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Abstract

Geometrically, the main goal of this thesis is to refine the classification of
minimal surfaces S with Kg =7 and py = 4 due to Ingrid Bauer and published in
her monograph Surfaces with K% =7 and p, = 4 (cf. [Bauer]). She found that they
belong to 10 families according to the behaviour of the canonical map ¢k,. The
10 families form 3 irreducible components of moduli, but the details of how this
happens remained unknown except for a few particular cases.

Our treatment consists in studying the abstract canonical model Proj R(S, Kg),
where R(S,Ks) = @ H°(S,05(nKg)) is the pluricanonical ring. Except when
|Kg| is base point frgez,othese rings are Gorenstein of codimension > 4. We show that
the only previously known deformation family of such rings (constructed by Bauer,
Catanese and Pignatelli in [Bauer et al]) relating the 2 families with ¢k birational
can be recovered using basic arguments about halfcanonical curves. Our techniques
also allow us to construct new explicit flat families for cases on which ¢k is not
birational. In particular, we construct a 1-parameter flat family of Gorenstein rings
with general fibre of codimension 4 and special fibre of codimension 6. At the end
we discuss possible applications of our methods to the cases on which |Kg| defines a
2-to-1 map to a quadratic surface. We conjecture that the moduli space of surfaces

with ng =7 and py =4 is connected.



Chapter 1

Introduction and Preliminaries

This chapter introduces the notation and well known results used in the rest of the
thesis. It also discusses the motivation leading to the geometric problems we are

interested in.

1.1 Notation and conventions

The base field will always be the field of complex numbers C, most of the times

denoted simply by k.

A variety is an integral separated scheme of finite type over k; a curve is a
variety of dimension 1, a surface is a variety of dimension 2, etc. Usually I will use

the letters C' and S for referring to a curve and a surface respectively.

I will write P" and A" for the n—dimensional projective and affine spaces
over k. In this work however, the varieties will be more conveniently embedded in
a weighted projective space (w.p.s.); the notation P"(wil, ..., w'), where i1y =
n + 1, stands for the w.p.s. corresponding to the Proj of the ring k[xo,...,x,] with

its grading induced by the k*—action on k" \ {0} given by
A-(ag,y .. yan) = (Aag, ..., A gy, oo, A a1y, - A ay).

Now, let X be a nonsingular variety, Y c¢ X a nonsingular hypersurface,
D, Dy, Dy divisors on X and write Ox(-) for the corresponding invertible sheaf.
Then I write:

e Dy ~ Dy for linear equivalence of divisors.



H%(ny Dy +nyDs) where ny,ns € Z, as a short for
H°(X,0x(D1)®™ ® Ox(D2)®"),

whenever X is clear from the context.

D|y or sometimes simply Dy for the restriction of the divisor D to Y.

In case X = S is a surface, D1 Dy denotes the intersection number.

In case X = C is a curve, deg(D) denotes de degree of the divisor D.

hi(D) stands for the dimension of H°(X,0x (D)) as a k—vector space.
x(D) for the Euler characteristic of the sheaf Ox (D), that is, YL, (~1)*h*(D).
|D| for the linear system in which D moves.

r(D) or simply r if there it is clear by the context, for the dimension of |D|,
that is, h%(D) - 1.

. ) .
wp for the rational map X ---» P", in case r > 1.
gy for a linear system on a curve, of degree d and dimension 7.
K x for a canonical divisor of X.

If X =S is a surface, I write p, = py(S) = h°(Kg) for its geometric genus
and g = q(S) = h'(Kg) for its irregularity. If X = C is a curve, usually
g = g(C) = h®(K¢) will denote its genus. Notice that Serre duality allows
us to define in an equivalent way p, = h*(Ogs), q¢ = h*(Og) and similarly for

curves.

R(X, D) stands for the full graded ring of sections of the divisorial sheaves
Ox(TLD):
R(X,D) =@ H*(X,0x(nD)).

n>0
In particular R(X,Ky) and R(X,-Kx) are called the canonical and anti-
canonical rings respectively. If D is a divisor satisfying 2D ~ Kx (D is a theta
characteristic, semicanonical/halfcanonical divisor, etc.), the ring R(X, D) is

called a halfcanonical ring on X.

The notation S*(x1,...,z,) stands for the set of monomials of degree a on

the x;s.



1.2 Basic facts and formulas

Here I state the results that will be used more frequently during the thesis. Since
all of them are very well known, I omit giving any specific reference for their proofs.
The reason for citing them is to make things clear afterwards, when I will simply

write by Clifford’s theorem, etc.
Theorem 1.2.1. (Riemann-Roch for curves) Let C be a nonsingular projective
curve and D a divisor on it. Then

X(D)=1-g+deg(D).

Remark The equality from previous theorem can be rewritten using Serre’s duality
as:
K (D) - h(K¢c - D) =1-g+deg(D).

Theorem 1.2.2. (Riemann-Roch for surfaces) Let S be a nonsingular projective

surface and D a divisor on it. Then
1
X(D) =x(0s) + 5 D(D - Ks).

I will write simply R-R for referring to a Riemann-Roch theorem.
Theorem 1.2.3. (Adjunction formula) Let X c Y be a nonsingular hypersurface
on a nonsingular variety. Then

KX2(Ky+X)|X.

More generally, if Y is a Cohen-Macaulay variety and D is an effective
Cartier divisor on'Y, then
wp = wy(D) ® Op

1 a dualizing sheaf for D.

Corollary 1.2.4. If C c S is a nonsingular curve contained in a nonsingular sur-
face, then:

29—22 (Ks-i-C)C
and the same is true for any curve C' if we replace g for the arithmetic genus p,(C).

Theorem 1.2.5. (Bertini’s theorem) Let X be a nonsingular projective variety and
|D| a linear system on X with no fized part. Then the general member of |D| can

only have singularities at the base locus.



Theorem 1.2.6. (Castelnuovo’s base point free pencil trick) Let C' be a smooth
projective curve, L an invertible sheaf on C and F a torsion free Oc—module. Sup-
pose that {s1,s2} is a linearly independent set of sections of L and denote by V the
subspace of HY(C, L) it spans. Then the kernel of the cup-product map

Ve H'(C,F)— H°(C,FeL)
is isomorphic to H*(C, F® L™*(B)), where B is the base locus of the pencil spanned

by s1 and sa.

Theorem 1.2.7. (Clifford’s theorem) Let C' be a smooth projective genus g curve
with an effective divisor D of degree d with d <2g—1. Then

r(D) <d/2.

Moreover, if the equality holds, then either D is zero, D is a canonical divisor or C

is hyperelliptic and D 1is linearly equivalent to a multiple of a hyperelliptic divisor.

Remark A curve is called hyperelliptic if it admits a hyperelliptic divisor, that is,
a divisor D with deg(D) = h°(D) = 2.

Theorem 1.2.8. (Max Noether’s theorem) If C' is not hyperelliptic, then the mor-
phisms
Sym‘H(K¢) — H°((K¢)

are surjective for £ > 1.

1.3 Classical Surface Theory background

Let S be a projective surface. Recall that the Kodaira dimension of S, denoted by
k(S), is defined to be

o(S) = Tri[R(S,Ks)] -1 if R(S,Kg) %k
I ™ if R(S,Kg) =k,

where Tri[R(S, Kg)] is the transcendence degree (over C) of the canonical ring.

The starting point of the Kodaira-Enriques classification of algebraic surfaces
is noticing the possible values for x(.S) are —o0,0, 1 and 2; surfaces corresponding to
the classes defined by the first 3 values are nowadays well understood, whereas there

is still a huge number of very hard open questions about surfaces with x(5) = 2.



Definition S is said to be a surface of general type if k(5) = 2.

The next step in the classification is given by the following classic result:

Theorem 1.3.1. (Castenuovo’s contraction theorem) Let C' c S be a curve on a
projective surface, such that C = P! and C* = =1. Then there exists a nonsingular

surface So and a morphism

f:8— So,
satisfying:
1. f(C) =P a point in Sp.
2. f:S\{C} — S~ {P} is an isomorphism.
So, the following definitions make sense:

Definition Keeping the notation from previous theorem:
1. C is said to be an exceptional curve of the first kind.

2. If S is smooth and contains no exceptional curves of the first kind, then is said

to be a minimal model.

The fact that every surface of general type can be obtained from a minimal
model after blowing up a finite subset of smooth points, and moreover such minimal
model is unique up to isomorphism, can be consulted in a number of well known
references, (such as Chapter III, sections 4.4-4.6 of [BHPV]), and is one of the main
guiding results on which the celebrated Minimal Model Program for varieties of

higher dimensions is inspired.

Thus, classifying surfaces of general type leads to the study of the unique
minimal model contained in each birational class. The most important numerical
data associated to a minimal surface S is the triplet of integers formed by its geo-
metrical genus py, the irregularity ¢, and the self-intersection number Kg With the

exception of Kg, all of these are birational invariants.

Definition Let S be a minimal surface of general type. The numerical type of S is
the triplet (Kg,pg,q).

Remark The numerical type determines every other classical numerical invariant

of S:



1. The Euler characteristic of the structure sheaf is by definition:
X(Og) =1-q+py.
2. The topological Euler characteristic is (by a classical theorem of M. Noether):

e(S) =12x(0s) - K3

3. The plurigenera P,,,(S) := h°(mKg), m > 2 is (by R-R and Mumford’s vanish-

ing theorem):
m
Pu(8) = x(0s) + () ) %

For every minimal surface of general type S, there exists a unique normal
surface X c PP(5)-1 pirational to S that is obtained contracting to points all the
(-2)—curves of S (that is, curves E c S such that E =P and E? = -2). Such an X
is called the canonical model of S (cf. [Bombieri]) and in this context we know the

following result:

Theorem 1.3.2. (cf.[Gieseker|) There exists a quasi projective coarse moduli scheme

for canonical models of surfaces of general type S with fixed Kg and e(S).

In practice, the approach is to fix a numerical type (Kg, Pg,q) and consider
the subscheme M K200 of the scheme whose existence is given by previous theorem.

MK2 Dg,q
Sgy
ducible components. The ultimate goal in surface theory is to completely describe

Mg

is thus, a quasi projective scheme, in particular, it has finitely many irre-

2 Pod for as many numerical types as possible.
). I

Remark (cf.[Debarre82],[Debarre83],[Miyaoka] and [Yau]) Of course there are re-
strictions for the possible numerical type of a surface of general type; some well

known inequalities involving these numbers are the following;:
o KZ>1.
e (Noether) K2 > 2p, — 4.
e (Debarre) if ¢ > 1, K% > 2p,.

e (Miyaoka-Yau) K2 < 9x(Os).



1.4 Previous work and statement of the problem

The case we want to attack were first seriously studied by Federigo Enriques in
his famous book on algebraic surfaces [Enriques]. There he focuses on the effective
construction of surfaces S, in particular, those with p, = 4 and whose canonical map
YK is a birational morphism onto a singular surface X c P3. The first open case,
corresponding to K% = 7, has attracted the attention of several other mathemati-
cians besides Enriques himself; Franchetta ([Franchetta]), Maxwell ([Maxwell]) and

Kodaira ([Kodaira]) to mention some.

Remark By Debarre’s inequality , it follows that if S is a minimal surface of general
type with p, = 4 and K2 = 7, then S is regular (that is, ¢ = 0). Thus in the

subsequent, we will write simply M7 4 := Mg —4,4=0 for the corresponding moduli

=7:pg
space.

However, it was only until the beginnings of the 2000s when Ingrid Bauer, in
her monograph [Bauer], gave a complete classification of surfaces in 97 4, separating
them into 10 families as stated in the following theorem (for a detailed version,

consult Theorem 5.1, page 51 of [Bauer]):

Theorem 1.4.1. Let S be a smooth minimal surface with Kg =7 and py=4. Then

S belongs to exactly one of the following families:

e Family (0): |Kg| is base point free and the canonical map vk is a birational
morphism from S onto a surface of degree 7 in P3. These surfaces form an

open unirational, irreducible set of dimension 36 in the moduli space My 4.

e Family (I): |Ks| has exactly one simple base point Py. Let m : S — S be
the blowup of S at P1 and let |H| be the movable part of |Kg|. Then we have

the following subfamilies:

— Family (I.1): g, is a birational map. Then ¥ := goﬁ(g) cP?isa

surface of degree 6 with the following properties:

(a) The double curve T c 3 is a plane conic.

(b) If v c P3 is the plane containing T, then ¥ has a generalised tacnode
o€y N1 with tacnodal plane o # 7.

(c) oz(E) = any, where E is the exceptional divisor of the blowup of
P esS.

Apart from rational double points, ¥ does not have other singularities.

The surfaces of subfamily (I1.1) form an irreducible unirational set of

dimension 35 in Mz 4.



— Family (1.2): ¢k, is a map of degree 2 onto a cubic in P? that has only
isolated singularities. These surfaces form an irreducible unirational set

of dimension 33 in My 4.

— Family (1.3): ¢k is a map of degree three onto a quadric in P3. These

surfaces also form an irreducible unirational set of dimension 35 in My 4.

e Family (III): |Kg| has exactly three pairwise different simple base points
Py, Py, P3eS. Letw': §' — S be the blowup of S at Py, Py, Ps, let |H'| be the
movable part of |Kz| and let E; = «'"1(P;) be the exceptional divisors. Then

we have the following subfamilies:

— Family (1I1.a): goﬁ,(g’) =P'xP!, (embedded in P? by the linear system
Ty + Ty|; where F% = F% =0 and I''I'y = 1), and ¢z,(E1), o5.(E2),
0i.(E3) are pairwise disjoint lines. These surfaces form an irreducible

unirational set of dimension 36 in Mz 4.

— Family (I11.3): cpﬁ,(g’) =P'xP! and without restriction o7, (E1), pg.(B2) =
I't, ¢z.(E3) =Ty. These surfaces form an irreducible unirational set of

dimension 38 in Mz 4.

— Family (I11.v): @ﬁ,(g') is the quadric cone. These surfaces form an
irreducible unirational set of dimension 35 in Mz 4 and they are obtained

as degenerations of surfaces of family (IIl.ac).

e Family (F): |Ks| has a non trivial fived part F, with F? = -2 and KgF = 0.
Then, if |H| is the movable part of |Kg|, |H| has exactly one simple base point
X. Let m: S — S be the blowup of S at X and let |H| be the movable part
of |[Kg|. Then ¢g : S — Q is a morphism of degree 2 onto a quadric and
@ (F) is a line. We have the following 2 subfamilies:

— Family (F.1): cpﬁ(g) = P! x PL. These surfaces form an irreducible

unirational set of dimension 35 in Mz 4.

— Family (F.2): @g(g) is the quadric cone. These surfaces form an
irreducible unirational set of dimension 34 in M7 4 and they are obtained

as degenerations of surfaces of family (F.1).

o Family (F’):|Kg|=|H|+F' and here the fived part satisfies F'* = -1, KgF' =
1 and HF' = 2. In this case |H| is base point free and ¢ (S) c P3 is the quadric
cone. These surfaces form an irreducible unirational set of dimension 37 in

M7 4 and they are obtained as degenerations of surfaces of family (II1.3).



Remark In the above Theorem the roman digits indicate the number of base points
of the canonical system |Kg|, whereas the arabic numbers in the case (I) indicate

the degree of the canonical map.

By Kuranishi’s theorem (cf. [Kuranishi]), the dimension of the moduli space
of all surfaces with K2 =7 and pg =4 in a generic point is at least 10x - 2K? = 36.

Whence, the moduli space 97 4 has 3 irreducible components. There are two com-

ponents of dimension 36 that Bauer denotes by Mgy and M (;77.4). As the notation
suggests, the components are the Zariski closure of the sets of surfaces of types (0)
and (I11.«) respectively. The third component, m, has dimension 38 and is
the Zariski closure of the set of surfaces of type (I11.5).

The main result of Bauer concerning the moduli space 97 4 is the following:

Theorem 1.4.2. 1. The decomposition of the moduli space M7 4 in irreducible

components 18:

Mza =My YUM(111.0) YM(111.8)-

2. The surfaces of type (I11.7y) are contained in My N M(171.q)-

3. The two irreducible components M(rr1.o) and M7y have empty intersec-

tion.
Remark It follows that 917 4 has at most 2 connected components.

The next breakthrough came with the joint work of Bauer, Fabrizio Catanese
and Roberto Pignatelli. By the results obtained previously by Bauer, it follows that
is possible to find small deformations of surfaces in (I.1) falling into some of the big-
ger pieces of moduli. In their paper [Bauer et al], they show how a surface in family
(I.1) deforms into one in family (0). The main tool used to find such a deformation
is the antisymmetric-extrasymmetric format, first discovered by Duncan Dicks and
Miles Reid, when they studied surfaces with K2 = 4 and pg = 3. This format is use-
ful for the presentation of certain Gorenstein rings of codimension 4 and has been
used ever since many times to construct explicit deformation families of algebraic
varieties. The format allows to deform the ring into one with codimension 3, which
in our situation corresponds to a canonical surface of family (0). From the graded
ring perspective, the difficulties in getting any other deformation and consequently

a clearer picture of M7 4 are the following:

1. Techniques for constructing the pluricanonical ring R(S, Kg) such as the

Eisenbud-Buchsbaum structure theorem for codimension 3 Gorenstein rings



(useful for family (0) of theorem 1.4.1) or the one given in [Bauer et al] (useful

for family (I.1)) cannot be applied in any of the remaining cases.

2. Even if one manages to construct the pluricanonical ring, there are no formats

that allow us to deform it if its codimension is greater than 4.

Thus, the main problem of this thesis is:

Problem 1.4.1. Can you obtain any other explicit deformation family of rings

relevant to surfaces belonging to the cases described in Theorem 1.4.1¢

1.5 Contents of the thesis
1.5.1 Main results
The main original contributions of this thesis are the following:

e (cf. Theorem 5.1.1). Consider the graded ring R := k[xzg, 1, z2,23,Y1, Y2, 2]/1,
where degx; = 1, degy; = 2, deg z = 3 and [ is the homogeneous ideal generated

by 9 elements defined as follows:

Lot A::( 7 T2 yz)’

x5+ arwory +agxy QY1 2

with Q:= x% +asr1To + a4x% + (asx1 + agrs + azxs)xo + agxg

Q sa197y  3(anzoms + anag) Fazwo
and lot M e Targzd Q2 Tasrad Lasszo ’
5(aroms + anaf) jagrad Q3 53570
Tassxo a8z asszo -1
Q1 = agx% +a10r1r2 +a11r1x3 + algscg +a13T2x3 + a14$§
with +(a15T1 + a16T2 + a1773)T0 + a18T,
Qo= (ag3x1 + 242 + ag5T3)To + A26TE,
Q3= agw1x2 + asoy: + (az171 + aza®2 + agzw3)To + A3477.

The first 6 generators are the 2 x 2 minors of A and the last 3 are the distinct
entries of the symmetric 2 x 2 matrix AM (TA). Then, for a general choice of
parameters a; € C, 1 <i <35, R = R(S, Kg) where S is a surface of general
type with p, = 4 and K 2 = 7 whose canonical map is 2-to-1 onto a cubic surface

in P3, that is, S is a surface belonging to subfamily (I1.2) of Theorem 1.4.1.

10



e In Theorem 5.1.3 we prove that the rings described in the above result are

degenerations of canonical rings of surfaces in the stratum (I.1).

e In Section 5.2 we give a new and simpler proof of the main result obtained
by Bauer, Catanese and Pignatelli in their paper [Bauer et al]. That is, every
surface in stratum (I.1) can be obtained as a degeneration of a surface in
stratum (0).

e Let (1.3) be the stratum formed by surfaces defined as Proj R where R is a

ring of the form:

R = kl:x07x17x27x37y17y27y37217z2]/17

with z;, y; and 2, of degrees 1, 2 and 3 respectively. P is the degree 4 homo-

geneous form:
]_D = ala:gazg + x%Ao + l‘%Al + JJ%AQ + x%Ag + Ill‘gBl + l’gngg, (1.1)

where

AO = agl'% +a3r1rg + a4x1x3 + CL5$% + agxra2x3 + CL7.%':2)),

Aq = agxory + agToT2 + a1096% +aj1r1re + a12$§ +a13y1 + a14Y2 + a15ys3,

Ag 1= a16T0T1 + A17T0T2 + A18TOT3 + A19T1 T2 + A20T1T3 + A21T2T3 + 612236% + a23Yys,
A3 = a4T0T2 + A25T0T3 + A26T2T3 + a271‘;2>, + a28Ys3

By = azgy2 + azoys,

By = az1ys,

ai,...,az; € C and I is generated by the 2 x 2 minors of

1 T2 Y1 Y2 21
T2 T3 Y2 Y3 =2

Yyr Y2 21 22 P

Then every surface in (1.3) has a small deformation to either a surface in (1.3)
or (I.1) (cf. §6.3 and Theorem 6.3.2).

If we make the following definition (cf. §2.3):

Definition Let (x) and (e) be two families of surfaces according to the classification
of Theorem 1.4.1.

11



1. If I write (x) — (e), I mean that there exists a flat family with base a small
disc A; c¢ C whose special fibre is of type e, whose general fibre is of type *

and this family exists for every point of a stratum e.

2. If T write (x)-->(e), I mean that there exists a flat family with base a small
disc A; ¢ C whose special fibre is of type e, whose general fibre is of type

and this family exists only for some points of a stratum e.

Our main results together with the conjectures made in the last chapter of

this thesis lead to the following diagram:

(1.2) (1.3) «—— (1.3)
~o 1
(I11.7) (I.1)
‘\ T
(I1l.a) ¢----- (0) ----- N

— |

Here, the purple arrows are conjectured to exist, whereas the 3 different colours of

(F2) +—— (F.1)

names of the strata indicate the irreducible component of the moduli space they
belong to (cf. §7.1).

1.5.2 Brief description of the chapters

e Chapter 2 describes Reid’s approach to the problem. In short terms, Reid’s
philosophy is that studying surfaces is, because of the hyperplane section prin-
ciple, closely related to the study curves and threefolds. If one is to find the
deformations mentioned in Problem 1.4.1, one should study the canonical ring
R(S,Kg), whose algebraic structure is closely related with that of the half-

canonical ring R(C, Kg|c), where C € |Kg| is a canonical curve.

e In Chapter 3, I start constructing the halfcanonical ring of a canonical curve
of a surface corresponding to the families of surfaces of theorem 1.4.1 whose
canonical system has no fixed part. It turns out that the rings corresponding
to the families (0) and (I), (with the exception of the subfamily (I.3)) have

codimension 3 or 4.
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In Chapter 4, I deal with the cases (1.3) and (III), whose corresponding Goren-
stein rings have codimension 6 and 8, respectively. The algebra of these rings
is much more subtle than that of those studied in previous chapter, but sur-
prisingly, the geometry of the curves/surfaces is somewhat simpler and allows

us to compute the rings by restricting sections of certain toric key varieties.

Chapter 5 discusses explicit deformations of surfaces of types (I.1) and (I.2);
both subfamilies can be studied as Proj of Gorenstein codimension 4 rings
that extend the formats found in the curve case. In particular, we see that
the result of Bauer, Catanese and Pignatelli can be obtained starting from a

halfcanonical ring of a curve and then using the extension algorithm.

In Chapter 6, it is shown that all the formats obtained in Chapter 4 for the
halfcanonical rings of curves in the canonical system of surfaces of subfamily
(I.3) extend to the surface case. These rings are Gorenstein codimension 6,
related by 20 equations yoked together in 64 syzygies and are rather compli-

cated.

In the final Chapter we discuss a plausible strategy for treating the cases on
which the canonical system defines a 2-to-1 map to a quadratic surface. The
method is analogous to that used in previous chapter to deform the codimen-
sion 6 rings. The rings involved here have codimension 8 and although working
explicitly with them is naturally much more complicated, we believe that we
will be able to answer important questions about the connectedness of the
moduli space of surfaces with K2 = 7 and pg = 4 in the near future. In fact we
conjecture that the moduli space is connected and provide some experimental

evidence suggesting this.

Appendix This thesis contains a series of computer algebra codes that are

sanity checks needed in several parts of the text. All of them can be run in

Magma Online Calculator (cf. [BCP-Magmal):
http://magma.maths.usyd.edu.au/calc

In addition they can be found in my personal website:

https://sites.google.com/view/juan—-garza/nigromante/magma—codes
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Chapter 2

The Graded Ring Program

Reid’s suggestion to study problems on minimal surfaces of general type, is to look
at the deformations of their canonical rings. His program was carried out by Dun-
can Dicks in his PhD thesis [Dicks] for surfaces with K% =4 and p, = 3 and shortly
later explained in detail in his article [Reid D-E], where he applied it to study de-
formations of Horikawa quintics and also set the challenge of applying his methods

to cases corresponding to higher values of Kg and pg.

This fits in the framework of the more general and ambitious Graded Ring
Program; starting with a polarised variety X, L, one follows Zariski’s standard con-
struction of the graded ring R(X,L) = @ H°(X,nL) which in many interesting

n>0
cases, turns out to be a Cohen-Macaulay, or even better, a Gorenstein ring. Know-

ing how to construct a ring R(X, L) by giving a presentation (that is by generators
and relations), can be achieved by combining algebro-geometric techniques depend-
ing on the particular choice of the pair (X, L) and gives precise answers to questions
not only on embedding X < P™ and determining the equations of the image but
also, if the presentation obtained is good enough, on the deformation families of such
rings/varieties. The worked example 2.4 illustrates many features of the program

in an elementary case.

A couple of general conventions about the graded rings R that we will be

working with are the following:
1. Graded rings will be N—-graded, that is, R = @ R,,.
n>0

2. The base of the ring will be k, that is, Ry = C.

14



3. We do not require R to be generated over k by R;. Geometrically this im-
plies that in general, our varieties will be embedded in a weighted projective
space, algebraically this implies that the codimension (and hence the number

of equations defining the variety) remains small.

2.1 Gorenstein rings

For the purposes of this thesis, I can use the next definition of Gorenstein rings (for

a more detailed discussion see [Reid 4], §1.1):

Definition Let I c¢ O be a graded ideal in a regular graded ring. Let R = O/I.

Consider a minimal free resolution with graded O-modules:
R+« Ry< R« <« R..1«< R.«<0 (2.1)

Then R is a Cohen-Macaulay ring if ¢ = codimpl. If R is Cohen-Macaulay and
R. = O(-¢) for some { € Z, then R is a Gorenstein ring.

