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Abstract

This paper is a contribution to the study of the subgroup structure of excep-
tional algebraic groups over algebraically closed fields of arbitrary characteristic.
Following Serre, a closed subgroup of a semisimple algebraic group G is called
irreducible if it lies in no proper parabolic subgroup of G. In this paper we com-
plete the classification of irreducible connected subgroups of exceptional algebraic
groups, providing an explicit set of representatives for the conjugacy classes of such
subgroups. Many consequences of this classification are also given. These include
results concerning the representations of such subgroups on various G-modules: for
example, the conjugacy classes of irreducible connected subgroups are determined
by their composition factors on the adjoint module of G, with one exception.

A result of Liebeck and Testerman shows that each irreducible connected sub-
group X of G has only finitely many overgroups and hence the overgroups of X
form a lattice. We provide tables that give representatives of each conjugacy class
of connected overgroups within this lattice structure. We use this to prove results
concerning the subgroup structure of G: for example, when the characteristic is 2,
there exists a maximal connected subgroup of G containing a conjugate of every
irreducible subgroup A1 of G.

2010 Mathematics Subject Classification. Primary 20G41, 20G07.
Key words and phrases. algebraic groups, exceptional groups, complete reducibility, G-

irreducible subgroups, subgroup structure.
The author is indebted to Prof. M. Liebeck for his help in producing this paper. He would

also like to thank Dr A. Litterick and Dr T. Burness for their comments on previous versions of
this paper. Finally, the author would like to thank the anonymous referee for their careful reading
of this paper and many insightful comments and corrections.

v





CHAPTER 1

Introduction

Let G be a reductive connected algebraic group over an algebraically closed
field K of characteristic p. A closed subgroup X of G is said to be G-completely
reducible (or G-cr for short) if, whenever it is contained in a parabolic subgroup
P of G, it is contained in a Levi subgroup of P . This definition, due to Serre
in [Ser05], generalises the standard notion of a completely reducible subgroup of
GL(V ). Indeed, if G = GL(V ), a subgroup X is G-completely reducible if and only
if X acts completely reducibly on V .

The concept of G-complete reducibility offers a bridge between many differ-
ent branches of mathematics. These include the theory of buildings, Kac-Moody
groups, geometric invariant theory, Lie algebras and representation theory. The def-
inition for spherical buildings was introduced in the original paper of Serre [Ser05].
This was extended to subgroups of Kac-Moody groups by Caprace in [Cap09] and
more generally for twin buildings in [Daw]. Complete reducibility has been studied
from a geometric point of view in a series of works by Bate, Martin, Röhrle, et al.
in which the authors apply ideas from geometric invariant theory (see for example
[BGM], [BMR05], [BMRT13]). There is also a natural generalisation of com-
plete reducibility to subalgebras of Lie algebras of algebraic groups, as introduced
by McNinch in [McN07], and studied further in [BMRT11] and [STar].

The notion of complete reducibility for subgroups of algebraic groups is very
familiar in characteristic 0. Indeed, in characteristic 0 a subgroup X of G is G-cr
if and only if X is reductive [Ser05, Proposition 4.2]. In positive characteristic,
a G-cr subgroup is still reductive [Ser05, Proposition 4.1] but the converse need
not be true. However, non-G-cr reductive connected subgroups are inherently a
low characteristic phenomenon: all reductive connected subgroups are G-cr when
p ≥ a(G), where a(G) is equal to rank(G) + 1 if G is simple and equal to the
supremum of (1, a(G1), . . . , a(Gr)) otherwise, where Gi are all the simple quotients
of G, as proved by Jantzen, McNinch and Liebeck–Seitz (see [Ser05, Theorem 4.4]).
There are also results concerning the complete reducibility of finite subgroups of
G, see [Gur99, Theorem A], [GHTar, Theorem 1.9], and [Litar, Corollary 5].

This paper is concerned with an important subset of G-cr subgroups, namely
the G-irreducible subgroups. The definition, again introduced by Serre in [Ser05],
is as follows. A closed subgroup X of G is called G-irreducible if it is not con-
tained in any proper parabolic subgroup of G. We also say that the subgroup is
irreducible if G is clear from the context. It is immediate from the definition that
when G = GL(V ), a subgroup X is G-irreducible if and only if V restricted to X is
an irreducible X-module. In [LT04], Liebeck and Testerman studied G-irreducible
connected subgroups when G is semisimple. They showed, amongst other things,
that all irreducible connected subgroups are semisimple and have only a finite num-
ber of overgroups in G.

1



2 1. INTRODUCTION

The G-irreducible connected subgroups play an important role in determining
both the G-cr and non-G-cr connected subgroups of G. The G-cr subgroups of G
are simply the L-irreducible subgroups of L for each Levi subgroup L of G (noting
that G is a Levi subgroup of itself). To determine the non-G-cr subgroups of G, one
strategy is as follows. Let P be a proper parabolic subgroup with unipotent radical
Q and Levi complement L. Then for each L-irreducible subgroupX of L, determine
the complements to Q in QX that are not Q-conjugate to X (if any exist). Any
non-G-cr connected subgroup will be of this form for some L-irreducible connected
subgroup X . This strategy has been used in [Ste10], [Ste13] and more recently in
[LTar].

We now restrict our attention to the case where G is a simple algebraic group
over an algebraically closed field K of characteristic p (setting p = ∞ for charac-
teristic 0). If G is of classical type then determining the G-irreducible subgroups
reduces to representation-theoretic considerations by [LT04, Lemma 2.2]. In par-
ticular, when (G, p) is not (Dn, 2), the action of a subgroup X on the natural
module for G determines whether or not X is G-irreducible. In any case, when G
is of small rank (at most 8 suffices for the purpose of this paper) it is possible to
determine the conjugacy classes of G-irreducible connected subgroups.

Now suppose that G is of exceptional type. The simple G-irreducible con-
nected subgroups have already been classified through a series of works by various
authors. Firstly, work of Liebeck–Seitz in [LS96, Theorem 1] shows that all re-
ductive connected subgroups X are G-cr under the assumption that p > N(X,G),
where N(X,G) is a prime depending on the type of X and G and always at most
7. They use this result to classify the simple connected subgroups of rank at least
2 and Lawther–Testerman used this in [LT99] to classify the subgroups of type
A1, both when p > N(X,G). In these cases, the G-irreducible subgroups are those
G-cr subgroups with trivial connected centraliser and so one can find all of the G-
irreducible simple connected subgroups under their assumptions on p. In [Ste13],
Stewart classified the F4-irreducible simple connected subgroups of F4 of rank at
least 2 without any assumption on p. Amende in [Ame05] determined the G-
irreducible subgroups of type A1 when G is not of type E8. Finally, work of the
author in [Tho15], [Tho16] completed the classification of the simple G-irreducible
connected subgroups of G.

This paper completes the classification of G-irreducible connected subgroups of
G. Our main theorem is the following (here Aut(G) denotes the group of algebraic
automorphisms of G).

Theorem 1. Let G be a simple exceptional algebraic group and X be a G-
irreducible connected subgroup of G. Then X is Aut(G)-conjugate to exactly one
subgroup in Tables 1–5 and each subgroup in the tables is G-irreducible.

We also determine the composition factors of each irreducible connected sub-
group in the action on the adjoint and minimal modules for G; these can be found
in Tables 1–5. By “minimal module” we mean the smallest dimensional non-trivial
module for G (which coincides with the adjoint module when G is of type E8). The
dimensions of such a module are 7 (6 if p = 2), 26 (25 if p = 3), 27 and 56 for
G = G2, F4, E6 and E7, respectively.

We explain how to read Tables 1–5 in Section 11, where they are presented, but
let us make some important remarks about them now. The irreducible connected
subgroups X of G listed in the tables are given an identification number G(#n) (ID
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number for short). In reference to Theorem 1, we only count each subgroup with
ID number n once in Tables 1–5, even if it appears multiple times; the ID number n
appears in italics each time the subgroup is repeated. These repeats are necessary
to give the lattice structure of the connected overgroups of irreducible subgroups
of G and we discuss this further in Section 11. We also provide Tables 1A–5A in
Section 11 to help recover this lattice structure. They give the conjugacy classes of
immediate connected overgroups for irreducible subgroups of G. In particular, they
make it easier to find all the repetitions of a subgroup X in Tables 1–5. Another
important remark to make is that we list large collections of diagonal irreducible
connected subgroups in separate tables. We do this to improve the readability
of Tables 1–5 and in order to condense the presentation of the large number of
conjugacy classes of such diagonal subgroups.

A large part of this paper is devoted to proving Theorem 1. We do this by
proving Theorems 5.1–9.1 which classify the irreducible subgroups of G2–E8, re-
spectively. As mentioned, the author already completed the classification of the
simple G-irreducible connected subgroups in [Tho15], [Tho16] and so the main
focus is on the non-simple irreducible connected subgroups. We discuss the strat-
egy used for the proofs in detail in Section 4. The strategy involved is different to
that used in [Loc. cit.] with the main distinction being our methods for finding
the irreducible subgroups of each maximal connected subgroup of G. This differ-
ence allows us to study the lattice structure of the connected overgroups of each
irreducible connected subgroup; the overgroups can be read off from Tables 1–5 as
aforementioned. This lattice structure allows us to prove Corollaries 5 and 7 below,
as well as Corollary 10.3 in Section 10.1. Moreover, we believe that the presentation
of the lattice structure of all G-irreducible connected subgroups will be beneficial
to future readers.

In the remainder of this introduction we present many corollaries of Theorem
1. To do this we require notation used throughout the paper to describe representa-
tions of algebraic groups, diagonal subgroups, identification of irreducible subgroups
etc. This is explained in Section 2.

For the first two of these corollaries we need the following definition. Let X
and Y be semisimple subgroups of a semisimple algebraic group G and let V be a
G-module. Then we say that X and Y have the same composition factors on V if
there exists an isomorphism from X to Y sending the set of composition factors of
V ↓ X to the set of composition factors V ↓ Y (counted with multiplicity).

The first of our corollaries shows that if G is a simple exceptional algebraic
group then, with one exception, conjugacy between G-irreducible connected sub-
groups is determined by their composition factors on the adjoint module for G,
which we denote by L(G).

Corollary 1. Let G be a simple exceptional algebraic group and X and Y
be G-irreducible connected subgroups of G. If X and Y have the same composition
factors on L(G) then either:

(1) X is conjugate to Y in Aut(G), or
(2) G = E8, X,Y are of type A2, p 6= 3, X →֒ A2

2 < D̄2
4 via (10, 10[r]) and

Y →֒ A2
2 < D̄2

4 via (10, 01[r]) (or vice versa) where r 6= 0 and A2
2 is irreducibly

embedded in D̄2
4. In the notation of Table 5 the subgroup X = E8(#53) and

the subgroup Y = E8(#54).
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We also deduce that for G not of type E8, the Aut(G)-conjugacy class of a
G-irreducible connected subgroup of G is determined by its composition factors on
the minimal module for G.

Corollary 2. Let G be a simple exceptional algebraic group not of type E8,
and let X and Y be G-irreducible connected subgroups of G. If X and Y have the
same composition factors on a minimal module for G then X is conjugate to Y in
Aut(G).

From the lists of composition factors provided in Tables 1–5, one can determine
the G-irreducible connected subgroups X for which V ↓ X is multiplicity-free when
V is either the minimal or adjoint module for G. This is a specific case of a more
general project of Liebeck, Seitz and Testerman; see [LST15] for further details.

The next corollary highlights interesting subgroups that are not G-irreducible
but are M -irreducible for some reductive, maximal connected subgroup M . When
we say a reductive, maximal connected subgroup we mean a reductive subgroup
that is maximal among all closed connected subgroups; these have been classified
by Liebeck–Seitz and are listed in Theorem 3.1. Here “interesting” means that
the M -irreducible subgroup is not M1-reducible for some other reductive, maximal
connected subgroup M1 nor contained in a proper Levi subgroup of G.

We explain some notation we only use in Table 1. A subgroup X is said to
be “embedded via λi” in a simple classical group M if VM (λ1) ↓ X = VX(λi).
This determines X up to M -conjugacy unless M is of type Dn, in which case there
may be two classes. Indeed, this happens for each of the subgroups of D8 given
in Table 1. However, we distinguish between the two classes in each case by their
composition factors on VD8

(λ7) which leads to the definition of B4(‡) and A1C4(‡)
in Section 9.1. Every subgroup X of D8 listed in Table 1 is contained in B4(‡) or
A1C4(‡) and hence the conjugacy class of X is uniquely determined.

Corollary 3. Let G be a simple exceptional algebraic group and X be a con-
nected subgroup of G. Suppose that whenever X is contained in a reductive, maximal
connected subgroup M of G it is M -irreducible and assume that such an overgroup
M exists. Assume further that X is not contained in a proper Levi subgroup of G.
Then either:

(1) X is G-irreducible, or
(2) X is Aut(G)-conjugate to a subgroup in Table 1. Such X are non-G-cr and

satisfy the above hypothesis.

Table 1. Non-G-cr subgroups that are irreducible in every (and at least one) max-
imal, reductive overgroup.

G Max.
M

p M -irreducible subgroup X

G2 A1Ã1 2 A1 →֒ M via (1, 1)

F4 A2Ã2 3 A2 →֒ M via (10, 01)

E6 A2G2 3 A2 →֒ A2A2 = E6(#48) via (10, 10)

E7 A1G2 7 A1 →֒ A1A1 = E7(#334) via (1, 1)

Ā2A5 3 A2 →֒ Ā2A2 = E7(#303) via (10, 10)
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A7 2 C4 embedded via λ1

D4 embedded via λ1

B3 embedded via 001

A1B2 embedded via (1, 01)

A2 embedded via 11

A3
1 embedded via (1, 1, 1)

A1A1 →֒ A3
1 via (1a, 1

[r]
a , 1b) (r 6= 0)

A1 →֒ A3
1 via (1, 1[r], 1[s]) (0 < r < s)

G2C3 2 G2 →֒ G2G2 = E7(#320) via (10, 10)

E8 D8 2 B4(‡) embedded via λ4

B2
2 < B4(‡) embedded via (01, 01)

B2 →֒ B2
2 via (10, 10[r]) (r 6= 0), (10, 02) or (10, 02[r]) (r 6= 0)

A2
1B2 < B4(‡) embedded via (1, 1, 01)

A1B2 →֒ A2
1B2 via (1, 1[r], 10) (r 6= 0)

A4
1 < B4(‡) embedded via (1, 1, 1, 1)

A1A
2
1 →֒ A4

1 via (1a, 1
[r]
a , 1b, 1c) (r 6= 0)

A1A1 →֒ A4
1 via (1a, 1

[r]
a , 1

[s]
a , 1b) (0 < r < s)

A1A1 →֒ A4
1 via (1a, 1

[r]
a , 1b, 1

[s]
b ) (0 < r ≤ s)

A1 →֒ A4
1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

A1C4(‡) embedded via (1, λ1)

A1D4 < A1C4(‡) embedded via (1, λ1)

A1B3 < A1C4(‡) embedded via (1, 001)

A1A2 < A1C4(‡) embedded via (1, 11)

A8 3 A2
2 embedded via (10, 10)

A2 →֒ A2
2 via (10, 10[r]) (r 6= 0) or (10, 01[r]) (r 6= 0)

G2F4 7 G2 →֒ G2G2 = E8(#1035) via (10, 10)

The corollary gives examples showing that one cannot generalise [BMR05,
Theorem 3.26] in certain ways for exceptional algebraic groups. This theorem states
that in good characteristic every H-cr subgroup is G-cr for a regular reductive
subgroup H of G, where a subgroup is regular if it is normalised by a maximal
torus of G. We say that a prime p is good for a simple exceptional algebraic group
G if p ≥ 5 for G of type G2, F4, E6 or E7, and p ≥ 7 for G of type E8. We say a
prime is bad for G if it is not good.

Firstly, one cannot allow arbitrary bad characteristics. The subgroup A1 < G2

given in Table 1 is Ā1Ã1-irreducible yet non-G2-cr when p = 2, and Ā1Ã1 is a
regular subgroup of G2.

Secondly, if one considers reductive, maximal connected subgroups of G, many
of these are regular. However, we do not have such a result for arbitrary reductive,
maximal connected subgroups. For example, the subgroup A1 →֒ A1A1 < A1G2 <
E7 via (1, 1) from Table 1 is A1G2-irreducible yet non-E7-cr when p = 7, which is
even a good characteristic for E7.

It is natural to ask whether G-irreducible subgroups of a certain type exist,
especially in small characteristics. When G is a simple exceptional algebraic group
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it is shown in [LT04, Theorem 2] (corrected in [Ame05, Theorem 7.4]) that G-
irreducible connected subgroups of type A1 exist, except for G = E6 when p = 2.
We extend this result to subgroups of type An

1 .

Corollary 4. Let G be a simple exceptional algebraic group of rank l. Then
G contains a G-irreducible connected subgroup of type An

1 for all n ≤ l, unless
G = E6. For G = E6, there exists a G-irreducible subgroup of type An

1 if and only
if p 6= 2 and n ≤ 3.

Given the existence of irreducible subgroups of type An
1 , we study their over-

groups. The next result shows the existence of a reductive, maximal connected
subgroup that contains representatives of each conjugacy class of G-irreducible
subgroups of type An

1 in small characteristics, with one exception.

Corollary 5. Let G be a simple exceptional algebraic group and p = 2 or
3. Then there exists a reductive, maximal connected subgroup M containing repre-
sentatives of every Aut(G)-conjugacy class of G-irreducible subgroups of type An

1 ,
unless G = F4 and p = 3 (in which case two reductive, maximal connected subgroups
are required). The following table provides examples of such overgroups M .

Table 2. Maximal connected overgroups for G-irreducible subgroups of type An
1 .

G p = 3 p = 2

G2 Ā1Ã1 Ā1Ã1

F4 B4 and A1C3 B4

E6 C4 —

E7 Ā1D6 Ā1D6

E8 D8 D8

We also prove similar results for G-irreducible subgroups of type An
2 .

Corollary 6. Let G be a simple exceptional algebraic group of rank l. Then
for G not of type E7, there exists a G-irreducible connected subgroup of type An

2 if
and only if n ≤ l

2 . For G of type E7, there exists a G-irreducible subgroup of type
An

2 if and only if p 6= 2 and n ≤ 2.

Corollary 7. Let G be a simple exceptional algebraic group. Then there
exists a reductive, maximal connected subgroup M containing representatives of
every Aut(G)-conjugacy class of G-irreducible subgroups of type An

2 , unless (G, p)
is one of the following: (G2, 3), (E6, p 6= 2), (E7, p ≥ 5) or (E8, p 6= 3) (in all cases
at most three reductive, maximal connected subgroups are required). The following
table provides examples of such overgroups M .
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Table 3. Maximal connected overgroups for G-irreducible subgroups of type An
2 .

G p ≥ 5 p = 3 p = 2

G2 Ā2 Ā2 and Ã2 Ā2

F4 Ā2Ã2 Ā2Ã2 Ā2Ã2

E6 Ā3
2 and A2 Ā3

2, A2G2 and G2 Ā3
2

E7 Ā2A5 and A2 Ā2A5 —

E8 Ā2E6 and D8 Ā2E6 Ā2E6 and D8





CHAPTER 2

Notation

In this section we present the notation used throughout the paper. At many
points in this paper we use the results of [Tho15] and [Tho16] and therefore have
tried to be consistent with the notation in those papers, where possible. In partic-
ular, when we come to describe the identification number given to an irreducible
connected subgroupX we have chosen to keep the same identification number given
to X in [Tho16] when X is of type A1.

Firstly we note that by a subgroup of an algebraic group we always mean a
closed subgroup. Similarly, all representations of algebraic groups are assumed to
be rational.

Let G be a simple algebraic group over an algebraically closed field K. Let
Φ be the root system of G and Φ+ be a fixed set of positive roots in Φ. Write
Π = {α1, . . . , αl} for the simple roots of G and λ1, . . . , λl for the fundamental
dominant weights of G, both with respect to the ordering of the Dynkin diagram
as given in [Bou68, p. 250]. We sometimes use a1a2 . . . al to denote a dominant
weight a1λ1 + a2λ2 + · · · + alλl. We denote by VG(λ) (or just λ) the irreducible
G-module of dominant high weight λ. Similarly, the Weyl module of high weight λ
is denoted by W (λ) = WG(λ) and the tilting module of high weight λ is denoted
by T (λ). Another module we refer to frequently is the adjoint module for G; we
recall that we denote this by L(G). We let

V7 := WG2
(λ1), V26 := WF4

(λ4), V27 := VE6
(λ1), V56 := VE7

(λ7).

For G-modules V and W we write V +W for the module V ⊕W and let V ∗ denote
the dual module of V . If Y = Y1Y2 . . . Yk, a commuting product of simple algebraic
groups, then (V1, . . . , Vk) denotes the Y -module V1 ⊗ · · · ⊗ Vk, where each Vi is an
irreducible Yi-module. The notation X̄ denotes a subgroup of G that is generated
by long root subgroups of G. If the root system of G has short roots then X̃ denotes
a subgroup generated by short root subgroups of G.

Suppose that char(K) = p < ∞, recalling our convention that p = ∞ represents
characteristic 0. Let F : G → G be the standard Frobenius endomorphism (acting
on root groups Uα = {uα(c) | c ∈ K} by uα(c) 7→ uα(c

p)) and V be a G-module
afforded by a representation ρ : G → GL(V ). If r is a positive integer then V [r]

denotes the module afforded by the representation ρ[r] := ρ ◦ F r. Let M1, . . . ,Mk

be G-modules and n1, . . . , nk be positive integers. Then Mn1

1 / . . . /Mnk

k denotes a
G-module having the same composition factors as Mn1

1 + · · ·+Mnk

k . Furthermore,
V = M1| . . . |Mk denotes a G-module with a socle series as follows: Mk

∼= Soc(V ) =
Soc1(V ) and for i > 0, the module Mk−i is isomorphic to Soci+1(V ) = Soc(V/Ni)

where Ni is the inverse image in V of Soci(V ) under the quotient mapping V →
V/Ni−1 (so N0 = 0 and N1 = Mk). Sometimes, to make things clearer, we will use

9
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a tower of modules
M1

M2

M3

to denote V = M1|M2|M3.
We need a notation for diagonal subgroups of Y = H1H2 . . . Hk, a commuting

product with all of the subgroups Hi simple and of the same type. Let H be a
simply connected algebraic group of type H1 and Ŷ = H ×H × · · · ×H , the direct
product of k copies of H . Then we may regard Y as Ŷ /Z, where Z is a subgroup

of the centre of Ŷ , and Hi is then regarded as the image of the ith projection
map. A diagonal subgroup of Ŷ is a subgroup X̂ ∼= H of the following form:
X̂ = {(φ1(h), . . . , φk(h)) | h ∈ H} where each φi is a surjective endomorphism of

H . A diagonal subgroup X of Y is the image of a diagonal subgroup of Ŷ under
the natural map Ŷ → Y . To describe such a subgroup it therefore suffices to
give a surjective endomorphism, φi, of H for each i. By [GLS98, Section 1.15],
φi = αiθiF

ri where αi is an inner automorphism, θi is a graph automorphism
and F ri is a power of the standard Frobenius endomorphism. We only wish to
distinguish these diagonal subgroups up to conjugacy. Therefore, we assume each
αi is trivial and give a (possibly trivial) graph automorphism θi of H and a non-
negative integer ri, for each 1 ≤ i ≤ k.

Such a diagonal subgroup X is denoted by

X →֒ Y via (λ
[θ1r1]
1 , λ

[θ2r2]
1 , . . . , λ

[θkrk]
1 ),

where λ1 is the first dominant weight of X . We often abbreviate this to

X via (λ
[θ1r1]
1 , . . . , λ

[θkrk]
1 )

if the group Y is clear. Unless X is of type Dn (n ≥ 4), a graph automorphism is
uniquely determined (up to conjugacy) by the image of λ1 (including the exceptional
graph automorphisms of B2, F4 when p = 2 and G2 when p = 3, which takes λ1

to 2λ2, 2λ4 and 3λ2, respectively). In these cases, instead of writing λ
[θiri]
1 we

write µ[ri] where µ is the image of λ1 under θi. The only time we need a diagonal
subgroup of a product of subgroups of type Dn is when dealing with Y = D̄2

4. We
give a notation for the standard graph automorphisms of D̄4: we let τ denote a
standard triality automorphism induced by the permutation (α1, α3, α4) and let ι
denote a standard involutory automorphism induced by the permutation (α3, α4).

For clarity, note that field twists r, s, t, . . . are not assumed to be distinct. This
is consistent with [Tho16] but not with [Tho15].

We extend this notation to describe certain semisimple subgroups of the form
X = X1X2 . . .Xn of Y = H1H2 . . . Hk (n < k) where each Xi is of type H and
the projection of X to each Hi is surjective. Any such subgroup is a commuting
product of diagonal subgroups of distinct subsets of the Hi. For this reason, we
extend our use of the term “diagonal subgroup” to include such subgroups X . For
example, consider diagonal subgroups isomorphic to A2

1 contained in A4
1. They are

either a commuting product of one A1 factor and a diagonal subgroup of A3
1, or a

commuting product of a diagonal subgroup of A2
1 and another diagonal subgroup of

the other A2
1. Therefore, our notation needs to distinguish which of the subgroups

Hi each of the simple factors of X project non-trivially to. We give the first factor
of X the label a, the second factor of X the label b and so on. Then for each i such
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that X1 has non-trivial projection to Hi we give a subscript a to λ
[θiri]
1 . For each

j such that X2 has non-trivial projection to Hj we give a subscript b to λ
[θjrj]
1 and

so on. For example, consider X = A1A1 and Y = A4
1 with the first A1 factor of X

embedded diagonally in the first two factors of Y (with field twists 0 and r) and
the second A1 factor embedded diagonally in the last two factors of Y (with field

twists 0 and s). Then we write X →֒ Y via (1a, 1
[r]
a , 1b, 1

[s]
b ).

We make another natural extension of this notation. Let X and Y be as above
and suppose that S = S1 . . . Sl is a semisimple group with no factors isomorphic to
H . Then a subgroup XS of Y S is denoted by

XS →֒ Y S via (λ
[θ1r1]
1 , λ

[θ2r2]
1 , . . . , λ

[θkrk]
1 , ν11 , ν

2
1 , . . . , ν

l
1)

where νi1 denotes the first fundamental dominant weight of Si. Again, we will still
refer to such subgroups as “diagonal subgroups”. For example, consider a subgroup
XZ = A1B2 of Y Z = A2

1B2 whereX = A1 is a simple diagonal subgroup of Y = A2
1

with field twists 0 and r. Then we write A1B2 →֒ A2
1B2 via (1, 1[r], 10).

Finally, we show how to combine all of these notations in the most general
setting. Suppose that A is a diagonal subgroup of Y = H1 . . . Hn and B is a diagonal
subgroup of Z = J1 . . . Jm, where all the Hi (resp. Ji) are simple and of the same
type H (resp. J) and H is not isomorphic to J . Suppose also that S is a semisimple
group with no factors of type H or J . Then we naturally concatenate the notations
above to give a notation for the subgroup ABS of Y ZS. For example, consider a
subgroup ABS = A3

1B
2
2B3 of Y ZS = A4

1B
3
2B3 where A is a diagonal subgroup of

Y via (1a, 1b, 1
[r]
b , 1c) and B is a diagonal subgroup of Z via (10a, 10

[s]
b , 10

[t]
b ). Then

we write A3
1B

2
2B3 →֒ A4

1B
3
2B3 via (1a, 1b, 1

[r]
b , 1c, 10a, 10

[s]
b , 10

[t]
b , 100).

When determining the different conjugacy classes of diagonal subgroups of
a given group X we need to understand certain automorphisms of X induced
from G. We define the following notation to describe the graph automorphisms
of a subgroup X of G induced by NG(X). We let AutG(X) = NG(X)/CG(X)
and InnG(X) = X/Z(X) ∼= (XCG(X))/CG(X). Therefore AutG(X)/InnG(X) ∼=
NG(X)/(XCG(X)), the group of graph automorphisms of X induced by NG(X)
and we let OutG(X) = AutG(X)/InnG(X).

Now let G be of exceptional type. In Tables 1–5 we give an identification num-
ber to each of the conjugacy classes of G-irreducible connected subgroups arising
in Theorems 5.1–9.1. The notation G(#a) (or simply a if G is clear from the con-
text) means the G-irreducible subgroup corresponding to the ID number a. We
set G(#0) to be G itself. Sometimes G(#a) will refer to infinitely many conjugacy
classes of G-irreducible subgroups. This situation only occurs for diagonal sub-
groups, where the conjugacy class will depend on field twists r1, . . . , rk and graph
automorphisms θ1, . . . , θk. Sometimes we refer to a subset of the conjugacy classes
that G(#a) represents; we only do this when all graph automorphisms are trivial.
These are thus described by an ordered set of field twists r1, . . . , rk and are denoted
by G(#a{r1,...,rk}). Let us give a concrete example to make this clearer. Consider

G2(#1), the conjugacy classes of diagonal subgroups A1 →֒ Ā1Ã1 via (1[r], 1[s])
(rs = 0; r 6= s) (see Table 1). Then the notation G2(#1{r,0}) refers to the conju-
gacy classes with s = 0 and the notation G2(#1{1,0}) refers to the single conjugacy

class A1 →֒ Ā1Ã1 via (1[1], 1).
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In the tables in Section 11 we use a shorthand for n{s1,...,sk} in certain situations.
The notation n{0} simply means that each si is equal to 0. The notation n{δj} means
sj = 1 and si = 0 for all i 6= j.

We have chosen these identification numbers to be consistent with those given
to G-irreducible subgroups of type A1 in [Tho16, Tables 4–8]. After the first m
identification numbers have accounted for the subgroups of type A1 we then give the
next set of identification numbers to the simple subgroups of rank at least 2 from
[Tho15, Tables 3–7]. The next set is given to the remaining non-simple reductive,
maximal connected subgroups and after this they are given in order.

In Tables 1–5 we also need a notation to be able to describe conjugacy classes of
M -irreducible connected subgroups X of reductive, maximal connected subgroups
M of G. Suppose that M = M1M2 . . .Mr. If all of the factors are simple classical
algebraic groups then we define

VM := VM1
(λ1)⊗ VM2

(λ1)⊗ · · · ⊗ VMr
(λ1)

and let VM ↓ X be the usual restriction of the M -module VM to X .
Now suppose that some Mi is of exceptional type. We do not wish to list

composition factors for the action of X on a minimal module for Mi as this will
make things more difficult to read. Instead, we use the fact that the projection of
X to Mi will be Mi-irreducible (see Lemma 3.5) and therefore X has a unique ID
number. In this case we give the ID number rather than the composition factors of
the restriction of any module. So, if M = M1 then we define the notation VM ↓ X
to simply be M(#a) where a is the ID number of the subgroup X of M . The final
possibility is M = M1M2 with at least one Mi of exceptional type. In this case, we
combine the previous two notations by denoting VM ↓ X = (VM1

↓ X1, VM2
↓ X2).

As above, let G be a simple exceptional algebraic group. Many of the G-
irreducible connected subgroups have simple factors X̄ generated by long root sub-
groups of G. In the following cases all subgroups of the given type are generated
by long root subgroups of G and we will therefore omit the bar.

G = E6, X = A4, A5, D5, E6.

G = E7, X = A4, A5, A6, A7, D5, D6, E6, E7.

G = E8, X = A5, A6, A7, A8, D5, D6, D7, D8, E6, E7, E8.

Finally, we note the standard notation we will use for certain finite groups. A
symmetric group acting on a finite set of size m will be denoted by Sm. A dihedral
group of order 2n will be denoted by Dih2n.



CHAPTER 3

Preliminaries

To prove our main theorems we require a number of preliminary results, which
we record in this section. The first result is the starting point for our strategy.
Recall that when we say a reductive, maximal connected subgroup we mean a
reductive subgroup that is maximal among all connected subgroups.

Theorem 3.1 ([LS04, Corollary 2]). Let G be a simple exceptional algebraic
group. Let M be a reductive, maximal connected subgroup of G. Then M is Aut(G)-
conjugate to precisely one subgroup X as follows, where each isomorphism type of
X denotes one G-conjugacy class of subgroups.

G X

G2 Ā2, Ã2 (p = 3), Ā1Ã1, A1 (p ≥ 7)

F4 B4, C4 (p = 2), Ā1C3 (p 6= 2), A1G2 (p 6= 2), Ā2Ã2, G2 (p = 7), A1

(p ≥ 13)

E6 Ā1A5, Ā
3
2, F4, C4 (p 6= 2), A2G2, G2 (p 6= 7), A2 (p ≥ 5)

E7 Ā1D6, Ā2A5, A7, G2C3, A1F4, A1G2 (p 6= 2), A2 (p ≥ 5), A1A1 (p ≥ 5),
A1 (p ≥ 17), A1 (p ≥ 19)

E8 D8, Ā1E7, Ā2E6, A8, Ā
2
4, G2F4, B2 (p ≥ 5), A1A2 (p ≥ 5), A1 (p ≥ 23),

A1 (p ≥ 29), A1 (p ≥ 31)

Let G be a classical simple algebraic group, which we refer to as Cl(V ) = SL(V ),
Sp(V ) or SO(V ) for some finite-dimensional vector space V . We need to determine
the G-conjugacy classes of reductive, maximal connected subgroups of G, when G
is of small rank. Firstly, we need part of a theorem of Liebeck and Seitz concerning
the maximal subgroups of classical algebraic groups. Let H be a subgroup of G.
We introduce the following classes of subgroups (which is a subset of those from
[LS98]).

Class C1: Subspace stabilisers. Here H ∈ C1 if H = StabG(W ) where W is
either a non-degenerate subspace of V , or (G, p) = (SO(V ), 2) and W is a non-
singular subspace of dimension 1.

Class C4: Tensor product subgroups. Suppose that V = V1 ⊗ V2 with dimVi >
1. Then H ∈ C4 if H = Cl(V1) ◦ Cl(V2) which acts naturally on V as follows:
(g1, g2)(v1 ⊗ v2) := (g1v1)⊗ (g2v2). The tensor product subgroups occurring are:

SL⊗ SL < SL, Sp⊗ SO < Sp (p 6= 2),

Sp⊗ Sp < SO, SO⊗ SO < SO (p 6= 2).

The following theorem can be immediately deduced from [LS98, Theorem 1].

13
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Theorem 3.2. Let G be a classical simple algebraic group. Suppose that M is
a reductive, maximal connected subgroup of G. Then one of the following holds:

(i) M belongs to C1;
(ii) M belongs to C4;
(iii) M is a simple algebraic group and V ↓ M is irreducible and restricted.

In the following lemma we now apply this theorem to certain classical simple
groups of small rank; the ones we treat are those which will arise in the work of
Sections 5–9.

Lemma 3.3. Suppose that G is a classical group of type An for n ∈ {2, 3, 4, 5, 7, 8},
Bn for n ∈ {2, 3, 4, 5, 6, 7}, Cn for n ∈ {3, 4}, or Dn for n ∈ {4, 5, 6, 8}. Then the
following table gives all G-conjugacy classes of reductive, maximal connected sub-
groups of G.

Table 2. The maximal subgroups of certain low rank classical algebraic groups.

G Max. sub. M VG(λ1) ↓ M Comments

A2 A1 (p 6= 2) 2

B2 Ā2
1 (1, 1) + (0, 0)

Ã2
1 (p = 2) (2, 0) + (0, 2)

A1 (p ≥ 5) 4

A3 B2 01

A2
1 (p 6= 2) (1, 1)

B3 Ā3 010 + 000 (p 6= 2) or 010 (p = 2)

Ā2
1Ã1 (p 6= 2) (1, 1, 0) + (0, 0, 2)

G2 10

Ã1B2 (p = 2) (2, 00) + (0, 10)

C3 Ā1C2 (1, 00) + (0, 10)

A1A1 (p 6= 2) (2, 1)

Ã3 (p = 2) 010

G2 (p = 2) 10

A1 (p ≥ 7) 5

A4 B2 10

B4 D̄4 λ1 + 0 (p 6= 2) or λ1 (p = 2)

Ã1Ā3 (p 6= 2) (2, 000) + (0, 010)

Ā2
1B2 (p 6= 2) (1, 1, 00) + (0, 0, 10)

A2
1 (p 6= 2) (2, 2)

A1 (p ≥ 11) 8

Ã1B3 (p = 2) (2, 000) + (0, 100)

B2
2 (p = 2) (10, 00) + (00, 10)

C4 C2
2 (10, 00) + (00, 10)

Ā1C3 (1, 000) + (0, 100)

A3
1 (p 6= 2) (1, 1, 1)
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A1 (p ≥ 11) 7

D̃4 (p = 2) λ1

D4 B3 (3 classes) 100 + 000 (p 6= 2) or
000|100|000 (p = 2)
001

classes are permuted by
Out(D4) ∼= S3

001

A1B2 (p 6= 2)
(3 classes)

(2, 00) + (0, 10)
(1, 01)

classes are permuted by
Out(D4) ∼= S3

(1, 01)

Ā4
1 (1, 1, 0, 0) + (0, 0, 1, 1)

A2 (p 6= 3) 11 involutory graph aut. of D4

induces graph aut. of A2

A5 A1A2 (1, 10)

C3 100

A3 (p 6= 2) 010

A2 (p 6= 2) 20

B5 D̄5 λ1 + 0 (p 6= 2) or λ1 (p = 2)

Ã1D̄4 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1B3 (p 6= 2) (1, 1, 000) + (0, 0, 100)

B2Ā3 (p 6= 2) (10, 000) + (00, 010)

A1 (p ≥ 11) 10

Ã1B4 (p = 2) (2, 0) + (0, λ1)

B2B3 (p = 2) (10, 000) + (00, 100)

D5 B4 λ1 +0 (p 6= 2) or 0|λ1|0 (p = 2)

A1B3 (p 6= 2) (2, 000) + (0, 100)

Ā2
1Ā3 (1, 1, 000) + (0, 0, 010)

B2
2 (p 6= 2) (10, 00) + (00, 10)

B2 (p 6= 2)
(2 classes)

02
02

classes permuted by
involutory graph aut.

B6 D̄6 λ1 + 0 (p 6= 2) or λ1 (p = 2)

Ã1D̄5 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1B4 (p 6= 2) (1, 1, 0) + (0, 0, λ1)

B2D̄4 (p 6= 2) (10, 0) + (00, λ1)

Ā3B3 (p 6= 2) (010, 000) + (000, 100)

A1 (p ≥ 13) 12

B2 (p = 5) 20

C3 (p = 3) 010

Ã1B5 (p = 2) (2, 0) + (0, λ1)

B2B4 (p = 2) (10, 0) + (00, λ1)

B2
3 (p = 2) (100, 000) + (000, 100)

D6 B5 λ1 +0 (p 6= 2) or 0|λ1|0 (p = 2)

A1B4 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1D̄4 (1, 1, 0) + (0, 0, λ1)
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B2B3 (p 6= 2) (10, 000) + (00, 100)

Ā2
3 (010, 000) + (000, 010)

A1C3 (2
classes)

(1, 100)
(1, 100)

classes permuted by
involutory graph aut.

A7 C4 λ1

D4 (p 6= 2) λ1

A1A3 (1, 100)

B7 D̄7 λ1 + 0 (p 6= 2) or λ1 (p = 2)

Ã1D̄6 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1B5 (p 6= 2) (1, 1, 0) + (0, 0, λ1)

B2D̄5 (p 6= 2) (10, 0) + (00, λ1)

Ā3B4 (p 6= 2) (010, 0) + (000, λ1)

B3D̄4 (p 6= 2) (010, 0) + (000, λ1)

A3 (p 6= 2) 101

A1B2 (p 6= 2) (2, 10)

A1 (p ≥ 17) 14

Ã1B6 (p = 2) (2, 0) + (0, λ1)

B2B5 (p = 2) (10, 0) + (00, λ1)

B3B4 (p = 2) (100, 0) + (000, λ1)

A8 B4 (p 6= 2) λ1

A2
2 (10, 10)

D8 B7 λ1 +0 (p 6= 2) or 0|λ1|0 (p = 2)

A1B6 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1D̄6 (1, 1, 0) + (0, 0, λ1)

B2B5 (p 6= 2) (10, 0) + (00, λ1)

Ā3D̄5 (010, 000) + (000, λ1)

B3B4 (p 6= 2) (100, 0) + (000, λ1)

D̄2
4 (λ1, 0) + (0, λ1)

B2
2 (p 6= 2)

(2 classes)
(01, 01)
(01, 01)

classes permuted by
involutory graph aut.

A1C4

(2 classes)
(1, λ1)
(1, λ1)

classes permuted by
involutory graph aut.

B4 (2 classes) λ4

λ4

classes permuted by
involutory graph aut.

Proof. We will give the details of how to apply Theorem 3.2 when G is of
type An (2 ≤ n ≤ 5) or of type D4. The other types are similar. The strategy is
to find all possible subgroups of G in C1, C4 and 3.2 (iii), and then check whether
there are any containments amongst them.

Suppose that G is of type An. We apply Theorem 3.2, considering An as SL(V )
where V is of dimension n+ 1 and equipped with the 0-form. Firstly, there are no
subgroups in C1 since all subspaces are degenerate. Next, we consider C4. If n+ 1
is prime then there are no subgroups. For G of type A3 we obtain the subgroup
A2

1 acting as (1, 1) on V . This is only maximal when p 6= 2 because this subgroup
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is contained in B2 when p = 2 (the subgroup B2 comes from 3.2 (iii) as explained
below). For G of type A5 we obtain the subgroup A1A2 acting as (1, 2).

Now consider subgroups from 3.2 (iii). We use [Lüb01] to find the simple
groups S with an (n + 1)-dimensional irreducible restricted representation. Any
such representation will embed S into G so it remains to determine the maximality.
When G is of type A2 the only possibility for S is a subgroup A1 when p 6= 2
acting as the symmetric square of its natural representation. Since there are no
other possible subgroups it follows that S is maximal. Now let G be of type A3.
The possibilities for S are a subgroup B2 acting as VB2

(01) and a subgroup A1

(p ≥ 5) acting as VA1
(4). We claim the subgroup A1 is contained in B2. This

follows since for any group of type An (n ≥ 3), the subgroup A1 acting as VA1
(n)

is contained in C(n+1)/2 (n odd) or Bn/2 (n even) because it fixes a symplectic (n
odd) or orthogonal (n even) form. Therefore only the subgroup B2 is maximal.

Let G be of type A4. Then the only possibility for S is a subgroup B2 acting as
VB2

(10). Since there are no other possible subgroups this B2 is maximal. Finally,
let G be of type A5. Then the possibilities for S are C3 acting via VC3

(100), A3

acting via VA3
(010), A2 (p 6= 2) acting via VA2

(20) and A1 (p ≥ 7). The subgroup
A1 (p ≥ 7) is contained in C3 by the argument in the previous paragraph. Also,
the subgroup A3 is contained in C3 when p = 2 (SO6 < Sp6). There are no further
containments.

Now let G be of typeD4, which we consider as SO8 with natural module V . The
subgroups in C1 are B3 (SO7), A1B2 (p 6= 2) (SO3SO5) and A4

1 (SO4SO4 < SO8).
The tensor decomposition V = V4 ⊗ V2 (with Vi of dimension i) gives two D4-
conjugacy classes of maximal subgroups A1B2 (Sp2 ⊗ Sp4) when p 6= 2. Indeed,
there is only one GO8-conjugacy class but this splits in the index two subgroup
SO8 because any element g ∈ GO8 \SO8 normalising A1B2 centralises it (since the
outer automorphism group of A1B2 is trivial) and is hence contained in the centre
of GO8. However, the centre of GO8 is contained in SO8 so no such g exists and
NGO8

(A1B2) < SO8. It follows that there is an involution in the automorphism
group of D4 which swaps the two SO8-conjugacy classes. Furthermore, they are
both mapped to the subgroup A1B2 from C1 by appropriate triality automorphisms
since neither is centralised by any triality automorphisms ([GLS98, Table 4.7.1]).

Now we consider simple groups with an 8-dimensional irreducible restricted
representation from [Lüb01]. The group A2 has such a representation when p 6= 3,
namely the adjoint module VA2

(11). Since it is the adjoint module for A2, we know
A2 preserves the Killing form on it. The Killing form is a bilinear symmetric form
and therefore VA2

(11) is an orthogonal module and A2 < D4 when p > 3. When
p = 2 the proof of [Kle87, Proposition 2.3.3] shows that A2 preserves a quadratic
form on VA2

(11) and thus A2 is a subgroup of D4. Moreover, there is an element
of GO8 \SO8 acting as a graph automorphism of A2, again by the proof of [Kle87,
Proposition 2.3.3]. Therefore, NGO8

(A2) 6< SO8 and there is just one D4-conjugacy
class of maximal subgroup A2. We also note that we have shown that A2.2 < D4.2
but A2.2 6< D4. The module VA1

(7) is a self-dual, restricted, 8-dimensional repre-
sentation for A1 when p ≥ 11. However, this module is symplectic and therefore
there is no maximal subgroup A1 of D4. The group B3 has a self-dual, restricted,
8-dimensional, representation VB3

(001). This is indeed an orthogonal representa-
tion by [KL90, Proposition 5.4.9] (the argument holds for algebraic groups also)
and hence yields a subgroup B3 of D4. Since the outer automorphism group of
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B3 is trivial, it follows as before that there are two D4-conjugacy classes and they
are swapped by an involution in the automorphism group of D4; they are mapped
to the subgroup B3 from C1 under triality automorphisms. Finally, when p = 2
the group C3 has an 8-dimensional self-dual irreducible representation obtained by
the special isogeny map from C3 to B3. Therefore this module is also orthogonal,
but the image of this Sp6 inside D4 is a B3, otherwise a triality automorphism
conjugates a subgroup C3 to one of type B3, which is absurd since they are not
even isomorphic as algebraic groups. �

For the following lemmas let G be a semisimple connected algebraic group. We
state some elementary results about G-irreducible subgroups.

Lemma 3.4 ([LT04, Lemma 2.1]). If X is a G-irreducible connected subgroup
of G, then X is semisimple and CG(X) is finite.

Lemma 3.5 ([Tho15, Lemma 3.6]). Suppose that a G-irreducible subgroup X
is contained in K1K2, a commuting product of connected non-trivial subgroups K1,
K2 of G. Then X has non-trivial projection to both K1 and K2. Moreover, each
projection is a Ki-irreducible subgroup.

Lemma 3.6 ([LT04, Lemma 2.2]). Suppose that G is a classical simple algebraic
group, with natural module V = VG(λ1). Let X be a semisimple connected subgroup
of G. If X is G-irreducible then one of the following holds:

(i) G = An and X is irreducible on V ;
(ii) G = Bn, Cn or Dn and V ↓ X = V1 ⊥ . . . ⊥ Vk with the Vi all non-degenerate,

irreducible and inequivalent as X-modules;
(iii) G = Dn, p = 2, X fixes a non-singular vector v ∈ V , and X is a Gv-irreducible

subgroup of Gv = Bn−1.

The next lemma and corollary are used in the proofs of Theorems 5.1 to 9.1
to show that an M -irreducible subgroup is G-irreducible, where M is a reductive,
maximal connected subgroup of a simple exceptional algebraic group G.

Lemma 3.7 ([Tho15, Lemma 3.8]). Let X be a semisimple connected subgroup
of G and let V be a G-module. Suppose that X does not have the same composition
factors as any semisimple L′-irreducible connected subgroup H of the same type as
X for some proper Levi subgroup L of G. If X is of type Bn and p = 2 then assume
further that there is no subgroup H of type Cn with H ≤ L′ and L-irreducible, for
some Levi subgroup L of G, such that there is an isogeny φ : X → H inducing a
mapping which takes the composition factors of V ↓ X to those of V ↓ H. Then X
is G-irreducible.

Corollary 3.8 ([Tho15, Corollary 3.9]). Suppose that X < G is semisimple
and L(G) ↓ X has no trivial composition factors. Then X is G-irreducible.

The following two well known results will be used throughout the proof of
Theorem 1 when showing that a G-irreducible subgroup contained in a maximal
subgroup M1 is conjugate to a G-irreducible subgroup of a maximal subgroup M2.

Lemma 3.9 ([LS12, Lemma 11.13]). Let G be an adjoint simple algebraic group
of exceptional type and let s ∈ G be an element of prime order r 6= p. Then CG(s)

◦

is semisimple if and only if CG(s) is listed below.
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G CG(s) r

G2 Ā1Ã1, Ā2 2, 3 (resp.)

F4 Ā1C3, B4, Ā2Ã2 2, 2, 3 (resp.)

E6 Ā1A5, Ā
3
2.3 2, 3 (resp.)

E7 Ā1D6, A7.2, Ā2A5 2, 2, 3 (resp.)

E8 Ā1E7, D8, Ā2E6, A8, Ā
2
4 2, 2, 3, 3, 5 (resp.)

Lemma 3.10 ([LS94, Section 4]). Let G be a simple algebraic group of excep-
tional type and X be a subgroup of type A1 or A2. If X is generated by long root
subgroups of G then CG(X)◦ is given in the table below.

G CG(Ā1)
◦ CG(Ā2)

◦

G2 Ã1 1

F4 C3 Ã2

E6 A5 Ā2
2

E7 D6 A5

E8 E7 E6





CHAPTER 4

Strategy for the proofs of Theorems 5.1–9.1

To prove Theorem 1 we prove Theorems 5.1–9.1 in Sections 5–9, respectively.
In this section we describe the strategy used in proving those theorems.

Let G be a simple exceptional algebraic group over an algebraically closed
field of characteristic p. Suppose that X is a G-irreducible connected subgroup of
G. Then X is contained in a maximal connected subgroup M of G. Since X is
G-irreducible, M is reductive. Furthermore, X is M -irreducible as any parabolic
subgroup ofM is contained in a parabolic subgroup of G by the Borel-Tits Theorem
[BT71, Théorème 2.5]. Therefore, X is M -irreducible in some reductive, maximal
connected subgroup M of G and the following strategy will find all such X . Not
only do we wish to classify all G-irreducible connected subgroups of G, we also
want to describe the lattice structure of connected overgroups. This last point
explains why the strategy we describe below is different to that used in [Tho15]
and [Tho16].

Take the first reductive, maximal connected subgroupM from Theorem 3.1 (the
ordering is chosen to make the proof and resulting tables easier to follow; of course,
one could use any ordering). We iterate the following schematic process, explaining
each stage below. Find all reductive, maximal connected subgroups of M ; these
subgroups will be denoted by M1 in each case. All such subgroups will clearly be
M -irreducible. Now find all of the reductive, maximal connected subgroups of each
M1, in turn. At this point it is not necessarily the case that all such subgroups
will be M -irreducible and we only wish to keep the irreducible ones. Continuing
in this way will lead to a set containing every M -irreducible subgroup; we want
to consider the G-conjugacy classes of these subgroups and so we specify when a
class is repeated in our list. Moreover, for a given representative of a G-conjugacy
class of irreducible subgroups we know all of its connected overgroups and thus
understand the lattice structure of the irreducible connected subgroups of M .

To find the reductive, maximal connected subgroups of a subgroup of M we
repeatedly use Theorem 3.1 and Lemma 3.3. To check whether a subgroup X of M
isM -irreducible we first note that by Lemma 3.5, the projection ofX to each simple
factor of M must be irreducible. We then use Lemma 3.6 for classical factors of M ;
ifM has a factor of exceptional type then this will have rank less than that of G and
so we may use Theorem 1 inductively, since we will prove this in ascending order of
rank. We also need to consider G-conjugacy rather than just M -conjugacy of all of
the M -irreducible connected subgroups. There are a large number of cases where G
does not fuse any M -classes together. Given two M -conjugacy classes of irreducible
connected subgroups, with representatives X1 and X2, say, it is easy to check that
X1 is not G-conjugate to X2 by comparing the composition factors of their actions
on the adjoint module. If the composition factors are the same then we will give
an argument showing either that X1 is G-conjugate to X2, or that we are in the
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case of the exception given in Corollary 1 with G = E8, p = 3, and X1 and X2

are of type A2. Many of the arguments are based on information from [Car72] on
OutG(H) for certain maximal rank subgroups H of G. We give each G-conjugacy
class of M -irreducible connected subgroups a unique identification number n, and
the class (or representative subgroup) is denoted by G(#n) (see Section 2).

We now consider the second reductive, maximal connected subgroup of G from
Theorem 3.1. In the proofs and tables, this will also be denoted by M , but to be
clear in our explanation in this paragraph we denote it by N so as to be able to
differentiate between the first and second reductive, maximal connected subgroups.
We use the same method as above to find the lattice structure of G-conjugacy
classes of N -irreducible connected subgroups but with an important extra step.
For each N -irreducible connected subgroup X we need to determine whether X is
conjugate to an M -irreducible connected subgroup of M . To show that this does
not happen is straightforward. Indeed, we can compare the composition factors of
X on L(G) with those of each M -irreducible subgroup of the same type as X . This
routine but tedious check will not be explicitly mentioned. When X has the same
composition factors as an M -irreducible subgroup Y then we need to prove that X
is conjugate to Y , since we also wish to prove Corollary 1 (when X is simple this has
already been proved in [Tho15, Corollary 1], [Tho16, Corollary 3]). Proving that
X and Y are conjugate requires results from Section 3 such as Lemmas 3.9, 3.10
and some ad-hoc methods. The main task is showing that X is contained in some
conjugate of M . The fact that X and Y are conjugate then follows from the fact
that composition factors on L(G) determine conjugacy of M -irreducible subgroups.
For example, suppose G is of type E7. If a subgroup X of N has an Ā1 factor
generated by long root subgroups of G then X will be contained in some conjugate
of M = Ā1D6 by Lemma 3.10. For a specific example, consider N = G2C3 and
X = Ā1A1C3 = E7(#42).

We repeat this process until we have considered all of the reductive, maxi-
mal connected subgroups from Theorem 3.1. The information obtained from this
method is displayed in Tables 1–5, except for the M -irreducible subgroups which
are G-reducible. We explained the notation used in these tables in Section 2, and
we explain how to read the tables at the start of Section 11. In particular, when
the identification number n for a subgroup X is written in italics it means that X
is listed elsewhere in the table and so should be discounted if one wants exactly one
conjugate of each G-irreducible connected subgroup, as in Theorem 1.

We now describe the final part of the strategy: determining whether an M -
irreducible connected subgroup is G-irreducible. Let X be an M -irreducible con-
nected subgroup of G. If X is simple then we use [Tho15] and [Tho16] to check
if X is irreducible. If X contains a simple G-irreducible subgroup then X is of
course itself G-irreducible. In both of these cases we will not explicitly mention
this in the proofs. Now suppose that X is non-simple and contains no simple G-
irreducible subgroup. Then to prove that X is G-irreducible we use Lemma 3.7 and
Corollary 3.8, for which we require the composition factors for the action of X on
the minimal or adjoint module. These can be found by restricting the composition
factors of M to X and the composition factors for the G-irreducible ones can be
found in Section 12. To apply Lemma 3.7 we also need the composition factors for
the action of the Levi subgroups of G on the minimal and adjoint modules. These
can be found in Section 13. In most cases, a non-simple M -irreducible connected
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subgroup is G-irreducible. Corollary 3 lists the connected subgroups X (simple or
not) for which X is irreducible in every reductive, maximal connected overgroup,
yet G-reducible. To prove that X is G-reducible requires different methods and we
explain these as and when we use them.

We modify the above approach when considering diagonal subgroups. Suppose
that X is an M -irreducible connected subgroup of M of the form AnB for some
n ≥ 2 with A and B of different types. Then X has maximal diagonal subgroups of
the form An−1B. We do not want to then consider all of their maximal subgroups
including those of the form An−2B. Instead, we list all diagonal subgroups of X
immediately and do not list their subgroups in the table. Doing this significantly
reduces the size of the tables, and it does not mean that we miss any M -irreducible
subgroups. It does however mean that some additional combinatorial work is re-
quired to recover the lattice of overgroups of certain diagonal subgroups. In light
of the large number of diagonal subgroups, we often produce a complete set of
non-conjugate classes of diagonal subgroups of an irreducible subgroup X in a sup-
plementary table. This allows for easier reading of the tables referenced in Theorem
1.

There is another situation where we deviate slightly from the above approach,
but only to alter the order in which we study the subgroups in question. Let us
explain this with an example. Suppose thatM = SO8 of typeD4. When p 6= 2 there
is a maximal connected subgroup SO5SO3. However, when p = 2 this subgroup still
exists and is still SO8-irreducible but is now contained in SO7. In view of this we
use the same identification number n for both groups but use na for the subgroup
when p 6= 2 and nb for the subgroup when p = 2. Moreover, we wish to study the
subgroups of na and nb together. In the tables, if we first arrive at the subgroup
labelled by nb we postpone listing its subgroups until we come to the subgroup
labelled by na.

This generalises to any situation where a subgroup X occurs for p 6= m some-
where in the lattice and elsewhere when p = m. In particular, we use this only
if the composition factors on both the minimal and adjoint module for nb are the
same as those for na when p = m.





CHAPTER 5

Irreducible subgroups of G2

In this section we deduce Theorem 1 when G is of type G2. It follows immedi-
ately from Theorem 3.1 that the only non-simpleG2-irreducible connected subgroup
is the maximal subgroup A1Ã1. The simple G2-irreducible connected subgroups of
rank at least 2 are given in [Tho15, Lemma 3.3]. The G2-irreducible subgroups of
type A1 are given in [Tho16, Theorem 2], where it is also proved that A1 < A2

embedded via the representation VA1
(2) is conjugate to A1 →֒ A1Ã1 via (1, 1) when

p 6= 2. Combining these results we deduce the following theorem, concluding the
case where G is of type G2.

Theorem 5.1. Let X be a G2-irreducible connected subgroup of G2. Then X
is conjugate to exactly one subgroup of Table 1 and each subgroup in Table 1 is G2-
irreducible. Moreover, Table 1 gives the lattice structure of the irreducible connected
subgroups of G2.

25





CHAPTER 6

Irreducible subgroups of F4

In this section we use the strategy described in Section 4 to prove Theorem 1
when G is of type F4. In doing this we prove the following theorem.

Theorem 6.1. Let X be an F4-irreducible connected subgroup of F4. Then
X is conjugate to exactly one subgroup of Table 2 and each subgroup in Table 2
is F4-irreducible. Moreover, Table 2 gives the lattice structure of the irreducible
connected subgroups of F4.

As mentioned in Section 4, throughout the proof we will use [Tho15, Theorem
3.4] and [Tho16, Theorem 3], which classify the simple F4-irreducible connected
subgroups, without reference. In addition, we will implicitly use the fact that any
subgroup that contains an F4-irreducible subgroup is itself F4-irreducible.

By Theorem 3.1, the reductive, maximal connected subgroups of F4 are B4,
C4 (p = 2), Ā1C3 (p 6= 2), A1G2 (p 6= 2), Ā2Ã2, G2 (p = 7) and A1 (p ≥
13). The maximal connected subgroup A1 contains no proper irreducible connected
subgroups and so requires no further consideration. In the following sections we
consider each of the remaining reductive, maximal connected subgroups M in turn.

6.1. M = B4 (F4(#12))

Here we will only treat the case p 6= 2; the p = 2 case will follow from Section
6.2 below, where we consider the subgroups of C4, by applying an exceptional graph
automorphism of F4. The reductive, maximal connected subgroups of B4 are given
by Lemma 3.3 and the possibilities are D̄4, Ã1Ā3, Ā

2
1B2, A

2
1 and A1 (p ≥ 11).

There are no proper non-simple M -irreducible connected subgroups contained in
either A2

1 or A1 (p ≥ 11). We consider the remaining maximal connected subgroups
M1 in the following sections.

6.1.1. M1 = D̄4 (F4(#13)). From Lemma 3.3, the reductive, maximal con-
nected subgroups of D̄4 are B3, A1B2 (3 conjugacy classes of each), A2 (p 6= 3)
and A4

1. We have OutF4
(D̄4) ∼= S3 by [Car72, Table 8] and therefore there is only

one F4-conjugacy class of maximal subgroups of type B3 and A1B2. The subgroup
B3 is F4-reducible, since it is a Levi subgroup of F4 (recalling p 6= 2). The sub-
group A1B2 is a diagonal subgroup of Ā2

1B2 = F4(#28) since there is only one
SO9-conjugacy class of subgroups acting as SO3SO5 on the natural 9-dimensional
module. Therefore A1B2 is conjugate to F4(#40{0}) and no further consideration
is given to it here. The maximal subgroup A2 is conjugate to F4(#19). It re-
mains to consider the M -irreducible connected subgroups of Ā4

1, all of which are
diagonal. From [Car72, Table 8], we see OutF4

(Ā4
1)

∼= S4, acting naturally on the
four Ā1 factors. The conjugacy classes of diagonal subgroups are hence as listed in
Table 2 with the following exception: the subgroup Ā2

1Ã1 →֒ Ā4
1 via (1a, 1b, 1c, 1c)
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is not M -irreducible (and hence none of its subgroups is) as it is contained in the
F4-reducible subgroup B3. This explains the (r 6= 0) condition on F4(#33) and
subsequent conditions on F4(#34), F4(#35) and F4(#1).

6.1.2. M1 = Ã1Ā3 (F4(#27)). The reductive, maximal connected subgroups

of Ã1Ā3 are of the form Ã1Y where Y is a reductive, maximal connected subgroup of
Ā3. From Lemma 3.3 we see the possibilities for Y are B2 and Ã2

1 (the subgroups
of type A1 are generated by short root subgroups of B4 and hence of F4). The

subgroup Ã1B2 is contained in Ā2
1B2 and conjugate to F4(#40{0}). The diagonal

subgroups of Ã3
1 follow from the fact that OutF4

(Ã3
1)

∼= S3, acting naturally on the

three Ã1 factors. Note that the subgroup A1Ã1 →֒ Ã3
1 via (1a, 1a, 1b) isM -reducible

by Lemma 3.6 since it acts as (2, 0)2 + (0, 2) on VB4
(λ1).

6.1.3. M1 = Ā2
1B2 (F4(#28)). The reductive, maximal connected subgroups

of Ā2
1B2 are either of the form Ā2

1Y where Y is a reductive, maximal connected

subgroup of B2, or a diagonal subgroup A1B2 →֒ Ā2
1B2 via (1a, 1

[r]
a , 10). By Lemma

3.3, the possibilities for Y are Ā2
1 and A1 (p ≥ 5) (recalling our assumption that

p 6= 2). The subgroup Ā4
1 is conjugate to F4(#32) since there is only one class of

such subgroups in B4. The diagonal subgroups of X = Ā2
1A1 (p ≥ 5) are as in

Table 2, noting that the normaliser of X contains an involution swapping the two
Ā1 factors. As explained in Section 4, we do not consider the reductive, maximal
connected subgroups of A1B2 →֒ Ā2

1B2 separately.
This completes the M = B4 case.

6.2. M = C4 (p = 2) (F4(#14))

By Lemma 3.3, the reductive, maximal connected subgroups of C4 when p = 2
are B2

2 , Ā1C3 and D̃4 (this subgroup D̃4 is generated by short root subgroups of
F4 because it is the image of D̄4 under the exceptional graph automorphism of
F4). The subgroup Ā1C3 is a maximal subgroup of F4 when p 6= 2. We therefore
consider the subgroups of Ā1C3 when p = 2 in the Ā1C3 section below (as indicated
by the ID number 24b in Table 2). The remaining maximal connected subgroups
M1 are considered in the following sections.

6.2.1. M1 = B2
2 (F4(#30)). The only reductive, maximal connected sub-

groups of B2 when p = 2 are Ā2
1 and Ã2

1. Almost everything follows from this, by

working out the conjugacy classes of diagonal C4-irreducible subgroups of Ā2
1Ã

2
1,

Ã4
1 and Ā4

1. We note that there is only one F4-conjugacy class of Ā4
1 and that

it is contained in D̄4 < B4 even when p = 2. Applying the exceptional graph
automorphism of F4 shows that OutF4

(Ā4
1)

∼= S4 implies that OutF4
(Ã4

1)
∼= S4.

The diagonal C4-irreducible subgroups of Ã4
1 now follow. The normalisers of both

Ā2
1 and Ã2

1 in B2 contain an involution swapping the two A1 factors and hence

OutF4
(Ā2

1Ã
2
1)

∼= S2 ×S2. Again, the diagonal C4-irreducible subgroups now follow.

6.2.2. M1 = D̃4 (F4(#15)). By Lemma 3.3, the reductive, maximal connected

subgroups of D̃4 when p = 2 are B3 (3 conjugacy classes), Ã4
1 and A2. Since

OutF4
(D̃4) ∼= S3, it follows that there is only one F4-conjugacy class of maximal

subgroups of type B3. Therefore Lemma 3.6 shows that B3 is C4-reducible since
one of the D̃4 classes acts as 000|100|000 on VD̃4

(λ1). The subgroup A2 is conjugate

to F4(#18{1,0}). Finally, consider Ã4
1. This subgroup is contained in B2

2 because
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there is only one C4-conjugacy class of subgroups of type A4
1 acting as (1, 1, 0, 0)+

(0, 0, 1, 1) on VC4
(λ1). Therefore Ã4

1 is conjugate to F4(#51).
This completes the C4 (p = 2) case.

6.3. M = Ā1C3 (F4(#24))

The subgroup Ā1C3 is maximal when p 6= 2 and contained in C4 when p = 2.
We consider both cases in this section. By Lemma 3.3, the reductive, maximal
connected subgroups of C3 are Ā1B2, A1A1 (p 6= 2), Ã3 (p = 2), G2 (p = 2) and
A1 (p ≥ 7). This yields the reductive, maximal connected subgroups of Ā1C3, as
listed in Table 2.

By [LS94, p.333, Table 2], we have CF4
(B2) = Ā2

1 (p 6= 2) and B2 (p =
2). Thus, the subgroup Ā2

1B2 has already been considered in Sections 6.1.3 and
6.2.1, respectively and in particular, is conjugate to F4(#28). The only thing
noteworthy about the diagonal subgroups of Ā1A1A1 is that X = Ā1A1 →֒ Ā1A1A1

via (1a, 1b, 1b) is contained in Ā2
1B2 when p ≥ 5 since 2⊗ 1 = 3 + 1 and it follows

that X is conjugate to F4(#42{0}). When p = 3, we have 2⊗ 1 = T (3) = 1|3|1 and
hence X is M -reducible by Lemma 3.6.

The only reductive, maximal connected subgroup of Ã3 when p = 2 is B2, which
is C3-reducible by Lemma 3.6. Therefore Ā1Ã3 contains no proper F4-irreducible
subgroups. However, since it has maximal rank it is clearly F4-irreducible.

Finally, we consider the subgroups contained in Ā1G2 (p = 2). The G2-
irreducible subgroups are given by Theorem 5.1. The maximal connected sub-
group A2 < G2 is C3-reducible by Lemma 3.6 and so Ā1Ã2 is M -reducible. The
subgroup Ā1Ã1A1 < Ā1G2 is also contained in Ā2

1Ã
2
1 < Ā2

1B2 < C4 and conju-

gate to F4(#44{0,1}). Indeed, the subgroup Ã1A1 < G2 < C3 is conjugate to

Ã1A1 →֒ Ã2
1Ā1 < C3 via (1a, 1b, 1

[1]
b ) since both act as (1, 1) + (0, 2) on VC3

(λ1).

6.4. M = A1G2 (p 6= 2) (F4(#25))

The lattice structure of M -irreducible connected subgroups of M follows from
Theorem 5.1. The G2 factor of M is contained in D̄4 as seen from the construction
in [Sei91, 3.9] and therefore subgroups generated by long root subgroups of G2 are
generated by long root subgroups of F4. It follows that A1Ā1A1 is conjugate to
F4(#57), since CF4

(Ā1)
◦ = C3 by Lemma 3.10.

6.5. M = Ā2Ã2 (F4(#26))

By Lemma 3.3, the only reductive, maximal connected subgroup of A2 is A1

(p 6= 2). The reductive, maximal connected subgroups of M are thus as in Table 2.
We note that Ā2A1 (p 6= 2) is conjugate to F4(#64) < A1G2, since the Ā2 < G2

is generated by long root subgroups of F4 and CF4
(Ā2) = Ã2 by Lemma 3.10. It

subsequently follows that A1A1 < Ā2Ã2 is conjugate to F4(#62{0,0}) since A1A1

is a subgroup of Ā2A1.

6.6. M = G2 (p = 7) (F4(#16))

The lattice structure of M -irreducible subgroups is given by Theorem 5.1. We
show that all reductive, maximal connected subgroups of M are conjugate to sub-
groups already considered. For the maximal connected subgroups A2 and A1 this
follows from the proofs of [Tho15, Theorem 3.4] and [Tho16, Theorem 3]. Now
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consider X = A1A1; we claim that X is conjugate to Y = F4(#61{0,0}) < Ā1C3.
To do this it suffices to show that A1A1 is contained in Ā1C3 as comparing compo-
sition factors on V26 shows that X is then conjugate to Y . We know by Lemma 3.9
that X is the centraliser in G2 of a semisimple element of order 2, call it t. Again
by Lemma 3.9, we know that the centraliser in F4 of t is B4 or Ā1C3 and by [LS99,
Proposition 1.2] the trace on V26 is −6 or 2, respectively. We calculate the trace of
t on V26 from the restriction V26 ↓ X = (2, 2) + (1, 1) + (1, 3) + (0, 4), noting that
the element t can be seen as minus the identity in both A1 factors and hence has
trace 2 on V26. Therefore X is contained in Ā1C3, proving the claim.

This completes the proof of Theorem 6.1.



CHAPTER 7

Irreducible subgroups of G = E6

In this section we use the strategy described in Section 4 to prove the following
theorem.

Theorem 7.1. Let X be an E6-irreducible connected subgroup of E6. Then X
is Aut(E6)-conjugate to exactly one subgroup of Table 3 and each subgroup in Table
3 is E6-irreducible. Moreover, Table 3 gives the lattice structure of the irreducible
connected subgroups of E6.

Recall that throughout the proof we will use [Tho15, Theorem 1] and [Tho16,
Theorem 4], which classify the simple E6-irreducible connected subgroups, without
reference.

By Theorem 3.1, the reductive, maximal connected subgroups of E6 are Ā1A5,
Ā3

2, A2G2, F4, C4 (p 6= 2), G2 (p 6= 7) and A2 (p ≥ 5). The only irreducible
connected subgroup contained in A2 is A1 (p 6= 2). Since this is a simple subgroup,
the maximal connected subgroup A2 (p ≥ 5) requires no further consideration.
In the following sections we consider each of the remaining reductive, maximal
connected subgroups M in turn.

7.1. M = Ā1A5 (E6(#24))

The reductive, maximal connected subgroups of A5 are C3, A1A2, A3 (p 6=
2) and A2 (p 6= 2) by Lemma 3.3. Therefore the reductive, maximal connected
subgroups of M are as in Table 3, and we consider them in the following sections.

7.1.1. M1 = Ā1C3 (E6(#27)). Using Lemma 3.3, we find that the reductive,
maximal connected subgroups of Ā1C3 are Ā2

1C2, Ā1A1A1 (p 6= 2), Ā1A1 (p ≥ 7),
Ā1A3 (p = 2) and Ā1G2 (p = 2). Since the subgroup Ā1C2 < C3 acts reducibly on
VC3

(100), it follows that Ā2
1C2 is M -reducible.

The diagonal subgroups of Ā1A1A1 (p 6= 2) and Ā1A1 (p ≥ 7) are easily seen
to be as in Table 3, noting that Ā1A1 →֒ Ā1A1A1 via (1a, 1b, 1b) is M -reducible
by Lemma 3.6. Neither X = Ā1A3 (p = 2) nor Y = Ā1G2 (p = 2) has a proper
M -irreducible connected subgroup, by Lemma 3.6.

It remains to prove that X and Y are E6-irreducible. Suppose that X is E6-
reducible. Then by Lemma 3.7, there exists a subgroup Z of type A1A3 contained
L-irreducibly in a Levi subgroup L, such that X and Z have the same composition
factors on V27. It follows that L

′ has type D5 or A1A3. From Table 3, the dimen-
sions of the X-composition factors on V27 are 14, 12, 1, whereas Table 3 shows that
D5 and A1A3 have composition factors of dimensions 16, 10, 1 and 8, 6, 42, 22, 1,
respectively. Thus X and Z do not have the same composition factors on V27, a
contradiction. Hence X is E6-irreducible.
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The same argument applies to Y since the composition factors of V27 ↓ Y
also have dimensions 14, 12, 1 and only a Levi subgroup of type D5 contains an
irreducible subgroup of type A1G2 when p = 2.

7.1.2. M1 = Ā1A1A2 (E6(#28)). The only reductive, maximal connected sub-
group of A2 is A1 (p 6= 2). Therefore the lattice structure of M1-irreducible sub-
groups is as given in Table 3 along with the subgroup Y = A1A2 →֒ Ā1A1A2 via
(1, 1, 10) when p = 2. There is only one A5-conjugacy class of subgroups A1A1

acting as (2, 1) on VA5
(λ1) and so Ā1A1A1 is contained in Ā1C3 and thus conjugate

to E6(#31).
It remains to prove that when p = 2 the subgroup X = A1A2 →֒ Ā1A1A2 via

(1[r], 1[s], 10) (rs = 0; r 6= s) is E6-irreducible and that Y , defined as above, is E6-
reducible. To prove that X is E6-irreducible we use Lemma 3.7. Suppose that Z
is an L-irreducible subgroup A1A2 of a Levi subgroup L, such that X and Z have
the same composition factors on V27. Since L′ contains an irreducible subgroup
A1A2 it follows from Lemma 3.6 that L′ is of type A5, Ā1Ā

2
2, Ā

2
1A2 or Ā1A2. The

X-composition factors of V27 are (1[r] ⊗ 1[s], 10)/(2[s], 10)/(0, 02)/(0, 10)2. Now it
follows that Z is not contained in A5 since V27 ↓ A5 = λ2

1/λ4. Similarly, since Z has
a composition factor of dimension 12, we find that Z is not a subgroup of Ā1Ā

2
2,

Ā2
1A2 or Ā1A2. This is a contradiction and thus X is E6-irreducible.

Now consider Y . It is shown in Section 7.3 below that M1 is conjugate to
A2Ā1A1 < A2G2. When p = 2, the subgroup A1 →֒ Ā1A1 < G2 via (1, 1) is G2-
reducible by Theorem 5.1. Therefore Y is A2G2-reducible and thus E6-reducible.

