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Abstract

This thesis deals with reserving for risk in a dynamic multi-asset market.
Chapter 1 contains an exposition of the basic concepts of reserving for risks under
convex and coherent risk measures.

In Chapter 2, we provide a dual characterisation of the weak*-closure of a

tth cone in the

finite sum of cones in L adapted to a discrete time filtration F;: the
sum contains bounded random variables that are F;-measurable. Hence we obtain
a generalisation of Delbaen’s m-stability condition [Delbaen, 2006a] for the problem
of reserving in a collection of numéraires V, called V-m-stability, provided these
cones arise from acceptance sets of a dynamic coherent measure of risk [Artzner
et al., 1997, Artzner et al., 1999]. We also prove that V-m-stability is equivalent to
time-consistency when reserving in portfolios of V, which is of particular interest to
insurers.

In Chapter 3, we examine the problem of dynamic reserving for risk in multi-
ple currencies under a general coherent risk measure. The reserver requires to hedge
risk in a time-consistent manner by trading in baskets of currencies. We show that
reserving portfolios in multiple currencies V are time-consistent when (and only
when) a generalisation of Delbaen’s m-stability condition [Delbaen, 2006a], termed
optional V-m-stability, holds. We prove a version of the Fundamental Theorem of
Asset Pricing in this context. We show that this problem is equivalent to dynamic
trading across baskets of currencies (rather than just pairwise trades) in a market
with proportional transaction costs and with a frictionless final period.

Chapter 4 deals with the related problem of trading to acceptability, where



a claim X is acceptable if and only if the expected gain under each measure in a

collection exceeds an associated floor.

vi



Chapter 1

Introduction

1.1 Risk

Risk has been a useful concept to mankind through the ages. The avoidance of risk
has arguably contributed to society right from its inception, when neolithic hunter-
gatherers turned to agriculture for a more stable food supply. More recently, on the
back of mathematical and probabilistic advances in the 17" century, John Graunt
is credited with producing the first life table in 1661, estimating the chance of death
based on a person’s age. This allowed Halley [Halley, 1693] to develop the first life
annuity, and determine the premium that should be paid. This, in turn, lead to
James Dodson founding the Equitable Life Assurance Society [Hickman, 2004] in
1762. Advancements in calculation and statistics improved actuarial understanding
of pricing such products over the next two and a half centuries.

At the turn of the twentieth century, Bachelier [Bachelier, 1900] pioneered
the idea of modelling stocks with Brownian Motion. In the 1970s, Black, Scholes,
and Merton invented the risk-neutral argument for pricing derivatives. They showed
that, if a financial claim could be replicated by the sum of the gains from a sequence
of self-financing trades (delta hedges) made dynamically in the underlying assets,
then the initial wealth required is the arbitrage-free price of the claim. Of course,
such a sequence of trades does not take into account any risk preference, but instead
hedges perfectly the risk at each time. Harrison and Kreps [Harrison and Kreps,
1979] introduced the concept of the risk-neutral probability measure, also known as
the equivalent martingale measure, under which the stock price is a martingale. Such
a probability measure exists if and only if the market is arbitrage-free; this is known
as the (first) Fundamental Theorem of Asset Pricing [Delbaen and Schachermayer,
1997].



A complete market is one where every claim is perfectly hedgable. The
second Fundamenteal Theorem of Asset Pricing is that the equivalent martingale
measure is unique. Then, any claim may be priced as the (discounted) expectation
of its terminal value under this equivalent martingale measure. In a market that is
not complete, we cannot hedge every claim perfectly, but instead look to superhedge
every claim; in the absence of arbitrage, the initial wealth required for superhedging
a claim is the supremum of the expected value of the claim under each equivalent
martingale measure.

Another critical concept in the field of Financial Mathematics is that of
Markowitz’s mean-variance criterion [Markowitz, 1952], which was a crucial insight
into how to maximise expected return on a portfolio of stocks whilst controlling the
risk. Equating the variance with the risk of the portfolio penalises equally quick
losses and quick gains.

Regulators and investors seek to limit exposure to losses (the “downside”
risk) without penalising gains. The problem of quantifying this downside risk gave
rise to the theory of coherent risk measures, described in the seminal paper [Artzner
et al., 1999]. The key idea is to give the downside risk of a claim X in terms of
an amount of cash p(X) to be added to the position so that the aggregate position
X + p(X) is acceptable to the regulator. We say a position is acceptable if the risk
is less than zero. We model p as a functional on some space of random variables to
the extended real line; this is to be defined more precisely in the next section.

The first and most widely used example of a monetary risk measure is Value
at Risk, under which a position is acceptable if the probability of a loss is beneath
a certain level. Value at Risk is essentially a quantile function of the distribution of
the claim. While it is easy to see how this probability may be empirically estimated
from historical data, the potential magnitude of the loss is not taken into account,
and more importantly, Value at Risk is not sub-additive, and hence discourages
diversification.

The axiomatic study of risk measures allows for a choice of a few basic tenets
that the risk measure should satisfy, and from which come a rich and interesting
discussion. The two axioms on which everyone can agree are monotonicity and cash-
additivity. Monotonicity is that if a financial position is better in all states of the
world, then it should have lower risk. Cash-additivity is that if a cash amount is
added to a position, then the risk of the position is reduced by exactly the amount
of cash.

Convexity is motivated in part by how Value at Risk discourages diversifi-

cation. Convexity is the requirement that the risk of a convex combination of two



positions should be less than the convex combination of the risks of the two positions.
Thus we see that, if we have any two acceptable claims, then diversifying between
the two positions yields something that is still acceptable. Under these three basic
assumptions, and assuming that p has the Fatou property, we may represent the

functional p as
p(X) = s%p{E@[—X] - a(Q)},

for some penalty function a on probability measures Q. We see that the dual
representation takes into account expected losses under various probability measures
Q, with each QQ given more or less weight according to the penalty function a.

An important technical assumption on p is that it have the Fatou property:
whenever (X,,) is a sequence of random variables in L* tending to X in probability

such that sup || Xy[|cc < o0, then
p(X) <liminf p(X,).
n—oo

If p satisfies the further assumption of positive homogeneity, then we say that
p is coherent. Positive homogeneity is the condition that if the position is scaled
up by a positive number, then the risk scales up by that number. It is easy to see
that the penalty function in the dual representation « is then a convex-analytical
indicator function, taking the value 0 on a subset O of probability measures, and

400 outside this set. The dual representation then takes the form
p(X) = Sup Eq[-X].

A great deal of research has been conducted into risk measures that are law
invariant. These are those risk measures that depend on a claim X only through
the distribution of X. In fact, law invariant measures automatically have the Fatou
property, as shown in [Jouini et al., 2006]. Law invariant risk measures admit the

Kusuoka representation [Kusuoka, 2001]

p(X)=  sup { /(OllAVaRa(X)u(da)—ﬁ(u)}

peM((0,1])

where M ((0, 1]) is the space of all probability measures on the interval (0, 1] abso-

lutely continuous w.r.t. the Lebesgue measure, and  is a suitable penalty function.



1.2 Basic functional analytic results

We cover some basic functional analytic notions here. First, let X be a real vector
space. There are several closely-related theorems under the name of Hahn-Banach.

We present one such theorem.

Theorem 1.2.1 (Hahn-Banach). Let X be a real vector space, and let p : X — R

be a sub-linear function:
p(z+y) <px)+py) and p(Ax) = Ap(x)  for A>0.

Let Y be any subspace of X, and suppose that f : Y — R is a linear functional such
that f(y) < p(y) for ally € V. Then there exists a linear functional f : X — R
such that

fly=f and fl@) <p(x) forall zeX.

See page 57 of [Rudin, 1991].

Let (X, 7) be a topological vector space. X is locally convex if there is a non-
empty family {pa } of seminorms on X" (see [Rudin, 1991], p. 25). For example, any
normed space is locally convex, and hence is any Banach space (a complete normed
space), and hence is LP for p > 1. An important non-example is L°, the space of all

measurable functions.

Example 1.2.2. L with the topology of convergence in measure is not locally

convex. For a proof, refer to Theorem 13.41 of [Aliprantis and Border, 2006].

The dual space of X, denoted X*, is the vector space of the continuous
linear functionals on X. The initial topology of X with respect to a set E of linear
functionals on X is denoted o(X, F), and this is the coarsest topology under which
all functionals in E are continuous.

The weak topology is the coarsest topology such that all linear functionals
in X* are continuous. The weak topology is denoted o(X,X*). Of course, since
o(X,X*) is the coarsest topology such that every element of X* is continuous, it
must be that o(X, X*) C 7.

The weak*-topology on X'* is the coarsest topology such that each element of
X when viewed as a functional on X'* is continuous. The weak*-topology is denoted
o(X*X).

Example 1.2.3. For subsequent chapters, a particularly useful example to intro-
duce is X = L'(Q, F,P) for a probability triple (€, F,P). The duality is established



through linear functionals of the form
Y : X =R, X~ (X,Y)=E[XY]

for X € LY(Q, F,P), and so X* = L>®(Q, F,P) (see [Fremlin, 2001], 243F). The dual
of L>®(Q, F,P) is the space ba(2, F,P) of all finitely additive finite signed measures
on F, absolutely continuous w.r.t. P (see [Dunford and Schwartz, 1958] p296),
topologised by the total variation norm. We choose to work with L together with
the weak*-topology o(L>°, L'), yielding the dual space L'. The double dual of our

original space L' is again L'.

The closure of a subset E C X, denoted FE, is the smallest closed set con-
taining E. Equivalently, E is the union of E together with all its limit points. If the
closure is taken in the weak*-topology, then the closure is denoted Ew*; however,
the w* is omitted when it is clear from the context which closure is taken.

The spaces that we work with are not first-countable, i.e., they do not have
a countable neighbourhood basis. Thus sequential closure is not equivalent to topo-
logical closure ([Sieradski, 1992] p 120). We require the stronger notion of nets for
considering all limit points. A net in X is a function from a directed set (A, =) to
X. We shall denote a net as (z4)acA-

A function f from X to the extended real line R U {fo0} is weak*-lower

semicontinuous (l.s.c.) at a point x € X if

liminf f(z,) = éien% olér;%f(xa) > f(x)

for any net z, N x, where x, “S & denotes that the net (z4) converges to x in the
weak*-topology. A function f is l.s.c. if f is l.s.c. at every point x € X'. A level set

of a function f is a set
{XeX: f(x) <a} forsome «a€RU{+o0}

A function f is weak*-l.s.c. if and only if the level sets of f are weak*-closed. We
shall omit the weak™ qualifier and assume that it is clear from the context henceforth.
A function f is convex if f(0X + (1 —0)Y) < 6f(X) + (1 —0)f(Y) for
0<f<land X, Y € X.
The Fenchel conjugate of a function f : X — RU {£o0} is a function f* :
X* — R defined by

1Y) = ;EI))(UX, Y) = f(X)}.



