZ2 the Eilenberg-Mac Lane
spectrum with coefficients 72/27=72, its k-th space HZ2)k =

= K( 22> k) is the Eilenberg-Mac Lane space of type (7, k). Both

are ring spectra C4 9],

1.1) Proposition [10] . The Thom classes t~" £ HMMOMN; N2)=

= [MO]C& K( Z22, k)] define a map of ring spectra t-MO-»HZ2.

1.2) Definition.- Any map of spectra f: E *%F defines a natural

transformation f: E*() #F*() between the cohomology theories
defined by E and F, and a natural transformation f:E*() mF*(_)
between the homology theories. For details see [49] . In particular

we have t: MO*() -»H*(_;Z2) and t: MO*() -»H*(_ ;H™).

1.3) Definition. C49] . Let E be a ring spectrum and X,Y pointed
~n ~ N_ ~
spaces- then we have products E (X)®EH(X a Y)—» EHr () (slant product)

Ep(X)® Eq(Yl-% "p+gq(x A Y) (smash product or cross product (X) in the
unreduced case). And similarly for cohomology EP(X1® EP (Y) ™ Ep+c,(XaY)-



1.4) Proposition ~ Let f; E “aF be a map of ring spectra then
a) f@vb)= FT@ATFD)
b) f(a\b)= f@ \ f(b)
0 f(xAy)= f() a f(y)-

Proof.- We shall prove a) The proof of b) and c¢) are entirely
analogous.

let y: EaE E and ry FaF =F be the product maps. Let aeEn(®)
and btEm(Y) be represented by Sn EaX and Sm-"-»-EaY, where
Sn denotes the suspension spectrum of the n-sphere. Then f(aA b) is
represented by s"a Sm Ah -(EaX)a (EaY) -~-*(Ea E)a (Xa Y)

Ea Xa Y —iﬁ—l— -Fa XA Y) and f() A f(b) 1is represented by

SNA SM —— e -(FaX) a (FaY) — -(FaF)a (XaY)— »Fa (XaYl
(FAI)» gA (A 1)° h rF *1

To see that they are homotopic we use 3 facts: 1) The smash product is
a bifunctor on the homotopy category of spectra [49] .2)T ~ and T p

are natural equivalences on the same category [49] . 3) As T 1is a map

of ring spectra then n°(fa f) ~ f»y. Then we have

(Fa 1y*(yal°tee(gAh)s (Fey)al° ZE(ah) ~

« n*(fa HalcV(9 ah) > (nAD«(FAFA I°rfc(@Ah)|

« (n° D°rF» (FA1l)a (FAID)c(@Ah) = (nAll°r ° (Fa 1)° gA (Fal)c h.
O

1.51 Corollary.-~ Let f: E “aF be a map of ring spectra, then a) if
X is an H-space fT: E*(X) F*(X) preserves the Pontrjagin product.
Let <,> denote the Kronecker product and n the cap product, then

b) <f(x), F(y)> = f <x,y> ; ¢) F(anb)= f(a)n f(b).



Proof.- a) Let m: XxX -“aX denote the product map- by prop. 1.4.a)
f preserves the cross product, and as f is natural we have f(a*b)=

f m*(ak b)= m* f(axb)= m*(f (@) x F(]= Ffa) = Ff).

b) by 1.4.b) F preserves the slant product so <f(x), f(y)> =
=Ffx)\ffy)= f(x\y)= Ff <x,y> . ¢) by 1.4.b) and naturality we have
f(a,,b)= f(a\ A*(b}) = f(a)\fA*(b)= f(a)\A* f(b)= f(a),.f(b).

O

1.6) P.emark.- The universal Thom class in cobordism is an element in
MO°(MO)= [ MO,MO] given bv the identity [10] .. Hence t: MO°(MO) —»
sends the universal Thom class in cobordism to the

universal Thom class in Z 2-cohomology-

1.7) Definition.- Let T2 denote the category of topological pairs

(X,A), Ac X. For a fixed pair (X,A) define a singular manifold in

(X,A) to be amap F:(M,dM) -* (X,A) where M is a compact C°°

manifold of dimension n . Such a map is said to bord if there is a

compact C" manifold V of dimension n+tl and amap F: V-*X such

that 1) there is an embedding e: ii) FI3Vvee= f,iil)

iii) F(SV-e (W )cA. Two singular manifolds (M,aM,f) and (N,cN,g)

will be called bordant if their disjoint union (Mufl, JMuSN, f-ug)

bords. This is an equivalent relation and we write A/nfX,A) for the

set of equivalence classes.AJ *(_) is a generalised homology theory

on T2 [151] .

The Thom-Pontrjagin construction defines a natural transformation of
homology theories <) )-*MO*[) [15 ] - By Thom"s theorem 4 Ai. (pt)-*
~»MO*fpt) is an isomorphism so @ 1is an equivalence on the category

of finite C.W pairs. One can easily prove that A**(_) satisfies the
wedge axiom and the weak homotopy equivalence axiom so <> is an equivalence

on T2 [49]-



1.8) Definition,- We define a natural transformation
H :A/*f ) @mH*f ;z~) by A[M,f > (M) where o(M) is the
fundamental class mod. 2 of M. This is well defined and Thom proved

that it is surjective [50]

1.9) Theorem [15] . The /T*-module A/*(X) is free. A family {a"}..]
of homogeneous elements in A**(X) 1is an /v*-basis if and only if

ip(a.- )hjej 1is a Z2-basis for H*(X ;ZM).

To finish this section we shall prove that under the isomorphism 1,
t and vy coincide. For this recall that if M 1is a closed smooth
n -manifold then the fundamental class of M in geometric bordism,

wich we denote cr(Ml, 1is given by 8§WM)=[ M,id] e An(MI.

1.10) Lemma.- y 1is the unique natural transformation that sends the
fundamental class in bordism of a closed smooth manifold to its

fundamental class mod. 2.

Proof.- y($M))=y [M,id] = id*(@(M))= cr), so y has this property.
Now suppose e is a natural transformation with this property and let
[M,fle A/n(x)» then we can write [M,f] = [M, id] = ~C &M)). So

0 [M,f] = e f*c 5iM))= * e( &)= *( a(M))=y [M.f]

t
1.11) Proposition.- The following diagram commutes MO*(X) —-» H*(X: Z7)

N



Proof.- by 1.10) it is enough to show that tcf sends tne fundamental
class o(M) to () fFor a closed smooth manifold M. To see this we
use the following definition for the fundamental class [49] . Consider
an embedding Mn & <Sn+~ with normal bundle v , let Y denote the
Thom isomorphism in 2Z2-homology, c: Sn+k-+-T(v) the collapsing map
and ie Hn+E(Snt+ic; 22) the generator then o(M)= Y( c*( ))-
Similarly  <Gfa))= Y( c*(°)) where y 1is the Thom isomorphism in
MO*() and me MOnk(Sn+M). Now recall that the Thom isomorphism is
given by Y(Q)= p*(t(v )r>x ) where p 1is the projection of v, and

$ x )= p*( %(v Jnx ) By 1.5 ¢) t preserves cap products and by
1.6 _t(%(v )= t(v ), as t is a map of ring spectra t(f)=x , so

we have & (@ W)=t Y (c*(1))= Y t(c*(°))= Y c* t(“)=Y c*(i )= a(M).

O

81.2 The bordism of BO(k)

In this section we shall give generators for M*(BO(k)).

1.12) Definition.- Given a vector bundle we denote by e(5 )
and e(£), the Euler classes of £ in cobordism and 22-cohomology
respectively. The element e(y(l)) eMO*(BO(I)l satisfies the
properties for the existence of generalised Stiefel-Whitney classes in
cobordism [45 ] , these classes are called Conner-Floyd classes, and

are denoted by w.f ). For an n-vector bundle £, e(£)=w (£).

1.13) Remark.- If £ is a vector bundle over a space X, and
z: X aTE is the inclusion of the zero section then by definition

eff)= z*(t(£)) and e(£)= z*(t(£)). As t 1is natural then by 1.6



we have that t(1(£))= e(®). The fact that t(I(y(1))= e(y(l))
together with the multiplicative and naturality properties of t imply

that t(wi(?}= w. (0.

1.14) Definition.- We have that MO*(BO(1))s MO*(pt) [[e(y(1))]] and
H*(BO(1); 2 2)s [e¢y(D) ] [49]. We then have unique elements
@Be W.(BO(1)) and p-.e H.(BO(1);22) with the property

<e(y (191, (L >= and <e(y(D)n, B>=5 .. We define

Bg= [{pointW BO(1)] and Bq the generator of HQ(BO(1);Z2).

1.15) Proposition.- Consider elements B* (BO(1)) and B"H™ (BO(Q) ;2»)

as defined in 1.14) then u(B-)=

Proof.- For simplicity let us write e for e(y(l1)) and e for
e(y (). By 1.4 tCel)= tiS)l and by 1.13) t(e)=e. So using the
formula 1.5 b) we have mxel, t($J.) >=<4(11), t(BJ-) >= t <e\ BJ_>:
= t(<§J_.):6._j, and hence t(BJ_):B—J> as we have identified t with
u(l.11) then u(B°i)=Bi

O
In order to get the generators for N*(BO(k)) we shall first give a

basis for H*(BO(k); ).
(BO(k) )

For this recall that H (BO(k);Z2)=Z2 wj (kK))----wk(y(k))] [491-
Let €k=y (1)x.. xy (1) the k-fold product of the bundle Y (1). This
is a k-vector bundle over BO[I)x,..x BO[1).

Let mk: BO(I)x...x BO(1) BO[k) be a classifying map for

Then one can show C491 that mk@W* (k)))=ct™ u™,u2....uk), where
0. is the i-th symmetric polynomial in the variables wj,u2,... ,uk

where Uj= Pj(e) and p*: BO(D)x...x BO(D)-*- BO() is the projection



on the j-th coordinate. As mk 1is a ring homomorphism and any element
can be written uniquely as 14 wjI. _. then mNiZd«wh?,_ . ,wk* )*
=Zddt 0. . . . so mE 1is an isomorphism onto the symmetric sub-

algebra Sc H*(BO( I)x....x B0(1);Z2z2).

Now for each sequence Os i < .... <Ii. consider the monomial

V] i2 \ ;
u. u ... u and let S, _ - be the smallest symetric Doly-
1 - K 1j>eeli Y y

nomial containing this monomial, as S=72[o”, a2,..-,0°] then it
is clear that the polynomials S. - are a basis for S. As mi*
K

R
is an isomorphism onto S then we get:

1.16) Proposition.- For each collection 0< s i2s,...,<ik the

elements e H*(BO(k); 2,) suclﬁ that mf(a. - )=

a?I.1»°°°>f|.
= Si are a basis for H*(BO(k); Z22).
O

1-17) Proposition.- Consider the elements 3.et" (BO(1);TY) and the
map mk: BO(1)x, ... ,xBO(l) #B0(k) as above, then

% (B-_X g- X-...xg. ) TFor each collection 0 < i < .... <.
K* ~ 1i n2 K K
forms a basis for H*(BO(k);22).

Proof.*- AIl modules are finitely generated < , > is non-singular and

by 1.16)"{a* <« } for collection O<i <,..

., <i. is a basis
for H*(BOfk);Z?2), so we are going to see that its dual basis is
{m *(B; X...- X B, )} - For this we use the following facts [49]

< ,K> islbilinear ;ﬁd satisfies < f*(x),y >=<x,f*(y)> and

<xXXy, ax b>=<x,a> <y,b>_. If pj is the projection on the j-th

factor then Uj= pj(e)=1x1x...xex1x..x1. If v denotes the cup



then X xT)x (yvy")=(xxy)w (x"xyl).

We can then write:

IVA.N," ee "™V >m<pKkca",,--V*V * m

- _ 12 ~k
< Sti Ak Koooodpy > = <u,i']u5‘2___k Teoetes R',X"'Xg i

J1 P} p Jk
ho~ "k
=1 u2 .-.\ ®ny B,—k = other
J
2
= <e Ix el—zx...xe\ y 0- X__.x Bj =+

J1 Jk

<!l p >l gy =<y >+
J1l J2 Jk
=1 if I1=0i»12=12>" 7 \/ x

0 otherwise.

1.18) Proposition.- An W*-basis for W*(BO(k)) 1is given by the elements

mk*( ) for each collection Osi s ...< ik .

Proof.- p 1is natural and by 1-4 a) it preserves products. By 1.15)

p(8-)= 8 so we have vm. (g X.--x L )m p (|- x--.x & )=
* 1 k K* 71 n k

:m’k'k((;lfalx..-xu§.lk): m.K*( &;ix...x B 5k)'

By 1.17) these elements are a Z 2-basis for H*(BO(k);Z2) so by 1.9)
{n. (L x..-x L )MsanN*-basis.
* nl

K n k
O

We now give specific representatives for the elements §ece W-TfBO(1)).



-9 -

We take as BO() the infinite real projective space p@® .

1.19] Definition.- Let Pm be the real projective m-space with

coordinates x = [x0,...,xn ] jfor U min let Hm n=

m

= {(Cxi jJCyl] ] PxP i I xy. =0% H is a closed smooth
i=0 11 m

manifold of dimension m+n-1 called Milnor manifold- Hrn o is

fibred as Pnl -= n — Pm where the projection is induced by

the proiection Pmx Pn maPm

1.20) Proposition.- [10] Let vm be the restriction of Y (1) to Pm,
and y by the external tensor product over PQOI* Pn, then

e@’mb yn)eMO'(Pm>< Pn) is the Poincare dual of [Hm,n NP I'xPnl .

1.21) Definition.- We define b”e "(P®M) to be the class of:
H [c-*%P1x Pk - — *Pkc — #P°° , where pk is the projection on
P and i1 the inclusion. We will show that these elements can be taken

as for this we need the following 2 propositions-

1.22) Proposition.- With the notation as above e(y(l)) n b= bk

Proof - It is clear that 1 and 2 commute and that 3 1is a pull-back:

Px Pk__ Pk Yjs — *Y] dYK
idxj. Ik
k-1
Px Pk_1 okl Kl PA®1- P x P*
Pk-1 idxj -
let us write O'= [H p’x Pk] -Then using the fact that f*(f*(x)ny)=

xn f*fy) [493, we have:



e(YCD)nbk = e(Y(1)In(LK £k5*(«k)=(il PkU [ (\° fkHe (r (1)) n«kl =

= KrkP ™ ald ®

On the other hand by prop. 1.20) Otk_i= efY~B~"In a(P*x Pk ). and
by 3 e(YlaYk 1)=Cx jk)*Ce(Y1QY f©)). Then we have:

bk-1 = pk-17A*AKk-1~A1AK Jk pk-1 ~*(ak-1 Ak pkM A d*JV* (ak-1))=

(Tl PK)*[ Fidxjk)*((idxjk)* 1FY10¥k)n(T(P1x Pk-1))] =

(iloPk)*[e(Y10Y k)n(idx jkI*<Z@EL* Pk]) @

But e(Yk) 1is Poincare” dual to (:Pk-’\c—-—->Pk] [T5. So Ix8(YkI
is Poincare” dual to Px >p%x pk = fidxjk)a(Px Pk ) and
Ok 1is Poincare" dual to e(Y-|HYk), hence their cap products are the
same (recall that (xu yx-iz=xn (yr,z) 91),s0o ®=@®, 1ie
e(Y(1))nbk= bw

1.23) Proposition [H n]=0 in a/~ (n™)

Proof.- N AP(Y-]O£En), where P() is the projective bundle
associated to Y "®£n and £n is the trivial n-bundle [lo] -
For this we follow the method in [IS] to compute the characteristic

classes of the tangent bundle of a projective bundle.

Let 8§ be a k-vector bundle over a closed n-manifold V. Let
WpW2,...,wn be the Stiefel-Whitney classes of V and wj, v2_.... vk
those of § . Let c e H1(Pf§); 7)) be the euler class of the canonical
line bundle over P(8). Then Bore! and Hirzebruch proved that Léi

wi(P(®)= Z- (K*PIp*(w Vv )cq
J \q °* H

p+a+r=j



In our case ®en oyer R1 so, w.=0,i>0, v*=e=e(v-]) and

v.j=0,i >1 then wj(P(vi® e")J= (J )cJ + (J-1) cj"] p*fe).

Let us write Wj= wr(P(YjJ ® en)) and N~ IntM =/ n \ . then

\j-i
Wj=1ntM cn J_/ntn cJ-T p*(e)-
i |/
Now consider J+ j2+...+ jk= n+l, then
k /nml \ n+i Kk s k /ntl .
11" TR Vel O TS L ng on P

(the other terms are zero because e2= 0).

Now recall that for any vector bundle €, H (P(5); 1Y =
= H*(V) i1l1,c,c2,... ,ck 13 and that ck=p*(wk(5))+.. .#p*(w-j (5))ck 1

[4 98. So in our case cn+*= cnp*(e).

K /n+l K § Kk /ml\
Hence w. w. .. ..w. = N + £ - n ) cnp*(e)
Ji J2 Jk = (r s=l m#l r=l VJr °

Kk
But £ j = ml so both terms in the parenthesis are equal,hence

. ....w.=0, and by a theorem of Thom [50] , [H(l,n = 0.
Wi, Wiz o y [501 , [H(1,n)]

O

1.24 Corollary.- The elements b”ex/~P ) given by the Milnor

manifolds are the duals of 1~_.)~

Proof.- We have that <x«y,z> =<x,ynz> [49], So <I(y-j ), bk >

=<1, e(ylln ... n e(])n bk> this is, by 1.22, equal to <1, tk_j>



<1, bQ>=1 if ksj
1< 1. bk j> = Kj 1=0 if k*j by 1.23

O

1.25) Corollary.- An N*-basis for W*fBO(k)) 1is given by the
elements (bilx""’bik) for each collection O g,l,l S"RS i
S

where mk classifies y (@) .

Proof.- by 1.24, bk= Bk> so the result follows from 1.18).
O

To finish this section we shall give a second N*-basis for N*(BO(k)).

1.26) Proposition.- The elements CP'"- ®P“Je Wn(®°°)» n> 0 form
9n

an W*-basis for N*(P°°).

Proof.- By 1.9 it is enough to show that the elements y[ Pn”> P°°] ,

n”~0 are a Z2-basis f°r P ;Z2) For this consider
<e(y (ND)1,u [P, gi 1>=<e™)n, gj*a(PI)> =< 9J0(Y(1) , o(PI)> =

=<eiYj)l,ar)> -

Now if 1#4j this product is clearly zero. If 1i=j, then we know

H*(P~;22)=22 [e(Y])] 7eY xj+l so (PJ)= T2 with generator

o‘P), as <,> is non-singular then <e(Yi)J,<j(P1)> =1.

Hence n[Pn, gnl =pn

O
1. 21) Corollary .- An N*-basis for W*CBO(k)) is given by the elements
m. (C P11, g7\11 X...x CP1%, g'ik 1) for each collection 0< i,I s..K Si. ,

u
where mk classifies yO0)



Proof.- By 1.9 it is enough to show that

I ik
Mm, C CP ).9.- 3x...x [P ,9- 3] are a 2,-basis for H*CBO(K); 27,J.
k* n 1k 2 1
P is natural and multiplicative (1.4a)} and by 1.26 p[Pn,gn3 = Bn

so we have pm.<*(CP O I X X[ P K’gik] ):mk* E- x..-Xx Bik)'

But by 1.17 these elements are a Z2-basis Cor H*(BO(k);Z22) .

81.3) Bordism of embeddings
In this section we shall give generators for the bordism of embeddings.
We will use these generators in chapter 3 to study the bordism of

immersions.

1.28) Definition.- Given 2 embeddings f: M —#&N, g: M1 —» N*, where
M, M1 are closed smooth n-manifolds and N,N* are closed smooth
(n+tk)-manifolds, we say that they are bordant if there exists an
embedding F: V-—aW such that 1) V 1is a compact smooth (n+l)-mani-
fold with a diffeomorphism 9Vs MiIM® and W 1is a compact smooth

(ntk+1)-manifold with a diffeomorphism 3Ws NAN®". 1ii)The following

diagrams commute: MAMiiM®"sSVc V [ v
fl 1F gl 1 f
NANTIN"s3HcW N1*» Njj.N1= 3Wc W

This is an equivalence relation and the set of equivalence classes is

denoted by Emb(n,k.). We denote by C f:M “aN] the equivalence class
of an embedding f. We can make Emb(n,k) into a group by considering
disjoint union of embeddings. We can make Emb(*,k) into an N*-module

by defining CM"3 e Cf:M —*N3 = CM"xMIMF-  M"xN]
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1.29) Theorem [54-].-The Thom-Pontrjagin construction defines an
isomorphism of N*-modules Emb(n,k)s N +[c(MOk).
O

To define the generators for Emb(*,k) we need 2 results.

1.30) Definition.- Let (X.Xq) he a pointed space and

f-(M, 3w (X, Xq) a map, where M is a smooth manifold, we define
M——»X as follows:

M= M o M is the double of M, which is well defined up to diffeo-
morphism [9 ]Jand f is the map induced by the map M.UM c >X

where c(a)=XQ, for all ae M.

1.31) Proposition.- Let (x,xq) be a pointed space and i: {xq } <>X
the inclusion. Let d: Mn(X,XQ) » Wn() be defined by d[M,f>[M,f],
where M is as above, then E: Wn © Wn(X,XQ) —>¥n (X) given by "E(a,b)=

=i*(a) + d(b) 1is an isomorphism.

Proof.- Consider the exact sequence of the pair (X,{ Xq} ), and notice
that the inclusion itixgl”~X has the constmt map p:X>- {xq} as

a left inverse so we get a short exact sequence :

V x0} - Wn(X* {x0}>-*0-

One can see that 4 : Wn)-*~ Nn © W (X,xQ) given by $ (W=(p*).J*))
is an isomorphism and from this it is clear that j* restricted to

ker p* is an isomorphism. We claim that d: ~(X,Xgq)»> Nn(X) is the
inverse. To see this let [ M,f] £2(X,{ Xq} ) and consider

j* d CM,f] , this element is represented by the map

(M.0) — X, xQ). Define F: M*1 X by F(z, t)= f(2).
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Then 9(M*1)= Mx{O0}u Mx {1} and we can identify M with M* (0)
and embedd M—* M*{1} in such a way that Tf|M=F ; then f|n><{0} = ¥,
FiMcMx(l1}= fIM= f and FMxil}-M]=X so (M*r, F) is a bordism
between (M.f) and (M.f), i.e. j*d [M,f] = [M.f]
And now it is clear that V(a,b)= i*(@)+ d(b) satisfies $c V=id so
Vis an isomorphism.