7.1.3. M1 = Ā1A3 (p 6= 2) (E6(#29a)) and Ā1A2 (p 6= 2) (E6(#30)). There
are no proper M -irreducible connected subgroups of either Ā1A3 (p 6= 2) or Ā1A2

(p 6= 2) since any proper connected subgroup of A3 or A2 is A5-reducible by Lemma
3.6. It remains to prove that they are both E6-irreducible. The dimensions of the
composition factors on V27 are 15, 12 for both subgroups, as seen from Table 3. An
easy application of Lemma 3.7, as in the previous sections, shows that both are
E6-irreducible.

7.2. M = Ā3
2 (E6(#25))

The only reductive, maximal connected subgroup of A2 is A1 (p 6= 2). We
have OutAut(E6)(Ā

3
2)

∼= S3 × S2 where the central involution acts as a graph
automorphism on each A2 factor; a two-cycle in the S3 direct factor swaps two
of the A2 factors whilst also inducing a graph automorphism on them; a three-
cycle in the S3 direct factor acts naturally as a three-cycle on the three A2 fac-
tors. The lattice structure of the M -irreducible subgroups then follows. It re-
mains for us to show that X = A1A2 →֒ A1Ā

2
2 via (1, 10, 01) is conjugate to

Y = E6(#37{0,0}) when p 6= 2. Let Z = E6(#28) = Ā1A1A2 so Y →֒ Z via
(1, 1, 10). It suffices to prove that Y is contained in Ā3

2. It is shown in Section
7.3 below that Z is conjugate to A2Ā1A1 < A2G2. Therefore Y is conjugate to
A2A1 →֒ A2Ā1A1 < A2G2 via (10, 1, 1). By Theorem 5.1 this implies that Y is
also conjugate to A2A1 < A2Ā2 < A2G2. Using Lemma 3.10, we see that A2Ā2 is
contained in Ā3

2, and hence Y is contained in Ā3
2, as required.
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7.3. M = A2G2 (E6(#26))

By Lemma 3.3, the only proper irreducible connected subgroup of A2 is A1

(p 6= 2); the G2-irreducible connected subgroups are given by Theorem 5.1. Using
this we find that the lattice structure of M -irreducible connected subgroups is as
given in Table 3, noting that the G2 factor is contained in a Levi subgroup D4 and
hence the long root subgroups of G2 are long root subgroups of E6.

Since CE6
(Ā2) = Ā2

2 by Lemma 3.10, the subgroup A2Ā2 is contained in Ā3
2 and

comparing composition factors shows that it is conjugate to E6(#40{0}). Similarly,
the subgroup A2Ā1A1 is conjugate to E6(#28) < Ā1A5. All other conjugacies
follow from these two facts.

7.4. M = F4 (E6(#7))

Theorem 6.1 gives the lattice structure of the F4-irreducible subgroups. The
maximal subgroup F4 of E6 is the centraliser of a standard graph automorphism
of E6 by [Sei91, Theorem 15.1]. Therefore the maximal subgroup B4 of F4 is
contained in a D5 Levi subgroup. It also follows that the maximal connected
subgroup Ā2A2 is conjugate to E6(#39{0}).

The subgroup C4 is a maximal subgroup of E6 when p 6= 2; we therefore
consider the subgroups of the maximal subgroup C4 (p = 2) in the next section.
Similarly, the subgroup G2 is a maximal subgroup of E6 when p 6= 7; we therefore
consider the subgroups of the maximal subgroup G2 (p = 7) in Section 7.6.

The maximal subgroup Ā1C3 (p 6= 2) is contained in Ā1A5 since CE6
(Ā1)

◦ = A5

by Lemma 3.10 and hence Ā1C3 is conjugate to E6(#27). Finally, we consider
the maximal subgroup X = A1G2 (p 6= 2). By [LS94, p.333, Table 3], we have
CE6

(G2)
◦ = A2 and thus X < A2G2. It follows that X is conjugate to E6(#47).

7.5. M = C4 (E6(#8))

The subgroup C4 is maximal when p 6= 2 and contained in F4 when p = 2.
We consider both cases in this section. Lemma 3.3 yields the reductive, maximal
connected subgroups of C4. They are B2

2 , Ā1C3, A
3
1 (p 6= 2), A1 (p ≥ 11) and D4

(p = 2). The subgroup B2
2 is E6-reducible by Lemma 3.4 since CE6

(B2)
◦ = B2T1

by [LS94, p.333, Table 2]. The subgroup Ā1C3 is conjugate to E6(#27), by the
argument given in the previous section.

Next, we prove that the maximal connected subgroup X = A3
1 (p 6= 2) is

conjugate to Y = E6(#44) < Ā3
2. It suffices to show that Y is contained in

C4. Consider the standard graph automorphism of E6, call it τ and let w0 be
the longest word of the Weyl group. Then w0 = −τ and so t := τw0 acts by
inversion on a maximal torus of E6. Therefore t induces a graph automorphism
on each A2 factor of Ā3

2. Thus Y < CE6
(t)◦ since the irreducible subgroup A1 in

a subgroup A2 is centralised by the graph automorphism of A2. Finally, we check
that dim(CL(E6)(t)) = 36 and so dim(CE6

(t)) = 36 (by [Bor91, 9.1], since t is
semisimple). Therefore, CE6

(t)◦ = C4 by [GLS98, Table 4.3.1].
Finally, we consider the subgroups of the maximal subgroup D4 (p = 2). In

this case M is contained in F4 since p = 2 and so we need only consider the F4-
irreducible subgroups contained in D4, which are A2 and Ā4

1. Moreover, Theorem

6.1 shows that A2 is a subgroup of Ā2A2 < F4 and hence conjugate to E6(#15{1}).
It also shows that Ā4

1 is a subgroup of B2
2 and thus E6-reducible.



34 7. IRREDUCIBLE SUBGROUPS OF G = E6

7.6. M = G2 (E6(#10))

The subgroup G2 is maximal when p 6= 7 and contained in F4 when p = 7.
In this section we consider both cases. Theorem 5.1 gives the lattice structure of
M -irreducible connected subgroups. We need only consider the maximal connected
subgroup X = A1A1. We claim that if p 6= 2 then X is conjugate to E6(#34{0,0})
but when p = 2 it is E6-reducible.

First suppose that p 6= 2. It suffices to prove that X is contained in Ā1A5. By
Lemma 3.9, X is the centraliser in G2 of a semisimple element of order 2, call this
t. Moreover, since X contains a simple E6-irreducible subgroup of type A1 it is
E6-irreducible. Therefore, the centraliser in E6 of t is Ā1A5 by Lemma 3.9.

Now let p = 2. To prove that X is E6-reducible we consider the action of X
on L(E6). By [LS04, Table 10.1], we have L(E6) ↓ G2 = 11 + 01. In Table 1,
the composition factors of VG2

(01) ↓ X are given and moreover, VG2
(01) ↓ X =

((0, 0)|((2, 0) + (0, 2))|(0, 0)) + (1, 3). Therefore, X fixes a non-trivial vector of
L(E6). By [Sei91, Lemma 1.3], it follows that X is contained in either a parabolic
subgroup, or Ā1A5 or Ā3

2. The Ā1A5 and Ā3
2 sections show that neither Ā1A5

nor Ā3
2 contains an E6-irreducible subgroup A1A1 when p = 2. Therefore X is

E6-reducible, as claimed.
This completes the proof of Theorem 7.1.



CHAPTER 8

Irreducible subgroups of G = E7

In this section we prove Theorem 1 when G is of type E7 by proving the
following theorem.

Theorem 8.1. Let X be an E7-irreducible connected subgroup of E7. Then
X is conjugate to exactly one subgroup of Table 4 and each subgroup in Table 4
is E7-irreducible. Moreover, Table 4 gives the lattice structure of the irreducible
connected subgroups of E7.

As in the previous sections we consider each of the reductive, maximal con-
nected subgroups of E7 in turn. The simple E7-irreducible connected subgroups
are classified in [Tho15, Theorem 2] and [Tho16, Theorem 5] and we will use these
without reference throughout. By Theorem 3.1, the reductive, maximal connected
subgroups of E7 are Ā1D6, Ā2A5, A7, G2C3, A1F4, A1G2 (p 6= 2), A1A1 (p ≥ 5),
A2 (p ≥ 5) and A1 (2 classes, p ≥ 17, 19).

There are no proper non-simple irreducible subgroups of A1A1 (p ≥ 5), A2

(p ≥ 5), A1 (p ≥ 17) or A1 (p ≥ 19) so these require no examination. We treat the
remaining cases in the following sections.

8.1. M = Ā1D6 (E7(#30))

Using Lemma 3.3 we find that the reductive, maximal connected subgroups
of M are Ā3

1D̄4, Ā1A1B4 (p 6= 2), Ā1B2B3 (p 6= 2), Ā1Ā
2
3, Ā1B5 and Ā1A1C3 (2

classes). We consider each of these in the following sections.

8.1.1. M1 = Ā3
1D̄4 (E7(#36)). We first note that OutE7

(M1) ∼= S3 where
the S3 acts simultaneously as the outer automorphism group of both Ā3

1 and D̄4.
Therefore, by Lemma 3.3, the E7-conjugacy classes of reductive, maximal connected
subgroups of M1 are Ā7

1, Ā3
1B3, Ā3

1A1B2 (p 6= 2), Ā3
1A2 (p 6= 3) and maximal

diagonal subgroups. As explained in Section 4, we do not explicitly consider the
subgroup lattice of the maximal diagonal subgroups and we write down all classes
of diagonal subgroups of M1 in the same place as the reductive, maximal connected
subgroups in Table 4.

All M1-irreducible subgroups of Ā
7
1 are diagonal and are given in Table 6. They

follow in the same way that the diagonal subgroups of type A1 are found in the
proof of [Tho16, Theorem 5]. Indeed, we have chosen the same isomorphism of
PSL(2, 7) ∼= OutE7

(Ā7
1) with a subgroup of S7 acting on the seven factors, namely

that the generators are mapped to (1, 2, 3)(5, 6, 7) and (2, 4)(3, 5).
By Lemmas 3.3 and 3.6, the M -irreducible, reductive, maximal connected sub-

groups of Ā3
1B3 are Ā5

1A1 (p 6= 2), Ā3
1G2, Ā

3
1A1B2 (p = 2) and maximal diagonal

subgroups. The diagonal subgroups follow from noting that OutE7
(Ā3

1B3) ∼= S2

where the involution swaps the second and third Ā1 factors. The subgroup Ā3
1A1B2

35
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is a maximal connected subgroup of Ā3
1D̄4 when p 6= 2 and we will consider it below

(in the notation of Table 4, the subgroup Ā3
1A1B2 is E7(#45b)). The subgroup

Ā5
1A1 is contained in Ā7

1 since the sixth A1 factor is a subgroup of Ā2
1 diagonally

embedded via (1, 1).
Now consider X = Ā3

1G2. The diagonal M -irreducible subgroups of X follow
from Lemma 3.6 and the fact that OutE7

(X) ∼= S3 acting naturally on the three
Ā1 factors. Theorem 5.1 yields the remaining X-irreducible connected subgroups.
By Lemma 3.6, the subgroup Ā3

1Ā2 is M -reducible. We also see that the subgroup
Ā1A1 < G2 < D̄4 is a diagonal subgroup of Ā4

1 < D̄4 via (1a, 1b, 1b, 1b) and hence
Ā4

1A1 is a subgroup of Ā7
1. The subgroup Ā3

1A2 (p = 3) is a maximal connected
subgroup of Ā3

1D̄4 when p 6= 3 and we will consider the subgroups for all p below.
Finally, the diagonal subgroups of Ā3

1A1 (p ≥ 7) follow in the same way as the
diagonal subgroups of X .

Next, we consider the subgroup X = Ā3
1A1B2 which is a maximal connected

subgroup of M1 when p 6= 2 and contained in Ā3
1B3 when p = 2. The diagonal

subgroups follow from the fact that OutE7
(X) ∼= S2 where the involution swaps

the second and third Ā1 factors. Using Lemma 3.3, we see the reductive, maximal
connected subgroups of X are Ā5

1A1, Ā
3
1A

3
1 (p = 2) and Ā3

1A1A1 (p ≥ 5). The

first subgroup is contained in Ā7
1 and conjugate to E7(#49{0}). The diagonal

subgroups of Y1 = Ā3
1A

3
1 are found in Table 13 and are deduced from the fact that

OutE7
(Y1) ∼= S2 × S3, where the S3 direct factor acts naturally on A3

1 and the
central involution swaps the second and third Ā1 factors. Similarly, the diagonal
subgroups of Y2 = Ā3

1A1A1 can be found in Table 12. Here they follow from the fact
that OutE7

(Y2) ∼= S2, where the involution swaps the second and third Ā1 factors.
However, the normaliser of Ā3

1A1 →֒ Y2 via (1a, 1b, 1c, 1d, 1d) contains an S3 acting
naturally on the three Ā1 subgroups. Indeed, since a subgroup A1 acting as 4 + 2
on VD̄4

(λ1) is contained in both a D̄4-irreducible A2 and A1B2 it is centralised by

both a triality and involutory automorphism of D̄4.
Finally, consider Ā3

1A2 which is a maximal connected subgroup of M1 when
p 6= 3 and contained in Ā3

1G2 when p = 3. Other than diagonal subgroups, the
only reductive, maximal connected subgroup is Ā3

1A1 (p 6= 2). When p ≥ 5 this is
a subgroup of Ā3

1A1A1 = E7(#87) and when p = 3 the maximal subgroup A1 of
A2 < G2 is also contained in Ā1A1 < G2 and hence Ā3

1A1 is a subgroup of Ā7
1.

It remains to prove that when p = 2 the diagonal subgroups E7(#184) are E7-
irreducible. LetX = A1A2 →֒ Ā3

1A2 = E7(#46) via (1, 1[r], 1[s], 10) (0 < r < s) and
suppose that X is E7-reducible. From Table 4, we have V56 ↓ Ā3

1A2 = (1, 1, 1, 00)/
(1, 0, 0, 11)/(0, 1, 0, 11)/(0, 0, 1, 11). Therefore, X has three 16-dimensional com-
position factors on V56. By Lemma 3.7, there exists a subgroup Z of type A1A2

contained L-irreducibly in a Levi subgroup L, such that X and Z have the same
composition factors on V56. Since Z has three 16-dimensional composition factors
on V56, it follows from Table 4 that L′ is of type A1D5. Using Lemma 3.6, we see
that L′ = A1D5 does not contain an L′-irreducible subgroup A1A2, a contradiction.
Hence X is E7-irreducible.

8.1.2. M1 = Ā1A1B4 (E7(#37)). In this section we consider Ā1A1B4 both
when it is a maximal connected subgroup of M (p 6= 2) and when it is contained
in Ā1B5 (p = 2). By Lemma 3.3, the reductive, maximal connected subgroups of
Ā1A1B4 are those listed in Table 4. The subgroups Ā1A1D̄4 and Ā3

1A1B2 (p 6= 2)
are both contained in Ā3

1D̄4, as seen by considering their action on VM .
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We now consider Ā1A
2
1Ā3, which is maximal connected when p 6= 2 and con-

tained in Ā1A
2
1B3 when p = 2. The reductive, maximal connected subgroups of

Ā3 are B2 and A2
1 (p 6= 2). However, when p = 2 the subgroup Ā1A

2
1B2 is M -

reducible by Lemma 3.6. When p 6= 2 the subgroup Ā1A
2
1B2 is contained in Ā3

1D̄4

and thus conjugate to E7(#91{0}). The diagonal subgroups of Y = Ā1A
4
1 follow

from OutE7
(Y ) ∼= S4, acting naturally on the last four factors. The diagonal M -

irreducible subgroups of Ā1A
2
1Ā3, as listed in Table 4, follow from noting that there

is an involution in the Weyl group of D6 swapping the second and third A1 factors,
and the fact that the field twists corresponding to the second and third factors must
be distinct for the subgroup to be M -irreducible.

Now consider X = Ā1A1A
2
1 (p 6= 2). Since NB4

(A2
1) contains an involution

swapping the two A1 factors we have OutE7
(X) ∼= S2. Also, the subgroup A1 →֒

A2
1 < B4 via (1, 1) is contained in D̄4 when p ≥ 5 and is B4-reducible when p = 3.

Indeed, this follows from Lemma 3.6, since 2 ⊗ 2 = 4 + 2 + 0 when p ≥ 5 and
2 ⊗ 2 = (0|4|0) + 2 when p = 3. The non-simple diagonal subgroups of X follow
from this and are found in Table 15.

Now consider X = Ā1A1B
2
2 (p = 2). The reductive, maximal connected sub-

groups of B2 when p = 2 are Ā2
1 and A2

1. The maximal connected subgroup Ā3
1A1B2

is contained in Ā3
1D̄4 and the diagonal subgroups of X follow easily, noting that

there is an involution in NB4
(B2

2) swapping the B2 factors and that Ā1A1B2 →֒ X
via (1, 1, 10, 10) is Ā1D6-reducible by Lemma 3.6. That leaves us to consider the
subgroups of Y = Ā1A

3
1B2.

The diagonal subgroups of Y follow as usual, noting that OutM (Y ) ∼= S3, acting
naturally on the three conjugate A1 factors. The non-diagonal reductive, maximal
connected subgroups of Y are Ā3

1A
3
1 and Ā1A

5
1. The first subgroup is contained in

Ā3
1D̄4 and has already been considered. Let Z = Ā1A

5
1. Then OutM (Z) ∼= S5 acting

naturally on the last five A1 factors, and the diagonal M -irreducible subgroups
follow using Lemma 3.6.

Finally, it remains to consider X = Ā1A
2
1B3 (p = 2). The reductive, maximal

connected subgroups of B3 when p = 2 are A1B2, Ā3 and G2. The maximal
subgroup Ā1A

3
1B2 is contained in Ā1A1B

2
2 , as may be seen by considering its action

on VM and thus has already been considered. The diagonal irreducible subgroups
of X are as given in Table 4, noting that there is an involution in the Weyl group
of D6 swapping the second and third A1 factors. The maximal subgroup Ā1A

2
1Ā3

was considered above and we are left to consider Y = Ā1A
2
1G2.

The reductive, maximal connected subgroups of G2 when p = 2 are A2 and
Ā1A1, by Theorem 5.1. The subgroup A2 is B3-reducible by Lemma 3.6 and hence
Ā1A

2
1A2 is M -reducible. The subgroup Ā1A1 is contained in A1Ā

2
1 < A1B2 < B3

and it follows that Ā2
1A

2
1A1 is contained in Ā3

1D̄4 and conjugate to E7(#134{0,0}).
Finally, the diagonal irreducible subgroups of Y follow in the same way as those of
X .

8.1.3. M1 = Ā1B2B3 (E7(#38)). The subgroup Ā1B2B3 is maximal when
p 6= 2 and contained in Ā1B5 when p = 2. We consider both cases in this section.
By Lemma 3.3, the reductive, maximal connected subgroups of Ā1B2B3 are those
listed in Table 4. The subgroups Ā3

1B3 and Ā3
1A1B2 (p 6= 2) are both contained in

Ā3
1D̄4, as seen by considering their action on VM . Similarly, the subgroups Ā1A

2
1B3

(p = 2) and Ā1A1B
2
2 (p = 2) are both contained in Ā1A1B4. We now consider the

three remaining reductive, maximal connected subgroups.
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First, let X = Ā1A1B3 (p ≥ 5). The reductive, maximal connected subgroups
again follow from Lemma 3.3. The subgroups that require further comment are
Y1 = Ā1A1Ā3 and Y2 = Ā1A1G2. First note that the diagonal subgroups of Y1 and
Y2 follow in the same way as the diagonal subgroups of X .

The reductive, maximal connected subgroups of Ā3 when p ≥ 5 are B2 and A2
1

by Lemma 3.3. The subgroup Ā1A1B2 of Y1 is M -reducible by Lemma 3.6. The
subgroup Ā1A1A

2
1 of Y1 is contained in Ā3

1D̄4 and conjugate to E7(#102{0}).
Now consider Y2. The G2-irreducible subgroups are given by Theorem 5.1.

The subgroup Ā2 < G2 is B3-reducible by Lemma 3.6. The subgroup Ā1A1 is
contained in Ā2

1A1 < B3 and therefore Ā2
1A1A1 is contained in Ā3

1D̄4 and conjugate

to E7(#103{0,0}). The diagonal subgroups of Ā1A1A1 (p ≥ 7) are clear and finish
the study of the subgroups of X .

Next, we consider Ā1B2Ā3. The reductive, maximal connected subgroups Ā3
1Ā3

and Ā1B
2
2 are both M -reducible. The other reductive, maximal connected sub-

groups of Ā1B2Ā3 are listed in Table 4 and have been considered previously, as
seen from their action on VM .

Finally, we consider X = Ā1B2G2. All of the reductive, maximal connected
subgroups of the form Ā1Y G2, where Y is a reductive, maximal connected sub-
group of B2, have been considered above and the same is true for Ā1B2Ā1A1.
The subgroup Ā1B2Ā2 is M -reducible by Lemma 3.6. That leaves us to consider
Ā1B2A2 (p = 3) and Ā1B2A1 (p ≥ 7). By Theorem 5.1, the maximal subgroup
A1 < A2 < G2 when p = 3 is contained in Ā1A1 and hence we have already
considered all of the reductive, maximal connected subgroups of Ā1B2A2 (p = 3).
The only reductive, maximal connected subgroups of Ā1B2A1 (p ≥ 7) we have not
already considered are diagonal subgroups, which are listed in Table 4.

8.1.4. M1 = Ā1Ā
2
3 (E7(#39)). By [Car72, Table 10], we have OutE7

(M1) ∼=
S2×S2, where one generator swaps the two Ā3 factors and another generator induces
a graph automorphism on both of them. The diagonal irreducible subgroups of M1

are therefore as in Table 4. The reductive, maximal connected subgroups of Ā3

are B2 and A2
1 (p 6= 2) and so the non-diagonal reductive, maximal connected

subgroups of Ā1Ā
2
3 are Ā1B2Ā3 and Ā1A

2
1Ā3. The first subgroup is contained in

Ā1B2B3 and the second is contained in Ā1A1B4 and hence both have already been
considered.

8.1.5. M1 = Ā1B5 (E7(#40)). As before, we use Lemma 3.3 to find that
the reductive, maximal connected subgroups of Ā1B5 are as listed in Table 4,
as well as the M -reducible subgroup Ā1D5. The subgroups Ā1A1D̄4 and Ā3

1B3

are contained in Ā3
1D̄4, and the subgroup Ā1B2Ā3 is contained in Ā1B2B3. The

subgroups Ā1A1B4 and Ā1B2B3 are both maximal subgroups of M when p 6= 2;
we considered their subgroups in previous sections.

The only subgroup left to consider is Ā1A1 = E7(#267) (p ≥ 11). All proper
irreducible connected subgroups are diagonal and as listed in Table 4.

8.1.6. M1 = Ā1A1C3 (E7(#41)). We note that there are two classes of Ā1A1C3

and they are distinguished by their action on V56, for example, as given in Table 4.
By Lemma 3.3, the reductive, maximal connected subgroups of C3 are Ā1B2,

A1A1 (p 6= 2), A1 (p ≥ 7), A3 (p = 2) and G2 (p = 2). The subgroup Ā2
1A1B2

is contained in Ā3
1D̄4, as seen from its action on VM ; there are two classes of such
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subgroups, namely E7(#90{0,0}) and E7(#92{0,0}). By considering composition

factors on V56, we see that Ā2
1A1B2 is conjugate to E7(#90{0,0}).

The irreducible subgroups of X = Ā1A1A1A1 (p 6= 2) are all diagonal and
these can be found in Table 17. We note that if Y1 →֒ X via (1a, 1b, 1b, 1c) then
Y1 acts as (1, 3, 1) + (1, 1, 1) on VM when p ≥ 5 and as (1, T (3), 1) on VM when

p = 3. Therefore, Y1 is contained in Ā3
1A1A1 and conjugate to E7(#119{0,0,0,0})

when p ≥ 5, but Y1 is M -reducible by Lemma 3.6 when p = 3. Similarly, if
Y2 →֒ X via (1a, 1b, 1c, 1c), then Y2 is conjugate to E7(#117{0,0,0,0}) when p ≥ 5,
but M -reducible when p = 3. Finally, if Y3 →֒ X via (1a, 1b, 1c, 1b), then Y3 acts as

(1, 2, 2) + (1, 2, 0) and is conjugate to E7(#207{0,0}).
The diagonal subgroups of X = Ā1A1A1 (p ≥ 7) are easily seen to be as in

Table 4. Since 1⊗ 5 = 6 + 4, it follows that Y →֒ X via (1a, 1b, 1b) is conjugate to

E7(#262{0,0}).
By Lemma 3.6, the only Ā1A1C3-irreducible subgroups contained in Ā1A1A3

(p = 2) are diagonal subgroups. Again by Lemma 3.6, the only Ā1A1C3-irreducible
subgroups contained in Ā1A1G2 (p = 2) are Ā1A1A1A1 and diagonal subgroups.
The subgroup A1A1 < G2 acts on VC3

(λ1) as (1, 1)+(0, 2) and is hence a subgroup
of Ā1B2 < C3. Therefore, we have already considered Ā1A1A1A1 < Ā1A1G2.

Finally, we need to prove that when p = 2 the diagonal subgroups E7(#289) are
E7-irreducible. Let X = A1A3 →֒ Ā1A1A3 = E7(#270) via (1[r], 1[s], 100) (rs = 0)
and suppose that X is E7-reducible. From Table 4, we have V56 ↓ Ā1A1A3 =
(1, 1, 010)/(0, 3, 000)/(0, 1, 101). Therefore, X has a 28-dimensional composition
factor on V56. By Lemma 3.7, there exists a subgroup Z of type A1A3 contained
L-irreducibly in a Levi subgroup L, such that X and Z have the same composition
factors on V56. Since Z has a 28-dimensional composition factor on V56, it follows
from Table 4 that L′ is of type D6. Using Lemma 3.3, we find that there are two
conjugacy classes of D6-irreducible subgroups of type A1A3 when p = 2 both acting
as (1, 010) on VD6

(λ1). The composition factors of Z on V56 are thus (1, 010)2/
(1, 101)/(3, 000) or (1, 010)2/(2, 010)/(0, 200)/(0, 010)2/(0, 002). In both cases Z
does not have the same composition factors as X on V56, which is a contradiction.
Hence X is E7-irreducible.

8.1.7. M1 = Ā1A1C3 (E7(#42)). The reductive, maximal connected sub-
groups of E7(#42) follow in the same way as those of E7(#41) in the previous

section. We note that the subgroup Ā2
1A1B2 is conjugate to E7(#92{0,0}), which

can be seen by considering its composition factors on V56. There is only one M -
conjugacy class of Ā1A1A1A1 acting as (1, 1, 2, 1) on (1, λ1), since the graph auto-
morphism of D6 swaps the second and fourth A1 factors.

We claim that X = A1C3 →֒ Ā1A1C3 via (1, 1, 100) is E7-reducible when p = 2.
It then follows that both A1A3 →֒ Ā1A1A3 via (1, 1, 100) and A1G2 →֒ Ā1A1G2

via (1, 1, 10) are E7-reducible. To prove the claim we first show that Ā1A1C3

is contained in the maximal subgroup G2C3. Indeed, the C3 factor of G2C3 is
contained in A5 < D6 and is generated by long root subgroups of E7. By [LS94,
p.333, Table 3], the centraliser of such a subgroup C3 is either Ā1A1 or G2. By
considering the composition factors on V56, we see that the C3 factor of E7(#42)
has connected centraliser G2 and therefore Ā1A1C3 < G2C3. Now, by Theorem
5.1, the subgroup A1 →֒ Ā1A1 < G2 via (1, 1) is G2-reducible when p = 2 and
hence X is G2C3-reducible, proving the claim.
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Finally, we prove the diagonal subgroups X = E7(#298) are E7-irreducible
when p = 2. The dimensions of the X-composition factors of V56 are 24, 12, 62, 42.
Using a similar argument to that given for E7(#289) in the previous section we
find that no subgroup of a Levi factor has the same composition factors as X on
V56. Therefore X is E7-irreducible by Lemma 3.7.

This completes the case M = Ā1D6.

8.2. M = Ā2A5 (E7(#31))

By Lemma 3.3, the reductive, maximal connected subgroups of A5 are A2A1,
C3, A3 (p 6= 2) and A2 (p 6= 2). Similarly, by Lemma 3.3, the only reductive,
maximal connected subgroup of Ā2 is A1 (p 6= 2). It follows that the reductive,
maximal connected subgroups of Ā2A5 are as in Table 4. We consider these in the
following sections. Note that all reductive, maximal connected subgroups of A1A5

(p 6= 2) are contained in Ā2X for some reductive, maximal connected subgroups X
of A5. We therefore give them no further consideration.

8.2.1. M1 = Ā2A2A1 (E7(#300)). The M -irreducible subgroups contained
in M1 are straightforward to find and given in Table 4, along with the subgroup
X = A2A1 →֒ M1 via (10, 01, 1) when p = 3. We need to show that X is conjugate

to E7(#184{0,0,0}) < Ā1D6 when p 6= 3 and E7-reducible when p = 3. We also

show that Y = A1A1A1 < Ā2A2A1 is conjugate to E7(#275{0,0}) < Ā1D6.
We first note that Ā2A2A1 is a subgroup of A1F4. Indeed, consider the maximal

subgroup Ā2A2 of F4. The Ā2 factor generated by long root subgroups of F4 is
generated by long root subgroups of E7 and so A1Ā2A2 < Ā2CE7

(Ā2)
◦ = Ā2A5,

by Lemma 3.10. Theorem 6.1 shows that Z = A2 →֒ Ā2A2 < F4 via (10, 01) is
conjugate to A2 < D̄4 embedded via VA2

(11) when p 6= 3 but Z is F4-reducible
when p = 3. It follows that X < D̄4CE7

(D̄4)
◦ = Ā3

1D̄4 < Ā1D6 when p 6= 3
and X is A1F4-reducible when p = 3. Comparing composition factors when p 6= 3
shows that X is conjugate to E7(#184{0,0,0}), as required. Also by Theorem 6.1,
the irreducible subgroup A1A1 < Ā2A2 < F4 is contained in Ā1C3. Therefore,
Y < Ā1C3A1 < F4A1. Comparing composition factors shows that Y is conjugate
to E7(#275{0,0}).

When p = 2 the diagonal subgroups E7(#307) and E7(#308) contain no proper
E7-irreducible subgroups and so we need to prove that they are E7-irreducible.
From Table 4, the composition factors of E7(#300) = Ā2A2A1 acting on V56 are
(10, 10, 1)/(01, 01, 1)/(00, 11, 1)/(00, 00, 3). Let X be the diagonal subgroup embed-
ded via (10, 10, 1). We prove that X is E7-irreducible; the other cases are similar
and easier. Suppose that X is E7-reducible. By Lemma 3.7, there exists a subgroup
Z of type A1A2 contained L-irreducibly in a Levi subgroup L, such that X and Z
have the same composition factors on V56. The Z-composition factors of V56 are
thus (3, 00)/(1, 20)/(1, 11)/(1, 10)2/(1, 02)/(1, 01)2; in particular, the dimensions of
the composition factors are 16, 66, 4. Using Table 4 we see that L′ has type D6,
A1A5 or A5. Using Lemma 3.6 we find all of the L′-irreducible subgroups of type
A1A2. If L

′ has type D6 then Z acts as ((0, 00)|(2, 00)|(0, 00))+(0, 11) on VD6
(λ1).

Therefore Z has a trivial composition factor on V56, a contradiction. If L′ has type
A1A5 then Z is contained in the subgroup A1A1A2 where the A1A2 < A5 acts on
VA5

(λ1) as (1, 10). Therefore the Z-composition factors of V56 are (1[r] ⊗ 1[s], 10)/
(1[r] ⊗ 1[s], 01)/ (3[s], 00)/ (1[s], 11)/ (1[s], 10)/ (1[s], 01) for some r, s with rs = 0.
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These are not the same as the X-composition factors of V56 for any r, s, which
is a contradiction. Finally, suppose that L′ is of type A5, of which there are two
such conjugacy classes. Then Z acts as (1, 10) on VA5

(λ1). Using the previous case
and Table 4 we see that the Z-composition factors of V56 are not the same as the
X-composition factors. This final contradiction shows that X is E7-irreducible.

8.2.2. M1 = Ā2C3 (E7(#301)). The only irreducible subgroup of Ā2 is A1

when p 6= 2. We claim that A1C3 is contained in Ā1D6. To prove this, we first
note that by [LS94, p.333, Table 3], the centraliser in E7 of the C3 factor is G2 and
therefore Ā2C3 is contained in G2C3. By Theorem 5.1, the irreducible subgroup A1

of Ā2 < G2 is contained in Ā1A1 < G2. It follows that A1C3 is therefore contained
in Ā1A1C3 < Ā1D6 and by considering composition factors we conclude that A1C3

is conjugate to E7(#294{0,0}).
From Lemma 3.3, the reductive, maximal connected subgroups of C3 are A1B2,

A1A1 (p 6= 2), A1 (p ≥ 7), A3 (p = 2) and G2 (p = 2). The action of A1B2 on
VA5

(λ1) is reducible and hence Ā2A1B2 is M -reducible by Lemma 3.6. We also note
that the maximal subgroup A1A1 (p 6= 2) acts as (2, 1) on VA5

(λ1) and therefore
Ā2A1A1 is conjugate to E7(#306).

The subgroup Ā2A3 is a maximal connected subgroup of M when p 6= 2 and
so we consider the subgroups of Ā2A3 (p = 2) in the next section.

Finally, consider X = Ā2G2 (p = 2). The reductive, maximal connected sub-
groups of G2 when p = 2 areM -reducible by Lemma 3.6 and there are no reductive,
maximal connected subgroups of Ā2 when p = 2. Thus there are no proper M -
irreducible subgroups of X . It remains to prove that X is E7-irreducible. From
Table 4, we have V56 ↓ X = (10, 10)/(01, 10)/(00, 20)/(00, 10)2/(00, 00)2. As in
previous cases, it is straightforward to show that there are no Levi subgroups with
an irreducible subgroup A2G2 having the same composition factors as X on V56.
Therefore Lemma 3.7 implies that X is E7-irreducible.

8.2.3. M1 = Ā2A3 (E7(#302)). The subgroup Ā2A3 is a maximal connected
subgroup of M when p 6= 2 and contained in Ā2C3 when p = 2. In this section we
consider both cases.

Both reductive, maximal connected subgroups of A3 act reducibly on VA3
(010)

and hence on VA5
(λ1). Therefore, the only proper irreducible subgroup to consider

is X = A1A3 (p 6= 2), where the A1 factor is irreducibly embedded in A2. We need
to prove that X is E7-irreducible when p 6= 2 and that M1 is E7-irreducible when
p = 2.

First we consider M1 when p = 2. Suppose that M1 is E7-reducible. By
Lemma 3.7, there exists a subgroup Z of type A2A3 contained L-irreducibly in a
Levi subgroup L, such that X and Z have the same composition factors on V56. It
follows that L′ has no simple factors of type A1 and has rank at least 5. Therefore
L′ is of type A2A3. Using Table 4 and Table 4, we see that the composition factors
of the Levi subgroup A2A3 are not the same as the composition factors of M1 on
V56. This contradiction proves that M1 is E7-irreducible.

Now we consider X . When p ≥ 5, the action of X on L(E7) has no trivial
composition factors and so X is E7-irreducible by Corollary 3.8. When p = 3,
Table 4 shows that V56 ↓ X = (2, 010)2/(0, 200)/(0, 002). As in previous cases, it
is straightforward to show that there are no Levi subgroups with a subgroup A1A3
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having the same composition factors as X on V56. Therefore Lemma 3.7 implies
that X is E7-irreducible.

8.2.4. M1 = Ā2A2 (p 6= 2) (E7(#303)). The only non-simple proper irre-
ducible connected subgroup to consider is X = A1A2 = E7(#314), since the irre-
ducibly embedded subgroup A1 of the second A2 factor acts reducibly on VA5

(λ1).
Since X contains no proper E7-irreducible subgroups we need to show that it is
E7-irreducible.

When p ≥ 5 we see from Table 4 that there are no trivial X-composition factors
of L(E7) and henceX is E7-irreducible by Corollary 3.8. Now let p = 3 and suppose
that X is E7-reducible. From Table 4 we have V56 ↓ X = (2, 20)/(2, 02)/(0, 30)/
(0, 11)2/(0, 03). By Lemma 3.7, there exists a subgroup Z of type A1A2 contained
L-irreducibly in a Levi subgroup L, such that X and Z have the same composition
factors on V56. The dimensions of the Z-composition factors of V56 are 182, 72, 32.
Using Table 4, we deduce that there is no Levi subgroup containing such a subgroup
Z. Therefore X is E7-irreducible.

This completes the case M = Ā2A5.

8.3. M = A7 (E7(#22))

From Lemma 3.3, we find that the reductive, maximal connected subgroups of
A7 are C4, D4 (p 6= 2) and A1A3. The subgroup C4 is E7-reducible and hence we
do not need to consider any of its subgroups.

Next we considerD4 (p 6= 2). By [CLSS92, Lemma 2.15], we have OutE7
(D4) ∼=

S3. It follows that the only reductive, maximal connected subgroup of D4 which
is A7-irreducible is A2 when p ≥ 5, acting as 11 on VA7

(λ1). Such a subgroup A2

has already been considered in [Tho15] and shown to be contained in Ā2A5. By
comparing composition factors, we find that it is conjugate to E7(#24). The only
proper irreducible connected subgroup of A2 is A1. Such a subgroup A1 acts as
4 + 2 on VA7

(λ1) and is therefore M -reducible.
We now show that X = A1A3 is contained in Ā2A5. Let Y be the A3 factor of

X . Then Y acts as 1002 on VA7
(λ1). Thus Y is contained in Ā2

3, a Levi subgroup
of A7. By [LS94, p.333, Table 2], we have CE7

(Ā3)
◦ = Ā1Ā3 and it follows that

Ā2
3 < CE7

(Ā1)
◦ = D6. By considering the composition factors of Y on V56 it follows

that Y acts as 0102 on VD6
(λ1) and is hence contained in an A5-Levi subgroup of

D6, acting as 010 on VA5
(λ1). There are two E7-conjugacy classes of A5-Levi

subgroups and again by considering the composition factors of Y , it follows that Y
is contained in an A5-Levi whose connected centraliser is Ā2. Therefore X < Ā2A5.

When p 6= 2, we find that X is conjugate to E7(#313), as may be seen by
considering their composition factors on V56. When p = 2, there are no Ā2A5-
irreducible subgroups of type A1A3 contained in Ā2A5. Therefore X is Ā2A5-
reducible and hence G-reducible.

8.4. M = G2C3 (E7(#32))

The reductive, maximal connected subgroups of G2 are given by Theorem 5.1
and the reductive, maximal subgroups of C3 are given by Lemma 3.3. The lattice
of M -irreducible subgroups now easily follows with further use of Lemma 3.3 and
Lemma 3.6. It remains for us to show the claimed conjugacies between subgroups of
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M and subgroups of previously considered reductive, maximal connected subgroups
of E7.

The G2 factor of G2C3 is contained in a Levi subgroup D4 and hence the
subgroups of G2 generated by long root subgroups of G2 are generated by long
root subgroups of E7. It follows that Ā2C3 is conjugate to E7(#301) < Ā2A5

and Ā1A1C3 is conjugate to E7(#42) < Ā1D6. By Theorem 5.1, the irreducible
subgroup A1 of A2 < G2 (p = 3) is contained in Ā1A1 and so when p = 3, the

subgroup A1C3 is conjugate to E7(#294{1,0}). The subgroup G2Ā1B2 is contained
in Ā1D6 and conjugate to E7(#253).

We need to prove that some diagonal subgroups of X = A1A1A1 = E7(#323)
(p ≥ 7) have also been seen previously. Firstly, the subgroup A1A1 embedded
via (1a, 1b, 1b) is contained in A1Ā1B2 since 2 ⊗ 1 = 3 + 1. Secondly, we claim
the subgroup Y = A1A1 embedded via (1a, 1a, 1b) is contained in Ā1D6 also. To
prove this, first consider the maximal connected subgroup A1A1G2 of A1F4. Then
CE7

(G2)
◦ = C3 and hence A1A1G2 < G2C3. By considering composition factors

on V56 we see that the A1 factor of A1F4 is the third A1 factor of X . Appealing
to Theorem 6.1 shows that A1 →֒ A1A1 < A1G2 < F4 via (1, 1) is conjugate
to A1 →֒ Ā1A1 < Ā1C3 < F4 via (1, 1) since both have identification number
F4(#8{0,0}). Therefore Y is contained in A1Ā1C3, which is a subgroup of Ā1D6 by
Lemma 3.10.

8.5. M = A1F4 (E7(#33))

Theorem 6.1 gives the lattice structure of the M -irreducible subgroups of M .
By [LS94, p.333, Table 3], CE7

(B4)
◦ = Ā1A1 and hence A1B4 is conjugate to

E7(#190{0,0}) < Ā1D6. Similarly, A1Ā1C3 is a subgroup of Ā1D6 and A1Ā2A2 is
a subgroup of Ā2A5. In Section 8.4, we also proved that A1A1G2 is contained in
G2C3. We are therefore left to consider A1C4 (p = 2), A1G2 (p = 7) and A1A1

(p ≥ 13). The diagonal subgroups of A1A1 (p ≥ 13) follow immediately.
From Theorem 6.1, we see that theM -irreducible maximal connected subgroups

of A1C4 are A1D4, A1B
2
2 and A1Ā1C3. The second subgroup is contained in A1B4

and the third subgroup is contained in Ā1D6 as well. Hence both have already been
considered. The M -irreducible maximal connected subgroups of A1D4 are A1A

4
1

and A1A2. The former is a subgroup of A1B4 and the latter a subgroup of A1Ā2A2.
Hence both have already been considered.

Similarly, using Theorem 6.1 we see that all F4-irreducible connected subgroups
of G2 (p = 7) are contained in either Ā2A2 or Ā1C3 and so we have already
considered all M -irreducible subgroups of A1G2 (p = 7).

8.6. M = A1G2 (p 6= 2) (E7(#34))

The lattice structure ofM -irreducible subgroups follows from Theorem 5.1. We
claim that A1A2 (where the factor A2 is generated by long root subgroups of G2) is

contained in Ā2A5 and conjugate to E7(#309{0,0}). To prove this, let X be the A2

factor. The G2 factor of M is contained in A6, acting on VA6
(λ1) as VG2

(10), by
the construction in [Sei91, 3.12]. It follows that X acts as 10+ 01+ 00 on VA6

(λ1)
and therefore X is contained in a Levi subgroup Ā2

2 of A6 embedded via (10, 01).
Furthermore, X is contained in A5 acting as 102, since Ā2

2 acts as (10, 00)+(00, 01)
on VA5

(λ1). We now have CE7
(X)◦ ≥ Ā2A1 and since XĀ2A1 is E7-irreducible



44 8. IRREDUCIBLE SUBGROUPS OF G = E7

(subgroup E7(#300)) this must be an equality. Therefore A1X < Ā2CE7
(Ā2)

◦ =
Ā2A5 and comparing composition factors finishes the proof of the claim.

Now consider X = A1A1A1. The projection of X to G2 is the centraliser in
G2 of a semisimple involution. Therefore X centralises a semisimple involution t
of E7 and thus X is contained in Ā1D6 or A7 by Lemma 3.9. Since X contains
a simple E7-irreducible subgroup, X is E7-irreducible. As A7 does not contain an
E7-irreducible subgroup of type A1A1A1 it follows that X is contained in Ā1D6.
By considering the X-composition factors of V56, we see that X is conjugate to
E7(#206{0,0}).

The only reductive, maximal connected subgroup of A1A2 (p = 3) is A1A1 and
by Theorem 5.1 this is a subgroup of A1A1A1 and has thus already been considered.

This completes the proof of Theorem 8.1.



CHAPTER 9

Irreducible subgroups of G = E8

In this section we prove Theorem 1 when G is of type E8; we classify the
E8-irreducible connected subgroups thus proving the following theorem.

Theorem 9.1. Let X be an E8-irreducible connected subgroup of E8. Then
X is conjugate to exactly one subgroup of Table 5 and each subgroup in Table 5
is E8-irreducible. Moreover, Table 5 gives the lattice structure of the irreducible
connected subgroups of E8.

As in the previous sections we consider each of the reductive, maximal con-
nected subgroups of E8 in turn. The simple connected E8-irreducible subgroups
are classified in [Tho15, Theorem 3] and [Tho16, Theorem 6] and we will use these
without reference throughout. By Theorem 3.1, the reductive, maximal connected
subgroups of E8 are D8, Ā1E7, Ā2E6, A8, Ā

2
4, G2F4, B2 (p ≥ 5), A1A2 (p ≥ 5) and

A1 (3 classes, p ≥ 23, 29, 31).
We remind the reader that throughout the proof we will only make reference

to the E8-irreducibility of an M -irreducible subgroup when it does not properly
contain an E8-irreducible subgroup. Since the simple E8-irreducible connected
subgroups are known we only need to consider a small number of cases.

9.1. M = D8 (E8(#43))

The reductive, maximal connected subgroups of M are given in Lemma 3.3.
They are Ā2

1D6, D̄
2
4 , Ā3D5, B7, A1B6 (p 6= 2), B2B5 (p 6= 2), B3B4 (p 6= 2), B2

2

(p 6= 2) (2 classes), A1C4 (2 classes) and B4 (2 classes). In the cases where there
are two conjugacy classes these are distinguished by their action on L(E8), which
is given in Table 5.

Firstly we prove that two of the maximal connected subgroups are E8-reducible
when p = 2. In [Tho15, Lemma 7.4], it is shown that one of the classes of B4

subgroups is E8-reducible, denoted B4(‡). In the current notation this is subgroup
E8(#46) for which p 6= 2. We also claim one of the classes of A1C4 is E8-reducible
when p = 2. Let A1C4(‡) denote the subgroup A1C4 with composition factors
(4, 0)/(2, λ2)/(2, 0)

2/(0, λ2)
2/(0, λ4)/(0, 0)

2 on VD8
(λ7) when p = 2 (this is subgroup

E8(#116) when p 6= 2). By [LS94, p.333, Table 3], the connected centraliser of
the C4 factor of A1C4(‡) is Ā1U5, where U5 is a 5-dimensional connected unipotent
subgroup. Therefore X < U5Ā1C4, which by the Borel-Tits Theorem [BT71,
Théorème 2.5] is contained in a parabolic subgroup of E8. Therefore X is E8-
reducible.

There are a very large number of E8-irreducible subgroups contained in D8. We
therefore suppress many of the routine parts of constructing the lattice of irreducible
connected subgroups since we have been more explicit in the proofs of the previous
theorems, especially the case Ā1D6 < E7. For example, the use of Lemma 3.3 to

45
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find the lattice of D8-irreducible connected subgroups is mainly omitted, as are
most of the considerations of when two subgroups contained in different reductive,
maximal connected subgroups ofD8 are conjugate. Our use of Lemma 3.6 to remove
any D8-reducible classes inside reductive, maximal connected subgroups of D8 will
also be implicit.

When finding the E8-conjugacy classes of diagonal subgroups contained in X <
D8 we give only the required information concerning OutE8

(X). On many occasions
OutE8

(X) ∼= OutD8
(X); in such cases we will not be explicit.

9.1.1. M1 = Ā2
1D6 (E8(#107)). By [Car72, Table 11], we have OutE8

(M1) ∼=
S2, where the involution acts simultaneously as a graph automorphism of Ā2

1 and
D6. Up to E8-conjugacy we may therefore choose to take just one representative of
each non-conjugate pair of D6-irreducible subgroups which are conjugate in D6.2.
This leads to the reductive, maximal connected subgroups of Ā2

1D6 given in Table
5. We will consider each of them in turn.

9.1.1.1. M2 = Ā4
1D̄4 (E8(#117)). By [Car72, Table 11], we have OutE8

(M2) ∼=
S4 acting naturally on the four A1 factors and inducing the full outer automorphism
group of D̄4. Therefore, we have only one E8-conjugacy class of each of the sub-
groups Ā4

1B3 and Ā4
1A1B2 contained inM2. Moreover, the stabiliser ofB3 and A1B2

under the action of S4 is Dih8. Therefore OutE8
(Ā4

1B3) ∼= OutE8
(Ā4

1A1B2) ∼= Dih8.
The irreducible subgroups G2 and A2 are normalised by all outer automorphisms
of D̄4 and so OutE8

(Ā4
1G2) ∼= OutE8

(Ā4
1A2) ∼= S4. Finding most of the diagonal

subgroups contained in M2 now follows; we give further details below where needed.
From [LS04, Table 10.3] we see OutE8

(Ā8
1)

∼= AGL3(2). The action on the
eight factors is described in the proof of [Tho16, Theorem 6] and the non-simple
diagonal subgroups follow using the same method as for the simple ones.

We note two intricacies in finding the diagonal subgroups of E8(#189) =
Ā4

1A1A1 (p ≥ 5). There are two classes of pairs Ā2
1 < Ā4

1, which may be rep-
resented by the first and second A1 factors and the first and third A1 factors, for
example. When taking a diagonal subgroup, say X , in the first and second A1

factors via (1, 1) it is then conjugate to the fifth A1 factor, say Y . It then follows
that there is an involution in D8 that swaps X and Y . This leads to the condition
“if r = s then r < t” in the definition of E8(#213) in Table 29. The second thing
to note is that a diagonal subgroup of the fifth and sixth A1 factors via (1, 1) is
conjugate to a subgroup A1 contained in A2 < D̄4. Indeed, the irreducible sub-
group A1 of A2 acts as 4 + 2 on VD̄4

(λ1). Since this subgroup A2 is centralised by

a triality automorphism of D̄4 it follows that OutE8
(E8(#211{0,0})) ∼= S4 acting

naturally on the first four A1 factors.
Finally, we consider the subgroup E8(#190) = Ā4

1A
3
1 < Ā4

1A1B2 when p = 2.
Since OutD̄4

(A3
1)

∼= S3 it follows that OutE8
(E8(#190)) ∼= S4 × S3, where the S4

direct factor acts naturally on the first four factors and the S3 direct factor acts
naturally on the final three factors.

9.1.1.2. M2 = Ā2
1B5 (E8(#118)). Since B5 is centralised by a graph automor-

phism of D6 we have OutE8
(M2) ∼= S2. This is enough to determine the classes of

diagonal subgroups of all subgroups of M2.
9.1.1.3. M2 = Ā2

1Ā
2
3 (E8(#119)). Here OutE8

(M2) ∼= S2 × S2 by [Car72,
Table 11], with an involution swapping the two Ā3 factors and another involution
simultaneously swapping the two Ā1 factors whilst fixing one Ā3 factor and acting
as a graph automorphism on the other. The diagonal subgroups of M2 now follow.
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Because OutĀ3
(A2

1)
∼= S2 it follows that OutE8

(Ā2
1A

2
1Ā3) ∼= S2 × S2, con-

taining an involution swapping the first and second Ā1 factors whilst acting as a
graph automorphism of the Ā3 factor and another involution swapping the third
and fourth A1 factors. For the diagonal subgroup X = A3

1Ā3 →֒ Ā2
1A

2
1Ā3 via

(1a, 1a, 1b, 1c, 100) we have OutE8
(X) ∼= S3 acting naturally on the three A1 fac-

tors. Finally, note that OutE8
(Ā2

1A
4
1)

∼= S2 × S4 and taking a diagonal subgroup
X = A5

1 via (1a, 1a, 1b, 1c, 1d, 1e) yields OutE8
(X) ∼= S5.

It remains to prove that the diagonal subgroups E8(#373) are irreducible when
p = 2 as they do not properly contain any E8-irreducible subgroups. Let X =
E8(#373) = A1Ā3 →֒ Ā2

1A
2
1Ā3 = E8(#355) = Y via (1[r], 1[s], 1[t], 1[u], 100) where

rt = 0, r < s and t < u. From Table 5, we have

L(E8) ↓ Y = (2, 0, 0, 0, 000)/(1, 1, 2, 0, 000)/(1, 1, 0, 2, 000)/(1, 1, 0, 0, 010)/

(1, 1, 0, 0, 000)2/(1, 0, 1, 1, 100)/(1, 0, 1, 1, 001)/(0, 2, 0, 0, 000)/

(0, 1, 1, 1, 100)/(0, 1, 1, 1, 001)/(0, 0, 2, 2, 000)/(0, 0, 2, 0, 010)/

(0, 0, 2, 0, 000)2/(0, 0, 0, 2, 010)/(0, 0, 0, 2, 000)2/(0, 0, 0, 0, 101)/

(0, 0, 0, 0, 010)2/(0, 0, 0, 0, 000)6.

Therefore X , has at most seven trivial composition factors and at least two com-
position factors of dimension 32. Looking for a contradiction we suppose that X
is E8-reducible. By Lemma 3.7, there exists a subgroup Z of type A1A3 contained
L-irreducibly in a Levi subgroup L, such that X and Z have the same composi-
tion factors on L(E8). By considering the number of trivial composition factors on
L(E8) of each Levi subgroup that contains an irreducible subgroup A1A3 (using
Table 5 and Lemma 3.6), it follows that L′ has type E7, A1E6, D7, D6, A1D5, A7,
A1A5 or A2

3.
Suppose that L′ has type E7. Then Theorem 8.1 shows that Z is conjugate to

E7(#m) for m = 194, 265, 266, 289, or 298. Using the restriction L(E8) ↓ E7 =
VE7

(λ1)/VE7
(λ7)

2/VE7
(0)4 from Table 5 and the composition factors given in Table

4, we calculate that Z does not have the same composition factors as X on L(E8),
a contradiction.

Now suppose that L′ has type A1E6. Then by Theorem 7.1 the projection of
Z to E6 is conjugate to E6(#29). As before, we use the composition factors of
the action of A1E6 on L(E8) from Table 5 and the composition factors of E6(#29)
acting on V27 and L(E6) from Table 3 to see that Z does not have the same
composition factors as X on L(E8).

In the remaining cases all of the simple factors of L′ are classical. We therefore
use Lemma 3.6 to find the irreducible subgroups of type A1A3. Firstly, suppose
that L′ has type D7. Then by Lemma 3.6, Z acts on VD7

(λ1) as ((0, 000)|((2, 000)+
(2[r], 000)+ (2[s], 000))|(0, 000))+ (0, 010) with 0 < r < s since Z is D7-irreducible.
Using the composition factors of L(E8) ↓ D7 given in Table 5, we calculate that Z
does not have the same composition factors as X on L(E8), a contradiction. Next
suppose that L′ has type D6 or A1D5. Then the action of Z on λ1 (respectively
(0, λ1)) has two trivial composition factors. It then follows that Z has more than
seven trivial composition factors on L(E8), a contradiction.

Now suppose that L′ has type A7. Then using Lemma 3.6 we find that there
is a unique conjugacy class of A7-irreducible subgroups of type A1A3; they act as
(1, 100) on VA7

(λ1). Using the restriction L(E8) ↓ A7 from Table 5 we find that Z
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is not contained in A7. Finally, suppose that L′ has type A1A5 or A2
3. Using the

composition factors of L(E8) ↓ L′ given in Table 5, it follows that Z has at most
one composition factor of dimension at least 32. This is a contradiction since X
has at least two such composition factors.

9.1.1.4. M2 = Ā2
1A1B4 (E8(#120)) or Ā2

1B2B3 (E8(#121)). Since the sub-
groups A1B4 and B2B3 of D6 are centralised by a graph automorphism of D6 we
have OutE8

(M2) ∼= S2 with the involution swapping the two Ā1 factors. We note
that as in previous discussions the subgroup X = A1 →֒ Ā2

1 < D8 via (1, 1) is con-
jugate to Y = A1 < D8 acting via 2+013 on VD8

(λ1). This is enough to determine
the classes of diagonal subgroups of all subgroups of M2.

9.1.1.5. M2 = Ā2
1A1C3 (E8(#122)). Firstly we note that OutE8

(M2) is trivial,
as can be seen from the M2-composition factors of L(E8). The diagonal subgroups
of M2 therefore follow. We also note X = A1Ā1C3 →֒ M2 via (1a, 1b, 1a, 100) is
contained in the E8-reducible subgroup A1C4 when p = 2 and hence X is E8-
reducible.

Next, we consider X = Ā2
1A

2
1A1 = E8(#558) (p 6= 2). A graph automorphism

of D6 swaps the third and fourth A1 factors and hence OutE8
(Ā2

1A
2
1A1) ∼= S2 where

the involution simultaneously swaps the two Ā1 factors as well as swapping the
third and fourth A1 factors. The subgroup A2

1A1 < D6 acts as (1, 1, 2) on VD6
(λ1).

Therefore the subgroups Ā2
1A1A1 →֒ X via (1a, 1b, 1c, 1c, 1d), (1a, 1b, 1c, 1d, 1c) or

(1a, 1b, 1c, 1d, 1d) are contained in previously considered subgroups of Ā2
1D6.

It remains to prove that when p = 2 the diagonal subgroups X = E8(#614) =
A1A3 →֒ Ā2

1A1A3 = E8(#560) = Y via (1[r], 1[s], 1[t], 100) (rst = 0; r 6= t) are
E8-irreducible. From Table 5, we have

L(E8) ↓ Y = (2, 0, 0, 000)/(1, 1, 1, 010)/(1, 0, 3, 000)/(1, 0, 1, 101)/(0, 2, 0, 000)/

(0, 1, 2, 010)/(0, 1, 0, 200)/(0, 1, 0, 010)2/(0, 1, 0, 002)/(0, 0, 2, 101)/

(0, 0, 2, 000)/(0, 0, 0, 101)2/(0, 0, 0, 020)/(0, 0, 0, 000)4.

It follows that X has exactly 4 trivial composition factors as well as composition
factors of dimensions 56 and 48. A routine use of Lemma 3.7 as before shows that
X is E8-irreducible.

9.1.2. M1 = D̄2
4 (E8(#108)). It easily follows from [LS04, Table 10.3] that

OutE8
(M1) ∼= S2 × S3, where the central involution swaps the two D̄4 factors, and

the S3 direct factor acts simultaneously as the group of graph automorphisms of
each D̄4 factor. In particular, there is just one E8-conjugacy class of each of the
subgroups B3D̄4 and A1B2D̄4 contained in M1. It then follows that there are two
E8-conjugacy classes of each of the subgroups B2

3 , B3A1B2 and A2
1B

2
2 . We make

some remarks about them now.
Firstly, one class of subgroups B2

3 acts with composition factors (W (100), 000)/
(000,W (100))/(000, 000)2 on VD8

(λ1) and is henceD8-reducible by Lemma 3.6. The
other class is D8-irreducible, namely E8(#623). One class of subgroups A1B2B3

acts with composition factors (W (2), 00, 000)/(0,W (10), 000)/(0, 00,W (100))/(0, 00, 000)
on VD8

(λ1) and is therefore D8-irreducible if and only if p 6= 2. Moreover, when

p 6= 2 this subgroup is contained in Ā2
1D6 and conjugate to E8(#533{0}). Simi-

larly, one class of subgroups A2
1B

2
2 acts with composition factors (W (2), 0, 00, 00)/

(0,W (2), 00, 00)/(0, 0,W (10), 00)/(0, 0, 00,W (10)) on VD8
(λ1) and is therefore D8-

irreducible if and only if p 6= 2. This class is denoted E8(#677) and in this case
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OutE8
(A2

1B
2
2) = OutD8

(A2
1B

2
2)

∼= S2 × S2 where one involution swaps the two A1

factors and another involution swaps the two B2 factors. The second class of sub-
groups A2

1B
2
2 is denoted E8(#676) and in that case OutE8

(A2
1B

2
2)

∼= S2 where the
involution simultaneously swaps the two A1 factors and the two B2 factors.

Most of the classes of diagonal subgroups contained in M1 follow immediately.
We will point out those that are not entirely obvious. First, consider X = B3A

3
1 =

E8(#636). In this case OutD̄4
(A3

1)
∼= S3 and so OutE8

(X) ∼= S3. Next, we consider

the subgroup Y = A4
1B2 = E8(#638) < B3A

3
1. We note that OutE8

(Y ) ∼= S3,
with the S3 acting naturally on the last three A1 factors. This yields the diagonal
subgroups of Y . Finally, we consider the subgroup Z = A6

1 < B3A
3
1. Here we have

OutE8
(Z) ∼= S3 × S3 × S2, where the first S3 direct factor acts naturally on the

first three A1 factors, the second S3 direct factor acts naturally on the final three
A1 factors and the central involution swaps the first three A1 factors with the last
three A1 factors.

We also note that OutE8
(A2

2)
∼= S2 × S2, where one involution simultaneously

acts as a graph automorphism of both A2 factors and another involution swaps the
two A2 factors.

It remains to prove that the diagonal subgroups X = E8(#673) = A1A2 →֒
A3

1A2 = E8(#670) = Y via (1, 1[r], 1[s], 10) (0 < r < s) are E8-irreducible when
p = 2. To do this we use a standard application of Lemma 3.7. The X-composition
factors of L(E8) can be found from those of L(E8) ↓ Y , which are given in Table
5. We note that there are six trivial X-composition factors of L(E8) as well as
two 64-dimensional X-composition factors. We omit the details of checking that
no Levi subgroup L contains an L′-irreducible subgroup of type A1A2 having the
same composition factors as X on L(E8).

9.1.3. M1 = Ā3D5 (E8(#109)) or B7 (E8(#47)) or A1B6 (E8(#110)) or
B2B5 (E8(#111)) or B3B4 (E8(#112)). There is nothing for us to explicitly note
here. In particular, all outer automorphisms acting on subgroups contained in M1

are induced by elements of D8.

9.1.4. M1 = B2
2 (maximal if p 6= 2, contained in B4 if p = 2) (E8(#113)).

The D8-irreducible subgroups contained in M1 are straightforward to determine
using Lemma 3.3. When p = 2 the subgroup A4

1 acting as (1, 1, 1, 1) on VD8
(λ1)

is also contained in A1C4 = E8(#115). Indeed, there are just two D8-classes of
such A4

1 subgroups and these can be distinguished by their composition factors on
L(E8), as given in Table 5. We consider A4

1 as a subgroup of E8(#115) in Section
9.1.6.

9.1.5. M1 = B2
2 (p 6= 2) (E8(#114)). We note that this subgroup B2

2 is con-
tained in the E8-reducible maximal subgroup B4 of D8 when p = 2 and is therefore
E8-reducible itself. The subgroups of M1 follow in a similarly straightforward man-
ner to those of E8(#113) in Section 9.1.4.

9.1.6. M1 = A1C4 (E8(#115)). By Lemma 3.3, the reductive, maximal con-
nected subgroups of M1 are A1Ā1C3, A1B

2
2 , A

4
1 (p 6= 2), A1A1 (p ≥ 11) and A1D4

(p = 2). The subgroup A1Ā1C3 is contained in Ā2
1A1C3 = E8(#122) and by con-

sidering composition factors of L(E8) we find that it is conjugate to E8(#564{0,0}).
The maximal connected subgroup A1B

2
2 acts as (1, 01, 00) + (1, 00, 01) on VD8

(λ1)
and is thus a subgroup of either E8(#676) or E8(#677), both of which are of type
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A2
1B

2
2 . It again follows from considering the composition factors of L(E8) that

A1B
2
2 is conjugate to E8(#708{0}).
The maximal subgroup A4

1 (p 6= 2) is still E8-irreducible when p = 2, but it
is now contained in A2

1B2 < A1B3 < A1D4. The diagonal subgroups of A4
1 follow

easily since OutD8
(A4

1)
∼= S4. The diagonal subgroups of the maximal subgroup

A1A1 (p ≥ 11) are clear.
Next, we consider the maximal subgroup M2 = A1D4. We note that since

OutC4
(D4) ∼= S2 we have OutD8

(M2) ∼= S2, where the involution acts as an involu-
tory graph automorphism of the D4 factor. There are thus two classes of maximal
subgroups of type A1B3. One such class acts as (1, 000)|(1, 100)|(1, 000) on VD8

(λ1)
and is thus D8-reducible by Lemma 3.6 and hence E8-reducible. The subgroup
A1A

4
1 of M2 is contained in A1B

2
2 < M1 and hence conjugate to E8(#649{0,0}).

Finally, we prove that X = A1A2 = E8(#872) is E8-irreducible when p = 2.
From Table 5, we have

L(E8) ↓ X = (3, 11)/(2, 30)/(2, 11)/(2, 03)/(2, 00)2/(1, 30)2/(1, 22)/

(1, 03)2/(1, 00)4/(0, 30)2/(0, 22)/(0, 11)2/(0, 03)2/(0, 00)4.

Suppose that X is E8-reducible. By Lemma 3.7, there exists a subgroup Z of type
A1A2 contained L-irreducibly in a Levi subgroup L, such that X and Z have the
same composition factors on L(E8). By considering the number of trivial composi-
tion factors on L(E8) of each Levi subgroup that contains an irreducible subgroup
A1A2 (using Table 5 and Lemma 3.6) it follows that L′ has type E7, A1E6, D7,
A2D5, A2D4 or A2

1A
2
2. Suppose that L′ has type E7. Then Theorem 8.1 shows

that Z is conjugate to E7(#m) for m = 184, 307, or 308. Using the restriction
L(E8) ↓ E7 = VE7

(λ1)/VE7
(λ7)

2/VE7
(0)4 and the composition factors given in

Table 4, we calculate that Z does not have the same composition factors as X on
L(E8), a contradiction. Now suppose that L′ has type A1E6. Then by Theorem
7.1 the projection of Z to E6 is conjugate to E6(#m) for m = 13, 14, . . . , 23 or 37.
As before, we calculate that Z does not have the same composition factors as X on
L(E8). Suppose that L′ has type D7. Then by Lemma 3.6, Z acts on VD7

(λ1) as
((0, 00)|((2, 00) + (2[r], 00))|(0, 00)) + (0, 11) with r 6= 0, since Z is D7-irreducible.
Now, because VD7

(λ1) occurs as composition factor of L(E8) with multiplicity two,
it follows that Z has at least six trivial composition factors on L(E8), which is a
contradiction. Now suppose that L′ has type A2D5 or A2D4. Then the A2 factor
of Z is conjugate to Ā2 and so in all cases the composition factors of Z are not
the same as those of X . Finally, suppose that L′ has type A2

1A
2
2. Then L′ has

only four composition factors of dimension at least 16 on L(E8) and all four of
them have dimension 18. Since X has four composition factors of dimension 18
and two composition factors of dimension 16, it follows that X and Z do not have
the same composition factors on L(E8). This final contradiction shows that X is
E8-irreducible.

9.1.7. M1 = A1C4 (p 6= 2) (E8(#116)). Notice that X = A1B
2
2 < M1 acts on

VD8
(λ1) as (1, 01, 00)+(1, 00, 01) and is thus a subgroup of E8(#677) = A2

1B
2
2 < D̄2

4.
By considering the X-composition factors of L(E8) we find that X is conjugate to
a D8-reducible subgroup acting as (2, 00, 00)2 + (0, 10, 00)+ (0, 00, 10). The rest of
the lattice structure follows as for E8(#115) in Section 9.1.6.
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9.1.8. M1 = B4 (E8(#45)). The reductive, maximal connected subgroups of
M1 are given by Lemma 3.3. It is then a routine calculation to find the action of
each subgroup on VD8

(λ1) ↓ B4 = VB4
(λ4), which is also required when finding the

composition factors on V26 of the subgroups of the maximal subgroup B4 of F4.
Firstly, the maximal connected subgroup D4 of M1 acts as λ3+λ4 on VD8

(λ1).
There are two D8-conjugacy classes of D4 subgroups acting in such a way. By
restricting the action of M1 on L(E8) to D4 we find the composition factors of D4

on L(E8). This shows that D4 is conjugate to E8(#49).
The maximal connected subgroup A1A3 acts as (1, 100)+ (1, 001) on VD8

(λ1).
Therefore it is D8-reducible by Lemma 3.6. The maximal connected subgroup B2

2

(p = 2) acts as (01, 01) and is maximal when p 6= 2. Therefore it is given the
identification number E8(#113b) and has been considered previously. The action
of the maximal subgroup A2

1B2 (p 6= 2) on VD8
(λ1) is (1, 1, 01) and therefore A2

1B2

is conjugate to E8(#709{0}).
Next, we consider the maximal connected subgroup A2

1. When p ≥ 5 it acts

as (3, 1) + (1, 3) on VD8
(λ1) and is conjugate to E8(#707{0,0,0,0}). When p = 3

it acts with composition factors (3, 1)/(1, 1)2/(1, 3) and is therefore D8-reducible
by Lemma 3.6. Finally, the maximal subgroup A1 (p ≥ 11) acts as 10 + 4 and is

therefore conjugate to E8(#12{0,0}).

9.1.9. M1 = B4 (p 6= 2) (E8(#46)). As for E8(#45), we find the action of the
maximal subgroups of M1 on VD8

(λ1). In this case the subgroups D4, A1A3, A
2
1B2

and A2
1 (p = 3) are all conjugate to D8-reducible subgroups. When p ≥ 5, the

maximal subgroup A2
1 is conjugate to E8(#693{0,0,0,0}). As in the previous case,

the maximal subgroup A1 (p ≥ 11) is conjugate to E8(#12{0,0}).
This completes the analysis of the case M = D8.

9.2. M = Ā1E7 (E8(#102))

In this section we find the lattice of E8-irreducible subgroups contained in
M . Theorem 8.1 allows us to immediately write down the lattice of M -irreducible
subgroups. The subgroup Ā2

1D6 < Ā1E7 is conjugate to E8(#107) < D8 and so
any subgroup of Ā2

1D6 has already been considered.
The remainder of this section deals with the question of whether anM -irreducible

subgroup is E8-irreducible.
There is one M -irreducible subgroup that we prove is E8-reducible and hence

all of its subgroups are thus E8-reducible. Consider the subgroup X = A1F4 →֒
Ā1A1F4 = E8(#881) via (1, 1, λ1) when p = 2. By [LS94, p.333, Table 3] the
connected centraliser of the F4 factor is G2 and hence Ā1A1F4 < G2F4. Theorem
5.1 implies that the projection of X to G2 is G2-reducible since p = 2. Therefore
X is G2F4-reducible and thus E8-reducible.

Now we need to prove that each subgroup of M in Table 5 is E8-irreducible.
Most subgroups either contain a simple E8-irreducible subgroup or have already
been considered as subgroups of D8. The remaining cases are E8(#n) for n =
879, 889, 897, 898 when p = 2 and n = 911, 913, 914, 915, 916 when p 6= 2.

We start by considering the cases where p 6= 2. If p ≥ 5 then the action of each
subgroup on L(E8) has no trivial composition factors and hence all of the subgroups
are E8-irreducible by Corollary 3.8. Since E8(#913) is only A1E7-irreducible for
p ≥ 5, it requires no further consideration.
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Now let p = 3 and X = E8(#911) = A1A3 →֒ Ā1A1A3 = E8(#910) = Y
via (1[r], 1[s], 100). Suppose that X is E8-reducible. By Lemma 3.7, there exists a
subgroup Z of type A1A3 contained L-irreducibly in a Levi subgroup L, such that
X and Z have the same composition factors on L(E8). From Table 5 we see that

L(E8) ↓ Y = (2, 0, 000)/(1, 2, 010)2/(1, 0, 200)/(1, 0, 002)/(0, 4, 000)/

(0, 2, 101)2/(0, 2, 000)/(0, 0, 101)/(0, 0, 020)/(0, 0, 000)2.

Therefore, X and Z have only two trivial composition factors on L(E8) and so
L′ has at most two trivial composition factors on L(E8). Using the restrictions
in Table 5, we find that L′ has one of the following types: A1E6, D7, A2D5,
A7, A3A4, A1A6, A1A2A4, A2

1A4, or A2
3. Lemma 3.6 immediately rules out L′

having type A3A4, A1A6, A1A2A4 or A2
1A4 since such a Levi subgroup contains no

irreducible subgroup A1A3. We will now take the other five types and rule them
out in turn. Suppose that L′ has type A1E6. Then one L′-composition factor of
L(E8) is isomorphic to (1, 0). Hence Z has a 2-dimensional composition factor on
L(E8), a contradiction. Now suppose that L′ has type A7. Then from Lemma 3.6
we deduce that Z acts on VA7

(λ1) as (1, 100). It is straightforward to calculate the
Z-composition factors of L(E8) from the L′-composition factors given in Table 5.
These are not the same as those of X , a contradiction. Now suppose that L′ has
type A2D5 or D7. Then the A3 factor of Z is conjugate to a Levi subgroup Ā3,
acting as 010+ 0004 on VD5

(λ1) and 010+ 0008 on VD7
(λ1). In particular, there is

no Z-composition factor of L(E8) isomorphic to (0, 020). Therefore the composition
factors of X and Z are not the same on L(E8), a contradiction. Finally, suppose
that L′ has type A2

3. Then by Table 5, the largest dimension of any composition
factor of L(E8) ↓ L′ is 24. This is a contradiction since X has a 45-dimensional
composition factor on L(E8), namely (2[s], 101).

A similar argument applies to show that X = E8(#n) is E8-irreducible for
n = 914, 915 and 916. In particular, there are only two trivial X-composition
factors of L(E8).

We now consider the cases where p = 2. Firstly, since Ā1A7 = E8(#879) has
rank 8 it is clearly G-irreducible. Now let X = Ā1Ā2A3 = E8(#889). Suppose
that X is E8-reducible. By Lemma 3.7, there exists a subgroup Z of type A1A2A3

contained L-irreducibly in a Levi subgroup L, such that X and Z have the same
composition factors on L(E8). From Table 5 we find that X has just two trivial
composition factors on L(E8). It thus follows that L′ is of type A2D5. Using
Lemma 3.6, we deduce that the A1A3 factor of Z is contained in the D5 factor of
A2D5 and acts as (1[r]⊗ 1[s], 000)+ (0, 010) on VD5

(λ1). From this we calculate the
Z-composition factors of L(E8) and see that they are not the same as those of X ,
a contradiction. Therefore X is E8-irreducible.

