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Abstract

A closed subgroup of a semisimple algebraic group is called irreducible if it lies in no proper
parabolic subgroup. In this paper we classify all irreducible subgroups of exceptional algebraic
groups G which are connected, closed and simple of rank at least 2. Consequences are given
concerning the representations of such subgroups on various G-modules: for example, with one
exception, the conjugacy classes of irreducible simple connected subgroups of rank at least 2 are
determined by their composition factors on the adjoint module of G.

1 Introduction

Let G be a reductive connected algebraic group. A subgroup X of G is called G-irreducible (or
just irreducible if G is clear from the context) if it is closed and not contained in any proper
parabolic subgroup of G. This definition, due to Serre in [27], generalises the standard notion of an
irreducible subgroup of GL(V). Indeed, if G = GL(V'), a subgroup X is G-irreducible if and only
if X acts irreducibly on V. Similarly, the notion of complete reducibility can be generalised (see
[27]): a subgroup X of G is said to be G-completely reducible (or G-cr for short) if, whenever it is
contained in a parabolic subgroup of G, it is contained in a Levi subgroup of that parabolic.

Now let G be a connected semisimple group. In [20], Liebeck and Testerman studied connected
G-irreducible subgroups for the first time, showing amongst other things that they are semisimple
and only have a finite number of overgroups in G. Connected G-irreducible subgroups play an
important role in determining both the G-cr and non-G-cr connected subgroups of G. The G-cr
subgroups of G are simply the L’-irreducible subgroups of L’ for each Levi subgroup L of G (noting
that G is a Levi subgroup of itself). To determine the non-G-cr subgroups of G one strategy is
as follows. Let P be a proper parabolic subgroup with unipotent radical @) and Levi complement
L. Then for each L’-irreducible subgroup X, determine the complements to @ in X that are not
Q@-conjugate to X (if any exist). Any non-G-cr connected subgroup will be of this form for some
L'-irreducible connected subgroup X.

We now restrict our attention further by letting G be a simple algebraic group of exceptional
type over an algebraically closed field K of characteristic p (setting p = oo for characteristic 0).
In this paper we classify the simple, connected G-irreducible subgroups of rank at least 2. For
G = G+ this is a trivial consequence of [12, Theorem 1] and for G = Fj this has already been done
[32) Theorem 4]. We therefore only have to deal with G = Eg, E7 and Eg, for which we prove the
following three theorems. The tables referred to in the statements can be found in Section [0 of
the paper.
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Theorem 1. Suppose X is a simple, connected, irreducible subgroup of Eg of rank at least 2. Then
X is Aut(Fg)-conjugate to exactly one subgroup of Table[9.

Theorem 2. Suppose X is a simple, connected, irreducible subgroup of E7 of rank at least 2. Then
X is Er-conjugate to exactly one subgroup of Table 10

Theorem 3. Suppose X is a simple, connected, irreducible subgroup of Eg of rank at least 2. Then
X is Eg-conjugate to exactly one subgroup of Table 1]l

We note that Amende [I] covers the G-irreducible subgroups of rank 1 in G = Gs, Fy, Eg and
E;. The semisimple (non-simple) G-irreducible subgroups and the irreducible subgroups of Eg of
rank 1 will be covered in forthcoming work of the author. Also, under various assumptions on the
characteristic (p > 7 covers all of them), Theorems 1-3 can be deduced from the results in [14].
Our contribution is to remove these characteristic restrictions.

Each subgroup in Tables QHITlis described by its embedding in some maximal connected subgroup,
given in Theorem [B.Il Notation for the embeddings is given in Section [2

From these results we can prove a number of representation-theoretic corollaries. For the first of
these, we need the following definition. Let G be a simple algebraic group (of arbitrary type), V' be
a module for G and X and Y be subgroups of G. Then we say X and Y share the same composition
factors on V if there exists a morphism from X to Y, which is an isomorphism of abstract groups
sending the composition factors of X to composition factors of Y.

The first of our corollaries shows that if G is an exceptional algebraic group then, with one ex-
ception, conjugacy between G-irreducible subgroups is determined by their composition factors on

L(G).

Corollary 1. Let G be a simple exceptional algebraic group and X and Y be simple, connected
irreducible subgroups of G of rank at least 2. If X and Y have the same composition factors on
L(QG) then either:

(1) X is conjugate to Y in Aut(GQ), or

(2) G=FEg, X =Y = Ay, p#3, X — A3 < D? wvia (10,100 and Y — A3 < D? wia (10,0107)
(or vice versa) where v # 0 and A3 is irreducibly embedded in D3.

Again, this is proved in [14] Theorem 4] with restrictions on the characteristic p. The notation
“X < A2 via (10,10 is explained in Section 2L

The next corollary highlights the interesting subgroups that are M-irreducible but not G-irreducible
for some reductive, maximal connected subgroup M. Here “interesting” means that the M-
irreducible subgroup is not obviously G-reducible, i.e. M’-reducible for some other reductive,
maximal connected subgroup M’ or contained in a proper Levi subgroup.

Corollary 2. Let G be an exceptional algebraic group and X be a simple connected subgroup of
rank at least 2 of G. Suppose that whenever X is contained in a reductive, mazximal connected
subgroup M it is M -irreducible and assume that such an overgroup M exists. Assume further that
X is mot contained in a proper Levi subgroup of G. Then either:

(1) X is G-irreducible, or



(2) X is Aut(G)-conjugate to a subgroup in Table [l below. Such X are non-G-cr and satisfy the
hypothesis.

Table 1: Non-G-cr subgroups that are irreducible in every (and at least one) maximal,
reductive overgroup

G Max. M D M-irreducible subgroup X
Fy As Ay p=3 Ay AyAy via (10,01)
F AyGy p=3 Ay AyA, via (10,10)
E5 Ay As p=3 Ay — AQAg*) < AgAs via (10, 10) (see Lemma [62])
Az p=2 (4
p=2 Dy
G203 p= 2 G2 — G2G2 via (10, 10)
Eg Dsg p=2 By(%) (see Lemma [7.])
p=2 By B3(}) via (10,100 (r # 0), (10,02) or (10,02I"!) ( # 0)
(see Lemma [T.1))
Ag p=3 Ay A} < Ag via (10,10) (r # 0) or (10,01) (r # 0)
GoF)y p="7 Gy — GGy < GoFy via (10, 10)

Again, the notation in the table is explained in Section 2

A natural question to ask is whether G-irreducible subgroups of a certain type exist, especially in
small characteristics. When G is a simple exceptional algebraic group [20, Theorem 2] (corrected
in [Il, Theorem 7.4]) shows that G-irreducible A; subgroups exist, except for G = Eg when p = 2.
The following corollary shows that G-irreducible Ay subgroups almost always exist.

Corollary 3. Let G be an exceptional algebraic group. Then G contains a G-irreducible As sub-
group, unless G = E7 and p = 2.

Given the existence of irreducible Ay subgroups, we study their overgroups. In many cases there
exists a unique reductive maximal connected subgroup M containing a representative of each con-
jugacy class of G-irreducible Ay subgroups.

Corollary 4. Let G be an exceptional algebraic group. Then there exists a reductive, mazimal
connected subgroup M containing representatives of every Aut(G)-conjugacy class of G-irreducible
As subgroups, unless (G,p) is one of the following: (G2,3), (Egs,p # 2), (E7,p > 5) or (Es,p #
3), in which cases either two or three reductive, mazximal connected subgroups are required. The
following table lists such overgroups M.

Table 2: Maximal connected overgroups for G-irreducible Ay subgroups.

G p>5 p=3 p=2

G2 A2 A2 and 1212 A2

Fy A Ay Ar Ay ArAy

E6 A% and A2 A%, A2G2 and G2 A%

E7 A2A5 and A2 A2A5 I

Eg A2E6 and Dg A2E6 A2E6 and Dg

3



We require the following definition before discussing the final set of corollaries. As before, let G be
a simple exceptional algebraic group.

Definition [17, p. 263] A simple, simply connected subgroup X of G is restricted if all composition
factors of L(G) | X are restricted if X # Aj, and are of high weight at most 2p — 2 if X = A;.

In Section [9 we prove a set of corollaries which extend [I7, Corollary 1]. This states that when p is
a good prime for GG, any simple G-cr subgroup X is contained in a uniquely determined commuting
product Y7 ...Y} such that each Y; is a simple restricted subgroup of the same type as X and each
of the projections X — Y;/Z(Y;) is non-trivial and involves a different field twist. For each G, we
extend this to all characteristics for each simple, connected G-irreducible subgroup of rank at least
2. In each case, we obtain a small number of counterexamples in bad characteristic.

We briefly describe the strategy for the proofs of Theorems 1-3 (see Section [ for further details).
Theorem [B.] lists all the maximal connected subgroups that are reductive and have no A; simple
factor. For each of these maximal subgroups M, we find all simple M-irreducible subgroups of
rank at least 2 and call these “candidate” subgroups. It then remains to investigate which of the
candidate subgroups are G-irreducible, and to solve the conjugacy problem for the candidates.

The proofs of Theorems 2 and 3, as well as Corollary 2] have some interesting features, notably when
proving an M-irreducible subgroup is not G-irreducible. These include non-abelian cohomology
(applied to the unipotent radicals of parabolic subgroups), finite subgroups and computations in
Magma [4]. See Lemmas [6.3] [7.4] and [[.13] for examples.

2 Notation

Let G be a simple algebraic group over an algebraically closed field K. Let ® be the root system
of G and ®* be the set of positive roots in ®. Write Il = {ay,..., o} for the simple roots of G
and Aq,...,A\; for the fundamental dominant weights of G, both with respect to the ordering of the
Dynkin diagram as given in [5, p. 250]. We sometimes use ajas...a; to denote a dominant weight
aj A1+ agho + - - -+ a;\;. We denote by Vi(A) (or just A) the irreducible G-module of dominant high
weight A. The Weyl module of high weight A is denoted W () (or just W(A)). Another module
we refer to frequently is the adjoint module for G, which we denote L(G). We let V7 := W, (10),
Vag := Wg,(0001), Voy := Vg,(A1) and Vs := Vg.(A7). For a G-module V, we let V* denote
the dual module of V. If Y = Y7Y5...Y}%, a commuting product of simple algebraic groups, then
(V1,..., Vi) denotes the Y-module V; ® --- ® Vi, where each V; is an irreducible Y;-module. The
notation X denotes a subgroup of Y that is generated by long root subgroups of Y. If Y has short
root elements then X means X is generated by short root subgroups.

Suppose char(K) = p < oo (recalling that characteristic 0 is denoted p = 00). Let F': G — G be the
standard Frobenius endomorphism (acting on root groups U, = {uqs(c)|c € K} by uq(c) — uq(cP))
and V be a G-module afforded by a representation p : G — GL(V). Then V"l denotes the module
afforded by the representation pl") := po F". Let Mi,..., M; be G-modules and ny,...,n; be
positive integers. Then M{" /... /M]'* denotes an G-module having the same composition factors
as M{" @ --- & M;™*. Furthermore, V = M;|...|M), denotes an G-module with a socle series as
follows: Soc(V)) = My, and Soc(V/M;) = M,_; for k > i > 1. Sometimes, to make things clearer,



we will use a tower of modules

to mean the same as M| M| Ms.

We need a notation for diagonal subgroups of Y = H1H, ... Hy, a commuting product, where all
of the subgroups H; are simple and of the same type; call the simply connected group of this type
H. Let Y = H x H x --- x H, the direct product of k copies of H. Then we may regard Y as Y/Z
where Z is a subgroup of the centre of Y and H; is the i image of the ith projection map. A diagonal
subgroup of Y is a subgroup X = H of the following form: X = {(¢1(h),...,¢r(h))|h € H}
where each ¢; is an endomorphism of H. A diagonal subgroup X of Y is the image of a diagonal
subgroup of Y under the natural map Y — Y. To describe such a subgroup it therefore suffices to
give an endomorphism, ¢;, of H for each i. By [29] Chapter 12], ¢; = af;F" where « is an inner
automorphism, 6; is a graph morphism and F" is a power of the standard Frobenius endomorphism.
We only wish to distinguish these diagonal subgroups up to conjugacy and therefore assume « is
trivial. For each 1 < i < k we must give a (possibly trivial) graph automorphism 6; of H, and a
non-negative integer r;.

Such a diagonal subgroup X is denoted “X < H{H,...H} via (A[lelm,)\[lezrﬂ,...,)\[f)krk})”. We
often abbreviate this to “X via ()\[191”], . ,)\[lekrk})” if the group Y is clear. Unless X is of type D,
(n > 4), a graph automorphism is uniquely determined by the image of A\ (including the special
isogeny from B, to C,, which takes A; to 2A1). In these cases, instead of writing )\[lem} we write
plril where 0 is the image of A\; under ;. The only time we need a diagonal subgroup of a product
of type D,, subgroups is when dealing with D?. We give a notation for the graph automorphisms
of Dy: denote an order 3 automorphism by 7 and an involutory automorphism by ¢. We usually

use the letters r, s,t,u,... to be the field twists and they are always assumed to be distinct.

Let J = {aj,,aj,,...,a; } CII and define ®; = ® NZJ. Then the standard parabolic subgroup
corresponding to J is the subgroup P = (T, U, : a € ®; U®T). The Levi decomposition of P is
P =QL where Q = R,(P) = (Uy|a € "\ @), and L = (U, | a € ;). For i > 1 we define

Qi) = <Ua o= chozj where Z cj > Z> ;

jell JEM\J

which is a subgroup of Q. The i-th level of @ is Q(i)/Q(i + 1), and this is central in Q/Q(i +
1). Moreover, by [2, Theorem 2] each level of @ has the structure of a completely reducible L-
module.

3 Preliminaries

Before proving Theorems 1-3 we present some of the results needed in the proofs. Let G be a
simple algebraic group over an algebraically closed field of characteristic p. The first of these
results gives us a starting point for our strategy, which is described in Section @l When we say



a reductive, maximal closed connected subgroup we mean a subgroup that is maximal among all
closed connected subgroups and is reductive.

Theorem 3.1. [I8, Corollary 2] The following tables give the reductive, mazimal closed connected
subgroups M of G = Eg, Er and Eg with each simple component having rank at least 2. We also
give the composition factors of the restrictions to M of Vaz, Vsg and L(G).

G = Es

M Comp. factors of Vor | M Comp. factors of L(FEg) | M

Fy W (0001)/ 0000 W (1000)/ W (0001)

Cy (p#2) 0100 2000/ 0001

A3 (10,01,00)/ (00,10,01)/  (W(11),00,00)/ (00, W (11),00)/
(01,00, 10) (00,00,W(11))/ (10,10,10)/ (01,01, 01)

AyG (10,W(10))/ (W(02),00) (W (11), W (10))/ (W (11),00)/ (00, W (01))

Gy (p#7)  W(20) w(o1)/ W(11)

As (p>5) W(22) 11/41/14

G = FEy

M Comp. factors of Vs | M Comp. factors of L(E7) | M

Az 0100000/ 0000010 W (1000001)/ 0001000

A As (10,10000)/ (01,00001)/ (W(11),00000)/ (00, W (10001))/ (10,00010)/
(00,00100) (01,01000)

G2Cs (W(10),100)/ (00, W (001)) (W (10),W (010))/ (W (01),000)/ (00, W (200))

As (p>5)  W(60)/ W(06) W(44)/ 11

G = Eg

M Comp. factors of L(Eg) | M

Dy W (0100000)/ 00000010

Ag W (1000001)/ 00100000/ 00000100

Ao Eg (W (11),000000)/ (00, W (010000)/ (10,000001)/ (01, 100000)

A3 (W(1001),0000)/ (0000, W (1001))/ (1000,0100)/ (0001,0010)/ (0100,0001)/
(0010, 1000)

GoF) (W(10), W (0001))/ (W(01),0000)/ (00, W (1000))

By (p>5) 02/ W(06)/ W(32)

Note that in the cases in Theorem B.I] where M is of maximal rank, the composition factors are
not given in [I8] but are straightforward to calculate; moreover, for (G, M) = (Eg, A3), (E7, A2 As),
(Fs, Dg) and (FEg, A?) we have made a choice of simple system within each factor.

Next we state some results which allow us to find the M-irreducible subgroups of each M in
Theorem [BI1 If M is a classical simple group we can use the following.



Lemma 3.2. [20, Lemma 2.2] Suppose G is a classical simple algebraic group, with natural module
V = Vg(\). Let X be a semisimple connected closed subgroup of G. If X is G-irreducible then
one of the following holds:

(i) G=A4, and X is irreducible on V;

(il) G=DB,,CporDyandV | X =V, L ... LV with the V; all non-degenerate, irreducible and
mequivalent as X -modules;

(iii) G = Dy, p = 2, X fizes a non-singular vector v € V, and X is a Gy-irreducible subgroup of
Gv = Bn—l-

The next two results give us an explicit list of G-irreducible subgroups of rank at least 2, for Go
and Fy. The first is clear: the only reductive maximal connected subgroups without rank 1 factors
are isomorphic to As and therefore there are no further subgroups to consider. The composition
factors of Vi, (10) and L(G) can be found by considering G < Dj.

Lemma 3.3. Suppose X is a simple, connected irreducible subgroup of G of rank at least 2. Then
X is Ga-conjugate to exactly one subgroup of Table[7

Theorem 3.4. [32, Theorem 4] Suppose X is a simple, connected irreducible subgroup of Fy of
rank at least 2. Then X is Fy-conjugate to exactly one subgroup of Table[8.

We now describe some elementary results about G-irreducible subgroups.

Lemma 3.5. [20, Lemma 2.1 If X is a connected G-irreducible subgroup of G, then X is semisimple
and Cg(X) is finite.

Lemma 3.6. Suppose a G-irreducible subgroup X is contained in K1Ks, a commuting product of
connected non-trivial subgroups K1, Ko of G. Then X must have a non-trivial projection to both
Ky and Ky. Moreover, each projection must be a K;-irreducible subgroup.