Remark If R is Gorenstein, in particular one has a pairing on the resolution (2.1),

R ;(-f) 2 R; coming from Serre duality.

In our context, R is of the form R(X,L) with X a variety and L and
ample Cartier divisor and the following result gives a characterisation of Cohen-
Macaulay and Gorenstein rings that can be taken as an alternative definition (cf.
[Hartshorne DT], Proposition 8.6).

Proposition 2.1.1. Consider the graded ring R(X,L) = @ H(X,nL), with X a

n>0
projective variety and L an ample Cartier divisor. Then:

1. R is Cohen-Macaulay if and only if:
(a) h'(X,nL) =0 for all n and every i with 0 <i<dim X,
(b) h°(X,nL) =0 for all n <0,
(c) himX(X nL) =0 forn> 0.
2. R is Gorenstein if and only if it is Cohen-Macaulay and Kx = €L for some
lel.

The following is an immediate consequence of the above criterion, the remark

in section § 1.4 and Kodaira vanishing theorem:

Corollary 2.1.2. Let S be a minimal surface of general type with invariants Kg =7

and py =4. Then R(S,Kg) is a Gorenstein ring.
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2.1.1 Structure theorems

There are general structure theorems for Gorenstein rings in codimensions 2, 3 and

4 (by Serre, Buchsbaum-Eisenbud and Reid respectively) that we briefly recall next.

e In codim 2, Serre proved every Gorenstein ring is a complete intersection (see
[Serre]).

e Codimension 3 is the easiest case we will find in this thesis, and the structure
theorem is given by Buchsbaum and Eisenbud in [Buchsbaum-Eisenbud]. The
result states that R = O/I is a Gorenstein ring of codim 3, if and only if it has

a minimal free resolution of the form
ReO <01 & 02l 0 (2.2)

with ¢ given by a skew (2m + 1) x (2m + 1) matrix whose 2m x 2m Pfaffians
generate I. In most of the cases occurring in practice (and in particular in the
ones we will find in this thesis) it turns out that m = 2 works. For this and
further purposes, it is convenient to introduce some notation for 4 x 4 Pfaffians

and skew matrices:

We will always omit the diagonal of zeroes and lower triangular antisymmetric
block of any skew matrix appearing in this thesis, so for example, a skew 5 x5

matrix will be written as

a2 @13 a4 a5
a3 a4 a5
¢ = (2.3)

asz4 ags

a45

And we will write Pf;(¢) for the Pfaffian of the 4 x4 submatrix obtained after
deleting the ith row and column of ¢. So, Buchsbaum-Eisenbud result says
that in case m = 2, following above notation, the generators of I are (modulo

plus/minus signs):

Pf1(¢) = azsass — azsass + azsazq,
Pfy(¢) = ai3as45 — ar4a35 + a15a34,
Pf3(¢) = ai2a45 — ar4a2s + a1sa24, (2.4)
Pfy(¢) = ai2azs — aizass + aisas3,

Pf5(¢) = a12a34 — a13a24 + a14a23.
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More generally, if we take M, a skew m x m matrix with m > 6 and entries
M, s we will denote simply by ij.k¢, where ¢ < j < k < ¢, the Pfaffian of the 4x4
matrix obtained by picking 4 rows and the corresponding columns according

to the index selection. More precisely:

Z]k‘f = Miijg—Miijg-f-MigMjk. (2.5)

e Reid’s codimension 4 structure theorem given in [Reid 4], §2.5, is an analogous
result to that of Buchsbaum-Eisenbud in codimension 3, however, as stated
there, in terms of certain key varieties called Spin-Hom varieties, is still far
from being applicable in practice. As a substitute, we will be using certain
ad-hoc methods for computing each of the codim 4 or higher Gorenstein rings
that we find during the thesis.

2.1.2 Rolling factors

Throughout the thesis, we will come up with rings admitting a presentation that we
will say to be in rolling factors format. Although we will emphasise on this later

on, we include the definitions here for convenience of the reader.

Let I be an ideal in a polynomial ring O. Suppose that there exists a matrix
Ace Matgm(O),
e fir fiz o fin
oo fe2 oo fon
such that its (g) two by two minors are in /. We say that an element Ty € I can
2
be rolled with respect to the matrix A if it is in the ideal generated by the elements
of its first row. So ()41 is of the form
2

n
()41 = Zaifli for some a; € O.
2 i=1

We call .
T(n)e2 = Z; ai foi

a rolling of ()1 with respect to A. If T(n)42 € I and it can be rolled again with
2 2
respect to A, we say that T(r)41 can be rolled twice, etc. Finally if I is finitely
2

generated and its remaining generators T T () ATC successive rollings of
2 2

+20 "
()41 with respect to A, we say that O/I is in rolling factors format.
2
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2.1.3 The hyperplane section theorem

Gorenstein rings are well behaved under taking hyperplane sections. The general
philosophy as mentioned before is that the algebro-geometric properties of a ring/variety
are closely related to those of its hyperplane sections. The main ingredient forma-

lising these ideas is the following result:

Theorem 2.1.3. (The hyperplane section principle) Let R be a graded ring, let Ry
be the degree d component (g > 1), and let xg € Rq be a non zero diwisor. There

exists an exact sequence

0 R(-d) = RS R:= R/(x0) - 0. (2.6)
And we have:
1. If T1,...,%, € R generate R and x1,...,x, € R are such that w(x;) = 7; for
1<i<n. Then xg,x1,...,T, generate R.
2. Suppose
R=k[TL,....Tn)/(fis s fm). (2.7)
Then there exists relations Fi, ..., Fy, holding between xqg,x1,...,ZTy, such that

w(F;) = fi and F; generate the ideal ker ev, where

ev: k[zo,...,zn] > R. (2.8)

3. Similarly for syzygies, that is, if we have a syzygy oi: X2y 1 f; =0 € k[T1, ..., Zn].
Then there are L; € k[xo, ..., zy] such that the following syzygy holds:

m
Ei:ZLijEOEk[CCQ,...,.’En], (29)
j=1

and L; reduces to l; modulo xg.
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Proof. Consider the diagram

0 0
J A
0 —— (zg) —— klzo,...,zn] — k[ZT1,...,Tn] —— 0 (2.10)
\i/ hd :
0 — R(-d) ® 3R il > R > 0
0

where the two horizontal sequences are exact and the dashed arrow is the unique
morphism making the diagram commute. Let fzg € (zg). Under the dashed mor-
phism, fro maps to f € Ryeg(s) = R(—d)deg( fzo)- This morphism is well defined
because zg is a non zero divisor (i.e., (z9) c R is a free R—module). Moreover it is

an isomorphism. Then it follows from the snake lemma that

k[xo,...,xn] > R (2.11)
is surjective. In other words, R is generated by x¢ and the preimages of z71,...,ZT,
under 7. It follows also that Z 2 J as modules over k[xo,...,2,]. Suppose that
fi,---, fm are generators of Z over k[T1,...,T,], then fi,..., f;, are generators
of T over k[zg,...,x,]. Therefore there exist Fi,...,F,, that generate J over
k[xg,...,x,]. Now, notice that the isomorphism J 5 Tis simply the restriction of
klzo,...,xn] = k[Z1,...,T5], which is uniquely determined by x; — Z; for 1 <i < n,

and xy — 0.

Finally, let F; = f; + z0g; for some g; € k[zo,...,2n]. Suppose o;: X7 I f; =
0. Then

MS

i o

Since Y7 [;Fy € J and xo X7 g € (zo) which, because xg is a non zero divisor,
implies }72; ljg; € J, we can write Y7 ljg; = X7y hjFy. Thus 3; : 7% LiFy = 0,
where L; :=l; — zoh;. Q.E.D.

lig;. (2.12)

Il
—_

J
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2.2 Extension algorithm

This section goes trough Reid’s extension theory that is clearly explained in [Reid D-E]

and Dicks’ practical approach to it.

Let S be a surface in M7 4. Roughly speaking, the hyperplane section theo-
rem says that the generators, relations and syzygies of R(S, Kg) occur in the same
degrees of those of R(C, D), where C € |[Kg| and D = Kg|c. Because of the geometry
of curves tends to be more tractable than that of surfaces, we will start computing

R(C, D). Suppose we find a presentation:

R(C,D) 2 k[x1,...,2,]/Z; where Z=(f1,..., fm) (2.13)

Together with syzygies

m
oi: Y 1ifj=0. (2.14)
j=1
Then we should aim to find
o r / Iz 2 ¢(6)
Fj=fj+zofj+zof; +-+aof;  +- (2.15)

such that fj(g) € k[x1,...,2,], and the F; satisfy the syzygies 3; of theorem 2.1.3,

part 3, so we produce the sequence

{R(C,D)},{R(2C, D®)},... {R(dC, D)}, {R(S, Ks)} (2.16)

by calculating Fj in stages allowing successively higher powers of xzy. Each R((¢ +
1)C, D) depends in a linear way on R(/C, D®) and we have

{R((t+1)C, DY /(z5)} ¢ {R(¢C,D®)}. (2.17)

The following definitions are given to show in greater detail how this gets

done:
Definition Suppose we have

R(C,D):=RWM = k[z1,...,2,]/T (2.18)
and

RO = K[z, ..., 2,] (Y, 2b) (2.19)
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such that R modulo o is R,

1. Define Si to be the graded k[z1,...,2,]-module with grading [Sg]s = Rgi)l

and multiplication defined by

fg=0 forall f,geSkg. (2.20)

2. Define T to be the graded k[zo,...,z,]-module with grading [T s =
[R)]s5 and multiplication defined by

-1
(Zg%pi) (2 xoqz) =Zo Z To Y. Pids, (2.21)

=0 J+s=1
-1 -1
for all Z ToPis Z 20 € Tre.
=0 =0

Then we have the following result (cf.[Lichtenbaum-Schlessinger], §4.2.5):

Proposition 2.2.1. With RV and R as above, RV exists if and only if there
exists a degree preserving module homomorphism [y as shown in the following dia-

gram, with g oty = o.

0 = (f1> fm) — k[z1, ..., xn] —— R 5
l o | | (2.22)
L/LZ ) (1)
0 SR > TR(Z) % R - SR 0

The rows of 2.22 are exact. 3 is the k[x1,...,zy]-module generated by the syzygies

01,...,0¢ such that the top row is exact. The maps tp and j; are given by

ve(p) = x5 'p,

Y Lot =2 (2.23)
Je (Z Q?fﬂ%) =T Z THPi-
=0 =0

The maps oy and o of previous diagram are defined inductively, they depend

on the map Fy_; defined by an analogous diagram as we will see:

Consider the first step, we have the following diagram:
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L

R s Tpoy ———— s RO — 3 RO 49

0 ’ C (fros fm) — Kl 2] —— RO —— 0

5
o -~ ai .
Sl o l l (2.24)

Where the maps a1,] and j are all zero, and ¢ is the identity map. We must find

BlzI:(fla"'afm)_)SRv (225)

m m

such that deg 31 (f;) = deg f;—1 and Z 1if1(fi) = 0 whenever /(0;) = Z l; f; for some
i=1 i=1

oj. The fact this problem always has a solution (namely the zero map), corresponds

to the fact that first order extensions are always unobstructed. The construction of

(1 allows us to define
RO (B1) = k[zo, .., 2a) (TP, 23), (2.26)

where Z(?) is generated by F1, ..., F,, given by Fj = fi + zoS1(f;).

To go from ring R® to R®), take any map 8: (f1,..., fm) = Sg such that
B(f1),...,B(fm) are generic polynomials making the above conditions hold. Then
this map can be lifted to

B:T — klx1,..., 2], (2.27)

m m
where Y 1;8(f;) € Z whenever ¢/(0;) = Y. I; f; for some o;.
i1 i=1

Then ay : T — The is given by aa(f;) = B(fi). Consider o; such that

m
V(oj) = Zli fi, then the first step has given the expression
i=1

AR WNAS2 (2.28)
=1 s=

We define ay(0;) := > psB(fs), and then S, in the diagram:

s=1
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0 = (fl, afm) — k[x1,...,xn] —— RrRM 5

l ” aQ l l (2.29)

00— Sp—2 3 Thoy —2— RO — s RO 4

m m

must satisfy Z LiB2(fi) = Zpsﬁ(fs) and as in the first step, the construction of S8y
i=1 s=1

allows us to put

RO (By) = k[wo, ..., 2,1/ (TP, 3), (2.30)

where Z() is generated by {Fy,...,F,,} given by

Fy = fi+xoB(fi) + 23 B2(f:)- (2.31)

If there are no maps P making diagram 2.29 commute, we say the extension
is obstructed; when this happens, we will be forced to impose further conditions on

the general 5 to make the diagram commute.

The above procedure continues inductively when getting from R® to R

the presence of obstructions makes clear why in general

{R((¢+1)C, D) [(z0)} ¢ {R(4C, DY)}, (2.32)

Remark In practice, it is often possible to save a lot of time and effort by doing
some simplifications at each step and using the concept of flexible formats to write
the generators of Z; this is explained later on in Chapter 5. Besides the worked ex-
ample at the end of this chapter, the reader is also encouraged to consult Pinkham’s
example, that can be found in [Reid D-E], §2.1.

2.3 The Main Set up

Let S be a minimal surface with K% = 7 and p, = 4. Let |H| be the movable part of
|Kg|. For convenience of the reader, I summarise the classification given in Theorem
1.4.1 in the following table:
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’ Family ‘ Base locus of |Kg|

‘ Brief description of pp

(0) None Birational to a surface of degree 7.
(I.1) | One base point Birational to a surface of degree 6.
(I.2) | One base point 2-to-1 to a cubic surface.

(I.3) | One base point 3-to-1 to the quadric cone.
(II1.«) | Three base points 2-to-1 to P! x PL,
S admits a genus 2 pencil.
(II1.3) | Three base points 2-to-1 to P! x P!,
S does not admit a genus 2 pencil.
(I1I.) | Three base points 2-to-1 to the quadric cone.
(F.1) | F with F2=-2 2-to-1 to P! x PL.
and KgF =0
(F.2) | F with F? = -2 2-to-1 to the quadric cone.
and KgF =0
(F") | F' with F? = -1, 2-to-1 to the quadric cone.
KsF'=1and HF' =2

Definition Let (x) and (@) be two families of surfaces according to the classification

of Theorem 1.4.1.

1. If T write (x) — (e), I mean that there exists a flat family with base a small

disc A; ¢ C whose special fibre is of type e, whose general fibre is of type *

and this family exists for every point of a stratum e.

2. If T write (x)--7> (o), I mean that there exists a flat family with base a small

disc A; ¢ C whose special fibre is of type e, whose general fibre is of type

and this family exists only for some points of a stratum e.

For example, the only known situation coming from explicit deformation

of canonical rings was obtained in the work of Bauer, Catanese and Pignatelli

[Bauer et al| and is:

However, by easy geometric arguments, the structure of the moduli space for

the cases in which |Kg| has a non-trivial fixed part is almost completely understood.

(0) — (I1.1).

We have the following picture:
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(II1.cx)

/ \ (I11.8)

(I11.7) (F.1) l (2.33)
| (F)
(F.2)

The above considerations suggest us to focus in the cases in which the cano-
nical system has no fixed part. Guided also by the hyperplane section principle, we

propose the following Main Setup:

e In the subsequent, unless otherwise stated, S will denote a minimal surface of

general type with K2 =7, p, = 4 and such that |Kg| has no fixed part.

e (¢ |Kg| will be a general canonical curve that can be assumed to be nonsin-
gular; because of Bertini’s theorem and because it is known that |Kg| can only

have simple base points.
— Let g be the genus of C. By the adjunction formula, 2g — 2 = 2K§, thus
g=_8.

— D will denote the restriction Kg|c. So, again by adjunction, K¢ = 2Kg|¢,

therefore D is a degree 7 halfcanonical divisor.

— Since py = 4 and the surfaces we are considering are regular, it follows
that h%(D) =3, so D moves in a g2.

As expected, there are exactly 5 general possibilities for a divisor D € g% , namely:

1. |D| has no base points.

2. |D| has exactly one base point P. Let D' := D — P, then ¢p : C — P? is a
degree 6 morphism and one has 3 sub cases:
(a) ¢pr(C) is a sextic with 2 double points.
(b) ©p/(C) is an elliptic curve.
(¢) ¢p/(C) is a plane conic
3. | D] has exactly 3 base points Py, P», P5. Let D:=D-P,-P,-P5s0 o5:C —

P? is a degree 4 morphism. In this case the only possibility for p5(C) is to

be a conic.
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Remark e The above possibilities are obtained as easy numeric consequences,
following from the factorisations 6 = 2 x 3, 4 = 2 x 2 and the degree-genus

formula (or adjunction formula).

e It can be shown that the sextic in the general case corresponding to 2.(a) is

tangent to the line joining its two singular points.

e In case 2.(c), because of the rationality of the conic, it follows that C is a

trigonal curve (that is, is non hyperelliptic curve admitting a g1).

e Similarly it follows that any curve in case 3 is a hyperelliptic curve.

Our task during the following two chapters will be to compute R(C, D) for

a polarised curve falling in each of the cases above.

2.4 Worked Example

Let C be a nonsingular projective curve of genus g(C) = h'(O¢) = 2. Assuming
Riemann-Roch for curves holds, my aim is then to study C as an abstractly given
object, by means of the graded rings R(C, D) with respect to certain polarising
ample divisor D.

2.4.1 Canonical and bicanonical rings on a genus 2 curve

First consider the canonical class K. By R-R and Serre duality:

W (K¢) = deg(Kc).

This is the well known fact that every genus 2 curve is hyperelliptic, and

|Kc| = g3. It defines a morphism

2-to-1
ﬂ::ngc:C—ﬂP’l,

branched, by Riemann-Hurwitz formula, at 6 (necessarily distinct, since C' is non-
singular) points B; € P!, 1 <i < 4. This leads to the model of C' as a hypersurface

in weighted projective space (w.p.s.)
P(la 17 3) = PI'Oj k[t17t27 u]7

we have

R(C,Kc) 2kl:tl,tz,u]/(’lﬂ—fg(tl,tg)), (234)
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where fg is a homogeneous degree 6 form in ¢1,%5 whose zeroes define the branch

locus. For illustrative purposes, I take

fo(t1,ta) =15 - 1113, (2.35)

This is an example of a codimension 1 Gorenstein ring; you can deduce the
presentation (2.34) in any number of ways, perhaps the easiest being simply to follow

the corresponding Riemann-Roch table (which is explained just below):

’ Space ‘ Dimension ‘ Generators ‘ Relations ‘
H(C,K¢) 2 t1,to None
HY(C,2K¢) | 3=2deg(K¢) -1 S2(t1,t2) None
HY(C,3K¢) | 5=3deg(K¢c) -1 S3(t1,t2), u None
HY(C,4Kg) | 7=4deg(Kc) -1 S4(t1,t2), S(t1,t2) ®u None
H°(C,5K¢) | 9=5deg(Kc) -1 S (t1,t), S*(t1,t2) ®u None
HY(C,6K¢) | 11=6deg(Kc) -1 | S%(t1,t2), S3(t1,t2) @ u, u® | u* - 1% - 1§
H°(C,nK¢) 2n -1 S™(ty,t3), S¥3(t1,t2) ®u None

Let {ti,t2} be a basis of H(K¢). Then S™(t1,t2), n > 2 gives us n + 1
linearly independent sections of H°(nK¢), because any relation would imply that
vk (C) c P! is reducible. Now, by Riemann-Roch I only need the 3 elements of
S%(ty,t2) to get a basis of HY(2K(¢), however in degree 3, I need a new generator,
u, because h’(3K¢) =5 and I only have the 4 linearly independent elements from

S3(ty,ts).

Next, observe that there is no relation holding between elements of S*(t1,t2)
and u ® S'(t1,t2), because they belong to different factors of the decomposition of
7.Oc in + eigensheaves: Op1 ® Op1(-3). Therefore the 7 elements in S*(t1,t2) Uu®
S1(ty,ts) form a basis of HY(4K¢). For similar reasons, it follows that there are
no relations between elements of S™(t1,t2) and u® S"3(t1,t2) for any n > 4. Thus,
the only relation occurs in degree 6, and the coefficient of u? must be non-zero.
After completing the square and possibly changing coordinates, we get the desired

presentation.

Previous computation gives for free a presentation of the bicanonical subring

R(C,2K¢c) = @ H(C,2nK¢). (2.36)

n>0
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This is a codimension 3 Cohen-Macaulay ring and the following statements
are easy consequences of the presentation we obtained of the canonical ring R(C, D):

. 2-to-1 — — . . .
1. There is a map o, : C —— C'c P2, where C = P! is a nonsingular conic.

2. R(C, D) is generated in degree 2 and related in degree 4; in detail:
R(C,2K¢) 2 k[z1, 32,23, y1,92]/1,

where deg(z;) = 1, deg(y;) =2 for 1 <i <3, j =1,2 and the ideal I is generated

by the following 6 elements (relations):

1= 1113 - 33%
2= T1Y2 — T2Y1
r3 = T2Y2 — T3Y1 (2 37)
2 4 3 :
ryi= Yp —x] + 573
— 3 2.2
2 2,2 3
T6 = Yy —T7Ty + Tax3

Observe that the toric relations r;, 1 <4 < 3, are consequences of the following
choice of generators:

I = t%, T = tth, I3 = t%
y1i=tiu, Y2i=tau
and can be more conveniently presented as the 2 x 2 minors of the following matrix:
T x
M= T (2.38)
T2 X3 Y2

whereas the rolling factors' relations rj, 4 < j < 6 are consequences of the unique

relation, u® — t(f + tltg, holding between the generators of the canonical ring.

Remark We can replace relation rs (or r4, or 7g) for yiys — 2329 +2123 and generate
P 1y 1 3

exactly the same ideal, simply by adding —x%x% + xlxg € I, which is a multiple

of relation r1. We call either of the monomials x%x% and xlmg renderings of the

monomial #2¢5 of the bigger ring and we often write:
[t35] = 2323 = z123, etc.

This choice is sometimes important when we consider deformations of the ring.

'This term was coined by D. Dicks and will be explained later on (cf. theorem 3.2.4).
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2.4.2 Degree 4 divisors defining birational maps

The most common situation when considering a degree 4 effective divisor D on a

nonsingular genus 2 curve C' in terms of the linear system |D| is that
op:C— TP,

is a birational map onto a plane degree 4 singular curve, in fact, the only case in

which this fails is precisely when D ~ 2K. The other 2 cases are

a) Dy ~Kc+P+Q,

b) Dy~ K¢ +2P,

where P and @ are not ramification points of the 2-to-1 cover of P! defined by |K¢|.
Let C; := ¢p,(C) c P? for i = 1,2. In case a), it follows from Riemann-Roch that
|D1| separates any two points of C' with the exception of P and @ that get mapped
into a simple node of C, whereas in case b), the linear system separates points but

not tangent vectors, and C has a cusp in ¢p,(P).

For illustrative purposes, suppose that {z1,xs,z3} and {T1,Z2, T3} are basis
of H(C,Dy) and H°(C, D) respectively and let

Cy =V (z12on; — 21 — x3), Ca:=V(TIT3 + TaTs — T] + Ty). (2.39)

In particular, I choose the node (resp. cusp) to be the point with coordinates
(0:0:1).

By Riemann-Roch and since neither of the C; are conics, it follows that either

ring requires only one extra generator in degree two, that I call y and ¥y respectively.

In degree 3, we have h%(3D;) = h%(3Ds) = 11. The 10 monomials of
S3(x1,w9,23) (or S3(F1,T2,73)) are clearly linearly independent, thus, I only need
an extra generator to get a basis, but we already own another 3 degree 3 monomials;

SH (1,22, 23) @y, S (T1,T2,T3) ®F.

Therefore, there are at least 2 relations, and it is easy to see they are of the

form
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Ry:= zy-F Ry = Ty-F

1 1Yy - 13 : 1 _1% "3 7 (2.40)
R2 =Xy — Gg Rg =Ty — G3

where F3,G3 and Fy, Gg are homogeneous forms of degree 3 not involving y nor x%

and ¥ nor f%, respectively. In fact, it follows that the equations cutting the plane

quartics are ought to be z9F3 — x1G3 and Egﬁg —Elég. Thus:

Ry:= my-a3 Ri:= my+7s + 7373 (2.41)
, o~ T s .
Ro:= xoy+ les - .%'ng Ro:= Toy+ a:i’ - xlmg

From previous pairs of equations, I can obtain a relation involving it, as
follows:
Ry says: zo(y — x3) + 23 € I, then zoy(y — 22) + 23y € I, but by Ry, 1y — x5 € I.
Therefore moy(y — 3) + 2323 € I and since x5 is not a zero divisor, I get a new

relation:

Rs = y(y - x3) + x3a3. (2.42)

Analogously, one gets R := 72 + (72 - 77) (T3 + T2T3). The fact these gener-
ators/relations are sufficient to present the rings is left as an exercise to the reader.
This is of course an example illustrating the Hilbert-Burch theorem on the resolution
of codimension 2 Cohen-Macaulay rings. Let O := k[x1,22,23,y], I := (R1, Ra, R3)
and R:= R(C,D;) 2 O/I. There is a minimal free resolution

0 ReOc0O(=3)22PO(-4) <2 0(-5)%2 0, (2.43)

where A is the 2 x 3 matrix of first syzygies, whose 2 x 2 minors generate I. We have:

Ty Yy T2

2 2
A::( Y T2 N ) (2.44)

and similar for the other ring, R(C, D). In fact, the upshot is that we managed to
present the ring in a way that allows to treat both cases at once in a flat family; let

t € k be an affine parameter and consider the family of rings given by

Rt = k?[SL‘l,[EQ,{E?,,y]/It, (245)
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where degz; = 1 for 1 <i <3, degy =2 and I; = (A2 A;), that is, the ideal of relations

is generated by the 2 x 2 minors of the following matrix:

2 2 2
- + -
IR A ) R e R (2.46)

Observe that for ¢t = 0 we get the ring corresponding to case a), whereas ¢t = 1
gives the ring of the cuspidal curve of case b). Moreover, A; carries its own syzygies;
to obtain them we simply need to clone one of its rows and then write the identity:
determinant of a 3 x 3 matrix with 2 identical rows is zero; of course one can do
this in 2 different ways, giving the 2 syzygies. Since the syzygies of ring R; reduce
modulo ¢ to those of the central fibre ring R(C, D), one obtains a flat family of
rings. When this happens, we say that the presentation of the ring is given by a
flexible format. The existence of such formats is a very subtle phenomenon and will
play a major role not only in finding the deformations we are looking for in this

thesis, but also the extensions (cf. extension algorithm discussed in this chapter).