]
1.32) Definition.- Let £=(E,p,B) be a vector bundle over a space B.
Let N -J*B be a map, where N is a manifold. Given a Riemanr.ian
metric on £, denote by D(£), S(£) the disc bundle and the sphere
bundle respectively. Consider the pull-back g*(£) over N. If we
give g*(£) the pull-back metric then the map between total spaces
induces a map g: (D(g*(£), S(g* OWD(C)-S(?)) . Let q:(D(E); S(E))-*

4 (T(£), *) denote the identification map, then we get a map g:
:(0(@*9),S(@*s>) — * (T(S),®)}where D(g*E) is a manifold with boundary of

dimension equal to dim N + dim £.

1.33) Proposition.- Let £=(E,p,V) be a smooth n-vector bundle, then
€ wn(v) Wntk(T?>* 9iven by 4>[N.gd]=[D(g*S), qlg] isan isomorphism.
Proof.- Let V :W+(TC,*) “aN (V) be defined as follows: let
[M,fleWn+k(T £,*) then we have a map M, M) — 11, *), consider
a map fg homotopic to f such that fg is smooth throughout
™ (TE - *), and is transverse to the zero cross-section, define
*CM, f]=[f"\zero section) ,f0|f*1(zero section)] .f is the Thom isomorphism
in bordism [i0).As the map g is induced by a map of bundles it is clear

that “Fe<]IN,9]s[N,g]so ip is an isomorphism.
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1.34) Definition,- Let HQ”™n) c P1x Pn be a Milnor manifold, we
denote by H the restriction to H(l,n) of the line bundle
P1xvn “mP1x Pn. For each collection 0%$i~ $...£ ik, consider

D( H. x f. x ...x ff ] the double of the disc bundles, and take the
71 12 Tk

embeddings H( t,]x...x H{, i.) —»D(H. x...x H. ) as the zero
) L i i 1 k )
section. Similarly we have P x...xXP - >D( y* x...y.y. ).We also consider the

empty collection and to this one we associate the embedding Oc-{point}. With
this notation we have:

1.35) Theorem.- a) The embeddings
HFL, 1, )x...xH(i, i.1 —» D(FFF x...x ff. ) for each collection
i K 11 1k

0< i”s ...< ik are an N*-basis for Emb(*, K).

i. i. ——-
b) The embeddings P x...x P - D(ysx...x y. ) for each collection
]| \

Of H £. ..£ Tk are an W*-basis for Emb(*, K).

Proof.- By 1.29 Emb(*,k) £N*(MOk). By 1.31) Y: N* ® N*(MOk ,*)-/V/,("NOk)
given by *{"(a.-b® i*(a)+ d(b) where d is given by the double construc-
tion, is an isomorphism, and by 1.33) <€ : W*(BO(kI) W*(MOk, *) given
by the disc bundle construction is an isomorphism. By 1.25) An

W*-basis for N*(BO(k)) is given by the elements mk*(bl_’x...xb. )

for OMi-j s... <ik , but we have a pull-back:

tf. X...xX H, XY, JIX-...XCPxY. )— Y. X...xXY.=%2Y(1)x..,xY(I)-*Y(K)
‘1 "1 \ T1 \

H(L, i 1)x e X H(I,ik)->(P1pr Dx. .. x(P1xpik) -V 1x.. .xp]k—*P“x...xP%-RBO(k)

By 1.21) an N*-basis for N*(BO(k)) 1is given by the elements
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mk*(CP I&, g?i px...xc p& 1) for 0O<i, <...<t and we have a

| %’
pull-back:
YF x...X Y. > Y (1) x...x Y(I) —my(k)
B I ¢ 1 !
p "X...x p

K _g'E—ix...xg.“; p *ees* P-H7BOW
Finally, it is clear that when we apply the Thom-Pontrjagin construction

we get the embeddings stated in the Theorem.
O
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Chapter 2.- The Dyer-Lashof Operations

In this chapter we define Dyer Lashof operations in homology and in

bordism and study their relationship.

§2.1) The Homology mod.2 of EG x Xn
In this section we give some results about H*(EG £ Xn;Z2) that we

shall need later. To make the notation simpler we shall denote the mod.2

homology by H*()).-

2.1) Definition.- Let Gc 2 be a subgroup of the symmetric group of
degree n. Let EG be a contractible space on which G acts freely
on the right. Let Xbe a space and define an action Xnx G #Xn on
the n-fold product of X by (xX*,..,xn) " =Cxa”™ j.---.. xo(n))» then G
acts diagonally on EGX Xn and we denote by EG * Xn the quotient space.
This construction is functorial, given a map

f:X Y, 1d x fn: EG* Xn EGx Yn, induces a map

id X fn: EG X Xn - EG é Yn

Notice that as the action on EG 1is free then the action on EGxXn is
also free and if X is Hausdorff the projection p:EGxXn #EG £Xn is
a covering projection [44 3.

Let S*( ) denote the singular chain complex with Z2 coefficients and
22 [G] the group ring of G with coefficients in TI. The action of

G on EGxXN induces aZ2 [G 3-module structure on S*(EG*Xn); if

we give Z2 the trivial G action we have:

2.2) Lemma [30 3: S*(EGxXn) 1is Z2C G 3-free and we have a natural
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isomorphism S*(EGxXn) %m S*(EG *Xn) given by
¢ (x D= p,.@,
O
The actions of G on EG and Xn also induce ZpCGl-module structures
on S*(EG) and S*(Xn). We define a Z2[G>module structure on

S*(EG) ® S*(Xn) by (v*t)*a=r-cé&fcr

2.3) Lemma.- We have a G-equivariant chain equivalence
a :S*(EGxXn)-x SMN(EG)® S*(Xn) with a homotopv inverse £ which is also
G-equivariant. Furthermore the chain homotopies a°g-1, gO® are

also G-equivariant, and a and g are natural.

Proof.- By the Eilenberg-Zilber Theorem, we have a chain equivalence
a of Zp-modules with homotopy inverse g . We will show that they are
G-equivariant. For this recall that to define a you consider the
category Tx T, where T 1is the category of spaces, and the functors
FOGLY)= S*(XXY)  and G(X,Y)= S*(X)<8 S*(Y), and a: F %G and
g :G F are natural, so in particular for aeG we have homeomorphisms
a :EG »-EG and 5 : Xn Xn given bv a(e)=e-a and 5(b)=b-<7, so we
have a morphism in TxT, (a ,a ):(EG,Xn) (EG,Xn) and hence a commutative
diagram  S*(EGxXn) S*(EG)®> S*(Xn)
(ax a )ff
o -
S*(EGxXn) — S*(EG)® S*(Xn)
a

But the commutativity says precisely that a 1is G-equivariant. Similarly
with g. Furthermore the theorem says that a°g and gca are chain
homotopic to the identity in a natural way so we can repeat the argument

above to show that the chain homotopies are also G-equivariant.
O
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2.4) Corollary.* We have a natural chain equivalence:

S*(EGXXn12 % 2 2 *S*(EG)0 S*(X°) z® Z2 .
2 2 O

2.5) Lemma.- S*(EG)® S*(Xn) <« Z, and S*(EGC) < S*(Xn) are
Z22CG1 ¢ 22C61

naturally isomorphic.

Proof.- One can easily verify that a® b « 1 ¥ a® b is a natural
Z2 G G
isomorphism.
O

Let us denote by S*(X)®n the tensor product S*(X)®...& S*(X),
n-times. We would like to put S*(X)g n instead of S*(Xn) in

S*(EG) <8 S*(Xn) but there is no equivariant chain equivalence
CG

between S*(X)S n and S*(Xn). (This would imply for n=2 that all
Steenrod squares are zero), so we need a generalisation of the Theorem

of acyclic models due to Dyer and Lashof.

2.6) Definition.- Let C be a category and G a finite group. We

say that C 1is a G-categary if for each geG we have a functor

g- C >C such that 1) e= id (where e is the zero of the group);

il) ¢ g2 =98 «~ v denotes the category of chain complexes
F: C -y is a functor, we say that F is a G-functor if for each

QiG there 1is a natural transformation a 9: F #%Fcg such that

i) a=1id. ii) a = a

glg2
Let W be a chain complex, we denote by its n-skeleton,
i.e., =/ Wr if r$n

0 tf r>n

and



If W and V are any Z2[$]-chain complexes, and K and L
G-functors we make Wg>K and V®L into G-functors by having G

act on both factors.

2.7) Theorem [16 Let K,L be G-functors, W and V ~[G]-
chain complexes and f: K %L a natural transformation. If W is
G-free, iIf K is free and L is acyclic (for some set of models
rrnc ©) and if f is equivariant in dimension zero; then given any
G-equivariant chain map t: W V.
a) There exists a natural G-equivariant chain map F: W & K >V @ L,
satisfying:

D FWO) @ KX))c V(n)BL(X), all n.

2 Flw « @) = t(w) « F(a), weW, aeKg(X)

by If t, g§:W V are G-eauivariantly chain homotopic, and F, H
are any two chain maps satisfying 1) and 2) above for t, & respect-

ively, then F and K are G-equivariantly chain homotopic.

c) We may further choose F so that given any zero dimensional G-

generator eQ of W, F(eQ ® a)= t(eQ)® f(a), aeK(X).
O

2.8) Proposition.- We have a natural chain homotopy equivalence

S*(EG) ® S*(Xn)™»B* ® S*(X)® n , where B* is the normalized
Z2[G] Z2[c1

Bar resolution of over the group G.

Proof.- We apply theorem 2.7 to the following case. C the category
Tn=T x...x T where T 1is the category of topological spaces. We can

make C into a G-category by defining for creGcEén ,5 :C C by
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® L....Xn)=(V->C> v -, Xr i(n)) and in the obvious way

in morphisms. The functors are KfX-]....Xp)=S*0<i x...x Xp) and
LX-]----Xn)= ~™*(X)® n. Both are G-functors because for each creG we
have natural transformations K #aK°cx and @a :L wL°& given by

ad.CX1....Xn)=b# where ha X]---- xp)=(x*., )--. @ ) and

CXj---. Xn)E|G: .. .gpan)= af~i(D® ...® aCl-i() ( as we are working

over 72 there is no need to introduce the usual change of signs).

Both functors are clearly free and acyclic on the usual models

N= |(/2\I1 ’/\Ln )) We take as f:S*(X,lx...x XnJ hs*(X)® n

q.- >0
the chain equivalence given by the Eilenberg-Zilber theorem which in
dimension zero is G-equivariant because it sends xn) to

X-J® .. _«>Xn.

Finally, as EG is contractible and has a free G-action S*(EG) 1is a

free ZZ2[G] resolution of TI~. The Bar resolution B* is also a free
resolution of H® over G so we have a G-equivariant chain equivalence
t: S*(EG) 5 b* [21 ] .

Then by 2.7) We have a natural G-equivariant chain equivalence

S*(EG)® S*(Xn) -+ B*® S*(X)® n which gives a natural chain equivalence

F: SX(EG) ® S*(Xn) 3-, B* ®  S*(X)@n
Z0CG] g

2.9) Proposition.- B* ® S*(X)& n is chain homotopy equivalent to
Z~G 1

B* ® H*CX)®n , where we consider H*CX)”n as a chain complex with
Z2CG]

trivial boundary.
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and in the obvious way

in morphisms. The functors are KTX-j,... ,Xn)=S*(X.jX...x XR) and
LOX-]---- XnJ= M*(X)® n. Both are G-functors because for each o0eG we

have natural transformations & K K"? and @a :L mL°c given by

aa-fX1.... ¥A)= Re# vire R&aB'-....3n)=(xcr.1n)...,x0-i(n)) and

nr X1 ... ) @des - - @ )= AgiD)® . ( as we are working

over Z2 there is no need to introduce the usual change of signs).

Both functors are clearly free and acyclic on the usual models

the chain equivalence given by the Eilenberg-Zilber theorem which in
dimension zero is G-equivariant because it sends (x)S... xn) to

X eoel XA

Finally, as EG 1is contractible and has a free G-action S*(EG) 1is a

free ZZ2[G] resolution of 72. The Bar resolution B* is also a free
resolution of Z2 over G so we have a G-equivariant chain equivalence
t: S*(EG) 5 b* C21 ] .

Then by 2.7) We have a natural G-equivariant chain equivalence

S*(EG)® S*(Xn) w B*g S*(X)® n which gives a natural chain equivalence

F: SX(EG) ® S*(Xn) 3", B* ®  S*(X)®n
2 206] Z 206]

2.9) Proposition.- B* ® S*(X)™ n is chain homotopy equivalent to
Z7G]

® H*CX)®n , where we consider H*CX)® " as a chain complex with
z2cg ]

trivial boundary.
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Proof,- Consider id: H*(S*(X),3) H*(H*(X),0), as we are working
over » there exists a chain equivalence a : S*(X) w H*(X) such
that a*= id. Recall that B* 1is G-free, then the fact that
id is a chain equivalence follows from lemma 5.2 of (45]
which says that if 2 chain maps fg,f.]: »~ "aN are chain homotopic and
W is a G-free chain complex then id®f@n,id_ . -W% M®"—>W% N®n are
e 0 £ 1

chain homotopic.

O

2.10) Corollary.- There exists a natural isomorphism

H*(EG x Xn) a H*(B* ® H*(xf n) .
g z 2cg:

Proof.- by 2.2, 2.4, 2.5 and 2. 8we have

S*(EG X Xn)SST(EGXX") 7nc6) 725* (EG)z« s*(Xn) 23C6]Z 2-
s S*(EG) ® _S*(Xn) B* @ S*(X)S n which are all natural. and

z 2cgi z Zg:

by 2.9) B* @ S*()®"=B* ® H*(X)® n , in this case if we have
Z"G] G3

amap f: X -Y then gs*(X). a >H*(X)
it
S*(Y) >H*(Y)

a

is chain homotopy commutative because the maps induced in homology

(f*° a)= foa*= = @° F)* are the same [30 ], hence
(td ® f* td® a )? (id ® ° (ic * Iso the isomorphism
2 ) 2 )? ( 2 )°( c f) p

is natural.

Now we want to see that the isomorphism 2.10 is independent of the

choice of EG.
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2.11) Proposition.- Let E"G be a contractible space with a free
G-action and < EG E"G a G-equivariant map. Let

P x id ;EG x XN -» E*G x Xn be the induced map, then the following
G G G

diagram commutes: H*(EG x Xn)-—Z-"H*CB* ® n)
G Z2[G]
@:id)*
G

H*(E*G x Xn)
G

Proof.- Consider the following diagram:
S*(EGéXn)sS*(EGxXn)GsZ :S*(EG)«S*(Xn)gZZZ*S*(EG)é@ S*(Xn):B*«GS*(X)'® n

(@xid) (@dd) 8id 6 gidsid 8id id
* G
S*(E*GXXN )-S*(E*GXXN XEZ 2=S*(E-G)«S*(Xn) ~ sS*(E"G)«S*(Xn )=B*»S*(X) "
G G G c G G

The first 3 squares are clearly commutative (the second one by naturality
of the Eilenberg Zilber Theorem). We will show that the fourth one is

chain homotooy commutative. For this we shall apply 2.7) part b).

t
We have  S*(EG)----mB* , as the 3 chain

<>

S*(E
Complexes are resolutions of over G, we have chain equivalences
tand t* . If we consider t and t" ° <% , then both commute with the

augmentation and both lift id: 22 Z,, hence t"<t#- t.



Now we apply 2.7) as we did before to get chain equivalences
F: S*(£G® S*(Xn)=B.®S*(X)®n  associated with t and
G G
F*: S*(E"G)aS*(Xn)™B ®S*(X)® n associated with t". So now consider
G G
F<> Sid. As < sid preserves the filtration then so does F,Ot <sid
G G * G

and FT°<nsid(ws a)= F&@ (W& a)= t*$ (w)® f(a), for all weS*(EG) t

aeSu(Xn). Hence F,O@?aid) satisfies 1)and ii) of 2.7) with respect

to t°° & , but we saw that <> = t so by 2.7. b) F*°(tp sid)= F.

§2.2 Dyer-Lashof operations in homology

LetS be an FE*.-operad and X a ¢=space C341. We can then define
natural homomorphisms Q.: Hn(X; w H2n+ . (X; Z2) for all i,n £ 0
called Dyer-Lashof operations as follows. As X s a j¢-space we have
structure maps & () X XV' 0_5. X, where the spaces <f(r) are contract-

or
ible with a free j"-action. We are interested in the case r=2.

By 2.10) We have a natural isomorphism

H*(£(2),,xX2; 2,)= H*(B* ® H*(X)®2) where B* is the normalized
22 2 22C12]

Bar resolution for o over > SO Bh is a free 2 2 - module
in one generator en> If we denote E2= {1,T} then 3(en)=(1+T)en_-j,

with this notation we have:

2.12) Proposition Let 1ia..,} be an ordered basis for
J jed
H*(X; z0) then a Z,-basis for H*(B* ® HACX)® 2) is given by the
* d ni z£

following elements
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fe, ® aa® aa r O jej

e0 | a ® arR , 3 <Kk

2.13) Lemma.- We have a homomorphism hl: Hn(X; Z2) *

- H?n+ifB* ®  H*CX]®2) given by h.(@=e.®a®a .
h

Proof.- h.(atb)=e.®> (atb)®(a+b)=e.® asa+e.® bGb+e.®@> (a® b+b® a) ,
h h \ \

but e-+{ ® a® b)=(1+T)e+" ® a® b=e.® (asb+bla), hence

h.(a+b)= hr(a)+h"(b).

2.14) Definition.- Let d' be an EMoperad and X a ¢'"-space, then

with the notation as above, we define homomorphisms D Hn(X; IV

hi .
H2n+i (X7 ~2) by comPosl1ti°n Hn(X) H2n+i (B* H*(X)®2 )
ey "2 [x2p
Honvi (‘3’(2)‘"2 x2) Honei @O-

2.15) Theorem Cn.ifc.lilriet Qs: Hn(X; Z2) -*Hn+s(X;Z2) be defined by
Qs= Qs_n» where Q$_n is as in 2.14, then the operations Qs
satisfy:

i) The Qs are natural with respect to maps of ¢"-spaces.

i) Qs(X)=0 if deg x > s.

iii) QS()= x2 if deg x=s.

iv) Cartan formula: Qs(x y)=iEj_SQ1(x) ArWY)-

V) Qsa =aQs, where a: Hn@@ X) #H +i(X) is the homology suspension.



vi) Adem relations: if r>2s then QrQS=z/~ s "Wr+S 1
i \2i-r /

vii) Nishida. relations: Let Sr, be the dual of the Steenrod square

S q then

2.16) Note.- If X 1is an infinite loop space, i.e., if we have spaces
Y such that X sf2rY , r~1 : then X 1is a £ -space, where ¢ is
the cubes operad which is an E~-operad. The structure maps are defined
as follows [34 3:

on i (n)x (ar Yr)n - nrYr is given by

6nc(c-]----- cn)»(«i..... an)): (Ir,3lr) (Yr, is the map sending any
x elm c. to a. (c'.:L (X)) and any point outside u Im c¢. to * .

1 11 i=l 1
These actions are compatible for different r giving an action of

éa= lim€r . So if X is an infinite loop space we have Dyer-Lashof
r

operations Qs: Hn(X; Z2) “mHn+s(X; T for all n,s > O.

§2_3) Dyer-Lashof operations in Bordism
In this section we shall define Dyer-Lashof operations in the bordism
of a cf*-space , the cubes operad). For this we begin by defining

functions q": ws(X) -+ N2s+r(sn™ Xx X).

2.17) Definition.- Let M,f) be a pair where f:M =X 1is a map from
a closed smooth s-manifold to a space X, define the map yJWM,f) by

Sn x X2 , where v e Sr Sn is the inclusion,
z2

r < n<oo .
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On disjoint unions v J satisfies the following; ~(MuN, fug)
n 0
= Sr_x (MaN)2 r* Sn * X which can be written as:
2 Incfug )2 e2
Sr * M2, irx f2)IL(STxM2,irx g2Ju(SrxHxN, $) where

peixfxg , p the projection of the double covering.

2.18) Lemma.- Suppose (M,f) is bordant to (N,g) then (SpdwdN,(3> )
bords in Sn * X2 .
z
Proof.- As WM,H)~. (M,g) then we have a manifold V and a map
F: V -aX such that aVsMuN and F W= f, F[N=g. Consider
Mx VjiVx M, then 3(MxV)= MxMa MxN and 3(VxM)=MxMu NxM, taking
id: MxM -mMxM we can glue MxV to VxM [9] to form the manifold
MxV  _u VxM, whose boundary is MxNaNxM, we have an action of ~

°MxM
on this manifold coming from the action on MxVaVxM given by

T(X,2)=C*,™).-
We also have a map MWa VxM p~r- XXX, as F [M=F this map passes

to the quotient to give a Z~-cqtiivariamt map

*XxX. So we can define

MxV idl\l/TjMVXM F. XJ Fxf
X Tdv>iM

SrVMxV. ,u  VxM) — 77Ze-———- » Sn*  XxX.
Id« , M

We clearly have 3(Srx CMxvV ~ u VXM))sSxMxN clnd as F [N g we have
fIxM

a commutative diagram:
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On disjoint unions y J satisfies the following; \fE(Mu.N, fug) =

* Sn * X2 which can be written as:

¥= p°txfxg , p the projection of the double covering.