Proof. The first assertion is clear by Lemma For the second statement, suppose the projection
to K is contained in a parabolic, P, of Ky. Then X < PK, which is a parabolic subgroup of
K1 K5 and therefore by the Borel-Tits Theorem [3], X is contained in a parabolic subgroup of G,
a contradiction. O

For the next two results, recall the definition from the introduction of two algebraic groups having
the same composition factors.

Lemma 3.7 ([32, Lemma 3.4.3]). Let H be a reductive algebraic group, @ be a unipotent group
on which H acts on algebraically, and X be a complement to Q) in the semidirect product HQ.
Suppose V is a rational HQ-module. Then the composition factors of H on V' are the same as the
composition factors of X on V.

Lemma 3.8. Suppose X < G is semisimple and V is a G-module. Assume the composition factors
of V.| X are not the same as those of V.| H for any group H such that

(i) H is of the same type as X, orp=2 and X = B,,, H = C,,, and
(i) H < L' and is L'-irreducible, for some Levi subgroup L.
Then X is G-irreducible.



Proof. Suppose X < P for some parabolic subgroup of G, minimal with respect to containing X.
Let P = QL be the Levi decomposition, so X < QL’. Hence, there exists some subgroup H < L/,
with QH = QX. Furthermore, H is L’-irreducible (by minimality) and [31, Lemma 3.6.1] shows
H is of the same type as X, or if p = 2, X =2 B, and H = (). This is a contradiction because
Lemma [3.7 shows that the composition factors of V' | X and V' | H are the same. ]

Corollary 3.9. Suppose X < G is semisimple and L(G) | X has no trivial composition factors.
Then X is G-irreducible.

Proof. Suppose X is G-reducible. Then by Lemma [3.8] (with V' = L(G)) there exists a subgroup H
of some Levi subgroup L such that the composition factors of L(G) | H are the same as L(G) | X.
But H < L, so L(G) | H has trivial composition factors coming from L(Z(L)), a contradiction. [J

Lemma 3.10. |26, Lemma 1.3] Let 0 # [ € L(G) and C = Cg(l). Then:
(i) ifl is semisimple, then C' contains a mazimal torus of G;
(ii) f I is nilpotent, then R, (C) # 1 and hence C is contained in a proper parabolic subgroup of G.

The next result is [I5] Prop. 1.4] with X allowed to be semisimple rather than simple; the proof is
the same.

Lemma 3.11. [I5 Prop. 1.4] Let X be a semisimple, connected algebraic group over K and let
S be a finite subgroup of X. Suppose V is a finite-dimensional X -module satisfying the following
conditions:

(i) every X-composition factor of V' is an irreducible S-module;

(ii) for any X-composition factors M, N of V, the restriction map Extl (M, N) — ExtL (M, N)
18 injective;

(iii) for any X-composition factors M,N of V, if M || .S = N | S, then M = N as X-modules.

Then X and S fix precisely the same subspaces of V.

The following result is a slight generalisation of [11, Lemma 1.2 (ii)], proved with a small modifi-
cation of the proof of |21, Prop. 3.6(iii)].

Lemma 3.12. Let X be a semisimple algebraic group and M a finite-dimensional X -module. Let
Wi, ..., W, be the composition factors of M, of which m are trivial, and setn =Y dim H'(X,W;).
Assume that H' (X, K) = 0 and for each i we have

HY(X, W) = {0} <= H' (X, W) = {0}
If m > n >0, then M has either a trivial submodule or a trivial quotient. In particular, if M is

self-dual then it contains a trivial submodule.

Lemma 3.13. Let X = By and p = 2. Then the following Weyl modules for X have the given
socle series and are uniserial.

(i) W(A1) = Alo.
(i) W(A2) = A2[0[A1[0.



(iii) W (A3) = A3[A2[0[A1]0.

Furthermore, letting M be the uniserial module 0|\2|0, we have the following cohomology groups.
(1) HY(X, M) =

(2) HY(X,M) = HY(X,)\3) = 0.

(3) H* (X, \1) = H*(X,M) = 0.

Proof. The structure of the Weyl modules is given by [I8 Lemma 7.2.2]. The assertions for

H'(X,)\1) and H'(X, \3) follow from these. Now, consider the short exact sequence of modules
0—+A— B — C — 0. This gives us a long exact sequence of cohomology groups:

0— HX,A) - H(X,B) - H(X,C) - H'(X,A) - H'(X,B) — H'(X,C) —

We can apply this to the short exact sequence 0 - K — M — M/K — 0 (where we use K for
the 1-dimensional trivial module and M /K is the uniserial module 0|A2). We obtain the long exact
sequence

0+K—-K—=0—-0—H(X,M)—=0—-0—HX,M)— H(X,M/K) =0 —---

Immediately H'(X, M) must be 0 by exactness and H?(X, M) = H*(X, M/K). Similarly, consid-
ering the short exact sequence 0 — Vg, (A\2) = M/K — K — 0 we find H*(X, M/K) = H?(X, \2).
Using the dimension-shifting identity [10}, II. 4.14], H?(X, X2) = H'(X,0|A{|0) and since 0|A{|0 is
tilting, it follows from [10, IT. 4.13] that H'(X,0|A\;]0) = 0. Hence H?(X, M) = H*(X,\2) = 0.
Finally, using the dimension-shifting identity again, H?(X,\;) = H'(X,K) = 0. O

Lemma 3.14. Let X = Ay and p = 3. Then the following hold:

i) Ext}(22,00) = Ext(22,11) = Ext}(22,30) = Ext}(22,03) = 0;

i) Exti (110,00) = K for all i > 0;

i) Extl (300, 11) = ExtL (300, 110) = ExtL (031, 11) = Ext% (03,0, 110)) = K for all i > 0;
iv) Ext(300,00) = Ext(03[,00) = 0 for all i > 0;

v) Bxti(11® 116 11) = BExt} (11 ® 116, 110)) = K for all j > 0;

(

(

vi) Ext}((ll ® 11V1,00) = Extl (11 ® 11V], 30) = ExtL (11 ® 11V], 300]) = Ext} (11 ® 110, 03) =
Ext% (11 @ 1101,0301) = 0 for all j > 0.

x(
x(

1%

1
X
1
X

(
(
(
(
(
(

Proof. All of these can be directly deduced from [30, Lemma 2.7]. O

Lemma 3.15. Let X = Ay, p = 3 and M be a self-dual X-module. Suppose the composition
factors of M are isomorphic to 11 or 00, with at least one trivial composition factor. Then M has
a trivial submodule.

Proof. Suppose M has no trivial submodule. Then since Ext} (11,11) = 0, there must exist an
indecomposable submodule, N with structure 00[11. If N is a direct summand of M then so is
N* = 11|00 and M has a trivial submodule, a contradiction. So N is not a direct summand of M.
Since Extl(11,00) = Ext%(00,11) =2 K (using Lemma B.I4l(ii)), it follows that M must have a



submodule isomorphic to 11|00|11. But [18, Lemma 4.2.4(i)] shows there is no module with socle
series 11|00|11 (it must split as (11|00) + 11), a contradiction. O

4 Strategy for the proofs of Theorems 1-3

We describe the strategy used to prove Theorems 1-3. It relies on the following lemma.

Lemma 4.1. Let G be a simple exceptional algebraic group. Suppose X is a simple, connected
G-irreducible subgroup of rank at least 2. Then there exists a reductive, mazximal connected closed
subgroup M of G each of whose simple components has rank at least 2, such that X < M and X is
M -irreducible.

Proof. Let M be a maximal connected subgroup of G containing X. As X is G-irreducible, M
must be reductive. Moreover, X is M-irreducible, as any non-trivial parabolic subgroup of M
is contained in a parabolic of G by [3]. Finally, by Lemma 3.6, M can have no rank 1 simple
components. [l

Theorem [3.1] gives us all reductive, maximal connected closed subgroups of G with no rank 1 simple
components for G = Eg, B7 and FEg. For each such M we must find all simple, connected M-
irreducible subgroups of rank at least 2. To avoid repeating the term “simple, connected subgroup
of rank at least 2” we introduce the following definition.

Definition Let G be Eg, E7 or Eg. We call a subgroup X of G a G-candidate (or just a candidate)
if the following hold:

(1) X is connected and simple of rank at least 2;

(2) there exists a reductive, maximal connected subgroup M of G containing X such that X is
M-irreducible.

In Theorems 1-3 we are aiming to find the irreducible subgroups up to G-conjugacy. The strategy
is as follows: for each reductive, maximal connected subgroup M (from Theorem Bl we find all
G-candidate subgroups, up to M-conjugacy, contained in M. To do this we use Lemma and
[23] for classical simple components of M, and Lemma B.3] and Theorem [3.4] for exceptional simple
components of M when G = Ejg, as well as Theorems [Il and 2l when G = Eg for M = AsEg and
A1 Er, respectively. We then find all G-conjugacies between the candidate subgroups contained in
the different reductive, maximal connected subgroups.

The last step is to check whether each G-conjugacy class of candidate subgroups is G-irreducible
or not. To do this we heavily use Lemma .8 and Corollary 3.9 To apply these results we must
find the composition factors of the action of the G-candidate on the minimal or adjoint module.
These can be found by restricting the composition factors of M. This can be done for all G-
candidate subgroups and the composition factors for the G-irreducible subgroups can be found
in Section [0, Tables @HITl To apply Lemma [B.§ we also need the composition factors for the
action of the Levi subgroups of G on the minimal and adjoint modules. These can be found in
Appendix [Al Tables [2HI4l In most cases, a G-candidate subgroup is G-irreducible. Corollary
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lists the interesting examples of candidate subgroups which are irreducible in every reductive,
maximal connected overgroup yet are GG-reducible.

To prove a candidate subgroup is G-reducible can be difficult. For example, in Lemmas [6.3] and [7.4]
we use non-abelian cohomology (applied to the unipotent radical of a parabolic subgroup) to show
an Ay subgroup of Ay As is Er-reducible and a By subgroup of Dg is Eg-reducible, respectively.

5 Proof of Theorem 1: Ejg-irreducible subgroups

We start by considering each of the reductive, maximal connected subgroups of Eg that do not
have an A; factor, as listed in Theorem Bl They are Fy, Cy (p # 2), A3, AsGs, Go (p # 7) and
As (p > 5). For each maximal subgroup we determine all Eg-candidate subgroups (definition in
Section M) up to Eg-conjugacy. To check we have found all such conjugacies is straightforward; no
two subgroups listed in Table [@ have the same composition factors on L(Eg). We then prove those
and only those listed in Table [ are Eg-irreducible.

5.1 Maximal M = F},

We use Theorem [B4] to find all Eg-candidate subgroups contained in Fy. This maximal Fj in Eg
can be obtained as the fixed points of the standard graph automorphism of Eg. This allows us to
make a number of observations. Suppose X < By < Fj. Then we must have that X < Ds and
therefore X is not Eg-irreducible (since Dy is a Levi subgroup of Eg). Therefore By, D, and any
By < B2 (p = 2) are not Eg-irreducible. Now suppose X < Ay Ay < Fy. The long Ay subgroup
inside Fy is generated by root subgroups of Fg and therefore X < AQCEG (Ag) = Ag. We will study
the candidate subgroups of A3 later. We are left with the following Eg-candidate subgroups (from
Table B) to consider: Cy (p=2), Dy (p=2), Go (p=71).

Lemma 5.1. The subgroups Cy (p =2), Dy (p =2) and Gy (p =T7) are all Eg-irreducible.
Proof. Each of the candidate subgroups has a 26-dimensional composition factor on Va7. Therefore

we can use Lemma 3.8 on Va7, since Table [I2] shows that no Levi subgroup has a composition factor
of dimension at least 26. O

5.2 Maximal M = Cy (p # 2)

Using Lemma and [23] we see the only reductive maximal connected subgroup of Cy without
an A; simple factor is C2 when p # 2. We note that this C, is generated by root subgroups of Eg
and therefore the C22 is generated by root subgroups. However, Cg,(Cy) = CoT} from [13] Table
3]. Therefore any subgroup of C5 < Cy centralises a T and is therefore not Eg-irreducible.
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5.3 Maximal M = A3

All A, diagonal subgroups that have a non-trivial projection onto each factor are A3-irreducible
and form all of the candidate subgroups. The conjugacy classes of these diagonal subgroups are
found in [I4], Table 8.3] (noting that finding the conjugacy classes is unaffected by the restriction
imposed on the characteristic there), up to Aut(Eg)-conjugacy. Note that we fix a copy of A3 in
Theorem Bl by giving its composition factors on Va7 and L(Eg). The following lemma shows all
but one candidate subgroup is Fg-irreducible.

Lemma 5.2. The subgroup X = Ay — A3 wia (10,10, 10) is not Eg-irreducible. Every other As
candidate subgroup contained in A% 18 Eg-trreducible.

Proof. Suppose p # 3. Consider Y = Ay < Dy (the Levi Dy in Eg) embedded via Vg, (11). We
claim Y is conjugate to X. Indeed, |14, Table 8.3] shows that this is the case for p > 3 and the
argument given in [I4) p. 64] extends to p = 2. Therefore X is contained in a parabolic subgroup
when p # 3. When p = 3, we show that X < F and is not Fy-irreducible. Indeed, in subsection [5.1]
we showed Ay Ay < A% and by comparing composition factors we see X is conjugate to Ay — Ay Ay
via (10,01), which Theorem [3:4] shows is contained in a parabolic subgroup of Fy.

Now consider the other candidate subgroups in A3. If p # 3 then we can apply Corollary (the
restrictions are in Table [@). Now suppose p = 3. We apply Lemma [B.8l Let Z be any of the
candidate subgroups other than X. Then we have to check whether the composition factors of Z
match those of an L’-irreducible subgroup of type As for some Levi subgroup L. The possibilities
for L' are D5, Dy, As, Ay, As, A% and As. The subgroups D5 and As contain every subgroup
in that list between them. So if we show Z does not match the composition factors of any As
subgroup of Ds or As (not necessarily irreducible) on Va7 then that is enough.

From Table [2 Va7 | D5 = A1/A4/0 and Vo7 | A5 = A?/A\4. The dimensions for the composition
factors are 16,10,1 for D5 and 15,6,6 for As. Depending on which embedding we take into A3,
the list of dimensions of composition factors of Vo7 | Z is one of the following: 7,6,6,3,3,1,1 or
9,9,7,1,1 or 9,9,6,3 or 9,9,9 (from Table [@). We need to show it is not possible for any of these
to correspond with an Ay subgroup of Dy or A;. The latter two, 9,9,6,3 and 9,9,9 cannot match;
they have no 1-dimensional composition factor, ruling out D5 and have two composition factors
of dimension 9, ruling out As. Now suppose Z has composition factors of dimensions 9,9,7,1,1.
Then As is ruled out by the previous reasoning. The only way for an A, to be contained in Ds
with matching composition factors is if Vp, (A1) J A2 has a 9-dimensional and a trivial composition
factor. This is a contradiction because none of the 9-dimensional composition factors of Z is self-
dual. Finally, suppose Z has the list 7,6,6,3,3,1,1 for its dimensions of composition factors, so
Var | Z = 10/01/20/02/11/002. If Z is contained in As then Va.(\1) | Z must be Va,(20) or
Va,(02). But then Vi, (A1) | Z = V4,(12) or Va,(21) ([14, Prop. 2.10]) which is impossible.
Similarly, any As contained in D5, with the same composition factors as Z, has composition factors
of Vp, (A1) J Az of dimensions 7,3 or 6,3,1. But such an Ay does not preserve an orthogonal form,
a contradiction. Hence Z is Ejg-irreducible. O
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5.4 Maximal M = A,Gs

The only possible candidate subgroups are of type As, so we need to consider Gs-irreducible sub-
groups of type As. The factor Gy of M is contained in a Levi Dy, hence the maximal A, generated
by long root subgroups of G5 is in fact generated by root subgroups of Eg. So for any candidate
subgroup X < AsA,, we will have X < flgC’E6 ([12) = fl%’ . We have already considered these in the
previous section. By Lemma B3] we are left to consider the maximal Ay when p = 3, generated
by short root subgroups of Ga. As Ng, (/12) — A,.2 a diagonal subgroup of A;A, with a graph
automorphism applied to the second factor is conjugate to one without. Therefore the following
two lemmas finish the case of M = AsGs.

Lemma 5.3. The subgroup X = Ag — Ay Ay < A5Gy via (10,10) when p = 3 is not Eg-irreducible.

Proof. Firstly we note that when p = 3, L(Eg)’ is irreducible of dimension 77 for an adjoint Fg.
We need to consider the restriction of L(Eg) to M = AsGo, given in [I8, Table 10.1]:

(00, 10)
L(Eﬁ), 4 AsGy = (11, 00) + (00, 01) + (11, 10)
(00, 10)

where the tower of modules is a socle series. The restrictions of the Ga-modules Vi, (10) and
Ve, (01) to Ay are as follows (from Table [): Vi, (10) | Ay = Va,(11) and Vg, (01) | Ay =
Va,(30)+V4,(03)+V4,(00). We also note that V4,(11)®@Vy,(11) has a trivial submodule. Therefore,
the tower of modules restricted to X has a submodule 00?|11. But Extl, (11,00) is 1-dimensional so
at least one of those trivial modules must actually occur as a submodule in L(Eg) | X. Therefore
X fixes a non-zero vector of L(Es) and we may apply Lemma BI0. The stabilizer of this vector
in L(FEg)' is contained in either a parabolic subgroup or maximal rank subgroup. Then, assuming
X is Fg-irreducible, it must be contained in A;’. However, no subgroup of A;’ has a composition
factor V4,(22) on L(Es)’ (the restriction L(Fg) | A3 is given in Theorem [B.I)). Therefore X is not
contained in A3 and is not Eg-irreducible. O

In the next result, recall that » and s are assumed to be distinct non-negative integers and therefore
(107100 is not equal to (10, 10).

Lemma 5.4. The subgroups Ay < AgAy < AyGao wvia (1001,108)) (rs = 0) when p = 3 are all
FEg-irreducible.