2.4.3 Fun in Z/27Z

To finish this example, I give a format for the bicanonical ring we obtained in §2.4.1
that is useful to find explicit flat deformations. To keep calculations short and since
this is only for illustrative purposes, I make a unique exception on this subsection
and I will work over the finite field with 2 elements k = Z/27Z. Consider the following

two b x 5 skew matrices:

0 1 22 11 0 v 220 W1
To X3 Y2 T2 X3 Y2
M = 9 , My = 5 | (2.47)
Y1 —T3x3 Y2 X273
—ZE‘? —x%xz
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011
both of weights ! ;

. Write Pf;-; 1=1,2,1<7 <5 for the jth diagonal 4 x 4

W ow NN

Pfaffian of matrix M;. We have the following identities (cf. relations in (2.37)):

Pfi=Pf3=r3
Pf;=Pfi=ry,
Pfl=Pf2=r,
A (2.48)
Pf :Pf2:7“5,
Pf%zm,
Pf%ZTG.

Moreover, both matrices imply the 5 syzygies following from M;Pf; = 0,
where Pf ; is the vector whose jth entry is (-1)/Pf ; Obviously there are a couple

of repetitions, the lists are:

O1i= —TIT3+ TaTy — YT O1:= —2T3 + 2Tz — Y1

09 := —Iarg+ X3y — Yol 02:= —T2T3 +T3T2 — Y27

03:= X175 — Torq+y17o + x%mgrl 06 = X176 — X275 +Yara + 95235%7'1
04 = XToT5 —X3T4 +Y173 + CE?T’l 07 = X9Trg —X3"5 +YaT3 + x%xgrl
O5:= YiTs — YaTa — T3L3T3 + TIT 08 = Y176 = Yal's ~ TpTEYy + XTI

(2.49)

The best way to check that these eight o; generate the module of syzygies is

by using a computer algebra program (the relevant Magma code is in the appendix
A.0 of this thesis).

Although these matrices certainly carry with the syzygies of the bicanonical
ring, it turns out that deforming them to get one of the rings of the other 2 families
is rather delicate. The procedure serves as a guide for the more complicated defor-
mation calculations that we need to perform on the halfcanonical rings on curves

and their extensions.

Both M; and M, have a zero of degree zero in their (1,2) entry, this sug-
gests to replace it by an affine parameter ¢ € k so the fifth diagonal Pfaffian allows
us to express either y; or yo in terms of the degree 1 variables. One hopes that,
after doing this and deforming the rest of the entries wisely, we get a codimension 2
Cohen-Macaulay ring corresponding to one of the cases considered previously. This
calculation is not always possible, for example if one chooses to write a relation us-

ing a non convenient rendering. Also, we obviously are not allowed to consider the
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Pfaffians of both matrices simultaneously if we decide to deform one of the degree
zero entries. Fortunately, the presentation has been purposely constructed so we
can find a flat family deforming a bicanonical ring into a ring corresponding to an
arithmetic genus 2 curve polarized by a degree 4 divisor defining a map onto a plane

quartic with a cusp:

Let t € k. I choose M; to decrease the codimension of the ring, thus I must
truncate Ms eliminating its first row and column. I will make also adjustments to
the rest of the entries so for ¢ # 0 I get a ring isomorphic to k[z1, x2, z3,y]/]1 where I

is an ideal generated by the 2x2 minors of a matrix of the form A; of equation (2.46).

t r1 o Y1
T2 I3 Y2
Y1 —x%xg - t(ac% +xoy1)

—x‘% + t(:cw:% - x3y1)

Consider M (t) :=

T2 T3 Y2
and My(t) := Yo —wox3 —t(x3w3)

—:C%.fg - t:c%xg

Obviously the 4 x 4 Pfaffians of these matrices generate a bicanonical ideal when

t =0. I claim that for ¢ # 0 they generate the same ideal as y; — z1x3 + {L‘% together

Y2 l% +x9x3 -
:C% - :Lg Yo )
of rings. To check this is an easy but fun exercise for the reader.

with the 2x2 minors of " ]. T also claim this defines a flat family

33



Chapter 3

Halfcanonical curves: Low

codimension cases

This chapter contains the calculation of a halfcanonical graded ring of a canonical
curve C in the 3 first cases listed in Theorem 1.4.1; that is, D = %KC moves in a
g% that defines either a birational map to a septic, a sextic or a 2-to-1 cover of an

elliptic curve. As we will see, in each case the ring has codimension at most 4.

I start by stating some basic properties, common to any of these rings (except
when clearly stated). Take R(C,D) to be a ring as in the Main Set Up, that is,
2D ~ K¢ and |D| = g2.

Proposition 3.0.1. R is a Gorenstein ring of codimension > 3.

Proof. That R is Gorenstein is a consequence of Proposition 2.1.1. Now, we have
hP(D) =3, solet {x1, 22,73} be a basis of H*(D). Since S?(z1, 2, 23) has 6 elements
we need at least two more independent generators to span H°(2D). It follows that
codim R(C, D) > 3. Q.E.D.

R-R says that nD is nonspecial for n > 3. The following table contains the
values of the Hilbert function of R(C, D):
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’ Space ‘ Dimension

H°(C,0¢) 1
H°(C, D) 3
H°(C,2D) 8
H°(C,3D) 14
HY(C,4D) 21
H°(C,5D) 28
H°(C,6D) 35
H°(C,nD), n>3| 7(n-1)

It follows after a simple calculation, that the Hilbert series is

i L+t+3t2+t3 ¢
PR(C,D) (t) = Z hO(TLD)tn = 3 . (31)
n=0 (1 - t)
Proposition 3.0.2. 1. The canonical linear system |K¢| is base point free.

2. Assume C is not hyperelliptic. Then |K¢| is also very ample.

Proof. 1. Let P € C be any point, by R-R:

hO(C,Kc-P)= 1-8+deg(Kc-P)+h°(C,P) (3.2)
= 6+ h0(C, P),
hY(C, P) =1 for otherwise, C' would be rational. The result follows.
2. Let P,Q € C be any two points. By R-R:
RO(C,P+Q)=h"(C,Kc-P-Q)-5. (3.3)

By (1) h°(C,K¢c - P~ Q) <7, so the only possibility is h°(C, P + Q) € {1,2}.
But h°(C,P + Q) = 2 implies |P + Q| is a g3, a contradiction. Therefore
H°(C,K¢c - P - Q) has codimension 2 in H°(C,K¢), so functions in |K¢|
distinguish between P and Q.

Q.E.D.

Finally, because of a theorem of Reid (cf. [Reid D-EJ, § 3.4), we know that
R is always generated in degree at most 3, and the relations holding between its

generators happen at degree at most 6.
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3.1 The base point free family

In this section |D| is a base point free g% on a nonsingular curve C' and such that
2D = K¢. The rings R(C, D) are well known because of previous work of Ide and
Mukai (cf. [Ide-Mukai]) among others. I will state the results and references for

convenience of the reader.

I start with the following Proposition which will be used afterwards a couple

of times:

Proposition 3.1.1. Let |D| be a base point free complete linear system on a non-

singular curve C of genus 8. Suppose that r = h°(D) >3 and that
oD : C —> Pr—l
1s a birational morphism. Then the natural map

@ Sym™H*(D) ® H'(Kc) — @ H (K¢ +nD)

n>0 n>0

18 surjective.

Proof. See [Arbarello-Sernesi], pp. 102-103. Q.E.D.
Corollary 3.1.2. The ring R(C, D) has codimension 3.

Proof. Apply previous proposition with r =3, n=1. Q.E.D.

It follows from the Buchsbaum-Eisenbud theorem that R(C, D) is a Pfaffian

ring. In fact one may observe that the Hilbert series

P Cl+t+3? 3t 1200 -3t + 30 + 2010
r(c.0) () = (1-1)2 - (1-1)3(1 - t2)2

(3.4)

suggest a free resolution of the form:

0« R(C,D) « O « O(-3)22P O(-4)® « O(-5)" P O(-6)®* « O(-9) + 0,
(3.5)
where O = k[x1,x2,x3,y1,y2]; degz; = 1, degy; = 2. The symmetrizer trick allows

to write resolution (3.5) as follows:

0 R(C,D) «— 0L P X pYoO(-9) «— O(-9) <0 (3.6)
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where Pj := O(-3)®2@ O(-4)®3 and M is a skew 5 x 5 matrix whose 4 x 4 Pfaffians
are two cubic and three quartic homogeneous forms generating an ideal I such that
R(C,D)=z0O/I.

The result that makes precise our previous observations is the following:

Theorem 3.1.3. Let R be the halfcanonical ring R = R(C, D), where |D| = g2 is base
point free. Then ¢p(C) cP? is a septic with singular locus of degree 7 contained in

a conic and R is a codimension 8 Gorenstein ring isomorphic to:

klx, o, 23,91, 92]/1,

where the x; and y; have degrees 1 and 2 respectively and the ideal I is minimally
generated by 2 cubics and 3 quartics that are the 5 diagonal Pfaffians of a skew

matriz of the form

f3 @ @ g

M= q2 44 Qe :
r1 I2
r3

where the q; are generic quadratic homogeneous forms and f3 is a generic cubic

homogeneous form in x;,y;.
Proof. See [Ide-Mukail, pp. 9-13. Q.E.D.

A similar analysis of the surface case was made by Fabrizio Catanese. It turns
out that the canonical rings of surfaces S with K2 = 7, pg = 4 and base point free
canonical system can be presented in exactly the same format as the halfcanonical
rings of the corresponding canonical curves found by Ide and Mukai. More precisely,

one has the following result:

Theorem 3.1.4. Let S be a nonsingular surface with K? =17, pg = 4 such that the
canonical system is base point free. Let R = R(S,Kg) be the canonical ring and let
{x0, 21, 72,23} be a basis of H*(S,05(Ks)). We set A:=k[xg,x1,22,73]. Then:

1. R has a minimal resolution as A—module given by the matriz
l’od1d2 + 1’1(d3d4 + d%) + l’z(dgdg + d1d4) .7;16[4 .T()dl + .Tldg + Z‘ng
o= T1dy ] €2

!L‘()dl + .’L'ldg + (Eng T2 I

where di,do,ds,dy are arbitrary quadratic forms in x;.
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2. « satisfies the rank condition N* o = N? o', where o/ is obtained by deleting the
first row of a, and therefore induces a unique ring structure on R as quotient

of O := Aly1,y2] by the three relations given by

Y2

and three more relations erpressing y%,ylyg,yg as linear combinations of the

other monomials whose coefficients are determined by the adjoint matriz of «.

3. R is Gorenstein of codimension 3. In particular, the ideal generated by the
aforementioned 6 relations is minimally generated by only five of them, which

can be written as the 4 x 4 Pfaffians of a matriz of the form

fs @1 a3 ¢
q2 44 ds (3.7)

T1 T2

z3

where the q; are quadratics and f3 is a cubic form, all of them generic.

4. Conversely, let O := k[xo,x1,22,23,Y1,y2] where the x; and y; are indeter-
minates of degrees 1 and 2 respectively and let R := O]I where I is the ideal
generated by the 5 diagonal Pfaffians of a skew matriz of the form (3.7). Then
under suitable open condition R is the canonical ring of a surface of type (0)
of Theorem 1.4.1.

Proof. See [Bauer et al] §4 and the references therein. Q.E.D.

3.2 Family (I.1): the curve case

In this section I compute graded rings relevant to the study of surfaces S of type
(I.1) of Theorem 1.4.1. T am interested in a general member of the family. Therefore
I make some assumptions on the halfcanonical curve (C, D) to avoid multiple cases.

3.2.1 Assumptions and notation

Let (C, D) is a nonsingular curve polarised by an effective divisor D subject to the

following conditions:
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1. 2D = K¢

2. D = P+ D', where P is the only base point of |D| and |D’| = g2 defines a
birational morphism
@pr - C —> 6 C ]P)Q

with the following properties:

(a) C has 2 simple nodes; Py, P, € P2.

(b) The line ¢ joining the nodes P; and P is the tangent of C' at the point
P =opi/(P).

Figure 3.1: A plane sextic with two nodes

P, P P,
The calculation of the halfcanonical ring is organised in the following 3 propo-

sitions, all of which are summarised in Theorem 3.2.4.

Proposition 3.2.1. Let (C, D) be a polarised curve with the aforementioned pro-

perties. Then the full sections ring

R:=R(C,D) = H°(C,nD)

n>0

has codimension 4; it is minimally generated by 6 variables: x1,x2,x3 of degree 1,

y1,Yy2 of degree 2 and z of degree 3.

Proof. We have h®(D) = 3. Let {x1,z2,23} be a basis of H(C, D). Since C is not
contained in any quadratic, the six elements of S?(z1,z2, x3):
i
T1To T1X3 (3.8)

.’L‘% ToI3 l’%
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are linearly independent, so we need 2 extra generators to extend to a basis of the
8-dimensional space H(C, K¢) = H(C,2D), call them y1,o.

Proposition 3.1.1 implies that the natural map:
H°(C,¢2)® H(C,K¢) — H°(C,3D - P)
is surjective. It follows that
H°(C,D)® H(C,K¢c) — H°(C,3D)

also surjects onto H(C,3D — P). By Riemann-Roch h°(3D — P) = 13. Therefore

there are 3 degree 3 relations 71, 79,73, holding between the 16 monomials in
S (w1, w2,23) & S'(21,72,23) ® S (y1,12), (3.9)

I can choose 13 elements from (3.9) forming a linearly independent set that extends
to a basis of H°(C,3D) by adding only one new degree 3 generator, z. The result
now follows from Reid’s theorem (see [Reid D-EJ, § 3.4).

Q.E.D.

Proposition 3.2.2. Consider the map Pg2 C — C c P2. Choose coordinates so

the two nodes of C are
P :=(0:1:0) and Py:=(0:0:1). (3.10)

Then we can choose bases for H°(D) and H°(2D) so that the degree 3 relations

r1,72,73 of proposition 3.2.1 are the 2 x 2 minors of the following 2 x 3 matrix:

Il o I3 (3 11)
L2x3 Y1 Y2
Proof. Let
r:dPr B Fy 5 P2 (3.12)

be the composition of m; and w2, the blowups of P2 at the nodes P, and P, respec-
tively. Write E7, Fo for the corresponding exceptional divisors, L for the pullback

of a line class of P? and Ej for the strict transform of the line joining P} and Ps:
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Figure 3.2: Blowing up the nodes

Eo

m
N

Now, dP7 is a degree 7 del Pezzo surface, that is,

Kyp, =7"Kp2 + E1 + Ey ~-3L + E1 + Es (3.13)
is such that —Kjp, is very ample and K§P7 = 7. Moreover, by the adjunction formula:
2D = K¢ = (Kqp, + C)lc (3.14)

and since C' ~ 6L — 2(E; + E3), we have
Ko =-Kap,lc. (3.15)

Now H°(dP;,~K,p,) is isomorphic to

{s e H'(P?,wpi) | s(P1) = s(Py) =0} (3.16)

(cf. [Manin], §24 Theorem 24.5).
Let H(P?, Opz) = ({v1, v2,v3}). Because of wg; = Op2(3) and from our choice
of coordinates for P, P5 given in (3.10), it follows that the anticanonical embedding

of dP5 is defined by the sections arranged in the following Newton polygon:
vy
2 2
5 5 (3.17)
V15 UV1U2V3 U1V

* v%vg vgvg *

Let H°(C,D) = ({x1,22,23}). By abuse of notation I will use the same letters for
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sections in dP; and for their restrictions to C'. Thus by (3.15) I can write:

3 2
v 1
2 2
Viv2  V{U3 _ T1T2  T1T3 (3.18)
2 2 B 2 2 )
V15 UV1U2V3 U1Ug Ty ToI3 T3
* USU:), U2U;>2, * Yyr Y2 o*
in particular if u: O¢ < O¢(P) is the constant section we have
0 ~
H”(C,D) = ({uv1,uve,uvs}) (3.19)

and u2 : OC hd Oc(QP) = Odp7(L - El - E2)|C = Odp7(Eo)|C. Thus u2 =v1.

From 3.18 it follows that we have the following relations between 1,2, 3

and y1,yo:

L IR ¥ R 1‘%363,
ro = T1Y2 — .132%%, (320)
T3 = X2Y2 — T3Y1-
That is,
2 —_— —_—
AM=0, where M := S (3.21)
T2T3 Y1 Y2

Q.E.D.

Proposition 3.2.3. Let (C,D) be a halfcanonical curve as in Proposition 3.2.2
and assume also without loss of generality that the point of tangency of C = pp(C)
with the line joining Py and Py is (0 :1:—-1). Then the canonical model of C' in
P" =P(H"(C,we)) is isomorphic to the curve in the w.p.s. P*(13,22) defined by the

following 4 equations:

2 —
AM=0 and (y1+ y2)? + moxs L(y1, y2) + x%C’l + m%Cg + 1‘%03 =0,

where L(y1,y2) is a nonzero linear form and the C; are monzero homogeneous

quadratic forms in x;, y;, 1<i<3, j=1,2.

Proof. Tt follows from proposition 3.2.2 that A? M =0 cuts out a surface in P4(13, 22)
that is isomorphic to dP;. dP7 is embedded in (strictly speaking a different) P7 by

its anticanonical linear system, but because of

C~6L- 2(E1 + EQ) ~ —2de7 and KC ~ _KdP7’C7
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it follows that the canonical model of C is defined by a quadratic in the monomials

of the Newton polygon (3.17):

vl

2 2

1)12}% V102V3 ’Ull}g

* V33 vovs  *

which is of course a relation of degree 4 in the ideal of relations of R(C, D). Because

of the choice of the tangency point, it is clear that this relation is of the form
2,2 2 27 .
v33(v2 +v3)" + V10203 A3 + V] By; (3.22)

this is just prescribing the desired intersection of the canonical model of C with the
exceptional curve (v; =0) = Ey c dP;. It is necessary though, that the degree 3 form
As does not include further terms in v; (such terms can be included in the third

summand of the relation).
By definition:

[”gvg(w + U3)2] =(y + y2)2, [viv9u3] = X920

and it is clear that any expression of the form aww%vg + agvlvgvg‘ + U%B4 with
a1,ao € C, can be rendered as a expression of the form x%Cl + x%C’g + 1‘303; where

the C; are quadratics in the z; and y;. Q.E.D.

Theorem 3.2.4. Let C' be a nonsingular genus 8 curve admitting a linear system

|D| with only one base point P and satisfying the following properties:
1. |D|=P+g2.
2. 2D =K¢.
birational —

3. Pg2 C ——— C cP?, where C is a sextic with two nodes, Py, Py.

Then the halfcanonical ring R = R(C, D) = @ H®(C,nD) is isomorphic to:

n>0
k[w1,$2,$3,y1792a2]/17

where the degrees of the generators are 1,1,1,2,2,3 respectively and the ideal I is
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minimally generated by:

/2\ ry T2 T3 Y1ty
Toxs Y1 Y2 2 ’

plus 8 rolling factors equations:

(y1 + y2)2 + l’zl’gL(yl, yz) + x%Cl + l’%Cg + 1'303 (3.23&)
(y1 +y2)z + y123L(y1,y2) + 21222301 + 22y1C2 + 231203 (3.23b)
224 y1y2L(y1,92) + x%x%C’l + y%Cg + ng'g, (3.23¢)

where L(y1,y2) is a nonzero homogeneous linear form not equal to yi + y2 and the

C; are nonzero homogeneous quadratic forms in x;, y;, 1<1<3, j=1,2.

Proof. Choose coordinates so that
P:=(0:1:-1), P;:=(0:1:0), Py:=(0:0:1); (3.24)

where P = op(P) := gogg(ls). By Propositions 3.2.1-3.2.3 I only need to show that,
keeping the same choices for the bases of H°(C, D) and H(C,2D), I can take the
last generator z € H(C,3D) as stated.

The 13 linearly independent elements of H°(3D) we already own are the

following;:
af
x%xg m%:lig
175 T1T273 :1:1:6% (3.25)
3 r3r3 Tom3 3
* T2Y1 €T2Y2 3Y2 *

In terms of H°(C, P) ® H°(C,g2)®* (and using the notation of Proposition 3.2.3),

(3.25) is:

4
uvy

uvivy  uvivg

2.2 2 2,92
UVU;  UVIVV3 UV U3 (3.26)
uv vy uvivavs uvivavs  uviv3
* uvsv3 uvsv3 uvs *

All these sections vanish at least once at P and 3D is very ample, so z must not
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vanish at P. However by M. Noether theorem, the natural map
H°(K¢) ® H'(K¢) — H'(4D)

is a surjection. This imposes conditions on the choice of z that is to be taken so that
xjz = uv;z is a sextic in the vys that vanishes 3 times at P; for i = 1,2 and j = 2,3

respectively. It also vanishes once at P = ¢ D(]Aj). Thus, I we can choose z so that
uz = v3v3 (vg + v3)

and it follows that

2 +
/\( rr T2 T3 Y1tY2 ) cl (3.27)
T2T3 Y1 Y2 z

The seventh relation,
(y1 + y2)2 + xgng(yl, yg) + 1’%01 + $%C2 + x%Cg, (328)

was obtained already in Proposition 3.2.3, whereas the remaining 2 relations, (3.23b)
and (3.23c), hold as a consequence of (3.28) and those coming from (3.27); this is
the rolling factors format of Dicks (compare [Dicks|) and it is related to the defining
equations of a divisor in a (possibly weighted) scroll. We can think on equations
(3.27) as a way of saying that the ratio (u : vovs) between the entries of any given

column of the matrix

+
M= z1 T2 X3 Y1 TY2 (3.29)
223 Y1 Y2 z

is preserved. Write M;; for the corresponding entry of M. Then equation (3.28)
says:
Mig(y1 +y2) = Mi2w3L(y1,y2) + M1121C1 + Mi222Co + M1323C3

so one deduces (3.23b) observing that
uMlj = 1}21}3M2j, for 1<j<4,

that is, one simply substitutes one entry of the matrix appearing as a factor in a
term of the original relation by the second entry in the same column. The last
relation of the theorem, 2% + y1y2L(y1,y2) + x%x%Cl + y%C’g + y%Cg, is obtained in
the same way. Finally, to show that no more relations are needed is an exercise on

counting dimensions and Riemann-Roch. Q.E.D.
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The next result gives an alternative presentation of the ring R(C, D) of
Theorem 3.2.4 which will be useful later on to study deformation families. Such a
presentation is a slight variation of the symmetric-extrasymmetric format of Reid
(cf. Reid’s in [Brown et al], §9). See also the corresponding Magma code at the
appendix A.2.

Theorem 3.2.5. Let R(C,D) = k[x1,z2,%3,Y1,Y2,2]/I be the halfcanonical ring of
Theorem 3.2.4. Consider the following 6 x 6 skew matrix:

0 y2 Q1 Y1+ Y2 z
T3 1 To + T3 Y1+ Y2
M= z+F3 7102 Q1Q2 ;
T2Q3 +23Q4 Y103 + Y204
0

where the QQ; are quadratic homogeneous forms such that Q3 depends only on yi,ys
and F3 is a homogeneous form of degree 3 not involving terms of the form y;x1,
7 =1,2 nor any term with powers greater than 1 in x1 or x3z. Then if Q1 = xoxs,

the 4 x 4 Pfaffians of M generate I.

Proof. Once we know what matrix we should take, this is an easy but beautiful
calculation. I write simply 4j.kl for the diagonal Pfaffian of the 4 x 4 skew ma-
trix obtained from M by picking the indicated 4 rows and corresponding columns.

Concretely, 1 <i<j<k<l<6, and
1.kl = MMy - Miijl + Milek-

The matrix I want to consider is

0 y2 w273 Y1+ Y2 z 02223

3 T T2+ X3 Y1 +y2 112

M = 2+ Iy 21Q2 292302 , of weights 3 3 4
Tl +23Q4 y1L +y2Q4 3 4

0 4

Where I substituted @3 for the L = L(y1,y2) of Theorem 3.2.4. Before computing

its Pfaffians, let us put some names on the 9 generators of I that we know from
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Theorem 3.2.4:

._ 2
r1= T1Y1 — Trx3
._ 2
T2 = T1Y2 — T2x3
r3i= 212 — T2x2(Y1 + Y2)

T4 = T2Y2 —T3Y1
r5i= 222 = Y1(y1 +y2)
re := X32— yg(yl + yg)

rri= (Y1 +y2)® + 223 L(y1, y2) + 27C1 + 25C, + 2303
rsi= (Y1 +42)z + y12sL(y1, y2) + 21222301 + 991 O + 2392 C3
rg = 22+ y1y2L(y1,y2) + x%wgcl + y%CQ + y§C3

The key observation is that using r5 and 76, we have (y1 +y2)? = (22 + 3).
Now the 4 x 4 Pfaffians of M’ are:

12.34 = 2922 —21y2 = 19

12.45 = z1(y1 +y2) — voxs(ze + x3) =71 + 12.34
12.46 = @12 — 2ow3(y1 +y2) = 73

12.35 = a3(y1 +y2) — (22 + ¥3)y2 = T3Y1 — T2Y2 = T4
12.36 = @32 —yo(y1 +y2) =76

12.56 = (w2 +3)z — (y1 +y2)* =15 + 12.36

23.45 = $3(x2L+$3Q4) —J,'%QQ + (Z+F3)(332+.733)
13.45 = yo(xoL + 23Q4) — x12223Q2 + (Y1 + y2) (2 + F3)
13.46 = yo(y1L +12Qq) — 2325Q2 + 2(2 + F3)

13.56 = 21Q22 — zox3(y1 + y2)Q2 = Q2(12.46)

1456 = 2(22L + 2304) — (y1 +y2) (1 L + y2Qa) = L(12.56) + (Qu — L)(12.36)

23.46 = x3(y1L +y2Q4) — x12223Q2 + (y1 + y2) (2 + F3) = 13.45 (using 12.35)

23.56 = x1Q2(y1 +y2) — (2 + x3)T2w3Q2 = Q2(12.45)

24.56 = (zoL +x3Q4)(y1 +y2) — (w2 + 23)(y1 L + y2Q4) = (12.35)(Q4 - L)

34.56 = wox3Qo(woL + x3Q4) — x1Q2(y1L + y2Q4) = Q2[ L(12.45) + (Q4 — L)(12.34)]

Clearly, the first 6 elements generate the sub-ideal of determinantal relations
of I (that is, the same ideal as the 2 x 2 minors of the matrix M of Theorem
3.2.4, equation (3.29)) and the last 6 Pfaffians of the list are redundant (this is a
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consequence of the extra-symmetry of the matrix M’). Now the Pfaffian 23.45 is
2(xo + x3) + xowsL — x%Qg + (zg+x3)F3+ x§Q4,

which, after the different choice of rendering for z(z2 + x3), is of the form
(1 +12)* + ax3L(y1,y2) + 27C1 + 25C5 + 23C5,

we can see here that we can take F3 as stated in the theorem. Notice that any term
of the form z1y; can be rendered as a term involving only x2 and x3. Finally, it is
clear that Pfaffians 13.45 and 13.46 can be obtained from 23.45 by rolling factors
1 X2 T3 Y1tYy2

23 Y1 Y2 Z
corresponding quadratic forms, rg = 13.45 and r9 = 13.46. Q.E.D.

with respect to the matrix . Therefore, after naming the

3.3 Bielliptic curves

In this section we study the second possibility in which the linear system |D| = g2 has
only one base point P. D will denote an effective divisor on C, a nonsingular curve
of genus 8 that moves in the canonical linear system |Kx| of a surface of general
type of family (I.2) of Theorem 1.4.1. In this, as well as in the remaining cases, the
corresponding map

g0D30—>[P’2

will no longer be birational but a finite cover onto a normal plane curve. Assuming
one base point, the first case is thus D = P + D, where D is a degree 6 base point

free divisor such that |D| defines a 2-to-1 cover:
7:C — EcP?

onto a plane elliptic curve E. The main result is Theorem 3.3.5, which gives a
presentation of the halfcanonical ring R(C, D). It turns out that rings in this family
are closely related to the rings computed in the previous section. The calculation is
based on some general theory of double covers and a careful study of the geometry

of the canonical curve C := g (C) c PT.
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3.3.1 Double covers

In this subsection we gather some well known facts about finite double covers. Given

a scheme X, such a cover is an X —scheme

T

Y - X

such that the Ox-algebra 7.0y is a locally free O x—module of rank 2.