2.18) Lemma.- Suppose (M,F) is bordant to (N,g) then (SpdN,<C )
bords in Sn * X2 .
2
Proof.- As M,F)~> (N,g) then we have a manifold V and a map
F: V #*X such that 3VsMuN and F W= f, FIN=g. Consider
Mx Vii Vx M, then 3(MxV)= MxMji MxN and 3(VxM)=MxMu NxM, taking
id: MxM »MxM we can glue MxV to VxM [9] to form the manifold
MxV . .u VxM, whose boundary is MxNji NxM, we have an action of
on this manifold coming from the action on MxVn.VxM given by
T(X,?)=(z,X)-
We also have a map M*Vii VxM XxX, as F |M=F this map passes

to the quotient to give a Sg-equivariant map

So we can define

¢ Sn*  XxX.
e

We clearly have 3(Srx (M\XV ..u VxM))sSxM*N a.nd as F |N= g we have

a commutative diagram:
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TX (fXF..u FxF)

Srx (MxV -jU  Y*M) -—— Im-- 1+ sn* XX
IcvuM h
T u
Sr x  (MxNiiNxM) SIXMxN $ =T_.x Cfxg) i»CIxF)

2.19) Remark.- Notice that if r<n, then (SrxMxN, ) bords in Snx X2
z2
even without the asumption (M,f)~(N,g). We only have to consider an

extension \ : Sr=— TSn and then SrxMxN P*—(IXFQ) SnLB XxX

commutes.
O

2.20) Proposition.- If (M,f) bords in X then ~n(M,f) bords in

Sni XxX.
h2

Proof.- As (M,f) bords in X we have a manifold V and a map

F: V %X such that 3V sM and F|W f.

Let and be the upper and lower hemispheres of Sr respectively.

We denote i+= i|D® and t = i~ .

By straightening the corners [9 1 we can define manifolds with boundary

and maps: DAXMXVA xEX]r>SmsX*X ; ST™IXV*VEXPXF>SnXXXX 3DMVXEN  XFXASnxXXXX .

We have a Zg-action on the union of these manifolds given by
T(E,X,y)=(-t,y,xX) sending D™ MxV to D™VxM and T(t,y-|,y2)=
=C“t.y2,y-.) sending S xVxV to itself~the maps are clearly equivariant.

The boundaries are as follows:
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3D %MxV)=Sr " 1xMxV Dx MxM 3(srilxv*v) =
+ Sr'i MxM  +

= u STxVxK ; 3fDrxVXM)=Sr' IxXVxM no' DrxM*M.
Sr IxMxM '

Now Sr_1xHxVc 3 (D™ xMxV) and Sr_1xMxVc 3(Sr_1xVxV), a collar of

Sr ™M in XM gives a collar for Sr—~x MXV in D™ MxV and a

collar of Sr-1x M in Sr_“x V gives a collar for Sr"'x MxV in

Sr_~xVxV; the same applies for Sr_”"% VxMc 3 (Sr-"xVxV) and

Sr 1x WMc3(D™ xVxM). Hence we can form the smooth manifold:

DMx MxV ,, ,0 Sr-1x vxv _, o' Dr xvVxM, whose boundary is
+ Sr__1xMxV Sr XM "
XMxM o Dr XMxM s Srx MxM. This manifold has a free 1I,-action
Sr” xMM " C

coming from the one we gave above and we have a E2_equivariant map to
Snx XxX from the maps defined before. Passing to the quotient we get
a manifold with boundary Sr * MXM and a map to Sn2 XxX extending
ly* f><f .

2 a
2.21) Definition.- We define q" : WB(X) o "s+r"E XxX)>r s n s &.
by qn[ M,f] n(M,f) ] =[ Srx M2, ixf~] . These operations were

r r *2
defined, when X is a closed manifold, in [51]

2.22) Proposition.- qg" is well defined and is natural.

Proof.- [M,f] = [N,g] <==CM,f)— (N,g)<=>(Mu N, fiig) bords in X,
by 2.20 y™~CMuN , fiig) bords in Sn* XxX. But v"(MjiN, fn. g)=
=VAMM, )i (iv E))ii(Srx Mx N 4 and by 2.18) (Srx MxN,c}>) bords in

Sn £ XxX. Hence i/?(M»f)/x'Yr(N»g). The naturality is clear.
2 O



2.23) Proposition.- If r<n fqg" is a homomorphism.

Proof.- qj ([ M,f3+ [N,gD)sqJ [M*N, fj.gl =Cf"(MuN, f~g}3 =
NS)»1-(Srx M* N,<p) ] - As r< n then, by 2.19,
(SXMxN.e) bords in Sn”];é(z, hence q": is a homomorphism.
O

2.24) Definition.- Let X be a é”-space then we define operations

Qr: WnQ) N2n+r(X) as follows: €J2.) is “-equivar-iaintly homotopy

equivalent to S [F4], so vie have a homotopy equivalence

S“gé XxX = (DSZ)%? XxX. Q. s the composition:

~

Vn ) W2n+r(S* N XXX)MW2n+r (M (2)-2 XxX) W2n+r (X).

We can use upper indices as we did with the operations in homology, we

define Qr: WnQ) - Nn+r(X) by Qr = Qr_n

2.25) Theorem [2,3 91.* Let X be a é~-space then the operations
Qr: Nn() - Nn+r(X) satisfy:

i) They are natural with respect to maps of é”"-spaces.

i) Qr(X)=0 if deg x > r.

iil) Qr(X)=x2 if deg x=r

~ 2/\ ~ ~
i Cart la: -y)= z Z ne ,
iv) Cartan formula Qr (x-y) o<iZisn ( r’rk( k nr}k)) QT1+(X) QJ ()]

where Z m 2 = n-(i+j)
kio K

V) Qra=o”~r where a: Wn( X) - Nn+-|]®

vi) Adem relations: Let aew (X) then in N41+Z(s°°%(2(8">é_2_XxX)2),

there are relations modulo decomposable classes of the form:
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® @ P Ak-1-1 w

Sr Sh(a)= .’\t-k-Zi)’\j+i V t-iia) for each r,s such that 2s+r=z
and j,t are respectively the smallest and largest integers s© such
that 3 + 2t= z and k 1is determined by r= j+2, s=j+t-k and if

t= 3p+q, g=0,1,2 then p< ks t.

§2.4) Relation between the operations in bordism and in homology
To give this relation we study first H*(Sn_xXxX; Z,), for this we

12 k|
only need 2 new propositions.

2.26) Proposition.- Let be the n-skeleton of the Bar resolution
for Zg over Zz#, then we have a natural chain equivalence

B*n z~rz 1 s*0<)®2 “ s*(sn® S*(X2).
~2U 23 Zz™ 1]

Proof.- We define a 2z™eqijivair-iant chain map trB~U-SAS1) as follows:
as B”™n) is E2-free witfl generator eg, we define tO(eQ)= xQ, XgeSiL
As H.(Sn)=/ Z2 it i=n we can define t-|],...,t 4, and tn by

I O otherwise
sending 1 en+ Ten to the generator of Hn(Sn). We put t.=0 if
i>n. Then t 1is a chain map such that H.(BA"" > (Sn) s an
isomorphism for all i. As both complexes are I12~free then t 1is a

chain equivalence. Applying 2.7 as we did in 2.8 we get the natural

chain equivalence B " ZA[E2LS*X/N 2 ~ s*CSn) z® [ZNS* N 2)e

2.27) Proposition.- We have a chain homotopy commutative diagram



B*n) z® , S*(X)® 2- A S*(Sn)® S*(X2)

22n z2¢z,]
@ id o Id
. P
B ®  S*(X) S*(s*)& S*(X2)
Z2C%]

where i: Sn A~ S tt, and the equivalences are the ones from 2.26 and

2.8,

Proof.- We want to apply 2.7 b). For this consider

B - ~s*(sn)

S*(S )

t was constructed in 2.26 and t in 2.8. Consider i® t and

ti : B~ -*85%5°), both compositions clearly lift 1id: Z =% 70, as
B*n”~ is IM-free and S*(S°°) is a resolution of then [ 301
i*c t= t°\. Mow apply 2.7 to the case W= B”n), K(X)=S*(X)® 2

V= S§*(§°°), L= S*(X2). We have chain maps:

B[N><S S*(X)®2-i-S*(Sn)®S*(X2) ¥ ~ i U S*(S7)gS*(X2)

i®id > B*® S*(X)" 2
Wotice that by construction G is natural and satisfies 2.7) i), ii)
with respect to t, as i7&id clearly preserves the filtration so does
i id °© G6; and if w eB™), aeSO(X)® 2 then i id° G(w® a)=

=i id(tCa)® f(a))=i # t(a)®ef(a), where F: S*(X)® 2 2>S*(X2), so
iWidtG satisfies 1), 1i) with respect to 1i#° t. Similarly

fitais id satisfies t,ii) with respect to t'"x. Hence by 2.7 b)

0# « id)cG- H (\ 3 id).
Z2 Z2
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2.28) Lemma,- We have a natural isomorphism
H*(Sn x XxX)s H*(BIn) ® H*(X)®2).
1z21

*2 N

Proof.- The same as 2.10, except that instead of using 2.8, we use 2.26.
o

2.29)0efinition.- Define natural functions q':Hs X)-*Hs+r(Snx XxX) ,0sr<n<°>
by the composition: H$ Q) I)r,H2s+r(B "] H*(X)®2).=,H2s+r(Snx XxX) where

h£(a)= er®a®a. When r <n, then the hn are homomorphisms, as in 2.13,
and hence the q” are also homomorphisms.

2.30) Proposition.- Let i Sn_* SPbe the

commutative diagram

Hoa 9F

G x id)
® \ z2

H2s+r(S\  X>*>

Proof.- The definition of qgqr and qr gives the following diagram
HS (X) 2> H2s*r<sn £,*m*>
a I2id)* (if 1d)*

Hostr® | H OO %) s H2str(s 2 %0

The triangle is clearly commutative, one can easily check that the
equivalences used in the definition of the isomorphisms commute, the

only one that is not immediate follows from 2.27



2.31) Proposition.- Suppose M is a connected manifold of dimension

m with fundamental class o(M), then a (SnxMxM)= gn(a(M))-

Proof.- Consider qli: Ho(M.  ~2m+n"S I MXM). As M is connected then
Sng MxH is also connected so that ~Zn+nCSn z M*N) s ~2" Consider

the inclusion ixid: Sn* MxM~A-s’0* MxM
2 12

By 2.30) (i xjd)* g"= q” hence @ x*id)*0 gNiM))» gn(a(M))/ 0
because by 2.12 it belongs basis for the homology of S% MxM, hence
g"CCTM)>iI0 so qg"(ofM))= o(Sn x MxM).

22 |
2.32) Proposition.- Wsex) W2s+r(S 22 XxX)
I n
HS () H2s+r<S 22 XxXA

commutes.

Proof.- Notice that the elements [M,f] e XS(X) with M connected

generate, so we can assume M is connected. We have that

q;‘ CM,f] = [Sr’le\lbil, i quxf 1, and we have a commutative diagram
¢

[4

IxFXF
Srx mxm ——— *2———_s» x XxX

12 12

then p q": CM,f] =p [Sr’i"ZMxM, i :"2 xf ]=

=Ci* fxF)* q(Srx Mx\M)
12 12
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Chapter 3 Generators for the Bordism of immersions

§3.1) Bordism of immersions
All manifolds are compact and smooth, A smooth map f: M N 1is an
immersion if at each point xeM the differential dfx: TxM T~AN

has rank=dimension of M on the tangent space Tx M of M at x

3.1) Definition.- Given two immersions f: M N, F": M* >N, where
M, MJ N, N* are closed and dim M= dim M*= n, dim M= dim N’= n+k, we
say that they are Bordant if there exists an immersion F: V +W such
that 1) dim V= n+l, and there is a diffeomorphism
dim W= n+tk+l and there is a diffeomorphism BWsNiiN". ii) the following
diagrams commute: BVcV H*m -MjIM"s 9Vc V
f F F
N~NjiN"s 3WcH N*ANuN®" sBWcW

It is convenient to assume that every bordism F: V W satisfies that
F 1is transverse to 3W, and this can always be achieved by modifying F
by a small homotopy. Under this assumption, the proof of the transiti-
vity of the relation reduces to attaching the two bordisms along the
common immersion. Consequently it is easy to see that bordism of immer-

sions is an equivalence relation.

3.2) Definition.- We denote by I(n,k) the set of equivalence classes,
modulo bordism, of all immersions of closed manifolds f: M <+ N where
dim M=n, dim N= n+k, k, m >D. The equivalence class of f: M N is

denoted by [f: M N]

3.3) Proposition.- [401 1(*,k) is an W*- algebra with the following

products:
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a) [ f:M*N] +[ F7: M*->» NJ=C fAF: MuM® 1
b) [M*]*[FfM »N3=[ idx f: M" x M -*M" x N]
o [ M - N] <[ f1: M* -N" ] =[ fx idoi idxfl: MxN"ji.NxM* —*NxN" ]

3.4) Definition.- Given two immersions fg,fj: M N we say that they
are regularly homotopic if there exists a homotopy H: Mx I ->N such
that 1) for each te I, H(x,t) 1is an immersion, H(x,0)=Ffg(x),

H(x, D= =J). ii) The differentials d H(x,t): ™c TN form a homotopy.

H 1is called a regular homotopy.

3.5) Proposition.- If two immersions fQ, f,- M meN are regularly

homotopic then they are bordant.

Proof.- Let H be a regular homotopy between fg and fT-j, then we
can approximate H by a regular homotopy H1, between fg and *|,
such that H" 1is smooth [371 , then the map F: MxI -aNxl given by
F(x,t)=(H*(x,t),t) 1is an immersion and it is a bordism between fg

and T

O
3.6) Definition.- We define " I1(n,k) —*Wn+k(@Q MOk) as follows:
Let [ f: M »N] c I(n,k), we can find an embedding fg: M Nx]JRr ,
(taking r> n-k+1) such that TQ 1is regularly homotopic to

of
M - xIRp, as regular homotopy preserves normal bundles we have

and let e: D(\y © elD™* N x JRrc=* (N xIR)* = Sr(\+), we can now define
amap t: Sr(N+) ST v)= T( ® cr) by

if vy ee(dD(vF® er))

if v £Sr(+)- e(D(vF®er]
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where q : DC\"®er )* D( vpOer)/S(vTO er) is the identification

J
map, Sp () 1is the r-th suspension and X - X u {+} .

We have a pull-back

{ i

M ————» BO(K)
that induces a map of Thom spaces TCv.p) -*MXK » so we can take the
composition: Sr(N\+)— —>Sr(Tvf) S. SrMOk , and taking the adjoint

we get N cN+ <x¥SrMO” c Tim EXSrMON=Q MOk* then

M f: M N] £ Wn+tk(QMOk) 1S the class of this map.

We can also define 5 W p+k(@Q MOk) I(n,k) as follows: given

N - -»QMOk then as N is compact, @ factors through i2rSrMOk  for
some r so we have the adjoint 4 : Sr(\+) aSrMOk> We can then find
a map homotopic to adj.cf such that it is differentiable on

Nx IR— »D(y(k) © er) and transverse to the zero section, taking the
inverse image of the zero section gives an embedding @ Q: M IRr

whose normal bundle has the form N fier, for some bundle E . Then
if k >0 we can apply Hirsch®s theorem [22] and obtain an immersion
Ppi: M N regularly homotopic to 4> . We define [N,<f]= [ =.M->N]

With these definitions we have:

3.7) Theorem [40lr ak: I(*, K wN*(Q MOk), k >0, 1is an isomorphism

of ,V*-algebras, with inverse ak.
D

In the case of codimension k=0 we can obtain the following result.

3.8) Proposition.- We have an isomorphism of W*-algebras

M.CJi B Ir)_i.,l(*,O), where the H-space structure on B 1
ri

Li
o Voo
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83.2) Calculation of N*(QX)

3.9) Definition.- In chapter 2 we defined Dyer-Lashof operations
V. HnCX)+* H2n+i(X) and HNnCX> - »n+jW such that Qj-n -
for any ¢"-space X. Given a sequence I=(i-]---.17r) we say that
it is monotone if O0<i] s iMi ...<ir, ri 0, and we consider the
iterated product QT= Q- (0 I Q.

1 H 12 v
Given a sequence J= (J-j----J ) we define its excess
e(@=j-L Jg-—-7 Jr and we call J admissible if < 2j™+q for

; J H Jp Jr

Is t< r, and we take the iterated product Q = Q Q .- Q
We have similar definitions for the operations D NnQO-*  W2rH1-Q0

and QJ: Nn(X)- Wn+jQ) where QJ=Qj _n .

For any pointed space X, QX= Ijm frSrX 1is an infinite loop space,
with deloopings Q(SX), O(SZX),':--. Hence it is a ~-space (2.16)

and we have Dyer-Lashof operations defined on H*(Q X) and on N*(QX).

3.10) Lemma.- For any spectrum E, x*: E*(X) w#E*(0X) 1is a split

monomorphism.

Proof.- Following [16] for any spectrum F we define a spectrum

QF by (QF).n: Sn i21Fqu with structure maps S Sn ann S”*“‘“"anﬂ

given by Sn+" fnen where en:lV nFn+r In particular we have

QS X and clearly E*(QX)= E*(QS*“ X); xR: X #nnSnX induces amap of
spectra x : S X -m(B”” X given by wvn= Snxn and we have an evaluation
map vn: SnfnSnX  SnX which also induces amap of spectra

v: QS X) mS>®X, as vn° Snxn= id then voi= id.
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3.9) Definition.- In chapter 2 we defined Dyer-Lashof operations
Qi: HNCX)+ H2n+i(X) and Qj: HN(X) -HnN+jCX) such that QJF= Qj-n ,
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Qr Qt, Q2 r
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) 1 J1 Jp J,,
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We have similar definitions for the ooerations Ql: Nn(X)+ N2n+i(X)'
and QJ: Nn(X)- Wn+j(X) where Qj=Qj_n

For any pointed space X, QX= Ijm frSrX 1is an infinite loop space,
with deloopings Q(SX), O(SZX).':..- Hence it is a ”"-space (2.16)

and we have Dyer-Lashof operations defined on H*(Q X) and on N*(QX).

3.10) Lemma.- For any spectrum E, t*: E*(X) mE*(QX) 1is a split
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Proof.- Following [16] for any spectrum F we define a spectrum

QF by (QF)n= Sn fnFn with structure maps S Sn fnFn & Sn+MNin+l Fn+/

aiven by Sn+”~ ihen where en: Fi®™U Fn+T In particular we have

@°° X and clearly E*(QX)s E*(QS” X); \n: X “finSnX induces amap of
spectra 1 : S X -mQS“ X given by wvn= Snvn and we have an evaluation
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v: Q(8” X) mS°X, as vn° Snin= id then = id.
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3.111 Theorem Cil ie.DC1 3 3 Let X be a connected space and let

~McifaeA be 3 22 _baS1S for ~*(X) c N*(QX) then we bave an

isomorphism of 2,,-algebras

H*(QX) s 22 [QJ (xa) 1 lis monotone, aeA]
=72 [QICxg) ! Jis admissible and e(J)>dim x".aeA}
O
3.12) Theorem.- Let X be a connected space and let (X leA be a
W*-basis for N*(X) c W*(QX), then we have an isomorphism of N*-algebras

w*(QX)s W*EQj(ya) Il is monotone , aeA]

w* QJ(ya)l J 1is admissible and e(J)>dim yQ ,aeA]

Proof.- Consider a monomial Qj ) Q ) L--..0Q) )
r ~oor m m
each 1 monotone, then pQT ¢(¢y ) QT (y ) 2...Q, (¥ DHmm )
S M 51 12 “2 m °m
by 1.5
h p

p
=Qt (v(y- )) 1 Qe (p(Y» )) 2... Q (v(y» )) m by 2.33

As {y } is an a/.-basis for A/*(X), then by 1.9, the elements
{y(ya)>a€:A are a Z"-basis for H*(X) and hence by 3.11

p(Q! 1Q/ )1Qi2(y 2... Qg (v iS is a TL -basis for H*£QX),
m m

so by 1.9 , the monomials GT (yai)rI E) (ya )r2___q.|_ (Y )rpﬂ are
1 2 m m
an N*-basis for W*(QX).

O
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§3.3) Geometric interpretation of the operations Qr :N*(QV°|<)-N*(QMO]<)

3.13) Definition.- We define operations Qr: I(n,k) = I1(2n+k+r,k), k >0,

by the commutativity of the following diagram:

Qr
1(n,k)-—-—--- = 1@2n+k+r, k)

ul I-
W « HOk>V A (WK)«-W *k>

A
The purpose of this section is to give a description of Qr. |In order

to do this we need to Drove some results.

3.14) Proposition.- Let f: M ZaN be an immersion and p: N #N a
covering space, consider the maos associated to f and p by the
Thom-Pontrjagin construction t-: S°(\+) s"™Mv.p) and

tp: S°°(\W) -+ S“(N+). Then the following diagram is homotopy commutative

SoMH) - see(vf)
tpxX\ tf
S(N+)
Proof.- With r large enough we can find embeddings 4 , n such that
n---*N M ——-p->N commute.

As the normal bundle of Nl is trivial, we can find an embedding

N X IR~ N x Pr whose restriction to the zero section is [



We have IS © er , so take a tubular neighbourhood

© er c—&”%N x IRr; and for p°f consider the composition
vE©O e" <Fg\l XPrY, n xIRr. Then we have tp: Sr(N+) - Sr(\+)

given by tp(y,v)= h_1(y,v) if (y,v;6imh and tf:Sr(N+)/Sr(Tvf)
* otherwise
given by On the other hand
tpOf: Sr(\+)=> Sr(T V)

"* otherwise

is given by t OF(y,v)=|] (h*<PH 1 (y.v) if (y,v)e im(hc )

* otherwise
So then if (y,v)e im (h°$>) we have tDF(y,v)=(hcd)-1 (y,Vv)=

=4, 1 h 1(y,v)= tictp(y,v). and if (y,v)t im (<P then
tpof(y,v)= * and if (y,v)e im h then tf(tp(y,v))=* or if
(Yy-v) 4 imh then tf t (y,v)= * .
O
3.15) Definition.- Let S be the category of C.W.-spectra and C the
category of pointed C.W.-complexes we denote by K*: S -aC the functor

that associates to each spectrum the zeroth space of the associated

fi-spectrum [H.

3.16) Remark.- The functors and S°°;C-*s. induce functors in the
homotopy categories, which we denote with the same symbols. These
induced functors are adjoint [i] . This means that for each pair

Xe C , Ee S , we have bijection adj.: [S°°X ,El-»[x,fi” E] which is
natural in X and E. The naturality in E implies that

-adj. (@° )= n° g°adj.f , and the naturality in X implies that
adj. (f° S°°h)= adj.f ° h. [51].



3,17) Proposition.- Let f: M #%N be an immersion and V a manifold

and consider the immersion idxf: VxM-*VxN. If the Thom-Pontrjagin map

of T is given by Ss(N\+)— 1 ss(TVF) -~ -Ss(MOk) then the Thom-

Pontrjagin map of 1idxf is given by

Via Ss (W) ~— - VASS(r")-5ss(TW:)-51-LSs(M0k) where N is the

projection on the second factor.