Proof. To see this we can apply LemmaB.8 to V57. Let X be one of the subgroups in the statement.
As X is of type Ay we just need to show it does not have the same composition factors on Va7 as
any Ay subgroup of Ds or As. But Vay | X = 100 @ 11151 /02[") (from Table @) so the dimensions
of the composition factors are 21,6. This is incompatible with any subgroup of either D5 or A5 as
neither has a composition factor of dimension at least 21 on Va7. O

5.5 Maximal M =G, (p #7)

The only possible candidate subgroups which are proper in M are of type As. First we consider
the Ag generated by long root subgroups of the Gy (but not of the E).
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Lemma 5.5. Let X be the Ay subgroup generated by long root subgroups of a mazimal Gy (p # 7).
Then X is conjugate to Y = Ay < A3 wvia (10,10,01). (So X is Eg-irreducible by Lemmal5.2.)

Proof. 1f p # 3 this is straightforward because X is an SLs inside Gy and has a centre of order
3. The full connected centraliser in Eg of a generator of this centre is A3. Therefore X < A3 and
must be conjugate to Y as it is the only conjugacy class with those composition factors on Vay.

Now suppose p = 3. The composition factors of X and Y agree on L(Eg). Therefore, the proof
of Lemma shows that both X and Y must be Fg-irreducible. From [I8 p. 215] we have that
L(Egs)" | G = 10|01]11|01]10, a uniserial module and from Table [ V¢, (10) | X = 10 + 01 + 00.
This implies that X fixes a non-zero vector in L(Fg)" and we can apply Lemma B.I0. As X is Eg-
irreducible, it must be contained in a maximal rank subgroup of Eg, which must be A%’. Comparing
composition factors shows that X must be conjugate to Y. O

Finally, we must consider Ay when p = 3.
Lemma 5.6. Let Z = Ay < Gy when p=3. Then Z is Eg-irreducible.
Proof. We can apply Lemma B.8 to Vo7. From Table[@ V57 | G2 = 20 and we therefore deduce

that Voy | Z = V4,(22). No Levi subgroup has just one composition factor on Va7, hence Z is
FEg-irreducible. O

5.6 Maximal M = A, (p > 5)
Here there is nothing to prove as any proper simple subgroup of A, has rank 1 and so the only
candidate subgroup is M itself, which is G-irreducible by maximality.

This completes the proof of Theorem 1.

6 Proof of Theorem 2: Er-irreducible subgroups

We use the same approach as in Section Bl to prove Theorem 2. We start by listing the reductive,
maximal connected subgroups of E7 (with no Ay simple factor) from Theorem Bl These are Az,
A9 As, GoC3 and Ay (p > 5). We must consider the Fr-candidates contained in each of them in the
following subsections.

6.1 Maximal M = A,

First, applying Lemma and [23] we find all candidate subgroups of M. These are A7, Cy, Dy,
Bs embedded irreducibly via Vp,(001) and Ay (p # 3) embedded irreducibly via Va,(11). The
following lemma handles all of these subgroups.

Lemma 6.1. The only Er-candidates contained in A7 that are E7-irreducible are A7, Dy (p > 2)
and Ay (p > 3). Furthermore, X = As (p > 3) is conjugate to Y = Ay — A Ay < Ay A5 wia
(10,10) (where Ay™) is embedded in As via Va,(20)).
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Proof. First consider Cy. This Cy is generated by long root subgroups of A7, hence of E7. Therefore,
the connected centraliser of this Cy is T (p # 2) or a 1-dimensional connected unipotent subgroup
(p = 2) by [13] Lemma 4.9]. As the centraliser is infinite it follows from Lemma that this
candidate Cjy is not Er-irreducible.

Now consider Dy. When p = 2 this is contained in the Cy and therefore is E7-reducible. When
p # 2, Corollary shows it is Er-irreducible (the restrictions are in Table [I0]).

There are no Er-irreducible subgroups isomorphic to By however. This is because the A-irreducible
Bs is embedded via Vp,(001) and is therefore contained in Dy. The normaliser in E7 of D4 induces
a triality automorphism on this Dy ([9, Lemma 2.15]), which means this B3 is E7-conjugate to
the By embedded in Ay via V4, (A1) | By = Wp,(100)/Vp,(000) which is contained in a parabolic
subgroup of As.

Finally, consider Ay (p # 3) embedded in A7 via Vy4,(11). This is contained in Dy. When p = 2,
the Dy is contained in a parabolic subgroup of E; and hence the candidate A5 is not Er-irreducible.
When p > 3, X = Ay is the group of fixed points of a triality automorphism of D4 induced by
an element ¢t € FE7 of order 3. To find the full centraliser of ¢ in E7 we calculate the dimension
of Cr(g,(t). By restricting from L(E7) | Az, it follows that L(FE7) | Dy = 2000 + 0020 + 0002 +
0100. The triality element ¢ fixes a subgroup As of D4 hence fixes a dimension 8 subspace of
L(Dy4) = A2. It fixes a diagonal submodule of 2000 + 0020 + 0002 of dimension 35. It follows that
dim(Crp,)(t)) = 43. Therefore, using [16, Prop. 1.2], the full centraliser of ¢ in E7 is Ay As5. Hence
X is conjugate to a subgroup of AsAs and comparing composition factors shows X is conjugate to
Y. Corollary shows that X is Er-irreducible. O

6.2 Maximal M = AyA5

We need to find all As-irreducible subgroups of As that are isomorphic to As. This is straight-
forward from Lemma There is just one As-conjugacy class of irreducible Ay subgroups when
p # 2, with Va (A1) | A2 = 20 and none if p = 2. Let As™ be the Ay embedded in Aj; via
Vas (A1) 4 Ag*) = V4,(20). The normaliser in E7 of M is M.2 where the involution on top acts
as a graph automorphism on both simple factors, by [0, Table 10]. A graph automorphism of Aj
induces a graph automorphism of As™ . Therefore N jo ([12142(*)) / C’E7(A2A2(*)) > Zo where the
involution acts as a graph automorphism on both of the As factors. Considering the composi-
tion factors of L(E7) | A5A45™) shows this is in fact an equality. Therefore the conjugacy classes
of candidate subgroups are Ay < /IQAg*) (p # 2) via (10,10), (10", 108) (rs = 0), (10,01),
(1007 016]) (rs = 0). We require a technical lemma, before considering which candidate subgroups
are Er-irreducible.

Lemma 6.2. Let p = 3. Then any subgroup X = Ay of By with L(E7) | X = 223/116/30/03/00*
has a trivial submodule on L(Er7).

Proof. Assume there is no trivial submodule. We use the proof and notation of [I8, Lemma 4.2.6].
Define C' = Cpg,)(L(X)), an X-submodule of L(E7). Suppose C' is non-zero. Then it can only
contain the totally twisted X-composition factors on L(E7) (and trivial ones). So C' = 30*/03Y /00%.
The module V4, (22) does not extend any of the other composition factors by Lemma BI4{(i) and
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hence the 223 forms a direct summand of L(E;). So we consider its complement, call it M;. Now
M, is self-dual and has composition factors 30/03/116/00*. Suppose z # 0. Then the trivial
composition factors of C' are direct summands of C' because neither 30 nor 03 extends the trivial
module by Lemma B.I4(iv). Therefore C has a trivial submodule, a contradiction. Hence z = 0.
Now suppose z = 1 and y = 0 (or vice versa). There must be an indecomposable direct summand
My of My of the form 03](11672/00%~%)|30, which is self-dual. Therefore, the complement to Mp,
call it M3, is self-dual and has composition factors 11¢/00°. Lemma shows that if b # 0 then
M3 has a trivial submodule, a contradiction. Hence b = 0. We can apply Lemma again to
show that the module in the middle of the indecomposable My must contain a trivial submodule.
But 30 does not extend the trivial module so we have a trivial submodule, a contradiction. Finally,
suppose x = iy = 1. Then by self-duality C must split off as a direct summand and again we apply
Lemma to the complement to show there is a trivial submodule.

So we have shown that C = 0. Now we can apply [I8, Lemma 4.2.6]. This shows that the
multiplicities of composition factors of L(F7) | X force X to have a trivial submodule, a final
contradiction. O

Before the next lemma, we require the following definition. Suppose @ is a unipotent subgroup of
G and X is a reductive algebraic group which acts algebraically on (). Then we say a complement
Y to @ in the semidirect product QX is non-standard if Y is not ()-conjugate to X.

In the proofs of Lemmas and [7.4] we use a result from non-abelian cohomology ([32, Lemma
3.2.11]). This allows us to deduce results on complements to a non-abelian unipotent radical @
of a parabolic subgroup. To do this, we consider the filtration of @) by levels and then calculate
certain abelian cohomology groups for each level. This method is introduced by Stewart in [32)]
3.2] and is subsequently used throughout. Also, in [22] Litterick and the author use these methods
to classify the non-G-cr subgroups of exceptional algebraic groups in good characteristic, with an
introduction given in Section 3 there.

I_;emma 6.3. The Er-candidate subgroups contained in AsAs that are Er-irreducible are: As —
Ay Ay < Ay As wia (10,10) (p > 3), (10,01) (p > 2), (1007, 108]) (rs = 0,p > 2) and (100, 015))
(rs=0,p>2).

Proof. The only possible candidate subgroups are the diagonal subgroups of AgAg*) (p # 2) by
the discussion before Lemma We must prove they are all E7-irreducible except Ay < Ay Ay
via (10,10) when p = 3. If p > 5 it suffices to use Corollary B.9] with the restrictions given in

Table [0l Now assume p = 3. First we will use Lemma 3.8 to show Ay < AgAg*) via (10[71, 10[5}),
(10,0111, (10,01) are Er-irreducible. Take Z to be any one of these subgroups. Then Z has
only two trivial composition factors on L(E7). Therefore if Z is contained in a parabolic subgroup
it has to match the composition factors of an irreducible Ay subgroup of Eg, Ag or A Ay (using
Table [[3). We immediately rule out Az Ay, since there is no Ay-irreducible Ay subgroup. Since
FEg has two trivial composition factors on Vs and Z has none, we rule out Eg and so we are left
with just Ag as a possibility. There is only one Ag-irreducible As subgroup. Call it Y, where
Vas(A1) Y = V4, (11). The composition factors of L(E7) | Y are 223/115/30/03/00*. Therefore
Y has more trivial composition factors on L(F7) than Z, and so Z is not a conjugate of Y and
hence does not lie in an Ag-parabolic.
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Now we must consider X = Ay — flgAg*) via (10,10) (still with p = 3). Then L(E7) | X =
223/11°/30/03/00%, which matches the restriction of Y. The composition factors of X and YV
match on Vsg also, both being 302/03%2/115/002. This suggests X could be contained in an Ag-
parabolic, which we now prove. Let P = QAgT1, a standard Ag-parabolic. Then [2] Theorem 2]
shows that Ag acts on the levels of Q and that each level is a direct sum of irreducible Ag-modules
(see Section [2] for the definition of a level). Furthermore, @) has two levels, each level being just a
single irreducible Ag-module. The high weights of these irreducible modules are given below.

Q/Q(2) I As = M4
Q(2) | Ag =X\

If we write L for the Levi subgroup of P and restrict each level to Y < L' = Ag we obtain the
following.

Q/Q(2) LY =22/11/00
QR LY =11

We need to know the structure of level 1 more precisely. To do this we note that As is contained
in a Gy in I'. We have \*(V,(10)) = Vi, (20)/Va,(10)/ Ve, (00) by [14, Prop. 2.10]. Moreover,
this module must be completely reducible as there are no non-trivial extensions between any of the
composition factors (W, (20) and W, (10) are irreducible when p = 3). Therefore level 1 is com-
pletely reducible when restricted to Y. Since Wy, (22) = Vy4,(22) and Wa,(11) = Va4, (11)|V4,(00)
it follows that H'(A2,22) = 0 and H'(A,11) = K. Therefore dim(H' (A2, Q(i)/Q(i + 1))) = 1
for i = 1,2. By [30, Theorem 1], H?(As, M1) = 0 for each direct summand M; of level 1 and 2.
Therefore we can apply [32, Lemma 3.2.11]. This shows that every complement to Q/Q(i + 1) in
YQ/Q(i + 1) lifts to a complement to @ in Y@ for i =1, 2.

All complements have the same composition factors on L(E7), namely those of Y (by Lemma
B.7). Therefore Lemma shows that each complement fixes some non-zero vector [ € L(E7). By
Lemma [B.10] if [/ is semisimple then Cg,(I) contains a maximal torus and if it is nilpotent then
R,(CE. (1)) # 1. Suppose we have a non-standard Az complement to @ in Y@ which fixes a non-
zero nilpotent vector 1 of L(E7), call it Z1, and let C' := Cg,(l1). We use [19, Table 22.1.2], which
lists all centralisers of nilpotent elements in L(E7), to show that C is equal to the centraliser of an
element in the nilpotent class AgA‘i’. To show this, we consider each centraliser in [19, Table 22.1.2]
and check whether it contains a subgroup A with the same composition factors as Y. We find
that there is only one possibility, the centraliser of an element in the nilpotent class AgA‘i’, which
lies in an Ag-parabolic subgroup of E7. From [19] Table 22.1.2] we also have that C'/R,(C) = G,
and the dimension of R, (C) is 35.

We now show that C' must lie in P and R,(C) < Q. Suppose C < P9 for some g € FE;. Since
71 < C,wehave Z; < PNPY. As P is a maximal parabolic subgroup we can deduce from [7}, 2.8.7,
2.8.8] that PN P9 = P or L. But Z; was chosen to not be Q-conjugate to Y and YQNL =Y.
Hence Z; is not contained in L, and therefore P = P9 and C' must lie in P. The projection of R,,(C')
to P/Q = AgT is a closed unipotent subgroup. By the Borel-Tits Theorem [3], its normaliser is
contained in a parabolic subgroup of AgT1; as it contains GGo which is Ag-irreducible, this parabolic
subgroup must be the whole of AgT}. Since the projection of R,(C) is contained in the unipotent
radical of this parabolic, which is trivial, we conclude that R,(C) < Q.
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Suppose Z is another non-standard complement to @) in Y'() fixing a non-zero nilpotent vector Iy
of L(Ey). Then from the arguments in the previous two paragraphs, we have that Cg.,(l2) < P and
Cg,(ly) = C9 for some g € E7. Moreover, since C9 < P9 N P = P it follows that g € Ng.(P) = P.
Therefore, we conclude that Zs is contained in CY for some g € P.

We now prove that there exists a non-standard complement to @) in Y@ not contained in any P-
conjugate of C' and hence fixing a non-zero semisimple vector of L(E7). Let Z3 be any non-standard
complement to Q in Y@ and suppose Z3 < C9 where g € P. We saw above that the levels of @
restrict to G2 as the following.

Q/Q(2) | G2 = 20 + 10 + 00
Q2) 1 Gy =10

We now claim that Q(2) is contained in R,(CY). We know that R,(CY) is a 35-dimensional
Go-invariant subgroup of () and therefore has a filtration by Ga-modules which contains all of the
above factors bar one copy of Vi, (10). Suppose R, (C?)NQ(2) = 1. Then R,(CY) is isomorphic to
Q/Q(2) and hence abelian. Thus R, (CY)Q(2) is an abelian 42-dimensional subgroup of Q. This
implies that @ is abelian, a contradiction. Therefore, R, (C9) N Q(2) # 1 and so R,(CY) N Q(2) =
Q(2), proving the claim. We may now consider R, (CY)/Q(2). Since the composition factors of
R.(C9)/Q(2) 1 Y are 22/00, we have H'(Z3Q(2)/Q(2), R.(C9)/Q(2)) = 0 and so Z3Q(2)/Q(2) is
R, (CY9)/Q(2)-conjugate to YQ(2)/Q(2). Therefore, Z3 is contained in Y'Q(2). It remains to show
that there exists a non-standard complement to @ in Y@ that is not contained in Y'Q(2). Let W bea
non-standard A, complement to Q/Q(2) in YQ/Q(2) and let W be such that Q(2) < W < Y@ and
W= W/Q(2). The definition of W being non-standard means that W is not Q/Q(2)-conjugate
to YQ(2)/Q(2). Now, as shown above, we can lift W to a non-standard complement to @ in
Y. Let V be such a lift, so W = VQ(2). Suppose V is Q-conjugate to a subgroup of Y Q(2).
Then V¢ < YQ(2) for some ¢ € @ and so W? = (VQ(2))? = VIQ(2) = YQ(2). However,

<L

Wa = W1/Q(2) =YQ(2)/Q(2), contradicting the fact that W was non-standard.

By the previous paragraph, there exists a non-standard complement to ) in Y () fixing a semisimple
non-zero vector . Let Z be such a complement. Then Cg, (I) contains a maximal torus. We claim
that Cg,(1)° = A3 As. Indeed, the only centralisers of semisimple elements that contain an Ay with
the same composition factors as Z are As A5 and AgT;. Suppose Z < AgT. Then Z < LY for some
g € E7 and we may assume Z = Y9. Therefore Z < CY and so Z fixes a non-zero nilpotent vector
of L(E7), a contradiction. Hence Z < AyAs and by comparing composition factors we see that Z
must be conjugate to X. Therefore X is contained in a parabolic subgroup of E7. O

6.3 Maximal M = G,C4

The only subgroups of rank at least 2 contained in Gy are G2 and As (2 classes if p = 3). However,
there are no Cs-irreducible subgroups of type Ao and only if p = 2 is there one conjugacy class of
G4 subgroups in Cs.