Proposition 3.3.1. Suppose 2 € Ox is invertible. Let Y L X bea finite double

cover. Then

.0y 2Ox & L7}
where L7' is the cokernel of the structure map Ox — m,Oy-.

Proof. Let U ¢ X be open and take y € Oy (7 1(U)). Product by y defines a
morphism

.0y (U) % w0y (),

that, after choosing a basis for m,.0Oy (U), is represented by a matrix
My € Matgxg(OX(U)).
Because of 2 € Ox being invertible, we have a well-defined map
) 1
.0y (U) - Ox(U), y+~ §Trace(My).
This map gives, by construction, a splitting for the exact sequence
0> 0x > 1.0y > L7150,

Q.E.D.

Previous result holds for any d- cover as long as d is invertible in Ox,
in particular for C—varieties. The cases of our interest however (double covers of
nonsingular complex curves/surfaces), allow further interpretations. We have a
natural involution

LY —Y,

(an automorphism of degree 2) such that mo¢=m. Then

.0y =2 Ox ®£_1
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comes from the decomposition of the eigenspace of ¢. The algebra structure on

Ox & £7! is given by a multiplication map
Llerct — Oy,

that is, a section of the line bundle £®2. A divisor B c X such that Ox(B) = £®?
must be then, the image under 7 of the invariant locus of ¢, that is, the branch

divisor. In particular, Ox(B) is a perfect square in Pic(X).

Remark Suppose X = F is an elliptic curve and Y = C' is our genus 8 curve. We

have wg @ O and by Riemann-Hurwitz:
we = OC(R)v

where R c C' is the ramification divisor of w. In particular 7 is ramified in 14

different points. Moreover:

Twe 2 o (1:.Oc,wg)
2 Hom(OpeL),0p)
= OpeL.

This will allow us the describe the cohomology spaces H%(nD) in terms of

cohomology spaces of divisors on F, that are rather easy to calculate with.

3.3.2 The geometry of the canonical curve

The canonical model of C, that I denote as C = ¢ K¢ C P7, allows to define geomet-
rically the double covering map C % E and hints into the similarity between the

halfcanonical rings of this and section 3.2.

‘We have

Tgeom * C — Fr,

deg(C)

a 2-to-1 map onto an elliptic curve of degree =7 in PS.

Proposition 3.3.2. There is a point Py € P" \ C such that Tgeom 18 the restriction

to C of the projection from Py.

Proof. For any degree 2 divisor Q+ R € Div(E7), let 7y, (Q+R) = Q1 +Qy+ Ry + Ry,
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Since Er is elliptic, h°(Q + R) = 2. Thus
h(Q1+ @5+ Ry + Ry) = 2;

then, by the geometric version of Riemann-Roch (cf. [Reid PC|, §3.2), the four
points Q7,Q%, R}, R} are all in the same 2—dimensional plane of P”. The two lines,
0(Q1, Q%) and ¢(R], RS), joining the corresponding points, meet at a point Py. This
point must be in the intersection of all the planes constructed in this way also by
the geometric version of Riemann-Roch (simply use it fixing @ or R and taking a
different point in E). Finally, it is clear by construction that Py ¢ C. Q.E.D.

The elliptic curve Fr = Trgeom(ﬁ) c P of previous proposition has a smooth
extension to a degree 7 del Pezzo surface dP; c P7 (do not confuse this space with
previous P’, which was the projective space of H O(Kc)). dP; is of course, the
blowup of a projective plane at two points, E7 is the pullback of a plane nonsingular

cubic passing through both points and one has
E7 € ‘ - de7‘.

If H and H' denote the hyperplane divisor classes of P7 and P7 respectively,
we have:

2I—IllE7 ~ 7"—geom*];ﬂﬁa

but H|z = K¢ = R (the ramification divisor). If B is the corresponding branch
divisor, it follows that
B~ (-2Kap,)|e;-

3.3.3 Calculation of the ring

I will write again D = P + D for the halfcanonical divisor, 7 = ¢ 5 C — E for the
double cover and
1.0c=0p & £t

Proposition 3.3.3. P is a ramification point of .

Proof. Because of we = (L) with £ € Pic(E), it follows that O¢(2P) is also of
the form 7*(€) for some & € Pic(E). Thus the divisor 2P is invariant under the

involution ¢ and it follows that P is a ramification point of 7. Q.E.D.

Let
R:P'+P1+---+P13
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be the ramification divisor, write
u: OC > OC(?) and wv: OC g OC(Pl + -+ P13)

for the constant sections and let P € E be the branch point corresponding to P,
that is, 7*(P) = 2P.

Write Op(1) = Op ® Op2(1). Modulo changing coordinates, I can assume
Ogr(1) = Og(3P),

thus
H°(C,D) zu-H(E,3P).

The following is a classical exercise using Riemann-Roch on an elliptic curve:

Proposition 3.3.4. 1. The graded ring R(E, P) is isomorphic to k[a,b,c]/(fs),
where the degrees of a,b,c are 1,2,3 respectively and fg is a degree 6 homoge-

neous polynomial of the form

-3 —aa'b - Bd®, for some o, € k.

2. The subring R(E,3P) is
k21,22, 23]/ (fs),
where &1 = a®, &9 := ab, &3 = ¢ and f3 is just the corresponding rendering of

fe, that is:
A 3 2

f3 = &105 — &5 — addg - B33
I keep this notation and write

H°(C, D) = (z1 = ua®, xo := uab, x3 := uc).

Since 2P = * P, we have u? = a. Moreover mywe = Op@L, where £ = Og(D7)
and Dy is a degree 7 divisor invariant under the involution. Because of my choice
of basis I have D7 ~ 7P and it follows that

H°(C,2D) = H°(C,K¢) = H'(E,7P) & (1),

where yo = uv, so y3 € Sym*HY(E,7P). Therefore, we own the following basis of
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HY(C,K¢):

l‘% =a” xix9=0"b xy23=0dC
2 _ 312 2 72
x5 =a’b”  xox3 = a“be y1:=b"c ,
2_ 2
x5 = ac Yo

by construction, the only degree 3 relations holding between z1, x2, z3 and y;, y2 are:

ri= 1125 - T8 — artry - B
" 2
2= T1Y1 — XT3 )
. 2 3
r3i= Tay + BriT3 + QX 1T2T3 — T3

these are the 2 by 2 minors of the following 2 x 3 matrix:
/2\ T X9 T3
22 2l -arze - Bt oy |

By Riemann-Roch, we only need one more generator z in degree 3 that can
be chosen to be a section vanishing at Pi, ..., Pz and with a pole of order 2 at P.
Thus, I can take z := vb?. Finally, observe that in order for the branch points to be

different and since P is one of them, 332 must be of the form
v = w3y + Sa(w1, 22, w3), (3:30)

therefore
R(Ca D) = k’[.’El, T2,T3,Y1,Y2, Z]/Iv

with generators of degrees 1,1,1,2,2, 3 respectively and I generated by
/2\ T T2 T3 Y2
x% :c% —ariTe — ﬁ:c% Y1 2 ’

plus the 3 rolling factors equations coming from equation (3.30). Rolling is possible

because y; appears only in one summand and multiplied by x?.) Concretely:

ys - 23Q1 - 25Q2 - 3 (Q3 + Y1)
8= Y2z - 1’1953621 - 1’2@5 —QT1T2 — 5%)@2 - 23y1(Q3 +y1)
22 - 23Q1 — (23 - az129 — B22)2Q2 - ¥2(Q3 +11)

7

g :

where the ); are homogeneous quadratic forms depending on z;, for 1 <7< 3. The
next theorem summarises these results and gives a determinantal presentation of

the ring:
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Theorem 3.3.5. Let C' be a nonsingular genus 8 curve admitting a linear system

|D| with only one base point P and satisfying the following properties:
1. |D|=P+g2.
2. 2D =K¢.
2-to-1

3. Pg2 : C Z=—S EcP?, where E is an elliptic curve.

Then the halfcanonical ring R := R(C, D) = @ H"(C,nD) is isomorphic to:

n>0
klz1, 22, 73,y1,2,2]/1,

with generators of degrees 1,1,1,2,2, 3 respectively and the ideal I is minimally gen-
erated by 9 homogeneous forms ri, 1 <4 <9, obtained as follows:
Let

Q1 0 0 0

0 0 0
. x; ) T2 ) IR Y Q2
x5 x5-arire - B} Y1 2 0 0 Qs+y1 O

0 O 0 -1
Then r;, 1 <i <6, are the 2 x 2 minors of A, whereas r7,rs,19 are given by
AM(TA) = 0.

Proof. It only remains to check that the matrix equality AM(7A) = 0 indeed gives
the rolling factors relations. This is left as an exercise to the reader (see also the
Magma code at the appendix, § A.3). Q.E.D.

Remark Halfcanonical rings of family (I.1), (cf. Theorem 3.2.4), can also be pre-

sented in this way. Simply take

C1 0 0 0
1
A BT o it M 0 1 Co 5L(y1,2) O
ToT3 Y1 Y2 z 3L(y1,92) Cs 0
0 0 0 -1

This is (modulo slight variations) one of the two flezible formats appearing in Reid’s
treatment of Horikawa quintics (cf. [Reid D-E]).
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Chapter 4

The trigonal and hyperelliptic

cases

In this chapter we study halfcanonical curves moving in the canonical linear system
of a surface belonging to the family (I.3) and the families (III) of Theorem 1.4.1.
The corresponding graded rings turn out to have codimension 6 and 8 respectively
and the calculations become longer. However, all such curves can be studied also as
Cartier divisors in a rational normal scroll, making things easier from a geometric

point of view.

4.1 Rational normal scrolls

Before I compute the rings, I collect together some well known facts about rational
normal scrolls and I introduce some useful notation. For a detailed exposition, see
Chapter 2 of [Reid PC]J. This section is based on it.

Intrinsically, a rational normal scroll is a P*~!-bundle over a rational normal

curve (that I assume to be P!):
F— P!,

this can be written as the projectivisation of a rank n vector bundle over the pro-

jective line:

F(ay,...,ay) = IP’(EB O]Pn(ai)) , for some a; € Z.
i=1

Points in F(ay,...,a,) are in one-to-one correspondence with orbits of the
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following G,,, x G;;,- action on Ai x Ay
(A ) - (t1t23u1, oy un) = (N, Ao A% g, - A7 iy, ).
Rational functions on the scroll, are quotients of homogeneous polynomials
in tq,ts,u1,...,u, of the same bi-degree; a couple of examples:
1. The only homogeneous monomials of bi-degree (1,0) up to scalar multiplica-
tion are t; and t9; the ratio (¢1 : t2) defines the morphism

m:F(a,...,an) — P!

that gives the scroll the structure of a P*~!-bundle over P'; the structure group

is the diagonal subgroup of PGL(n).

2. If ay,...,a, >0, for the bi-degree (0,1), such polynomials are the };; (a; +1)-

dimensional k-vector space based by

n

@Sai(tl,tg) ® u;.

i=1
In particular, if we consider the surface case with a; = 0, a := ag > 0, the ratio
(uq s tfug : -+~ : tSug) defines a morphism

F, := F(0,a) — P+,

so [, is the blowup of the cone over the rational normal curve of degree a.

Either from its definition as the projectivisation of a line bundle over P! or

guessing from previous examples, we see that
Pic (F(ai,...,an)) 2 ZL & ZM,

where L is the divisor class of a fibre of the projection 7 : F(ay,...,a,) - P!, that
is, the divisor class of any linear form in t1,f5 and M is the divisor class of any

monomial of the form tlf Su; with b+ ¢ = a;. In particular, if we take t{"u; we get
M ~ CLZ'L + Fi,

where F; is the subscroll (u; = 0) = F(ay,...,a,...,a,) c F(ay,...,a,). It is also
clear that

_K]F(al,...,an) ~2L + Z;-Fz ~ (2 - ZICLZ)L +nM.
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Example Let a > 0. Consider the surface scroll F, := F(0,a). I will always choose

as generators of Pic (F,) the divisor class of a fibre that I shall denote by A and
B := F2 =div (UQ)
So, using previous notation, bL + cM ~ (ac+b)A + ¢B.

One can deduce the intersection pairing in F, considering the linear system

|D| := |aA + B|, which defines the birational morphism that we mentioned earlier,
(tl : t2;u1 : UQ) = (’LLl : tcll’U/Q HEETIH t%UQ)

from the surface scroll to the cone over the rational normal curve of degree a. Such
a morphism contracts B to the vertex of the cone, and maps the curve (u; = 0) =
Iy c F, to a hyperplane section of the cone that obviously does not pass through
its vertex, thus B(aA+ B) =0, giving B2 = —a, because AB =1 is obvious. It is also
clear that A% = 0.

4.2 The trigonal family

Let us consider now a nonsingular curve C' admitting a linear system |D| = g% such
that:

1. 2D = K¢, in particular g(C') = 8.
2. |D| = P +|D'| has only one base point P and

©Ypr: C —>3_t0_1 Eg ]P)l C PQ.

Thus, C is a trigonal curve, (that is, admits a g3, in fact |D| = P +2g3). Our aim is
to compute R(C, D), let us start with the following observation:
Proposition 4.2.1. C cannot be hyperelliptic.

Proof. This follows from the base point free pencil trick; let Ds, D3 be effective
divisors such that |D;| = g} for i = 2,3. Let {t1,t2} be a basis of H(D3). There is

an exact sequence of sheaves

t1,t2

0~ Oc(D2) ® Oc(-D3) > Oc(D2) © Oc(D2) — Oc(D2) ® Oc(D3) ~ 0

57



where the first map sends a section s of Oc(D2) ® Oc(—D3) to the pair (sta,—st1).
Taking cohomology gives that the kernel of the natural map

t1H(Dg) ® toH"(Dg) —> H"(Dg + D3)
is isomorphic to H%(Dgy — D3) = {0}. It follows that
hO(Dy + D3) > h°(Dy) + h°(D3) = 4.

Since the genus of C' is 8, then Do + D3 is a degree five special divisor and
previous inequality together with 2.8—1 > 5 contradicts Clifford’s theorem. Therefore
such a Ds cannot exist, (and conversely, no hyperelliptic curve of genus 8 can be
trigonal).

Q.E.D.

Using previous result we can argue on the canonical model of C' ¢k, (C) c P7,

to show that it is contained in a surface scroll:

Proposition 4.2.2. ¢k (C) c P7 is a Cartier divisor in a rational surface scroll
F,.

Proof. This is a well known fact from classical curve theory (cf. Proposition 3.1,
Ch. III § 3 of [ACGH]). However we can explicitly exhibit the inclusion C c F,
noticing that, by the geometric version of Riemann-Roch, 3 points move in a g on
C if and only if they are collinear. This is the restriction of the pencil |A| to the
canonical model of C. Consider the scroll Fy = F(2,4) embedded in P7 by |44 + B.
Because of the intersection pairing, we must have C' ~ bA + 3B for some b € N. Now

Ky, = -4A - 2B, so the adjunction formula implies:

KC = (bA+3B —4A—QB)’C
=((b-4)A+B)lc

Thus 14 = deg (K¢) = ((b-4)A + B)(bA + 3B) = 4b - 18, which finally gives C ~
8A+3B. An anologous analysis can be done to show that the general case F(3,3) = Fy
is not possible for |D| = P+ 2g3 and 2D = K. One would get C' ~ 5A + 3B and
K¢ = (3A + B)|c which is nonsense. Q.E.D.
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In particular, C'- B = (84 + 3B)B = 2. Now, by assumption K¢ = 4g3 + 2P

and on the other hand, by the adjunction formula:

Ko = (8A+3B—4A—QB)|C
= (4A+DB)|c

and since the g3 is precisely |A| restricted to C, it follows that [2P| = |B|¢ so C is

tangent to B. Now computing R(C, D) is more or less automatic:

4.2.1 Computation of R(C, D)

Take coordinates (%1, %2;%1,U2) on Fy. Whenever I write sections of sheaves on Fy
without the over lines I actually mean sections of the restrictions of such sheaves to

C c Fy. For instance, if I write u : Ogc = O¢(P) for the constant section then by

2

previous observations u” = us, etc.

Let us start the calculation; in degree 1, we have H(C, D) =u® H(C,2g}) =

(ut?, utito, ut3). Let x1 = ut?, xg = utits, T3 = uts.

In degree 2 we already get one relation, namely z1z3 — 25 which defines the
image ¢p(C) c P2. Tt follows that dimc Sym?(z1, z2,23) = 5, so I need 3 new degree

2 generators that I can take from
Oc(QD) = Oc(Kc) = OFQ (4A + B)|C

We have
0]172(414 + B) = Op1(2) 5] Opl (4),
HO(IF274A + B) = (ﬁl . 52@1,%2)) @ (ﬂg . 54@1,%2))

and (ug - S*(t1,t2)) = Sym?H(C, D), thus I can take y; := uit?, yo = urtity and
Y3 = ult% to extend to a basis of HY(C, K¢). This gives us already 4 new relations

in degree 3 and one in degree 4:

/2\($1 T2 Y1 yz)

T2 X3 Y2 Y3

It follows that, with my choice of bases/generators so far, I still need 2 new

degree 3 generators z1, z9. This however is independent of the choice:

Proposition 4.2.3. R(C,D) is minimally generated by 3 generators in degree 1
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plus 3 and 2 on degrees 2 and 3 respectively. Thus C c P(13,23,32) so R(C, D) is a

codimension 6 Gorenstein ring.

Proof. Write D' for a divisor on C such that |D'| = g3 and 5 K¢ = D = 2D’ + P where
P is the only base point of |D|. Consider the natural map

¢ H(C,D")® H(C,K¢) — H°(C,5D' +2P).
By Castelnuovo’s free pencil trick and Riemann-Roch, ker ¢ has dimension
h'(3D' +2P) =1-8+11+h%(D") = 6.

Hence dimc Im ¢ = 10, that is, ¢ is onto and it follows that the image of H°(C, D) ®
H°(C,K¢) - H°(C,3D) is the same as the image of

¢:H°(C,D")® H*(C,5D' + 2P) — H"(C,6D’ + 2P),

and this, again by the pencil trick, has dimension 20 — h°(4D’ + 2P) = 12. There-
fore we always need 2 extra generators to get a basis for the 14-dimensional space
H°(C,3D). Q.E.D.

Without loss of generality, I can assume that the base point has coordinates
(0,1;1,0) in Fg thus pp(P)=(0:0:1). Recall that C € |8A + 3B|. We have

OF2 (8A + BB) = O(?)Pl @ 0(4)[[»1 @ 0(6)[[»1 @ 0(8)[[»1
so, C is defined by a section of the form
U} fo + Uit f1 + Wy fo + Us fs;

where the f; are homogeneous forms of degree ¢ in t1,t>. Because of my choice of
coordinates for the base point and because B - C = 2, I can assume that fy := Z?.

Therefore I will write
(C (- FQ) = V( E?ﬂ? + f4(¥1,%g)ﬂ%ﬂg + f6(51,¥2)61ﬂ§ + fg(%l,zg)ﬂg ) (4.1)

Let 21,22 be degree 3 generators completing a basis of H°(C,3D). By Max
Noether’s theorem, H(C,K¢) ® H*(C,K¢) - H°(C,4D) is a surjection. Hence
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zizj e HY(C,Kc) ® H'(C,K¢) for 1<i<3 and j =1,2. Now

HO(C, Kc) ® HO(C, Kc) = (u% : 54(t1,t2)> ® <U1UQ : S6(t1,t2)> @ (ug : Sg(tl,tg».
(4.2)
Let Z,,, 1 < n < 3 be the direct summands of (4.2), respectively. It is clear that
x;2j ¢ I for any 4,7 and n # 1, because otherwise z; would vanish at least once
at the base point P, which is impossible because |3D| is very ample and all the
sections in S3(z1, 2, x3) and S'(z1,x2,29) ® S1(y1,y2,y3) vanish at least once at

P. Therefore I can choose z1/u, z2/u to be one of the following monomials:
2, titau?, taul.

Finally, it is easy to see repeating M. Noether’s argument but going to degree 6,

that the last one is impossible. Thus:
Uz = t%u%, Uz9 = tltgu%

and by Reid’s theorem, I need no further generators. The following 10 = (g) relations

are simple consequences of the choice of generators, we may read them as: the ratio

/2\(331 T2 Y1 Y2 21 )7 (4.3)

(t1:ta) is preserved:

T2 T3 Y2 Y3z =2

notice that none of the above though, allows us to write either x12z; or x3z9 in terms
of Sym?(H(C, K¢)). This leads to a couple of rolling factors equations that are also
a consequence of the expressions defining the generators of the ring, or equivalently,

of the key variety from which we will cut C":

2 2
121 — ToZo —
121 — Y7 7 222 — Y3 ‘ (4'4)

T122 —Y1Y2 X322 —Y2Y3

Choosing different renderings for x1z9 and x929, we can write the same equa-

tions (with a couple of repetitions of relations already listed in (4.3)) as:

2 [z xy 2 x3 y2 y3
Ao )i | ws
Y1 Y2 < Y2 21 22

Observe that we can extend the first matrix to get the 4 new relations all at
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once, together with 6 repeated relations as follows:

/2\( L1 T2 X3 Y1 Y2 )’ (4.6)

Yr Y2 Ys 21 22

whereas the second matrix can only be extended to give 3 of the 4 new relations (it

/2\(332 I3 Y2 Y3 ) (4.7)

Y1 Y2 21 22

misses 7121 — yi):

Finally, if follows from (4.1) that:

uy1 21 = tus(ui fa(ts, t2) + urua fo(tr, ta) + u fs(t1,t2)); (4.8)

it is clear that we can always render u?fi(t1,t2), uiusfo(t1,t2) and u3 fs(t1,t2) as
linear combinations of monomials in S%(y1,y2,v3), S*(y1,y2,y3) ® S?(x1, 29, 23) and

S4(x1,x9,23) respectively. Therefore:
uy1z1 = ux, P, (4.9)

where P = P(x;,y;); 1,7 € {1,2,3} is a homogeneous form of degree 4. This gives
the following relation:
y121 — 1P, (4.10)

moreover, I can roll factors once using the matrix from (4.6) to get:
22—y P (4.11)

and finally I can roll factors in both, (4.10) and (4.11), only that this time using the

matrix from (4.3) to get a total of 6 independent relations cutting the curve C:

y121 — 11 P 22—y P
yoz1 —x2 P, z12z0— 1P (4.12)
y3z1 — w3 P 23 —y3P

this completes the picture of our matrices from (4.6) and (4.7), giving:

2 1 T2 T3 Y1 Y2 <1 2 T2 X3 Y2 Y3 =2
A\ A : (4.13)
Y1 Y2 Y3 21 2 P Y2 21 2z P

It follows by comparing Hilbert series that these relations (20 independent
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ones) form a minimal generating set for the ideal of relations of R(C,D). The
following theorem summarises these results and gives another format to present all

the relations more concisely as Pfaffians:

Theorem 4.2.4. Let C' be a nonsingular genus 8 curve admitting a linear system

|D| with only one base point P and satisfying the following properties:
1. |D|= P +2g}.

2. 2D = K¢.

3-to-1 . . .
3. Pg2 : C —5CcP?, whereC is a nonsingular conic.

Then the halfcanonical ring R = R(C, D) = @ H"(C,nD) is isomorphic to:

n>0

k[z1, 22,3, Y1, Y2, Y3, 21, 22 /1,

with generators of degrees 1,1,1,2,2,2,3,3 respectively and the ideal I is minimally
generated by the 20 different homogeneous forms given by the 2 x 2 minors of the

following 3 matrices:

A= 1 T2 Y1 Y2z
Ty w3 Y2 Y3 2 )

Tl T2 X z To X Z
M= 1 2 3 Y1 Y2 1 and N = 2 3 Y2 Y3 2
yi Y2 ys 21 22 P yi Y2 21 22 P

Or equivalently, by the 4 x 4 Pfaffians of the following 8 x 8 skew matriz:

0 ¢ 2z2 y1 0 0 O 1112 2 2 3
rog x3 y2 0 0 O 11 2 2 2 3
T2 Y1 Y1 Y2 = 1 2 2 2 3
O := 0 vyo y3 2o of weights 2 2 2 31,
21 22 P 3 3 4
0 O 3 4
0 4

where P = P(x;,y;) is a generic homogeneous degree 4 form.

