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Abstract

In this thesis we study ergodicity and metastability of solutions to the stochastic

quantisation equation of the P(y);-Euclidean Quantum Field theory. The main

difficulty arises from the fact that solutions of this equation can be interpreted

only in a renormalised sense and classical methods from SPDE Theory do not

apply in this case.

L.

II.

Ergodicity:

In this part we study the long time behaviour of the law of the solutions.
We first prove three main results: A strong dissipative bound for the solu-
tions uniformly in the initial condition, the strong Feller property (and in
particular local Holder continuity of the associated Markov semigroup) and
a support theorem. As a corollary, we prove exponential mixing of the law

of the solutions with respect to the total variation distance.

Metastability:

In this part we restrict ourselves to the special case of the 2-dimensional
Allen-Cahn equation perturbed by small noise and study the long time be-
haviour of solutions path-wisely. We prove that solutions that start close
to the minimisers of the potential of the deterministic system contract ex-
ponentially fast with overwhelming probability. The exponential rate is
explicit in the parameters of the equation. As an application, we prove an
Eyring-Kramers law for the transition times of the solutions between the

minimisers of the potential of the deterministic system.
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Chapter 1
Introduction

Stochastic partial differential equations (SPDEs) describe the time evolution of
quantities that are influenced by a stochastic forcing. A typical example of such
a forcing is space-time white noise, a Gaussian random (Schwartz) distribution
which is irregular both in time and space. It is a generalisation of the deriva-
tive of the Brownian motion to higher dimensions. When the stochastic forcing
is irregular, as in the case of space-time white noise, the solutions of these
equations are expected to have low regularity. In many interesting cases, for
example when the equation involves non-linear terms, the expected low regu-
larity of solutions makes the system singular, that is, many terms appearing in
the equation are ill-defined and classical definitions fail to provide a meaningful
solution; we refer to these cases as singular SPDEs.

One important reason to study singular SPDEs is that they appear naturally
in various fields. For example, they describe the natural reversible dynamics
of “non-trivial” infinite dimensional measures in the context of constructive
Quantum Field Theory (see for example [PW81]). They also arise as scaling
limits of discrete models in Statistical Mechanics (see for example [GLP99]).
However, the fact that singular SPDEs involve terms that are ill-defined is a
major obstacle in their study and without a meaningful solution it is impossible
to investigate properties of the underlying models.

Recently, Hairer’s pioneering work on Regularity Structures [Hail4]| gave a
rigorous construction of solutions for a wide variety of singular SPDEs locally
in time. Around the same time, the theory of Paracontrolled Calculus [GIP15],

developed by Gubinnelli, Imkeller and Perkowski, suggested an alternative ap-
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proach for local well-posedness which, although less general, allowed the treat-
ment of many interesting examples of singular SPDEs. These developments
triggered a lot of research activity and in the last few years there has been a

rapid progress in the field.

L Bl
1.1 The Dynamic O,

There are many interesting examples of singular SPDEs but describing each one
of them is beyond our reach. As our main example in this introduction, let us
consider the dynamic ®% which is one of the core models of our work.

The dynamic ® is formally given by the equation
(0, — A)X = = X3 + mX 4 V2¢, (1.1)

where ¢ is a space-time white noise, the space variable is d-dimensional and
m is a real parameter denoting the mass of the system. When d = 1 (1.1) is
well-posed. It can be treated as a classical PDE problem and has been studied
extensively by many authors (see for example [Iwa87a, Iwa87b, Zab89] and the
references therein). However, when d > 2 the equation is singular and classical
solution theory for (S)PDEs fails to provide any meaningful solution.

Equation (1.1) was first proposed by Parisi and Wu [PW81] as the natural re-
versible dynamics of the ®4-Euclidean Quantum Field theory, which is formally

described by the infinite dimensional measure
1 2 1 4 M 2
v(dX) ocexpy = [ (GIVX()P+ X (2)! = 5X(2)) dz [ ax(2). 1.2

The construction of (a renormalised version of) (1.2) in d = 2 and 3 was a major
result in the programme of constructive Quantum Field Theory in the late 60s
and 70s (see for example [Gli68, GJ73, Nel73, Fel74, GRS75, BFS83]; we also
refer the reader to [GJ87] and the references therein). Parisi and Wu’s original
proposal, also known as stochastic quantisation, was to construct and study the
measure (1.2) as the equilibrium limit of the solutions to (1.1) as ¢ — oo or, in
other words, study ergodicity of solutions.

Parisi and Wu'’s proposal to construct the dynamics of (1.2) appealed many

researchers, with several important contributions over the years. Early attempts
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concerned the construction in dimension d = 2. In [JLM85], Jona-Lasinio and

Mitter used Girsanov’s transformation to solve a modified equation given by
(0 — (A +1)TFA) X = (A +1)7° (- X* + mX) +V2(~A +1)73¢ (1.3)

for a class of strictly positive values of €. Notice that formally the measure
(1.2) is also reversible with respect to (1.3). Then, in [AR91], Albeverio and
Rockner constructed weak solutions to (1.1) using the theory of Dirichlet forms.
A stronger result was obtained in the celebrated work [DPDO3] by Da Prato and
Debussche. They proposed a simple transformation of (1.1) which allowed them
to prove existence of strong solutions locally in time for any initial condition of
suitable regularity and non-explosion for initial conditions in a set of measure
one with respect to the formal equilibrium (1.2).

Although the dynamic <I>f‘l received a lot of attention as a “toy model” in
constructive Quantum Field Theory, this equation (or rather a variant of it) also
appears in metastability theory. For example, let us consider (1.1) for m = 1 and
¢ replaced by /c¢, for € € (0,1). Then one retrieves the stochastic Allen-Cahn

equation given by
(8, — A)X = =X+ X +V/2¢€. (1.4)

For small values of ¢ the solution is expected to spend long time stretches
close to the minimisers of the potential (metastable states) of the deterministic
system (i.e. ¢ = (), with occasional noise-induced transitions between them.
This phenomenon is known as metastability and it describes the behaviour of a
system that spends long time in metastable states until it reaches equilibrium.

Early contributions in this framework were made in the 1-dimensional case.
For example in [FJL82], Faris and Jona-Lasinio studied (1.4) on the level of
large deviations. In [MS88, MOS89], Martinelli, Olivieri and Scoppola proved
an asymptotic coupling for solutions that start close to the same minimiser of
the potential of the deterministic system. A higher dimensional result appeared
in [JLM9O0]. In this work, Jona-Lasinio and Mitter studied large deviations in
d = 2 for the solution to (1.3), constructed in their previous work [JLM85] via
Girsanov’s transformation.

The main difficulty in (1.1) arises from the irregularity of space-time white

noise £. In particular, the solution X is expected to be a Schwartz distribution
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when d > 2. Despite that we are allowed to multiply a distribution with a func-
tion under mild regularity assumptions, in general we cannot define products
of arbitrary distributions; therefore it is unclear what the non-linear term X?
represents.

A first, rather naive, attempt that might allow us to neglect the fact that the
non-linear term X? is ill-defined, is to replace ¢ by some smooth approximation
én, N > 1, and study the limit as N — oo. In particular we can consider the

system
(0 — A)XY = — (XV)? 4 mXY 4 V26 (1.5)

Notice that for fixed N the non-linear term in the above equation is well-defined
since the solution is actually a smooth function. We can then ask ourselves
whether the approximation X converges to a non-trivial limit in the space of
Schwartz distributions. However, it has already been established in [HRW12]
that the set of limiting points of (1.5) in d = 2 is the singleton {X = 0}. Such
a result indicates that approximations of this form fail to provide a meaningful
solution. This is not unreasonable. After all, it turns out that the non-linear
term (X N ) ’ diverges in the limit and it is exactly because of this divergence that

we cannot solve (1.1) as it stands.

1.1.1 The Case d = 2

In dimension d = 2 (namely, in the case of the dynamic ®3) it is possible to cancel
the divergence of the non-linear term (X N )3 in (1.5) if we instead consider the

approximation
(@ = D)XV = = (XM)" = 3Ry X™) + mx™ 4 Vagy, (1.6)

Here Ry is a divergent constant of the form C5log N + C;. The constant Cy
is explicit and depends on how we approximate £, while C; can be any real
number, or even a sequence depending on N which converges in the limit.

The interpretation of solutions to (1.1) as limits of solutions to (1.6) in d = 2
was already apparent in [DPDO03]. The extra term —3RyX N'in (1.6) can be in-
terpreted as Wick renormalisation. Prior to the construction of the dynamics,
Wick renormalisation had been used to rigorously construct the formal equilib-

rium (1.2). In this case a similar problem appears; the terms X* and X? are
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ill-defined. However, it had already been established by Nelson in [Nel73] that it
can be circumvented using Wick renormalisation. The physical relevance of the
approximation (1.6) was recently established in [MW17a] (see also [Ibel7] for a
more general result), where it was proven that the limiting points of (1.5) arise
naturally as suitably rescaled limits of the average magnetisation of an Ising-
Kac model with Glauber dynamics close to critical temperature. The effect of the
renormalisation constant J corresponds to a shift of the critical temperature
away from its mean field value. The 1-dimensional analogue of this result was
shown in [BPRS93], while it was conjectured in [GLP99] for higher dimensions.

The first complete result on global existence and uniqueness appeared in
[MW17c] by Mourrat and Weber, more than a decade after Da Prato and De-
bussche’s breakthrough. In this work the authors went beyond initial conditions
that are sampled by the invariant measure (which were previously considered
in [DPDO3]) and obtained global existence and uniqueness for arbitrary initial
conditions of suitable regularity, first on arbitrary large tori and then on the
whole plane via a periodisation technique. Their method was based on classical
energy estimates which use the “good sign” of the cubic non-linearity.

Since the work of Mourrat and Weber [MW17c] appeared, equation (1.1) has
been studied extensively in dimension d = 2 and in the last few years there
is a tremendous amount of new results. For example, in the series of papers
[RZZ17b, RZZ17a] the solutions from [MW17c] were identified with the solutions
obtained by Dirichlet forms in [AR91]. The same work [RZZ17b, RZZ17a] also
established ergodicity of solutions, that is, weak convergence of their law to a
unique invariant measure. In [TW18b], a stronger result implied exponential
mixing of the dynamics uniformly in the initial condition. Large deviations were
studied in [HW15, CD17] and an Eyring-Kramers law for the transition times of
Galerkin approximations to the solutions was established in [BDGW17]. Also,
in [TW18a], the authors studied the long time behaviour of solutions for suitable

initial conditions, path-wisely in the small noise regime.

1.1.2 Higher Dimensions

If we try to go just a step further and consider (1.1) in d = 3 the complexity of
the problem increases significantly; to obtain a solution one needs to apply a

more advanced renormalisation technique which cannot be interpreted as Wick
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renormalisation only. In particular, one needs to consider an approximation as
in (1.6) where the constant Ry is given by C3N + Cslog N + (. Here the part
C3N corresponds to Wick renormalisation in d = 3. However, the part Cs log N
cancels other divergences which appear because the space-time white noise ¢
is more irregular in d = 3.

The first result about local existence and uniqueness in d = 3 appeared
in the celebrated work by Hairer [Hail4] as an application of the theory of
Regularity Structures. In [CC13] Catellier and Chouk retrieved the same result
based on Paracontrolled Calculus developed in [GIP15]. Another approach was
presented by Kupianen in [Kupl6], who used the Wilsonian renormalisation
group to obtain local existence and uniqueness. Later in [MW17b], Mourrat and
Weber established global well-posedness based on the paracontrolled approach
of [CC13, GIP15].

Since solution theories for (1.1) became available in d = 3, many other results
have appeared. For example, discrete approximations were studied in [HM18a],
large deviations in [HW15, CD17] (together with the case d = 2), continuity of
the associated Markov semigroup in [HM18b] and universality in [FG17, SX18].

The important observation in d = 3 that allows us to prove well-posedness is
the subcriticality of the equation. Roughly speaking, one expects that in small
scales the solution to (1.1) behaves like the solution to the linear system, the
additive stochastic heat equation. To understand this, let us formally apply the

following rescaling,

d+2

(£,2) = (N2, X2), E=\7¢ X=A7TX, m=\m
Then (1.1) becomes
(8, — A)X = - X74X° +mX 4+ V2¢

where ¢ equals ¢ in law. When d < 4 the non-linearity vanishes in the limit
A — 0. When d = 4, (1.1) becomes critical and one does not expect to obtain
any solution for d > 4. The theory of Regularity Structures as developed in the
series of works [Hail4, BHZ16, CH16, BCCH17], provides local existence and
uniqueness for a wide class of subcritical singular SPDEs. We refer the reader
to [Hail4] for details about the importance of the subcriticality assumption in

the solution theory for singular SPDEs.
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1.2 The Stochastic Quantisation Equation

In the case d = 2 we can actually consider higher polynomial non-linearities.

For example we can consider the equation

(O —(A-1)X == a, X"+ V2 (1.7)
k<n

where n > 2 is any odd number and a,, > 0. The restriction on the parameters
n and a, is only technical and allows to obtain global solutions in time. The
dynamic ® is a special case of this equation for n = 3, a3 = 1, as,ap = 0 and

a; = —(m+1).
Equation (1.7) was introduced as the stochastic quantisation of the P(y),-
Euclidean Quantum Field theory, which is described by the infinite dimensional

measure

v(dX) ocexp{—/ <%|VX(Z)|2+Z]€&—LX(Z)H1> dz}H dX(z). (1.8)

k<n

Here a; = ag, for every k # 1, and a; = a; + 1 (the +1 comes from the term X
on the left hand side of (1.7)). This measure is formally invariant for (1.7) and
it was constructed by Nelson in [Nel73] using Wick renormalisation (see also
[GRS75] and the references therein).

The right approximation to (1.7) (namely, the analogue of (1.6) in this case)

is given by

(0= (A=1)XY == My (XN, Ry) + V2. (1.9)

k<n
Here Ry is a suitable renormalisation constant which diverges logarithmically
in N (same as in the case of the dynamic (13‘21 in Section 1.1.1) and H,, stands for

the n-th Hermite polynomial given by the recursive formula

{H_l(X, C)=0, Ho(X,C)=1
Ho(X,C) = XHo 1 (X,C) — (n— 1)CHy_o(X, O)

Let us mention that the extra terms appearing in (1.9) (but not in (1.7))
also correspond to Wick renormalisation, which in the case d = 2 works for
arbitrary powers. However, in d = 3 one can only construct Wick powers up to

order n = 4; we refer the reader to [CW17, Section 2.3.1] for a mathematical
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explanation on the failure of this construction in the case of powers of order
n > 5. This is one of the reasons that (1.7) cannot be solved in d = 3 for n > 3
odd with any of the techniques developed in the last few years (for example
[Hail4, GIP15]). Another reason is that the subcriticality assumption mentioned

in Section 1.1.2 fails in this regime.

1.3 Main Results

The main focus of this thesis is to study properties of solutions to singular
SPDEs. The model we consider here is the 2-dimensional stochastic quantisa-
tion equation (1.7) with periodic boundary conditions, since it is the simplest
example of a family of singular SPDEs which can be solved using only Wick
renormalisation techniques, that is, without any reference to more advanced
solution theories. Another important feature of (1.7) is that solutions obtained
via Wick renormalisation exist globally in time, and this allows to study their
behaviour as ¢ — oo.

The solutions of the equation are interpreted in a renormalised sense fol-
lowing the analysis in [DPDO03] and [MW17c], which implies the following global

well-posedness result for (1.7).

Theorem 1.1. There exist a probability space (), F,P) and Banach (Besov)
spaces (CP,|| - |lcs) € (C™%,|| - |le-=) C (C2,]| - ||c-a0) Such that the following

conclusions hold.

i. Forevery x € C~* and suitable choice of renormalisation constant R, there
exists a unique global-in-time limit X (-;x) of the solution X" (-;z) to (1.9)
with periodic boundary conditions and initial condition x. In particular, for
every T' > 0 the mapping C~*° > z +— X (-;z) takes values in C((0,T];C%),

P-almost surely.
ii. Ifweletv(;x)= X(:;x)—1, where! solves the linear equation
(0, — (A =1))r= V2,

Jor every T > 0 we have that ' € C([0,T];C~*) and the mapping C~*° > =

v(+;2) takes values in C((0,T);C?), P-almost surely. Furthermore, v solves
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the remainder equation
(@—(A—l))v:—ZakZ (k)vj'\/, (1.10)

where " denotes the (k — j)-th Wick power of 1 and for every T > 0 we
have that " € C([0,T];C*).

iti. The process X (+; x) is Markov and the associated semigroup is Feller.

This theorem is essentially proved in Chapter 3.

Remark 1.2. To keep this introduction self-consistent we do not make the topolo-
gies (C7 || - |lc=a0), (C72, || - |lc-«) and (C?,|| - ||¢c#) in Theorem 1.1 explicit. Let
us only mention that (C~*°,| - ||c-a0) and (C~%,|| - ||c-«) are Besov spaces of
Schwartz distributions of negative regularity and (C”, || - ||¢s) is a Besov space of
functions of positive regularity. We refer the reader to Theorems 2.1 and 3.12

for more details.

Remark 1.3. The Wick powers “\_* appearing in (1.10) are constructed in Sec-
tion 2.1 using iterated stochastic integrals. In Section 2.2 we prove that they

can be obtained as limits of suitably renormalised approximations.

In this thesis we study ergodicity and metastability of solutions to (1.7) as
interpreted in Theorem 1.1. In the first case we study the long time behaviour
of the law of the solutions. In the second, we study the long time behaviour of
solutions for suitable initial conditions, path-wisely. The results to be presented
here, have already appeared in the two original works [TW18b] and [TW18a] of
the author.

1.3.1 Ergodicity

Following Parisi and Wu'’s original proposal [PW81], we prove that in the case of
periodic boundary conditions the law of the solutions converges exponentially
fast to a unique equilibrium uniformly in the initial condition. Our method
consists of three different steps which are of independent interest.

The first step consists of proving a strong dissipative bound that holds uni-

formly in the initial condition. This bound reads as follows.



CHAPTER 1. INTRODUCTION 10

Theorem 1.4 (Theorem 4.1). Let (C™%, || - [lc-=) C (C7*°, || - [|c-o0) and X (-; ) be
as in Theorem 1.1. For every p > 2

sup sup(t A )T TE| X (& z)|. < oo,

reC—20 t>0

where the parameter n is the degree of the polynomial non-linearity in (1.7).

The second step is the strong Feller property for the associated Markov semi-

group. More precisely, we obtain the following theorem.

Theorem 1.5 (Theorem 4.13). Let (C~, || - ||¢c-a0) and X(-;z) be as in Theo-
rem 1.1 and let P}), denote the law of X (t;x). There exist € (0,1), ¢ > 0 and
C > 0 such that for every x € C-* andy € {y : ||y — z|/c-a0 < 1}

1P70: = Proyllzy < C(L+ llzl)7lle = ylle-eo,

where || - — - |7V denotes the total variation distance of probability measures on
C—2o.

The third step is the proof of a support theorem for the law of the solutions.
This step is only implemented for n = 3 in (1.7) (see Remark 4.15) and reads as

follows.

Theorem 1.6 (Corollary 4.18). Let (C~, || - ||c-a0) and X (-;z) be as in Theo-
rem 1.1 forn = 3 in (1.7). Forevery x,y € C~* andt,e >0

P(IX (% %) = ylle—eo <) > 0.

As a corollary of these results we obtain the following theorem which implies

exponential mixing of the law of the solutions.

Theorem 1.7 (Corollary 4.20). Let (C™, || - ||c-a0) and X (-;z) be as in Theo-
rem 1.1 forn = 3 in (1.7) and let P}, denote the law of X (t;x). There exist
to, A\g > 0 and a probability measure (i, supported on C~“° such that

sup || Pro, — pullry < e

xzeC™™0

Here || - — - ||7v denotes the total variation distance of probability measures on

C—o.
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1.3.2 Metastability

Motivated by [MS88, MOS89] we prove an asymptotic coupling in the small
noise regime for initial conditions close to the minimisers of the deterministic
potential. In this part we restrict ourselves to the stochastic Allen-Cahn equa-
tion (1.4) which is a special case of (1.7) if we let n = 3, a3 = 1, as,a9 = 0, and
a; = —2 and replace £ by /=€ for e € (0,1).

Remark 1.8. By choosing all the parameters in such a way that (1.7) coincides

with (1.4), Theorem 1.1 still holds, but the stochastic objects “\_** in (1.10)
should be multiplied by &7

The main result can be expressed as follows.

Theorem 1.9 (Theorem 5.3). Let (C%, | - [|cs) C (C™,]| - |lc-o0) and X (-;z) be
as in Theorem 1.1, where all the parameters are chosen such that (1.7) coincides
with (1.4) and the size of the torus is sufficiently small. For every x > 0 there
exists ag, dp, C' > 0 and ¢y € (0,1) such that for every ¢ < ¢

X(ty) — X(¢;
. 5“”( wp IXED) = XEDe _ o w21>
0

le—(21)ll,—ag < ly—all,—aq <60 |y — x| ¢-a0

> (1 — e /%),

Remark 1.10. The interesting fact about this result is that although the solu-
tions of the equation are distribution-valued, the difference X (¢;y) — X (¢; ) is
measured in (C?, || - ||¢cs) which is a Besov space of functions of strictly positive
regularity. At first glance this seems suspicious, but rewriting the difference as
<X(t; y) — 5%T(t)) - (X(t; x) — 5%T(t)> we immediately see that this is indeed
the case since, by Theorem 1.1 (see also Remark 1.8), X (t;z) — e21(t) € C? for
every t > 0 and x € C~%.

Building on the analysis of [BDGW17], as a corollary of this theorem we
prove an Eyring-Kramers law for the transition times of the solutions between
the minimisers of the potential of the deterministic system. This result reads as

follows.

Theorem 1.11 (Theorem 5.31). Let (C~%, ||-||c-«) C (C~?, ||||c-a0) and X (-; ) be
as in Theorem 1.1, where all the parameters are chosen such that (1.7) coincides

with (1.4) and the size of the torus is sufficiently small. For a closed set B C
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C~® let Tp(X(-;z)) denote its first hitting time by X(-;x). For every suitable
neighbourhoods A of —1 in C™ and B of 1 in C™® there exist c,,c_ > 0 and
€0 > 0 such that for every € < ¢y

sup Erg(X (+;x))

z€A

< \ 1 e {5 O (14 vR),
inf E75(X (5 2))

> &_75'\ kle_Z[ % exp {%}G(V(O)—V(—l))/e (1—ce).

Here A\, = \.(L) and v, = vi(L) are the eigenvalues of —A — 1 and —A + 2
endowed with periodic boundary conditions and V' denotes the potential of the

deterministic system (obtained by letting € = 0 in (1.4)).

1.4 Outline

In Chapter 2 we rigorously construct the solution of the stochastic heat equation
and its Wick powers and study their finite dimensional approximations. In
Chapter 3 we prove global existence and uniqueness of solutions to (1.7) using
Wick renormalisation and establish the Markov property. In Chapters 4 and 5
we prove our main results on ergodicity and metastability, respectively. Finally,
some useful results that we repeatedly use in this thesis and some technical

proofs can be found in the Appendix.

1.5 Notation

We let T? = R?/LZ? be the 2-dimensional torus of size L? for some L > 0. We
denote by C* the space of real-valued smooth functions over T? and by C*°(R?)
the space of real-valued smooth functions over R%. We denote by .#’ the dual
space of Schwartz distributions acting on C*. For p € [1, 0] we furthermore

denote by L? the space of p-integrable functions on T?, with the usual norm

o= ([ 1)
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and the usual interpretation for p = oo.
Although we only deal with spaces of real-valued functions, we prefer to work

with the orthonormal basis {€,, } mez2 of trigonometric functions
€m(Z) — [/—2627rim-z/L7

for € T?. Thus some complex-valued functions appear and we write

(f.9) = Wf@M@%R

for their inner product. With this notation, for f € L?, the m-th Fourier coeffi-
cient is given by

A~

f(m) = ([, em)

and since f is real-valued we have the symmetry condition

f(=m) = f(m), (1.11)
for any m € Z2. For f € .’ we define the m-th Fourier coefficient as
f(m) == (f, L2 cos(2mim - /L)) 4 i(f, L™2 sin(2xim - /L)),

with the convention that (f,-) stands for the action of f on C*.

For ( € R? and r > 0 we denote by B((;r) the ball of radius r centred at .
We consider the annulus A = B (O; %) \ B (O; %) and a dyadic partition of unity
(Xx),>_, such that

i. x_1 = xand x, = x(-/2%), k > 0, for two radial functions Y, y € C*(R?).
ii. suppy C B (O; %) and supp x C A.
. §(0) + Y5 X(¢/2%) = 1. for every ¢ & B2\ {0}.
We furthermore let
Ao :=2A, k> 0.

Notice that supp x,. C As«, for every Kk > 0. We also keep the convention that
Ay-1 = B (O; %‘) The existence of such a dyadic partition of unity is given by
[BCD11, Proposition 2.10].
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For a function f € C* we define the x-th Littlewood-Paley block as

Ouf(2) =D xu(m)f(m)L72* =L > —1, (1.12)

meZ2

Sometimes it is convenient to write (1.12) as 0. f = 1, * f, kK > —1, where

Nk * f() = /]I‘Q 775(’ - Z)f(’Z) dZ,

and

nn(z) = Z Xn(m)L_Qe%im'Z/L.
meZ?
We are now ready to define the Besov space Bg , Which we use to measure

the regularity of Schwartz distributions.

Definition 1.12. For a € R and p,q € [1,00] we define the inhomogeneous

periodic Besov norm as

1fllsg, = [ N0kl 2r) s ll,q - (1.13)

The Besov space Bg o Is defined as the completion of C* with respect to the norm

(1.13). For simplicity we write C* to denote the Besov space B, .

We would like to point out that for p = ¢ = 0o our definition of Besov spaces
differs from the standard definition as the set of those distributions for which
(1.13) is finite. Our convention has the advantage that all Besov spaces are
separable. Many useful results about Besov spaces that we repeatedly use in
this thesis can be found in Appendix A.

Throughout this thesis, C' denotes a positive constant which changes from
line to line but we make the dependence on different parameters explicit where
necessary. Furthermore, through the proofs of our statements, in cases where
we do not want to keep track of the various constants in the inequalities we use
< instead of < C'. Finally, we use a V b and a A b to denote the maximum and

the minimum of a and b.



Chapter 2

The Stochastic Heat Equation and

its Wick Powers

This is a preliminary chapter where we present the necessary stochastic tools
to handle (1.7). In Section 2.1 we construct the solution of the stochastic heat
equation and its Wick powers in terms of abstract iterated stochastic integrals
in the spirit of [Nua06, Chapter 1]. In Section 2.2 we describe how these iterated
stochastic integrals arise as limits of powers of solutions to finite dimensional

approximations after renormalisation.

2.1 Construction of Wick Powers

Let ¢ be a space-time white noise on R x T? (see Appendix B for definitions) on

some probability space (2, F,P), which is fixed from now on. We set

Fi=0 ({&(8) : bl rooxr =0, ¢ € LAR x T }), 2.1)

for t > —oo and denote by (F;);~_o the usual augmentation (as in [RY99,
Chapter 1.4]) of the filtration (]:})b,oo.
For s € (—o0,00) we consider the stochastic heat equation on [s, 00) x T?

with zero initial condition at time s given by

(0 — (A =1))1, = V2¢

Ts’t:s =0

(2.2)

There are several ways to give a meaning to this equation. We simply use

Duhamel’s principle (see [EvalO, Section 2.3]) as a definition and for every

15
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¢ € C* and s < t we define

t
(000 = V2 [ [ (0.8 rz =) elarn, da), 2.3
s JT?
where H(r,-), 7 € R\ {0}, stands for the periodic heat kernel on L? given by

H(r,z) = Z oA Mo (), (2.4)

meZ?

for all z € T?. We furthermore let
Si(t) := et

be the semigroup associated to the generator A — 1 in L2, i.e. the convolution
operator with respect to the space variable z € T? with the kernel H (¢, -).

The integral in (2.3) is a stochastic integral (see Appendix B for definitions)
and for fixed s < ¢, 14(¢) is a family of Gaussian random variables indexed by
C™.

It is more convenient to work with stationary processes, hence we extend
definition (2.3) for s = —o00. For ¢ € C*°, n > 2 and t > —o0 we also consider

the iterated stochastic integral (see Appendix B for definitions) given by

(V1) )

" (2.5)
=22 / , <¢7 H H(t — si, 2 — )> € (®—y sk, @y d2) -
{(—o0,t]xT2}" k=1
We call \/_, the n-th Wick power of 1_, and recall that for every n > 1 and
¢ € C®, (\/_(),¢) is an element in the n-th homogeneous Wiener chaos
(see Appendix B for definitions). We furthermore point out that (\/_(-), ¢) is
stationary, for every ¢ € C™.

The next theorem collects the optimal regularity properties of the processes
{\/_w(-)}, n > 1 and is very similar to the bounds originally derived in [DPD03,
Lemma 3.2]. The precise statement is a consequence of the Kolmogorov-type
criterion [MW17c, Lemma 9, Lemma 10] and the proof follows similar lines to
the one of [MW17c, Theorem 5.1].

Theorem 2.1. Letp > 2. Foreveryn > 1 andty > —o0, the process \/_ . (to+ )
admits a modification \/_ . (tg + -) such that \/_(to + -) € C ([0, T];C~), for



CHAPTER 2. THE STOCHASTIC HEAT EQUATION AND ITS WICK POWERS17

every T > 0 and o > 0. Furthermore, there exists § = 0(a) € (0,1) > 0 and
C =C(T,a,p) such that

E IV oo (to + 1) = Voo (to + 5)lg-a
sup

s,t€[0,T] it — SW

<C. (2.6)

For notational convenience we always refer to\/_,, as \/_ ..

Proof. See Appendix D. O

Notice that for every ¢ > s we have that

Ts(t) = 1ooo(t) = Si(t — 8)1-co(s).

It is then reasonable to define (see also [MW17c, pp. 2442] for equivalent defi-
nitions) the n-th shifted Wick power of 1,(t), t > s > —o0, as

() =) <Z> (—1)’“(51@ — s)TOO(s)>kWoo(t). 2.7)
Here and below we use the convention \/,(t) = 1 for £ = 0 and for every
—o0 < s < t. For simplicity, for every n > 1 and ¢t > 0 we also write \J/(¢) instead
of \/y(t). We furthermore point out that the n-th shifted Wick power is not an
element of the n-th homogeneous Wiener chaos (see Appendix B for definitions).
We refer the reader to Proposition 2.3 below for a natural approximation of the
objects defined in (2.7).