Lemma 6.4. The Er-irreducible candidate subgroups contained in GoCs are Gg — GoGo < GoCy
via (101", 1018]) (rs = 0) with p = 2.
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Proof. To see the subgroups listed in the statement of the lemma are all E7-irreducible we use
Lemma B8 on L(E7). All of the subgroups in the lemma have an 84-dimensional composition
factor on L(E7) (see Table [I0) but no Levi subgroup has a composition factor of dimension 84 or
higher, by Table [13

The only candidate subgroup we are claiming is not Er-irreducible is the Gy < G2G2 via (10, 10).
Call this X. To prove X is contained in a parabolic subgroup of E; we show V54 | X has a trivial
submodule. This is sufficient because the full centraliser of a non-zero vector in Vsg has dimension
at least 77, hence is either Fg or contained in a parabolic subgroup. So this implies X is contained
in a parabolic because Eg is a Levi subgroup. From [I8], Table 10.2] we get the exact structure of
Vs6 restricted to GoCs:

(00, 100)

Vse L G2C3 = (10,100) 4 (00,001).
(00, 100)

Also, Vg, (100) | Go = 10 and Vg, (001) | G2 = 20/00%, with a trivial submodule by self-duality.
There is a trivial submodule in Vg, (10) ® Viz,(10) as well. So the restriction of (10, 100) + (00,001)
to X has a trivial submodule of dimension at least 2. Since (00,100) restricted to X is Vi, (10)
and Ext%;z(lo, 00) is 1-dimensional, it follows that (00,100) can only block a 1-dimensional trivial
module. Therefore there is a trivial submodule for X on Vg, as required. ]

6.4 Maximal M = A, (p > 5)

The maximal A, is the only Fr-irreducible subgroup from this maximal subgroup.

This completes the proof of Theorem 2.

7 Proof of Theorem 3: FEg-irreducible subgroups

We now move on to the proof of Theorem 3, finding the conjugacy classes of simple, connected
irreducible subgroups of Eg of rank at least 2. As before, we use Theorem B.I] which lists the
reductive, maximal connected subgroups (with no simple A; factor) of Eg. These are Dg, Ag,
AsEg, Ai, GoFy and By (p > 5). We take each maximal subgroup in turn, finding all Eg-irreducible
subgroups up to Eg-conjugacy.

7.1 Maximal M = Dy

We start by finding all Eg-candidate subgroups contained in Dsg.

Lemma 7.1. The simple, connected Dg-irreducible subgroups of Dg of rank at least 2 are listed in
the following Table (each Es-conjugacy class is listed exactly once).
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Irreducible subgroup P Comments

Dsg any

By any Maximal subgroup of Ds.

By(1) any  Maximal with Vpg(A1) | Ba() = W(0001) and
Vs (A7) 4 Ba(t) = W(1001).

By(3) any  Maximal with Vpg(A1) | Ba(f) = W(0001) and
Vbs(A7) L Ba(f) = W (2000)/W(0010).

As p>2 As < By with VDs ()\1) 4 A3z = 101 4 000.

Dy — D3 via D? is maximal, see Section (2] for notation of the

(1000, 10001"1) (r # 0) any  diagonal subgroups.

(1000, 0010) any

(1000,0010"1) (r # 0) any

(1000, 100017)) (r # 0) any

B — B? V1a B2 < D? with Vp,(\1) | B2 = (100,000) +

(100, 10017) (r # 0) any  (000,001) + (000,000)2.

Ay — A2 via: A2 < D? (p # 3) where Vp, (A1) | A2 = 11.

(10, 10l )(r;éO) p#3

(10,01) (r 0) p#3

By — BZ(T) via: B2(%) is maximal if p # 2, while B3 (1) < By(f) if

(10,101 ( # 0) any  p=2. In both cases Vp,(\1) } B3(t) = (01,01)

(10, 02) p=2 and Vp,(\r) | B2(1) = (01, W(11))/(W(11),01).

(10,021 (r # 0) p=2

By — BQ(i) via: B2(1) is maximal if p # 2, while B3(}) < By(}) if

(10,101) (r # 0) any  p=2. In both cases Vp,(\1) } B3(t) = (01,01)

(10, 02) p=2 and V(A7) | B3(}) = (W(20),00)/(00, W (20))/

(10,02 (r £ 0) p=2 (W(10),W(02))/(W(02), W(10)).

By — By Bs via: By By < A3Ds with VDS (/\1) } BoBy = (10,00) +

(10, 10) p>2 (00,02) + (00,00).

(107 100]y (s = 0) p>2

By < B3 via: B3 < By, A3Ds with Vi, (\) L B3 = (10,00,00) +

(10,1007 1081y (0 <~ < s) p>2 (00,10,00) + (00,00,10) + (00,00, 00).

Proof. This is a mainly routine task of using Lemma [B:2] and the tables in [23] to calculate the
possibilities for Vpg(A1) J X, with X irreducible. We note a few technical details. Firstly, there
are two conjugacy classes of By in Dg embedded via Vp,(0001) that are interchanged by the graph
automorphism of Dg. We distinguish between them by using B4(f) and By(}), which have different
composition factors on Vp,(A7) (as given in [14, Prop. 2.12]). Similarly there are two conjugacy
classes of B2 embedded via Vp,(01) ® Vp,(01) and we use B3(1) and B3(}) to represent the two
classes. If p = 2 then B32(f) is contained in By(t) and B3(f) is contained in By(}). Indeed, the
action of the B2 subgroup of By on Vp,(0001) is 01 ® 01. There are only two conjugacy classes in
Dg of stabilisers of the tensor product decomposition of Vig = V4 ® Vj, namely B2(1) and B3(%).
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By checking the composition factors on L(Eg) we see that the B3 subgroup of By(f) is conjugate
to B3(1) and similarly B2(}) < By(}).

For p > 2, the module V4,(101) is 15-dimensional and self-dual, therefore A3 embeds into B; and
is Dg-irreducible. When p = 2, the module V4,(101) is 14-dimensional and [25, Table 1] shows A3
embeds into D7. Therefore there is no Dg-irreducible A3 when p = 2.

Finally, consider D7. The Eg-conjugacy classes of diagonal Dy subgroups are found in [14, p. 59]
and only those conjugacy classes of Dg-irreducible subgroups are given in the conclusion of the
lemma. O

Now we take each candidate subgroup in Lemma [71] which is proper in M and either show it is
Eg-irreducible or prove it lies in a parabolic subgroup of Eg.

Lemma 7.2. The candidate subgroups By and As (p # 2) are Eg-irreducible.

Proof. The By is Eg-irreducible since no Levi subgroup has a subgroup of type By (or C7 if p = 2).
The composition factors in Table [[1] show Corollary applies to prove that As (p # 2) is Es-
irreducible. O

The following technical lemma is required to prove By(1) is not Eg-irreducible when p = 2.

Lemma 7.3. Suppose p = 2, X = By and L(Eg) | X = 2000/1000* /0100* /00102/00008. Then
L(Eg) | X has a trivial submodule.

Proof. We use the proof of [I8, Lemma 7.2.3]. In the hypothesis of the lemma it is assumed that
there is a subgroup isomorphic to By with the same composition factors on L(Eg) as X. Let
C = Cr(pg)(L(X)). If C = 0 then the proof of [I8, Lemma 7.2.3] shows that L(Eg) | X has a
trivial submodule. So we may assume C' # 0 and that X has no trivial submodule on L(Eg). The
composition factors of C' are among the totally twisted composition factors of L(Es) | X so C must
have Vx(2000) as a submodule (we are assuming no trivial submodules of L(Eg) and therefore of
C'). This submodule of C' must be a submodule of L(Eg), but L(Eg) is self-dual and has only one
composition factor isomorphic to Vx(2000). Therefore C' splits off as a direct summand of L(FEjg).
Hence L(Es) J X = 2000 & M; where M; has composition factors 1000*/0100* /00102 /0000%. We
claim that My has a trivial submodule. To prove the claim we use Lemma The conditions of
the lemma hold because only Vx (1000) and Vx (0100) extend the trivial module, as shown in Lemma
B.I3(i)-(iii). Because M is self-dual it therefore has a trivial submodule. This is a contradiction,
completing the proof. O

Lemma 7.4. Suppose p =2. Let B4() < Dg be as in Lemma[71. Then By(I) is contained in an
Az-parabolic of Eg.

Proof. We use the same method as in the proof of Lemma We find a B, in an A7-parabolic
and show it is contained in Dg and conjugate to By(}).

Let P = QA7T; be a standard A7-parabolic. The centraliser of the standard graph automorphism
of A7 is a C4. So Cy acts on (Q and we may look for complements to Q in QC4. However, as p = 2,
the group By can also act on ). This is due to the special isogeny from By to Cy. We want to find
a By complement to @ in QCy4 and need to use the same tools as in the proof of Lemma We
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first find the structure of the levels of @ under the action of By. Using [2, Theorem 2| (and the
notation defined in Section [2)) we find @ has three levels and that under the action of L' = A7 they
have the following A7-module structure.

Q/Q(2) | A7 = Xs
Q(2)/Q(3) | A7 = Ay
Q) L Ar =

Now under the action of By we find the levels of () have the following structure.

Q/Q(2) I By =X\ @ A3
Q(2)/Q(3) | By = 0|A2[0
QB) |l Bi=X\

By Lemma BI3] H'(By, A1) is 1-dimensional and H!(By, 0|A2]|0), H!(By, A3) are both 0. Also,
H?2(By,0|\2]0) = H?(By, A1) = 0. Therefore [32, Lemma 3.2.11] applies. This shows that every By
complement to Q/Q(i + 1) in C4Q/Q(i + 1) lifts to a By complement to @ in QCy for i =1, 2, 3.

We know that any By complement to @ has the composition factors L(Eg) | By = 2000/ 1000*/
0100%/0010?/0000® (these are images of the composition factors of the Cy < A7 under the special
isogeny). Therefore, Lemma [7.3] shows that any B, complement to () has a trivial submodule on
L(Eg). Let 0 # | € L(Eg) be one such fixed vector. Lemma B.I0] shows Cgg(l) either contains a
maximal torus of Fg or has non-trivial unipotent radical.

Assume we have a non-standard B4 complement to @, call it X, which fixes [;, a non-zero nilpotent
vector of L(Eg). Then using [19, Table 22.1.1], which gives all possible centralisers in Fg of nilpotent
elements of L(FEjg), and an argument analogous to that given in the proof of Lemmal[6.3] we conclude
that Cgg(l1) is in fact P-conjugate to C' where C' is the centraliser of an element of the nilpotent
class A}. Moreover, C/R,(C) = Cy, the dimension of R,(C) is 84 and C' < P with R,(C) < Q.

It similarly follows as in the proof of Lemma that any non-standard By complement contained
in a P-conjugate of C' is contained in Q(3)Cy4 and that there exists a non-standard B4 complement
to @ in QC4 that is not contained in any P-conjugate of C'. Let Y be such a complement. Then
Y fixes a non-zero semisimple element Iy and D := Cg,(l2) contains a maximal torus. It follows,
from considering the composition factors of Y, that D = A;Tj, Ag or Dg. We rule out the first
possibility as A7T7 does not contain a By subgroup. By Theorem Bl we know that Ag does not
fix a non-zero vector on L(Eg) when p = 2 and so D = Dg. Therefore Y is contained in Dg and has
the same composition factors as By(f) by construction. To prove Y is conjugate to B4(}) we need
to show it is not conjugate to any other B4 subgroup in Dg. The only other possibility for a By
subgroup in Dg with the same composition factors as Y is a By in the Ay-parabolic of Dg (whose
Levi factor is a Levi subgroup of Eg). Let this parabolic be Q1 A7T} < Dg. Then Q1 | A7 = \o.
Therefore under the action of By the structure of Q1 is Q1 | By = 0|A2|0. Since H'(By,0|\2/0) =0
there are no B4 complements to ()1 in Q1Cy in such an A7-parabolic of Dg. Hence Y is conjugate
to B4(f) and By() is contained in an Az-parabolic of Eg. O

Lemma 7.5. The candidate subgroups in Lemma [7_1] isomorphic to By are Eg-irreducible, except
for By(f) when p = 2.
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Proof. If p # 2 then the results of [I4, p. 97] apply, showing B4(f) and By(}) are Eg-irreducible.

Now suppose p = 2. Lemma [T.4] shows By(f) is contained in an Az-parabolic. We claim By(f) is
FEg-irreducible. We have L(Fg) | B4(f) = 0100?/1000?/0010/1001/0000*. The module V3, (1001)
is 128-dimensional. Therefore the only possible Levi subgroup that could contain an irreducible
B, with the same composition factors is F7. But E7 has no irreducible subgroups of type B4 by
Theorem 2. Therefore By(f) is Eg-irreducible. O

Lemma 7.6. All of the candidate subgroups in Lemma[7.1] isomorphic to Ay are Eg-irreducible.

Proof. If p > 3 then Corollary 8.9 shows they are all Eg-irreducible. When p = 3 there are
no As candidate subgroups from Lemma [[.1] so let p = 2 and X be a candidate A;. Then
L(Fg) | X = 11711l /30/03/3007 /03071 /(11 @ 11171)3 /00* with 7 # 0. As before, we use Lemma
B8 By considering the number of trivial composition factors, the only possible Levi subgroups
containing an irreducible A, with the same composition factors as X are L' = E7, D7, A7 or Ag.
We can rule out all but D7 because X has three 64-dimensional composition factors. There is no
Dr-irreducible Ay that shares the composition factors of X because there is no way of making a
14-dimensional self-dual module out of the composition factors of X (let alone two: Vp. (A1) occurs
twice in L(Eg) | D7). Therefore X is Eg-irreducible as claimed. O

Lemma 7.7. All of the candidate subgroups in Lemma [7.1] isomorphic to Dy or Bs are Eg-
irreducible.

Proof. 1f p # 2 then Corollary shows each Dy and Bj candidate subgroup is Fg-irreducible. So
suppose p = 2. First consider candidate subgroups isomorphic to D4. If the embedding of D4 has a
non-zero field twist then it contains an Eg-irreducible A (by Lemmal[7.6]) and must be Eg-irreducible
itself. So consider X = Dy < D? via (1000,0010). We will use Lemma [3.8 and therefore need to
do the usual analysis for X, where L(Eg) | X = 1000?/0100% /00102 /00012 /1010/1001/0011,/0000*,
from Table [[1l Using Table [[4], the only possible Levi subgroups containing a D4 with the same
composition factors as X are L' = E7, D7 or A7. We use Theorem 2 to rule out E7, as it has no
irreducible subgroup D4 when p = 2. There are no Dr-irreducible D4 subgroups in D7. That leaves
just L' = A7, If D = Dy < A7 then Va. (A1) |} D = Vp,(A1). But L(Es) | D has Vp,(2X\1) as a
composition factor, which means D does not have the same composition factors as X. Hence X is
FEg-irreducible.

Now consider (still with p = 2) a candidate B3 as in Lemma [7.1] call it Y. Then
L(Eg) | Y =010/100? /(1002 /010! /0012 /(0011)2 /100 @ 001! /001 @ 100! /001 @ 001! /000*

with 7 # 0 (from Table [[1]). As there are four trivial composition factors, the only possible Levi
subgroups containing an irreducible B3 with the same composition factors are L' = E;, D7, A7 and
Ag. We know from Theorem 2 that E7 has no irreducible Bz subgroups. Both Ag and A; have no
composition factors of dimension at least 64 so they are ruled out. Therefore L' = Dy is the only
remaining possibility. Suppose Bs = Z < D7 has the same composition factors as Y on L(Eg).
Since Vp, (A¢)* = Vp, (A7) it follows that the only 64-dimensional composition factor of L(Eg) | Y,
namely 001 ® 001", is contained in Vp,(X2) | Z. But then Vp,(\¢) | Z must contain 100 @ 001!"]
and Vp,(\7) | Z must contain 001 ® 100"} (or vice versa). This implies that Vp,(\¢) | Z is not
the dual of Vp. (A7) | Z, which is a contradiction. So no such Z exists and Y is Eg-irreducible. [
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Lemma 7.8. Suppose X is a candidate subgroup in Lemma [7.1] isomorphic to By. Then X is
FEs-irreducible unless p =2 and X is contained in B3(1) < Ds.

Proof. If p # 2 then Corollary [3.9] is enough for most of the candidate By subgroups. There are
two exceptions, both occurring when p = 5, namely X = By < BBy via (10,10) and Y = By <
B2(1) via (10,101) ( # 0). We show both are Eg-irreducible using Lemma B8 From Table [T}
L(Eg) | X = 026/10%/20%/12%/00%. There are only two trivial composition factors which means
only L' = D7 or A7 could possibly contain a By with the same composition factors as X. There
is no way of making an 8-dimensional module from the composition factors of L(FEg) | X which
rules out A7. Similarly there is no way to make two copies of the same 14-dimensional module
without using both trivial composition factors, but L(Eg) | D7 = A\2/A%/X6/A7/0, from Table T4l
So Vp,(A1)? cannot contain any trivial composition factors in a restriction to a By sharing the
composition factors of X. This proves X is Fg-irreducible.

Now consider Y, still with p = 5. Again, from Table [IT]
L(Eg) | Y = 02/02I" /20/20" /(10 ® 02[)2 /(101" © 02)2 /002

Therefore the only Levi subgroup that could contain an L’-irreducible By with the same composition
factors as Y is D7. But L(Es) | Y has four 50-dimensional composition factors which, using Table
14, rules out D7. Hence Y is Eg-irreducible.

If p = 2 then the only candidate subgroups are diagonal subgroups of B3(f) and B2(f). Any
subgroup of B3(1) will not be Eg-irreducible. This is because B3(}) < B4(f) and Lemma [7.4] shows
By(7) is contained in a parabolic subgroup of Eg when p = 2. Now we consider diagonal subgroups
of B2(f) with p = 2.

First, let Z; = By < B3(}) via (10,101) (r # 0). Then
L(Eg) | Z; = 022/(02I")2 /10 /(10I")1 /10 © 021" /(10 @ 1007)2 /101" © 02/01 @ 111 /011 @ 11 /008,

Since there are two 64-dimensional composition factors it follows (from Table [[4) that the only
Levi subgroups that could contain an irreducible By with these composition factors are E7 and Ds.
Theorem 2 rules out E7, so assume there is a By contained Dr-irreducibly in D7 with the same
composition factors as Z;. The 14-dimensional Vp. (A1) occurs in L(Eg) | D7 and so Vp. (A1) | B2
includes two trivial composition factors because that is the only way to make a 14-dimensional
module from the composition factors of L(Eg) | Z;. The only possibility for a Dr-irreducible
By with two trivial composition factors is one contained irreducibly in Bg. From [14, Table 8.1],
L(Eg) } Bs = A\}/A2/A2/08. This means the two, non-isomorphic, 64-dimensional composition
factors of L(Eg) | Z; are contained in Vi, (\g)? (note Vp,(A2) is 64-dimensional but on restricting
to By it cannot be equal to 01 ® 110 or 011 @ 11). Clearly this cannot happen, which proves Z;
is Eg-irreducible.