The Magma codes for these two presentations can be found at A.4-A.6.

Remark I will discuss later on (see Chapter 6), the conveniences and inconveniences
of the presentations of R(C, D) given in previous theorem. The main problem is

that they are not useful to deform the ring in any way that allows us to get one of
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the rings we already know from previous chapter. Fortunately, R(C, D) can also be

presented as follows (cf. computer code at A.7):

Let R(C, D) 2 k[x1,x2,%2,Y1,Y2, 21, 22]/I be the halfcanonical ring from The-
orem 4.2.4. Then the ideal of relations I is generated by the 4 x 4 Pfaffians of the

following two 7 x 7 matrices:

0 21 =1 22 Y1 Yo 0 21 w2 21 Y2 N
22 X2 X3 Y2 Y3 zZ2 X3 T2 Y3 Y2
0O P O 0 0O P O 0
T, = and 715 := ,
Y1 0 0 Y2 0 0
—Z1 —R2 —22 —Z1
0 0

both of weights:

w w

I

N s ==
W W ot NN

=W W ot NN

As it is, this presentation has no genuine 4 x 4 Pfaffians since any of them
has one or every term equal to zero. Nevertheless, the position of the degree 0 entry

suggests a way to deform the equations (see Theorem 6.3.2).

It is also important to notice here that the 2 x 2 minors of matrices A, M
and N of Theorem 4.2.4 can be obtained in a much simpler way by taking the 2 x 2

minors of the following doubly symmetric matrix:

1 T2 Y1 Y2 21
Ty X3 Y2 Ys 22

i Y2 21 2z P

4.3 The hyperelliptic family

The halfcanonical curves (C, D) corresponding to the surfaces of family (III) of

Theorem 1.4.1, are nonsingular genus 8 hyperelliptic curves, because |D| having 3
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base points implies that ¢p : C' — P2 is a 2-to-1 map onto a nonsingular conic. Thus
D=P1+]:’2+P3+l)’7

where ¢p = ¢p and |D’| = 2g3. That is, %D’ is a hyperelliptic divisor on C. In
this section I give a presentation of the ring R(C, D) for a polarised curve in this
situation. There is a clear overlap between what is done here and what I did in the
bielliptic and the trigonal case, since on one hand we have again a double cover (but
the base curve is much simpler now), and on the other hand these curves are again

contained in a rational normal scroll (namely, Fy).

4.3.1 Geometry of hyperelliptic curves

In this subsection I collect together some well known facts about hyerelliptic curves
that will be needed when I compute the halfcanonical ring (cf. [Reid D-E], §4).

Consider a double cover 7 : ¢ —> P!, T will write B and R for the branch and
ramification divisors respectively and ¢ : C — C for the hyperelliptic involution.

Since h?(K¢) = 8, the Riemann-Hurwitz formula gives
2.8-2=deg(R)-2-2,

that is, 7 is branched at 18 points Q1,...,Q1s € P! (necessarily distinct, since C
is nonsingular). These points lift to 18 ramification points P,..., Pig € C that are
precisely the points P such that h°(2P) = 2, that is, |2P;| = g4 (the Weierstrass
points of the hyperelliptic curve C).

Proposition 4.3.1. 1. The ramification divisor of w, R := Zilfl P;, satisfies |R| =
99%.

2. The canonical linear system |K¢| is (g—1)gs = Tga.

Proof. An affine equation of C' is of the form y? = f5(t), where fg is a degree 18
polynomial with distinct roots, it is also harmless to assume that it has no constant
term. In such an affine patch, the rational function ¢°/y has divisor of zeroes equal
to 9 times a Weierstrass point counted twice and divisor of poles equal to the 18
Weierstrass points all together, hence the first part.

Using the same affine plane model, it is clear that any 1-form on C' can be written
as p(t)dt/y, where p(t) is a polynomial of degree at most 7 and the second part
follows. Moreover, a basis for the space of 1-forms is {dt/y,tdt]y, ..., t"dt/y}. Tt
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follows that the canonical map ¢k, : C — P7 is not an embedding any more,
but the hyperelliptic map 7 followed by the Tth Veronese embedding of P! into
P7. Q.E.D.

Proposition 4.3.2. Let P € C be a Weierstrass point. Then

R(C,2P) = k[t1,t2,y]/(y° - fis(t1,t2)),

where deg(t1) = deg(t2) = 1, deg(y) =9 and fig is a homogeneous form of degree 18
defining the branch locus Q; e P =P(H®(C,2P)); 1< j < 18.

Proof. 1t follows from proposition 4.3.1 and the general theory of double covers (cf.

proposition 3.3.1), that the decomposition of 7.O¢ into the +1-eigensheaves of ¢ is:
Oﬂml @ Opl (—9),

the algebra structure is given by the polynomial fig. This defines a multiplication
map

flg : Opl(-lS) —> OPL

The calculation follows at once; we have for any n > 1:
H°(C,2nP) = H°(P*, O(n)) @ H*(P',O(n - 9)).

Therefore, all the generators of R in degree n for 1 <n < 8, come from S™(t1,t2),
where {t1,t2} is a basis of H°(C,g3) = HO(P!,O(1)) and the last generator needed
is of degree 9: y, which is in the —1 eigensheaf of the involution and satisfies y? =
fis(t1,t2). Q.E.D.

Remark Previous proposition gives the model of the hyperelliptic curve as a hy-
persurface in the weighted projective plane P?(1,1,9), which is isomorphic to Fy,
that is, to the image of the rational surface scroll under the linear system |9A + B];
C' is linearly equivalent to 184 + 2B. |A| restricted to C is the hyperelliptic class.
Finally, the canonical class of Fg is =114 —2B. Thus K¢ = (7A)|¢, giving another
proof of the second part of proposition 4.3.1.

4.3.2 Halfcanonical rings

The main result of this subsection is the presentation of the halfcanonical ring
R(C,D) in Theorem 4.3.3. It is well known (cf. [ACGH], p.288) that an effective

divisor like in our situation: D = Py + Po+ P3+ D’ where the P; are base points of |D|
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and |D'| = 2¢3, is made out of Weierstrass points. Recall the notation R = Y18, P;

for the ramification divisor of the double cover 7 and let

18
w:0c = Oc(Pi+ P+ P3), v:0c< OC(ZB)
i1

be the constant sections.

Since any 3 different points in P! can be mapped to any different 3 points,
it is harmless to choose a basis {t1,t2} of HY(P!,0(1)) = H°(C, %D’) such that the
degree 3 form that defines the branch points 7(F;), 1 <i <3 is given by

u? =ty — 13,
Thus I can assume:

ep(P1) =(1:0), ¢p(F)=(1:1), ¢p(F3)=(0:1)

and since all the branch points are required to be different, the degree 15 form
defining the rest of the branch locus, v? = g15(t1,t2), must have nonzero coefficients
multiplying ¢1° and 15 (so it does not vanish at (1:0) nor (0:1)). Thus in general

I can write

15

15 15—741

g5 =117 + Y ait;’ "'y,
=1

where a5 # 0 and 15 a; # -1 (s0 g15 does not vanish at (1:1)). Of course I must

further require g15 to have distinct roots. This however will not play a role when

giving useful presentations of the halfcanonical ring R(C, D).

The ring requires 3 generators in degree 1. We have
H°(C,D) 2 uH (P!, 0(2)),
so I will choose the following basis:
X1 = ut%, To = ul1te, x3:= ut%.

In degree 2, 2D = K¢ and |K¢| ~ 7gs. Thus I can construct a basis of
HY(C,2D) from any basis of H°(P!, O(7)). Choosing S7(t1,t2) has the advantage of

simplifying the way we can write the trivial relations holding between the generators

67



of R(C, D). Let

wy, = t’{,
wy = t?tg,
wsy = 1913,
Wy = tzlltg,
ws = £33,
We = t%tg,
wy = 118,
wg = t;.

Because of my choice of the images of the base points, I must choose as new
generators y := tI and y3 := tg. It is clear also that any choice of the form 5 := t’it;‘i

for 1 <i <6 will suffice to get a basis. I will choose ys := t3t3. Thus I have:

7
wy = t =Y1,
w2 = t?tg = w3 + x%,
w3y = t?tQ =Wy + 122,
Wy = t‘lltg’ =ws+x1T3 = w5 + x%,
344
ws = 7ty = yo,
— t2t5 — _
Wwe = 1lilg = W5 — T2T3,
6 2
wy = tity =we — T3,
- 47 _
wg = t2 = y3

It reemains to choose generators for HY(C,3D). Consider the divisor D :=
18, P, —2D'. Then O(D) = O(D), because the rational function uv/t] has divisor
of zeroes equal to 22-134 P; and divisor of poles equal to P; + P, + Py + 3D’. Thus
D ~ D and multiplication by it, induces the isomorphism. Clearly uv/t? is a section
of the —1-eigensheaf of the involution. Thus the isomorphism is interchanging the

positive and negative eigensheaves. It follows that:
m.(Oc(D)) 2 uOp1(2) & vOp1 (—4),
then, tensoring with Op1 (7) 2 7. (Oc(K¢)) and taking cohomology we get:
H°(C,00(3D)) 2u® (S%(t1,t2)) @ v ® (S3(t1,t2)). (4.14)

We already have generators for the first direct summand of (4.14). Therefore

I only need 4 new generators in degree 3 to form a basis (and generate R(C, D)). I
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will choose them as follows:
21 = vt?, Z9 1= ’Ut%tg, 23 = vtltg, Z4 = vt%.

Finally, it is clear that the ideal of relations is generated by the obvious
relations preserving the ratio (¢; : t2) plus the rolling factors relations deduced from
the identities 5
u? =tity—tits and 0¥ =t1"+ ) ait]’'th.

i=1

All previous results are summarized in the following theorem:

Theorem 4.3.3. Let C' be a nonsingular genus 8 curve admitting a linear system
|D| with three distinct base points, Py, P, P3 and satisfying the following properties:

1. ]D]=P1+P2+P3+2g%.

2. 92D = K¢
Then the halfcanonical ring R = R(C, D) = @ H"(C,nD) is isomorphic to:

n>0
k[x1, 22,23, y1,Y2,Y3, 21, 22, 23, 24] /1,
with generators of degrees 1,1,1,2,2,2,3,3,3,3 respectively and the ideal I is gen-

erated by the homogeneous forms obtained by taking the 2 x 2 minors of the 2 x 12

matriz A, where

A Ty T2 wWp W2 W3 W4 W5 W Wy 21 22 23
= 9
Iz T3 w2 W3 w4 Wy We Wy Wg 22 23 24

with wy = y1,ws = ya, ws := y3 and the w; for i€ {2,3,4,6,7} are defined recursively:

w4 = W5 +2T1T3=wWs+ $%,
. We = W5 —T2T3,
w3 = wWa+T122, 9
2 U}7 = w6 - 1:3.
w9 = w3 + 1:1,

Plus 7 rolling factors relations of the form:

7 8
Z% - y% : (?Jl + Zainl) - y% : (Z aj+7wj) )
j=1

i=1
7 8
2122 —Yy1w2 - (Y1 t+ Z Q;Wiv1 | — Y2We - Z aj7Wj |,
i=1 j=1
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7
2123 — 1w - | y1 t Z AjWit1

8
) — Ywy - (Z Aj+7W;5
7
2124 = Y1W4 - (y1 + Z azwm)

7
—Yy1wry - (y1 + Z aiwi+1) - y§ : (Z a]+7w]) s
j=1

i=1

2224 —Y1Y2 - (yl + Z AQ;Wi+1 | —WeY3 *

2324 —Y1We - (yl + Z Wil

)
{t-)
-

or any other rendering where possible. Moreover, the constants ai,...a15 € k are

required to satisfy:
1. a5 +0,
2. Zz 1Gi #
3. The polynomial 1 + Z 21 a;t* has 15 distinct roots.

It turns out that only 28 of the 66 elements of A? A suffice to generate I,
together with its rolling factors relations. In the last chapter, I will give a format
to write these 35 equations as Pfaffians of three types of matrices. The reader can

find the Magma code for this family of rings in the appendix A.8.
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Chapter 5

Codimension 4 Surfaces

In this chapter I use the extension algorithm of §2.2 to calculate the canonical rings
of the surfaces of families (I.1) and (I.2) of Theorem 1.4.1. T start with the family
(I.2) because the canonical rings of surfaces of family (I.1) were already studied
in detail by Bauer, Catanese and Pignatelli in [Bauer et al]. Their main result
however, was obtained relying heavily in their deep understanding of the geometry
of the surfaces whereas in this chapter I show that it can be recovered using the much
simpler geometry of the halfcanonical curves of Theorem 3.2.4 and the hyperplane

section principle.

5.1 Superelliptic Rings

For convenience of the reader, I recall Theorem 3.3.5:

Theorem. Let C be a nonsingular genus 8 curve admitting a linear system |D| with
only one base point P and satisfying the following properties:
1. |D|=P+g2.
2. 2D =Kg¢.
2-to-1

3. @p2:C =5 EcP?, where E is an elliptic curve.
96

Then the halfcanonical ring R := R(C,D) = @ H°(C,nD) is isomorphic to:

n>0

k[xlax%x&yby% Z]/I>

with generators of degrees 1,1,1,2,2,3 respectively and the ideal I is minimally gen-

erated by 9 homogeneous forms r;, 1 <i <9, obtained as follows:
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Let

0 0 0

A= x; 5 2 9 T , M= @
x5 x5-arire - Py Y1 2 0 0 @3+y1 O
0 0 0 -1

Then r;, 1 <i <6, are the 2 x 2 minors of A, whereas 7,713,719 are given by
AM(TA) =0.
Let @ := x% - ar1x2 - Bm% Consider the relation

3Q1 +13Q2 + 73(Q3 + Y1) - U3 (5.1)

Before starting the extension calculations it is convenient to notice that relation
21Q — 3 allows to render any degree 4 monomial in the z;’s involving powers of zo
greater than or equal to 2 as one involving a power greater than or equal to 2 in
1 or x3 except possibly for xlm%xg. However, if this term appeared in 5.1, relation
T1Y1 — :r%:cg would imply that y; appears multiplied by a:%, which is impossible since
it was shown that y; must be multiplying exclusively :U% in order for the curve to
have the right genus. Therefore I can assume (2 = 0 and for similar reasons it

follows that Q3 can not include any powers of z3 at all. Thus:

Ql = dlx% + dQJZl.ZCQ + d3$1$3 + d4$% + d5.%'2$3 + dﬁ.%'?;),
Q3= ew112,
for some dy,...,dg, e € C. Thus in the rest of the section I write:
Q1 0 0 0
1 T9 X 0 O 0 0
A= ; 2 3 Y2 M=
x5 Q Y1 2z 0 0 exyxzo+yr O

0 O 0 -1

The 9 relations generating the Gorenstein codimension 4 ideal I with their

corresponding degree will be named as shown in table 5.1.

5.1.1 Syzygies from the AM(TA) format

In order to construct the canonical ring of the surfaces of family (I.2), I must lift

the relations rq,...,r9 allowing successive powers of the new degree 1 variable zg in
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Table 5.1: Generators of I

’ Name \ Relation Degree
1 10 - :c% 3
o T1Y1 — T3T3 3
T3 Tz — x%yQ 4
T4 Toy1 — v3Q 3
T 22 = Y2Q 4
6 32 = Y1Y2 4
r7 r1Q1 + 23 (ex1T2 + Y1) — Y3 4
r8 xlx%Ql +xsyr(ex1wo +y1) — Yoz 5
r9 x%Ql + y%(ea:latg +y1) - 22 6

such a way that the corresponding syzygies also lift. One can show using computer
algebra that the syzygy module of our codimension 4 ideals is minimally generated

by 16 elements. The AM(TA) format is called flezible because these syzygies are

automatically implied by the format itself as explained below.

For each of the four 2x3 submatrices of A, I can obtain 2 linearly independent
syzygies by cloning either row and taking the determinant of the resulting 3x3 matrix

that vanishes by construction. This gives table 5.2

Table 5.2: First set of syzygies

’ Name ‘ Syzygy Degree
o1 T1T4 — ToTo + X377 4
o) x3ry — Qra + Y1y 5
03 X1r5 — ToT3 + Yol 5
o4 x§r5 —Qrg+2r 6
05 X1re — T3T3 + Yoro 5
o x%rg — Y173 + 2T 6
o7 Tare — T3Ts + Y24 5
og Qre —y175 + 274 6
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Now consider the following matrix:

2

—Xy5 X1
a=| @
—Yyr X3
-z Y2

Then

0 (&) 9 T3
-r1 0 T4 Th
—Tr9 -T4 0 Te6

-r3 —Trs; —T¢ 0

Therefore the identity A*(AM (TA)) = (A*A)(M(TA)) gives 8 syzygies (the
left hand side is a matrix whose entries are combinations of the relations r7,7g
and rg9, whereas the right hand side is a matrix whose entries are combinations of

r1,...,76). Explicitly:

—1‘%7‘7 + X178 —37%7‘8 + X179

-Qr7 +xorg  —Qrg + T2T9
AN (AM(TA)) = ,
—Yir7 +T3rg  —Y1Tg + 379
—ZT7+ Y2y —2ZTg + YTy
x3(ex1re +Y1)r2 — Yor3 y1(ew1ma +y1)re — 213
2
T —x1Q17r1 + x3(ex1xo + Yy1)r4 — Yors —-x5Q171 +y1(ex1zo +y1)ra — 275
(A*A) (M (TA)) = ( ) ot : ,
-21Q1r2 — YoT6 ~25Q172 — 276
~x1Q173 — 23(ex1T2 + Y1 )76 ~23Q1rs — y1(ex1aa + y1)76

this gives us 8 new linearly independent syzygies that extend the set of 8 syzygies

of table 5.2 into a basis of the corresponding module. They are listed in table 5.3.

Remark A final observation before starting the extension algorithm that helps
shorten the calculations enormously consists in listing some second order syzygies
(we actually know the module of such higher syzygies has rank 9, because of the

Gorenstein palindromic free resolution of our codimension 4 ring). One verifies that
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Table 5.3: Second set of syzygies

’ Name ‘ Syzygy Degree
o9 178 —;U%m—xg(ewlxg +Y1)T2 + Yors 6
o0 | xarg — Qry + x1Qr1 — x3(ex1 T2 + Y1)T4 + Yors 6
011 2378 — Y177 + T1Q172 + Y276 6
012 Yyorg — 217 + £1Q173 + x3(€x122 + Y1 )76 7
013 x1rg — w318 — y1 (ex1@g + y1)ry + 213 7
o1 | warg — Qrs +23Q1m1 — y1(exi T + y1)Ta + 275 7
015 T3rg — Y178 + 3Q1r2 + 276 7
016 Yoo — 218 + T3Q173 + Y1 (ex1 22 + Y1 )76 8

the following identities hold:

T209 = Qo
w204 = Qo3
x206 = Qo
T30 = Qo

X205 — X303 + Y01 =107

2 _ _
To010 = Qog L1014 = 22013
2 _ _
T3011 = Y109 » 1015 = 3013 -
2 _ _
o012 = 209 1016 = Y2013

In words, these identities say that every syzygy has a monomial multi-
ple that is a quasi-homogeneous linear combination of only 5 syzygies, namely:

{0-170-37 05,09, 013}'

5.1.2 Extending the ring

Let S be a surface of type (I.2) of Theorem 1.4.1. By the extension algorithm of
§2.2, to construct R(S, Kg) I must start by computing the ring

R(QC, D(2)) = k[x07x17$27$37y17 Y2, Z]/(I(Q)a .’E(2)),

%2), . ,7“52) that reduce modulo zg to relations

where 1) is generated by 9 relations r
r1,...,T9 of table 5.1 and that satisfy the syzygies o1,...,016. However, the above

remark implies that I only need to do perform the calculations for the syzygies o;
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with i € {1,3,5,9,13}. We have:

(2) . 2 2 2

’I”1 =+ xo[a1,1l‘1 + a1,22122 + a1,3T123 + a1,4To + a1,5T223 + a1,6T3 + a1,7Yy1 + a178y2]
(2) ._ 2

ro = 1o+ Tolagai + - + azgys]
(2) ._ 2

Ty = rg+ wolag Ty + e+ aggye],

for some a; ; € C,7=1,2,4,1<j<8. As o1 must lift to a syzygy a§2) with o1 = a§2)(
mod z¢) in R(C, D), I need to impose:

T [a4,1x% + et a478y2] = ﬂj2[a2’1x% + et 02783/2] - fL’g[ale% + et a178y2] mod 1.

This leads to: a16=01,7=0a1,8 =024 =0A27 =028 = Q31 =438 = 0, as2 =daznu,
as3 = —ai1, A34 = G232, az5 = a23 —AaA12, A3 6 = —A13, A3;7 = 42,5 — 414, A26 = A15.
Therefore, so far we have:

(2) 2 2
Y = i+ wgla @] + a1 22102 + a1 37173 + a1 475 + a1 5T223],
(2) 2 2
Ty = To+Tolag1T] + a22%1%2 + A2 3T1T3 + A2 5T2X3 + A1 5T3],
(2) _ 2 2
Ty = T4t xo[a2,1x1$2 —Qa1,1T173 +A22T5 + (a2,3 - CL1,2)372!103 —a13r3+ (a2,5 - a1,4)y1].

The next syzygy in my list of 5, o3, involves the degree 4 relations r3 and 75,
so I need a basis for the Riemann-Roch space H%(3D) (which is 14-dimensional) to
write general extension polynomials of the form zop, with p ¢ H°(3D). Similarly,
when I work out the effect of the remaining syzygies I will require bases for H°(nD)
for n = 4,5. Using the relations it is easy to see that the choice of monomials shown

in table 5.4 actually works.

Table 5.4: Bases of H(C,O¢(nD))

’ Space ‘ Dimension | Elements defining a basis

0 3.2 2 2 2 2
H”(3D) 14 xy,T1T2, TIT3, T1X5, T1T2L3, T1T5, T5L3,
22
LT3, X3, L1Y2, L2Y2, L3Y1, T3Y2, Z
0 1,3 3 2.2 2 2.2 2
HY(4D) 21 T, LT, TIT3, TIXS, T{T2T3, T1T5, T1T5L3,

:Ell‘zl‘%, ZL‘1."L‘§, ."L‘%$%, $2$§, l‘g, y%, Yyi1y2,

T3y, TTY2, T1T2Y2, T1T3Y2, T3Y2, T2T3Y2, T3Y2
HY(5D) 28 20, wiwg, xiws, 323, viwaTs, xi”x%, ririTs,
$%1‘21‘§, x%x%, xlm%ajg, 131]}2$§, xlxg, x%x%, 33‘2.7}%,
w?;, in’yz, x%xzyz, x%$3y2, 1’1»”6%1/2, T1X2T3Y2, 1’1$§y2

2 2 3 3 2
ToX3Y2,T2X3Y2, L3Y2, L3Y1, T3Y71,L3Y1Y2, Y12
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If T write

2 .
T‘é ) = r3+ 1‘()[@37127‘13 + a372x3x2 + a373x%x3 + a374a71r§ + a3 51123 + a376x1x§ + CL377£U§£E3
2 2
+a3,8T2x3 + 3,973 + A3,10T1Y2 + A3,11T2Y2 + A3,12T3Y1 + A3,13T3Y2 + (137142]7
(2) ._ + 0| 344 ]
7‘5 = T5+ X0 CL571$1 CL5714Z

and I plug these in o3 together with r§2) I get:
1'1[(1571113? + e+ a5,14z] = X2 [a371x:{’ + e+ a3,14z]

2 2
=2 [a1’11‘1 +Qa127172 + Q137173 +0a1,4T5 + a1,5x2x3] mod 1.

In order for previous identity to hold, the following coefficients are ought to
be zero: a3 4, 43,7, 3,9, 43,12, 43,14, 051, 453, G456, 459- Furthermore, one gets also
these identities: a313 = a15, as2 = az1, as4 = az2, as5 = az3, as57 = 435, A58 = 436,

a5,10 = —G1,1, 5,11 = A3,10 — 1,2, 4512 = 438, 513 = —G1,3, G514 = A311 — A1 4.

We can update our lifted relations as follows:

(2) 2 2
Y = ri+xola o] + 122172 + a1 33123 + A1 4T + A1,5T223],
(2) _ 2 2
Ty = T2 + X0 [a271l’1 + Q227122 + 4237123 + a2,5T2%3 + (I175ZL‘3],
(2) 3 2 2 2 2
7’3 = T3+ .%'0[@3)1!151 +a32T1T2 +A3 37723 +A35T1X2T3 +A3,6X1T3 +A3,8T2T3 + A3 10L1Y2
+asz 1122yY2 + a1,5$3y2]7
(2) _ 2 2
r = Tt xo[a2,1$1$2 —a1,1T123 + 22Ty + (a2,3 - a1,2)$2$3 —a13r3+ (a2,5 - a1,4)y1],
4
(2) 2 2 2 2
7’5 = 7rs+ .’I,'()[ag)ll'l.’L‘g +a32r1T5 +A33T1T223 + A3 5523 + A3,6L2T3 — A1,1T1Y2
+(as,10 — a1,2)T2y2 + az T3y — a1,3x3y2 + (a3 11 —ai4a)z].
Repeating the process using the syzygy os is completely analogous, I need
to introduce new coefficients ag; € C, i = 1,...,14 to write:

(2) . 3
re =176+ To[as 1] + o, 6,14%],

then, I demand .T]_[a(;,]_x{% + -+ +ag 142] to be congruent to

3 2 2 2 2
1’3[0,371.%1 +a3,2T1{T2 +a3,3T7T3 + a3 5X1T223 + as,6r1T3 +a3,822%3 + A3,10T1Y2

2 2
+0a3,11T2Y2 + a1,5$3y2] - y2[a2,1$1 +Qa22T1T2 + G237173 + A2 5023 + a1,5l‘3] mod 1.

The result is that asg, a6,1, @62, a64, a6,7, 06,12, a6,14 2all vanish, plus the
following extra conditions: a3 11 = a2, as3 = as,1, a5 = a3,2, 46 = a3,3, 468 = 435,
ae,9 = 43,6, 46,10 = —G21, 46,11 = —A22, 46,13 = 43,10 — A2 3-

The calculations get much longer to write them down in full when one con-
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siders the syzygies o9 and o3, but still is a completely mechanical bookkeeping
exercise, so I will write only what I got at the end of both steps.