At this point we would like to mention that one might work directly with
N/ _4 instead of introducing (2.7) (see for example [DPDO03] and [Hail4]). This
alternative approach has the advantage that the diagrams are stationary in time.
However, we prefer to work with (2.7) (as in [MW17c]) because when proving the
Markov property (see Section 3.5) we use heavily that \/(t) is independent of
Fs for any s < t (see Proposition 2.3). A slight disadvantage of our convention
is the logarithmic divergence of \V(t) as t | s (see (2.8)).

The next proposition uses the regularisation property of the heat semigroup
(see Proposition A.5) to show that for every ¢ > s and n > 2, \/((¢) is a well-

defined element in a Besov space of negative regularity close to 0.
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Proposition 2.2. Letp > 2 andT > 0. For every sp > —oo, a € (0,1) and o’ > 0
there exist ) = 0(a, /) > 0 and C = C(T, o, /', p,n) such that

E sup (s(”’l)a'p\|'\77$0(50 + S)Hp_a) < Ot (2.8)

0<s<t

foreveryt <T.

Proof. We only show (2.8) for s = 0. The proof of general s, > —oo follows
similarly.

Let & < a A 2¢/ and V(s) = Si(s) (—1-(0)). Using (A.1) and Propositions
A.8 and A.5 we have that

n n— —(n-1)2a n
IV (s)"le-e S IV () Igaa IV ($)lle-a S s~ D25 1o (0)[[E-a

In a similar way, for k& ¢ {0,n}, we have that

3

V() a(8)ller 51Ol [N e o
Thus

() e

< 5RO ||ca+2() M1 (0) 5 [N a3
Hence

E sup s" PN\ (s)]g -

0<s<t
n—1 1 %
< (n)t((n—l)a K3a)p (EIIT_OO( )szp>z (E sup ||W_Oo(5)||gpa)
P k 0<s<t

where we also use a Cauchy-Schwarz inequality to split the expectations in the

sum. Combining with (2.6) we finally obtain (2.8). O

2.2 Finite Dimensional Approximations

Let pn(z) = 3 <n €m(2), 2 € T2 For t > s we define a finite dimensional

approximation of 1,(¢) by

T (t,2) = (1:(t), pv (2 = ).
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We introduce the renormalisation constant
Ry =B (t,2)” = 110,00 H | T2 @2y (2.9)

where Hy(r,z) = (H(r,-) * pn)(z), noting that Ry ~ log N as N — oco. The
expectation above is independent of ¢ and z since 1V__(¢, 2) is stationary in ¢ and

z. For any integer n > 1, s > —oo and z € T? we also define
Vév(t, z) :=H, (Tiv(t, z), SCEN) ,

where H,, (X, C), X,C € R, stands for the n-th Hermite polynomial given by the

recursive formula

{H_l(X, C)=0, Ho(X,0)=1
. (2.10)

Ho(X,C)=XH, 1(X,C) — (n—1)CH, »(X,C)
The first three Hermite polynomials are given by H;(X,C) = X, Hy(X,C) =
X2~ O, Hy(X,0) = X* — 30X.

We have the following approximation result.

Proposition 2.3. Let o, o’ > 0. Then for everyn > 1 and p > 2 we have that

im E sup ||N/_oo(s+1) =N (s +1)]|Pe =0,

1
N—oo 0<t<T

lim E sup t® VP2 (s + 1) — V(s + )P, =0,
N—o0 0<t<T

Jor every s > —oo. In particular, \/s(s + -) is independent of F, and for sy, sy #
law o
—00, Vs, (s1+1) = s, (824 ).

Proof. See Appendix E. O
The following corollary is a consequence of the last proposition.

Corollary 2.4. For everyn > 1 and t, h > 0 the following identity holds P-almost

surely,
(t+h) = i (Z> (Sl(h)r(t)>kwt(t +h). 211

Proof. 1t suffices to check (2.11) for V(¢ + h). The result then follows from
Proposition 2.3. 0



Chapter 3

Existence of Solutions

3.1 Introduction

In this chapter we consider the following renormalised SPDE on [0, 0o0) x T?,

(O —(A-1)X = —Zak CXR V2
k=0 : (3.1)

X|=o =2

Here : X" : stands for the k-th Wick power of X, x € C™*, n > 3 is an odd

integer and the a;’s are real numbers with a,, > 0.

Remark 3.1. As in [DPDO3] and [MW17c] we work directly with (3.1), which
is the formal limit of the approximations (1.9). In later chapters (see Sections
4.3 and 5.3) we discuss finite dimensional approximations of the type (1.9),
however for technical reasons the non-linearity is projected onto a suitable finite

dimensional subspace.

Remark 3.2. Although we prefer to work with the massive Laplacian A — 1 in
(3.1) one can consider any other mass by changing the value of the constant a;
on the right hand side of (3.1).

Motivated by the Da Prato-Debussche method [DPDO03] we give the following

definition for solutions to (3.1).

Definition 3.3. We say that X solves (3.1) if X =1+ v, where ! is the solution

to (2.2) defined in (2.3) for s = 0 and the remainder v is a mild solution of the

20
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following random PDE,

(O = (A-D)v=- “’“i (k)wv

Vo = =

(3.2)

Here " stands for the (k — j)-th Wick power of ! defined in (2.7) for s = 0.

Remark 3.4. In [MW17c] 1 is started from = and consequently there (3.2) is
solved with zero initial condition. Our approach of starting t from 0 and the
remainder v from x has the advantage that the strong non-linear damping in
(3.2) acts directly on the initial condition, yielding a strong a priori estimate for

v that is independent of x (see Proposition 3.10).

Our aim is to prove global existence and uniqueness for the remainder equa-
tion (3.2) which is achieved by classical arguments from PDE theory. In the first
step we prove local existence of solutions to (3.2) on suitable Besov spaces (see
Theorem 3.6). Then, building on the analysis in [MW17c| and using a simple
comparison test for non-linear ordinary differential equations we obtain an a
priori estimate for v independent of the initial condition (see Proposition 3.10).
This estimate is finally used to prove global existence (see Theorem 3.12). In
these steps our analysis is deterministic and uses only the analytical properties
of the Wick powers implied by Proposition 2.2. Finally, combining the results
of Section 2.2 with a simple factorisation method we prove the Markov property
for the process X = 1 4 v (see Proposition 3.14).

Let us mention that the Markov property for X was previously established
in [RZZ17b] based on the identification of the dynamics with the solutions con-
structed via Dirichlet forms in [AR91]. However, our proof is based on standard

arguments from SPDE Theory only, appearing in the classical book [DPZ92].

3.1.1 Outline

In Section 3.2 we prove local existence of solutions to (3.2). In Section 3.3 we
prove an a priori estimate for solutions to (3.2). In Section 3.4 we prove global
existence of solutions. Finally, in Section 3.5 we prove the Markov property for
the solution of (3.1) as defined in Definition 3.3.
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3.1.2 Notation

For convenience we rewrite (3.2) as

n

((9t - (A — 1))1} = — ZUjZ("—j)

3=0 ; (3.3)
U|t:0 =T

where

70— — ak( )-\/- (3.4)
k=j J

forall0<j<n—1land Z ©) = @,,. In this chapter Z always denotes a vector of

the form (Z(J)>j:0-

We fix ag € (0, %) (to measure the regularity of the initial condition x in C~?),

B > 0 (to measure the regularity of the remainder v in C”) and v > 0 (to measure

the rate of blow-up of the ||v(¢)||¢s for ¢ close to 0, see e.g. Theorem 3.6) such

that
1 5 —+ Qp

n’ 2
For an arbitrary a € (0,1) we let

<. (3.5)

(0, T) == C ([0,T];¢~) x C ((0,T];¢~)" . (3.6)

For «, o > 0 we also define a norm on C™~%(0;T) given by
12l =, g § sup €620 | 67
o k=1,2,....,n 0<t<T

Notice that for every a € (0,1), Z € C"™(0;T), for every T' > 0, and by (2.8)
for every o/ > 0 there exists 6 > 0 such that

E|Z|P. ., < Ct° (3.8)

azalst

foreveryt <T, p > 2.
We also fix o < oy small enough (the precise value is fixed below in the proof
of Theorem 3.6) and a norm ||-||,...., on C™~%(0;T), for some o’ > 0 but still

sufficiently small. We furthermore let

F(v,Z):=> v zZ". (3.9)
=0
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3.2 Local Existence

In this section we prove local in time existence of solutions to (3.3) and stability

with respect to its various parameters.

Definition 3.5. Let 7 > 0 and z € C~%°. We say that a function v is a mild
solution to (3.3) up to time 7" if v € C ((0, T}, Cﬁ) and

v@:SﬁM—ASﬁ—$HM%Z@M&

forevery t < T.
We have the following local in time existence theorem.

Theorem 3.6 ([DPDO03, Proposition 4.4], [MW17c, Theorem 6.2]). Let x € C~%°
and R > 0 such that ||z||c-«0 < R. Then for every 3,y > 0 satisfying (3.5) and
T > 0 there exists T. = T.(R, || Z||,,or.7) < T such that (3.3) has a unique mild
solution on [0, T, and

sup  s7||v(s)[es < 1.
0<s<T,

If we furthermore assume that || Z|||,....- < 1. then there exists § > 0 and a

constant C' > 0 independent of R such that

1 0

Proof. This theorem is (essentially) proved in [MW17c, Theorem 6.2], but the
expression (3.10) is not made explicit there; we give a sketch. It is sufficient to

prove that for 7, as in (3.10) the operator
t
Mro(t) = Si(t)s+ [ Silt = 9P (0() Z(5) ds
0

is a contraction on the set %z, := {supy<,<7, 57[|v(s)[[¢ce < 1}, that is, we need

to show that .#7, maps A7, into itself and that for v, v € %7, we have

sup 7 ||.4r.v(s) — A1, 0(s)|cs < (1= A) sup s7[[v(s) —0(s)|lcs
0<s<Ts 0<s<T.
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for some A\ > (. We only show the first property. We first notice that using the
explicit form of F’ (see (3.9))

t
|w@wwwswwmm+/u&wﬂw@wﬁm
0
£ 3 [ = sy 20 D)o ds
j=0 70

t t
S P el + [ 5 dst [-9) H s
0

where we use Proposition A.5 and we furthermore assumed that o/ < 7. By

(3.5) if we choose o > 0 sufficiently small so that “TJFB + (n— 1)y < 1 we get

B+Q

| A7, 0(t)lcs St ||| g-ao + 7™ + ¢ —ot8_(n-1)y

and multiplying both sides by {” we obtain that

A o()lles S (D7 =2y SR 4 1),

Then, for T, = T.(R) as in (3.10) and every t < T, we get that

sup 57 |[.Ar.v(s)|lcs < 1,

0<s<t

which implies that .Z, maps %7, into itself. O

The next proposition is a stability result which we use later on in Section 4.3.
We first introduce some extra notation. Let {Z"} vy, take values in C™~(0; T
such that

i |2V - 2||.... = 0.

N—oo a;aiT

Furthermore, let F'y = 11 ~NF', where 11 ~ is a linear smooth approximation such

that the following properties hold for every A € R,
i. |y|lersser < C, for every N > 1.

ii. For every ¢ > 0 there exists § = 0(\, ) such that

||HNx — zller-s < C—||z]|ex.

NQ‘
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One can check that ITy = > <k<logy N ), is such a linear smooth approxima-
tion.

Denote by vV the corresponding mild solution of (3.3) with F replaced by Fly,
Zby Z N and initial condition x N = I ~ (short time existence of vV is ensured
by the same arguments as in the proof of [MW17c, Theorem 6.2]). We then have

the following proposition.

Proposition 3.7. Let v be the unique solution of (3.3) on a closed interval [0, 7]
(i.e. the solution does not explode at T,). Then for every N > 1 there exists
a unique solution vV to the approximate equation up to some (possibly infinite)
explosion time TN . Furthermore, there exists Ny > 1 such that for every N > N,
TN > T,, and we have that

lim  sup t7|u(t) — o™ (t)||es = 0.

N—=00 0<t<TNAT,
Proof. By (3.5) it is possible to find § > 0 such that

Oé0+5+6

5 +(n—1)y <1

<1
—+n
2 /y Y

For N > 1 we notice that
v(t) — oM (1)
= 50— — [ 16— 9) (F(6). 205) — Fa(0¥(5).2(5) ds
and using (A.7) and property ii of [Ty we get
Jo(t) = o™ (@)

ag+s+8 1
<t 7z

t
S ol + [ (6= ) os)" ~ Fle(5)" es-sds
0

n / (t — )5 | R(v(s), Z(5)) — Ra(t™(5), ZV(5))l|e-a-s dis,

where R(v, Z) = Z;:& viZ™=9) and Ry = IIyR. Using the triangle inequality

as well as the properties i and ii of I1y we have that

n B n 1 n n n
[o(s)™ — nv™ (s)" e §WHUN(S) lles + llo(s)™ = o™ ()" [les
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and
IR((s), Z(5)) = By(0" (), 27 (8)) e
< il R(0(s), Z(3)lle-e + [ B(o(s), Z(s)) ~ R (5), Z())]c-»
IRV (5), Z(s)) = R(oV(5), 2" (s))lle--
Let M = supyer, Ol|o(s)lese L = (|2l and ey = inf{t > 0,¢ < TV -

t7]|v(t) — v™(t)|lcs > 1}. Then, for every s < iy A T, we have the bounds

[v™ (5)"[les < Cs™™

[o(s)" = o™ (5)"[les < Cs™™ sup_ £7]Ju(t) — o™ (t)]cs,

t<en ATk

as well as

IR(v(s), Z(s)) e-o < Cs~ (=27
IR(v(s), Z(s)) — RN (5), Z(5))le-a < Cs~ ™7 sup 7][u(t) — o™ (£) s

IR (5), Z(5)) = R(™(5), Z¥(s))le-o < Cs~ ]| 2 = 27|

a;al; T

where the constant C' depends on M and L. Thus

1 cq+8+p _atsrs_
||U<t) - UN(t)“CB S C(W (t HI”C a0 + tl —ny + tl ) ( 1)'}/)

+ sup s7|u(s) — v (s)[les (tl_g_””/tl‘a+g+ﬁ—(n—1)v>

s<en ATk

12 = 2] gt

Multiplying by ¢” and choosing T, = T,(M, L) > 0 sufficiently small we can
assure that

1

1
sup 7[|o(t) — o™ (B)lles < Fllwlleco + (|2 = 2], +

t<T,

Iterating the procedure if necessary we find M, > 0, independent of N since
v ANT, <T,, and C > 0 such that

sup £7[u(t) — o™ ()]es

t<en ATk

1 1
< 1.0+ 1) (gl + 2= 2 r + 37 811
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Let Ny > 1 such that for every N > N,

1

ole-co + 12 = 2% awwr + 37 < Gre sy

1
vl
Then for every N > N

sup_ Oo(t) — 0¥ (O)er < 1
t<uen ATk

and the definition of ¢y implies that ¢ty A T, = T, which proves the first claim.

For the second claim we just let N — oo in (3.11). OJ

3.3 A Priori Estimates

We first need the following proposition from [MW17c] which is obtained by test-
ing (3.3) with arbitrary odd powers of v.

Proposition 3.8 ((MW17c, Proposition 14]). Let v € C’((O,T];CB) be a mild

solution to (3.3). For every sy > (0 and every even integer p > 2

1 P —lv(so)llb
];(HU(T?)HLP [v(s0)lI70)

— [ (= 0= D(Tols) vl 2V0l) — (u(s). (s )

S0

— (F(v(s), Z(5)),v(s)" 1)) ds, (8.12)
Joreveryt € [sy, T|. In particular, if we differentiate with respect to t,

%QHUG)H’& = —(p = D{Vo(t),v(t)"*Vo(t)) = (u(t), v(t)" )
— (F(v(t), Z(1)), v()" ), (3.13)
Joreveryt e (0,7).

Remark 3.9. This proposition involves spatial derivatives of v up to first order
and the proof of (3.12) requires some time regularity on v. Our local existence
theory implies that v € C((0, T]; C?) for some 3 < 1 (see (3.5)) due to the fact that
we start (3.3) with initial condition in C~“°. This is the reason we state (3.12)
for sy > 0. However one can prove that for fixed ¢ > 0 v is almost a C? function
(see [MW17¢c, Theorem 6.2]), as well as a Hélder continuous function from (0, 7]

to L™ (see [MW17c, Proposition 12]) for some exponent strictly greater that %
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Global existence of (3.3) for x € C? was already established in [MW17c] based
on a priori estimates of the L? norm of v. Here we derive a stronger bound which

does not depend on the initial condition x.

Proposition 3.10. Letv € C((0,7T];C?) be a solution of (3.3) with initial condition
x € C~* and p > 2 be an even integer. Then for every 0 <t < T and A = p*%*l

Zﬂ))A . (3.14)

for some p! > 0. In particular, the bound is independent from ||z||¢c-«y and the

Z=3) ()

”U(t)Hip <C tiﬁ \Y, (Z 15_0‘/7)g sup (ra/pg

— 0<r<t
]7Z

randomness outside of the interval [0, t].

Proof. Let

1
a<(p+n—1)(n—1) (3.15)

and recall that F(v(s), Z(s) = Y7, vIZ"7)(s). Thus

n

(F(u(s), Z(s)),027") = Y (o(s)"H71, 2079)(s))

=0

= an[lv(s)"" M|z + (g(s), v(s)"),

where ¢(s) = Z?;ol v(s)?Z™=7)(s), and we rewrite (3.13) as

1
~0s|lv(s)|I,
p [v(s)I%

= —((p = D)2 Vo(s) Pl + anllo(s)P "z + lu(s)?l|zr)
— (g(s),v(s)"™1), (3.16)

for all 0 < s < ¢, where we use that p is an even integer. Let
K(s) := |o(s)P2|Vo(s)|?|lr, L(s) := an|lv(s)P™ | L. (3.17)

The idea is to control the terms of (g(s),v(s)P~') by K(s) and L(s).
We start with the leading term of (g(s),v(s)?™1), (v(s)P*"=2, Z(U(s)). By
Proposition A.9

[(w(s)7 2, ZW ()] < o) 2 sp 120 () le-o. (3.18)
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Using (A.13)

()P 2 lse, S lols) 2l lo(s) Vo) + llo(s)”™ (2. (3.19)

1,1 ~

We treat each term in (3.19) separately. We first notice that by Jensen’s inequal-
+n—2
ity [|v(s)Pt" 2|1 < L(s)rn-1. For the gradient term, using the Cauchy-Schwarz

inequality we obtain

(s [Vo(s)l 1o S llo(s)7+2m 212, K (s)%. (3.20
Recall the Sobolev inequality

1l S (113 + IV 1%2) 7

for every ¢ < oo (see [DNPV12, Section 6], [EvalO, Section 5.6] for Sobolev

2(p+2(n—2))

inequalities in the same spirit). In particular, for ¢ = , we have that

P
2 p, 1 p,q
[o(s)2 |20 S lvls)? 1|72 + [IVuls)>[I7.,
which implies
1 l,n-2 1, n-2
()P 2220 S Hlos)P Nl 7+ K(s)2 7, (3.21)

1, n=2 Pin—2

where ||v(s)? HETT < L(s)?7 1 by Jensen’s inequality. Combining (3.19),
(3.20) and (3.21)

o (p+n—2)—ba n— (p+n—2)(1—a)
|‘U<S)p+n_2”l§§l 5 K(S)fL(S) : p+n712‘ + K(S)(1+T2)QL(S)‘p+p+iii
4 L(s)iT (3.22)

By (3.15) we notice that

and

thus we can find 71, 72, 73,74 < 1 such that

i+(p+n—2)—§a:1
2m (p+n—1)
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and

(1+n—2) o (ptn-2)(1-a) _

p ) (p+n—1)y

(p4n—l)a  ~_ (ptn—D-Fa  _ (pin-2)(pin-la
2 22 = ptn—2 13— D

74 = (1 — «), apply the classical Young inequality to (3.22) and combine with
(3.18) to obtain

and

In particular, we choose y; =

[(w(s)H2, 20 (s)]
S (K + Lis)™ + K(s) + L(s) + L(s)5571 ) [ 20(5) oo

Using Young’s inequality once more, now in the form

a7 S g+ (1= 7)(Na) ™,
N

~

for a = | ZW(s)|lc-a, ¢ € {K(5),L(s)}, N = (Cn)” and v € {71,...,7s}, where

V5 = ﬁz:?, we obtain the final bound

(e, 20(6)] < 3 (K04 3200 ) + 03 (1296IET ) . m29

n

for some C' > 0 which depends only on v;, i € {1,2,...,5}, and n.

For the remaining terms in (g(s), v(s)?~!) we need to estimate
(o(spPt=1, 29 (s)),

for all 0 < 5 < n — 2. Proceeding in the same spirit of calculations as above we
first obtain that

(p+i—-1)-5a (pHi—D(1-a) ptji—1

lo(s) 9 lsg, S K ()3 L(s)” rmnr + K (s) (7)o L(s) e 4 L(s)ront.

1,1 ~7

. . - 1\ P . . .
We define the exponents 7/ = En=be 7 — —(Hpi;)—fa’ J = —(Pﬂ—lg(“ﬂ)a

2
’Yz{ = %. Note that (3.15) implies that 7{, fyg, ’yﬁ, ’yﬁ < 1 and we also have

that

and

a (p—l—j—l)—%’oz:

2+ (p+n—1)v

and

i—1 —1)(1—
(1+] )gj+(p+3 ) ja)zl‘
P/ 3 (p+n—1m
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Applying Young’s inequality once more

[(w(s)" 7, 200(s))|
S (K(s) + L(s) 4+ K () + L(s) 4+ L()50 ) [ 2(5) ") e

As before (see (3.23)), we obtain the bound

. , 1
PHEL 70D (s < — (K C Z=) 3.24
(s 206 < 3 (K(s)+ 5209 ) + Z l 8.2
for all 0 < j < n — 2, where 7§ = ZE=. Thus, by (3.23) and (3.24),
n—1 5 Ai,
[{g(s),v(s)" )] < (K( )+ ) +CY D, (”Zn ()= ) , (3.25)
7=0 =1
where 7' = ;, for allz' e{1,...,5}.

combmmg (3.16) and (3.25) we obtain

(= 2K(s) + 3LL) < C 120 D)

Finally, for p] =

1
]—)ﬁsllv(S)ll’ip + l[o(s)lZ +

Let ¢t > s and notice that by (3.8), for r € (s, 1),

Z0=) ()|, < —'7 gy (7‘0‘/?’z Z™=3) p{_a>
>l S s Bl

for every o/ > 0. Thus for r € [s, ]

1 g 1,,J
=0 |lv(r)||¥ —i— )< C 7P gu (r i
Lol S o

24D

By Jensen’s inequality, for A = £ +; L we get that

Opllo(r) 17 + Cr (Ju(r)[[7)* < Ca Y s™7 sup (TC“"”g
s<r<t

Jst

n—j pf
ARG

and if we let f(r) = ||v(r)|[7,, r > s, by Lemma 3.11
f(s)
(14 = 910 =1)6) ™

2C& 1] 1.7
E s™*Pi sup (rapi
i s<r<t

fr) <

>l=

(n—3) (r)

’f,&) > , (3.26)
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where C} = () /2. In particular for r = t and s = t/2 we have the bound

1

) x
P
c— )

which completes the proof. O

o), < ¢ |y (Z e sup (1)1 2070r)

— 0<r<t
]7Z

Lemma 3.11 (Comparison Test). Let A\ > 1 and f : [0,T] — [0, c0) differentiable
such that

F)+af) <e,

foreveryt € [0,T]. Then fort >0
1) < /) y <2i)
T (4O A - D)\

1 C1\ 3T 2¢y x
<t x> ((A=1)= — .
- ’ <( )2> V(Cl)

Proof. Lett > 0. Then one of the following holds:
1

I. There exists sy < ¢ such that f(sg) < (22>X

C1

1
II. For every s <t, f(s)> (22> "

C1

In the second case, using the assumption, we have that for every s <1t

c
f'(s)+ 5 () <0
and solving the above differential inequality on [0, ¢] implies that

/(0)
(T+ef(0O1A=1)L)* T

ft) <

1
In the first case, assume for contradiction that f(t) > (%) " and let

s*:sup{s<t:f(s)§ (%)A}

1
Then f(s) > (i%)A for every s € (s*,t], while f(s*) = <Qﬁ> by continuity.

C1

>l

However, the assumption implies

F(s)+ S (s <0
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and in particular f'(s) < 0. But then
N 2c2\ >
£ =5+ [ fs)ds < (—) ,

which is a contradiction. O

3.4 Global Existence

The next theorem implies global existence of solutions to (3.3). Though it was

already established in [MW17c], we present it here for completeness.

Theorem 3.12 ((MW17c, Theorem 6.1]). For every initial condition x € C~*° and
B > 0 as in (3.5) there exists a unique solution v € C' ((O, o0); Cﬂ) of (3.3).

Proof. Let T > 0. First fix any even integer p > 2 such that L? — C~® (for
example p > O%O is enough; see also Proposition A.3 and (A.5)). Then the a priori
estimate (3.14) (which depends only on ||Z]|,.,,.;) provides an a priori estimate
on ||[v(t)||¢-0. Thus by Theorem 3.6 there exists 7, < 7 bounded form below
(by a constant depending only on the a priori estimate on ||v(t)[/¢c-«0) and a
unique solution up to time 7} of (3.3). Using again Theorem 3.6 we construct a
solution of (3.3) on [T}, 27T, A T] with initial condition v(7,) which satisfies the
same a priori bounds depending on |[|Z]|,.,.- We then proceed similarly until
the whole interval [0, 7] is covered. To prove uniqueness we proceed as in the
proof of Theorem [MW17c, Theorem 6.2]. O

3.5 Markov Property

For x € C~*° we write X (-;x) = 1 + v where v is the solution to (3.2) with initial

condition x. We introduce a variant of the notation (3.9) and set

n k
F (v, ('\’/)Z:1> = Z ay Z (j) VI (3.27)
k=0  j=0

We denote by B;,(C~ ) the space of bounded functions and by Cj,(C~*°) the
space of bounded continuous functions from C~*° to R, both endowed with the
norm

[l := sup |®(z)|.

xeC™ @0



CHAPTER 3. EXISTENCE OF SOLUTIONS 34
For every ¢ € B,(C~*°) and t € [0, c0) we define the map P, : & — PP by
Pd(z) := E®(X(t;x)), (3.28)

for every x € C~°°.

In this section we prove that {X(¢;-) : ¢ > 0} is a Markov process with
transition semigroup {F; : t > 0} with respect to the filtration {F; : ¢ > 0}
defined in (2.1).

We first prove the following lemma.

Lemma 3.13. Let X(-;x) =1+ v. Then, for every h > 0,
X(t+hyx) =1+ h) +o(t+h),

n

where the remainder v,(t + -) solves (3.2) driven by the vector (\/4(t + -)) g and

initial condition X (t; z), that is,
h
’Ut(t + h) = Sl(h)X(t, ﬂ?) — / Sl(h — T)F <Ut(t + T’), (Wt(t + 7”))::1) dr.
0
Proof. Notice that for h > 0
X(t+hx)=1t+h)+o({t+h)=1t+h)+v(t+h),

where

k=1

m(t+h):51(h)X(t;:c)—/o $i(h—)F (v(t 1), (V) dr.

By (2.11) we have that

F <U(t—i—7"), (W(t+r))zzl) = aki (%)U(thr)jW(t—l—r)

I
Q
e

k.: vt + 1)+ ),
()

1

o

=0 1=0

where we use a binomial expansion of v(t + )’ and a change of summation.

Hence

~ n

P (v(t +1), (\2(t+ r))kzl) =F (w +1), (WVlt + 7“))221) :

which completes the proof. O
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The fact that {X(¢;-) : t > 0} is a Markov process is immediate from the

following theorem.

Theorem 3.14. Let X(-;x) be as in the Lemma 3.13 with x € C~*°. Then for
every € B,(C~*) andt >0

E(®(X(t+ h;z))|F) = P,®(X(t;2)),
Sorallh > 0.

Proof. Let h > 0 and ® € B,(C~*°) and write
T <X(t; x); h; (\‘/t(t + ))::1>

to denote the solution of (3.2) at time h, with ('\*/')n replaced by the vec-

k=1
tor (\/4(t +-)),_, and initial condition X (¢; ). By Corollary 2.4 and [DPZ92,
Proposition 1.12]

n

E(®(X(t+ h; 2))|F) = S(X (t; ),
where for w € C~%°
B(w) =B (1t + )+ 7 (wih: (Wit +)1) ).

Here we use that X(¢;x) is J;-measurable and the vector ('\‘/t(t + -))::1 is
independent of F; (see Proposition 2.3). Given that ('\‘/t(t + '>)Z:1 law (W) ::1
(see again Proposition 2.3) and the fact that (3.2) has a unique solution driven
by any vector Y € C™~%(0;T), for ' > 0, and any initial condition w € C~*°, we

have that
d(w) = P,®(w),
which completes the proof if we set w = X (¢; z). O

Theorem 3.14 implies that { P, : ¢ > 0} is a semigroup. In the nect proposi-

tion we prove that it is Feller.

Proposition 3.15. Let ® € C,(C~?°). Then, for everyt > 0, B,® € C,(C~ ).