The same argument works for By < B3(f) via (10,020) (7 # 0). It remains to consider Zy =
By — B3(}) via (10,02). From Table 1]

L(Eg) | Zy = 10%/01*/20% /025 /21/12% /30/03/13 /04/00"2.

Using Table[I4] (noting we have one 64-dimensional and 12 trivial composition factors), the possible
Levi subgroups that could contain an irreducible By with the same composition factors as Zs
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are D7, Fr and FEg. Theorems 1 and 2 rule out Fg and E7. As in the previous argument, it
follows that such an irreducible By contained in D7 is contained in Bg. The one 64-dimensional
composition factor, Vp,(13), is then equal to V. (A2) | Ba. But there is no possible By in Bg that
has Vg, (A2) | B2 = Vp,(13). Hence Zs is Eg-irreducible. O

7.2 Maximal M = Ag

We need to find all simple subgroups, of rank at least 2, that have an irreducible 9-dimensional
module. By [23] we see that these are Ag, By (p # 2) embedded via Vp,(1000) and Ay < A% where
Vas 4 A2 = (10,10). It is shown in [14], p. 58] that B, < Ag is conjugate to B4(1) < Dg. Similarly,
if p # 3, then A2 is conjugate to A3 < D3 < Dg (each factor Ay irreducibly embedded) [14, pp.
66-67). The following lemma shows that when p = 3, the subgroup A% is contained in a parabolic
subgroup of Eg. Therefore all diagonal subgroups of A% are contained in a parabolic subgroup of
Eg. The proof is different in flavour from all of the arguments so far. We use finite subgroups and
computations in Magma [4] to show A% is contained in a Dr7-parabolic.

Lemma 7.9. Let p = 3. The subgroup X = A% < As, embedded via Vaz(\1) | A3 = (10,10), is
contained in a D7-parabolic of Eg.

Proof. Lemma [3.8 along with Table [I4] shows the only parabolic subgroup X can be contained
in is a Ds-parabolic subgroup. To prove X is contained in a parabolic subgroup we first use
Lemma [BI1] to show that the finite group S = A2(3) x A2(3) < X fixes the same subspaces
as X on L(Eg). To show Lemma B.11] applies we have to check the three conditions. We have
L(Es) | X = (11,11)3/(11,00)%/(00,11)¢/(30, 00)/(00, 30)/(03,00)/(00,03)/(00,00)° and hence
conditions (i) and (iii) hold. Condition (ii) holds for all pairs of composition factors for which there
are no non-trivial extensions between them. Using the Kiinneth formula [24], 10.85] we see that the
only pairs of composition factors that have a non-trivial extension between them are {Mj, My} =
{(11,11),(11,00)}, {(11,00), (00,00)} and {(30,00),(11,00)} up to duals and swaps. For all but
the last pair, [8, Theorem 7.4] shows immediately that Extk (M, M) — Exty (M, My) is injective.
To show the restriction map Ext% ((30,00), (11,00)) — Ext}((10,00), (11,00)) is injective it suffices
to show Ext}42 (30,11) — ExtzQ(g)(lo, 11) is injective. We know Ext}42(30, 11) is 1-dimensional and
the tilting module 7'(30) = 11|(30 + 00)|11 is indecomposable. We construct 7(30) as a direct
summand of 10 ® 10 ® 10. Therefore, if we show a direct summand of 10 ® 10 ® 10 for Ay(3)
contains a non-trivial extension of 10 by 11, the restriction map must be injective. This last check
is easily done using Magma [4].

We now show that S fixes a 14-dimensional abelian subalgebra of L(FEjg) that is ad-nilpotent of
exponent 3 i.e. (ad a)® = 0 for all a. To do this we construct S as a normal subgroup of the
maximal subgroup (SL(3,3) ® SL(3,3)).2 in SL(9,3). Doing this in Magma gives 11 generators
for S, as 9 x 9 matrices over GF(3). We then write these 11 generators as words in the Magma
generators of Ag. Finally, we write the words of Ag generators in terms of the generators of Eg.
This allows us to use Magma to find all 14-dimensional S-submodules of L(Eg). There is a unique
such S-submodule that is an abelian subalgebra, and it is ad-nilpotent of exponent 3.

So S and therefore X fixes a 14-dimensional abelian subalgebra of L(Eg) that is ad-nilpotent of
exponent 3. Exponentiating this subalgebra yields a 14-dimensional unipotent subgroup of FEg,
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normalised by X. Therefore X is contained in a parabolic subgroup of Ejg, as required. O

7.3 Maximal M = AyFEg

From Theorem 1, we have all of the Eg-irreducible subgroups of type A,. They are diagonal
subgroups of A3, diagonal subgroups of Ay Ay < AsGy when p = 3 or conjugates of Ay = Y,
where Y acts on Va7 as W(22) with p # 2. Therefore all candidate subgroups contained in Ay Fjg
are diagonal subgroups of A3, Ay Ay Ay or AY. We consider these separately in the next three
lemmas.

We fix the composition factors of L(Fs) | A3 as follows (which is consistent with the restriction of
L(Es) to AyEg and of Va7 and L(Eg) to A3 in Theorem [B.1]):

L(Es) | A% =(W(11),00,00,00)/(00, W (11),00,00)/(00, 00, W (11),00)/(00, 00, 00, W (11))/
(00, 10, 10, 10)/(00, 01,01, 01)/(10, 01, 10,00)/(10, 00,01, 10) /(10, 10, 00, 01) /
(01,10, 01,00)/(01,00, 10,01)/(01,01, 00, 10).

Lemma 7.10. Suppose X = Ay is a diagonal subgroup of A3 (with non-trivial projection to each
simple factor). Then X is Eg-irreducible unless X is conjugate to Ay — A% via (10,10, 10, 10),
(101, 10, 10, 10) or (10,10, 10", 100).

Proof. Firstly, note that Ay < A3 via (10,10, 10,10), (101, 10,10,10) or (10,10, 10l"] 10[) is
contained in a parabolic subgroup of A3Fg. This follows from Theorem 1. It remains for us to
show all other diagonal subgroups are indeed Eg-irreducible. The conjugacy classes are determined
in [14, pp. 64-65]. If p # 3, we apply Corollary (the composition factors are listed in Table
MI). Now let p = 3. Then any X — A} (except those we already know to be FEs-reducible)
has four trivial composition factors on L(Es). Therefore the possible Levi subgroups that can
contain an irreducible A subgroup sharing the same composition factors are Er7, D7, Ag and D4 A5
(using Table M4l Lemma and Theorem 2). We use Table [I0 to see that any Er-irreducible
Ay does not have the same composition factors as X. The only Dz-irreducible As subgroup is
embedded via Vi, (11) + Va,(11)I") ( # 0). But this does not have the same composition factors
as X either. Similarly, the only Ag-irreducible As is embedded via Vy4,(11) and this has six 7-
dimensional composition factors, which is more than X has. Finally, the only Dj-irreducible As
subgroup is embedded via Vy4,(11) 4+ 00. Therefore any DjAs-irreducible As subgroup of Dy A5 has
nine trivial composition factors (using the restriction L(FEg) | D4As in Table [[4]), which is more
than X has. Hence X is Eg-irreducible. O

Lemma 7.11. Suppose X = Ay is a diagonal subgroup of flgAgAg < AsAsGy < AyFg (p = 3).
Then X is Eg-irreducible if and only if it is conjugate to one of the subgroups in Table [T

Proof. First we must find the conjugacy classes of Ay — Ay Ay Ay. We have CEgy(G2) = Fy, hence
Ay Ay < Fy. Tt follows that there is an involution acting on AsAs, inducing a graph automorphism
on both factors. We also have that Ay.2 < Ga. Therefore all of the conjugacy classes can be
represented by (101, 101%, 10[) or (101, 01l¢], 10l]) (with a, b, ¢ and d, e, f not necessarily distinct
for the moment). For X to be Eg-irreducible it must be both Ay Eg-irreducible and G F-irreducible.
To satisfy the first of these conditions we must have b # ¢ and e # f (from Theorem 1). To satisfy
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the second condition we must have a # b (there is only one Fy-reducible A, contained diagonally in
AsAs when p = 3, and by considering composition factors we see it forces a # b rather than d # e).
Therefore, the subgroups in Table [IT] represent all of the conjugacy classes of candidate subgroups
which might be Eg-irreducible. By considering their composition factors on L(FEg) we see there are
no more conjugacies between them. It remains to show they are all Eg-irreducible.

Suppose X is in one of the conjugacy classes of As subgroups in Table[I1l Then L(FEg) | X has only
three trivial composition factors. Therefore among Levi subgroups, only E7 and D7 can contain
an irreducible As subgroup having the same composition factors as X (the proof of the previous
lemma shows an irreducible Ay subgroup of A; Dy has more than three trivial composition factors).
Theorem 2 rules out F;. Any Dr7-irreducible Ay does not have the same composition factors as X
(in fact it has the same composition factors as Ay < Ay Ag Ay via (10,10, 10") (r # 0) which was
GoFy-reducible). Hence X is Eg-irreducible. O

Lemma 7.12. Suppose X = Ay is a diagonal subgroup of AsY < AsEg (where Y = Ay acts on
Vay via Wa,(22), p > 2). Then X is Eg-irreducible.

Proof. The conjugacy classes in Table [I1] follow from [I4, p. 67] (noting that even when p = 3,
Eg contains Y.2 because Y < G2 and Y.2 < G9). If p > 3, the Eg-irreducibility follows from
Corollary So suppose p = 3 and let X «— A5Y. Then L(Eg) | X has four trivial composition
factors. Therefore the possible Levi subgroups that could contain an irreducible As having the same
composition factors as X are E7, D7, Ag and D4A (from the proof of Lemma [T.10). We may rule
all of these out, using the same ideas as in the proof of Lemma [Z.10] by considering the irreducible
Ay subgroups in each Levi subgroup and noting that they do not have the same composition factors
as X on L(Ejg). O

Using the composition factors listed in Table [Tl we see that there are no conjugacies between any
of the Fg-irreducible subgroups in the three different overgroups A%, A Ay Ag and AyY.

7.4 Maximal M = A3}

By considering which simple groups have an irreducible 5-dimensional module we see that the only
Ay-irreducible simple subgroups (of rank at least 2) are A4 and By (p # 2). So the candidate
subgroups contained in A% are diagonal subgroups of type Ay and By (p # 2). There is no prime
restriction on A4 subgroups in Eg in [14] so we immediately use [14, Table 8.1] to see that all Ay
diagonal subgroups (with a non-trivial projection to both A4 factors) are Eg-irreducible, and the
conjugacy classes of such subgroups are as in Table[IIl For the By subgroups we note that 322 < Ai
is actually conjugate to B3(1) < Ds (p # 2), as is shown in [I4} p. 63]. Therefore, we have already
considered them in Lemma [7.8

7.5 Maximal M = G2F4

The only possible candidate subgroups contained in GoFy are of type Ay and G5. Theorem [3.4]
lists all Fy-irreducible subgroups of type As and Gs. All such subgroups of type Ay are contained
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in f:12A2 in Fy. Tllerefore any As candidate subgroup contained in Gy F) will be conjugate to one
in AyCpy(A2) = AaEg. Therefore we have already considered them in Section [7.3

There is only one Fjy-irreducible subgroup of type G2, namely the maximal G2 when p = 7. There-
fore we finish this section by proving the following lemma.

Lemma 7.13. Suppose X = G4 is a candidate subgroup contained in GoFy. Then X is conjugate
to Gy < GoGy < GoFy (p = 7) via (101, 100)) (rs = 0) or (10,10). All such candidate subgroups
are Eg-irreducible except for Go — GoGo (p = 7) wvia (10,10).

Proof. The previous discussion shows that a candidate subgroup must be conjugate to a diagonal
subgroup of GoGo. Corollary B.9] shows that the subgroups Go — G2Gy < GoFy (p = 7) via
(107 10[]) (rs = 0) are all Eg-irreducible. We need to prove X = Go < G2Go via (10,10) (p = 7)
is contained in a parabolic subgroup of Eg. We use the same approach as in the proof of Lemma
[[Ol First, let S = G2(7) < X. We show Lemma [B.1T] applies to S < X acting on L(Eg). We have
L(Es) | X =30/112/202 /013 /00, so conditions (i) and (iii) of the lemma hold. Condition (ii) holds
directly from [8, Theorem 7.4].

We now show that S fixes a 14-dimensional, abelian subalgebra of L(Ejg) that is ad-nilpotent of
exponent 3. We use Magma [4] to check this. First we need to write down generators of S in terms of
root group elements. We will use the notation aq ... ag for the root aja; +- - -+agag in Eg. Consider
AsEg < Eg. The generators for Ag are T4 (t) and T4 (23465432) (1), where t € K. The generators for
Eg are 14, (t), ..., T1qs(t) and the generators for Fy are o, (t)Tag (1), T—ay (1) T—ag (1), Tag(t)Tas (L),
Ty ()T_as(t), Tia,(t) and x44,(t). Let AB = G2(7)G2(7) < GoFy. The following elements are
a set of generators for A:

Ty, = X22343221 (1)T12343321 (6) 712244321 (1),
L—vyy = L—(22343221) (1)33—(12343321) (6)33—(12244321) (1),
Ty, = T23465432(1)

Ty = T_(23465432) (1)-

From [33] Prop. G.1], the following elements are a set of generators for B:
x’yi = Tay (1):17043(1)330!14-0!3 (3)$a2(1)$a5(1)$a6(1)$a5+a6 (3),
T =Ty (2)%-a3(2)2-a1-03(2)T—az (1)T a5 (2)2-a6 (2)T-a5-as (2),
Loty = Tagtas (1) Tas+as (3)Tastas (6),

Tyl = T—az—au (D —ay-a4(5)T—as—as5(6).

The map x4, — 74 gives an isomorphism A — B. Therefore
1
S = (T Ty Ty Tyt By Tp s Ty Ty ).

We check that S = G3(7) and that there is a unique 14-dimensional abelian subalgebra of L(Es)
that is ad-nilpotent of exponent 3, which is fixed by S. Therefore, by Lemma BI1] X fixes this
subalgebra and exponentiating gives a unipotent group normalised by X. Hence X is contained in
a parabolic subgroup of Fg. O
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7.6 Maximal M = B, (p > 5)

The maximal By is the only candidate subgroup and is Fg-irreducible by maximality.

This completes the proof of Theorem 3.

8 Corollaries

Corollary 1 follows from Tables [[HIT] noting that all G-irreducible conjugacy class representatives
have a unique set of composition factors on L(G), apart from the one exception in the statement.
Corollary 3 also follows immediately from Tables [[HIIl Corollary 4 follows from the proofs of
Lemma [3.3] Theorem B.4] and Theorems 1-3.

Corollary 2 requires more work. First we need a technical lemma for As subgroups when p =
3.

Lemma 8.1. Let p = 3 and A3 < Ag be embedded via Vag(\1) | A3 = (10,10). If Y] = Ay — A3
via (10,100") and Yo = Ay < A2 wia (10,011 (with r # 0 in both) then the following modules
have the indicated socle series:

(1) Vagh 4 Xs) 4 Y1 2 Vg (A 4 Xg) L Yo = (11 + 110D (11 @ 116 + 00?)[ (11 + 1107,
(2) Vag(A3) L Y1 = (11 + 111y (11 @ 1167 + 30 + 3007 4- 007)| (11 + 1107)) + 001 with i = 0 or 1,
(3) Vag(\3) 4 Yo = (11 + 117)] (11 @ 1107 4 30 + 0301 + 00%) | (11 + 1117)) + 00' =" with i = 0 or 1.

Proof. For part (1) note that Vag(A1) ® Vag(As) = Vag(0)|[Vag(A1 + Ag)|Vag(0) and (Vag(A1) 4
Y1) @ (Vag(Ag) 4 Y1) 2 (Vag(M) 1 Ya) @ (Vag(Ng) 1 ¥2) = 10 @ 1007 @ 01 @ 0107). Tt is therefore
enough to prove for an A, that the self-dual module M := 10 ® 10"! ® 01 ® 011! has socle series
00|(11+110)|(11®11174-002)|(11+117)[00. The composition factors are as indicated, so we need to
show the structure of the module is as claimed. Firstly, M = (10©01)® (10" @01 = (00(11]00)®
(00/117|00) and hence M only has a 1-dimensional trivial submodule and a 1-dimensional trivial
quotient. If there is a trivial direct summand then M does not have enough composition factors
that extend the trivial (see Lemma [3.14]) to block all of the other three trivial composition factors,
leading to a trivial submodule or quotient of larger dimension. Hence M has no trivial direct
summands. Furthermore, the composition factor 11 ® 117 does not occur as a submodule or
quotient of M. This is because if we restrict to S = SL(3,3) inside Y] acting as 10® 10 on V4, (A1)
then Vg(11) ® Vg(11) does not occur as a submodule or quotient of (Vg(00)|Vs(11)|Vs(00)) ®
(Vs(00)|Vs(11)|Vs(00)) (checked using Magma [4]). Therefore Socle(M) = 11% + (11I")® 4 00, and
since M is self-dual it follows that a and b are at most 1. Moreover, swapping the field twists
0 and r in M does not change M so it is also symmetrical, hence a = b. Suppose a = b = 1.
Then M = (11 + 11" + 00)|(11 ® 117 + 002)|(11 + 117 4 00) since 11 ® 117 does not extend
the trivial module. But no such M exists since the module in the middle of M does not extend
the trivial module, hence there are three trivial modules for the socle to block. This is impossible
because Extl_(11,00) & K = Exthz(ll[’“},OO) by Lemma [3.14l Hence a = b = 0 and the socle is
00. Now consider the socle of M/00. Since 11 ® 111" is not in the socle of M and does not extend
the trivial module it is not in the socle of M /00. Similarly, the socle does not have a composition
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factor isomorphic to 00. Hence the socle must be 11 4+ 111"}, again by self-duality and symmetry.
It therefore follows that M has the required socle series, since there are no non-trivial extensions
between 11 ® 11" and 002.