Finally, we need to consider the cases where X is E8(#897) or E8(#898) and so
X = A1A2 →֒ Ā1Ā2A1A2 = E8(#887) = Y via (1[r], 10[t], 1[s], 10[u]) (rs = tu = 0)
or (1[r], 10[t], 1[s], 01[u]) (rs = tu = 0; t 6= u), respectively. Using the composition
factors of L(E8) ↓ Y given in Table 5, we find that X has at most six trivial
composition factors on L(E8). The case where X has exactly six occurs when X
is embedded via (1, 10[1], 1, 10). We prove that X is E8-irreducible in this case;
the others are similar and easier. Suppose that X is E8-reducible. By Lemma 3.7,
there exists a subgroup Z of type A1A2 contained L-irreducibly in a Levi subgroup
L, such that X and Z have the same composition factors on L(E8). Restricting
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the Y -composition factors of L(E8) to X yields

L(E8) ↓ X = (4, 00)/(2, 30)2/(2, 11)2/(2, 03)2/(2, 00)4/(0, 30)4/(0, 22)3/

(0, 11)4/(0, 03)4/(0, 00)6.

By considering the number of trivial composition factors on L(E8) of each Levi
subgroup containing an irreducible subgroup A1A2 (using Table 5 and Lemma
3.6), it follows that L′ has type E7, A1E6, D7, A2D5, A2D4, A1A5, A1A2A3 or
A2

1A
2
2. Suppose that L′ has type E7 or A1E6. Then Theorem 8.1 implies that

Z is conjugate to E7(#m) for m = 184, 307, or 308 and Theorem 7.1 implies
that the projection of Z to E6 is conjugate to E6(#m) for m = 13, 14, . . . , 23 or
37. Using the restrictions in Tables 3, 4 and 5 we calculate the Z-composition
factors of L(E8); in all cases these are not the same as the X-composition factors,
a contradiction. Now suppose that L′ has type D7. Lemma 3.6 implies that Z
acts on VD7

(λ1) as ((0, 00)|((2, 00)+ (2[r], 00))|(0, 00))+ (0, 11) with r 6= 0, since Z
is D7-irreducible. From Table 5, the D7-composition factor VD7

(λ1) of L(E8) has
multiplicity two. Hence (2, 00) and (2[r], 00) both occur as Z-composition factors of
L(E8) with multiplicity at least two. Comparing with the X-composition factors we
see that r = 0, a contradiction. Suppose that L′ has type A2D5, A2D4 or A1A2A3.
Then the A2 factor of Z is conjugate to Ā2 and so in all cases the composition
factors of Z are not the same as those of X . For the next case let L′ have type
A1A5. Then L′ has only five composition factors of dimension at least 16 on L(E8):
four of them have dimension 20 and the other has dimension 23. Since X has four
composition factors of dimension 18 and two composition factors of dimension 16, it
follows that X and Z do not have the same composition factors on L(E8). Finally,
we suppose that L′ has type A2

1A
2
2. Then L′ has only four composition factors of

dimension at least 16 on L(E8) and all four of them have dimension 18. As in the
previous case, it follows that X and Z do not have the same composition factors
on L(E8). This final contradiction proves that X is E8-irreducible.

This completes the analysis of the E8-irreducible subgroups contained in M =
Ā1E7.

9.3. M = Ā2E6 (E8(#103))

Theorem 7.1 and Lemma 3.3 allow us to write down the lattice ofM -irreducible
subgroups. Firstly, we note that the maximal subgroup Ā2Ā1A5 is contained in
Ā1E7 and conjugate to E8(#878). We will now consider subgroups of Ā2Y for the
remaining reductive, maximal connected subgroups Y of E6. In doing this we will
consider all of the subgroups of A1E6 = E8(#981) (p 6= 2) in the following sections
and thus give it no further consideration.

9.3.1. M1 = Ā4
2 (E8(#975)). As in [Tho15, Section 7.3] we fix a conjugacy

class representative of M1 by giving the M1-composition factors of L(E8) in Table
5. The diagonal subgroups follow from the action of OutE8

(M1) ∼= GL(2, 3) (by
[LS04, Table 10.3]) on the four A2 factors.

We prove that A4
1 < M1 (p 6= 2) is contained in D8 and conjugate to E8(#873).

Theorem 7.1 implies that A3
1 < Ā3

2 < E6 is contained in the maximal subgroup C4

of E6. When we consider Ā2C4 in Section 9.3.3, we prove that A1C4 is conjugate
to E8(#116). Hence A4

1 is contained in E8(#116) and conjugate to E8(#873).
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9.3.2. M1 = Ā2F4 (E8(#976)). We first noteM1 is a subgroup ofG2F4. Thus,
by Theorem 5.1, the subgroup A1F4 (p 6= 2) is conjugate to A1F4 →֒ Ā1A1F4 =
E8(#881) < Ā1E7 via (1, 1, λ1). Therefore we need only consider subgroups of the
form Ā2X where X is an E6-irreducible connected subgroup of F4.

By Theorem 7.1, we have that Ā2Ā1C3 is a subgroup of Ā2Ā1A5 and Ā2
2A2 is

a subgroup of Ā4
2. We will consider Ā2C4 (p = 2) in Section 9.3.3, and similarly we

consider Ā2G2 (p = 7) in Section 9.3.5.

9.3.3. M1 = Ā2C4 (E8(#977)). The subgroup M1 is maximal if p 6= 2 and
contained in Ā2F4 when p = 2. Firstly, we prove that X = A1C4 (p 6= 2) is
contained in D8 and conjugate to Y = A1C4 = E8(#116). Indeed, since p 6= 2,
[LS96, Table 8.1] shows that there are exactly two classes of subgroups of type C4

in E8; they are contained in the two classes of subgroups of type A7. In particular,
the C4 factor of Y is contained in E6 and the connected centraliser is Ā2. It follows
that Y is contained in Ā2C4 and thus conjugate to X .

We now need to consider subgroups of the form X = Ā2Y where Y is an E6-
irreducible connected subgroup of C4. If Y is contained in Ā1C3 or A3

1 then X
is contained in Ā2Ā1A5 or Ā4

2, respectively. If Y = A1 (p ≥ 11) then X requires
no further consideration. The final case is Y = D4 (p = 2). In this case the only
E6-irreducible subgroup of Y is A2. This subgroup A2 is contained in Ā3

2, again by
Theorem 7.1.

9.3.4. M1 = Ā2A2G2 (E8(#978)). Theorem 7.1 shows that Ā2A1G2 is con-
tained in Ā2F4. Similarly, Ā2A2Ā1A1 and Ā2A2Ā2 are contained in Ā2Ā1A5 and
Ā4

2, respectively.
The diagonal subgroups of M1 follow by noting that Ā2A2 is a maximal sub-

group of F4 and thus there is an involution in E8 acting as a graph automorphism
on both A2 factors. Moreover, by Theorem 6.1 the subgroup A2G2 →֒ M1 via
(10, 10, 10) is G2F4-reducible when p = 3. Note that looking at Theorem 6.1 would
seem to suggest the subgroup A2G2 →֒ M1 via (10, 01, 10) is the G2F4-reducible
subgroup. However, the given M1-composition factors of L(E8) in Table 5 show
that a graph automorphism of the second A2 factor has been introduced.

The non-diagonal subgroups of Ā2A2A2 (p = 3) have all been covered previ-
ously and the simple diagonal subgroups are given by [Tho16, Lemma 7.11]. The
non-simple diagonal subgroups follow in the same way. Similarly, the non-diagonal
subgroups of Ā2A2A1 (p ≥ 7) have already been considered and the diagonal sub-
groups follow in the same way as the diagonal subgroups of M1.

9.3.5. M1 = Ā2G2 (E8(#979)). The subgroup M1 is maximal if p 6= 7 and
contained in Ā2F4 if p = 7. By Theorem 7.1, except for A2 (p = 3), all reductive,
maximal connected subgroups of the G2 factor are contained in a previously con-
sidered maximal connected subgroup of E6. It remains to consider subgroups of
Ā2A2 (p = 3). We postpone this until Section 9.3.6.

9.3.6. M1 = Ā2A2 (p 6= 2) (E8(#980)). The subgroup M1 is maximal if p ≥ 5
and contained in Ā2G2 if p = 3. The non-diagonal reductive, maximal connected
subgroups of M1 are Ā2A1 and A1A2. Theorem 7.1 implies that Ā2A1 is contained
in Ā2Ā1A5 and hence the subgroup A1A1 of A1A2 is also contained in Ā2Ā1A5.

The subgroup X = A1A2 = E8(#1027) when p = 5 is the only subgroup that
does not properly contain an E8-irreducible subgroup. The composition factors of
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L(E8) ↓ X are given in Table 5. Since there are no trivial composition factors,
Corollary 3.8 shows that X is E8-irreducible.

This completes the case M = Ā2E6.

9.4. M = A8 (E8(#62))

By Lemma 3.3, the only reductive, maximal connected subgroups of A8 are
B4 (p 6= 2) and A2

2. The subgroup B4 is contained in D8 and so its non-simple
subgroups require no consideration. The subgroup A2

2 was studied in [Tho16,
Section 7.2]. In particular, [Tho16, Lemma 7.10] shows that A2

2 is E8-irreducible
and conjugate to E8(#668) when p 6= 3 but E8-reducible when p = 3.

9.5. M = Ā2
4 (E8(#104))

By Lemma 3.3, the only reductive, maximal connected subgroup of Ā4 is B2

(p 6= 2). The only Ā4-irreducible maximal connected subgroup of B2 is A1 (p ≥ 5)
embedded via the representation of high weight 4. The final thing to note is that
the subgroup B2

2 of Ā2
4 is contained in D8. Indeed, this is shown in [LS96, p.63].

9.6. M = G2F4 (E8(#105))

The irreducible connected subgroups of G2 and F4 are given by Theorems
5.1 and 6.1, respectively. This allows us to write down all of the M -irreducible
connected subgroups when noting the following details.

Firstly, the G2 factor is contained in a Levi subgroup D4 by [Sei91, 3.16] and
thus Ā1A1F4 is contained in Ā1E7 and Ā2F4 is contained in Ā2E6. Similarly, the
subgroups G2B4, G2Ā1C3 and G2Ā2A2 have all been considered before in the D8,
Ā1E7 and Ā2E6 cases, respectively.

We now consider the remaining maximal connected subgroups of M in turn.
Once we have considered A2F4 (p = 3) and A1F4 (p ≥ 7) we will only consider
subgroups of the form G2X where X is an F4-irreducible subgroup, since all others
will have been covered. In particular, we will not make any further mention of
G2A1 (p ≥ 13).

9.6.1. M1 = A2F4 (p = 3) (E8(#1030)). By Theorem 5.1, the irreducible sub-
group A1 of the A2 factor is contained in Ā1A1. We have hence already considered
the maximal connected subgroup A1F4 of M1 and need only consider subgroups of
the form A2X where X is an F4-irreducible subgroup. Similarly, A2B4, A2Ā1C3

and A2Ā2A2 have already been considered and so it remains to examine A2A1G2.
Theorem 6.1 implies that the only reductive, maximal connected subgroup of

A1G2 not previously considered is A1A2 (where the subgroup A2 of G2 is generated
by short root subgroups of G2). This yields A

2
2A1, since the G2 factor of M and the

G2 factor of A1G2 are conjugate and there exists an involution in the normaliser
of G2A1G2 swapping the two G2 factors by the construction in [Sei91, p.39]. It
remains to consider the diagonal subgroups of A2

2A1. Each subgroup G2 contains
an element inducing a graph automorphism of A2 and combined with the involu-
tion which swaps the A2 subgroups we obtain the classes of diagonal subgroups
E8(#1038).
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9.6.2. M1 = A1F4 (p ≥ 7) (E8(#1031)). We need to consider the subgroups
A1A1G2, A1A1 (p ≥ 13) and A1G2 (p = 7) since the other reductive, maximal con-
nected subgroups of M1 have already been considered. Firstly, let M2 = A1A1G2 =
E8(#1039). The diagonal subgroups of M2 are as listed in Table 5. We use Theo-

rem 6.1 to prove that X = A1G2 →֒ M2 via (1, 1, 10) is conjugate to E8(#952{0,0}).
We may consider X as a subgroup of G2A1A1 < G2A1G2 < G2F4 by swapping the
two G2 factors. Theorem 6.1 shows that A1 →֒ A1A1 = F4(#66) < A1G2 < F4 via
(1, 1) is conjugate to A1 →֒ Ā1A1 = F4(#58) < Ā1C3 < F4 where the subgroup A1

of C3 is maximal. Therefore X is a subgroup of Ā1G2C3 < Ā1E7 and comparing
composition factors shows that X is indeed conjugate to E8(#952{0,0}).

Now, using Theorem 6.1, we need only consider the reductive, maximal con-
nected subgroup A1A1 of A1G2 < F4, where the subgroup A1 of G2 is maximal.
This yields A2

1A1 = E8(#1042) since the G2 factors are conjugate, as shown in the
previous section. The classes of diagonal subgroups of A2

1A1 then follow. We claim
that X1 →֒ A2

1A1 via (1a, 1a, 1b) and X2 →֒ A2
1A1 via (1a, 1b, 1b) are contained in

Ā1E7. To prove the claim for X1, we consider the involution t ∈ NE8
(A2

1A1) swap-
ping the first two A1 factors. The subgroup X1 is centralised by t and a routine
check shows that the full centraliser of t in E8 is Ā1E7 rather thanD8. The claim for
X2 follows from Theorem 6.1. Indeed, as above we have A1 →֒ A1A1 < A1G2 < F4

via (1, 1) is contained in Ā1C3 and thus X2 is contained in Ā1G2C3 < Ā1E7, as
claimed.

The irreducible subgroups of A1A1 (p ≥ 13) are all simple and thus require
no further consideration. Finally, we use Theorem 6.1 to see that all subgroups of
A1G2 (p = 7) have already been considered.

9.6.3. M1 = G2C4 (p = 2) (E8(#1032)). We need only consider the maximal
connected subgroup G2D4 since G2Ā1C3 and G2B

2
2 are contained in Ā1E7 and D8,

respectively. Theorem 6.1 implies that the subgroups of the D4 factor are contained
in B4 or Ā2A2 and so have already been considered.

9.6.4. M1 = G2
2A1 (p 6= 2) (E8(#1033)). As noted above, the G2 factors of

M1 are E8-conjugate and furthermore, there is an involution t in OutE8
(G2

2A1)
that swaps the two factors. We need only consider the diagonal subgroups of M1

since any other reductive, maximal connected subgroup of M1 has been considered
above. The diagonal subgroups of M1 are as in Table 5; we note that only when
p = 3 does there exist a special isogeny of G2 yielding the subgroups E8(#1048),
with the notation as in Section 2. Finally, we note that X = G2A1 →֒ M1 via
(10, 10, 1) is centralised by t and thus contained in Ā1E7, as above. By considering

the X-composition factors of L(E8) we see that X is conjugate to E8(#967{0,0}).

9.6.5. M1 = G2G2 (p = 7) (E8(#1035)). From Theorem 6.1, we see that the
reductive, maximal connected subgroups of the second G2 factor are contained in
other reductive, maximal connected subgroups of F4 and have thus already been
considered.

This completes the case M = G2F4.

9.7. M = B2 (p ≥ 5) (E8(#101))

By Lemma 3.3, the only reductive, maximal connected subgroups of B2 are A2
1

and A1. The subgroup A2
1 is the centraliser in B2 of a semisimple involution t by
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[GLS98, Table 4.3.1]. By Lemma 3.9, the centraliser of t in E8 is either D8 or
Ā1E7. We have therefore considered the subgroup A2

1 before and by considering

composition factors we find that it is conjugate to E8(#707{0,0,0,0}).

9.8. M = A1A2 (p ≥ 5) (E8(#106))

The only reductive, maximal connected subgroup of A1A2 is A1A1, where the
second A1 factor is irreducibly embedded in A2. By [Sei91, p. 31], there exists
an involution t in NE8

(M) such that t centralises the A1 factor of M and acts
as a graph automorphism of the A2 factor. Thus A1A1 is contained in CE8

(t)◦.
As before, we calculate the connected centraliser of t is Ā1E7 and hence A1A1 is
conjugate to E8(#973{0,0}).

This completes the proof of Theorem 9.1 and thus the proof of Theorem 1.





CHAPTER 10

Corollaries

In this section we give the proofs of Corollaries 1–7, as well as giving further
corollaries not mentioned in the introduction. Let G be a simple exceptional alge-
braic group over an algebraically closed field of characteristic p.

Corollaries 4 and 6 are immediate from Theorem 1. Similarly, Corollaries 5
and 7 follow from the lattice structure given in Tables 1–5. Further, the proofs of
Corollaries 1 and 2 follow from careful inspection of Tables 1–5, recalling that one
can deduce the composition factors of all G-irreducible connected subgroups from
the composition factors given for the non-diagonally embedded subgroups. We are
left to prove Corollary 3.

Proof of Corollary 3 The strategy for the proof is as follows. For each simple
exceptional algebraic group G we find all M -irreducible connected subgroups that
are not G-irreducible. Given such a subgroup X we then check whether it satisfies
the hypothesis of Corollary 3. That is to say, we check whether X is contained
reducibly in another reductive, maximal connected subgroup, or if X is contained
in a Levi subgroup of G. To do this we use the composition factors of X on the
minimal or adjoint module for G, using restriction from M . Of course, since X is
G-reducible there exists some subgroup Z of the same type as X contained in a
Levi factor L′ having the same composition factors as X . Therefore, we will require
the exact module structure of X acting on either the minimal or adjoint module
for G to prove that X is not contained in L′.

This has already been done when X is simple in [Tho16, Corollary 5] and
[Tho15, Corollary 2]. Moreover, suppose that Y is a subgroup of M containing
such a simple subgroup X and that Y is G-reducible. Then Y also satisfies the
hypothesis of the corollary.

By studying the proofs of Theorems 5.1–6.1 we find that there are no non-
simple irreducible connected subgroups which are M -irreducible yet G-reducible
when G is of type G2 or F4. So we need only consider the cases where G has type
E6, E7 and E8.

Suppose that G is of type E6 and consider the M -irreducible non-simple sub-
groups that are E6-reducible. These are all found in the proof of Theorem 7.1; let
X be such a subgroup. Firstly, consider M = Ā1A5. Then X is a subgroup of
A1A2 →֒ Ā1A1A2 = E6(#28) via (1, 1, 10). It is shown in Section 7.1.2 that A1A2

is contained in A2G2 and moreover, is A2G2-reducible. Thus X does not satisfy
the hypothesis of the corollary. Now suppose that M = F4 or C4 (p 6= 2). Then
X is a subgroup of B4 or B2

2 , respectively, both of which are contained in a Levi
subgroup of type D5. Hence X does not satisfy the hypothesis of Corollary 3.

The remaining case when G is of type E6 to consider is X = A1A1 < G2 = M
when p = 2. We prove that X does not satisfy the hypothesis of the corollary
by showing that X is contained reducibly in Ā1A5. Let AB be the subgroup

59
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A1A1 < A5 acting as (W (2), 1) on VA5
(λ1) and let Y = A1A1 →֒ Ā1AB < Ā1A5

via (1a, 1a, 1b). We claim that X is conjugate to Y .
Firstly, note that both X and Y are contained in parabolic subgroups of E6.

Moreover, Y is contained in a parabolic subgroup of Ā1A5 with Levi factor L′ of
type Ā1Ā1A3 with the projection of Y to L′ being L′-irreducible. The only Levi
subgroup of E6 containing Ā2

1A3 is D5. Therefore Y is contained in P = QL, a
D5-parabolic subgroup of E6, with irreducible projection to L′ = D5. Specifically,
the projection of Y to L′ is conjugate to Z = A1A1 acting on VD5

(λ1) as (1, 1) +
((0, 0)|((2, 0) + (0, 4))|(0, 0)). Moreover, using the action of Ā1A5 on V27 we find
that Y and Z are non-GL27(K)-conjugate and thus Y is non-E6-cr.

To prove that X is conjugate to Y we show that there are just two Aut(E6)-
conjugacy classes of subgroups of type A1A1 contained in QZ, namely the E6-
cr subgroup Z and the non-E6-cr subgroup Y . First note that Q is abelian
and by [ABS90], Q is an L′-module with high weight λ4 (or λ5 depending on
the choice of D5-parabolic subgroup). Moreover, the action of Z on either spin
module for D5 is (1, 3) + (2, T (2)). We need to calculate the Hochschild coho-
mology group H1(Z,Q). It is well known that H1(A1,M) = 0 for the modules
M = 1, T (2), 3 and H1(A1, 2) ∼= K so applying Künneth’s formula [Rot09, 10.85]
yields H1(Z,Q) ∼= K. Considering the non-trivial action of Z(L) on Q shows that
there is just one conjugacy class of subgroups of type A1A1 contained in QZ which
is not Q-conjugate to Z. This proves the claim.

Now we need to prove that a conjugate ofX is contained in P with its projection
to L′ being conjugate to Z. From this it follows that X does not satisfy the
hypothesis of the corollary: X is either contained in a Levi subgroup or contained
reducibly in Ā1A5. In fact, it follows that X is conjugate to Y by considering
the action of X on V27 (using the action of the maximal subgroup G2 given in
[LS04, Table 10.2]). It is shown in the proof of Theorem 7.1 that X is contained
in a parabolic subgroup of E6. The composition factors of the action of X on V27

are (2, 2)/(2, 0)/(1, 3)/(1, 1)/(0, 4)/(0, 2)2/(0, 0)3. By Lemma 3.7 there exists an
irreducible subgroup of a Levi factor with the same composition factors as X . It is
a routine calculation, using the composition factors in Table 3, to find that D5 is
the only Levi subgroup with an irreducible subgroup having the same composition
factors as X , and that this irreducible subgroup is conjugate to Z. Therefore X is
contained in QZ, as required.

We note that if one considersE6-conjugacy rather than Aut(E6)-conjugacy then
there are two classes of D5-parabolic subgroups, with representatives P1 = Q1L1

and P2 = Q2L2, say. Therefore, we have two classes of irreducible subgroups A1A1,
say Z1 in P1 and Z2 in P2. There are also two classes of maximal subgroup G2

and so the class of X splits into two classes, with representatives X1 and X2, say.
Furthermore, there is no longer an element acting as a graph automorphism on
Ā1A5 and thus the class of Y splits into two classes, with representatives Y1 and
Y2, say. One then finds that (up to reordering) Xi is conjugate to Yi, both being
non-G-cr and contained in QiZi.

Next, let G be of type E7 and consider the M -irreducible non-simple subgroups
that are E7-reducible. These are all found in the proof of Theorem 8.1 and we let
X be such a subgroup. First suppose that M = Ā1D6. Then X is a subgroup of
A1C3 →֒ Ā1A1C3 = E7(#42) via (1, 1) with p = 2. In Section 8.1.7, we proved that
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the subgroup A1C3 is contained reducibly in G2C3. Therefore X does not satisfy
the hypothesis of the corollary.

Now let M = Ā2A5. Then X is a subgroup of A2A1 →֒ Ā2A2A1 via (10, 01, 1)
with p = 3. It is shown in Section 8.2.1 that A2A1 is contained in the maximal
subgroup A1F4 and is A1F4-reducible. Therefore X does not satisfy the hypothesis
of Corollary 3.

The last case forG of type E7 we need to consider isM = A7. HereX is anyA7-
irreducible subgroup contained in C4 when p = 2. In particular, either X contains
the subgroup Y = A1 acting as 1⊗1[r]⊗1[s] on VA7

(λ1) or X is of type A2 acting as
11 on VA7

(λ1). From [Tho16, Corollary 5] we know that Y satisfies the hypothesis
of the corollary. It remains to consider X = A2. The composition factors of X on
V56 follow from V56 ↓ A7 = VA7

(λ2)/VA7
(λ6) and are thus 302/112/032/004. By

using them and considering the composition factors of Levi subgroups from Table
4 and reductive, maximal connected subgroups from Table 4, we conclude that X
satisfies the hypothesis of the corollary or is contained in either Ā2A5 or a Levi
subgroup E6. Using the finite subgroup S = A2(4) < X and calculation in Magma
[BCP97] we find that V56 ↓ X = (00|(30 + 03)|00)2 + 112. Since X has two direct
summands of dimension 20 and no trivial direct summands, it follows that X is not
contained in Ā2A5 or E6. Hence X satisfies the hypothesis of the corollary.

Finally, suppose that G is of type E8. There are many subgroups of D8 to
consider when p = 2. Specifically, we need to consider all D8-irreducible subgroups
of A1C4(‡) and B4(‡), as defined in Section 9.1. Using Lemma 3.6 we find that all
such subgroups are those given in Table 1 as well as all D8-irreducible subgroups of
Y = A1Ā1C3 < A1C4(‡). Since Y is a diagonal subgroup of Ā2

1A1C3 = E8(#122),
it follows that Y is a subgroup of G2F4. Moreover, the projection of Y to G2 is
conjugate to A1 →֒ Ā1A1 < G2 via (1, 1), as may be seen by noting that the Ā1C3

factor of Y is contained in F4. Thus Theorem 5.1 implies that Y is G2F4-reducible.
Hence Y does not satisfy the hypothesis of the corollary.

We need to prove that the remaining D8-irreducible subgroups of A1C4(‡) and
B4(‡) satisfy the hypothesis of the corollary. In all but the case X = A1A2 <
A1C4 such subgroups contain the D8-irreducible subgroup of type A1 acting as
1 ⊗ 1[r] ⊗ 1[s] ⊗ 1[t] (0 < r < s < t). By [Tho16, Corollary 5], this subgroup A1

satisfies the hypothesis of Corollary 3 and thus so does every subgroup containing
it.

Now we let X = A1A2 < A1C4(‡) acting on VD8
(λ1) as (1, 11). We consider

the action of the finite subgroup S = A1(8)A2(8) < X on L(E8). From [LS12,
Lemma 11.2], we have L(G) ↓ D8 = L(D8)+VD8

(λ7). We use the inbuilt function-
ality of Magma [BCP97] to find L(D8) ↓ S and VD8

(λ7) ↓ S. It follows that both
modules have two direct summands, of dimensions 88, 32 and 96, 32, respectively.

We conclude that L(E8) ↓ X has a direct summand of dimension at least
96, another of dimension at least 88 and no trivial direct summands. It easily
follows that X is not contained in any Levi subgroup or another reductive, maximal
connected subgroup of G. Since X is G-reducible it follows that X is non-G-cr and
satisfies the hypothesis of Corollary 3.

We now consider the G-reducible subgroups of the other reductive, maximal
connected subgroups of G. Let M = Ā1E7 so X is any M -irreducible subgroup
of A1F4 →֒ Ā1A1F4 = E8(#881) via (1, 1, λ1) with p = 2. Then X does not
satisfy the hypothesis of Corollary 3 because A1F4 is G2F4-reducible. Similarly, no
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subgroups of M = Ā2E6 satisfy the hypothesis of the corollary. Indeed, X is any
M -irreducible subgroup of Y = A2G2 →֒ Ā2A2G2 = E8(#978) via (10, 10, 10) with
p = 3, and Y is G2F4-reducible, as shown in Section 9.3.4.

The last case to consider is M = A8 and X = A2
2 acting as (10, 10) on VA8

(λ1).
Since the diagonalM -irreducible subgroups of X satisfy the hypothesis of the corol-
lary it follows that X itself does. �

10.1. Variations of Steinberg’s Tensor Product Theorem

We need some background for the next corollary. Let X be a simple, simply
connected algebraic group over an algebraically closed field K of characteristic
p < ∞. We recall Steinberg’s tensor product theorem [Ste63]. It states that if
φ : X → SL(V ) is an irreducible rational representation, then we can write V =

V
[r1]
1 ⊗ · · · ⊗ V

[rk]
k , where the Vi are restricted X-modules and the ri are distinct.

The main result of [LS03] generalises this conclusion to the situation where φ
is a rational homomorphism from X to an arbitrary simple algebraic group G.
To describe this generalisation we need the following definition. Throughout this
section we let G be a simple exceptional algebraic group.

Definition 10.1. [LS03, p. 263] A simple, simply connected subgroup X of
G is restricted if all composition factors of L(G) ↓ X are restricted if X is not of
type A1, and are of high weight at most 2p− 2 if X is of type A1.

Theorem 10.2. [LS03, Corollary 1] Assume p is good for G. If X is a con-
nected simple G-cr subgroup of G, then there is a uniquely determined commuting
product E1 . . . Ek with X ≤ E1 . . . Ek ≤ G, such that each Ei is a simple restricted
subgroup of the same type as X, and each of the projections X → Ei/Z(Ei) is
non-trivial and involves a different field twist.

Using our classification of G-irreducible connected subgroups, we investigate
to what extent Theorem 10.2 is true in bad characteristics for simple G-irreducible
connected subgroups. To save repeating ourselves, we say a subgroupX satisfies the
conclusion of Theorem 10.2 if there is a uniquely determined commuting product
E1 . . . Ek with X ≤ E1 . . . Ek ≤ G, such that each Ei is a simple restricted subgroup
of the same type asX , and each of the projectionsX → Ei/Z(Ei) is non-trivial and
involves a different field twist. We have already considered the simple irreducible
subgroups of rank at least 2 in [Tho15, Section 9] and so we need only prove the
following results for subgroups of type A1. The method is similar for all of them
and so we give the proof for G of type E8 only.

Corollary 10.3. Let G be a simple algebraic group of exceptional type and
X be a simple G-irreducible connected subgroup of G. Then either X satisfies the
conclusion of Theorem 10.2 or p ≤ 5 and X is conjugate to one of subgroups in the
following table. We list irreducible subgroups by their identification number n and
any conditions given with n refer to the field twists associated with G(#n).
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Table 1

G p n

G2 3 5

2 1

F4 3 9{r,r,s}

2 2{0,r,r,s}; 2{r,s,0,r}; 14; 15; 17–20; 22

E6 3 2{r,r,s}; 11; 12

2 8; 9; 13; 14; 15; 17; 19

E7 3 3 if r = t; 10{r,r,r,s}; 10{r,r,s,r}; 26

2 12 if the conditions of lines 4–7, 11, 14, 15 or 16 of Table 10 are
satisfied; 13 if either s or t ∈ {u, v, w}; 28

E8 5 7; 101

3 6 if v ∈ {r, s}; 24 if t ∈ {r, s} ∩ {u, v}; 90–99

2 8; 26 if the conditions of lines 3, 5, 8, 12, 15, 16 or 17 of Table 26 are
satisfied; 28 if one of t, u or v ∈ {0, r, s}; 29 if one of t, u, v, w or
x ∈ {r, s}; 53–57; 66–81

Proof. Suppose thatX is an E8-irreducible subgroup of type A1 not satisfying
the conclusion of Theorem 10.2. Then p ≤ 5 and X is given by Theorem 9.1.
Moreover, using the lattice structure given in Table 5 we find that X is contained
in at most one commuting product of restricted groups, of the same type as X ,
containing X as a diagonal subgroup with distinct field twists. It remains to check
whether each subgroup in the commuting product is restricted, using Table 5. We
illustrate this with two examples; the remaining cases are all similar.

Firstly, suppose that X = E8(#7) so X →֒ A1A1 = Y1Y2 = E8(#771) via
(1[r], 1[s]) (rs = 0; r 6= s). From Table 5 we have

L(E8) ↓ Y1Y2 = (W (5), 3)/(4,W (6))/(4, 2)/(3,W (7))/(3,W (5))/(3, 1)/(2,W (8))/

(2, 4)2/(2, 0)/(1,W (9))/(1,W (5))/(1, 3)/(0,W (6))/(0, 2).

Thus when p = 5 we have that Y1 is p-restricted but Y2 is not since it has a
composition factor of high weight 9 which is greater than 2p− 2 = 8. Therefore X
does not satisfy the conclusion of Theorem 10.2.

Secondly, suppose that X = E8(#28) so p = 2 and X →֒ A6
1 = E8(#641) via

(1, 1[r], 1[s], 1[t], 1[u], 1[v]) (0 < r < s; t < u < v; if t = 0 then r ≤ u; if t = 0 and
r = u then s ≤ v). From Table 5 we have

L(E8) ↓ A6
1 = (2, 2, 0, 0, 0, 0)/(2, 0, 2, 0, 0, 0)/(2, 0, 0, 1, 1, 1)/(2, 0, 0, 0, 0, 0)2/

(1, 1, 1, 2, 0, 0)/(1, 1, 1, 1, 1, 1)/(1, 1, 1, 0, 2, 0)/(1, 1, 1, 0, 0, 2)/

(1, 1, 1, 0, 0, 0)2/(0, 2, 2, 0, 0, 0)/(0, 2, 0, 1, 1, 1)/(0, 2, 0, 0, 0, 0)2/

(0, 0, 2, 1, 1, 1)/(0, 0, 2, 0, 0, 0)2/(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/

(0, 0, 0, 2, 0, 0)2/(0, 0, 0, 1, 1, 1)2/(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 2, 0)2/

(0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0)8.

If X has distinct field twists then it satisfies the conclusion of Theorem 10.2 since 2
is the highest weight of any composition factor for an A1 factor of A6

1. If two of the
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field twists of the embedding of X are equal then at least one of t, u or v ∈ {0, r, s}.
Since the composition factors (1, 1, 1, 2, 0, 0), (1, 1, 1, 0, 2, 0) and (1, 1, 1, 0, 0, 2) occur
in L(E8) ↓ A6

1 it follows that at least one of the subgroups of type A1 in the
commuting product containing X will have a composition factor of high weight 3
and therefore not be restricted. �



CHAPTER 11

Tables for Theorem 1

In this section we present the tables referenced in Theorems 5.1–9.1. The nota-
tion used is described in Section 2. The tables contain all of the G-irreducible con-
nected subgroups of each simple exceptional algebraic group G. They also contain
enough information to find the lattice of connected overgroups of each G-irreducible
subgroup. The structure of their presentation reflects the strategy described in Sec-
tion 4 and the proofs of Theorems 5.1–9.1 in Sections 5–9. Moreover, we give an
auxiliary table for each exceptional algebraic group G, giving the immediate con-
nected overgroups of every G-irreducible connected subgroup, except for certain
diagonal subgroups. This is intended to help the reader construct the lattice of
connected overgroups of each G-irreducible connected subgroup. We give further
details regarding this lattice structure below.

We start by explaining how to read Tables 1–5. Let G be a simple exceptional
algebraic group. Each table is broken into sections, divided by pairs of horizontal
lines, and within each section there are parts divided by single horizontal lines.
There is one section for each reductive, maximal connected subgroup of G. There
is then one part for each G-irreducible connected subgroup X of M , such that
X contains a proper G-irreducible connected subgroup. This part gives the G-
irreducible maximal connected subgroups of X , as well as all G-irreducible diagonal
subgroups. There is a heading for each section and part that gives the type of the
subgroup being considered, as well as the identification number and any restrictions
on the characteristic p. There is one more piece of information in the heading which
is the “Mi =” for i = 0, 1, . . . (where M0 is simply written as M). This is intended
to make it easier for the reader to follow the tables, and is explained below.

We need to describe what the entries in each column of a generic row represent.
If the first column is empty then this row is a heading of a section or part, as
described above. There are two other types of rows, both of which correspond
to G-irreducible subgroups X contained in Y , where Y is the subgroup of the
current section or part, contained in the maximal connected subgroup M (in this
description we are including the case Y = M). In both cases, the entry in the first
column gives the ID number for the conjugacy class or classes of such irreducible
subgroups. The second and third column differ, depending on whether X is a
diagonal subgroup of Y or not. If X is a diagonal subgroup of Y then the second
and third columns are merged and the information given is of the form “X via . . . ”,
denoting the usual notation for an embedding of a diagonal subgroup of Y , as well
as any restrictions on the characteristic p. If X is not a diagonal subgroup of Y
then the second column gives the isomorphism type of X and any restrictions on
the characteristic p. The third column contains the description of VM ↓ X . Note
that for a diagonal subgroup X of Y , it is straightforward to work out VM ↓ X from
VM ↓ Y . We note that we do not repeat restrictions on p as we list the subgroups of

65
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a G-irreducible connected subgroup X . So if, for example, the maximal connected
subgroup M exists only for p 6= 2 then we write M (p 6= 2) in the heading and it is
assumed that any subgroup X of M inherits this restriction on p without explicit
labelling. However, when we consider the subgroups of X we do explicitly repeat
any restriction inherited from M in the heading, for clarity.

In Tables 4 and 5 there is one more possibility for a generic row. To make
the tables easier to read we have moved large collections of diagonal subgroups to
supplementary tables in Section 11.1. Thus the row “See Table x” means that all
diagonal subgroups of the relevant subgroup Y appear in Table x in Section 11.1.

We now explain how to find the lattice of connected overgroups of each G-
irreducible connected subgroup given in Tables 1–5. Each table starts with the
G-irreducible subgroups that are maximal amongst reductive connected subgroups,
with their identification number listed in the ID column. A pair of horizontal lines
then indicates the end of that list and the beginning of the first section. We then
write “In M = H1H2 . . . (G(#n1))” where n1 is the identification number for the
first reductive, maximal connected subgroup of type H1H2 . . . , and will include
any restrictions on the characteristic p. We then list the G-irreducible maximal
connected subgroups of M as well as all diagonal connected subgroups of M , if
there are any, not just the maximal ones. Recall that we will not explicitly consider
the proper subgroups of any diagonal connected subgroups, as discussed in Section
4. A horizontal line then indicates the end of this list. The next row will be a
heading “In M1 = X1X2 . . . (G(#n2))”, where X1X2 . . . is the first G-irreducible
maximal connected subgroup of M . The “M1 =” tells the reader that we are now
listing the subgroups of a maximal subgroup of a maximal connected subgroup. We
then repeat the process, listing the G-irreducible maximal connected subgroups of
M1 and all diagonal subgroups ofM1. The next heading could be “InM2 = Y1Y2 . . .
(G(#n2))”, where Y1Y2 . . . is a maximal connected subgroup of M1 or it could be
“In M1 = Z1Z2 . . . (G(#n3))”, where Z1Z2 . . . is the second maximal connected
subgroup of M . This will depend on whether M1 has any proper G-irreducible
connected subgroups that need considering or not. Once allG-irreducible connected
subgroups of M have been listed in this way, a pair of horizontal lines indicates the
end of the subgroups contained in the first reductive, maximal connected subgroup
of G. The next heading will be “In M = K1K2 . . . (G(#n4))” and we repeat the
process again for the second reductive, maximal connected subgroupK1K2 . . . of G.
We iterate this process until we have considered all of the G-irreducible subgroups
contained in the final reductive, maximal connected subgroup.

There is an important deviation from the process described above. Suppose that
X is a representative for a conjugacy class of G-irreducible connected subgroups
with more than one conjugacy class of proper immediate overgroups. Then after
one occurrence of X in the table we list all repetitions of X with the ID number in
italics and do not reconsider its subgroups at those points in the table. Moreover,
if X occurs more than once in the same reductive, maximal connected subgroup
M then we only list VM ↓ X in the third column once. We note that the first
occurrence of a subgroup in the table can sometimes be in italics because it is
clearer to consider its subgroups later in the table. For example, the subgroup
X = Ā2

1B2Ā3 = E8(#351) is listed in italics the first time we reach it in Table 5, as
a subgroup of Y = Ā2

1B5 = E8(#118). This is because the subgroup X is defined
for all p, whereas it only occurs as a maximal connected subgroup of Y when p 6= 2.
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The second time we reach X is as a subgroup of Z = Ā2
1Ā

2
3 = E8(#119). This

time the ID number is not in italics, VM ↓ X is given in the third column and we
consider the subgroups of X for all p in the next part.

There is another important example where we do not immediately consider the
subgroups contained in X , listed as a subgroup of Y1, say, even if the ID number
for X is not in italics nor is X a diagonal subgroup of Y1. In this case the ID
number will be nb and the subgroup X is defined for all p ≥ k but only a maximal
connected subgroup of Y1 for some prime l ≥ k. At some point later in the table
X will be defined for all p ≥ k except l and given ID number na. At this point we
will consider the subgroups of X for all p ≥ k together. There are instances where
the subgroup X occurs again in the table. If X is listed for p = l, we write nb in
the ID column. Similarly, if X is listed for p ≥ k except l, we write na. It may be
that X is listed for all p ≥ k in a later reductive, maximal connected subgroup and
in this case we simply write n in the ID column. This could cause some confusion.
However, upon finding any subgroup X = G(#n) we can look up X in the auxiliary
table for G. There are two possibilities. Either n occurs in the first column of a
row, in which case the third column of that row gives any characteristic restriction
on X in full generality; or n does not occur in the first column of the table, in which
case X occurs only in the place one has found it, leaving no confusion about the
characteristic restrictions.

There are many G-irreducible connected subgroups occurring multiple times,
especially when G = E7 or E8. For this reason we have provided an auxiliary table
for each G; these are Tables 1A–5A. Each row of the table gives a conjugacy class of
G-irreducible connected subgroups, with the first column giving the ID number, the
second column the isomorphism type of a representative X and the third column
gives any restrictions on the characteristic p. The fourth column gives all conjugacy
classes of immediate connected overgroups of X . Note that we use the notation
X [#n] to denote the subgroup X = G(#n), as a shorthand only in these five tables.

If X is a diagonal subgroup of Y and all immediate connected overgroups of
X are also subgroups of Y (and hence diagonal subgroups of Y or just Y itself)
then X does not appear in the auxiliary table. In this case there will be only one
appearance of X in Tables 1–5 (or the supplementary tables in Section 11.1) and
all of its immediate overgroups can be straightforwardly computed from the other
diagonal subgroups that will appear just above X in the table. For this reason, the
phrase “immediate overgroups in Y [#n]” sometimes appears in the fourth column of
a row corresponding to the irreducible subgroup X . This means that the subgroup
X is a diagonal subgroup of Y and the immediate connected overgroups of X in Y
are included in the list but not explicitly calculated.

We give some examples of how to use the information in the two sets of tables
to recover the lattice of overgroups for a given G-irreducible connected subgroup
X . They are chosen to highlight as many different scenarios as possible. Firstly,
let G = G2. In this case we can easily recover the lattice of overgroups for all
G-irreducible connected subgroups and even present this in a small diagram, see
Figure 1. Table 1 contains precisely the same information as this diagram and in
this case Table 1A is unnecessary, but we include it for completeness.

Now suppose G = E8. For the first examples, we highlight the fact that a
condition on the characteristic p of a subgroup X = G(#n) contained in Y1 is
based on that specific embedding of X into Y1 and thus the subgroup X may
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G2 = G2(#0)

Ā2 = G2(#4) Ā1Ã1 = G2(#6) Ã2 = G2(#5)
(p = 3)

A1 = G2(#3)
(p ≥ 7)

A1 = G2(#2)
p 6= 2

A1 = G2(#1{1,0})
(p = 3)

A1 = G2(#1)
(if p = 3 then (r, s) 6= (1, 0))

Figure 1. The lattice of G2-irreducible connected subgroups.

be considered for other excluded characteristics in a different overgroup Y2. For
example, the subgroup X = A1B6 = E8(#110) is defined for all p. However, we
first arrive at it in Table 5 as a maximal connected subgroup of D8 = E8(#43),
with ID number 110a and a restriction “(p 6= 2)”. In this case, we know that the
“a” implies that A1B6 must be a maximal connected subgroup of at least one other
irreducible connected subgroup of G when p = 2. To find all of the extra immediate
overgroups we go to the row with 110 in the first column in Table 5A. We find that
A1B6 is also a maximal connected subgroup of B7 = E8(#44) when p = 2. Indeed,
when we come to the M1 = B7 part of the table we see that X appears with ID
number 110b.

For another example, suppose X = Ā6
1A1 = E8(#132{0}). Then X is a max-

imal connected subgroup of Ā4
1B3 = E8(#125) and Ā4

1A1B2 = E8(#126), and in
both cases the ID number is listed in italics. The subgroup is not listed again in Ta-
ble 5. Therefore X must be a diagonal subgroup listed in one of the supplementary
tables in Section 11.1.2. Using Table 5A we immediately find that X is a maximal
connected subgroup of Ā8

1 = E8(#124).
Finally, let us suppose that we are interested in subgroups of the reductive,

maximal connected subgroup A8 = E8(#62). We see from the M = A8 section
of Table 5 that there are two irreducible maximal connected subgroups, namely
X1 = B4 = E8(#46) when p 6= 2, and X2 = A2

2 = E8(#669) when p 6= 3. Both
ID numbers are in italics and therefore both X1 and X2 are contained in other
irreducible connected subgroups of G. Looking at Table 5A we find that X1 is a
maximal connected subgroup of D8 = E8(#43) also when p 6= 2, and indeed X1 is
only to be considered when p 6= 2, as per the information in the table. Similarly, we
find that X2 is a maximal connected subgroup of A2D̄4 = E8(#621) when p 6= 3
and again X2 is only considered when p 6= 3. We can then continue looking up
subgroups in Table 5A to find that when p 6= 3 the subgroup A2D̄4 is a maximal
connected subgroup of D̄2

4 = E8(#108), which in turn is a maximal connected
subgroup of D8 = E8(#43).
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Table 1. The lattice structure of irreducible connected subgroups of G2.

ID Irreducible subgroup X VM ↓ X

4 Ā2

5 Ã2 (p = 3)

6 Ā1Ã1

3 A1 (p ≥ 7)

In M = Ā2 (G2(#4))

2 A1 (p 6= 2) 2

In M = Ã2 (p = 3) (G2(#5))

1 {δ1} A1 2

In M = Ā1Ã1 (G2(#6))

1 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

2 A1 via (1, 1) (p 6= 2)

Table 1A. The connected overgroups for G-irreducible subgroups of G2.

ID X p Immediate connected overgroups

1{δ1} A1 Ã2[#5] (p = 3), Ā1Ã1[#6]

2 A1 6= 2 Ā2[#4], Ā1Ã1[#6]

3 A1 ≥ 7 G2[#0]

4 Ā2 G2[#0]

5 Ã2 3 G2[#0]

6 Ā1Ã1 G2[#0]

Table 2. The lattice structure of irreducible connected subgroups of F4.

ID Irred. subgroup X VM ↓ X

12 B4

14 C4 (p = 2)

24a Ā1C3 (p 6= 2)

25 A1G2 (p 6= 2)

26 Ā2Ã2

16 G2 (p = 7)

10 A1 (p ≥ 13)

In M = B4 (F4(#12))

13 D̄4 λ1/0

27a Ã1Ā3 (p 6= 2) (2, 000)/(0, 010)

28a Ā2
1B2 (p 6= 2) (1, 1, 00)/(0, 0, 10)

29 A2
1 (p 6= 2) (2, 2)

30 B2
2 (p = 2) (10, 00)/(00, 10)/(00, 00)
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31 Ã1B3 (p = 2) (2, 000)/(0, 100)/(0, 000)

7 A1 (p ≥ 11) 8

In M1 = D̄4 (F4(#13))

32 Ā4
1 (1, 1, 0, 0)/(0, 0, 1, 1)/(0, 0, 0, 0)

40 {0} Ã1B2 (p 6= 2)

19 A2 (p 6= 3) 11/00

In M2 = Ā4
1 (F4(#32))

33 A1Ā
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

34 A1Ā1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

35 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b ) (0 < r ≤ s)

1 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M1 = Ã1Ā3 (F4(#27))

40 {0} Ã1B2 (p 6= 2)

36 Ã3
1 (p 6= 2) (2, 0, 0)/(0, 2, 0)/(0, 0, 2)

In M2 = Ã3
1 (p 6= 2) (F4(#36))

37 A1Ã1 via (1a, 1
[r]
a , 1b) (r 6= 0)

4 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M1 = Ā2
1B2 (F4(#28))

32 Ā4
1

38 Ā2
1A1 (p ≥ 5) (1, 1, 0)/(0, 0, 4)

39 Ā2
1Ã

2
1 (p = 2) (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)

40 A1B2 via (1, 1[r], 10) (if p = 2 then r 6= 0)

In M2 = Ā2
1A1 (p ≥ 5) (F4(#38))

41 A1A1 via (1a, 1
[r]
a , 1b)

42 A1Ā1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

6 A1 via (1[r], 1[s], 1[t]) (rt = 0; r ≤ s)

In M2 = Ā2
1Ã

2
1 (p = 2) (F4(#39))

43 A1Ã
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

44 A1Ā1Ã1 via (1a, 1
[r]
b , 1

[s]
b , 1c) (rs = 0)

45 Ā2
1A1 via (1a, 1b, 1c, 1

[r]
c ) (r 6= 0)

46 A1Ã1 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b) (rt = 0; r < s)

47 A1Ā1 via (1
[r]
a , 1b, 1

[s]
a , 1

[t]
a ) (rs = 0; s < t)

48 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b ) (rs 6= 0)

49 A1A1 via (1
[r]
a , 1

[t]
b , 1

[u]
b , 1

[s]
a ) (rs = tu = 0; r + u ≤ t+ s)

2 A1 via (1[r], 1[s], 1[t], 1[u]) (rt = 0; r < s; t < u)

In M1 = A2
1 (p 6= 2) (F4(#29))

5 A1 via (1, 1[r]) (r 6= 0)

6 {0} A1 via (1, 1) (p ≥ 5)

In M1 = B2
2 (p = 2) (F4(#30))

50 Ã2
1B2 (2, 0, 00)/(0, 2, 00)/(0, 0, 10)/(0, 0, 00)

28b Ā2
1B2 (1, 1, 00)/(0, 0, 10)/(0, 0, 00)
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21 B2 via (10, 10[r]) (r 6= 0)

22 B2 via (10, 02)

23 B2 via (10, 02[r]) (r 6= 0)

In M2 = Ã2
1B2 (p = 2) (F4(#50))

51 Ã4
1 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)

39 Ã2
1Ā

2
1

52 A1B2 via (1, 1[r], 10) (r 6= 0)

In M3 = Ã4
1 (p = 2) (F4(#51))

53 A1Ã
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

54 A1Ã1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

55 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b ) (0 < r ≤ s)

3 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M1 = Ã1B3 (p = 2) (F4(#31))

50 Ã2
1B2

27b Ã1Ā3 (2, 000)/(0, 010)/(0, 000)

56 Ã1G2 (2, 00)/(0, 10)/(0, 00)

In M2 = Ã1G2 (p = 2) (F4(#56))

44 {0} Ã1Ā1A1

In M = C4 (p = 2) (F4(#14))

30 B2
2 (01, 00)/(00, 01)

15 D̃4 λ1

24b Ā1C3 (1, 000)/(0, 100)

In M1 = D̃4 (p = 2) (F4(#15))

51 Ã4
1 (1, 1, 0, 0)/(0, 0, 1, 1)

18 {δ1}A2 11

In M = Ā1C3 (max. if p 6= 2; contained in C4 if p = 2) (F4(#24))

28 Ā2
1B2 (1, 1, 00)/(1, 0, 01)

57 Ā1A1A1 (p 6= 2) (1, 2, 1)

58 Ā1A1 (p ≥ 7) (1, 5)

59 Ā1Ã3 (p = 2) (1, 010)

60 Ā1G2 (p = 2) (1, 10)

In M1 = Ā1A1A1 (p 6= 2) (F4(#57))

61 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

62 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

63 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

42 {0} Ā1A1 via (1a, 1b, 1b) (p ≥ 5)

9 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M1 = Ā1A1 (p ≥ 7) (F4(#58))

8 A1 via (1[r], 1[s]) (rs = 0)

In M1 = Ā1G2 (p = 2) (F4(#60))

44 {δ2} Ā1Ã1A1 (1, 1, 1)/(1, 0, 2)
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In M = A1G2 (p 6= 2) (F4(#25))

64 A1Ā2 (1, G2(#4))

65 A1A2 (p = 3) (1, G2(#5))

57 A1Ā1A1 (1, G2(#6))

66 A1A1 (p ≥ 7) (1, G2(#3))

In M1 = A1Ā2 (p 6= 2) (F4(#64))

62 {0} A1A1 (1, G2(#2))

In M1 = A1A2 (p = 3) (F4(#65))

62 {δ1}A1A1 (1, G2(#1{δ1}))

In M1 = A1A1 (p ≥ 7) (F4(#66))

11 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

8 {0} A1 via (1, 1)

In M = Ā2Ã2 (F4(#26))

67 A1Ã2 (p 6= 2) (2, 10)

64 Ā2A1 (p 6= 2) (10, 2)

17 A2 via (10, 10)

18 A2 via (10[r], 10[s]) (rs = 0; r 6= s)

19 A2 via (10, 01) (p 6= 3)

20 A2 via (10[r], 01[s]) (rs = 0; r 6= s)

In M1 = A1Ã2 (p 6= 2) (F4(#67))

62 {0} A1A1 (2, 2)

In M = G2 (p = 7) (F4(#16))

17 A2 G2(#4)

61 {0} A1A1 G2(#6)

8 {δ1 } A1 G2(#3)

Table 2A. The connected overgroups for irreducible subgroups of F4.

ID X p Immediate connected overgroups

6{0} A1 ≥ 5 A2
1[#29], A1A1[#41{0}], A1Ā1[#42{0}]

7 A1 ≥ 11 B4[#12]

8{0} A1 ≥ 7 Ā1A1[#58], A1A1[#66]

8{δ1} A1 ≥ 7 G2[#16] (p = 7), Ā1A1[#58]

10 A1 ≥ 13 F4[#0]

12 B4 F4[#0]

13 D̄4 B4[#12]

14 C4 2 F4[#0]

15 D̃4 2 C4[#14]

16 G2 7 F4[#0]

17 A2 G2[#16] (p = 7), Ā2Ã2[#26]

18{δ1} A2 D̃4[#15] (p = 2), Ā2Ã2[#26]
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19 A2 6= 3 D̄4[#13], Ā2Ã2[#26]

24 Ā1C3 F4[#0] (p 6= 2), C4[#14] (p = 2)

25 A1G2 6= 2 F4[#0]

26 Ā2Ã2 F4[#0]

27 Ã1Ā3 B4[#12] (p 6= 2), Ã1B3[#31] (p = 2)

28 Ā2
1B2 B4[#12] (p 6= 2), Ā1C3[#24], B2

2 [#30] (p = 2)

29 A2
1 6= 2 B4[#12]

30 B2
2 2 B4[#12], C4[#14]

31 Ã1B3 2 B4[#12]

32 Ā4
1 D̄4[#13], Ā2

1B2[#28]

36 Ã3
1 6= 2 Ã1Ā3[#27]

38 Ā2
1A1 ≥ 5 Ā2

1B2[#28]

39 Ā2
1Ã

2
1 2 Ā2

1B2[#28], Ã2
1B2[#50]

40{0} Ã1B2 6= 2 D̄4[#13], Ã1Ā3[#27], Ā2
1B2[#28]

42{0} A1Ā1 ≥ 5 Ā2
1A1[#38], Ā1A1A1[#57]

44{0} A1Ā1Ã1 2 Ā2
1Ã

2
1[#39], Ã1G2[#56]

44{δ2} A1Ā1Ã1 2 Ā2
1Ã

2
1[#39], Ā1G2[#60]

50 Ã2
1B2 2 B2

2 [#30], Ã1B3[#31]

51 Ã4
1 2 D̃4[#15], Ã2

1B2[#50]

56 Ã1G2 2 Ã1B3[#31]

57 Ā1A1A1 6= 2 Ā1C3[#24], A1G2[#25]

58 Ā1A1 ≥ 7 Ā1C3[#24]

59 Ā1Ã3 2 Ā1C3[#24]

60 Ā1G2 2 Ā1C3[#24]

61{0} A1A1 6= 2 G2[#16] (p = 7), Ā1A1A1[#57]

62{0} A1A1 6= 2 Ā1A1A1[#57], A1Ā2[#64], A1Ã2[#67]

62{δ1} A1A1 6= 2 Ā1A1A1[#57], A1A2[#65] (p = 3)

64 A1Ā2 6= 2 A1G2[#25], Ā2Ã2[#26]

65 A1A2 3 A1G2[#25]

66 A1A1 ≥ 7 A1G2[#25]

67 A1Ã2 6= 2 Ā2Ã2[#26]

Table 3. The lattice structure of irreducible connected subgroups of E6.

ID Irred. subgroup X VM ↓ X

24 Ā1A5

25 Ā3
2

26 A2G2

7 F4

8a C4 (p 6= 2)

10a G2 (p 6= 7)

11a A2 (p ≥ 5)
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In M = Ā1A5 (E6(#24))

27 Ā1C3 (1, 100)

28 Ā1A1A2 (1, 1, 10)

29a Ā1A3 (p 6= 2) (1, 010)

30 Ā1A2 (p 6= 2) (1, 20)

In M1 = Ā1C3 (E6(#27))

31 Ā1A1A1 (p 6= 2) (1, 2, 1)

32 Ā1A1 (p ≥ 7) (1, 5)

29b Ā1A3 (p = 2) (1, 010)

33 Ā1G2 (p = 2) (1, 10)

In M2 = Ā1A1A1 (p 6= 2) (E6(#31))

34 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

35 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

36 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

2 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M2 = Ā1A1 (p ≥ 7) (E6(#32))

1 A1 via (1[r], 1[s]) (rs = 0)

In M1 = Ā1A1A2 (E6(#28))

31 Ā1A1A1 (p 6= 2)

37 A1A2 via (1[r], 1[s], 10) (rs = 0; r 6= s if p = 2)

In M = Ā3
2 (E6(#25))

38 A1Ā
2
2 (p 6= 2) (2, 10, 10)

39 Ā2A2 via (10a, 10b, 10
[r]
b )

40 Ā2A2 via (10a, 10b, 01
[r]
b )

13 A2 via (10, 10, 01)

14 A2 via (10, 10, 10[r]) (r 6= 0)

15 A2 via (10, 10, 01[r]) (r 6= 0)

16 A2 via (10, 10[r], 01) (r 6= 0)

17 A2 via (10, 10[r], 10[r]) (r 6= 0)

18 A2 via (10, 10[r], 01[r]) (r 6= 0)

19 A2 via (10, 01[r], 01[r]) (r 6= 0)

20 A2 via (10, 10[r], 10[s]) (0 < r < s)

21 A2 via (10, 10[r], 01[s]) (0 < r < s)

22 A2 via (10, 01[r], 10[s]) (0 < r < s)

23 A2 via (10, 01[r], 01[s]) (0 < r < s)

In M1 = A1Ā
2
2 (p 6= 2) (E6(#38))

41 A2
1Ā2 (2, 2, 10)

42 A1A2 via (1, 10, 10[r])

43 A1A2 via (1, 10, 01[r]) (r 6= 0)

37 {0} A1A2 via (1, 10, 01)

In M2 = A2
1Ā2 (p 6= 2) (E6(#41))
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44 A3
1 (2, 2, 2)

45 A1Ā2 via (1, 1[r], 10)

In M3 = A3
1 (p 6= 2) (E6(#44))

46 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

35 {0} A1A1 via (1a, 1a, 1b)

3 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = A2G2 (E6(#26))

47 A1G2 (p 6= 2) (2, G2(#0))

40 {0} A2Ā2 (10, G2(#4))

48 A2A2 (p = 3) (10, G2(#5))

28 A2Ā1A1 (10, G2(#6))

49 A2A1 (p ≥ 7) (10, G2(#3))

In M1 = A1G2 (p 6= 2) (E6(#47))

45 {0} A1Ā2 (2, G2(#4))

50 A1A2 (p = 3) (2, G2(#5))

31 A1Ā1A1 (2, G2(#6))

51 A1A1 (p ≥ 7) (2, G2(#3))

In M2 = A1A2 (p = 3) (E6(#50))

35 {δ1} A1A1 (2, G2(#1{δ1}))

In M2 = A1A1 (p ≥ 7) (E6(#51))

4 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

1 {0} A1 via (1, 1)

In M1 = A2A2 (p = 3) (E6(#48))

50 A1A2 (2, G2(#5))

37 {δ1} A2A1 (10, G2(#1{δ1}))

12 A2 via (10[r], 10[s]) (rs = 0; r 6= s)

In M1 = A2A1 (p ≥ 7) (E6(#49))

51 A1A1

In M = F4 (E6(#7))

8b C4 (p = 2) F4(#14)

27 Ā1C3 (p 6= 2) F4(#24a)

47 A1G2 (p 6= 2) F4(#25)

39 {0} Ā2A2 F4(#26)

10b G2 (p = 7) F4(#16)

5 A1 (p ≥ 13) F4(#10)

In M = C4 (max. if p 6= 2; contained in F4 if p = 2) (E6(#8))

27 Ā1C3 (1, 000)/(0, 100)

44 A3
1 (p 6= 2) (1, 1, 1)

6 A1 (p ≥ 11) 7

9 D4 (p = 2) λ1

In M1 = D4 (p = 2) (E6(#9))
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15 {1} A2 11

In M = G2 (max. if p 6= 7; contained in F4 if p = 7) (E6(#10))

13 A2 G2(#4)

11b A2 (p = 3) G2(#5)

34 {0} A1A1 (p 6= 2) G2(#6)

6 A1 (p ≥ 11) G2(#3)

1 {δ1 } A1 (p = 7) G2(#3)

In M = A2 (p 6= 2) (max. if p ≥ 5; contained in G2 if p = 3) (E6(#11))

1 {0} A1 (p ≥ 7) 2

2 {δ3 } A1 (p = 3) 2

Table 3A. The connected overgroups for irreducible subgroups of E6.

ID X p Immediate connected overgroups

1{0} A1 ≥ 7 A2[#11], Ā1A1[#32], A1A1[#51]

1{δ1} A1 ≥ 7 G2[#10] (p = 7), Ā1A1[#32]

2{δ3} A1 6= 2 A2[#11] (p = 3), A1A1[#34{0}], A1A1[#35{δ2}],

Ā1A1[#36{δ2}]

5 A1 ≥ 13 F4[#7]

6 A1 ≥ 11 C4[#8], G2[#10]

7 F4 E6[#0]

8 C4 E6[#0] (p 6= 2), F4[#7] (p = 2)

9 D4 2 C4[#8]

10 G2 E6[#0] (p 6= 7), F4[#7] (p = 7)

11 A2 6= 2 E6[#0] (p ≥ 5), G2[#10] (p = 3)

13 A2 G2[#10], Ā2A2[#39{0}], Ā2A2[#40{0}]

15{1} A2 D4[#9] (p = 2), Ā2A2[#39{0}], Ā2A2[#40{1}]

24 Ā1A5 E6[#0]

25 Ā3
2 E6[#0]

26 A2G2 E6[#0]

27 Ā1C3 F4[#7] (p 6= 2), C4[#8], Ā1A5[#24]

28 Ā1A1A2 Ā1A5[#24], A2G2[#26]

29 Ā1A3 Ā1A5[#24] (p 6= 2), Ā1C3[#27] (p = 2)

30 Ā1A2 6= 2 Ā1A5[#24]

31 Ā1A1A1 6= 2 Ā1C3[#27], Ā1A1A2[#28], A1G2[#47]

32 Ā1A1 ≥ 7 Ā1C3[#27]

33 Ā1G2 2 Ā1C3[#27]

34{0} A1A1 6= 2 G2[#10], Ā1A1A1[#31]

35{0} A1A1 6= 2 Ā1A1A1[#31], A3
1[#44]

35{δ1} A1A1 6= 2 Ā1A1A1[#31], A1A2[#50] (p = 3)

37{0} A1A2 6= 2 Ā1A1A2[#28], A1Ā
2
2[#38]
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37{δ1} A1A2 Ā1A1A2[#28], A2A2[#48] (p = 3)

38 A1Ā
2
2 6= 2 Ā3

2[#25]

39{0} Ā2A2 F4[#7], Ā3
2[#25]

40{0} Ā2A2 Ā3
2[#25], A2G2[#26]

41 A2
1Ā2 6= 2 A1Ā

2
2[#38]

44 A3
1 6= 2 C4[#8], A2

1Ā2[#41]

45{0} A1Ā2 6= 2 A2
1Ā2[#41], A1G2[#47]

47 A1G2 6= 2 F4[#7], A2G2[#26]

48 A2A2 3 A2G2[#26]

49 A2A1 ≥ 7 A2G2[#26]

50 A1A2 3 A1G2[#47], A2A2[#48]

51 A1A1 ≥ 7 A1G2[#47], A2A1[#49]

Table 4. The lattice structure of irreducible connected subgroups of E7.