The current list of liftings is:

2 2
ri ) - T+ xo[aux% + Q120122 + A1 3T1T3 + A1 4T5 + A1 5T223],
2 2 2
ré ) _ o + Tolag 127 + a221%2 + A2 3T1T3 + A2 5T2T3 + a1 573,
(2) 3 2 2 2
7'3 = T3+ [ag,lxl +a32T1T2 + A3 37723 +A35T1X2T3 +A3,6X1T3 +A3,10T1Y2
+ta25X2Y2 + a1,5l‘3y2],
(2) _ 2 2
Ty = T4+t wo[ag,17172 — a112123 + az x5 + (a2,3 — a1,2)T2x3 — a1 323 + (a2,5 — ar4)y1],
(2) 2 2 2 2
7"5 = T5+Xo [ag)lxlfﬂg +a32T175 +A33T1022L3 + A35T9L3 + A3,6X2T3 — A1,1L1Y2
+(as,10 — a1,2)T2y2 — a1 323y2 + (a2 5 —ai4)z].
(2) _ 2 2 2 3
7”6 = T+ X [CL3’1$13§'3 +Qa32710223 + 433013 + A35T2T3 + A3,6L3 — A2,1T1Y2

—a2%2y2 + (a310 — a2,3)T3Yy2]

Let réz) = rg+xorg, where 1§ = a871w‘11+---+a8721x§y2 and the ag ; are labeled respecting
the order of the basis of H(4D) given in table 5.4. Analogously, let r$? = 7+ LT

7
(2) .
A

and 1y~ = rg+xory With 1% = a7 123+ +az 142 and 17§ = ag 125 + -+ ag 2gy1 2. After

considering the congruences modulo I given by o9 and oq3:

I — 2.0 2 2
xT1rg = X517 + xg(exlwg + yl)[ag,lxl + 0227122 + 4237123 + 425723 + a175zc3]

3 2 2 2
—y2[as,11‘1 +a32T1T2 + A3 3T1T3 + A3 5T1T223 +A3,6X1X3 + A3,10T1Y2 + A2 5T2Y2 + a1,551?3y2]7

I — 2.0 2 2
x1ry = 255 + Y1 (ex1x2 + Y1) [az, 127 + az 22102 + A2 37123 + A2 5T2T3 + A1 525 |

3 2 2 2
—z[a371$1 +a3271T2 + A3 37173 +A35T1X2T3 + A3,6X1T3 +A3,10L1Y2 + A25T2Y2 + a175x3y2].

It is found that the following coefficients must be zero: ai5, ass, a3 10, whereas
the terms a7 127023y1 and a7 14202z do not die, but can be omitted using a different

f) and r§2) respectively; of course we also get necessary

rendering given by relations r
conditions holding between the surviving constants, the result is that the ideal I(*)
is minimally generated by 9 relations that are more conveniently listed in 2 groups

as explained next:
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2
7"1 = M+ [al,lxl +ay 22122 +ay 32173 +ay 4$2]
(2)
7"2 = T2 +x0[a2,1x1 +a2 2122 + a9 3$1$3]
(2) 2 2
rg = T3 +x0[a3 1:171 + as 2T1T2 + as 3$11}3 +a35T12273 + a3 6%1%3]
(2) 2
Ty = T4t $0[a2 12122 — 11713 + a2 2902 + (a3 — a12)x2w3 — ay 3903 a1,4yl],
(2) 2 2
7"5 = 75+ [a3,1x1x2 + 32175 + 43,3123 + a3,5$21‘3 + a3,6x2x3 —a1,171Y2
—@1,272Y2 — 41,3T3Y2 — a1,42]7
7"(2)_ e + T [(Z QTQIE +a Tr1Txox3 + .IIIIQ-FCL .CL'I'2+CL SL'S—CL X
6 6 01a3,1L143 3,241L243 3,341L3 3,542L3 3,643 2,1T1Y2

—@22T2Y2 — a2,39€3y2]-

These are, modulo x%, the 2 x 2 minors of the matrix A := A+ xoA1, where A

is the matrix of Theorem 3.3.5:

r1 T2 T3 Y2

A= 5
rn Q Yoz
and A; is defined as follows:
0= a1171 +a1272 +a1,373,
0 —a174 0 .
Ay = , with  fy:= ag 1w + ag w2 + a2 373,
0 51 52 5 9 9
$ = a3, 127 + 3,212 + a3,3r123 + a3,5T223 + a3,6r3.

The remaining 3 relations are, modulo x%, the 3 distinct entries of the sym-
metric matrix AM(TA), where M := M + zoM;. Once again I kept the notation for
M:

Q1 0 0 0
0 0 0 0
M = 9
0 0 exyxzo+y; O
0 0 0 -1
while M is:
1 1
/3 0 5a75T2 50710 .
. l3:= ar1x1+ar2T2 + a7 373,
_ 0 4y 0 507,11 .
M= : , with 0y = a7z + a7 723,
207,52 0 ls 507,13 )
) ) . l5:= a7ery +argra +azors.
30710 30711 30713 0

The 16 syzygies holding between our 9 lifted relations can be obtained in the
same way described previously for the original halfcanonical ring R(C, D). Repeat-
ing the process to extend R(2C, D®) to R(3C, D®)) and so on, is actually easier
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at each step, because allowing higher powers of xg requires to consider fewer arbi-
trary coefficients when one imposes the congruences for the corresponding syzygies
to lift. The process is particularly easy to be done by hand in the case of the first 6
relations; they can be put in the same determinantal in every degree and the final

output, after renaming the coefficients, is of the form:

2 x1 x9 — 0170 x3 Y2
A -

x% - (52333 Q + Elxg + (56333 Y1 + ﬁgxg + (5101’% Z+ 5%+ £3$3 + (519:(}8

61 = (53.%1 + 54x2 + (55333,
62 = 57$1 + 68$2 + (59563,
where:
3 = 011%1 + 01272 + 01373,
5 = 51423% + 515$1£E2 + (516331.T3 + 5171‘2333 + 518$§-

Provided 8182 # 0, the first minor, z1(Q + {120 +d673) - (23— d223) (v2 - S120),
allows me to assume that there are no terms involving powers of zy greater than 2 in
the relation involving y% (that is, the relation that reduces to 77 mod xg, or the re-
lation defining the double cover). This makes possible to fit the remaining relations
in the same format. Before presenting the final ring, it is convenient to make coordi-
nate changes of the form: xo—9d129 — x2, y1+--+ y1 and z+--- — z. These of course
have the effect of making most of the entries of the matrix given in 5.2 to be equal
to the ones of the original matrix used to define the halfcanonical ring R(C, D), the

little price I got to pay, is that I am forced to re-allow the term in xoxg when I lift r7.

All these calculations are summarized in the following result:

Theorem 5.1.1. Consider the graded ring R := k[xo,x1,22,23,y1,Y2,2]/I, where
degx; = 1, degy; = 2, degz = 3 and I is the homogeneous ideal generated by 9

elements defined as follows:

Let .A:=( Ty T2 T3 yz)’

x%+a1xox2+agaﬁg Q 1y z

with Q:= ajg +asr1To + a4:1;% + (asx1 + agre + a7rs)To + aga:g

1.2 1 2y 1
Q 501075 5(a20ToT2 +a217j) 502270
12 12 1
5019 Q2 5027 50280
and let M:=| | 2\ 1 2 1 ’
5 (az0zox2 + a2175)  Fa27T] Q3 50350
1 1 1
502270 502870 503520 -1
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Q= agx% +a10r1T2 + a11x113 + algwg +a13r2T3 + a14x§
with +(a1521 + a1622 + a1723)x0 + a18$(2)7
9:= (ap3T1 + ApaTa + Az5T3)T0 + AT,
Qs := aogx1Ty + asoy1 + (CL31$1 + a32x9 + aggl‘g)xo + CL34CC(2).

The first 6 generators are the 2x2 minors of A and the last 3 are the distinct entries
of the symmetric 2 x 2 matriz AM(TA). Then, for a general choice of parameters
a; € C, 1 <i <35, R=R(S, Kg) where S is a surface of general type with py = 4
and K? = 7 whose canonical map is 2-to-1 onto a cubic surface in P3, that is, S
is a surface belonging to subfamily (1.2) of Theorem 1.4.1 and conversely, up to a
change of coordinates, the canonical ring of a surface of subfamily (1.2) is of the

aforementioned form.

5.1.3 An explicit deformation family

The superelliptic rings of Theorem 5.1.1 are presented in the AM (T A) format which
is flexible (that is, it carries not only with the 9 relations defining the ideal but
also implies all the 16 syzygies needed to generate the corresponding module, as we
explained earlier on). This implies that I can do small deformations in the entries
of the matrices involved to obtain flat families of graded rings. Formally, this is a

consequence of the following well known technical result:

Theorem 5.1.2. (cf. [Decker-Lossen|, Theorem 5.12). Let © be an Artinian local
k-algebra with residue field k and mazimal ideal m. Let I = (f1,..., f;) be an ideal of
D[x1,...,2,] and let fi,... fr € k[xy,...,2,] be the reductions of fi,..., f» modulo

m. Then the following are equivalent:

1. D[x1,...,2,]/1 is a flat D-module.
2. Tor? (k,®[x1,...,2,]/T) = 0.

3. The syzygies between fi,...,f, are generated by the reductions modulo m of

the syzygies between fi,..., fr.

Exploiting this and using some computer algebra, we can prove the next

result:

Theorem 5.1.3. The canonical surfaces of general type with py, = 4 and K2 =17
such that |K| has only one simple base point and defines a map of degree 2 onto
a cubic surface in P? are degenerations of surfaces with the same invariants but

whose canonical map has one simple base point and defines a birational map onto a
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surface of degree siz in P3. In terms of Bauer’s classification, surfaces of type (1.2)

are degenerations of surfaces of type (I1.1).

Proof. 1 start taking a convenient subfamily of rings from Theorem 5.1.1 (keeping

the same notation). Let ¢ € C be a small affine parameter and consider

0 0 0 0
A=A+
tys trixs 0 0

along with the restriction a4 =0on Q = x§+a3x1x2+a4m%+(a5x1 +a6$2+a7x3)x0+a8x§
(this forces ag # 0, otherwise the surface does not have canonical volume 7. Thus in

the sequel, I will assume a3 = 1) and let
tys 0
M= M+
sym -1
with M restricted as follows:

Q1

. 2
Q3= y1 + (3121 + a32%2 + a3323) T + A34T-

2 2
Tyt (a15:1:1 +aier2 + (117563)?50 +a18%, ..
, mno restriction on Q.

Define I; to be the homogeneous ideal generated by A2 A and tro.trg,trg
where
t t
r7o T
AM(TAr) = ( bt )
rg T9
Then, by construction, R = Ry := k[xo, %1, T2, T3,Y1, Y2, 2]/Ilo is the canonical
ring of a surface of type (I.2) (provided I can choose the remaining free coefficients
so that Proj Ry is not badly singular, this is a sanity check that is better done by
computer algebra). I claim that, for a small nonzero ¢, Ry is the canonical ring of a

surface of type (I.1). Indeed, the hyperplane section ring R; := R;/(x¢) has relations

/2\( I T2 T3 yg)

x%+ty2 x§+x1$2+m1$3 Y1 2

given by

plus 22(2? + tyo) + tad + x3y1 — y3 and two rolling factors forms of degrees 5 and 6.

Eliminating variables of degrees 2 and 3 it is found that the equation of the image
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curve in P? is given by the following sextic:

(13 - 1)a§ — (t* + 2) 22y + 2ta3ad2s + 201 2322 — 2ial - 12323
3 4 2 3, .2, 43 4,42 5
+(t7 + 2t)xjwows + (17 + 2)axiwons + > w1 2205 + 7 T023

—t%c‘f:v% - thii’xg - m%x%,
the terms are ordered with respect to the powers of x5 purposely; the last 3 mono-
mials are the only ones not involving z2 and we can see that the sextic has 2 nodes
with a tangency at the line joining them. It follows from Theorem 3.2.4 that Ry is
the halfcanonical ring of a genus 8 curve. By construction, R; is a flat extension
of the halfcanonical Gorenstein codimension 4 ring R. It follows that Proj Ry is a
canonical surface S with p, = 4 and K% = 7. Since the canonical image ¢k (S) c P3
is a sextic, the classification of Theorem 1.4.1 implies that .S belongs to the subfamily
(I.1) as stated. It is clear that all the surfaces of Theorem 5.1.1 can be obtained as
deformations of the surfaces of the form Proj Ry. Finally, the flatness of the family
R, follows from Theorem 5.1.2 and the flexibility of the AM (TA) format. Q.E.D.

Remark The reader can use the relevant Magma code in the appendix to verify
that the varieties constructed in previous theorem are indeed nonsingular. The
notation is the same and one can play around with the long lists of free coefficients
as long as the stated restrictions are respected. Magma online calculator takes only
a few seconds to test the nonsingularity for the values as they are and 0 < ¢t < 1
(the surface is still nonsingular for ¢ = 1, but it is easy to see that the corresponding
halfcanonical ring does not give a nonsingular genus 8 curve. Thus our construction
is no longer valid as it is. Of course this is harmless for our purposes, since we are
interested in small deformations of the special fibre given by ¢ = 0). One can also
do the sanity check for the hyperplane section rings by erasing the generator xg
from the first line of the code, then declare x( := 0; and corroborate that the one

dimensional scheme one gets is a nonsingular genus 8 curve.

5.2 The Bauer-Catanese-Pignatelli case

In section §3.2, we studied rings R = R(C, %KC) where C' € |[Kg| and S is a surface
of general type belonging to the subfamily (I.1) of Bauer’s classification. That is,
|Ks| has only one simple base point and defines a birational map onto a sextic. In
particular, it was shown (cf. Theorem 3.2.5) that R(C, D) = k[x1,x2,23,y1,Y2,2]/1
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for an ideal I generated by the 9 independent 4 x4 Pfaffians of a matrix of the form:

0 y2 Q1 Y1+ Y2 z
3 T T2+ X3 Y1+
z+F3 71Q)2 Q1Q2 ;
12Q3+73Q4 Y1Q3 + 1204
0

where Q1 := xox3, F3 is a homogeneous form of degree 3 in zs, x5 and @); are quadratic
homogeneous forms such that Q3 depends only on y1,y2 and the rest of them do not
depend on these two variables. This matrix has a shape that is somewhat friendly
to the geometry of the halfcanonical curve C' as it was discussed in §3.2. However,

it can be modified in several ways to get many other results.

First observe that Pfaffian 23.45: x3(z2Q3+x3Q4) — x%Qg +(xo+x3)(2+ F3)

can be rewritten as

33%(@4—@3)—$%Q2+ ($2+I3)(Z+F3+563Q3). (53)

This is the first rolling factor relation of the ring and we know that for the con-
struction to work, it is necessary for Pfaffians 13.45 and 13.46 to be rollings of (5.3)
with respect to the matrix formed by rows 1, 2 and columns 3 to 6. One sees at
once that changing the entry y1Qs + y2Q4 for y2(Q4 — Q3) will do the trick. Thus if
F3:= F3+23Q3 and Qg = Q4 — Q3, the 4 x 4 Pfaffians of the following skew matrix

generate the same ideal I:

0 2 Q1 Y1+ 2
r3 1 T2 +2x3 Y1tY2
z+F3  21Q2  Q1Q2
933@3 9263

0

Finally, it is natural to change coordinates y; + y2 +~ y1 and =9 + 3 — T2 so after
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modifying the forms accordingly and re-naming them, one gets a matrix of the form:

0 y2 1 (7 z
T3 T T2 Y1
z+C 11Q2 Q1Q2 |, (5.4)
r3Q3  Y2Q3
0

where C' is a form of degree 3 and the (); are quadratics. This is precisely a ma-
trix of the form obtained by Bauer, Catanese and Pignatelli in their article, (cf.
[Bauer et al], Theorem 3.7). Thus the format of the curve contains all the informa-
tion one needs for the surface case (so one can pretend that the canonical model of
a surface of type (I.1) is unknown and perform the extension algorithm to happily
see how the liftings of the relations fit on the format at every stage of the process).
Before showing this format is flexible, I will give one last version of the matrix that
should be more mind refreshing to the reader familiar with Tom and Jerry unpro-
jections (cf. [Brown et al]). After performing row-column elementary operations,

matrix (5.4) transforms into:

0 -z (1 x]

Y2 % z Q1
11Q2 1Q2 z+C |,

0 23Q3

y2Qs3

but I can get rid of the minus signs by changing coordinates and renaming the
quadratics. Thus my final version will be as stated in next theorem, whose proof

follows immediately from our previous results and from Theorem 3.7 of [Bauer et all:

Theorem 5.2.1. Let S be a canonical surface of general type with Kg =Tandpy=4
belonging to subfamily (1.1) of Theorem 1.4.1 (that is, whose canonical system has
exactly one simple base point and maps S birationally onto a sextic). Then both, the
canonical ring R(S, Kg) and R(C, %Kc), where C' is a nonsingular canonical curve

of S, have a presentation of the form
k[xO; T1,T2,T3,Y1,Y2, Z]/I; (k?[.’EO, L1,T2,T3,Y1,Y2, Z]/(Ia $U)) respectively)

with indeterminates x;,y; and z of respective degrees 1, 2, 3 and I generated by the
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4 x 4 Pfaffians of a skew matrix of the form:

0 z3 2 (1 x1

Y2 U1 z Q1
11Q2 Q1Q2 2+C |, (5.5)

0 x3Q3

y2Q3

where all the Q; are quadratics and C is a cubic.

5.2.1 Deforming to the base point free case

The skew matrix given in (5.5) has entry (1,2) of degree 0. Take a small affine

parameter t € C and consider

t x3 a2 1 x1
Y2 z 1
Ny = r1Q2 @Q1Q2 =2+C |,
tQ2Q3 w3Q3
Y2Q3

as stated before, among its fifteen 4 x 4 Pfaffians, this matrix has 9 independent
expressions and 6 redundancies because of its extrasymmetry. The complete list is

given below:

I
12.34 = tx1Q2—23y1 + T2y
1246 = tx3Q3-x2Q1 + 111 III
1236 = t(z+C)-23Q1+2
12.56 = 753(/2@3 —)leglCilmz v 1345 = Q2(1246)
1245 = £2QuQs3 — w0z + 2 1456 = Q3(12.34)
12.35 = tQ1Q2— 32+ y1y2 23.45 = Q2(12.56)

2346 = 13.56

II 2456 = Q3(12.35)
1346 = 22Q3-22(2+C) +23Q 34.56 = (Q2Q3(12.36)
13.56 = 23y2Q3-y1(2+C) +21Q1Q2
23.56 = Q3 -2(2+C) +QiQy

When t = 0, the first group is formed (modulo + signs) by the 2 x 2 minors
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Ty T2 T3 Y1

Q1 1 y2 2
relations and the third is already contained in the ideal generated by previous two

of the matrix ), whereas the second contains the 3 rolling factors

groups. To see that this format is flexible, one requires to verify that the syzygy
module of the ideal generated by these 9 independent Pfaffians has rank 16 and
observe that the matrix carries with 16 independent syzygies. The first assertion
can be checked in a few seconds by a computer algebra program, whereas the second
(as noticed by Reid in [Reid D-E], § 5.9) is a consequence of skew Cramer rule. If
I take the Pfaffian adjugate of V;, that is, the skew matrix defined by:

34.56 -24.56 23.56 -23.46 23.45
14.56 -13.56 13.46 -13.45

Py, := 12,56 -12.46 1245 |,
12.36 -12.35
12.34

then the off-diagonal entries of N;Pp, all vanish, giving the syzygies required. As
a consequence, if I; is the ideal generated by the entries of Ppy,, the 1-parameter
family of rings

Ry = k[$0, T1,22,23,Y1,Y2, Z]/It
is flat. By construction, Proj Ry is a surface of type (I.1), but what happens for a

small ¢ # 0 is very interesting. Suppose that t + 0. Pfaffian 12.36 allows us to write

z as a cubic in the remaining variables:

1
z= ;(333621 —z1y2) - C

and we are left with 2 more degree 3 relations and 3 degree 4 relations from the
first group of Pfaffians. It is easy to see that these 5 relations are, modulo some

negligible minus signs, the maximal diagonal Pfaffians of the following skew 5 x 5

matrix:
z Qs 1 W
-1 Y2 Q2 (5.6)
T1 T
xs3
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The 3 relations in group II have now became redundant:

$13.46 = 112.34 — 2212.36 + 1312.46,
$13.56 = Q112.34 — y,12.36 + y212.46,
123.56 = Q112.35 — 212.36 + y212.56.

Therefore for any small ¢ # 0, R; = k[xzo,x1,z2,x3,Y1,Yy2]/J, where J is a codi-
mension 3 Gorenstein ideal (this follows also from the classic Buchsbaum-Eisenbud
structure theorem). The reader, no doubt, has noticed that matrix (5.6) defining
the generators of J is of the form of Mukai’s first syzygies matrices for halfcanonical
rings of genus 8 curves with base point free halfcanonical linear system (cf. Theorem
3.1.3). It is a well known result that this presentation extends to the surface case.

Thus every surface of type (I.1) is a degeneration of a surface of type (0).

5.2.2 An interesting question

So far, we have the following situation in the moduli space of surfaces with K2 =7,
pg = 4:
(0) — ({11) — (1.2),

By openness of versality it is possible for a surface in (0) to degenerate to one in
(I.2) without degenerating first to a surface of type (I.1). Can we get this degenera-
tion using graded ring calculations?. In these last lines of the chapter, I discuss the

difficulties in answering this question using our methods.

Consider a general superelliptic ring R = k[xg, x1, T2, 23,91, Y2, 2]/I. The first

6 relations generating I are minors of a matrix of the form

r1 T2 T3 Y2 7 (5'7)
Q1 Q 1 =z

where ()1 and ()2 are quadratic forms not involving y; nor yo. It is easy, using the
AM (TA) format, to deform the ring by slightly perturbing the entries of M so that

the remaining 3 generators of I are rolling factors relations of the form:

Y3 - 13Q3 + 73Q4 + 13Qs,
Y22 — 11Q1Q3 + v2Q2Q4 + 2311 Qs5, (5.8)
22 - Q3Q3 + Q3Q4 + y3Qs.

For some quadratic forms @;, 3 <i < 5. Next consider the deformation obtained by
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replacing y1 and ys by y1 +tye and yo +ty; respectively. It is obvious that for ¢ ¢ 0,1
we just get an isomorphic ring, (¢t = 0 gives the original ring and ¢ = 1 leads to a
surface with K2 < 7). I like to think on (0) —> (I.2) as a limit case when ¢ — 1 of
this situation, because on the other hand, if I write g := y; + y2 and I take a second
very small affine parameter s, the pathological limit case is the special fibre of the

following flat family of surfaces whose general member is of type (0):

Let R := k[x1,x2,23,y1,Y2,2]/Js with Jg generated by the 4 x 4 Pfaffians of

the following skew matrix:

s QY Q1 y z

T2 1 r3 Y
z+23Q; ©1Qf Q105 |, (5.9)
12Q)  Q5Q%
5Q3Q]

where the @} may depend also on s. The key point is that on the limit ¢ = 1, the
last 2 x 2 block from left to right of matrix (5.7) becomes symmetric and allows
me to render 72 as x3z and consequently, to do the trick of writing the relations
as Pfaffians. One observes once again that Pfaffian 12.34 of matrix (5.9) allows to
write z in terms of the other variables and the rest of them are redundancies modulo
the 4 x 4 Pfaffians of the following 5 x 5 skew matrix:

z -Qp -sQ4 7y
-Qy -y sQ
X1 1) 7
3

which define relations cutting a surface with base point free canonical linear system.
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Chapter 6
Surfaces of type (1.3)

In this chapter I show that the canonical ring of a surface of type (I.3) of Theorem
1.4.1 can be presented in any of the formats given in Theorem 4.2.4 for the corre-
sponding halfcanonical ring of the curve case. Although this can be done using the
extension algorithm, the calculations are far too long and insubstantial to be written
here in full. Thus I simply show how to write a minimal generating set for the mod-
ule of syzygies, setting the first step of the procedure in case the reader is interested
in doing the calculation. As an alternative, we can use a theorem of Zucconi that
characterises the minimal model of such surfaces to construct the canonical ring and
prove our claim. At the end, our main result (Theorem 6.3.2) shows that there is a
1-parameter flat family of rings with special fibre isomorphic to one of these trigonal

septic rings and general fibre a canonical ring of a surface of type (I.1).

6.1 The 64 syzygies

Let R be a ring as in Theorem 4.2.4, that is:

R = k21,22, 23,y1,Y2,Y3, 21, 22]/1,

where the z;, y; and 2z, are indeterminates of degrees 1, 2 and 3 respectively, P =
P(z;,y;) is a homogeneous form of degree 4 and I is the ideal generated by the 2x2

minors of the following matrices:

1 T2 Y Y2 <1
A= ,
T2 X3 Y2 Yz 22
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M= Ty T2 T3 Y1 Y2 21 and N = To T3 Y2 Y3 22 7
Y1 Y2 Y3 21 2 P yi Y2 21 22 P

then we have:

Proposition 6.1.1. The ideal I of relations of the ring R is minimally generated

by 20 elements with 64 independent syzygies holding between them.

Proof. (Sketch) I list and give names to 20 of the 35 minors of matrices A, M and
N. First take the 15 minors of M:

T1 = T1Yo — Toyl T6 = T2Y3 — T3Y2 711 = T322 ~ Y2¥3
T9 1= T1Y3 — T3Y1 r7 = T221 — Y1Y2 iz =23 — Y32
r3 = 121 — y% g = XToZg — y% T13 == Y122 — Y221
T4 = X122 — Y1Y2 rg = TaP — Y2z 4=y P - Z%

rs =21 P —1y121 710 = X221 — Y1Y3 15 = Yo P — 2122

I only take 4 minors from matrix A:

o 2 o o 2 o
16 = X1T3 — Ty T17:=T2Y2 —T3Y1 TI18 = Y1Y3 —Ya T19 = Y222 — Y321

and one from matrix N:

. 2
90 = ng — 2'2.

We can see that rq,...,7r9 generate the same ideal as all the 35 minors to-
gether and that a minimal basis of the corresponding syzygy module has 64 elements
using Magma (execute the code in appendix A.10).