CHAPTER 3. EXISTENCE OF SOLUTIONS 36

Proof. It suffices to prove that the solution to (3.2) is continuous with respect
to its initial condition. Fix 7" > 0 and © € C™*. Let y € C~* such that
|z — yllc-e0 < 1 and

olt) = Si(t)z — /Ot Si(t = )F (v0r), (W), ) dr.
) =Sty = [ $i(t = (u), (VL) o

as well as ¢ = inf{t > 0: t"||v(t) — u(t)|lcs > 1} and

n
k=1

M =suptljurles, L = || (,)
t<T

a;a;T

Notice that

and by Propositions A.5, A.7 and A.8 we obtain that forall 7, < T A

sup 7 [[v(t) — u(t)[les < sup Do) = ut)lles D AmTe™
i<t m=1

t<Tx
2n

+llz = ylle-eo Y, AT,

m=n+1
where \,, = \,,(M, L, ||z||¢-a0 ) and o, € (0, 1]. Choosing T, = T..(M, L, ||x||c-o0)
such that 7, < 1/2 we obtain
sup t7[|o(t) — u(t)|les < [|z = ylle-ao-
t<T,
Iterating the procedure we find M, > 1 and C' > 0 such that

sup 1[[o(t) — u(t)lles < (M.C+ 1)z = ylle-eo,

t<TAL
for every y € C~?° such that ||z — y||c-a0 < 1. At this point we should notice that
for every y € C~?° such that || — y||c-a0 < 1/2(M.C + 1) the above estimate
implies that

sup #1][o() — u(t)lles <
t<T AL

Y

N | —
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thus T' A« = T because of the definition of .. Hence, for all such y € C~°,

sup #7jv(t) —u(®)lles < (M.C + Dllz = ylle-co,

which implies convergence of u(t) to v(t) in C? for every 0 < ¢ < T'. Since T was
arbitrary, the last implies continuity of the solution map of (3.2) with respect
to its initial condition. The Feller property is then immediate if we combine the

continuity of the solution map and the dominated convergence theorem. O



Chapter 4

Ergodicity

4.1 Introduction

In this chapter we consider the stochastic quantisation equation (3.1). This
equation was first proposed by Parisi and Wu in [PW81] as the natural reversible

dynamics for the P(p),-Euclidean measure given by

u(dX)ocexp{—/ Z%;Xkﬂz(z)dz},u(d)(), (4.1)
T k=0

where p is the law of a massive Gaussian free field and : X**! : stands for the
(k + 1)-th Wick power of X.

Motivated by Parisi and Wu’s original proposal to construct and study the
measure (4.1) as the equilibrium limit of the solutions to (3.1), our aim is to
establish exponential convergence to a unique equilibrium.

Using the a priori estimates in Proposition 3.10 we first establish a strong
dissipative bound for the solutions (see Theorem 4.1). We then prove the strong
Feller property for the Markov semigroup generated by the solution generalising
the method in [HSVO7, Section 4.2] (see Theorem 4.13). Although for conve-
nience we make (moderate) use of global in time existence which follows from
Proposition 3.10, this part of the analysis could also be implemented using
only local existence (see Remark 4.12); the linearised dynamics of Galerkin ap-
proximations are controlled by combining a localisation via stopping times and
the small-time bounds obtained from the local existence theory. We further-

more establish a support theorem in the spirit of [CF16] (see Proposition 4.17

38
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and Corollary 4.18). Finally, we combine all of these ingredients to show that
the associated Markov semigroup satisfies the Doeblin criterion (see Theorem
4.19) which implies exponential convergence to the unique invariant measure
uniformly over the state space (see Corollary 4.20).

All steps are implemented for general odd n except for the support theorem
which we only show in the case n = 3. The reason for this restriction is explained
in Remark 4.15. We expect however that a support theorem for (2.9) holds true
for all odd n and that such a result could be combined with the results of this
chapter to generalise Theorem 4.19 to the case of arbitrary odd n.

Along the way, as a corollary of the strong dissipative bound Theorem 4.1,
we prove existence of invariant measures. A similar result was previously es-
tablished in [RZZ17b] where the authors proved that (4.1) is a reversible (and
in particular invariant) for (3.1), based on the identification of the dynamics
with the solutions constructed via Dirichlet forms in [AR91]. We would like to
point out that the approach presented here completely circumvents the theory
of Dirichlet forms and uses neither the symmetry of the process nor the explicit
form of the invariant measure. We therefore expect that our methods could be
applied in situations where the reversibility is absent and where there is no ex-
plicit representation of the invariant measure, for example in situations where
X is vector rather than scalar valued.

We would also like to mention two independent works on a similar subject
that appeared around the same time with the results discussed here: [RZZ17a]
and [HM18b]. In [RZZ17a] the authors established that (4.1) is the unique in-
variant measure for the dynamics and that the transition probabilities converge
to this invariant measure. Their method was based on the asymptotic coupling
technique from [HMS11] and relies on the bounds from [MW17c]. This analysis
does however not include the strong Feller property or the support theorem and
does not imply exponential convergence to equilibrium. In [HM18b] the authors
presented a general method to establish the strong Feller property, for solutions
to singular SPDEs solved in the framework of the theory of Regularity Struc-
tures [Hail4]. As an example, this method is implemented for the dynamic ®j.
We expect that their method can also treat the case of (3.1) but at first glance it
only implies continuity of the associated Markov semigroup with respect to the

total variation distance, whereas Theorem 4.13 implies Holder continuity.
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4.1.1 Outline

In Section 4.2 we prove a strong dissipative bound for the solution to (3.1) as
defined in Definition 3.3 and as a corollary we obtain existence of invariant
measures. In Section 4.3 we prove the strong Feller property for the associated
Markov semigroup. In Section 4.4 we prove a support theorem for the law of the
solutions. Finally, in Section 4.5 we combine these results to prove exponential

mixing of the law of the solutions.

4.1.2 Notation

Following Definition 3.3, we write X (-;z) = 1 + v for the solution to (3.1) with
initial condition x, where 1! is as in (2.3) for s = 0 and the remainder term v
solves (3.2) starting at .

We fix oy, $ and v as in (3.5) to measure the regularity of the initial condition
x in C~, the regularity of v in C” and the rate of blow-up of ||v(t)]||¢s for ¢ close
to 0 (see Theorem 3.6).

We denote by Z the vector (Z (j))?zo for ZU) as in (3.4) unless otherwise
stated. We also denote by C™~%(0;T") the space defined in (3.6) on which we fix

the norm ||-||,,....; @s in (3.7) for o, o’ > 0 sufficiently small as in Chapter 3.

4.2 A Strong Dissipative Bound

We first prove the following corollary of Proposition 3.10 which implies a strong
dissipative bound on the moments of X uniformly in time and the initial condi-

tion.

Theorem 4.1. Forz € C~* let X (-; x) be the solution to (3.1) with initial condition
x. Then for every o > 0 and p > 2

sup sup (tﬁ A 1) E|| X (t;z)|5-. < oo. (4.2)
xeC—0 t=0

Remark 4.2. Notice that the bound (4.2) does not follow immediately by taking

expectations in (3.14). In fact the expectation of the supremum

»]
Cfa

sup (ro‘/pz 7(n=3) (s)

0<r<t
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on the right hand side of this estimate is finite for every ¢ < oo but it is not
uniformly bounded in {. However, as (3.14) does not depend on the initial
condition we can just restart (3.1) at time ¢ — 1 for ¢ > 1 and apply Proposition
3.10 for the restarted solution to obtain a bound which depends only on the
randomness inside the interval [t — 1, ¢]. Given that for every j > 1 the restarted
stochastic objects /. have the same law on intervals of the same size (see

Proposition 2.3) we then obtain a bound which is independent of ¢.

Proof. Lett > 1 and notice that by Lemma 3.13 X (¢; ) = 1,1 (t) + v:—1(t) where
vi—1(r), r >t — 1, solves (3.2) with initial condition X (¢ — 1;x) and

n

I

k=j

for every 0 < j < n — 1. Applying Proposition 3.10 on v;_; we then have

2)) ' . @43

for every p > 2. To prove (4.2) we fix @ > 0 and, using the embedding LP — C™¢

Z(”_j)(r)

a'p?
||vt_1<t>||ip51v(2 o (I
T t-l<rst

)

for p > % (see (A.5) and Proposition A.3), we first notice that for ¢ > 1
E[|X(#2) e«
SEM-1®le-« + Ellvia®le-o S Elt1@e-o + Eflvea(®)[[7,-

Combining with (4.3) and given that for every k > 1 the law of \/;_;(t + -) does

not depend on ¢ we obtain that
supE|| X (¢;2)]|5-o < 0.
t>1

Finally, using (3.14) (and by possibly tuning down «’ in the same equation) for

t <1 we get

<14t

~

E[[X (6 2)lle-o S EIN®)lle-o +Elo@)]L
which completes the proof. O

We denote by {P; : t > 0} the dual semigroup of {P, : ¢ > 0} acting on
the set of all probability Borel measures on C~* denoted by M;(C~?°). In the
next corollary we prove existence of invariant measures of {P, : ¢ > 0} as a
semigroup acting on the set C,(C~*°) of bounded continuous functions from

C~* to R using Theorem 4.1.
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Corollary 4.3. For every x € C~* there exists a measure ji,, € M(C~*) and a

sequence t;, /' oo such that

1 t weakly
— P, ds — .
tk; 0

In particular the measure [, is invariant for the Markov semigroup {P; : t > 0}

on(C— o,

Proof. For t > 0 and a > 0 using Markov’s and Jensen’s inequality there exists

a constant C > 0 such that

C 1
(ElX(t;z)[[o-a)"

P(IX (50)e > K) < 72

for every K > 0 and p > 2. Thus

IA

[ E1xs o) as

1 L t
{/ s n-1ds+ / ds]
0 1

/0 P(IX (5 2) e > K) ds

IA
Q=xlQ =Q

~+

where in the second inequality we use (4.2). If we let R; = % fot Pro,ds, for
K. = < we get

B({f €C: flle-e > Kc}) <e.

Choosing a < o we can ensure that {f € C™* : ||f]|¢c-« < K.} is a compact
subset of C~* since the embedding C~* — C~?° is compact for every o <
(see Proposition A.4 and (A.2)). This implies tightness of {Rt}tzo in C~* and by
the Krylov-Bogoliubov existence Theorem (see [DPZ96, Corollary 3.1.2]) there
exist a sequence t; ' co and a measure yu, € M;(C~*) such that R;, — u,

weakly in C~* and p, is invariant for the semigroup {F; : t > 0} in C~?°. O

4.3 The Strong Feller Property

In this section we show that the Markov semigroup {P; : ¢t > 0} satisfies the
strong Feller property. The strong Feller property is to be expected when we deal

with SPDEs where the noise forces every direction in Fourier space. However,
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the fact that the process X does not solve a self-contained equation forces us
to translate everything onto the level of the remainder v. The most important
step is to obtain a Bismut-Elworthy-Li formula (see Theorem 4.8) which cap-
tures enough information to provide a good control of the linearisation of the
remainder equation.

On the technical level, we work with a finite dimensional approximation X
of X. This choice and the fact that the equation is driven by white noise imply
that the solution is Fréchet differentiable with respect to the (finite dimensional
approximation of the) noise, so we can avoid working with Malliavin derivatives.
This is expressed in Proposition 4.4 below, and in fact this proposition could
even be established without splitting X" into v"¥ and 1V. We make strong use of
the splitting in Proposition 4.7 where the local solution theory is used to obtain
deterministic bounds on vV and its linearisation for small ¢ provided that we
control the diagrams \*V. This control is uniform in N and enters crucially the
proof of Proposition 4.11.

From now on we fix @ € (0, ) sufficiently small. For N > 1 let I[IyL? be
the finite dimensional subspace of L? spanned by { em}|m|< n (recall that we deal
with real-valued functions and the symmetry condition (1.11) is always valid)
and denote by Iy the corresponding orthogonal projection. We also let II N be a
linear smooth approximation taking values in IIy L? and having the properties i
and ii introduced in the discussion before Proposition 3.7.

Let Ry be the renormalisation constant defined in (2.9) and consider a finite

dimensional approximation of (3.1) given by

dXN(t) = ((A —1)XN(t) - Zn:akﬂN’Hk (XN(t), %N)) dt + dWi(t, ) wa

XN‘t:() = ﬂNl’

for some initial condition « € C”*. Here Wy(t,2) = >, -x W (t)em(2), where
(Wm)mez2 is a family of complex Brownian motions such that W_m = Wm and
independent otherwise. We furthermore assume that Wy is defined on the same

probability space () as £ via the identity
Wm(t> = \/56 (1[07,5] X em) , me Z2,

which also makes it adapted with respect to the filtration (F;);>o. It is con-

A

venient to write Wy = Gn(Wp,)mezzn(-n,ny2 for Gy @ C <[(), oo);R(QNﬂV) N
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C ([0, 0); Iy L?) such that

GN<Wm)m€ZQH(fN,N)2 = Z Wmem.

|m|<N

The Cameron-Martin space of Wy is given by
CM = WE([0,00)) = {w O € L ([o, oo);R@N*lf) L w(0) = o} .
Last, we have the identity

t
HOESY /0 e~ IHAmIMDE=) 4T, () e, (4.5)

|m|<N

where 1V is the finite dimensional approximation defined in Section 2.2.

Forv € C’ and Z € (C™®)", a < 3, we use the notation

with the convention that Z(® = 1. Recall that F (see (3.27)) is a variant of F’
in (3.9). Here and for the rest of this section Z is a shortcut for ('\‘/) Z:l (notice

that this differs from the convention used in Chapter 3). We also let

n k—1
Flo.2) = ka Y (’“ - 1)sz<ku>.
J

k=1 §=0

Formally, F’ stands for the derivative of S ak : X* : with respect to X, with
: X* : replaced by Z?:o (l;) AC

From now on we furthermore denote by D the Fréchet derivative with respect
to elements in C ([0, t; R<2N*1)2> (i.e. with respect to the noise), for ¢ > 0, and
by D the Fréchet derivative with respect to elements in C~“° (i.e. with respect
to the initial condition).

Existence and uniqueness of local in time solutions to (4.4) up to some
random explosion time 7V > 0 can be proven following the same method as in
Section 3, i.e. using the ansatz X"V = 1" + ¢" and solving the PDE problem

(0 — (A =1))oN = —TyF(N, ZN)

N . , (4.6)
v = =
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where ZV = (\VN )Zzl (see Section 2.2 for definitions).

Notice that for fixed v, F' is Fréchet differentiable with respect to any Z €
(C~)" as a function taking values in C™®. Recall that \V = H, (1Y Ry), for
every 1 < k < n, so that the map

(v, 20) = Sy (BT Tyz— / t Si(t—s)yF (v(s), (Hs (Z(l)(s),éRN))Z:l) ds, (4.7)

for (v, ZW) € C ([0,t];C?) x C([0,t];IIyL?) and ¢ > 0, is Fréchet differentiable
as a composition of F with a linear operator shifted by a constant, since the

mapping
C([0,4;IIxL?) 5 ZW s (M (29, Ry)),_, € C™72(0;)

is Fréchet differentiable for any a > 0, with respect to any |[-[[ ..., for @/ >0
fixed. Thus, for fixed z € C™* and tV € C ([0,¢]; Iy L?) the implicit function
theorem for Banach spaces (see [Zei95, Theorem 4E]) can be applied up to time
TN = TN(x,tV) where existence of vV is ensured. Hence, for t € (0,7) there
exists an open neighbourhood Uy C C ([0, t]; [Ty L?) of 1V such that the solution
map 21\/@ Uiy — CP of (4.6) is Fréchet differentiable at 1.

Using Ito’s formula the stochastic integrals in (4.5) can be written as

/ o~ (LT =) 17 ()
0

= W,(-) — (1 + 47%|m|?) / e~ (AT (=) 117 () ds. (4.8)

0
Notice that the right hand side in the above equation is well-defined if we
replace (Wm)mez2m(—N,N)2 by any w € C ([O,t];R@N“V), therefore (4.8) is a
continuous linear function on C([0,];R®¥~V*). Thus 1V as a function from
C ( [0,¢]; RGN _1)2> to C ([0, t]; Iy L?) is Fréchet differentiable. Combining all the
above we finally obtain Fréchet differentiability of v(¢)" from C <[O, t]; RGN _1)2>
to CP.
We let Wy = (W) mj<n and for w € C ([O, t];R<2N—1)2> we write

t
S [ e du )

Im|]<N ¥ 0

[ 51t )Gwauts) =

where the right hand side is defined as in (4.8) with Wm replaced by w,,.

In the next proposition we summarise the results of the previous discussion.
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Proposition 4.4. For z € C, Wy € C([0,00); REN-D*) and 1V = 1N (Wy) €
C([0,00); Iy L?), let TN = TN (z,1Y) > 0 be the explosion time of v". Then for
all t < TN there exists an open neighbourhood Oy, C C ([O,t];R(ZN *1)2> of
Wy such that XN (t;z)(= 1™V (t) + vV (t)) is Fréchet differentiable as a function
Sfrom Oy, to C~*° and for any w € C ([O, t]; RN _1)2) its directional derivative

DXN(t; z)(w) is given in mild form as
DXV (t: 2) / $1(t = )Ly [P0 (5), 27 () DX (s:2)(w)] ds

/ Sl(t—S)GNdlU( ) (49)

0

Remark 4.5. We expect that 7V = oo, which we already established in the
limiting case N — oo in Section 3. However, here we only use the local solution
theory to control the semigroup associated to X% (t;x) (see Proposition 4.11),
thus we do not insist on proving a global existence theorem. We then pass to

the limit using the fact that ij — o0 (see the discussion above Remark 4.12).

Proqof. The Fréchet differentiability of X (¢; x) follows by the previous discussion
and (4.9) by differentiating (4.7). O

For h € C*, we let hy = I ~h and for ¢ > s we also consider the following
linear equation,
(0 — (A = 1)) JNhy = —IIy | F' (0N (t), ZV (1) T2 h

(4.10)
INhyli—s = huy

Then Jy,hy = DXV (t;z)(h), i.e. it is the derivative of X" (¢;-) in the direction
h, and 1ts existence for every ¢t < TV is ensured by a similar argument as the
one discussed before Proposition 4.4.

At this point we should comment on the relation between (4.9) and (4.10).
Given that (4.10) has a unique solution for every hy € II NL? up to time ¢ > 0,
then for w € CM, i.e. w(0) =0 and dyw € L? <[O, oo);R(ZN*UQ), by Duhamel’s

principle
¢
DXV (t; ) (w) —/ JNGnOsw(s)ds, (4.11)
0

where Js]ﬂ : C~*0 — (C# is the solution map of (4.10).
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Remark 4.6. In the framework of Malliavin calculus D, XV (t;2) = JNGy as
an element of the dual of L? ([0, o0); RN _1)2> is the Malliavin derivative (see
[NuaO6, Section 1.2]) in the sense that the latter coincides with the former when
it acts on XV (¢;z). In our case, the presence of additive noise implies Fréchet
differentiability with respect to the noise as an element in C' ([0, t]; RGN _1)2) (see
Proposition 4.4), which is stronger than Malliavin differentiability with respect

to the noise.

For r € [i, 1] which we fix below and 0 < o/ < « we consider the stopping

times

N = inf {t >0 B leme V. VOOV (1| o-a > 7’} .

T

, (4.12)
7 = inf {t >0 1) fleme V ...V EOD A () ome > r} .

Let B(z;1) be the closed unit ball centred at # in C~®°. The next proposition
provides local bounds on vV and Jé\f. given deterministic control on Z" (see also
Theorem 3.6).

Proposition 4.7. Let x € C"* and R = 2||z|/¢c-«0 + 1. Then there exists a
deterministic time T, = T,(R) > 0, independent of N, such that for every t <

T, A 7V and initial conditions y € B(x;1),

sup s”[|[vV (s)[les < 1 and sup 87| Jghn|les < 2[|hn|le-eo,
s<t s<t

for 3,7 as in (3.5), uniformly in N, for every hy € fINLz.
Proof. Lett < T,{V AT, where T, is defined as in (3.10). We can also assume that

t < 1. Then, from Theorem 3.6, we have that

sup s”[[v" (s)les < 1,
s<t

for every y € B(x;1). Using Proposition A.5, (A.3) and (A.4) we get that
151(t — )y [F' (0" (s), Z" () T3 h]lles

< (S—(n—l)’y (- S)—B*T“S—(n—Q)v> ||(]é\7;hN||cﬁj (4.13)

~Y

where we also use the fact that |y f|jc-a < ||f|c-o. for every f € C™°. We are
now ready to retrieve the appropriate bounds on the operator norm of Jéff_ . For

hy € IIyL? we have in mild form,

t
T = Si(thx — [ it = o)Ly [P0 (5), 2¥(5) I s
0
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Thus for s <t < 7V AT, and a > 0 sufficiently small (to ensure integrability of
powers of s and t — s; see also (3.5)) by (4.13)
B+ Bt+a

E i llemeo +C (51777 + 51500 sup 7 I By oo

s<t

1 Tgshlles < Cs™

Multiplying the above inequality by s” we get

B+a
a A |lc—eo + Ct° SliE) s“/||Jéi9hN||cﬁ,
s<

sup 37||J(ﬁhN||cﬂ < Ct"™
s<t
for some 0 = 6(«, 3,7v,n) > 0. Using that v — @ > ( (see (3.5)) and by possibly
changing the value of the constant C' in (3.10) we finally obtain the bound
sup s7||Jé\;hN||Cg < 2||hn||e-ao, (4.14)
s<t
which completes the proof. O

We denote by C}(C~*) the set of continuously differentiable functions on
C~?°. We furthermore let y € C*°(R) such that x(¢) € [0, 1], for every ¢ € R, and

L af[¢] <3
X(C) - ? ’
0, if|¢]=r
for r as in (4.12). For simplicity we also write |||-||, instead of |||-||,,..,.;- Inspired

by [Nor86], we prove the following version of the Bismut-Elworthy-Li formula.

Theorem 4.8 (Bismut-Elworthy-Li formula). Letz € C~, ® € C’Z} (C~0) and let
t > 0. Let w be a process taking values in the Cameron-Martin space CM with
Osw adapted. Furthermore, assume that there exists a deterministic constant
C = C(t) > 0 such that ||0sw||
the identity

2
12([0,REN-1?) < C P-almost surely. Then we have

E (DO(X(t;2)) (DX (t;2)(w)) x ([12V]],))
—E (cme(t;m)) /0 Osw(s) - dW(s) x (IIIZNHL))
—E (@(XV (1)) 0o ([|12V]],) (w)) - (4.15)
Here

x (2™ ll,) (w)
= (1271) 2121, (Qu(): 21V Qu() . SN Qu (), (416)
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where O |||, : C™~*(0;t) = C™~*(0;t)* is the one-sided derivative of |||, given
by

oIz = g WAL = NIZTL

for every direction Y € C™~*(0;t), and

Qul) = / (- — )Gy du(s) ds.

Remark 4.9. It is worth mentioning that the usual Bismut-Elworthy-Li formula
(see [Nor86]) gives an explicit representation of derivatives with respect to the
initial condition rather than the noise. In (4.22) we also prove such a repre-
sentation. However the core of our argument is (4.15) which is slightly more
general than (4.22).

Remark 4.10. The presence of 0. ||-||, in the theorem above is based on the fact
that norms are not in general Fréchet differentiable functions. However, their
one-sided derivatives always exist (see [DPZ92, Appendix D]) and they behave

nicely in terms of the usual rules of differentiation.

Proof. Let 6 > 0 and u = d,w, which is an L? <[0, 00); R<2N—1)2> function. For
every n > 1, we define the shift 7§, by

10 = (1) (50u0) <o)

and we let TauZN = (TéuWN):zl'

Let X™0(;2) = Ty, 1. + vV, where the remainder v™° solves the equation
(0 — (A — 1) = Ty F(o™?, T5,2")
UN’6|t:0 = ﬂNZL'
As in [Nor86], our aim is to construct a probability measure P such that the

law of T,V under P is the same as the law of 1V under P. That way we obtain
the identity

05+ Fws (@ (X3 (:0)) x (|| T2 1)) | _ =0, 4.17)

6=0

since NV is a continuous function of 1V for every k > 2, the solution map to

(4.6) is a continuous function of the NV |, and Y is a continuous function of
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1V, Above Js+ stands as a shortcut of the directional derivative of a function as
d — 0. We will then show below that the result follows by an expansion of the
derivative in the above expression.

We start with the construction of P. Let B’(r) := — [ du(s ) - AW (s) where

- is the scalar product on RN-1*

AB(r) = exp {Bﬁ(r) _ %/O |(5u(s)|2ds} |

Notice that by the assumptions on w Novikov’s condition is satisfied, i.e.

¢
Eexp{%/ |5u(s)|2ds} < 00,
0

thus by [RY99, Chapter 8, Proposition 1.15] A? is a strictly positive martingale
and we have that EA’(t) = 1. We define P’ by its Radon-Nikodym derivative
with respect to P

, and define the exponentlal process

dPp?
— = A’(t).
P (t)
By Girsanov’s Theorem (see [RY99, Chapter 4, Theorem 1.4]) we have that
Wa(r) == Wy(r) — [WN(), B‘S(-)] , r < t, under P’ has the same law as Wy

T
under P, where [-,-| stands for the quadratic variation at time r. We fur-

r

thermore have that [WN(), B°(") } = — J7 6u(s) ds as well as 1N (t) = [/ Si(t —
5)Gy AW (s) and Tp, 1N () = [ Si(t —s)Gn dW3(s). Since the law of W4 under
P is the same as the law of W~ under P, this is also the case for Ty, and
1V (recall that 1V is a continuous function of WN, when the latter is seen as
an element in C ([0, t]; REN *1)2> endowed with the supremum norm because of
(4.8)). Thus P is the required measure and (4.17) in the form

OB (@ (XM (1)) x (|| T2 ||, ) AP®) | =0 (4.18)

follows. Using the chain rule, 85 (XN‘s(a:' t)) = D® (XVO(x; 1)) (XN (w3 1))
and O;A°(t) = —A’(t (fo AW (s) +6 [ u(s |2ds) For the directional
derivative of y (H‘TMZ N }H t) at 7 = 0 it suffices to check the existence of the

limit

%52 ]ll, — [ll2™ 1l

6—0t )
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We claim that the above limit is the same as

iz + sy, - 12"
o)) 2], () = tim 1, — 2

where YV = <Qw() 21g_Qw(.),...,n@éY.Qw(~)). Using the fact that |||, is a

norm, we have that

W72l = N2, _ [ll2™ + sy ]j = [ll2™ ]
) o

! + Errorg,

where Errors — 0 as § — 07. Subtracting 8+m N |H . (XN ) from both sides of the

last equation and letting § — 01 we get

T 7N N
limsup(l” dull ’Ht |H Hlt 3+’HZN|Ht (XN)> <o. (4.19)

50+
In a similar way we can prove that the reverse inequality of (4.19) is valid with
the lim sup replaced by a lim inf, which makes 0, !H zN H| . (XN ) the appropriate
limit.
We now argue on how to pass the derivative inside the expectation in (4.18).
The argument is similar to [Nor86]. For any function f we introduce the differ-
ence operator Asf(-) = f(9) — f(0).

We first show that the family of random variables

8 (@ (XM (t2)) x (1727 []l) A (1)
5

d € (0,1] (4.20)
are uniformly integrable. We first write

8 (@ (XY (52) x ([ 727 l,) A ®)
= D5@ (XY (t:2)) x([[| 2] )A° (1)
+ & (XNO(2)) Ay (| Tz]),) A )
+ @ (Xt 2) x (T2 [[,) 25 A (2).

We treat each term on the right hand side separately. For the first term, we first
use that ® € C}(C~*) which prompts us to bound || X™°(t; 2) — XN (¢;2)||¢-a0-

By the mean value theorem we get

d
XV (t52) = XN (e < [ DX b))
0
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where DXVA(t; 2)(w) solves (4.9) with Z” replaced by T,Z". By (4.9) we get
a bound on the quantity |DX™N*(¢; z)(w)||¢c-«0 as soon as we have a bound on
}HTMZN |H The presence of the smooth indicator function yields a bound on
H!T(;UZ N H‘ which then by definition of the shift as well as the assumed bound-
edness of w yields a uniform bound on |HT W ZN !H for all 0 < XA < 1. Hence we

obtain a bound of the form
| 25 @ (XM (2)) x (| T5.Z27],) A°(D)] < COlID[|A’ (),

where the constant C' depends on w, y and t. Arguing in the same way we get

for the second term
@ (XM (t2)) Dgx ([ TuZ”]]) A (0] < COl1@ A ).

Finally, for the third term we get using the mean value theorem for A;A (¢) that

1)
@ (XNt 2)) x (|| ToaZ™]]),) 25 A (8)] < O||¢>||OO/O ENXOIEY

All the above imply that for every p > 1

p

< sup EA’(1)P+ sup E|9sA°(t)P.
5€(0,1) 5¢(0,1]

E‘Aa (@ (x¥1:0) x ([72"]],) A )
0

The key observation now is that A%(¢)? = A%(t) exp {# INEIOIE ds}, where

A%?(t) is also an exponential martingale of expectation 1, while

2 ¢
exp{p > p/ |5u(s)|2ds}
0

is uniformly bounded in § because of the almost sure bound on w. This implies
that supse g 1) EA’(t)P is bounded for any p > 1. Recalling the identity

A (1) = —AS(#) </Otu(s) L dWa(s) + 5/; |u(s)|2ds)

and using again the almost sure bound on w and the Cauchy-Schwarz inequal-
ity we have that

E|0,A0 (1) < (EAS (1)) (E
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The first term on the right hand side of the above inequality is uniformly
bounded in § as we discussed earlier while the second term can be bounded
uniformly in § using the Burkholder-Davis-Gundy inequality (see [RY99, Chap-

ter 4, Theorem 4.1]) and the almost sure bound on w. Hence

Dy (@ (X () x (1T 27],) A )
5

p

< 00,

]E ‘

uniformly in § € (0, 1], for every p > 1, which implies uniform integrability of
(4.20).

Using Vitali’s convergence theorem (see [Bog07, Theorem 4.5.4]), we can now
pass the derivative inside the expectation and differentiate by parts to obtain
the identity

E(D® (XM(t;2)) (05X (t50)) x (T2 [],) A®)) |

6=0
=B (0 () x () g )|
- (0 ((00) i (27 ) A
The result follows. since agXN’é(xét)L_o = DXV (t;z)(w) and 9sA’(t) =
= Jyuls) - dWi(s). -

Let {P" :t > 0} defined via the identity
Pl o(x) == EQ(X™ (t;2)) Lyern ()

for every ® € Cy(C~™), where we write T (z) for the explosion time of v” (see
Proposition 4.4) dropping the dependence on 1. We use (4.15) to prove the

following proposition.

Proposition 4.11. There exist C' > 0 and 6, > 0 such that

1
PN 0(@) = P o) < Copll@llelz = ylle-e + 2|0 (12 78)  @21)

Joreveryx € C~, y € B(x;1), ® € CL(C~) and t < T, = T.(R), where T,(R)
is defined in Proposition 4.7 and R = 2||x||¢-ao + 1.
Proof. Let ® € C}(C*) and ¢ < T.. Then
[Pl ®(x) — PN e (y)|
= [E[® (X"(t2) Lpcry @y — @ (XN () Lpcrvop] |
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and the latter term is bounded by [ + I, where
ho= 2 [(8 (47 60) - & (X E0) I (121
L= ‘E [(‘1’ (XM 2) Lparnay — @ (XN (1)) 1{t<T*N<y>})XC (\HZNHL)} ‘

for x° (’HZNHL) =1-x (H‘ZNHL) For the second term we have the bound
I < 2||P|| P <t > Tév > while by the mean value theorem we get that

I = ‘IE (/01 DO (XN (t;2+ Ay — 7)) (y — ) dAy (H\ZNHL)) ‘

/01 E(D@ (XN(tz+ My —2))) (y—2) x (H‘ZNHL) ) d/\‘ .