ID Irred. subgroup X VM ↓ X

30 Ā1D6

31 Ā2A5

22 A7

32 G2C3

33 A1F4

34 A1G2 (p 6= 2)

35 A1A1 (p ≥ 5)

29 A2 (p ≥ 5)

20 A1 (p ≥ 17)

21 A1 (p ≥ 19)

In M = Ā1D6 (E7(#30))

36 Ā3
1D̄4 (1, 1, 1, 0)/(1, 0, 0, λ1)

37a Ā1A1B4 (p 6= 2) (1, 2, 0)/(1, 0, λ1)

38a Ā1B2B3 (p 6= 2) (1, 10, 000)/(1, 00, 100)

39 Ā1Ā
2
3 (1, 010, 000)/(1, 000, 010)

40 Ā1B5 (1,W (λ1))/(1, 0)

41 Ā1A1C3 (1, 1, 100)

42 Ā1A1C3 (1, 1, 100)

In M1 = Ā3
1D̄4 (E7(#36))

43 Ā7
1 (1, 1, 1, 0, 0, 0, 0)/(1, 0, 0, 1, 1, 0, 0)/(1, 0, 0, 0, 0, 1, 1)

44 Ā3
1B3 (1, 1, 1, 000)/(1, 0, 0,W (100))/(1, 0, 0, 000)

45a Ā3
1A1B2 (p 6= 2) (1, 1, 1, 0, 00)/(1, 0, 0, 2, 00)/(1, 0, 0, 0, 10)

46a Ā3
1A2 (p 6= 3) (1, 1, 1, 00)/(1, 0, 0, 11)

47 A1Ā1D̄4 via (1a, 1
[r]
a , 1b, λ1)

48 A1D̄4 via (1, 1[r], 1[s], λ1) (r ≤ s)
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In M2 = Ā7
1 (E7(#43))

See Table 6

In M2 = Ā3
1B3 (E7(#44))

49 {0} Ā5
1A1 (p 6= 2) (1, 1, 1, 0, 0, 0)/(1, 0, 0, 1, 1, 0)/(1, 0, 0, 0, 0, 2)/

(1, 0, 0, 0, 0, 0)

75 Ā3
1G2 (1, 1, 1, 00)/(1, 0, 0,W (10))/(1, 0, 0, 00)

45b Ā3
1A1B2 (p = 2) (1, 1, 1, 0, 00)/(1, 0, 0, 2, 00)/(1, 0, 0, 0, 10)/

(1, 0, 0, 0, 00)2

76 Ā1A1B3 via (1a, 1
[r]
a , 1b, 100) (r 6= 0)

77 A1Ā1B3 via (1
[r]
a , 1

[s]
a , 1b, 100) (rs = 0)

78 A1B3 via (1[r], 1[s], 1[t], 100) (rs = 0; s < t)

In M3 = Ā3
1G2 (E7(#75))

46b Ā3
1A2 (p = 3) (1, 1, 1, 00)/(1, 0, 0, 11)/(1, 0, 0, 00)

51 {0} Ā4
1A1

79 Ā3
1A1 (p ≥ 7) (1, 1, 1, 0)/(1, 0, 0, 6)/(1, 0, 0, 0)

80 A1Ā1G2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

81 A1G2 via (1, 1[r], 1[s], 10) (0 < r < s)

In M4 = Ā3
1A1 (p ≥ 7) (E7(#79))

82 A1Ā1A1 via (1a, 1
[r]
a , 1b, 1c) (r 6= 0)

83 A1Ā
2
1 via (1

[r]
a , 1b, 1c, 1

[s]
a ) (rs = 0)

84 A1A1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

85 A1Ā1 via (1
[r]
a , 1

[s]
a , 1b, 1

[t]
a ) (rt = 0; r < s)

86 A1A1 via (1a, 1
[r]
a , 1

[s]
b , 1

[t]
b ) (st = 0 6= r)

7 A1 via (1[r], 1[s], 1[t], 1[u]) (ru = 0; r < s < t)

In M2 = Ā3
1A1B2 (E7(#45))

49 {0} Ā3
1A1Ā

2
1

87 Ā3
1A1A1 (p ≥ 5) (1, 1, 1, 0, 0)/(1, 0, 0, 2, 0)/(1, 0, 0, 0, 4)

88 Ā3
1A

3
1 (p = 2) (1, 1, 1, 0, 0, 0)/(1, 0, 0, 2, 0, 0)/(1, 0, 0, 0, 2, 0)/

(1, 0, 0, 0, 0, 2)/(1, 0, 0, 0, 0, 0)2

See Table 11

In M3 = Ā3
1A1A1 (p ≥ 5) (E7(#87))

See Table 12

In M3 = Ā3
1A

3
1 (p = 2) (E7(#88))

See Table 13

In M2 = Ā3
1A2 (E7(#46))

105 {0} Ā3
1A1 (p ≥ 5)

56 {δ3} Ā3
1A1 (p = 3)

183 A1Ā1A2 via (1a, 1
[r]
a , 1b, 10) (if p = 3 then r 6= 0)

184 A1A2 via (1, 1[r], 1[s], 10) (r ≤ s; if p = 3 then 0 < r < s)

In M1 = Ā1A1B4 (E7(#37))

47 {0} Ā1A1D̄4
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185a Ā1A
2
1Ā3 (p 6= 2) (1, 2, 0, 000)/(1, 0, 2, 000)/(1, 0, 0, 010)

45a Ā3
1A1B2 (p 6= 2)

186 Ā1A1A
2
1 (p 6= 2) (1, 2, 0, 0)/(1, 0, 2, 2)

187 Ā1A1A1 (p ≥ 11) (1, 2, 0)/(1, 0, 8)

188 Ā1A1B
2
2 (p = 2) (1, 2, 00, 00)/(1, 0, 10, 00)/(1, 0, 00, 10)/

(1, 0, 00, 00)2

189 Ā1A
2
1B3 (p = 2) (1, 2, 0, 000)/(1, 0, 2, 000)/(1, 0, 0, 100)/

(1, 0, 0, 000)2

190 A1B4 via (1[r], 1[s], λ1) (rs = 0)

In M2 = Ā1A
2
1Ā3 (E7(#185))

191 Ā1A
4
1 (p 6= 2) (1, 2, 0, 0, 0)/(1, 0, 2, 0, 0)/(1, 0, 0, 2, 0)/(1, 0, 0, 0, 2)

91 {0} Ā1A
2
1B2 (p 6= 2)

192 A1A1Ā3 via (1
[r]
a , 1

[s]
a , 1b, 100) (rs = 0)

193 Ā1A1Ā3 via (1a, 1b, 1
[r]
b , 100) (r 6= 0)

194 A1Ā3 via (1[r], 1[s], 1[t], 100) (rs = 0; s < t)

In M3 = Ā1A
4
1 (p 6= 2) (E7(#191))

See Table 14

In M2 = Ā1A1A
2
1 (p 6= 2) (E7(#186))

See Table 15

In M2 = Ā1A1A1 (p ≥ 11) (E7(#187))

214 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

215 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

216 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

5 A1 via (1[r], 1[s], 1[t]) (rst = 0)

In M2 = Ā1A1B
2
2 (p = 2) (E7(#188))

217 Ā1A
3
1B2 (1, 2, 0, 0, 00)/(1, 0, 2, 0, 00)/(1, 0, 0, 2, 00)/

(1, 0, 0, 0, 10)/(1, 0, 0, 0, 00)2

45b Ā3
1A1B2

218 A1B
2
2 via (1[r], 1[s], 10, 10) (rs = 0)

219 Ā1A1B2 via (1, 1, 10, 10[r]) (r 6= 0)

220 Ā1A1B2 via (1, 1, 10, 02[r])

221 A1B2 via (1[r], 1[s], 10, 10[t]) (rs = 0 6= t)

222 A1B2 via (1[r], 1[s], 10, 02[t]) (rs = 0)

In M3 = Ā1A
3
1B2 (p = 2) (E7(#217))

88 Ā3
1A

3
1

223 Ā1A
5
1 (1, 2, 0, 0, 0, 0)/(1, 0, 2, 0, 0, 0)/(1, 0, 0, 2, 0, 0)/

(1, 0, 0, 0, 2, 0)/(1, 0, 0, 0, 0, 2)/(1, 0, 0, 0, 0, 0)2

224 A1A
2
1B2 via (1

[r]
a , 1

[s]
a , 1b, 1c, 10) (rs = 0)

225 Ā1A1A1B2 via (1a, 1b, 1
[r]
b , 1c, 10) (r 6= 0)

226 A1A1B2 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 10) (rs = 0; s < t)

227 Ā1A1B2 via (1a, 1b, 1
[r]
b , 1

[s]
b , 10) (0 < r < s)

228 A1A1B2 via (1
[r]
a , 1

[s]
a , 1b, 1

[t]
b , 10) (rs = 0 6= t)



80 11. TABLES FOR THEOREM 1

229 A1B2 via (1[r], 1[s], 1[t], 1[u], 10) (rs = 0; s < t < u)

In M4 = Ā1A
5
1 (p = 2) (E7(#223))

See Table 16

In M2 = Ā1A
2
1B3 (p = 2) (E7(#189))

217 Ā1A
3
1B2

185b Ā1A
2
1Ā3 (1, 2, 0, 000)/(1, 0, 2, 000)/(1, 0, 0, 010)/

(1, 0, 0, 000)2

244 Ā1A
2
1G2 (1, 2, 0, 00)/(1, 0, 2, 00)/(1, 0, 0, 10)/(1, 0, 0, 00)2

245 A1A1B3 via (1
[r]
a , 1

[s]
a , 1b, 100) (rs = 0)

246 Ā1A1B3 via (1a, 1b, 1
[r]
b , 100) (r 6= 0)

247 A1B3 via (1[r], 1[s], 1[t], 100) (rs = 0; s < t)

In M3 = Ā1A
2
1G2 (p = 2) (E7(#244))

134 {0} Ā1A
2
1Ā1A1

248 A1A1G2 via (1
[r]
a , 1

[s]
a , 1b, 10) (rs = 0)

249 Ā1A1G2 via (1a, 1b, 1
[r]
b , 10) (r 6= 0)

250 A1G2 via (1[r], 1[s], 1[t], 10) (rs = 0; s < t)

In M1 = Ā1B2B3 (E7(#38))

44 Ā3
1B3

251 Ā1A1B3 (p ≥ 5) (1, 4, 000)/(1, 0, 100)

189 Ā1A
2
1B3 (p = 2)

252 Ā1B2Ā3 (1,W (10), 000)/(1, 00, 010)/(1, 00, 000)

45a Ā1B2Ā
2
1A1 (p 6= 2)

253 Ā1B2G2 (1,W (10), 00)/(1, 00,W (10))

188 Ā1A1B
2
2 (p = 2)

In M2 = Ā1A1B3 (p ≥ 5) (E7(#251))

254 Ā1A1Ā3 (1, 4, 000)/(1, 0, 010)/(1, 0, 000)

87 Ā1A1Ā
2
1A1

255 Ā1A1G2 (1, 4, 00)/(1, 0, 10)

256 A1B3 via (1[r], 1[s], 100) (rs = 0)

In M3 = Ā1A1Ā3 (p ≥ 5) (E7(#254))

102 {0} Ā1A1A
2
1

257 A1Ā3 via (1[r], 1[s], 100) (rs = 0)

In M3 = Ā1A1G2 (p ≥ 5) (E7(#255))

103 {0} Ā2
1A1A1

258 Ā1A1A1 (p ≥ 7) (1, 4, 0)/(1, 0, 6)

259 A1G2 via (1[r], 1[s], 10) (rs = 0)

In M4 = Ā1A1A1 (p ≥ 7) (E7(#258))

260 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

261 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

262 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

6 A1 via (1[r], 1[s], 1[t]) (rst = 0)

In M2 = Ā1B2Ā3 (E7(#252))
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254 Ā1A1Ā3 (p ≥ 5)

185 b Ā1A
2
1Ā3 (p = 2)

91 {0} Ā1B2A
2
1 (p 6= 2)

In M2 = Ā1B2G2 (E7(#253))

75 Ā3
1G2

255 Ā1A1G2 (p ≥ 5)

244 Ā1A
2
1G2 (p = 2)

92 {0} Ā2
1B2A1

263 Ā1B2A2 (p = 3) (1, 10, 00)/(1, 00, 11)

264 Ā1B2A1 (p ≥ 7) (1, 10, 0)/(1, 00, 6)

In M3 = Ā1B2A2 (p = 3) (E7(#263))

46b Ā3
1A2

94 {δ2} Ā1B2A1

In M3 = Ā1B2A1 (p ≥ 7) (E7(#264))

79 Ā3
1A1

258 Ā1A1A1

In M1 = Ā1Ā
2
3 (E7(#39))

252 Ā1B2Ā3

185a Ā1A
2
1Ā3 (p 6= 2)

265 Ā1A3 via (1, 100a, 100
[r]
a ) (r 6= 0)

266 Ā1A3 via (1, 100a, 001
[r]
a ) (r 6= 0)

In M1 = Ā1B5 (E7(#40))

47 {0} Ā1A1D̄4 (p 6= 2)

44 Ā3
1B3 (p 6= 2)

252 Ā1B2Ā3 (p 6= 2)

267 Ā1A1 (p ≥ 11) (1, 10)/(1, 0)

37b Ā1A1B4 (p = 2) (1, 2, 0)/(1, 0, λ1)/(1, 0, 0)
2

38b Ā1B2B3 (p = 2) (1, 10, 000)/(1, 00, 100)/(1, 00, 000)2

In M2 = Ā1A1 (p ≥ 11) (E7(#267))

4 A1 via (1[r], 1[s]) (rs = 0)

In M1 = Ā1A1C3 (E7(#41))

90 {0} Ā1A1Ā1B2

268 Ā1A1A1A1 (p 6= 2) (1, 1, 2, 1)

269 Ā1A1A1 (p ≥ 7) (1, 1, 5)

270 Ā1A1A3 (p = 2) (1, 1, 010)

271 Ā1A1G2 (p = 2) (1, 1, 10)

272 A1C3 via (1[r], 1[s], 100) (rs = 0)

In M2 = Ā1A1A1A1 (p 6= 2) (E7(#268))

See Table 17

In M2 = Ā1A1A1 (p ≥ 7) (E7(#269))

286 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

287 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)
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288 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

262 {0} Ā1A1 via (1a, 1b, 1b)

1 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M2 = Ā1A1A3 (p = 2) (E7(#270))

289 A1A3 via (1[r], 1[s], 100) (rs = 0)

In M2 = Ā1A1G2 (p = 2) (E7(#271))

147 {δ3} Ā1A1A1A1

290 A1G2 via (1[r], 1[s], 10) (rs = 0)

In M1 = Ā1A1C3 (E7(#42))

92 {0} Ā2
1A1B2

268 Ā1A1A1A1 (p 6= 2)

291 Ā1A1A1 (p ≥ 7) (1, 1, 5)

292 Ā1A1A3 (p = 2) (1, 1, 010)

293 Ā1A1G2 (p = 2) (1, 1, 10)

294 A1C3 via (1[r], 1[s], 100) (rs = 0; if p = 2 then r 6= s)

In M2 = Ā1A1A1 (p ≥ 7) (E7(#291))

295 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

296 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

297 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

262 {0} Ā1A1 via (1a, 1b, 1b)

2 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M2 = Ā1A1A3 (p = 2) (E7(#292))

298 A1A3 via (1[r], 1[s], 100) (rs = 0; r 6= s)

In M2 = Ā1A1G2 (p = 2) (E7(#293))

147 {δ1} Ā1A1A1A1

299 A1G2 via (1[r], 1[s], 10) (rs = 0; r 6= s)

In M = Ā2A5 (E7(#31))

300 Ā2A2A1 (10, 10, 1)

301 Ā2C3 (10, 100)

302a Ā2A3 (p 6= 2) (10, 010)

303 Ā2A2 (p 6= 2) (10, 20)

304 A1A5 (p 6= 2) (2, λ1)

In M1 = Ā2A2A1 (E7(#300))

305 A1A2A1 (p 6= 2) (2, 10, 1)

306 Ā2A1A1 (p 6= 2) (10, 2, 1)

307 A2A1 via (10[r], 10[s], 1) (rs = 0)

308 A2A1 via (10[r], 01[s], 1) (rs = 0; r 6= s)

184 {0} A2A1 via (10, 01, 1) (p 6= 3)

In M2 = A1A2A1 (p 6= 2) (E7(#305))

275 {0} A1A1A1 (2, 2, 1)

309 A1A2 via (1[r], 10, 1[s]) (rs = 0)
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In M2 = Ā2A1A1 (p 6= 2) (E7(#306))

275 {0} A1A1A1

310 Ā2A1 via (10, 1[r], 1[s]) (rs = 0; r 6= s)

In M1 = Ā2C3 (E7(#301))

294 {0} A1C3 (p 6= 2) (2, 100)

306 Ā2A1A1 (p 6= 2)

311 Ā2A1 (p ≥ 7) (10, 5)

302b Ā2A3 (p = 2) (10, 010)

312 Ā2G2 (p = 2) (10, 10)

In M2 = Ā2A1 (p ≥ 7) (E7(#311))

295 {0} A1A1 (2, 5)

In M1 = Ā2A3 (E7(#302))

313 A1A3 (p 6= 2) (2, 010)

In M1 = Ā2A2 (p 6= 2) (E7(#303))

314 A1A2 (2, 20)

24 A2 via (10, 10) (p ≥ 5)

25 A2 via (10[r], 10[s]) (rs = 0; r 6= s)

26 A2 via (10, 01)

27 A2 via (10[r], 01[s]) (rs = 0; r 6= s)

In M1 = A1A5 (p 6= 2) (E7(#304))

305 A1A2A1

294 {0} A1C3

313 A1A3

314 A1A2

In M = A7 (E7(#22))

23 D4 (p 6= 2) λ1

313 A1A3 (p 6= 2) (1, 100)

In M1 = D4 (p 6= 2) (E7(#23))

24 A2 (p ≥ 5) 11

In M = G2C3 (E7(#32))

301 Ā2C3 (G2(#4), 100)

315 A2C3 (p = 3) (G2(#5), 100)

42 Ā1A1C3 (G2(#6), 100)

316 A1C3 (p ≥ 7) (G2(#3), 100)

253 G2Ā1B2 (G2(#0), (1, 00)/(0, 01))

317 G2A1A1 (p 6= 2) (G2(#0), (2, 1))

318 G2A1 (p ≥ 7) (G2(#0), 5)

319 G2A3 (p = 2) (G2(#0), 010)

320 G2G2 (p = 2) (G2(#0), 10)

In M1 = A2C3 (p = 3) (E7(#315))

294 {δ1} A1C3 (G2(#1{δ1}), 100)
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263 A2Ā1B2 (G2(#5), (1, 00)/(0, 01))

321 A2A1A1 (G2(#5), (2, 1))

In M2 = A2A1A1 (p = 3) (E7(#321))

275 {δ1} A1A1A1 (G2(#1{δ1}), (2, 1))

322 A2A1 via (10, 1[r], 1[s]) (rs = 0; r 6= s)

In M1 = A1C3 (p ≥ 7) (E7(#316))

264 A1Ā1B2 (G2(#3), (1, 00)/(0, 01))

323 A1A1A1 (G2(#3), (2, 1))

324 A1A1 (G2(#3), 5)

In M2 = A1A1A1 (p ≥ 7) (E7(#323))

325 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0; r 6= s)

287 {0} A1A1 via (1a, 1a, 1b)

326 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

327 A1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

260 {0} A1A1 via (1a, 1b, 1b)

16 A1 via (1[r], 1[s], 1[t]) (rst = 0; r 6= s; s 6= t)

In M2 = A1A1 (p ≥ 7) (E7(#324))

15 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

5 {0} A1 via (1, 1) (p ≥ 11)

In M1 = G2A1A1 (p 6= 2) (E7(#317))

306 Ā2A1A1 (G2(#4), (2, 1))

321 A2A1A1 (p = 3)

268 Ā1A1A1A1 (G2(#6), (2, 1))

323 A1A1A1 (p ≥ 7)

328 G2A1 via (10, 1[r], 1[s]) (rs = 0; r 6= s)

259 {0} G2A1 via (10, 1, 1) (p ≥ 5)

In M1 = G2A1 (p ≥ 7) (E7(#318))

311 Ā2A1 (G2(#4), 5)

291 Ā1A1A1 (G2(#6), 5)

324 A1A1

In M1 = G2A3 (p = 2) (E7(#319))

302b Ā2A3 (G2(#4), 010)

292 Ā1A1A3 (G2(#6), 010)

In M1 = G2G2 (p = 2) (E7(#320))

312 Ā2G2 (G2(#4), 10)

293 Ā1A1G2 (G2(#6), 10)

92 {0} G2A1A1 (G2(#0), (1, 1)/(0, 2))

28 G2 via (10[r], 10[s]) (rs = 0; r 6= s)

In M = A1F4 (E7(#33))

190 {0} A1B4 (1, F4(#12))

329 A1C4 (p = 2) (1, F4(#14))
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41a A1Ā1C3 (p 6= 2) (1, F4(#24a))

317 A1A1G2 (p 6= 2) (1, F4(#25))

300 A1Ā2A2 (1, F4(#26))

330 A1G2 (p = 7) (1, F4(#16))

331 A1A1 (p ≥ 13) (1, F4(#10))

In M1 = A1C4 (p = 2) (E7(#329))

332 A1D4 (1, F4(#15))

218 {0} A1B
2
2 (1, F4(#30))

41b A1Ā1C3 (1, F4(#24b))

In M2 = A1D4 (p = 2) (E7(#332))

230 {0} A1A
4
1 (1, F4(#51))

307 {δ1} A1A2 (1, F4(#18{δ1}))

In M1 = A1G2 (p = 7) (E7(#330))

307 {0} A1A2 (1, F4(#17))

274 {0} A1A1A1 (1, F4(#61{0}))

287 {δ1} A1A1 (1, F4(#8{δ1}))

In M1 = A1A1 (p ≥ 13) (E7(#331))

18 A1 via (1[r], 1[s]) (rs = 0)

In M = A1G2 (p 6= 2) (E7(#34))

309 {0} A1A2 (1, G2(#4))

333 A1A2 (p = 3) (1, G2(#5))

206 {0} A1A1A1 (1, G2(#6))

334 A1A1 (p ≥ 7) (1, G2(#3))

In M1 = A1A2 (p = 3) (E7(#333))

213 {δ3} A1A1 (p = 3) (1, G2(#1{δ1}))

In M1 = A1A1 (p ≥ 7) (E7(#334))

17 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

5 {0} A1 via (1, 1) (p ≥ 11)

In M = A1A1 (p ≥ 5) (E7(#35))

19 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

Table 4A. The connected overgroups for irreducible subgroups of E7.

ID X p Immediate connected overgroups

5{0} A1 ≥ 11 immediate overgroups in Ā1A1A1[#187], A1A1[#324],
A1A1[#334]

20 A1 ≥ 17 E7[#0]

21 A1 ≥ 19 E7[#0]

22 A7 E7[#0]

23 D4 6= 2 A7[#22]

24 A2 ≥ 5 D4[#23], Ā2A2[#303]
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29 A2 ≥ 5 E7[#0]

30 Ā1D6 E7[#0]

31 Ā2A5 E7[#0]

32 G2C3 E7[#0]

33 A1F4 E7[#0]

34 A1G2 6= 2 E7[#0]

35 A1A1 ≥ 5 E7[#0]

36 Ā3
1D̄4 Ā1D6[#30]

37 Ā1A1B4 Ā1D6[#30] (p 6= 2), Ā1B5[#40] (p = 2)

38 Ā1B2B3 Ā1D6[#30] (p 6= 2), Ā1B5[#40] (p = 2)

39 Ā1Ā
2
3 Ā1D6[#30]

40 Ā1B5 Ā1D6[#30]

41 Ā1A1C3 Ā1D6[#30], A1F4[#33] (p 6= 2), A1C4[#329] (p = 2)

42 Ā1A1C3 Ā1D6[#30], G2C3[#32]

43 Ā7
1 Ā3

1D̄4[#36]

44 Ā3
1B3 Ā3

1D̄4[#36], Ā1B2B3[#38], Ā1B5[#40] (p 6= 2)

45 Ā3
1A1B2 Ā3

1D̄4[#36] (p 6= 2), Ā1A1B4[#37] (p 6= 2),
Ā1B2B3[#38] (p 6= 2), Ā3

1B3[#44] (p = 2),
Ā1A1B

2
2 [#188] (p = 2)

46 Ā3
1A2 Ā3

1D̄4[#36] (p 6= 3), Ā3
1G2[#75] (p = 3),

Ā1B2A2[#263] (p = 3)

47{0} A1Ā1D̄4 Ā3
1D̄4[#36], Ā1A1B4[#37], Ā1B5[#40] (p 6= 2)

49{0} Ā5
1A1 Ā7

1[#43], Ā3
1B3[#44], Ā3

1A1B2[#45]

51{0} Ā4
1A1 Ā5

1A1[#49{0}], Ā3
1G2[#75]

56{δ3} Ā3
1A1 immediate overgroups in Ā7

1[#43], Ā3
1A2[#46] (p = 3)

75 Ā3
1G2 Ā3

1B3[#44], Ā1B2G2[#253]

79 Ā3
1A1 ≥ 7 Ā3

1G2[#75], Ā1B2A1[#264]

87 Ā3
1A1A1 ≥ 5 Ā3

1A1B2[#45], Ā1A1B3[#251]

88 Ā3
1A

3
1 2 Ā3

1A1B2[#45], Ā1A
3
1B2[#217]

90{0} Ā2
1A1B2 Ā1A1C3[#41], Ā3

1A1B2[#45]

91{0} Ā1A
2
1B2 6= 2 Ā3

1A1B2[#45], Ā1A
2
1Ā3[#185], Ā1B2Ā3[#252]

92{0} Ā2
1A1B2 Ā1A1C3[#42], Ā3

1A1B2[#45], Ā1B2G2[#253],
G2G2[#320] (p = 2)

94{δ2} Ā1A1B2 immediate overgroups in Ā3
1A1B2[#45],

Ā1B2A2[#263] (p = 3)

102{0} Ā1A1A
2
1 ≥ 5 Ā3

1A1A1[#87], Ā1A1Ā3[#254]

103{0} Ā2
1A1A1 ≥ 5 Ā3

1A1A1[#87], Ā1A1G2[#255]

105{0} Ā3
1A1 ≥ 5 Ā3

1A2[#46], Ā3
1A1A1[#87]

115{0} Ā1A1A1 ≥ 5 Ā1A
2
1A1[#99{0}], Ā3

1A1[#105{0}], Ā1A1A
2
1[#186]

117{0} Ā1A1A1 ≥ 5 Ā2
1A1A1[#100{0}], Ā2

1A1A1[#104{0}],
Ā1A1A1A1[#268]

119{0} Ā1A1A1 ≥ 5 Ā2
1A1A1[#101{0}], Ā2

1A1A1[#103{0}],
Ā1A1A1A1[#268]
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134{0} Ā2
1A

2
1A1 2 Ā3

1A
3
1[#88], Ā1A

2
1G2[#244]

147{δ1} Ā1A1A1A1 2 Ā2
1A

2
1A1[#134{δ1}], Ā2

1A
2
1A1[#136{0}], Ā1A1G2[#293]

147{δ3} Ā1A1A1A1 2 Ā2
1A

2
1A1[#134{0}], Ā2

1A
2
1A1[#136{δ1}], Ā1A1G2[#271]

184{0} A1A2 6= 3 Ā3
1A2[#46], Ā2A2A1[#300]

185 Ā1A
2
1Ā3 Ā1A1B4[#37] (p 6= 2), Ā1Ā

2
3[#39] (p 6= 2),

Ā1A
2
1B3[#189] (p = 2), Ā1B2Ā3[#252] (p = 2)

186 Ā1A1A
2
1 6= 2 Ā1A1B4[#37]

187 Ā1A1A1 ≥ 11 Ā1A1B4[#37]

188 Ā1A1B
2
2 2 Ā1A1B4[#37], Ā1B2B3[#38]

189 Ā1A
2
1B3 2 Ā1A1B4[#37], Ā1B2B3[#38]

190{0} A1B4 A1F4[#33], Ā1A1B4[#37]

191 Ā1A
4
1 6= 2 Ā1A

2
1Ā3[#185]

206{0} A1A1A1 6= 2 A1G2[#34], Ā1A1A
2
1[#186]

207{0} Ā1A1A1 6= 2 Ā1A1A
2
1[#186], Ā1A1A1A1[#268]

213{δ3}A1A1 6= 2 A1A1A1[#206{0}], Ā1A1A1[#207{δ1}], A1A2[#333]
(p = 3)

217 Ā1A
3
1B2 2 Ā1A1B

2
2 [#188], Ā1A

2
1B3[#189]

218{0} A1B
2
2 2 Ā1A1B

2
2 [#188], A1C4[#329]

223 Ā1A
5
1 2 Ā1A

3
1B2[#217]

230{0} A1A
4
1 2 Ā1A

5
1[#223], A1D4[#332]

244 Ā1A
2
1G2 2 Ā1A

2
1B3[#189], Ā1B2G2[#253]

251 Ā1A1B3 ≥ 5 Ā1B2B3[#38]

252 Ā1B2Ā3 Ā1B2B3[#38], Ā1Ā
2
3[#39], Ā1B5[#40] (p 6= 2)

253 Ā1B2G2 G2C3[#32], Ā1B2B3[#38]

254 Ā1A1Ā3 ≥ 5 Ā1A1B3[#251], Ā1B2Ā3[#252]

255 Ā1A1G2 ≥ 5 Ā1A1B3[#251], Ā1B2G2[#253]

258 Ā1A1A1 ≥ 7 Ā1A1G2[#255], Ā1B2A1[#264]

259{0} A1G2 ≥ 5 Ā1A1G2[#255], G2A1A1[#317]

260{0} A1A1 ≥ 7 Ā1A1A1[#258], A1A1A1[#323]

262{0} Ā1A1 ≥ 7 Ā1A1A1[#258], Ā1A1A1[#269], Ā1A1A1[#291]

263 Ā1B2A2 3 Ā1B2G2[#253], A2C3[#315]

264 Ā1B2A1 ≥ 7 Ā1B2G2[#253], A1C3[#316]

267 Ā1A1 ≥ 11 Ā1B5[#40]

268 Ā1A1A1A1 6= 2 Ā1A1C3[#41], Ā1A1C3[#42], G2A1A1[#317]

269 Ā1A1A1 ≥ 7 Ā1A1C3[#41]

270 Ā1A1A3 2 Ā1A1C3[#41]

271 Ā1A1G2 2 Ā1A1C3[#41]

274{0} A1A1A1 6= 2 Ā1A1A1A1[#268], A1G2[#330] (p = 7)

275{0} A1A1A1 6= 2 Ā1A1A1A1[#268], A1A2A1[#305], Ā2A1A1[#306]

275{δ1}A1A1A1 6= 2 Ā1A1A1A1[#268], A2A1A1[#321] (p = 3)

287{0} A1A1 ≥ 7 Ā1A1A1[#269], A1A1A1[#323]

287{δ1}A1A1 ≥ 7 Ā1A1A1[#269], A1G2[#330] (p = 7)
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291 Ā1A1A1 ≥ 7 Ā1A1C3[#42], G2A1[#318]

292 Ā1A1A3 2 Ā1A1C3[#42], G2A3[#319]

293 Ā1A1G2 2 Ā1A1C3[#42], G2G2[#320]

294{0} A1C3 6= 2 Ā1A1C3[#42], Ā2C3[#301], A1A5[#304]

294{δ1}A1C3 Ā1A1C3[#42], A2C3[#315] (p = 3)

295{0} A1A1 ≥ 7 Ā1A1A1[#291], Ā2A1[#311]

300 Ā2A2A1 Ā2A5[#31], A1F4[#33]

301 Ā2C3 Ā2A5[#31], G2C3[#32]

302 Ā2A3 Ā2A5[#31] (p 6= 2), Ā2C3[#301] (p = 2), G2A3[#319]
(p = 2)

303 Ā2A2 6= 2 Ā2A5[#31]

304 A1A5 6= 2 Ā2A5[#31]

305 A1A2A1 6= 2 Ā2A2A1[#300], A1A5[#304]

306 Ā2A1A1 6= 2 Ā2A2A1[#300], Ā2C3[#301], G2A1A1[#317]

307{0} A1A2 Ā2A2A1[#300], A1G2[#330] (p = 7)

307{δ1}A1A2 Ā2A2A1[#300], A1D4[#332] (p = 2)

309{0} A1A2 6= 2 A1G2[#34], A1A2A1[#305]

311 Ā2A1 ≥ 7 Ā2C3[#301], G2A1[#318]

312 Ā2G2 2 Ā2C3[#301], G2G2[#320]

313 A1A3 6= 2 A7[#22], Ā2A3[#302], A1A5[#304]

314 A1A2 6= 2 Ā2A2[#303], A1A5[#304]

315 A2C3 3 G2C3[#32]

316 A1C3 ≥ 7 G2C3[#32]

317 G2A1A1 6= 2 G2C3[#32], A1F4[#33]

318 G2A1 ≥ 7 G2C3[#32]

319 G2A3 2 G2C3[#32]

320 G2G2 2 G2C3[#32]

321 A2A1A1 3 A2C3[#315], G2A1A1[#317]

323 A1A1A1 ≥ 7 A1C3[#316], G2A1A1[#317]

324 A1A1 ≥ 7 A1C3[#316], G2A1[#318]

329 A1C4 2 A1F4[#33]

330 A1G2 7 A1F4[#33]

331 A1A1 ≥ 13 A1F4[#33]

332 A1D4 2 A1C4[#329]

333 A1A2 3 A1G2[#34]

334 A1A1 ≥ 7 A1G2[#34]
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Table 5. The lattice structure of irreducible connected subgroups of E8.

ID Irred. subgroup X VM ↓ X

43 D8

102 Ā1E7

103 Ā2E6

62 A8

104 Ā2
4

105 G2F4

101 B2 (p ≥ 5)

106 A1A2 (p ≥ 5)

40 A1 (p ≥ 23)

41 A1 (p ≥ 29)

42 A1 (p ≥ 31)

In M = D8 (E8(#43))

107 Ā2
1D6 (1, 1, 0)/(0, 0, λ1)

108 D̄2
4 (λ1, 0)/(0, λ1)

109 Ā3D5 (010, 0)/(000, λ1)

44 B7 λ1/0

110a A1B6 (p 6= 2) (2, 0)/(0, λ1)

111a B2B5 (p 6= 2) (10, 0)/(00, λ1)

112a B3B4 (p 6= 2) (100, 0)/(000, λ1)

113a B2
2 (p 6= 2) (01, 01)

114 B2
2 (p 6= 2) (01, 01)

115 A1C4 (1, λ1)

116 A1C4 (p 6= 2) (1, λ1)

45 B4 λ4

46 B4 (p 6= 2) λ4

In M1 = Ā2
1D6 (E8(#107))

117 Ā4
1D̄4 (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, λ1)

118 Ā2
1B5 (1, 1, 0)/(0, 0,W (λ1))/(0, 0, 0)

119 Ā2
1Ā

2
3 (1, 1, 000, 000)/(0, 0, 010, 000)/(0, 0, 000, 010)

120a Ā2
1A1B4 (p 6= 2) (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, λ1)

121a Ā2
1B2B3 (p 6= 2) (1, 1, 00, 000)/(0, 0, 10, 000)/(0, 0, 00, 100)

122 Ā2
1A1C3 (1, 1, 0, 000)/(0, 0, 1, 100)

123 A1D6 via (1, 1[r], λ1)

In M2 = Ā4
1D̄4 (E8(#117))

124 Ā8
1 (1, 1, 0, 0, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0, 0, 0)/

(0, 0, 0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 0, 0, 1, 1)

125 Ā4
1B3 (1, 1, 0, 0, 000)/(0, 0, 1, 1, 000)/(0, 0, 0, 0,W (100))/

(0, 0, 0, 0, 000)
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126a Ā4
1A1B2 (p 6= 2) (1, 1, 0, 0, 0, 00)/(0, 0, 1, 1, 0, 00)/(0, 0, 0, 0, 2, 00)/

(0, 0, 0, 0, 0, 10)

127a Ā4
1A2 (p 6= 3) (1, 1, 0, 0, 00)/(0, 0, 1, 1, 00)/(0, 0, 0, 0, 11)

128 A1Ā
2
1D̄4 via (1a, 1

[r]
a , 1b, 1c, λ1)

129 A1Ā1D̄4 via (1a, 1
[r]
a , 1

[s]
a , 1b, λ1) (r ≤ s)

130 A1A1D̄4 via (1a, 1
[r]
a , 1b, 1

[s]
b , λ1) (r ≤ s)

131 A1D̄4 via (1, 1[r], 1[s], 1[t], λ1) (r ≤ s ≤ t; if two of 0, r, s, t are equal then
the other two are not equal)

In M3 = Ā8
1 (E8(#124))

See Table 18

In M3 = Ā4
1B3 (E8(#125))

167 Ā4
1G2 (1, 1, 0, 0, 00)/(0, 0, 1, 1, 00)/(0, 0, 0, 0,W (10))/

(0, 0, 0, 0, 00)

132 {0} Ā6
1A1 (p 6= 2)

126b Ā4
1A1B2 (p = 2) (1, 1, 0, 0, 0, 00)/(0, 0, 1, 1, 0, 00)/(0, 0, 0, 0, 2, 00)/

(0, 0, 0, 0, 0, 10)/(0, 0, 0, 0, 0, 00)2

168 A1Ā
2
1B3 via (1a, 1

[r]
a , 1b, 1c, 100) (r 6= 0)

169 A1Ā
2
1B3 via (1

[r]
a , 1b, 1

[s]
a , 1c, 100) (rs = 0)

170 A1Ā1B3 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 100) (rt = 0; r < s)

171 A1A1B3 via (1a, 1
[r]
a , 1b, 1

[s]
b , 100) (0 < r ≤ s)

172 A1A1B3 via (1a, 1
[s]
b , 1

[r]
a , 1

[t]
b , 100) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

173 A1B3 via (1, 1[r], 1[s], 1[t], 100) (r 6= 0; s < t; if s = 0 then r < t)

In M4 = Ā4
1G2 (E8(#167))

133 {0} Ā5
1A1

174 Ā4
1A1 (p ≥ 7) (1, 1, 0, 0, 0)/(0, 0, 1, 1, 0)/(0, 0, 0, 0, 6)/(0, 0, 0, 0, 0)

127b Ā4
1A2 (p = 3) (1, 1, 0, 0, 00)/(0, 0, 1, 1, 00)/(0, 0, 0, 0, 11)/

(0, 0, 0, 0, 00)

175 Ā2
1A1G2 via (1a, 1

[r]
a , 1b, 1c, 10) (r 6= 0)

176 Ā1A1G2 via (1a, 1
[r]
a , 1

[s]
a , 1b, 10) (0 < r < s)

177 A1A1G2 via (1a, 1
[r]
a , 1b, 1

[s]
b , 10) (0 < r ≤ s)

178 A1G2 via (1, 1[r], 1[s], 1
[t]
b , 10) (0 < r < s < t)

In M5 = Ā4
1A1 (p ≥ 7) (E8(#174))

See Table 27

In M3 = Ā4
1A1B2 (E8(#126))

132 {0} Ā6
1A1

189 Ā4
1A1A1 (p ≥ 5) (1, 1, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0)/(0, 0, 0, 0, 2, 0)/

(0, 0, 0, 0, 0, 4)

190 Ā4
1A

3
1 (p = 2) (1, 1, 0, 0, 0, 0, 0)/(0, 0, 1, 1, 0, 0, 0)/(0, 0, 0, 0, 2, 0, 0)/

(0, 0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 0, 2)/(0, 0, 0, 0, 0, 0, 0)2

See Table 28

In M4 = Ā4
1A1A1 (p ≥ 5) (E8(#189))

See Table 29
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In M4 = Ā4
1A

3
1 (p = 2) (E8(#190))

See Table 31

In M3 = Ā4
1A2 (E8(#127))

211 {0} Ā4
1A1 (p ≥ 5)

136 {δ3} Ā4
1A1 (p = 3)

346 Ā2
1A1A2 via (1a, 1

[r]
a , 1b, 1c, 10) (if p = 3 then r 6= 0)

347 A1Ā1A2 via (1a, 1
[r]
a , 1

[s]
a , 1b, 10) (r ≤ s; if p = 3 then 0 < r < s)

348 A1A1A2 via (1a, 1
[r]
a , 1b, 1

[s]
b , 10) (r ≤ s; s 6= 0; if p = 3 then r 6= 0)

349 A1A2 via (1, 1[r], 1[s], 1[t], 10) (r ≤ s ≤ t; if two of 0, r, s, t are equal then
the other two are not equal; if p = 3 then 0 < r < s < t)

In M2 = Ā2
1B5 (E8(#118))

128 {0} Ā2
1A1D̄4 (p 6= 2)

125 Ā4
1B3 (p 6= 2)

350 Ā2
1B2Ā3 (p 6= 2)

351 Ā2
1A1 (p ≥ 11) (1, 1, 0)/(0, 0, 10)/(0, 0, 0)

120b Ā2
1A1B4 (p = 2) (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, λ1)/(0, 0, 0, 0)

2

121b Ā2
1B2B3 (p = 2) (1, 1, 00, 000)/(0, 0, 10, 000)/(0, 0, 00, 100)/

(0, 0, 00, 000)2

352 A1B5 via (1[r], 1[s], λ1) (rs = 0; if p = 2 then r 6= s)

In M3 = Ā2
1A1 (p ≥ 11) (E8(#351))

353 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

354 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

13 A1 via (1[r], 1[s], 1[t]) (rt = 0; r < s)

In M2 = Ā2
1Ā

2
3 (E8(#119))

350 Ā2
1B2Ā3 (1, 1, 00, 000)/(0, 0, 10, 000)/(0, 0, 00, 010)/

(0, 0, 00, 000)

355a Ā2
1A

2
1Ā3 (p 6= 2) (1, 1, 0, 0, 000)/(0, 0, 2, 0, 000)/(0, 0, 0, 2, 000)/

(0, 0, 0, 0, 010)

356 A1Ā
2
3 via (1a, 1

[r]
a , 100, 100)

357 Ā2
1A3 via (1, 1, 100c, 100

[r]
c ) (r 6= 0)

358 A1A3 via (1a, 1
[r]
a , 100b, 100

[s]
b ) (s 6= 0)

359 A1A3 via (1a, 1
[r]
a , 100b, 001

[s]
b )

In M3 = Ā2
1B2Ā3 (E8(#350))

360 Ā2
1A1Ā3 (p ≥ 5) (1, 1, 0, 000)/(0, 0, 4, 000)/(0, 0, 0, 010)/(0, 0, 0, 000)

355b Ā2
1A

2
1Ā3 (p = 2) (1, 1, 0, 0, 000)/(0, 0, 2, 0, 000)/(0, 0, 0, 2, 000)/

(0, 0, 0, 0, 010)/(0, 0, 0, 0, 000)2

191 {0} Ā2
1B2A

2
1 (p 6= 2)

361 A1B2Ā3 via (1, 1[r], 10, 100) (r 6= 0)

In M4 = Ā2
1A1Ā3 (p ≥ 5) (E8(#360))

207 {0} Ā2
1A1A

2
1

362 A1A1Ā3 via (1a, 1
[r]
a , 1b, 100) (r 6= 0)
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363 A1A1Ā3 via (1a, 1
[r]
b , 1

[s]
b , 100) (rs = 0)

364 A1Ā3 via (1[r], 1[s], 1[t], 100) (rt = 0; r < s)

In M3 = Ā2
1A

2
1Ā3 (E8(#355))

191 {0} Ā2
1A

2
1B2 (p 6= 2)

365 Ā2
1A

4
1 (p 6= 2) (1, 1, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/(0, 0, 0, 2, 0, 0)/

(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)

366 A1A
2
1Ā3 via (1a, 1

[r]
a , 1b, 1c, 100) (if p = 2 then r 6= 0)

367 A1Ā1A1Ā3 via (1
[r]
a , 1b, 1

[s]
a , 1c, 100)

368 Ā2
1A1Ā3 via (1a, 1b, 1c, 1

[r]
c , 100) (r 6= 0)

369 A1A1Ā3 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 100) (rt = 0; r ≤ s; if r = s then r < t; if

p = 2 then r < s)

370 A1Ā1Ā3 via (1
[r]
a , 1b, 1

[s]
a , 1

[t]
a , 100) (rs = 0; s < t )

371 A1A1Ā3 via (1a, 1
[r]
a , 1b, 1

[s]
b , 100) (s 6= 0; if p = 2 then r 6= 0)

372 A1A1Ā3 via (1
[r]
a , 1

[t]
b , 1

[s]
a , 1

[u]
b , 100) (rs = tu = 0; r ≤ t and if r = t then

s ≤ u)

373 A1Ā3 via (1[r], 1[s], 1[t], 1[u], 100) (rt = 0; r ≤ s; t < u; if r = s then
r < t; if p = 2 then r < s)

In M4 = Ā2
1A

4
1 (p 6= 2) (E8(#365))

See Table 32

In M2 = Ā2
1A1B4 (E8(#120))

128 {0} Ā2
1A1D̄4

126a Ā4
1A1B2 (p 6= 2)

355a Ā2
1A

2
1Ā3 (p 6= 2)

401 Ā2
1A1A

2
1 (p 6= 2) (1, 1, 0, 0, 0)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 2)

402 Ā2
1A1A1 (p ≥ 11) (1, 1, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 8)

403 Ā2
1A

2
1B3 (p = 2) (1, 1, 0, 0, 000)/(0, 0, 2, 0, 000)/(0, 0, 0, 2, 000)/

(0, 0, 0, 0, 100)/(0, 0, 0, 0, 000)2

404 Ā2
1A1B

2
2 (p = 2) (1, 1, 0, 00, 00)/(0, 0, 2, 00, 00)/(0, 0, 0, 10, 00)/

(0, 0, 0, 00, 10)/(0, 0, 0, 00, 00)2

405 A1A1B4 via (1a, 1
[r]
a , 1b, λ1) (if p = 2 then r 6= 0)

406 A1Ā1B4 via (1
[r]
a , 1b, 1

[s]
a , λ1) (rs = 0)

407 A1B4 via (1[r], 1[s], 1[t], λ1) (rt = 0; r ≤ s; if p = 2 then r < s; if r = s
then r < t)

In M3 = Ā2
1A1A

2
1 (p 6= 2) (E8(#401))

See Table 33

In M3 = Ā2
1A1A1 (p ≥ 11) (E8(#402))

See Table 34

In M3 = Ā2
1A

2
1B3 (p = 2) (E8(#403))

441 Ā2
1A

3
1B2 (1, 1, 0, 0, 0, 00)/(0, 0, 2, 0, 0, 00)/(0, 0, 0, 2, 0, 00)/

(0, 0, 0, 0, 2, 00)/(0, 0, 0, 0, 0, 10)/(0, 0, 0, 0, 0, 00)2

442 Ā2
1A

2
1G2 (1, 1, 0, 0, 00)/(0, 0, 2, 0, 00)/(0, 0, 0, 2, 00)/

(0, 0, 0, 0, 10)/(0, 0, 0, 0, 00)2

355b Ā2
1A

2
1Ā3
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443 A1A
2
1B3 via (1a, 1

[r]
a , 1b, 1c, 100) (r 6= 0)

444 A1Ā1A1B3 via (1
[r]
a , 1b, 1

[s]
a , 1c, 100) (rs = 0)

445 Ā2
1A1B3 via (1a, 1b, 1c, 1

[r]
c , 100) (r 6= 0)

446 A1A1B3 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 100) (rt = 0; r < s)

447 A1Ā1B3 via (1
[r]
a , 1b, 1

[s]
a , 1

[t]
a , 100) (rs = 0; s < t)

448 A1A1B3 via (1a, 1
[r]
a , 1b, 1

[s]
b , 100) (rs 6= 0)

449 A1A1B3 via (1
[r]
a , 1

[t]
b , 1

[s]
a , 1

[u]
b , 100) (rs = tu = 0; r ≤ t; if r = t then

s ≤ u)

450 A1B3 via (1[r], 1[s], 1[t], 1[u], 100) (rt = 0; r < s; t < u)

In M4 = Ā2
1A

3
1B2 (p = 2) (E8(#441))

451 Ā2
1A

5
1 (1, 1, 0, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0, 0)/(0, 0, 0, 2, 0, 0, 0)/

(0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 0, 2)/
(0, 0, 0, 0, 0, 0, 0)2

190 Ā4
1A

3
1

See Table 35

In M5 = Ā2
1A

5
1 (p = 2) (E8(#451))

See Table 36

In M4 = Ā2
1A

2
1G2 (p = 2) (E8(#442))

263 {0} Ā3
1A

2
1A1

512 A1A
2
1G2 via (1a, 1

[r]
a , 1b, 1c, 10) (r 6= 0)

513 A1Ā1A1G2 via (1
[r]
a , 1b, 1

[s]
a , 1c, 10) (rs = 0)

514 Ā2
1A1G2 via (1a, 1b, 1c, 1

[r]
c , 10) (r 6= 0)

515 A1A1G2 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 10) (rt = 0; r < s)

516 A1Ā1G2 via (1
[r]
a , 1b, 1

[s]
a , 1

[t]
a , 10) (rs = 0; s < t)

517 A1A1G2 via (1a, 1
[r]
a , 1b, 1

[s]
b , 10) (rs 6= 0)

518 A1A1G2 via (1
[r]
a , 1

[t]
b , 1

[s]
a , 1

[u]
b , 10) (rs = tu = 0; r ≤ t; if r = t then

s ≤ u)

519 A1G2 via (1[r], 1[s], 1[t], 1[u], 10) (rt = 0; r < s; t < u)

In M3 = Ā2
1A1B

2
2 (p = 2) (E8(#404))

126b Ā4
1A1B2

441 Ā2
1A

3
1B2

See Table 37

In M2 = Ā2
1B2B3 (E8(#121))

125 Ā4
1B3

531 Ā2
1A1B3 (p ≥ 5) (1, 1, 0, 000)/(0, 0, 4, 000)/(0, 0, 0, 100)

403 Ā2
1A

2
1B3 (p = 2)

350 Ā2
1B2Ā3

126a Ā4
1B2A1 (p 6= 2)

532 Ā2
1B2G2 (1, 1, 00, 00)/(0, 0,W (10), 00)/(0, 0, 00,W (10))

404 Ā2
1A1B

2
2 (p = 2)

533 A1B2B3 via (1a, 1
[r]
a , 10, 100) (if p = 2 then r 6= 0)

In M3 = Ā2
1A1B3 (p ≥ 5) (E8(#531))
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360 Ā2
1A1Ā3

189 Ā4
1A1A1

534 Ā2
1A1G2 (1, 1, 0, 00)/(0, 0, 4, 00)/(0, 0, 0, 10)

535 A1A1B3 via (1a, 1
[r]
a , 1b, 100)

536 A1A1B3 via (1
[r]
a , 1b, 1

[s]
a , 100) (rs = 0)

537 A1B3 via (1[r], 1[s], 1[t], 100) (rt = 0; r ≤ s)

In M4 = Ā2
1A1G2 (p ≥ 5) (E8(#534))

209 {0} Ā3
1A1A1

538 Ā2
1A1A1 (p ≥ 7) (1, 1, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 6)

539 A1A1G2 via (1a, 1
[r]
a , 1b, 10)

540 Ā1A1G2 via (1a, 1
[r]
b , 1

[s]
b , 10) (rs = 0)

541 A1G2 via (1[r], 1[s], 1[t], 10) (rt = 0; r ≤ s)

In M5 = Ā2
1A1A1 (p ≥ 7) (E8(#538))

See Table 38

In M3 = Ā2
1B2G2 (E8(#532))

167 Ā4
1G2

534 Ā2
1A1G2 (p ≥ 5)

442 Ā2
1A

2
1G2 (p = 2)

551 Ā2
1B2A2 (p = 3) (1, 1, 00, 00)/(0, 0, 10, 00)/(0, 0, 00, 11)

193 {0} Ā3
1B2A1

552 Ā2
1B2A1 (p ≥ 7) (1, 1, 00, 0)/(0, 0, 10, 0)/(0, 0, 00, 6)

553 A1B2G2 via (1, 1[r], 10, 10) (if p = 2 then r 6= 0)

In M4 = Ā2
1B2A2 (p = 3) (E8(#551))

127b Ā4
1A2

195 {δ2} Ā2
1B2A1

554 A1B2A2 via (1, 1[r], 10, 10)

In M4 = Ā2
1B2A1 (p ≥ 7) (E8(#552))

538 Ā2
1A1A1

174 Ā4
1A1

555 A1B2A1 via (1a, 1
[r]
a , 10, 1b)

556 A1Ā1B2 via (1
[r]
a , 1b, 10, 1

[s]
a ) (rs = 0)

557 A1B2 via (1[r], 1[s], 10, 1[t]) (rt = 0; r ≤ s)

In M2 = Ā2
1A1C3 (E8(#122))

193 {0} Ā3
1A1B2

558 Ā2
1A

2
1A1 (p 6= 2) (1, 1, 0, 0, 0)/(0, 0, 1, 1, 2)

559 Ā2
1A1A1 (p ≥ 7) (1, 1, 0, 0)/(0, 0, 1, 5)

560 Ā2
1A1A3 (p = 2) (1, 1, 0, 000)/(0, 0, 1, 010)

561 Ā2
1A1G2 (p = 2) (1, 1, 0, 00)/(0, 0, 1, 10)

562 A1A1C3 via (1
[r]
a , 1

[s]
a , 1b, 100) (rs = 0)

563 A1Ā1C3 via (1
[r]
a , 1b, 1

[s]
a , 100) (rs = 0; if p = 2 then r 6= s)

564 Ā1A1C3 via (1a, 1
[r]
b , 1

[s]
b , 100) (rs = 0)
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565 A1C3 via (1[r], 1[s], 1[t], 100) (rst = 0; if p = 2 then r 6= t)

In M3 = Ā2
1A

2
1A1 (p 6= 2) (E8(#558))

See Table 39

In M3 = Ā2
1A1A1 (p ≥ 7) (E8(#559))

See Table 40

In M3 = Ā2
1A1A3 (p = 2) (E8(#560))

611 A1A1A3 via (1
[r]
a , 1

[s]
a , 1b, 100) (rs = 0)

612 A1Ā1A3 via (1
[r]
a , 1b, 1

[s]
a , 100) (rs = 0; r 6= s)

613 Ā1A1A3 via (1a, 1
[r]
b , 1

[s]
b , 100) (rs = 0)

614 A1A3 via (1[r], 1[s], 1[t], 100) (rst = 0; r 6= t)

In M3 = Ā2
1A1G2 (p = 2) (E8(#561))

276 {δ3} Ā2
1A1A1A1

615 A1A1G2 via (1
[r]
a , 1

[s]
a , 1b, 10) (rs = 0)

616 A1Ā1G2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0; r 6= s)

617 Ā1A1G2 via (1a, 1
[r]
b , 1

[s]
b , 10) (rs = 0)

618 A1G2 via (1[r], 1[s], 1[t], 10) (rst = 0; r 6= t)

In M1 = D̄2
4 (E8(#108))

619 B3D̄4 (W (100), 0)/(000, λ1)/(000, 0)

620a A2D̄4 (p 6= 3) (11, 0)/(00, λ1)

621a A1B2D̄4 (p 6= 2) (2, 00, 0)/(0, 10, 0)/(0, 00, λ1)

117 Ā4
1D̄4

48 D4 via (λ1, λ
[r]
1 ) (r 6= 0)

49 D4 via (λ1, λ
[τ ]
1 )

50 D4 via (λ1, λ
[τr]
1 ) (r 6= 0)

51 D4 via (λ1, λ
[ιr]
1 ) (r 6= 0)

In M2 = B3D̄4 (E8(#619))

128 {0} Ā2
1A1D̄4

621b A1B2D̄4 (p = 2) (2, 00, 0)/(0, 10, 0)/(0, 00, λ1)/(0, 00, 0)
2

622 G2D̄4 (W (10), 0)/(00, λ1)/(00, 0)

623 B2
3 (W (100), 000)/(000, 001)/(000, 000)

624 B3A2 (p 6= 3) (W (100), 00)/(000, 11)/(000, 00)

533 {0} B3A1B2 (p 6= 2)

625a B3A1B2 (p 6= 2) (100, 0, 00)/(000, 1, 01)/(000, 0, 00)

125 B3Ā
4
1

In M3 = G2D̄4 (E8(#622))

620b A2D̄4 (p = 3) (11, 0)/(00, λ1)/(00, 0)

129 {0} Ā1A1D̄4

626 A1D̄4 (p ≥ 7) (6, 0)/(0, λ1)/(0, 0)

627 G2A2 (p 6= 3) (W (10), 00)/(00, 11)/(00, 00)

553 {0} G2A1B2 (p 6= 2)

167 G2Ā
4
1
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In M4 = A1D̄4 (p ≥ 7) (E8(#626))

628 A1A1B2 (6, 0, 00)/(0, 2, 00)/(0, 0, 10)/(0, 0, 00)

629 A1A2 (6, 00)/(0, 11)/(0, 00)

174 A1Ā
4
1

In M5 = A1A1B2 (p ≥ 7) (E8(#628))

630 A1A1A1 (6, 0, 0)/(0, 2, 0)/(0, 0, 4)/(0, 0, 0)

631 A1B2 via (1[r], 1[s], 10) (rs = 0)

In M6 = A1A1A1 (p ≥ 7) (E8(#630))

632 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

633 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

634 A1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

17 {s,s,t,r} A1 via (1[r], 1[s], 1[t]) (rst = 0)

In M5 = A1A2 (p ≥ 7) (E8(#629))

542 {0} A1A1

In M4 = G2A2 (p 6= 3) (E8(#627))

347 {0} Ā1A1A2

629 A1A2 (p ≥ 7)

541 {0} G2A1 (p ≥ 5)

In M3 = B2
3 (E8(#623))

169 {0} Ā2
1A1B3

625b B3A1B2 (p = 2) (100, 0, 00)/(000, 1, 10)/(000, 0, 00)2

52 B3 via (100, 100[r]) (r 6= 0)

In M3 = B3A2 (p 6= 3) (E8(#624))

627 G2A2

346 {0} Ā2
1A1A2

537 {0} B3A1 (p ≥ 5)

In M3 = B3A1B2 (E8(#625))

553 {0} G2A1B2 (p 6= 2)

191 {0} Ā2
1A

2
1B2 (p 6= 2)

676b A2
1B

2
2 (p = 2) (2, 0, 00, 00)/(0, 1, 00, 01)/(0, 0, 10, 00)/(0, 0, 00, 00)2

635 B3A1A1 (p ≥ 5) (100, 0, 0)/(000, 1, 3)/(000, 0, 0)

169 {0} B3A1Ā
2
1

636 B3A
3
1 (p = 2) (100, 0, 0, 0)/(000, 1, 1, 1)/(000, 0, 0, 0)2

In M4 = B3A1A1 (p ≥ 5) (E8(#635))

207 {0} Ā2
1A

2
1A1

539 {0} G2A1A1

637 B3A1 via (100, 1[r], 1[s]) (rs = 0; r 6= s)

535 {0} B3A1 via (100, 1, 1)

In M4 = B3A
3
1 (p = 2) (E8(#636))

638 A4
1B2 (2, 0, 0, 0, 00)/(0, 1, 1, 1, 00)/(0, 0, 0, 0, 10)/

(0, 0, 0, 0, 00)2
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639 B3A1A1 via (100, 1a, 1
[r]
a , 1b) (r 6= 0)

640 B3A1 via (100, 1, 1[r], 1[s]) (0 < r < s)

In M5 = A4
1B2 (p = 2) (E8(#638))

641 A6
1 (2, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0)/

(0, 0, 0, 1, 1, 1)/(0, 0, 0, 0, 0, 0)2

262 {0} A4
1Ā

2
1

642 A1A
2
1B2 via (1

[r]
a , 1

[s]
a , 1b, 1c, 10) (rs = 0)

643 A1A1A1B2 via (1a, 1b, 1
[r]
b , 1c, 10) (r 6= 0)

644 A1A1B2 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 10) (rs = 0; s < t)

645 A1A1B2 via (1a, 1b, 1
[r]
b , 1

[s]
b , 10) (0 < r < s)

646 A1A1B2 via (1
[r]
a , 1

[s]
a , 1b, 1

[t]
b , 10) (rs = 0 6= t)

647 A1B2 via (1[r], 1[s], 1[t], 1[u], 10) (rs = 0; s < t < u)

In M6 = A6
1 (p = 2) (E8(#641))

See Table 41

In M2 = A2D̄4 (E8(#620))

682 {0} A1D̄4 (p ≥ 5)

131 {δ3} A1D̄4 (p = 3)

624 A2B3 (p 6= 3)

667 A2A1B2 (W (11), 0, 00)/(00,W (2), 00)/(00, 0,W (10))

127 A2Ā
4
1

668 A2
2 (p 6= 3) (11, 00)/(00, 11)

In M3 = A2A1B2 (E8(#667))

685 {0} A1A1B2 (p ≥ 5)

201 {δ3} A1A1B2 (p = 3)

346 {0} A2A1Ā
2
1 (p 6= 3)

669 A2A1A1 (p ≥ 5) (11, 0, 0)/(00, 2, 0)/(00, 0, 4)

670 A2A
3
1 (p = 2) (11, 0, 0, 0)/(00, 2, 0, 0)/(00, 0, 2, 0)/(00, 0, 0, 2)/

(00, 0, 0, 0)2

In M4 = A2A1A1 (p ≥ 5) (E8(#669))

688 {0} A1A1A1 (p ≥ 5)

672 A2A1 via (10, 1[r], 1[s]) (rs = 0)

In M4 = A2A
3
1 (p = 2) (E8(#670))

672 A2A1A1 via (10, 1a, 1
[r]
a , 1b) (r 6= 0)

673 A2A1 via (10, 1, 1[r], 1[s]) (0 < r < s)

In M3 = A2
2 (p 6= 3) (E8(#668))

672 {0} A1A2 (p ≥ 5)

53 A2 via (10, 10[r]) (r 6= 0)

54 A2 via (10, 01[r]) (r 6= 0)

In M2 = A1B2D̄4 (E8(#621))

128 {0} A1Ā
2
1D̄4

674 A3
1D̄4 (p = 2) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, λ1)/

(0, 0, 0, 0)2
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675 A1A1D̄4 (p ≥ 5) (2, 0, 0)/(0, 4, 0)/(0, 0, λ1)

676a A2
1B

2
2 (p 6= 2) (2, 0, 00, 00)/(0, 1, 00, 01)/(0, 0, 10, 00)

677 A2
1B

2
2 (p 6= 2) (2, 0, 00, 00)/(0, 2, 00, 00)/(0, 0, 10, 00)/(0, 00, 00, 10)

625 A1B2B3

533 {0} A1B2B3 (p 6= 2)

667 A1B2A2 (p 6= 3)

126 A1B2Ā
4
1

In M3 = A3
1D̄4 (p = 2) (E8(#674))

636 A3
1B3

670 A3
1A2

190 A3
1Ā

4
1

678 A1A1D̄4 via (1a, 1
[r]
a , 1b, λ1) (r 6= 0)

679 A1D̄4 via (1, 1[r], 1[s], λ1) (0 < r < s)

In M3 = A1A1D̄4 (p ≥ 5) (E8(#675))

535 {0} A1A1B3

635 A1A1B3

680 A2
1A1B2 (2, 0, 0, 00)/(0, 2, 0, 00)/(0, 0, 4, 00)/(0, 0, 0, 10)

681 A2
1A1B2 (2, 0, 0, 00)/(0, 0, 4, 00)/(0, 1, 0, 01)

189 A1A1Ā
4
1

669 A1A1A2

682 A1D̄4 via (1[r], 1[s], λ1) (rs = 0)

In M4 = A2
1A1B2 (p ≥ 5) (E8(#680))

207 {0} A2
1A1Ā

2
1

683 A2
1A

2
1 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 4, 0)/(0, 0, 0, 4)

684 A1A1B2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

685 A1A1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

687 A1B2 via (1[r], 1[s], 1[t], 10) (rt = 0; r < s)

In M5 = A2
1A

2
1 (p ≥ 5) (E8(#683))

See Table 42

In M4 = A2
1A1B2 (p ≥ 5) (E8(#681))

208 {0} A2
1A1Ā

2
1

694 A2
1A

2
1 (2, 0, 0, 0)/(0, 1, 0, 3)/(0, 0, 4, 0)

695 A1A1B2 via (1
[r]
a , 1

[s]
a , 1b, 10) (rs = 0)

696 A1A1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0; r 6= s)

685 {0} A1A1B2 via (1a, 1b, 1a, 10)

697 A1A1B2 via (1a, 1
[r]
b , 1

[s]
b , 10) (rs = 0)

698 A1B2 via (1[r], 1[s], 1[t], 10) (rst = 0; r 6= t)

In M5 = A2
1A

2
1 (p ≥ 5) (E8(#694))

See Table 43

In M3 = A2
1B

2
2 (E8(#676))

192 {0} A2
1Ā

2
1B2

638 A4
1B2 (p = 2)
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681 A2
1A1B2 (p ≥ 5)

708 A1B
2
2 via (1, 1[r], 10, 10)

709 A2
1B2 via (1, 1, 10, 10[r])

710 A2
1B2 via (1, 1, 10, 02[r]) (p = 2)

711 A1B2 via (1, 1[r], 10[s], 10[t]) (st = 0; if r = 0 then 0 < s ≤ t)

712 A1B2 via (1, 1[r], 10[s], 02[t]) (p = 2; st = 0)

In M3 = A2
1B

2
2 (p 6= 2) (E8(#677))

191 {0} A2
1Ā

2
1B2

680 A2
1A1B2 (p ≥ 5)

713 A1B
2
2 via (1, 1[r], 10, 10) (r 6= 0)

714 A2
1B2 via (1, 1, 10, 10[r]) (r 6= 0)

715 A1B2 via (1, 1[r], 10, 10[s]) (rs 6= 0)

In M1 = Ā3D5 (E8(#109))

716 B2D5 (W (10), 0)/(00, λ1)/(00, 0)

717a A2
1D5 (p 6= 2) (2, 0, 0)/(0, 2, 0)/(0, 0, λ1)

718 Ā3B4 (010, 0)/(000,W (λ1))/(000, 0)

719a Ā3A1B3 (p 6= 2) (010, 0, 000)/(000, 2, 000)/(000, 0, 100)

119 Ā2
3Ā

2
1

720a Ā3B
2
2 (p 6= 2) (010, 00, 00)/(000, 10, 00)/(000, 00, 10)

721 Ā3B2 (p 6= 2) (010, 00)/(000, 02)

In M2 = B2D5 (E8(#716))

722 A1D5 (p ≥ 5) (4, 0)/(0, λ1)/(0, 0)

717b A2
1D5 (p = 2) (2, 0, 0)/(0, 2, 0)/(0, 0, λ1)/(0, 0, 0)

2

533 {0} B2A1B3 (p 6= 2)

350 B2Ā
2
1Ā3

723 B3
2 (p 6= 2) (10, 00, 00)/(00, 10, 00)/(00, 00, 10)/(00, 00, 00)

724 B2B2 (p 6= 2) (10, 00)/(00, 02)/(00, 00)

In M3 = A1D5 (p ≥ 5) (E8(#722))

535 {0} A1A1B3

360 A1Ā
2
1Ā3

725 A1B
2
2 (4, 00, 00)/(0, 10, 00)/(0, 00, 10)/(0, 00, 00)

726 A1B2 (4, 00)/(0, 02)/(0, 00)

In M4 = A1B
2
2 (p ≥ 5) (E8(#725))

727 A2
1B2 (4, 0, 00)/(0, 4, 00)/(0, 0, 10)/(0, 0, 00)

728 A1B2 via (1, 10, 10[r]) (r 6= 0)

In M5 = A2
1B2 (p ≥ 5) (E8(#727))

729 A3
1 (4, 0, 0)/(0, 4, 0)/(0, 0, 4)/(0, 0, 0)

730 A1B2 via (1, 1[r], 10) (r 6= 0)

In M6 = A3
1 (p ≥ 5) (E8(#729))

731 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

20 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M4 = A1B2 (p ≥ 5) (E8(#726))
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233 {0} A1A
2
1

547 {0} A1A1 (p ≥ 7)

In M3 = B3
2 (p 6= 2) (E8(#723))

725 A1B
2
2 (p ≥ 5)

732 B2B2 via (10a, 10
[r]
a , 10b) (r 6= 0)

61 B2 via (10, 10[r], 10[s]) (0 < r < s)

In M3 = B2B2 (p 6= 2) (E8(#724))

726 A1B2 (p ≥ 5)

203 {0} B2A
2
1

557 {0} B2A1 (p ≥ 7)

59 B2 via (10, 10)

60 B2 via (10[r], 10[s]) (rs = 0; r 6= s)

In M2 = A2
1D5 (E8(#717))

405 {0} A2
1B4 (p 6= 2)

733 A3
1B3 (p 6= 2) (2, 0, 0, 000)/(0, 2, 0, 000)/(0, 0, 2, 000)/(0, 0, 0, 100)

355 A2
1Ā

2
1Ā3

677 A2
1B

2
2 (p 6= 2)

734 A2
1B2 (p 6= 2) (2, 0, 00)/(0, 2, 00)/(0, 0, 02)

735 A1D5 via (1, 1[r], λ1) (r 6= 0)

In M3 = A3
1B3 (p 6= 2) (E8(#733))

365 A4
1Ā

2
1

736 A3
1G2 (2, 0, 0, 00)/(0, 2, 0, 00)/(0, 0, 2, 00)/(0, 0, 0, 10)

737 A1A1B3 via (1a, 1
[r]
a , 1b, 100) (r 6= 0)

738 A1B3 via (1, 1[r], 1[s], 100) (0 < r < s)

In M4 = A3
1G2 (p 6= 2) (E8(#736))

739 A3
1A2 (p = 3) (2, 0, 0, 00)/(0, 2, 0, 00)/(0, 0, 2, 00)/(0, 0, 0, 11)

375 {0} A3
1Ā1A1

740 A3
1A1 (p ≥ 7) (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, 6)

741 A1A1G2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

742 A1G2 via (1, 1[r], 1[s], 10) (0 < r < s)

In M5 = A3
1A2 (p = 3) (E8(#739))

377 {δ2} A3
1A1

743 A1A1A2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

744 A1A2 via (1, 1[r], 1[s], 10) (0 < r < s)

In M5 = A3
1A1 (p ≥ 7) (E8(#740))

745 A1A1A1 via (1a, 1
[r]
a , 1b, 1c) (r 6= 0)

746 A1A
2
1 via (1

[r]
a , 1b, 1c, 1

[s]
a ) (rs = 0)

747 A1A1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

748 A1A1 via (1
[r]
a , 1

[s]
a , 1b, 1

[t]
a ) (rt = 0; r < s)

749 A1A1 via (1a, 1
[r]
a , 1

[s]
b , 1

[t]
b ) (r 6= 0; st = 0)

19 A1 via (1[r], 1[s], 1[t], 1[u]) (ru = 0; r < s < t)
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In M3 = A2
1B2 (p 6= 2) (E8(#734))

382 {0} A2
1A

2
1

746 {0} A2
1A1 (p ≥ 7)

750 A1B2 via (1, 1[r], 10) (r 6= 0)

In M2 = Ā3B4 (E8(#718))

405 {0} A2
1B4 (p 6= 2)

356 {0} Ā2
3A1 (p 6= 2)

350 Ā3Ā
2
1B2 (p 6= 2)

751 Ā3A
2
1 (p 6= 2) (010, 0, 0)/(000, 2, 2)/(000, 0, 0)

752 Ā3A1 (p ≥ 11) (010, 0)/(000, 8)/(000, 0)

719b Ā3A1B3 (p = 2) (010, 0, 000)/(000, 2, 000)/(000, 0, 100)/(000, 0, 000)2

720b Ā3B
2
2 (p = 2) (010, 00, 00)/(000, 10, 00)/(000, 00, 10)/(000, 00, 00)2

In M3 = Ā3A
2
1 (p 6= 2) (E8(#751))

408 {0} A2
1A

2
1

753 Ā3A1 via (100, 1, 1[r]) (r 6= 0)

In M3 = Ā3A1 (p ≥ 11) (E8(#752))

432 {0} A2
1A1

In M2 = Ā3A1B3 (E8(#719))

733 A3
1B3 (p 6= 2)

533 {0} B2A1B3 (p 6= 2)

356 {0} Ā2
3A1

355a Ā3A
2
1Ā

2
1 (p 6= 2)

754 Ā3A1G2 (010, 0, 00)/(000,W (2), 00)/(000, 0,W (10))

In M3 = Ā3A1G2 (E8(#754))

736 A3
1G2 (p 6= 2)

553 {0} B2A1G2 (p 6= 2)

367 {0} Ā3A1Ā1A1

755 Ā3A1A2 (p = 3) (010, 0, 00)/(000, 2, 00)/(000, 0, 11)

756 Ā3A1A1 (p ≥ 7) (010, 0, 0)/(000, 2, 0)/(000, 0, 6)

In M4 = Ā3A1A2 (p = 3) (E8(#755))

739 A3
1A2

554 {0} B2A1A2

369 {δ2} Ā3A1A1

In M4 = Ā3A1A1 (p ≥ 7) (E8(#756))

740 A3
1A1

555 {0} B2A1A1

757 Ā3A1 via (100, 1[r], 1[s]) (rs = 0)

In M2 = Ā3B
2
2 (E8(#720))

677 A2
1B

2
2 (p 6= 2)

723 B3
2 (p 6= 2)

350 Ā3Ā
2
1B2
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758 Ā3A1B2 (p ≥ 5) (010, 0, 00)/(000, 4, 00)/(000, 0, 10)

759 Ā3A
2
1B2 (p = 2) (010, 0, 0, 00)/(000, 2, 0, 00)/(000, 0, 2, 00)/

(000, 0, 0, 10)/(000, 0, 0, 00)2

760 Ā3B2 via (100, 10, 10[r]) (r 6= 0)

761 Ā3B2 via (100, 10, 02[r]) (p = 2)

In M3 = Ā3A1B2 (p ≥ 5) (E8(#758))

680 A2
1A1B2

725 B2A1B2

360 Ā3A1Ā
2
1

762 Ā3A
2
1 (010, 0, 0)/(000, 4, 0)/(000, 0, 4)

In M4 = Ā3A
2
1 (p ≥ 5) (E8(#762))

683 A2
1A

2
1

727 B2A
2
1

763 Ā3A1 via (100, 1, 1[r]) (r 6= 0)

In M3 = Ā3A
2
1B2 (p = 2) (E8(#759))

355b Ā3A
2
1Ā

2
1

764 Ā3A
4
1 (010, 0, 0, 0, 0)/(000, 2, 0, 0, 0)/(000, 0, 2, 0, 0)/

(000, 0, 0, 2, 0)/(000, 0, 0, 0, 2)/(000, 0, 0, 0, 0)2

765 Ā3A1B2 via (100, 1, 1[r], 10) (r 6= 0)

In M4 = Ā3A
4
1 (p = 2) (E8(#764))

766 Ā3A1A
2
1 via (100, 1a, 1

[r]
a , 1b, 1c) (r 6= 0)

767 Ā3A1A1 via (100, 1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

768 Ā3A1A1 via (100, 1a, 1
[r]
a , 1b, 1

[s]
b ) (0 < r ≤ s)

769 Ā3A1 via (100, 1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M2 = Ā3B2 (p 6= 2) (E8(#721))

724 B2B2

734 A2
1B2

372 {0} Ā3A
2
1

757 {0} Ā3A1 (p ≥ 7)

In M1 = B7 (E8(#44))

123 {0} A1D6 (p 6= 2)

118 Ā2
1B5 (p 6= 2)

716 B2D5 (p 6= 2)

718 Ā3B4 (p 6= 2)

619 B3D̄4 (p 6= 2)

47 A3 (p 6= 2) 101/000

770 A1B2 (p 6= 2) (2, 10)/(0, 00)

10 A1 (p ≥ 17) 14/0

110b A1B6 (p = 2) (2, 0)/(0, λ1)/(0, 0)
2

111b B2B5 (p = 2) (10, 0)/(00, λ1)/(00, 0)
2

112b B3B4 (p = 2) (100, 0)/(000, λ1)/(000, 0)
2

In M2 = A3 (p 6= 2) (E8(#47))
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428 {0} A2
1

59 B2

In M2 = A1B2 (p 6= 2) (E8(#770))

573 {0} A1A
2
1

771 A1A1 (p ≥ 5) (2, 4)/(0, 0)

In M3 = A1A1 (p ≥ 5) (E8(#771))

7 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

17 {0} A1 via (1, 1) (p ≥ 7)

In M1 = A1B6 (E8(#110))

123 {0} A1D6

717a A2
1D5 (p 6= 2)

120a A1Ā
2
1B4 (p 6= 2)

621a A1B2D̄4 (p 6= 2)

719a A1Ā3B3 (p 6= 2)

772 A1A1 (p ≥ 13) (2, 0)/(0, 12)

773 A1B2 (p = 5) (2, 00)/(0, 20)

774 A1C3 (p = 3) (2, 000)/(0, 010)

775 A2
1B5 (p = 2) (2, 0, 0)/(0, 2, 0)/(0, 0, λ1)/(0, 0, 0)

2

776 A1B2B4 (p = 2) (2, 00, 0)/(0, 10, 0)/(0, 00, λ1)/(0, 00, 0)
2

777 A1B
2
3 (p = 2) (2, 000, 000)/(0, 100, 000)/(0, 000, 100)/(0, 000, 000)2

In M2 = A1A1 (p ≥ 13) (E8(#772))

11 A1 via (1[r], 1[s]) (rs = 0)

In M2 = A1B2 (p = 5) (E8(#773))

423 {0} A1A
2
1

704 {δ1} A1A1

In M2 = A1C3 (p = 3) (E8(#774))

709 {0} A2
1B2

423 {δ3} A1A1A1

In M2 = A2
1B5 (p = 2) (E8(#775))

717b A2
1D5

778 A3
1B4 (2, 0, 0, 0)/(0, 2, 0, 0)/(0, 0, 2, 0)/(0, 0, 0, λ1)/

(0, 0, 0, 0)2

779 A2
1B2B3 (2, 0, 00, 000)/(0, 2, 00, 000)/(0, 0, 10, 000)/

(0, 0, 00, 100)/(0, 0, 00, 000)2

780 A1B5 via (1, 1[r], λ1) (r 6= 0)

In M3 = A3
1B4 (p = 2) (E8(#778))

674 A3
1D̄4

781 A4
1B3 (2, 0, 0, 0, 000)/(0, 2, 0, 0, 000)/(0, 0, 2, 0, 000)/

(0, 0, 0, 2, 000)/(0, 0, 0, 0, 100)/(0, 0, 0, 0, 000)2

782 A3
1B

2
2 (2, 0, 0, 00, 00)/(0, 2, 0, 00, 00)/(0, 0, 2, 00, 00)/

(0, 0, 0, 10, 00)/(0, 0, 0, 00, 10)/(0, 0, 0, 00, 00)2

783 A1A1B4 via (1a, 1
[r]
a , 1b, λ1) (r 6= 0)
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784 A1B4 via (1, 1[r], 1[s], λ1) (0 < r < s)

In M4 = A4
1B3 (p = 2) (E8(#781))

764 A4
1Ā3

785 A5
1B2 (2, 0, 0, 0, 0, 00)/(0, 2, 0, 0, 0, 00)/(0, 0, 2, 0, 0, 00)/

(0, 0, 0, 2, 0, 00)/(0, 0, 0, 0, 2, 00)/(0, 0, 0, 0, 0, 10)/
(0, 0, 0, 0, 0, 00)2

786 A4
1G2 (2, 0, 0, 0, 00)/(0, 2, 0, 0, 00)/(0, 0, 2, 0, 00)/

(0, 0, 0, 2, 00)/(0, 0, 0, 0, 10)/(0, 0, 0, 0, 00)2

787 A1A
2
1B3 via (1a, 1

[r]
a , 1b, 1c, 100) (r 6= 0)

788 A1A1B3 via (1a, 1
[r]
a , 1

[s]
a , 1b, 100) (0 < r < s)

789 A1A1B3 via (1a, 1
[r]
a , 1b, 1

[s]
b , 100) (rs 6= 0)

790 A1B3 via (1, 1[r], 1[s], 1[t], 100) (0 < r < s < t)

In M5 = A5
1B2 (p = 2) (E8(#785))

451 A5
1Ā

2
1

791 A7
1 (2, 0, 0, 0, 0, 0, 0)/(0, 2, 0, 0, 0, 0, 0)/(0, 0, 2, 0, 0, 0, 0)/

(0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 0, 2, 0)/
(0, 0, 0, 0, 0, 0, 2)/(0, 0, 0, 0, 0, 0, 0)2

792 A1A
3
1B2 via (1a, 1

[r]
a , 1b, 1c, 1d, 10) (r 6= 0)

793 A1A
2
1B2 via (1a, 1

[r]
a , 1

[s]
a , 1b, 1c, 10) (0 < r < s)

794 A1A1A1B2 via (1a, 1
[r]
a , 1b, 1

[s]
b , 1c, 10) (rs 6= 0)

795 A1A1B2 via (1a, 1
[r]
a , 1

[s]
a , 1

[t]
a , 1b, 10) (rs 6= 0)

796 A1A1B2 via (1a, 1
[r]
a , 1

[s]
a , 1b, 1

[t]
b , 10) (rs 6= 0)

797 A1B2 via (1, 1[r], 1[s], 1[t], 1[u], 10) (0 < r < s < t < u)

In M6 = A7
1 (p = 2) (E8(#791))

See Table 44

In M5 = A4
1G2 (p = 2) (E8(#786))

468 {0} A4
1Ā1A1

811 A1A
2
1G2 via (1a, 1

[r]
a , 1b, 1c, 10) (r 6= 0)

812 A1A1G2 via (1a, 1
[r]
a , 1

[s]
a , 1b, 10) (0 < r < s)

813 A1A1G2 via (1a, 1
[r]
a , 1b, 1

[s]
b , 10) (rs 6= 0)

814 A1G2 via (1, 1[r], 1[s], 1[t], 10) (0 < r < s < t)

In M4 = A3
1B

2
2 (p = 2) (E8(#782))

441 A3
1Ā

2
1B2

785 A5
1B2

815 A1A1B
2
2 via (1a, 1

[r]
a , 1b, 10, 10) (r 6= 0)

816 A3
1B2 via (1a, 1b, 1c, 10, 10

[r]) (r 6= 0)

817 A3
1B2 via (1a, 1b, 1c, 10

[r], 02[s]) (rs = 0)

818 A1B
2
2 via (1a, 1

[r]
a , 1

[s]
a , 10, 10) (0 < r < s)

819 A1A1B2 via (1a, 1
[r]
a , 1b, 10, 10

[s]) (rs 6= 0)

820 A1A1B2 via (1a, 1
[r]
a , 1b, 10, 02

[s]) (r 6= 0)

821 A1B2 via (1, 1[r], 1[s], 10, 10[t]) (0 < r < s; t 6= 0)
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822 A1B2 via (1, 1[r], 1[s], 10, 02[t]) (0 < r < s)

In M3 = A2
1B2B3 (p = 2) (E8(#779))

403 A2
1Ā

2
1B3

781 A4
1B3

782 A3
1B

2
2

759 A2
1B2Ā3

823 A2
1B2G2 (2, 0, 00, 00)/(0, 2, 00, 00)/(0, 0, 10, 00)/(0, 0, 00, 10)/

(0, 0, 00, 00)2

824 A1B2B3 via (1a, 1
[r]
a , 10, 100) (r 6= 0)

In M4 = A2
1B2G2 (p = 2) (E8(#823))

442 A2
1Ā

2
1G2

786 A4
1G2

453 {0} A2
1B2Ā1A1

825 A1B2G2 via (1a, 1
[r]
a , 10, 10) (r 6= 0)

In M2 = A1B2B4 (p = 2) (E8(#776))

120b A1Ā
2
1B4

778 A3
1B4

621b A1B2D̄4

779 A2
1B2B3

826 A1B
3
2 (2, 00, 00, 00)/(0, 10, 00, 00)/(0, 00, 10, 00)/

(0, 00, 00, 10)/(0, 00, 00, 00)2

In M3 = A1B
3
2 (p = 2) (E8(#826))