We define the Fenchel biconjugate f** : X** — R to be (f*)*: for X € &A™,

(X)) = YS;J)I;*UX, V)= ()}

We shall assume further that X is Hausdorff, which is equivalent to saying
that any net will have an unique limit, if the limit exists. The following is from
[Borwein and Lewis, 2010], p76:

Theorem 1.2.4 (Fenchel-Moreau Duality). Let X' be a locally convex and Hausdorff
topological vector space, and take f : X — RU{£oc}. The following are equivalent:

(i) [ =F;
(ii) f is a proper, convex, and weak*-l.s.c. function.

See also [Lai and Lin, 1988].
A cone is a set C' C X such that tx € C for any x € C, and t > 0. We denote
the smallest convex set containing a subset £ C X’ by conv E; its closure is convE.

The polar cone of a cone C'is
Cr={Y ex*: (X,Y) <0}

The slight abuse of the * notation is explained via the convex analysis indicator

function of a set E:

0 for x € E,
op(z) = ‘
+o00 otherwise.

We see that §;, = d¢+ for a cone C.

Theorem 1.2.5 (Bipolar Theorem). Let X be a locally convex Hausdorff topological

vector space. For a cone C C X,
C** = conv{C}.

This follows from the Fenchel-Moreau duality Theorem; see p57 of [Borwein
and Lewis, 2010].

We now show a lemma that is useful for Chapters 2 and 3.

Lemma 1.2.6. Suppose for eacht € T, C; C E is a closed convex cone. Then

(ﬂtCt)* = conv {UtCZ‘} = @tCt*



Proof. The second equality is clear. For the first, we first show (M;C¢)* 2 conv {U;C; }:

NC; CCs VseT
= (NC)" 2 C; VYseT
= (NCp)" D UsCe
— (MCy)* D conv {U;C; }.

since (MC;)™ is closed and convex. Conversely, for (N;C;)" C conv {U,C;} }:

Vs e T, Ci Cconv{UC}}
= VseT, (52 (conv {UtC;f}>* using C2* = Cs
= NCs 2 (conv {Uth}>*

— (ﬂtCt)* C conv {UtC:}

1.3 Monetary, convex and coherent measures of risk

A good introduction to convex risk measures is given by Follmer and Schied [Fo6llmer
and Schied, 2004]. Throughout, we work on the measurable space (2, F), and we
suppose claim X belongs to the collection X of bounded measurable functions on

(Q, F) containing constant functions.

1.3.1 Notation

We fix a terminal time T € N, a discrete time set T := {0,1,...,7}. We fix a
probability space (€2, F,P), where PP is the reference measure or objective measure.
The filtration (F;)ier describes the information available at each time point. The
space of all F-measurable random variables is denoted L = L°(2, F,P); we denote
LY(2, F;,P) by LY. The space of all P-integrable (respectively P-essentially bounded)
Fi-measurable random variables is L} (resp. L$°). The space of Fi-measurable (re-
spectively integrable; essentially bounded) R%*!-valued random variables is denoted
L) = LY(Q, Fy, P; R (vesp. L£}; £5°). A subscript ‘+’ denotes the positive orthant
of a space, and ‘++’ denotes strict positivity; for example, the set of non-negative
(respectively strictly positive) essentially bounded random variables is L (resp.

L%°,.). Similarly, a subscript ‘—’ denotes the negative orthant of a space.



1.3.2 Basic definitions

Definition 1.3.1. A functional p : X — R U {+oo} with p(0) = 0 is called a

monetary risk measure if the following two properties hold:
(M) Monotonicity: if X <Y, then p(X) > p(Y).

(TI) Translation invariance: for every constant function m we have p(m + X) =
p(X) —m.

A monetary risk measure taking only finite values is Lipschitz continuous

with respect to the supremum norm, with Lipschitz constant 1. Indeed,
(M (TI)
X<y+|x-v| £ px)zpy +x -v]) E pv) - |x -y,

so p(Y)—p(X) < ||X =Y. Performing the same steps with X and Y interchanged,
we see that
p(X) = p(Y)] < | X =Y.

Definition 1.3.2. For a monetary risk measure p, the set
A, ={X e X:p(X) <0}

is the acceptance set of p.

We may treat the acceptance set A as the primitive object, and recover the

risk measure p4 via
pa(X)=inf{meR:m+ X € A}.

Thus a monetary risk measure of a claim X may be seen as the amount of capital
required to ensure that the position X is acceptable to the investor. For the reader’s

convenience, we list some properties of acceptance sets.

Proposition 1.3.3. The acceptance set A of a monetary risk measure p is non-

empty and has the following properties:
1. inf{m e R:m e A} > —o0;
2. (Aissolid) X e A4, YeX, Y >X = YecA;

3. (closure property) for X € A andY € X,

{Ael0,1]: AX +(1—-NY € A} s closed in [0, 1].



Definition 1.3.4. A monetary risk measure p is called a convex risk measure if, in
addition to axioms (M) and (TI), p satisfies

(C) Convexity: p(0X +(1—-0)Y) <Op(X)+ (1 —-0)p(Y) for0<6<1.

In fact, in conjunction with (M) and (TI), we could assume the seemingly

weaker
(QC) Quasi-convezity: p(0X + (1 —0)Y) < max{p(X),p(Y)} for0<6<1.
See [Follmer and Schied, 2004] for details.

Definition 1.3.5. A convex risk measure p is called a coherent risk measure if, in
addition to axioms (M), (TI) and (C), p satisfies

(PH) Positive homogeneity: for A > 0 we have p(AX) = Ap(X).
Under (PH), (C) is equivalent to
(S) Subadditivity: p(X1 + X2) < p(X1) + p(X2).

Proposition 1.3.6. Suppose p is a monetary risk measure with acceptance set A,

as defined above.
e p is a convex risk measure if and only if A, is a convex set;
e p is positively homogeneous if and only if A, is a cone.

In particular, p is a coherent risk measure if and only if A, is a convex cone.

1.3.3 Robust representation of convex and coherent risk measures

Let M be all the probability measures on the space (£2, F), and let M ¢ be the set
of all finitely additive set functions p on (€2, F), normalised to () = 1. We write
E,[X] for the integral of a bounded, py-measurable X with respect to u € My y;
see Part I, Chapter III, section 2 of [Dunford and Schwartz, 1958], or Appendix
A.6 of [Follmer and Schied, 2004]. Observe that for Q € My s, the functional
X — Eg[—X] — o(Q) is convex, monotone, and translation invariant on X. These

three properties are preserved when optimising over Q € M, ¢, so

p(X) = sup (Eg[-X]— amin(Q))
QeM,y ¢

is a convex risk measure. Interestingly, every convex measure is representable in

this form:



Theorem 1.3.7. Any convex risk measure p on X is of the form

p(X) = max (Bol-X] —own(@), for X eL¥®),  (11)

where the penalty function ami s given by

amin(Q) := sup Eg[—-X] for Qe M, .
XeA,

Moreover, amin s the minimal penalty function which represents p, i.e., any penalty
function a for which eq. (1.1) holds satisfies a(Q) > amin(Q) for any Q € My ¢.

This is Theorem 4.15 of [F6llmer and Schied, 2004]. Note that the supremum
is attained for some finitely additive measure with total mass 1, so we can replace
the supremum with a maximum. It is natural to consider under what conditions
« is supported on M, the set of probability measures (that is, those measures in

M 5 that are also sigma-additive).

Definition 1.3.8. A convex risk measure p has a robust representation whenever

p(X) = sup {E[-X] — a(Q)}, (1.2)
Qe9,

where o : My — (—o00, +00] is a given penalty function, and
Q,={QeM;:a(Q) <oco, and Eg[X]is well-defined for any X € X'}.

We may think of Q, as a collection of credible scenarios, whose credibility
is expressed through the penalty function; a lower value of o(Q) would signify a
greater belief in the probabilistic model Q.

Suppose p admits a robust representation (1.2) with penalty function «.

Then the representation also holds for penalty function

min(@) = sup {Eg[~X] — p(X)} = sup Eg[~X].
XeXx XeA,

Furthermore, the penalty auyiy is the minimal such function, in the sense that «(Q) >
amin(Q) for any Q € M;. We now provide sufficient conditions for which p has a

robust representation.

Theorem 1.3.9. Let p be a convex risk measure. The following two statements are

equivalent.

10



(i) p is continuous from below, i.e.

Xp(w) 1t X(w) foreach weQ =  p(X,) ] p(X);

(ii) p satisfies the Lebesgue property, i.e. for any bounded sequence X,, converging
pointwise to X on €,
lim p(X,) = p(X).

n—oo

If (i) and (ii) are satisfied, then p admits the robust representation (1.2), and further

p(X) = max {Eql~X] - a,(Q)},

i.e. the minimal penalty function amin s concentrated on My, and the supremum

18 attained.

Fixing a probabilistic model

Fix P on (2, F). Recall that X = L>(§2, F,P) = L*°(PP) with the supremum norm is
a Banach space. The dual space of L>*(P) is ba(Q2, F,P), the space of all bounded,
finitely additive measures p on (£2, F) such that p(A) = 0 whenever P(A) = 0. If
w € ba(P) satisfies u(2) = 1, then we call p a finitely additive probability measure.
Let M;(P) C ba(P) denote the set of probability measures absolutely continuous
with respect to P. The following is due to Delbaen, [Delbaen, 2000]:

Theorem 1.3.10. Suppose p : L (P) — R is a coherent risk measure. Then there
is a convex o(ba(P), L>(P))-closed set Poa of finitely additive probabilities, such
that

p(X) = sup E,[-X] (1.3)
HEPba

For general convex measures, we have the following characterisation.

Theorem 1.3.11. Let p : L™ — R be a convex risk measure. Then the following

are equivalent.
(a) p can be represented by some penalty function supported on My (P).

(b) p can be represented by the restriction of the minimal penalty function oy to
My (P):

p(X) = sup {Eq[—X]— amin(Q)}.
QEM: (P)

11



(¢) p is continuous from above, i.e.

Xpd X  P-as = p(Xyn) T p(X).

(d) p satisfies the Fatou property, i.e. for any bounded sequence X, converging
P-a.s. to X,
liminf p(X,,) > p(X).

n—oo

(e) p is lower semicontinuous for the weak* topology o(L>,L').

(f) The acceptance set A, of p is weak* closed in L™, i.e. A, is closed with respect
to the topology o(L>,L').