For part (2) we need to prove that M := A*(10 ® 10"} has one of the two indicated socle series
(¢t = 0 or 1). The composition factors are easily checked to be correct and we again consider
S = SL(3,3) inside Y1, acting as 1010 on Vi, (A;). Using Magma, we check that A\*(10010) | S =
22400+ (11](304-03)[11)+(11](304-00)|11)? and 11®11 | S = 22+00+(11|(30+03-+00)|11). Hence
we see that none of 11 ® 11", 30 or 30" are submodules or quotients of the Y;-module M. Lemma
B.I4]shows that only 11 and 111" extend these three Yi-modules and so M must have the structure
(11+11Mj11@1107 +30+0300) |(114+1107)) 400 or (114110)[(11@11] +304-03+00)| (114110,

The last part is similar to the previous one. Let M := /\3(10 ® 01). n this case we consider
the subgroup S’ = SL(3,3) of Y5 acting as 10 ® 01 on Va,(A;). Then A*(10 ® 01) | §' =
224004 ((11411)[(30 403 4 11)|11) 4 (11](30 +-03 4+ 11)|(11 4+ 11)). Tt follows that 11® 11" could
occur as a submodule or a quotient but not a direct summand of the Yo-module M. Furthermore,
30 and 03" cannot occur as submodules or quotients of the Ys-module M. Using Lemma B.14]
again, we conclude that M must have one of the structures indicated, completing the proof. O

Lemma 8.2. Let G = E7, p = 2 and X = Gy — G2Gy < G2C5 via (10,10). Then Vs | X is
indecomposable.

Proof. Tt is enough to prove that Vs | S is indecomposable where S = G2(2) < X. By [I8]
Table 10.2], V6 4 G2C5 = (00,100)|((10,100) + (00,001))[(00,100). This module is constructed
from M; := (00,100)|(10,100)|(00,100) and My := /\3((00, 100)) = (00, 100)|(00,001)|(00,100) as
follows: take a maximal submodule of M7 + Mo, call it M3 and then quotient M3 by a diagonal
submodule of Soc(M3) = (00,100) + (00,100). We construct such a module for G2(2) x C5(2)
in Magma. This module is still indecomposable when restricted to S and in fact has socle series
(00 + 10 + 01)|(20 4 00)|(20 + 00)|(10 + 01 4 00). O

Proof of Corollary 2 The strategy for the proof is as follows. For each exceptional algebraic
group G and each reductive, maximal connected subgroup M of G we find all simple M-irreducible
connected subgroups of rank at least 2 that are not G-irreducible from the proofs of Lemma [3.3]
Theorem [3.4] and Theorems 1-3. Given such a subgroup X we then check whether it satisfies the
hypothesis of Corollary 2l That is to say, we check whether X is contained reducibly in another
reductive, maximal connected subgroup M’.

The result is trivial for G = Gs.

For G = Fy, we follow the proof of Theorem B4l in [32] noting that the only subgroup that is M-
irreducible for some M, but not Fy-irreducible is X = Ay < Ay A, via (10,01) when p = 3. Suppose
X is contained reducibly in another reductive, maximal connected subgroup M’ or contained in a
Levi subgroup. Consideration of the composition factors of X on Vg shows that the only possibility
is M’ = B4 (which contains a Levi subgroup B3T}). The possibilities for a subgroup As with the
same composition factors as X contained in By are Vp,(1000) | Ay = 11 + 00% or 00/11]00. By
[32) Prop 4.2.2], neither of these subgroups is conjugate to X. Hence X is not contained in By and
satisfies the hypothesis of the corollary. It is therefore listed in Table [

Now let G = Fg. The only simple connected subgroups which are M-irreducible for some M but
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not G-irreducible can immediately be found from the proof of Theorem 1. Most are contained in a
D5 Levi subgroup because they are contained in a maximal subgroup By of Fj. These subgroups do
not satisfy the hypothesis of Corollary Bl The remaining possibilities are Ay < A3 via (10, 10, 10)
and Ay < AyAy < AyGy (p = 3) via (10,10). By the proof of Lemma [5.2} the first subgroup is
contained in a Dy Levi subgroup when p # 3 and is contained Fy-reducibly in Fy when p = 3.
Therefore it does not satisfy the hypothesis. Now let p = 3 and consider X = Ay — Agflg < AsGo
via (10, 10). Suppose X is contained reducibly in another reductive, maximal connected subgroup
or contained in a Levi subgroup. Consideration of the composition factors of X on V57 shows that
X is contained in a Levi A5. We have L(Eg) | A5 = Va, (A1 + A5) + Va;(A3)2 + 03 (when p = 3
the centres of Eg and As coincide). By considering the finite subgroup A3(9) < X and using the
same method as in the proof of Lemma [8.2] we see that X has two direct summands of dimension
21 on L(FEg)" (and only one trivial direct summand). Therefore X is not contained in a Levi As
and satisfies the hypothesis of Corollary 2 and X is listed in Table [

For G = FE7; the result is checked in the same way as for Eg. By Lemmas [6.1] and the
only subgroups which are M-irreducible for some M but not Er-irreducible are X; = Cy < Ar,
Xo=Dy<Ar (p=2), Xs=As < A7 (p=2), Y = Ay — A4V < Ay A5 (p = 3) via (10,10) and
Z =Gy — G9Gy < GoC5 (p = 2) via (10, 10).

First consider Xi. When p # 2, X; is contained in a Levi Eg subgroup since its centraliser in
E; contains a torus (see the proof of Lemma [6.1]) and hence X; does not satisfy the hypothesis of
the corollary. Now let p = 2. Suppose X is contained in another reductive, maximal connected
subgroup or contained in a Levi subgroup. Consideration of the composition factors of X; on Vg
shows that the only possibilities are that X7 is contained in Eg or A1 Fy. The connected component
of the centraliser in F7 of X; is a 1-dimensional connected unipotent subgroup (see the proof of
Lemma [6.1)). Therefore, X; is not contained in Eg or AjF} since the connected component of the
centraliser of X7 would contain 77 or an Aj, respectively. Hence X; satisfies the hypothesis of
Corollary 2] and is listed in Table [l

Now consider X5. Suppose X5 is contained in another reductive, maximal connected subgroup
or contained in a Levi subgroup. As with X7, consideration of the composition factors of X5 on
Vs6 shows that the only possibilities are that X5 is contained in Eg or A Fy. By [14, Table 8.6],
Vsg L A7 = Ay @ Ag, and therefore Vig | Xo = (0|A\2|0)2. The restrictions of Vig to Eg and Ay Fy are
as follows: Vig | Eg = A1 © \g @02, by [14, Table 8.6] and Vsg | A1 Fy = (1,0001)+ (3,0000), by [18]
Table 10.2]. Therefore, X5 is not contained in Fg or A; Fy and hence X5 satisfies the hypothesis of
Corollary 2

The last subgroup of A7 to consider is X3. This Ay subgroup is contained in D4 and is the group
of fixed points of a triality automorphism of D, induced by an element ¢ of E7. By [16, Prop. 1.2],
the full centraliser of t is either a Levi subgroup or AsAs. Since there are no AsAs-irreducible Ao
subgroups when p = 2, it follows that X3 is contained either in a Levi subgroup or M’-reducibly
in a reductive, maximal connected subgroup M’. Hence X3 does not satisfy the hypothesis of
Corollary 2

Next consider Y. Suppose Y is contained in another reductive, maximal connected subgroup or
contained in a Levi subgroup. Consideration of the composition factors of Y on Vsg shows that Y
is contained in A7. The proof of Lemma [6.3] shows Y is not contained in A7 and so Y satisfies the
hypothesis of the corollary and is in Table [II

31



Finally, consider Z. If Z does not satisfy the hypothesis of the corollary then Z is contained in an
Eg Levi subgroup. From Table [[3lit follows that Vsg | Eg = A\ + A¢ +0°. Lemma B2 shows that Z
does not have any trivial direct summands on Vsg and hence Z is not contained in Fg. Therefore,
Z satisfies the hypothesis and is listed in Table [Tl

Finally, let G = Fg. The proof of Theorem 3 yields the candidate subgroups that are not
G-irreducible. They are those listed in Table [l It remains to prove that they satisfy the hy-
pothesis of Corollary 2], that is that they are not contained reducibly in another reductive, maximal
connected subgroup or contained in a Levi subgroup.

First, consider X = By(f) < Ds, with p = 2. The proof of Lemma [7.4] shows X is only contained
in Dg and not Ag or a Levi A7, hence it satisfies the hypothesis of the corollary.

Next, consider the diagonal subgroups of B2(1) (p = 2). Consideration of their composition factors
on L(FEjg) shows that the only possibilities for another maximal subgroup or Levi subgroup contain-
ing them are Ag or A% (or a Levi A7, A3A, or A3A3 but they are contained in Ag or A2). First, let
X1 = By < B2(}) via (10,10")) with  # 0. Then X; contains a subgroup S; = Sp(4,2) embedded
in Dg via 01 ® 01. Using Magma [4], we check that A\*(Vs, (01) ® Vs, (01)) has an indecomposable
direct summand of dimension 88. Therefore X; has an indecomposable direct summand of L(Eg)
of dimension at least 88. But the largest dimension of a direct summand of L(Eg) | A2 is 50 and
of L(Eg) | As is 84, hence X is not a subgroup of A% or As. To prove Xy = By — B3(f) via
(10,02 (including r = 0) is not contained in A2 we consider the parity of 7. If  is even then Xo
contains a subgroup Sz & Sp(4,4) embedded in Dg via 01 ® 10 = 11. If r is odd then X5 contains
a subgroup S3 = Sp(4,4) embedded in Dg via 01 ® 20 = 21. Again using Magma, we find that
both A*(Vs,(11)) and A*(Vs,(21)) are indecomposable (of dimension 120). Therefore, for all r,
the subgroup X, has a 120-dimensional indecomposable direct summand on L(FEg) and is not a
subgroup of A2 or Ag. Hence both X; and X, satisfy the hypothesis of Corollary

Now let p = 3 and consider Y; = Ay < A3 via (10,100") and Y5 = Ay < A3 via (10,01) (r #0
in both cases). Consideration of their composition factors on L(Eg) shows that the only reductive,
maximal connected subgroup that can contain Y7 or Y (other than Ag) is Dg and the only Levi
subgroup is D7. So it suffices to show that Y7 and Y5 are not contained in Dg. By Theorem [B.1]
we have L(Eg) | Dg = Vpg(A2) + Vpg(A7) where Vpg(A2) is 120-dimensional and Vpg (A7) is 128-
dimensional. But Lemma [R]] shows Y] and Y5 have a 79-dimensional indecomposable summand
and two indecomposable direct summands of dimension at least 83 on L(Esg). Hence neither Y; nor
Y5 is contained in Dg and they both satisfy the hypothesis of the corollary.

Finally, let p =7 and Z = Gg — G2Gy < G2F}y via (10,10). Other than GoFy, the only reductive,
connected maximal subgroup that can contain Z is Dg and the only Levi subgroup is D7. There is
only one Dg-conjugacy class of G subgroups with the same composition factors as Z on L(Eg), with
Vs (A1) 4 G2 = V5, (01)+ Vi, (00)2. This G is contained in a D7 Levi subgroup of Dg (and Eg) and
therefore L(Fg) | G9 has a trivial submodule. However, restricting from L(FEg) | G2F} in [I8, Table
10.1], we find that L(Fg) | Z = 10®20+ 012 +11. Since Homg, (00, 10®20) = Homg, (10, 20) = 0,
we see that L(Eg) | Z has no trivial submodules. Hence Z is not contained in D7 and does satisfy
the hypothesis of Corollary 21 O
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9 Variations of Steinberg’s Tensor Product Theorem

We need some background for the next set of corollaries. Let X be a simple, simply connected
algebraic group over an algebraically closed field K of characteristic p < co. We recall Steinberg’s
tensor product theorem [28]. It states that if ¢ : X — SL(V) is an irreducible rational representa-
tion, then we can write V' = Vl[rl] .. .®Vk[rk], where the V; are restricted X-modules and the r; are
distinct. The main result of [17] generalises this conclusion to the situation where ¢ is a rational
homomorphism from X to an arbitrary simple algebraic group G. We describe this generalisation
now. Recall the definition of a subgroup being G-cr and of being restricted from Section [l

Theorem 9.1. [I7, Corollary 1] Assume p is good for G. If X is a connected simple G-cr subgroup
of G, then there is a uniquely determined commuting product Y7 ...Y; with X < Y1...Y; < @G,
such that each Y; is a simple restricted subgroup of the same type as X, and each of the projections
X = Y;/Z(Y;) is non-trivial and involves a different field twist.

Using our classification of G-irreducible subgroups, we can investigate to what extent Theorem
is true in bad characteristics for simple, connected G-irreducible subgroups of rank at least 2. For
G = Go, Fy, Fg and E; the bad characteristics are 2,3 and for G = FEg they are 2,3,5. To save
repeating ourselves, we will say a subgroup X satisfies the conclusion of Theorem if there is a
uniquely determined commuting product Y ...Y: with X < Y7...Y; < G, such that each Y; is a
simple restricted subgroup of the same type as X, and each of the projections X — Y;/Z(Y;) is
non-trivial and involves a different field twist.

Corollary 9.2. Let G = G2 and X be a simple, connected irreducible subgroup of rank at least 2.
Then either X satisfies the conclusion of Theorem [l or p =3 and X = As.

Proof. From Lemma [3.3] we know the only Go-irreducible subgroups which are simple and of rank
at least 2 are Ay and A, (p = 3). Both are maximal subgroups, so we only have to check whether
they are restricted for p = 2,3. To do this we use Table [ which shows As is restricted for both
p = 2,3 but A, is not restricted for p = 3. ]

Corollary 9.3. Let G = Fy and X be a simple, connected irreducible subgroup of rank at least 2.
Then either X satisfies the conclusion of Theorem [91] or p = 2 and X is conjugate to one of the
following subgroups:

(1) Cy;

(2) D 45

(3) Ay < AsAy via any G-irreducible embedding;

(4) By — B2 wia (10,02).

Proof. Using the proof of Theorem [B.4] we find that for each simple Fjy-irreducible connected sub-
group X there is at most one commuting product of restricted groups, of the same type as X,
containing X as a diagonal subgroup with distinct field twists. We have to check if the subgroups

in the possible commuting product are indeed restricted (that is the only obstruction to the con-
clusion of Theorem [9.T).
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If the possible commuting product is just X itself, then we use Table Bl to check whether X is
restricted or not and hence whether X satisfies the conclusion of Theorem This leads to the
subgroups in and as well as Ay < AyAs via (10,10) and (10,01) in Note that
the subgroup in namely By — B? via (10,02), does not satisfy the conclusion of Theorem
firstly, it is not itself 2-restricted; secondly, despite appearances the twists in the two factors are
not distinct, as 02 is just our notation for an endomorphism of By involving a graph automorphism,
which is untwisted although it happens to induces a field twist when applied to Vg, (10).

Now let X = A;. We see that the only commuting product of Ay subgroups containing X as a
diagonal subgroup with distinct field twists is A A, (or just X itself which is covered above). Since
Ay is not 2-restricted (L(Fy) | Ay = W(11)/W(20)3 /W(02) /008) it follows that when p = 2, the
subgroup X does not satisfy the conclusion of Theorem [ When p = 3, both Ay and Ay are
3-restricted and so X satisfies the conclusion of Theorem

Let X = By. Then p = 2 and the possible commuting product is B2, containing X diagonally with
distinct field twists. The two By factors are restricted (L(Fy) J By = 10°/01°/00'2) and hence X
satisfies the conclusion of Theorem [0.1] O

Corollary 9.4. Let G = Eg and X be a simple, connected irreducible subgroup of rank at least 2.
Then either X satisfies the conclusion of Theorem [91]l or p =2 or 3 and X is conjugate to one of
the following subgroups:

(1) mazimal Ay (p = 3);
(2) Ag < AgAy < AsGy (p = 3) wia (10U, 1018]) (rs = 0);
(3) Cs (p=2);
(4) Dy (p=2);
(5) Ag — A3 (p = 2) via:
(a) (10,10,01)
(b) (10,10,10") (r # 0)
(¢) (10,10,01) (r £ 0)
( )
( )

)
) C
) D
)

(d) (10,10 10I7) (r # 0)
(e) (10,01, 0100y (r £ 0).

Proof. We proceed as we did for Fy. The proof of Theorem 1 shows that for each simple Fg-
irreducible connected subgroup X, there is at most one commuting product of restricted groups, of
the same type as X, containing X as a diagonal subgroup with distinct field twists. When this is
just X, Table [ is used to determine whether X is restricted or not and hence whether X satisfies
the conclusion of Theorem This yields subgroups and in the conclusion of the
corollary.

Now let X = A, and first suppose X < Ay Ay < AyGs via (10[”}, 10[5}) when p = 3. Because A
is not 3-restricted (L(G) | A = 30/03/11°/00%) it follows that X does not satisfy the conclusion
of Theorem Now suppose X < A3. Since Aj is both 2-restricted and 3-restricted, if X is a

34



diagonal subgroup with three distinct field twists then X satisfies the conclusion of Theorem
for p = 2,3. If X has two distinct field twists then it is contained in AyA < flg’ or AyB < flg
where A = Ay — A3 via (10,10) and B = Ay < A3 via (10,01). We have L(Eg) | A =
W (11)2/W(20)3 /W (02)3 /103 /013 /00® and L(Es) | B = W (11)8/00*. It follows that B is both
2-restricted and 3-restricted, but A is only 3-restricted. Therefore X satisfies the conclusion of
Theorem unless p = 2 and it is contained in Ay A. O

Corollary 9.5. Let G = FEy and X be a connected, simple irreducible subgroup of rank at least 2.
Then either X satisfies the conclusion of Theorem [l or p =2 or 3 and X is conjugate to one of
the following subgroups:

(1) Ay — AgAg*) < Ay As (p=3) via (10,01) (where Aé*) is embedded in As via Va,(20));
(2) Gy = GGy < GoC3 (p = 2) wvia (101, 106)) (rs = 0).