404 A1Ā
2
1B

2
2

782 A3
1B

2
2

827 A1B2B2 via (1, 10a, 10
[r]
a , 10b) (r 6= 0)

828 A1B2B2 via (1, 10
[r]
a , 02

[s]
a , 10b) (rs = 0)

829 A1B2 via (1, 10, 10[r], 10[s]) (0 < r < s)

830 A1B2 via (1, 10[r], 10[s], 02[t]) (rt = 0; r < s)

In M2 = A1B
2
3 (p = 2) (E8(#777))

719b A1Ā3B3

779 A2
1B2B3

831 A1G2B3 (2, 00, 000)/(0, 10, 000)/(0, 00, 100)/(0, 00, 000)2

832 A1B3 via (1, 100, 100[r]) (r 6= 0)

In M3 = A1G2B3 (p = 2) (E8(#831))

444 {0} A1Ā1A1B3

754 A1G2Ā3

823 A2
1G2B2

833 A1G
2
2 (2, 00, 00)/(0, 10, 00)/(0, 00, 10)/(0, 00, 00)2

In M4 = A1G
2
2 (p = 2) (E8(#833))

513 {0} A1Ā1A1G2

834 A1G2 via (1, 10, 10[r]) (r 6= 0)

In M1 = B2B5 (E8(#111))
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118 Ā2
1B5

835 A1B5 (p ≥ 5) (4, 0)/(0, λ1)

775 A2
1B5 (p = 2)

716 B2D5

621a B2A1D̄4 (p 6= 2)

121a B2Ā
2
1B3 (p 6= 2)

720a B2
2Ā3 (p 6= 2)

836 B2A1 (p ≥ 11) (10, 0)/(00, 10)

776 B2A1B4 (p = 2)

837 B2
2B3 (p = 2) (10, 00, 000)/(00, 10, 000)/(00, 00, 100)/(00, 00, 000)2

In M2 = A1B5 (p ≥ 5) (E8(#835))

722 A1D5

675 A1A1D̄4

531 A1Ā
2
1B3

758 A1B2Ā3

838 A1A1 (p ≥ 11) (4, 0)/(0, 10)

In M3 = A1A1 (p ≥ 11) (E8(#838))

12 A1 via (1[r], 1[s]) (rs = 0)

In M2 = B2A1 (p ≥ 11) (E8(#836))

351 Ā2
1A1

838 A1A1 (p ≥ 11)

In M2 = B2
2B3 (p = 2) (E8(#837))

121a Ā2
1B2B3

779 A2
1B2B3

826 A1B
3
2

720b B2
2Ā3

839 B2
2G2 (10, 00, 00)/(00, 10, 00)/(00, 00, 10)/(00, 00, 00)2

840 B2B3 via (10, 10[r], 100) (r 6= 0)

841 B2B3 via (10[r], 02[s], 100) (rs = 0)

In M3 = B2
2G2 (p = 2) (E8(#839))

532b Ā2
1B2G2

823 A2
1B2G2

521 {0} B2
2Ā1A1

842 B2G2 via (10, 10[r], 10) (r 6= 0)

843 B2G2 via (10[r], 02[s], 10) (rs = 0)

In M1 = B3B4 (E8(#112))

718 Ā3B4

120a Ā2
1A1B4 (p 6= 2)

844 G2B4 (W (10), 0)/(00, λ1)

776 A1B2B4 (p = 2)

619 B3D̄4

719a B3A1Ā3 (p 6= 2)



11. TABLES FOR THEOREM 1 107

121a B3Ā
2
1B2 (p 6= 2)

845 B3A
2
1 (p 6= 2) (100, 0, 0)/(000, 2, 2)

846 B3A1 (p ≥ 11) (100, 0)/(000, 8)

777 B2
3A1 (p = 2)

837 B3B
2
2 (p = 2)

In M2 = G2B4 (E8(#844))

406 {0} Ā1A1B4

847 A2B4 (p = 3) (11, 0)/(00, λ1)

848 A1B4 (p ≥ 7) (6, 0)/(0, λ1)

622 G2D̄4

754 G2A1Ā3 (p 6= 2)

532a G2Ā
2
1B2 (p 6= 2)

849 G2A
2
1 (p 6= 2) (10, 0, 0)/(00, 2, 2)

850 G2A1 (p ≥ 11) (10, 0)/(00, 8)

831 G2B3A1 (p = 2)

839 G2B
2
2 (p = 2)

In M3 = A2B4 (p = 3) (E8(#847))

407 {δ2} A1B4

620b A2D̄4

755 A2A1Ā3

551 A2Ā
2
1B2

851 A2A
2
1 (11, 0, 0)/(00, 2, 2)

In M4 = A2A
2
1 (p = 3) (E8(#851))

413 {δ2} A1A
2
1

852 A2A1 via (10, 1, 1[r]) (r 6= 0)

In M3 = A1B4 (p ≥ 7) (E8(#848))

626 A1D̄4

756 A1A1Ā3

552 A1Ā
2
1B2

853 A1A
2
1 (6, 0, 0)/(0, 2, 2)

854 A1A1 (p ≥ 11) (6, 0)/(0, 8)

In M4 = A1A
2
1 (p ≥ 7) (E8(#853))

855 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

856 A1A1 via (1a, 1b, 1
[r]
b ) (r 6= 0)

546 {0} A1A1 via (1a, 1b, 1b)

16 A1 via (1[r], 1[s], 1[t]) (rs = 0; s < t)

In M4 = A1A1 (p ≥ 11) (E8(#854))

14 A1 via (1[r], 1[s])

In M3 = G2A
2
1 (p 6= 2) (E8(#849))

409 {0} Ā1A1A
2
1

851 A2A
2
1 (p = 3)

853 A1A
2
1 (p ≥ 7)
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857 G2A1 via (10, 1, 1[r]) (r 6= 0)

541 {0} G2A1 via (10, 1, 1) (p ≥ 5)

In M3 = G2A1 (p ≥ 11) (E8(#850))

433 {0} Ā1A1A1

854 A1A1

In M2 = B3A
2
1 (p 6= 2) (E8(#845))

751 Ā3A
2
1

401 Ā2
1A1A

2
1

849 G2A
2
1

858 B3A1 via (100, 1, 1[r]) (r 6= 0)

537 {0} B3A1 via (100, 1, 1) (p ≥ 5)

In M2 = B3A1 (p ≥ 11) (E8(#846))

752 Ā3A1

402 Ā2
1A1A1

850 G2A1

In M1 = B2
2 (E8(#113))

859 A2
1B2 (p = 2) (1, 1, 01)

860 A1B2 (p ≥ 5) (3, 01)

55 B2 via (10, 10[r]) (r 6= 0)

56 B2 via (10, 02) (p = 2)

57 B2 via (10, 02[r]) (p = 2; r 6= 0)

59 B2 via (10, 10) (p 6= 2)

In M2 = A2
1B2 (p = 2) (E8(#859))

865b A4
1 (1, 1, 1, 1)

861 A1B2 via (1, 1[r], 10) (r 6= 0)

In M2 = A1B2 (p ≥ 5) (E8(#860))

862 A2
1 (3, 3)

In M3 = A2
1 (p ≥ 5) (E8(#862))

4 A1 via (1, 1[r]) (r 6= 0)

17 {0} A1 via (1, 1) (p ≥ 7)

In M1 = B2
2 (p 6= 2) (E8(#114))

863 A1B2 (p ≥ 5) (3, 01)

58 B2 via (10, 10[r]) (r 6= 0)

59 B2 via (10, 10)

In M2 = A1B2 (p ≥ 5) (E8(#863))

864 A2
1 (3, 3)

In M3 = A2
1 (p ≥ 5) (E8(#864))

3 A1 via (1, 1[r]) (r 6= 0)

17 {0} A1 via (1, 1) (p ≥ 7)

In M1 = A1C4 (E8(#115))

564 {0} A1Ā1C3

708 {0} A1B
2
2
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865a A4
1 (p 6= 2) (1, 1, 1, 1)

866 A1A1 (p ≥ 11) (1, 7)

867 A1D4 (p = 2) (1, λ1)

In M2 = A4
1 (E8(#865))

868 A1A
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

583 {0} A1A
2
1 via (1a, 1a, 1b, 1c) (p 6= 2)

869 A1A
2
1 via (1a, 1

[r]
a , 1

[s]
a , 1b) (0 < r < s)

870 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b ) (rs 6= 0; r ≤ s)

8 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M2 = A1A1 (p ≥ 11) (E8(#866))

2 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

14 {0} A1 via (1, 1)

In M2 = A1D4 (p = 2) (E8(#867))

871 A1B3 (1, 001)

649 {0} A1A
4
1

872 A1A2 (1, 11)

In M3 = A1B3 (p = 2) (E8(#871))

859 A2
1B2

In M1 = A1C4 (p 6= 2) (E8(#116))

563 {0} A1Ā1C3

873 A4
1 (1, 1, 1, 1)

874 A1A1 (p ≥ 11) (1, 7)

In M2 = A4
1 (p 6= 2) (E8(#873))

875 A1A
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

580 {0} A1A
2
1 via (1a, 1a, 1b, 1c)

876 A1A
2
1 via (1a, 1

[r]
a , 1

[s]
a , 1b) (0 < r < s)

877 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b ) (rs 6= 0; r ≤ s)

9 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M2 = A1A1 (p ≥ 11) (E8(#874))

1 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

14 {0} A1 via (1, 1)

In M1 = B4 (E8(#45))

49 D4

113b B2
2 (p = 2) (01, 01)

709 {0} A2
1B2 (p 6= 2)

707 {0} A2
1 (p ≥ 5)

12 {0} A1 (p ≥ 11)

In M1 = B4 (p 6= 2) (E8(#46))

693 {0} A2
1 (p ≥ 5)

12 {0} A1 (p ≥ 11)

In M = Ā1E7 (E8(#102))
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107 Ā2
1D6 (1, E7(#30))

878 Ā1Ā2A5 (1, E7(#31))

879 Ā1A7 (1, E7(#22))

880 Ā1G2C3 (1, E7(#32))

881 Ā1A1F4 (1, E7(#33))

882 Ā1A1G2 (p 6= 2) (1, E7(#34))

883 Ā1A1A1 (p ≥ 5) (1, E7(#35))

884 Ā1A2 (p ≥ 5) (1, E7(#29))

885 Ā1A1 (p ≥ 17) (1, E7(#20))

886 Ā1A1 (p ≥ 19) (1, E7(#21))

In M1 = Ā1Ā2A5 (E8(#878))

887 Ā1Ā2A2A1 (1, E7(#300))

888 Ā1Ā2C3 (1, E7(#301))

889a Ā1Ā2A3 (p 6= 2) (1, E7(#302a))

890 Ā1Ā2A2 (p 6= 2) (1, E7(#303))

891 Ā1A1A5 (p 6= 2) (1, E7(#304))

In M2 = Ā1Ā2A2A1 (E8(#887))

892 Ā1A1A2A1

(p 6= 2)
(1, E7(#305))

893 Ā1Ā2A1A1

(p 6= 2)
(1, E7(#306))

894 A1Ā2A2 via (1[r], 10, 10, 1[s]) (rs = 0)

895 Ā1A2A1 via (1, 10[r], 10[s], 1) (rs = 0)

896 Ā1A2A1 via (1, 10[r], 01[s], 1) (rs = 0; r 6= s)

347 {0} Ā1A2A1 via (1, 10, 01, 1) (p 6= 3)

897 A1A2 via (1[r], 10[t], 10[u], 1[s]) (rs = tu = 0)

898 A1A2 via (1[r], 10[t], 01[u], 1[s]) (rs = tu = 0; t 6= u)

In M3 = Ā1A1A2A1 (p 6= 2) (E8(#892))

567 {0} Ā1A1A1A1 (1, E7(#275{0}))

899 A1A2A1 via (1
[r]
a , 1

[s]
a , 10, 1b) (rs = 0)

900 A1A1A2 via (1
[r]
a , 1b, 10, 1

[s]
a ) (rs = 0)

901 Ā1A1A2 via (1a, 1
[r]
b , 10, 1

[s]
b ) (rs = 0)

902 A1A2 via (1[r], 1[s], 10, 1[t]) (rst = 0)

In M3 = Ā1Ā2A1A1 (p 6= 2) (E8(#893))

567 {0} Ā1A1A1A1

903 A1Ā2A1 via (1
[r]
a , 10, 1

[s]
a , 1b) (rs = 0)

904 A1Ā2A1 via (1
[r]
a , 10, 1b, 1

[s]
a ) (rs = 0)

905 Ā1A1Ā2 via (1a, 10, 1
[r]
b , 1

[s]
b ) (rs = 0)

906 A1A2 via (1[r], 10, 1[s], 1[t]) (rst = 0)

In M2 = Ā1Ā2C3 (E8(#888))

563 {0} Ā1A1C3 (p 6= 2) (1, E7(#294{0}))
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893 Ā1Ā2A1A1

(p 6= 2)

907 Ā1Ā2A1 (p ≥ 7) (1, E7(#311))

889b Ā1Ā2A3 (p = 2) (1, E7(#302b))

908 Ā1Ā2G2 (p = 2) (1, E7(#312))

In M3 = Ā1Ā2A1 (p ≥ 7) (E8(#907))

599 {0} Ā1A1A1 (p ≥ 7) (1, E7(#295{0}))

909 A1Ā2 via (1[r], 10, 1[s]) (rs = 0)

In M2 = Ā1Ā2A3 (E8(#889))

910 Ā1A1A3 (p 6= 2) (1, E7(#313))

In M3 = Ā1A1A3 (p 6= 2) (E8(#910))

911 A1A3 via (1[r], 1[s], 100)

In M2 = Ā1Ā2A2 (p 6= 2) (E8(#890))

912 Ā1A1A2 (1, E7(#314))

913 Ā1A2 via (1, 10, 10) (p ≥ 5)

914 Ā1A2 via (1, 10[r], 10[s]) (rs = 0; r 6= s)

915 Ā1A2 via (1, 10[r], 01[s]) (rs = 0)

In M3 = Ā1A1A2 (p 6= 2) (E8(#912))

916 A1A2 via (1[r], 1[s], 10) (rs = 0)

In M2 = Ā1A1A5 (p 6= 2) (E8(#891))

892 Ā1A1A1A2

563 {0} Ā1A1C3

910 Ā1A1A3

912 Ā1A1A2

In M1 = Ā1A7 (E8(#879))

917 Ā1D4 (p 6= 2) (1, E7(#23))

910 Ā1A1A3 (p 6= 2)

In M2 = Ā1D4 (p 6= 2) (E8(#917))

913 Ā1A2 (p ≥ 5)

In M1 = Ā1G2C3 (E8(#880))

888 Ā1Ā2C3

122 Ā2
1A1C3 (1, E7(#42))

918 Ā1A2C3 (p = 3) (1, E7(#315))

919 Ā1A1C3 (p ≥ 7) (1, E7(#316))

532 Ā2
1G2B2 (1, E7(#253))

921 Ā1G2A1A1

(p 6= 2)
(1, E7(#317))

921 Ā1G2A1 (p ≥ 7) (1, E7(#318))

922 Ā1G2A3 (p = 2) (1, E7(#319))

923 Ā1G2G2 (p = 2) (1, E7(#320))

In M2 = Ā1A2C3 (p = 3) (E8(#918))

563 {δ1} Ā1A1C3 (1, E7(#294{δ1}))



112 11. TABLES FOR THEOREM 1

551 Ā2
1A2B2 (1, E7(#263))

924 Ā1A2A1A1 (1, E7(#321))

In M3 = Ā1A2A1A1 (p = 3) (E8(#924))

567 {δ1} Ā1A1A1A1 (1, E7(#275{δ1}))

925 A1A2A1 via (1
[r]
a , 10, 1

[s]
a , 1b) (rs = 0)

926 A1A2A1 via (1
[r]
a , 10, 1b, 1

[s]
a ) (rs = 0)

927 Ā1A2A1 via (1a, 10, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

928 A1A2 via (1[r], 10, 1[s], 1[t]) (rst = 0; s 6= t)

In M2 = Ā1A1C3 (p ≥ 7) (E8(#919))

552 Ā2
1A1B2 (1, E7(#264))

929 Ā1A1A1A1 (1, E7(#323))

930 Ā1A1A1 (1, E7(#324))

931 A1C3 via (1[r], 1[s], 100) (rs = 0)

In M3 = Ā1A1A1A1 (p ≥ 7) (E8(#929))

See Table 45

In M3 = Ā1A1A1 (p ≥ 7) (E8(#930))

945 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

946 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

947 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

438 {0} Ā1A1 via (1a, 1b, 1b) (p ≥ 11)

31 A1 via (1[r], 1[s], 1[t]) (s 6= t)

In M2 = Ā1G2A1A1 (p 6= 2) (E8(#921))

893 Ā1Ā2A1A1

558 Ā2
1A

2
1A1 (1, E7(#268))

924 Ā1A2A1A1

(p = 3)

929 Ā1A1A1A1

(p ≥ 7)

948 A1A1G2 via (1
[r]
a , 10, 1

[s]
a , 1b) (rs = 0)

949 A1A1G2 via (1
[r]
a , 10, 1b, 1

[s]
a ) (rs = 0)

950 Ā1A1G2 via (1a, 10, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

540 {0} Ā1A1G2 via (1a, 10, 1b, 1b) (p ≥ 5)

951 A1G2 via (1[r], 10, 1[s], 1[t]) (rst = 0; s 6= t)

In M2 = Ā1G2A1 (p ≥ 7) (E8(#921))

907 Ā1Ā2A1

559 Ā2
1A1A1 (1, E7(#291))

930 Ā1A1A1

952 A1G2 via (1[r], 10, 1[s]) (rs = 0)

In M2 = Ā1G2A3 (p = 2) (E8(#922))

889b Ā1Ā2A3

560 Ā2
1A1A3 (1, E7(#292))

In M2 = Ā1G2G2 (p = 2) (E8(#923))
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908 Ā1Ā2G2

561 Ā2
1A1G2 (1, E7(#293))

513 {0} Ā1G2A1A1 (1, E7(#92{0}))

953 A1G2 via (1, 10[r], 10[s]) (rs = 0; r 6= s)

In M1 = Ā1A1F4 (E8(#881))

406 {0} Ā1A1B4 (1, E7(#190{0}))

954 Ā1A1C4 (p = 2) (1, E7(#329))

122 Ā2
1A1C3 (p 6= 2)

887 Ā1A1Ā2A2

921 Ā1G2A1A1

(p 6= 2)

955 Ā1A1G2 (p = 7) (1, E7(#330))

956 Ā1A1A1 (p ≥ 13) (1, E7(#331))

957 A1F4 via (1[r], 1[s], λ1) (rs = 0; if p = 2 then r 6= s)

In M2 = Ā1A1C4 (p = 2) (E8(#954))

521 {0} Ā1A1B
2
2 (1, E7(#218{0}))

122 Ā2
1A1C3

958 Ā1A1D4 (1, E7(#332))

959 A1C4 via (1[r], 1[s], λ1) (rs = 0; r 6= s)

In M3 = Ā1A1D4 (p = 2) (E8(#958))

468 {0} Ā1A1A
4
1 (1, E7(#230{0}))

895 {δ1} Ā1A1A2

960 A1D4 via (1[r], 1[s], λ1) (rs = 0; r 6= s)

In M2 = Ā1A1G2 (p = 7) (E8(#955))

895 {0} Ā1A1A2

569 {0} Ā1A1A1A1 (1, E7(#274{0}))

600 {δ1} Ā1A1A1 (1, E7(#287{δ1}))

961 A1G2 via (1[r], 1[s], 10) (rs = 0)

In M2 = Ā1A1A1 (p ≥ 13) (E8(#956))

962 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

963 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

964 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

34 A1 via (1[r], 1[s], 1[t]) (rst = 0)

In M1 = Ā1A1G2 (p 6= 2) (E8(#882))

901 {0} Ā1A1A2

965 Ā1A1A2 (p = 3) (1, E7(#333))

410 {0} Ā1A1A1A1 (1, E7(#206{0}))

966 Ā1A1A1 (p ≥ 7) (1, E7(#334))

967 A1G2 via (1[r], 1[s], 10) (rs = 0)

In M2 = Ā1A1A2 (p = 3) (E8(#965))

422 {δ3} Ā1A1A1 (1, E7(#213{δ3}))

968 A1A2 via (1[r], 1[s], 10) (rs = 0)
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In M2 = Ā1A1A1 (p ≥ 7) (E8(#966))

969 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

970 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

971 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

435 {0} Ā1A1 via (1a, 1b, 1b) (p ≥ 11)

33 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M1 = Ā1A1A1 (p ≥ 5) (E8(#883))

972 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

973 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

974 Ā1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0; r 6= s)

35 A1 via (1[r], 1[s], 1[t]) (rst = 0; s 6= t)

In M1 = Ā1A1 (p ≥ 17) (E8(#885))

36 A1 via (1[r], 1[s]) (rs = 0)

In M1 = Ā1A1 (p ≥ 19) (E8(#886))

37 A1 via (1[r], 1[s]) (rs = 0)

In M = Ā2E6 (E8(#103))

878 Ā2Ā1A5 (10, E6(#24))

975 Ā4
2 (10, E6(#25))

976 Ā2F4 (10, E6(#7))

977a Ā2C4 (p 6= 2) (10, E6(#8a))

978 Ā2A2G2 (10, E6(#26))

979a Ā2G2 (p 6= 7) (10, E6(#10a))

980a Ā2A2 (p ≥ 5) (10, E6(#11a))

981 A1E6 (p 6= 2) (2, E6(#0))

In M1 = Ā4
2 (E8(#975))

982 A1Ā
3
2 (p 6= 2) (2, E6(#25))

See Table 46

In M2 = A1Ā
3
2 (p 6= 2) (E8(#982))

989 A2
1Ā

2
2 (2, E6(#38))

990 A1A2Ā2 via (1, 10a, 10
[r]
a , 10b)

991 A1A2Ā2 via (1, 10a, 01
[r]
a , 10b)

992 A1A2 via (1, 10, 10[r], 10[s]) (r ≤ s; if r = 0 then s 6= 0)

993 A1A2 via (1, 10, 10[r], 01[s])

994 A1A2 via (1, 10, 01[r], 01[s]) (0 < r ≤ s)

In M3 = A2
1Ā

2
2 (p 6= 2) (E8(#989))

995 A3
1Ā2 (2, E6(#41))

996 A1Ā
2
2 via (1, 1[r], 10, 10)

997 A2
1A2 via (1, 1, 10, 10[r])

998 A1A2 via (1, 1[r], 10, 10[s])

999 A1A2 via (1, 1[r], 10, 01[s]) (r 6= 0)

In M4 = A3
1Ā2 (p 6= 2) (E8(#995))



11. TABLES FOR THEOREM 1 115

873 A4
1 (2, E6(#44))

1000 A1A1Ā2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

903 {0} A1A1Ā2 via (1a, 1a, 1b, 10)

1001 A1A1Ā2 via (1, 1[r], 1[s], 10) (0 < r < s)

In M1 = Ā2F4 (E8(#976))

977b Ā2C4 (p = 2) (10, E6(#8b))

888 Ā2Ā1C3 (p 6= 2) (10, E6(#27))

983 {0} Ā2
2A2

979b Ā2G2 (p = 7) (10, E6(#10b))

1002 Ā2A1G2 (p 6= 2) (10, E6(#47))

1003 Ā2A1 (p ≥ 13) (10, E6(#5))

957 {0} A1F4 (p 6= 2) (2, E6(#7))

In M2 = Ā2A1G2 (p 6= 2) (E8(#1002))

949 {0} A1A1G2 (2, E6(#47))

996 {0} Ā2
2A1

893 Ā2A1Ā1A1 (10, E6(#31))

1004 Ā2A1A2 (p = 3) (10, E6(#50))

1005 Ā2A1A1 (p ≥ 7) (10, E6(#51))

In M3 = Ā2A1A2 (p = 3) (E8(#1004))

926 {0} A1A1A2 (2, E6(#50))

903 {δ1} Ā2A1A1 (10, E6(#35{δ1}))

1006 A2A1 via (10[r], 1, 10[s]) (rs = 0)

1007 A2A1 via (10[r], 1, 01[s]) (rs = 0)

In M3 = Ā2A1A1 (p ≥ 7) (E8(#1005))

933 {0} A1A1A1 (2, E6(#51))

1008 Ā2A1 via (10, 1[r], 1[s]) (rs = 0; r 6= s)

909 {0} Ā2A1 via (10, 1, 1)

In M2 = Ā2A1 (p ≥ 13) (E8(#1003))

962 {0} A1A1 (2, E6(#5))

In M1 = Ā2C4 (E8(#977))

116 A1C4 (p 6= 2) (2, E6(#8a))

888 Ā2Ā1C3

995 Ā2A
3
1 (p 6= 2)

1009 Ā2A1 (p ≥ 11) (10, E6(#6))

1010 Ā2D4 (p = 2) (10, E6(#9))

In M2 = Ā2A1 (p ≥ 11) (E8(#1009))

874 A1A1 (10, E6(#6))

In M2 = Ā2D4 (p = 2) (E8(#1010))

985 {δ2} Ā2A2

In M1 = Ā2A2G2 (E8(#978))

1011 A1A2G2 (p 6= 2) (10, E6(#26))

1002 Ā2A1G2 (p 6= 2)
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983 {0} Ā2
2A2

1012 Ā2A2A2 (p = 3) (10, E6(#48))

887 Ā2A2Ā1A1 (10, E6(#28))

1013 Ā2A2A1 (p ≥ 7) (10, E6(#49))

1014 A2G2 via (10[r], 10[s], 10) (rs = 0; if p = 3 then r 6= s)

1015 A2G2 via (10[r], 01[s], 10) (rs = 0)

In M2 = A1A2G2 (p 6= 2) (E8(#1011))

949 {0} A1A1G2 (p 6= 2) (2, E6(#47))

991 {0} A1A2Ā2

1016 A1A2A2 (p = 3) (10, E6(#48))

892 A1A2Ā1A1 (2, E6(#28))

1017 A1A2A1 (p ≥ 7) (10, E6(#49))

In M3 = A1A2A2 (p = 3) (E8(#1016))

926 {0} A1A1A2

900 {δ1} A1A2A1 (2, E6(#37{δ1}))

1018 A1A2 via (1, 10[r], 10[s]) (rs = 0; r 6= s)

In M3 = A1A2A1 (p ≥ 7) (E8(#1017))

933 {0} A1A1A1

1019 A1A2 via (1[r], 10, 1[s]) (rs = 0)

In M2 = Ā2A2A2 (p = 3) (E8(#1012))

1016 A1A2A2

1004 Ā2A1A2

894 {δ1} Ā2A2A1 (10, E6(#37{δ1}))

See Table 47

In M2 = Ā2A2A1 (p ≥ 7) (E8(#1013))

1017 A1A2A1

1005 Ā2A1A1

1024 A2A1 via (10[r], 10[s], 1) (rs = 0; if p = 3 then r 6= s)

1025 A2A1 via (10[r], 01[s], 1) (rs = 0)

In M1 = Ā2G2 (E8(#979))

1026 A1G2 (p 6= 2) (2, E6(#10))

985 {0} Ā2A2

904 {0} Ā2A1A1 (p 6= 2) (10, E6(#34{0}))

980b Ā2A2 (p = 3) (10, E6(#11b))

1009 Ā2A1 (p ≥ 11)

909 {δ1} Ā2A1 (p = 7) (10, E6(#1{δ1}))

In M2 = A1G2 (p 6= 2) (E8(#1026))

993 {0} A1A2

581 {0} A1A1A1 (2, E6(#34{0}))

1027 A1A2 (p = 3)

874 A1A1 (p ≥ 11)

In M1 = Ā2A2 (p 6= 2) (E8(#980))
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1027 A1A2 (2, E6(#11))

909 {0} Ā2A1 (p ≥ 7)

906 {δ3} Ā2A1 (p = 3) (10, E6(#2{δ3}))

90 A2 via (10, 10)

91 A2 via (10[r], 10[s]) (rs = 0; r 6= s)

In M2 = A1A2 (p 6= 2) (E8(#1027))

609 {0} A1A1 (p ≥ 7) (2, E6(#1{0}))

595 {δ2} A1A1 (p = 3) (2, E6(#2{δ3}))

In M1 = A1E6 (p 6= 2) (E8(#981))

891 A1Ā1A5 (2, E6(#24))

982 A1Ā
3
2

957 {0} A1F4

1011 A1A2G2

1026 A1G2 (p 6= 7)

1027 A1A2 (p ≥ 5)

In M = A8 (E8(#62))

46 B4 (p 6= 2) λ1

668 A2
2 (p 6= 3) (10, 10)

In M = Ā2
4 (E8(#104))

1028 B2Ā4 (p 6= 2) (10, λ1)

63 A4 via (λ1, λ1)

64 A4 via (λ1, λ
[r]
1 ) (r 6= 0)

65 A4 via (λ1, λ
[r]
4 ) (r 6= 0)

In M1 = B2Ā4 (p 6= 2) (E8(#1028))

1029 A1Ā4 (p ≥ 5) (4, λ1)

114 B2
2 (10, 10)

In M2 = A1Ā4 (p ≥ 5) (E8(#1029))

863 A1B2 (4, 10)

In M = G2F4 (E8(#105))

976 Ā2F4 (G2(#4), F4(#0))

881 Ā1A1F4 (G2(#6), F4(#0))

1030 A2F4 (p = 3) (G2(#5), F4(#0))

1031 A1F4 (p ≥ 7) (G2(#3), F4(#0))

844 G2B4 (G2(#0), F4(#12))

1032 G2C4 (p = 2) (G2(#0), F4(#14))

880a G2Ā1C3 (p 6= 2) (G2(#0), F4(#24a))

1033 G2
2A1 (p 6= 2) (G2(#0), F4(#25))

978 G2Ā2A2 (G2(#0), F4(#26))

1034 G2A1 (p ≥ 13) (G2(#0), F4(#10))

1035 G2G2 (p = 7) (G2(#0), F4(#16))

In M1 = A2F4 (p = 3) (E8(#1030))
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957 {δ1} A1F4 (G2(#1{δ1}), F4(#0))

847 A2B4 (G2(#5), F4(#12))

918 A2Ā1C3 (G2(#5), F4(#24))

1036 A2A1G2 (G2(#5), F4(#25))

1012 A2Ā2A2 (G2(#5), F4(#26))

In M2 = A2A1G2 (p = 3) (E8(#1036))

949 {δ1} A1A1G2 (G2(#1{δ1}), F4(#25))

1004 A2A1Ā2 (G2(#5), F4(#64))

924 A2A1Ā1A1 (G2(#5), F4(#57))

1037 A2
2A1 (G2(#5), F4(#65))

In M3 = A2
2A1 (p = 3) (E8(#1037))

926 {δ1} A1A2A1 (G2(#1{δ1}), F4(#65))

1038 A2A1 via (10, 10[r], 1)

In M1 = A1F4 (p ≥ 7) (E8(#1031))

848 A1B4 (G2(#3), F4(#12))

919 A1Ā1C3 (G2(#3), F4(#24))

1039 A1A1G2 (G2(#3), F4(#25))

1013 A1Ā2A2 (G2(#3), F4(#26))

1040 A1A1 (p ≥ 13) (G2(#3), F4(#10))

1041 A1G2 (p = 7) (G2(#3), F4(#16))

In M2 = A1A1G2 (p ≥ 7) (E8(#1039))

1005 A1A1Ā2 (G2(#3), F4(#64))

929 A1A1Ā1A1 (G2(#3), F4(#57))

1042 A2
1A1 (G2(#3), F4(#66))

1043 A1G2 via (1[r], 10, 1[s]) (rs = 0)

952 {0} A1G2 via (1, 10, 1)

In M3 = A2
1A1 (p ≥ 7) (E8(#1042))

1044 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

969 {0} A1A1 via (1a, 1a, 1b)

1045 A1A1 via (1a, 1
[r]
b , 1

[s]
b ) (rs = 0)

946 {0} A1A1 via (1a, 1b, 1b)

39 A1 via (1[r], 1[s], 1[t]) (rt = 0; r < s; t 6∈ {r, s})

In M2 = A1A1 (p ≥ 13) (E8(#1040))

38 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

11 {0} A1 via (1, 1)

In M2 = A1G2 (p = 7) (E8(#1041))

994 {0} A1A2 (G2(#3), F4(#17))

933 {0} A1A1A1 (G2(#3), F4(#61{0}))

946 {δ1} A1A1 (G2(#3), F4(#8{δ1}))

In M1 = G2C4 (p = 2) (E8(#1032))

977b Ā2C4 (G2(#4), F4(#14))

954 Ā1A1C4 (G2(#6), F4(#14))
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1046 G2D4 (G2(#0), F4(#15))

880b G2Ā1C3 (G2(#0), F4(#24b))

839 G2B
2
2 (G2(#0), F4(#30))

In M2 = G2D4 (p = 2) (E8(#1046))

1010 Ā2D4 (G2(#4), F4(#15))

958 Ā1A1D4 (G2(#6), F4(#15))

786 G2A
4
1 (G2(#0), F4(#51))

1014 {δ1}G2A2 (G2(#0), F4(#18{δ1}))

In M1 = G2
2A1 (p 6= 2) (E8(#1033))

1002 Ā2G2A1 (G2(#4), F4(#25))

921 Ā1A1G2A1 (G2(#6), F4(#25))

1036 A2G2A1 (p = 3)

1039 A1G2A1 (p ≥ 7)

1047 G2A1 via (10, 10[r], 1) (r 6= 0)

967 {0} G2A1 via (10, 10, 1)

1048 G2A1 via (10, 03[r], 1) (p = 3)

In M1 = G2A1 (p ≥ 13) (E8(#1034))

1003 Ā2A1 (G2(#4), F4(#10))

956 Ā1A1A1 (G2(#6), F4(#10))

1040 A1A1

In M1 = G2G2 (p = 7) (E8(#1035))

979b Ā2G2 (G2(#4), F4(#16))

955 Ā1A1G2 (G2(#6), F4(#16))

1041 A1G2

1014 {0}G2A2 (G2(#0), F4(#17))

948 {0} G2A1A1 (G2(#0), F4(#61{0}))

952 {δ1} G2A1 (G2(#0), F4(#8{δ1}))

100 G2 via (10[r], 10[s]) (rs = 0; r 6= s)

In M = B2 (p ≥ 5) (E8(#101))

707 {0} A2
1 (1, 1)/(0, 0)

12 {0} A1 (p ≥ 11) 4

In M = A1A2 (p ≥ 5) (E8(#106))

973 {0} A1A1 (1, 2)

Table 5A. The connected overgroups for irreducible subgroups of E8.

ID X p Immediate connected overgroups

10 A1 ≥ 17 B7[#44]

11{0} A1 ≥ 13 A1A1[#772], A1A1[#1040]

12{0} A1 ≥ 11 B4[#45], B4[#46], B2[#101], A1A1[#838]

14{0} A1 ≥ 11 A1A1[#854], A1A1[#866], A1A1[#874]
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17{0} A1 ≥ 7 immediate overgroups in Ā2
1A1A1[#538],

A1A1[#771], A2
1[#862], A2

1[#864]

17{s,s,t,r}A1 ≥ 7 immediate overgroups in Ā2
1A1A1[#538],

A1A1A1[#630]

40 A1 ≥ 23 E8[#0]

41 A1 ≥ 29 E8[#0]

42 A1 ≥ 31 E8[#0]

43 D8 E8[#0]

44 B7 D8[#43]

45 B4 D8[#43]

46 B4 6= 2 D8[#43], A8[#62]

47 A3 6= 2 B7[#44]

49 D4 B4[#45], D̄2
4 [#108]

59 B2 6= 2 A3[#47], B2
2 [#113], B2

2 [#114], B2B2[#724]

62 A8 E8[#0]

101 B2 ≥ 5 E8[#0]

102 Ā1E7 E8[#0]

103 Ā2E6 E8[#0]

104 Ā2
4 E8[#0]

105 G2F4 E8[#0]

106 A1A2 ≥ 5 E8[#0]

107 Ā2
1D6 D8[#43], Ā1E7[#102]

108 D̄2
4 D8[#43]

109 Ā3D5 D8[#43]

110 A1B6 D8[#43] (p 6= 2), B7[#44] (p = 2)

111 B2B5 D8[#43] (p 6= 2), B7[#44] (p = 2)

112 B3B4 D8[#43] (p 6= 2), B7[#44] (p = 2)

113 B2
2 D8[#43] (p 6= 2), B4[#45] (p = 2)

114 B2
2 6= 2 D8[#43], B2Ā4[#1028]

115 A1C4 D8[#43]

116 A1C4 6= 2 D8[#43], Ā2C4[#977]

117 Ā4
1D̄4 Ā2

1D6[#107], D̄2
4[#108]

118 Ā2
1B5 B7[#44] (p 6= 2), Ā2

1D6[#107], B2B5[#111]

119 Ā2
1Ā

2
3 Ā2

1D6[#107], Ā3D5[#109]

120 Ā2
1A1B4 Ā2

1D6[#107] (p 6= 2), A1B6[#110] (p 6= 2),
B3B4[#112] (p 6= 2), Ā2

1B5[#118] (p = 2),
A1B2B4[#776] (p = 2)

121 Ā2
1B2B3 Ā2

1D6[#107] (p 6= 2), B2B5[#111] (p 6= 2),
B3B4[#112] (p 6= 2), Ā2

1B5[#118] (p = 2),
B2

2B3[#837] (p = 2)

122 Ā2
1A1C3 Ā2

1D6[#107], Ā1G2C3[#880], Ā1A1F4[#881]
(p 6= 2), Ā1A1C4[#954] (p = 2)

123{0} A1D6 B7[#44] (p 6= 2), Ā2
1D6[#107], A1B6[#110]
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124 Ā8
1 Ā2

1D6[#107]

125 Ā4
1B3 Ā4

1D̄4[#117], Ā2
1B5[#118] (p 6= 2), Ā2

1B2B3[#121],
B3D̄4[#619]

126 Ā4
1A1B2 Ā4

1D̄4[#117] (p 6= 2), Ā2
1A1B4[#120] (p 6= 2),

Ā2
1B2B3[#121] (p 6= 2), Ā4

1B3[#125] (p = 2),
Ā2

1A1B
2
2 [#404] (p = 2), A1B2D̄4[#621]

127 Ā4
1A2 Ā4

1D̄4[#117] (p 6= 3), Ā4
1G2[#167] (p = 3),

Ā2
1B2A2[#551] (p = 3), A2D̄4[#620]

128{0} Ā2
1A1D̄4 Ā4

1D̄4[#117], Ā2
1B5[#118] (p 6= 2), Ā2

1A1B4[#120],
B3D̄4[#619], A1B2D̄4[#621]

129{0} Ā1A1D̄4 Ā2
1A1D̄4[#1280], G2D̄4[#622]

131{δ3} A1D4 immediate overgroups in Ā4
1D̄4[#117], A2D̄4[#620]

(p = 3)

132{0} Ā6
1A1 6= 2 Ā8

1[#124], Ā4
1B3[#125] (p 6= 2), Ā4

1A1B2[#126]

133{0} Ā5
1A1 Ā6

1A1[#132{0}], Ā4
1G2[#167]

136{δ3} Ā4
1A1 immediate overgroups in Ā8

1[#124], Ā4
1A2[#127]

(p = 3)

167 Ā4
1G2 Ā4

1B3[#125], Ā2
1B2G2[#532], G2D̄4[#622]

169{0} Ā2
1A1B3 Ā4

1B3[#125], B2
3 [#623], B3A1B2[#625]

174 Ā4
1A1 ≥ 7 Ā4

1G2[#167], Ā2
1B2A1[#552], A1D̄4[#626]

189 Ā4
1A1A1 ≥ 5 Ā4

1A1B2[#126], Ā2
1A1B3[#531], A1A1D̄4[#675]

190 Ā4
1A

3
1 2 Ā4

1A1B2[#126], Ā2
1A

3
1B2[#441], A3

1D̄4[#674]

191{0} Ā2
1A

2
1B2 6= 2 Ā4

1A1B2[#126], Ā2
1B2Ā3[#350], Ā2

1A
2
1Ā3[#355],

B3A1B2[#625], A2
1B

2
2 [#677]

192{0} Ā2
1A1A1B2 Ā4

1A1B2[#126], A2
1B

2
2 [#676]

193{0} Ā3
1A1B2 Ā2

1A1C3[#122], Ā4
1A1B2[#126], Ā2

1B2G2[#532]

195{δ2} Ā2
1A1B2 immediate overgroups in Ā4

1A1B2[#126],
Ā2

1B2A2[#551] (p = 3)

201{δ3} A1A1B2 immediate overgroups in Ā4
1A1B2[#126],

A2A1B2[#667] (p = 3)

203{0} A2
1B2 immediate overgroups in Ā4

1A1B2[#126],
B2B2[#724]

207{0} Ā2
1A

2
1A1 ≥ 5 Ā4

1A1A1[#189], Ā2
1A1Ā3[#360], B3A1A1[#635],

A2
1A1B2[#680]

208{0} Ā2
1A1A

2
1 ≥ 5 Ā4

1A1A1[#189], A2
1A1B2[#681]

209{0} Ā3
1A1A1 ≥ 5 Ā4

1A1A1[#189], Ā2
1A1G2[#534]

211{0} Ā4
1A1 ≥ 5 Ā4

1A2[#127], Ā4
1A1A1[#189]

214{0} Ā2
1A1A1 ≥ 5 Ā2

1A
2
1A1[#207{0}], Ā3

1A1A1[#210{0}],
Ā2

1A1A
2
1[#401]

227{0} Ā2
1A1A1 ≥ 5 Ā3

1A1A1[#209{0}], Ā3
1A1A1[#210{0}],

Ā2
1A

2
1A1[#558]

233{0} A1A
2
1 ≥ 5 immediate overgroups in Ā4

1A1A1[#189],
A1B2[#726]

262{0} Ā2
1A

4
1 2 Ā4

1A
3
1[#190], A4

1B2[#638]
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263{0} Ā3
1A

2
1A1 2 Ā4

1A
3
1[#190], Ā2

1A
2
1G2[#442]

276{δ3} Ā2
1A1A1A1 2 Ā3

1A
2
1A1[#263{0}], Ā3

1A1A1A1[#263{δ1}],
Ā2

1A1G2[#561]

346{0} Ā2
1A1A2 6= 3 Ā4

1A2[#127], B3A2[#624], A2A1B2[#667]

347{0} Ā1A1A2 6= 3 Ā2
1A1A2[#346{0}], G2A2[#627], Ā1Ā2A2A1[#887]

350 Ā2
1B2Ā3 Ā2

1B5[#118] (p 6= 2), Ā2
1Ā

2
3[#119], Ā2

1B2B3[#121],
B2D5[#716], Ā3B4[#718] (p 6= 2), Ā3B

2
2 [#720]

351 Ā2
1A1 ≥ 11 Ā2

1B5[#118], B2A1[#836]

355 Ā2
1A

2
1Ā3 Ā2

1Ā
2
3[#119] (p 6= 2), Ā2

1A1B4[#120] (p 6= 2),
Ā2

1B2Ā3[#350] (p = 2), Ā2
1A

2
1B3[#403] (p = 2),

A2
1D5[#717], Ā3A1B3[#719] (p 6= 2), Ā3A

2
1B2[#759]

(p = 2)

356{0} A1Ā
2
3 Ā2

1Ā
2
3[#119], Ā3B4[#718] (p 6= 2), Ā3A1B3[#719]

360 Ā2
1A1Ā3 ≥ 5 Ā2

1B2Ā3[#350], Ā2
1A1B3[#531], A1D5[#722],

Ā3A1B2[#758]

365 Ā2
1A

4
1 6= 2 Ā2

1A
2
1Ā3[#355], A3

1B3[#733]

367{0} Ā1A1A1Ā3 Ā2
1A

2
1Ā3[#355], Ā3A1G2[#754]

369{δ2} A1A1Ā3 immediate overgroups in Ā2
1A

2
1Ā3[#355],

Ā3A1A2[#755] (p = 3)

372{0} A2
1Ā3 Ā1A1A1Ā3[#367{0}], Ā3B2[#721] (p 6= 2)

375{0} Ā1A1A
3
1 6= 2 Ā2

1A
4
1[#365], A3

1G2[#736]

377{δ2} A1A
3
1 6= 2 immediate overgroups in Ā2

1A
4
1[#365], A3

1A2[#739]
(p = 3)

382{0} A2
1A

2
1 6= 2 Ā1A1A

3
1[#375{0}], A2

1B2[#734]

401 Ā2
1A1A

2
1 6= 2 Ā2

1A1B4[#120], B3A
2
1[#845]

402 Ā2
1A1A1 ≥ 11 Ā2

1A1B4[#120], B3A1[#846]

403 Ā2
1A

2
1B3 2 Ā2

1A1B4[#120], Ā2
1B2B3[#121], A2

1B2B3[#779]

404 Ā2
1A1B

2
2 2 Ā2

1A1B4[#120], Ā2
1B2B3[#121], A1B

3
2 [#826]

405{0} A1A1B4 6= 2 Ā2
1A1B4[#120], A2

1D5[#717], Ā3B4[#718]

406{0} Ā1A1B4 Ā2
1A1B4[#120], G2B4[#844], Ā1A1F4[#881]

407{δ2} A1B4 A1A1B4[#405{1}], Ā1A1B4[#406{δ1}], A2B4[#847]
(p = 3)

408{0} A2
1A

2
1 6= 2 Ā2

1A1A
2
1[#401], Ā3A

2
1[#751]

409{0} Ā1A1A
2
1 6= 2 Ā2

1A1A
2
1[#401], G2A

2
1[#849]

410{0} Ā1A1A1A1 6= 2 Ā2
1A1A

2
1[#401], Ā1A1G2[#882]

411{0} Ā2
1A1A1 6= 2 Ā2

1A1A
2
1[#401], Ā2

1A
2
1A1[#558]

413{δ2} A1A
2
1 6= 2 immediate overgroups in Ā2

1A1A
2
1[#401],

A2A
2
1[#851] (p = 3)

422{δ3} Ā1A1A1 6= 2 immediate overgroups in Ā2
1A1A

2
1[#401],

Ā1A1A2[#965] (p = 3)

423 {0} A1A
2
1 6= 2 Ā1A1A1A1[#410{0}], A1B2[#773] (p = 5)

423 {δ3} A1A1A1 6= 2 Ā1A1A1A1[#410{0}], Ā1A1A1A1[#410{δ1}],
A1C3[#774] (p = 3)

428{0} A2
1 6= 2 A3[#47], immediate overgroups in Ā2

1A1A
2
1[#401]
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432{0} A2
1A1 ≥ 11 Ā2

1A1A1[#402], Ā3A1[#752]

433{0} Ā1A1A1 ≥ 11 Ā2
1A1A1[#402], G2A1[#850]

435{0} Ā1A1 ≥ 11 Ā2
1A1A1[#402], Ā1A1A1[#966]

438{0} Ā1A1 ≥ 11 immediate overgroups in Ā2
1A1A1[#402],

Ā1A1A1[#930]

441 Ā2
1A

3
1B2 2 Ā2

1A
2
1B3[#403], Ā2

1A1B
2
2 [#404], A3

1B
2
2 [#782],

442 Ā2
1A

2
1G2 2 Ā2

1A
2
1B3[#403], Ā2

1B2G2[#532], A2
1B2G2[#823]

444{0} Ā1A1A1B3 2 Ā2
1A

2
1B3[#403], A1G2B3[#831]

451 Ā2
1A

5
1 2 Ā2

1A
3
1B2[#441], A5

1B2[#785]

453{0} Ā1A
2
1A1B2 2 Ā2

1A
3
1B2[#441], A2

1B2G2[#823]

468{0} Ā1A1A
4
1 2 Ā2

1A
5
1[#451], A4

1G2[#786], Ā1A1D4[#958]

513{0} Ā1G2A1A1 2 Ā2
1A

2
1G2[#442], A1G

2
2[#833], Ā1G2G2[#923]

521{0} Ā1A1B
2
2 2 Ā2

1A1B
2
2 [#404], B2

2G2[#839], Ā1A1C4[#954]

531 Ā2
1A1B3 ≥ 5 Ā2

1B2B3[#121], A1B5[#835]

532 Ā2
1B2G2 Ā2

1B2B3[#121], B2
2G2[#839] (p = 2), G2B4[#844]

(p 6= 2), Ā1G2C3[#880]

533{0} A1B2B3 6= 2 Ā2
1B2B3[#121], B3D̄4[#619], A1B2D̄4[#621],

B2D5[#716], Ā3A1B3[#719]

534 Ā2
1A1G2 ≥ 5 Ā2

1A1B3[#531], Ā2
1B2G2[#532]

535{0} A1A1B3 ≥ 5 Ā2
1A1B3[#531], B3A1A1[#635], A1A1D̄4[#675],

A1D5[#722]

537{0} A1B3 ≥ 5 A1A1B3[#535{0}], A1A1B3[#536{0}], B3A2[#624],
B3A

2
1[#845]

538 Ā2
1A1A1 ≥ 7 Ā2

1A1G2[#534], Ā2
1B2A1[#552]

539{0} A1A1G2 ≥ 5 Ā2
1A1G2[#534], B3A1A1[#635]

540{0} Ā1A1G2 ≥ 5 Ā2
1A1G2[#534], Ā1G2A1A1[#921]

541{0} A1G2 ≥ 5 A1A1G2[#539{0}], Ā1A1G2[#540{0}], G2A2[#627],
G2A

2
1[#849]

542{0} A1A1A1 ≥ 7 Ā2
1A1A1[#538], A1A2[#629]

543{0} Ā1A1A1 ≥ 7 Ā2
1A1A1[#538], Ā1A1A1A1[#929]

545{0} Ā2
1A1 ≥ 7 Ā2

1A1A1[#538], Ā2
1A1A1[#559]

546{0} A1A1 ≥ 7 A1A1A1[#542{0}], Ā1A1A1[#543{0}], A1A
2
1[#853]

547{0} A1A1 ≥ 7 A1A1A1[#542{0}], Ā1A1A1[#544{0}], A1B2[#726]

551 Ā2
1B2A2 3 Ā2

1B2G2[#532], A2B4[#847], Ā1A2C3[#918]

552 Ā2
1B2A1 ≥ 7 Ā2

1B2G2[#532], A1B4[#848], Ā1A1C3[#919]

553{0} A1B2G2 6= 2 Ā2
1B2G2[#532], G2D̄4[#622], B3A1B2[#625],

Ā3A1G2[#754]

554{0} A1B2A2 3 Ā2
1B2A2[#551], Ā3A1A2[#755]

555{0} A1A1B2 ≥ 7 Ā2
1B2A1[#552], Ā3A1A1[#756]

557{0} A1B2 ≥ 7 A1A1B2[#555{0}], Ā1A1B2[#556{0}], B2B2[#724]

558 Ā2
1A

2
1A1 6= 2 Ā2

1A1C3[#122], Ā1G2A1A1[#921]

559 Ā2
1A1A1 ≥ 7 Ā2

1A1C3[#122], Ā1G2A1[#921]

560 Ā2
1A1A3 2 Ā2

1A1C3[#122], Ā1G2A3[#922]
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561 Ā2
1A1G2 2 Ā2

1A1C3[#122], Ā1G2G2[#923]

563{0} Ā1A1C3 6= 2 A1C4[#116], Ā2
1A1C3[#122], Ā1Ā2C3[#888],

Ā1A1A5[#891]

563{δ1} Ā1A1C3 Ā2
1A1C3[#122], Ā1A2C3[#918] (p = 3)

564{0} Ā1A1C3 A1C4[#115], Ā2
1A1C3[#122]

567{0} Ā1A1A1A1 6= 2 Ā2
1A

2
1A1[#558], Ā1A1A2A1[#892],

Ā1Ā2A1A1[#893]

567{δ1} Ā1A1A1A1 6= 2 Ā2
1A

2
1A1[#558], Ā1A2A1A1[#924] (p = 3)

569{0} Ā1A1A1A1 6= 2 Ā2
1A

2
1A1[#558], Ā1A1G2[#955] (p = 7)

573{0} A1A
2
1 6= 2 A1A

2
1A1[#566{0}], Ā1A1A1A1[#568{0}],

A1B2[#770]

580{0} A1A
2
1 6= 2 Ā1A1A1A1[#567{0}], A4

1[#873]

581{0} A1A1A1 6= 2 Ā1A1A1A1[#567{0}], Ā1A
2
1A1[#569{0}],

A1G2[#1026]

583{0} A1A
2
1 6= 2 Ā1A1A1A1[#567{0}], A4

1[#865]

595{δ2} A1A1 6= 2 immediate overgroups in Ā2
1A

2
1A1[#558],

A1A2[#1027] (p = 3)

599{0} Ā1A1A1 ≥ 7 Ā2
1A1A1[#559], Ā1Ā2A1[#907]

600{0} Ā1A1A1 ≥ 7 Ā2
1A1A1[#559], Ā1A1A1A1[#929]

600{δ1} Ā1A1A1 ≥ 7 Ā2
1A1A1[#559], Ā1A1G2[#955] (p = 7)

609{0} A1A1 ≥ 7 Ā1A1A1[#600{0}], A1A2[#1027]

619 B3D̄4 B7[#44] (p 6= 2), D̄2
4[#108], B3B4[#112]

620 A2D̄4 D̄2
4[#108] (p 6= 3), G2D̄4[#622] (p = 3), A2B4[#847]

(p = 3)

621 A1B2D̄4 D̄2
4[#108] (p 6= 2), A1B6[#110] (p 6= 2), B2B5[#111]

(p 6= 2), B3D̄4[#619] (p = 2), A1B2B4[#776] (p = 2)

622 G2D4 B3D̄4[#619], G2B4[#844]

623 B2
3 B3D̄4[#619]

624 B3A2 6= 3 B3D̄4[#619], A2D̄4[#620]

625 B3A1B2 B3D̄4[#619] (p 6= 2), A1B2D̄4[#621], B2
3 [#623]

(p = 2)

626 A1D̄4 ≥ 7 G2D̄4[#622], A1B4[#848]

627 G2A2 6= 3 G2D̄4[#622], B3A2[#624]

628 A1A1B2 ≥ 7 A1D̄4[#626]

629 A1A2 ≥ 7 A1D̄4[#626], G2A2[#627]

630 A1A1A1 ≥ 7 A1A1B2[#628]

635 B3A1A1 ≥ 5 B3A1B2[#625], A1A1D̄4[#675]

636 B3A
3
1 2 B3A1B2[#625], A3

1D̄4[#674]

638 A4
1B2 2 B3A

3
1[#636], A2

1B
2
2 [#676]

641 A6
1 2 A4

1B2[#638]

649{0} A1A
4
1 2 A6

1[#641], A1D4[#867]

667 A2A1B2 A2D̄4[#620], A1B2D̄4[#621]

668 A2
2 6= 3 A2D̄4[#620], A8[#62]
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669 A2A1A1 ≥ 5 A2A1B2[#667], A1A1D̄4[#675],

670 A2A
3
1 2 A2A1B2[#667], A3

1D̄4[#674]

672{0} A1A2 ≥ 5 A2
2[#668], A2A1A1[#669]

674 A3
1D̄4 2 A1B2D̄4[#621], A3

1B4[#778]

675 A1A1D̄4 ≥ 5 A1B2D̄4[#621], A1B5[#835]

676 A2
1B

2
2 A1B2D̄4[#621] (p 6= 2), B3A1B2[#625] (p = 2)

677 A2
1B

2
2 6= 2 A1B2D̄4[#621], A2

1D5[#717], Ā3B
2
2 [#720]

680 A2
1A1B2 ≥ 5 A1A1D̄4[#675], A2

1B
2
2 [#677], Ā3A1B2[#758]

681 A2
1A1B2 ≥ 5 A1A1D̄4[#675], A2

1B
2
2 [#676]

682{0} A1D̄4 ≥ 5 A2D̄4[#620], A1A1D̄4[#675]

683 A2
1A

2
1 ≥ 5 A2

1A1B2[#680], Ā3A
2
1[#762]

685{0} A1A1B2 ≥ 5 A2A1B2[#667], A2
1A1B2[#680], A2

1A1B2[#681]

688{0} A1A1A1 ≥ 5 A2A1A1[#669], A2
1A

2
1[#683], A2

1A
2
1[#694]

693{0} A2
1 ≥ 5 B4[#46], A1A1A1[#688{0}]

694 A2
1A

2
1 ≥ 5 A2

1A1B2[#681]

704 {δ1} A1A1 ≥ 5 immediate overgroups in A2
1A

2
1[#694] , A1B2[#773]

(p = 5)

707{0} A2
1 ≥ 5 B4[#45], B2[#101], A1A1A1[#701{0}]

708{0} A1B
2
2 A1C4[#115], A2

1B
2
2 [#676]

709{0} A2
1B2 B4[#45], A2

1B
2
2 [#676], A1C3[#774] (p = 3)

716 B2D5 B7[#44] (p 6= 2), Ā3D5[#109], B2B5[#111]

717 A2
1D5 Ā3D5[#109] (p 6= 2), A1B6[#110] (p 6= 2),

B2D5[#716] (p = 2), A2
1B5[#775] (p = 2)

718 Ā3B4 B7[#44] (p 6= 2), Ā3D5[#109], B3B4[#112]

719 Ā3A1B3 Ā3D5[#109] (p 6= 2), A1B6[#110] (p 6= 2),
B3B4[#112] (p 6= 2), Ā3B4[#718] (p = 2),
A1B

2
3 [#777] (p = 2)

720 Ā3B
2
2 Ā3D5[#109] (p 6= 2), B2B5[#111] (p 6= 2),

Ā3B4[#718] (p = 2), B2
2B3[#837] (p = 2)

721 Ā3B2 6= 2 Ā3D5[#109]

722 A1D5 ≥ 5 B2D5[#716], A1B5[#835]

723 B3
2 6= 2 B2D5[#716], Ā3B

2
2 [#720]

724 B2B2 6= 2 B2D5[#716], Ā3B2[#721]

725 A1B
2
2 ≥ 5 A1D5[#722], B3

2 [#723], Ā3A1B2[#758]

726 A1B2 ≥ 5 A1D5[#722], B2B2[#724]

727 A2
1B2 ≥ 5 A1B

2
2 [#725], Ā3A

2
1[#762]

729 A3
1 ≥ 5 A2

1B2[#727]

733 A3
1B3 6= 2 A2

1D5[#717], Ā3A1B3[#719]

734 A2
1B2 6= 2 A2

1D5[#717], Ā3B2[#721]

736 A3
1G2 6= 2 A3

1B3[#733], Ā3A1G2[#754]

739 A3
1A2 3 A3

1G2[#736], Ā3A1A2[#755]

740 A3
1A1 ≥ 7 A3

1G2[#736], Ā3A1A1[#756]

746{0} A1A
2
1 ≥ 7 A2

1B2[#734], A3
1A1[#740]
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751 Ā3A
2
1 6= 2 Ā3B4[#718], B3A

2
1[#845]

752 Ā3A1 ≥ 11 Ā3B4[#718], B3A1[#846]

754 Ā3A1G2 Ā3A1B3[#719], A1G2B3[#831] (p = 2),
G2B4[#844] (p 6= 2)

755 Ā3A1A2 3 Ā3A1G2[#754], A2B4[#847]

756 Ā3A1A1 ≥ 7 Ā3A1G2[#754], A1B4[#848]

757{0} Ā3A1 ≥ 7 Ā3B2[#721], Ā3A1A1[#756]

758 Ā3A1B2 ≥ 5 Ā3B
2
2 [#720], A1B5[#835]

759 Ā3A
2
1B2 2 Ā3B

2
2 [#720], A2

1B2B3[#779]

762 Ā3A
2
1 ≥ 5 Ā3A1B2[#758]

764 Ā3A
4
1 2 Ā3A

2
1B2[#759], A4

1B3[#781]

770 A1B2 6= 2 B7[#44]

771 A1A1 ≥ 5 A1B2[#770]

772 A1A1 ≥ 13 A1B6[#110]

773 A1B2 5 A1B6[#110]

774 A1C3 3 A1B6[#110]

775 A2
1B5 2 A1B6[#110], B2B5[#111]

776 A1B2B4 2 A1B6[#110], B2B5[#111], B3B4[#112]

777 A1B
2
3 2 A1B6[#110], B3B4[#112]

778 A3
1B4 2 A2

1B5[#775], A1B2B4[#776]

779 A2
1B2B3 2 A2

1B5[#775], A1B2B4[#776], A1B
2
3 [#777],

B2
2B3[#837]

781 A4
1B3 2 A3

1B4[#778], A2
1B2B3[#779]

782 A3
1B

2
2 2 A3

1B4[#778], A2
1B2B3[#779], A1B

3
2 [#826]

785 A5
1B2 2 A4

1B3[#781], A3
1B

2
2 [#782]

786 A4
1G2 2 A4

1B3[#781], A2
1B2G2[#823], G2D4[#1046]

791 A7
1 2 A5

1B2[#785]

823 A2
1B2G2 2 A2

1B2B3[#779], A1G2B3[#831], B2
2G2[#839]

826 A1B
3
2 2 A1B2B4[#776], B2

2B3[#837]

831 A1G2B3 2 A1B
2
3 [#777], G2B4[#844]

833 A1G
2
2 2 A1G2B3[#831]

835 A1B5 ≥ 5 B2B5[#111]

836 B2A1 ≥ 11 B2B5[#111]

837 B2
2B3 2 B2B5[#111], B3B4[#112]

838 A1A1 ≥ 11 A1B5[#835], B2A1[#836]

839 B2
2G2 2 B2

2B3[#837], G2B4[#844], G2C4[#1032]

844 G2B4 G2F4[#105], B3B4[#112]

845 B3A
2
1 6= 2 B3B4[#112]

846 B3A1 ≥ 11 B3B4[#112]

847 A2B4 3 G2B4[#844], A2F4[#1030]

848 A1B4 ≥ 7 G2B4[#844], A1F4[#1031]

849 G2A
2
1 6= 2 G2B4[#844], B3A

2
1[#845]
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850 G2A1 ≥ 11 G2B4[#844], B3A1[#846]

851 A2A
2
1 3 A2B4[#847], G2A

2
1[#849]

853 A1A
2
1 ≥ 7 A1B4[#848], G2A

2
1[#849]

854 A1A1 ≥ 11 A1B4[#848], G2A1[#850]

859 A2
1B2 2 B2

2 [#113], A1B3[#871]

860 A1B2 ≥ 5 B2
2 [#113]

862 A2
1 ≥ 5 A1B2[#860]

863 A1B2 ≥ 5 B2
2 [#114], A1Ā4[#1029]

864 A2
1 ≥ 5 A1B2[#863]

865 A4
1 A1C4[#115] (p 6= 2), A2

1B2[#859] (p = 2)

866 A1A1 ≥ 11 A1C4[#115]

867 A1D4 2 A1C4[#115]

871 A1B3 2 A1D4[#867]

872 A1A2 2 A1D4[#867]

873 A4
1 6= 2 A1C4[#116], A3

1Ā2[#995]

874 A1A1 ≥ 11 A1C4[#116], Ā2A1[#1009], A1G2[#1026]

878 Ā1Ā2A5 Ā1E7[#102], Ā2E6[#103]

879 Ā1A7 Ā1E7[#102]

880 Ā1G2C3 Ā1E7[#102], G2F4[#105] (p 6= 2), G2C4[#1032]
(p = 2)

881 Ā1A1F4 Ā1E7[#102], G2F4[#105]

882 Ā1A1G2 6= 2 Ā1E7[#102]

883 Ā1A1A1 ≥ 5 Ā1E7[#102]

884 Ā1A2 ≥ 5 Ā1E7[#102]

885 Ā1A1 ≥ 17 Ā1E7[#102]

886 Ā1A1 ≥ 19 Ā1E7[#102]

887 Ā1Ā2A1A2 Ā1Ā2A5[#878], Ā1A1F4[#881], Ā2A2G2[#978]

888 Ā1Ā2C3 Ā1Ā2A5[#878], Ā1G2C3[#880], Ā2F4[#976]
(p 6= 2), Ā2C4[#977]

889 Ā1Ā2A3 Ā1Ā2A5[#878] (p 6= 2), Ā1Ā2C3[#888] (p = 2),
Ā1G2A3[#922] (p = 2)

890 Ā1Ā2A2 6= 2 Ā1Ā2A5[#878]

891 Ā1A1A5 6= 2 Ā1Ā2A5[#878], A1E6[#981]

892 Ā1A1A1A2 6= 2 Ā1Ā2A2A1[#887], Ā1A1A5[#891], A1A2G2[#1011]

893 Ā1Ā2A1A1 6= 2 Ā1Ā2A2A1[#887], Ā1Ā2C3[#888],
Ā1G2A1A1[#921], Ā2A1G2[#1002]

894{δ1} A1Ā2A2 Ā1Ā2A2A1[#887], Ā2A2A2[#1012] (p = 3)

895{0} Ā1A2A1 Ā1Ā2A2A1[#887], Ā1A1G2[#955] (p = 7)

895{δ1} Ā1A2A1 Ā1Ā2A2A1[#887], Ā1A1D4[#958] (p = 2)

900{δ1} A1A1A2 6= 2 Ā1A1A2A1[#892], A1A2A2[#1016] (p = 3)

901{0} Ā1A1A2 6= 2 Ā1A1G2[#882], Ā1A1A2A1[#892]

903{0} A1A1Ā2 6= 2 Ā1Ā2A1A1[#893], A3
1Ā2[#995]

903{δ1} A1A1Ā2 6= 2 Ā1Ā2A1A1[#893], Ā2A1A2[#1004] (p = 3)
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904{0} A1A1Ā2 6= 2 Ā1Ā2A1A1[#893], Ā2G2[#979]

906{δ2} A1A2 6= 2 Ā1Ā2A1A1[#893], Ā2A2[#980] (p = 3)

907 Ā1Ā2A1 ≥ 7 Ā1Ā2C3[#888], Ā1G2A1[#921]

908 Ā1Ā2G2 2 Ā1Ā2C3[#888], Ā1G2G2[#923]

909{0} A1Ā2 ≥ 7 Ā1Ā2A1[#907], Ā2A2[#980], Ā2A1A1[#1005]

909{δ1} A1Ā2 ≥ 7 Ā1Ā2A1[#907], Ā2G2[#979] (p = 7)

910 Ā1A1A3 6= 2 Ā1A7[#879], Ā1Ā2A3[#889], Ā1A1A5[#891]

912 Ā1A1A2 6= 2 Ā1Ā2A2[#890], Ā1A1A5[#891]

913 Ā1A2 ≥ 5 Ā1Ā2A2[#890], Ā1D4[#917]

917 Ā1D4 6= 2 Ā1A7[#879]

918 Ā1A2C3 3 Ā1G2C3[#880], A2F4[#1030]

919 Ā1A1C3 ≥ 7 Ā1G2C3[#880], A1F4[#1031]

921 Ā1G2A1A1 6= 2 Ā1G2C3[#880], Ā1A1F4[#881], G2
2A1[#1033]

921 Ā1G2A1 ≥ 7 Ā1G2C3[#880]

922 Ā1G2A3 2 Ā1G2C3[#880]

923 Ā1G2G2 2 Ā1G2C3[#880]

924 Ā1A2A1A1 3 Ā1A2C3[#918], Ā1G2A1A1[#921], A2A1G2[#1036]

926{0} A1A2A1 3 Ā1A2A1A1[#924], Ā2A1A2[#1004], A1A2A2[#1016]

926{δ1} A1A2A1 3 Ā1A2A1A1[#924], A2
2A1[#1037]

929 Ā1A1A1A1 ≥ 7 Ā1A1C3[#919], Ā1G2A1A1[#921], A1A1G2[#1039]

930 Ā1A1A1 ≥ 7 Ā1A1C3[#919], Ā1G2A1[#921]

933{0} A1A1A1 ≥ 7 Ā1A1A1A1[#929], Ā2A1A1[#1005],
A1A2A1[#1017], A1G2[#1041] (p = 7)

946{0} A1A1 ≥ 7 Ā1A1A1[#930], A2
1A1[#1042]

946{δ1} A1A1 ≥ 7 Ā1A1A1[#930], A1G2[#1041] (p = 7)

948{0} A1A1G2 6= 2 Ā1G2A1A1[#921], G2G2[#1035] (p = 7)

949{0} A1A1G2 6= 2 Ā1G2A1A1[#921], Ā2A1G2[#1002], A1A2G2[#1011]

949{δ1} A1A1G2 6= 2 Ā1G2A1A1[#921], A2A1G2[#1036] (p = 3)

952{0} A1G2 ≥ 7 Ā1G2A1A1[#921], A1A1G2[#1039]

952{δ1} A1G2 ≥ 7 Ā1G2A1[#921], G2G2[#1035] (p = 7)

954 Ā1A1C4 2 Ā1A1F4[#881], G2C4[#1032]

955 Ā1A1G2 7 Ā1A1F4[#881], G2G2[#1035]

956 Ā1A1A1 ≥ 13 Ā1A1F4[#881], G2A1[#1034]

957{0} A1F4 6= 2 Ā1A1F4[#881], Ā2F4[#976], A1E6[#981],

957{δ1} A1F4 6= 2 Ā1A1F4[#881], A2F4[#1030] (p = 3)

958 Ā1A1D4 2 Ā1A1C4[#954], G2D4[#1046]

962{0} A1A1 ≥ 13 Ā1A1A1[#956], Ā2A1[#1003]

965 Ā1A1A2 3 Ā1A1G2[#882]

966 Ā1A1A1 ≥ 7 Ā1A1G2[#882]

967{0} A1G2 6= 2 Ā1A1G2[#882], G2
2A1[#1033]

969{0} A1A1 ≥ 7 Ā1A1A1[#966], A2
1A1[#1042]

973{0} A1A1 ≥ 5 A1A2[#106], Ā1A1A1[#883]
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975 Ā4
2 Ā2E6[#103]

976 Ā2F4 Ā2E6[#103], G2F4[#105]

977 Ā2C4 Ā2E6[#103] (p 6= 2), Ā2F4[#976] (p = 2),
G2C4[#1032] (p = 2)

978 Ā2A2G2 Ā2E6[#103], G2F4[#105]

979 Ā2G2 Ā2E6[#103] (p 6= 7), Ā2F4[#976] (p = 7),
G2G2[#1035] (p = 7)

980 Ā2A2 6= 2 Ā2E6[#103] (p ≥ 5), Ā2G2[#979] (p = 3)

981 A1E6 6= 2 Ā2E6[#103]

982 A1Ā
3
2 6= 2 Ā4

2[#975], A1E6[#981]

983{0} Ā2
2A2 Ā4

2[#975], Ā2F4[#976], Ā2A2G2[#978]

985{0} Ā2A2 Ā4
2[#975], Ā2G2[#979]

985{δ2} Ā2A2 Ā4
2[#975], Ā2D4[#1010] (p = 2)

989 A2
1Ā

2
2 6= 2 A1Ā

3
2[#982]

991{0} A1A2Ā2 6= 2 A1Ā
3
2[#982], A1A2G2[#1011]

993{0} A1A2 6= 2 A1A2Ā2[#990{0}], A1A2Ā2[#991{0}], A1G2[#1026]

994{0} A1A2 6= 2 A1A2Ā2[#990{0}], A1A2Ā2[#991{0}], A1G2[#1041]
(p = 7)

995 A3
1Ā2 6= 2 Ā2C4[#977], A2

1Ā
2
2[#989]

996{0} A1Ā
2
2 6= 2 A2

1Ā
2
2[#989], Ā2A1G2[#1002]

1002 Ā2A1G2 6= 2 Ā2F4[#976], Ā2A2G2[#978], G2
2A1[#1033]

1003 Ā2A1 ≥ 13 Ā2F4[#976], G2A1[#1034]

1004 Ā2A1A2 3 Ā2A1G2[#1002], Ā2A2A2[#1012], A2A1G2[#1036]

1005 Ā2A1A1 ≥ 7 Ā2A1G2[#1002], Ā2A2A1[#1013], A1A1G2[#1039]

1009 Ā2A1 ≥ 11 Ā2C4[#977], Ā2G2[#979]

1010 Ā2D4 2 Ā2C4[#977], G2D4[#1046]

1011 A1A2G2 6= 2 Ā2A2G2[#978], A1E6[#981]

1012 Ā2A2A2 3 Ā2A2G2[#978], A2F4[#1030]

1013 Ā2A2A1 ≥ 7 Ā2A2G2[#978], A1F4[#1031]

1014{0} A2G2 6= 3 Ā2A2G2[#978], G2G2[#1035] (p = 7)

1014{δ1} A2G2 Ā2A2G2[#978], G2D4[#1046] (p = 2)

1016 A1A2A2 3 A1A2G2[#1011], Ā2A2A2[#1012]

1017 A1A2A1 ≥ 7 A1A2G2[#1011], Ā2A2A1[#1013]

1026 A1G2 6= 2 Ā2G2[#979], A1E6[#981] (p 6= 7)

1027 A1A2 6= 2 Ā2A2[#980], A1E6[#981] (p ≥ 5), A1G2[#1026]
(p = 3)

1028 B2Ā4 6= 2 Ā2
4[#104]

1029 A1Ā4 ≥ 5 B2Ā4[#1028]

1030 A2F4 3 G2F4[#105]

1031 A1F4 ≥ 7 G2F4[#105]

1032 G2C4 2 G2F4[#105]

1033 G2
2A1 6= 2 G2F4[#105]

1034 G2A1 ≥ 13 G2F4[#105]



130 11. TABLES FOR THEOREM 1

1035 G2G2 7 G2F4[#105]

1036 A2A1G2 3 A2F4[#1030], G2
2A1[#1033]

1037 A2
2A1 3 A2A1G2[#1036]

1039 A1A1G2 ≥ 7 A1F4[#1031], G2
2A1[#1033]

1040 A1A1 ≥ 13 A1F4[#1031], G2A1[#1034]

1041 A1G2 7 A1F4[#1031], G2G2[#1035]

1042 A2
1A1 ≥ 7 A1A1G2[#1039]

1046 G2D4 2 G2C4[#1032]

11.1. Irreducible diagonal subgroups

In this section we give the tables of diagonal subgroups referred to in Tables
4 and 5. The first column gives the ID number, as in the previous tables, and the
second column gives the embedding of the diagonal subgroups. To describe the em-
beddings we use a slightly modified notation, to shorten the tables. Specifically, we
introduce a shorthand for diagonal subgroups of An

1Z, where Z has no simple factor

of type A1. For example, instead of writing A3
1B2 →֒ A4

1B2 via (1
[r]
a , 1

[s]
a , 1b, 1c, 10)

we just write (a[r], a[s], b, c, 10); from any such vector it is easy to recover the iso-
morphism type of the diagonal subgroup. Similarly, in Tables 37, 46 and 47 the
usual notation for diagonal subgroups is used but we again omit the isomorphism
type of each diagonal subgroup as they too can be easily recovered from the listed
embedding.