See [Delbaen, 2000] for a proof. Following on from Theorem 1.3.10, we have:

Corollary 1.3.12. The minimal penalty function amin of a coherent risk measure

p takes only the values 0 and +o0o. In particular,

X) = Eol—X X € L>(P),
p(X) olax o[=X] for (P)

for the conver set

Omax = {Q € ba(P) : Oémin(Q) = 0}’
and Qmax 18 the largest set of measures for which the representation (1.3) holds.

The interpretation of the measure P needs some thought. In practice, prob-
abilities are dependent on modelling choices, and different investors might assign
different values to events. However, everyone must be able to agree which events
are impossible, and hence, the possible events with probability strictly positive,
without agreeing on the numerical value of such a probability. Only knowledge of
events of probability zero is important. In this way, P is thought of as a representa-
tive from a class of equivalent probability measures P~ = {Q : Q ~ P}, that define

what is and what is not possible.

LP(Q, F,P)

For certain applications, a larger class of random variables are needed for the set
of claims X, particularly for modelling unbounded claims. A possible space with
elegant theory readily available is LP(Q2, F,P), the space of LP-integrable random

variables, with 1 < p < co. The extra choice in claims does not come without cost;
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the set of probability measures in the dual space is limited:

dQ
Mq:{@e./\/h:@ELq},

where ¢ = p/p — 1 is the Holder conjugate of p.
One wrinkle when evaluating claims that are possibly unbounded, say in
LP(P) for p € (1,00), is that in general LP(P) # LP(Q) for Q € P¥. Thus any

results depend on the choice of objective measure.

Orlicz hearts

Continuing to generalise, Orlicz spaces are a generalisation of the Lebesgue spaces
discussed above. See [Cheridito and Li, 2009] for more detail. Let ® be a Young
function, that is, a left-continuous function that is convex, lim,_,o4+ ®(z) = 0, and

lim, o ®(2) = co. Define the Luxemburg norm!

1X o = inf{a > 0 : Ep[®(|X|/a)] < (1)}.

The Orlicz space is the subset of L° of all measurable functions L® := {X € LY :
[ Xle < oo}

The Orlicz heart for function ® is
H® .= {X € L? : E[®(c|X])] < o0 Ve > 0}.

If ® jumps to +oo, then H® = {0}. So we assume that ® is finite-valued. In this
case, @ is its own Fenchel biconjugate, ® = ®**. A risk measure on an Orlicz heart

has the dual representation

p(X)= max {Eg[-X]-a(Q)} for X € H®
Qem®

where M®" = {Q € M; : % € L®"}. See [Cheridito and Li, 2009].

!Some authors prefer the definition || X ||o := inf{a > 0: Ep[®(]X|/)] < 1}; however, this leads
to a messy constant ®(1) appearing throughout. Under our definition, ||1||s = 1.
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1.3.4 Examples
Worst case risk measure

Consider the measure defined by

Pmax(X) = — insf]X(w) VX e X.
we

This is the least upper bound for the potential loss in any eventuality. It is the most

conservative measure of risk, due to the inequality
p(X) < p(iréfX(w)) = Pmax(X) (assuming normalisation p(0) = 0).

The acceptance set is the positive orthant L5, the cone of all non-negative bounded
random variables. Clearly pmax is coherent. Fixing P, and taking Pp, to be all

probability measures in ba(P), we have the representation of Theorem 1.3.10.

Scenario measures and floors

Fix Q a set of probabilities, and consider “floors” f: Q — R with supg f(Q) < oo.
We define the acceptability set

A={X e L>*:VQe Q, Eg[X]> f(Q)}.
We may represent this convex risk measure with the penalty function

—f(Q) forQeQ,

+00 otherwise

a(Q) =

We note that p is coherent whenever f =0 on Q.

Risk measures from utility

Extending the previous example, fix a class of probability measures Q, fix a utility
function u on R, and fix levels cg € R for each Q € Q, such that supgeg cg < 0o.
Define the acceptability set

A={XeL>*:VQe Q, Egu(X)]>u(c)}

The acceptability set is convex, inducing a convex risk measure.
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Entropic risk measures

These measures are well-suited to Orlicz hearts. The entropic risk measure is

(X) = sup (Bol-X] - 1h(@P) =y s (exp (-2 ) )

QeM;y

where the relative entropy h is defined as

B dQ . dQ . e
h(Q|P) = Ep <le’ In d]P’> whenever the integral is finite.

This is studied in [Acciaio and Penner, 2011, Follmer and Knispel, 2013, Barrieu

and El Karoui, 2004].

Value at Risk

Fix a probability P on (€2, F), and define the upper quantile function
g% (\) = inf{z : P[X < a] > t}.
Then the Value at Risk at level A is the monetary risk measure given by
VaR,(X) = —g4(\) = inf{m € R : P[m + X < 0] < A}

It is clear that VaR) is positively homogeneous; the following example shows that

VaR,, is not convex, and hence VaR, is not a coherent risk measure.

Example 1.3.13. Consider an investment into two defaultable corporate bonds,
each with return rate r € (0,1) in a market with zero risk-free interest rate. Both

bonds are independent and identically distributed, with payoff

—1 with probability p € (0,1),
X; = P ype01) fori=1,2.

r with probability 1 — p.

A smart investor wishing to invest capital 1 in these two bonds might diversify the
risk posed by each individual bond by investing half of her funds in X; and the
other half in Xy. Define Y := (X; 4+ X32)/2. The probability of a negative outcome
when splitting funds between the bonds is the probability of at least one of the two
bonds defaulting. Since r < 1, we see that this is larger than the probability of a
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negative outcome when investing in a single bond:
P[Y < 0] = 1 — P[neither default] =1 — (1 — p)? = p(2 — p) > p.

Thus, taking A € (p,p(2 — p)), we have

1—r

VaR)(X1) =—-r <0 but VaR)\(Y) = 5

> 0.

So VaR) discourages investing in Y compared to investing in X!

Average Value at Risk

An important example is the Average Value at Risk; this name is potentially the
least misleading amongst other names in the literature, including Tail Value at Risk,
Ezpected Shortfall, and Conditional Value at Risk. For a level A € (0,1], we define
the Average Value at Risk to be

1
AVaR)\(X) = )\/ VaR,(X) da.
0
We may extend this definition to encompass A = 0 by
AVaR(X) :=: VaRg(X) := esssup(—X).

This is consistent with another definition obtained via the optimized certainty

equivalent /Fenchel-Moreau duality

AVaR(X) = 7 inf {E[(= ~ X)*] - A} = {El(£ () - X)) - gk (V).

Theorem 1.3.14. For A\ € (0,1], AVaR) is a coherent risk measure which is con-

tinuous from below, with the robust representation

AVaR)\(X) = Jnax E[-X]
A

where Q) := {Q < P: % < %} Moreover Qy is the maximal set for which a robust

representation of the above form occurs.
We introduce a fascinating property of AVaR) with a definition:

Definition 1.3.15. A monetary risk measure p is law-invariant if p(X) = p(Y')

whenever X and Y have the same distribution under P.
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All the previous examples, with the exception of the worst-case risk measure
have been law-invariant; in particular, VaR) and AVaR, are law-invariant. The next
result shows that AVaR) is, in some sense, a basic building block of any law-invariant

convex risk measure.

Theorem 1.3.16. A convex risk measure p is law-invariant and continuous from

above if and only if

p(X) = sup { AVaRA(X)u(dA)—Bmm(u)},
neM1((0,1]) (0,1]

where My ((0,1]) is the set of probability measures on (0,1], and

Brmin (1) = sup/( ]AVaRA(X)u(d)\).

For a proof, see Theorem 4.57 of [Follmer and Schied, 2004]. When p is
coherent, the positive scaling implies Buin(p) € {0, +00} for any u. We thus have

the representation

p(X)=  sup AVaR ) (X) pu(dX). (1.4)
HEM1((0,1]) /(0,1]

Distortions and Choquet integrals

A distortion function is a non-decreasing function ¢ : [0,1] — [0, 1] with ¢g(0) = 0
and g(1) = 1. Define the distorted probability measure Q by Q[A] = g(P[A]) for any
A € F. Then we may define a monetary risk measure to be the negative expectation
under the distorted measure Q:

0

pal(X) =Eql-x] = |

—0oQ0

(1—-gP[-X > z])dz — / g(P[—X > z])dx. (1.5)
0
The above may be written as a Choquet integral
pg(X) = /(—X) de where c=gol.

Note that Q ~ P if and only if the mapping ¢ is continuous and one-to-one. By
linearity of expectation, any p, constructed in the above manner is positively ho-

mogeneous and translation invariant.

Theorem 1.3.17. The distorted risk measure py is coherent if and only if g is

concave.
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For a proof of this, see [Sereda et al., 2010]. A range of popular measures

may be cast in this setting, including VaR), which is obtained from distortion

gvar, (z) = 1y 1)(2),

and AVaR,, which is obtained from distortion

T X
gAVaRA(‘T) = X]l[()’)\} (CC) + ]l[)\,l} (CU) = (X) Al

We note that gavar, is indeed a concave distortion, whereas gyagr, is not.

We have so far seen two representations of coherent risk measures, namely
(1.4) and (1.5); it is natural to ask how they are related. To simplify matters, we fix
a probability measure p € M;(0, 1] and assume the supremum is attained in (1.4)

for this u:
pu(X) = /( AV () ().
0,1

We may find a concave distortion function g such that p, = p, for p, defined as in
(1.5).

Theorem 1.3.18. In the above notation, p and g are related through

Org() = | N7 uld)

where O+ denotes the right derivative.

As an illustration of why this might be true, we assume g is continuously
differentiable, and so d+g = ¢’. By definition of AVaRy,

pu(X) = [ AVaRy(X) u(dN)
(0,1]
1 A
—/ / VaR (X) da pu(d).
0,1] A Jo
By swapping the order of integration, and using the equality in the statement,
1
pu(X) = / do / A1 u(dr) | VaRa (X)
0 (a,1]
1
= [ d@ate) do,
where q} is the upper quantile function defined previously. Now we employ the
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change of variables t = g(a):

A rigorous discussion may be found in [Follmer and Schied, 2004], Theorem 4.64.
The interested reader may look to [Denneberg, 1990, Wang et al., 1997, Robert and
Thérond, 2013, Follmer and Knispel, 2013] for more.

1.3.5 Dynamic convex and coherent risk measures

In this subsection we briefly survey an area that has received much attention in
the last decade. We work on a filtered probability space (2, F, (F)ierT, P), for T :=
[0,00). By suitable embeddings, we may reduce to the case of discrete time, finite
time horizon, etc.. We assume JF{ trivial, containing every P-null set, and the
filtration is right-continuous. Write L>°(Q, 3, P) = L°.