For any hy € IlyL? let w be such that d,w(s) = ((J3,hn, em>)|m|<N
and 0 otherwise. Then J,w is an adapted process and by Proposition 4.7 there
exists C' = C(t) > 0 such that [|dsw||

for s < 7N

i2<[0,t];R(2N—1)2) < C, P-almost surely, for
every initial condition z), = = + A(y — x) (recall that Jé\f_ depends on the initial
condition and that z, € B(x; 1), for every A € [0, 1], thus the estimates in Propo-
sition 4.7 hold uniformly in )\). Furthermore, DX (¢; 2 )(w) = tDXN(t; 2)) (hn),
for every t < 7'7{\[ , and as in [Nor86] we can use (4.15) for this particular choice

of w to obtain the following identity,
E (D [®(X™(t;20)] (ha)x ([12™]]],))
_ %]E (CID(XN(t; ) /0 (T By, AW (s))x (\HZNHL))
B (@ ) (127]]) @), (4.22)

where we slightly abuse the notation since, as we already mentioned, the op-
erator Jé\f, depends on the initial condition z,. In particular this is true for

hy = Iy (y — 2). hence

1 1 t .
flg;n@y\oo/ E'/ (ITinly = ), dW(s)) x ([[12Y],) | ax
0 0

#1100 [ Eloox (121 )] ax
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Estimating the first term above we get

| [ (At ), aws(s)) (112711,

<E

t/\T,{V R
| (i o), awas)
0

t/\T,{V R
< (=[G - ol
0

< Ot 7|z = ylle—eo,

[N

where we use a Cauchy-Schwarz inequality and Itd’s isometry in the second
step and Proposition 4.7 in the third step. Here we use crucially, that the
deterministic bound on Jé\f s provided in Proposition 4.7 holds uniformly in N > 0
(and in \). Using the explicit form (4.16) of 0,y ( H| ZN !H t) we also have the

uniform in A bound

E[0:x ([127]],) ()] < CHlw = ylle-o,
since

OIZY, (Qu) 28 Qu(), . NV Qu()

< ClI 2%z = ylle-e
and the fact that H!ZNmt multiplied by 0, x (H}ZNH’t) is bounded by 1. Thus
1

I < Ol @lloollz = ylle-eo

and using both the bounds on I; and I, we get that for every t < T,
1

PY®(@) - BX0()| < Cl|8llelle = ylle-oo + 202l (¢ 2 7).

which completes the proof. O]

Given that the vector (\/V )::1 converges in law to () ::1 on C"~%(0;7),

for every @ > 0 and with respect to every norm |- for every 7' > 0, we

a;al;T?

have that 7¥ converges in law to 7r when the mapping
2

Z v inf {t >0 1 ZO0W) lema V... VDY ZO (3|l oma > g} (4.23)
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n

is P-almost surely continuous on the path ('\*/) .

_,- Butif

L:= {7" €(0,1]:P <(4.23) is discontinuous on ('\’/)::1> > O}
and M : [0,00) — [0, 00) is the mapping

te 1t)lle-a V... VIOV (1) -,
then

L C {r € (0,1] : P (M has a local maximum at height r) > 0}

and the last set is at most countable (see [MW17a, proof of Theorem 6.1]). Thus
we can choose r € [%1, 1] in (4.12) such that (4.23) is P-almost surely continuous
on ('\‘/)n

w1+ This implies convergence in law of ™ to 7z, thus
- 2

li]rvlr;solipP (t > T?) <P (t > 7‘%) )
Notice that global existence of v(t) (see Theorem 3.12) implies global existence
of X (t; z) and in particular existence for every t < T, (R). Using Propositions 2.3
and 3.7, liminfy o 7)Y > T%(R) and sup;<px pr, gy | XN (8 2Y) = X (t;2)[lc-e0 —
0 P-almost surely, for every x € C~“. By the dominated convergence theorem
PN®(x) converges to P,®(z), for every ® € C}(C~*°), and we retrieve (4.21) for
the limiting semigroup P, for every ¢ < T.(R), in the form

1
[P®(x) = Po(y)] < Cogrl[@lloo|z = ylleo + 20| (¢ > 7)) (4.24)

Remark 4.12. The above argument can be modified to retrieve (4.24) without
using global existence for the limiting process. In this case, one can define the
semigroup P; by introducing a cemetery state for the process X (¢; z).
We finally prove the following theorem. Below we denote by ||x; — u2|/Tv the
total variation distance of two probability measures i1, o € M;(C~*°) given by
lia — pollay =5 _sup[E,,® ~ E,, |
[[@]]o<1

Theorem 4.13. There exists § € (0,1) and 0 > 0 such that for every x € C~*°
andy € B(x;1)

1770, = Proyllry < CL+ [[2lle-a0) Iz = ylle-eo,

for everyt > 1. In particular, for every t > 1, P, is locally uniformly 6-Holder

continuous with respect to the total variation distance in C~°.
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Proof. Let R = 2||z||c-«0 + 1. By an approximation argument (see [DPZ96,

Lemma 7.1.5]) (4.24) is equivalent to

C1 |
2 tor
for every t < T, and y € B(z;1). Notice that

1700 — Proyllry < 5 - lle = ylle-eo + P (¢ > 72),

P(t=73) <P (IZllaw > 5)

aalst 2
and by Theorem 2.1
Ly,
P (12N > 1) < O,
r
for some 6, € (0, 1). Since we can assume that 7, < 1, we have that
|1P{o: — Proyllvv < [P0 — Pr.oy[lvv
where
. . . 1 L g,
|1 Pr, 02 — P, 0yllrv < Jnf Crog e = ylle-eo + Cot™ ¢

Let f(t) :== Ci 5 ||x — ylle-a0 + Co2t?, ¢ > 0, and notice that for

191

t = (Glarnx - yr\c-a())eliez
0 0202 )

f(to) = infiso f(t). If tg < T, then there exists C' = C(6;, 0, r) such that

_ 0y

17,00 = Pr.0yllrv < f(to) = Cllz — ylletag -
Otherwise ty > T and using

. . 1 1
187,00 — Pr.oyllrv < Crg- |z — ylle-e0 + Cz;(T*)ez

(T)%

1 1,
< Cl@’\x = Ylle-eo + Coty?

1 1 911292
—Cl< Ty [z = ylle-eo +C2;||$—y|’

and the explicit estimate of 7, (see (3.10)) we get

)

1P.0, = Prdyllev < Ci(1+ R |z — ylleoo + Cz—llx —ylletes

< C+ R -y 20
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for a constant C' = C(0y,60,,7) and some ¢ > 0 as in (3.10). Combining all the

above we finally get

)

] ]
1Py6, — Piy|lry < C(1+ R)* 0 o080 |z — || 752

C~®0 7

which completes the proof. O

4.4 A Support Theorem

From now on we restrict ourselves in the case n = 3 (see Remark 4.15). In this
section following [CF16] we prove a support theorem for the solutions to (3.1)
for n = 3. For simplicity, we also assume that the torus T? has size 1, that is,
T? = R?/LZ? for L = 1. However, all the proofs in this section can be carried
out for general L, by possibly making the explicit constants to depend on L.

We consider Y = (W—W)Zzl (see (2.5) for the definition of N/__)) as an
element of C([0,7];C~*)* endowed with the norm ||-|,.q.;» for some o € (0, 1),
given by

¥ = g, {sup 97t}
<T

k=1,2,3 | ¢

Here we are allowed to use a non-weighted norm since there is no blow-up of

\/_« at zero (see Theorem 2.1). We furthermore let

t

H(T) = {h}[O,T] 2 h(t) :/ Si(t—r)f(r)dr,t >0and f € L*(R x ’]FQ)}.

—00

It is worth mentioning that % (T') consists of those L?-integrable space-time
functions with zero initial datum and with one derivative in time and two deriva-

tives in space in L?.

Lemma 4.14. Let {C,,},,>1 be a sequence of positive numbers such that C,, <

C(m + 1). Then there exists a sequence of smooth functions { f,,} m>1 such that
i. fm€C®, foreverya € (0,1).
ii. |(fom,e)>=Ch ifl =2™(1,1) orl = —2™(1,1) and 0 otherwise.

iti. Foreveryn =1,2,3, H,(fm,Crm) — 0inC~?, for every a € (0,1).
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Proof. Let

eQwiQmZO -z + e—27r12m 20°%

P 1/2
fn(2) = 172 cLz2,

where 2o = (1,1) € Z?, z € T% Then for k > —1

L2 ' |
5nfm(z) = Wl{m:n} (627”2 207 | 6727r12 ZO'Z)
C, - -
6ﬁfm<z)2 —Cp = 71{m+1:,€} (eQmQ 2oz + e~ 2mi2 +lzo.z>
312

Onfm(2)” = 532 [XH(2m32IO) (emi2" 8207 4 o 2mi2" 507

+ l{m:,{}?) (62wi2mzo~z + 6_27"i2m20'2’) :| .

Notice here we have used the convenient fact that the particular choice of z; has

the property that x,.(2"29) = 1{m—«}. Thus we have

[ fmlle-o S CY2270m
”fg@ - Cm“C*“ 5 Cm2_am
/2 = 3Cmfmllco S Co727,

Given that C,, <

~Y

m + 1 all the above quantities tend to 0 as m — oo, which

completes the proof. O

Remark 4.15. The sequence { fm}m21 introduced in the lemma above satisfies
property iii for every odd n. For such n every term appearing in H,,(f.,,Cp,) is a
multiple of C*!egmy,., for a ky # 0 and the fast (exponential) decay of ||egmp,., ||c—o
compensates the slow (polynomial) growth of C*!. However, for even n this
property fails, because for such n the quantity H,,(f, C,,) contains a multiple
of C" which does not need to vanish. We suspect, that a first step in order to
generalise Theorem 4.16 to the case of general n would be the construction of a

sequence { f,, },»>1 with Fourier support on an annulus and such that
fm(2)F dz = Hi(0, C),
T2

for every k > 1.

We now prove the following support theorem.
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Theorem 4.16. Let Py be the law of Y in C([0,T];C~*)? endowed with the norm

|H'|Ha;O;T' Then

- ooz
supp Py = {(%k(h,s&))kzl . h e #(T), %zo} .

Proof. For h € 7 (T) and Y € C*~%(0;T) let T}, be the shift

k
k . .

LYW =3 < .)hf viD, =123,

—\J

J
3
k=1"
Here we slightly abuse the notation since the action of T, on Y (¥) needs infor-

where we use again the convention that Y(© =1, and write T,,Y = (ThY(k))

mation on the lower order terms.

As in [CF16], it suffices to prove that (0, —R,0) € supp Py, for every & > 0.
Then, given that shifts of the initial probability measure in the direction of
the Cameron-Martin space generate equivalent probability measures, for every
h € A(T), T,(0,—R,0) € suppPy, which completes the proof since by the
definition of T}, the latter is equal to (H;(h,R))?_, (see also [CF16, Corollary
3.10]).

For A > 0 and pyom(2) = D - <ram €m(2) we let

P (£2) = (Loo(t), pram (2 — )Y, R := E1™_(£,0)%,

where 1™_(t) coincides with 1¥_ () in Section 2.2 for N = \2™. Notice that for
R > 0 there exists mg = my(RN) > 1 such that R,, — R > 0, for every m > my
(recall that ®,, ~ logm). Thus if we set C,, = 0 for m < mg and C,, = &,, — R

otherwise, then C,, > 0 and C,, < m + 1. We consider f,, as in Lemma 4.14 for

~

this particular choice of C,, and for \,, = 1 + 47%22™|2,|* we let
hn(t) = (1= D) f,

for t € [0,7]. Then h,, € J(T) since h,,(t) = %mffl Si(t — 1) fmdr and we

furthermore have the uniform in ¢ estimates
[Am () lle-o < || fnlle-a
A (£)* = Coalle—o < |1f2 — Coull?-a + 2e7*C,,
[ ()l c—e < M flle—e
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Finally, we define

Wy, = =1 — Ay,

—0o0

We prove that the following convergences hold in every stochastic L” space of

random variables taking values in C([0,T];C™%),
T, 1o =0, T Voo = =R, T}, V_oc — 0.

By the same argument as in [CF16, Lemma 3.13] this implies the result. For
the reader’s convenience, we sketch the argument here. Since w,, € 5 (T), by
Lemma [CF16, Corollary 3.10] there exists a subset {2’ of ) of probability one
such that for every w €

(Tw'm (W)Tfoo(w% Twm(w)v*oo<w)7 Twm (UJ).\V*OOO'U)) e Supp ]P)X

for every m > 1. Given that supp Py is closed under the norm [|-[|,,.o.;» We can
conclude that (0, —%,0) € supp Py as soon as the above convergence holds for
a single element w € (Y. The stochastic L? convergence implies almost sure
convergence along a subsequence which is sufficient.

The convergence of 7;, ' . to 0 is an immediate from Proposition 2.3 and
Lemma 4.14.

If we compute the corresponding shift for V_., we get

T Voo (t) = Voo (£) + (1" ()2 = Rn) — 2 (1eae (D1 (1) — R
+ 21" () han (1) + Ha (A (1), Rin),

where we also add and subtract 2¥t,, where necessary. If we choose \ sufficiently

small we can ensure that
P (1) 0 hun(£) = 0,

where T’_”oo,t o hm(t) is the resonant term define in (A.9). Using the Bony estimates
(see Proposition A.6), Lemma 4.14 and the fact that 1"

stochastic L? space taking values in C'([0, T];C~%) we get that 1™ _(t)h,,(t) — 0.

For the term

is bounded in every

Vooo(t) + (1" (1) = Rin) — 2 (1oaa (D1 (8) — Ryn)
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1" (t) — Rpn. We
only give a sketch of the proof since the idea is similar to the one in the proof of

Proposition 2.3 (see Appendix E). Notice that for m’ > m, Et"™_(t)1™_(t) = R,

by Proposition 2.3 it suffices to compute the limit of 1_..(t)

thus using [NuaO6, Proposition 1.1.2] we have that

O (1) — R =1 (H) @1 (1),

—00

where @ denotes the renormalised product given by
T @t 2)

= 2i§j/ H Hp(t =1y, 2 — 2y ) Hyp(t — 15, 2 — 2jr)
127@1’

X f( H_] de, lldi),

for every z € T? and 4, j > 1. In the same spirit as in the proof of Proposition 2.3

(see Appendix E) we can prove that

lim lim Esup 117 (1) @ 1™ (1) = V_oo(B)|[2—a = 0,

m—oom/—o0  t<T

for every p > 2. Combining the above with the fact that sup,<; || (£)> — (R —
R)||c-« converges to 0, we obtain that 7, V_., — —R.
For the term T,, V_.(t), by adding and subtracting multiples of ®,,1™__,

and R, where necessary we have that

T Voo (t) = W_oo(t) — (17 (£)° — 3R, (t))
=3 (1" (V- (t) — 2R, 17" (1))
+3 (11 (1) = 3R, 1™ (1)
+ 3l (t) (Vooo(t) + (1" (£)* — Rin) — 2(1—aa ()17 (8) — Ryn))
+ 3l (1) (1aa(t) = 17 (8)) + Ha(hn(£), Rin)-

For the terms 1 _(£)V_oo (£) = 2R, 1™ (1), 1o (1)1 (£)* — 3R, 1™ (¢) using again
[Nua06, Proposition 1.1.2] for m’ > m we have that

(V™ () — 2R 1™ () = (1) @ V(1) + 2R (1 (1) — 1 (1))
(1™ ()% = 3R 1™ (1) = 17 (1) @ V™ (1) + R (1T (1) — 1™ (1)).

[e.o]
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If we proceed again in the spirit of the proof of Proposition 2.3 (see Appendix E)
we obtain that

lim lim Esup [|[1™(t) @ V™ (t) = V_oo(t)||’e = 0

m—oom/—00 <

lim lim Esup 1™, (t) @ V" (t) = V_oe(t)||Pe =0

m—oom/—00  <T

lim lim (Ry)” Esup |[1™(t) — 1™ ()|P-. =0,
t<T

m—00 m/—00

for every p > 2. It remains to handle the terms

hon () (v_oo(t) (1O () — %m)), (4.25)

hon(8) (170 (8)? = R = (1se (O (1) = Ron) ) (4.26)
and

B ()2 (1o () — 1™ _(2)). 4.27)

We only show that (4.25) converges to 0 since (4.26) and (4.27) can be handled
in a similar way. In particular due to Bony estimates (see Proposition A.6) it

suffices to prove that the resonant term

hn(t) © (Voo () = (Teoo ()1 (1) — Rin))
= D Ge (D)6, [Voso(t) = (O (1) — Ri)]

|k1—r2|<1

converges to (. Since the Fourier modes of h,, are localised at the points 2™z,

and —2™z, we have that

hun(t) 0 (Voo (t) — (1_aa ()1 (1) — Rin))
= (1) D G [Vooo(t) — (s (D10 (8) — R)] -

i=—1,0,1

Let k > —1land Y, (t) = V_o(t) — (T—oo(t)1".(t) — ;). Then, fori = —1,0, 1,

B8y [P (t1) 0 Yo (£1)](20) 0 [P (£2) Orsi Yo (£2)] (22)
= /T2 N Cmi(ts — ta, 21 — Zo)ne (21 — 21k (22 — Z2) hun (t1, Z1) o (B2, Z2)

X dgl dfg,
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where

Crm,i(ty = t2, 21 = 22) = Bl pi[Yon (81)](21) O [Vim (£2)] (Z2).

For m’ > m using [Nua06, Proposition 1.1.2] we have that 1™, ()1 _(t) — R,, =
() @17 (). Let Yo (t) =V_oo(t) — 1™ _(t) ® ™ (¢) and notice that

Eém-&-@' [Ym m/ (tl)] (21)5m+i [Ym m/ (t2)] (22)
—1i;[t2—t]

=C Z H |Xm+i(l1 + l2)|2611+l2 (21 — 52),

|i|>x2m 7=1,2
[l2]>A2™

for some constant C' independent of m and m/ and [;, = 1 + 47*|l;|*>. Then for

every 7 € (0, 3) by a change of variables

/ Crnmi(tt — t2, 21 — Zo)nu(21 — Z21)0k (22 — Z2)hun(t1, 21) R (t2, 22)
T2 x T2

X dil dfg
2 v 2
S ( Z K7 55 pgm K(1) + Z K75 som KW(D)
leAym—+i leAym—+i
l+2m20€A2.‘i l*2m20€./42r»
b

X (TTL -+ 1>|t1 — t2|2’y,

where K7 (l) W
By Corollary C.3

1 1
I < - -
S X grpmeEt 2 i

lEA2m+i ZE-Agm-H
14+2™2z0€ Az 1—2M2zp€Agk

and C, v ; is defined as C,, ; with Y,,, replaced by Y,,, ,,,/.

thus for every € > 2v

1
I<228k‘
> TR T 5P

Using Corollary C.3 we obtain
B[ (1) 0mi Yo, (£1)](21) O [ (£2) O i Yo, (£2)] (22)

221 4 1)
~ (1+ |2mZO|2)a—2'y

|t1 - 752|2W7
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for every v € (0, 1) and ¢ > 2. Using Nelson’s estimate (B.3) for every p > 2, the

-
usual Kolmogorov criterion and the embedding B,, * — C~“ we finally obtain

that
lim lim Esup [|hy(t) o (Voso(t) = (1eas (1" (8) — Rin)) [[5-a = 0.

; —00
m—00 m’'—00 t<T

Convergence of h,, (V,OO — (T_out™ — §Rm)) to 0 then follows by Bony estimates
(see Proposition A.6). O

Forz € C™, f € L*(R x T?) and R > 0, let 7 (z; f;R) be the solution map

of the equation

3
9 — (A—1))X = =S auHu (X, R
(9 — ( ) kZ:O&k k( )+f' wo8)

X’t—OZ-T

The following proposition is a consequence of Theorem 4.16 and the fact that
the solution X to (3.1) is a continuous function of the stochastic objects
(see Definition 3.3) which in turn are continuous functions of the stationary
stochastic objects \V/_ ., (see (2.7)).

Proposition 4.17. Let X (-; x) be the solution of (3.1) forn = 3 andx € C~*° and
denote by Px .., its law in C([0,T];C~*°). Then

SUpD P () = (7 (@ [9) : ] € PR X T2), ®=0F 0,

Proof. See the proof of [CF16, Theorem 1.1]. O
We then have the following corollary.

Corollary 4.18. Let X (-;x) be the solution of (3.1) forn = 3 and x € C~*. For
everyT,e > 0andy € C~°

P(X(T;z) € B(y;¢)) > 0, (4.29)
where B(y; e) denotes the open ball of radius ¢ centred aty in C~°.

Proof. Tt suffices to prove that for every y € C™ there exist f € L*(R x T?) and
R > 0 such that .7 (z; f; R)(T) = y. But if we set

X(t) = $(0)s + 1 (y — Si(T)a),
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for any choice of 3t > 0 and

1

F(1) = 37 acHe(X(0), R) + 7y — $1(T)e) — (A~ 1)y — S(T)),

we have that X = 7 (z; f;R). Then the result follows by Proposition 4.17 and
the fact that C* is dense in C~?°. O

4.5 Exponential Mixing

In this section we combine Theorem 4.1, Theorem 4.13 and Corollary 4.18 to
prove exponential mixing of the law of the solutions to (3.1) for n = 3 with
respect to the total variation distance. The restriction n = 3 is due to the lack
of a general support theorem (see Section 4.4 for details). However, the results
of this section can be also used to prove exponential mixing in the case of (3.1)
for any n > 3 odd, given that Corollary 4.18 holds for any n > 3 odd.

We recall that for any coupling M of probability measures i, s and F, G
measurable functions with respect to the corresponding o-algebras we have the

identity

/ (F(x) - G(y)) M(dz, dy) = / / (F(x) — G(y)) pu( dw)ps(dy).  (4.30)

We finally combine the results of the previous sections to prove the following

theorem.

Theorem 4.19. Let {P, : t > 0} be the Markov semigroup (3.28) of the solution
to (3.1) for n = 3. Then there exists \ € (0,1) such that

1P} 6s — P/oyllrv <1— A, (4.31)
foreveryx,y € C andt > 3.
Proof. Let 0 < o < g and for R > 0 consider the subset of C~%°

Arp i ={z € C: ||z|lc-= < R}

which is compact since the embedding C™* — C~*° is compact (see Proposition
A.4). By Theorem 4.13 for every a € (0,1) there exists r = r(a) > 0 such that
for every z,y € B(0;r) and t > 1

1P 0 — Poyllrv <1 —a.
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By (4.29) for every x € Ag
Py(z; B(0;7)) > 0,

which combined with the strong Feller property (which implies the continuity of
Pi(x; A) as a function of x for fixed measurable set A) and the fact that Ay is

compact implies that there exists b = b(R) > 0 such that

inf Py(x; B(0;7)) > 0.

T€EAR

Fort > 0 and x,y € Ag \ B(0;7), let P{"Y € M;(C~® x C~) be the product
coupling of P,(x) and P;(y) given by

P{Y(A x B) = Py(x; A)Pi(y; B),

for every measurable sets A, B C C~*°. Then, for z,y € Ag, t > 2 and ¢ €
Cb(C_ao),

|P®(x) = PO(y)| = |E £ (X (L 2) = Ba®(X(1y))]|

\ [ 1P - Pa@] B s, ai)|,

where in the first equality we use the Markov property and in the second (4.30).
This implies that

| Pyo, — Proy|lev < PPV ((B(0;7) x B(0;7))°)
+ (1= a)PY (B(0;7) x B(0;7))
=1—aPy" (B(0;r) x B(0;r))
<1-—ab

By (4.2) we can choose R > ( sufficiently large such that

inf infP(||X(¢;2)]|c-« < R) >

reC—0 t>1

l\l)l»—l

Then for any x,y € C™* and t > 3, using the same coupling argument as above

we get

ab?
| 6z — Proyllrv <1 — R
2

which completes the proof if we set A = %. O
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The following corollary is the main result of this section and implies expo-

nential mixing.

Corollary 4.20. There exists a unique invariant measure i, € M;(C~*) for the
semigroup { P, : t > 0} of the solution to (3.1) for n = 3 such that

P60 — ey < (1= N6, = palley, 4.32)
foreveryx € C™ andt > 3.

Proof. We first notice that for pq, us € M;(C~*) and every ¢t > 0 by (4.30) we
have that

1P~ Praslley < 5 sup / / Pd(z) — Pid(y)| M(dz, dy),

2 @flest

for any coupling M € M;(C~? x C~%) of uy and ps. Thus by (4.31) for t > 3
1B = Plpslloy < (1= A) (1= M({(2,2) : 2 € C70})
and using the characterisation of the total variation distance given by
|1 — p2llry = inf {1 — M{(z,z): 2z € C*}): M coupling of i; and ,uz}
we get that
1B 1 = B pallrv < (1= A) flpa — palov-

This implies that {P; : ¢ > 0} has a unique invariant measure y, € M;(C~%),
since by Proposition [DPZ96, Proposition 3.2.5] any two distinct invariant mea-

sures are singular. Finally, forz € C™* and t > 3
1P/ 00 — pellov < (1 = NP 500 — pa v,

which implies (4.32). O



Chapter 5

Metastability

5.1 Introduction

In this chapter we study the behaviour of solutions to the 2-dimensional Allen-

Cahn equation, perturbed by a small noise term, given by

(8, — A)X = — X%+ X +/2e¢, (5.1)
for a small parameter € > (. The deterministic equation is given by

(0, — A)X = -X3+ X, (5.2)

and it is well-known that (5.2) is a gradient flow with respect to the double-well

potential

V(X) = / (%WX(Z)P _ %|X(z)|2+i|X(z)|4) dz. 5.3

In the case d = 1, where the solution X depends on time and a 1-dimensional
spatial argument, the behaviour of solutions to (5.1) is well-understood. They
exhibit the phenomenon of metastability, that is, they typically spend large
stretches of time close to the minimisers of the potential (5.3) with rare and
relatively quick noise-induced transitions between them. Early contributions
go back to the 80s where Faris and Jona-Lasinio [FJL82] studied the system on
the level of large deviations.

We are particularly interested in the “exponential loss of memory property”
first observed by Martinelli, Olivieri and Scoppola in [MS88, MOS89]. They

69
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studied the flow map induced by (5.1), that is, the random map = — X (¢;x)
which associates to any initial condition the corresponding solution at time
t, and showed that for large values of ¢ the map essentially becomes constant.
They also showed that with overwhelming probability, solutions that start within
the basin of attraction of the same minimiser of V' contract exponentially fast,
with exponential rate given by the smallest eigenvalue of the linearisation of V'
in this minimiser. This implies for example that the law of such solutions at
large times is essentially insensitive to the precise location at which they are
started.

It is very natural to study this behaviour in higher dimensions, but as we
already discussed in Section 1.1 when d > 2, equation (5.1) is ill-posed. In par-
ticular, solutions have to be interpreted in the sense of Schwartz distributions

and one has to work with the renormalised equation formally given by
(0, — A)X = = X%+ (1 + 3e00) X + V/2e€. (5.4)

Note that formally, this renormalisation corresponds to moving the minima of
the double-well potential out to +00 and making them infinitely deep at the same
time. So at first glance, it seems unclear why these renormalised distribution-
valued solutions should exhibit similar behaviour to the 1-dimensional function-
valued solutions of (5.1).

In [HW15] the authors studied the small € asymptotics for (5.4) in d = 2 and
3 on the level of Freidlin-Wentzell type large deviations. They obtained a large

deviation principle with rate function Z given by

I(X) = 711 /0 ' / (0:X (1, 2) — (AX(t,2) — (X(t,2) — X(1,2)))) dzdr. (5.5)

In fact, a result in a similar spirit had already appeared in the 90s [JLM90].
The striking fact is that this rate function is exactly the 2-dimensional version
of the rate function obtained in the 1-dimensional case [FJL82]; the infinite
renormalisation constant does not affect the rate functional. This result implies
that for small €, solutions of the renormalised SPDE (5.4) stay close to solutions
of the deterministic PDE (5.2) suggesting that (5.4) may indeed be the natural
small noise perturbation of (5.2).

Here we consider (5.4) over a 2-dimensional torus T? = R?/LZ? for L < 2.

It is known that under this assumption on the torus size L, the deterministic
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equation (5.2) has exactly 3 stationary solutions, namely the constant profiles
—1,0,1 (see [KORVEQ7, Appendix B.1]). The profiles +1 are stable minimisers
of V and the profile 0 is unstable. We prove that in the small noise regime,
solutions that start close to the same stable minimiser +1 contract exponen-
tially fast with overwhelming probability. The exponential contraction rate is
arbitrarily close to 2, the second derivative of the double-well z — }lx‘l — %J;Q in
+1. This is precisely the 2-dimensional version of [MOS89, Corollary 3.1].

On a technical level we work with the Da Prato-Debussche decomposition
discussed in Chapter 3. An immediate observation is that differences of any two
profiles have much better regularity than the solutions themselves. We split
the time axis into random “good” and “bad” intervals depending on whether a
reference profile is close to =1 or not. The key idea is that on “good” intervals
solutions should contract exponentially, while they should not diverge too fast
on “‘bad” intervals. Furthermore, “good” intervals should be much longer than
“bad” intervals.

The control on the “good” intervals is relatively straightforward: the expo-
nential contraction follows by linearising the equation and the fact that these
intervals are typically long follows from exponential moment bounds of the
stochastic objects appearing in the Da Prato-Debussche decomposition (see
Proposition 5.8). The control on the “bad” intervals is much more involved; in
the 1-dimensional case two profiles cannot diverge too fast, because the sec-
ond derivative of the double-well potential is bounded from below. But in the
2-dimensional case, where solutions are distribution-valued, there is no obvi-
ous counterpart of this property. Instead we use the strong a priori estimate
in Proposition 3.10 and the local Lipschitz continuity of the non-linearity. Ulti-
mately, this yields an exponential growth bound where the exponential rate is
given by a polynomial in the explicit stochastic objects. We use a large devia-
tion estimate to prove that these intervals cannot be too long (see Proposition
5.10). In the final step we show that the exponential contraction holds for
all ¢ if a certain random walk with positive drift stays positive for all times.
This random walk is then analysed using techniques developed for the classical
Cramér-Lundberg model in risk theory (see Proposition 5.13).