Proof.- Consider an embedding M N xIR such that _ Nx IR commutes,
f

Take the embedding VxM c VxN*IRs, then if e:v™-> Nx IRS 1is a

tubular neighbourhood of M in Nx IRS, Vxvi ¢ >-VxNx]Rs is a tubular
T Ixe

neighbourhood of VxM in VxNxRs, therefore we get a map
(VXNX IRS )*——— x T(VxvT)

I Il}
V+A N+a SS---mV+a T(vF)

| H
V+a SS(\+) ————- » V+a SSTv ,
ida tf
and we have a pull-back V*v, y(K)
4 4 4

M % M+ BO(K)

where the first square is induced by the projection on the second factor.
O
We now recall the definition of the Kahn-Priddy transfer for coverings

mczf ].

3.18) Definition.- Let p: X wY be an n-covering (X,Y C.W. complexes)
we want to define a transfer map S°°(Y+) S°°(¢+) Tor this we define the

principal £n-bundle associated to p as follows:



consider X= {(¢J,---, X} Xn[x* i1 x* if i and p(j)=,- ,=p(xn)} ,
then we have a free ~-action on X by permuting the coordinates.
As the spaces € Jinl are Zn~free and contractible they classify principal

£ -bundles so we have a pull-back X x >6 fn)

X/In- _~Cn)/2n

We define amap <p: YaX/In-»-~(n) * Xn by
An

<KXT----xp)= [X(X -2 x ), (XM, ... ,xn)] and we call the unique map

extending g, T: Y+—210() £ (+)n the pretransfer.
n

Consider the inclusion X+ Q(X+), and recall that as Q(X+) is an
infinite loop space we have structure maps 6 ~(n)* Q(X+)-Q(+), we call
@®

Ln
the following composition or its adjoint the transfer.

Y+-1*£>) ? In——* (ijn)* (Q X+)P — "=*-Q(x+)
Ln

Notice that as X is defined up to equivariant homotopy, T is defined

up to homotopy.

3.19) Proposition.- Let p: N-HN be an n-covering, where N,N are
closed smooth manifolds, then the Thom-Pontrjagin map associated to p,

adj t : N *QMN\+) and the transfer for p,T(p): IM-+Q(N+) are homotopic.

Proof.- Let e: N'<-Nxlr be an embedding, where Ir is the interior

of the r-cube, r large enough, such that the following commutes

Op
NxIr

N ———»N
P

— as the normal bundle of e is trivial we can find an embedding
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e: Nxlrc_»Nxlr such that the following diagram commutes

p°proj

Observe that we can embed Nc >N*Ir by e(X)=(x,c), where c is the
center of Ir, such that e°e = e so that e is a neighbourhood of N
in N*Ir .

Now we can apply the Thom-Pontrjagin construction to get a map

Sr(N+) —c»S (N ) . We want to compare this map with the transfer for
the cover N > N, so to define T: N+ :;(N/zn 1 Sm(n?x (N+)n we
need a pull-back N —& ()

| 1
N/ZHz N---, t’m.(n)/Tn

Define A as follows: recall that xeN 1is given by x=(x-],--- ,xn)
such that p(-j)=-. .=p(xn) then each xi gives (O"}xIrc_?k, {y}xfr ,
we define A: N - (n)c* <E(n) by AX]----xp)=(ll,e2.-.--¢e|n)
we are going to see that adj. tp= T(p).-For this take y«N, then
adj - tp(y) [t]= tp( t ,y)=je_1(y,t) if (y,De ime

otherwise
For a fixed y, if (y-tjiim e then there exists xi such that pX.jJ)=y
and e(xi,s)=(y,t). On the other hand given y«N, x(pHy)is given by
Tuy>*x ¢ ,x2-.-...xn] =en® 1 * xn jJ[x1_.... xn] =

= ®n n Xi»-**»xn I = OnCx (Xi e»xn), t(Xi)....\(xn)3 =

=@®n N 17 2xFTF A X Ty AXM Ne
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But U ime[.=1in e , for a fixed y, and ix.(e |.'1’(t))=(x’\,s)

where e].-(s)=t, i.e., e(X.,9)=1t .

3.20) Theorem.- The operations Qr: 1(n,k) 1@ntk+r, k), k>0, are
given by Q rf:M-*N] =[f: SrxNxM-»Sr"NxN] where
f(ty.0=[ty.f) 1.

Proof.- We can write f as the composition:

Sr X NxM oSxXFDN -3-* S* x  MxN
idSSNX F 21

By definition of Qr we have a commutative diagram:

Qr
1(n,k)-——w1(2n+k+r, k)

la | *
W o« MOk — f "ok

By 3.7) The element of Wn+k (Q MO®) associated to f: M -mN is given

by the adjoint of S°°(\V+) -~ s“(Tvf) S“(MOk). Let <dm=adj. (5°°t “t)
then & : N »0OMOk and Q~C is given by the composition
s" s” L Q MOKMMOk-h7T/c0(2)LQ Mok~ g Mok

h N

By 3.14 and 3.17 we have a homotopy commutative diagram

ST

Se°[(Sr 2 NxN)+] S” (TvF) SWo. )
ST
s“L(Srx NxN)+ ] S“ (SrxN)+4 Tvf]
ft n
(SrxN)+A S°o(\) (SrxN)+ /& S°°Tv,

id a'tf
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To prove the theorem we are going to show that (*) and the adjoint of

(**) are homotopic, thus representing the same element in

W2 (n+k)+r~ MOK5*

To do this we are going to construct a transfer for the covering

S'*xNxN P >Sr * NxN as follows: consider the diagram:

SrXNXN -——--» Sr & —-» S“—— (@

v/
o ] | 1
Sr x**xN -  Pr ¢——--—- » p“ ———-*9gJ2)/zz

where the first square is induced by the projection, all three maps are
equivariant so the composition is equivariant and then it is a pull-back.
By 3.18 we have a pretransfer T which in this case has the form

T(ty-, ,¥y2)= [h“i(Y),(-t,y2,yi), (t,y-|.y2)] - This gives a transfer for

p that we denote by -c(p)-

Now the map associated to the immersion Qr [f: M-N] is given by the
adjoint of (**) so by 3.16 it is homotopic to Qt°Qn°n*“(idat?) © adj-tp
By 3.19 ad.tp is homotopic to the transfer for p so in part-
particular adj. t p-X(p) where x(p)is the transfer constructed above,
in other words, the map associated to Qr Cf: M-FN1 is homotopic to

Qt * Qnc n“ (1dAtF)°X(p) (***)

Now consider the diagram on next page, the composition at the bottom is
(***). The triangle commutes by definition of the transfer and the
squares commute because all the maps are infinite loop maps, so the
composition at the bottom and the one at the top are the same, but one

can easily verify that this composition is precisely AQr [N, f]
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3,21) Proposition,- Let G be a compact topological group and

ITcSp a subgroup. Suppose that we have continuous actions

XXG + X, YXx n+1 on spaces X,Y then Y* (X/G)r=Yx Xr/n/ G ,
where "/ " denotes the wreath product. (We work in Steenrod®s category

of spaces).

Proof.- The action (YX Xr)x n/<3 -mYx Xr 1is given by

X1°x2...... xr)‘(a,g1.92...... gr)=(y-cr, ,Xaa;gz ,...)xo{r;-gr)
As G 1is compact, the quotients are Hausdorff and have the identifica-
tion topology so they are also in our category. Define

f: Yx Xr+ Yx(X/G)r by f= idxpr where p: X -»X/G, then Ff 1is an
identification [4T1 and one can easily verify that it induces a

homeomorphism  Yx Xr/n/ G Y* (X/G)r

3.22) Theorem.-
a) The immersions Q. Q- ...Q. [H{ KI)x...xH(l >a. Y~ D(tfa x...x Ha )]
1t2 v 1 K | k

for each sequence O< i” 12 s...s ir> r* 0 and each sequence

0 | < ..< ak are polynomial generators over w* for I1(*,k), k> O.

.. .. 0on a -
b) The immersions Q. Q- ... Q- CP x...x P *aD(y x...* vy )]

M 12 v ai “k
for each sequence 0< Hsi2s ...si , r>0 and each sequence

0N <..f£a are polynomial generators over ~ for I1(*,k), k>0.

Proof.- By 3.7 we have an isomorphism of N*-algebras

ar: 1(*,K) N*(Q MON) and by 3.12 an isomorphism of W*-algebras
N*(Q Mok) sW* CQ]’(ya,) [1 is monotone, aeA] where {ya}aeA is an
N*-basis for W*(MOk). The following diagram:
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EC*,k) 1C*,K) where j [M~A~» N1 = CM---»N ], clearly
f f
commutes.

W*(MOK ) W*(Q MOK}.

By 3.20 the following diagram commutes

A

1> k)———?* 1*, K

N*(Q MOK) __ » W*(Q MOk)
r

Hence a) follows from 1.35 a) and b) follows from 1.35 b).
O

3.23) Remark.- Let f: M-*N be an immersion, then by 3.21, after n
iterations of the operations Qr on f we get an immersion between
manifolds of the form V/Hn mW/Gn, where V 1is a product of spheres,
copies of N and a copy of M, W 1is a product of spheres and copies of
N and Hn=TAX TINITINX e *2N/ ../ Z2 c Pn=Z27" "2 N~ N N2

1 n
(we define the inclusion gn: H Gn inductively by ¢j: 0 <2 and

In+l(a»b)= (id>9n(@)>b))=
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Chapter 4: Multiple points of immersions and characteristic numbers

In this chapter we show that 1(*,k) splits as the direct sum of certain
bordism groups of bundles. We use this to define characteristic numbers

for immersions.

8§4_.1) Multiple points of immersions

4.1) Definition.- Let X be a space, define the r-th. configuration
space F(X; r) of X by FXr)= {(,----xp) [ x*X.x.~xn if iVj}cXr

We have a free action of 2, on F(X;r) given by (x1....xr)*r =

=Ca(l )=7 *=X<r(n)-

4.2) Definition.- Let f: M %N be an immersion and let Tfr:(M)re(N)r
be the r-fold product of f. We say that T is self-transverse if
fr|F(M;r) is transverse to the diagonal submanifold NC—A»- \)r for
all r. This means that if T@¢g)=.. .=F(xr)=y, x*Xj , then the vector

spaces Im(dfXi ),... ,im(dfX)) are in general position in TN~

4.3) Note: The set of self-transverse immersions is open and dense in the
space Imm(M,N) of smooth immersions with the C’-topology [2.3], (As M is
compact the weak and strong topologies coincide). The space Imm(M,N) is
locally contractible f3T] i therefore any immersion is regularly homotopic
to an immersion which is self-transverse, and then, by 3.5, given any class

in I(n,k) we can find a representative that is self-transverse.

4_4) Definition.- Given a self-transverse immersion f: M ® N we define
the manifold Pr=(fr[ F(M;r)) ~(A) . Using the fact that f 1is an
immersion one can show that pr is compact [383. The free action of
2 on FWM;r) restricts to pr and the quotient Pr/”~r 1is a manifold

fpl called the manifold of r-tuple points.

We can also define the manifold of based r-tuple points as p /E i.where



acts by permuting the first (r-1) coordinates.

We define maps fp: 1V/2"-*- N and < : pr/Er_-,-*-M by frix®,... xr]
= F(XA)EF(X2)=...=F(xr)), @ [Xx1....xrd = xp

We also define Nr(F)= {yeN] *(F~~(y))= r} and

Wren= £ (Nrcfj).

We denote by the normal bundle of the immersion f and by (VM)r
the r-fold product.

With all this notation we have:

4.5) Proposition [38].- @) fr and <r are immersions with normal

bundles  vFf = C(vF)r |pr]/Zp and =[ (vfr 1 {0>]pr]/Sr_1

b) 7 (N\r(f)) and P~ (Mr(F)) are open and dense in \VVZy. and
Pr/izr_1  respectively; f restricted to f1(N (f)) and ~
restricted to <P\Mr(F)) are diffeomorphisms onto N (f) and

M (F) respectively.

0 frQr/ED)= nTf) = U N-H
i

dlir/IM )=MJ) =U M.CF).
r

4.6) Definition.- Let f: M %M be a self-transverse immersion of
codimension Kk, and consider an embedding (f,e): M—*Nx P , and the

P
pull-back v - — my(k)

P q

BO(K)

Then we can define a morphism of bundles as follows:
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(F)r V—-—* F(IR-, 1)x Y(K)r

idxqr

| A —— F(1R~, r)xBO(K)r

Given by ¢(y-,----yr)=(e pCyl),...,ep(yrJ, p(y1l),---, p(yr)), and

fixi.....xr)-(e(x")....,e(xr), p(Xi),...,p(x"))

We can easily verify that it is a pull-back square. The maps involved
are 2"-equivariant, so we can take the quotient under the actions of

By 4.5 a) WMr [ur /Er=vT , therefore we have a pull-back

-
Vo et F( I D) % Y(R)P
r Vv
\
u'/z - F(IP‘« 1) >2<_rBO(k)r

84.2) F(F°; r) 2 BO(k)r as a classifying space
Lr

4.7) Proposition.- F(IR?; r) i BO(k)r= B(E /7 0(k))
/\r r

Proof.- We can write F(IR ; r)= I%m_»F( IRn; r). This space is Zr—free
and contractible [34] . Each F(IRn; r) is a manifold so it is normal
and Hausdorff and it is closed in F(IRn+1; r) therefore F(R®°, r) 1is
normal and Hausdorff [53] and hence it is completly regular. Let EOfk)
be the infinite Stiefel manifold of k-frames, this is also a limit of
manifolds so the same argument shows that EO(R) is completly regular.

Hence F( F®@; r)x EOfk)r is a contractible completly regular space.
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We define a free ~/0(k)-action on F(]JR°Vr)x EO(K)r by:
(a,bi .b™, ... ;br)=(a , Aj *»AN=("a'CT , ~0(1) *NQ(2) N2*F**

The group Er/0(k) 1is a compact Lie group so by a theorem of A. Gleason
[11 the quotient map F( F°°; r)xEOCK)r-* F( IR’; nNXEO0(K)r/rr/0k)
is a principal /0(k)-bundle, and by 3.21,

F(IR*; r)x EO(K)r/2 / 0fk)3 F(P”; r)* BO(kK)r

4_8)Definition.- Let O0(k) xEr IR be the canonical action. Using

this action we define a linear action I /7 0(k)x (IRKr > (IRK)r by:

(@”Al_...V l...ovr=(VICD)"VI(I) ..... VI(r) "viI(r)
where v..e IFr. This action defines a representation £r/0(K)<-» 0(kr).

We then have a universal (rk)-vector bundle with structural group

yO(k): F(P~;P)XEOCK)r ~ ;Q()(PKk)r- F(UR ;r)XEO(K)"/1r/0(K)

4.9) Proposition.- The universal vector bundle defined in 4.8 is
isomorphic to F(P°°;r) * y(K)r

r
FCIR* r) x BO(K)r
v

Proof.- By 3.21 we have homeomorphisms: F(IR”r)XEO(R)r/1r O(k) s

F(IP™:r) * BO(K)r, and F( F™:r)x(EO(K)x(RK7i: /0(k) s
Lr

F(IR” ) x (BOK) x IRr=FCF*“;nN* y(Kr .
zr ([ (9) r

We also have a homeomorphism
& F(IR”; r)x EO(k)NMo(Kj N~ U F(P°°;r)x (EO(K)XIRK)r/jzr/0Ck)
given by o Ea, (bN,.,. ,0N), (- e vl = Ea,(0NVI), ..., (OM,VY) ]m

One can easily verify that the composition of both homeomorphisms commutes

with the projections and that it is an isomorphism in each fiber.
]



57 -

84,3) The splitting of 1(n,k)
In this section we assume that all spaces are compactly generated

and Hausdorff and the base points are non-degenerate.

4_.10) Definition.- Let be the r-cubes operad and the monad
associated, then for any pointed space (X,*) we have a space
CrX= Isj . A point of C™X is uniquely represented by a
function f: D X where D is a finite set of disjoint r-cubes in
Ir(interior of 1Ir) and Tf(D)c X -{*} . See[34] for details,
™

Let i : X+ 2Ps be the inclusion and denote by yr the composition

CrX —-—-—-———- Cr NISIX — — »MfrSrX, where $ is obtained by glueing

the structure maps 65: r(i) Ej @IrsrX)Jd nrSrX, so we have that

Yr t(cH----cr). (x1,...,xr)] - (r, 3r) (SrX, *) is given by

| cT1(D), ) if teimci

The Yr are compatible and we get a map y,, : Cb X »fD S°<= QX

4_.11) Theorem [341.- If X s connected Yr: crx irSrX ,for all

r « ® , is a weak homotopy equivalence.
O

When X is a Thom space there is a geometric proof in [28] of the

fact that is a weak homotopy equivalence.

4_.12) Definition.- Using the spaces F( IRr; j) instead of <r () we
can also construct, for each pointed (X,*), a space

CTor X= <L F(IRr; j)?. X*V- . A point of C~r X is uniquely
n j>0 J m



represented by a function A X such that A is a finite subset
of JRr and ipA c X - {*}. In fact the operads and the configuration
spaces are examples of coefficient systems and each coefficient system

defines a functor from spaces to spaces as above [141

4.13) Proposition [28 3.-There exists a homotopy equivalence d

d: C X =#=C X ,r$ca,
O

4.14) Corollary. If X 1is connected then C” <X 1is weak homotopy

equivalent to QX.

Proof.- By 4.13 and 4.11 the composition C p«0<— QX , where

d is a homotopy inverse for d, is a weak homotopy equivalence.
O

4.15) Definition.- Let p: WL FCIR;j)Xx X¥ +C p»X be the projection,
=0 I

J
then we define a filtration for C as fTollows:

F,, GjpccX> p 1 F(R”; J)x Xj
ro j=0

4.16) Proposition [141 A+ c FT Cjx,X 1is a cofibration and

Fr CE»X/Fr 7CF»X £ F(IR®> *? (Xa ...a X) = Dr X .
N\
O
4.17) Theorem.-[43 ][ 14) There exist maps of spectra

hr: S®cnr¥ ®s°Drx» r -1 such that the induced map

h: S CTOoX “a V S’D X is a homotopy equivalence.
K Pl r P

4.18) Definition.- We define the isomorphism
gk: 1 (n.kJ-~AwAj~rCCAMON), k>0, by the commutativity of the following

diagram:
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The isomorphism was defined in 3.5, w, in 4.10 and d in 4.13.
Following [281 we can describe as follows:

Let f: M N be an immersion, for m large enough, we can find an

embedding of the form (f,e): M c* Nx JRn. Let be the normal
bundle of f classified by a pull-back - - >y
P
M - #BO(k)
Extend f to an immersion ¥: AN such that i) 1 @) is Finite

for all ye N. ii) (Ff, e°p): v. N xIRIL is an embedding.

Define ~(f): N C”m MOR c CjR»MOkK by

e k(f)(y)=  LPO. eI FW=y} if ye in f

* otherwise

4_.19) Proposition.- The description above makes the diagram in the

definition 4.18 commute
Proof.- Consider the composition:

N—~ CRn ,MON — » Cm MOk— 1fsivIok , Where d 1is a homotopy
inverse for the equivalence d. It was proved in [28] that its adjoint
Sn(\+)  Sm MOk corresponds to the Thom-Pontrjagin construction for the

embedding (f,e) : Me- » which is precisely the definition of ak.
O

To give the splitting of 1(n,k) we need some other results.



4.20) proposition.- Let g: sV ->8nY be amap and g: S°°X- SV

the stable map induced. Let E oe a spectrum and consider the following

diagrams:

]G0 e v B0 — W SV
-

EnQX) En (Y) EnQ0 En (V)

Then the homomorphisms induced by both diagrams are the same.

Proof.- Consider the following diagram in the homotopy category of

spectra:

En(S” X)=[EnS® S°, Ea S°X](--A9" 9% [zVs'.E S~Y]= En(S*Y)

EnQQ=[EnSe S°, Ea X] CAS™ S°, EaYU = Ep(Y)
crntms™ s°, M Ea X] [Zn+mS® S°, i Ea Y]
11
Ean<SX)=[Zn+mS”'S°, Eas~X] [En+mS™ S°, EASm AY] = En+m(SmY)
n (idAg) i g

The isomorphism a is given by the natural equivalence Ea X=Ea S°°X.

The isomorphism Z is given by the natural equivalence EE=EaS" and the
composition 1° ZA is the definition of the suspension isomorphism sm.
We are going to show that the maps induced by g* and g~ from

iE . X to i*.Y are homotopic, this clearly implies the result.

For this consider the following diagram.
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> zF(E aS" X) -~A4”-21_ ("(EaS®Y)

EaSm X - 14 * 9

Em Ea X A ayY

The first square is homotopy commutative by naturality of the equivalence
£ (EaF) = EaeF; we have that jFg =S00g and ¢"s” X= S@sm X
so the second square is homotopy commutative by naturality of the
equivalence E~Z=Ea S°°Z. Finally the composition of the three

equivalences is precisely the equivalence on the outer arrows.
O

4_.21) Proposition.- Let (X, xQ) be a pointed space then the suspension
isomorphism s: Nn(X,x0)* Nn+1(SX, *) 1is given by s [N,qg] =

= CNx I, p°gxid] , where p: X * 1 + SX is the identification map

Proof.- We use the following description of s [49] -.consider the triple
CX), X, xQ) where C(X) 1is the cone of X. As C(X) is contractible
then the boundary homomorphism  3: NN (C(X),X) Mn(X, xQ) of the
exact sequence of the triple is an isomorphism, let q:(C(X), X) » (SX,*)
be the projection then s is given by the composition

Nn(X. xQ) _|1U Nn+1(CCX),X) — 3*_ Nn+1(SX,*),

Let C N,g] e ~nCX»Xg), then we have g:(N,3N) (X,Xg), consider N x 1,

by straightening the corners C91 we get a manifold with boundary

3N x D= 3x 1 N x 31, Consider the composition NxI gxi¢Xxl S C(X)
3Nx 3l
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where p is the projection. Then we get a commutative diagram:

9
aiN x 1 X

Nx I c)

where X=*C(X) by x i»[ x,0] and g [Nx(0} = g and

g(B(NxI)-Nx{0} )= Xg- We claim that a"1[ N,g] =[ NxI.pegxid]

To prove this we have to show that a[Nxl,p°gxid]=[a(Nxl), g] is equal
to [ N,d] in W, Xg), so consider a(Nx IDx I— X given by
F(y,t)= g(y), then we have that 3(@B(N\xDx D=a(Nx1)x{0}o3(NxD)x{l1} ,
so we identify a(Nxl) with a(NxI)x{0} and we embed

N~ a(Mx IDx {1} by y *=a([y,0],1)- Then F [N g N g,

FGWxDx L} - N)= Xg and FJa(NxI)x {0} = g, hence [3(NxI), g] =[N,d]-

Therefore s[ N,g] = g*[ NxI,p® gxid] , but g°p =p .