Definition 1.3.19. A map p; : L™ — L is a conditional convex risk measure if it

satisfies the following properties for all X, Y € L*°:

(i) Conditional translation invariance: for all my € L°,
pe(X +my) = pr(X) — my.
(ii) Monotonicity: X <Y = pi(X) > p(Y).
(iii) Conditional convexity: for any A € L° with 0 < X <1,

PrAX + (14 A)Y) < Api(X) + (1 = A)pe(Y).

A conditional convex risk measure is a conditional coherent risk measure if, in ad-

dition to properties (i)-(iii), p; satisfies

(iv) Conditional positive homogeneity: for any A € Lg° with A > 0,
pr(OAX) = Apu(X).

A sequence (pt)ier is a dynamic convex risk measure if p; is a conditional convex

risk measure for each ¢t € T.
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The conditional convex risk measure p; induces an acceptance set
A :={X € L™ : p(X) < 0}.
As in the static case, we may recover the conditional risk measure p; via
pe(X) =essinf{Y €e L : X +Y € 4} P-as.

so that py(X) is the minimal conditional captial requirement to be added to claim

X to achieve time-t acceptability.

Robust representation

We summarise robust representation results that carry over from the static case. As
before, let M (P) denote the set of probability measures absolutely continuous with

respect to P.

Theorem 1.3.20 (From [Acciaio and Penner, 2011]). For a conditional risk measure

pt the following are equivalent:

1. p¢ has the robust representation

pi(X) = esssup{Eq[—X|F;] — (Q)},
Qe

where

Qr:={Qe M(P): Q=P|x}

and oy maps Oy to the set of Fi-measurable random variables with values in
R U {400}, such that

esssup{—a(Q)} € R.
QeQt

2. pt has the robust representation in terms of the minimal penalty function

a?in((@) = eigesxp Eq[—X|F].
t

3. p¢ has the robust representation

pi(X) = esssup{Eg[— X |F] — ™™ (Q)} P-a.s.,
QeQ{

where

of ={QeMi(P):Q=P|5, Eg[a"™(Q)] < co}.
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4. pt has the Fatou property: for any bounded sequence (X, )nen C L converging
P-a.s. to some X € L*°,

pe(X) < lirginf pe(Xn) P-a.s..

5. pe is continuous from above: for any bounded sequence (Xy)neny € L, and
X e L™,

Xpd X P-as. = p(Xn)Tpe(X) P-as.

6. The acceptance set Ay C L™ of py is o(L>°, L')-closed.

Time-consistency

The fundamental idea behind time-consistency is the following: suppose at time ¢,
an investor, when choosing between claims X and Y, is indifferent. Then at time
s < t, she should be indifferent. There are many notions of time-consistency in the
literature; we follow the approach of Delbaen [Delbaen, 2006b].

Fix P a probability measure on (Q, F = Fu). Let S be a closed convex set
of probability measures containing [P, where every element is absolutely continuous
with respect to P. We identify probability measures Q on F., that are absolutely
continuous w.r.t. P, with their densities 2%, so with a subset of functions in L'. We
write S€ for the set of measures in S that are also equivalent to P.

For each stopping time 7 and bounded r.v. X, we would like to define the
coherent risk measure

‘?
pr(X) = esssup Eg[—X|F-].
Qes

However, Q does not necessarily have to be in S¢, the set of measures equivalent
to P. So the equality would not hold P-a.s.. A more sensible definition, using the
density of §¢ in S, is

pr(X) == esssup{Eq[—X|F;] : Q € S,Q ~ P},

for each stopping time 7 and bounded r.v. X.

Definition 1.3.21. The set S is called time consistent if, for any pair of stopping

times ¢ < 7 and any pair of r.v.s X, Y € L™, we have that

pr(X) > p-(Y) = po(X)>ps(Y).
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Multiplicative stability

Definition 1.3.22. Fix Q° € S, Q € &8¢, and define their associated change of
measure martingales Z = E [%\}}} and Z; = E [%]}}]. Fix a stopping time 7,
and define L by

I VA fort <7,
=
Z(T)% for t > 7.

The set of probability measures S C L', is multiplicatively stable (henceforth, m-
stable) if any L constructed in the above way is a change of measure martingale

defining a measure belonging to S.
Theorem 1.3.23. The following are equivalent:
(1) The set S is m-stable.

(2) For every bounded random variable X, the family {pr(X) : T is a stopping time}

18 recursive:

for any two stopping times o < 1, we have py(X) = ps(—pr(X)).

(3) For every bounded r.v. X and for every stopping time o, we have po(X) >
PO(_PJ(X))'

(4) The set S is time consistent.

(5) The family {pr(X) : T is a stopping time} satisfies the supermartingale prop-
erty:

VQ € S and all pairs of stopping times o < 7 we have ps(X) > Eg[p+(X)|Fs].

Proof. The proof we give here is due to Delbaen, [Delbaen, 2006b].
(1) = (2): By the tower property of conditional expectation,

po(X) = esssup Eg[—X|F,] = esssup Eg[Eq[—X|F+]| Fsl.
Q Q

m-stability implies that the essential supremum is the same, whether using the same
measure Q € S throughout, or “switching” to another measure @ € S after stopping

time o, where @ agrees with Q up to time . More formally stated, for stopping
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times v < 0 < 7 < 00, m-stability implies the equality of the sets

Z: Z, Zr Zy
{<Z<7" Zl,> : Z defines a measure in Se} = {(ZZ, Zl,> : Z, 7' define measures in Se} .

Thus,
esssupg Eq[Eq[—X|F7]|Fo] = esssupg ess supg Eq[Eg[—X|F-]| Fo].

The second essential supremum optimises over measures Q for events after o, hence

we may write

po(X) = esssupg Eqless supg Eg[—X|F]| F5]
= esssupg Eg [PT(X) ‘}—o]
= po(pr(X)).

(2) = (3) is clear.

(3) = (1): Suppose that Z! and Z? are change of measure martingales
defining elements Q' and Q? in S. Let o be a stopping time, and suppose that
Zg% is not in the set S. The set S is closed and convex, so by the Hahn-Banach

theorem, there is a random variable X € L° such that

Z2
EQ1 [EQ2[—X|]:UH =Ep |:Z;ZO2O(—X):| > sup EQ[—X].
o Qes

By definition of p, and pg,
Egi [Eqz[X| 7] < Eqilpe ()] < polpo(X)).

But by definition, po(ps (X)) = supges Eg[—X], which shows the required contra-
diction.

(2) = (4): Suppose that for bounded random variables X and Y and
stopping times o < 7, we have p,(X) < p;(Y). By hypothesis,

po(X) = po(—p-(X)) and po(Y) = ps(—p-(Y)).

Since —p-(X) > —p,(Y'), we use monotonicity of p, to deduce p,(X) > p,(Y).
(4) = (2): Set Y = —p,(X), and observe that we have the equality p,(Y) =
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pr(—p+(X)) = pr(X), which we view as the system of inequalities
pr(Y) 2 pr(X)  and  pr(X) = pr(Y).

By hypothesis (4) applied to both of the above inequalities, we have p,(X) =
po(Y) = po(—p-(X)).

(1) <= (5): we provide this equivalent condition without proof as a sample
of related results for convex risk functionals, which study the dynamics of the penalty
function of time-consistent convex risk measures. The interested reader may refer
to [Delbaen, 2006b], Theorem 12 for a proof of the statement as it appears here,
and for a broader perspective, may refer to [Follmer and Penner, 2006, Acciaio and
Penner, 2011, Delbaen et al., 2010]. O

1.4 Transaction costs

In any market for an asset that may be both bought and sold, in general, there is no
one true price of the asset; rather one for each of buying, and selling. The bid price
(“bid”) is the maximum that a market participant will offer to pay for the asset,
and the ask price (“ask”) is the minimum that a holder of the asset will accept to
part with the asset.

In any sufficiently liquid market, for a particular asset, various types of orders
come in and get matched. If the market is functioning correctly, and both prices
exist, then the bid price will be below the ask. The more liquid the asset, the tighter
the difference between bid and ask (the bid-ask spread). The less liquid an asset
becomes, the wider the bid-ask spread. This widening represents an increase in risk
associated to this asset: the market is, on the whole, less certain on the price, and
less willing to buy and buy at bids close to asks and sell at asks close to bids. Market
depth is another factor affecting the bid-ask spread, which is linked with liquidity.

Assuming that the market is sufficiently deep (relative to trade sizes) and
liquid, a bid price will not move upon a small order to sell at that price, so we
may focus modelling of such a market to just bid and ask prices, simplifying the
information contained in the order book to just a pair of values at any particular
time.

For a multi-asset market, where each asset satisfies the assumptions above,
there is a pair of values for each asset. In such a multi-asset market, suppose that
any asset in the market may be bought and sold in units of any other asset: for

example a currency market where dollars may be exchanged for an amount of either
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pounds sterling, or euros®. In this case, the bids and asks at time t may be arranged
in a matrix, denoted II; = (m,”); je12,. .4, where m is the amount of asset i that
is required for 1 unit of asset j at time ¢. Of course, 1 /W{Z is the amount that 1 of

asset j is worth in units of 7, so that the bid-ask spread of asset j in terms of 7 is

The exchanging of one unit of asset ¢ to j via a third asset k should not
result in more than exchanging from ¢ to j directly: we may not create money from
essentially no risk: we assume that there is no arbitrage. Mathematically,

Wtikwf J > 7Tij .
From this, and the fact that we assume the bid-ask prices in the matrix are

positive real numbers, we have that 7i’ = 1. From this, we have 7,/ > -
T

Proportional transaction costs In many examples, where there is little uncer-
tainty on the value of the asset being traded, the bid-ask spread will be of small

order relative to either the bid or the ask, and the proportion

k — bid
as . id
bid
is approximately constant through time. This is a useful further simplification of
the modelling of bid and ask prices, as we only need model a single price process,

and then multiply by (14 ).

1.4.1 The Fundamental Theorem of Asset Pricing under transac-

tion costs in discrete time

An investor trades in the market under bid-ask spreads II. Suppose that the investor
starts with a zero initial endowment, denote the set of all claims attainable by
terminal time T to be Ar.

Arbitrage considerations form a cornerstone of modern Financial Mathemat-
ics. A probabilistic consideration of arbitrage goes back to (at least) Ramsey’s and
de Finetti’s Dutch Book Theorem in the 1930s.

An arbitrage is a way of making a riskless profit. Say that we are trading in

an asset S, with no transaction costs. From a zero initial endowment, an arbitrage

2the case where, for example, dollars may be exchanged for a basket comprising a mixture of
pounds and euros is naturally more general and shall be discussed later
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is a self-financing investment strategy that replicates a claim that is positive, and
not identically zero. On a finite probability space (€2, F,P), let the convex cone of

all claims attainable from zero initial wealth be /. Then & is arbitrage-free if
o/ N LE(Q, F,P) = {0},

where L (€2, F,P) is the positive orthant of L>(£2, 7,[P). The Fundamental The-
orem of Asset Pricing (FTAP) is that absence of arbitrage is equivalent to the
existence of an equivalent martingale measure. An equivalent martingale measure
is a measure under which the price process S is a martingale.