If interested, we can write explicitly 64 linearly independent syzygies (but we will

not for reasons of space) following this procedure:

1. The first 40 syzygies are obtained taking the 20 2 x 3 submatrices of matrix M
and cloning each of its rows to get a 3 x 3 matrix whose determinant vanishes

by construction.

2. Repeat the above procedure with the three 2 x 3 submatrices of N that have

( sz ) as a submatrix. This gives 6 more syzygies involving r1, ... 729 pro-
2

vided we write some of the relations appearing as 2 x 2 minors of N as linear

combinations of the r;s. For example x929 — y1ys is rg — 19, etc.

3. The remaining 18 syzygies come from the following 9 submatrices of matrix

r1r T2 Y Ty T2 Y2 xry T2 z1
T2 X3 Y2 T2 T3 Y3 T2 X3 22
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T2 Y1 21 1 Y1 Y2 T2 Y1 Y2
3 Y2 22 T2 Y2 Y3 T3 Y2 Y3
Yy Y2 2 1 Y2 21 T2 Y2 Z1
Y2 Ys 22 T2 Y3 22 T3 Y3 22

Q.E.D.

Remark Listing the 64 syzygies was the reason because of which I found the format
that uses separately matrices M, A and N. A more beautiful way of presenting the
ideal as 2 x 2 minors of a matrix though, is to glue together A and N to get this

double symmetric 3 x 5 matrix:

1 T2 Y Y2 <1
S:=| z2 23 y2 Y3 2

yioYy2 21 oz P

obviously A%2S generates I. S has two concatenated 3 x 3 symmetric blocks. If we

forget about our grading and set all variables to have degree 1, including P, then
2
Proj R, where R = k[z1,x2,23,Y1,Y2, Y3, 21, 22, P]/ (/\S) (6.1)

is the third Veronese embedding of the blowup of P? in one point. If I recover the
weights then (6.1) is a del Pezzo surface with two cyclic quotient singularities, one
of type %(1, 1) and the other %(1, 1). It is polarised by an ample divisor D with
D? = ZZL and anticanonical divisor 2D. Tt is known that this surface is smoothable
to the ordinary del Pezzo surface of degree 7, but not while preserving the anti
semicanonical condition. Although this suggest a strategy to deform our trigonal
rings to the ones corresponding to family (I.1) of Theorem 1.4.1, the calculation

presents several difficulties. Therefore we will use a different strategy later on.

6.2 Calculation of R(S, Ky)

The formats we obtained for the trigonal curve case suggest to construct surfaces of
type (1.3) as regular pullbacks from a key variety V defined by the 20 two by two

minors given in (6.1). Concretely, if V = Spec Ry where

. 2
RV:/C[fbfQ,fg,@l,y%yg,El,ZQ,P]/(/\S) (62)
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T1 T2 Y1 Y2 Z1
and S=| z 73 7, 73 Z» |- We can consider the morphism

Y1 Yo Z1 22

defined by 7; = z;, y; = i, Z; = z; for 1 < < 3, 1<j<2 P+ P where P is

P(x0,x1,%2,T3,Y1,Y2,Yy3), then take the pullback of the subscheme defined by the
2

ideal generated by /\ S and take the quotent by the k*-action defining the grading

to obtain a surface that must be of type (I1.3). ! As we will see, every surface of

type (1.3) can be obtained this way. The proof uses a result of Francesco Zucconi

that we state as the first part of the following theorem:

Theorem 6.2.1. Consider the toric variety T defined as a P(1,1,1,2)-bundle over
P! by the variables and weights of the following table:

Variable |t [t2 | Xo [ X1 | Xp | ¥
Bi-degree | 1 | 1 | -1 | -2 | -4
ojo| 1| 1| 1

Let A be the divisor class of a fibre of the natural projection w: T — P! and

let T be a tautological divisor on T. Then:

1. S is a minimal surface of type (1.3) if and only if it is a complete intersection
(F,G), where F €| -5A+2T|, and G €| - 8A +4T)| are given by the vanishing
of the following forms:

F: t1Y—XOX2
G: aY?+QY +e1 X+ XoR

subject to the conditions:
a) cp €k*.
b) ae H'(T,4A), a|y,-0) # 0.

c) Q = cng + o1 XoX1 + a2X12 + oy X1 X9 + a6X22, where ¢y € kX and oy €
HO(T,iA).

d) R=p1X3}+ B X2 X0+ B3X1 X5 + B4 X3, where 3; e HO(T,2iA).

'Probably an analogous construction could also make sense to get Calabi-Yau 3-folds, Fano
4-folds, etc.
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2. R(S,Kg) is isomorphic to:
k[eTOviUvaU%CCSay1,y2ay3721732]/17

where the x;, y; and z, have degrees 1, 2 and 3 respectively and there is a
homogeneous form P = P(x;,y;,2¢) of degree 4 such that I is generated by the

2 x 2 minors of the following matrix:

1 T2 Y1 Y2 <1
T2 X3 Y2 Y3 22

yi y2 =1 oz P
Proof. For part 1 see [Zucconi], Main Theorem.

It remains to compute R(S, Kg). Since Kt = [11A - 57T it follows that the

canonical class of S is the restriction of | - 2A + T'|. Moreover for n € N:
H°(S,nKg) = H'(T,-2nA +nT)|s. (6.3)

From here one sees that the canonical ring is minimally generated by the

following ordered sets (I omit the symbols of restricting sections to S for simplicity):

Degree 1: {1‘0,1‘1,1’2,1‘3} = {Xl,t%XQ,tthXQ,t%XQ} (6.4&)
Degree 2:  {y1,y2, 93} == {iY, t1t2Y, 5V} (6.4b)
Degree 3: {Zl, 22} = {th()Y, tQX()Y} (64C)

and it is clear that we have the following relations:

/2\(331 T2 Y1 Y2 Zl) /2\(371 T2 X3 Y1 y2)

T2 X3 Y2 Ys =22 Yy Y2 Ys 21 =2

The equation F = 0 implies that t3 XY = 2 X2 XY Thus y121 = 71 (X2Y)]s.
On the other hand, the equation G =0 subject to the condition c) of the first part

of the theorem implies that
1
X2V = ——(aX{ + XoR+aY? + V(1 Xo X1 + o X? + au X1 X2 + a6X3)).  (6.5)
o

Therefore we have a relation of the form y;z1 — x1 P where P is the right hand side

of equation (6.5) rendered in terms of the x;, y; and z;. The rest follows exactly as
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in the curve case from this point. Q.E.D.

Remark I will call the format given in part 2 of Theorem 6.2.1, F (%)—format.

6.3 Relation with surfaces of type (I1.1)

In this section I proof that the closures of the strata of canonical surfaces of type
(I.1) and (I.3) of Theorem 1.4.1 meet at a stratum in the boundary of the moduli
space. This stratum is formed by surfaces defined as Proj R where R is a ring of

the following form:

R = k[xo, 1,22, 23,1, Y2, Y3, 21, 22] /1,

with x;, y; and 2z, of degrees 1, 2 and 3 respectively. I define P to be the degree 4

homogeneous form:

P = alxgajg + I%AO + x%Al + x%AQ + x%Ag + xlngl + xzngz, (66)
where

AO = LLQHJ% +a3xr1Trg +a4x1r3 + a5x% + agr2x3 + a,7:c§,

Aj = agTory + agToT2 + alow‘% +aj1rire + a129€% +ai13y1 + a4y2 + a15ys,

Ag = a16T0T1 + a17T0T2 + A18TOT3 + A19T1T2 + A20T1T3 + A21T2T3 + 02233% + a23Y3,
A3 = aqToT2 + A25T0T3 + A26T2T3 + a27$§ + a28Y3

By = agy2 + azoys,

Bj = az1ys,
ai,...,as; € C and I is generated by the 2 x 2 minors of

1 T2 Y1 Y2 21
T2 T3 Y2 Y3 22
i Y2 21 2 P

I will call the surfaces Proj R, with R a ring as defined above, surfaces of type (1.3).

Proposition 6.3.1. Every surface of type (1.3) has a small deformation to a surface
of type (1.3).
Proof. We are obtaining the rings corresponding to surfaces in the stratum (1.3)

from those of (1.3) simply by equating to zero some coefficients in the general degree
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4 form P = P(x;,y;, 2¢) of second part of Theorem 6.2.1. Therefore the result follows
immediately by the flexibility of the F (%)—format. Q.E.D.

Remark 1. Surfaces of type (I.3) have singularities that are not rational double

points and therefore they are not canonical surfaces with K2 = 7 and Dy = 4.

2. The key feature of the degree 4 form P defined in (6.6) is that is the most

general quartic in x;,y;, z¢, up to the choice of different renderings obtained

2
using the toric relations given by A otz U2 A that can be rolled
T2 I3 Y2 Y3 22

twice with respect to the following matrix:

Ty T2 X3 Y2
Yy Y2 Y3 =2
This will play a crucial role in the next theorem.

Theorem 6.3.2. Every ring defining a surface in stratum (I1.3) is the central fibre
of a flat family of rings over a small disc Ay c C whose general fibre is the canonical

ring of a surface in the stratum (I1.1).

Proof. Let t € Ag and let P be as in (6.6). Consider the following family of rings:
Ry = k[xo, 1,2, 3, Y1, Y2, Y3, 21, 22] [ I,

where I; is the ideal generated by the following 3 sets of relations:
1. The 4 x 4 Pfaffians of the 6 x 6 skew matrix

t z1 T 22 U

22 T2 X3 Y2

G = 0 P 0
y1r O

2. The 4 x 4 Pfaffians of the 5 x 5 skew matrix

t T x2 Y2

X X
B = 2 T3 Y3
y1
0
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3. The 5 elements:

T16 = T322 — Y2Y3,
ri7(t) = y3—yiys +tP,
rig(t) = yaz2 —y3z1 + Py,
rig(t) = y2—asP+tPy,
roo(t) := z% —y3P +tPs,

where P; is obtained from P by rolling factors with respect to the following

($1 T2 T3 yz) (6.7)

Yy Y2 Y3 =2

matrix:

and P» is obtained from P; in the same way. Explicitly:

5 . .3 2
Py = arxpys + x5A0,1 + T1y1 A1 + 22y2 Ag + 23y3 A3 + y1202B1 + yox3Bo,

Py = ajajyze + wg Ao 2 + Y5 A1 + Y3 As + y3 Az + y1y2 B + y2y3 Ba,
where

AO,l = a2x1Y1 T a3y1T2 + a4yY1x3 + asT2y2 + agY2x3 + arr3ys,

. 2 2 2
A072 = a9y +asyiy2 +a4y1ys + asys + agY2Y3 + arys.

By construction, the central fibre of this family is a ring whose Proj is a surface in
stratum (IASJ) and I claim that the general fibre is isomorphic to a codimension 4
canonical ring of a surface of type (I.1). To prove this I will discuss each of the 20
relations when ¢ # 0, showing that only 11 of them are necessary to generate the
ideal and that they fit in the desired format.

The Pfafians of G are:

12.45 = ty; — v123 + 23 24.56 = —xoz1 + Y12 23.45 =y129 — o P
12.56 = —tz; — xoys + x3y1  12.36 = Y122 — Yo 23.56 = —z120 + Yo P
12.35 = tP — x321 + Ta2o 13.45 = y121 — 21 P 13.46=0

12.46 = 2oy — 2192 13.56 = =22 + 1 P 23.46 = 0

12.34 = 2129 — 1221 14.56 = —w121 + Y3 34.56 = 0

using these, is easy to see that B gives us only 3 Pfaffians not included in previous
list that I call as follows:

r13(t) = tz1 —T1y3 + Tay2  Ti4 = T3Y2 — T2Y3  T15 = Y1Y3 — T30
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T2 T3

Y2 Y3

It is convenient start discussing these 3 relations: ry4 is - . Adding r13(t)

1 I3
Y1 Y3
previous 2 determinantal relations we have :L'?,,yl = r123y3 and T2w3y2 = T3y3. Thus

and 12.56 gives - . Using 12.56 we have tx3z] = x%yl — Tox3Y2, but by the

trsz1 = T1x3Y3 — x%yg and using 12.45 we get tx3z] = ty1y3. Therefore r15 is redun-

dant, but allows me to write r17(t) as T17(t) == y3 — 2321 + tP.

Next, I continue with the list of Pfaffians of G: 12.45 and 12.56 allow us
to write y; and z; in terms of the remaining variables. This will decrease the
codimension of the deformed ring by 2 whereas 12.35 is the degree 4 relation that

we will roll twice with respect to matrix (6.7). Moreover, substracting 12.35 to

relation 717(t) gives y3 — x922, which is - T2 ‘
Y2 22
Pfaffian 12.46 is -| ' *? | whereas substracting 24.56 from 12.34 gives | “' 7 |.
Y1y Y1 Y2

This along with previous deduced determinantal relations and r14 gives us already

the following 6 relations in the general fibre ring:

/2\ 1 T2 T3 Y2

Y1 Y2 Y3 22
Now using 12.56 we have tys21 = 23y1y2 — T2y5. But by previous observation, zoy3 =
x%zQ and by 24.56 and 12.34, x3y1y2 = T1x322. Thus tysz1 = 12320 — m%zz = ty1 29,

showing that 12.36 is redundant. Similarly, one shows that the remaining Pfaffians

of G are also redundant.

Finally, multiplying ri7(t) by x3 gives txsP = 23y1y3 — xgyg, but xgyg =
T2y2y3, S0 using 12.56 we have tz3P = tysz;. Thus x3P = y321, proving that r18(t)
and r19(t) are equivalent. Clearly r1g(t) is obtained from 12.35 by rolling factors
with respect to matrix (6.7) and ro0 () is obtained from r19(¢) the same way. There-
fore, the general fibre ring R; is generated by ty; — x1x3 + x%, —tz1 — xoy2 + x3y1 and

the following 9 relations:

2 €T €T xr D P P
( 1 T2 X3 Y2 Yoz —Y3z1 +tP1 = yozo — 3P + 1Py

XoZo —XI321 + tP
Y1 Y2 Y3 =2 )7

22 —ysP + P

which proves my claim.
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It remains to check that the family is flat. This can be done asking Magma
to verify that the Hilbert polynomial of R; is the same as that of Ry. Since this
calculation is essential for the proof, I include the codes here and not in the appendix.
The code to compute the Hilbert numerator of the general fibre ring is:
RR<t,dd, al, a2, a3, a4, a5, a6,
a’l,a8,a9,al0,all,alz,
al3,ald4,al5,al6,al’,als,
al9,a20,a2l,a22,a23,a24,
a25,a26,a27,a28,a29,a30,
bl,b2,b3,
b4,b5, b6,
b7,b8,b9,
x0,x1,x2,x3,v1,y2,y3,2z1,22> :=
PolynomialRing (Rationals (),

(0,0,0,0,0,0,0,0,

0,0,0,0,0,0,

0,0,0,0,0,0,

0,0,0,0,0,0,

0,0,0,0,0,0,

0,0,0,

0,0,0,

0,0,0,

1,1,1,1,2,2,2,3,31);
AQ:=alxx1"2+a2+x1x*x2+a3+x1xx3
+ad*x2"2+ab*x2+xx3+a6*x372;
Al:=a7*x0xx1+a8+x0*x2+a9*x0%x3
+al0*x1"2+tallxxlxx2+al2+x1%x3
+al3xx2"2+ald*xx2%x3

+alb5xx372;
A2:=al6*x0xx1+al7+x0xx2+al8xx0xx3
+al9*x1*x2+a20xx1xx3
+a21xx2"2+a22xx2+x3

+a23xx372;
A3:=a24*x0xx1+a25+x0xx2+a26*x0xx3
+al27*x1*x2+a28xx1xx3
+a29%x2%x3

+a30xx372;
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Bl:=blxyl+b2xy2+b3*y3;

B2:=b4+xyl+b5*xy2+b6xy3;

B3:=b7xyl+b8xy2+b9x*y3;
AQ0l:=alxxlxyl+a2xyl+«x2+a3+ylxx3+ad*x2+y2+abry2+xx3+ab*xx3*y3;
AQ2:=al*yl " 2+a2+ylxy2+a3+ylxy3+ad*y2 2+a5+y2xy3+a6*y3~2;
P:=x0"3+x2+x0" 2+ A0+dd*»x0xx1*x2+x3
+x172xA1+x2"2xA2+x3"2%A3

+x1*xX2*Bl+x1+x3+«B2+x2+xx3xB3;
Pl:=x0"3%y2+x0"2+xA01+dd*»x0xy1l+x2+x3
+x1*y1*Al+x2xy2*xA2+x3xy3*A3
+y1xx2+Bl+yl*«x3+«B2+y2xx3xB3;
P2:=x0"3%22+x0"2+A02+dd»x0xy1*y2+x3
+y172+«A1+y2 " 2+xA2+y372%A3

+y1xy2+«Bl+ylxy3+xB2+y2+y3%B3;

G:=AntisymmetricMatrix
([t,z1,z2,x1,%2,0,x2,%x3,P,yl,vl,y2,0,0,-211);
B:=AntisymmetricMatrix ([t,x1,x2,x2,x3,y1l,v2,vy3,21,0]1);
Pfl:=Pfaffians (G, 4);

Pf2:=Pfaffians (B, 4);

U:=[x3%22-y2+y3, t*xP-ylxy3+y2~2,

y2%xz2-y3xz1+t*P1l, y2%z2-x3*xP+t«P1,

22" 2-y3*«P+t*P2];

Il:=Ideal(Pfl);

I2:=Ideal (P£f2);

I3:=Ideal (U);

I0:=I1+I2+1I3;

I:=MinimalBasis (I0);

I;

#1;

HilbertNumerator (I0);

To compute the Hilbert numerator of the special fibre one can use the same code,

erasing the degree zero generator and declaring t : =0;. In both cases one gets:
£ g 3¢ 1 72 1 106 3610 - 1367 - 1368 4 3T+ 100 + 70 -3¢ -4 - 2 4 1.

Q.E.D.
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Chapter 7

Surfaces of type (III):

conjectures and future work

In this last chapter I discuss the main unsolved problems on surfaces with K2 = 7
and pgy = 4. I expect these problems to be solved in the forthcoming months and I

state conjectures supported by particular examples and calculations.

I also mention a problem regarding a different class of surfaces (namely, those

with K2 = 6 and pg = 4) that should be solvable using our methods in the near future.

7.1 The moduli space M7, py=d

Our results together with previous work of Bauer, Catanese and Pignatelli, are
summarised in the following picture concerning the 10 strata of the moduli space of
surfaces with K2 =7 and p, = 4 and the stratum (I.3) of Theorem 6.3.2:

(1.2) (1.3) +—— (1.3)
~o T
(1.1)

[

\
(I11.cx) (0)
-~ |

(F2) +—— (F.1)

(I11.7)
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The colours indicate the irreducible component of the moduli space that each family
belongs to. Following the notation of Theorem 1.4.2, the colour correspondence is

as follows:

M74=DM(177.0) Y Mgy U

It is known (also from Theorem 1.4.2) that

Mrrr.0) " M(111.8) =D

and Bauer claims that she proves

Dﬁ(o) N Sﬁ([[]_a) + .

However the following 2 questions remain open:

1. Exactly how gy and M 77 ) intersect?

2. Is M(;17.p) a connected component of the moduli space? In other words: Does

Moy intersect M yr7.5)7

7.2 Setting up a deformation of a hyperelliptic ring

A starting point to answer these questions is to consider the deformation families
of the codimension 8 rings described in Theorem 4.3.3. These rings have extensions
to surfaces belonging to (IIl.«), (IT1.3) and (II1.7):

Let C' be a nonsingular genus 8 curve admitting a linear system |D| with

three distinct base points, P, P>, Ps and satisfying the following properties:
1. |[D|= Py + Py + Py +2g4.
2. 2D = K¢.

Then the halfcanonical ring R := R(C, D) = @ H°(C,nD) is isomorphic to:

n>0

klz1, 22, x3,1,Y2, Y3, 21, 22, 23, 24] /1,

with generators of degrees 1,1,1,2,2,2,3,3,3,3 respectively and the ideal I is gen-
erated by the homogeneous forms obtained by taking the 2 x 2 minors of the 2 x 12
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matrix A, where

A (£U1 T2 wWp W2 W3 W4 Ws

T2 T3 W2 W3 W4 Ws

with wq = yq, w5 :=

w4 = Wy +T1T3=wWs5+ x%,
We
w3 = w4+ T122,
2 wr
wg = w3+ Iy,

Plus 7 rolling factors relations of the form:

7
—y% : (yl + Zaiwﬂl) —y%-

i=1

Z122 —Yi1wsz - (yl + Z azwﬁ-l) — Y2wWe -

7

2123 —Y1ws - (yl + Z azwz+1) — Yawr -

7

R1%24 —Y1W4 - (91 + E aszl) —Y2ys3 -
2224 —Y1Y2 - (yl + Z azwz+1) — WeYs -

2324 —Y1We - (yl + Z azwi+1) -~ wrys -

i=1

7
- y1wr - (y1 + Zaiwm) —ys-

i=1

or any other rendering where possible.

required to satisfy:
1. a5 #0,

2 Zz 1a’L

3. The polynomial 1 + Z%fl a;t" has 15 distinct roots.

Wwe W7

We W7 W8

Ngks
S

"

%

£

Z1 22 Z3

Z2 23 Z4

Ws — 23,
We — x%

8

D ajrwj |,

Moreover, the constants aq,...

)

Y2, ws = y3 and the w; for i € {2,3,4,6,7} are defined recursively:

(7.2a)

(7.2b)

(7.2c)

(7.2d)

(7.2e)

(7.2f)

(7.2g)

ais € k are

One sees that the ideal generated by the 2 x 2 minors of the following submatrix of
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A from (7.1):
(7.3)

A r1 T2 W1 w4 Wy 21 22 23
T2 I3 W2 W5 W8 22 23 24

(/2\A).

I know several ways for presenting the rolling factor relations (7.2) together
2 —
with some of the relations coming from A A. For example, we can define

suffice to generate the ideal

7
Q =wr + Z a; Wiy, (7.4&)
i=1
8
R:=) ajrw; (7.4b)
j=1

and take the 4 x 4 Pfaffians of the following skew matrices:

0 z1 220 =23 w1 wWs wy
29 23 24 w2 We ws
0 0 —-wsR w1 Q w3
By = —wegR we@Q wyQ |, (7.5a)
~wrR w3Q wsQ
21 ]
0
0 z1 22 =23 w1 Ws wr
29 23 24 w2 We ws
0 0 -—-wgR we@ wyQ
BQ = —’U)7R ng w5Q s (75b)
~wgR wsQ weQ
Z9 Z4
0
1 3 3 3 2 2 2
3 3 3 2 2 2
55 4 4 4
both of weights 5 4 4 4 |. As it is, this way of presenting the relations
4 4 4
3 3
3

is not useful, because the matrices do not have any zero of degree zero suggesting
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us how to deform the relations. This can be improved defining

&1 =(x1 + 12+ x3)W1 Q, (7.6a
& =6 —mw Q, (7.6b
Q1:=-w1Q-weR,
Qo == - w2 Q — wrR,
Qs :=-w;Q - wrR,
Qp:=-wQ - wsR

and replacing some of the 4 x4 Pfaffians of (7.5) by the corresponding 4 x 4 Pfaffians

of one (or more) of the following skew matrices:

0 20 x1 =2 ws
Z3 T2 T3 We
Dy = Q1 Q9 & |, (7.7a)
0 =
22
0 z0 x1 =2 ws
Z3 T2 I3 We
Dy := Q3 Qi & |, (7.7b)
0 2
<3
0 z1 1 =2 ws
Z2 T2 I3 We
Ds = Q3 Qi & |, (7.7¢)
0 z3
24
0311 2
31 1 2
the three having weights 4 4 5 |. This presentation suggests that is possible
2 3

3
to deform 5 of the relations so we can write one of the degree 2 generators and the

4 degree 3 generators in terms of the remaining variables. This would deform the
codimension 8 ring to a codimension 3 one. If we can extend such a calculation to

the surface case, it could be possible to construct flat families of rings whose special

fibre is the canonical ring of a surface in M 774y or M(rr7.3) and whose general
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fibre is the canonical ring of a surface of type (0).

I managed to do this calculation in the curve case. I deform 10 of the relations
defining the ideal of the ring of Theorem 4.3.3 and group them in two sets as follows:
Let f3 = f3(x1,22,23,y1,y3) be a general homogeneous form of degree 3. Let t €
A c C be an affine parameter in a small disc around 0. Consider the following

relations:

3 — w13 - 7y (7.8a)
Tiwg — Tyl — t21 (7.8b)
Tow2 — T3Y1 — 22 (7.8¢)
TolYo — T3wy — t23 (7.8d)
Toys — T3wy — 24 (7.8e)

21y2 — 2wy + T3y (7.92)
T1y3 — 2wy + T30y (7.9b)
yr1wr - wy +tw fs (7.9¢)
Y1y3 — Yawa + txaf3 (7.9d)
ways — yawr + w3 f3 (7.9e)

If t = 0, these 10 relations are combinations of the 2 x 2 minors of matrix A of (7.1).

However if ¢t # 0, the first group implies that the general fibre ring is generated by

r1,%2,T3,Yy1,y3. Thus it has codimension 3. The second group of relations generate

exactly the same ideal as the 4 x 4 Pfaffians of the following 5 x 5 Mukai-type skew
matrix:

fs ty ws oy

twy wr Y3

I T2

(7.10)

t.Tg

One then deforms the remaining relations so they become redundant with respect
to (7.8) and (7.9). Finally, it can be proved that both, the special and general fibre

rings have the same Hilbert series:

3t +t+1
2-2t+1
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Whence we have a flat family of Gorenstein rings.

This calculation certainly extends straightforwardly to surfaces of type (111.7),
since the liftings of the relations (7.8) and (7.9) have the same form because of the

canonical image of the surface being the quadratic cone.

7.2.1 Stephen Coughlan’s example

One problem with the above strategy is that for surfaces of types (III.a) and
(I11.53), whose canonical image is P! x P!, the extensions of the halfcanonical rings
are more subtle. For instance, if we want the halfcanonical ring to have the same

form as in Theorem 4.3.3, we need to start writing the first 2 x 2 minor of matrix

Srog+IT1 X2

(7.1) in the form for some constant s, or something similar. Despite

Sr1+Ty X3
these difficulties, I think that we can perform a completely analogous deformation

calculation starting from a convenient presentation of a canonical ring of a surface
of type (I1I.«) or (I11.3) not necessarily obtained as an extension of one of our

halfcanonical curve rings.