As a corollary of this theorem we prove an Eyring-Kramers law for the transi-

tion times of X. In [BDGW17] the authors studied spectral Galerkin approxima-
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tions X” of (5.4) and obtained explicit estimates on the expected first transition
times from a neighbourhood of —1 to a neighbourhood of 1. These estimates
give the precise asymptotics as € — 0 and hold uniformly in the discretisation
parameter N. Their method was based on the potential theoretic approach de-
veloped in the finite-dimensional context by Bovier et al. in [BEGKO4]. This
approach relies heavily on the reversibility of the dynamics and provides ex-
plicit formulas for the expected transition times in terms of certain integrals
of the reversible measure. The key observation in [BDGW17] was that in the
context of (5.1) these integrals can be analysed uniformly in the parameter N
using the classical Nelson’s estimate [Nel73] from constructive Quantum Field
Theory. However, the result in [BDGW17] was not optimal for the following two
reasons: First, it does not allow to pass to the limit as N — oo to retrieve the
estimate for the transition times of X. Second, and more important, the bounds
could only be obtained for a certain /N-dependent choice of initial distribution
on the neighbourhood of —1. This problem is inherent to the potential theoretic
approach, which only yields an exact formula for the diffusion started in this
so-called normalised equilibrium measure. In fact, a large part of the original
work [BEGKO4] was dedicated to removing this problem using regularity theory
for the finite-dimensional transition probabilities.

Here, we overcome these two barriers. We first justify the passage to the limit
N — oo based on results discussed in Section 1.3.1: we use the strong dissipa-
tive bound (Theorem 1.4) on the level of the approximation X* (see Proposition
5.33) and the support Theorem 1.6 to prove uniform integrability of the transi-
tion times of XV, The only difficulty here comes from the action of the Galerkin
projection on the non-linearity which does not allow to test the equation with
powers greater than 1. To remove the unnatural assumption on the initial dis-
tribution we make use of the exponential contraction estimate, Theorem 1.9.
This estimate allows us to couple the solution started with an arbitrary but
fixed initial condition with the solution started in the normalised equilibrium

measure.

5.1.1 Outline

In Section 5.2 we prove the “exponential loss of memory property” for the solu-

tion of (5.4) (as defined by the equivalent of Definition 3.3 when ¢ is replaced by
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Ve€). In Section 5.3 we prove an Eyring-Kramers law for the transition times

between the minimisers of the potential (5.3).

5.1.2 Notation

Following the equivalent of Definition 3.3 in the case of (5.4), we write X (-;z) =
v(+; 2)+e21(-), where 1 is defined in (2.3) for s = 0 and the remainder term v(-; z)
solves
0 —DN)v=—v"+0v— <3U2€%T + 3veV + 22V — 251)
, (5.6)
U‘t:O =7
where ¥V, ¥ are the 2-nd and 3-rd Wick powers of ' defined in (2.7) for s = 0. We
furthermore impose that T? = R?/LZ?, for L < 2.

Remark 5.1. To ease the notation we hide the dependence of X and v on the
parameter €. However in this chapter both objects should be thought of as being

indexed by €.

By Theorem 2.1 and Proposition 2.2 the stochastic objects 1, ¥ and ¥ can
be realised as continuous processes taking values in C~ for a > 0, such that

P-almost surely for every 7' > 0, and o > 0

max {sup 11(8)||c=a, sup(t A DY [|V(E)|lc=e, sup(t A 1)2O‘l||\V(t)||Ca} < 0. (5.7)
t<T t<T t<T

Throughout this section we use \/ to refer to all the stochastic objects 1, ¥ and
V¥ simultaneously. In this notation (5.7) turns into
sup(t A 1) 2 (1) oo < 0.
t<T
As in Chapter 3 (see (3.5)), we fix oy € (0, %) (to measure the regularity of

the initial condition z in C~*°), 5 > 0 (to measure the regularity of v in C®) and

7 > 0 (to measure the rate of blow-up of ||v(¢; z)||¢s for ¢ close to 0) such that

1 ap+p

<_
TS30 T

<. (5.8)

We also assume that o/ > 0 and « > 0 in (5.7) satisfy

o <7, a<ag, &T—i_ﬁ+27<1. (5.9)
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By Theorems 3.6 and 3.12 for every x € C~“° there exist a unique solution
vel ((0, oo);Cﬁ) of (5.6) such that for every 7' > 0

sup(t A1) ot 2)|es < oc.
t<T

Remark 5.2. In Condition (5.8) [ has to be strictly less than % This is necessary
if one wants to treat all of the terms arising in a fixed point problem for (5.6)
with the same norm for v. A simple post-processing of Theorems 3.6 and 3.12

shows that in fact v is continuous in time taking values in C>~* for any \ > a.

Equations (2.2), (5.6) suggest that indeed X can be seen as a perturbation of
the Allen-Cahn equation (5.2), because the terms 1, ¥ and ¥ in (5.6) all appear
with a positive power of €. It is important to note that v is much more regular
than X. The irregular part of X (-; ) is e21. Therefore differences of solutions
are much more regular than solutions themselves.

We repeatedly work with the restarted stochastic terms 1, V', and ¥, define
in (2.7). By Proposition 2.3 for every s > 0, \s(s + -) is independent of F;
and equal in law to \V(:). For ¢ > s we can define a restarted remainder
vs(t; X (s; z)) through the identity X (¢; z) = v,(t; X (s; ) + £21,(t). Rearranging

(5.6) and using the pathwise identities in Corollary 2.4 one can see that v, solves

(0 — D) vy = =02 + v, — (31}55%15 + 3veV, + 5%\V8 — 25%19)
(5.10)
vs|t:S = X(s;2)
Finally, for any Banach space (V, || - ||/) we denote by By (xy; d) the open ball
{x €V : |z — x|y <6} and by By (x; 6) its closure.

5.2 Exponential Loss of Memory

In this section we prove the following theorem. From now on whenever we write

+1 we simply mean that the statement holds for —1 and 1 separately.

Theorem 5.3. For every x > 0 there exist dy, ag, C' > 0 and gy € (0, 1) such that
Jorevery e < g

X(ty) — X (¢:
inf P sup H ( ay) ( ,l')Hcﬁ < Ce—(Q—n)t’ Vit > 1
o= (£1)]] g <60 |y — z[|c-e0

ly—2llo—ag <do

>1-— e a0/,
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Proof. See Section 5.2.1. O

This theorem is a variant of [MOS89, Corollary 3.1] in space dimension d = 2.
There the supremum is taken over both x and y inside the probability measure.

We also obtain this version of the theorem as a corollary.

Corollary 5.4. For every k > 0 there exist 0y, ag, C' > 0 and gy € (0, 1) such that

Jorevery e < g

z,yEBC_QO (£1;00) Hy - xHC_(’O
Proof. See Section 5.2.1. O

Remark 5.5. The restriction ¢ > 1 in Theorem 5.3 appears only because we
measure y — = in a lower regularity norm than X (¢;y) — X (¢; ). To prove the
theorem we first prove Theorem 5.15 were we assume that y — 2 € C” and in

this case we prove a bound which holds for every ¢ > 0.

Remark 5.6. Theorem 5.3 is an asymptotic coupling of solutions that start close
to the same minimiser. In [MOS89, Proposition 3.4] it was shown that in the
1-dimensional case, solutions which start with initial conditions x and y close
to different minimisers also contract exponentially fast, but only after time 7.

VO)=VED)+nl/e for any 1 > 0. This is the “typical” time needed for one of the

I¢
e

two profiles to jump close to the other minimiser. We expect that Theorem 5.3
and the large deviation theory developed in [HW15] could be combined to prove

a similar result in the case d = 2.

We now define two sequences {v;(x)};>1 and {p;(z)};>1 of stopping times
which partition our time axis and allow us to keep track of the time spent close
to and away from the minimisers +1 (see Figure 5.1 for a sketch). On the
“good” intervals [p;_1(z), v;(x)] we require both the restarted diagrams \/",, | ()
to be small and the restarted remainder v,,_,(,) to be close to =1. The “bad”
intervals [v;(x), p;(x)] end when X (-; ) re-enters a small neighbourhood of the
minimisers. The stopping times p;(x) are defined in terms of the C~* norm for
X (-;x), while we define good intervals in terms of the stronger C” topology for
Up,_,(z)- To connect the two, we need to allow for a blow-up close to the starting

point of the “good” intervals.
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+— “good” —— ¢ “bad” » +— “good” —— < “bad” »
0 - 1 i 1 1 1 1 1 1 1 i 1 1 i 1
po(z) vi() p1(x) - pici() vi() pi(z)

t

Figure 5.1: A partition of the time axis with respect to the times v;(x) and p;(z).

The “good” intervals are “typically” much larger than the “bad” intervals.

Definition 5.7. For x € C~*° we define the stopping times {p;(x)}i>0, {vi(x) }i>1

recursively by po(x) = 0 and
vi(z) := inf {t > pica() (= pica () A,y (B)leo > 65
o min _ ((t — piea(x)) A1) g,y (5: X (pu(e)s ) = . es > 61

pi(z) = inf{t > v;(x) : rr{m% 5 | X (t;2) — zil|g—c0 < o}
Tx€E1—1,

We now define the time increments

Ti(z) = vi(w) — pia(2).

(5.11)
oi(z) = pi(x) — vi().

The process X (-;x) is expected to spend long time intervals close to the min-
imisers +1, which corresponds to large values of 7;(x). Large values of 0;(z) are
“atypical”. This behaviour is established Propositions 5.19 and 5.22.

The following proposition shows contraction on the “good” intervals. We
distinguish between the cases (5.12) and (5.13) for y — z that lie in CP and C—
respectively. The Da Prato-Debussche decomposition shows that differences of
any two profiles lie in C” for any ¢ > 0 but at ¢ = 0 they maintain the irregularity

of the initial conditions. Hence we only use (5.13) on the first “good” interval.

Proposition 5.8. For every k > 0 there exist dy, 01,02 > 0 and C' > 0 such that if
|z — (£1)||c-e0 < 6 andy — x € CP,

y — x||cs < do then

1X(6) = X(t0)lles < Cexp {= (2= 2) thlly — ales 5.12)

Jor every t < 71(z) defined with respect to 0, and ;. If we only assume that
ly — z||c-a0 < 0o then

(tANIX () = X(E2)les < Cexp{= (2= 5) t} Iy —alew  513)

Joreveryt < 7 (x).
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Proof. See Section 5.2.2.1. O

Our next aim is to control the growth of the differences on the “bad” intervals
in terms of the stochastic objects . This is done by partitioning the intervals
[vi(z), pi(x)] into tiles of length one. To achieve independence we restart the

stochastic objects at the starting point of each tile.

Definition 5.9. For k > Oand p > v > O let{;, = v+ k. For k > 1 we define a
random variable L (v, p) by

n

Ly (v, p) r=< sup (t—tk1)("”C“'Hé?gvtkl(t)ﬂc—a) : (5.14)

tE€[tk—1,tLApP]

In our analysis we use a second tiling defined by setting s, = ¢, + % i.e.
the tiles [t,try1] and [sg, Ski1] overlap. In order to bound X(t;y) — X(¢; )
on a time interval [t;, s;| we restart the stochastic objects at s;_; and write
X(t;y) — X(t;2) = vs,_, (8 X (Sk-15Y)) — vs,_, (t; X (Sk—1;2)). In Lemma 5.16 we
upgrade the a priori estimates obtained in Proposition 3.10 to get a control on
the C” norm of both remainders. This bound holds uniformly over all possible
values of X (s;_1;y) and X (sg_1;2) and while the bound allows for a blow-up
for times ¢ close to s;_; it holds uniformly over all times in [t;, si]. Ultimately,
the bound only depends on L (v + %, p) in a polynomial way as shown in Figure
5.2. Then we can use the local Lipschitz property of the non-linearity in (5.6)
to bound the exponential growth rate of X (¢;y) — X (¢;z). For the first interval
[to, t1] we do not use this trick, because we want to avoid bounds that depend
on the realisation of the white noise outside of [, p|. On this interval, we make

use of an a priori assumption that we have some control on || X (v;y)]||c-«0 and
X (5 %) [ c—eo-

Proposition 5.10. Let R > 0. Then there exists a constant C' = C(R) > 0 such
X(viy)|lc-eo S R, p>v>0andt € [v,p

that for every || X (v; z)||c-o0.
IX(t:y) — X(t:2)os < Coxp {L(v. pit — )} [X(r59) — X(v:2) s, (5.15)

where

[t—v]
L(v,p;t —v) = % Z Z (1V L(v+1,p)" + Lo(t — v) (5.16)

k=1 1=0,1

Jor Ly, as in (5.14), and for some constants py > 1 and ¢y = ¢o(R), Ly = Lo(R) > 0.
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Figure 5.2: Bounds on the C” norm of the restarted remainder v on the over-
lapping tiles of the partition of [v, p]. On a time interval [ts, s;| we restart the
stochastic objects at time s;_; and bound v,, , by a polynomial function of

Ly (V + %, p). On a time interval [sy,;11] We restart the stochastic objects at
time ¢}, and bound v, by a polynomial function of Ly (v, p).

Proof. See Section 5.2.2.2. O

If we assume that y — z € C”, combining the estimates in Propositions 5.8
and 5.10 suggest the bound

X (px(2);y) — X(pn(2); 2)les

< exp {Z - (2-5) (@) + L0a(@), pi(w); 03()) + 2105 | }

i<N

X |ly — x|cs, (5.17)

for any N > 1. If we can show that the exponents satisfy
K
> - (2-5) n@) + L), i) 0i()) + 210g C| < —(2 = W)pu (@),

i<N

then (5.17) yields exponential contraction at time py(z) with rate 2 — k. The

difference of the right hand side and the left hand side of the last inequality is
given by the random walk Sy(x) in the next definition.
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Definition 5.11. For ||z —(£1)|[¢c-a0 < dp we define the random walk (Sy(x))n>1
by

K
Sn(z) == Z bn(x) — (L(vi(2), pi(z); 04(2)) + (2 — K)oy(x) + MO)]
i<N
where M, = 2log C' for C' > 0 as in Propositions 5.8 and 5.10.

The next proposition shows that the random walk Sy (z) stays positive for
every N > 1 with overwhelming probability (see Figure 5.3 for an illustration).
The proof is based on a variant of the classical Cramér-Lundberg model in risk
theory (see [EKM97, Chapter 1.2]). In this classical model a random walk Sy =
Zi <~ (fi —g;) with i.i.d. exponential random variables f; and i.i.d. non-negative
ran_dom variables g¢; is considered. The probability for Sy to stay positive for
every N > 1 can be calculated explicitly in terms of the expectations of f; and
g; using a renewal equation. In our case we use the Markov property and
Propositions 5.19 and Proposition 5.23 to compare the random walk Sy(z) in

Definition 5.11 to this classical case.

Remark 5.12. If the family {L(v;(x), p;(x);0:(x)) + (2 — k)o;(x) + My}i>1 had
exponential moments, a simple exponential Chebyshev argument would imply
the following proposition without any reference to the Cramér-Lundberg model.
However, by (5.14) and (5.16) one sees that L(v;(x), p;(z); 0;(x)) is a polynomial
of potentially high degree in the explicit stochastic objects (which are themselves
polynomials of the Gaussian noise £). Hence, we cannot expect more than
stretched exponential moments, and indeed, such bounds are established in

Proposition 5.23. In the proof of the next proposition we also use an exponential

kK

2
random variable which does not depend on =x.

Chebyshev argument, but only to compare 57;(z) with a suitable exponential

Proposition 5.13. For every k > 0 there exist ap > 0 and ¢y € (0, 1) such that

Jor every e < g

inf P(Sx(z) > 0 forevery N > 1) > 1 — e /5, (5.18)
le—( D)l <do (S(w) 2 0 for every )

Proof. See Section 5.2.3.3. O
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Figure 5.3: “Typical” realisations of a random walk Sy = »_,_y(fi — gi) for
fi ~ e"/fexp(1), gi ~ e®/*Weibull(0.5,1), N = 50 and ¢ = 0.01. The choice
of a Weibull distribution here captures the fact that the random variables
L(vi(x), pi(z); 0i(x)) + (2 — k)o;(x) + My in Definition 5.11 have stretched expo-

nential tails as shown in Proposition 5.23.

5.2.1 Proof of Theorem 5.3

We first treat the case where y —z € CP. Let # € C~? such that ||z — (£1)]|¢-a0 <
& and let y be such that y — z € C” and ||y — z|cs < dp. We also write
Y (t) = X(t;y) — X(¢; x). We consider the event

S(z) = {Sn(z) > 0 for every N > 1} (5.19)

for Sy(z) as in Definition 5.11.

We first prove the following proposition which provides explicit estimates
on the differences at the stopping times vy (z) and py(z) for every N > 1 and
w € S(x) by iterating Propositions 5.8 and 5.10. To shorten the notation we drop
the explicit dependence on the starting point x in the stopping times vy and py
and the random walk Sy. We also drop the dependence on the realisation w but

we assume throughout that w € S(z).

Proposition 5.14. For any x > 0 let C > 0 be as in Proposition 5.8. Then for
everyw € S(z) and N > 1

1Y (vn)les < Cexp {_SN,l - gm} exp {2 — Rt [YO)les  (5.20)

1Y (px)lles < exp {~ S} exp{~(2 = x)pn} ¥ (0)]|es- 5.21)
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Proof. We prove our claim by induction on N > 1, observing that it is obvious
for N = 0.

To prove (5.20) for N + 1 we first notice that by the definition of py we
have that || X®(pn;2) — (£1)]|c-20 < dp and since w € S(z) (5.21) implies that
1Y (pn)lles < dp. Hence we can use (5.12) to get

KR
1Y ns)lles S exp { =57 pexp {=(2 = )maa} ¥ (o) s

Combining with the estimate on ||Y (py)|cs the above implies (5.20) for N + 1.
To prove (5.21) for N + 1 we first notice that by Proposition 5.18

| X (vni1;2)]|c-a0 < 201 + 1.
This bound, (5.20) for N + 1 and the triangle inequality imply that
IX (vni1;9) || c-a0 < 0o + 207 + 1.

Hence, we can use Proposition 5.10 for v = vn.1, p = pyy1 and R = 6y + 20 + 1

to obtain

1Y (pnvs1)lles S exp {L(vnsr, pvrason) HIY (Wn) [les
If we combine with (5.20) for N + 1 we have that
1Y (pns1)lles < exp {L(Vng1, pns1; Ons1) + Mo} exp {—Sn}
x exp { =S 7via fexp {=(2 = K)vwia} [V (0)]les
We then rearrange the terms to obtain (5.21), which completes the proof. O

We are ready to prove the following version of Theorem 5.3 for sufficiently

smooth initial conditions.

Theorem 5.15. For every k > 0 there exist &y, ag, C' > 0 and ¢y € (0, 1) such that

Joreverye < g

| X (ty) — X(#2)les

inf P sup < C’e*(zf’“)t, vt >0
o= (1)l <80 yzeCh |y — @lles
ly—=l .5 <do

> 1 — e /5,
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Proof. Let w € S(z) as in (5.19). For any ¢t > 0 there exists N = N(w) > 0 such
thatt € [py,vni1) Or t € [Uni1, PN11)-

Ift € [py,Vn11) then

X (t;y) — X (t2)]|cs

(5.12),(5.21) 5
S e {=(2-3) =)} IX(niy) = X(owi) e

= exp { =5t = pn) | exp {=(2 = w)(t = o)} [ X (o5 9)) = X (p; p)lles

(5.21)
S exp{=2—=r)t} |y — zlles-

Ift € [uyi1, pye1) then

(5.15)
1 X(ty) — Xt 2)lles S exp{L(vni1, pni15t — Uny1)}

X | X (vng15y) — X(Ung1; )]s
= exp{L(vny1, pvi1;t — Unga) + (2 = K)(E — vnia) }
x exp{—(2 —K)(t —vni1)}

X | X (vng15y) — X(Ung1; )]s
(5.20),weS(x)
S exp{—(2—&)t}Hly — xlles.

By Proposition 5.13 there exist ap > 0 and ¢, € (0, 1) such that for every ¢ < ¢

inf P(S(z)) > 1 — e %0/¢
lz—(ED)[l =g <o ( ( )) o

which completes the proof. O

We are now ready to prove Theorem 5.3 and Corollary 5.4.

Proof of Theorem 5.3. This is a consequence of (5.13), Proposition 5.19 and The-
orem 5.15. Let 01,9, > 0 sufficiently small such that §; + d, < dy and assume
that 7 (z) > 1. By the definition of 7 ()

1
[X (L 2) = (£1)[|e-e0 < lo(L;2) = (£D)]les + [l€21(1)][c-e0 < b1 4 02 < do.
If we also choose 0, < &y by (5.13) we have that for every ||y — z||c-a0 < 0}
[X(L;y) = X(L;2)]les S M1y — @llc—eo-

The probability of the event {71(xz) > 1} can be estimated from below by Propo-
sition 5.19 uniformly in ||z — (£1)||¢-eo < J). Combining with Theorem 5.15
completes the proof. O
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Proof of Corollary 5.4. We only prove the case where initial conditions are close
to the minimiser 1. We fix §(, ] > 0 such that 20; < d, and &, + 0} < ;. By

Proposition 5.18 if we chose d, sufficiently small then

sup t" DY NA (1) [l oo < 6y = sup t7[|o(t;y) — 1les < &
t<1 t<1

uniformly for ||y — 1||c-ao < ;. This together with (5.13) implies that for every
2,y € Be-ag(1;0})
X (L) = X(La)lles S lly — zlle-e0 < -

Y

Let

X(t:y) — X(t: 1
wes:{ wp  1XE) <,>||cﬁ<Ce<“>t’W21}7

ly=1ll,—ag < ly — 1|¢-e0 -

t >1andy € Be-ag(—1;4(). Then
sup (t — s)7"||vs(t; X (5;1)) — (£1)[les < 6
s<t<T

= sup (t —s)"||vs(t; X(s;y)) — (£1)|les < 6y for T, s > 1.

s<t<T

1X(#1) = (FD)[le-e0 < 0 = [|X (£ y) = (F1)[le-o0 < .

This implies that if we consider the process X (¢; y) for ¢t > 1, the times v;(X(1;y))
and p;(X(1;y)) of Definition 5.7 for dy,d; and d, can be replaced by the times
vi(X(1;1)) and p;(X(1;1)) for &;, 6] and the same J,. Hence the corresponding
random walk Sy (X (1;y)) in Definition 5.11 can be replaced by Sy (X (1;1)).

We can now repeat the proof of Theorem 5.15 for the difference X (¢;y) —
X(t;x), t > 1, step by step, replacing the event in (5.19) by

SN {sup =D (1) || o-a < 0y, Sy(X(1;1)) > 0 for every N > 1} . (6.22)
t<1
This allows us to prove that
IX(t:9) =Xt 2)les < Ce™ VX (Liy) =X (1;2) les < Ce™ |y —/l¢-ag

uniformly in y, z € Be-ay (15 9}).
To estimate the event in (5.22) we use Theorem 5.3 and Propositions 5.17

and 5.13. This completes the proof. O
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5.2.2 Pathwise Estimates on the Difference of Two Profiles

In this section we prove Propositions 5.8 and 5.10. Our analysis here is pathwise

and uses no probabilistic tools.

5.2.2.1 Proof of Proposition 5.8

Proof of Proposition 5.8. We only prove (5.13). To prove (5.12) we follow the same
strategy as below. However in this case we do not need to encounter the blow-
up of ||Y(t)]|cs close to 0 and hence we omit the proof since it poses no extra
difficulties.
Let Y(t) = X(t;y) — X (¢; x) and notice that from (5.6) we get

(0 — A)Y = — (v(9)* — v(2)*) + ¥ = 3(u(-1y) + v(-;2))eY — 3eVY.
We use the identity v(-;y) = v(-;2) + Y to rewrite this equation in the form

(0, — (A—2)Y

= —3(v(2)* = 1) Y 4+ Error(v(;z);Y) — 3(Y + 2v(;; 2))etY — 3eVY

where Error(v(-;z);Y) = —Y3—3v(+; )Y collects all the terms which are higher

order in Y. Then
t
Y (t) = e 2e®Y(0) + / e 2= eAll=s) [ -3 (v(s;2)> = 1) Y(s)
0

+ Error(v(s;2); Y(s)) — 3(Y(s) + 2v(s: x))e21(s)Y(s)
- 35V(3)Y(s)] ds. (5.23)

We set & = sup,<, )t A 1) = 3 (v(t;2)> = 1) [les. Let ¢ = inf{t > 0 :
EADY (t)]|es > C} for 1 > ¢ > &y and notice that for ¢t < 71(x) A ¢ using (5.23)
we get

(A.7),(A.10),(A.11) ag

_ _oo+B
1Y (#)lles < e[t AL)TE Y (0)]le-o

t
+&/e2“@@An2wywwwds
0
t
+<oa/eQWﬂwA1r%m«@mﬂw
0

t
+@@/e%HW—@”?@AUWW®mm8
0

at

v ‘
=y

t
5,05 [ =) 5 A )Y () o s
0
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were we also use that for s < ¢
[Exror(v(s; ); Y (s))lles S sV () lcs-

Choosing ( < £/C; and 0y < £/Cy V C3 we have

a+p

1Y (#)lles < e *C(t A1)~ 2 [[Y(0)]lc-e0

t
* / 20 (1 — 5)=H (5 A 1)~V (5)]|¢s dis.
0

Then for ¢t < 7(x) A v by Lemma F.1 on f(t) = (t A 1)7]|Y (¢)||¢s there exist ¢ > 0
such that

1
AP IY Ol < Cexp {20+ 50 21| Y O

1
We now fix §; > 0 such that ci!~“3" 37 < 5. This implies that for ¢t < 7(z) At

(ALY (Bl < Cexp{= (2= 5) tH IV O)e-eo.

Finally choosing d, sufficiently small we furthermore notice that 71 (x) At = 71 ()
which completes the proof of (5.13). O
5.2.2.2 Proof of Proposition 5.10

To prove Proposition 5.10 we first need the following lemma which upgrades the

a priori estimates in Proposition 3.10. Here and below we let S(t) = .

Lemma 5.16. There exist «,~',C > 0 and py > 1 such that if
sup t("’l)o‘/Hag?’?(t)Hc_a <L"
t<1

then

sup supt” |[u(t; z)|jes < C(1V L)P.

reC—0 t<1

Proof. Throughout this proof we simply write v(¢) to denote v(¢; x). By Proposi-
tion 3.10 we have that for every p > 2 even

sup sup 3 |o(t)]1 < C (1 v sup D |3 (1)| ) (5.24)
t<1

xeC— 0 t<1
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for some exponents p,, > 1. Combining (3.16) and (3.25) and integrating from s
to ¢ we obtain
t t
o = @ + [ 19udr < [ (14 vl ar
S S n<3
which implies that
t t n
[Ivemigar<c [ (1 v ) dr ool 629
s s n<3

Using the mild form of (5.6) we have for 1 > ¢ > s> 0

7
lo()lles S (5.26)
=1
where

L= 10 = Sole)lers o= [ 151 = ofeles

o= [ 1506 = 1) (v07%410)) oo,

= [ 186 =1 @) ferdr, = [ 150 = NAv(ler dr
I = /st |S(t — r)séT(T)Hca dr, I; := /St 1St —r)v(r)||cs dr.

To estimate ||v(t)]|cs we use the L” bound (5.24), the energy inequality (5.25)
and the embedding B;m to bound the terms appearing on the right hand side
of the last inequality as shown below.

We treat each term in (5.26) separately. Below p may change from term to
term and o, A can be taken arbitrarily small. We write p; and p» for conjugate
exponents of p, i.e. 1 = - + L. We also denote by (1 V L)" a polynomial of

P i pe
degree py > 1 in the variable 1 V L where the value of py, may change from line

to line.
Term I;:
(A4.6),A7) 8+2 (5.24) B+2
L 3 (=) 2 fluls)ller S (t—s) 2 s72(1VL)™.
Term I5:
@.6),a7n [t p+2 (5.24) t B+
Lo< /(t—r)_2]|v(r)3||Lpdr < (1\/L)p0/(t—r)_2r_2dr
S S

2
p+2

t
< (1v Ly / (t -1 ar.
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Term I5:

(A.6),(A.7),(A.11),A>0 pt 2a+k+127 5 1
S [ T e Pl e dr
S

~

(A.14)

t _2a+A+% )
S [ = T O o o) g ) e
S

(A.6),(5.24) t 7204+)\+% 1 1
S /(t—r> T 2 )] a2 leZ1(r)[le-e dr
S

2,00

2 _
(6.24), 2 =a+A 2atat 2

t
S (vLpst / (t— )T o) gy dr

Cauchy-Schwarz t 2
< (1V L)pos—é (/ (t — T)f(2a+)\+%) dr)

t 3
<[ g )"

(A.6),(A.7),(A.11),A>0

3 72a+)\+%
< [ ) gl ar
S

Term I,:
Iy

a6 [t _2a+)\+%
S /(t—r) z Hv(T)HBMM%HEV(T)chd?"
S

2,00

2_
p=otA 2a+2+2

t
S e [0 T o)l dr

Cauchy-Schwarz , t 5 %
< (1V LyPos™® ( / (t — r)_(2a+’\+5) dr)

~Y

¢ 3
< ([ ol_ar)

Term I5:

(A7) _ats

t t
L < /(t—r)_a;rﬁ||£g’\lf(r)||c—a drg(wL)Po/ (t — )2 gy
a+pB

t
S(1v L)pos’M / (t—r)" 2 dr.

Term Ig:

@an t a+p 1 t
Iy < /(t—r)_2||52f(r)||ca drfJ(l\/L)pO/(t—T)_2 dr.
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Term I;:

(A.6),(A.7) iz

t 5+2 (5.24) t p+2
Los /(t—r)‘?Hv(r)HLpdr < (1vL)p°/(t—r)_2r_2dr
S 1 t /8+% S
< (1\/L)p°s2/ (t—r)" 2 dr

Using Proposition A.11, (5.24) and (5.25) we notice that

(/: ||v(7’)||1235700 dr) (/ Vo (r)]|2 dr); N (/: . dr)%

(1Vv L)Pos™2

Z/\

Combining the above and choosing s = t/2 we find 7' > 0 such that
7 o(t)lles S (1V L)P
which completes the proof. O

Proof of Proposition 5.10. We denote by (1 V L)? a polynomial of degree py > 1
in the variable 1 V L where the value of py may change from line to line.