For more general probability spaces, we need stronger notions of no arbitrage.
For example, the Kreps-Yan theorem (Theorem 5.2.2 of [Delbaen and Schacher-
mayer, 2006]) shows that existence of an equivalent local martingale measure is

equivalent to the no free lunch condition,
o NLY(Q,F,P) = {0},

where the closure is taken in the weak*-topology.
In the case where transaction costs are present, the FTAP fails. Assume that

multiple assets are traded according to a bid-ask matrix II, that satisfies, for each ¢,
o m’ >0 for all 7, j;
e 1’ =1; and
° ﬂzkwfj > sz.

Indeed, in section 3 of [Schachermayer, 2004] there is an example of a set
of claims &/ C L° attainable from 0 endowment which satisfies no-arbitrage, but
whose closure o7 in L° has an arbitrage. In the same work, it is shown that if &7
satisfies a stronger assumption of robust no-arbitrage, then o is closed in L°, and
there exists a strictly consistent price process. The converse is also shown: that if
there is a strictly consistent price process, then robust no-arbitrage holds.

A bid-ask process (II;) satisfies the robust no-arbitrage condition if there is
a bid-ask process (ﬁt) satisfying no-arbitrage, and such that each bid-ask interval
[%, ?r'f;j } is contained in the relative interior of [%ﬁ“ 77? }

The solvency cone K (II;) of a bid-ask matrix II; is the cone of all claims that
may be liquidated to a non-negative value according to the prices II;. It is given
by taking the cone of all positive units in each of the assets e;, together with the

exchanges m,’e; —e;. A consistent price process (Z;) is a process that, at each ¢, lives
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in the polar cone of the solvency cone K (II;)*. A strictly consistent price process
lies in the relative interior of K (IL;)*.

The theorem from [Schachermayer, 2004] is

Theorem 1.4.1 (Schachermayer). A bid-ask process satisfies the robust no-arbitrage

condition if and only if it admits a strictly consistent pricing process.

We may characterise the closure of the cone <7 in LY as follows, from [Jacka
et al., 2008]:

Theorem 1.4.2 (Jacka, Berkaoui, Warren). There exists an adjusted bid-ask process
II such that the associated cone of claims o satisfies of C of C of . Moreover, either

o contains an arbitrage, or it is arbitrage-free and closed.
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Chapter 2

Predictable representation

2.1 Introduction

Insurers reserve for future financial risks by investing in a suitably prudent asset.
Reserving is done in a particular unit of account, typically cash, or any other asset
universally agreed to always hold positive value. We call such assets numéraires,
examples of which include paper assets, such as currencies, or physical commodi-
ties. Reserving a sufficient amount ensures that the risk carried by the insurer is
acceptable. In some circumstances, the choice of numéraire is clear; in others, it is
not, for example insurers reserving for claims in multiple currencies. We model the
sufficient amount to reserve by a coherent measure of risk.

Coherent risk measures were first introduced by Artzner, Delbaen, Eber and
Heath [Artzner et al., 1997, Artzner et al., 1999], in order to give a broad axiomatic
definition for monetary measures of risk. Financial positions are modelled as es-
sentially bounded random variables on a suitable probability space (2, F,P). A
coherent risk measure is a real-valued functional on L*°(Q2, F,P) defined in defini-
tion 1.3.5. A coherent risk measure assigns a real value to every financial position:
those with non-positive risk are deemed acceptable. We denote by A the set of
acceptable claims. It is easily shown that A is a cone in L.

A coherent risk measure is a reserving mechanism: we assume that an insurer
is making a market in (or at least reserving for) risk according to a coherent risk
measure p and they charge or reserve for a random claim X the price p(X). Thus
the aggregate position of holding the risky claim X and reserving adequately should
always be acceptable to the insurer.

A risk measure p satisfies the Fatou property if, for any X™ converging to X
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in probability,
liminf p(X") > p(X).

A risk measure satisfies the Fatou property if and only if, for a set of probability

measures Q absolutely continuous with respect to P, we can represent p as

p(X) = sup Eg[X],
QeQ
as shown in Theorem 1.3.11.

Fix a probability triple (2, F,P). Recall that the dual of L*>(Q, F,P) is
the space of all finitely additive measures on (£2, F) that are absolutely continuous
with respect to P. The Fatou property allows us to restrict our search for dual
optimisers to elements in L'(Q, F,P), identified with probability measures through
their Radon-Nikodym derivative. We say that a probability measure Q < P is
identified to a random variable Z € L' if dQ/dP = Z holds P-almost surely. We
equip the space L> with the weak* topology o(L>, L'), so the topological dual is
L'. The acceptance set A is weak*-closed.

We assume that the insurer can trade at finitely many times {0,1,...,7}. At
each time t, the insurer can re-evaluate the risk, conditional on the information in the
sigma algebra F;. A conditional coherent risk measure is the natural generalisation
of a coherent risk measure; again, such a measure p; satisfies the Fatou property if
and only if, for a set Q; of P-absolutely continuous probability measures we may
represent p; by

pt(X) = esssup Eq[X|F.
QeQ:

In what follows, we fix Q; = Q for all ¢, and define A; as the set of all claims
X € L>(Q, F,P) with p¢(X) < 0. Of course, A; is a cone.

The simplest act of reserving is to hold a set amount of cash p(X) until the
insurer must pay the claim X. More generally, starting with an amount p(X) of
cash, an insurer trades in any financial asset available, constructing a self-financing
strategy with a terminal value equal to or exceeding the value of the claim X at
maturity. If this strategy is built by trading in the set of assets V. = (¢°,...,v%) as
numéraires, then we shall say that the claim may be represented by the vector V.

The components of V are Fr-measurable. We need not liquidate the portfo-
lio at any time but we shall adopt the view in the subsequent that we have identified
a particular claim X for which we wish to reserve, in units of an identified numéraire,
which we call the reference numéraire. For simplicity, we assume that this numéraire

is the zero-th component v° of V, and write vY = 1 for any time ¢. Thus, when we
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cash up at time T, the reserving portfolio Y = (Y°,...,Y¥) is liquidated friction-

lessly, we obtain a value Y - V in the reference numéraire, and used to cover the
claim X. The net position will be X —Y -V at time T'.

If we allow ourselves a large enough collection of assets in the definition of V,
then representation is always possible: to hedge the bounded claim X we need only
buy and hold a claim whose value is X. Interest, therefore, should be focused on
choosing a parsimonious collection of representing numéraires V, and in identifying

when such a collection is representing.

Predictable representability For X to be predictably representable, we mean
that X is attainable (representable) as a weak*-limit of nets X = lim, X of sums
of claims X* = ), Cf*, where each Cf* is realised over the time period (¢,¢ + 1],
pays out at time t 4 1, and is acceptable at time £.

A claim X is predictably representable in V if, starting from a reserve p(X),
we may transfer risk through each time period by trading in V in an acceptable

manner, such that the terminal wealth equals the value of the claim: for portfolios
Y; € L®(Q, F;, P; R, we have

~
L

X=p(X)+ > Vi1 —-Yy) -V,
t

Il
=)

where each increment satisfies p;((Yi41 — ¥z) - V) <0.

A reason for why we term this mechanism predictable is by analogy to the pre-
dictable representation result for martingales: a martingale M has the predictable
representation property if, for any martingale X there exists a predictable process
H such that X is the Ito integral of H with respect to M. A secondary reason for
why we term this mechanism predictable is that when a claim is predictably repre-
sentable, it must be the case that at time ¢, given a portfolio Y; that reserves for a
claim X, there will exist a portfolio Y;41 at time ¢ + 1 such that the exchange of Y;
for Y41 is acceptable at time ¢. Thus the risk over (¢,t 4 1] is seen to be hedged
before the time period, at time ¢.

We write A, (V) for the set of all portfolios in V that are time-t acceptable.
The acceptance set Ag is predictably V-representable if it is the weak*-closure of
the sum of the cones K;(A, V) := A(V) N L®(Q, Fyyq, P;RIFL)

Ao(V) = &1 K, (A, V),

A key contribution of this chapter is to provide the dual characterisation of
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V-representability. Recall Delbaen’s multiplicative stability (henceforth m-stability)
condition, on the set of probability measures Q. We identify probability measures

in @ via Radon-Nikodym derivative with random variables in the dual cone
Ab={Z e L' E[ZX] <0 VX € Ay}

The dual cone Ajj is m-stable if, for any stopping time 7 and Z1, Z2 € A{j such that
E[Z, | Fr] = aE[Zy | F7], then aZy € Ap(V)*. See [Delbaen, 2006a]. Likewise, the
dual cone Ay(V)* is V-m-stable if, for any stopping time 7 and Z;, Zs € Ag(V)*
such that E [Z; | ;] = oE [Z2 | ], then aZs € Ap(V)*. To show the equivalence of
V-m-stability and V-representability, we present an elegant dual of each summand
in the representation K;(A,V)* = M (A(V)*), called the predictable pre-image
of Ap(V)* at time ¢. Aside from being useful in proving the equivalence of V-
predictable representability and predictable V-m-stability, the predictable pre-image
of a predictably m-stable convex cone Ay(V)* at time ¢ is a concrete description of
the dual of the set of portfolios held at time ¢ in order to maintain an acceptable
position until time ¢ 4 1.

A risk measure is time-consistent if p; = popi11. That is, today’s reserve for
a claim X is precisely enough to reserve for tomorrow’s reserve for X; see [Gianin,
2006, Delbaen, 2006a, Riedel, 2004, Roorda et al., 2005] for examples of such mea-
sures. The sequence (p;) is not necessarily time-consistent; see for example [Boda
and Filar, 2006, Cheridito and Stadje, 2009].

We prove that V-representability is equivalent to time-consistency of the risk
measure. A risk measure is time-consistent if p, = p; 0 py+-1. That is, today’s reserve
for a claim X is precisely enough to reserve for tomorrow’s reserve for X; see [Gianin,
2006, Delbaen, 2006a, Riedel, 2004, Roorda et al., 2005] for examples of such mea-
sures. The sequence (p;) is not necessarily time-consistent; see for example [Boda
and Filar, 2006, Cheridito and Stadje, 2009]. Considerations of time-consistency are
important for banks modelling Risk-Weighted Assets (RWAs) under the Basel III
accords. A recent consultative document [on Banking Supervision, 2013] highlights
the change in methodology from using risk measures based on Value at Risk (VaR)
to those based on Expected Shortfall (ES), also known as Average Value at Risk
(AVaR, see [Embrechts et al., 2014]). As shown by Cheridito and Stadje [Cheridito
and Stadje, 2009], AVaR is not time-consistent.