O
4.22) Definition.- We define homomorphisms
hp: * X)) - 3WnADrflk” *)” r by the commutativity of the
following diagram: Nn(C
Mom(S* C F7Mok)—  Mom(s= VW
where hr is the map of spectra of 4.17
let f: N C be a map where N 1is a closed (nh+k)-manifold,

and let i:(N,0W (N+, +1 be the inclusion, we denote by

f+ :(\+»+) 2 (C jrMOk,*) the extension of ¥ to N+ and by

sm: Wp+k(N+, +) WﬂibmlCSm (M), *)  the suspension isomorphism.
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With this notation we have:

4.23) Proposition.- hrCN,fD = (sm)-1g* s™ [N,13 , where
g: Sm(N+)-* SmDr MO~, for m large enough, is a map representing the

stable map h ° S f+.

Proof.- We clearly have that LM,f3 = f [N,i] and as N is compact
then the stable map h”0 S F+:S°°(\+)-* S should be given by a
map g: Sm(N+) SmDrMOk, for some m, and its suspensions. Consider

now the following diagram:

Nn+k+m( S > +), *) 9* R Wn+k+m\93mDrNO1<'
A e —_—
W N+* +>— * Nn+k~C IR‘MOk” - W Dr MOk> =)
dtE *1° sla
W (E (N ) « -
ok MOn+k<S*“C IR—MOk>—h” - MOn+k(S”DrMOk)

The 2 squares at the bottom commute, the first one by naturality of the
equivalence Ea X=Ea$S X, and the second by definition of h . As
the stable map hr°® S * is induced by g then by 4.20 the
homomorphisms g* and (hr° s* f+)* correspond under sm and a, i.e.,
the square at the top commutes, hence hr [N,f] =
=h  f* CN.i] =(sm)_1 g* sm [N,13

r O

4.24) Remark: Let £>(E,p,B) be a vector bundle, with Thom space T(£),
then the Thom space of the vector bundle F(IR ;r)* Er - rF(IR ;rE B

_ - r id*p
is given by F(IR;r) £ T(E) . ... aTCC) s D (TC¢)).- r

4.25) Proposition.- The homomorphism given by the composition:
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U".K)A.nwt (clfnok) J ~ VK (cir Mk, .)

I r
U ( Dr MOk~” *>
s $
V(r-1Vv(F*f >~ rB°(k)r)

where j: (C (CAMON,*) is the inclusion and 4 is the
Thom isomorphism, sends the class of a self-transverse immersion

f: M -aN to the class [Pp/Ep, v*] , where is the manifold
of r-tuple points and V- classifires the normal bundle of the immersion

r
fr: W/Tp -*N. For r=1 it is [M, vFf] .

Proof.- Let us denote by [¢g= N -mCjp°°MOk1l the class of

CF- M +N] , to evaluate 4>h [N,<>] consider the following diagram:

Wn+k+m@SnN+), * ) - A W n+k+m(SnDrMOK , *)
t t-
W N+ +) Nn+k(DrMOk> *>
~ $

Wn-(r-1)k” IRS3r)”BO(k)r)

where g: Sm(N+) %SmDpMOk 1is a map inducing the stable map

hre Seq)+:5° (N+) -7S“ DrMOk. By 4.23) hr[N,0D=Csm)"1g* sm [N,i] ,
now recall that DpMOk= Thom space of FC IR°°;r)"YCk)r’, hence

SmDrMO.k is the Thom space of CFC’\°°»r)3 ® en. From the geometric
definition of the Thom isomorphism (1.33) it is clear that the composi-

tion  4&(@)™ is the Thom isomorphism for the bundle
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F(FR°; r)Ey(kK)r)® em, we denote this isomorphism by 5.
r

. ¥ adJ hr
On the other hand by [281 the composition N-=*CRoMOK ———-- U Q Dr MOk

represents, under the Thom-Pontrjagin construction, the immersion

Pr/Jr -+*N, but by 3.16 adj-~(adj hr°4>*)~hr° SV ,hence the map
g: Sm N+ -mSmDrMOk  inducing hrc S$g* is the Thom-Pontrjagin map for
the embedding p~r/Zc mN xp,m

Finally by 4.21 we have that sm [N,i0 = [NxIm, p] where p:NxIm SSI(N+)
is the identification, hence 4 hr [N,<€B= $(sm}x1 g*sm [N,i] =

-*s* cn X Im, p: = [yr/z , vf i
r

For r=1 we get N- CIR°MOk Q MOk, where e is the equivalence
of 4.14, so by 4.19 it is the map corresponding to f: M -+ N itself.
O
4.26) Definition.- By 4.7, FUR®°; r)i BO(k)r= B(I /Qk)). Following
[15 ] we can give the following interr?ttetation forrthe groups
Wm (B(zr /0(k))). We consider (rk)-vector bundles E with structural
group £ /0(k) over closed smooth m-manifolds. We say that a bundle
E M bords if there is an (r k)-vector bundle ? V with
structural group Zr /0(k) such that i) V is a compact smooth (m+1)
manifold and there is a diffeomorphism M = 3/, 1ii) The pull-back of 5
under the composition M s3/<”V is isomorphic to E . Two bundles
£1, are bordant if their disjoint union bords* We denote
by N [z_7OKk): the set of equivalence classes which is made into a

group by considering disjoint union of bundles. Given a bundle 5 d

we denote its equivalence class by [£ aM]. We give N*[Zz /0(k)j an

W*-module structure by defining [N ][ £ M] = [NxE nxm ]-



4_.27) Proposition [15].- He have an isomorphism of N*-modules
N*(B(Zr /0(k)))">N*[1r/0(k)] given by CM,f] # » [F*(y) =+M] , where

y is the universal bundle over B(Z /0(k)))-
O

4.28) Theorem.- There is an isomorphism

I(n»k) * Wn+k® Wn [0(k)]O © Wn.(r_i)k” /°(k) D given by

[f: W=N] &= (INI}[V-M] , 1 [V -aPy_/~] ) ,for n> 0, k>0, where
f is a self-transverse representative.

Proof.- By 4.18 We have an isomorphism 1(n,k)-=*Wn+k(C SF MOk). Let j be
the inclusion ("RCHOk,0)c > - ,*), then by 1.31 we have an isomorphism
N n+k(CIFNOK)- Wn+k © Nn+k(DFfMOk**) given by cN &3 ~ , J*CN,4€3).
m+k(CrMOk,*) - Aen+kAgIXIR" A (by 1.7 and susPension isom.)

s Men+k(V  S“ DMOk)  (by 4.17)

n

r©>i\/| 0 R (S°°DrMO[2 ( Because M(_) satisfies the
wedge axiom).

« ® W Dr MOk.*-~

Wn_(r_iI KECIRe;D A BO(k)r) (By the Thom isomorphism)

= Pg Wn-Er-DK@BEr 70k™) <Dy 4-7)

wn

AoV(r-Dk ~70(k)1  (by 4.27)

The fact that the isomorphism is as stated in the theorem follows from

4_.25 and the definition of the isomorphism in 4.27
O

4.29) Definition.- let [ £wM] e 0(k)] , then following [15]

we can define characteristic numbers for t as follows:



67 -

for each cohomology class a eHJ(B(2r/0(k); Z2) and each partition p
of m-j (i.e. a sequence O fi-] s...< ig such that H+...+i$= m-j)
there is associated a Stiefel-Whitney number of the form

<“0OM) 4y(d), oM) >, where w (M= . M. o™, and
M 9 p 11 12 1s

- M maBFE~A/0Fk)) is a classifying map for 5 . Notice that when a=I
we get the ordinary Stiefel-Whitney numbers of M.

By 4.28) We can associate to each self-transverse immersion f: M #N
the characteristic numbers of N and of each of the normal bundles

vf, o Veo which we call the characteristic numbers of fF.

4.30) Proposition.- Let f: M &N and g: M° N1 be self-transverse
immersions then f and g are bordant if and only if their characteristic

numbers are equal.

Proof.- The homology groups H*(B(Zr/0(k));Zz2) are of finite type
so by [is] the characteristic numbers of each normal bundle determine

its bordism class. Therefore the result follows from 4.28.

Note: The result stated in [15] is for finite complexes however one

can easily see that it is also true for spaces of finite type.
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Chapter 5: Reduction of the structural group modulo bordism
In this chapter we shall use some results of A. Borel on homogeneous
spaces to prove that any (rk)-vector bundle is bordant to a vector

bundle with structural group Z~f 0(K).-

5.1) Definition.- Let p: E ®B be a fibration with fiber F. We
assume that B and F are path connected. We denote by {EP’P, d"}
the spectral sequence associated to p such that E”,q=Hp@B;h|PF; Z2)).
where H~A(F; Z7~) denotes local coefficients. This spectral sequence

converges to H (E;zZ2) C52] .

5.2) Definition.- We say that the fiber F of a fibration p: E +»B
is totally non-homologous to zero if the inclusion 1i: RY-»E induces

a surjective homomorphism in cohomology.

5.3) Theorem.-[42] Let p: E B be a fibration with fiber F such
that F and B are path connected and H (F; Zz2) or H (B; Z2) is
of finite type. Then the spectral sequence {E ~ , d™~} collapses and the
the coefficients of E~ are simple if and only if F is totally

non-homologous to zero.
O

5.4) Lemma.- Let p: E mB be a fibration with fiber F, B and F path
connected. If the spectral sequence  {Ep,<* , &N} collapses then p

is injective.

Proof.- We have a filtration of

H (E; Z£): 0 c jp>°c jP*1>l c...c J°’p = HP(E; Z2).

P»0

Consider the edge homomorphism e: EE’O —»E—_Fj)’O then

we have a commutative diagram C5z]:



So if the spectral sequence collapses p is an isomorphism onto its
image therefore p* is injective.

O
5.5) Definition.- Let X be a space such that H*(X; 7.Y) is of finite
type, then we define the Poincare series of X by
P(X,t)= F dim H1(X; ZgK1e Given a first quadrant spectral sequence
{EP,q » dr> such that Ep,q has finite dimension for all r,p,q, we
can also define a Poincare series P(Er, t) by considering the graded
vector space { nEr> where nE = © Ep,q

r ptg=n r
5.6) Proposition.-[51 Let p: E %B be a fibration with fiber F
such that B and F are path connected and E,B and F are of finite
type. Then P(E,t)= P(B,t) P(F,t) if and only if the spectral sequence

{ Ep,q , dr> collapses and the coefficients of Ep,q are simple

Proof-~>)We first show that the coefficients are simple. Let Sq() be
the biggest subspace of HQ( Fwhere T-]J(B) acts trivially, i.e.,
Sq(F)= E2,9= H°(B; Hg(F; Z,,))- We shall prove by induction that
Sqg(F)= Hq(F;Z2). F°r 9=0>as p Iis connected, we have

H°(F; 22)=22= S°(F). Now assume it is true for all g< k, then

Ep*g = HP@B; Hq(F; Z,))- HP(@B; Z22)®Hq(F; 22) for g <k.
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As dim H°(B; 2z2)=1 then dim KkE,= dim © E5,q = dim Hk(BxF; ZZ,)-
é ptg=k 2 2

- dim Hk(F; Z£)+dim Sk(F;2Z22). By hypothesis P(E, t)= P(B,t) P(F,t)=
=P(BxF,t), therefore dim Hk(BxF;zZZ.)= dim Hk(E; Z2)= dim kEm , hence
dim KkE2= dim KEn - dim Hk(; Z2)+ dim Sk(F).

But dim KkE2 y dim kkEm so dim Sk(F) & dim Hk(F;Z2), anc"as

Sk(F)c Hk(; z2) then dim Sk(F)= dim Hk(F;zZ2), i.e., Sk(F)= Hk(F;Z2)

Mow that we know that the coefficients are simple we can write

EP*q = HP(B; Z2)@Hq(F; S2) so P(E2,t)= P(B,t)P(F,t)=P(E,t)=P(Em,t),

hence P(E2,t)= P(E®, t). i.e., dim nE,= dimnE for all n> 0, so

£ dim E2 ' = Z dim E},J . But each Ej,” is a subquotient of
i+j=n i+j=n

Bl so dim E~ *dimeJ7j and then dim E} <dim el

therefore dim EJ’§ = dim EE*j , and hence E(’b S Eé*j

<=) EP’P £ EP*q = Hp(B;Hq(F; Z2))s HP (B; Z2)® Hy (F; Z22). Therefore

HnE; 22)s ® Eg,g s © Hp (B,ZL)aHq(F;Z?). Hence P(E,t)=
p+g=n p+g=n

=P(B,t) P(F,t).

O
5.7) Definition.- Let p: E B be a numerable principal G-bundle,
where G 1is a topological group, and let <p: B BG be a classifying
map for p. We call the image of T » <p H*(BG; z2) H (B; Z2),

the characteristic subalgebra of the bundle.

5.8) Definition.- Let G be a compact Lie group and H c G a closed
subgroup, we say that H has the same 2-rank of G 1if there is a common
maximal abelian subgroup isomorphic to Z2 , we denote this subgroup by

Q(n), and call n the 2-rank.
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We say that G/H verifies Hirsch*‘s formula if
P(G/H. © = (-t ").... @-t nl

0-tq ").... (I-t9™)

where mi,...,mn are the degrees of the generators of H*(BG; Z2)

and ----gn are the degrees of the generators of H*(BH; Z2).

5.9) Proposition ts5l.-G be a compact Lie group and HcG a closed sub-
group of the same 2-rank. If G/Q(n) and H/Q(n) verify Hirsch"s
formula and if H*(H/Q(m);Z2) 1is equal to its characteristic sub-

algebra then G/H verifies formula.

Proof.- Consider the following diagram: H<——— G — — #wEQ(n)

H/Q(n)—*6/Q(n) — BQ(n)
1 J

where i is induced by the inclusion and j 1is a classifying map for
g (p and q are principal bundles because G 1is a Lie group and H is
a closed subgroup[46 1)- Her_1c:e j°i classifies p so by Hypothesis
go i){: IS surjective so it is surjective. But this implies that the
fiber of the fibration H/Q(n)c » G/Q(n) — G/H is totally non-
homologous to zero so by 5.3 the spectral sequence of the fibration
collapses and the coefficients of are simple, so by 5.6)
P(G/Q(n), t©)= P(H/Q(n),t)P(G/H,t), as G/Q(n) and H/Q(N) verify Hirsch"s

formula, then clearly G/H verifies Hirsch"s formula.
O

5.10) Proposition [5]-P(0(n)/Q(n), )= (1-t) (1-t2)... (1-tn) and
0-t)n

H*(0(n)/Q(n); Z2) is equal to its characteristic subalgebra.
O
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5.11) Proposition C5].P(BO(n) ,)= (1-t)"1(1-t2)"1 ... (I-tn) 1

5.12) Theorem Lsl.-Consider natural numbers n-],n2,...,nk such that
nH+ n2+...+nk= n. Let 1i: 0(n™)x 0(n2)X...x0(nk)=>0(n) be the inclu-
sion, then Bi: BQO(n-] )X-..x0(nk))— >B0O(n) induces a monomorphism in

Z 2-cohomology -

Proof.- Consider the infinite Stiefel manifold EO(n), and define an
action of O(nl)x ...x 0(nk) on EO(N) by e*(A-j---..Ak)=e*i(Al ..,Ak).
In 4.7 we saw that EO(n) is completly regular, as O(n-j)x... x0(nk)

is a compact Lie group then by Glason®s Theorem the quotient
EO(N)/0(n-] )X. .. xO0(nk)= B(O(n"™ )x. .. xO(nk)). Let

p: EO(n)/0(n-])X. .. x0(nk) <= EO(N)/0(n) be the projection, as this map

is induced by an i-equivariant map then p=Bi Consider the fibration

0(n)/0(n1)x...x0(nk)c* EO(n)/0(n1)x..~0(nk) T EO(n)/0(n)

We want to apply 5.6 and for this we consider P(0(n)/0(n")x...x0(nk),t).
Notice that O(n")x...xO0(nk) and O0O(n) have the same 2-rank with

Q(n)c O(nj )x...x0(nk)c 0(n), also notice that O] )x...x0(nk)/g™nj s

0(n1)x. .. x0(nR/g(ni)x>>>xQ(nk)S °tni}/Q(ni )x “*ex0(nk)/Q(nk)

By 5.10) O0(n.)/p(n ~ satisfies Hirsch"s formula, for 1 s i s k, so

clearly the product satisfies Hirsch"s formula. Furthermore By 5.10
H*(O(n-j )/Q(n™); 22) is equal to its characteristic subalgebra so
clearly H*(O(-] )/Q(n1)x..,x0(nk)/Q(nk)) is also equal to its
characteristic subalgebra so by 5.9, 0(n)/0(n-])x...x0(nk) verifies
Hirsch"s formula so PQOM)/0(n-] )*.. .x0(nk), t)= (1-t)(1-t2)... (I-tn)

k n.
nCl-t)_ (I-t )
i=l
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By 5.11) P(BO(n),t)=(1-tf1(1-t2)"1 (A-t'")’1 and
P(BO(n1)x...xBO(n, ),t)= n (@1-t)-"*_, (-t I)"1 . Therefore we get
1 K i=l

P@O(rii )x...xBO(M) ,©)= P(BO(N) ,t)PFO(N)/0(n" )X...x0(nk)}t) hence by

5.6 the spectral sequence of the fibration p collapses and by 5.4

p s injective.
m

5.13) Theorem.- Let £ be an rk-vector bundle over a closed smooth
manifold then E is bordant to a vector bundle with structural group

Zr /0(K).

Proof.- We have a commutative diagram: ~[Z~./0(k)1-—--»WmtO(rk)l

= 1«

Nm (B(Zr /0(k)))_tyBO(rk))
Bj.
The isomorphisms are those of 4.37, and j: £ / O0** 0(rk). We are
going to show that Bj”~ 1is surjective. For this notice that we have a
commutative diagram.

OO.%T) and 1 is

the inclusion of 5.12. Then B.° BE£"B(jJ° £)=Bi By 5.12 Bi* is
injective, as all the homology groups are of finite type, then BI* is
surjective, hence Bj,, 1is surjective in mod. 2 homology. The naturality

of the equivalence N*(X)S H*(X) @72)7 N* Ci81 implies that Bj, Iis

O

5.14) Remark If k=2 1in 5.13, one can give a proof of the theorem using

the transfer as follows. Consider the Tfibration
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o@2r)/ j, /0(2)°~* f0(2))-1-»B0(2r). By a theorem of Hopf and Samelson
[Z™] we have that x(°(2n)/N(T))=1, where N(T) is the normalizer

of a maximal torus T in 0(2n). But N(T)= 1/0(2) [251

, SO
x(0(2r)/2r /9 (2))= We can use now Becke" and Gottlieb®s transfer
for the fibration p [41 . This transfer was defined when the

base is a finite complex, but it was generalised in [12] to include
the case when the base is infinite dimensional.
IfT t denotes the transfer for p then we get p*° t*= id so p*

is surjective.
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o@2r)/ £ /0(2)°~* /0(2))-L, BO(2r). By a theorem of Hopf and Samelson
[27] we have that x(0(2n)/M(T))=1, where N(T) is the normalizer

of a maximal torus T 1in 0(2n). But N(T)= Zr /0(2) C251

, SO
x(0(2r)/2r j )= 1. We can use now Becker and Gottlieb"s transfer
for the fibration p [41 . This transfer was defined when the

base is a finite complex, but it was generalised in [12] to include
the case when the base is infinite dimensional.
If « denotes the transfer for p then we get p*® .~- id so p*

is surjective.
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Chapter 6: Another interpretation for the groups M*(F( IR°°;r)* BO(kK) )

In this chapter we give an interpretation of N*(F( R°°;r)* BO(k)r) in
\Y
terms of covering spaces and arbitrary vector bundles, and apply this

interpretation to the bordism of immersions.

86.1) The functor EE * Yr]
rr

In this section we use the method of F.W. Roush [il  for classifying

transfers to give an interpretation of the functor [_ ,EEr;‘ Yr] .

6.1) Definition.- Let X and Y be spaces and consider pairs X[<>] )

where X _J» X 1is an r-covering over X and [ji>le[X,Y] - We define a

relation s , between these pairs as follows: (X, [GDs(X" , [4"]D if and

only if i) There is a map of coverings X -I-»X" (i.e. a continuous
pnv /A"

map h making the triangle commute and such that it is a bisection on

each fiber), 1i) h O3 <] (@ .e. F°h =4>).

As a map of coverings is a homeomcrphism, this is clearly an equivalence

relation. We denote by Fr,Y()O the set of equivalence classes of

such pairs.
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6.3) Lemma.- The functor F v () 1is well defined
r,

Proof.- Suppose (X*,[p])s(X2,CP"]), then we have a map of coverings

x2-1Ux]j
such that p™ h =p . Ifwe apply f we get the
q w g G
X,
following diagrams: f*(X2)-" X2-~-*Y (XE) — X2 — »Y
{¢
X757 Xy AN 2R

We can then define h: F*(X2)-* f*(X2) by h(x1, x2)=¢] ,h(x2))
this is well defined since -|,x@)e f*(X2)=> f(])= q(x2)= q"h(x2).
As h ks a map of coverings then so does h.