There are further tables which give the extra restrictions on the field twists
in certain diagonal embeddings. These restrictions ensure there is no repetition
of conjugacy classes and further, that each conjugacy class is G-irreducible. The
restrictions are given in rows of the tables: the first column lists all permitted
equalities amongst certain subsets of the field twists; the second column lists any
further requirements. So an ordered set {0, r, . . .} is permitted if it satisfies the
conditions in the first and second column of a row of the table. We note that a
set of field twists satisfies the conditions of at most one row. We emphasise that
an ordered set may be excluded either because it yields a G-reducible subgroup, or
because it yields a repeated diagonal subgroup.

We give an example to illustrate this. Let X = A1A1 = E8(#165), so that X is

a diagonal subgroup ofE8(#124) = Ā8
1 < D8 via (1

[r]
a , 1

[s]
a , 1

[t]
a , 1

[u]
a , 1

[v]
b , 1

[w]
b , 1

[x]
b , 1

[y]
b )

with rstu = vwxy = 0. Table 24 gives the extra conditions that an ordered set
r, s, . . . , y needs to satisfy. The conditions in the first column only restrict the
equalities allowed among elements from r, s, t, u and separately the equalities al-
lowed among elements from v, w, x, y. So in every row of the table r is permitted
to be equal to v, for example.

In particular, the ordered set 0, 1, 2, 3, 0, 3, 1, 2 satisfies the conditions of the first
row, as does 0, 1, 2, 3, 0, 1, 2, 3. We also note that the ordered set 0, 0, 1, 2, 0, 1, 2, 3
satisfies the conditions of the second row, whereas 2, 1, 0, 0, 0, 1, 2, 3 and 0, 1, 2, 3, 0, 0, 1, 2
do not satisfy the conditions of any of the rows. This is because these three ordered
sets of field twists yield the same conjugacy class of G-irreducible subgroups and
thus only one of them can be permitted.

11.1.1. Irreducible diagonal subgroups contained in E7.
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Table 6. Irreducible diagonal subgroups of Ā7
1 = E7(#43).

ID Embedding

49 (a, a[r], b, c, d, e, f)

50 (a, a[r], a[s], b, c, d, e) (r ≤ s)

51 (a, a[r], b, a[s], c, d, e) (r ≤ s)

52 (a, a[r], b[s], b[t], c, d, e) (st = 0)

53 (a[r], a[s], b, c, c[t], d, e) (rs = 0)

54 (a, a[r], b, c, d, e, c[s]) (r ≤ s; s 6= 0)

55 (a[r], a[s], a[t], a[u], b, c, d) (ru = 0; r ≤ s ≤ t)

56 (a, a[r], b, a[s], c, d, a[t]) (r ≤ s ≤ t; if two of 0, r, s, t are equal then the other
two are not equal)

57 (a[r], a[s], a[t], b, b[u], c, d) (rs = 0; s ≤ t; if u = 0 then s < t)

58 (a[r], a[s], b, a[t], b[u], c, d) (rst = 0; if u = 0 then s < t)

59 (a[r], a[s], b[u], a[t], c, d, b[v]) (rt = uv = 0; r ≤ s)

60 (a, a[r], b[s], b[t], c[u], c[v], d) (st = uv = 0; if r = 0 then u 6= v)

61 (a[r], a[s], b[t], b[u], c[v], d, c[w]) (rs = tu = vw = 0)

62 (a[r], a[s], b, c, c[t], d[u], d[v]) (rs = uv = 0; t ≤ u+ v; if t = 0 then u 6= v)

63 (a, a[r], b, c[s], d[u], d[v], c[t]) (st = uv = 0; s+ t ≤ u+ v; if r = 0 then s 6= t and
u 6= v; if s = t then u 6= v)

64 (a[r], a[s], a[t], a[u], a[v], b, c) (rs = 0; s ≤ min{t, u}; u ≤ v; if two of s, t, u, v
are equal then the other two are not equal)

65 (a[r], a[s], a[t], a[u], b, b[v], c) (rstu = 0; if v = 0 then r 6= s)

66 (a, a[r], b, a[s], b[u], c, a[t]) (if u = 0 then t 6= 0 and r 6= s; if t = 0 then r < s; if
r = 0 then s < t; if s = 0 then r < t)

67 (a, a[r], a[s], b[t], b[u], b[v], c) (tuv = 0; r ≤ s; if r = 0 then u 6= v; if s = 0 then
t 6= v; if r = s then t 6= u)

68 (a[r], a[s], b[u], a[t], b[v], c, b[w]) (rs = uvw = 0; s ≤ t; if s = t then u 6= v)

69 (a[r], a[s], a[t], b, b[u], c, c[v]) (rst = 0;u ≤ v; if u = 0 then v 6= 0 and s < t; if
v = 0 then s < t)

70 (a[r], a[s], b, a[t], b[u], c[v], c[w]) (rst = vw = 0; if u = 0 then s < t)

71 (a, a[r], a[s], a[t], a[u], a[v], b) (see Table 7)

72 (a[r], a[s], a[t], a[u], a[v], b, b[w]) (rs = 0; if w 6= 0 then either s < min{t, u, v} or
s > max{t, u, v}; if w = 0 then s < min{t, u} and u < v)

73 (a[r], a[s], a[t], a[u], b, b[v], b[w]) (rstu = 0 and see Table 8)

74 (a, a[r], b[u], a[s], b[v], b[w], a[t]) (uvw = 0 and see Table 9)

12 (a, a[r], a[s], a[t], a[u], a[v], a[w]) (see Table 10)
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Table 7. Conditions on field twists for E7(#71).

Equalities among 0, r, . . . , v Further requirements on 0, r, . . . , v

none r < min{s, t, u}

r = s t < u

r = t s < u

r = u s < t

r = v none

r = s = t none

r = s = v t < u

r = t = v s < u

r = u = v s < t

r = s = t = v none

r = 0 u < v

r = 0; s = t u < v

r = 0; s = u none

r = 0; t = u none

r = 0; s = t = u none

v = 0 r < min{s, u}; s < t

v = 0; r = s t < u

r = s = 0 t < u < v

r = t = 0 s < u < v

r = u = 0 s < t

r = u = 0; s = v none

r = s = t = 0 u < v

Table 8. Conditions on field twists for E7(#73).

Equalities among 0, v, w Further requirements on 0, r, . . . , w

none v < w

v = 0 r < s

v = w = 0 0 < r < s

Table 9. Conditions on field twists for E7(#74).

Equalities among 0, r, s, t Further requirements on 0, r, . . . , w

none 0 < r < s < t

r = 0 s < t; v < w

r = s = 0 v < w
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Table 10. Conditions on field twists for E7(#12) and E8(#162).

Equalities among 0, r, . . . , w Further requirements on 0, r, . . . , w

none r < min{s, t}; t < min{u, v, w}

r = s t < min{u, v}; v < w

r = t s < v

r = s = t none

r = t = w s < u, v

r = s = t = v u < w

r = t; u = v = w none

r = 0 t < min{u, v}; v < w

r = 0; s = t u < v

r = 0; t = u v < w

r = 0; s = t = u v < w

r = 0; s = t; u = w none

r = s = 0 t < u < v < w

r = t = 0 s < u < v

r = t = 0; s = w u < v

r = s = t = 0 u < v < w

Table 11. Diagonal irreducible subgroups of Ā3
1A1B2 = E7(#45).

ID Embedding

89 (a[r], a[s], b, c, 10) (rs = 0)

90 (a[r], b, c, a[s], 10) (rs = 0)

91 (a, b, b[r], c, 10) (if p = 2 then r 6= 0)

92 (a, b[r], c, b[s], 10) (rs = 0)

93 (a[r], a[s], a[t], b, 10) (rs = 0; s ≤ t; if p = 2 then s < t)

94 (a, b[r], b[s], b[t], 10) (rt = 0; r ≤ s; if p = 2 then r < s; if r = s then r < t)

95 (a[r], b, a[s], a[t], 10) (rst = 0)

96 (a[r], a[s], b[t], b[u], 10) (rs = tu = 0)

97 (a[r], b, b[t], a[s], 10) (rs = 0; if p = 2 then t 6= 0)

98 (a[r], a[s], a[t], a[u], 10) (rsu = 0; s ≤ t; if p = 2 then s < t; if s = t then s < u)

Table 12. Diagonal irreducible subgroups of Ā3
1A1A1 = E7(#87) (p ≥ 5).

ID Embedding

99 (a[r], a[s], b, c, d) (rs = 0)

100 (a[r], b, c, a[s], d) (rs = 0)

101 (a[r], b, c, d, a[s]) (rs = 0)

102 (a, b, b[r], c, d)

103 (a, b[r], c, b[s], d) (rs = 0)
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104 (a, b[r], c, d, b[s]) (rs = 0)

105 (a, b, c, d[r], d[s]) (rs = 0)

106 (a[r], a[s], a[t], b, c) (rst = 0; s ≤ t)

107 (a[r], a[s], b, a[t], c) (rst = 0)

108 (a[r], a[s], b, c, a[t]) (rst = 0)

109 (a[r], b, c, a[s], a[t]) (rst = 0)

110 (a, b[r], b[s], b[t], c) (rt = 0; r ≤ s; if r = s then r < t)

111 (a, b[r], b[s], c, b[t]) (rt = 0; r ≤ s)

112 (a, b[r], c, b[s], b[t]) (rst = 0; s 6= t)

113 (a[r], a[s], b[t], b[u], c) (rs = tu = 0)

114 (a[r], a[s], b[t], c, b[u]) (rs = tu = 0)

115 (a[r], a[s], b, c[t], c[u]) (rs = tu = 0; if t = u then r ≤ s)

116 (a[r], b, b[t], a[s], c) (rs = 0)

117 (a[r], b[t], c, a[s], b[u]) (rs = tu = 0)

118 (a[r], b, b[t], c, a[s]) (rs = 0)

119 (a[r], b[t], c, b[u], a[s]) (rs = tu = 0)

120 (a, b, b[r], c[s], c[t]) (st = 0; s 6= t)

121 (a, b[r], c[t], b[s], c[u]) (rs = tu = 0)

122 (a[r], a[s], a[t], a[u], b) (rsu = 0; s ≤ t; if s = t then s < u)

123 (a[r], a[s], a[t], b, a[u]) (rsu = 0; s ≤ t)

124 (a[r], b, a[s], a[t], a[u]) (rstu = 0; if t = u then r < s or r = s < t)

125 (a, b[r], b[s], b[t], b[u]) (rtu = 0; r ≤ s; t 6= u)

126 (a[r], a[s], b[t], b[u], b[v]) (rs = tuv = 0; if u = v then r = 0)

127 (a[r], b[t], b[u], a[s], b[v]) (rs = tv = 0; t ≤ u)

128 (a[r], b[t], b[u], b[v], a[s]) (rs = tv = 0; t ≤ u; if t = u then t < v)

129 (a[r], b, b[u], a[s], a[t]) (rst = 0; s 6= t)

130 (a[r], a[s], b[u], b[v], a[t]) (rst = uv = 0)

131 (a[r], a[s], b[u], a[t], b[v]) (rst = uv = 0)

132 (a[r], a[s], a[t], b[u], b[v]) (rs = uv = 0; s ≤ t; if u = v then r ≤ s)

8 (a[r], a[s], a[t], a[u], a[v]) (rsuv = 0;u 6= v; s ≤ t; if s = t then s < u)

9 (a[r], a[s], a[t], a[u], a[u]) (rsu = 0; either r < t < u or s = t and s 6= u)

Table 13. Diagonal irreducible subgroups of Ā3
1A

3
1 = E7(#88) (p = 2).

ID Embedding

133 (a[r], a[s], b, c, d, e) (rs = 0)

134 (a[r], b, c, a[s], d, e) (rs = 0)

135 (a, b, b[r], c, d, e) (r 6= 0)

136 (a, b[r], c, b[s], d, e) (rs = 0)

137 (a, b, c, d, d[r], e) (r 6= 0)

138 (a[r], a[s], a[t], b, c, d) (rs = 0; s < t)

139 (a[r], a[s], b, a[t], c, d) (rst = 0)
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140 (a[r], b, c, a[s], a[t], d) (rs = 0; s < t)

141 (a, b[r], b[s], b[t], c, d) (rt = 0; r < s)

142 (a, b, c[r], c[s], c[t], d) (rs = 0; s < t)

143 (a, b, c, d, d[r], d[s]) (0 < r < s)

144 (a[r], a[s], b[t], b[u], c, d) (rs = tu = 0)

145 (a[r], a[s], b, c, c[t], d) (rs = 0 6= t)

146 (a[r], b, b[t], a[s], c, d) (rs = 0 6= t)

147 (a[r], b[t], c, a[s], b[u], d) (rs = tu = 0)

148 (a[r], b, c, a[s], d, d[t]) (rs = 0 6= t)

149 (a, b, b[r], c, c[s], d) (rs 6= 0)

150 (a, b[r], c[t], b[s], c[u], d) (rs = tu = 0; r + s ≤ t+ u)

151 (a, b, c[r], c[s], d, d[t]) (rs = 0 6= t)

152 (a[r], a[s], a[t], a[u], b, c) (rsu = 0; s < t)

153 (a[r], a[s], b, a[t], a[u], c) (rst = 0; t < u)

154 (a[r], b, c, a[s], a[t], a[u]) (rs = 0; s < t < u)

155 (a, b[r], b[s], b[t], b[u], c) (rt = 0; r < s; t < u)

156 (a, b, c[r], c[s], c[t], c[u]) (rs = 0; s < t < u)

157 (a[r], a[s], a[t], b, b[u], c) (rs = 0 6= u; s < t)

158 (a[r], a[s], b[u], a[t], b[v], c) (rst = uv = 0)

159 (a[r], a[s], b, a[t], c, c[u]) (rst = 0 6= u)

160 (a[r], b, b[u], a[s], a[t], c) (rs = 0 6= u; s < t)

161 (a[r], b[u], c, a[s], a[t], b[v]) (rs = uv = 0; s < t)

162 (a[r], b[t], b[u], b[v], a[s], c) (rs = tv = 0; t < u)

163 (a, b[r], b[s], b[t], c, c[u]) (rt = 0 6= u; r < s)

164 (a[r], a[s], b[t], b[u], b[v], c) (rs = tu = 0;u < v)

165 (a[r], b, c[t], c[u], c[v], a[s]) (rs = tu = 0, u < v)

166 (a, b[r], c[t], c[u], c[v], b[s]) (rs = tu = 0;u < v)

167 (a[r], a[s], b, c, c[t], c[u]) (rs = 0; 0 < t < u)

168 (a, b, b[r], c, c[s], c[t]) (r 6= 0; 0 < s < t)

169 (a[r], a[s], b[t], b[u], c, c[v]) (rs = tu = 0 6= v)

170 (a[r], b, b[t], a[s], c, c[u]) (rs = 0 6= tu)

171 (a[r], b[t], c[v], a[s], b[u], c[w]) (rs = tu = vw = 0; t+ u ≤ v + w)

172 (a[r], a[s], a[t], a[u], a[v], b) (rsu = 0; s < t;u < v)

173 (a[r], a[s], b, a[t], a[u], a[v]) (rst = 0; t < u < v)

174 (a, b[r], b[s], b[t], b[u], b[v]) (rt = 0; r < s; t < u < v)

175 (a[r], a[s], a[t], a[u], b, b[v]) (rsu = 0 6= v; s < t)

176 (a[r], a[s], b[v], a[t], a[u], b[w]) (rst = vw = 0; t < u)

177 (a[r], b, b[v], a[s], a[t], a[u]) (rs = 0 6= v; s < t < u)

178 (a[r], b[t], b[u], b[v], b[w], a[s]) (rs = tv = 0; t < u; v < w)

179 (a[r], a[s], b[t], b[u], b[v], b[w]) (rs = tu = 0; u < v < w)

180 (a[r], a[s], a[t], b, b[u], b[v]) (rs = 0; s < t; 0 < u < v)

181 (a[r], a[s], b[u], a[t], b[v], b[w]) (rst = uv = 0; v < w)
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182 (a[r], b[u], b[v], a[s], a[t], b[w]) (rs = 0; s < t;u < v)

13 (a[r], a[s], a[t], a[u], a[v], a[w]) (rsu = 0; s < t;u < v < w)

Table 14. Diagonal irreducible subgroups of Ā1A
4
1 = E7(#191) (p 6= 2).

ID Embedding

195 (a[r], a[s], b, c, d) (rs = 0)

196 (a, b, b[r], c, d) (r 6= 0)

197 (a[r], a[s], a[t], b, c) (rs = 0; s < t)

198 (a, b, b[r], b[s], c) (0 < r < s)

199 (a[r], a[s], b, b[t], c) (rs = 0 6= t)

200 (a, b, b[r], c, c[s]) (0 < r ≤ s)

201 (a[r], a[s], a[t], a[u], b) (rs = 0; s < t < u)

202 (a, b, b[r], b[s], b[t]) (0 < r < s < t)

203 (a[r], a[s], a[t], b, b[u]) (rs = 0 6= u; s < t)

204 (a[r], a[s], b, b[t], b[u]) (rs = 0; 0 < t < u)

11 (a[r], a[s], a[t], a[u], a[v]) (rs = 0; s < t < u < v)

Table 15. Diagonal irreducible subgroups of Ā1A1A
2
1 = E7(#186) (p 6= 2).

ID Embedding ID Embedding

205 (a[r], a[s], b, c) (rs = 0) 210 (a[r], b, a[s], a[t]) (rst = 0; s < t)

206 (a[r], b, a[s], c) (rs = 0) 211 (a, b[r], b[s], b[t]) (rs = 0; s < t)

207 (a, b[r], b[s], c) (rs = 0) 212 (a[r], a[s], b, b[t]) (rs = 0 6= t)

208 (a, b, c, c[r]) (r 6= 0) 213 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

115 {0} (a, b, c, c) (p ≥ 5) 10 (a[r], a[s], a[t], a[u]) (rst = 0; t < u)

209 (a[r], a[s], a[t], b) (rst = 0)

Table 16. Diagonal irreducible subgroups of Ā1A
5
1 = E7(#223) (p = 2).

ID Embedding

230 (a[r], a[s], b, c, d, e) (rs = 0)

238 (a[r], a[s], a[t], b, b[u], c) (rs = 0 6= u; s < t)

231 (a, b, b[r], c, d, e) (r 6= 0)

239 (a[t], b, b[r], b[s], a[u], c) (0 < r < s; tu = 0)

232 (a[r], a[s], a[t], b, c, d) (rs = 0; s < t)

240 (a, b, b[r], b[s], c, c[t]) (0 < r < s; t 6= 0)

233 (a, b, b[r], b[s], c, d) (0 < r < s)

241 (a[r], a[s], b, b[t], c, c[u]) (rs = 0; 0 < t ≤ u)

234 (a[r], a[s], b, b[t], c, d) (rs = 0 6= t)

242 (a[r], a[s], a[t], a[u], a[v], b) (rs = 0; s < t < u < v)

235 (a, b, b[r], c, c[s], d) (0 < r ≤ s)
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243 (a, b, b[r], b[s], b[t], b[u]) (0 < r < s < t < u)

236 (a[r], a[s], a[t], a[u], b, c) (rs = 0; s < t < u)

237 (a, b, b[r], b[s], b[t], c) (0 < r < s < t)

14 (a[r], a[s], a[t], a[u], a[v], a[w]) (rs = 0; s < t < u < v < w)

Table 17. Diagonal irreducible subgroups of Ā1A1A1A1 = E7(#268) (p 6= 2).

ID Embedding

273 (a[r], a[s], b, c) (rs = 0)

274 (a[r], b, a[s], c) (rs = 0)

275 (a[r], b, c, a[s]) (rs = 0)

276 (a, b[r], b[s], c) (rs = 0; r 6= s)

119 {0} (a, b, b, c) (p ≥ 5)

277 (a, b[r], c, b[s]) (rs = 0; r 6= s)

207 {0} (a, b, c, b)

278 (a, b, c[r], c[s]) (rs = 0; r 6= s)

117 {0} (a, b, c, c) (p ≥ 5)

279 (a[r], a[s], a[t], b) (rst = 0; s 6= t)

280 (a[r], a[s], b, a[t]) (rst = 0; s 6= t)

281 (a[r], b, a[s], a[t]) (rst = 0; s 6= t)

282 (a, b[r], b[s], b[t]) (rst = 0; r, s, t distinct)

283 (a[r], a[s], b[t], b[u]) (rs = tu = 0; t 6= u)

284 (a[r], b[t], a[s], b[u]) (rs = tu = 0; t 6= u)

285 (a[r], b[t], b[u], a[s]) (rs = tu = 0; t 6= u)

3 (a[r], a[s], a[t], a[u]) (rstu = 0; s, t, u distinct)

11.1.2. Irreducible diagonal subgroups contained in E8.

Table 18. Irreducible diagonal subgroups of Ā8
1 = E8(#124).

ID Embedding

132 (a, a[r], b, c, d, e, f, g)

133 (a, a[r], a[s], b, c, d, e, f) (0 ≤ r ≤ s)

134 (a, a[r], b, b[s], c, d, e, f) (r ≤ s; s 6= 0)

135 (a, a[r], b, c, b[s], d, e, f) (r ≤ s)

136 (a, a[r], a[s], a[t], b, c, d, e) (0 ≤ r ≤ s ≤ t; if two of 0, r, s, t are equal then the
other two are not equal)

137 (a, a[r], a[s], b, a[t], c, d, e) (0 ≤ r ≤ s ≤ t)

138 (a, a[r], a[s], b[t], b[u], c, d, e) (0 ≤ r ≤ s; tu = 0)

139 (a[r], a[s], a[t], b, c, c[u], d, e) (rt = 0; r ≤ s; if u = 0 then r < s)

140 (a, a[r], b, b[s], c, c[t], d, e) (r ≤ s ≤ t; if r = 0 then s 6= 0)

141 (a, a[r], b, c[t], b[s], c[u], d, e) (tu = 0; s ≤ t+ u; if s = 0 then t < u)
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142 (a[r], a[s], b[t], c, b[u], d, c[v], e) (rs = tu = 0; if v = 0 then either r < t or r = t
and s ≤ u)

143 (a, a[r], b, c, b[s], d, e[t], e[u]) (tu = 0; if r = 0 then t < u; if t = 0 then r ≤ u; if
u = 0 then r ≤ t)

144 (a[r], a[s], a[t], a[u], a[v], b, c, d) (rv = 0; r ≤ s ≤ t ≤ u; if two of r, s, t, u are
equal then the other two are not equal)

145 (a, a[r], a[s], a[t], b, b[u], c, d) (s ≤ t; if r = 0 then s < t and u 6= 0; if s = t then
u 6= 0; {0, r} 6= {s, t})

146 (a[r], a[s], a[t], b, a[u], b[v], c, d) (rtu = 0; r ≤ s; if v = 0 then t < u)

147 (a[r], a[s], a[t], b[u], b[v], b[w], c, d) (rt = uv = 0; r ≤ s; v ≤ w; if r = s then
v < w; r ≤ v; if r = v then either s < w or s = w and t ≤ u)

148 (a, a[r], a[s], b, c[t], c[u], c[v], d) (0 ≤ r ≤ s; tuv = 0; if r = 0 then t < u; if r = s
then u < v; if i = 0 then either r < min{j, k} or r = min{j, k} and
s ≤ max{j, k} for distinct i, j, k ∈ {t, u, v})

149 (a[r], a[s], a[t], b[u], b[v], c, c[w], d) (rst = uv = 0; if w = 0 then s < t)

150 (a[r], a[s], a[t], b, c, c[u], d, d[v]) (rst = 0; u ≤ v; if u = 0 then v 6= 0 and r < s;
if v = 0 then r < s)

151 (a, a[r], b, b[s], c, c[t], d[u], d[v]) (uv = 0; r ≤ s ≤ t; if v = 0 then t ≤ u; if r = 0
then s 6= 0)

152 (a, a[r], b, c[t], b[s], c[u], d[v], d[w]) (tu = vw = 0; r ≤ v + w; s ≤ t+ u; if r = 0
then v < w; if s = 0 then t < u )

153 (a[r], a[s], b[t], c[v], b[u], d[x], c[w], d[y]) (rs = tu = vw = xy = 0; if v = w and
x = y then either r < t or r = t and s ≤ u; if r = s and t = u then either
v < x or v = x and w ≤ y )

154 (a, a[r], a[s], a[t], a[u], a[v], b, c) (see Table 19)

155 (a[r], a[s], a[t], a[u], a[v], b, b[w], c) (rv = 0; if w 6= 0 then either r < min{s, t, u}
or r > max{s, t, u}; if w = 0 then r < min{s, u} and s < t)

156 (a[r], a[s], a[t], a[u], b[v], b[w], b[x], c) (rstu = vwx = 0 and see Table 20)

157 (a[r], a[s], a[t], b[v], a[u], b[w], b[x], c) (rstu = vwx = 0 and see Table 21)

158 (a, a[r], a[s], a[t], b, b[u], c, c[v]) (u ≤ v; if u = 0 then v 6= 0 and s < t; if r = 0
then s < t and u 6= 0; if s = t then u 6= 0; if s = 0 then r < t; if t = 0 then
r < s)

159 (a[r], a[s], a[t], b, a[u], b[v], c, c[w]) (rstu = 0; v ≤ w; if v = 0 then t < u; if
w = 0 then r < s)

160 (a[r], a[s], a[t], b[u], b[v], b[w], c, c[x]) (rt = uvw = 0; either r < s or r = s and
v < w; if x = 0 then r < s, v < w and r ≤ u; if x = 0 and r = u then either
s < v or s = v and t < w)

161 (a, a[r], a[s], b[w], c[t], c[u], c[v], b[x]) (tuv = wx = 0; 0 ≤ r ≤ s; if r = 0 then
t < u; if r = s then u < v; if i = 0 then either r < min{j, k} or r = min{j, k}
and s ≤ max{j, k} for distinct i, j, k ∈ {t, u, v}; if {0, r, s} = {t, u, v} then
w ≤ x)

162 (a, b, b[r], b[s], b[t], b[u], b[v], b[w]) (see Table 10)

163 (a, a[r], a[s], a[t], a[u], a[v], b[w], b[x]) (see Table 22)

164 (a[r], a[s], a[t], a[u], a[v], b[w], b[x], b[y]) (rstuv = wxy = 0 and see Table 23)

165 (a[r], a[s], a[t], a[u], b[v], b[w], b[x], b[y]) (rstu = vwxy = 0 and see Table 24)
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166 (a[r], a[s], a[t], b[v], a[u], b[w], b[x], b[y]) (rstu = vwxy = 0 and see Table 25)

26 (a, a[r], a[s], a[t], a[u], a[v], a[w], a[x]) (see Table 26)

Table 19. Conditions on field twists for E8(#154).

Equalities among 0, r, . . . , v Further requirements on 0, r, . . . , v

none s < min{t, u}; u < v

r = s u < v

s = t u < v

s = u t < v

r = s = t u < v

r = s = u t < v

s = t = u none

r = s = t = u none

r = 0 s < min{t, u}; u < v

r = 0; s = u t < v

s = 0 r < t; u < v

s = 0; r = u none

s = 0; u = v r < t

s = 0; r = u = v none

r = s = 0 u < v

r = s = 0; t = u none

s = t = 0 u < v

s = t = 0; r = u none

s = u = 0 r < t < v

s = t = u = 0 r < v

Table 20. Conditions on field twists for E8(#156).

Equalities among r, s, t, u Further requirements on 0, r, . . . , w

none r = 0; s < t < u

r = s t < u; v < w

r = s = t v < w < x

Table 21. Conditions on field twists for E8(#157).

Equalities among v, w, x Further requirements on r, . . . , x

none 0 < v < w

v = w t < u

v = w = x s < t < u
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Table 22. Conditions on field twists for E8(#163).

Equalities among 0, r, . . . , x Further requirements on 0, r, . . . , x

none s < min{t, u}; u < v

r = s u < v

s = t u < v; w < x

s = u t < v

r = s = t u < v

r = s = u t < v

s = t = u none

r = s = t = u none

r = 0 s < min{t, u}; u < v; w < x

r = 0; s = u t < v; w < x

s = 0 r < t; u < v

s = 0; r = u none

s = 0; u = v r < t; w < x

s = 0; r = u = v w < x

r = s = 0 u < v; w < x

r = s = 0; t = u w < x

s = t = 0 u < v; w < x

s = t = 0; r = u w < x

s = u = 0 r < t < v

s = t = u = 0 r < v; w < x

Table 23. Conditions on field twists for E8(#164).

Equalities among r, s, t, u, v Further requirements on r, . . . , y

none r < s < t < u

r = s t < u; x < y

r = v s < t < u

r = s = t w < x < y

r = s = v t < u; x < y

r = s = t = v w < x < y
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Table 24. Conditions on field twists for E8(#165).

Equalities among
r, s, t, u and equalities
among v, w, x, y

Further requirements on r, . . . , y

none r = v = 0; s < t < u; let i < j < k represent the order of
w, x, y: s ≤ i; if s = i then t ≤ j; if s = i and t = j then
u ≤ k

r = s t < u; v = 0; x < y

r = s = t v = 0; w < x < y

r = s; v = x t < u; w < y; r ≤ v; if r = v then either t < w or t = w
and u ≤ y

Table 25. Conditions on field twists for E8(#166).

Equalities among r, s, t, u
and equalities among
v, w, x, y

Further requirements on r, . . . , y

none r = 0; s < t < u; let 0 = i < j < k < l represent the
order of v, w, x, y: s ≤ j; if s = j then t ≤ k; if s = j
and t = k then u ≤ l

r = s t < u; x < y

r = s = t w < x < y

r = s; v = w t < u; x < y; r ≤ v; if r = v then t ≤ x; if r = v and
t = x then u ≤ y

r = s; v = x r ≤ v; if r = v then t ≤ w; if r = v and t = w then
u ≤ y

r = s; v = w = x t < u

r = s = t; v = w x < y

Table 26. Conditions on field twists for E8(#26).

Equalities among 0, r, . . . , w Further requirements on 0, r, . . . , w

none r < s; s < min{t, u}; u < min{v, w, x}

r = s u < v,w, x; w < x

r = s = t u < v < w < x

r = s = u t < v < w

r = s = t = u v < w < x

r = s; t = u v < w

r = s; u = v w < x

r = s; t = u = v w < x

r = s; t = u; v = w none

r = 0 s < min{t, u}; u < min{v, w}; w < x
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r = 0; s = u t < v; w < x

r = 0; s = u = w t < v < x

r = 0; s = u; t = w none

r = 0; s = u; t = w; v = x none

r = s = 0 u < v < w < x

r = s = 0; t = u v < w < x

r = s = u = 0 t < v < w < x

Table 27. Irreducible diagonal subgroups of Ā4
1A1 = E8(#174) (p ≥ 7).

ID Embedding

179 (a, a[r], b, c, d) (r 6= 0)

180 (a[r], b, c, d, a[s]) (rs = 0)

181 (a, a[r], a[s], b, c) (0 < r < s)

182 (a[r], a[s], b, c, a[t]) (rt = 0; r < s)

183 (a, a[r], b, b[s], c) (0 < r ≤ s)

184 (a, a[r], b[s], c, b[t]) (r 6= 0 = st)

185 (a, a[r], a[s], a[t], b) (0 < r < s < t)

186 (a[r], a[s], a[t], b, a[u]) (ru = 0; r < s < t)

187 (a, a[r], b[s], b[t], b[u]) (r 6= 0 = su; s < t)

188 (a, a[r], a[s], b[t], b[u]) (0 < r < s; tu = 0)

18 (a[r], a[s], a[t], a[u], a[v]) (rv = 0; r < s < t < u)

Table 28. Irreducible diagonal subgroups of Ā4
1A1B2 = E8(#126).

ID Embedding

191 (a, a[r], b, c, d, 10) (if p = 2 then r 6= 0)

192 (a, b, a[r], c, d, 10)

193 (a[r], b, c, d, a[s], 10) (rs = 0)

194 (a[r], a[s], a[t], b, c, 10) (rt = 0; r ≤ s; if p = 2 then r < s)

195 (a[r], a[s], b, c, a[t], 10) (rt = 0; r ≤ s; if r = s then r < t; if p = 2 then r < s)

196 (a[r], b, a[s], c, a[t], 10) (rt = 0; r ≤ s)

197 (a, a[r], b, b[s], c, 10) (r ≤ s; if p = 2 then rs 6= 0)

198 (a, a[r], b[s], c, b[t], 10) (st = 0; if p = 2 then r 6= 0)

199 (a, b[s], a[r], b[t], c, 10) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

200 (a[r], b[t], a[s], c, b[u], 10) (rs = tu = 0)

201 (a, a[r], a[s], a[t], b, 10) (s ≤ t; if r = 0 then s < t; if s = 0 then r < t; if p = 2
then r 6= 0 and s < t)

202 (a[r], a[s], a[t], b, a[u], 10) (rtu = 0; r ≤ s; if r = s then r < u; if p = 2 then
r < s )

203 (a[r], a[s], a[t], b[u], b[v], 10) (rt = uv = 0; r ≤ s; if p = 2 then r < s)
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204 (a[r], a[s], b, b[u], a[t], 10) (rt = 0; r ≤ s; if r = s then r < t; if p = 2 then r < s
and u 6= 0)

205 (a[r], b[u], a[s], b[v], a[t], 10) (rt = uv = 0; r ≤ s; if r = s then u ≤ v)

206 (a[r], a[s], a[t], a[u], a[v], 10) (rv = 0; r ≤ min{s, t}; t ≤ u; if r = s then t < u
and r < v; if r = t then s < u; if t = u then t < v; if p = 2 then r < s and
t < u)

Table 29. Irreducible diagonal subgroups of Ā4
1A1A1 = E8(#189) (p ≥ 5).

ID Embedding

207 (a, a[r], b, c, d, e)

208 (a[r], b, a[s], c, d, e) (rs = 0)

209 (a[r], b, c, d, a[s], e) (rs = 0)

210 (a[r], b, c, d, e, a[s]) (rs = 0)

211 (a, b, c, d, e[r], e[s]) (rs = 0)

212 (a[r], a[s], a[t], b, c, d) (rt = 0; r ≤ s)

213 (a[r], a[s], b, c, a[t], d) (rt = 0; r ≤ s; if r = s then r < t)

214 (a[r], a[s], b, c, d, a[t]) (rt = 0; r ≤ s)

215 (a[r], b, a[s], c, a[t], d) (rt = 0; r ≤ s)

216 (a[r], b, a[s], c, d, a[t]) (rt = 0; r ≤ s)

217 (a[r], b, c, d, a[s], a[t]) (rst = 0)

218 (a, a[r], b, b[s], c, d) (r ≤ s; s 6= 0)

219 (a, a[r], b[s], c, b[t], d) (st = 0)

220 (a, a[r], b[s], c, d, b[t]) (st = 0)

221 (a, a[r], b, c, d[s], d[t]) (st = 0)

222 (a, b[s], a[r], b[t], c, d) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

223 (a[r], b[t], a[s], c, b[u], d) (rs = tu = 0)

224 (a[r], b[t], a[s], c, d, b[u]) (rs = tu = 0)

225 (a, b, a[r], c, d[s], d[t]) (st = 0; s 6= t)

226 (a[r], b[t], c, d, a[s], b[u]) (rs = tu = 0)

227 (a[r], b, c[t], d, a[s], c[u]) (rs = tu = 0)

228 (a, a[r], a[s], a[t], b, c) (s ≤ t; if r = 0 then s < t; if s = 0 then r < t)

229 (a[r], a[s], a[t], b, a[u], c) (rtu = 0; r ≤ s; if r = s then r < u)

230 (a[r], a[s], a[t], b, c, a[u]) (rtu = 0; r ≤ s)

231 (a[r], a[s], b, c, a[t], a[u]) (rtu = 0; r ≤ s)

232 (a[r], b, a[s], c, a[t], a[u]) (rtu = 0; r ≤ s; t 6= u)

233 (a[r], a[s], a[t], b[u], b[v], c) (rt = uv = 0; r ≤ s)

234 (a[r], a[s], a[t], b[u], c, b[v]) (rt = uv = 0; r ≤ s)

235 (a[r], a[s], a[t], b, c[u], c[v]) (rt = uv = 0; r ≤ s; if u = v then r ≤ s ≤ t)

236 (a[r], a[s], b, b[u], a[t], c) (rt = 0; r ≤ s; if r = s then r < t and u 6= 0)

237 (a[r], a[s], b[u], c, a[t], b[v]) (rt = uv = 0; r ≤ s; if r = s then r < t)

238 (a[r], a[s], b, b[u], c, a[t]) (rt = 0; r ≤ s; if r = s then u 6= 0)
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239 (a[r], a[s], b[u], c, b[v], a[t]) (rt = uv = 0; r ≤ s)

240 (a[r], b[u], a[s], b[v], a[t], c) (rt = uv = 0; r ≤ s; if r = s then u < v)

241 (a[r], b[u], a[s], c, a[t], b[v]) (rst = uv = 0)

242 (a[r], b[u], a[s], b[v], c, a[t]) (rt = uv = 0; r ≤ s; if r = s then u < v)

243 (a[r], b[u], a[s], c, b[v], a[t]) (rst = uv = 0)

244 (a[r], b[u], b[v], c, a[s], a[t]) (rst = uv = 0; if s = t then u ≤ v)

245 (a[r], b, c, c[u], a[s], a[t]) (rst = 0; s 6= t)

246 (a, a[r], b, b[s], c[t], c[u]) (tu = 0; r ≤ s; if r = 0 then s 6= 0)

247 (a, a[r], b[s], c[u], b[t], c[v]) (st = uv = 0)

248 (a, b[s], a[r], b[t], c[u], c[v]) (st = uv = 0; u 6= v; r ≤ s+ t; if r = 0 then t 6= 0)

249 (a[r], b[t], a[s], c[v], b[u], c[w]) (rs = tu = vw = 0)

250 (a[r], a[s], a[t], a[u], a[v], b) (rv = 0; r ≤ min{s, t}; t ≤ u; if r = s then t < u
and r < v; if r = t then s < u; if t = u then t < v)

251 (a[r], a[s], a[t], a[u], b, a[v]) (rv = 0; r ≤ min{s, t}; t ≤ u; if r = s then t < u; if
r = t then s < u)

252 (a[r], a[s], a[t], b, a[u], a[v]) (rtuv = 0; r ≤ s; if r = s then r < u; if u = v then
either s < t or s = t and s < u)

253 (a, a[r], a[s], a[t], b[u], b[v]) (uv = 0; s ≤ t; if u = v then r ≤ s; if r = 0 then
s < t; if s = 0 then r < t)

254 (a[r], a[s], a[t], b[v], a[u], b[w]) (rtu = vw = 0; r ≤ s)

255 (a[r], a[s], a[t], b[v], b[w], a[u]) (rtu = vw = 0; r ≤ s)

256 (a[r], a[s], b, b[v], a[t], a[u]) (rtu = 0; r ≤ s; if r = s then v 6= 0)

257 (a[r], b[v], a[s], b[w], a[t], a[u]) (rtu = vw = 0; r ≤ s; t 6= u; if r = s then v < w)

258 (a[r], a[s], a[t], b[u], b[v], b[w]) (rt = uvw = 0; r ≤ s; if v = w then s ≤ t)

259 (a[r], a[s], b[u], b[v], a[t], b[w]) (rt = uw = 0; r ≤ s; u ≤ v; if r = s then r < t
and u < v)

260 (a[r], b[u], a[s], b[v], a[t], b[w]) (rt = uvw = 0; r ≤ s; if r = s then u < v)

23 (a[r], a[s], a[t], a[u], a[v], a[w]) (rstuvw = 0; see Table 30)

Table 30. Conditions on field twists for A1 = E8(#23).

Equalities among r, s, t, u and
equalities among v, w

Further requirements on r, . . . , w

none r < min{s, t}; t < u

r = s r < v; t < u

r = t s < u

v = w r < s < t < u

r = s; v = w r < v; t < u

r = s = t none

r = s = t; v = w r 6= v
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Table 31. Irreducible diagonal subgroups of Ā4
1A

3
1 = E8(#190) (p = 2).

ID Embedding

261 (a, a[r], b, c, d, e, f) (r 6= 0)

262 (a, b, a[r], c, d, e, f)

263 (a[r], b, c, d, a[s], e, f) (rs = 0)

264 (a, b, c, d, e, e[r], f) (r 6= 0)

265 (a[r], a[s], a[t], b, c, d, e) (rt = 0; r < s)

266 (a[r], a[s], b, c, a[t], d, e) (rt = 0; r < s)

267 (a[r], b, a[s], c, a[t], d, e) (rt = 0; r ≤ s)

268 (a[r], b, c, d, a[s], a[t], e) (rs = 0; s < t)

269 (a, b, c, d, e, e[r], e[s]) (0 < r < s)

270 (a, a[r], b, b[s], c, d, e) (0 < r ≤ s)

271 (a, a[r], b[s], c, b[t], d, e) (r 6= 0 = st)

272 (a, a[r], b, c, d, d[s], e) (rs 6= 0)

273 (a, b[s], a[r], b[t], c, d, e) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

274 (a[r], b[t], a[s], c, b[u], d, e) (rs = tu = 0)

275 (a, b, a[r], c, d, d[s], e) (s 6= 0)

276 (a[r], b[t], c, d, a[s], b[u], e) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

277 (a[r], b, c[t], d, a[s], c[u], e) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

278 (a[r], b, c, d, a[s], e, e[t]) (rs = 0 6= t)

279 (a, a[r], a[s], a[t], b, c, d) (r 6= 0; s < t; if s = 0 then r < t)

280 (a[r], a[s], a[t], b, a[u], c, d) (rtu = 0; r < s)

281 (a[r], a[s], b, c, a[t], a[u], d) (rt = 0; r < s; t < u)

282 (a[r], b, a[s], c, a[t], a[u], d) (rt = 0; r ≤ s; t < u)

283 (a[r], b, c, d, a[s], a[t], a[u]) (rs = 0; s < t < u)

284 (a[r], a[s], a[t], b[u], b[v], c, d) (rt = uv = 0; r < s)

285 (a[r], a[s], a[t], b, c, c[u], d) (rt = 0; r < s)

286 (a[r], a[s], b, b[u], a[t], c, d) (rt = 0 6= u; r < s)

287 (a[r], a[s], b[u], c, a[t], b[v], d) (rt = uv = 0; r < s)

288 (a[r], a[s], b, c, a[t], d, d[u]) (rt = 0 6= u; r < s)

289 (a[r], b, a[s], b[u], a[t], c, d) (rst = uv = 0; if u = 0 then r < s)

290 (a[r], b[u], a[s], c, a[t], b[v], d) (rst = uv = 0)

291 (a[r], b, a[s], c, a[t], d, d[u]) (rst = 0 6= u)

292 (a[r], b[u], b[v], c, a[s], a[t], d) (rs = uv = 0; s < t)

293 (a[r], b, c, c[u], a[s], a[t], d) (rs = 0 6= u; s < t)

294 (a[r], b[u], c, d, a[s], a[t], b[v]) (rs = uv = 0; s < t)

295 (a[r], b, c[u], d, a[s], a[t], c[v]) (rs = uv = 0; s < t)

296 (a, a[r], b, c, d, d[s], d[t]) (r 6= 0; 0 < s < t)

297 (a, b, a[r], c, d, d[s], d[t]) (0 < s < t)

298 (a, a[r], b, b[s], c, c[t], d) (rt 6= 0; r ≤ s)

299 (a, a[r], b[s], c[u], b[t], c[v], d) (r 6= 0 = st = uv; s ≤ u; if s = u then t ≤ v)
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300 (a, a[r], b[s], c, b[t], d, d[u]) (st = 0 6= ru)

301 (a, b[s], a[r], b[t], c, c[u], d) (st = 0 6= u; r ≤ s+ t; if r = 0 then t 6= 0)

302 (a[r], b[t], a[s], c[v], b[u], c[w], d) (rs = tu = vw = 0; t ≤ v; if t = v then u ≤ w)

303 (a[r], b[t], a[s], c, b[u], d, d[v]) (rs = tu = 0 6= v)

304 (a[r], b[t], c[v], d, a[s], b[u], c[w]) (rs = tu = vw = 0; r ≤ t; if r = t then s ≤ u)

305 (a[r], a[s], a[t], a[u], a[v], b, c) (rv = 0; r < s; r ≤ t; t < u; if r = t then s < u)

306 (a[r], a[s], a[t], b, a[u], a[v], c) (rtu = 0; r < s;u < v)

307 (a[r], a[s], b, c, a[t], a[u], a[v]) (rt = 0; r < s; t < u < v)

308 (a[r], b, a[s], c, a[t], a[u], a[v]) (rt = 0; r ≤ s; t < u < v)

309 (a, a[r], a[s], a[t], b, b[u], c) (ru 6= 0; s < t; if s = 0 then r < t)

310 (a[r], a[s], a[t], b[v], a[u], b[w], c) (rtu = vw = 0; r < s)

311 (a[r], a[s], a[t], b, a[u], c, c[v]) (rtu = 0 6= v; r < s)

312 (a[r], a[s], b, b[v], a[t], a[u], c) (rt = 0 6= v; r < s; t < u)

313 (a[r], a[s], b[v], c, a[t], a[u], b[w]) (rt = vw = 0; r < s; t < u)

314 (a[r], b[v], a[s], b[w], a[t], a[u], c) (rt = vw = 0; t < u; r ≤ s; if r = s then
v < w)

315 (a[r], b[v], a[s], c, a[t], a[u], b[w]) (rst = vw = 0; t < u)

316 (a[r], b[v], b[w], c, a[s], a[t], a[u]) (rs = vw = 0; s < t < u)

317 (a[r], b, c, c[v], a[s], a[t], a[u]) (rs = 0 6= v; s < t < u)

318 (a[r], a[s], a[t], b[u], b[v], b[w], c) (rt = uv = 0; r < s; v < w)

319 (a[r], a[s], a[t], b, c, c[u], c[v]) (rt = 0; 0 < u < v; r < s)

320 (a[r], a[s], b[u], b[v], a[t], b[w], c) (rt = uw = 0; r < s;u < v; r ≤ u; if r = u
then either s < v or s = v and t ≤ w)

321 (a[r], a[s], b[u], c, a[t], b[v], b[w]) (rt = uv = 0; r < s; v < w)

322 (a[r], b[u], a[s], b[v], a[t], b[w], c) (rt = uvw = 0; r ≤ s; if r = s then u < v)

323 (a[r], b[u], a[s], c, a[t], b[v], b[w]) (rst = uv = 0; v < w)

324 (a[r], b[u], b[v], c, a[s], a[t], b[w]) (rs = uvw = 0; s < t)

325 (a[r], b, c[u], c[v], a[s], a[t], c[w]) (rs = uw = 0; s < t;u < v)

326 (a[r], a[s], a[t], b[u], b[v], c, c[w]) (rt = uv = 0 6= w; r < s)

327 (a[r], a[s], b, b[u], a[t], c, c[w]) (rt = 0 6= uw; r < s)

328 (a[r], a[s], b[u], c[w], a[t], b[v], c[x]) (rt = uv = wx = 0; r < s;u ≤ w; if u = w
then v ≤ x)

329 (a[r], b[u], a[s], b[v], a[t], c, c[w]) (rst = uv = 0 6= w; if u = 0 then r < s)

330 (a[r], b[u], a[s], c[w], a[t], b[v], c[x]) (rst = uv = wx = 0; r ≤ s; if r = s then
u ≤ w; if r = s and u = w then v ≤ x)

331 (a[r], b[u], b[v], c[w], a[s], a[t], c[x]) (rs = uv = wx = 0; s < t)

332 (a[r], b[u], c, c[w], a[s], a[t], b[v]) (rs = uv = 0 6= w; s < t)

333 (a, a[r], b, b[s], c, c[t], c[u]) (rs 6= 0; r ≤ s; 0 < t < u)

334 (a, b[s], a[r], b[t], c, c[u], c[v]) (st = 0; 0 < u < v; r ≤ s+ t; if r = 0 then t 6= 0)

335 (a[r], a[s], a[t], a[u], a[v], a[w], b) (rv = 0; r < s; t < u; v < w; r ≤ t; if r = t
then s < u)

336 (a[r], a[s], a[t], b, a[u], a[v], a[w]) (rtu = 0; r < s;u < v < w)
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337 (a[r], a[s], a[t], a[u], a[v], b, b[w]) (rv = 0 6= w; r < s; t < u; r ≤ t; if r = t then
s < u)

338 (a[r], a[s], a[t], b[w], a[u], a[v], b[x]) (rtu = wx = 0; r < s;u < v)

339 (a[r], a[s], b, b[w], a[t], a[u], a[v]) (rt = 0 6= w; r < s; t < u < v)

340 (a[r], b[w], a[s], b[x], a[t], a[u], a[v]) (rt = wx = 0; t < u < v; r ≤ s; if r = s
then w < x)

341 (a, a[r], a[s], a[t], b, b[u], b[v]) (r 6= 0 < u < v; s < t; if s = 0 then r < t)

342 (a[r], a[s], a[t], b[v], a[u], b[w], b[x]) (rtu = vw = 0; r < s;w < x)

343 (a[r], a[s], b[v], b[w], a[t], a[u], b[x]) (rt = vx = 0; r < s; v < w; t < u)

344 (a[r], b[v], a[s], b[w], a[t], a[u], b[x]) (rt = vwx = 0; t < u; r ≤ s; if r = s then
v < w)

345 (a[r], b[v], b[w], b[x], a[s], a[t], a[u]) (rs = vw = 0; s < t < u;w < x)

27 (a[r], a[s], a[t], a[u], a[v], a[w], a[x]) (rsv = 0; v < w < x; t < u; if r 6= t then
r < min{s, t}; if r = t then s < u)

Table 32. Irreducible diagonal subgroups of Ā2
1A

4
1 = E8(#365) (p 6= 2).

ID Embedding

374 (a, a[r], b, c, d, e)

375 (a[r], b, a[s], c, d, e) (rs = 0)

376 (a, b, c, c[r], d, e) (r 6= 0)

377 (a[r], a[s], a[t], b, c, d) (rt = 0; r ≤ s; if r = s then r < t)

378 (a[r], b, a[s], a[t], c, d) (rs = 0; s < t)

379 (a, b, c, c[r], c[s], d) (0 < r < s)

380 (a, a[r], b, b[s], c, d) (s 6= 0)

381 (a[r], b[t], a[s], b[u], c, d) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

382 (a[r], b, a[s], c, c[t], d) (rs = 0 6= t)

383 (a, b, c, c[r], d, d[s]) (rs 6= 0; r ≤ s)

384 (a[r], a[s], a[t], a[u], b, c) (rt = 0; r ≤ s; t < u; if r = s then r < t)

385 (a[r], b, a[s], a[t], a[u], c) (rs = 0; s < t < u)

386 (a, b, c, c[r], c[s], c[t]) (0 < r < s < t)

387 (a[r], a[s], a[t], b, b[u], c) (rt = 0 6= u; r ≤ s; if r = s then r < t)

388 (a[r], b[u], a[s], a[t], b[v], c) (rs = uv = 0; s < t)

389 (a[r], c, a[s], a[t], b, b[u]) (rs = 0 6= u; s < t)

390 (a, a[r], b, b[s], b[t], c) (0 < s < t)

391 (a[r], b, c, c[t], c[u], a[s]) (rs = 0; 0 < t < u)

392 (a, a[r], b, b[s], c, c[t]) (st 6= 0; s ≤ t)

393 (a[r], b[t], a[s], b[u], c, c[v]) (rs = tu = 0 6= v; r ≤ t; if r = t then s ≤ u)

394 (a[r], a[s], a[t], a[u], a[v], b) (rt = 0; r ≤ s; t < u < v; if r = s then r < t)

395 (a[r], b, a[s], a[t], a[u], a[v]) (rs = 0; s < t < u < v)

396 (a[r], a[s], a[t], a[u], b, b[v]) (rt = 0 6= v; r ≤ s; t < u; if r = s then r < t)

397 (a[r], b[v], a[s], a[t], a[u], b[w]) (rs = vw = 0; s < t < u)
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398 (a, a[r], b, b[s], b[t], b[u]) (0 < s < t < u)

399 (a[r], a[s], a[t], b, b[u], b[v]) (rt = 0 < u < v; r ≤ s; if r = s then r < t)

400 (a[r], b[u], a[s], a[t], b[v], b[w]) (rs = uv = 0; s < t; u < v; r ≤ u; if r = u then
either s < v or s = v and t ≤ w)

25 (a[r], a[s], a[t], a[u], a[v], a[w]) (rt = 0; r ≤ s; t < u < v < w; if r = s then
r < t)

Table 33. Irreducible diagonal subgroups of Ā2
1A1A

2
1 = E8(#401) (p 6= 2).

ID Embedding

408 (a, a[r], b, c, d)

409 (a[r], b, a[s], c, d) (rs = 0)

410 (a[r], b, c, a[s], d) (rs = 0)

411 (a, b, c[r], c[s], d) (rs = 0)

412 (a, b, c, d, d[r]) (r 6= 0)

214 {0} (a, b, c, d, d)

413 (a[r], a[s], a[t], b, c) (rt = 0; r ≤ s; if r = s then s < t)

414 (a[r], a[s], b, a[t], c) (rt = 0; r ≤ s)

415 (a[r], b, a[s], a[t], c) (rst = 0)

416 (a[r], b, c, a[s], a[t]) (rs = 0; s < t)

417 (a, b, c[r], c[s], c[t]) (rs = 0; s < t)

418 (a, a[r], b[s], b[t], c) (st = 0)

419 (a, a[r], b, c, c[s]) (s 6= 0)

420 (a[r], b[t], a[s], b[u], c) (rs = tu = 0)

421 (a[r], b, a[s], c, c[t]) (rs = 0 6= t)

422 (a[r], b, c[t], a[s], c[u]) (rs = tu = 0)

423 (a[r], b[t], c, a[s], b[u]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

424 (a[r], a[s], a[t], a[u], b) (rtu = 0; r ≤ s; if r = s then s < t)

425 (a[r], a[s], b, a[t], a[u]) (rt = 0; r ≤ s; t < u)

426 (a[r], b, a[s], a[t], a[u]) (rst = 0; t < u)

427 (a[r], a[s], a[t], b, b[u]) (rt = 0 6= u; r ≤ s; if r = s then s < t)

428 (a[r], a[s], b[u], a[t], b[v]) (rt = uv = 0; r ≤ s)

430 (a[r], b[u], a[s], a[t], b[v]) (rst = uv = 0)

431 (a[r], b[u], b[v], a[s], a[t]) (rs = uv = 0; s < t)

431 (a, a[r], b[s], b[t], b[u]) (st = 0; t < u)

24 (a[r], a[s], a[t], a[u], a[v]) (rtu = 0; r ≤ s; u < v; if r = s then s < t)
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Table 34. Irreducible diagonal subgroups of Ā2
1A1A1 = E8(#402) (p ≥ 11).

ID Embedding ID Embedding

432 (a, a[r], b, c) 437 (a[r], a[s], b, a[t]) (r ≤ s; rt = 0)

433 (a[r], b, a[s], c) (rs = 0) 438 (a[r], b, a[s], a[t]) (rst = 0)

434 (a[r], b, c, a[s]) (rs = 0) 439 (a, a[r], b[s], b[t]) (st = 0)

435 (a, b, c[r], c[s]) (rs = 0) 440 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

436 (a[r], a[s], a[t], b) (r ≤ s; rt = 0; if
r = s then r < t)

15 (a[r], a[s], a[t], a[u]) (rst = 0; r ≤ s;
if r = s then r < t)

Table 35. Irreducible diagonal subgroups of Ā2
1A

3
1B2 = E8(#441) (p = 2).

ID Embedding

452 (a, a[r], b, c, d, 10) (r 6= 0)

453 (a[r], b, a[s], c, d, 10) (rs = 0)

454 (a, b, c, c[r], d, 10) (r 6= 0)

455 (a[r], a[s], a[t], b, c, 10) (r < s; rt = 0)

456 (a[r], b, a[s], a[t], c, 10) (rs = 0; s < t)

457 (a, b, c, c[r], c[s], 10) (0 < r < s)

458 (a, a[r], b, b[s], c, 10) (rs 6= 0)

459 (a[r], b[t], a[s], b[u], c, 10) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

460 (a[r], b, a[s], c, c[t], 10) (rs = 0 6= t)

461 (a[r], a[s], a[t], a[u], b, 10) (rt = 0; r < s; t < u)

462 (a[r], b, a[s], a[t], a[u], 10) (rs = 0; s < t < u)

463 (a[r], a[s], a[t], b, b[u], 10) (rt = 0 6= u; r < s)

464 (a[r], b[u], a[s], a[t], b[v], 10) (rs = uv = 0; s < t)

465 (a, a[r], b, b[s], b[t], 10) (r 6= 0; 0 < s < t)

466 (a[r], a[s], a[t], a[u], a[v], 10) (rt = 0; r < s; t < u < v)

Table 36. Irreducible diagonal subgroups of Ā2
1A

5
1 = E8(#451) (p = 2).

ID Embedding

467 (a, a[r], b, c, d, e, f) (r 6= 0)

468 (a[r], b, a[s], c, d, e, f) (rs = 0)

469 (a, b, c, c[r], d, e, f) (r 6= 0)

470 (a[r], a[s], a[t], b, c, d, e) (rt = 0; r < s)

471 (a[r], b, a[s], a[t], c, d, e) (rs = 0; s < t)

472 (a, b, c, c[r], c[s], d, e) (0 < r < s)

473 (a, a[r], b, b[s], c, d, e) (rs 6= 0)

474 (a[r], b[t], a[s], b[u], c, d, e) (rs = tu = 0; r ≤ t; if r = t then s < u)

475 (a[r], b, a[s], c, c[t], d, e) (rs = 0 6= t)

476 (a, b, c, c[r], d, d[s], e) (rs 6= 0; r ≤ s)
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477 (a[r], a[s], a[t], a[u], b, c, d) (rt = 0; r < s; t < u)

478 (a[r], b, a[s], a[t], a[u], c, d) (rs = 0; s < t < u)

479 (a, b, c, c[r], c[s], c[t], d) (0 < r < s < t)

480 (a[r], a[s], a[t], b, b[u], c, d) (rt = 0 6= u; r < s)

481 (a[r], b[u], a[s], a[t], b[v], c, d) (rs = uv = 0; s < t)

482 (a[r], b, a[s], a[t], c, c[u], d) (rs = 0 6= u; s < t)

483 (a, a[r], b, b[s], b[t], c, d) (r 6= 0; 0 < s < t)

484 (a[r], b, c, c[t], c[u], a[s], d) (rs = 0; 0 < t < u)

485 (a, b, c, c[r], c[s], d, d[t]) (t 6= 0; 0 < r < s)

486 (a, a[r], b, b[s], c, c[t], d) (rst 6= 0; s ≤ t)

487 (a[r], b[t], a[s], b[u], c, c[v], d) (rs = tu = 0 6= v; r ≤ t; if r = t then s < u)

488 (a[r], b, a[s], c, c[t], d, d[u]) (rs = 0 6= tu; t ≤ u)

489 (a[r], a[s], a[t], a[u], a[v], b, c) (rt = 0; r < s; t < u < v)

490 (a[r], b, a[s], a[t], a[u], a[v], c) (rs = 0; s < t < u < v)

491 (a, b, c, c[r], c[s], c[t], c[u]) (0 < r < s < t < u)

492 (a[r], a[s], a[t], a[u], b, b[v], c) (rt = 0 6= v; r < s; t < u)

493 (a[r], b[v], a[s], a[t], a[u], b[w], c) (rs = vw = 0; s < t < u)

494 (a[r], b, a[s], a[t], a[u], c, c[v]) (rs = 0 6= v; s < t < u)

495 (a, a[r], b, b[s], b[t], b[u], c) (r 6= 0; 0 < s < t < u)

496 (a[r], b, c, c[t], c[u], c[v], a[s]) (rs = 0; 0 < t < u < v)

497 (a[r], a[s], a[t], b, b[u], b[v], c) (rt = 0; 0 < u < v; r < s)

498 (a[r], b[u], a[s], a[t], b[v], b[w], c) (rs = uv = 0; s < t; v < w; r ≤ u; if r = u then
either s < v or s = v and t ≤ w)

499 (a[r], b, a[s], a[t], c, c[u], c[v]) (rs = 0; 0 < u < v; s < t)

500 (a[r], a[s], a[t], b, b[u], c, c[v]) (rt = 0 6= uv; r < s;u ≤ v)

501 (a[r], b[u], a[s], a[t], b[v], c, c[w]) (rs = uv = 0 6= w; s < t)

502 (a, a[r], b, b[s], b[t], c, c[u]) (ru 6= 0; 0 < s < t)

503 (a[r], b[t], c, c[v], c[w], a[s], b[u]) (rs = tu = 0 < v < w; r ≤ t; if r = t then
s ≤ u)

504 (a[r], a[s], a[t], a[u], a[v], a[w], b) (rt = 0; r < s; t < u < v < w)

505 (a[r], b, a[s], a[t], a[u], a[v], a[w]) (rs = 0; s < t < u < v < w)

506 (a[r], a[s], a[t], a[u], a[v], b, b[w]) (rt = 0 6= w; r < s; t < u < v)

507 (a[r], b[w], a[s], a[t], a[u], a[v], b[x]) (rs = wx = 0; s < t < u < v)

508 (a, a[r], b, b[s], b[t], b[u], b[v]) (r 6= 0; 0 < s < t < u < v)

509 (a[r], a[s], a[t], a[u], b, b[v], b[w]) (rt = 0; 0 < v < w; r < s; t < u)

510 (a[r], b[v], a[s], a[t], a[u], b[w], b[x]) (rs = vw = 0; s < t < u;w < x)

511 (a[r], a[s], a[t], b, b[u], b[v], b[w]) (rt = 0; 0 < u < v < w; r < s)

29 (a[r], a[s], a[t], a[u], a[v], a[w], a[x]) (rt = 0; r < s; t < u < v < w < x)
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Table 37. Irreducible diagonal subgroups of Ā2
1A1B

2
2 = E8(#404) (p = 2).

ID Embedding ID Embedding

520 (1a, 1
[r]
a , 1b, 10c, 10d) (r 6= 0) 526 (1a, 1

[r]
a , 1b, 10c, 02

[s]
c ) (r 6= 0)

521 (1
[r]
a , 1b, 1

[s]
a , 10c, 10d) (rs = 0) 527 (1

[r]
a , 1b, 1

[s]
a , 10c, 10

[t]
c ) (rs = 0 6= t)

522 (1a, 1b, 1c, 10d, 10
[r]
d ) (r 6= 0) 528 (1

[r]
a , 1b, 1

[s]
a , 10c, 02

[t]
c ) (rs = 0)

523
524

(1a, 1b, 1c, 10d, 02
[r]
d )

(1
[r]
a , 1

[s]
a , 1

[t]
a , 10b, 10c)

529 (1
[r]
a , 1

[s]
a , 1

[t]
a , 10b, 10

[u]
b )

(r < s; rt = 0 6= u)

(rt = 0; r < s) 530 (1
[r]
a , 1

[s]
a , 1

[t]
a , 10b, 02

[u]
b ) (r < s; rt = 0)

525 (1a, 1
[r]
a , 1b, 10c, 10

[s]
c ) (rs 6= 0)

Table 38. Irreducible diagonal subgroups of Ā2
1A1A1 = E8(#538) (p ≥ 7).

ID Embedding ID Embedding

542 (a, a[r], b, c) 547 (a[r], a[s], b, a[t]) (r ≤ s; rt = 0)

543 (a[r], b, a[s], c) (rs = 0) 548 (a[r], b, a[s], a[t]) (rst = 0)

544 (a[r], b, c, a[s]) (rs = 0) 549 (a, a[r], b[s], b[t]) (st = 0)

545 (a, b, c[r], c[s]) (rs = 0) 550 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

546 (a[r], a[s], a[t], b) (r ≤ s; rt = 0) 17 (a[r], a[s], a[t], a[u]) (rst = 0; r ≤ s)

Table 39. Irreducible diagonal subgroups of Ā2
1A

2
1A1 = E8(#558) (p 6= 2).

ID Embedding

566 (a, a[r], b, c, d)

567 (a[r], b, a[s], c, d) (rs = 0)

568 (a[r], b, c, a[s], d) (rs = 0)

569 (a[r], b, c, d, a[s]) (rs = 0)

570 (a, b, c, c[r], d) (r 6= 0)

411 {0} (a, b, c, c, d)

571 (a, b, c[r], d, c[s]) (rs = 0; r 6= s)

227 {0} (a, b, c, d, c)

572 (a[r], a[s], a[t], b, c) (rst = 0)

573 (a[r], a[s], b, c, a[t]) (rt = 0; r ≤ s)

574 (a[r], b, a[s], a[t], c) (rst = 0; s 6= t)

575 (a[r], b, a[s], c, a[t]) (rst = 0; s 6= t)

576 (a[r], b, c, a[s], a[t]) (rst = 0; s 6= t)

577 (a, b, c[r], c[s], c[t]) (rt = 0; r < s; t /∈ {r, s})

578 (a, a[r], b[s], b[t], c) (st = 0; s 6= t; if r = 0 then s < t)

579 (a[r], a[s], b[t], c, b[u]) (rs = tu = 0; t 6= u)

580 (a[r], b[t], a[s], b[u], c) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

581 (a[r], b[t], a[s], c, b[u]) (rs = tu = 0)

582 (a[r], b, a[s], c[t], c[u]) (rs = tu = 0; t 6= u)
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583 (a[r], b[t], b[u], a[s], c) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

584 (a[r], b[t], c, a[s], b[u]) (rs = tu = 0)

585 (a[r], b, c[t], a[s], c[u]) (rs = tu = 0; t 6= u)

586 (a[r], b[t], b[u], c, a[s]) (rs = tu = 0)

587 (a[r], b[t], c, b[u], a[s]) (rs = tu = 0)

588 (a[r], b, c[t], c[u], a[s]) (rs = tu = 0; t 6= u)

589 (a[r], a[s], a[t], a[u], b) (rtu = 0; r ≤ s; t 6= u; if r = s then t < u)

590 (a[r], a[s], a[t], b, a[u]) (rstu = 0; t 6= u)

591 (a[r], b, a[s], a[t], a[u]) (rstu = 0; s, t, u distinct)

592 (a[r], a[s], a[t], b[u], b[v]) (rst = uv = 0;u 6= v)

593 (a[r], a[s], b[u], b[v], a[t]) (rt = uv = 0;u 6= v; r ≤ s; if r = s then u < v)

594 (a[r], b[u], a[s], a[t], b[v]) (rst = uv = 0; s 6= t)

595 (a[r], b[u], a[s], b[v], a[t]) (rst = uv = 0; s 6= t)

596 (a[r], b[u], b[v], a[s], a[t]) (rst = uv = 0; s 6= t)

597 (a, a[r], b[s], b[t], b[u]) (stu = 0; s, t, u distinct; if r = 0 then s < t)

6 (a[r], a[s], a[t], a[u], a[v]) (rtuv = 0; r ≤ s; t, u, v distinct; if r = s then
t < u)

Table 40. Irreducible diagonal subgroups of Ā2
1A1A1 = E8(#559) (p ≥ 7).

ID Embedding ID Embedding

598 (a[r], a[s], b, c) (rs = 0) 605 (a[r], a[s], b, a[t]) (rst = 0)

599 (a[r], b, a[s], c) (rs = 0) 606 (a[r], b, a[s], a[t]) (rst = 0; s 6= t)

600 (a[r], b, c, a[s]) (rs = 0) 607 (a, b[r], b[s], b[t]) (rst = 0; s 6= t)

601 (a, b[r], b[s], c) (rs = 0) 608 (a[r], a[s], b[t], b[u]) (rs = tu = 0; t 6= u)

602 (a, b[r], c, b[s]) (rs = 0) 609 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

603 (a, b, c[r], c[s]) (r 6= s) 610 (a[r], b[t], b[u], a[s]) (rs = tu = 0)

545 {0} (a, b, c, c) 5 (a[r], a[s], a[t], a[u]) (rstu = 0; t 6= u)

604 (a[r], a[s], a[t], b) (rst = 0)

Table 41. Irreducible diagonal subgroups of A6
1 = E8(#641) (p = 2).

ID Embedding

648 (a, a[r], b, c, d, e) (r 6= 0)

649 (a[r], b, c, a[s], d, e) (rs = 0)

650 (a, a[r], a[s], b, c, d) (0 < r < s)

651 (a[r], a[s], b, a[t], c, d) (rt = 0; r < s)

652 (a, a[r], b[s], b[t], c, d) (r 6= 0 = st)

653 (a, a[r], b, c, c[s], d) (rs 6= 0; r ≤ s)

654 (a, b[s], c, a[r], b[t], d) (st = 0; r ≤ s+ t; if r = 0 then s ≤ t)

655 (a[r], a[s], a[t], a[u], b, c) (ru = 0; r < s < t)

656 (a[r], a[s], b, a[t], a[u], c) (rt = 0; r < s; t < u; r ≤ t; if r = t then s ≤ u)
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657 (a, a[r], a[s], b, b[t], c) (t 6= 0 < r < s)

658 (a[r], a[s], b[u], a[t], b[v], c) (rt = uv = 0; r < s)

659 (a[r], a[s], b, a[t], c, c[u]) (rt = 0 6= u; r < s)

660 (a, a[r], b[s], b[t], c, c[u]) (ru 6= 0 = st; r ≤ u; if r = u then s ≤ t)

661 (a, b, c[t], a[r], b[s], c[u]) (tu = 0;u ≤ r ≤ s; if t 6= 0 and 0 ∈ {r, s} then
t ≤ r + s)

662 (a[r], a[s], a[t], a[u], a[v], b) (ru = 0; r < s < t;u < v)

663 (a[r], a[s], a[t], a[u], b, b[v]) (ru = 0 6= v; r < s < t)

664 (a[r], a[s], b[v], a[t], a[u], b[w]) (rt = 0; r < s; t < u; r ≤ t; if r = t then either
s < u or s = u and v ≤ w)

665 (a, a[r], a[s], b, b[t], b[u]) (0 < r < s; 0 < t < u; r ≤ t; if r = t then s ≤ u)

666 (a[r], a[s], b[u], a[t], b[v], b[w]) (rt = uv = 0; r < s; v < w; r ≤ v; if r = v then
either s < w or s = w and t ≤ u)

28 (a, a[r], a[s], a[t], a[u], a[v]) (0 < r < s; t < u < v; if t = 0 then either r < u or
r = u and s ≤ v )

Table 42. Irreducible diagonal subgroups of A2
1A

2
1 = E8(#683) (p ≥ 5).

ID Embedding ID Embedding

687 (a, a[r], b, c) (r 6= 0) 691 (a[r], b, a[s], a[t]) (rs = 0; s < t)

688 (a[r], b, a[s], c) (rs = 0) 692 (a, a[r], b, b[s]) (rs 6= 0)

689 (a, b, c, c[r]) (r 6= 0) 693 (a[r], b[t], a[s], b[u]) (rs = tu = 0; r ≤ t;
if r = t then s ≤ u)

690 (a[r], a[s], a[t], b) (rt = 0; r < s) 21 (a[r], a[s], a[t], a[u]) (rt = 0; r < s; t < u)

Table 43. Irreducible diagonal subgroups of A2
1A

2
1 = E8(#694) (p ≥ 5).

ID Embedding

699 (a, a[r], b, c)

700 (a[r], b, a[s], c) (rs = 0; r 6= s)

688 {0} (a, b, a, c)

701 (a[r], b, c, a[s]) (rs = 0)

702 (a, b, c, c[r])

703 (a[r], a[s], a[t], b) (rst = 0; r 6= t)

704 (a[r], b, a[s], a[t]) (rst = 0; r 6= s)

705 (a, a[r], b[s], b[t]) (st = 0)

706 (a[r], b[t], a[s], b[u]) (rs = tu = 0; r 6= s; t 6= u; r ≤ t; if r = t then s ≤ u)

707 (a[r], b[t], b[u], a[s]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

22 (a[r], a[s], a[t], a[u]) (rtu = 0; r 6= t; s 6= u; r ≤ s; if r = s then t ≤ u)
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Table 44. Irreducible diagonal subgroups of A7
1 = E8(#791) (p = 2).

ID Embedding

798 (a, a[r], b, c, d, e, f) (r 6= 0)

799 (a, a[r], a[s], b, c, d, e) (0 < r < s)

800 (a, a[r], b, b[s], c, d, e) (0 < r ≤ s)

801 (a, a[r], a[s], a[t], b, c, d) (0 < r < s < t)

802 (a, a[r], a[s], b, b[t], c, d) (t 6= 0; 0 < r < s)

803 (a, a[r], b, b[s], c, c[t], d) (0 < r ≤ s ≤ t)

804 (a, a[r], a[s], a[t], a[u], b, c) (0 < r < s < t < u)

805 (a, a[r], a[s], a[t], b, b[u], c) (u 6= 0; 0 < r < s < t)

806 (a, a[r], a[s], b, b[t], b[u], c) (0 < r < s; 0 < t < u; r ≤ t; if r = t then s ≤ u)

807 (a, a[r], a[s], b, b[t], c, c[u]) (tu 6= 0; 0 < r < s)

808 (a, a[r], a[s], a[t], a[u], a[v], b) (0 < r < s < t < u < v)

809 (a, a[r], a[s], a[t], a[u], b, b[v]) (v 6= 0; 0 < r < s < t < u)

810 (a, a[r], a[s], a[t], b, b[u], b[v]) (0 < r < s < t; 0 < u < v)

30 (a, a[r], a[s], a[t], a[u], a[v], a[w]) (0 < r < s < t < u < v < w)

Table 45. Irreducible diagonal subgroups of Ā1A1A1A1 = E8(#929) (p ≥ 7).