In section 2, we elaborate on our generalisations of the three properties:
namely V-time-consistency, V-representability, and V-m-stability. Throughout the

section we illustrate our definitions with a toy example of Average Value at Risk.
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The main result of this chapter is the equivalence of the three properties.

In section 3, we provide some examples. In section 4, we prove that the L° clo-
sure of the acceptance set is the sum of the L-closures of the cones K;(.A, V). In sec-
tion 5, we prove the main result. A key step in the equivalence of V-representability

and V-m-stability is the following result for C; a sequence of closed convex cones:
(NeCy)* = conv {UCr ),

where conv A denotes the closure of the convex hull of a set A. We highlight the role
that the filtration (F;); plays.

2.2 Pricing measures

We recall some definitions and concepts. We fix a terminal time T € N, a dis-
crete time set T := {0,1,...,7}. We fix a probability space (2, F,P), where P
is the reference measure or objective measure. The filtration (F;)¢er describes the
information available at each time point. The space of all P-essentially bounded
F-measurable random variables is L™ = L*°(Q, F,P); we abbreviate L>(£2, F;,P)
to L3°. The space of essentially bounded R-valued random variables is £ (R%) =
L>(Q, F,P;R?%). We denote the cone of non-negative (respectively strictly positive)
essentially bounded random variables by LS° (resp. L° ). At each time t € T, we
wish to price monetary risks using all information available at that time. Recall the

following definition, adapted from [Detlefsen and Scandolo, 2005]:

Definition 2.2.1. A map p, : L™ — L for t € T is a conditional convex risk

measure if, for all X, Y € L°° it has the following properties:

e Conditional cash invariance: for all m € L,
pe(X +m)=p(X)+m P-almost surely;
e Monotonicity: if X <Y P-almost surely, then p(X) < pi(Y);
e Conditional convexity: for all A € L{® with 0 < A <1,
ptAX + (1 =NY) < XApe(X)+ (1 = N)pe(Y) P-almost surely;
e Normalisation: p;(0) = 0 P-almost surely.
Furthermore, a conditional convex risk measure is called coherent if it also satisfies
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e Conditional positive homogeneity: for all A € L$® with A > 0,

pt(AX) = Ape(X) P-almost surely.

Our interest lies chiefly in reserving for and pricing liabilities. We see a
positive random variable X as a gain, and a negative X as a loss, which explains

the choice of sign in the cash invariance property, and the direction of monotonicity.

Definition 2.2.2. A convex risk measure satisfies the Fatou property if, for any

bounded sequence (X™)p>1 C L™ converging to X € L* in probability, we have

pe(X) < liminf p (X™).

n—oo

The Fatou property is equivalent to continuity from above: p; is continuous
from above if, whenever (X"),>1 C L* is a non-increasing sequence such that
XD | X P-as. for all s € Ty, then

pe(X™) | pe(X) P-a.s. as n — 00

Definition 2.2.3. A dynamic convex pricing measure is a collection p = (pt)i=o,... T,
where each p; is a conditional convex pricing measure satisfying the Fatou property

with representing set of measures Q:

pe(X) = esssup Eq[X|F].
QeQ

The acceptance set of a conditional convex pricing measure p; : L — L7 is
Ay ={X € L™ : py(X) <0}

For the following results, we refer the reader to Chapter 1. We equip the space L™
with the weak*-topology o (L, L'), so that the topological dual will be L. Recall

that a set C of claims is arbitrage-free whenever

cn L ={0}.

Proposition 2.2.4. Define (A;): to be the acceptance sets of the dynamic condi-

tional coherent pricing measure p; : L>° — L satisfying the Fatou property. Then
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A; is a weak*-closed' convex cone that is stable under multiplication by bounded

positive Fi-measurable random variables, contains L=, and is arbitrage-free.

Numéraires A numéraire is a random variable v € LY, such that 1/v € LY, .
We shall from here on fix a finite collection of numéraires V = (29,...,v%), with

’UOE

2.2.1 Time-consistency

In this and the subsequent sections we identify the probability measures Q of the set
Q with their Radon-Nikodym derivative i%. We trust that which version is to be
used will be clear from the context. The following definition is taken from Acciaio
et al. [Acciaio et al., 2012].

Definition 2.2.5. A dynamic convex pricing measure for random variables (p;)¢er
is (strongly) time-consistent if for all t <T — 1, and for all X € L,

pt(X) = pe(pr1(X)).

We note that the reserve for X at time t is p;(X). The generalisation of

strong time-consistency to V-time-consistency is:

Definition 2.2.6. A dynamic convex risk measure p = (p;)=o,... 7 is predictably V-
time-consistent if, for any X € Ap, we may find a net X converging in the weak*
sense to X, and a net 7 = (7f")¢=0,... 7—1 such that 7f* € L®(Fiyp1; RT), and

(i) for each t,
pe(m - V) <0;

(ii) for each «,

~
L

m -V > XY @Q-almost-surely for each @ € Q.

-
Il
o

When V = 1, strong time-consistency implies V-time-consistency. Of course,
for any X € L, we have X — po(X) € Ap. Assuming strong time-consistency, take
m = pr41(X) — pe(X), so that py(m) = 0 and

b

X — po(X) = Tt

if
o

Yin L, i.e., A; is closed in the topology o(L$°, L)
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We illustrate predictable time-consistency in a finite sample space €2 with a

sign-changed version of Average Value at Risk.

Example 2.2.7 (Average Value at Risk). Consider the filtered probability space
Q = {1,2,3,4} with Fy trivial, 71 = 0({1,2},{3,4}), F» = 2% = F (describing a
binary branching tree on two time steps). Define AVaR, the Average Value at Risk

pricing measure, by

A
AVaR(X) = / VaRa(X) da,
0

> =

We may represent AVaR as

AVaR(X) = sup Eg[X],
Qe

where

d 1
Q) = 4 probability measures Q < P : dQ <=
dP — A
noting the sign change to make AVaR a pricing measure; see section 4.4 of [Follmer
and Schied, 2011]. We set A = %, while the objective measure is given by

81

P} = oo, P2 =PIBH = oo, and P4} = o0

For notational convenience, we represent a probability measure Q by the a quartuple
of its values on atoms, Q({i}) =: ¢;, and similarly we write X (i) = z; for a random

variable X : 0 — R. It is easy to see that the representing set Q) is

4
1 )
Q/\ - {@ = (6117(]27(137614) : Z% - 17 0 S q1 S 5;% S [07 1] fOI' 1= 27374}
i=1
Q) is the convex hull of 6 points:
Q= conv{(3,3,0,0),  (3,0,3,0),  (3,0,0,%)
(0,1,0,0), (0,0,1,0), (0,0,0,1)}

The set of time-0 acceptable claims is

4
Ao ={X = (z1, 22,23, 24) : Z%xi <0 for Q € Qy}.
i=1

Clearly, X € Ay if and only if Z?:l q;x; < 0 for each of the six extreme points Q of
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Q. These six inequalities are neatly summarised as

Ao ={X = (z1,29,23,24) : x; <0 for i =1,2,3,4;

or x1>0andx; < —x fori=2,34}.
Define X := Ty — Iy234)- Then it is clear that
Ay ={aX" - B:a>0,3¢€ LT}
The time-1 acceptance set is

Ar ={X = (21,22, 23,24) : 121 + @222 <0 and @33+ qura <0 for Q € Q)}
= L.
Claim (AVaRp, AVaR;) is not time-consistent.

Proof. It is easy to check that we have AVaRo(X°) = 0, AVaR;(X?) = L2y — 13435
and thus

AVaRO(AVaR1 (XO)) = AVaRo(ﬂ{LQ} — ]1{374}) =1>0= AVaRo(XO).

O]

Now we set V = (v°,v!), where v = 1 by convention, and v' = X° 4 2, so
that
’U1 = 31].{1} + 1].{2’374} > O

Claim (AVaRg, AVaR,) is predictably V-time-consistent.

Proof. For any acceptable risk X € Ag we may set X = a X" — 3, where 3 is some
non-negative random variable taking the value 0 on the event {1}. We reserve for X
by holding « in v and —2a in cash v°, giving a mapping Yy from acceptable risks

X to initial reserving portfolios in V:

Yo = ( 2 ) . (2.1)

Clearly Yy - V = aX0.
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Set

v ( —(20+ 38(2) L2y — (@ + B(3) A B(H) Lz ) , (2.2)

(o + %5(2))1{1,2}

so that
V1.V =aX"-B(2)1g — B(3) AB(4)13.4-

Now, let mp = Yp and w1 = Y7 — Yy. We have po(m - V) < 0, pi(m - V) < 0 and
7o- V47 -V >aX?— 3. Thus (AVaRg, AVaR,) is predictably V-time-consistent.

O]
2.2.2 Predictable representability

Given any cone D in L* and our vector V of numéraires, we define the collection

of portfolios attaining D to be
D(V)={Y € L®(Q, F,P;R¥*1) . Y.V € D}.

The set of time-t acceptable portfolios that are Fii-measurable is K;(A, V) :=
A (V)N ﬁfil(Rd“).

Definition 2.2.8. The cone A(V) is predictably decomposable if
A(V) = 0[5 Ki(A4, V),

where the closure is taken in the weak® topology. In this case, the cone A is pre-

dictably represented by V.

Example 2.2.7 (Continued). [Average Value at Risk] We return to the setting of
Example 2.2.7.

Claim The acceptance set Ag is not predictably represented by 1.

Proof. We note that

Ko(Ap,1) ={X € L=(F1) : X € Ay} = L=(F1)
Kl(A()a 1) = Al =L=

If Ay is to be predictably represented by 1, we must have that Ay = Ko(Ao, 1)+
K1(Ag, 1) = L*>; however Ag contains X° which is not in L. O

Now set V = (1,31} + 1234;) as before.
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Claim The set A is predictably represented by V.

Proof. For any X € Ay we may write X = aX? — 8, for « > 0 and 8 € L.
Defining mp = Yy and m; = Y7 — Y) for Yp, Y7 as in egs. (2.1) and (2.2), we have
that X < mo-V +m -V € Ko(Ay,V) @ Ki1(Ap, V). Any non-positive random
variable is in any of the K;(Ap, V) for t = 0,1, so X is in the sum, proving that
Ao € Ko(Ap, V) @ K1(Ag, V). The reverse inclusion is clear. O

2.2.3 Stability properties

We recall Delbaen’s m-stability condition, on a standard stochastic basis (2, F, (F)s, P):

Definition 2.2.9 (Delbaen [Delbaen, 2006a]). A set of probability measures S C
LY(Q, F,P) is m-stable if for elements Q4 € S and P ~ QW € S, with associated
density martingales Z; = E [% } .7-}} and W, = E [% ‘ ]:t} , and for each stopping
time 7, the martingale L defined as

7y fort <r

L; = p
W:Wt fort>r1

defines an element in S.