Proof. Studying the proof of Theorem 2, specifically Lemmas [6.1] and [6.4] we find that for
each subgroup X there is at most one commuting product of restricted groups, of the same type as
X, containing X as a diagonal subgroup with distinct field twists. As before, it remains to check
whether the groups in the product are restricted.

From Table[I0, we see that A7 and D4 (p > 2) are restricted for p = 2,3. Let X = Ay — AgAg*) via
any G-irreducible embedding. The only possibility for a commuting product of As restricted sub-

groups containing X as a diagonal subgroup with distinct field twists is AgAg*). Both A, and Ag*)

are 3-restricted (L(G) | Ay = W (11)/1015 /0115 /0035 and L(G) | ALY = 22/213 /123 /W (11)/008).
It follows that if X has two distinct field twists then it satisfies the conclusion of Theorem It X
is embedded via (10,01) then Table [0l shows that X is not 3-restricted and hence does not satisfy
the conclusion of Theorem

Now consider X = (G5, with p = 2. The only possibility for a commuting product of G5 subgroups
containing X as a diagonal subgroup with distinct field twists is GoGo < G2C3. The subgroup
G2 < (O3 is not 2-restricted (L(G) | Go = 20/018/00%) and hence X does not satisfy the conclusion
of Theorem O

Corollary 9.6. Let G = Eg and X be a connected, simple irreducible subgroup of rank at least 2.
Then either X satisfies the conclusion of Theorem [91 or p = 2,3 or 5 and X is conjugate to one
of the following subgroups:

(1) maximal By (p =5);

(2) Ag — AyAy < AyEg (p = 3) via any G-irreducible embedding;

(3) Ay — Ay Ay Ay < A3 A5Gy (p = 3) via any G-irreducible embedding;

(4) Ag — A3 (p = 2) via any G-irreducible embedding that does not have four distinct field twists;
(5) Ay < A2 < D? (p = 2) via (10,1001) (r % 0) or (10,0107 (r £ 0);

(6) By — B2(1) (p = 2) via any G-irreducible embedding.

Proof. As for E7, we use the proof of Theorem 3 to check that for each subgroup X there is only one
possibility for a commuting product of groups, of the same type as X, containing X as a diagonal
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subgroup with distinct field twists.

When this is just X, Table[ITlis used to determine whether or not X is restricted and hence whether
it satisfies the conclusion of Theorem

If X = D4, A4 or B3 then X satisfies the conclusion of Theorem because the simple factors of
D3, A2 and B2 < D? are all restricted for p = 2,3,5. Indeed, L(G) | Dy = 0100/10008/00108/
00018 /0000%, L(G) | A4 = W(1001)/1000%° /0100° /0010° /0001'° /0000%* and L(G) | Bz = 010/
1007 /00116 /00036,

Now suppose X = Ay. When X is contained diagonally in A3 < D3 (p # 3) (each factor As
irreducibly embedded) it satisfies the conclusion of Theorem [0.I] only when p = 5. Indeed, Ay < Dy
is 5-restricted but not 2-restricted since L(G) | Ay = 1125 /W (30)/W (03)/00%. If X is contained
in AsAs Ay < AyAsGay (p = 3) then it does not satisfy the conclusion of Theorem because As
is not 3-restricted (L(G) | Ay = 30/03/11%7/00%3). If X is contained in AyAs < AsEg (p > 3),
where the As acts on Voy as W(22) then X satisfies the conclusion of Theorem when p = 5
but not when p = 3. Indeed, Ay is restricted for all p since L(G) | Ay = 11/10%7/ 0127/ 007 but
Ag < Eg is 5-restricted but not 3-restricted since L(G) | Az = W (41)/W (14)/W (22)% /W (11)/008.

Now let X be contained in A3. If X is embedded with four distinct field twists then it satisfies
the conclusion of Theorem for all p because A, is restricted for all p, as seen in the previous
paragraph. If X is embedded with three distinct field twists then the possibilities for a commuting
product of Ay subgroups diagonally containing X are A2A or A2B where A = Ay < A2 via (10, 10)
and B = Ay < A2 via (10,01). From L(G) | A3 in subsection [T.3] we find that when p = 3 or 5,
both A and B are restricted but neither A nor B is 2-restricted and hence X satisfies the conclusion
of Theorem only when p > 2. Similarly, if X is embedded with two distinct field twists then it
satisfies the conclusion of Theorem only when p > 2. Indeed, the possibilities for a commuting
product of Ay subgroups diagonally containing X are A2, AB and A;C where C = Ay < A3 via
(10,10,01).

Finally, assume X 2 By. Suppose X is diagonally contained in B2(}), BaBs < A3Ds or B3 (all
with p > 3) with distinct field twists. Then X satisfies the conclusion of Theorem because
all of the simple By factors are restricted for p = 3 and 5. Indeed, the factors are contained
in Ay, A3, D5 and Az again, respectively and the restrictions of L(G) are 20/02'!/10%°/00%,
02/10% /0132 /00% and 027/118/12/00'® respectively. Now suppose X is diagonally contained in
B2(1) with two distinct field twists. The simple By factors are restricted for p = 3 and 5 but not
for p = 2 (L(G) | By = W(02)%/11%/10'° /0116 /00'Y). Hence X satisfies the conclusion of Theorem

only when p > 2. O
10 Tables

Here we give the Tables from Lemma B3] Theorem B.4] and Theorems 1-3. The notation used is
explained in Section 2l All of the subgroups listed in Theorems 1-3 are either maximal and hence
found in Theorem [B.I] or an M-irreducible subgroup for one of the maximal connected subgroups
M. Details of these can be found in Sections 4—6. For some subgroups we give a reference to the
subsection they are defined in. We should also explain where all of the restrictions for Vag, Var,
Ve and L(G) come from. Theorem B.1] gives the composition factors for the maximal subgroups.
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From these it is just a case of restricting to the M-irreducible subgroups. This is a mainly routine
calculation, and lots of them have been carried out already. Specifically, in [14, Tables 8.1-8.7],
the composition factors are given with some restrictions on the characteristic. However, even in
the characteristics not covered, it is still possible to deduce the composition factors. Sometimes we
give a composition factor as a Weyl module, which will be reducible in certain characteristics. The
Weyl modules package for GAP, by S. Doty, can be used to determine the composition factors of
these reducible Weyl modules. For convenience, Appendix A has a table listing all of the reducible
Weyl modules that occur in Tables [(HITl which have a trivial composition factor.

Table 7: The simple, connected irreducible subgroups of G2 of rank at least 2.

Irreducible subgroup X Comp. factors of V7 | X Comp. factors of L(Gs) | X
Ao 10/01/00 W(11)/10/01
Ay (p=3) 11 11/30/03/00

Table 8: The simple, connected irreducible subgroups of £y of rank at least 2.

Irreducible subgroup X Comp. factors of Vog | X Comp. factors of L(Fy) | X

B, W (1000)/ 0001/ 0000 W (0100)/ 0001

Dy 1000/ 0010/ 0001/ 00002 W (0100)/ 1000/ 0010/ 0001

Cy (p=2) 0100 2000/ 0100,/ 0001/ 00002

Dy (p=2) 0100 0100/ 2000/ 0020/ 0002,/ 0000?

G2 (p=T7) 20 01/11

A2 — AQAQ via

(10, 10) W(20)/ W (02)/10/01/ W (11) W(11)2/ W (21)/ W(12)/10/01

(107, 1011) (rs = 0) 1007 @ 1001/ 0107 @ 011s]/ ( D w100 @ w(02)lsl/
W(11)] T @ W(20)

(10,01) (p # 3) 11%/00? 14/W(3 )/ W (03)

(1071, 016]y (s = 0) 100 @ 0161/ 011 @ 1001/ W(11)[7"1/ (1 ) sl /10l @ W (20) 151/
W(11)ls W (02)ls!

By — B3 (p = 2) via:

(10,100 (r # 0) 10/ 10"/ 01 @ 0171/ 002 10/ 10"/ 02/ 02"/ 10 @ 10071/

01 @ 0111/ 00*
(10,02) 10/ 02/ 11/ 002 10/20/022/11/ 12/ 00*
(10,02 (r # 0) 10/ 01"t/ 01 @ 101/ 002 10/ 01"+ /02/ 100"t /01 @ 1071/

10 ® 01[+1 /00*
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Table 9: The simple, connected irreducible subgroups of Fg of rank at least 2.

Irreducible subgroup X Composition factors of Vo7 | X

Composition factors of L(Es) | X

F W (0001)/ 0000 W (1000)/ W (0001)

Cy W (0100) W (2000)/ W (0001)

Di<Fy (p=2) 0100/ 0000 2000/ 0020/ 0002/ 01002/ 00002
Gy W (20) W(01)/ W(11)

Ay (p>3) W(22) W(11)/ W (14)/ W (41)

A2 — AQ/IQ < A2G2 (p = 3) via:

(1071 100y (s = 0)

1007 @ 11051/ 02l

1107 /110 @ 11681/ (11051)2 / 30s)/
03151/ 002

Ay — A3 via:
(10,10,01)

(10,10, 10 (r # 0)
(10, 10,011y (- #£ 0)
(10,1011, 01) ( # 0)
(10, 1011 101 (r £ 0)
(10,107, 010) (r £ 0)
(10,017, 010y (r £ 0)
10,107, 10[¢))
0<r<s)

10,107, 01l¢))
0<r<s)

10,0107, 1050y
0<r<s)

10,0107, 01s))
0<r<s)

o~ o~~~ S~

10/ 01/ W (20)/ W(02)/ W (11)/
00

W (11)/10 ® 0111/ 10" @ 01/ 00
W (11)/10 ® 10/ 016" @ 01/ 00

10 ® 0107/ W (02)/10/ 10" ® 10

102010/ 10 @ 01/ W (1) /00

10 ® 0111 /01 @ 01071 w(20)Ir]/
01l"]

10® 101 /01 @ 01/ W (11)I" /00

10 ® 0107 /01 ® 1061 / 101! © 01[5]
100107 /01 @ 01641/ 101" @ 1008
10 ® 101" /01 @ 100!/ 011" & 011!

10 ® 10" /01 @ 0165/ 011" @ 101!

W (11)3/102/012/ W (20)/ W(02)/
W (21)) W(12)

w(11)2/ w1/ w(20) ® 10071/
01 @ 10/ W(02) ® 0111/ 10 ® 011"]
w112/ w1/ w(20) @ 01ll/
01 ® 01/ W (02) ® 10"/ 10 ® 101!
w2/ wanllywal) o 1ol
1o/ w(11) @ 011/ o1l

w(11), (w@anih2/weol ¢ 10/
0107 © 10/ W (02)I7 @ 01/ 10" 01
w11/ (wanhz/wanltl e 10/
10/ wanlleo1/01

w(11)/ (WD, wo2)ll @ 10/
10 @ 10/ W (20)I" @ 01/ 01" @ 01
w1/ w@anllyw(i)kl,

10 ® 10" @ 1061/ 01 ® 011" & 01!
w1/ w@anllyw(i)kly

10 ® 10" @ 0151/ 01 ® 011" & 10[*]
w(11)/ w(anrl/ wn)kly

10 ® 0107 @ 10051/ 01 ® 10" © 0105
w11/ w(anrl/ wn)kly

10 ® 0107 © 01651/ 01 ® 10" ® 1005

Table 10: The simple, connected irreducible subgroups of E- of rank at least 2.

Irreducible subgroup X Composition factors of Vsg | X

Composition factors of L(E7) | X

Az 0100000/ 0000010 W (1000001)/ 0001000
Dy (p>2) 01002 0100/ 2000/ 0020/ 0002
Ay — flgAgk) < AyAs (p #2) (see §6.2)) via:

(10,10) (p > 3) 30%/03%/112 111/ W (22)3/30/ 03
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(107, 1011) (rs = 0) 100" @ 200!/ 011" @ 02(¢1/ wantlywankl w2/

W (30)81 /W (03)1] 010 @ 21651/ 107 12051
(10,01) 10/01/ W (30)/ W(03)/ 21/ 12 W(11)2/20/ 21/ W (31)/ W (22)/ 02/
12/ W (13)
(107, 0181) (rs = 0) 100" @ 020/ 011" @ 20(¢1/ wantlywantsl w2/
W (30)81 /W (03)1] 107 @ 2101/ 010 & 121¢]

Gy — Go9Gy < GoC4 (p = 2) via:
(101, 105y (rs = 0) 10 @ 101!/ 200%1 / (10012 / 002 011/ (01sh2/ 100" @ 01! / 20051 / 00

Ay (p>5) W (60)/ W (06) W(44)/ 11

Table 11: The simple, connected irreducible subgroups of Eg of rank at least 2.

Irreducible subgroup X Composition factors of L(Eg) | X

Dg W (01000000),/ 00000010

B W (0100000)/ W (1000000)/ 0000001
By(1) (see 7.1 W (0100)/ W(0010)/ W (1001)
By(1) (p # 2) (see §7.1) 0100/ W (2000)/ 00102

As (p #2) 101%2/210/ 012/ W (111)?2

Dy < D3 via:

(1000, 10001"1) (r #£0)  W(0100)/ W (0100)1 / 1000 @ 1000I"! /0010 ® 0010[) / 0001 ® 0001
(1000, 10007) W (0100)2/ 1000/ 0010/ 0001/ W (1010)/ W (1001)/ W (0011)

(1000, 10001™) ( #£ 0)  W(0100)/ W (0100)1 / 1000 ® 0010"! /0010 ® 0001[! / 0001 © 1000"]
(1000, 100041) (r #0)  W(0100)/ W (0100) / 1000 @ 1000"! /0010 ® 0001 / 0001 ® 0010

B3 — B3B3 < D3 via:
(100, 1001 (r # 0) W(010)/ W (100)/ W (100)} / W (010)"1 / 001/ 0011 / W (100) @ 00117/
001 ® W (100)l"! /001 ® 001"

Ay = A3 < D3 (p # 3) via:

(10,10 (r # 0) 11/ W (30)/ W(03)/ 111/ W (30)Il/ w(03)[" / (11 @ 1111)3

(10,01) (r #0) 11/ W (30)/ W(03)/ 111/ w (30)"1 / W (03)I")/ (11 @ 1117])3

By — B2(%) (see T.1)) via:

(10,10 (r # 0) W(02)/ W(02)I'/ W (10) @ W (02)I) W (02) @ W (10)" /01 @ W (11)[")/
W (11) ® 01l

(10,02) (p = 2) 10%/01%/20%/026/21/122/30/ 03/ 13/ 04/ 00*2

(10,027 (p = 2,7 #0) 10*/022/ (02[')*/ (2002 /02 @ 021" / (10 ® 022 /10 @ 20071 / 01 @ 1271/
11 ® 100"/ 008

By — B3(1) (p #2) (see §71) via:

(10, 1007y (r # 0) 02/ 02"/ W (20)/ W (20)"/ (10 @ 0212/ (02 @ 10[7)2
BQ — BQBQ < A3D5 (p > 3) via:
(10, 10) 026/10%/ W (20)2/ W (12)*

(107, 10181) (rs = 0) 0207/ (02612 / 1007/ w (12) [ / 100 @ 0251 / (011 @ W (11)15])2
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By — B3 (p > 3) via:
(10, 101 1001)
0<r<s)

02/ 10/ 10/ 1081/ 02071 / 02051 / 10 @ 10171 / 10 @ 100 / 1007 @ 10051/
(01 ® 01" ® 0101)2

Ag

W (10000001)/ 00100000/ 00000100

Ay — A3 via:
(1000, 1000)

(1000, 10001 (r # 0)

(1000, 0001y (r # 0)

W (1001)2/ 1000/ 0001/ 0100/ 0010/ W (1100)/ W (0011)/ W (1010)/
W (0101)

W(1001)/ W(1001)1 /1000 ® 0100"! /0100 ® 000111 / 0001 ® 0010[] /
0010 ® 1000"]

W (1001)/ W (1001)[") / 1000 ® 0010 / 0100 @ 1000"! / 0001 @ 01000/
0010 ® 0001

Ay — Al via:
(10, 10, 10, 01)
(r #0)

(10,100, 107, 0107)
(r #0)

(10, 10, 1077, 100)
(r #0)

(10, 10, 1077, 010)
(r #0)

(10,10, 10", 100))

0<r<s)

(10,01, 107, 100))
0<r<s)

(01,10, 101" 100])
0<r<s)

(01,01, 101", 100])
0<r<s)

(10,1007, 107, 1015))
0<r<s)

(10,1007, 010, 10l5))
0<r<s)

w(11)3/ w@anll/10%/012/ w(20)/ W(02)/ W(21)/ W(12)/ 10" / 01171/
1010 /01 @010 /10 @ 0167/ 01 @ 1017/ W (20) ® 1001/ W (02) @ 01171/
W(20) ® 01"/ W (02) @ 100/ W (11) @ 10/ W (11) @ 01"]

w(11)/ (W3 10/ 01/ w(20)H/ w02)l/ w2n)ll/ w(12)i)
(102 / (012 /10 @ 1007/ 01 ® 0111 /10 @ 0107 / 01 @ 10071/

W (20)" @ 10/ W(02)l @ 01/ W (20)l" @ 01/ W (02)l" 10/

wanrl e 10/ Wl e ol

w(11)2/ (w(anrh?/10e w20 /102010 /01 W(02) /01 @ 107/
10 W(1nlrl/10/01 @ w(1)lr/ 01/ w(20) @ 01l /01 ® 01171/