ID Embedding ID Embedding

932 (a[r], a[s], b, c) (rs = 0) 938 (a[r], a[s], a[t], b) (rst = 0; s 6= t)

933 (a[r], b, a[s], c) (rs = 0) 939 (a[r], a[s], b, a[t]) (rst = 0)

934 (a[r], b, c, a[s]) (rs = 0) 940 (a[r], b, a[s], a[t]) (rst = 0; s 6= t)

935 (a, b[r], b[s], c) (rs = 0; r 6= s) 941 (a, b[r], b[s], b[t]) (rst = 0; s /∈ {r, t})

600 {0} (a, b, b, c) 942 (a[r], a[s], b[t], b[u]) (rs = tu = 0; t 6= u)

936 (a, b[r], c, b[s]) (rs = 0) 943 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

937 (a, b, c[r], c[s]) (rs = 0) 944 (a[r], b[t], b[u], a[s]) (rs = tu; t 6= u)

543 {0} (a, b, c, c) 32 (a[r], a[s], a[t], a[u])
(rstu = 0; t /∈ {s, u})

Table 46. Irreducible diagonal subgroups of Ā4
2 = E8(#975).

ID Embedding ID Embedding

983 (10a, 10b, 10
[r]
b , 10c) 74 (10, 10[r], 10[r], 10[s]) (0 < r < s)

984 (10a, 10b, 10
[r]
b , 10

[s]
b )

(r ≤ s; if r = 0 then s 6= 0)
75
76

(10, 10[r], 01[r], 10[s]) (0 < r < s)
(10, 01[r], 10[r], 10[s]) (0 < r < s)

985 (10a, 10b, 10
[r]
b , 01

[s]
b ) 77 (10, 01[r], 01[r], 10[s]) (0 < r < s)

986 (10a, 10b, 01
[r]
b , 01

[s]
b ) (0 < r ≤ s) 78 (10, 10[r], 10[s], 10[s]) (0 < r < s)

987 (10a, 10
[r]
a , 10

[s]
b , 10

[t]
b )

(st = 0; r ≤ s+ t)
79
80

(10, 10[r], 10[s], 01[s]) (0 < r < s)
(10, 10[r], 01[s], 10[s]) (0 < r < s)
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988 (10a, 10
[r]
a , 10

[s]
b , 01

[t]
b )

(st = 0; r 6= 0)
81
82

(10, 10[r], 01[s], 01[s]) (0 < r < s)
(10, 10[r], 10[s], 10[t]) (0 < r < s < t)

66 (10[r], 10, 10, 01) (r 6= 0) 83 (10, 10[r], 10[s], 01[t]) (0 < r < s < t)

67 (10, 10[r], 10[r], 01[r]) (r 6= 0) 84 (10, 10[r], 01[s], 10[t]) (0 < r < s < t)

68 (10, 10, 10[r], 10[r]) (r 6= 0) 85 (10, 10[r], 01[s], 01[t]) (0 < r < s < t)

69 (10, 10, 10[r], 01[r]) (r 6= 0) 86 (10, 01[r], 10[s], 10[t]) (0 < r < s < t)

70 (10, 10, 10[r], 10[s]) (0 < r < s) 87 (10, 01[r], 10[s], 01[t]) (0 < r < s < t)

71 (10, 01, 10[r], 10[s]) (0 < r < s) 88 (10, 01[r], 01[s], 10[t]) (0 < r < s < t)

72 (01, 10, 10[r], 10[s]) (0 < r < s) 89 (10, 01[r], 01[s], 01[t]) (0 < r < s < t)

73 (01, 01, 10[r], 10[s]) (0 < r < s)

Table 47. Irreducible diagonal subgroups of Ā2A2A2 = E8(#1012) (p = 3).

ID Embedding ID Embedding

1020 (10
[r]
a , 10

[s]
a , 10b) (rs = 0; r 6= s) 94 (10, 10[r], 10) (r 6= 0)

1021 (10
[r]
a , 01

[s]
a , 10b) (rs = 0) 95 (10[r], 01[s], 10[t]) (rst = 0)

1022 (10
[r]
a , 10b, 10

[s]
a ) (rs = 0; r 6= s) 96 (10[r], 01[r], 10) (r 6= 0)

1023 (10a, 10
[r]
b , 10

[s]
b ) (rs = 0) 97 (10, 01, 10[r]) (r 6= 0)

92 (10[r], 10[s], 10[t]) (rst = 0) 98 (10[r], 01, 10[r]) (r 6= 0)

93 (10[r], 10, 10[r]) (r 6= 0) 99 (10, 01[r], 10) (r 6= 0)





CHAPTER 12

Composition factors for G-irreducible subgroups

Let G be a simple exceptional algebraic group. In this section we give the
composition factors of the action of each G-irreducible connected subgroup X on
the minimal and adjoint modules for G. However, we do not explicitly list these
for diagonal irreducible subgroups X of some semisimple irreducible subgroup Y
as it would drastically lengthen the already large tables and, more importantly,
because it is easy to recover them from the Y -composition factors of the G-modules
in question. The notation used for describing the composition factors is given in
Section 2.

The composition factors of each G-irreducible subgroup are found by repeated
restrictions from a reductive, maximal connected overgroup M . When X is simple
this has already been done in [Tho16, Tables 9–13], [Tho15, Tables 3–7], where
the X-composition factors of the minimal and adjoint modules are given.

The first column of each table gives the identification number n of the irre-
ducible subgroup X = G(#n). The second column gives the isomorphism type
of X and the third gives any characteristic restrictions. In Tables 1–4, the fourth
(resp. fifth) column gives the composition factors of the minimal module (resp.
adjoint module) for G restricted to X . In Table 5 the fourth column gives the
composition factors of L(E8) ↓ X .
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Table 1. The composition factors of non-diagonal irreducible connected subgroups of G2 acting on V7 and L(G2).

ID X p V7 ↓ G2(#n) L(G2) ↓ G2(#n)

3 A1 ≥ 7 6 W (10)/2

4 A2 10/01/00 W (11)/10/01

5 A2 3 11 30/11/03/00

6 Ā1Ã1 (1, 1)/(0,W (2)) (W (2), 0)/(1,W (3))/(0,W (2))

Table 2. The composition factors of non-diagonal irreducible connected subgroups of F4 acting on V26 and L(F4).

ID X p V26 ↓ X L(F4) ↓ X

5 G2 7 20 11/01

7 A1 ≥ 11 10/8/4/0 W (14)/102/6/4/2

10 A1 ≥ 13 W (16)/8 W (22)/W (14)/10/2

12 B4 W (λ1)/λ4/0 W (λ2)/λ4

13 D̄4 λ1/λ3/λ4/0 λ1/W (λ2)/λ3/λ4

14 C4 2 λ2 2λ1/λ2/λ4/0
2

15 D̃4 2 λ2 2λ1/λ2/2λ3/2λ4/0
2

16 G2 7 20 11/01

24 Ā1C3 (1, 100)/(0,W (010)) (W (2), 000)/(1,W (001))/(0,W (200))

25 A1G2 6= 2 (W (4), 00)/(2, 10) (W (4), 10)/(2, 00)/(0,W (01))

26 Ā2Ã2 (10, 10)/(01, 01)/(00,W (11)) (W (11), 00)/(10,W (02))/(01,W (20))/(00,W (11))

27 Ã1Ā3 (W (2), 000)/(1, 100)/(1, 001)/(0, 010)/(0, 000) (W (2), 010)/(W (2), 000)/(1, 100)/(1, 001)/(0,W (101))

28 Ā2
1B2 (1, 1, 00)/(1, 0, 01)/(0, 1, 01)/(0, 0,W (10))/

(0, 0, 00)
(W (2), 0, 00)/(1, 1,W (10))/(1, 0, 01)/(0,W (2), 00)/(0, 1, 01)/
(0, 0,W (02))

29 A2
1 6= 2 (W (3), 1)/(2, 2)/(1,W (3))/(0, 0) (W (4), 2)/(W (3), 1)/(2,W (4))/(2, 0)/(1,W (3))/(0, 2)
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30 B2
2 2 (10, 00)/(01, 01)/(00, 10)/(00, 00)2 (10, 10)/(10, 00)/(02, 00)/(01, 01)/(00, 10)/(00, 02)/(00, 00)4

31 Ã1B3 2 (2, 000)/(1, 001)/(0, 100)/(0, 000) (2, 100)/(2, 000)/(1, 001)/(0, 100)/(0, 010)/(0, 000)2

32 Ā4
1 (1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/(0, 1, 1, 0)/

(0, 1, 0, 1)/(0, 0, 1, 1)/(0, 0, 0, 0)2
(W (2), 0, 0, 0)/(1, 1, 1, 1)/(1, 1, 0, 0)/(1, 0, 1, 0)/(1, 0, 0, 1)/
(0,W (2), 0, 0)/(0, 1, 1, 0)/(0, 1, 0, 1)/(0, 0,W (2), 0)/(0, 0, 1, 1)/
(0, 0, 0,W (2))

36 Ã3
1 6= 2 (2, 0, 0)/(1, 1, 1)2/(0, 2, 0)/(0, 0, 2)/(0, 0, 0) (2, 2, 0)/(2, 0, 2)/(2, 0, 0)/(1, 1, 1)2/(0, 2, 2)/(0, 2, 0)/(0, 0, 2)

38 Ā2
1A1 ≥ 5 (1, 1, 0)/(1, 0, 3)/(0, 1, 3)/(0, 0, 4)/(0, 0, 0) (2, 0, 0)/(1, 1, 4)/(1, 0, 3)/(0, 2, 0)/(0, 1, 3)/(0, 0,W (6))/(0, 0, 2)

39 Ā2
1Ã

2
1 2 2 (1, 1, 0, 0)/(1, 0, 1, 1)/(0, 1, 1, 1)/(0, 0, 2, 0)/

(0, 0, 0, 2)/(0, 0, 0, 0)2
(2, 0, 0, 0)/(1, 1, 2, 0)/(1, 1, 0, 2)/(1, 1, 0, 0)/(1, 0, 1, 1)/(0, 2, 0, 0)/
(0, 1, 1, 1)/(0, 0, 2, 2)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)4

50 Ã2
1B2 2 (2, 0, 00)/(1, 1, 01)/(0, 2, 00)/(0, 0, 10)/

(0, 0, 00)2
(2, 2, 00)/(2, 0, 10)/(2, 0, 00)/(1, 1, 01)/(0, 2, 10)/(0, 2, 00)/
(0, 0, 10)/(0, 0, 02)/(0, 0, 00)4

51 Ã4
1 2 (2, 0, 0, 0)/(1, 1, 1, 1)/(0, 2, 0, 0)/(0, 0, 2, 0)/

(0, 0, 0, 2)/(0, 0, 0, 0)2
(2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 2)/(2, 0, 0, 0)/(1, 1, 1, 1)/(0, 2, 2, 0)/
(0, 2, 0, 2)/(0, 2, 0, 0)/(0, 0, 2, 2)/(0, 0, 2, 0)/(0, 0, 0, 2)/(0, 0, 0, 0)4

56 Ã1G2 2 (2, 00)/(1, 10)/(1, 00)2/(0, 10)/(0, 00)2 (2, 10)/(2, 00)/(1, 10)/(1, 00)2/(0, 10)/(0, 01)/(0, 00)2

57 Ā1A1A1 6= 2 (1, 2, 1)/(0,W (4), 0)/(0, 2, 2) (2, 0, 0)/(1,W (4), 1)/(1, 0,W (3))/(0,W (4), 2)/(0, 2, 0)/(0, 0, 2)

58 Ā1A1 ≥ 7 (1, 5)/(0,W (8))/(0, 4) (2, 0)/(1,W (9))/(1, 3)/(0,W (10))/(0, 6)/(0, 2)

59 Ā1Ã3 2 (1, 010)/(0, 101) (2, 000)/(1, 200)/(1, 010)/(1, 002)/(0, 101)/(0, 020)/(0, 000)2

60 Ā1G2 2 (1, 10)/(0, 01) (2, 00)/(1, 20)/(1, 10)/(0, 20)/(0, 01)/(0, 00)2

64 A1Ā2 6= 2 (W (4), 00)/(2, 10)/(2, 01)/(2, 00) (W (4), 10)/(W (4), 01)/(W (4), 00)/(2, 00)/(0,W (11))/(0, 10)/
(0, 01)

65 A1A2 3 (4, 00)/(2, 11)/(0, 00) (4, 11)/(2, 00)/(0, 30)/(0, 11)2/(0, 03)/(0, 00)

66 A1A1 ≥ 7 (4, 0)/(2, 6) (4, 6)/(2, 0)/(0,W (10))/(0, 2)

67 A1Ã2 6= 2 (2, 10)/(2, 01)/(0,W (11)) (W (4), 00)/(2, 20)/(2, 02)/(2, 00)/(0,W (11))
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Table 3. The composition factors of non-diagonal irreducible connected subgroups of E6 acting on V27 and L(E6).

ID X p V27 ↓ X L(E6) ↓ X

5 A1 ≥ 13 W (16)/8/0 W (22)/W (16)/W (14)/10/8/2

6 A1 ≥ 11 W (12)/8/4 W (16)/W (14)/102/8/6/4/2

7 F4 W (λ4)/0 W (λ1)/W (λ4)

8 C4 W (λ2) W (2λ1)/W (λ4)

9 D4 2 λ2/0 2λ1/λ
2
2/2λ3/2λ4/0

2

10 G2 W (20) W (11)/W (01)

11 A2 6= 2 W (22) W (41)/W (14)/W (11)

24 Ā1A5 (1, λ1)/(0, λ4) (W (2), 0)/(1, λ3)/(0,W (λ1 + λ5))

25 Ā3
2 (10, 01, 00)/(01, 00, 10)/

(00, 10, 01)
(W (11), 00, 00)/(10, 10, 10)/(01, 01, 01)/(00,W (11), 00)/(00, 00,W (11))

26 A2G2 (10,W (10))/(W (02), 00) (W (11),W (10))/(W (11), 00)/(00,W (01))

27 Ā1C3 (1, 100)/(0,W (010))/(0, 000) (W (2), 000)/(1, 100)/(1,W (001))/(0,W (200))/(0,W (010))

28 Ā1A1A2 (1, 1, 10)/(0,W (2), 10)/
(0, 0,W (02))

(W (2), 0, 00)/(1,W (3), 00)/(1, 1,W (11))/(0,W (2),W (11))/(0,W (2), 00)/
(0, 0,W (11))

29 Ā1A3 (1, 010)/(0,W (101)) (W (2), 000)/(1,W (200))/(1,W (002))/(0,W (101))/(0,W (020))

30 Ā1A2 6= 2 (1, 20)/(0, 12) (2, 00)/(1,W (30))/(1,W (03))/(0,W (22))/(0,W (11))

31 Ā1A1A1 6= 2 (1, 2, 1)/(0,W (4), 0)/(0, 2, 2)/
(0, 0, 0)

(2, 0, 0)/(1,W (3), 0)/(1, 1,W (4))/(1, 1, 2)/(0, 2,W (4))/(0, 2, 2)/(0, 2, 0)/
(0, 0,W (4))/(0, 0, 2)

32 Ā1A1 ≥ 7 (1, 5)/(0,W (8))/(0, 4)/(0, 0) (2, 0)/(1,W (9))/(1, 5)/(1, 3)/(0,W (10))/(0,W (8))/(0, 6)/(0, 4)/(0, 2)

33 Ā1G2 2 (1, 10)/(0, 01)/(0, 00) (2, 00)/(1, 10)3/(1, 00)2/(0, 20)/(0, 01)2/(0, 00)2

38 A1Ā
2
2 6= 2 (2, 01, 00)/(2, 00, 10)/(0, 10, 01) (W (4), 00, 00)/(2, 10, 10)/(2, 01, 01)/(2, 00, 00)/(0,W (11), 00)/(0, 00,W (11))

41 A2
1Ā2 6= 2 (2, 2, 00)/(2, 0, 10)/(0, 2, 01) (W (4), 0, 00)/(2, 2, 10)/(2, 2, 01)/(2, 0, 00)/(0,W (4), 00)/(0, 2, 00)/(0, 0,W (11))

44 A3
1 6= 2 (2, 2, 0)/(2, 0, 2)/(0, 2, 2) (W (4), 0, 0)/(2, 2, 2)2/(2, 0, 0)/(0,W (4), 0)/(0, 2, 0)/(0, 0,W (4))/(0, 0, 2)
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47 A1G2 6= 2 (W (4), 00)/(2, 10)/(0, 00) (W (4), 10)/(W (4), 00)/(2, 10)/(2, 00)/(0,W (01))

48 A2A2 3 (10, 11)/(02, 00) (11, 11)/(11, 00)/(00, 30)/(00, 11)2/(00, 03)/(00, 00)2

49 A2A1 ≥ 7 (10, 6)/(02, 0) (11, 6)/(11, 0)/(00,W (10))/(00, 2)

50 A1A2 3 (4, 00)/(2, 11)/(0, 00)2 (4, 11)/(4, 00)/(2, 11)/(2, 00)/(0, 30)/(0, 11)2/(0, 03)/(0, 00)2

51 A1A1 ≥ 7 (4, 0)/(2, 6)/(0, 0) (4, 6)/(4, 0)/(2, 6)/(2, 0)/(0,W (10))/(0, 2)

Table 4. The composition factors of non-diagonal irreducible connected subgroups of E7 acting on V56 and L(E7).

ID X p V56 ↓ X L(E7) ↓ X

20 A1 ≥ 17 W (21)/15/11/5 W (26)/W (22)/W (18)/16/14/102/6/2

21 A1 ≥ 19 W (27)/17/9 W (34)/W (26)/W (22)/18/14/10/2

22 A7 λ2/λ6 W (λ1 + λ7)/λ4

23 D4 6= 2 λ2
2 2λ1/λ2/2λ3/2λ4

29 A2 ≥ 5 W (60)/W (06) W (44)/11

30 Ā1D6 (1, λ1)/(0, λ5) (W (2), 0)/(1, λ6)/(0,W (λ2))

31 Ā2A5 (10, λ1)/(01, λ5)/(00, λ3) (W (11), 0)/(10, λ4)/(01, λ2)/(00,W (λ1 + λ5))

32 G2C3 (W (10), 100)/(00,W (001)) (W (10),W (010))/(W (01), 000)/(00,W (200))

33 A1F4 (W (3), 0)/(1,W (λ4)) (W (2),W (λ4))/(W (2), 0)/(0,W (λ1))

34 A1G2 6= 2 (W (3), 10)/(1,W (01)) (W (4), 10)/(2,W (20))/(2, 00)/(0,W (01))

35 A1A1 ≥ 5 (W (5), 2)/(3,W (6))/(1, 4) (W (6), 4)/(4,W (6))/(4, 2)/(2,W (8))/(2, 4)/(2, 0)/(0, 2)

36 Ā3
1D̄4 (1, 1, 1, 0)/(1, 0, 0, λ1)/(0, 1, 0, λ3)/

(0, 0, 1, λ4)
(W (2), 0, 0, 0)/(1, 1, 0, λ4)/(1, 0, 1, λ3)/(0,W (2), 0, 0)/(0, 1, 1, λ1)/
(0, 0,W (2), 0)/(0, 0, 0,W (λ2))

37 Ā1A1B4 (1,W (2), 0)/(1, 0,W (λ1))/(0, 1, λ4) (W (2), 0, 0)/(1, 1, λ4)/(0,W (2),W (λ1))/(0,W (2), 0)/(0, 0,W (λ2))

38 Ā1B2B3 (1,W (10), 000)/(1, 00,W (100))/
(0, 01, 001)

(W (2), 00, 000)/(1, 01, 001)/(0,W (10),W (100))/(0,W (02), 000)/
(0, 00,W (010))
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39 Ā1Ā
2
3 (1, 010, 000)/(1, 000, 010)/

(0, 100, 100)/(0, 001, 001)
(W (2), 000, 000)/(1, 100, 001)/(1, 001, 100)/(0,W (101), 000)/
(0, 010, 010)/(0, 000,W (101))

40 Ā1B5 (1,W (λ1))/(1, 0)/(0, λ5) (W (2), 0)/(1, λ5)/(0,W (λ1))/(0,W (λ2))

41 Ā1A1C3 (1, 1, 100)/(0,W (3), 000)/
(0, 1,W (010))

(W (2), 0, 000)/(1,W (2), 100)/(1, 0,W (001))/(0,W (2),W (010))/
(0,W (2), 000)/(0, 0,W (200))

42 Ā1A1C3 (1, 1, 100)/(0,W (2), 100)/
(0, 0,W (001))

(W (2), 0, 000)/(1,W (3), 000)/(1, 1,W (010))/(0,W (2),W (010))/
(0,W (2), 000)/(0, 0,W (200))

43 Ā7
1 (1, 1, 1, 0, 0, 0, 0)/(1, 0, 0, 1, 1, 0, 0)/

(1, 0, 0, 0, 0, 1, 1)/(0, 1, 0, 1, 0, 1, 0)/
(0, 1, 0, 0, 1, 0, 1)/(0, 0, 1, 1, 0, 0, 1)/
(0, 0, 1, 0, 1, 1, 0)

(W (2), 0, 0, 0, 0, 0, 0)/(1, 1, 0, 1, 0, 0, 1)/(1, 1, 0, 0, 1, 1, 0)/
(1, 0, 1, 1, 0, 1, 0)/(1, 0, 1, 0, 1, 0, 1)/(0,W (2), 0, 0, 0, 0, 0)/
(0, 1, 1, 1, 1, 0, 0)/(0, 1, 1, 0, 0, 1, 1)/(0, 0,W (2), 0, 0, 0, 0)/
(0, 0, 0, 1, 1, 1, 1)/(0, 0, 0,W (2), 0, 0, 0)/(0, 0, 0, 0,W (2), 0, 0)/
(0, 0, 0, 0, 0,W (2), 0)/(0, 0, 0, 0, 0, 0,W (2))

44 Ā3
1B3 (1, 1, 1, 000)/(1, 0, 0,W (100))/

(1, 0, 0, 000)/(0, 1, 0, 001)/(0, 0, 1, 001)
(W (2), 0, 0, 000)/(1, 1, 0, 001)/(1, 0, 1, 001)/(0,W (2), 0, 000)/
(0, 1, 1,W (100))/(0, 1, 1, 000)/(0, 0,W (2), 000)/(0, 0, 0,W (100))/
(0, 0, 0,W (010))

45 Ā3
1A1B2 (1, 1, 1, 0, 00)/(1, 0, 0,W (2), 00)/

(1, 0, 0, 0,W (10))/(0, 1, 0, 1, 01)/
(0, 0, 1, 1, 01)

(W (2), 0, 0, 0, 00)/(1, 1, 0, 1, 01)/(1, 0, 1, 1, 01)/(0,W (2), 0, 0, 00)/
(0, 1, 1,W (2), 00)/(0, 1, 1, 0,W (10))/(0, 0,W (2), 0, 00)/
(0, 0, 0,W (2),W (10))/(0, 0, 0,W (2), 00)/(0, 0, 0, 0,W (02))

46 Ā3
1A2 (1, 1, 1, 00)/(1, 0, 0,W (11))/

(0, 1, 0,W (11))/(0, 0, 1,W (11))
(W (2), 0, 0, 00)/(1, 1, 0, 11)/(1, 0, 1, 11)/(0,W (2), 0, 00)/(0, 1, 1, 11)/
(0, 0,W (2), 00)/(0, 0, 0,W (30))/(0, 0, 0,W (11))/(0, 0, 0,W (03))

75 Ā3
1G2 (1, 1, 1, 00)/(1, 0, 0,W (10))/

(1, 0, 0, 00)/(0, 1, 0,W (10))/
(0, 1, 0, 00)/(0, 0, 1,W (10))/(0, 0, 1, 00)

(W (2), 0, 0, 00)/(1, 1, 0,W (10))/(1, 1, 0, 00)/(1, 0, 1,W (10))/
(1, 0, 1, 00)/(0,W (2), 0, 00)/(0, 1, 1,W (10))/(0, 1, 1, 00)/
(0, 0,W (2), 00)/(0, 0, 0,W (10))2/(0, 0, 0,W (01))

79 Ā3
1A1 ≥ 7 (1, 1, 1, 0)/(1, 0, 0, 6))/(1, 0, 0, 0)/

(0, 1, 0, 6)/(0, 1, 0, 0)/(0, 0, 1, 6)/
(0, 0, 1, 0)

(2, 0, 0, 0)/(1, 1, 0, 6)/(1, 1, 0, 0)/(1, 0, 1, 6)/(1, 0, 1, 0)/(0, 2, 0, 0)/
(0, 1, 1, 6)/(0, 1, 1, 0)/(0, 0, 2, 0)/(0, 0, 0,W (10))/(0, 0, 0, 6)2/(0, 0, 0, 2)



1
2
.
C
O
M

P
O
S
IT

IO
N

F
A
C
T
O
R
S

F
O
R

G
-IR

R
E
D
U
C
IB

L
E

S
U
B
G
R
O
U
P
S

1
6
3

87 Ā3
1A1A1 ≥ 5 (1, 1, 1, 0, 0)/(1, 0, 0, 2, 0)/(1, 0, 0, 0, 4)/

(0, 1, 0, 1, 3)/(0, 0, 1, 1, 3)
(2, 0, 0, 0, 0)/(1, 1, 0, 1, 3)/(1, 0, 1, 1, 3)/(0, 2, 0, 0, 0)/(0, 1, 1, 2, 0)/
(0, 1, 1, 0, 4)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 4)/(0, 0, 0, 2, 0)/(0, 0, 0, 0,W (6))/
(0, 0, 0, 0, 2)

88 Ā3
1A

3
1 2 (1, 1, 1, 0, 0, 0)/(1, 0, 0, 2, 0, 0)/

(1, 0, 0, 0, 2, 0)/(1, 0, 0, 0, 0, 2)/
(0, 1, 0, 1, 1, 1)/(0, 0, 1, 1, 1, 1)

(2, 0, 0, 0, 0, 0)/(1, 1, 0, 1, 1, 1)/(1, 0, 1, 1, 1, 1)/(0, 2, 0, 0, 0, 0)/
(0, 1, 1, 2, 0, 0)/(0, 1, 1, 0, 2, 0)/(0, 1, 1, 0, 0, 2)/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/(0, 0, 0, 2, 0, 0)2/(0, 0, 0, 0, 2, 2)/
(0, 0, 0, 0, 2, 0)2/(0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0)7

185 Ā1A
2
1Ā3 (1,W (2), 0, 000)/(1, 0,W (2), 000)/

(1, 0, 0, 010)/(0, 1, 1, 100)/(0, 1, 1, 001)
(W (2), 0, 0, 000)/(1, 1, 1, 100)/(1, 1, 1, 001)/(0,W (2),W (2), 000)/
(0,W (2), 0, 010)/(0,W (2), 0, 000)/(0, 0,W (2), 010)/(0, 0,W (2), 000)/
(0, 0, 0,W (101))

186 Ā1A1A
2
1 6= 2 (1, 2, 0, 0)/(1, 0, 2, 2)/(0, 1,W (3), 1)/

(0, 1, 1,W (3))
(2, 0, 0, 0)/(1, 1,W (3), 1)/(1, 1, 1,W (3))/(0, 2, 2, 2)/(0, 2, 0, 0)/
(0, 0,W (4), 2)/(0, 0, 2,W (4))/(0, 0, 2, 0)/(0, 0, 0, 2)

187 Ā1A1A1 ≥ 11 (1, 2, 0)/(1, 0, 8)/(0, 1,W (10))/(0, 1, 4) (2, 0, 0)/(1, 1,W (10))/(1, 1, 4)/(0, 2, 8)/(0, 2, 0)/(0, 0,W (14))/
(0, 0,W (10))/(0, 0, 6)/(0, 0, 2)

188 Ā1A1B
2
2 2 (1, 2, 00, 00)/(1, 0, 10, 00)/

(1, 0, 00, 10)/(1, 0, 00, 00)2/
(0, 1, 01, 01)

(2, 0, 00, 00)/(1, 1, 01, 01)/(0, 2, 10, 00)/(0, 2, 00, 10)/(0, 2, 00, 00)2/
(0, 0, 10, 10)/(0, 0, 10, 00)2/(0, 0, 02, 00)/(0, 0, 00, 10)2/(0, 0, 00, 02)/
(0, 0, 00, 00)7

189 Ā1A
2
1B3 2 (1, 2, 0, 000)/(1, 0, 2, 000)/

(1, 0, 0, 100)/ (1, 0, 0, 000)2/
(0, 1, 1, 001)

(2, 0, 0, 000)/(1, 1, 1, 001)/(0, 2, 2, 000)/(0, 2, 0, 100)/(0, 2, 0, 000)2/
(0, 0, 2, 100)/(0, 0, 2, 000)2/(0, 0, 0, 100)2/(0, 0, 0, 010)/ (0, 0, 0, 000)5

191 Ā1A
4
1 6= 2 (1, 2, 0, 0, 0)/(1, 0, 2, 0, 0)/(1, 0, 0, 2, 0)/

(1, 0, 0, 0, 2)/(0, 1, 1, 1, 1)2
(2, 0, 0, 0, 0)/(1, 1, 1, 1, 1)2/(0, 2, 2, 0, 0)/(0, 2, 0, 2, 0)/(0, 2, 0, 0, 2)/
(0, 2, 0, 0, 0)/(0, 0, 2, 2, 0)/(0, 0, 2, 0, 2)/(0, 0, 2, 0, 0)/(0, 0, 0, 2, 2)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)

217 Ā1A
3
1B2 2 (1, 2, 0, 0, 00)/(1, 0, 2, 0, 00)/

(1, 0, 0, 2, 00)/(1, 0, 0, 0, 10)/
(1, 0, 0, 0, 00)2/(0, 1, 1, 1, 01)

(2, 0, 0, 0, 00)/(1, 1, 1, 1, 01)/(0, 2, 2, 0, 00)/(0, 2, 0, 2, 00)/
(0, 2, 0, 0, 10)/(0, 2, 0, 0, 00)2/(0, 0, 2, 2, 00)/(0, 0, 2, 0, 10)/
(0, 0, 2, 0, 00)2/(0, 0, 0, 2, 10)/(0, 0, 0, 2, 00)2/(0, 0, 0, 0, 10)2/
(0, 0, 0, 0, 02)/(0, 0, 0, 0, 00)7
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223 Ā1A
5
1 2 (1, 2, 0, 0, 0, 0)/(1, 0, 2, 0, 0, 0)/

(1, 0, 0, 2, 0, 0)/(1, 0, 0, 0, 2, 0)/
(1, 0, 0, 0, 0, 2)/(0, 1, 1, 1, 1, 1)

(2, 0, 0, 0, 0, 0)/(1, 1, 1, 1, 1, 1)/(0, 2, 2, 0, 0, 0)/(0, 2, 0, 2, 0, 0)/
(0, 2, 0, 0, 2, 0)/(0, 2, 0, 0, 0, 2)/(0, 2, 0, 0, 0, 0)2/(0, 0, 2, 2, 0, 0)/
(0, 0, 2, 0, 2, 0)/(0, 0, 2, 0, 0, 2)/(0, 0, 2, 0, 0, 0)2/(0, 0, 0, 2, 2, 0)/
(0, 0, 0, 2, 0, 2)/(0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 2, 0)/
(0, 0, 0, 0, 0, 2)/(0, 0, 0, 0, 0, 0)7

244 Ā1A
2
1G2 2 (1, 2, 0, 00)/(1, 0, 2, 00)/(1, 0, 0, 10)/

(1, 0, 0, 00)2/(0, 1, 1, 10)/(0, 1, 1, 00)2
(2, 0, 0, 00)/(1, 1, 1, 10)/(1, 1, 1, 00)2/(0, 2, 2, 00)/(0, 2, 0, 10)/
(0, 2, 0, 00)2/(0, 0, 2, 10)/(0, 0, 2, 00)2/(0, 0, 0, 10)2/(0, 0, 0, 01)/
(0, 0, 0, 00)5

251 Ā1A1B3 ≥ 5 (1, 4, 000)/(1, 0, 100)/(0, 3, 001) (2, 0, 000)/(1, 3, 001)/(0,W (6), 000)/(0, 4,W (100))/(0, 2, 000)/
(0, 0,W (010))

252 Ā1B2Ā3 (1,W (10), 000)/(1, 00, 010)/
(0, 00, 000)/(0, 01, 100)/(0, 01, 001)

(W (2), 00, 000)/(1, 01, 100)/(1, 01, 001)/(0,W (10), 010)/
(0,W (10), 000)/ (0,W (02), 000)/(0, 00,W (101))/(0, 00, 010)

253 Ā1B2G2 (1,W (10), 00)/(1, 00,W (10))/
(0, 01,W (10))/(0, 01, 00)

(W (2), 00, 00)/(1, 01,W (10))/(1, 01, 00)/(0,W (10),W (10))/
(0,W (02), 00)/(0, 00,W (10))/(0, 00,W (01))

254 Ā1A1Ā3 ≥ 5 (1, 4, 000)/(1, 0, 000)/(1, 0, 010)/
(0, 3, 100)/(0, 3, 001)

(2, 0, 000)/(1, 3, 100)/ (1, 3, 001)/(0,W (6), 000)/(0, 4, 000)/
(0, 3, 010)/ (0, 2, 000)/(0, 0,W (101))

255 Ā1A1G2 ≥ 5 (1, 4, 00)/(1, 0, 10)/(0, 3, 10)/(0, 3, 00) (2, 0, 00)/(1, 3, 10)/(1, 3, 00)/(0,W (6), 00)/(0, 4, 10)/(0, 2, 00)/
(0, 0, 10)/(0, 0, 01)

258 Ā1A1A1 ≥ 7 (1, 4, 0)/(1, 0, 6)/(0, 3, 6)/(0, 3, 0) (2, 0, 0)/(1, 3, 6)/(1, 3, 0)/(0, 6, 0)/(0, 4, 6)/(0, 2, 0)/(0, 0,W (10))/
(0, 0, 6)/(0, 0, 2)

263 Ā1B2A2 3 (1, 10, 00)/(1, 00, 11)/(0, 01, 11)/
(0, 01, 00)

(2, 00, 00)/(1, 01, 11)/(1, 01, 00)/(0, 10, 11)/(0, 02, 00)/(0, 00, 30)/
(0, 00, 11)2/(0, 00, 03)/(0, 00, 00)

264 Ā1B2A1 ≥ 7 (1, 10, 0)/(1, 00, 6)/(0, 01, 6)/(0, 01, 0) (2, 00, 0)/(1, 01, 6)/(1, 01, 0)/(0, 10, 6)/(0, 02, 0)/(0, 00,W (10))/
(0, 00, 6)/(0, 00, 2)

267 Ā1A1 ≥ 11 (1, 10)/(1, 0)/(0,W (15))/(0, 9)/(0, 5) (2, 0)/(1,W (15))/(1, 9)/(1, 5)/(0,W (18))/(0,W (14))/(0, 10)2/(0, 6)/
(0, 2)

268 Ā1A1A1A1 6= 2 (1, 1, 2, 1)/(0,W (3), 0, 0)/
(0, 1,W (4), 0)/(0, 1, 2, 2)

(2, 0, 0, 0)/(1, 2, 2, 1)/(1, 0,W (4), 1)/(1, 0, 0,W (3))/(0, 2,W (4), 0)/
(0, 2, 2, 2)/(0, 2, 0, 0)/(0, 0,W (4), 2)/(0, 0, 2, 0)/(0, 0, 0, 2)
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269 Ā1A1A1 ≥ 7 (1, 1, 5)/(0, 3, 0)/(0, 1,W (8))/(0, 1, 4) (2, 0, 0)/(1, 2, 5)/(1, 0,W (9))/(1, 0, 3)/(0, 2,W (8))/(0, 2, 4)/(0, 2, 0)/
(0, 0,W (10))/(0, 0, 6)/(0, 0, 2)

270 Ā1A1A3 2 (1, 1, 010)/(0, 3, 000)/(0, 1, 101) (2, 0, 000)/(1, 2, 010)/(1, 0, 200)/(1, 0, 010)2/(1, 0, 002)/(0, 2, 101)/
(0, 2, 000)/(0, 0, 101)2/(0, 0, 020)/(0, 0, 000)3

271 Ā1A1G2 2 (1, 1, 10)/(0, 3, 00)/(0, 1, 01) (2, 0, 00)/(1, 2, 10)/(1, 0, 20)/(1, 0, 10)2/(1, 0, 00)2/(0, 2, 01)/
(0, 2, 00)/(0, 0, 20)/(0, 0, 01)2/(0, 0, 00)3

291 Ā1A1A1 ≥ 7 (1, 1, 5)/(0, 2, 5)/(0, 0,W (9))/(0, 0, 3) (2, 0, 0)/(1, 3, 0)/(1, 1,W (8))/(1, 1, 4)/(0, 2,W (8))/(0, 2, 4)/(0, 2, 0)/
(0, 0,W (10))/(0, 0, 6)/(0, 0, 2)

292 Ā1A1A3 2 (1, 1, 010)/(0, 2, 010)/(0, 0, 200)/
(0, 0, 010)2/(0, 0, 002)

(2, 0, 000)/(1, 3, 000)/(1, 1, 101)/(0, 2, 101)/(0, 2, 000)/(0, 0, 101)2/
(0, 0, 020)/(0, 0, 000)3

293 Ā1A1G2 2 (1, 1, 10)/(0, 2, 10)/(0, 0, 20)/
(0, 0, 10)2/(0, 0, 00)2

(2, 0, 00)/(1, 3, 00)/(1, 1, 01)/(0, 2, 01)/(0, 2, 00)/(0, 0, 20)/(0, 0, 01)2/
(0, 0, 00)3

300 Ā2A2A1 (10, 10, 1)/(01, 01, 1)/(00,W (11), 1)/
(00, 00,W (3))

(W (11), 00, 0)/(10, 10,W (2))/(10,W (02), 0)/(01,W (20), 0)/
(01, 01,W (2))/(00,W (11),W (2))/(00,W (11), 0)/(00, 00,W (2))

301 Ā2C3 (10, 100)/(01, 100)/(00, 100)/(00, 001) (W (11), 000)/(10,W (010))/(10, 000)/(01,W (010))/(01, 000)/
(00,W (200))/(00,W (010))

302 Ā2A3 (10, 010)/(01, 010)/(00,W (200))/
(00,W (002))

(W (11), 000)/(10,W (101))/(01,W (101))/(00,W (101))/(00,W (020))

303 Ā2A2 6= 2 (10, 20)/(01, 02)/(00,W (30))/
(00,W (03))

(W (11), 00)/(10, 12)/(01, 21)/(00,W (22))/(00,W (11))

304 A1A5 6= 2 (2, λ1)/(2, λ5)/(0, λ3) (W (4), 0)/(2, λ2)/(2, λ4)/(2, 0)/(0,W (λ1 + λ5))

305 A1A2A1 6= 2 (2, 10, 1)/(2, 01, 1)/(0,W (11), 1)/
(0, 00,W (3))

(W (4), 00, 0)/(2, 20, 0)/(2, 10, 2)/(2, 02, 0)/(2, 01, 2)/(2, 00, 0)/
(0,W (11), 2)/(0,W (11), 0)/(0, 00,W (2))

306 Ā2A1A1 6= 2 (10, 2, 1)/(01, 2, 1)/(00,W (4), 1)/
(00, 2, 1)/(00, 0,W (3))

(W (11), 0, 0)/(10,W (4), 0)/(10, 2, 2)/(10, 0, 0)/(01,W (4), 0)/
(01, 2,W (2))/(01, 0, 0)/(00,W (4), 2)/(00,W (4), 0)/(00, 2, 2)/
(00, 2, 0)/(00, 0, 2)

311 Ā2A1 ≥ 7 (10, 5)/(01, 5)/(00,W (9))/(00, 5)/
(00, 3)

(W (11), 0)/(10,W (8))/(10, 4)/(10, 0)/(01,W (8))/(01, 4)/(01, 0)/
(00,W (10))/(00,W (8))/(00, 6)/(00, 4)/(00, 2)
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312 Ā2G2 2 (10, 10)/(01, 10)/(00, 20)/(00, 10)2/
(00, 00)2

(W (11), 00)/(10, 01)/(10, 00)/(01, 01)/(01, 00)/(00, 20)/(00, 01)2

313 A1A3 6= 2 (2, 010)2/(0, 200)/ (0, 002) (W (4), 000)/(2, 101)2/(2, 000)/(0, 101)/(0,W (020))

314 A1A2 6= 2 (2, 20)/(2, 02)/(0,W (30))/(0,W (03)) (W (4), 00)/(2, 21)/(2, 12)/(2, 00)/(0,W (22))/(0,W (11))

315 A2C3 3 (11, 100)/(00, 001) (30, 000)/ (11, 010)/(11, 000)2/(03, 000)/(00, 200)/(00, 000)

316 A1C3 ≥ 7 (6, 100)/(0, 001) (W (10), 000)/(6, 010)/(2, 000)/(0, 200)

317 G2A1A1 6= 2 (10, 2, 1)/(00,W (4), 1)/(00, 0,W (3)) (10,W (4), 0)/(10, 2, 2)/(01, 0, 0)/(00,W (4), 2)/(00, 2, 0)/(00, 0, 2)

318 G2A1 ≥ 7 (10, 5)/(00,W (9))/(00, 3) (10,W (8))/(10, 4)/(01, 0)/(00,W (10))/(00, 6)/(00, 2)

319 G2A3 2 (10, 010)/(00, 200)/(00, 010)2/
(00, 002)

(10, 101)/(01, 000)/(00, 101)2/(00, 020)/(00, 000)

320 G2G2 2 (10, 10)/(00, 20)/(00, 10)2/(00, 00)2 (10, 01)/(01, 00)/(00, 20)/(00, 01)2/(00, 00)

321 A2A1A1 3 (11, 2, 1)/(00, 4, 1)/ (00, 0, 3)/
(00, 0, 1)2

(30, 0, 0)/(11, 4, 0)/(11, 2, 2)/(11, 0, 0)2/(03, 0, 0)/(00, 4, 2)/(00, 2, 0)/
(00, 0, 2)2/(00, 0, 0)

323 A1A1A1 ≥ 7 (6, 2, 1)/(0, 4, 1)/(0, 0, 3) (W (10), 0, 0)/(6, 4, 0)/(6, 2, 2)/(2, 0, 0)/(0, 4, 2)/(0, 2, 0)/(0, 0, 2)

324 A1A1 ≥ 7 (6, 5)/(0,W (9))/(0, 3) (W (10), 0)/(6,W (8))/(6, 4)/(2, 0)/(0,W (10))/(0, 6)/(0, 2)

329 A1C4 2 (3, 0)/(1, λ2) (2, λ2)/(2, 0)/(0, 2λ1)/(0, λ2)
2/(0, λ4)/(0, 0)

3

330 A1G2 7 (3, 00)/(1, 20) (2, 20)/(2, 00)/(0, 11)/(0, 01)

331 A1A1 ≥ 13 (3, 0)/(1,W (16))/(1, 8) (2,W (16))/(2, 8)/(2, 0)/(0,W (22))/(0,W (14))/(0, 10)/(0, 2)

332 A1D4 2 (3, 0)/(1, λ2) (2, λ2)/(2, 0)/(0, λ2)
2/(0, 2λ1)/(0, 2λ3)/(0, 2λ4)/(0, 0)

3

333 A1A2 3 (3, 11)/(1, 30)/(1, 11)2/(1, 03)/(1, 00) (4, 11)/(2,W (22))/(2, 00)/(0, 30)/(0, 11)2/(0, 03)/(0, 00)

334 A1A1 ≥ 7 (3, 6)/(1,W (10))/(1, 2) (4, 6)/(2,W (12))/(2,W (8)/(2, 4)/(2, 0)/(0,W (10))/(0, 2)
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Table 5. The composition factors of non-diagonal irreducible connected subgroups of E8 acting on L(E8).

ID X p L(E8) ↓ X

10 A1 ≥ 17 W (28)/W (26)/W (22)2/W (18)2/16/143/102/8/6/4/2

40 A1 ≥ 23 W (38)/W (34)/W (28)/W (26)/222/18/16/14/10/6/2

41 A1 ≥ 29 W (46)/W (38)/W (34)/28/26/22/18/14/10/2

42 A1 ≥ 31 W (58)/W (46)/W (38)/W (34)/26/22/14/2

43 D8 W (λ2)/λ7

44 B7 W (λ1)/W (λ2)/λ7

45 B4 W (λ1 + λ4)/W (λ2)/W (λ3)

46 B4 2 W (2λ1)/λ2/λ
2
3

47 A3 6= 2 W (111)2/210/1012/012

62 A8 W (λ1 + λ8)/λ3/λ5

101 B2 ≥ 5 W (32)/W (06)/02

102 Ā1E7 (W (2), 0)/(1, λ7)/(0,W (λ1))

103 Ā2E6 (W (11), 0)/(10, λ6)/(01, λ1)/(00,W (λ2))

104 Ā2
4 (W (λ1 + λ4), 0)/(λ1, λ2)/(λ2, λ4)/(λ3, λ1)/(λ4, λ3)/(0,W (λ1 + λ4))

105 G2F4 (W (10),W (λ4))/(W (01), 0)/(00,W (λ1))

106 A1A2 ≥ 5 (W (6), 11)/(4, 30)/(4, 03)/(2,W (22))/(2, 00)/(0, 11)

107 Ā2
1D6 (W (2), 0, 0)/(1, 1, λ1)/(1, 0, λ5)/(0,W (2), 0)/(0, 1, λ6)/(0, 0,W (λ2))

108 D̄2
4 (λ1, λ1)/(W (λ2), 0)/(λ3, λ3)/(λ4, λ4)/(0,W (λ2))

109 Ā3D5 (W (101), 0)/(100, λ4)/(010, λ1)/(001, λ5)/(000,W (λ2))

110 A1B6 (W (2),W (λ1))/(W (2), 0)/(1, λ6)/(0,W (λ2))

111 B2B5 (W (10),W (λ1))/(W (02), 0)/(01, λ5)/(00,W (λ2))

112 B3B4 (W (100),W (λ1))/(W (010), 0)/(001, λ4)/(000,W (λ2))

113 B2
2 (W (11), 01)/(W (10),W (02))/(W (02),W (10))/(W (02), 00)/(01,W (11))/(00,W (02))
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114 B2
2 6= 2 (W (20), 00)/(10, 02)2/(02, 10)2/(02, 00)/(00,W (20))/(00, 02)

115 A1C4 (W (3), λ1)/(W (2),W (λ2))/(W (2), 0)/(1,W (λ3))/(0,W (2λ1))

116 A1C4 6= 2 (W (4), 0)/(2, λ2)
2/(2, 0)/(0, 2λ1)/(0,W (λ4))

117 Ā4
1D̄4 (W (2), 0, 0, 0, 0)/(1, 1, 1, 1, 0)/(1, 1, 0, 0, λ1)/(1, 0, 1, 0, λ3)/(1, 0, 0, 1, λ4)/(0,W (2), 0, 0, 0)/(0, 1, 1, 0, λ4)/

(0, 1, 0, 1, λ3)/(0, 0,W (2), 0, 0)/(0, 0, 1, 1, λ1)/(0, 0, 0,W (2), 0)/(0, 0, 0, 0,W (λ2))

118 Ā2
1B5 (W (2), 0, 0)/(1, 1,W (λ1))/(1, 1, 0)/(1, 0, λ5)/(0,W (2), 0)/(0, 1, λ5)/(0, 0,W (λ1))/(0, 0,W (λ2))

119 Ā2
1Ā

2
3 (W (2), 0, 000, 000)/(1, 1, 010, 000)/(1, 1, 000, 010)/(1, 0, 100, 100)/(1, 0, 001, 001)/(0,W (2), 000, 000)/

(0, 1, 100, 001)/(0, 1, 001, 100)/(0, 0,W (101), 000)/(0, 0, 010, 010)/(0, 0, 000,W (101))

120 Ā2
1A1B4 (W (2), 0, 0, 0)/(1, 1,W (2), 0)/(1, 1, 0,W (λ1))/(1, 0, 1, λ4)/(0,W (2), 0, 0)/(0, 1, 1, λ4)/(0, 0,W (2),W (λ1))/

(0, 0,W (2), 0)/(0, 0, 0,W (λ2))

121 Ā2
1B2B3 2 (W (2), 0, 00, 000)/(1, 1,W (10), 000)/(1, 1, 00,W (100))/(1, 0, 01, 001)/(0,W (2), 00, 000)/(0, 1, 01, 001)/

(0, 0,W (10),W (100))/(0, 0,W (02), 000)/(0, 0, 00,W (010))

122 Ā2
1A1C3 (W (2), 0, 0, 000)/(1, 1, 1, 100)/(1, 0,W (3), 000)/(1, 0, 1,W (010))/(0,W (2), 0, 000)/(0, 1,W (2), 100)/

(0, 1, 0,W (001))/(0, 0,W (2),W (010))/(0, 0,W (2), 000)/(0, 0, 0,W (200))

124 Ā8
1 (W (2), 0, 0, 0, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0, 0, 0)/(1, 1, 0, 0, 1, 1, 0, 0)/(1, 1, 0, 0, 0, 0, 1, 1)/(1, 0, 1, 0, 1, 0, 1, 0)/

(1, 0, 1, 0, 0, 1, 0, 1)/(1, 0, 0, 1, 1, 0, 0, 1)/(1, 0, 0, 1, 0, 1, 1, 0)/(0,W (2), 0, 0, 0, 0, 0, 0)/(0, 1, 1, 0, 1, 0, 0, 1)/
(0, 1, 1, 0, 0, 1, 1, 0)/(0, 1, 0, 1, 1, 0, 1, 0)/(0, 1, 0, 1, 0, 1, 0, 1)/(0, 0,W (2), 0, 0, 0, 0, 0)/(0, 0, 1, 1, 1, 1, 0, 0)/
(0, 0, 1, 1, 0, 0, 1, 1)/(0, 0, 0,W (2), 0, 0, 0, 0)/(0, 0, 0, 0,W (2), 0, 0, 0)/(0, 0, 0, 0, 1, 1, 1, 1)/
(0, 0, 0, 0, 0,W (2), 0, 0)/(0, 0, 0, 0, 0, 0,W (2), 0)/(0, 0, 0, 0, 0, 0, 0,W (2))

125 Ā4
1B3 (W (2), 0, 0, 0, 000)/(1, 1, 1, 1, 000)/(1, 1, 0, 0,W (100))/(1, 1, 0, 0, 000)/(1, 0, 1, 0, 001)/(1, 0, 0, 1, 001)/

(0,W (2), 0, 0, 000)/(0, 1, 1, 0, 001)/(0, 1, 0, 1, 001)/(0, 0,W (2), 0, 000)/(0, 0, 1, 1,W (100))/(0, 0, 1, 1, 000)/
(0, 0, 0,W (2), 000)/(0, 0, 0, 0,W (100))/(0, 0, 0, 0,W (010))

126 Ā4
1A1B2 (W (2), 0, 0, 0, 0, 00)/(1, 1, 1, 1, 0, 00)/(1, 1, 0, 0,W (2), 00)/(1, 1, 0, 0, 0,W (10))/(1, 0, 1, 0, 1, 01)/

(1, 0, 0, 1, 1, 01)/(0,W (2), 0, 0, 0, 00)/(0, 1, 1, 0, 1, 01)/(0, 1, 0, 1, 1, 01)/(0, 0,W (2), 0, 0, 00)/
(0, 0, 1, 1,W (2), 00)/(0, 0, 1, 1, 0,W (10))/(0, 0, 0,W (2), 0, 00)/(0, 0, 0, 0,W (2),W (10))/(0, 0, 0, 0,W (2), 00)/
(0, 0, 0, 0, 0,W (02))
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127 Ā4
1A2 (W (2), 0, 0, 0, 00)/(1, 1, 1, 1, 00)/(1, 1, 0, 0,W (11))/(1, 0, 1, 0,W (11))/(1, 0, 0, 1,W (11))/(0,W (2), 0, 0, 00)/

(0, 1, 1, 0,W (11))/(0, 1, 0, 1,W (11))/(0, 0,W (2), 0, 00)/(0, 0, 1, 1,W (11))/(0, 0, 0,W (2), 00)/
(0, 0, 0, 0,W (30))/(0, 0, 0, 0,W (11))/(0, 0, 0, 0,W (03))

167 Ā4
1G2 (W (2), 0, 0, 0, 00)/(1, 1, 1, 1, 00)/(1, 1, 0, 0,W (10))/(1, 1, 0, 0, 00)/(1, 0, 1, 0,W (10))/(1, 0, 1, 0, 00)/

(1, 0, 0, 1,W (10))/(1, 0, 0, 1, 00)/(0,W (2), 0, 0, 00)/(0, 1, 1, 0,W (10))/(0, 1, 1, 0, 00)/(0, 1, 0, 1,W (10))/
(0, 1, 0, 1, 00)/(0, 0,W (2), 0, 00)/(0, 0, 1, 1,W (10))/(0, 0, 1, 1, 00)/(0, 0, 0,W (2), 00)/(0, 0, 0, 0,W (10))2/
(0, 0, 0, 0, 01)

174 Ā4
1A1 ≥ 7 (2, 0, 0, 0, 0)/(1, 1, 1, 1, 0)/(1, 1, 0, 0, 6)/(1, 1, 0, 0, 0)/(1, 0, 1, 0, 6)/(1, 0, 1, 0, 0)/(1, 0, 0, 1, 6)/(1, 0, 0, 1, 0)/

(0, 2, 0, 0, 0)/(0, 1, 1, 0, 6)/(0, 1, 1, 0, 0)/(0, 1, 0, 1, 6)/(0, 1, 0, 1, 0)/(0, 0, 2, 0, 0)/(0, 0, 1, 1, 6)/(0, 0, 1, 1, 0)/
(0, 0, 0, 2, 0)/(0, 0, 0, 0,W (10))/(0, 0, 0, 0, 6)2/(0, 0, 0, 0, 2)

189 Ā4
1A1A1 ≥ 5 (2, 0, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0)/(1, 1, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 4)/(1, 0, 1, 0, 1, 3)/(1, 0, 0, 1, 1, 3)/(0, 2, 0, 0, 0, 0)/

(0, 1, 1, 0, 1, 3)/(0, 1, 0, 1, 1, 3)/(0, 0, 2, 0, 0, 0)/(0, 0, 1, 1, 2, 0)/(0, 0, 1, 1, 0, 4)/(0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 2, 4)/
(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0,W (6))/(0, 0, 0, 0, 0, 2)

190 Ā4
1A

3
1 2 (2, 0, 0, 0, 0, 0, 0)/(1, 1, 1, 1, 0, 0, 0)/(1, 1, 0, 0, 2, 0, 0)/(1, 1, 0, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 0, 2)/(1, 1, 0, 0, 0, 0, 0)2/

(1, 0, 1, 0, 1, 1, 1)/(1, 0, 0, 1, 1, 1, 1)/(0, 2, 0, 0, 0, 0, 0)/(0, 1, 1, 0, 1, 1, 1)/(0, 1, 0, 1, 1, 1, 1)/(0, 0, 2, 0, 0, 0, 0)/
(0, 0, 1, 1, 2, 0, 0)/(0, 0, 1, 1, 0, 2, 0)/(0, 0, 1, 1, 0, 0, 2)/(0, 0, 1, 1, 0, 0, 0)2/(0, 0, 0, 2, 0, 0, 0)/(0, 0, 0, 0, 2, 2, 0)/
(0, 0, 0, 0, 2, 0, 2)/(0, 0, 0, 0, 2, 0, 0)2/(0, 0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 0, 2, 0)2/(0, 0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0, 0)8

350 Ā2
1B2Ā3 (W (2), 0, 00, 000)/(1, 1,W (10), 000)/(1, 1, 00, 010)/(1, 1, 00, 000)/(1, 0, 01, 100)/(1, 0, 01, 001)/

(0,W (2), 00, 000)/(0, 1, 01, 100)/(0, 1, 01, 001)/(0, 0,W (10), 010)/(0, 0,W (10), 000)/(0, 0,W (02), 000)/
(0, 0, 00,W (101))/(0, 0, 00, 010)

351 Ā2
1A1 ≥ 11 (2, 0, 0)/(1, 1, 10)/(1, 1, 0)/(1, 0,W (15))/(1, 0, 9)/(1, 0, 5)/(0, 2, 0)/(0, 1,W (15))/(0, 1, 9)/(0, 1, 5)/

(0, 0,W (18))/(0, 0,W (14))/(0, 0, 10)2/(0, 0, 6)/(0, 0, 2)

355 Ā2
1A

2
1Ā3 (W (2), 0, 0, 0, 000)/(1, 1,W (2), 0, 000)/(1, 1, 0,W (2), 000)/(1, 1, 0, 0, 010)/(1, 0, 1, 1, 100)/(1, 0, 1, 1, 001)/

(0,W (2), 0, 0, 000)/(0, 1, 1, 1, 100)/(0, 1, 1, 1, 001)/(0, 0,W (2),W (2), 000)/(0, 0,W (2), 0, 010)/
(0, 0,W (2), 0, 000)/(0, 0, 0,W (2), 010)/(0, 0, 0,W (2), 000)/(0, 0, 0, 0,W (101))

360 Ā2
1A1Ā3 ≥ 5 (2, 0, 0, 000)/(1, 1, 4, 000)/(1, 1, 0, 010)/(1, 1, 0, 000)/(1, 0, 3, 100)/(1, 0, 3, 001)/(0, 2, 0, 000)/(0, 1, 3, 100)/

(0, 1, 3, 001)/(0, 0,W (6), 000)/(0, 0, 4, 010)/(0, 0, 4, 000)/(0, 0, 2, 000)/(0, 0, 0, 101)/(0, 0, 0, 010)
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365 Ā2
1A

4
1 6= 2 (2, 0, 0, 0, 0, 0)/(1, 1, 2, 0, 0, 0)/(1, 1, 0, 2, 0, 0)/(1, 1, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 2)/(1, 0, 1, 1, 1, 1)2/(0, 2, 0, 0, 0, 0)/

(0, 1, 1, 1, 1, 1)2/(0, 0, 2, 0, 2, 0)/(0, 0, 2, 0, 0, 2)/(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/(0, 0, 2, 2, 0, 0)/(0, 0, 2, 0, 0, 0)/
(0, 0, 0, 2, 0, 0)/(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 2, 0)/(0, 0, 0, 0, 0, 2)

401 Ā2
1A1A

2
1 6= 2 (2, 0, 0, 0, 0)/(1, 1, 2, 0, 0)/(1, 1, 0, 2, 2)/(1, 0, 1,W (3), 1)/(1, 0, 1, 1,W (3))/(0,W (2), 0, 0, 0)/(0, 1, 1,W (3), 1)/

(0, 1, 1, 1,W (3))/(0, 0, 2, 2, 2)/(0, 0, 2, 0, 0)/(0, 0, 0,W (4), 2)/(0, 0, 0, 2,W (4))/(0, 0, 0, 2, 0)/(0, 0, 0, 0, 2)

402 Ā2
1A1A1 ≥ 11 (2, 0, 0, 0)/(1, 1, 2, 0)/(1, 1, 0, 8)/(1, 0, 1, 10)/(1, 0, 1, 4)/(0, 2, 0, 0)/(0, 1, 1, 10)/(0, 1, 1, 4)/(0, 0, 2, 8)/

(0, 0, 2, 0)/(0, 0, 0,W (14))/(0, 0, 0, 10)/(0, 0, 0, 6)/(0, 0, 0, 2)

403 Ā2
1A

2
1B3 2 (2, 0, 0, 0, 000)/(1, 1, 2, 0, 000)/(1, 1, 0, 2, 000)/(1, 1, 0, 0, 100)/(1, 1, 0, 0, 000)2/(1, 0, 1, 1, 001)/(0, 2, 0, 0, 000)/

(0, 1, 1, 1, 001)/(0, 0, 2, 2, 000)/(0, 0, 2, 0, 100)/(0, 0, 2, 0, 000)2/(0, 0, 0, 2, 100)/(0, 0, 0, 2, 000)2/
(0, 0, 0, 0, 100)2/(0, 0, 0, 0, 010)/(0, 0, 0, 0, 000)6

404 Ā2
1A1B

2
2 2 (2, 0, 0, 00, 00)/(1, 1, 2, 00, 00)/(1, 1, 0, 10, 00)/(1, 1, 0, 00, 10)/(1, 1, 0, 00, 00)2/(1, 0, 1, 01, 01)/(0, 2, 0, 00, 00)/

(0, 1, 1, 01, 01)/(0, 0, 2, 10, 00)/(0, 0, 2, 00, 10)/(0, 0, 2, 00, 00)2/(0, 0, 0, 10, 10)/(0, 0, 0, 10, 00)2/(0, 0, 0, 02, 00)/
(0, 0, 0, 00, 10)2/(0, 0, 0, 00, 02)/(0, 0, 0, 00, 00)8

441 Ā2
1A

3
1B2 2 (2, 0, 0, 0, 0, 00)/(1, 1, 2, 0, 0, 00)/(1, 1, 0, 2, 0, 00)/(1, 1, 0, 0, 2, 00)/(1, 1, 0, 0, 0, 10)/(1, 1, 0, 0, 0, 00)2/

(1, 0, 1, 1, 1, 01)/(0, 2, 0, 0, 0, 00)/(0, 1, 1, 1, 1, 01)/(0, 0, 2, 2, 0, 00)/(0, 0, 2, 0, 2, 00)/(0, 0, 2, 0, 0, 10)/
(0, 0, 2, 0, 0, 00)2/(0, 0, 0, 2, 2, 00)/(0, 0, 0, 2, 0, 10)/(0, 0, 0, 2, 0, 00)2/(0, 0, 0, 0, 2, 10)/(0, 0, 0, 0, 2, 00)2/
(0, 0, 0, 0, 0, 10)2/(0, 0, 0, 0, 0, 02)/(0, 0, 0, 0, 0, 00)8

442 Ā2
1A

2
1G2 2 (2, 0, 0, 0, 00)/(1, 1, 2, 0, 00)/(1, 1, 0, 2, 00)/(1, 1, 0, 0, 10)/(1, 1, 0, 0, 00)2/(1, 0, 1, 1, 10)/(1, 0, 1, 1, 00)2/

(0, 2, 0, 0, 00)/(0, 1, 1, 1, 10)/(0, 1, 1, 1, 00)2/(0, 0, 2, 2, 00)/(0, 0, 2, 0, 10)/(0, 0, 2, 0, 00)2/(0, 0, 0, 2, 10)/
(0, 0, 0, 2, 00)2/(0, 0, 0, 0, 10)2/(0, 0, 0, 0, 01)/(0, 0, 0, 0, 00)6

451 Ā2
1A

5
1 2 (2, 0, 0, 0, 0, 0, 0)/(1, 1, 2, 0, 0, 0, 0)/(1, 1, 0, 2, 0, 0, 0)/(1, 1, 0, 0, 2, 0, 0)/(1, 1, 0, 0, 0, 2, 0)/(1, 1, 0, 0, 0, 0, 2)/

(1, 1, 0, 0, 0, 0, 0)2/(1, 0, 1, 1, 1, 1, 1)/(0, 2, 0, 0, 0, 0, 0)/(0, 1, 1, 1, 1, 1, 1)/(0, 0, 2, 2, 0, 0, 0)/(0, 0, 2, 0, 2, 0, 0)/
(0, 0, 2, 0, 0, 2, 0)/(0, 0, 2, 0, 0, 0, 2)/(0, 0, 2, 0, 0, 0, 0)2/(0, 0, 0, 2, 2, 0, 0)/(0, 0, 0, 2, 0, 2, 0)/(0, 0, 0, 2, 0, 0, 2)/
(0, 0, 0, 2, 0, 0, 0)2/(0, 0, 0, 0, 2, 2, 0)/(0, 0, 0, 0, 2, 0, 2)/(0, 0, 0, 0, 2, 0, 0)2/(0, 0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 0, 2, 0)2/
(0, 0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0, 0)8

531 Ā2
1A1B3 ≥ 5 (2, 0, 0, 000)/(1, 1, 4, 000)/(1, 1, 0, 100)/(1, 0, 3, 001)/(0, 2, 0, 000)/(0, 1, 3, 001)/(0, 0,W (6), 000)/(0, 0, 4, 100)/

(0, 0, 2, 000)/(0, 0, 0, 010)
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532 Ā2
1B2G2 (W (2), 0, 00, 00)/(1, 1,W (10), 00)/(1, 1, 00,W (10))/(1, 0, 01,W (10))/(1, 0, 01, 00)/(0,W (2), 00, 00)/

(0, 1, 01,W (10))/(0, 1, 01, 00)/(0, 0,W (10),W (10))/(0, 0,W (02), 00)/(0, 0, 00,W (10))/(0, 0, 00,W (01))

534 Ā2
1A1G2 ≥ 5 (2, 0, 0, 00)/(1, 1, 4, 00)/(1, 1, 0, 10)/(1, 0, 3, 10)/(1, 0, 3, 00)/(0, 2, 0, 00)/(0, 1, 3, 10)/(0, 1, 3, 00)/

(0, 0,W (6), 00)/(0, 0, 4, 10)/(0, 0, 2, 00)/(0, 0, 0, 10)/(0, 0, 0, 01)

538 Ā2
1A1A1 ≥ 7 (2, 0, 0, 0)/(1, 1, 4, 0)/(1, 1, 0, 6)/(1, 0, 3, 6)/(1, 0, 3, 0)/(0, 2, 0, 0)/(0, 1, 3, 6)/(0, 1, 3, 0)/(0, 0, 6, 0)/(0, 0, 4, 6)/

(0, 0, 2, 0)/(0, 0, 0,W (10))/(0, 0, 0, 6)/(0, 0, 0, 2)

551 Ā2
1B2A2 3 (2, 0, 00, 00)/(1, 1, 10, 00)/(1, 1, 00, 11)/(1, 0, 01, 11)/(1, 0, 01, 00)/(0, 2, 00, 00)/(0, 1, 01, 11)/(0, 1, 01, 00)/

(0, 0, 10, 11)/(0, 0, 10, 00)/(0, 0, 02, 00)/(0, 0, 00, 30)/(0, 0, 00, 11)2/(0, 0, 00, 03)/(0, 0, 00, 00)

552 Ā2
1B2A1 ≥ 7 (2, 0, 00, 0)/(1, 1, 10, 0)/(1, 1, 00, 6)/(1, 0, 01, 6)/(1, 0, 01, 0)/(0, 2, 00, 0)/(0, 1, 01, 6)/(0, 1, 01, 0)/(0, 0, 10, 6)/

(0, 0, 02, 0)/(0, 0, 00,W (10))/(0, 0, 00, 6)/(0, 0, 00, 2)

558 Ā2
1A

2
1A1 6= 2 (2, 0, 0, 0, 0)/(1, 1, 1, 1, 2)/(1, 0,W (3), 0, 0)/(1, 0, 1, 2, 2)/(1, 0, 1, 0,W (4))/(0, 2, 0, 0, 0)/(0, 1, 2, 1, 2)/

(0, 1, 0,W (3), 0)/(0, 1, 0, 1,W (4))/(0, 0, 2, 2, 2)/(0, 0, 2, 0,W (4))/(0, 0, 2, 0, 0)/(0, 0, 0, 2,W (4))/(0, 0, 0, 2, 0)/
(0, 0, 0, 0, 2)

559 Ā2
1A1A1 ≥ 7 (2, 0, 0, 0)/(1, 1, 1, 5)/(1, 0, 3, 0)/(1, 0, 1,W (8))/(1, 0, 1, 4)/(0, 2, 0, 0)/(0, 1, 2, 6)/(0, 1, 0,W (9))/(0, 1, 0, 3)/

(0, 0, 2,W (8))/(0, 0, 2, 4)/(0, 0, 2, 0)/(0, 0, 0,W (10))/(0, 0, 0, 6)/(0, 0, 0, 2)

560 Ā2
1A1A3 2 (2, 0, 0, 000)/(1, 1, 1, 010)/(1, 0, 3, 000)/(1, 0, 1, 101)/(0, 2, 0, 000)/(0, 1, 2, 010)/(0, 1, 0, 010)2/(0, 1, 0, 200)/

(0, 1, 0, 002)/(0, 0, 2, 101)/(0, 0, 2, 000)/(0, 0, 0, 101)2/(0, 0, 0, 020)/(0, 0, 0, 000)4

561 Ā2
1A1G2 2 (2, 0, 0, 00)/(1, 1, 1, 10)/(1, 0, 3, 00)/(1, 0, 1, 01)/(0, 2, 0, 00)/(0, 1, 2, 10)/(0, 1, 0, 10)2/(0, 1, 0, 20)/(0, 1, 0, 00)2/

(0, 0, 2, 01)/(0, 0, 2, 00)/(0, 0, 0, 20)/(0, 0, 0, 01)2/(0, 0, 0, 00)4

619 B3D̄4 (W (100), λ1)/(W (100), 0)/ (W (010), 0)/(001, λ3)/(001, λ4)/(000, λ1)/(000,W (λ2))

620 A2D̄4 (W (30), 0)/(W (11), λ1)/(W (11), λ3)/(W (11), λ4)/(W (11), 0)/(W (03), 0)/(00,W (λ2))

621 A1B2D̄4 (W (2),W (10), 0)/(W (2), 00, λ1)/(W (2), 00, 0)/(1, 01, λ3)/(1, 01, λ4)/(0,W (10), λ1)/(0,W (02), 0)/
(0, 00,W (λ2))

622 G2D̄4 (W (10), λ1)/(W (10), λ3)/(W (10), λ4)/(W (10), 0)2/(W (01), 0)/(00, λ1)/(00,W (λ2))/(00, λ3)/(00, λ4)

623 B2
3 (W (100), 000)/(W (100), 001)/ (W (010), 000)/(001,W (100))/(001, 001)/(001, 000)/(000,W (100))/

(000,W (010))/(000, 001)

624 B3A2 6= 3 (W (100), 11)/(W (100), 00)/(W (010), 00)/(001, 11)2/(000,W (30))/(000, 11)2/(000,W (03))
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625 B3A1B2 (W (100), 1, 01)/(W (100), 0, 00)/(W (010), 0, 00)/(001,W (2), 00)/(001, 1, 01)/(001, 0,W (10)/
(000,W (2),W (10))/(000,W (2), 00)/(000, 1, 01)/(000, 0,W (02))

626 A1D̄4 ≥ 7 (W (10), 0)/(6, λ1)/(6, λ3)/(6, λ4)/(6, 0)
2/(2, 0)/(0, λ1)/(0, λ2)/(0, λ3)/(0, λ4)

627 G2A2 6= 3 (W (10), 11)3/(W (10), 00)2/(01, 00)/(00,W (30))/(00, 11)4/(00,W (03))

628 A1A1B2 ≥ 7 (W (10), 0, 00)/(6, 2, 00)/(6, 1, 01)2/(6, 0, 10)/(6, 0, 00)2/(2, 0, 00)/(0, 2, 10)/(0, 2, 00)2/(0, 1, 01)2/(0, 0, 10)/
(0, 0, 02)

629 A1A2 ≥ 7 (W (10), 00)/(6, 11)3/(6, 00)2/(2, 00)/(0, 30)/(0, 11)4/(0, 03)

630 A1A1A1 ≥ 7 (W (10), 0, 0)/(6, 2, 0)/(6, 1, 3)2/(6, 0, 4)/(6, 0, 0)2/(2, 0, 0)/(0, 2, 4)/(0, 2, 0)2/(0, 1, 3)2/(0, 0, 6)/(0, 0, 4)/
(0, 0, 2)

635 B3A1A1 ≥ 5 (100, 1, 3)/(100, 0, 0)/(010, 0, 0)/(001, 2, 0)/(001, 1, 3)/(001, 0, 4)/(000, 2, 4)/(000, 2, 0)/(000, 1, 3)/
(000, 0,W (6))/(000, 0, 2)

636 B3A
3
1 2 (100, 1, 1, 1)/(100, 0, 0, 0)2/(010, 0, 0, 0)/(001, 2, 0, 0)/(001, 1, 1, 1)/(001, 0, 2, 0)/(001, 0, 0, 2)/(001, 0, 0, 0)2/

(000, 2, 2, 0)/(000, 2, 0, 2)/(000, 2, 0, 0)2/(000, 1, 1, 1)2/(000, 0, 2, 2)/(000, 0, 2, 0)2/(000, 0, 0, 2)2/(000, 0, 0, 0)6

638 A4
1B2 2 (2, 1, 1, 1, 00)/(2, 0, 0, 0, 10)/(2, 0, 0, 0, 00)2/(1, 2, 0, 0, 01)/(1, 1, 1, 1, 01)/(1, 0, 2, 0, 01)/(1, 0, 0, 2, 01)/

(1, 0, 0, 0, 01)2/(0, 2, 2, 0, 00)/(0, 2, 0, 2, 00)/(0, 2, 0, 0, 00)2/(0, 1, 1, 1, 10)/(0, 1, 1, 1, 00)2/(0, 0, 2, 2, 00)/
(0, 0, 2, 0, 00)2/(0, 0, 0, 2, 00)2/(0, 0, 0, 0, 02)/(0, 0, 0, 0, 00)8

641 A6
1 2 (2, 2, 0, 0, 0, 0)/(2, 0, 2, 0, 0, 0)/(2, 0, 0, 1, 1, 1)/(2, 0, 0, 0, 0, 0)2/(1, 1, 1, 2, 0, 0)/(1, 1, 1, 1, 1, 1)/(1, 1, 1, 0, 2, 0)/

(1, 1, 1, 0, 0, 2)/(1, 1, 1, 0, 0, 0)2/(0, 2, 2, 0, 0, 0)/(0, 2, 0, 1, 1, 1)/(0, 2, 0, 0, 0, 0)2/(0, 0, 2, 1, 1, 1)/(0, 0, 2, 0, 0, 0)2/
(0, 0, 0, 2, 2, 0)/(0, 0, 0, 2, 0, 2)/(0, 0, 0, 2, 0, 0)2/(0, 0, 0, 1, 1, 1)2/(0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 2, 0)2/
(0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0)8

667 A2A1B2 (W (30), 0, 00)/(W (11),W (2), 00)/(W (11), 1, 01)2/(W (11), 0,W (10))/(W (11), 0, 00)/(W (03), 0, 00)/
(00,W (2),W (10))/(00,W (2), 00)/(00, 0,W (02))