Note that a set S is m-stable if, whenever 7 is a stopping time, and Z, W € S
are such that Z, = aW,, then alW € §. Just take a = VZT:v and then L = oW in
the above definition. We now define a vector-valued generalisation of m-stability,
for a subset D C L1 (RIT1).

Definition 2.2.10. The subset D C £1 (R4™1) is predictably m-stable if, whenever
7 < T is a stopping time, and whenever Z, W € D with

E[Z|‘FT]:O[E[W|‘FT]7

then oW is also in D.
Note that « is F-measurable.

Definition 2.2.11. The cone D C L}F is said to be predictably V-m-stable if DV =
{YV :Y € D} is predictably m-stable.

Remark 2.2.12. In the case d = 0, we have V = 1 and so the requirement that a set
of Radon-Nikodym derivatives D C L}r is 1-m-stable is precisely the requirement
that D is m-stable.

38



Every random vector Z in Ap(V)* can be written as a multiple of V, that
is, Z = ZV with Z ¢ Aj. See Section 2.4.1 for a proof of the following

Lemma 2.2.13. Suppose that 'V is a collection of d + 1 numéraires, and D is a
convex cone in L. Then
D(V)* =D*V.

Remark 2.2.14. In light of Lemma 2.2.13, we may check that Ag(V)* = AJV is
predictably stable in the following way. We first associate to each Z € Ajj the
probability measure QZ, defined through its Radon-Nikodym derivative

Q’ _ Z_

dP  E[Z]

We note that if Z, W € Ayp(V)*, then we may find Z,W € A} such that Z = A%
and W = WV. The assumption that v = 1 gives the equivalence of the condition
E[Z|F;] = mE[W | F;] with the condition

Eqz[VIF] = Eqw[VIF) (23)

The set Ag(V)* is predictably V-m-stable if, for any stopping time 7 < T', whenever
Z,W e Af are such that (2.3) holds, then

B |7] 7]
———=W e A5(V).

B[ W7

Example 2.2.7 (Continued). We return to the setting of Example 2.2.7.

Claim Aj is not m-stable.

Proof. Define measures Q' = (%, %,0,0) € 9, and Q? = (%,O, %,O) € 9. We form

the time-1 pasting of the measures Q! and Q2 by setting

dQ!
dP

.7-"1} dQ?
]_—1} dP

d@_E[
EE_EH%

so that @ = (1,0,0,0). Now ¢ =1 > % which shows @ ¢ Q,, and so Q) is not
m-stable. O

Now set V = (1,311} + 12343) as before.
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Claim Aj is V-m-stable.

Proof. First, consider the pasting @ = Q @, Q' of measures Q and Q' in Q) at the

stopping time T:
@ _E|B|7) aw
"ol

E|%
(2%/]].{7' 0}+E[ ‘J__}} (il(%/ Tg—qy + ZEH{T 2}-

ks

By Remark 2.2.14, we fix Z and Z' in A with associated probability measures Q
and Q' that additionally satisfy

Eglv'|F] = Eg/[v'| 7],

and we aim to show that Q € Qy. On the event {7 = 0} (respectively {7 = 2}), we
have that Q = Q' (resp. Q= Q) and the bound @(1) < % is trivially satisfied. The
event {7 = 1} is one of @, {1,2}, {3,4}, Q. Writing Q = (¢:)7,, for w € {1,2,3,4},

391 + q2
q1 + g2

Eg[v'|Fi](w) = Ligi4qo500 L1123 (W) + Ligrqa>0y Lz a3 (W)

We may paste measures Q and Q' that satisfy

31+ q2 3¢+ 4
a1+ ¢ Ligitae>0p Ly Hlgsvau>01 Lizay = T T4, 11{q3+q§>0}1{1,2}+1{q§+qg>0}1{374}

on {7 = 1}, which simplifies to the requirement that

q1
;ﬂ{q1+q2>0}1{1,2}m{7:1} + Ligs+qi>03 L {3,430 {r=1}

/
_ 4
0 Ligtgsor Laaintr=13 + L gm0y Lsapnir=1}-

(2.4)
On {7 =1} D {1}, the pasting @ weights {1} as
q’ i (2.4)
1 92 -
Qe,Q'({1}) = (Q1+QQ)m]l{q/1+qé>0} (a1+¢2) = L1 Hera>0p = @1 l{nrae>0)
‘12
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The other cases are easy to check. Thus Q &, Q' € Af, and Af is V-m-stable. [

2.2.4 Main result

We fix numéraires V, a coherent pricing measure p = (p;); with convex representing
set of probability measures Q, and take A; to be the acceptance set of p; for t € T.

The main result is
Theorem 2.2.15. The following are equivalent:
(i) (pt)ter is predictably V -time-consistent;
(ii) Aq is predictably represented by V;
(1ii) Ao(V)* is predictably m-stable.
Proof. The proof may be found in Section 2.4. O

We now highlight particularly interesting waypoints in the proof of the main
Theorem.

Thinking of the conditional expectation E[-|F;41] as a projection from £ (R4+1)
to Egﬂ(Rd“), we define the predictable pre-image of D at time ¢ by first projecting
D to L} H(Rdﬂ), then taking the Fi-cone, and finally taking the pre-image under
the projection E[-|Fy1]. The Fy-cone of a set E is

coner, £ = {aw + fwz : o, B € LT (F), w,we € E}.

More concisely:

Definition 2.2.16. For D C L! , we define for each time ¢ the predictable pre-image
of D by

My(D) :={Z e L'R™) 3oy € LY ,,3Z' €D
such that oy 2’ € LY(RY) and E[Z | Fiq1] = a4E [Z"| Fea]}-
(2.5)

The predictable pre-image of a set D C L’}r is key to understanding pre-

dictably stable convex cones, as shown in the following two lemmas:
Lemma 2.2.17. Suppose D C Eﬂr. If D is a predictably stable convexr cone, then
T-1

D= (] Mi(D).
t=0

41



Lemma 2.2.18. Suppose D C L}, and define

T-1

D] := (] (eonvMy(D)).

t=0
where My(D) is as defined in (2.5), the symbol conv denotes the closure in L1 of
the convex hull.

(a) [D] is the smallest stable closed convex cone in L' containing D;

(b) D = [D] if and only if D is a stable closed convex cone in L.

We prove both these lemmas in Section 2.4.1.
The proof of equivalence of statements (ii) and (iii) of Theorem 2.2.15 is

underpinned by the following
Theorem 2.2.19. For anyt € {0,1,...,T — 1}, for D C L,

Ki(A, V) = (M(A(V)))". (2.6)

Thus we have characterised each “summand” in the representation (cf. def-
inition 2.2.8) as a dual set of the predictable pre-image of the dual of the set of
acceptable portfolios in V.

2.3 Examples

In this section we present a brief exposition of the versatility of the framework.

2.3.1 Modelling transaction costs

We now present an example motivated by buying and selling a stock in a market
with transaction costs across two time periods (7" = 2). Let N; and Ny be two
independent and identically distributed standard Gaussian random variables under
objective measure P. Fix M > 0 and define the truncated random variables N; =
N; AN M, for i = 1,2. Define the constant ays such that Ep[exp(ﬁi —aym)] =1

ays = log Ep[exp(N1)] = log (e%@(M 1) +eM(1— <I>(M))> .

Define the filtration by Fy trivial, F; = U(Nl), and Fy = 0(1\71, Ng)
The market consists of a “cash account” vg = 1 and a “stock” with time-2
price
V] = exp (]\71 + Ng — 2aM) .
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Set V = (vg,v1). At time 0, to buy 1 unit of v; a purchaser must pay 1+ A
cash, and to sell 1 unit of v; a vendor receives 1 — A. At time 1, knowing the
value of ]vl, buying 1 unit of v; costs (1 + )\)eﬁl_“M, and selling 1 unit of v; makes
(1—)\)eﬁl_“M. Define the Fj-cone of a set £ by coner, E = {aw : a € LT (F1), w €
conv E'}. If we also allow wealth to be consumed, we arrive at the following set of

claims to which we may trade from zero initial wealth:
A=cone{(—(1+A),1),(1—-XN-1)}-V
@ coner, {(—(1 + /\)eﬁl_aM, 1),((1 - /\)eﬁl_“M, —1)} -V
@ (—L).
In the sum, the first term describes those claims that can be realised at time 0,
the second term describes those claims that can be realised at time 1, and the last

describes consumption of wealth at any time. It is easy to show that the dual of A

is
Q::{Q<<IP’:EQ[U1]€[1—/\,1+/\] and E@[exp(ﬁg—amm]e[l—A,HA]}.

Note that Q is a convex set of probability measures that is not m-stable. Define
a coherent pricing measure by pi(X) = supgeg Eq[X|F] for t = 0,1. We have
po(v1) =1+ A, but

p1(v1) = N sup EqleN2 | Fy] = (14 A)eNa,

QeQ
and so )2
~ —a 1+
po(pr(v1)) = (1 +X) glelgEQ[eNl M| = (1_)\) > po(v1)-

The last line follows from the inequalities for any Q € Q:
1+ A > Eglvg] = EgeM " Eg [N~ |F]] > (1 — \)Eg[eM M),

Now, we may show that Q must be V-m-stable: we take two measures Q"
and QM with Radon-Nikodym derivatives A and M, form the pasting at a stopping
time 7 € {0, 1,2}, and check that the pasted measure @, defined by

& _

P E[M\fT]E[A‘FT]
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is also in Q. Noting that 1oy =1 — 11«1y € L7®, we calculate

- M A -
E@[exp(Ng - aM)|.7:1] =E [ <EW|]__1]]1{TS1} + IE[A|.7:1]]I{T:2}> eXp(NQ — aM)‘ f1:|

= Egu [exp(Na — anr)|F1)Lgr<1y + Egalexp(Na — anr)|Fi) L =gy,

so we see that the condition Egexp(Na — anr)|F1] € [1 — A, 1+ A] is satisfied. To
satisfy the definition of V-m-stability, we need only check that @ € Q for those QA
and QM that satisfy

Ega[v1]F7] = Equ [v1]F7].

Hence, we now calculate

Ex[vi] =E ME[MUH.E]

[E[A|FEqa[v1 | Fr]]
[E[A|F|Eqa[vi | F-]]

E
=K

E
Thus Q is V-m-stable.