For k > 0 recall that ¢, = v + k and s, = t; + % As before, we write
Y(t) = X(ty) — X(t; ).

Let t € (tg,sk], K > 1. We restart the stochastic terms at time s,_; and
write Y (t) = vs,_,(t;9) — vs,_, (t; ) where for simplicity § = X(sx_1;y) and
T = X(sg_1; 7). Together with (5.10), this implies that

(at - A>Y - = (U5k71<.; g)?) - U8k71('; j)g) +Y
= 3(vs, (19) + Ve, (13))E2 T, Y — eV, Y.

Using the mild form of the above equation, now starting at ¢, = s;_1 + % we get

(A.7),(A.10),(A.11) t 3 .3
1Y (¢)lles N 1Y () [l cs +/ [vse 1 (13 9)” = vy, (3 2)° s drr
ti

t _at8 ~\2 ~\2 1

+ [ E=7r) 2 o (19)° —vs (1 2) leslle2 s, (1) [l c-a dr
th
"t » ;

+ [ =0 P @l Ol drt [ V0o dr
tx tg

By Lemma 5.16 there exist 7' > 0 such that

, 1 Po
up sup (1= si)” o 5l 5 (1v i (4 50) )

2ECTY0 t€[Sk—1,5k]
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Combining the above we get

a+tp

1Y )lles S MY (E)lles + (1 V L <u + %,p»m /t:(t — )Y () es dr

By Lemma F.1 there exists ¢y > 0 such that

Wl seo{a(1ve(vr0)) t-9bvele. 62

Following the same strategy we prove that for ¢ € sy, tx11], & > 1,
1Y ()lles < exp{co (1V Lir (v, 0))™ (¢ = ) }HY (s8)lles- (5.28)

Finally, we also need a bound for ¢ € [ty,t;]. To obtain an estimate which does
not depend on any information before time ¢, we use local solution theory. By
Theorem 3.6 there exists ¢, € (fo,?;) such that

sup  sup (1 —to)"||vg (1;7)[les <1
%]l o—ag SR TE[to,ts]

and furthermore we can take

o (O<Rv;<u,p>>)m'

By Lemma 5.16 we also have that

sup - sup (1 —t0)" [|vgg (r32)lles S (1V La(v, p))™.
TEC™20 rE€(to,t1]
Combining these two bounds we get

sup  sup (r — to) oy, (ri@)lles S (LV Li(v, p))™ (5.29)

el —aq <R Elto,ta]

were the implicit constant depends on R. Note that 7 < % whereas 7' is much
larger. We write Y (t) = vy, (t;y) — vy, (t; ) and use the mild form starting at .
We then use (5.29) to bound ||vy, (%;-)||cs on [to, t1] which implies the estimate

1Y (Dlles S NY (to)lles + (1 V Ly (v, p))” / (t=7) "% (r = t0) Y (1)|cs dr.

to

The extra term (r — )27 in the last inequality appears because of the blow-up
of vy, (t; ) and /% (¢) for t close to ty. By Lemma F.1 we obtain that

Y (#)lles < exp{eo (1V Ly (v, 0))" (t = $)}IY(5)les- (5.30)
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For arbitrary ¢ € [v, p] we glue together (5.27), (5.28) and (5.30) to get

lt—v]
C
1Y (t)]les S exp 50 SN AVL AL + Lot —v) ¢ [V (V)]les

k=1 1:0,%

for some Ly > 0 which collects the implicit constants in the inequalities. O

5.2.3 Random Walk Estimates

In this section we prove Proposition 5.13 based mainly on probabilistic argu-
ments. In Sections 5.2.3.1 and 5.2.3.2 we provide estimates on §
L(vi(x), pi(z); 0i(x)) + (2 — K)o;(z) + My from Definition 5.11. In Section 5.2.3.3

we use these estimates to prove Proposition 5.13.

7;(x) and

5.2.3.1 Estimates on the Exit Times

Proposition 5.17. Let § > 0 and Tyee = inf{t > 0: (t A 1)V ||e2X7(1)]|g—o >
d"}. Then there exist ag > 0 and ¢ € (0,1) such that for every ¢ < ¢

IP) (Ttree S e3ao/e) S e_3a0/6'

Proof. First notice that for N > 1

=

—1
]P)(Ttree S N) S ]P)(Ttree S (kv k + 1))

k
N—

Il
- O

IN

te(k,k+1]

' ( sup (A 1)V eE (1) oo 2 5n> |

k=0

By Proposition H.1 and the exponential Chebyshev inequality there exists ag > 0
such that for every £ > 0

Pl sup (tA1D)P VY32 (H)|oow > 0" | < e 00/e,
te(k,k+1]

Hence
]P)(Ttree S N) S Ne—ﬁao/g

and choosing N = €3%/¢ completes the proof. O
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Proposition 5.18. For §; > 0 sufficiently small there exist &y, 05 > 0 such that if

sup(t /A 1) |3 (1)|o-a < 0 (5.31)

then for every ||z — (£1)||¢c-a0 < do
sup(t A 1)7[o(t; z) — (£1)[les < 01
t<T

and

sup || X (t; ) — (£1)|g-a0 < 207.
t<T

Proaof. Letu(t) = v(t;x)— (&1). ATaylor expansion of —v3+wv around +1 implies
that

(0 — (A — 2))u = Error(u) — (31}25%T + 3veV + 5%W> + 2e7t (5.32)

where Error(u) = —u® & 3u® and ||[Error(u)|lcs < |lull}s + |lul|2s. Let T > 0 and
v =1inf{t > 0: (¢t A 1)7||u(t)||cs > 01} for some §; > 0 which we fix below. Using
the mild form of (5.32) we get

(E A1) [u(t)|es

(A.7),(A.10),(A.11)

t

S ez — (£1)[le-eo +/0 e 27 (Jlu(s) || + Ilu(s)]|2s) ds

' —2(t—s) —atf 2 1.1

+ [ e (t—s)" = (Ilv(8)||c3||621(8)|lcfa + [lv(s)les leV(s)lc-e
0
3 1
+ 113 (s) e + l1e31(3) e ) ds.
If we furthermore assume (5.31) for ¢t < T' A + we obtain that
(A [u(t)]es

~

t t
< Jpe 2+ 5:1)’/ e 29 (s A1) 3 ds 4 62 / e 2 (s A1) ds
0 0
t
+ (52/ e 2=9) (¢ — s)’aTHa ((3 ADH 4 (sAD) Y (sA1)™Y
0
+(sA1)72 4 1) ds.

Then Lemma F.2 implies the bound

sup (¢ A 1) [u(®)lles < 6o + 67 + 67 + da.
t<T AL
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o1

Choosing 9y < 35, 01 < % and dy < f—é this implies that

sup (t A 1)"||u(t)||cs < 1
t<T AL

which in turn implies that ¢ < 7" and proves the first bound.

To prove the second bound we notice that for every ¢t < T
Xt 2) = (£D)lle-eo < [lul@)lle-eo + [1(E)lle-e0 < flult)llc-eo + b2

Hence it suffices to prove that sup,. [|u(t)||c-«0 < 1. Using again the mild form
of (5.32) we get

(A.7),(A.1),(A.10),(A.11)

[[w(t)le-eo S e lz — (F1)lle-w

t
+Ae%ﬂwMﬂ@+w®Mﬁ®

t
—9(f—s 1
+Aem)OMw@kﬂ®mw+w@MNW®kw
3 1
1w ($)llew + 121(s) e ) ds

for every ¢ < T'. Plugging in (5.31) and the bound sup,.(t A 1)7|u(t)|cs < 1

the last inequality implies
[[u(t)lle-eo

¢ ¢
< Spe 2+ 5?/ e_Q(t_s)(s A1) 3 ds + 63 / e_Q(t_S)(s A1) ds
0 0

¢
+ 4, / e ((sAD T+ (sAD A ™ + (s A ) 1) ds,

0
Using again Lemma F.2 we obtain that sup,. ||u(t)||¢-« < d1, which completes
the proof. O

Proposition 5.19. For every k > 0 and §; > 0 sufficiently small there exist
ag, 0o, 92 > 0 and ¢ € (0, 1) such that for every ¢ < g

K
sup P <—7'1(l’) < e2a0/s) < 673a0/s’
||:L‘_(:t1)||cfot0 S60

where () is given by (5.11).
Proof. We first notice that there exists €9 > 0 such that for every ¢ < ¢y
K
P <§Tl(x) < e2“°/5> <P (Tl(x) < egao/s) )

The last probability can be estimated by Propositions 5.18 and 5.17 for § =
. O
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5.2.3.2 Estimates on the Entry Times

In this section we use large deviation theory and in particular a lower bound of

the form

hIEIl\lglf logsgelgP(X(-; x) € A(T;x))

. e
> _sup inf 4L / 10, = A)F(E) + F(0® = F(8)]12 dt (5.33)
TER f;égz;x) 4 Jo py

N

—1(f)
where X is a compact subset of C™* and A(T;z) C {f : (0,7) — C~“} is open.
This bound is an immediate consequence of [HW15] and the remark that the

solution map
e x (€)' 5 (2, {8}, ) = X(s2) e C™

is jointly continuous on compact time intervals. This estimate implies a “nice”
lower bound for the probabilities P(X (-;z) € A(T;x)) if a suitable path f €
A(T; z) is chosen.

In the next proposition we use the lower bound (5.33) for suitable sets N and
A(T; x) to estimate probabilities of the entry time of X in a neighbourhood of
+1. We construct a path f(-;z) and obtain bounds on /(f(-;2)) uniformly in
r €N,

Proposition 5.20. Let i, > 0 and
o(x) = inf {t >0: min || X(t7) — 2le-c0 < 50} :
z.€{—1,1}
For every R,b > 0 there exists Ty > 0 such that
sup  P(o(z) >Tp) <1 —eb°,

lzllg—ao <R

Proof. First notice that

Plo(x) <Tp) = P(|| X (Ti;x) — (£1)]|¢-a0 < o for some T, < Tp).
::AE“o;x)
By the large deviation estimate (5.33) it suffices to bound
sup inf  I(f(-;2)).

Ca fFEA(Tosx)
lzllg—ag <R f(O):Oac
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We construct a suitable path g € A(T}; x) and we use the trivial inequality

sup inf I(f(s2) < sup  I(g(:;2))
IlelcfaoﬁRf?(‘})()TZOf) 2]l g—ag <R

We now give the construction of g which involves 5 different steps. In Steps
1, 3 and 5, g follows the deterministic flow. The contribution of these steps to
the energy functional [ is zero. On Steps 2 and 3, ¢ is constructed by linear
interpolation. The contribution of these steps is estimated by Lemma 5.21.
Below we write X..(+; ) to denote the solution of (5.2) with initial condition z.
We also pass through the space 8%72 to use convergence results for X . (-; )
which hold in this topology (see Propositions G.1 and G.2).
Step 1 (Smoothness of initial condition via the deterministic flow):

Let 73 = 1. For t € [0, 7] we set g(t; ) = Xget(t; ). By Proposition G.3 there
exist C' = C(r) > 0 and A > 0 such that

sup || Xaer(1; ) ||e2r < C.
lzllo—ao <R
Step 2 (Reach points that lead to a stationary solution):
By Step 1 g(71;x) € Be2+a(0;C) uniformly for ||z]|c-a0 < R. Let 6 > 0 to
be fixed below. By compactness there exists {y; }1<;<n such that Be2+,(0; C) is

covered by U;<;< NBB%,Q(y,-; §). Here we use that C*** is compactly embedded in
B%)Q (see Proposition A.4).

Without loss of generality we assume that {y;}1<;<x is such that y; € C*
and X (t; y;) converges to a stationary solution —1,0, 1 in B%’z. Otherwise we
choose {y; }1<i<y € Bpy,(yi;0) such that y7 € C* and relabel them. This is
possible because of Proposition G.1.

Let 75 = 7 + 7, for 7 > 0 which we fix below. For ¢ € [, T3] we set g(t;z) =
g(m;2) + 2" (yi — g(71; 7)), where y; is such that g(7i;2) € By, (i; 0).

Step 3 (Follow the deterministic flow to reach a stationary solution):

Let T be such that Xy (t;y;) € By, (x4;0) for every t > T}, where z, €
{—1,0,1} is the limit of Xy (t; y;) in B 5, for {y; }1<i<n as in Step 2. Let 73 = 75+
max <<y 1;7V1. Fort € [, T3] we set g(t;2) = Xger(t—72;4i). If Xger(T3—70;95) €
BB%Q(j:l; ) we stop here. Otherwise X (73 — T2; ;) € BB%Q(O; 9) N Be2ia(0; C)

(here we use again Proposition G.3 to ensure that X ., (73 — 72; ;) € Be21a(0; ()

and we proceed to Steps 4 and 5.
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Step 4 (Move to a point nearby which leads to a stable solution):

We choose yy € Bpg;_(0;0) such that yo € C* and Xy (t;y0) converges to
either 1 or —1 in 8%72. This is possible because of Proposition G.2.
Let 74, = 73 + 7 for 7 > 0 as in Step 2 which we fix below. For t € [r3, 74] we

t—T73

set g(t;x) = g(73;2) + -2 (yo — 9(73;2)).

Step 5 (Follow the deterministic flow again to finally reach a stable solution):
Let 75 be such that Xge(t;y0) € Bgy, (£1;9) for every t > Tij, where y, is as
in Step 4. Let 75 = 74 + T V 1. For t € [y, 75] we set g(t;x) = Xget(t — 743 y0)-

For the path ¢(-; z) constructed above we see that after time ¢ > 75, g(t; x) €
BB%)Q(jzl; J) for every ||z|| —C~* < R. This implies that ||g(t; ) — (£1)||c-a0 < C9
since by (A.6), By, C C~*. We now choose ¢ > 0 such that C'§ < dy and let
To =75+ 1. Then g € A(Tp; x).

To bound [(g(-;z)) we split our time interval based on the construction of
gie. I = [rp_1,7%| for k = 1,...,4 and I5 = [r5,Ty]. We first notice that for
k=1,3,5

1
1/, 10 — A)g(t; 2) + g(t;2)° — g(t; ) |72 dt = 0

since on these intervals we follow the deterministic flow. For the remaining two

intervals, i.e. k = 2,4, we first notice that by construction
19(T—15 2)lle2ex, |9 (7 ) [[e2er < C.
By (A.4), C*™* C BZ , for every A > 0, hence we also have that

Hg(qu; x)HBgo,gv Hg<Tk; x)HBiﬂ <C.

We can now choose 7 in Steps 2 and 4 according to Lemma 5.21, which implies
that

1
1 [ 0= A)glt;z) + g 2)® — g(t;2)||7. dt < C6.
Iy,
Hence
1 T 3 2
sup (0 — A)g(t; ) + g(t;x)° — g(t; x))||7. dt < C6.
2l p—ag <k 4 Jo
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For b > 0 we choose ) even smaller to ensure that C'0 < b. Finally, by (5.33)
there exists ¢y € (0, 1) such that for every ¢ < g

inf  P(o(z) < Tp) > e ¢

l#llo—ag <R

which completes the proof. O

Lemma 5.21 ([FJL82, Lemma 9.2]). Let f(t) = x + t(y — z) such that

T

2llsz,: 1Ylls3, < R and [l =yl < 0.

There exist T > 0 and C' = C'(R) such that
1 T
1 [ 10= 350+ 707 - ) i < o
0

Proof. We first notice that 9,f(t) = L(y — z), hence [|0,f(t)||;2 < 0. For the
term Af(t) we have

A2 < [|Azl[r2 + 1 AYl> S Nl#llsg, + lYlls, S R

2,2 N

where we use that the Besov space 8572 is equivalent with the Sobolev space H'!.
This is immediate from Definition 1.12 for p = ¢ = 2 if we write || f * 7x|| 2 using
Plancherel’s identity. For the term f(¢)® — f(t) we have

(A.5)
1£@)* = f®llz2 S NFOllzs + 1FOlze S NFOlgg, + 1FOllsg,
(A.6),A>0
S IIf(t)IIZgH + 1FOlls,

A<t

< IF®IE, + 1O,

Hence for C' = C(R)

1 [7 1
5/ 1@ = D) (&) + () = f()][72 dt < —6%+ C.
0
Choosing 7 = § completes the proof. 0

In the next proposition we estimate the tails of the entry time of X in a
neighbourhood of 41 uniformly in the initial condition z. This is achieved by
Proposition 5.20 and the Markov property combined with Theorem 4.1 which
implies that after time ¢ = 1 the process X (-;x) enters a compact subset of the

state space with positive probability uniformly in .
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Proposition 5.22. Let §, > 0 and

o(z) = inf {t >0: min [ X(t2) — 2|c-a0 < (50} .

z.€{—1,1}
For every b > 0 there exist Ty > 0 and ¢, € (0, 1) such that for every € <
sup P(o(z) > mTp) < (1 - e’b/s)m

zeC™™0
Jor everym > 1.
Proof. By Theorem 4.1 and a simple application of Markov’s inequality there

exist Ry > 0 such that
1
sup sup P(||X(1;2)]|c-« > Ro) < =. (5.34)
xeC—20 £€(0,1] 2
By Proposition 5.20 for every b > 0 there exists 7 > 0 and ¢y € (0, 1) such that
for every € < ¢
sup  Plo(x) >Tp) <1-— e b/e (5.35)

2]l ¢—a <Ro

Then for every x € C~* and ¢ < ¢
Plo(z) >Th +1) <E (1{|\X(1;x)|\c,a0gRo}P(U(X(l; z)) = To))

+ P(IX (15 2)le-e0 > Fo)

(5.34),(5.35)
W38 %e—b/a (5.36)

Using the Markov property successively implies for every m > 1 and x € C~°

P(o(z) > m(Ty+1)) < sup P(o(y) > (To+1))P(o(x) > (m—1)(To+1)). (5.37)
yeC— 0
Combining (5.36) and (5.37) we obtain that
1 m

sup P(o(z) >m(To+1)) < (1 - —e_b/£> :

zeC™ 0 2
The last inequality completes the proof if we relabel b and 75, O
Proposition 5.23. Let d) > 0, v1(x), p1(x) as in Definition 5.7, o1 (z) as in (5.11)
and L(vi(x), p1(z);01(x)) as in (5.16). For every k, My,b > 0 there exist Ty > 0
and ¢, € (0, 1) such that for every € < ¢

1
sup P ([L(Vl(x), pr(x);01(2)) + (2 = K)or(x) + Mo]ro > mTo)
Hz_(:‘:l)”c*ao §50

< (1-ef)"

foreverym > 1 andpy > 1 as in (5.16).
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Proof. We first condition on v;(x) to obtain the bound
1
sup P ([L(yl(x), pr(x): 01 (1)) + (2 — K)oy (z) + Myl > mT0>
H"'E_(:tl)”cfao S‘sO

< sup P ([L(0,0(x);0(2)) + (2 = m)o(x) + MoJ# > mTy),

-~

8
m
G
Q
=)
,
\

—#(slo(a) 70 2T,

where o(z) = inf {¢ > 0 : min,_ef_1,1} | X (t;2) — 2.]lc-20 < do}. Let Ty > 1 to be
fixed below and notice that for any 77 > 0

P (g(a(x))% > mT0> <P (g(a(x))% > mTy, o(x) < mTl)

+ P(o(x) > mTh)

[T ]
<P Y Y Li(l,mTy) > m(Ty - C)
k=1 =0 L

for some C' > 0, where in the second inequality we use convexity of the mapping
1

g — gro and the fact that Li(l,0) is increasing in ¢ by Definition 5.9. By

Proposition 5.22 we can choose 7} > 0 and ¢, € (0, 1) such that for every ¢ < g

sup P(o(z) > mTy) < (1 - e_b/g)m.

z€C™ ™0

We also notice that

|mTy |
P> > Lill,mTy) =m(Ty - C)
k=1 1=0,1
|mT1 |
Ty — C’)
< P Lp(l,l+k)>m
“3r| g menen (s

T—C cLy e\ M7}
E ool (e

_nl
1=0,1

where in the first inequality we use that Ly(l,mT}) < Lg(l,l + k), for every
1 <k < |mT], and in the second we use an exponential Chebyshev inequality,

independence and equality in law of the Ly (l,l + k)’s. For any T' > 0 we choose
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¢ = ¢(n) > 0 according to Proposition H.1, Tj sufficiently large and ¢, € (0, 1)

sufficiently small such that for every ¢ < ¢

Z exXp {_Cm (TO2_€ C)} (EeCLl(l’l)/s)mTl < efmT/s.

-nl
1=0,1

Combining all the previous inequalities imply that
1
s P ([L0n(@), p1(@); 01 () + (2 = K)oa(w) + Moo > mTy)
le—(ED)lo—ag <do

< e—mT/a + (1 . e—b/e)m )

This completes the proof if we relabel b since 7' is arbitrary. O

5.2.3.3 Proof of Proposition 5.13

In this section we set

filz) = gn(:c).

gi(z) :== L(vi(x), pi(x); 04(x)) + (2 — K)oy (x) + M.

In this notation the random walk Sy(z) is given by > . (fi(z) — gi(x)) (see
Definition 5.11). B

To prove Proposition 5.13 we first consider a sequence of i.i.d. random
variables {f; };>1 such that f; ~ exp(1). We furthermore assume that the family
{fi}i>1 is independent from both { f;(z)};>1 and {g;(x)}i>1. For A > 0 which we

fix later on, we set

Sn(z) = )\Zﬁ — Zgz(x)
i<N i<N
In the proof of Proposition 5.13 below we compare the random walk Sy (x) with
Sx(z). The idea is that > i<y fi(x) behaves like A ).y f; for suitable A > 0.

In the next proposition we estimate the new random walk S ~n(z) using
stochastic dominance. In particular we assume that the family of random
variables {g;(x)};>; is stochastically dominated by a family of i.i.d. random
variables {g;};>1 which does not depend on x and obtain a lower bound on
P(—Sy(z) < u for every N > 1).

From now on we denote by 1, the law of a random variable Z.
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Proposition 5.24. Assume that there exists a_family of i.i.d. random variables
{Gi}i>1. independent from both {g;(z)}i>1 and { f;}i>1. such that

sup P(gi(z) > g) < P(g; > g)
||x_(:t1)||cfa0 S60

forevery g > 0. Let Sy = )\ZiSNfi — > i<y Ji- Then

inf P(—Sy(z) < u for every N > 1) > P(—Sy < u for every N > 1).
o= (1) g <o

Proof. Let

Gn(x,u) = P(=Sy(z) < u for every N > M > 1).
Gy(u) = IF’(—SM < u forevery N > M > 1).

We first prove that for every N > 1 and every z
Gy(z,u) > Gn(u). (5.38)

For N = 1 we have that

o0

Gilau) = =M+ 1(e) <) = [ Bloa(a) < et Af) g ()

> [ B < uk A (4) = BN 50 < ) = Giw)
0

Let us assume that (5.38) holds for N. Let 0By = {y : ||y — (£1)]|c-a0 = do}.
Conditioning on ( fi01(x), X (1a(2); :17)) and using independence of f; from the

joint law of (g (), X (r2(x); x)) we notice that

Gni1 (377 U)

= / / Gn (Y, u+ A = g) g1 (2). X (va(a):)) ( gy dy) 7, (df)
0 Joutrfxom
(65.38) [
> / / Gn(u+Af = 9) W (@) X (@) (dg, dy) g, (df)
0 JloutrfxoB
— [ Gl A = g o (dg) g () (5.39
0 J[ouraf

In the last equality above we use that Gy(u + Af — ¢g) does not depend on v,

hence we can drop the integral with respect to y. Let

H(9) = 1yg<uannGr(u+ Af —g).
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Then for fixed u, f > 0, H is decreasing with respect to g. By Lemma 1.1
[ G AT ) (de) = [ B (de) 2 [ Hlg)m (o)
0,u+A
z/ Gn(u+Af —g)pg (dg).
[0,u+Af]

Integrating the last inequality with respect to f with pu 7, and combining with
(5.39) we obtain

Guale)= [ [ Gulus A = ) s(dg) 15 (4) = Govasla)
0 [0,u+Af]
which proves (5.38). If we now take N — oo in (5.38) we get for arbitrary x
G(x,u) > G(u)

which completes the proof. O

In the next proposition we prove existence of a family of random variables
{3:}i>1 that satisfy the assumption of Proposition 5.24 and estimate their first

moment.

Proposition 5.25. There exists a _family of i.i.d. random variables {§;};>1, inde-
pendent from both {g;(z)}i>1 and { f}i>1, such that

sup P(gi(x) > g) <P(g: > g),
l2—(£1) | o—ap <60

and furthermore for every b > 0 there exist ¢g € (0,1) and C' > 0 such that for

every € < g
Egl S C’eb/a.
Proof. We first notice that by the Markov property

sup P(gi(z) > g) < sup P(gi(z) > g).

llz—(EDNl c—ag <do llz—(£1) ]l p—ap <b0

Let F'(g) be the right continuous version of the increasing function

1— sup P(gi(z) = g).

zeC™™0
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We consider a family of i.i.d. random variables such {g;}:;>1 independent from
both {g;()}i>1 and {f;};>1 such that P(§; < g) = F(g). To estimate Eg; let
c. > 0 to be fixed below. We notice that
1 1 —1\ Po 1
Eg; < supge " Eexp {csng} < (poe ) E exp {csgfo} . (5.40)

g9=>0 Ce

For b > 0 we choose Ty > 0 and ¢, € (0, 1) as in Proposition 5.23. Then for every

e < ¢gg

1 00
E exp {csng} =1 +/ c.e“IP (”’0
0

(m+1)To
<1+ZP(§{’O >mT0)/ c.e“Ydg

m>0

:1—1-2 sup ( ()%zmTo)

256 la— (Dl —ag <60

(m+1)Ty
X / c.e“?dg

mTy

<1 Y e (1 o tfe)”

m>0

1
where in the last inequality we estimate P <g1 ()P0 > mT(]) using Proposition

5.23. We now choose ¢, > 0 such that ¢. Ty = log (1 + e*b/g). Then

E exp {6591’}“} <1+ (1+e79) Z (14ete)™ (1= e t/=)"

m>0
<142 Z e 2/%)
m>0
=1+ 22/¢,

Finally, by (5.40) we obtain that

-1 po

- poe” 1o 2b/e

Eh <|———— 142
= <log (1 —i—e—b/“?)) (1+2¢57)

which completes the proof if we relabel b. O

Remark 5.26. In the proof of Proposition 5.25 we use stretched exponential
moments of g;, although we only need 1st moments (see Lemma 5.28 below).

This simplifies our calculations.
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From now on we let Sy = AY,_ fi — 32,y §i for {§}i>1 as in Proposition

5.25. In the next proposition we explicitly compute the probability
P(—S’N < 0 for every N > 1).

The proof is essentially the same as the classical Cramér-Lundberg estimate
(see [EKM97, Chapter 1.2]). We present it here for the reader’s convenience.
Proposition 5.27. For the random walk S n the following estimate holds,

- 1
P(—Sy <0 forevery N >1)=1-— XEgl.

Proqf. Let G(u) = P(—Sy < u for every N > 1). Conditioning on (fi, ) and

using independence we notice that
G(u)

N N
:]P’(—)\Zj:iJrzgi§u+)\f1—§1foreveryN22, —)\fl+§1§u>

=2 =2

00 u+Af
=/ / Gu+ A\ — g) i (dg) g, (df)
0 0 ~
oo _ f
— %e““/ e‘f“/o G(f = 9) ug (dg) df (5.41)

where in the last equality we use that fl ~ exp(1) and we also make the change
of variables f = u + \f. This implies that G (u) is differentiable with respect to

u and in particular

6(0) = 16(0) ~ 1 [ Ga = g) s (dg).

Integrating the last equation form 0 to u we obtain that

G(u)ZG(x,O)—i-%/OuG(u—H)dﬁ—%/OU/OUG(H—g)ugl(dg)dﬂ. (5.42)
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Let F(g) := 114,([0, g]). A simple integration by parts implies

r

u

G(u — g) pg (dg) du

S~

' ([G<u ~ o+ [ 96— 9@ ) da
e

du+//8G g9)daF(g)dg

G(0)F <>du—/ G- g) Flg)dg

0

Il
o\o\o\

= /" G(u—g)F(g)dg. (5.43)

Combining (5.42) and (5.43) we get

Glu) = G(0) + 1 /O Glu — @) di — %/OU G(u — @) F (@) .

By taking u — oo in the last equation and using the dominated convergence

theorem and the law of large numbers we finally obtain

1
1=G(0)+ XEgl

which completes the proof. O
Combining Propositions 5.24, 5.25 and 5.27 we obtain the following lemma.

Lemma 5.28. For any b > 0 there exist ¢y € (0,1) and C' > 0 such that for every

e <egp

Q eb/e
inf P(—Sn(z) <0forevery N >1)>1-C
llz—(£D)]l o —ag <00 (=Sv(z) < 0f ryN=1) = S

Proof. By Propositions 5.24, 5.25 and 5.27 and
inf P(—Sy(x) < 0 for every N > 1
H.’B—(:‘:l)”c7a0 SLSO ( N< ) - ry - )

P(—Sy < 0 for every N > 1)
1

=1—--Eq.
\ g1

Moreover, by Proposition 5.25 for every b > 0 there exist €5 € (0,1) and C' > 0
such that for every ¢ < ¢y, Eg; < Ceb’c which completes the proof. O
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We are now ready to prove Proposition 5.13 which is the main goal of this

section.