668 A2
2 6= 3 (W (30), 00)/(11, 11)3/(11, 00)/(W (03), 00)/(00,W (30))/(00, 11)/(00,W (03))

669 A2A1A1 ≥ 5 (30, 0, 0)/(11, 2, 0)/(11, 1, 3)2/(11, 0, 4)/(11, 0, 0)/(03, 0, 0)/(00, 2, 4)/(00, 2, 0)/(00, 0,W (6))/(00, 0, 2)

670 A2A
3
1 2 (30, 0, 0, 0)/(11, 2, 0, 0)/(11, 1, 1, 1)2/(11, 0, 2, 0)/(11, 0, 0, 2)/(11, 0, 0, 0)3/(03, 0, 0, 0)/(00, 2, 2, 0)/(00, 2, 0, 2)/

(00, 2, 0, 0)2/(00, 0, 2, 2)/(00, 0, 2, 0)2/(00, 0, 0, 2)2/(00, 0, 0, 0)6

674 A3
1D̄4 2 (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, λ1)/(2, 0, 0, 0)

2/(1, 1, 1, λ3)/(1, 1, 1, λ4)/(0, 2, 2, 0)/(0, 2, 0, λ1)/(0, 2, 0, 0)
2/

(0, 0, 2, λ1)/(0, 0, 2, 0)
2/(0, 0, 0, λ1)

2/(0, 0, 0, λ2)/(0, 0, 0, 0)
6
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675 A1A1D̄4 ≥ 5 (2, 4, 0)/(2, 0, λ1)/(2, 0, 0)/(1, 3, λ3)/(1, 3, λ4)/(0,W (6), 0)/(0, 4, λ1)/(0, 2, 0)/(0, 0, λ2)

676 A2
1B

2
2 (W (2), 1, 00, 01)/(W (2), 0,W (10), 00)/(W (2), 0, 00, 00)/(1,W (2), 01, 00)/(1, 1, 01, 01)/(1, 0, 01,W (10))/

(0,W (2), 00,W (10))/(0,W (2), 00, 00)/(0, 1,W (10), 01)/(0, 0,W (02), 00)/(0, 0, 00,W (02))

677 A2
1B

2
2 6= 2 (2, 2, 00, 00)/(2, 0, 10, 00)/(2, 0, 00, 10)/(2, 0, 00, 00)/(1, 1, 01, 01)2/(0, 2, 10, 00)/(0, 2, 00, 10)/(0, 2, 00, 00)/

(0, 0, 10, 10)/(0, 0, 02, 00)/(0, 0, 00, 02)

680 A2
1A1B2 ≥ 5 (2, 2, 0, 00)/(2, 0, 4, 00)/(2, 0, 0, 10)/(2, 0, 0, 00)/(1, 1, 3, 01)2/(0, 2, 4, 00)/(0, 2, 0, 10)/(0, 2, 0, 00)/

(0, 0,W (6), 00)/(0, 0, 4, 10)/(0, 0, 2, 00)/(0, 0, 0, 02)

681 A2
1A1B2 ≥ 5 (2, 1, 0, 01)/(2, 0, 4, 00)/(2, 0, 0, 00)/(1, 2, 3, 00)/(1, 1, 3, 01)/(1, 0, 3, 10)/(0, 2, 0, 10)/(0, 2, 0, 00)/(0, 1, 4, 01)/

(0, 0,W (6), 00)/(0, 0, 2, 00)/(0, 0, 0, 02)

683 A2
1A

2
1 ≥ 5 (2, 2, 0, 0)/(2, 0, 4, 0)/(2, 0, 0, 4)/(2, 0, 0, 0)/(1, 1, 3, 3)2/(0, 2, 4, 0)/(0, 2, 0, 4)/(0, 2, 0, 0)/(0, 0,W (6), 0)/

(0, 0, 4, 4)/(0, 0, 2, 0)/(0, 0, 0,W (6))/(0, 0, 0, 2)

694 A2
1A

2
1 ≥ 5 (2, 1, 0, 3)/(2, 0, 4, 0)/(2, 0, 0, 0)/(1, 2, 3, 0)/(1, 1, 3, 3)/(1, 0, 3, 4)/(0, 2, 0, 4)/(0, 2, 0, 0)/(0, 1, 4, 3)/

(0, 0,W (6), 0)/(0, 0, 2, 0)/(0, 0, 0,W (6))/(0, 0, 0, 2)

716 B2D5 (W (10), λ1)/(W (10), 0)/(01, λ4)/(01, λ5)/(W (02), 0)/(00, λ1)/(00,W (λ2))

717 A2
1D5 (W (2),W (2), 0)/(W (2), 0, λ1)/(W (2), 0, 0)/(1, 1, λ4)/(1, 1, λ5)/(0,W (2), λ1)/(0,W (2), 0)/(0, 0,W (λ2))

718 Ā3B4 (W (101), 0)/(100, λ4)/(010, λ1)/(010, 0)/(001, λ4)/(000,W (λ1))/(000,W (λ2))

719 Ā3A1B3 (W (101), 0, 000)/(100, 1, 001)/(010,W (2), 000)/(010, 0,W (100))/(001, 1, 001)/(000,W (2),W (100))/
(000,W (2), 000)/(000, 0,W (010))

720 Ā3B
2
2 (W (101), 00, 00)/(100, 01, 01)/(010,W (10), 00)/(010, 00,W (10))/(001, 01, 01)/(000,W (10),W (10))/

(000,W (02), 00)/(000, 00,W (02))

721 Ā3B2 6= 2 (101, 00)/(100,W (11))/(010, 02)/(001,W (11))/(000,W (12))/(000, 02)

722 A1D5 ≥ 5 (W (6), 0)/(4, λ1)/(4, 0)/(3, λ4)/(3, λ5)/(2, 0)/(0, λ1)/(0,W (λ2))

723 B3
2 6= 2 (10, 10, 00)/(10, 00, 10)/(10, 00, 00)/(01, 01, 01)2/(02, 00, 00)/(00, 10, 10)/(00, 10, 00)/(00, 02, 00)/(00, 00, 10)/

(00, 00, 02)

724 B2B2 6= 2 (10, 02)/(10, 00)/(01,W (11))2/(02, 00)/(00,W (12))/(00, 02)2

725 A1B
2
2 ≥ 5 (W (6), 00, 00)/(4, 10, 00)/(4, 00, 10)/(4, 00, 00)/(3, 01, 01)2/(2, 00, 00)/(0, 10, 10)/(0, 10, 00)/(0, 02, 00)/

(0, 00, 10)/(0, 00, 02)
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726 A1B2 ≥ 5 (W (6), 00)/(4, 02)/(4, 00)/(3,W (11))2/(2, 00)/(0,W (12))/(0, 02)2

727 A2
1B2 ≥ 5 (W (6), 0, 00)/(4, 4, 00)/(4, 0, 10)/(4, 0, 00)/(3, 3, 01)2/(2, 0, 00)/(0,W (6), 00)/(0, 4, 10)/(0, 4, 00)/(0, 2, 00)/

(0, 0, 10)/(0, 0, 02)

729 A3
1 ≥ 5 (W (6), 0, 0)/(4, 4, 0)/(4, 0, 4)/(4, 0, 0)/(3, 3, 3)2/(2, 0, 0)/(0,W (6), 0)/(0, 4, 4)/(0, 4, 0)/(0, 2, 0)/(0, 0,W (6))/

(0, 0, 4)/(0, 0, 2)

733 A3
1B3 6= 2 (2, 2, 0, 000)/(2, 0, 2, 000)/(2, 0, 0, 100)/(2, 0, 0, 000)/(1, 1, 1, 001)2/(0, 2, 2, 000)/(0, 2, 0, 100)/(0, 2, 0, 000)/

(0, 0, 2, 100)/(0, 0, 2, 000)/(0, 0, 0, 010)

734 A2
1B2 6= 2 (2, 2, 00)/(2, 0, 02)/(2, 0, 00)/(1, 1,W (11))2/(0, 2, 02)/(0, 2, 00)/(0, 0,W (12))/(0, 0, 02)

736 A3
1G2 6= 2 (2, 2, 0, 00)/(2, 0, 2, 00)/(2, 0, 0, 10)/(2, 0, 0, 00)/(1, 1, 1, 10)2/(1, 1, 1, 00)2/(0, 2, 2, 00)/(0, 2, 0, 10)/(0, 2, 0, 00)/

(0, 0, 2, 10)/(0, 0, 2, 00)/(0, 0, 0, 10)/(0, 0, 0, 01)

739 A3
1A2 3 (2, 2, 0, 00)/(2, 0, 2, 00)/(2, 0, 0, 11)/(2, 0, 0, 00)/(1, 1, 1, 11)2/(1, 1, 1, 00)2/(0, 2, 2, 00)/(0, 2, 0, 11)/(0, 2, 0, 00)/

(0, 0, 2, 11)/(0, 0, 2, 00)/(0, 0, 0, 30)/(0, 0, 0, 11)2/(0, 0, 0, 03)/(0, 0, 0, 00)

740 A3
1A1 ≥ 7 (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, 6)/(2, 0, 0, 0)/(1, 1, 1, 6)2/(1, 1, 1, 0)2/(0, 2, 2, 0)/(0, 2, 0, 6)/(0, 2, 0, 0)/(0, 0, 2, 6)/

(0, 0, 2, 0)/(0, 0, 0,W (10))/(0, 0, 0, 6)/(0, 0, 0, 2)

751 Ā3A
2
1 6= 2 (101, 0, 0)/(100,W (3), 1)/(100, 1,W (3))/(010, 2, 2)/(010, 0, 0)/(001,W (3), 1)/(001, 1,W (3))/(000,W (4), 2)/

(000, 2,W (4))/(000, 2, 2)/(000, 2, 0)/(000, 0, 2)

752 Ā3A1 ≥ 11 (101, 0)/(100, 10)/(100, 4)/(010, 8)/(010, 0)/(001, 10)/(001, 4)/(000,W (14))/(000, 10)/(000, 8)/(000, 6)/
(000, 2)

754 Ā3A1G2 (W (101), 0, 00)/(100, 1,W (10))/(100, 1, 00)/(010,W (2), 00)/(010, 0,W (10))/(001, 1,W (10))/(001, 1, 00)/
(000,W (2),W (10))/(000,W (2), 00)/(000, 0,W (10))/(000, 0,W (01))

755 Ā3A1A2 3 (101, 0, 00)/(100, 1, 11)/(100, 1, 00)/(010, 2, 00)/(010, 0, 11)/(001, 1, 11)/(001, 1, 00)/(000, 2, 11)/(000, 2, 00)/
(000, 0, 30)/(000, 0, 11)2/(000, 0, 03)/(000, 0, 00)

756 Ā3A1A1 ≥ 7 (101, 0, 0)/(100, 1, 6)/(100, 1, 0)/(010, 2, 0)/(010, 0, 6)/(001, 1, 6)/(001, 1, 0)/(000, 2, 6)/(000, 2, 0)/
(000, 0,W (10))/(000, 0, 6)/(000, 0, 2)

758 Ā3A1B2 ≥ 5 (101, 0, 00)/(100, 3, 01)/(010, 4, 00)/(010, 0, 10)/(001, 3, 01)/(000,W (6), 00)/(000, 4, 10)/(000, 2, 00)/
(000, 0, 02)
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759 Ā3A
2
1B2 2 (101, 0, 0, 00)/(100, 1, 1, 01)/(010, 2, 0, 00)/(010, 0, 2, 00)/(010, 0, 0, 10)/(010, 0, 0, 00)2/(001, 1, 1, 01)/

(000, 2, 2, 00)/(000, 2, 0, 10)/(000, 2, 0, 00)2/(000, 0, 2, 10)/(000, 0, 2, 00)2/(000, 0, 0, 10)2/(000, 0, 0, 02)/
(000, 0, 0, 00)6

762 Ā3A
2
1 ≥ 5 (101, 0, 0)/(100, 3, 3)/(010, 4, 0)/(010, 0, 4)/(001, 3, 3)/(000,W (6), 0)/(000, 4, 4)/(000, 2, 0)/(000, 0,W (6))/

(000, 0, 2)

764 Ā3A
4
1 2 (101, 0, 0, 0, 0)/(100, 1, 1, 1, 1)/(010, 2, 0, 0, 0)/(010, 0, 2, 0, 0)/(010, 0, 0, 2, 0)/(010, 0, 0, 0, 2)/(010, 0, 0, 0, 0)2/

(001, 1, 1, 1, 1)/(000, 2, 2, 0, 0)/(000, 2, 0, 2, 0)/(000, 2, 0, 0, 2)/(000, 2, 0, 0, 0)2/(000, 0, 2, 2, 0)/(000, 0, 2, 0, 2)/
(000, 0, 2, 0, 0)2/(000, 0, 0, 2, 2)/(000, 0, 0, 2, 0)2/(000, 0, 0, 0, 2)2/(000, 0, 0, 0, 0)6

770 A1B2 6= 2 (W (5), 01)/(W (4), 02)/(W (3),W (11))/(2,W (20))/(2, 10)/(2, 00)/(1,W (03))/(0, 02)

771 A1A1 ≥ 5 (W (5), 4)/(4,W (6))/(4, 2)/(3,W (7))/(3,W (5))/(3, 1)/(2,W (8))/(2, 4)2/(2, 0)/(1,W (9))/(1,W (5))/(1, 3)/
(0,W (6))/(0, 2)

772 A1A1 ≥ 13 (2, 12)/(2, 0)/(1,W (21))/(1,W (15))/(1, 11)/(1, 9)/(1, 3)/(0,W (22))/(0,W (18))/(0,W (14))/(0, 10)/(0, 6)/
(0, 2)

773 A1B2 5 (2, 20)/(2, 00)/(1, 13)/(1, 11)/(0, 22)/(0, 02)

774 A1C3 3 (2, 010)/(2, 000)/(1, 110)/(1, 001)/(0, 200)/(0, 101)

775 A2
1B5 2 (2, 2, 0)/(2, 0, λ1)/(2, 0, 0)

2/(1, 1, λ5)/(0, 2, λ1)/(0, 2, 0)
2/(0, 0, λ1)

2/(0, 0, λ2)/(0, 0, 0)
4

776 A1B2B4 2 (2, 10, 0)/(2, 00, λ1)/(2, 00, 0)
2/(1, 01, λ4)/(0, 10, λ1)/(0, 10, 0)

2/(0, 02, 0)/(0, 00, λ1)
2/(0, 00, λ2)/(0, 00, 0)

6

777 A1B
2
3 2 (2, 100, 000)/(2, 000, 100)/(2, 000, 000)2/(1, 001, 001)/(0, 100, 100)/(0, 100, 000)2/(0, 010, 000)/(0, 000, 100)2/

(0, 000, 010)/(0, 000, 000)4

778 A3
1B4 2 (2, 2, 0, 0)/(2, 0, 2, 0)/(2, 0, 0, λ1)/(2, 0, 0, 0)

2/(1, 1, 1, λ4)/(0, 2, 2, 0)/(0, 2, 0, λ1)/(0, 2, 0, 0)
2/(0, 0, 2, λ1)/

(0, 0, 2, 0)2/(0, 0, 0, λ1)
2/(0, 0, 0, λ2)/(0, 0, 0, 0)

6

779 A2
1B2B3 2 (2, 2, 00, 000)/(2, 0, 10, 000)/(2, 0, 00, 100)/(2, 0, 00, 000)2/(1, 1, 01, 001)/(0, 2, 10, 000)/(0, 2, 00, 100)/

(0, 2, 00, 000)2/(0, 0, 10, 100)/(0, 0, 10, 000)2/(0, 0, 02, 000)/(0, 0, 00, 100)2/(0, 0, 00, 010)/(0, 0, 00, 000)6

781 A4
1B3 2 (2, 2, 0, 0, 000)/(2, 0, 2, 0, 000)/(2, 0, 0, 2, 000)/(2, 0, 0, 0, 100)/(2, 0, 0, 0, 000)2/(1, 1, 1, 1, 001)/(0, 2, 2, 0, 000)/

(0, 2, 0, 2, 000)/(0, 2, 0, 0, 100)/(0, 2, 0, 0, 000)2/(0, 0, 2, 2, 000)/(0, 0, 2, 0, 100)/(0, 0, 2, 0, 000)2/
(0, 0, 0, 2, 000)2/(0, 0, 0, 2, 100)/(0, 0, 0, 0, 100)2/(0, 0, 0, 0, 010)/(0, 0, 0, 0, 000)6
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782 A3
1B

2
2 2 (2, 2, 0, 00, 00)/(2, 0, 2, 00, 00)/(2, 0, 0, 10, 00)/(2, 0, 0, 00, 10)/(2, 0, 0, 00, 00)2/(1, 1, 1, 01, 01)/(0, 2, 2, 00, 00)/

(0, 2, 0, 10, 00)/(0, 2, 0, 00, 10)/(0, 2, 0, 00, 00)2/(0, 0, 2, 10, 00)/(0, 0, 2, 00, 10)/(0, 0, 2, 00, 00)2/(0, 0, 0, 10, 10)/
(0, 0, 0, 10, 00)2/(0, 0, 0, 02, 00)/(0, 0, 0, 00, 10)2/(0, 0, 0, 00, 02)/(0, 0, 0, 00, 00)8

785 A5
1B2 2 (2, 2, 0, 0, 0, 00)/(2, 0, 2, 0, 0, 00)/(2, 0, 0, 2, 0, 00)/(2, 0, 0, 0, 2, 00)/(2, 0, 0, 0, 0, 10)/(2, 0, 0, 0, 0, 00)2/

(1, 1, 1, 1, 1, 01)/(0, 2, 2, 0, 0, 00)/(0, 2, 0, 2, 0, 00)/(0, 2, 0, 0, 2, 00)/(0, 2, 0, 0, 0, 10)/(0, 2, 0, 0, 0, 00)2/
(0, 0, 2, 2, 0, 00)/(0, 0, 2, 0, 2, 00)/(0, 0, 2, 0, 0, 10)/(0, 0, 2, 0, 0, 00)2/(0, 0, 0, 2, 2, 00)/(0, 0, 0, 2, 0, 10)/
(0, 0, 0, 2, 0, 00)2/(0, 0, 0, 0, 2, 10)/(0, 0, 0, 0, 2, 00)2/(0, 0, 0, 0, 0, 10)2/(0, 0, 0, 0, 0, 02)/(0, 0, 0, 0, 0, 00)8

786 A4
1G2 2 (2, 2, 0, 0, 00)/(2, 0, 2, 0, 00)/(2, 0, 0, 2, 00)/(2, 0, 0, 0, 10)/(2, 0, 0, 0, 00)2/(1, 1, 1, 1, 10)/(1, 1, 1, 1, 00)2/

(0, 2, 2, 0, 00)/(0, 2, 0, 2, 00)/(0, 2, 0, 0, 10)/(0, 2, 0, 0, 00)2/(0, 0, 2, 2, 00)/(0, 0, 2, 0, 10)/(0, 0, 2, 0, 00)2/
(0, 0, 0, 2, 00)2/(0, 0, 0, 2, 10)/(0, 0, 0, 0, 10)2/(0, 0, 0, 0, 01)/(0, 0, 0, 0, 00)6

791 A7
1 2 (2, 2, 0, 0, 0, 0, 0)/(2, 0, 2, 0, 0, 0, 0)/(2, 0, 0, 2, 0, 0, 0)/(2, 0, 0, 0, 2, 0, 0)/(2, 0, 0, 0, 0, 2, 0)/(2, 0, 0, 0, 0, 0, 2)/

(2, 0, 0, 0, 0, 0, 0)2/(1, 1, 1, 1, 1, 1, 1)/(0, 2, 2, 0, 0, 0, 0)/(0, 2, 0, 2, 0, 0, 0)/(0, 2, 0, 0, 2, 0, 0)/(0, 2, 0, 0, 0, 2, 0)/
(0, 2, 0, 0, 0, 0, 2)/(0, 2, 0, 0, 0, 0, 0)2/(0, 0, 2, 2, 0, 0, 0)/(0, 0, 2, 0, 2, 0, 0)/(0, 0, 2, 0, 0, 2, 0)/(0, 0, 2, 0, 0, 0, 2)/
(0, 0, 2, 0, 0, 0, 0)2/(0, 0, 0, 2, 0, 0, 0)2/(0, 0, 0, 2, 2, 0, 0)/(0, 0, 0, 2, 0, 2, 0)/(0, 0, 0, 2, 0, 0, 2)/(0, 0, 0, 0, 2, 2, 0)/
(0, 0, 0, 0, 2, 0, 2)/(0, 0, 0, 0, 2, 0, 0)2/(0, 0, 0, 0, 0, 2, 2)/(0, 0, 0, 0, 0, 2, 0)2/(0, 0, 0, 0, 0, 0, 2)2/(0, 0, 0, 0, 0, 0, 0)8

823 A2
1B2G2 2 (2, 2, 00, 00)/(2, 0, 10, 00)/(2, 0, 00, 10)/(2, 0, 00, 00)2/(1, 1, 01, 10)/(1, 1, 01, 00)2/(0, 2, 10, 00)/(0, 2, 00, 10)/

(0, 2, 00, 00)2/(0, 0, 10, 10)/(0, 0, 10, 00)2/(0, 0, 02, 00)/(0, 0, 00, 10)2/(0, 0, 00, 01)/(0, 0, 00, 00)6

826 A1B
3
2 2 (2, 10, 00, 00)/(2, 00, 10, 00)/(2, 00, 00, 10)/(2, 00, 00, 00)2/(1, 01, 01, 01)/(0, 10, 10, 00)/(0, 10, 00, 10)/

(0, 10, 00, 00)2/(0, 02, 00, 00)/(0, 00, 10, 10)/(0, 00, 10, 00)2/(0, 00, 02, 00)/(0, 00, 00, 10)2/(0, 00, 00, 02)/
(0, 00, 00, 00)8

831 A1G2B3 2 (2, 10, 000)/(2, 00, 100)/(2, 00, 000)2/(1, 10, 001)/(1, 00, 001)2/(0, 10, 100)/(0, 10, 000)2/(0, 01, 000)/
(0, 00, 100)2/(0, 00, 010)/(0, 00, 000)4

833 A1G
2
2 2 (2, 10, 00)/(2, 00, 10)/(2, 00, 00)2/(1, 10, 10)/(1, 10, 00)2/(1, 00, 10)2/(1, 00, 00)4/(0, 10, 10)/(0, 10, 00)2/

(0, 01, 00)/(0, 00, 10)2/(0, 00, 01)/(0, 00, 00)4

835 A1B5 ≥ 5 (W (6), 0)/(4, λ1)/(3, λ5)/(2, 0)/(0, λ2)

836 B2A1 ≥ 11 (10, 10))/(02, 0)/(01,W (15))/(01, 9)/(01, 5)/(00,W (18))/(00,W (14))/(00, 10)/(00, 6)/(00, 2)

837 B2
2B3 2 (10, 10, 000)/(10, 00, 100)/(10, 00, 000)2/(02, 00, 000)/(01, 01, 001)/(00, 10, 100)/(00, 10, 000)2/(00, 02, 000)/

(00, 00, 100)2/(00, 00, 010)/(00, 00, 000)6
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838 A1A1 ≥ 11 (6, 0)/(4, 10)/(3,W (15))/(3, 9)/(3, 5)/(2, 0)/(0,W (18))/(0,W (14))/(0, 10)/(0, 6)/(0, 2)

839 B2
2G2 2 (10, 10, 00)/(10, 00, 10)/(10, 00, 00)2/(02, 00, 00)/(01, 01, 10)/(01, 01, 00)2/(00, 10, 10)/(00, 10, 00)2/

(00, 02, 00)/(00, 00, 10)2/(00, 00, 01)/(00, 00, 00)6

844 G2B4 (W (10),W (λ1))/(W (10), λ4)/(W (10), 0)/(W (01), 0)/(00,W (λ2))/(00, λ4)

845 B3A
2
1 6= 2 (100, 2, 2)/(010, 0, 0)/(001,W (3), 1)/(001, 1,W (3))/(000,W (4), 2)/(000, 2,W (4))/(000, 2, 0)/(000, 0, 2)

846 B3A1 ≥ 11 (100, 8))/(010, 0)/(001, 10)/(001, 4)/(000,W (14))/(000, 10)/(000, 6)/(000, 2)

847 A2B4 3 (30, 0)/(11, λ1)/(11, λ4)/(11, 0)
2/(03, 0)/(00,W (λ2))/(00, λ4)/(00, 0)

848 A1B4 ≥ 7 (W (10), 0)/(6, λ1)/(6, λ4)/(6, 0)/(2, 0)/(0, λ2)/(0, λ4)

849 G2A
2
1 6= 2 (10,W (3), 1)/(10, 2, 2)/(10, 1,W (3))/(10, 0, 0)/(01, 0, 0)/(00,W (4), 2)/(00,W (3), 1)/(00, 2,W (4))/(00, 2, 0)/

(00, 1,W (3))/(00, 0, 2)

850 G2A1 ≥ 11 (10, 10)/(10, 8)/(10, 4)/(10, 0)/(01, 0)/(00,W (14))/(00, 10)2/(00, 6)/(00, 4)/(00, 2)

851 A2A
2
1 3 (30, 0, 0)/(11, 3, 1)/(11, 2, 2)/(11, 1, 3)/(11, 1, 1)2/(11, 0, 0)2/(03, 0, 0)/(00, 4, 2)/(00, 3, 1)/(00, 2, 4)/

(00, 2, 0)2/(00, 1, 3)/(00, 1, 1)2/(00, 0, 2)2/(00, 0, 0)

853 A1A
2
1 ≥ 7 (W (10), 0, 0)/(6, 3, 1)/(6, 2, 2)/(6, 1, 3)/(6, 0, 0)/(2, 0, 0)/(0, 4, 2)/(0, 3, 1)/(0, 2, 4)/(0, 2, 0)/(0, 1, 3)/(0, 0, 2)

854 A1A1 ≥ 11 (W (10), 0)/(6, 10)/(6, 8)/(6, 4)/(6, 0)/(2, 0)/(0,W (14))/(0, 10)2/(0, 6)/(0, 4)/(0, 2)

859 A2
1B2 2 (3, 1, 01)/(2, 2, 10)/(2, 2, 00)2/(2, 0, 10)2/(2, 0, 02)/(2, 0, 00)4/(1, 3, 01)/(1, 1, 11)/(0, 2, 10)2/(0, 2, 02)/

(0, 2, 00)4/(0, 0, 10)3/(0, 0, 02)2/(0, 0, 00)8

860 A1B2 ≥ 5 (W (7), 01)/(W (6), 10)/(W (6), 00)/(5, 01)/(4, 02)/(3,W (11))/(2, 10)/(2, 00)/(1, 01)/(0, 02)

862 A2
1 ≥ 5 (W (7), 3)/(W (6), 4)/(W (6), 0)/(5, 3)/(4,W (6))/(4, 2)/(3,W (7))/(3, 5)/(3, 1)/(2, 4)/(2, 0)/(1, 3)/(0,W (6))/

(0, 2)

863 A1B2 ≥ 5 (W (8), 00)/(W (6), 10)2/(W (6), 00)/(4, 02)2/(4, 00)/(2, 10)2/(2, 00)/(0,W (20))/(0, 02)

864 A2
1 ≥ 5 (W (8), 0)/(W (6), 4)2/(W (6), 0)/(4,W (6))2/(4, 2)2/(4, 0)/(2, 4)2/(2, 0)/(0,W (8))/(0,W (6))/(0, 4)/(0, 2)

865 A4
1 (W (3), 1, 1, 1)/(W (2),W (2),W (2), 0)/(W (2),W (2), 0,W (2))/(W (2), 0,W (2),W (2))/(W (2), 0, 0, 0)/

(1,W (3), 1, 1)/(1, 1,W (3), 1)/(1, 1, 1,W (3))/(0,W (2),W (2),W (2))/(0,W (2), 0, 0)/(0, 0,W (2), 0)/
(0, 0, 0,W (2))

866 A1A1 ≥ 11 (3, 7)/(2,W (12))/(2, 8)/(2, 4)/(2, 0)/(1,W (15))/(1,W (11))/(1, 9)/(1, 5)/(1, 3)/(0,W (14))/(0, 10)/(0, 6)/
(0, 2)
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867 A1D4 2 (3, λ1)/(2, λ2)/(2, 0)
2/(1, λ3 + λ4)/(0, 2λ1)/(0, λ2)

2/(0, 0)4

871 A1B3 2 (3, 001)/(2, 100)2/(2, 010)/(2, 000)2/(1, 101)/(0, 100)4/(0, 010)2/(0, 002)/(0, 000)4

872 A1A2 2 (3, 11)/(2, 30)/(2, 11)/(2, 03)/(2, 00)2/(1, 30)2/(1, 22)/(1, 03)2/(1, 00)4/(0, 30)2/(0, 22)/(0, 11)2/(0, 03)2/
(0, 00)4

873 A4
1 6= 2 (W (4), 0, 0, 0)/(2, 2, 2, 0)2/(2, 2, 0, 2)2/(2, 0, 2, 2)2/(2, 0, 0, 0)/(0,W (4), 0, 0)/(0, 2, 2, 2)2/(0, 2, 0, 0)/

(0, 0,W (4), 0)/(0, 0, 2, 0)/(0, 0, 0,W (4))/(0, 0, 0, 2)

874 A1A1 ≥ 11 (4, 0)/(2,W (12))2/(2, 8)2/(2, 4)2/(2, 0)/(0,W (16))/(0,W (14))/(0, 10)2/(0, 8)/(0, 6)/(0, 4)/(0, 2)

878 Ā1Ā2A5 (W (2), 00, 0)/(1, 10, λ1)/(1, 01, λ5)/(1, 00, λ3)/(0,W (11), 0)/(0, 10, λ4)/(0, 01, λ2)/(0, 00,W (λ1 + λ5))

879 Ā1A7 (W (2), 0)/(1, λ2)/(1, λ6)/(0,W (λ1 + λ7))/(0, λ4)

880 Ā1G2C3 (W (2), 00, 000)/(1,W (10), 100)/(1, 00,W (001))/(0,W (10),W (010))/(0,W (01), 000)/(0, 00,W (200))

881 Ā1A1F4 (W (2), 0, 0)/(1,W (3), 0)/(1, 1,W (λ4))/(0,W (2),W (λ4))/(0,W (2), 0)/(0, 0,W (λ1))

882 Ā1A1G2 6= 2 (2, 0, 00)/(1,W (3), 10)/(1, 1,W (01))/(0,W (4), 10)/(0, 2,W (20))/(0, 2, 00)/(0, 0,W (01))

883 Ā1A1A1 ≥ 5 (2, 0, 0)/(1,W (6), 3)/(1, 4, 1)/(1, 2,W (5))/(0,W (6), 4)/(0, 4,W (6))/(0, 4, 2)/(0, 2,W (8))/(0, 2, 4)/(0, 2, 0)/
(0, 0, 2)

884 Ā1A2 ≥ 5 (2, 00)/(1,W (60))/(1,W (06))/(0,W (44))/(0, 11)

885 Ā1A1 ≥ 17 (2, 0)/(1,W (21))/(1, 15)/(1, 11)/(1, 5)/(0,W (26))/(0,W (22))/(0,W (18))/(0, 16)/(0, 14)/(0, 10)2/(0, 6)/(0, 2)

886 Ā1A1 ≥ 19 (2, 0)/(1,W (27))/(1, 17)/(1, 9)/(0,W (34))/(0,W (26))/(0,W (22))/(0, 18)/(0, 14)/(0, 10)/(0, 2)

887 Ā1Ā2A1A2 (W (2), 00, 0, 00)/(1, 10, 1, 10)/(1, 01, 1, 01)/(1, 00,W (3), 00)/(1, 00, 1,W (11))/(0,W (11), 0, 00)/
(0, 10,W (2), 10)/(0, 10, 0,W (02))/(0, 01,W (2), 01)/(0, 01, 0,W (20))/(0, 00,W (2),W (11))/(0, 00,W (2), 00)/
(0, 00, 0,W (11))

888 Ā1Ā2C3 (W (2), 00, 000)/(1, 10, 100)/(1, 01, 100)/(1, 00, 100)/(1, 00, 001)/(0,W (11), 000)/(0, 10,W (010))/(0, 10, 000)/
(0, 01,W (010))/(0, 01, 000)/(0, 00,W (200))/(0, 00,W (010))

889 Ā1Ā2A3 (W (2), 00, 000)/(1, 10, 010)/(1, 01, 010)/(1, 00,W (200))/(1, 00,W (002))/(0,W (11), 000)/(0, 10,W (101))/
(0, 01,W (101))/(0, 00,W (101))/(0, 00,W (020))

890 Ā1Ā2A2 6= 2 (2, 00, 00)/(1, 10, 20)/(1, 01, 02)/(1, 00,W (30))/(1, 00,W (03))/(0,W (11), 00)/(0, 10, 12)/(0, 01, 21)/
(0, 00,W (22))/(0, 00,W (11))

891 Ā1A1A5 6= 2 (2, 0, 0)/(1, 2, λ1)/(1, 2, λ5)/(1, 0, λ3)/(0,W (4), 0)/(0, 2, λ2)/(0, 2, λ4)/(0, 2, 0)/(0, 0,W (λ1 + λ5))
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892 Ā1A1A1A2 6= 2 (2, 0, 0, 00)/(1, 2, 1, 10)/(1, 2, 1, 01)/(1, 0,W (3), 00)/(1, 0, 1,W (11))/(0,W (4), 0, 00)/(0, 2, 2, 10)/(0, 2, 2, 01)/
(0, 2, 0, 20)/(0, 2, 0, 02)/(0, 2, 0, 00)/(0, 0,W (2),W (11))/(0, 0, 2, 00)/(0, 0, 0,W (11))

893 Ā1Ā2A1A1 6= 2 (2, 00, 0, 0)/(1, 10, 1, 2)/(1, 01, 1, 2)/(1, 00,W (3), 0)/(1, 00, 1,W (4))/(1, 00, 1, 2)/(0,W (11), 0, 0)/(0, 10, 2, 2)/
(0, 10, 0,W (4))/(0, 10, 0, 0)/(0, 01, 2, 2)/(0, 01, 0,W (4))/(0, 01, 0, 0)/(0, 00, 2,W (4))/(0, 00, 2, 0)2/
(0, 00, 0,W (4))/(0, 00, 0, 2)

907 Ā1Ā2A1 ≥ 7 (2, 00, 0)/(1, 10, 5)/(1, 01, 5)/(1, 00,W (9))/(1, 00, 5)/(1, 00, 3)/(0,W (11), 0)/(0, 10,W (8))/(0, 10, 4)/
(0, 10, 0)/(0, 01,W (8))/(0, 01, 4)/(0, 01, 0)/(0, 00,W (10))/(0, 00,W (8))/(0, 00, 6)/(0, 00, 4)/(0, 00, 2)

908 Ā1Ā2G2 2 (2, 00, 00)/(1, 10, 10)/(1, 01, 10)/(1, 00, 20)/(1, 00, 10)2/(1, 00, 00)2/(0,W (11), 00)/(0, 10, 01)/(0, 10, 00)/
(0, 01, 01)/(0, 01, 00)/(0, 00, 20)/(0, 00, 01)2

910 Ā1A1A3 6= 2 (2, 0, 000)/(1, 2, 010)2/(1, 0, 200)/(1, 0, 002)/(0,W (4), 000)/(0, 2, 101)2/(0, 2, 000)/(0, 0,W (020))/(0, 0, 101)

912 Ā1A1A2 6= 2 (2, 0, 00)/(1, 2, 20)/(1, 2, 02)/(1, 0,W (30))/(1, 0,W (03))/(0,W (4), 00)/(0, 2, 21)/(0, 2, 12)/(0, 2, 00)/
(0, 0,W (22))/(0, 0,W (11))

917 Ā1D4 6= 2 (2, 0)/(1, λ2)
2/(0, 2λ1)/(0, λ2)/(0, 2λ3)/(0, 2λ4)

918 Ā1A2C3 3 (2, 00, 000)/(1, 11, 100)/(1, 00, 001)/(0, 30, 000)/(0, 11, 010)/(0, 11, 000)2/(0, 03, 000)/(0, 00, 200)/(0, 00, 000)

919 Ā1A1C3 ≥ 7 (2, 0, 000)/(1, 6, 100)/(1, 0, 001)/(0,W (10), 000)/(0, 6, 010)/(0, 2, 000)/(0, 0, 200)

921 Ā1G2A1A1 6= 2 (2, 00, 0, 0)/(1, 10, 2, 1)/(1, 00,W (4), 1)/(1, 00, 0,W (3))/(0, 10,W (4), 0)/(0, 10, 2, 2)/(0, 01, 0, 0)/
(0, 00,W (4), 2)/(0, 00, 2, 0)/(0, 00, 0, 2)

921 Ā1G2A1 ≥ 7 (2, 00, 0)/(1, 10, 5)/(1, 00,W (9))/(1, 00, 3)/(0, 10,W (8))/(0, 10, 4)/(0, 01, 0)/(0, 00,W (10))/(0, 00, 6)/
(0, 00, 2)

922 Ā1G2A3 2 (2, 00, 000)/(1, 10, 010)/(1, 00, 200)/(1, 00, 010)2/(1, 00, 002)/(0, 10, 101)/(0, 01, 000)/(0, 00, 020)/
(0, 00, 101)2/(0, 00, 000)2

923 Ā1G2G2 2 (2, 00, 00)/(1, 10, 10)/(1, 00, 20)/(1, 00, 10)2/(1, 00, 00)2/(0, 10, 01)/(0, 01, 00)/(0, 00, 20)/(0, 00, 01)2/
(0, 00, 00)2

924 Ā1A2A1A1 3 (2, 00, 0, 0)/(1, 11, 2, 1)/(1, 00, 4, 1)/ (1, 00, 0, 3)/(1, 00, 0, 1)2/(0, 30, 0, 0)/(0, 11, 4, 0)/(0, 11, 2, 2)/
(0, 11, 0, 0)2/(0, 03, 0, 0)/(0, 00, 4, 2)/(0, 00, 2, 0)/(0, 00, 0, 2)2/(0, 00, 0, 0)

929 Ā1A1A1A1 ≥ 7 (2, 0, 0, 0)/(1, 6, 2, 1)/(1, 0, 4, 1)/(1, 0, 0, 3)/(0,W (10), 0, 0)/(0, 6, 4, 0)/(0, 6, 2, 2)/(0, 2, 0, 0)/(0, 0, 4, 2)/
(0, 0, 2, 0)/(0, 0, 0, 2)
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930 Ā1A1A1 ≥ 7 (2, 0, 0)/(1, 6, 5)/(1, 0,W (9))/(1, 0, 3)/(0,W (10), 0)/(0, 6,W (8))/(0, 6, 4)/(0, 2, 0)/(0, 0,W (10))/(0, 0, 6)/
(0, 0, 2)

954 Ā1A1C4 2 (2, 0, 0)/(1, 3, 0)/(1, 1, λ2)/(0, 2, λ2)/(0, 2, 0)/(0, 0, 2λ1)/(0, 0, λ2)
2/(0, 0, λ4)/(0, 0, 0)

4

955 Ā1A1G2 7 (2, 0, 00)/(1, 3, 00)/(1, 1, 20)/(0, 2, 20)/(0, 2, 00)/(0, 0, 11)/(0, 0, 01)

956 Ā1A1A1 ≥ 13 (2, 0, 0)/(1, 3, 0)/(1, 1,W (16))/(1, 1, 8)/(0, 2,W (16))/(0, 2, 8)/(0, 2, 0)/(0, 0,W (22))/(0, 0,W (14))/(0, 0, 10)/
(0, 0, 2)

958 Ā1A1D4 2 (2, 0, 0)/(1, 3, 0)/(1, 1, λ2)/(0, 2, λ2)/(0, 2, 0)/(0, 0, 2λ1)/(0, 0, λ2)
2/(0, 0, 2λ3)/(0, 0, 2λ4)/(0, 0, 0)

4

965 Ā1A1A2 3 (2, 0, 00)/(1, 3, 11)/(1, 1, 30)/(1, 1, 11)2/(1, 1, 03)/(1, 1, 00)/(0, 4, 11)/(0, 2, 22)/(0, 2, 00)/(0, 0, 30)/(0, 0, 11)2/
(0, 0, 03)/(0, 0, 00)

966 Ā1A1A1 ≥ 7 (2, 0, 0)/(1, 3, 6)/(1, 1,W (10))/(1, 1, 2)/(0, 4, 6)/(0, 2,W (12))/(0, 2,W (8)/(0, 2, 4)/(0, 2, 0)/(0, 0,W (10))/
(0, 0, 2)

975 Ā4
2 (W (11), 00, 00, 00)/(10, 10, 00, 01)/(10, 01, 10, 00)/(10, 00, 01, 10)/(01, 10, 01, 00)/(01, 01, 00, 10)/

(01, 00, 10, 01)/(00,W (11), 00, 00)/(00, 10, 10, 10)/(00, 01, 01, 01)/(00, 00,W (11), 00)/(00, 00, 00,W (11))

976 Ā2F4 (W (11), 0)/(10,W (λ4))/(10, 0)/(01,W (λ4))/(01, 0)/(00,W (λ1))/(00,W (λ4))

977 Ā2C4 (W (11), 0)/(10,W (λ2))/(01,W (λ2))/(00,W (2λ1))/(00,W (λ4))

978 Ā2A2G2 (W (11), 00, 00)/(10, 10,W (10))/(10,W (02), 00)/(01,W (20), 00)/(01, 01,W (10))/(00,W (11),W (10))/
(00,W (11), 00)/(00, 00,W (01))

979 Ā2G2 (W (11), 00)/(10,W (20))/(01,W (20))/(00,W (01))/(00,W (11))

980 Ā2A2 6= 2 (W (11), 00)/(10,W (22))/(01,W (22))/(00,W (41))/(00,W (11))/(00,W (14))

981 A1E6 6= 2 (W (4), 0)/(2, λ1)/(2, λ6)/(2, 0)/(0,W (λ2))

982 A1Ā
3
2 6= 2 (W (4), 00, 00, 00)/(2, 10, 01, 00)/(2, 10, 00, 01)/(2, 01, 10, 00)/(2, 01, 00, 10)/(2, 00, 10, 01)/(2, 00, 01, 10)/

(2, 00, 00, 00)/(0,W (11), 00, 00)/(0, 10, 10, 10)/(0, 01, 01, 01)/(0, 00,W (11), 00)/(0, 00, 00,W (11))

989 A2
1Ā

2
2 6= 2 (W (4), 0, 00, 00)/(2, 2, 10, 00)/(2, 2, 01, 00)/(2, 2, 00, 10)/(2, 2, 00, 01)/(2, 0, 10, 01)/(2, 0, 01, 10)/(2, 0, 00, 00)/

(0,W (4), 00, 00)/(0, 2, 10, 10)/(0, 2, 01, 01)/(0, 2, 00, 00)/(0, 0,W (11), 00)/(0, 0, 00,W (11))

995 A3
1Ā2 6= 2 (W (4), 0, 0, 00)/(2, 2, 2, 00)4/(2, 0, 2, 10)/(2, 0, 2, 01)/(2, 0, 0, 00)/(0,W (4), 0, 00)/(0, 2, 2, 10)/(0, 2, 2, 01)/

(0, 2, 0, 00)/(0, 0,W (4), 00)/(0, 0, 2, 00)/(0, 0, 0,W (11))
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1002 Ā2A1G2 6= 2 (W (11), 0, 00)/(10,W (4), 00)/(10, 2,W (10))/(10, 0, 00)/(01,W (4), 00)/(01, 2,W (10))/(01, 0, 00)/
(00,W (4),W (10))/(00,W (4), 00)/(00, 2,W (10))/(00, 2, 00)/(00, 0,W (01))

1003 Ā2A1 ≥ 13 (W (11), 0)/(10,W (16))/(10, 8)/(10, 0)/(01,W (16))/(01, 8)/(01, 0)/(00,W (22))/(00,W (16))/(00,W (14))/
(00, 10)/(00, 8)/(00, 2)

1004 Ā2A1A2 3 (11, 0, 00)/(10, 4, 00)/(10, 2, 11)/(10, 0, 00)2/(01, 4, 00)/(01, 2, 11)/(01, 0, 00)2/(00, 4, 11)/(00, 4, 00)/
(00, 2, 11)/(00, 2, 00)/(00, 0, 30)/(00, 0, 11)2/(00, 0, 03)/(00, 0, 00)2

1005 Ā2A1A1 ≥ 7 (11, 0, 0)/(10, 4, 0)/(10, 2, 6)/(10, 0, 0)/(01,W (4), 0)/(01, 2, 6)/(01, 0, 0)/(00, 4, 6)/(00, 4, 0)/(00, 2, 6)/
(00, 2, 0)/(00, 0,W (10))/(00, 0, 2)

1009 Ā2A1 ≥ 11 (11, 0)/(10,W (12))/(10, 8)/(10, 4)/(01,W (12))/(01, 8)/(01, 4)/(00,W (14))/(00, 10)2/(00, 8)/(00, 6)/(00, 4)/
(00, 2)

1010 Ā2D4 2 (11, 0)/(10, λ2)/(10, 0)/(01, λ2)/(01, 0)/(00, 2λ1)/(00, λ2)
2/(00, 2λ3)/(00, 2λ4)/(00, 0)

2

1011 A1A2G2 6= 2 (W (4), 00, 00)/(2,W (20), 00)/(2, 10,W (10))/(2,W (02), 00)/(2, 01,W (10))/(2, 00, 00)/(0,W (11),W (10))/
(0,W (11), 00)/(0, 00,W (01))

1012 Ā2A2A2 3 (11, 00, 00)/(10, 10, 11)/(10, 02, 00)/(01, 20, 00)/(01, 01, 11)/(00, 11, 11)/(00, 11, 00)/(00, 00, 30)/(00, 00, 11)2/
(00, 00, 03)/(00, 00, 00)3

1013 Ā2A2A1 ≥ 7 (11, 00, 0)/(10, 10, 6)/(10, 02, 0)/(01, 01, 6)/(01, 20, 0)/(00, 11, 6)/(00, 11, 0)/(00, 00,W (10))/(00, 00, 2)

1016 A1A2A2 3 (4, 00, 00)/(2, 20, 00)/(2, 10, 11)/(2, 02, 00)/(2, 01, 11)/(2, 00, 00)/(0, 11, 11)/(0, 11, 00)/(0, 00, 30)/
(0, 00, 11)2/(0, 00, 03)/(0, 00, 00)3

1017 A1A2A1 ≥ 7 (4, 00, 0)/(2, 20, 0)/(2, 10, 6)/(2, 02, 0)/(2, 01, 6)/(2, 00, 0)/(0, 11, 6)/(0, 11, 0)/(0, 00,W (10))/(0, 00, 2)

1026 A1G2 6= 2 (W (4), 00)/(2,W (20))2/(2, 00)/(0,W (11))/(0,W (01))

1027 A1A2 6= 2 (W (4), 00)/(2,W (22))2/(2, 00)/(0,W (41))/(0,W (11))/(0,W (14))

1028 B2Ā4 6= 2 (W (20), 0)/(10, λ2)/(10, λ3)/(02, λ1)/(02, λ4)/(02, 0)/(00,W (λ1 + λ4))

1029 A1Ā4 ≥ 5 (W (8), 0)/(W (6), λ1)/(W (6), λ4)/(W (6), 0)/(4, λ2)/(4, λ3)/(4, 0)/(2, λ1)/(2, λ4)/(2, 0)/(0,W (λ1 + λ4))

1030 A2F4 3 (30, 0)/(11, λ4)/(11, 0)
2/(03, 0)/(00, λ1)/(00, 0)

1031 A1F4 ≥ 7 (W (10), 0)/(6, λ4)/(2, 0)/(0, λ1)

1032 G2C4 2 (10, λ2)/(01, 0)/(00, 2λ1)/(00, λ2)
2/(00, λ4)/(00, 0)

2

1033 G2
2A1 6= 2 (10, 10, 2)/(10, 00,W (4))/(W (01), 00, 0)/(00, 10,W (4))/(00,W (01), 0)/(00, 00, 2)



1
8
2

1
2
.
C
O
M

P
O
S
IT

IO
N

F
A
C
T
O
R
S

F
O
R

G
-IR

R
E
D
U
C
IB

L
E

S
U
B
G
R
O
U
P
S

1034 G2A1 ≥ 13 (10,W (16))/(10, 8)/(01, 0)/(00,W (22))/(00,W (14))/(00, 10)/(00, 2)

1035 G2G2 7 (10, 20)/(01, 00)/(00, 11)/(00, 01)

1036 A2A1G2 3 (30, 0, 00)/(11,W (4), 00)/(11, 2, 10)/(11, 0, 00)/(03, 0, 00)/(00,W (4), 10)/(00, 2, 00)/(00, 0, 10)/(00, 0, 01)/
(00, 0, 00)

1037 A2
2A1 3 (30, 00, 0)/(11, 11, 2)/(11, 00,W (4))/(11, 00, 0)/(03, 00, 0)/(00, 30, 0)/(00, 11,W (4))/(00, 11, 0)/(00, 03, 0)/

(00, 00, 2)/(00, 00, 0)2

1039 A1A1G2 ≥ 7 (W (10), 0, 00)/(6, 4, 00)/(6, 2, 10)/(2, 0, 00)/(0, 4, 10)/(0, 2, 00)/(0, 0, 01)

1040 A1A1 ≥ 13 (10, 0)/(6,W (16))/(6, 8)/(2, 0)/(0,W (22))/(0,W (14))/(0, 10)/(0, 2)

1041 A1G2 7 (10, 00)/(6, 20)/(2, 00)2/(0, 11)/(0, 01)

1042 A2
1A1 ≥ 7 (W (10), 0, 0)/(6, 6, 2)/(6, 0, 4)/(2, 0, 0)/(0,W (10), 0)/(0, 6, 4)/(0, 2, 0)/(0, 0, 2)

1046 G2D4 2 (10, λ2)/(01, 0)/(00, 2λ1)/(00, λ2)
2/(00, 2λ3)/(00, 2λ4)/(00, 0)

2



CHAPTER 13

Composition factors for the action of Levi

subgroups

Let G be a simple exceptional algebraic group. In this section we give the
composition factors of the action of proper Levi subgroups L of G on the minimal
and adjoint modules for G. If L′ is simple and has rank at least 2 then these are
found in [LS96, Tables 8.1–8.7], except for the case where L < G = F4 acting on
the minimal module. In all other cases the composition factors are deduced from
those of a maximal subsystem subgroup containing L′.

We note that for G = E6, E7 or E8 any simple factor of a Levi subgroup of
type An, Dn or En is generated by long root subgroups of G and so we omit all
bars in Tables 3–5.

Table 1. The composition factors for the action of Levi subgroups of G2 on V7

and L(G2).

L′ V7 ↓ L′ L(G2) ↓ L′

Ā1 12/03 W (2)/14/03

Ã1 W (2)/12 W (3)2/W (2)/03

Table 2. The composition factors for the action of Levi subgroups of F4 on V26

and L(F4).

L′ V26 ↓ L′ L(F4) ↓ L′

B3 W (100)/0012/0003 W (100)2/W (010)/0012/000

B2 W (10)/014/005 W (10)4/W (02)/014/006

C3 1002/W (010) W (200)/W (001)2/0003

Ā2Ã1 (10, 1)/(10, 0)/(01, 1)/
(01, 0)/(00,W (2))/
(00, 1)2/(00, 0)

(W (11), 0)/(10,W (2))/(10, 1)/(10, 0)/
(01,W (2))/(01, 1)/(01, 0)/(00,W (2))/(00, 1)2/
(00, 0)

Ã2Ā1 (10, 1)/(10, 0)/(01, 1)/
(01, 0)/(W (11), 0)

(W (20), 1)/(W (20), 0)/(W (11), 0)/(W (02), 1)/
(W (02), 0)/(00,W (2))/(00, 1)2/(00, 0)

Ā2 103/013/008 W (11)/106/016/008

Ã2 103/013/W (11) W (20)3/W (11)/W (02)3/008

Ā1Ã1 (1, 1)2/(1, 0)2/(0,W (2))/
(0, 1)4/(0, 0)3

(W (2), 0)/(1,W (2))2/(1, 1)2/(1, 0)4/
(0,W (2))3/(0, 1)4/(0, 0)4

Ā1 16/014 W (2)/114/021

183
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Ã1 W (2)/18/07 W (2)7/18/015

Table 3. The composition factors for the action of Levi subgroups of E6 on V27

and L(E6).

L′ V27 ↓ L′ L(E6) ↓ L′

D5 λ1/λ4/0 W (λ2)/λ4/λ5/0

D4 λ1/λ3/λ4/0
3 λ2

1/W (λ2)/λ
2
3/λ

2
4/0

3

A5 λ2
1/λ4 W (λ1 + λ5)/λ

2
3/0

3

A1A4 (1, λ1)/(1, 0)/(0, λ3)/
(0, λ4)

(W (2), 0)/(1, λ2)/(1, λ3)/(0,W (λ1 + λ4))/
(0, λ1)/(0, λ4)/(0, 0)

A1A
2
2 (1, 01, 00)/(1, 00, 10)/

(0, 10, 01)/(0, 01, 00)/
(0, 00, 10)

(W (2), 00, 00)/(1, 10, 10)/(1, 01, 01)/
(1, 00, 00)2/(0,W (11), 00)/(0, 10, 10)/
(0, 01, 01)/(0, 00,W (11))/(0, 00, 00)

A4 λ2
1/λ3/λ4/0

2 W (λ1 + λ4)/λ1/λ
2
2/λ

2
3/λ4/0

4

A1A3 (1, 100)/(1, 000)2/(0, 010)/
(0, 001)2/(0, 000)

(W (2), 000)/(1, 100)/(1, 010)2/(1, 001)/
(0,W (101))/(0, 100)2/(0, 001)2/(0, 000)4

A2
2 (10, 01)/(01, 00)3/(00, 10)3 (W (11), 00)/(10, 10)3/(01, 01)3/(00,W (11))/

(00, 00)8

A2
1A2 (1, 1, 00)/(1, 0, 10)/

(1, 0, 00)/(0, 1, 01)/
(0, 1, 00)/(0, 0, 10)/
(0, 0, 01)/(0, 0, 00)

(W (2), 0, 00)/(1, 1, 10)/(1, 1, 01)/(1, 0, 10)/
(1, 0, 01)/(1, 0, 00)2/(0,W (2), 00)/(0, 1, 10)/
(0, 1, 01)/(0, 1, 00)2/(0, 0,W (11))/(0, 0, 10)/
(0, 0, 01)/(0, 0, 00)2

A3 1002/010/0012/0005 W (101)/1004/0104/0014/0007

A1A2 (1, 00)3/(1, 01)/(0, 10)3/
(0, 01)/(0, 00)3

(W (2), 00)/(1, 10)3/(1, 01)3/(1, 00)2/(0, 10)3/
(0,W (11))/(0, 01)3/(0, 00)9

A3
1 (1, 1, 0)/(1, 0, 1)/(1, 0, 0)2/

(0, 1, 1)/(0, 1, 0)2/
(0, 0, 1)2/(0, 0, 0)3

(W (2), 0, 0)/(1, 1, 1)2/(1, 1, 0)2/(1, 0, 1)2/
(1, 0, 0)4/(0,W (2), 0)/(0, 1, 1)2/(0, 1, 0)4/
(0, 0,W (2))/(0, 0, 1)4/(0, 0, 0)5

A2 103/013/009 W (11)/109/019/0016

A2
1 (1, 1)/(1, 0)4/(0, 1)4/(0, 0)7 (W (2), 0)/(1, 1)6/(1, 0)8/(0,W (2))/(0, 1)8/

(0, 0)16

A1 16/015 W (2)/120/035

Table 4. The composition factors for the action of Levi subgroups of E7 on V56

and L(E7).

L′ V56 ↓ L′ L(E7) ↓ L′

E6 λ1/λ6/0
2 λ1/W (λ2)/λ6/0

D6 λ2
1/λ5 W (λ2)/λ

2
6/0

3

A1D5 (1, λ1)/(1, 0)
2/(0, λ4)/(0, λ5) (W (2), 0)/(1, λ4)/(1, λ5)/(0, λ1)

2/
(0,W (λ2))/(0, 0)

D5 λ2
1/λ4/λ5/0

4 λ2
1/W (λ2)/λ

2
4/λ

2
5/0

4
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A1D4 (1, λ1)/(1, 0)
4/(0, λ3)

2/
(0, λ4)

2
(W (2), 0)/(1, λ3)

2/(1, λ4)
2/(0, λ1)

4/
(0,W (λ2))/(0, 0)

6

D4 λ2
1/λ

2
3/λ

2
4/0

8 λ4
1/W (λ2)/λ

4
3/λ

4
4/0

9

A6 λ1/λ2/λ5/λ6 W (λ1 + λ6)/λ1/λ3/λ4/λ6/0

A1A5 (1, λ1)/(1, λ5)/(0, λ1)/
(0, λ3)/(0, λ5)

(W (2), 0)/(1, λ2)/(1, λ4)/(1, 0)
2/

(0,W (λ1 + λ5))/(0, λ2)/(0, λ4)/(0, 0)

A2A4 (10, λ1)/(10, 0)/(01, λ4)/
(01, 0)/(00, λ2)/(00, λ3)

(W (11), 0)/(10, λ3)/(10, λ4)/(01, λ1)/
(01, λ2)/(00,W (λ1 + λ4))/(00, λ1)/
(00, λ4)/(00, 0)

A1A2A3 (1, 10, 000)/(1, 01, 000)/
(1, 00, 010)/(0, 10, 100)/
(0, 01, 001)/(0, 00, 100)/
(0, 00, 001)

(W (2), 00, 000)/(1, 10, 001)/(1, 01, 100)/
(1, 00, 100)/(1, 00, 001)/(0,W (11), 000)/
(0, 10, 010)/(0, 10, 000)/(0, 01, 010)/
(0, 01, 000)/(0, 00,W (101))/(0, 00, 000)

A5 λ3
1/λ3/λ

3
5 W (λ1 + λ5)/λ

3
2/λ

3
4/0

8

A′
5 λ2

1/λ2/λ4/λ
2
5/0

2 W (λ1 + λ5)/λ
2
1/λ2/λ

2
3/λ4/λ

2
5/0

4

A1A4 (1, λ1)/(1, λ4)/(1, 0)
2/

(0, λ1)/(0, λ2)/(0, λ3)/
(0, λ4)/(0, 0)

2

(W (2), 0)/(1, λ1)/(1, λ2)/(1, λ3)/(1, λ4)/
(1, 0)2/(0,W (λ1 + λ4))/(0, λ1)

2/(0, λ2)/
(0, λ3)/(0, λ4)

2/(0, 0)2

A2A3 (10, 100)/(10, 000)2/
(01, 001)/(01, 000)2/
(00, 100)/(00, 010)2/
(00, 001)

(W (11), 000)/(10, 010)/(10, 001)2/
(10, 000)/(01, 100)2/(01, 010)/(01, 000)/
(00,W (101))/(00, 100)2/(00, 001)2/
(00, 000)4

A2
1A3 (1, 1, 000)2/(1, 0, 010)/

(1, 0, 000)2/(0, 1, 100)/
(0, 1, 001)/(0, 0, 100)2/
(0, 0, 001)2

(W (2), 0, 000)/(1, 1, 100)/(1, 1, 001)/
(1, 0, 100)2/(1, 0, 001)2/(0,W (2), 000)/
(0, 1, 010)2/(0, 1, 000)4/(0, 0,W (101))/
(0, 0, 010)2/(0, 0, 000)4

A4 λ3
1/λ2/λ3/λ

3
4/0

6 W (λ1 + λ4)/λ
4
1/λ

3
2/λ

3
3/λ

4
4/0

9

A1A3 (1, 010)/(1, 000)6/(0, 100)4/
(0, 001)4

(W (2), 000)/(1, 100)4/(1, 001)4/
(0,W (101))/(0, 010)6/(0, 000)15

(A1A3)
′ (1, 100)/(1, 001)/(1, 000)4/
(0, 100)2/(0, 010)2/
(0, 001)2/(0, 000)4

(W (2), 000)/(1, 100)2/(1, 010)2/(1, 001)2/
(1, 000)4/(0,W (101))/(0, 100)4/(0, 010)2/
(0, 001)4/(0, 000)7

A2
2 (10, 10)/(10, 00)3/(01, 01)/

(01, 00)3/(00, 10)3/
(00, 01)3/(00, 00)2

(W (11), 00)/(10, 10)3/(10, 01)/(10, 00)3/
(01, 10)/(01, 01)3/(01, 00)3/(00,W (11))/
(00, 10)3/(00, 01)3/(00, 00)9

A2
1A2 (1, 1, 00)2/(1, 0, 10)/

(1, 0, 01)/(1, 0, 00)2/
(0, 1, 10)/(0, 1, 01)/
(0, 1, 00)2/(0, 0, 10)2/
(0, 0, 01)2/(0, 0, 00)4

(W (2), 0, 00)/(1, 1, 10)/(1, 1, 01)/
(1, 1, 00)2/(1, 0, 10)2/(1, 0, 01)2/
(1, 0, 00)4/(0,W (2), 00)/(0, 1, 10)2/
(0, 1, 01)2/(0, 1, 00)4/(0, 0,W (11))/
(0, 0, 10)3/(0, 0, 01)3/(0, 0, 00)5

A4
1 (1, 1, 1, 0)/(1, 0, 0, 1)2/

(1, 0, 0, 0)4/(0, 1, 0, 1)2/
(0, 1, 0, 0)4/(0, 0, 1, 1)2/
(0, 0, 1, 0)4

(W (2), 0, 0, 0)/(1, 1, 0, 1)2/(1, 1, 0, 0)4/
(1, 0, 1, 1)2/(1, 0, 1, 0)4/(0,W (2), 0, 0)/
(0, 1, 1, 1)2/(0, 1, 1, 0)4/(0, 0,W (2), 0)/
(0, 0, 0,W (2))/(0, 0, 0, 1)8/(0, 0, 0, 0)9

A3 1004/0102/0014/00012 W (101)/1008/0106/0018/00018
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A1A2 (1, 10)/(1, 01)/(1, 00)6/
(0, 10)4/(0, 01)4/(0, 00)8

(W (2), 00)/(1, 10)4/(1, 01)4/(1, 00)8/
(0,W (11))/(0, 10)7/(0, 01)7/(0, 00)16

A3
1 (1, 1, 0)2/(1, 0, 1)2/(1, 0, 0)4/

(0, 1, 1)2/(0, 1, 0)4/(0, 0, 1)4/
(0, 0, 0)8

(W (2), 0, 0)/(1, 1, 1)2/(1, 1, 0)4/(1, 0, 1)4/
(1, 0, 0)8/(0,W (2), 0)/(0, 1, 1)4/(0, 1, 0)8/
(0, 0,W (2))/(0, 0, 1)8/(0, 0, 0)12

(A3
1)

′ (1, 1, 1)/(1, 0, 0)8/(0, 1, 0)8/
(0, 0, 1)8

(W (2), 0, 0)/(1, 1, 0)8/(1, 0, 1)8/
(0,W (2), 0)/(0, 1, 1)8/(0, 0,W (2))/
(0, 0, 0)28

A2 106/016/0020 W (11)/1015/0115/0035

A2
1 (1, 1)2/(1, 0)8/(0, 1)8/(0, 0)16 (W (2), 0)/(1, 1)7/(1, 0)16/(0,W (2))/

(0, 1)16/(0, 0)31

A1 112/032 W (2)/132/066

Table 5. The composition factors for the action of Levi subgroups of E8 on L(E8).

L′ L(E8) ↓ L′

E7 W (λ1)/λ
2
7/0

3

A1E6 (W (2), 0)/(1, λ1)/(1, λ6)/(1, 0)
2/(0, λ1)/(0,W (λ2))/(0, λ6)/(0, 0)

E6 λ3
1/W (λ2)/λ

3
6/0

8

D7 λ2
1/W (λ2)/λ6/λ7/0

A2D5 (W (11), 0)/(10, λ1)/(10, λ4)/(10, 0)/(01, λ1)/(01, λ5)/(01, 0)/
(00,W (λ2))/(00, λ4)/(00, λ5)/(00, 0)

D6 λ4
1/W (λ2)/λ

2
5/λ

2
6/0

6

A1D5 (W (2), 0)/(1, λ1)
2/(1, λ4)/(1, λ5)/(1, 0)

4/(0, λ1)
2/(0,W (λ2))/(0, λ4)

2/
(0, λ5)

2/(0, 0)4

A2D4 (W (11), 0)/(10, λ1)/(10, λ3)/(10, λ4)/(10, 0)
3/(01, λ1)/(01, λ3)/(01, λ4)/

(01, 0)3/(00, λ1)
2/(00,W (λ2))/(00, λ3)

2/(00, λ4)
2/(00, 0)2

D5 λ6
1/W (λ2)/λ

4
4/λ

4
5/0

15

A1D4 (W (2), 0)/(1, λ1)
2/(1, λ3)

2/(1, λ4)
2/(1, 0)8/(0, λ1)

4/(0,W (λ2))/(0, λ3)
4/

(0, λ4)
4/(0, 0)9

D̄4 λ8
1/W (λ2)/λ

8
3/λ

8
4/0

28

A7 W (λ1 + λ7)/λ1/λ2/λ3/λ5/λ6/λ7/0

A3A4 (W (101), 0)/(100, λ1)/(100, λ3)/(100, 0)/(010, λ1)/(010, λ4)/(001, λ2)/
(001, λ4)/(001, 0)/(000,W (λ1 + λ4))/(000, λ2)/(000, λ3)/(000, 0)

A1A6 (W (2), 0)/(1, λ1)/(1, λ2)/(1, λ5)/(1, λ6)/(0,W (λ1 + λ6))/(0, λ1)/(0, λ3)/
(0, λ4)/(0, λ6)/(0, 0)

A1A2A4 (W (2), 00, 0)/(1, 10, λ4)/(1, 10, 0)/(1, 01, λ1)/(1, 01, 0)/(1, 00, λ2)/
(1, 00, λ3)/(0,W (11), 0)/(0, 10, λ1)/(0, 10, λ2)/(0, 01, λ3)/(0, 01, λ4)/
(0, 00,W (λ1 + λ4))/(0, 00, λ1)/(0, 00, λ4)/(0, 00, 0)

A6 W (λ1 + λ6)/λ
3
1/λ

2
2/λ3/λ4/λ

2
5/λ

3
6/0

4

A1A5 (W (2), 0)/(1, λ1)
2/(1, λ2)/(1, λ4)/(1, λ5)

2/(1, 0)2/(0,W (λ1 + λ5))/
(0, λ1)

2/(0, λ2)/(0, λ3)
2/(0, λ4)/(0, λ5)

2/(0, 0)4
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A2A4 (W (11), 0)/(10, λ1)/(10, λ2)/(10, λ4)
2/(10, 0)2/(01, λ1)

2/(01, λ3)/
(01, λ4)/(01, 0)

2/(00,W (λ1 + λ4))/(00, λ1)/(00, λ2)
2/(00, λ3)

2/(00, λ4)/
(00, 0)4

A2
1A4 (W (2), 0, 0)/(1, 1, λ1)/(1, 1, λ4)/(1, 1, 0)

2/(1, 0, λ1)/(1, 0, λ2)/(1, 0, λ3)/
(1, 0, λ4)/(1, 0, 0)

2/(0,W (2), 0)/(0, 1, λ1)/(0, 1, λ2)/(0, 1, λ3)/(0, 1, λ4)/
(0, 1, 0)2/(0, 0,W (λ1 + λ4))/(0, 0, λ1)

2/(0, 0, λ2)/(0, 0, λ3)/(0, 0, λ4)
2/

(0, 0, 0)2

A2
3 (W (101), 000)/(100, 100)/(100, 010)/(100, 001)/(100, 000)2/(010, 100)/

(010, 001)/(010, 000)2/(001, 100)/(001, 010)/(001, 001)/(001, 000)2/
(000,W (101))/(000, 100)2/(000, 010)2/(000, 001)2/(000, 000)2

A1A2A3 (W (2), 00, 000)/(1, 10, 001)/(1, 10, 000)2/(1, 01, 100)/(1, 01, 000)2/
(1, 00, 100)/(1, 00, 010)2/(1, 00, 001)/(0,W (11), 000)/(0, 10, 100)2/
(0, 10, 010)/(0, 10, 000)/(0, 01, 010)/(0, 01, 001)2/(0, 01, 000)/
(0, 00,W (101))/(0, 00, 100)2/(0, 00, 001)2/(0, 00, 000)4

A2
1A

2
2 (W (2), 0, 00, 00)/(1, 1, 10, 00)/(1, 1, 01, 00)/(1, 1, 00, 10)/(1, 1, 00, 01)/

(1, 0, 10, 01)/(1, 0, 10, 00)/(1, 0, 01, 10)/(1, 0, 01, 00)/(1, 0, 00, 10)/
(1, 0, 00, 01)/(1, 0, 00, 00)2/(0,W (2), 00, 00)/(0, 1, 10, 10)/(0, 1, 10, 00)/
(0, 1, 01, 01)/(0, 1, 01, 00)/(0, 1, 00, 10)/(0, 1, 00, 01)/(0, 1, 00, 00)2/
(0, 0,W (11), 00)/(0, 0, 10, 10)/(0, 0, 10, 01)/(0, 0, 10, 00)/(0, 0, 01, 10)/
(0, 0, 01, 01)/(0, 0, 01, 00)/(0, 0, 00,W (11))/(0, 0, 00, 10)/(0, 0, 00, 01)/
(0, 0, 00, 00)2

A5 W (λ1 + λ5)/λ
6
1/λ

3
2/λ

2
3/λ

3
4/λ

6
5/0

11

A1A4 (W (2), 0)/(1, λ1)
3/(1, λ2)/(1, λ3)/(1, λ4)

3/(1, 0)6/(0,W (λ1 + λ4))/
(0, λ1)

4/(0, λ2)
3/(0, λ3)

3/(0, λ4)
4/(0, 0)9

A2A3 (W (11), 000)/(10, 100)2/(10, 010)/(10, 001)2/(10, 000)5/(01, 100)2/
(01, 010)/(01, 001)2/(01, 000)5/(00,W (101))/(00, 100)4/(00, 010)4/
(00, 001)4/(00, 000)7

A2
1A3 (W (2), 0, 000)/(1, 1, 100)/(1, 1, 001)/(1, 1, 000)4/(1, 0, 100)2/(1, 0, 010)2/

(1, 0, 001)2/(1, 0, 000)4/(0,W (2), 000)/(0, 1, 100)2/(0, 1, 010)2/
(0, 1, 001)2/(0, 1, 000)4/(0, 0,W (101))/(0, 0, 100)4/(0, 0, 010)2/
(0, 0, 001)4/(0, 0, 000)7

A1A
2
2 (W (2), 00, 00)/(1, 10, 01)/(1, 10, 00)3/(1, 01, 10)/(1, 01, 00)3/(1, 00, 10)3/

(1, 00, 01)3/(1, 00, 00)2/(0,W (11), 00)/(0, 10, 10)3/(0, 10, 01)/(0, 10, 00)3/
(0, 01, 10)/(0, 01, 01)3/(0, 01, 00)3/(0, 00,W (11))/(0, 00, 10)3/(0, 00, 01)3/
(0, 00, 00)9

A3
1A2 (W (2), 0, 0, 00)/(1, 1, 1, 00)2/(1, 1, 0, 10)/(1, 1, 0, 01)/(1, 1, 0, 00)2/

(1, 0, 1, 10)/(1, 0, 1, 01)/(1, 0, 1, 00)2/(1, 0, 0, 10)2/(1, 0, 0, 01)2/
(1, 0, 0, 00)4/(0,W (2), 0, 00)/(0, 1, 1, 10)/(0, 1, 1, 01)/(0, 1, 1, 00)2/
(0, 1, 0, 10)2/(0, 1, 0, 01)2/(0, 1, 0, 00)4/(0, 0,W (2), 00)/(0, 0, 1, 10)2/
(0, 0, 1, 01)2/(0, 0, 1, 00)4/(0, 0, 0,W (11))/(0, 0, 0, 10)3/(0, 0, 0, 01)3/
(0, 0, 0, 00)5

A4 W (λ1 + λ4)/λ
10
1 /λ5

2/λ
5
3/λ

10
4 /024

A1A3 (W (2), 000)/(1, 100)4/(1, 010)2/(1, 001)4/(1, 000)12/(0,W (101))/
(0, 100)8/(0, 010)6/(0, 001)8/(0, 000)18

A2
2 (W (11), 00)/(10, 10)3/(10, 01)3/(10, 00)9/(01, 10)3/(01, 01)3/(01, 00)9/

(00,W (11))/(00, 10)9/(00, 01)9/(00, 00)16
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A2
1A2 (W (2), 0, 00)/(1, 1, 10)/(1, 1, 01)/(1, 1, 00)6/(1, 0, 10)4/(1, 0, 01)4/

(1, 0, 00)8/(0,W (2), 00)/(0, 1, 10)4/(0, 1, 01)4/(0, 1, 00)8/(0, 0,W (11))/
(0, 0, 10)7/(0, 0, 01)7/(0, 0, 00)16

A4
1 (W (2), 0, 0, 0)/(1, 1, 1, 0)2/(1, 1, 0, 1)2/(1, 1, 0, 0)4/(1, 0, 1, 1)2/

(1, 0, 1, 0)4/(1, 0, 0, 1)4/(1, 0, 0, 0)8/(0,W (2), 0, 0)/(0, 1, 1, 1)2/
(0, 1, 1, 0)4/(0, 1, 0, 1)4/(0, 1, 0, 0)8/(0, 0,W (2), 0)/(0, 0, 1, 1)4/
(0, 0, 1, 0)8/(0, 0, 0,W (2))/(0, 0, 0, 1)8/(0, 0, 0, 0)12

A3 W (101)/10016/01010/00116/00045

A1A2 (W (2), 00)/(1, 10)6/(1, 01)6/(1, 00)20/(0,W (11))/(0, 10)15/(0, 01)15/
(0, 00)35

A3
1 (W (2), 0, 0)/(1, 1, 1)2/(1, 1, 0)8/(1, 0, 1)8/(1, 0, 0)16/(0,W (2), 0)/

(0, 1, 1)8/(0, 1, 0)16/(0, 0,W (2))/(0, 0, 1)16/(0, 0, 0)31

A2 W (11)/1027/0127/0078

A2
1 (W (2), 0)/(1, 1)12/(1, 0)32/(0,W (2))/(0, 1)32/(0, 0)66

A1 W (2)/156/0133
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