W(02) ® 100" /10 @ 1007/ W (11) @ 1007/ 1017/ W (11) ® 01171/ 01[7]

W (11)2/ (wanlh?/10 2w/ 10/ 01 @ wan)ll/ o/

10 ® W (02)I /10 ® 1001/ 01 @ W (20)I"1/ 01 @ 011"/ W (20) ® 1071/

01 ® 100/ W (02) ® 01" /10 ® 0101/ W (11) @ 1007 / 1011/ W (11) @ 011]/
01l"]

w112/ wanrlywankl/ 10 100 @ 106/ 01 @ 011 @ 01651/

10 ® 0107 @ 1001 /01 @ 1001 @ 01651/ W (20) @ 01551/ 01 @ 01l]/

W(02) ® 1011 /10 @ 101/ W (11) ® 1001/ 1007/ W (11) @ 01071 / 0117
w2/ wanrlywai)lkl/o1 @ 10 @ 106/ 10 @ 0107 @ 01l¢l/

10 ® 0107 ® 10051/ 01 ® 100 @ 0161/ W (11) ® 0181/ 0111 / W (11) ® 10081/
1061/ W (20) ® 100"/ 01 ® 100/ W (02) ® 0107/ 10 @ 017

w112/ wanrlywnkl/10 @ 100 @ 10681/ 01 © 011 @ 0161/

01 ® 017 ® 1061 / 10 @ 100" @ 0105l W (11) @ 0165/ 01151 / W (11) @ 1001/
1061/ W (02) ® 1011/ 10 @ 1007/ W (20) @ 01071/ 01 ® 0117]

w2/ wanrlywankl/o1 @ 100 @ 10681/ 10 © 010 @ 0161/

01 ® 017 @ 10651 / 10 ® 100" @ 01ls) ) W (02) ® 0165/ 10 @ 010]/

W (20) ® 1005/ 01 @ 1065l W (11) ® 100/ 1011/ W (11) @ 0111/ 0107
w(11)/ (wanth2,wankly w20 100/ 0107 @ 100/

W (02) @016 /100 @ 01651/ 10 ® 0107 @ 100!/ 01 @ 101" @ 01051/

10 ® 10" @ 01051/ 01 @ 01 @ 10181/ 10 ® W (1)1 110/ 01 @ W (11)[7)/ 01
w11/ (wanth2,wan)kly wai)rl e 1ol /10l w(11)0 @ 01651/
01ld/10 @ 10 @ 1011/ 01 ® 011" ® 0105/ 10 @ 10l © 01151/

01 ® 01" @ 1061 /10 @ W (02)I"1/ 10 ® 1011 /01 @ W (20)I"1 /01 @ 010"
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(10,011 1007, 10())
0<r<s)

(10,017,017, 10l
0<r<s)

(10,1007, 100!, 10(5))
0<r<s)

(10, 1011, 1001, 0105y
0<r<s)

(10, 1071, 01l% 0[5y
0<r<s)

(10,1007, 016!, 01y
0<r<s)

(10,1007, 1001, 100)
0<r<s<t)

(10, 1011 1001, 0114
(0<r<s<t)

(10, 1071, 01051 108
0<r<s<t)

(10,1007, 0101, 01[4)
O<r<s<t)

(10,0107, 1001, 100)
O<r<s<t)

(10,0101, 1051, 0118
(0<r<s<t)

(10,0117 0161, 10[4)
(0<r<s<t)

(10,0107, 0101, 0104
O<r<s<t)

w(11)/ (wanth2,wanlklywani e 1ol /10l w11)lr @ o1kl
016l /10 ® 011" @ 1005/ 01 ® 101" ® 0111 / 10 ® 011" @ 01151/

01 ® 10" @ 1011 / 10 ® W (20)I"1 / 10 @ 0117/ 01 @ W (02))/ 01 @ 1007]
w(11)/ (wanth2,wankly w02)" 100/ 1007 @ 100/

W (20)" @016/ 010 @ 01651/ 10 @ 1007 @ 100/ 01 @ 011" @ 01051/

10 ® 01" @ 0105 /01 @ 10 @ 10181 / 10 ® W (1)1 10/ 01 @ W(11)[)/ 01
w(11), wanlly (w1)kh2/ 100 @ w(20) /1007 @ 01l

017 @ W (02)1 /010 @ 10041/ 10 @ W (1) / 10/ 01 @ W (11)s]/ 01/

10 ® 107 @ 0151 /01 ® 011 @ 100! / 10 ® 011 ® 10051 / 01 @ 1007 @ 011¢]
w1/ wanll, (wan)kh2/ 100l @ w100/ 010 @ w(11)ll/
01/10 @ W(02)k1/ 10 ® 1061/ 01 @ W (20)[s)/ 01 @ 01ls)/

10 ® 1007 @ 10051 /01 @ 010 @ 0161/ 10 ® 011 @ 1005/ 01 ® 10I"! @ 010!
w1/ wanll, w2/ 100l @ w100/ 010 @ w(11)kl/
01 /10 @ W(20)k¥1/ 10 ® 01551/ 01 @ W (02)[s)/ 01 @ 10l*)/

10 ® 1007 © 01651 /01 @ 016 @ 10181/ 10 ® 01" @ 0105/ 01 ® 10["! © 100!
w(11), wanlly (wa)kh2/ 100 @ w(02) /1007 @ 100/

010 @ W (20)ls1 /01l @ 01151/ 10 @ W (1)1l / 10/ 01 @ W (11)[5] / 01/

10 ® 10" @ 10651/ 01 ® 011 @ 0105/ 10 ® 01" ® 01851 / 01 ® 10T @ 100!
w11, wanrlywanbl /w10 @ 106 @ 108/

017 01 © 01 /10 @ 01 @ 101/ 01 ® 10 ® 01¥ / 10 ® 10V @ 0114/
01 ® 01" @ 101/ 10 ® 011" @ 10141/ 01 @ 10 @ 011¢]

w1 wanltlywanklywani/ 10l @ 108 @ 01

0107 @ 015 @ 101 / 10 ® 0115 @ 0111 / 01 ® 1018 ® 101 / 10 ® 1007 @ 10t/
01 ® 01" ® 0111 /10 ® 011" ® 1018/ 01 ® 1007 @ 011!

w1 wanltlywanklywani/ 1ol @ 01 @ 10

01" @ 10081 @ 0111 /10 @ 1005) @ 100 / 01 ® 018 @ 0111/ 10 @ 10" @ 0111/
01 ® 01" @ 101/ 10 ® 011" ® 0161/ 01 ® 107 @ 10l]

w(11)/ wanl/ wankl/ wan /1o @ o1l @ 01/

0107 @ 105! @ 101 / 10 ® 108! ® 011/ 01 ® 018 @ 101 / 10 ® 1007 @ 100t/
01 ® 01" @011 /10 ® 01" @ 0114 / 01 ® 10l @ 100!

w1/ wanrl/wankly want /o1l @ 106 @ 101t/

10 ® 016! ® 0111 /10 ® 018 ® 101 / 01 ® 1065) ® 011/ 10 ® 011" @ 01181/
01 ® 10" @ 101 /10 ® 10" @ 101! / 01 ® 011" @ 0105

w11, wanrly wankl /w01l 106 @ 011/

10 @ 0111 @ 10 /10 @ 0105 @ 0111 / 01 ® 1015 @ 101 / 10 ® 011 & 1081/
01 ® 10" @ 0111/ 10 ® 10" @ 10141/ 01 ® 01" @ 011

w11, wanrly wanikl/wan) /o1l @ 01l @ 108/

101" @ 1005) © 011 / 10 @ 101 @ 10/ 01 @ 0105) ® 011 / 10 @ 011" @ 0111/
01 ® 10" @ 1011/ 10 ® 10" ® 0111/ 01 ® 01" @ 10l

w11/ wanl/ wankl/ want /o1l e o1l @ 011/

10 ® 106 @ 1011 /10 ® 100! @ 0111 /01 ® 0105) @ 101 / 10 ® 011" & 10181/
01 ® 10" @ 0111 /10 ® 107 @ 011 / 01 ® 011" @ 100!

Ay — AQAQ < AQEG (p > 3) (see m via:

(10, 10)

W (11)2/ W (41)/ W (14)/ W (32)/ W (23)/ W (13)/ W (31)/ W (21)/ W (12)
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(1071 100]y (s = 0) wanrywansly w4l w4l /100 @ w(22)k /010 @ W (22)l]
Ay — AQAQAQ < AQAQGQ (p = 3) (see m via:
(10l 10051, 10t 110771100 7 (11082 / 110 @ 118/ 30[) / 0318 / 1007 @ 20051 / 0107 @ 02051/
(rst = 0) 107 @ 016 @ 1118/ 0107 @ 100! @ 1114/ 003
(107, 10,100y (r £ 0) (113711711 @ 1101/ 3007 /0311 /1007 @ 20/ 010 @ 02/ 2117 @ 01/
02l ® 01/ 12" © 10/ 201" @ 10/ 00°
(10,101 10) (r # 0) 113711 /11 @ 1167 /30/ 03/ 10 @ 20071/ 01 ® 0271/ 21 @ 01171/ 02 ® 0111/
12 ® 101" /20 @ 1007 / 003
(1011, 0161 100 1107/ 1161/ (11[8)2/ 116 @ 111/ 3011 / 030 / 100 @ 020! / 0117 & 2001/
(rst =0) 1017 @ 106 @ 1118/ 010 @ 011! @ 110/ 003
(10, 010, 10) (r #£0) (1127112711 @ 1101/ 30/ 03/ 1217/ 01171 / 21171 / 1007 / 201 @ 11/
01" @ 11/02M @ 11/1007 © 11/ 003
(10,01, 1007y (- # 0) 112/ (112 /11 @ 1107 /3007 70301 / 12/ 01/ 21/ 10/ 20 @ 111/ 01 @ 1117/
0211017 /10 ® 1171/ 003
(10, 01,100y (r £ 0) (113711711 @ 1101/ 3007 /031 /1007 © 02/ 010 @ 20/ 2167 @ 10/
02l 10/ 12l © 01/ 201" ® 01/ 00°
(10,017 10) ( # 0) 113711 /11 @ 1107 /30/ 03/ 10 ® 0217/ 01 ® 20071 / 21 @ 10071/ 02 ® 10071/
12 ® 011"/ 20 @ 0107/ 003
G2 — G2G2 < G2F4 (p = 7) via:
(1071 100]y (s = 0) 0171007 @ 2005/ 011 / 111¢]
By (p>5) 02/ W(06)/ W (32)
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Appendix A Levi subgroups and reducible Weyl modules

We give tables of composition factors for Levi subgroups with each simple factor of rank at least 2,
for G = Fg, E7 and Eg. If L' is simple then these can be found in [14] Tables 8.1-8.3, 8.6, 8.7]. If
L' is not simple then the composition factors can be deduced from those of a maximal subsystem
subgroup containing L’. We also give the composition factors of the reducible Weyl modules (with
at least one trivial composition factor) which appear in Tables [[HI4]
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Table 12: The composition factors for the action of Levi subgroups (with no rank 1
simple factors) of Fg on Vo7 and L(Eg).

Levi L' Comp. factors of Vo7 | L’  Comp. factors of L(Eg) | L'

Ds A1/ A4/ 0 W(X2)/ A1/ A5/ 0

Dy 1000/ 0010/ 0001/ 00003 W (0100)/ 10002/ 00102 / 00012 / 00002

As /N WAL+ A5)/ A2/ 03

Ay 10002 /0010/ 0001/ 00002 T/ (1001)/ 1000/ 01002/ 00102 / 0001/ 0000*

Az 100%/ 0012/ 010/ 000° W(101)/ 100*/001*/010%/ 0007

Ay 10%/013/00? W(11)/10/019/00'6

AsAs  (10,01)/(00,10)3/(01,00)* (W (11),00)/ (00, W (11))/ (10,10)3/(01,01)3/ (00,00)®

Table 13: The composition factors for the action of Levi subgroups (with no rank 1
simple factors) of E; on Vs and L(E7).

Levi L' Comp. factors of Vi | L' Comp. factors of L(E7) | L'

Eg A1/ Xg/ 02 W(A2)/ A1/ X6/ 0

Dy A/ As W(X2)/ A3/ 07

Ds A2/ Ay/ X5/ 0% W (Xa)/ X2/ X2/ A2/ 0%

Dy 10002/ 00102/ 00012/ 00008 W (0100)/ 1000*/ 0010*/ 0001*/ 0000?

Ag A1/ A2/ As/ A WAL+ X6)/ A1/ A3/ Aa/ A6/ 0

As )\3/)\3/)\3 WA+ Xs5)/ A3/ A3/ 08

Az A2/ X/ Xaf N2/ 02 WAL+ As5)/ AT/ Ao/ A3/ Aa/ M3/ 0

Ay 10003 /0100/ 0010/ 00013/ 00005 W(1001)/ 1000*/ 01003/ 00103/ 0001/ 0000°

Az 100*/001%/ 0102/ 000'2 W (101)/ 1008/ 0018/ 010° / 000*®

Ay 109/ 016/ 002 W(11)/10'%/011°/ 003

AzAy (1000, 10)/ (0000,10)/ (0001,01)/ (W (1001),00)/ (1000,00)/ (0001, 00)/
(0000,01)/ (0100, 00)/ (0010, 00) (0000, W (11))/ (0010, 10)/ (0001, 10)/ (0100, 01)/

(1000,01)/ (0000, 00)

AzAs  (100,10)/ (000, 10)2/ (001,01)/ (W(101),00)/ (100, 00)2/ (001, 00)2/
(000, 01)2/ (010, 00)2/ (100, 00)/ (000, W (11))/ (010 10)/ (001, 10)2/ (000, 10)/
(001, 00) (010,01)/ (100, 01)2/ (000,01)/ (000, 00)*

AsA>  (10,10)/(00,10)%/(01,01)/ (W(11),00)/ (00, W(11))/ (10,10)*/ (01,01)*/
(00,01)3/(10,00)3/ (01,00)3/ (10, 01)/ (01,10)/ (10,00)3/ (01,00)3/ (00, 10)3 /
(00,00)2 (00,01)3/ (00, 00)°

Table 14: The composition factors for the action of Levi subgroups (with no rank 1

simple factors) of Eg on L(Eg).

Levi L/ Composition factors of L(Eg) | L'
E; W(A1)/ A2/ 03

Ee W(A )/A?’/)\ / 0°

D W(A2)/ AZ/ Ae/ A7/ 0

Dg W(A2)/ A1/ A3/ NG/ 0°
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Az As

Az Ay

As Ay

W(A2)/ X§/ AL/ AR/ 015
W (0100)/ 10008 / 00108 / 00018 / 000028
W (AL + M)/ A1/ X2/ X3/ A5/ Xe/ A7/ 0
W (A1 +X6)/ A/ A5/ As/ daf A5/ NG/ 0F
WAL+ As5)/ A6/ A3/ A2/ A3/ A8/ o1
W (1001)/ 1000*° /0100 / 0010° / 0001'° / 000024
W(101)/100% /0016 / 01010/ 000
W(11)/10%7/ 0127/ 0078
(A2),00)/ (0, W(11))/ (A1,10)/ (A1,01)/ (A4, 01)/ (A4,00)/ (A5, 10)/ (A5,00)/ (0,10)/
0,01)/(0,00)
(0100), 00)/ (0000, W (11))/ (1000, 10)/ (0010, 10)/ (0001, 10)/ (1000, 01)/ (0010,01)/
0001,01)/ (1000, 00)2/ (0010,00)2/ (0001, 00)2/ (0000, 10)3/ (0000, 01)3 / (0000, 00)?
(1001),000)/ (0000, W (101))/ (1000, 100)/ (1000, 010)/ (0100, 001)/ (0100, 000)/
0010, 100)/ (0010,000)/ (0001,001)/ (0001,010)/ (0000, 100)/ (0000, 001)/ (0000, 000)
(1001), 00)/ (0000, W (11))/ (1000, 10)2/ (1000, 01)/ (1000, 00)/ (0100, 01)/
0100,00)2/ (0010, 10)/ (0010,00)?/ (0001, 01)/ (0001, 10)/ (0001, 00),/ (0000, 10)2/
0000, 01)2/ (0000, 00)*
(101),000)/ (000, W (101))/ (100, 100)/ (100,010)/ (100,001)/ (100,000)2/ (010, 100)/
010 001)/(010,000)2/(001,001)/(001,010)/(001,100)/(001,000)2/(000,010)2/
000, 100)2 / (000, 001)2/ (000, 000)?
(101),000)/ (000, W (11))/ (100, 10)?/ (100,01)2/ (100,00)*/ (010, 10)/ (010,01)/
010,00)*/ (001, 10)2/ (001,01)2/ (001, 00)*/ (000, 10)3/ (000, 01)>/ (000, 00)”
W (11),00)/ (00, W (11))/ (10,10)3/(01,01)3/(10,01)3/ (01,10)3/ (10,00)°/ (01,00)°/
0

W
(
w
(
w
(
w
(
(
W
(
(
w
v
(00,10)?/(00,01)?/ (00,00)*6

Table 15: The composition factors of some reducible Weyl modules that have a trivial

composition factor.

Group P High weight A Composition factors of W (\)
Ay pln+1 A+ AL+ A\ /0
B, (n>2 2 A1 A1/0
B, (’I’L > 2 2 /\2 /\2/)\1/0(71,2)
Dn 2 /\2 /\2/0(71,2)
Ay 2 31 3A1/0
3 4N + )Xo 4)\1—1—)\2/3)\1/3)\2/)\1—1—)\2/0
By 2 22 2X2/ 1 /02
B, 2 A3 A3/A2/A1/0?
3 2A1 201/0
o 2 21 201 /A2 /0?
2 Ao A2/0
3 A A4/0
Go 7 2)\1 2X1/0
Fy 3 A A4/0
Eg 3 Ao A2/0
By 2 A1 A1/0
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