The evidence that makes me think that such deformations might exist comes
from some examples that I learnt from Stephen Coughlan. He constructs a surface
with S of type (/I1.c) in an analogous way to Zucconi’s construction of surfaces of
type (I.3) (cf. [Zucconi]):

Consider the toric variety T defined as a P(1,1,2,3)-bundle over P! by the

variables and weights of the following table:

Variable | t1 [ty | X1 [ Xo | YV |
Bi-degree

111
010

Let A be the divisor class of a fibre of the natural projection 7 : T — P! and
let T be a tautological divisor on T. Consider F' € H°(T,2T) and G € H°(T,6T)
given by

F: tltg(tl + tQ)Y - X1 X5 (7.11&)
G: 22 - ﬂgyg - 66'72)/2 - 53’}’4}/ —Y6- (711b)
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Then for a sufficiently general choice of 3; € S'(t1,t2) and v; € S7(X1,X3), the com-
plete intersection (F' =0)n (G =0) is a surface of type (I11.«).

For illustrative purposes, take
G:=2%-(t]+t9)Y? - X8 - X5, (7.12)

We have Kr = |A—-7T|. Thus Kg =|A+T|s. Then one sees that the canonical ring
can be minimally generated by the following ordered sets (I omit the symbols of

restricting sections to S for simplicity):

Degree 1: {xo,xl,xg,xg} = {t1X1,t2X1,t1X2,t2X2} (7.13&)
Degree 2:  {y1,y2,y3} := {{}Y, t343Y, 15V} (7.13b)
Degree 3: {21,290, 23,24} = {1 Z, t3to Z, 1132, 137} (7.13¢)

It is also useful to name the restrictions of S°(t1,%2) ® Y to S as follows:

wy =Y =y (7.14a)
wy = t1tyY (7.14b)

w3 = t33Y =y (7.14c)
wy =Y (7.14d)
ws = t1ty (7.14e)

we = 15Y = y3 (7.14f)

and using F' = 0 so we get the following equations:

w2 = ToT2 ~ Y2 (7.15a)
W4 = TOT3 — Y2 (7.15b)
ws = x3(21 — To) + Y2 (7.15¢)

Then by construction, we have the following relations in the canonical ring R(.S, Kg):

2 29 9 wp wa w3 W4 Ws 2] 29 2
/\(0 2 Wi W2 W3 W4 5123)' (7.16)

r1 T3 W2 W3 W4 W5 We <2 23 <4
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These of course generate the same ideal as

/2\ ro Tz wy wy ws 2 Z2 23 (7.17)
Tr1 T3 W2 W3 We 22 23 24
or
/2\ rog T2 W1 w3 W5 Z1 k92 Z3 (7 18)
T1 T3 W2 W4 We 22 23 24

Now we have a relation

22 —w? —wiwg — x5 — 2§ (7.19)

that can be deduced multiplying (7.12) by 9. Finally, there are another 6 relations
that can be obtained from (7.19) by rolling factors with respect to matrix (7.16),

namely:
2129 — Wiy — W3W4W6 — TRT] — THT3 (7.20a)
2123 — W WS — WG — T — THT (7.20b)
2174 — Wh — WgWsW6 — TRTS — T (7.20c)
Zozy — WHW3 — Wrwe — Tox]| — TIT (7.20d)
2324 — w2w§ - w5w§ - xox? - xng (7.20e)
22— w3 —wi - 29 - a5, (7.201)

From this point, one checks that S =Proj R where

R := k[0, 1,22, 23, Y1,Y2,Y3, 21, 22, 23, 24| [T (7.21)

and I is the ideal generated by the 2 x 2 minors of (7.17) and the 7 rolling factors
relations (7.19) and (7.20) is an integral scheme of dimension 2. The invariants

Kg =7 and p, = 4 are given by construction.
The final step is to observe that the trick to deform the halfcanonical ring

of section §7.2 can also be done in this example. Indeed, let t € Ag ¢ C be an

affine parameter in a small neighbourhood of 0. Let F3 = F3(xq, 21,22, %3,91,y3) be
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a homogeneous form of degree 3. Then the following set of relations:

Toxs — 1T + 1Yo (7.22a)
Towsy — T1Y1 + t21 (7.22b)
Ty — T1ws + 29 (7.22¢)
Toy3 — T1ws + t23 (7.22d)
Tows — T3Y1 + 24 (7.22¢)

T3Wws — Tays + 2211 (7.23a)

T3Wws — Tays + t2T1Wy (7.23b)
—ways + Yows + 511 Fy (7.23¢)
—wowy + Yy1ws + txoF3 (7.23d)

—Yowa + Y1y3 + txzF3 (7.23e)

restrict when ¢ = 0 to relations identical to 10 relations in the ideal I, whereas for
t +0 (7.22) imply that the general fibre ring has codimension 3 and the five relations
(7.23) generate the same ideal as the 4 x 4 Pfaffians of the 5 x 5 skew matrix

t’Fy wy ya  tyr
ws Y3 twy
tx 1 T2

z3

o3 -32—t-1

] ] $3-3t2+3t-1
I do not see any serious reason for an analogous calculation not being possible if

One sees that the Hilbert series remains invariant for all ¢:

we consider some special surfaces of type (I11.3). Since m is an irreducible
component of dimension 38 of the moduli space, we cannot deform a general member
of the component to a surface in % which has dimension 36. Therefore one
should start from a cleverly chosen particular subfamily for which our strategy can
be followed. This leads to conjecture that m is not a connected component
of the moduli space, but actually intersects %' Although almost certainly there

are even more possible degenerations/deformations to be found, I believe that the
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ones depicted below with purple arrows exist:

(1.2) (1.3) «—— (1.3)
~o 1
(II1.) (1.1)
™~ I
(ITT.0t) 4----- (0) - » (I11.5)
— |
(F.2) «+—— (F.1) (F")
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Appendix

Magma codes

A.0 Sanity check for the baby example

RRgr<x1l,x2,x3,yl,y2> :=
PolynomialRing(Rationals (), [1,1,1,2,2]);

Al:= AntisymmetricMatrix

(RRgr, [0,x1,x2,x2,%x3,v2,y1,y2,—-x2+*x372,-x1"2%x2]);
A2:= AntisymmetricMatrix

(RRgr, [0,x1,x2,x2,%x3,y1l,y1l,y2,-x2"2%x3,-x1"31);
Pfl:=Pfaffians (Al,4);

Pf2:=Pfaffians (A2,4);

I1l:=Ideal (Pfl);

I2:=Ideal (P£f2);

I:=I1+12;

J:=MinimalBasis (I);

MinimalBasis (SyzygyModule (J) ) ;
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A.1 Rolling factors presentation, sextic with two nodes

RRgr<xl1l,x2,x3,yl,y2,z> :=
PolynomialRing (Rationals (), [1,1,1,2,2,3]);

M:= Matrix (RRgr, 2,4, [x1,x2,x3,y1+y2,x2*x3,v1,v2,2]);
MO :=Minors (M, 2) ;

L:=y1l;

Cl:=x1"2;
C2:=x2"2;
C3:=x3"2;

Il:=Tdeal ([ (y1+y2) "24+x2xx3*L+x1"2xCl+x2"2xC2+x3"2xC3,
(y14y2) %24ty 1l x3+xL+x1*x2xx3*xCLl+x2xy1xC2+x3xy2xC3,
z 2+y1lxy2xL+x2"2%x372xCl+yl1 " 2%xC2+y2°2%C3]) ;

I0 := Ideal (MO);

I:=MinimalBasis (I1+I0);

X:=Scheme (Proj (RRgr), I);

IsReduced (X) ;

IsIrreducible (X) ;

IsSingular (X) ;

Dimension (X) ;

C:=Curve (X) ;

Genus (C) ;
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A.2 Extrasymmetric presentation, sextic with two nodes

RRgr<xl1l,x2,x3,yl,y2,z> :=
PolynomialRing (Rationals (), [1,1,1,2,2,3]);

Q1 :=x2+%x3;
Q2:=x1"2;
Q3:=y1;

Q4:=x3"2;
F3:=—x2"3;

P:= AntisymmetricMatrix ([0,vy2,x3,01,x1,z+F3,yl+y2,x2+x3,
x1%xQ2,x2xQ3+x3*xQ4,z,y1+y2,Q01%xQ2,yv1xQ3+y2xQ4,0]);
Pf := Pfaffians(P,4);

I0:=Ideal (Pf);

I:=MinimalBasis (Ideal (I0));

S0:=SyzygyModule (I) ;

S:=MinimalBasis (S0) ;

S;

X:=Scheme (Proj (RRgr), I);

Dimension (X) ;

IsReduced (X) ;

IsIrreducible (X) ;

IsSingular (X) ;

C:=Curve (X) ;

Genus (C) ;
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A.3 AM (T A)-presentation, bielliptic family

RRgr<xl,x2,x3,yl,y2,z> :=
PolynomialRing (Rationals (), [1,1,1,2,2,3]);

:=1;
b:=1;
Ql:=x1"2;
Q2:=x1*x3;
Q03 :=x2%X3;
A:= Matrix (RRgr, 2,4, [x1,x2,x3,y2,x2"2,x3 " 2-axx1*x2-bxx1"2,y1,2]);
M:= Matrix(RRgr, 4,4, [01,0,0,0,0,02,0,0,0,0,03+4y1,0,0,0,0,-11);

R:=AxMx (Transpose (A) ) ;
AQ:= Minors(A,2);
I0:=Ideal (AOQ);
Il:=Ideal ([R[1,1],RI[1,2],R[2,2]]);
I:=I1+10;
X:=Scheme (Proj (RRgr), I);
Dimension (X) ;
IsReduced (X) ;
IsIrreducible (X) ;
IsSingular (X) ;
:=Curve (X) ;

Genus (C) ;
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A.4 Rolling factors for trigonal curves

RRgr<xl1l,x2,x3,y1l,y2,y3,z1,2z2> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2,3,3]1);
F:=yl1°2+y37°2;

G:=x1"4-x3"4;

H:=x2+*x3%yl-x2"2xy2;

P:=F+G+H;
A:=Matrix(RRgr, 2,5, [x1,x2,y1l,vy2,21,x2,%x3,y2,y3,22]);
M:=Matrix (RRgr, 2,6, [x1,x2,x3,v1l,y2,2z1,y1l,vy2,v3,21,22,P]);
(RRgr, 2,5, [x2,x3,v2,y3,22,y1,y2,21,22,P]);

(

(

(

Z

:=Matrix
Il:=Ideal (Minors(A,2));
I2:=Ideal (Minors(M,2));
I3:=Ideal (Minors (N, 2));
I0:=I1+I2+1I3;
I:=MinimalBasis (Ideal (I0));
I;

X:=Scheme (Proj (RRgr), I);
C:=Curve (X) ;

Genus (C) ;
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A.5 First Pfaffian presentation of the trigonal family

RRgr<xl1l,x2,x3,y1l,y2,y3,z1,2z2> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2,3,3]1);
F:=yl1°2+y37°2;

G:=x1"4-x3"4;

H:=x2+*x3%yl-x2"2xy2;

P:=F+G+H;

O:= AntisymmetricMatrix([0,x1,x2,x2,x3,x2,yl,y2,vy1,0,0,0,
vli,vy2,21,0,0,vy2,v3,22,0,0,0,z1,2z2,P,0,0]);

Pf := Pfaffians (0, 4);

I0:=Ideal (Pf);

I:=MinimalBasis (Ideal (I0));

I;

X:=Scheme (Proj (RRgr), I);

C:=Curve (X) ;

Genus (C) ;
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A.6 Nonsingularity of the trigonal curves

RRgr<xl,x2,x3,y1l,y2,y3> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2]);
F:=yl1°2+y37°2;

G:=x1"4-x3"4;

H:=x2+*x3%yl-x2"2xy2;

P:=F+G+H;
A:=Matrix(RRgr, 2,4, [x1,x2,y1l,y2,x2,x3,v2,v3]1);
Il:=Ideal (Minors (A, 2));

I2:=Tdeal ([y1"3-x1"2%P,yl " 2xy2-x1xx2*P,y2 " 2%y1-x2"2xP,
yv2 7 3-x3xx2xP,y2 " 2xy3-x3"2%xP]);

I0:=I1+1I2;

I:=MinimalBasis (Ideal (I0));
X:=Scheme (Proj (RRgr), I);

C:=Curve (X) ;

Genus (C) ;

IsSingular (C);
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A.7 Two towers presentation of the trigonal family

RRgr<xl1l,x2,x3,y1l,y2,y3,z1,2z2> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2,3,3]1);
F:=yl1°2+y37°2;
G:=x1"4-x3"4;
H:=x2+x3*yl-x2"2xy2;

:=F+G+H;
Tl:= AntisymmetricMatrix([0,zl,z2,x1,x2,0,x2,x3,P,
vi,vyl,vyv2,0,0,-2z1,v2,vy3,0,0,-22,01);
T2:= AntisymmetricMatrix([0,zl,z2,x2,x3,0,x1,x2,P,
v2,v2,v3,0,0,-z2,v1,y2,0,0,-2z1,01);
Pfl Pfaffians(T1,4);
Pf2 Pfaffians(T2,4);
Il:=Ideal(Pfl);
I2:=Ideal (Pf2);

I0:=I11+12;
I:=MinimalBasis (Ideal (I0));
I;

X:=Scheme (Proj (RRgr), I);
C:=Curve (X) ;

Genus (C) ;
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A.8 Rolling factors presentation, hyperelliptic family

RRgr<x1l,x2,x3,vy1l,v2,v3,21,22,23,z4> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2,3,3,3,31);

wl:=yl;
wh:=y2;
w8:=y3;

wi :=wb+x1%x3;
w3 :=wid+x1*x2;
w2:=w3+x1"2;
Wb :=wS5—-x2*x3;
wW7:=w6-x3"2;
A:=Matrix (RRgr, 2,12, [x1,x2,wl,w2,w3,wd, w5, w6, w7,
z1,22,23,x2,x3,w2,w3,wd,w5,w6,w7,w8,22,23,2z4]);
Il:=Ideal (Minors (A,2));
Rf:=[z1"2-y1"3-y2"2%y3,
z1%z22-y1 " 24W2-y2*xwb*y3,
z1%z3-y1 " 2%W3-y2xw7*y3,
z1lxz4-y1"2+wld-y2xy3~2,
z2%xz4-y1"2xwh-w6xy3~2,
z3%z4-y1 " 2+«w6-w7xy3~2,
z4"2-y1"2xw7-y3~3];
I2:=Ideal (Rf);
I0:=I1+1I2;
I:=MinimalBasis (I0);
I;
X:=Scheme (Proj (RRgr), I);
Dimension (X) ;
IsReduced (X) ;
IsIrreducible (X) ;
:=Curve (X) ;

Genus (C) ;
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A.9 Nonsingularity of the codimension 4 deformation

family

RR<x0,x1,x2,x3,y1l,y2,z> :=
PolynomialRing(Rationals (), [1,1,1,1,2,2,31);

t:=1/2;
al:=1;
az2:=0;
a3:=1;
ad:=0;
a5:=0;
a6:=3;
al:=1;
a8:=2;

Q:=x3"2-a3*x1*x2-ad+x1"2+x0x (abxx1+a6*x2+a7+x3)+a8xx0"2;
ag9:=1;

al0:=0;
all:=0;
al2:=0;
al3:=0;
ald:=0;
al5:=4;
ale:=0;
al7:=3;
al8:=1;

Q1:=a9xx172+al0*x1*x2+all*x1%x3+al2%x2"2+al13%x2*x3+ald*x3"2
+(albxxl+alo*x2+al7+x3) »x0+al8%xx0"2;

az23:=-1;
az2d:=-2;
az25:=0;
az6:=1;
Q2:=(a23*x1+a24+x2+a25xx3) *x0+a26+x0"2;
a29:=0;
a30:=1;
a31l:=0;
a32:=0;
a33:=3;
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a34:=3;
Q3:=a29xx1*x2+a30xyl+ (a3lxx1+a32+xx2+a33%x3) »x0+a34%xx0"2;
al9:=0;

az20:=0;
azl:=0;
az22:=0;
az27:=0;
az28:=0;
a35:=0;

A:= Matrix(RR,2,4, [x1,x2,x3,vy2,

X2 2+al*x0%x2+a2xx0" 2+t *y2, Q+t+x1*x3,y1,2]);

Al:= Minors (A, 2);

I1l:=Ideal (Al);

M:=Matrix (RR, 4,4, [Ql+t*y2, (1/2)* (al9xx0"2),

(1/2) * (a20#x2+x0+a21+x0°2), (1/2) *a22*x0,

(1/2) % (al9%x072),02+t*x2"2, (1/2)*a27+xx072, (1/2) xa28xx0,
(1/2) % (a20*x2xx0+a21+*x0"2), (1/2)*a27+*x0"°2,Q03, (1/2) xa35xx0,
(1/2) *a22+x0, (1/2)*a28+x0, (1/2)*a35+x0,-11) ;

R:=AxMx (Transpose (A) ) ;

I2:=Ideal ([R[1,1]1,RI[1,2],R[2,2]]);
I:=Ideal(I1+1I2);

MinimalBasis (I);

X:=Scheme (Proj(RR), I);

Dimension (X) ;

IsSingular (X);

J:=EliminationIdeal (I,x0,x1,x2,x3);

MinimalBasis (J) ;
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A.10 Generators and syzygies in codimension 6

RR<x1,x2,x3,y1l,y2,y3,2z1,22,P> :=
PolynomialRing (Rationals (), [1,1,1,2,2,2,3,3,41);
A:=Matrix(RR,2,5,[x1,x2,y1l,y2,21,x2,x3,y2,y3,22]);

M:=Matrix (RR, 2,6, [x1,x2,x3,v1l,v2,2z1,y1l,vy2,vy3,21,22,P]);
N:=Matrix(RR, 2,5, [x2,x3,vy2,v3,22,y1l,y2,21,22,P]);

IA:=Ideal (Minors (A, 2));

IM:=Ideal (Minors (M, 2));

IN:=Ideal (Minors (N, 2));

Ta:=Ideal ([x1*x3-x2"2, x2xy2-x3xyl, yl*xy3-y272, y2xz2-y3%zl]);
In:=Ideal ([z272-y3%P]);

I1:=IA+IM+IN;

I2:=Ia+IM+1In;

#MinimalBasis (I1);
#MinimalBasis (I2);
#MinimalBasis (SyzygyModule (MinimalBasis (I1)));
#MinimalBasis (SyzygyModule (MinimalBasis (I2)));

123



Bibliography

[Alekseev] V. Alekseev, Fractional indices of log del Pezzo surfaces. Math USSR
Izvestiya Vol. 33, No. 3, 613-629, 1989.

[ACGH] E. Arbarello, M. Cornalba, P. A. Griffiths, J. Harris, Geometry of algebraic
curves. Volume I. A Series of Comprehensive Studies in Mathematics, Vol. 267,
Springer-Verlag, New York, 1985.

[Arbarello-Sernesi| E. Arbarello, E. Sernesi. Petri’s Approach to the Study of the
Ideal Associated to a Special Divisor. Inventiones mathematicae, Vol. 49, 99-
119, 1978.

[BHPV] W.P. Barth, K. Hulek, C. A. M. Peters, A. Van de Ven, Compact complex
surfaces. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 4, Springer,
Berlin, 2004.

[Bauer] I. C. Bauer, Surfaces with K* = 7 and p, = 4. Memoirs of the American
Mathematical Society, Vol. 152, No. 721, July 2001.

[Bauer et al] 1. C. Bauer, F. Catanese, R. Pignatelli, Canonical rings of surfaces
whose canonical ring has base points. Complex geometry (Gottingen, 2000),
37-72. Springer, Berlin, 2002.

[BCP-Magma] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system. I.
The user language, J. Symbolic Comput., 24, 235265, 1997. Online calculator
available at: http://magma.maths.usyd.edu.au/calc/

[Brown-Reid] G. Brown, M. Reid, Diptych varieties, I. Proc. L.M.S. 107 (6), 1353-
1394, 2013.

[Brown et al] G. Brown, M. Kerber, M. Reid, Fano 3-folds in codimension 4, Tom
and Jerry, Part I. Compositio 148, 1171-1194, 2012.

124



[Bruns-Herzog] W. Bruns, J. Herzog, Cohen-Macaulay rings. Cambridge studies in
advanced mathematics, Vol. 39, Cambridge University Press, Cambridge, 1993.

[Bombieri] E. Bombieri, Canonical models of surfaces of general type. Inst. Hautes
Etudes Sci. Publ. Math. 42, 171-219, 1973.

[Buchberger| B. Buchberger, F. Winkler, Gréobner Bases and Applications. Cam-
bridge University Press, Cambridge, 1998.

[Buchsbaum-Eisenbud] D. Buchsbaum, D. Eisenbud, Algebra structures for finite
free resolutions and some structure theorems for ideals of codimension 3. Amer-
ican Journal of Mathematics 99 no. 3, 447-485, 1977.

[Catanese] F. Catanese, Homological Algebra and Algebraic Surfaces. Proceedings
of Symposia in Pure Mathematics, Vol. 62, 1, 3-56, 1997.

[Cox et al] D. A. Cox, J. B. Little, H. K. Schenck, Toric Varieties. Graduate Studies
in Mathematics, Vol. 124, American Mathematical Society, Providence, Rhode
Island, 2011.

[Debarre82] O. Debarre, Inégalités numériques pour les surfaces de type général.
Bull. Soc. Math. France 110, no. 3, 319-342, 1982.

[Debarre83] O. Debarre, Addendum: Numerical inequalities for surfaces of general
type. Bull. Soc. Math. France 111, no. 3, 301-302, 1983.

[Decker-Lossen] W. Decker, C. Lossen, Computing in Algebraic Geometry A Quick
Start using SINGULAR. Algorithms and Computation in Mathematics, Vol.
16, Springer-Verlag Berlin Heidelberg and Hindustan Book Agency, New Delhi,
2006.

[Dicks] D. Dicks, Surfaces with pg, = 3, K? = 4 and extension-deformation theory.
Warwick PhD thesis, 1988.

[Enriques] F. Enriques, Le Superficie Algebriche. Zanichelli, Bologna, 1949.

[Franchetta] A. Franchetta, Su alcuni esempi di superficie canoniche. Rend. Sem.
Mat. Roma 3, 2328. 1939.

[Garza] J.S. Garza Ledesma, Personal website + Magma Codes. https://sites.

google.com/view/juan—garza/nigromante/magma-codes.

[Gieseker| D. Gieseker, Global moduli for surfaces of general type. Invent. Math. 43
no. 3, 233-282, 1977.

125



[Hartshorne AG] R. Hartshorne, Algebraic geometry. Graduate Texts in Mathemat-
ics, Vol. 52, Springer-Verlag, New York, 1977.

[Hartshorne DT] R. Hartshorne, Deformation Theory. Graduate Texts in Mathe-
matics, Vol. 257, Springer-Verlag, New York, 2000.

[Ide-Mukai] Ide, M., Mukai, S., Canonical curves of genus 8. Proc. Japan Acad. Ser.
A Math. Sci. 79 (2003), no. 3, 59-64.

[Kodaira] K. Kodaira, On characteristic systems of families of surfaces with ordi-

nary singularities in a projective space. Amer. J. of Math. 87, 227256, 1965.

[Kuranishi] M. Kuranishi, Deformations of compact complex manifolds. Presses de
I’Universite de Montreal, 1969.

[Lichtenbaum-Schlessinger| S. Lichtenbaum, M. Schlessinger, The Cotangent Com-
plex of a Morphism, Trans. A.M.S. 128, 41-70, 1967.

[Manin] Y. I. Manin, Cubic Forms. North-Holland Mathematical Library, Vol. 4,
North-Holland, Amsterdam, New York, Oxford, 1986.

[Matsumura] Matsumura, H., Commutative algebra, second edition, Mathematics
Lecture Note Series, Vol. 56, Benjamin/Cummings Publishing Co., Inc., Read-
ing, Mass., 1980.

[Maxwell] E. A. Maxwell, Regular canonical surfaces of genus three and four. Pro-
ceedings of the Cambridge Philosophical Society 23, 306-310, 1937.

[Miyaoka] Y. Miyaoka, On the Chern numbers of surfaces of general type. Invent.
Math. 42, 225-237, 1977.

[Papadakis] S. A. Papadakis, M. Reid, Kustin-Miller unprojection without com-
plexes, J. Algebraic Geometry 13, no. 3, 563-577, 2004.

[Reid PC] M. Reid, Chapters on algebraic surfaces. Complex algebraic geometry
(Park City, Ut, 1993), IAS/Park City Mathematics Series, Vol. 8, American
Mathematical Society, Providence, RI, 1997.

[Reid 4] M. Reid, Goreinstein in codimension 4: the general structure theory, Alge-
braic geometry in east Asia-Taipei 2011, Advanced Studies in Pure Mathemat-
ics, Vol. 65, Math. Soc. Japan, pp 201-227, Tokyo, 2015.

[Reid GR&BG] M. Reid, Graded rings and birational geometry. Proc. of algebraic
geometry symposium (Kinosaki, Oct. 2000), K. Ohno (Ed.), 1-72.

126



[Reid D-E] M. Reid, Infinitesimal view of extending a hyperplane section-
deformation theory and computer algebra. Algebraic geometry (L’Aquila, 1988),
LNM 1417, 214-286, Springer Verlag.

[Reid F|] M. Reid, What is a flip? Scanned notes, 53 pp., http://homepages.
warwick.ac.uk/~masda/3folds/what_flip.pdf.

[Sernesi] E. Sernesi, Deformations of algebraic schemes. A Series of Comprehensive
Studies in Mathematics, Vol. 334, Springer-Verlag, New York, 2000.

[Serre] J.P. Serre, Sur les Modules Projectifs, Seminaire Dubreil, 1960.

[Yau] S. T. Yau, On the Ricci curvature of a compact Kdhler manifold and the
complex Monge-Ampeére equation. I. Comm. Pure Appl. Math. 31, no.3, 339-
411, 1978.

[Zucconi] F. Zucconi, Surfaces with canonical map of degree three and K? = 3pg — 5.
Osaka J. Math. Volume 34, no.2, 411-428, 1997.

127