Proof of Proposition 5.13. We estimate P(Sy(z) < 0 for some N > 1) in the fol-

lowing way,

P(—Sn(z) > 0 for some N > 1)

§P<—Zfi(x)+)\2fiZOforsomeNZl)

i<N i<N
+ }P’(—SN(x) > 0 for some N > 1). (5.44)

The second term on the right hand side can be estimated by Lemma 5.28 which

provides a bound of the form

~ b/e
sup P(—Sn(z) > 0 for some N > 1) < Ce . (5.45)
o= (21) | —aq <60 )

For the first term we notice that

P(—Zfi(x)+)\2ﬁ20forsome]\721)

i<N <N

sZP(—Zﬁ(x)H ﬁ-ZO)
N>1 i<N i<N

< ZIP’ (exp{—%Zfi(x)—i-%Zﬁ} > 1) )
N>1 i<N i<N

By Markov’s inequality, independence of { f;(z)};>; and {f;};>; and equality in
law of the fi’s the last inequality implies that

P(—Zfi(x)—k)\z:fiZOforsomeN21)

i<N i<N
1 A\
< ZEexp{—ﬁZﬁ(m)} <Eexp{§1}> . (5.46)
N>1 i<N R

=:In(z) <2N since fi~exp(1)



CHAPTER 5. METASTABILITY 106

Let g9 € (0, 1) as in Proposition 5.19. Then for every ¢ < g

N
1
In(z) < sup ]Eexp{——fl(:z:)}
llo—(£1)]| - aq <00 2A

1
< ( sup . []EGXP {—ﬁfl(x)} 1is (2)>e200/¢)

[z—(EDl—ag <

N
P (fi(w) < ) } )
< (efeho/f/z/\ + e3ao/€>N ,

where in the first inequality we use the Markov property and in the last we
use Proposition 5.19. If we choose 5 = e~ (?%0~Y)/¢ and choose ¢, € (0,1) even

smaller the last inequality implies that for every € < ¢

_ob/e _ N B
sup IN(I> S (e € +e 3a0/€> S e 5(10N/2€.
”‘z_(il)llcfoto S(SO

Combining with (5.46) we find ¢, € (0, 1) such that for every ¢ < ¢

sup ( Zf’ +/\Zﬁ~20forsomeN21>

lz— (£l g —ag <do i<N i<N
—2a0/8

—5aoN/2eN —2aoN/e __
< Z e V90 27 < Z e %0 T T sae (5.47)
N>1 N>1

Finally (5.44), (5.45) and (5.47) imply that

P(—S 0 f N 1 c eb/ € eano/e

- > >1) <

||x—(:i:18)1||1§,a0 5 (—Sn(z) > 0 for some N > 1) < oCao—b)/e ' ] _ o—2a0/e
which completes the proof since b is arbitrary. n

5.3 Applications to Eyring-Kramers Law

In this section we consider the spatial Galerkin approximation X~ (-; z) of X (-; x)

given by

(0 — A)XN = Ly ((XY)" = XY 3Ry XY ) + V2ctn
XN|t:0 = IN

(5.48)
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where Il is the projection on {f € L?: f(z) = >,y F(k)L2e2mik=/LY ¢ —
Iyé, oy = lyz and Ry is as in (2.9). Here for k € Z* we set |k| = |ki| V |ka.
In this notation we have that [Iyf = f % Dy, where Dy is the 2-dimensional
square Dirichlet kernel given by Dy (2) = >_ <y L—2e?mik2/L
To treat (5.48) we write XV (-;2) = vV (-;2) + e21V(+; 2) for
(0 — (A=D1 = Va2ey
™(0) = 0.

Then vV (-; ) solves
N _ N\3 N NY2_1,N N _esN 2pN
, — - _
(& — A)v Ty (vV)? + oV — Iy (3@ 2eitV 4 3uNeyN 4ty )
+ 263tV (5.49)
UN’t:OZxN

where vV = (TN)2 — Ry and vV = (TN)3 — 3RNTV.
For ¢ € (0,1/2) and o > 0 we define the symmetric subsets A and B of C™¢
by

A={feC*:fel-1-6,-1+40], f—feD.} (5.50)
B:={feC:fe[l-61+6,f—feD} (5.51)

where D is a closed ball of radius § in C~® and f = L™2(f, 1). If necessary we
write A(c;0) and B(a; d) to denote the specific value of the parameters « and 4.
Last for x € A we define

(XN (;z)) ==inf {t > 0: X" (t;z) € B}
and

75(X(;2)) :=inf{t > 0: X(t;x) € B}.
For k € 72 let

ol k| 2 o k| \ 2
)\k::( I|,|) — 1 and yk::( Il/l) +2 =X+ 3.

The sequences {\; }rczz and {vy }rcz2 are the eigenvalues of the operators —A —1
and —A + 2 endowed with periodic boundary conditions.
The next theorem is essentially [BDGW17, Theorem 2.3].
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Theorem 5.29 ((BDGW17, Theorem 2.3]). Let 0 < L < 2x. Foreverya > 0, 6 €
(0,1/2) and ¢ € (0,1) there exists a sequence { .y} n>1 of probability measures

concentrated on 0 A such that

N—oo

limsup [ Era(X¥(50)) peo(d)

- |)\0| = A+ 2
(5.52)
liminf/ETB(XN(-;x)),u&N(dx)
N—o0
2m A {”k - Ak} (VO-V(-1)/
> f(1—c_e
~ A kle_Z[2 v Pl +2 " (1=e-e)

where the constants c,. and c_ are uniforminec.

Proof. The proof of (5.52) is given in [BDGW17, Sections 4 and 5], but the
following should be modified.

e In [BDGW17], the sets A and B are defined as in (5.50) and (5.51) with D |
replaced by a ball in H* for s < 0. The explicit form of D, is only used in
[BDGW17, Lemma 5.9]. There the authors consider the 0-mean Gaussian
measure ;- with quadratic form - (||[V f||2, — ||/ — f||%.). and prove that
D, has probability bounded from below by 1 — c£?. Here we assume that
D, isaballin C™“. To obtain the same estimate for this set, we first notice

that the random field f associated with the measure 7; satisfies

< eloge~tlog A\

E(f, L—2e2i7rk~/L>

for every k € Z?, where the explicit constant depends on L. This decay
of the Fourier modes of f and [MWX17, Proposition 3.6] imply that the
measure ”yol is concentrated in C™¢, for every o > 0, which in turn implies
[BDGW17, Lemma 5.9] for the set D considered here.

¢ In [BDGW17], the authors consider (5.48) with } replaced by

1 1
NET 2

[k|<N
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and obtain (5.52) with the pre-factor given by
27 |)\k| vV — /\k . 21 |)\k| 3L20N
— — = lim — — — .
’)\0’ H VL xPp { )\k Nl—r>noo |/\0| H xp 2

In our case one can check by (2.9) that Ry is given by

1 1
%N_ﬁ Z |>\k—|—2|.

[k|<N

According to [BDGW17, Remark 2.5] this choice of renormalisation con-
stant modifies [BDGW 17, Theorem 2.3] by multiplying the pre-factor there
with

exp {—3L2 lim (Ry — Cy) /2/\0} .

Remark 5.30. The finite dimensional measure ji. x in (5.52) is given by

1
n(df) = —V(IInf)/e d
pen(df) apa (D" pa(df),

where py4 p is a probability measure concentrated on A, called the equilibrium
measure, and cap ,(B) is a normalisation constant. Under this measure and
the assumption that the sets A and B are symmetric, the integrals appearing

in (5.52) can be rewritten using potential theory as

1 - 3
/ETB(XN('§x))Ms,N(d:E) = WA(B)/R@NHQ e VIND/e g,

This formula is derived in [BDGW 17, Section 3] and it is then analysed to obtain
(5.52).

In the next theorem, which is the main result of this section, we generalise
(5.52) for the limiting process X ('; x) for fixed initial condition x in a suitable
neighbourhood of —1. By symmetry the same results holds if we swap the
neighbourhoods of —1 and 1 below.

Theorem 5.31. There exist §; > 0 such that the following holds. For every
a € (0,ap) and 6 € (0,d) there existc,,c_ > 0 and ey € (0, 1) such that for every
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e <egp

sup  E7p(as) (X (7))

z€A(ap;0)
o | A Ve — Mo | (viov—v(—
< — —ex e( O)=V(=1)/e 14+ cive).
= Tl IE I v (1+eve)
kez?
(5.53)
inf  E7pas (X (-
:DEflll(lao;é) TB( ’6)< ( x»
2m | Ak | {Vk_)‘k} V(0)—V (-1
> — T exp § = teVOVED/E (] ¢ g,
‘ 0‘ ng Vi )\k+2
Proof. See Section 5.3.83. O

To prove this theorem we first fix o € (0, o) and pass to the limit as N — oo
in (5.52) to prove a version of (5.53) where the initial condition = is averaged
with respect to a measure p. concentrated on a closed ball with respect to the
weaker topology C~° (see Proposition 5.36). This measure is the weak limit, up
to a subsequence, of the measures i, y in Theorem 5.29. We then use our “ex-
ponential loss of memory” result, Theorem 5.3, to pass from averages of initial
conditions with respect to the limiting measure y. to fixed initial conditions.

The rest of this section is structured as follows. In Section 5.3.1 we prove
convergence of the Galerkin approximations X% (;zy) and obtain estimates
uniform in the initial condition z and the regularisation parameter N. In Section
5.3.2 we prove uniform integrability of the stopping times 75(X (-; z)) and pass
to the limit as N — oo in (5.52). Finally in Section 5.3.3 we prove Theorem
5.31.

5.3.1 Convergence and A Priori Estimates of the Galerkin
Scheme
In the next proposition we use convergence of the stochastic objects \V (see

2.3) to prove convergence of XV (-;xy) to X(-;x) in C([0,T];C™%). This is a

technical result and the proof is given in the Appendix.

Proposition 5.32. Let X C C™*° be bounded and assume that for every r € R,

there exists a sequence {zy } n>1 such that xy — x uniformly in x. Then for every
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a€ (0,ap) and0 <s<T

lim sup sup [|X(t2w) — X () oo = 0
N—00 2eR te[s,T]

in probability.
Proof. See Appendix J. O

The next proposition provides a bound for X ™ (; ) uniformly in the initial
condition z and the regularisation parameter N in the B, 5 norm, for 0 < o < ap.
This result has already been established in Theorem 4.1 for the limiting process
X(+;z) in the C® norm. There (5.6) is tested with v(-;z)P~!, for p > 2 even,
to bound ||v(-;z)||z» by using the “good” sign of the non-linear term —v®. In
the case of (5.49) this argument allows us to bound ||v"(+; z)||z» for p = 2 only,

because of the projection Il in front of the non-linearity.

Proposition 5.33. For every « € (0, ap] and p > 1 we have that

sup sup supt2E[| XN (s;z)|P_. < oo. (5.54)
N>1gzec—a0 t<1 2,2

Proof. Proceeding exactly as in the proof of Proposition 3.10 we first show that
there exist « € (0,1) and p,, > 1 such that for every ¢t € (0, 1)

s<t

3 3
o™ () ||2: St v (Z ¢ (= Dpn gy g (v 1)pn |e2 N (s) ]é"a> (5.55)
n=1
for every o/ € (0,1), uniformly in z € C~*. We then proceed as in the proof
of Theorem 4.1 and use (5.55) to prove (5.54). The only difference is that here
we use the norm || - ||5-s and the embedding L? — B;5 on the level of v"(-; z)

together with the fact that

P
sup E (sup t("l)“/H"\"/'N(t)Hca) < 00

N>1 t<1

for every o,/ > 0 and p > 1, which is immediate from Propositions 2.2 and
2.3. O]
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5.3.2 Passing to the Limit

In this section we pass to the limit as N — oo in (5.52) using uniform in-
tegrability of the stopping time 73(X™(-;x)). To obtain uniform integrability
we prove exponential moment bounds for 75(X™(-;x)) uniformly in the ini-
tial condition z € C~®° and the regularisation parameter N. We first bound
P (5(X"(:;x)) > 1) using a support theorem and a strong dissipative bound
for X" (-;2) in C™®. A support theorem for the limiting process X (-; ) has al-
ready been established in Corollary 4.18. To use it for XV (;x), we combine it
with the convergence result in Proposition 5.32. To obtain a strong dissipative
bound for XV (-; ) in C~® we first use Proposition 5.33 which implies the bound
in B,5 and then use Proposition K.2 to pass from the 5,5 norm to the C™¢

norm.

Proposition 5.34. For every a € (0,a9), 6 € (0,1/2) and e € (0,1) there exist
co € (0,1) and Ny > 1 such that for every N > N,

sup P (t5(XV(52)) > 1) <o

xeC™™0

Proof. Let o € (0, ap) and let X be a compact subset of C~*° which we fix below.
Using the Markov property

P(rp(X"(12)) > 1) < SEEP(TB(XN(-;y)) > 1/2) P(X™(1/2;2) € X)

+P(XN(1/2;2) ¢ N).
The proof is complete if for every N > N,

sup P(7p(XN(:;y) > 1/2) <1, sup P(XN(1/2;2) ¢ R) < 1. (5.56)

yeR x€C20

We notice that there exists ¢’ > 0 such that for any y € N
P(rp(X"(y)) < 1/2) 2 P(XY(1/2:y) € B) 2 P(X(1/2;y) € Be-a(1;9))
~P(IXV(1/2y) - X1/2 e >5) . 6.57)
Here we use that if || X (1/2;y) — 1|lc-a, | XN (1/2;9) — X(1/2;y)||c-« < &', then

XN(1/2;y) € B for ¢ sufficiently small. By the support theorem Corollary 4.18
there exists ¢; = ¢;(0,¢) > 0 such that

inf P (X(1/2;y) € Be-a(1:0') 2 e1. (5.58)
Yy
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On the other hand Proposition 5.32 implies that
XN(1/2) = X(1/25y)

in C™* in probability uniformly in y € R. Hence there exists Ny > 1 such that
for every N > N,

SHSP (IXN(1/25y) — X(1/29)[le- > 6/2) < /2. (5.59)
ye

Plugging (5.58) and (5.59) in (5.57) implies the first bound in (5.56).
We now prove the second bound in (5.56). By the Markov inequality for every
R>0

1
P(IXY(1/450) 5y = R) < ZEIXY(1/40) |55

By (5.54) the expectation on the right hand side of the last inequality is uniformly
bounded over z € C~“° and N > 1. Thus choosing R > ( large enough

1
sup P <||XN(1/4;g;)||3£g > R) <3 (5.60)

zeC™ 0

By Proposition K.2 for every K, R > 0 there exist C = C'(K, R) such that

sup P (XY (1/45y) e > C) <P (Stggﬁ(”‘”allkgvjv(t)llca > K) .

Yl ,—a <R
I \\5275

Choosing K sufficiently large, combining the last inequality with Propositions

2.2 and 2.3 and using the Markov inequality imply that

1
sip P (XY (1/45y) e > C) < 5. (5.61)

IIstig <R
Using the Markov property and (5.60) and (5.61) we get for arbitrary x € C~*°

P (XY (1/2 )¢ > C)
<P (XY (1/42) |55 < R) sup P(IXY(1/4;p)llc-e > C)

yeBig

+ P (XN (1/42)] 55 > R)

A
o

We finally notice that for every a < ap the set X = {f € C™* : ||f||c-« < C} is

compact in C~* which implies the second bound in (5.56). ]
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In the next corollary we use Proposition 5.34 to prove exponential moments

for the stopping time 75(X " (-; z)).
Corollary 5.35. For every 6 > 0 and ¢ € (0,1) there exist g > 0 and Ny > 1
such that

sup sup Eexp{nors(X" (1))} < cc.

N>No zeC~20
Proof. By the Markov property we have that

P(rp(X"(2)) 2 k+1) < sup P(rp(X" (1)) > 1) P(7a(X 7 () > k).

yeC— 20
Iterating this inequality and using Proposition 5.34 we obtain that
sup P(rp(XV(52)) > k+1) <t

reC™ 0
Then

Eexp{nors(X"(2))} =1+ /OOO o™ P(rp(X N (@) > t)dt
<1+ iP(TB(XN(';x)) > k) /kH noe™ dt

oo
<1+e™ E ek ch
k=0

and the proof is complete if we choose 7y < log ¢, L O

In the next proposition we pass to the limit as N — oo in (5.52). Here we
use Corollary 5.35, which implies uniform integrability of 75(X " (-;x)), and the

weak convergence of the measures fi. .

Proposition 5.36. For every o € (0,a9), d € (0,1/2) except possibly a countable
subset, and ¢ € (0, 1) there exists a probability measure 1. € M; (A(y;6)) such
that

/ E ey (X (- 2)) e da)

SER(D ! Sl Py LG

A+ 2
(5.62)
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where the constants c; and c_ are uniformine.

Proof. We only prove the upper bound in 5.62. The lower bound follows simi-
larly.

Let a € (0,9) and ¢ € (0,1/2). Using the compact embedding C~* < C~*°
(see Proposition A.4), for any a < «p, we have that A(a;d) C A(ap;0). Let
{#te n}n>1 be the family of probability measures in (5.52). Using again the
compact embedding C™ — C~?, for any o < «p, this family is trivially tight
since it is concentrated on 0A(«; d). Hence there exists p. € Mj (A(ap; d)) such
that p. N ng e up to a subsequence.

By Skorokhod’s represantation theorem (see [DPZ92, Theorem 2.4]) there ex-
ist a probability space (€2, F,,,P,) and random variables {zx } y>1 and x taking
values in A(«p; d) such that zy aw N, T aw te and xy — o P, -almost surely in
C~?. If we denote by Epgp,_ the expectation of the probability measure P P,_,
we have that

Erse,, () (XY (- 2x)) = / Er (e (X (5 2)) v ( da)
(5.63)

Epep,. TB(a:) (X (7)) = /]ETB(a;s) (X (7)) pe(dw).
By Proposition 5.32 X" (-;zy) converges to X(-;z) P ® P,_-almost surely on
compact time intervals of (0,00) up to a subsequence. Let

L= {6 € (0,1/2) : P (Tp(as(-) is discontinuous on X (-;z)) > 0}
and notice that if M denotes the mapping

te [LX(t52), 1) = 1V [ X (f2) = L7(X (), 1)Je-o
then

L C {0 € (0,1/2) : P(M has a local minimum at height §) > 0} .
As in [MW17c, Proof of Theorem 6.1] the last set is at most countable, hence
TBa:s) (XN (5 2N)) = TB(a) (X (+;2)), PP, -almost surely up to a subsequence,
except possibly a countable number of § € (0,1/2).

By Corollary 5.35 the family {7545 (X" (-;2))} N>, is uniformly integrable.

Hence by Vitali’s convergence theorem (see [Bog07, Theorem 4.5.4]) we obtain
that

Epgp,, TB(a;6) (XN('; rN)) — Epgp,, TB(as0) (X (7))
Combining with (5.52) and (5.63) the proof of the upper bound is complete. [
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5.3.3 An Eyring-Kramers Law

In this section we combine Proposition 5.36 and Theorem 5.3 to prove Theorem
5.31. The idea we use here was first implemented in the 1-dimensional case
in [BG13]. Generally speaking, if we restrict ourselves on the event where the
first transition happens after the “exponential loss of memory”, Tg(a:5) (X (+; 7))
behaves like [ 7p(a:s)(X (3 2)) pe(dz) for © € A(ag;d). The probability of this
event is quantified by Theorem 5.3 and Proposition 5.37. On the complement
of this event the transition time 74 (X (+;2)) is estimated using Proposition
5.38.

In the next proposition we prove that the first transition from a neighbour-
hood of —1 to a neighbourhood of 1 happens only after some time 7, > 0 with
overwhelming probability. This is a large deviation event which can be estimated
using continuity of X with respect to the initial condition x and the stochastic

objects {5%”\/}71 -5 We sketch the proof for completeness.

Proposition 5.37. For every a € (0,p) and § € (0,1/2) there exist ay, dg, Ty > 0
and gy € (0, 1) such that for every ¢ < g

sup P(Tpas) (X (7)) < Ty) < e /5,

lz—(=Dllc—ap <o

Proof. We first notice that for ||z — (—1)]|c-a0 < o

MmWMMme%nﬂ(wwxmm—ewmmsa)

t<Tp

for some ¢; > 0. Using continuity of X with respect to x and the stochastic
objects {8%\/}” -5 the last probability can be estimated from below uniformly

in ||z — (=1)[|¢-a0 < dp, for g sufficiently small, by

PGM¢X@@—«4m¢%ga)ZP(wmwu>W”dw%vmmwgaﬁ

t<Ty t<Tp

for some d, > 0. Last by Proposition H.1 we find ag > 0 and ¢y € (0, 1) such that

for ever € < g

v <Sup(t AT 2 (#) oo < 62) >1 - e w0/

t<Top

which completes the proof. O
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In the next proposition we estimate the second moment of the transition time
TB(a:0)(X (3 2)) using the large deviation estimate (5.33). The proof combines
the ideas in Propositions 5.20 and 5.22. However here we construct a path g
which is different from the one in the proof of Proposition 5.20 to ensure that
the process X (-; x) returns to a neighbourhood of —1. The same proof implies
exponential moments of the transition time 7p(q,5) (X (-;z)), but it is enough to

estimate the second moment for the proof of Theorem 5.31.

Proposition 5.38. Let o € (0, ) and § € (0,1/2). For every n > 0 there exists
g0 € (0,1) such that for every € < &g

sup ETp(as (X (5 2))? < C2lV(0)=V(=1))+n)/e

xzeC™ 0

for some C' > 0 independent of n and ¢.

Proof. We first prove that for every R,n > 0 there exists 7 > 0 and ¢, € (0,1)

such that for every € < g

sup_ P(Tpa (X (7)) 2 Ty) <1 — o7 VO7VEDIIE,

el —ag <R

We notice that there exists ' > 0 such that

P(T8(a:0) (X (1 2)) < Tp) > P(| X (Ti; ) — 1fje—e < 0’ for some T, < Tj).

=:A(Tp;x)

Here we use that if || X (7,; x)—1||c-« < ¢, for §’ sufficiently small then X (7};z) €
B(a;d). By the large deviation estimate (5.33) we need to bound
sup  sup  I(f(-;)).

2]l o <R fEA(To;x)
f(0)=a

To do so we proceed as in the proof of Proposition 5.20 by constructing a suitable
path g € A(Tp; x). The construction here is similar but some of the steps differ
since we need to ensure that g returns to a neighbourhood of 1. To avoid
repeating ourselves we give a sketch of the proof highlighting the different steps
of the construction.

Steps 1, 2 and 3 are exactly as in the proof of Proposition 5.20. However we
need to distinguish the value of ) there from the value of J in the statement of
the proposition. If g(73;x) € BB%g(l; d) N Be2+x(0; C') we stop at Step 3. If not
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then g(73;2) € 33572(—1;5) N Be2+1(0;C') or BB%,Q(O; d) N Bez(0; C). We only
explain how to proceed in the first case since it also covers the other.

Before we describe the remaining steps we recall that by Proposition G.2
there exist yo _, Yo+ € BB%J(O; ) such that yo _, yo+ € C* and Xgei(t; yo+) — *1
in B} ,. In particular there exists 7 > 0 such that Xt (753 yo,+) € Bgy, (£1;6)N
Bea+a (0;C).

Step 4 (Jump to X (75 yo,— )

Let 74 = 13+ 7, for 7 > 0 as in Step 2 which we fix below according to Lemma

5.21. For t € [r3,74] we set g(t;2) = g(73; %) + T2 Xyer (T3 vo.— ) — g(73; @)).

T4—T3

Step 5 (Follow the deterministic flow backward to reach 0):

Let 75 = 74y + 1. For t € [y, 75] we set g(t;2) = Xger(75 — t; 90— ).
Step 6 (Jump to yo 4):

Let 74 = 75 + 7, for 7 as in Step 4. For t € [75,76] we set g(t;z) = g(75;x) +

t—75

T6—T5 (y0,+ - 9(75; x))'

Step 7 (Follow the deterministic flow forward to reach 1):

Let 77 = 76 + 1. For t € [16, 77| we set g(t;x) = Xaet(t — 765 Y0,+)-
For the path ¢ constructed above we notice that for every ||z|c-a < R, if
t > 17 then g(t;x) € Bgy (1;0). By (A.6), B3, C C™°, for every a > 0, hence if we
choose § sufficiently small and set Ty = 77 + 1 then g € A(Tp; x).
To bound I(g(-;x)) we proceed exactly as in the proof of Proposition 5.20
using Lemma 5.21. But when considering the contribution from Step 5 we get
5
30— M)gttia) + gltia)? — gt

T4

T3
= 2/ (0r Xaet(t; Yo+ ), AXaer (5 yo,+) — Xaer(tYo.+)° + Xaer(t; yo4)) dt
0

= =2 (V(Xaet(T53%0)) — V(yo,+))
<2(V(0) — V(-1)).

In total we obtain the bound

sup  I(g(;x)) <2(V(0) = V(-1)) + C0.
lzllo—ag <R
For n > 0 we choose ¢ even smaller to ensure that C'0 < 7. Then by (5.33) we
find ¢y € (0, 1) such that for every ¢ < g
inf P(rpgas(X(52)) < Tp) > e (VO-VED /e,

l#llo—ag <R
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The next step is to use the this estimate to show that for any n > 0 there exists

g0 € (0,1) and possibly a different 7 > 0 such that for every ¢ < g

sup P (X (32)) 2 mp) < (1= e (VO HIET,
xeC— 0
We omit the proof since it is the same as the one of Proposition 5.22.

Finally we notice that

[e.9]

Erpio(X(:2)7 = [ 26 B(rp(p(X(52)) > ) di

I
S—

00 (m+1)To
<3 Pt (X (52)) > mTy) / ot dt
m=0 mTo
< 2T02 Z(m +1) (1 _ e—[(V(O)—V(—l))+77]/€)m
m=0
- 2T§e2[(V(0)7V(71))+n}/€
which completes the proof. O

Proof of Theorem 5.31. Let

2m [ Ak {”k - Ak} (V(©O)-V(-1))/
Pr(e) = — ex e ©
( ) |)\0| H 14% P )\k —I— 2

keZ?

and ¢ € (0,0y), for oy € (0,1/2) which we fix below.
To prove the upper bound in (5.53) let 0_ < ¢ and 7' > 0 which we also fix
below. For x € A(ap;d-) we define the set

AT(I')

X(t;y) — X(t;
= TB(a;&_)(X('; x)) > T’ sup H ( 73{) ( am)Hcﬁ S Ce_(Q_“)t
7=l o —ap <do ||y - xHC*Oﬂo

for every ¢t > T}

where J; and C' are as in Theorem 5.3. For y € A(qg;0) and x € A(ap;d-) we
have that ||y — x||¢-a0, ||z — (=1)[|c-a0 < dp, if we choose &y sufficiently small.
Furthermore for y € A(ap;0), z € A(ap;d-) and w € Ap(z)

TB(as) (X (5 9)) < TB(aws_) (X (5 7)),
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if we choose 7' sufficiently large. By Proposition 5.37 and Theorem 5.3 there
exist a; > 0 and ¢y € (0,1) such that for every ¢ < ¢

sup  P(Ar(z)%) < sup P(Ap(z)) < e /e,

zeA(a0s-) llz—(=1)llg—arp b0

Then for every y € A(ag;0), © € A(ap;d-) and n > 0, which we fix below, there
exists ¢y € (0, 1) such that for every ¢ < ¢

ETB(Q;d)(X('; y))
< ETp(as ) (X (5 2)) + ET(ass) (X (5 9)) L ar (@)

Cauchy-Schwarz 9 % ey L
< ETB(a;a_)(X('§9U)) + (ETB(a;é)(X(';y)) ) P(Ar(z))?

Prop. 5.38 o
< ETB(a;é,)(X('; :1:)) —+ Ce((v(o)_v(_l))+”_71>/5 (5.64)

for some C' > 0 independent of €. By Proposition 5.36 there exist §_ € (0,0),
cy > 0and pu. € M; (A(ap;0-)) such that for every ¢ € (0,1)

[ By (X (52) e do) < PrE(1 + V)

Integrating (5.64) over x with respect to u. implies that

sup  E7p(a;) (X (5 y)) < Pr(e)
yEA(ap;0)

_a1 2 ’)\k‘ Vi — )\k
1 (n=%)ee | 2T
X | (1+civ/e) +elm 2 ol kle—ZIZ ” exp N2

-1

Let ¢ > 0. Choosing 1 < % we can find ¢ € (0,1) such that for every € < ¢,

-1

o1=3) /e |2_7r H|i:|exp{yk_)\k} < (Ve

Aol kez? A +2

which in turn implies that

wp Bt (X(34)) < PrE) (14 (o5 + )

and proves the upper bound in (5.53).
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To prove the lower bound, we let 0, € (d,0p) which we fix below and for
y € A(ap;0) and = € A(ayg; 04 ) we define the set

BT(yv LL’)

X(t;g) - X(t;
= T (X (1) = T, sup IX(5) = X{E2)er o -2-mn
g2l g—oq <60 17 — 2[lc-e0

for every ¢t > T}.

For y € A(ap;0) and x € A(ap; 04 ) we have that ||y — z||¢c-ao, ||y — (—1)||c=0, ||z —
(—=1)|le-a0 < do, if we choose J, sufficiently small. We also notice that for y €
Ala; 0), x € A(ap; d4) and w € Br(y, x)

TB(a:;) (X (1 2)) < T (X (),

if we choose 7' sufficiently large. By Proposition 5.37 and Theorem 5.3 there
exists a; > 0 and ¢y € (0, 1) such that for every ¢ < ¢

sup  P(Br(y,x)°) < sup P(Br(y,z)°) < e /e,
yEA(ao;0) ly— (=Dl o —ap <do
z€A(a0;04) 2= (=1)[l p—ag <do

Then for every y € A(ap;9), x € A(ap; 04 ) and € < g9

ETB(@;(S) (X(7 y))
> ETB(a;5+) (X<? m))lBT(y,:p)
= E78(0:5.) (X (7)) = ETp(ass,) (X (5 2)) 1By (y.0)e

Cauchy-Schwarz

> Bty (X (2)) = (Erpas,y (X (5 2))2)* P (Br(y, 2)°)
> Erp(asy) (X(52)) = (ETnas) (X (52))?) 2 e/

D=

and we proceed as in the case of the upper bound, using Proposition 5.38
for E7p(a:s,)(X(+;2))? and Proposition 5.36 to find 0, € (6,d)), c- > 0 and
pe € My (A(ap;d4)) such that for every € € (0,1)

[ Ermias (i) el da) 2 Pre)(1 — ).



Appendix

Appendix A

In this appendix we present several useful results from [MW17c, MW17b] about
Besov spaces. For a complete survey of the full-space analogues of these results
we refer the reader to [BCD11]. A discussion on the validity of these results in
the periodic case can be found in [MW17c, Section 4.2].

The following estimates are immediate from the definition of the Besov norm
(1.13).

1fllszr, < Clflisgz,, . whenever ay < as. A.1)
1fllszr, < I fllz,, , whenever g1 > gs. (A.2)
1fllser,, < Clifllggy,, . whenever pi < p. (A.3)

Proposition A.1 ((MW17c, Remark 9]). Let p,q1,q2 € [1,00] such that ¢o > ¢.

For every as > oy

I fllger. < Cllfllgoz, - (A.4)

Pp1,491 P1,92

Proposition A.2 ((MW17c, Remarks 10 and 11]). For every p € [1, oo}

Oy < 11w < Cll s A.5)

Proposition A.3 ((MW17c, Proposition 2]). Let § > « and p,q > 1 such that
quandﬁsz—i—d(%—%). Then

1fllsg. < Cllfllsp..- (A.6)

p,00 —

Proposition A.4 ([MW17c, Proposition 10]). For every o < «' the embedding

CcY — B, | is compact.