Finally define a homotopy H: f*(X2)x I Y by HX| ,x2,t)=6(x2,t).
Then H| ,x2,0)=6(x2,0)= p"h(x2)= p"fllg ,h(x2))= p" » Fl» h(x.,,x2)

and  H| ,x2,1)=6(x2>1)=p(x2)=p F¢g ,x2) therefore p“ofloh= p°f,

i.e., h*[ p* of"]=[p.f]
O

6.4) Definition.- We define A

let r={1,2....r) , we have an action Er*r mer given by o-i= a(i)

X, Ez * Yr] —’iFr O as follows:

and a principal Zr~bundle EZr><Yr WwEZrf Yr so we can consider the
r
r-covering associated EZr *Yrf£ r- EZr£ Yr. Let f: Y-»-EZrf Yr

and consider the following pull-back:

*(n) - —wEZpxYr® r Y
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where al[e,yl,...,yr, i] = , then define ix Cf]= Cf*(n),[a °fl]

To prove that is well defined we need a Lemma:

6.5) Lemma.- Let p: E B be a covering and f,g: X -aB such that

f=g then we have a map of coverings f*(p)-~" 9*(P) such that gch=f

H\ /Pg

X

Proof.- Let H: X xI + B be a homotopy such that HQ=f and Hj=g

and consider the composition H°(pf *id): f*(p) xd* B then we have a

commutative diagram * f
f@E -——-- -, E
p , So we can find a
F*(p) X | e b B
He(Pf x id)

lifting H making the diagram commute. Define h: f*(p) + XxE by
h(x,e) = (pf(x,e)=x, H(x,e,l1)), notice that pH(x,e,l)= Hc(prid™*x.e.l )=
=H(x, D= gX) hence h: f*(p) mg*(p)- Also notice that when we
change t in H(x,e,t) and we project under p we get H(X,t), as
for each x, H(x,t) 1is a path from f(xX) to g(x), then for each e
over T(x) we get a lifting of this path beginning in e and ending in
a point over g(x), i.e., h is a map of coverings. Finally g°h(x,e)=

g(x,H(x,e, D))= H(x,e,1) =H(x,e,0)= f(x,e), i.e., g-h =F

0
6.6) Lemma.- :CX, El  Yr] is well defined and it is

Er Fr,V(X)
natural

Proof.- Suppose f»9: X- E * Yr are homotopic then by 6.5 we have

. u T
a map of coverings fx(n) g*(n) such that ¢g°h=Ff hence a%goh=a°f,i .e
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h*[<x «g]=[a of] therefore (f*(n),Ca°f])s(g*(H),r=- 8]).

The naturality follows from the fact that f*g*(n) s(g°H)* (n).
O

6.7) Definition.- We define f_:F, ,00-* [X, EE * Yr] as follows:
xRS »y

given a pair (X,[ O3], consider the map X *eEE * Xr defined in
rLr
3.18, by a slight abuse of notation we shall denote this map by T and

call it also pretransfer, consider the composition

T idg 4r
X— »EE*" — " *EES " e A2 defined UP to homotopy and if
rr rr
$<Q" then id* qr= id* &,r therefore we can associate to (X»C] )

r r
the homotopy class of (idi  $ )°T and we define
Lr

fxCX , =Cidg €r°T ] -

6.8) Lemma.- y()() [X, EErE£ Yr] is well defined and it is

X o,
natural.

Proof.- Suppose (i, B=ID= (X2 K1) then we have a map of

coverings  ~ h =~ H oy g that  4°h=gi

Pi\/ p

To define T we have to consider the principal ~-bundles associated.
Consider the following map 8 : XJ X2 given by
6(X,----xr)=(h(x1),...,h(xr)), as h 1is a map coverings this is well
defined and it is clearly E -equivariant, therefore we have a pull-back

diagram: _ 6 _ po
X1 ——*X2 - ~ E2r

X1/Er— * X2/Er -———-- BEr
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where pz classifies the principal Zr-bundle X,,-“mXg/E . Hence we
can define the pretransfer T-j, for p{ using this pull-back and we

get a commutative diagram:

TS AL
)

id- h°
EZz * %2

and as he €2— i we get a homotopy commutative diagram:

Ez

Combining these 2 diagrams we get that V [X*, [#|D 1=~ [Xg, [&2

By the same method one can also show that ¥X is natural.

6.9) Theorem.- The functors EZr£ Yr3 and Fr (): T *Sets

are naturally equivalent. The equivalences are given by y and $ .

Proof.- We shall prove that yx $x=id. Let f: X -mEzrf Yr , then

yy >§1> Cf] = vy C*(n),Cot o fll . To obtain the pretransfer for T l)
notice that if we have an r-covering of the form E - r -mE/r then

£r r
the pretransfer T: E/zr-+ Eertr(E X r)r is given by

TCe:=[ P(e),[ e,1],---, [e,r]] where we have a pull-back

E/Er — > EZr/Zr
P
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Now let us apply this observation to the covering

EE XY * r-—>El * Y , the classifying square for n is given by

EEr* Yr————— » Ez
proj. ~r
1
r r
eh 'y ——— * Ezr/zr

Ezrer" Ny oz NV

eeexYpH = [e,[ e.y-I.-

Recall that we have a pull-back: f*(n)— Ezrx Yr* r — *Y

El * Y*
rSr

Consider the following diagram:

*
N« x(n)
Lr
id *fr
Lr
Elrer Tt EjVzr<ev Y

The composition at the top represents y & [F]- By choos®n9 suitable
classifying maps, as we have done before, one can prove that the square

is homotopy commutative. The triangle clearly commutes so

& & [f] = [IdE ar °Tjj°f] , but the composition (id™x«")0 Tn is

the identity, in effect, (id*xal)0 T~Ce.y",...,yr] =



given by the following pull back

One can easily verify that the composition at the top is precisely <

so OX ov, [ % KGIEX, KA ]'n

§6.2) The direct image of a vector bundle

6.10) Definition - Let p: X X be a r-covering and let g aX be
a k-vector bundle then Atiyah [3] defined an (rk)-vector bundle
p*(£) X, called the direct image of £, whose fibers are given by
P*U)X = © Ex -

xep- 1(x)
Let us denote Fr BO(® (-) =Fr,|<(-) for simplicity, then the direct
image construction defines a natural transformation Fr k(_Mectkr(),
where Vectkr(X) denotes the set of isomorphism classes of (kr)-
vector bundles over X.
By 6.9 we have: Fr k(_ ) [-- EE~ BO(k)r]

direct

image +

[, BO(kn)]
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We can choose a model for Ee * BO(k)r that is paracompact as follows:
we can take Milnor®s construction [351 for EI and EO(K) which are
numerable C.W.-complexes, hence Ez”x EO(k)r 1is also a C.W.-complex
and therefore a paracompact space, as Er /0(k) 1is compact then the
projection map is closed and the quotient EErx EO(k)r/lr/ 0(k) *

s Ee * BO(k)r (3.21) is Hausdorff and therefore paracompact. Recall
that nge x EO(k)r 1is contractible and completly regular with a free

Ep /0(k)- action so by Gleason®s theorem [**] we have

EEre BO(K)r= B(Er /0(K)).

By Yoneda®s lemma we have a bijection between natural transformations
[_,Ee > BO(k)r] =[_, BO(kr)] and [Ee * BO(k)r, BOo(kr)] , so the

nr
direct image construction defines a homotopy class d: Ee * BO(k) ->-BO(kr).
rLr

6.11) Proposition.- Let i: Er fOK)™-+ O0(r K) then Bi =d.

Proof.- By 6.9 we have a bijection YA: F’I’jK(X) -*[X,Eer* BO(k)r ] and
by [2fe] the direct image of a vector bundle E ® X — %X is
classified by the map X — Ee * Xr -———- ® Ee * BO(K)r=
rv id> ¢ rv
= B(E/0(k))---» BO(kr) where [#4] classifies £. But VWX, I =
r Bi X

=[ id* ¢, T] , therefore Bi* (X, D= d* (X, 5D, as is a
bijection then Bi* =d* for all X particular if X= Ee * BO(K)r ,
so Bi*[ id ]= d* [id] -»[Bi] = [d] ,i.e., Bi =

O
6.12) Corollary.- Let E be an (rk)-vector bundle over a paracompact
space. Then the structural group of E has a reduction to Er/0(k)
if and only if E 1is isomorphic to the direct image of a k-vector bundle

over an r—covering.
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Proof.- By 6.9 and 6.11 we have a commutative diagram;
Fr,k(x) CX, ES 8 BO(K)r]
rr

direct Bi*

image
Vectkr () --———-—-—- ‘m CX, BOC kr )]

zp /o(k) ) ]

IT we denote by Vectkr O the set of isomorphism classes of

(kr)-vector bundles with structural group £r/0(k) then we get a

commutative diagram:

£ /70(k)
Vectkr ) ---- X, ES E BO(k)r]
r
forgetful Bi*
functor
Vectkr (X) --——————- - CX, BOC kr )]

The result follows from the commutativity of the following diagram:

Vo 0k
Fr, kW Vectrk (X)
di rect Forgetful
image functor

§ 6.3) Another interpretation for N*(E2* Yr)
Tir

6.13) Definition.- We consider pairs (M»[<38) where M — » M is an
r-covering over a closed smooth n-manifold M and o1ecu, Y], We

say that 2 pairs [<]?])D and (N,[yl) are bordant, (M,C<I>D~(N,Cy]).
if there exists a compact smooth (n+l)-manifold W, an r-covering W %W
and a map W—E’iY such that 1) there is a diffeomorphism 3WsMjiN;i)
ii) if we denote by iM: MAMNN S~ W and by i N<H§iN W,



then (@@*W), [h*iM] )b (M,R*D and (N*(W), [hM N] ) s(N,[*] ).

where " s" is the equivalence relation defined in 6.1

6.14) Lemma.- The relation " defined above is an equivalence rela-
tion.
- i} ” proj. >
Proof.- D (MIED~ (MIOPD, in effect, take MX 1 ——» M ———-»Y
pxfd
Mx I

ii) It is obviously symmetric
iii) Suppose M,[SD~ (N, ~(,[yDD- Then we have compact
manifolds V, W and r-coverings V, W and maps V 1 >Y, W »Y

such that 3VsMii.N, aWsNuT and commutative diagrams:

_h -1

VI A VA vy NV Y
1 |
M Vv

’m v N,V
B R ST Joamweoyy
1 1 |
N w W

oW 73,0

The maps satisfy: hoiM>v= &, ho IN>y = ip, J°iN>w=ip, 3ciT>w =Y e

To prove that (M»CaI) ~ (T, )> we glue the manifolds V and W using
the embeddings i~ v and iNw , we call this manifold V y W and
3(V uW) s MjiT. Notice that if we have a finite covering over a manifold
we calm give the total space the structure of a manifold making the projec-
tion a local diffeomorphism. Furthermore as a manifold is locally path
connected if the base is a compact manifold then the total space is also

a compact manifold [331.
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We can then use the embeddings i*v and i® w to form the manifold

V uW. Clearly V u W 1is an r-covering over V u W.
i i i

In order to define amap Vy W-« we do the following: We have a
closed submanifold 1™ y(N)c V so it has the homotopy extension property (V
is compact hence normal and a submanifold is a retract of a neighbourhood

[25] ). Consider the following diagram:

N c Nx 1

’N.V IN,VX,d
Vx L

where H is the homotopy between h° i*y and j° i® w(recall that
h“iN v=T °iN therefore we can find a homotopy G making the
diagram commute. Consider Gj:V Y, then GJ=0Gg= h and

GJo i v= jo IN w. Now we can define amap Vy W »Y by glueing
G] and j because both coincide on N.

Therefore we have a covering V » W + V uW which restricts to M
over M and to T over T and amap p such that M<=V uW-1~Y
is G'loTM,Vz he MV~ * and T<¢»V3i/W . Y is jov Y e l.e.
W, <D, LyD -

6.15) Definition.- We denote the set of bordism classes of pairs

M, [®*D» where dim M=n, by Covn(r,Y). <& can make Covn(r,Y) into

a group by defining [ M, [S~]] + 11* IMaN, ] - We can make
Cov*(r, Y) into an w*-module by defining [M]-[N,[$]1] »[MxN.c”proj]]-

6.16) Definition.- We define a function G: Covn(r,y) =wn(Ekrj Yr)

as follows:
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* Y 1, so

consider a pair (,r<t=])» then by 6.9 F,',__,_(M) —';[ H, E£rLr

JY
we define G[M,C«(.3D=C D1 £ "(E~*  Yr).

6.17) Lemma.- G is well defined and it is a homomorphism of N*-modules.

Proof.- First notice that for each pair (M,[$]) we have a well defined

element in Yr)because 2 homotopic maps induce the same element,
r

Now suppose (M, GEPD~(\. > then we have a manifold V such that
3/s HUN and an r-covering V =&V with amap V ~ Y such that:
AM*QV) [ h.iMPsL,[<e5]) and  (N*(V), [«?NDs,Ci)»])- The pair
, [h]) gives a map y "Mv».rh])> X yr, and this map is a bordism

rhr
between W,y (v, D°iM) and (N,ip(V,ChD)°iN) so [hD°iM] =
=CN,A(V,[h])oiN] (*).
Now we compare CM,<PD(,[h]D°iM] with D1 . By hypothesis

M LADDs@*(V),[ hoiM))= iM* (V,[h]) so as p is natural we have

<KM, [<B>D=iKiM*(V, [h])= iM* "KV,[h]) = i|;(V,["]>*iM. Hence [M,tKV,[h:)°iM]=
= [(GD]- In the same way [N,ij;(v, [hD“iIN] = INthQN, [SD ] -
Combining this with (*) we get Mi|;M, [4D FIN,DQ, Pl so G is
well defined. The fact that it is an N*-module homomorphism follows

directly from the definitions.
O

6.18) Definition.- We define a function H: Nn(Elr* Yr) Covn(r,Y) as
follows: consider [ M, ) e NnE:r£ Yr), by 6.9 Wg have
B> M, E2ij Yr] ---- Fr UM, so we define H[M,f] = $ [f]-

8

6.19) Lemma.- H is well defined.

Proof.- First notice that given f: M %E o Yr , #&[fl is defined up to
Lr
isomorphism but clearly if 2 pairs are isomorphic then they are bordant.
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Now of [M,f] =[ N,g] then the”e exists a compact manifold W such
that aWsMuN and a map h: W-~Ez",* Yr such that h°i.M: f and
heifl=g9. I1f we take S h] = (W, By]), then we have: h°iM= f<_:oiJM|*[h]=
=Cf3, as 4 is natural 4&[f]= 4i.*h]= iM*$[h]. In the same way
i>[gl= i™4>Ch], therefore $[f] and 4>[g] are bordant so H is well

defined.
O
6.20) Theorem.- We have an isomorphism of N*-modules N*(Ez * Yr) =
Lr
=Cov*(r, Y).

Proof.- By 6.17 we have a homomorphism of N*-modules

G: Cov*(r,y)-®W*(EErE Yr) and it follows from the definition 6.18

and from 6.9 that H: V\';*(Elri Yl':) “u Cov*(r,Y) 1is the inverse.
r O

86.4) Application to the bordism of immersions

In 4.38 we gave a splitting of 1(n,k) in terms of vector bundles

v, with structural group £ /0(k), in this section we identify the

r
covering spaces and vector bundles whose direct image are the bundles

v,

6.21) Definition.- Let f: Mn Nn+k be a self-transverse immersion.
In 4.4 we defined compact manifolds pr c(M)r with a free

Z -action. We define a map tt,> (Mrx r =M by tt (x1,... ,X ,I)*xX" ,

r r -

consider the composition pxr c M x r ——»M, this map is
invariant under the action of £r and defines amap Tmr:p X r M
Let vf: M wBO(k) be a classifying map for the normal bundle of the

TTr i
immersion F, then we can define a pair by - pr* r — —»M — U. BO(K)

s
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Now we want to compare this covering with the covering defined with

namely Jer-1n
ér " V1 zr-1
T
"zr vr/zr
* | i by err = where

we have an isomorpl

Wi *V/rr-|

vrir
e Zp. The inverse
h-1[ z] =[ z,id]

To show that yr* zp/Zr_i and y* ? are isomorphic we need the following

r r
Claim let s _4={c, 02,...,cr = id) , where
c= @ 2....r) and define a bisection f: z/z ,-cr by fFf(cl)=1,

then f 1is zr-equivariant.

Proof of claim.- Define p : zr=Zr by p(a)(i)= flcr-F-~(i))» we will
show that p = id. For this recall that zr is generated by {c,(I r)},
we also have that p(o)(i)= f(a-cl)= f(a"cl), hence F 1is equivariant
<=> p(a) =a<-> f(ac")=a(i)i for all i<-> fc"=c® * for all
ierae{c, @ N} .

Case.- a = c. In this case we have pctr= cch= c”™ = cc” if i<r
and ccr=c =cc(r)=1 if i=r .

Case.- o *(1 1). Let us denote t=(1 r), so we want to show that

p-i ~t(i) for all ider. If i=l then tctl. , so tc= ct™"r .

If i=r, then as tce.Er{ and t" =1t we get t lc«l -> t=c.
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Finally if 1<i<r then (tcl)"1 cl = (cl)"1l tcle Ir- _>tc*= ct"K

So we have proved that f 1is E-equivariant and we can then define an

isomorphism id5f

g va-1 - yr
6.23) Proposition.- Let f: Mn -mNn+* be a self-transverse immersion
and let a = r,[v*°Tr]) be the pair defined in 6.21, then the
map  ip@): BO(k)r classifies the normal bundle of the
immersion f: - »N

Proof.- We take EE = F( IR@; r), then by 4.6 , the normal bundle of
the immersion fp is classified by a map vy /N <FAR°C;Dx  BO(K)r
given by VF []J----xp: = [e(x1),--- ,e(xr),rvf(xl).--- vi(x )] ghere

e: M = IR"Sig such that (f,e): M mNx JR° is an embedding and

V= M %B0(k) classifies the normal bundle of f.

On the other hand ~(a) 1is given by the following composition (6.7):

v/JL — M5 r- w F(IR;r)* BO(k)
r r \ > i< W v

In the proof of 6.9 we saw that the pretransfer T could be given by
T X-J----n xr] = CgCxi -.... xr), [Xi-..... xr>1 q,-... ,[XJ,---, xr ,r] ] where

g 1is given by a pull-back - ?->F(IR :;p)
vrn r~* F( R’ ;)/Er

We can define g(x-j,--- ,xr)=((-]),---,e(x )) and then if



90 -

Cx1,...,Xr]evr/Sr we have IdE Qy°Tr)r°T OX-]-...xr >

~id™ C ) te(x-D,--- ,e(xr),[Xi,... ,xr 1 I»««., Ex-]|,---,Xp, rl1l-

- G D, oo e ) VDT VG Frp . L0y, 3.

6.24) Theorem.- There is an isomorphism
I(n,k) =Wn+k® N nCO(k)] © © ) Covn-(r-Dk (r> BO(k)) given by
ra

[f: M=N]m -/Z[NI_tVx-M] , 2 m* r -£ UIL*BO(i )for n>0, k0.
% T rs2j rlr

YEr

where f is a self-transverse representative.

Proof.- The result clearly follows from 4.28, 6.20 and 6.23
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Chapter 7: Cyclic reduction modulo bordism

In this chapter we study the problem of reducing, modulo bordism, the
structural group of a bundle with group ~ /0(k) to the subgroup

Zr /0(K).

§7.1) On the cohomology mod. 2 of EG ™ Xr

In this section we study the edge homomorphisms of a spectral sequence

converging to H (EG* X|*;Z,).
G i

7.1)Proposition.- Let X be space such that H*(X; Z2)sH*(X) is of
finite type, then there is a natural isomorphism
H*(EG X Xr;Z2)s H*(HomG (B*, H*(X)®r)), where B* 1is the normalized
Bar resolution and H*(X)®P r is considered as a cochain complex with trivial
boundary and G acting by permutation. For simplicity we denote Z2EG1=G.
Proof.- By 2.10 , S*(EG x Xr)= B*® H*(X)® r , where H*(X)®r
G G

has trivial boundary. Therefore Hm  (S*(EGxXr);Z9)a

2 G n
=Hm (@B xH*(X)®r,Z,). We can give to

G
Horn® (H*(X)® r;Zz2) a right G-action as follows: given
f: H*(X)® r “-az2 we define feo * f»5 where 5@ ®...Rar)=
zaa-1(D ® aa-I(r) *
Now we apply adjointness [21] to get Horn, (B*® H*(X)®r;71?) s
*2 G

= Homg(B*; Hom~ CH*(X)®r;Z2)).

As H*(X) is of finite type then the homomorphism vy .

vi: Homz H*(X); 22)® r - Him~”~(H~"X)® r;Z22) given by
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y (] ®...« fn)Cai «==e ® ar)= ]Ga-])........ fn(an) an "isomo>"phlsm
[«-4]. if we give Hom.- (H*CX);Z*,)®r the usual right G-action
by permuting the factors thgn y is G_—equivariant, in effect, we have
y((fl«... @ Fr)xXnN@l ®...Rar)= fcj*H)@l).... fa(r)®ar™ on the other

hand y(fl&... « fr)*cr(@ ®...& ar)=y(fl «.. .® fr)©a(al ®...®ar) =

= (] ©. ..« fr)(aa_-|ci)«. ..« fcT(ia-)... fa(r)(ar)*

Therefore we have HomG(B*; Homz H*(X)¥r;Z22)) a
S HomG (B*; Hom Z~N(H*(X); 22)® r).

Finally we have Hm~” (H*(X);Z2)=H (X;Z2). Combining all the
equivalences we get:

Hom 4 (S*(EG xXr);2J=Hom77 (B*® H*(X)® r;Z_) s
n2 G n n2 G i

2HomG (B*, Homz (H*(X) ® r;Z22)) s HomG(B*; Hom2 H*(X);Z22)® r)
2 2

~Hom~B*; H ) ). This gives the isomorphism. To see that it is
natural recall that in 2.10, we proved that if f: X =Y then we

have a chain homotopy commutative diagram S*(EG*Xr) = B*eH*(X)® r
G

a

1
-

S*(EGXYr)
G G

The second isomorphism is given by adjointness which is natural. One can

easily verify that the third isomorphism is also natural. For the last

one recall that under Kronecker duality f corresponds to Horn™ (f*).
n2

O

7.2) Defintion.- To define the spectral sequence notice that

HomG (B*; H*(X)®r) is the total complex of the bicomplex of cochains
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Lp’g= HomG(Bp ,(H*(X)® r)q), if we denote (B*,3) then the coboundaries are
64 :Lp,g>Ip+1,q given by 61Cf)=f°3 and 62: Lp,q - Lp*g+1, *=0,
because H (X) ® r has trivial boundary.

We give a filtration for Tot Lp,g= HomG(B*;H*(X) r) as follows, the

p-th filtration in degree n is given by Fp(Tot*)n = © .,
i *P

We have a spectral sequence associated to this filtration [30] which

we denote by {Ep,q, d,., }

7.3) Proposition.- The spectral sequence {Ep,q, dr} converges to

H*(HomG (B*; H*(X)IXn)) = H*(EGx Xr;22) and Ep,q ~HP(G;(H*(X)® r)q).-

Proof.- The filtration F of Tot Lp,q satisfies, in each degree n,

0 c Fn(Tot*)c Fn_1(Tot*)c ...c F°(Tot*)= Totn, i.e., it is the canonical
filtration so by [30] the spectral sequence converges to H (TotlLp,q)=
=H*(HomG (B*; H*(X)®r)) which is isomorphic by 7.1 to H*(EGC>(r;Z 2).
The spectral sequence associated to a filtration satisfies

EP,q = Hp+q(Fp (-)/Fp+~(-)), and from the definition of our filtration

it is clear that [ Fp(Tot )/Fp+~(Tot*)] ptq = Lp,q ; as <=0,

then Ep?g £ Hg (HomG (Bp ,H*(X)® r))=HomG (Bp ; (H*(X)® r)q)- One can show

[30] that under this isomorphism the differential d{ coincides with

the coboundary 6] of Lp,q, therefore E™,g = HPG; H (X)® r)q)-
O

7.4) Proposition.- The spectral sequence { Ep,q, dr} collapses.

Proof.- We recall the definition of the spectral sequence. Let us denote

Tot*. C*. Let Zp,q . {ae FP Cptq [|6(a)e Fp+r Cp+q+1l> where

«.«,*%he Ep-q. 7f-VzFfi-qg-"* and dp[x]=[6(x)]
of degree (r,I-r).
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Lp,g= Hom¢(Bp,(H (X)® r)y), if we denote (B*,3) then the coboundaries are
6i:Lp’g+Lp+1l°d given by 01Cf)=f°3 and 62: Lp,q - Lp*g+1l, 62-0,
because H (X) has trivial boundary.

We give a filtration for Tot Lp,q= HomG(B*;H*(X) r) as follows, the

p-th filtration in degree n is given by Fp(Tot*)n = © m 1
i *p
We have a spectral sequence associated to this filtration [30] which

we denote by {Eg,q, dr }

7.3) Proposition.- The spectral sequence {Ep,q, dr} converges to

H*(HomG (B*; H*(X)® n)) a H*(EGxXr;Zz2) and Ep,q ~HP(G;(H*(X)® r)q)-
G

Proof.- The filtration F of Tot Lp,q satisfies, in each degree n,
0 ¢ Fn(Tot*)c Fn_1(Tot*)c ...c F°(Tot*)= Totn, i.e., it is the canonical
filtration so by [30] the spectral sequence converges to H (TotLp,q)=
=H*(HomG (B*; H*(X)®r)) which is isomorphic by 7.1 to H*(EGZXr;ZZ).
The spectral sequence associated to a filtration satisfies

EP,q = Hp+q(Fp (-)/Fp+~(-)), and from the definition of our Ffiltration
it is clear that [ Fp(Tot )/Fp+1(Tot*) ] p+tq = Lp,q ; as &2= 0,

then Ep,q s Hg (HomG (Bp ,H*(X)® r))=HomG (Bp ; (H*(X)® r)q). One can show

[30] that under this isomorphism the differential dj coincides with

the coboundary 5] of Lp,q, therefore Ep,q = HP(G; H (X)® r)q)-
O

7.4) Proposition.- The spectral sequence {Ep,q, dr} collapses.
Proof.- We recall the definition of the spectral sequence. Let us denote
Tot*- C*. Let Zp,q - (& Fp Cptq |6(a)a Fp,r Cp+g+1> where

»eh ep.i. 2p./70j-0" +520:5%"qt*-2  and dr[xI=[5()]
of degree (r,1-r).
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We shall show that d*: eP,g-*Ep+r>g+l_r 1is zero If r ~ 2. For this

let a= (0,0....0, ap, ap+l,ap+2.... an)e FP Cp+g=n, then
dr(0,0,...,0, ap»ap+]»ap+t2»eee»an)= (0,0....0,62(ap),6i(ap)+62(ap+1) ,
51Map+InM+527ap+2n,,-,,<51Man ~ > We have that dr Cali=[ 6”a”~ and

6(a)e Fp+r Cp+q+l, so as ra2, then 62(ap)-0, (@p)+2@ptl )=0

and as 62= 0, then 6§(3p)= 0. Consider the element

b=(0,0,...,0, O,ap+i,ap+2>...,an), then b £ Fptl Cp+tq and we have

6(b)=(0,0,.,. ,0, 0, "2@p+l ~*M (@p+l @2 @p+21*“"*Ni @M * as d2=
then 6(b)= dr [a] , therefore dr [a] = 0.

O

Now we want to show that the edge homomorphisms make the following

diagrams commute:

EP,©-———=* EP”® = JP** c HP (HonG (B*; H*(X)® )
I 7 il
HP (G)E HP(BG; Z,) ———— P--——-— HP(EG X Xr;Z9)
i G i
Hg (HomG (B*; H*(X)®r))= JO0,q EO,q_ >E0,q c EO,q =(H* (X))« r )q
ill n
HQ (BG X Xr;Z?) —=---mm-mm—- N b Hg OXr)

where p: EG(>3<Xr-*- BG is the projection and i: Xr< EGé(Xr the inclu-

sion, and we have 0 ¢ Jn,° cJn ~c...c J",n= Hn(Tot );In’®= E~™0

and OP.g/jP+1.g-1 B Ep7y

In order to do this we need to prove some preliminary lemmas.



7.5) Lemma.- Let h: Z2 ® S*(Xr) *S*(EG) | S*(Xr) be the chain map
induced by the map of bicorﬁplexes given by ° 1" a 4+Xg® a, where
XOE Sq (EG)* Eet 47 S*(EGXXr)-* S*(EG)csS*(Xr) be the equi\(jalence given
by the composition of theGequivalencesGZ.Z , 2.4 ,2.5 . Then the
following diagram is chain homotopy commutative

S*(Xr)- A S*E(Xr)
h

S* (EG)«S*(Xr)
G

Proof.- Consider the following diagram: S*(Xr) 7252 S*exr>

J
M (xa)x ® )

S*(EGXXr) S*(EG) F2S*(Xr)

n

S*(EGXXr)—-1  S*(EG)«S*(Xr)
G G

where the ifi's are the equivalences given by the Eilenberg-Zilber
theorem, and n 1is the projection.

The composition on the left-hand side of the diagram is i and the one
on the right-hand side is h . The second square commutes by the
naturality of the Eilenberg-Zilber theorem. The definition of <J clearly
implies that the third one also commutes.

To prove that the first square commutes consider the functors S*(-) and
S*(xQ) ® S*() from the category of spaces to the category of augmented

"chain complexes, both are clearly free and acyclic on the usual models.



Now consider the chain maps and jo= , both are maps of augmented
chain complexes and are natural so by the acyclic models theorem [19]
they are chain homotopic, i.e., the first square is homotopy commutative.

O

7.6) Lemma.- We have a commutative diagram
ih® F

h1 h

S*(EG)aS*(Xr) B*® S*(X)S r
G G

where h was defined in 7.5, ¥ 1is given by the Eilenberg-Zilber theorem,
F is the equivalence defined in 2.8 , and h is given by h{d YY)~

= 1le®y, where eeBg=Z2[ G ]Jis the zero of the group.

Proof.- Recall that to get the equivalence F we have to give an
equivalence t: S*(EG) <+B*, we can choose t as follows: given any

Xg e EG we can form a G-basis for Sg(EG) by considering xQ and

one point from each of the other orbits under the action of G, we can
define then tQ: Sg(EG) wBg by sending this G-basis to leeBg=Z 2[G],

and then define the other t for i>0 to get an equivalence t:

e
- Sn(EG) -*... h-S"EG) h-Sq(EG)— >Z2

t,n t t
e
n mB By Z.2
By 2.1 (c¢) , F(xn®a)= t(xn)® f(a)=1e®f(a), for all ae S*(Xr)
uG G G

so the diagram commutes.



7.7) Lemma.- Consider Z2 as a chain complex concentrated in dimension

zero and with trivial G-action, and let e ; S*(Xr)+ T2 be the

augmentation, then the following diagram is chain homotopy commutative.
S*(EG x Xr) S*(EG) B S*(Xr)
G . G
id®c
S*(BG), uS*(EG) ® Z,
G
Proof.- Consider the following diagram:
1j&id ’
S*(EGXXr S*(EGXXr)® Tb~—%— » (S*(EG)«S*(Xr))®Z -f S*(EG)® S*(Xr)
G G m - G L~* G
g oid (id"~EiSid
“G
S*(BG)- --—-—-—-- S*(EG) TL-—-—-— (5*(EC)ze22)® Z2
Y G s &id

where (@: EGx Xr EG is the projection on the first factor, and the

composition at the top is &

The following diagram clearly commutes  EG*X EG and y and y°
ip
E6*X BG

are given by y(@®l)=p (@), y"(bsl)= p* (b), therefore the first square
G * G

commutes.

Using the acyclic models theorem, as we did in 7.5, one can show that

id ®e w>ip=(£)0q , therefore (id e°M)®id=! ((s)°q )® id so the
Z2 22 G * G

second square is chain homotopy commutative.

Finally notice that 1id®e = (s)«id° (id®e)®id "Z~\ so the commutativity
G G z2 G
up to chain homotopy of the diagram above proves the lemma.
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7.8) Lemma.- We have a commutative diagram
S*(EG)®S*(Xr)-———- S*(X)®r
G = G
idde -
G idG e

S*(EG) ® 22 t(sid ®B*® Z2
u Q b

where F 1is the equivalence defined in 2.8 , and induced by t

Proof.- By 2. ~ (2) F(wga) = t(w) @é f(a) for all we S*(EG) ,aeSQ(Xr),

where f: S*(Xr) - «SM(X)®r. As T 1is a chain map of augmented chain
complexes then we have (id®e) F(wea)= 1dRe(t(w)® F(a)=t(w)® ef(a)=t(w)Re(a),
G G G G G G
on the other hand (t ®id) (idee)(wsa)= t@id(wRke(a))=t(w)® £ (a)-
G G G G G G

7.9) Corollary.- We have a chain homotopy commutative diagram

S*(Xr mZA H*(X)® r
2 i *
. % * «r
S*(EG x X") B* ®H*(X)
G G
where h @ = le® +.
n2 G

Proof.- It follows from 7.5, 7.6 and the fact that the following diagram

clearly commutes

id ®as 1 u fvie'p
7220 5%00" "coem e W8
B0 §00° 7 === - - o '
id~«a® G

where a 1is the equivalence defined in 2.9
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7.10) Corollary.- We have a chain homotopy commutative diagram

S*(EGXXr *@ 0 ® "
( X ) B* @ H*(0)

px |dg)E

S*(BG )~ B*§ 2,

Proof.- It follows from 7.7, 7.8, and the fact that the following

diagram clearly commutes

where a is the equivalence defined in 2.9

7.11) Proposition.- The horizontal edge homomorphism of the spectral

sequence {Eq,q , dr > makes the following diagram commute:

Hg (Homr (B*;H*(X)® r))= JO,q E0,q—> E®.q c E°*g=(H*(X)® r)q
Hq(EG x Xr;z,)  —mmmmmmmmmomm—oo——oo——- » Hq(Xr)

G c
Proof.- Let ft : ® H*(X)®r - B*®H*(X)®r be the chain map of
7.9 and consider the following diagram:

Hom-~  ( ft,id)
Hom 4, (B* ® H*(X)V® f.. 27[35—————“—_—2 Hom Z, ® H*(X)®r;2?)
*’2 G ’ *2 *
* I "

Hom g B H*(X)® r) — > tom~ (Z2; H*(X)0 r)
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The isomorphism on the left-hand side was defined in 7.1. The same
arguments used in 7.1 give the isomorphism on the right-hand side. This
diagram defines a chain map k and one can easily verify that it is
given by h(z)=1< . where T2 -mB* 1is defined by T(l)=lee BQ.
Mow consider the following diagram:
Hom” (S*(EGx Xr);Z2)4 Hm2 (B*«s H*(X)® r;Z2)" HomG (B*,H*(X)® r)

2 G 2 G
] ] ™
Hom”™ (@ #»id) Hom™ (fFt, i1d)

Hom 2~ (S*(Xr); TLE Hom n ® H*(X)®r;Z )T.Hom~( Z2:H (XP ¥

By 7.9 the first square chain homotopy commutative and the second one

commutes by definition of h .
Consider Hom,. (Z,,;H*(X)®r) as the total complex of a bicomplex,
then using the gamecfiltration as in 7.2, we get a spectral sequence
{ EP»q, } such that
.EP.q = IEP.q = |JHom™i 22;(H*(X)®r)q) = (H*(X)®r)y if p=0
10 if pjto

The map h 1is induced by a map of bicomplexes so it induces a morphism

of spectral sequences h : Eq,q "Eq,q - Consider the following diagram

H (EGXXrh Hg (Homr (B sH* ()er))—E>"* £ £°.a —Hom (ZENH ANV == oo

Hg(Xr)-Hom~(Z2;(H*(X)  )g)= Eot1="g *9
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The commutativity of the first square follows from (*). The other squares

commute because h is a morphism of spectral sequences [301
O

7.12) Proposition.- The vertical edge homomorphism of the spectral

sequence {E”, dr } makes the following diagram commute:

ef ™ ——-mmm- EpO = JpOc Hp (HomG (B*; H*(X)® r))
/ | >
HP () s HP(BG; 2,) ------- 2-—————- -Hp (EGx Xn;2,)
L G L

Proof.- Let 1id«e=g: B* ® H*(X)® r—wB*® 2, be the chain map of 7.10.
G G G

Then, as in 7.11, we have a chain map g defined by the commutativity

of the following diagram:

Horn™ (g, id)

Hom™ (B* & "2» N2) ¥Hom A~ @B*<H*(X) \ n
2 6 2 G
- | =
HomG(B*; Z2) .o, “mHomG (B*, H*(X)® r)
9
One can easily verify that g is given by g(£)= where
J: T’ H*(X)®r  sends! to and I=[e]: SQQX) +z2.

Consider the following diagram:

Hom z (B*& Z22;22)_ »HomG (B*; Z2)
N

2 “Z 6 L ™

Hem~A(pn, id) H0m772(g,id)
VaS

Hom + (S*(EGxXr); 2,) Hom 4 (B*® H*(X)®r;Z,,)-*HomG(B*,H*(X)®r)
22 G z N2 G S b
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By 7.10 the first square is chain homotopy commutative and the second
commutes by definition of g.
Consider HomG(B*, 22) as the total complex of a bicomplex, then using
the same filtration as in 7.2 we get a spectral sequence {"Ep,q , dr"}
such that "EP’g =/HP(G; 22) if @g=0

0 if g0
the map g induces a morphism of spectral sequences g¢:"Ep,q ™ Ep,q

Consider the following diagram:

g2 —d g p

EP™® = Hp(G;Z2) Ep,° ™ Hp (HomG (B*;Hr(X)x r)  Hp (EGxXr ;")
= G

The commutativity of the last square follows from (*). The other commute

because g is a morphism of spectral sequences.
]

§7.2) Cohomology of topological groups

In this section we give some results on the cohomology of topological

groups that we shall use in the next section.

7.13) Definition.- In C41] G. Segal showed how to define cohomology
groups of a topological group G with coefficients in a topological

abelian group A (on which G acts continuously ) by a derived functor
method analogous to the one for defining cohomology of discrete groups.

More specifically, let G be a compactly generated Hausdorff topological

group and denote by G -Topab the category of compactly generated Hausdorff
topological abelian groups on which G acts continuously and continuous

G-equivariant homomorphisms.
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We have the functor r*: G-Topab -@Ab , where Ab is the category of
abelian groups, which associates to AeG-Topab its G-invariant sub-

G
group r (A). Then using suitable resolutions he defines right derived

functors Rn rG(-).

The relation of the groups Rn rG(A), when A is discrete, to the
cohomology of BG is as follows. Consider p: EG BG, we define a
sheaf of abelian group crA, on the space BG by crAQU)= Mapr(p' ! W,A),
where Map (-,-) means G-equivariant maps. This is the sheaf of
continuous sections of EGZA BG. With this notation we have:

7.14) Theorem [411 IT A is discrete then there is a natural
isomorphism. Rnr G(A) sHn(BG;aA).

O

7.15) Corollary.- If A is discrete and the action GxA -»A is trivial
then Rn TG(A) £ Hn(BG; A)

Proof.- If the action is trivial we get the constant sheaf, and we can

find a BG such that it is a C.W.-complex [491, so BG is paracompact,
Hausdorff and locally contractible, therefore by [44],
Hn (BG; A)s Hn(BG; crhd), and by 7.14, Hn(BG; cA)=Rn rG(A).

O
7.16) Definition.- Let Ae G-Topab, we denote by Kom(G.A) the abelian
group of crossed homomorphisms from G to A (i.e., continuous functions
f: G maA such that f(g] g2)= f(g-,)+ g~ f~)) modulo the subgroup of
principal crossed homomorphisms (i.e., those T of the form

f(g)= g-a-a for some aeA).

7.17) Theorem [411 .- There is a natural isomorphism

R1L T G(A) s Kom(G.A).
O
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7.18) Corollary.- If A Is discrete and the action of G is trivial
then there is a natural isomorphism H1(BG;A)sHom(G;A) where ,Hom(G,A)

is the group of continuous homomorphisms.

Proof.- By 7.15, H1(BG; A)s RI7(A) and by 7.17 R1rG(A) sKom(G.A);

as the action of G is trivial then the crossed homomorphisms modulo

the principal crossed homomorphisms is just the continuous homomorphisms.
O

7.19) Definition.- Let AfG-Topab, a topological extension

0- A-I»E -5-»G-»0 1is an exact sequence of topological groups such

that 1 is an embedding of A as a closed subgroup of E, p 1is a

principal A-bundle inducing a topological isomorphism E/A's G, and the

action of G on A induced by p coincides with the given action.

We say that two extensions 0 A-1=>E- G-»0 and

O0—»A—-——->E1-P >G -»0 are isomorphic if there is a continuous

homomorphism f: E #%E1 making the following diagram commutative

[ — A- ————- E- B 26 —— -0
Il U ]
o p— P E'——- G —— -0
1' P

In this case T is clearly a topological isomorphism. We denote by
Ext(G;A) the set of isomorphism classes of topological extensions.

We can make Ext(G;A) into a bifunctor as follows: given a continuous
homomorphism 4: G -+G\ $* Ext(G" ;A) “m Ext(G,A) associates to an

extension E, the pull-back extension: <$FE)----- mE
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IT y; A»A" is a continuous homomorphism then y*; Ext(G;A)-». Ext(G;A")
associates to an extension E, the extension Y*(E)= Ex Al where the

action Ax A"-»-Al is given by a-a" =y(a)a“".

We can make Ext (G;A) into an abelian group as follows: given two exten-
sions E, E1 consider their product EXE", let a: G %Gx G be the
diagonal, then the pull-back a*(Ex E”) 1is an extension over G with

fiber Ax A, and as A is abelian, the product map Ax A §iA 1is a

continuous homomorphism, so we define E+E1 =y*A*(EXE").

7.20) Theorem [41]-- There is a natural isomorphism RAr~M(A)= Ext(G;A).
O
7.21) Corollary.- If A is discrete and the action of G on A 1is
2
trivial then there is a natural isomorphism H (BG; A)s Ext(G;A), where

Ext(G;A) 1is the group of topological central extensions.

Proof.- By 7.15, H2(BG; A)sR2rG(A), and by 7.20, R2rG(A)s Ext(G;A),
as the action of G on A is trivial then the topological extensions

are central.
O

In the case G= 0(k) and A=2722> the Stiefel-Whitney classes are
identified in terms of homomorphisms and extensions in the following

theorem.

7.22) Theorem [2 9 ] a) w]e H1(BO(K); Z2)s Kom(0(k); ZZ2) corresponds
to the determinant map d; O(k) = -

b) In H2(BOCk); Z2)s ExtCO(k); Z2) the correspon-
dence is as follows:

O=m trivial extension; w2 *=mthe pull-back under d: 0(k)—&"2
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extension 0+ Z2+ Z4+ Z2-0 ; +w2)» 0-2Z-Pin (k)-0(k)-*0

We can obtain w2 by considering the sum, defined in 7.19, of the

extensions corresponding to 2 and w’2 + w2 .
O

We finish this section with two results that we shall need later.

7.23) Proposition.- Let G be a finite group, then Hn(BG; Z2[G]P=0

for n>0.

Proof.- Hn(BG; Z2CG]) = Extre 622, Z.,[G])- By [20] we have
ExtZ2CG](22”Z2CG:> a ExtZ[G]1(Z *z2[G])-

Let ..“mFn F] aFq #Z %0 be a free Z[G]-resolution of Z

and consider: ... mHom Z[G]"En’Z2EG" Wom 2[G]NEL” A2/G™
Hom 2[G]~EO* ™2 EG/ G

Now, as G is finite, then Z2[G] sHom z (Z[G] ;Z2), therefore, using

adjointness, we have Hom2 [g J(F*, Z2CG])s HomztG1(F*, HomZ (Z [G], Z2))s

* Homz (Z[6]2@g JF*, Z2) = Homz (F*. Z2).

We then have Hn(BG; Z2[G])s Extre[Gl (Z, ZgCG]) sExt Z (Z ,Zg) =0
for n > 0.

O
7.24) Definition.- Let G be a finite group and A a commutative ring,
then H*(BG; A) is a graded ring with the cup product. Using the Bar
resolution one can see that in terms of homomorphisms and extensions the

cup product is given as follows:
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IT we denote the group operation in G multiplicatively, then given
a,3e Horn(G,A)s h " (BG; A), aupe Ext(G,A)~ HMBG;A) is the extension
0 A “mA* G G *0, where A* G 1is Ax G as a set and the group
operation is defined by : @&, ) (@2, g2)=(al+ a2+o(g1)B(92), 02),
where a (9] 8(g2) is the product in the ring A.

7.25) Definition.- Given a group G and a representation r: G -*-0(n),
we define the Stiefel-Whitney classes of r by w*(r)= Br*(wt), where
Br : BG -»BO(n) and w-= wAr(y(n))-

Using the definition of cup product given in 7.24 one can prove the

following.