122
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In the following proposition we describe the smoothing properties of the heat

semigroup (em) >0 with generator A in space.

Proposition A.5 ((MW17c, Proposition 5]). For every [ > «

oa—

e fllgs, < C(EAD)Z (| g, (A7)

For f,g € C*™ we define the paraproduct f < ¢ and the resonant term f o g
by

f=g:="> 6.f6:g, (A.8)
1<k—1

fogi= > 6. oy (A.9)
[i—k|<1

We also let f > g := g < f. Notice that formally
fog=f=<g+fog+f>y
We then have the following estimates due to Bony.
Proposition A.6 ([BCD11, Theorems 2.82 and 2.85]). Let o, 3 € R and g € C.

i If f e L™,

f = glles < Cllfllz<llgllce-

ii. Ifa<0andfeC?,

f = gllcass < Clflleallglice-

iii. Ifa+p>0andf €C",

foglears < Clflleallglles-

We have the following two propositions for products of distributions in Besov

spaces.

Proposition A.7 ((MW17c, Corollary 1]). Letw > 0 and p, q € [1,0]. Then

1f9llsg, < Cllfllsg, ,, 195

P1,91 po.a (A.10)
— 14 _ 11

where p = o + P andp = o + pod

Proposition A.8 ((MW17c, Corollary 2]). Leta < 0, 8 > 0 such thata + 5 > 0

and p, q € [1,0]. Then

1f9llsg, < Clifllsg, ., 952, , - (A.11)

02,92

wherepzp%—i—éandpzq%%—q%.
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The following is an extension of the L2-inner product in Besov spaces.
Proposition A.9 ((MW17c, Proposition 7]). Let« € [0,1) and p,q,p’,q € [1, 0]

1, 1 _ 1,1 _
suchthatz—j—l—p—landq—i-q, = 1. Then

[(f: 9 < Cllfllsg, gl - (A.12)
We have the following gradient estimates for functions of positive regularity.

Proposition A.10 ([MW17c, Proposition 8]). For every a € (0,1)

£, < C (1N IV A + 1 £ M) - (A.13)

Proposition A.11 ([MW17b, Proposition A.6]). For every p € [1,00)

1 fllss . < CUNV Fllee + (| £l ze)-
Proposition A.12 ([MW17b, Corollary A.8]). Let a > 0 and p, q € [1,0]. Then

1£21s5, < Cllf s 1 £l (A.14)

po.a”
where p = p% + p%.

In the next proposition we prove convergence of the Galerkin approximations
IIy f to f in Besov spaces. Here we use that the projection Il f is defined as the
convolution of f with the 2-dimensional square Dirichlet kernel, which satisfies

a logarithmic growth bound in the L' norm.

Proposition A.13. Let Il : L? — L? be the projection on {f € L? : f(z) =
D lk|<N f(k)L™2e%7k=/LY " Then for every o € R, p,q € [1,00] and A > 0

C(log N)?
N f = flisg, < = I llsgpr (A.15)
v fllsg, < ClFllgp- (A.16)

If we furthermore assume that p = 2 then

C
s = g, < vox g a.17

Iy fllsg, < [If]5g,- (A.18)
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Proof. We first notice that for ¢y > ¢y > 0

0 ,if2"<eN

5/&(HNf_f>: .
S f L if2° > N

Let Dy(2) = 3 <y L% #™*/X be the square Dirichlet kernel. Then Il f =
f * Dy. Using the triangle inequality and Young’s inequality for convolution we
have that

10s (T f = ) le < (1PNl 20 + D) 10x f |-

Thus
0 R if 27 S ClN
10T f = e < < Clog NY2||6,. |1, if N < 25 < ;N
16, f || e Cif 2% > N

where in the second case we use that || Dy||.: < (log N)?2. This bound immediate
form the fact that the 2-dimensional square Dirichlet kernel is the product of
two 1-dimensional Dirichlet kernels (see [Gral4, Section 3.1.3]). The last implies
(A.15) and (A.16). For p = 2 we notice that

106N fl[ 22 < 116k 1|22

which implies (A.17) and (A.18). ]

Appendix B

Definition B.1. Let {{(®)},c/2rx7e) Pe @ family of centered Gaussian random

variables on a probability space (€2, F,P) such that

E(§(¢)f(¢)) = <¢a¢>L2(Rde),
for all ¢,v € L*(R x T%). Then ¢ is called a space-time white noise on R x T¢,

The existence of such a family of random variables on some probability space
(Q, F,P) is assured by Kolmogorov’s extension theorem and by definition we
can check that it is linear, i.e. for all \,v € R, ¢,% € L*(R x T%) we have
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that {(A\¢ + ) = A(d) + v€(¢) P-almost surely (see [Nua06, Chapter 1]). We

interpret £(¢) as a stochastic integral and write

| ottas(ar, do) = 00)

for all » € L?(RxT¢). We use this notation, but stress that ¢ is almost surely not
a measure and that the stochastic integral is only defined on a set of measure
one which my depend on the specific choice of ¢.

We also define multiple stochastic integrals (see [Nua06, Chapter 1]) on R X
T for all symmetric functions f in L2 ((]R X Td)”), for some n € N, i.e. functions
such that f(z1, 22, ...,2,) = f(2i,, Zig, - - -, 2, ) for any permutation (iy,is, ..., iy,)
of (1,2,...,n). Here z; is an element of R x T%, for all j € {1,2,...,n}. For such

a symmetric function f we denote its n-th iterated stochastic integral by
In(.f) :/ f(Zl,ZQ,,Zn)f(d21® d22®® dZn)
(RxTd)n

The following theorem can be found in [NuaO6, Theorem 1.1.2].

Theorem B.2. Let F; be the o-algebra generated by the family {£(¢)} el (RxTY)-
Then every element X € L*(1, Fe,P) can be written in the following form

X = E(X) + Z[n(fn)a

where f, € L? ((R X Td)”) are symmetric functions, uniquely determined by X .

This theorem implies that L?*(, F¢,P) can be decomposed into the direct
sum @nzo S,., where Sy := R and

Sp={L,(f): f € L* (R x TY)") symmetric}, (B.1)

for all n > 1. The space S, is called the n-th homogeneous Wiener chaos and
the element /,(f,) the projection of X onto S,,.

Given a symmetric function f € L* (R x T?)"), we have the isometry

E((£))* = 1 gpayey: B2

Furthermore, by Nelson’s estimate (see [Nua0O6, Section 1.4]) for every n > 1
andY € 5,

D
2

E[YP < (p—1)22 (E[Y]?)?, (B.3)

for every p > 2.
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Appendix C

Definition C.1. For symmetric kernels K, Ko

K, % K5 the convolution given by
Kl‘kKQ ZKl —l KQ(Z)
lez?
and for N € N we let
K1 *<N Kg Z Kl —l Kg(l)
<N

as well as

Kl *SN KQ = (Kl *Kg) — (Kl *<N Kg) .

Y/

127

(0,00) we denote by

We are interested in symmetric kernels K for which there exists a € (0, 1]

such that

1

Kim) < O mpy

In the spirit of [Hail4, Lemma 10.14] we have the following lemma.

Lemma C.2. Leta, 3 € (0,1] suchthata+3—1> 0andlet K|, K, : Z* — (0, 00)

be symmetric kernels such that

1
K <(C—— K. <
1<m) = C(l + |m|2)a7 2(m) = C
Ifa <1lorf( <1 then

1
(1 + |m[2)eth-1

Kl *Kz(m) S C

1
Ky *SN Kg(m) <(C (1+|m|2)oth-1>
1
AHIN) BT
andifa = =1

log |m| Vv 1

K+« K <
e

log |m|V1 Lf|m| > N

K1 *SN KQ(TR) < C Ltm|* 2

log |[N|V1 yc’m‘ <N ’

1+N]2

(1 + |m[*)%

iflm| = N
if|m| < N
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Proof. We only prove the estimates for K; x K. The corresponding estimates for

K %<y K5 can be proven in a similar way. We consider the following regions of

72,
2

Azz{l;u_mg@},

|m| |m|
3 {l 5 < || <2lm|, [l = m| > 5 (-
={l:]l] >2|m|}.

For every [ € A; we notice that |m — (| > 3|m| , which implies that

2 Kalm = D) 3 1+\m| = 2 ol

leA; leAy
) 5 <1
T @ ife=1
By symmetry we get that
1+|m[2)o—1 .
S Km0 £ { e o<t
leAs T m2)P ifa=1

For the summation over A; we notice that

+8°
S W+ Py

Finally, for [ € A, we have that |m — | > % which implies that

1 1
Z Ky(m = DK (1) S Z (1 + [1]2)tB N (1+ [m[2)eth’

leAy [1|>2|m]|

Combining all the above we thus obtain the appropriate estimate on K Ky(m).

O

Because we are interested in nested convolutions of the same kernel we

introduce the following recursive notation

K« K=K, K+ K=Kx* K+ "K),
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for every n > 2, with the obvious interpretation for K %2y K and K %y K. We
then have the following corollary, the proof of which is omitted since it is an

immediate consequence of Lemma C.2.

Corollary C.3. Let K be a symmetric kernel as above for some o € (%*,1]. If
a < 1 then

1

K«"K <C
* (m) = (1 + |m‘2)na7(n71)

N S .
Kxiy K(m)<C (I+[m[2)re—(m=1)> ifjm| > N

Wa iflm| < N
andifa =1
1
K" Km<(C————-u—
) < O Ty

1 .
K xsy K(m) < ¢ { (FmP=e iflm| > N
e Ulml <N

Joreverye € (0,1).

Appendix D

Proof of Theorem 2.1. Let ¢, ¢» € L? and notice that for ¢;,t, > —00 by (B.2)
E(N_w(t1), ¢1) (V'—ao(t2), d2)
t1At2 n
= n'/ ¢1(21)¢2(22) (/ H(ty +to — 2r, 21 — 29) dr) dz; dzy,
’]TQ

—0o0

(D.1)

where we also use the semigroup property

H(ty —r,z1 — 2)H(ty — 1,20 — 2)dz = H(ty + 1o — 21, 21 — 22).
']I‘Q

For I,, = 1 + 472|m|?, m € Z?, we rewrite (D.1) as

E(\ _wo(t1), 01) (N _wo(t2), #2)

n Imz|t1 tQ‘ —
=n Y [l dim)da(m),
miEZQ =1
1=1,2,...,
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and if we replace ¢1, @3 by 1,.(21—), 1. (22—-) respectively, for k > —1, 21, zp € T?,

we have that

E (6.5 o(t1)) (21) (0,5 _so(£2)) (22)

n Iml|t1 121 )
SETRED D | L o )
72 =1
z:TqZ,QE,Z,n '

m=mi+...+mn

By a change of variables we finally obtain

E (6. o (t1)) (2 )(5‘\‘7 wo(t2)) (22)

TVL/L my_ 1|t1 t2‘

DD | L e (21— 2),
mMi;—mg;—1

m1EAsk mleZQ =1
=2

with the convention that my = 0. Let K7(m) = W for v € [0,1), and
write K7 +™ K7 to denote the n-th iterated convolution of K" with itself (see
Definition C.1). If we let 2y = 29 = z, for {; = t; = { we get an estimate of the

form

E (6, _s(t)) ()P S Y K°+" K°(m)

mEAgn

while for ¢ # t5 and every vy € (0,1)

E (6. e(t1)) (2) = (6. oolt2)) ()]* S [t — 1™ Y K" K7 (m).

meAsk
By Corollary C.3

1
(1+ |m?)t=="

E (0, _o(t) (2)° S )

m€A2n
for every ¢ € (0,1), and

1
T+ ImPy=

E [(5: ool(t1)) (2) = (5 cl(2)) ()] S |1 = ta™ Y

mGAgn

Using the fact that m € A+ we have that for every x > —1

E (6:.N/_(t)) (2)* < 22
E[(0:Vwe(t) (2) = (0 (t2)) ()] S [0 — b 122
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for every A\; > 0 and every v € (0,2), Ay > ny, while for every p > 2 by Nelson’s
estimate (B.3) we finally get

E (5, _w(t)) (2)P < 207"
E [(6:-oo(t1)) (2) = (0. -no(t2)) (2)]7 S [t1 — to|"272P%2R,

The result then follows from [MW17c, Lemma 5.2, Lemma 5.3], the usual Kol-

ot 2
mogorov criterion and the embedding Bp; P — C™°, for every o > %. O

Appendix E

Proof of Proposition 2.3. For all n > 1, using the formula

n

Ho(X +Y,C) = (Z) X, (Y, 0)
0

k=

we have

n

V0= 3 () 1 (5= 9 6) o (0. ).

Thus it suffices to prove convergence only for \V_(t), n > 1. By [Nua0O6,
Proposition 1.1.4] for t;,t, > —oo and 2, 2, € T?
E\"/.ivoo(tl, 21>Wivoo<t2, 22) =nl (E (tl, Zl> (tz, ZQ))n .

For I,, = 1 + 472|m/|?, m € Z2, using (D.1) we get

B B n Imz|t1 tQ‘
]E\"/.J,Voo(tla Zl)W],\/VOO(tQ; 22) =n! Z H em(zl - 32)7

\m1|<N i=1
i=1,2,....n
m=mi+...4+mn

and by a change of variables this implies that for k > —1

B (B2 (0) () (57 1) (2
Iy —my_ lt1—t2]

Z Z H 2] em, (21 — 22). (E.1)

mi1E€Azr |m;|<N i=1
1=2,...,n
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In a similar way

E (0. _oo(t1)) (21) (0.7 (22)) (22)

_Imifmiil |t1 _t2‘

~ n! Z Z H € QImiimiil €m, (2’1 — 22) (E.2)

mi1E€Agzr |m;|<N i=1
1=2,...,n

and for K7(m) = W combining (E.1) and (E.2) for z; = 2o = z and

t1 =ty =t we have that
E [(0: o)) (2) = (67Y (1) ()] S D K2y K°(m),
meAsk

while for t; # t; and every vy € (0,1)

E( (02 o) (2) = (3 (10)) (2)]
) [0 (t2)) (=) — (55 (12)) (2)] )

Slh—tol™ Y K7y K7(m).

meAagk

Proceeding as in the proof of Theorem 2.1 (see Appendix D) and using Corollary
C.3 we obtain that

1

B0V o) () = (72 0) G 8 20 s

for every A\; € (0,1), and

5 ([0 ) ) - ) @)

% [0 —olt2)) (2) — (5. (1) (2)] )
nyo2lak 1
S It — 2T
(1+ N2
for every v € (0, %) and A\, > nvy. The result then follows by Nelson’s esti-
mate (B.3) combined with the usual Kolmogorov criterion and the embedding

—at2
Bpp " — C™, for every o > 723. O



APPENDIX 133

Appendix F

Lemma F.1 (Generalised Gronwall lemma). Let f : [0, T ] — R be a measurable
function and o1 + 09 < 1 such that

t
flt) <e “a+ b/ e~ 0l=8)(t — 5)71572 f(5) ds.
0
Then there exists ¢, C' > 0 such that
f(t) < Cexp {—cot + b t} a.

Proof. The lemma is essentially [HW13, Lemma 5.7] if we set z:(t) = e® f(¢) with

their notation. OJ

Lemma F.2. Leta+ <1 andc > 0. Then

t
sup/ (t—s5)"%(s A1) Pe 9 ds < 0.
t>0 Jo

Proof. Assume t > 1. Then

1 ¢
/ (t—s) (s A1) Pe =9 ds < eCt/ (t—s) (s A1) Pds St B
0 0

and

t t t
/ (t—s)" (s A1) Pe =9 ds < / s % “ds <1+ / s %e “ds
1 0 1

t
< 1+/ e “ds.
1

t
sup/ (t—s5)"%(s A1) Pe 9 ds < .
t>1 Jo

The above implies that

The bound for ¢ < 1 follows easily. O

Appendix G

In this appendix we discuss some useful results about the deterministic system
(5.2). Propositions G.1 and G.2 are a consequence of [FJL82, Section 8] and
[KORVEOQ7, Appendix B.1]. Although the results in [FJL82, Section 8] concern
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1 space-dimension they can be easily generalised in 2 space-dimensions. For
consistency we have also replaced the space H! appearing in [FJL82, Section 8]
by 8572. The fact that these spaces coincide is immediate from Definition 1.12
for p = ¢ = 2 if we rewrite || f * ;|| 72 using Plancherel’s identity.

Proposition G.1. For every x € Bj, there exists z, € {—1,0,1} such that

1
2.2

B
Xier(t; ) = x4

Proposition G.2. For every ¢ > 0 there exists v+ € Bp (0;6) such that

B},
Xdet(t; $i) - :|:1

Proposition G.3. Let R > 0. Then there exists C = C'(R) > 0 such that for every
A > 0 sufficiently small

sup || Xager(1;2)||c2r < C.

[#llo—ag <R

Proof. By Theorems 3.6 and 3.12 there exists C' = C(R) > 0 such that

sup  supt” || Xaet(t; 7)les < C.

el g—ag <R t<1

Let S(t) = e®!. Using the mild form we write
1
Xaet(L;2) = S(1/2) Xger (1/2; ) — S(1 =) (Xaer(s;2)° + Xaer(s32)) ds.
1/2

Then

[ Xaet (15 ) [|ezea

242—B

1
S [ Xaer (1/2;2) lee +// (=) (I Xaeelsi 2)les + | Xaee(s 2)lles)
1/2

and if we choose A < /3 the above implies that

sup [ Xaer(L; ) [|e2+x

lzllg—ag<R
S osup suptV || Xae(t2)llos + sup sup (| Xae (£ 2)les-
2]l o—ap <R t<1 2]l g—ap <R t<1
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Appendix H

Proposition H.1. For every n > 1 there exists ¢ = ¢(n) > 0 such that

2

supEexp < ¢ ( sup (t A 1)(”_1)0‘/||W(t)|]c—a> < 00.

k>0 te[k,k+1]

Proof. Following step by step the proof of Theorem 2.1 but using the explicit
bound in Nelson’s estimate (B.3) (see also [Bog07, Section 1.6]), we have that

for every p > 1

k>0 te(k,k+1]

P
supE ( sup (t A 1)(”_1)0‘lH\7(t)Hca) <(p-— 1)%”6’,?,

for some C,, > 0. Then for any ¢ > 0
Eexp{c| sup (tA 1) DY) c-o
telk,k+1]

2
¢ E SuPtekkH}(t N 1) no)ef [N oo (t )HC*O‘)”p

-3 .

k>0
P(p — 1 n
<y CeYGE
p>0
and by choosing ¢ = ¢(n) > 0 sufficiently small the series converges. O]

Appendix I
Lemma 1.1. Let ¢,, §; be positive random variables such that

P(g1 > g) <P(g1 > g)

for every g > 0 and let F' be a positive decreasing measurable function on [0, co).

Then

/Ooo F(g) pg,(dg) > /Ooo F(g) pg (dg)

where 4, and pg, is the law of g1 and g;.
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Proof. We first assume that /' is smooth. Then digF (9) < 0 for every g > 0.

Hence

oo o0 d
/F<g>um<dg +/ L ) Bl > 9)dg
0 0 9

which proves the estimate for F' differentiable. To prove the estimate for a
general decreasing function F' we define F5 = F'xn; for some positive mollifier 7
to preserve monotonicity and use the last estimate together with the dominated

convergence theorem. O

Appendix J

Proof of Proposition 5.32. By Proposition 2.3 for every a >0, p>1and T > 0

lim E (sup(t A D)=V N (1) — < (t)”ca) = 0.

N—o0 t<T

Hence sup,p(t A 1)"D|\N (¢) — \2(t)]|¢c-o convergences to 0 in probability.

It is enough to prove that

lim supsup(t A 1)7||o™ (t;zx) — v(t; 7)||es = 0.
N=00 zen t<T

This, convergence in probability of sup,.y ||tV (t) — 1(t)||c-- to 0 and the embed-
ding C? C C (see (A.1)) imply the result.

Let S(t) = e”!. For simplicity we write vV () and v(t) to denote v (¢; 7y) and
v(t; x). Using the mild forms of (5.49) and (5.6) we get

7
[N () = v()lles <D T J.1)
=1
where

B 150y = a)len T [ 150 = a0 6)") = () esds
I3 = 3/0 |S(t —s) [HN (UN(S)2€%TN(S)> - v(s)2eéT(s) lles ds
Iy = 3/0 1S(t = 5)[Tx (v (5)ev™ (5)) — v(s)eV(s)] er ds
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Is = /0 t 1S(t — s) (HNg%\vN(s) . g%\v@) lles ds
Is = 2/0t I1S(t — ) (ér%) - g%r(s)) les ds
= [0 =9 6) = ool s

Lett = inf{t > 0: (tA1)?|JoN(t)—v(t)||ce > 1} and t < T Ar. We treat each of the
terms in (J.1) separately. Below the parameters a and A can be taken arbitrarily

small and all the implicit constants depend on sup,.,(tA1)" =D |\(¢)||¢-o, and
SUPgen SUPy<r (t A1) [[0(t)]|es-

Term I;:
A7) N
L < (tA 1)’07% sup ||zn — x||¢-a0
zeN
Term I5:

(A.7)

IS / (1= 9 HIMe 0 (99 = 0¥ (6 e s + 07 ()° = 0(es) s
L= (BB e+ 1060 = oo ) s
T [ T e+ 1) — e

< (I + 10 el s + (a)2) | as
< /Ot ((t - s)—[ﬁﬂa()fv—]y)z(s AL (sn1)™>

< o (s) — v(s)HCﬁ) ds.

Term I5:

I (%7] /O (t = 5)" "% [y (0™ ()17 () = 0(5)1(5) [le-an ds

(15 [t _axpia ((log N)?
S /O<t—s) 2 ( T )l

+ [0 (5)* (1 (5) = 1(5))lle= + I1(s) (v (5)* — v(8)2)\lc—a> ds
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TET o (BRI @R Gl + 1Ol
I (5) = 1) + (10 ($)lles + NSl 10 (s) = (s)lles
<Dl )

$ [ (BB A 4 (A ) I) - 1)l
AT S) = o(e)les ) s

Term /,: Similarly to I3,

L< /O (t— )52 (—“OE‘VJAV) (s A1) 4 (s A1) VY (s) — ¥(s) -
+ (s A 1)_°‘/||UN(3) — U(S)Hcﬁ) ds.

Term I5:

@an ot atptA N
< /(t—s)_ P20 (5) — W(8) oo dis
0

@a.15 [t N loo N)? ,
< / (t — 3)*7+§+A (%(3 A1) || (s) — \V(S)HC_Q) ds.
0

Terms I, I7:
(A.7) t _atB, N
J / (t— 5)" "2 [1¥(s) — 1(8) e ds.
0
(A7) t N
L'z / 1oV (5) — v(s)llcs ds.
0

Combining the above estimates we obtain that for t < TN«

0¥ (£) = v(t) s
S (AL sup oy — e
TrEN

. log N)? I
e (R e n ) ) =0 )

+ / (t =)~ (s A1) oV (5) — v(s)les ds.
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By Lemma F.1 on f(t) = (t A 1)?||[v™(t) — v(t)||¢cs we find C = C(T) > 0 such
that

log N)?
sup (£ 1710"(0) = @l < € suplfa — oo + 5
t<TAL zER N
+ sup(t A 1)(”_1)‘1/ [N (1) — W(t)||c-a) )
t<T

This and convergence of sup,; [N/ () = \/(t) | c-« to 0 in probability imply the
result. O

Appendix K

In this section we fix 8 € (%, %) v E (g, %) and p € (1,2) such that

B+
—27>0.

[\D“@Iw

2
l—-—<fand 1 -
3p

The next proposition provides local existence of (5.49) in 832 up to some

time 7, > 0 which is uniform in the regularisation parameter N.

Proposition K.1. Let K, R, T > 0 such that ||z|| ;-«c < R and
2,2

sup(t A 1) D[NV (8)]| g, < K

t<T

Then there exist T, = T, (K

R) < T and C = C(K, R) > 0 such that (5.49) has a
unique solution v € C((0, T] B

<
b.) satisfyi
2,2 yinyg

sup(t A 170" (t52) 5. < C.
t<Ti ’

Proof. Let S(t) = e®!. We define
T (v)(t) := S(t)x — /t S(t—s)Iy (v(s)3 + 31}(3)25%1]\[(5) + 3vu(s)evN (s)
0
+ eiva(s)> ds + 2 /t S(t — s) (g%rN(s) + v(s)) ds.
0
It is enough to prove that there exists 7, > 0 such that .7 is a contraction on

.= {0 suple A 17 o052y, <1}

t<Tx
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We first prove that for 7, > 0 sufficiently small .7 maps %, to itself. To do so

we notice that

17 (@) ()l <ZI
where
= 180l 12 = [ 18— 59006 g, ds,
fyi= [ 1150 = )0l () g, 0.
o= [ = 060 6Dl ds. Ty 5= [ 106 = 5795, 0.
toi= [ 18— Olag, ds. 1= [ 156 = 5)0(5)lag, ds.

Here we use (A.18) together with the relation S(-)IIy = IIxS(-) to drop Ily.
treat each term separately.
Term I;:
a7 o
LS (EAD) "2 2] e < (EAT) 2R,
2,2
Term Iy:
A6 (A7) t s+2-1 5
L'S / ISt = (s g ds £ [ (0= E (s g, s
p2 0
(A 10) 5+ 5 a6 [t B+2-1 5
S (t—S) )y ds < [ -9 )] g 4
0 o2 0

22
—£<ﬁ t _/3+%—1 5 t _[3+%_1 3
< /(t—s) 2 ||v(s)||852ds§/(t—s) > (sA1)"7ds.
0 : 0

Term I5:

(A.6),(A.7) B+2-1+a
e A e LU AL P
(A.11),(A.10)

Ei+
< K/ (=) o)y ds

(A.6) LH' 9
< K (t - 5) ||U< )H ata+i-1 ds

0 2,2
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1-5;<8 t 8 ;% 1+
S K | (t—s)”
0

t f+2-1+a
,SK/(t—s)z (s A1)~2 ds.
0

lo(s)]3, ds

Term 1,:

(A.6),(A.7) ﬂ+%—1+a
L / (= 5)" T (v (9)l g ds

(A.11),(A.6) 2 /
N K/ (t —s) f(s A1)~ HU(S)”B”A“*% ds

2,2
1-5,<8 B+2-1+a )
< K (t—s) = (sA1)™® ||v(s)||6§2ds

0 ,

t f+2-1ta ,
< K/ (t—s) (s A1) ds.
0

Terms I, Ig, I7:

(A7)

t t

Iy < /(t—s)—‘“f||\vN(s)||Ba dng/ (t—8)" 25 (s A 1)"2 ds.
0

(A.7)

t
I < /@_8) V(s )||B_adS<K/ e o s

0
A7) t t

I; < / lv(s) ]| 55 dsﬁ/(s/\l)”ds.
0 2,2 0

Combining all the above we find C' = C(K, R) > 0 such that

sup(t A 17 () (1), < OT
t<T. :
for some 0 = 0(a,d/, a9, B,7) € (0,1). Choosing T, > 0 sufficiently small the

above implies that

sup(t A1) 7 (0)(1)llgg, < 1.

t<T%

Hence for this choice of 7,, .7 maps Hr, to itself. In a similar way, but by
possibly choosing a smaller value of 7,, we prove that .7 is a contraction on
HAr,. For simplicity we omit the proof. That way we obtain a unique solution
ve C(0,T.]; 8572). We can furthermore assume that 7, is maximal in the sense
U(t;m)HBgZ = 00. O

that either 7, = T' or lim; ~7,
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Proposition K.2. Forevery t, € (0,1) and K, R > 0 there exists C' > 0 such that
(=1 22N (t)]| ¢« < K then

!fHIHBQ—g < R and sup,; t

sup [ Xn(to; 2)lle-o < C.
2l 5o <R
Proof. Using the a priori estimate in Proposition 5.33 we can assume that 7, = 1
in Proposition K.1. This implies that
sup supt?|[o™ (t;2)| 0 < C. (K.1)
2]l ;—a <R t<1 2
2,2
For simplicity we assume that ¢, = 1. Let S(¢) = e*!. Using the mild form of

(5.49) we obtain that
7
[N (Dfle-e ST,
i=1
where
1

I = ||S(1/2)0" (1/2)]le-o, 12 = /1/2 IS(1 = )Ty (0™ (5))?le-a ds,

o= [ 150 = 9 (VP 9) o s

3 B
L= /1/2Hs<1—s)nN (¥ ()Y (5) fle-e ds,

1 ) 1 )
I = / |S(1 — s)HNeg\VN(S)ch ds, I := / II1S(1 — s)aiTN(s)Hcfa ds,
1/2 1/2

1

I; = / 1S(1 = s)v™ (s)]c-a ds.
1/2

We treat each term separately.

Term I;:

(A.6) N (A.7) N N
L S I1SA/2)07 (1/2)lgrer S 07 (1/2) g2 S 107 (1/2) 5,5

ae [l )
BE [ IS0 -6 oy ds
1

/2 p,00

(A.7) 1 —a+24a

</ LTI g 0
1/2

2

(a.16),a.10) 1 at+24
S [ e T Il ds
1/2 P10
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Term I5:

ao N(\2.%24N
BS [ 180- sy (M6 ) ) g ds
1 Bp,oo ”

/2 p,00
an 1 245
< / (1= )7 5 Ly (0¥ ($)2251Y(9)) [ s
1/2 Paoe
(A.16),(A.11),(A.10) 1 2.4 1
< / (1= )25 [0¥(8) 2 on 2419 (5) o ds
1/2 2p,00
(A.6) 1 _%+)\ 1
< T O gl @)
1 2,00

A _ph N 2 1.N
S (L =8)" = [0 ()l s lle217 (5)[le-e ds.
1/2 2,2

Term [,: Similarly to /3,
' _ER N
LS // (1= )75 [0V ()l VY (5) oo ds.
1/2 ’

Terms/s:

~Y

an 1 N 5. N
L < / (1= ) 3Ty 39V (5) [ poon ds
1

/2

(A.16) 1

< / (1= 5) 3 30 (8)lgan ds.
1/2

Terms Ig, I7:
an rl Y
I 5/ (1= )3 1Y () e_en ds.
1/2

@ae [l N a7 rl _—atig, N
ES [ IS0= 50" 6)lsgnds £ [ (1-9)7 5 o o)y, ds
1/2 2,2 1/2 2,2

The proof is complete if we combine these estimates with (K.1). O
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