7.26) Proposition (€293 .-Let <efn and denote by <a> the subgroup
generated by a and by 1i: <a>&En the inclusion. Let on)
be the permutation representation then W—|(p°i)2=O if and only if
(-1)c2+c6+"“"+c4k+2+“” =1, where c" is the number of i-cycles in

the decomposition of a.
a

§7.3) Cyclic reduction modulo bordism

In order to study the cyclic reductions modulo bordism we need the

following theorem.

7.27) Theorem [is].-Let $: X -*¥ be a map between spaces of finite type
(i.e. their mod. 2 homology is of finite type). The necesary and sufficient
condition that CM ,F e N (Y) [lie in the image of <|>*:Nn(X)- Np() is
that every characteristic number of [M,f] associated with an element

in the kernel of q : H*(Y, 22) -*H*(X; must vanish.
]
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Note: This theorem is stated for the case when X and Y are finite
complexes but it is easy to see that all they have used is the assumption

that each Hn(X; z2) and Hn(Y, Z2) iS finite dimensional over T

7.28) Corollary.- Let X be a connected space of finite type then an
element [M,f]€ Np(X) 1is contained in Np ¢ Np(X) if and only if every
characteristic number of p M,f] associated with a positive dimensional

cohomology class is zero.

Proof.- Take x0e X, and let 1i:ix0}=* be the inclusion, then
i* :HnQ) “+Hh{x.,}) 1is zero if n> 0 and an isomorphism if n=0.
Therefore the result follows by applying 7.27 to the map 1.

O
7.29) Proposition.- Let r be odd, then an r-covering over a closed
manifold has a cyclic reduction modulo bordism if and only if it is

bordant to the trivial covering.

Proof.- By 6.20 , the bordism of m-coverings is isomorphic to N*(BZr).
Let i: Zr Er be the inclusion then an r-covering has a cyclic
reduction modulo bordism if and only if it is in the image of

Bi*: N*(BZr) - N*(BZr). By [21 JHn@®2zr;z2)=0 if n>0.

Therefore the characteristic numbers associated to any positive dimensional

cohomology class of an element in imBi* are zero so by 7.28, im Bi*= N*.

O
7.30) Proposition.- Let r be even and consider Zpc S1c C acting
on S1 by complex multiplication, then the cyclic covering S1 “aSl/

is not bordant to the trivial covering.
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Proof.- The pap classifying the covering S1 -*-S*/Zr 1is given as
follows. Let z~ = {6,1,...,r-1} and r= fl,2,...,r} , consider the
bisection f: r given by f(l) =1, f(2)= 2,..., f(Fn)= r-1 and

f(0)=r, then the action of Zron ZZ*, by translation corresponds, under

f to the usual inclusion i: therefore we have:
EZr(',f,Eer Z,=11r
BZ

If we take as EZzZ”~= S , then we have a pull-back:

S SEV zr El*r

s*/ s/Zr=BZirBZr
<+
Therefore we have to consider [S°/Z”, Bi©°93e W(@®Bzr) and by 7.2S it
is enough to find a non-zero characteristic number associated to a positive

dimensional class in H*(B ;Z2).

Consider the permutation representation £r - *-0(r), and take

w-,(p)e H"(BLr;Z2), by 7.18 and 7.22. a), WJ(p) corresponds to the
composition E — £e0(r) - 2 therefore Bi*(wl(p)) corresponds
to Zr-+- Er-SO(r) -1.z2 , a r s even, then the permutation

@23 ... r) isodd so Bi* (w*p)) 10.

To evaluate (@ we have the following [521 : HABZ™ ;Z2) a

- , A7 DY . B oY= .
a rl13mo H (82n+1/Zr22), H,I(S]/Zr,Z)s Z; H,I(SM ® r,Z) Z.r ( si)

and the homomorphism @S2~/ Zr;z2) #»HAM(S2,+18 r; Z) (for k< 1) is
an isomorphism for q <2k+l and an epimorphism for q = 2k+I.

By the universal coefficient theorem we have the following commutative

diagram (for Kk < i):
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0-*H-|(S2K+1 /Zr ;22)@772 -H1(S2k+1 /Zr ;Z,) ~Tor(HO (S2k+1/Zr;Z ); ZE) - O

0 ->HL(S2£+1L r;ZZ)®22-"H1(S26+1/ Z A AT or (HO(SATTZ.5Z );22)+ 0

The Tor groups are zero so applying duality we get:

Z2)* HAS3/ A Z2) iH tS~AZAZg) i

Hence $ : H1(BZr;Z2) H1(S’/Z ;Z2) is an isomorphism, and then

cp)*@i*(Wi (p ) 0, as the Kronecker product is non-degenerate, then
< )* (wMp)), 0<S1/Zr)> t O.

O
7.31) Proposition.- Let r be odd, then a vector bundle with structural
group Zp/0ik), over a closed manifold, is bordant to a bundle with
structural group Z / 0(k) 1if and only if it is bordant to a bundle

decomposed as the sum of r, k-vector bundles.

Proof.- We have an exact sequence 0 —+0(kK)r> 2z /0(k) +2r +0,
therefore we have a covering B(O(K)r) —£>. B(Zr/o(k)), let x be

the transfer for this covering, then the composition

is the identity hence p* 1is surjective. By naturality of the isomorphism

N*(X) s H*(X;Z2) ® n* , we have that p*; N*(B(OK)r))-»N*(B(Zr / 0(k))
Z2

is surjective. The following diagram clearly commutes:

2r / 0(k)c-1» Zr /0Ck) inducing a commutative diagram:

ok



Bj*
N*B(2Zr /0(k)) N*(B(Sr /0(k)), as p* is surjective then

im Bj* = im Bi*
P*=Bi

N*(BO(Ir)

7.32) Proposition.- Let r be even then the vector bundle

5=81 x (IK)r- S%2 , where the action of Z on (IR)r is
z r r
r

gfven by cyclic permutation of the coordinates (v-|-..-vr), v-eF K
@ £ i <r), satisfies:
a) £ is not bordant, as Zr / O(k) bundle, to the trivial bundle.

b) 5 is not bordant to a bundle decomposed as the sum of r k-

vector bundles.

Proof.- The bundle £ 1is classified by the map:

s’/Zr V SX - =B2r ~ T B(Zr/0(k)) - B(zr/0(k))

To prove a) we need, by 7.28, a non-zero characteristic number
associated to a positive dimensional class in H*(B(zr/0(k)); 22).
Consider the representation given by 1 / 0(k)-i- zr~Z 0(r), where
n(a, Al....Ar)=a , and take w, (p»m)e H1B(Er /0(k)); 22), by 7.18

and 7.22 this class corresponds to the composition:
220(k)”Mi:rr0(r)i 22, therefore (Bt*® Bj*)Cwl(p it)) corresponds
to the composition Uzr/7 ok zrf O™ ir~£ O(r) ~ 22

which is not zero because the permutation (1 2 ... r) is odd, so
Bi* Bj*(w-] (p«t))™ 0. In the proof of 7.30 we saw that

$ HLB 2r; 22) “ HNs™/Z,.; Z2) was an isomorphism, when r 1is even
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so, as the product <,> is non-degenerate,

<(Bj Bi°4>)*(Wi (p°w)), a(S’/Zr)> t 0.

To prove b) we need, by 7.27, a non-zero characteristic number associated
to a class in the kernel of BP-. H*(B(z/0(k) );Z2)*H*(B(O(k)r); Z22).
Consider the class that we used in a), w_j(°iT)e H*(B(Er/0(Kk)); z22),
then BI* w,(po”) corresponds to the composition

0(k) /0(k)-u o(r) - 1~ , but im~= ker it so Bi* wj@ETn0
and in a) we saw that <(Bj ° (N ),a(sV Zr)> = 0.

We now give examples where there is no cyclic reduction.

7.33) Proposition.- Let

and consider the r-covering Sni@r Pn. If r/ 4mt2 and n 1is even

(n >2) then this covering has no cyclic reduction (modulo bordism).

Proof.- We have a pull-back diagram:

By 7.27 it is enough to find a non-zero characteristic number associated

to a class in the kernel of Bj*: H*(Bzr;Z2) H*(BZr;Z2).
Consider the permutation representation p : £.-*-0(r) and take
wl(p)2 eH2(BZr; Z 2).

The inclusion J: Z «&*Zr sends the generator to the permutation

@ 23 ... r) and as rMm+2, then by 7.26, Bj*(w”(p)2) = 0.

On the other hand H*(B£2;Z2)sZ2[e] , where e eH"(BZ2;z2), and

Ba*(w*(p)) corresponds to the composition E2-"*Ir-~*0(r) — Z2
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which is non-zero, therefore Ba*(W*(p))= e so Ba*(w-](p)2)=e2 t 0.
We also have that [49] » : Pn="*p°= B2* induces a homomorphism
4 - H\B2; 22) -*H’(Pn;22) such that it is an isomorphism if i " n,

so if we denote <FB*E)=en> then $*B a*(w-|(p)2) = e2 and as n 1is even

then w] (Pn)=en [3fe] . Hence < W] (Pn)n"2(Ba *)*(wl(p)2),a(Pn)>

=< en"2 en* a(Pn)> = <ej ,a (Pn)> to.
O
In order to give the examples in codimension greater than zero we need

the following.

7.34) Proposition.- Consider the exact sequence

0 @0(k)r- 2 /0(k)- *2r %0 and define a section

s:2r %Z /0(k) by s(@= (a,l,-..,1), where 1 is the identity
(k x k)-matrix, then a class ze H2@B( 2r/0(k)); Z2) is zero if and
only if Bi*(z) and Bsk(z) are zero.

Proof.- We take B( 2r ro(k))= E Zr*_ yBO(k)r. The homology mod. 2 of
-

BO(k) 1is of finite type so by 7.3 we have a spectral sequence

{E”,q, dr> such that E”,gs HP(@B 2r;(H*(BO(k))® r)q) and converging
to H*(E 2 BO(k)r;22); furthermore, by 7.4, this spectral sequence
collapses, so Ep,q = Ep,q and, as we are working over a field, there

is no extension problem therefore we have that

Hn@B(2 rok));2,) s 0 Ep,q
r p+g=n

En,0=Enj0=Jn,0a jn-1 .- € JO>n=Hn (BZr ;H*(BO(K)) )

We have a filtration:

and if p: E2 £ BO(k)-_>B2" denotes the projection and
r
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v : BO(K)r=EzZ £ BO(k)r the inclusion then by 7.11 and 7.12 we
r

have commutative diagrams:

a) Hg (Homz (B*; H*(BO(k)}® r)) E® ,g= E2°qc E°,q=(H*(BO(k))® r)q

n
Hg(E2r zx BO(k)r; z, Hq(BO(k)r;ZZ)

b)  Hp(2r)CEP»° = eP»° = Jp,0c jP"1,17*HP (HomF (B*; H*(BO(K))® r)

pll

HP (B 2 ; 22) HP( E V 2 BO(k)r; z27?)

We have exact sequences 0 Jp+~,g N *Jp,q * E~,q + O

In the case n=2 we have® 0 ¢J2,0 »JI,1 = E~’1 O

© o0 - J1°1-? H2(BZzr ; H*(BO(K))®r)-E°"2+0

o
These groups are:  “2° = &£5 ° =20 = H2(s 2r: 222)
El'1 E%'I:h'(B Zr;(H*(BO(k))®r)1)
e0,2 _ r0,2 . . .
stz . [(H*(BO(k))® r)2]zzic EO0,2
The coefficients of EN*1 are
ir
(H*(BO(k))®r) = O (BO(k) )®...®H r(BO(k)).

permutation module, i.e., we have a basis which is invariant under the

action of 2r> in effect, let aQ £ H"(BO(k))s Z2 and

aje HL(BO(k)) sZ2 be the generators, then we have a Z2~basis of the
form {@j ® aQ®...® a0>0,...,0), (0.ag ® aj®...® aQ),--.,
(0,0....0, aQ® aQ®...® aj)} =S ; there is only one orbit under the
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action of Zr on S and the action Is free, therefore

(H*(BO(K)® r)1s Z2[2r] - Hence E”’1 = H1B Zr;(H*(BO(k))®r)l) =

=HN(BZr;Z2[2~]) and this is zero by 7.2 3. Then the exact sequence ©

becomes EN* A= g | *N= > putting this in (D we

get an exact sequence 0 h-E2,0 — "Uh2(B ZZr ;H*(SO(k))®r)-E £°*2 0.

Combining this sequence with a) and b) we get a commutative diagram:
0 - E2,0-"-*H2B Zr; H*(BO(k))® r) JI"ME®’2 * 0

«1 1» 1*

- =77 Y =922Y_ i * _*
0 - H2(BZZ 72 -5 > H2(E2 £ BO(ON;2R)- image t* = 0

Now notice that the bundle E2r | BO(k)r- »B2f, has a section s
defined as follows: we take a point xe BO(k) then (X,Xx,...x)e BO(K)r

is a fixed point under the action of 2.. so it defines a section

S[L a] =[a, (X.X,---,X)] -
We can then define an isomorphism <= H (E2r | BO(k) ;TLMN)-*
—:>H?032r;22)© image \* by $(z):(5*(z),/\ i*(2)) so a class

ZEH2E Zr~ BO(K)r;z2) 1is zero if and only if S*(z2) and 1*(@) are
r

zero.
Finally we identify S and t with the maps of classifying spaces as

follows. We are taking E( 2r/ 0(k))=E Zrx EO(kK)r- » E ZrxEO(K)r/",/ O(k) =

~Ezz * BO(k)r. The map S; B2 —»E2 2 BO(k)r is induced by the
r“r - r

inclusion EZrc-» EZr xEO(K)r which is clearly s-equivariant so

Bs= S. The map i : BO(k)r-*E2 * BO(Kk)r 1is induced by the inclusion
r
EO(K)r=* T x EO(K)r which is clearly i-equivariant so Bi= i
r O
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7.35) Proposition,- Consider the vector bundle Sn* (JRK)r_” pn

0,
where acts on (IRk)r by permuting the first tv@o coordinates in

GH,v2»....vr),ve R , Isisr. If n 1is even and r ? 4m+2 then

this bundle has no cyclic reduction (modulo bordism).

Proof.- The classifying map for the bundle Snf (JRM1->Pn is given
E2

by the composition P c—»P°=B --—->Bz -——>B(z /70(k)) where
4 c Bx r BY r
a:z22 =% is given by
a M 1 2 3.... r

and y. z Z ¥ 0ok) is given by
2 1 3,...,r

y(0)= (a»l,...»l)

where 1 is the identity (kx k)-matrix.
By 7.27 it is enough to find a non-zero characteristic number associated

with a class in the kernel of Bj* :H*(B(zr/0(k)); 2z2) H*(B(Zr / 0(k);Z2)
Consider the representation Er/0(k) ~ »Zr -p—» 0(r) and take

whpeu)2 « H2(B(zr/0(k)); Z22); then by 7.18 and 7.22, Bj*(w, (p°w))
corresponds to the composition:

Z /0(k) i ok zr—-"~ 0o(r) ZZv  Now if we take
Bs*(Bj*(wl(p<.ir))) where s:Zr-2Zr/0(k), we get TL~" zr—p » 0(r) f 22,
so a r ™ 4m+2 then by 7.2 , Bs*(Bj*(w-] (mir))2) =0

On the other hand if we take Bi*(Bj*(w-| (p° #))) where i: O(kK)D- zz7/ 0(k)
we get the trivial homomorphism so Bi*(Bj*(w-| (pO?T))Z): 0. Therefore,

by 7.34, Bj*(W" (@ir)™)= 0.

Now we want to evaluate (BY°Ba0$) *(Wi (p°w)2)= The element B<* BY *(w-j (pon))

corresponds to the composition
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ay it p
N2— /°(K) — 22N> °(r)-"~ Z2» which is Just

a d
% -Ep—p* 0(r)--->z2 , this composition is not zero so

Ba* By*(w-|] (poir))= e where H*(Be2;Z2)s 222 [e] and, as in the proof
of 7.33 we have that  (By,Be*<id)*(w.| (p°w)2)= €2 where en is the

restriction of e to Pn. Finally, as n is even w”r(Pn)= en SO
< wilPn)n-2@BY"Ba»*(wl(@E-T1)2), a(Pn) > = <e""2 e2, a(Pn)> =

=<e", o(Pn)> / O.
O

7.36) Remark.- In the proof of 7.35 we have to work with the second
cohomology groups because of the following. From the calculations above

one can easily obtain that H1(B(Zr/0(k));Z22) s220© 722 and

H1 (B( /0(k)); z2) =1 z20z 2 if r is even
12722 if r 1is odd.

Let f: Er /0(k)-+Z2 be given by the composition

£r / 0(k) o(r) ——- -Z2 and g by the composition
Sp/0(k) /722 -"722, where @, tl....tp)=ti o= V »
then {f,g} 1is a Z 2-~basis for H1(B(Er/0(k)); Z22).

Let j: Zr / 0(K)«-> Lr F0O(k) be the inclusion then

and Bj*(@)?1 0. If r is even Bj*(f) Bj*(g) and hence Bj* 1is an

isomorphism.
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Chapter 8.- Dyer-Lashof operations on Eilenberg-MacLane spaces

In this chapter we show that the Dyer-Lashof operations in the homology
mod. 2 of an Eilenberg-Mac Lane space K(A,n) are zero, without using
the cohomology of the spaces K(A,n) and hence this is valid for any abelian

group A. An algebraic proof for the case k=TL™ can be found in [32]

8.1) Definition.- Let X be an abelian topological monoid, then we
can make X a <f—space by defining g (&) x)é( ek by
6 [c,x-j,x2,..., T = M 0 eee Then, as we saw in chapter 2, we

have Dyer-Lashof operations in bordism Q*: Nn(X) N2n+r(x) and in

homology Q*: Hn(X; Z2) - H2n+r"X~> z2n* “eca”™ that the operations
QJ are given by the composition (2.24):

Win GO *W S I Xx X)A2n+r(C(2) £ x*>- * N2n+r§0 -

where ql“ [M,f]= [Sr ”_‘E M»M, izfxf] and 1 :Sr< S . If we

2] <
denote by m: XxX X the product in X and by in X 2 X X the
map induced by m, then it is clear from the definition of €2 that

the operations Qr are given by the composition

m*
MX) 2n+r G FZ X W Xio on+r 0, where
H:S°* XxX+X * X 1is the projection.
8.2) Definition.- Let M be a closed manifold, we denote by

r+]

P(TM © er+1) the projective bundle associated to the bundle TMO e
the sum of the tangent bundle of M and a trivial (r+l)-bundle.
Given a map f: M- »X consider the composition

P(TM © er+1)- E*M -i->X £ X , where p is the projection of the
projective bundle and g(a)= [ f(a), f(a) 1-
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8.3) Proposition.- The pairs (Sr * Hx M,n° (\,,x fxf)) and

(P(MM ©er+™), g°p) are bordant in X * X.
%

x "1
Proof.- Consider the manifold Dp xI'IxH and define a ~-action
wX'l
by (b,x.].x2)" ('b» x2 ,X.J), where beD , e M. Consider an

inclusion Dr+~ —§->S°° such that the following diagram commutes

Then we have a variant map: Dr+"x H X M ——-—->S“x X>0(---> X x X
JxFxf proj.
r+l
The action of ~ on D X Mx M is not free, the fixed points are

|
the image of the embedding e: M<A-D x Mx M given by e(a)=(0,a,a)-

r+l
Notice that this embedding is the composition of MO-K— D SMxM

hence the normal bundle of e, ve satisfies ve s TM © eP+I’ . We can

find a tubular neighbourhood D=D(ve) such that the action on D
coincides with multiplication by (-1) on D( v,,) [9] . Let ?3

r+l X Mx M-D has a free

denote the interior of D, then the manifold D
~-action and s(Or+lx Mx M-D)= Srx MxMa S(TM ® er+1), the restriction
of proj.° Jj xf xf gives an equivariant map to XxX, which we denote
by F.

By [4 81 we can find an equivariant homotopy H, leaving fixed

Srx Mx M such that HQ = F; H1 and F coincide on the fixed points

and the value of H on D is given by the composition:

q F le() . .
D SD( ve) ———->eM) ———-—- h.Xx X, where q 1is the projection of the

disc bundle. As everything we have done is Z2-equivariant we can pass

to the quotients and then H-|/E2: Dr MXM-D/EN #X £ X s a
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cobordism between ( Srx MxM II°QAx f* f) ) and

(S(TMO er+1)/S- = P(TM S>er+1), g -p).

8.4) Proposition.- If X is an abelian topological monoid then the

operations Qr are zero, r> O.

Proof.- By 2. 33 we have the following commutative diagram:

Nn ) w2n+r )
v
V. X>Z 2>- H2n+r(X™ 2)

The homomorphisms y are surjective so given XeH (XjZg) take
[M,f] e "n(X) such that p [M,f] = x; by 8.1 Qr[M,f] = m*It* g*[M,f],
but by 8.3 n* g“[M,f] = [P(TM ® er+*), g°p 1. The image

of the fundamental class ct(P(TM Q>erI )) under

p*: H2n+r(P(" @ er+l); 22> - H2n+r(M; 22)= 0 is zerO » therefore
QFCO= QpyIM.f1 = Q. IM.f3 = 0.

8.5) Proposition.- Let A be an abelian group and let K(A,n) be an
Eilenberg-Mac Lane space then the Dyer-Lashof operations on the homology

mod. 2 of K(A, n) are zero.

Proof.- The space K(A,n) 1is an infinite loop space so it is a
if\-space. By [213 there exists an abelian topological monoid K and

a homotopy equivalence £ : K(A,n)”»K such that £ is a map of
N-spaces where the j~-space structure for K is the one defined in 81

Therefore we have a commutative diagram:
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HRKEAM): 17) — 2L H2ml (K(ALN); 22)

I = =4,

HnK; 22) ———-—- n H2n+r(K; 2 2)

By 8.4 the operations on K are zero and hence the operations on

K(A,n) are also zero.

8.6) Remark.- The result above is not true for the operations Qr
bordism. For example, if we take P~ = K(Z2,1), and
[Pn, il e Wn(P°°), where 1i: Pn;=P* , then if n 1is even,

Qg [Pn , il / 0O because Pn x Pn is not a boundary.

in
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