2.3.2 A Haezendonck—Goovaerts risk measure

The following is an example employing the so-called Haezendonck—Goovaerts risk
measures; we refer the reader to the work of Bellini and Rosazza Gianin [Bellini
and Gianin, 2008]. Consider a two-period binary branching tree, with P{w} = 1
for all four elements w € Q. We choose a (normalised) Young function ®(z) = 22,
and define the Orlicz premium principle to be the unique solution H,(X) of the

equation

E[Q)(Hj((X)ﬂ—l—a for X £0;  Ha(0) = 0.

[N

1 . We

now define the Haezendonck measure to be

Fix o = 1, and rearrange the above to see H% (X) = V2| X2 = V2 (E [X?])

po(X) = sup Eg[X] where Q={Q«<P:Eg[Y]<H

Q€Q 1Y) VY eLT)

We write Q({i}) =: ¢; for a measure Q on (2, F), and X (i) = z; for a random
variable X on (2, F,P). First, we characterise Q. Note that the constraint in the
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definition of Q implies

The supremum is attained upon choosing Y = %, so the above inequality implies

2
dQ
[ <2

4 4
1
Q:{Q=(q1,---,q4):qi20, Elqz:l, '§1q3§2}.
1= 1=

Q is not m-stable Define measures Q* and Q™ from Ay = 2 x Ig12) and My =
2 x 1y 3y respectively. We see that both are elements of Q, and their restrictions to
(Q, F1) are described by A1 = E[Ag|F1] = 2 x 1y 9y, and My = E[M3|F1] = 1. We
form the time-1 pasting of the measures Q* and QM by setting

dQ Ay

ﬁ — MMQ :4 X ]].{1}
Here, Z?:l @;2 =1> %, SO @ ¢ Q, and the set Q is not m-stable.

Now, set

V= (1,v2L) + 1,v2L +1).

Q is V-m-stable We calculate Eg[V|Fi] as in Example 2.2.7, to see that, for
Q,Q’ € 9, our additional condition is
/ /

a _4 a3 _B
q21{¢11+q2>0} - qéﬂ{q3+qg>o} and q4ﬂ{q3+q4>0} - qgﬂ{qg+qg>o}-

Thus we see that any pasting Q @®;—; Q' that satisfies this condition is in fact equal
to Q, which is trivially in Q.

2.3.3 Reserving for cash flows

We describe a probabilistic approach to wealth processes using the notation of
Acciaio, Follmer, and Penner [Acciaio et al., 2012]. As before, we fix a termi-
nal time 7" < oo, a discrete time set T := {0,1,...,7}, and a stochastic basis
(Q, F, (Fi)ter, P). On the product space Q := Q x T, define the optional o-algebra
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up to time t € T as

Fri=0(As x {s}, Ay x Ty :s <t,A; € Fs), where Ty :={t,t+1,...,T},
£3:£T-

Define the reference probability measure P := P ® p on (22, F) via the expectation

Ep[X]=E

T
Z Xsﬂs]
s=0

where E = Ep and p is an optional random probability measure on T, i.e., an Fy-
adapted process such that j; > 0 for all t € T and ), pe = 1.

We use the underline to denote multiperiod variants of standard notation;
for example L™ := L*>(Q, F, P) is the space of all bounded random variables on the
extended probability space (£2, F, P), elements of which may alternatively be viewed
as processes X = (Xi)ier. We write LL(RT!) := LY(Q, F, P;R*!) (respectively
L (R41)) for P-integrable (resp. bounded) random variables X such that each X;
is R valued, for t € T. Non-negative elements of L™ are denoted by L%, and
JF,-measurable elements of L> are denoted by L;°.

For 0 <t < s < T, define the projection 7w : L> — L™

st (X)r = Ls<ry Xrat, forreT.

Define R* to be those adapted processes X € L, and set R{, = ms:(R™)
and Ry® = m7(R*). We use the notation X|; for the conditional expectation
Ep[X|F,;] = E[X|F,], which may be viewed as a process, constant after time ¢; we
write X; to denote the time-t realisation of the process X.

We remark that there is a one-to-one correspondence between pricing mea-
sures for processes p; : Ry — L° and pricing measures p, : R* — Ly for random

variables on 2 equipped with the optional o-algebra, via

t—1

p,(X) = ZO Xslysy + pe(mer (X)), (2.7)

2.4 Proof of main result

First, we show equivalence of predictable time-consistency and predictable repre-

sentability.
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Proof of Theorem 2.2.15, equivalence of (i) and (). (i) = (ii): Since the sets K¢(A, V) :=

A (V) N L%, (R are all subsets of Ag, we only need demonstrate that Ay C
@iy Ki(A V).

Take X € Ap, and suppose that (i) holds. We proceed by backwards induc-
tion on ¢. For each ¢, there exist nets 7 € L% (Fyy1;R4T!) such that

T-1
limpy(rf - V) <0 and X =lim > wev.
s=0

Set

&) = sup{pi(rf - V)},
a>f

and note that for oo > S, for any ¢,

—€t€ € Kt(.A V)

where €® = (1,0,0,...,0) € R, Summing over times ¢, we obtain
T—1
Y (7 —ele’) - Veal K (A V)V
s=0

Limiting over «, we have for any (5, the weak® limit X — ZSTZ_OI 2 is an element of

o Ki(A, V) -V

For each s, we note that

€s 1= héne hmsup ps(me - V) = lim pg(mg - V) < 0.
[e%

Limiting over 3, we have

T—1
X =) esea JK(AV)-V
s=0

The set EBz:Oth(.A, V) -V is a cone containing the negative orthant, thus it contains
ST e as well. Thus X = (X P €5> + 3 ey € ) Ky(A, V) -V, and
the desired inclusion is proved.

(ii) = (i): Suppose that Ag(V) = @' K;(A, V). Then, for any X € Ao,
for each ¢ there exists a sequence 7' € K;(A, V) C L®(Fp11; R, so that X =
limy,— oo ZS o Ty -V, and py(nf - V) < 0 for each n, so in particular the limit as

n — oo is also non-positive. O
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Proof of Theorem 2.2.15, equivalence of (ii) and (iii). To simplify the notation, de-
note A(V) by B. Assume now that B is a weak*-closed convex cone in £>(R+1)
which is arbitrage-free, so that B** = B. Also, define

Ki(B) :={X € L®(F11,R™™) 1 aX € B for any a € LY (F)}.
Recall that B is predictably representable if
B = @& Ki(B).
We must show the equivalence of the two conditions
(ii’) B is predictably representable; and
(iii") B* is predictably stable.

(1i’) = (i11’): Assuming B is predictably representable, it follows from The-
orem 2.2.19 that

*

B=®K(B) =®&M(B)" .

Taking the dual, we find that
B = ﬂtMt(B*)** = ﬂtht(B*)

where the last equality follows from the Bipolar Theorem. Hence, B* = [B*], and
by Lemma 2.2.18, B* is predictably stable.
(111°) = (ii’): Assuming B is a weak*-closed convex cone, note that B* is a

convex cone closed in (£, o(LY, £>)). Assuming further that B* is stable,

B* = nyMy(B¥) by Lemma 2.2.17
= MK (B)* by eq. (2.6).

Now we may apply Lemma 1.2.6 to deduce

*

B=B"=qK:(B)"

and B is predictably representable, as required. ]

Proof of Theorem 2.2.19. We set B = A(V), as above.
First we prove that M (B*) C Ky(B)*. For arbitrary Z € M;(B*), there
exist Z' € B* and o € LQF(]-}) with aZ’ € L and Z|;41 = aZ'|i41.
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Note that, for any X € K;(B),
E[Z - X]=E[Z|i11 - X] = E[aZ'|iy1 - X] = lim E[(al{a<nX) - Z'le11] 0,

since aliy<,3X € B and 7' € B*. Hence Z € Ky(B), and since Z is arbitrary, we
have shown that M;(B*) C K(B)*.

For the reverse inclusion, M (B*)* C K(B), note that B* C M;(B*) implies
M (B*)* C B, and

LE(FIMD) = My(D) =  for X € My(B*)", geL3(F), E[X-gZ] <0

Define
By = {X € L®(Fr,R™Y) . gX € B for any g € L (F)}

Thus M (B*)* C B;. To finish the proof, we need only show that X € M (B*)* is
Fi11-measurable, since B, N L2 (Fy1, R4 = Ky(B).

To this end, note that for any Z € L£'(R%!), it is true that Z — Z|;11 €
M (B*), whence E[(Z — Z|i41) - X] < 0. We deduce that

E[(Z = Z|s1) - X] =E[(X = X|i11) - Z] <0 VZ € LY(RM),
and X = X4 P-as.. O

2.4.1 Proofs of Lemmas

Lemma 2.4.1. Let D C £i(Rd+1). The following are equivalent:

(i) foreacht € {0,1,...,T}, wheneverY,W € D are such that there ezists Z € D,
a set F € Fi, positive processes o, 3 € LO(F;) with oY, BW € LYRT) and

X :=1paY + LW satisfies E[X|F]|=E[Z|F],

then X is also a member of D;

(ii) D is predictably stable, that is, for each stopping time T < T, whenever Z, W &
D are such that
E[Z|F;| =mE[W |F;],

then mW is also a member of D.

Proof of Lemma 2.4.1. (ii) = (i): We suppose that (ii) holds, and fix t € T.
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We aim for a triple of random variables Y, W, Z in D, together with an F' € F;, and
a, B as required in condition (i), such that we can apply (ii) twice to show that the
resulting X defined in condition (i) is a member of D.

First, let 7 = T1p + tlpe and suppose Z,W € D satisfy E [Zi|]:7] =
mE [W*| F,] for all i. By (ii), we have X := mW € D. Writing

TE(WI R BT

we may express X = Z1p + BW1pe.
Second, let 7 = tlp + T1pe and suppose Y € D satisfies E [)?"
mE [Y*| ;] for all i. By (i), we have X :=mY € D. Writing

7| =

= ———=1 i
@ E[Yi|F] {E[Y*|F]>0}>

we may express X = aY 1p + W lge.

Now, we have a t fixed, Y, W,Z € D, a set F € F;, and positive r.v.s
a, 8 € LY(F;). We have already that X € D, thus it remains to check? that X and
Z as defined above satisfy E [ X | F] = E[Z | F.

E[X | F]=1rE[aY | F] + 1pE W | F]

E[X| 7]
=1pE | 551 i Y
R et
E[Z'| F
+]].FC]E WH{E[W2|-F1§]>O}W ]:t

—1:E [55)3} +1pE[Z|F)
=E[Z|F)],

which establishes statement (i).

(i) => (ii): Say (i) holds; then (ii) holds for when 7 = T trivially. Now
suppose that (ii) holds for any stopping time 7 > k+1 a.s., and proceed by backward
induction on the lower bound of the stopping times. Fix an arbitrary stopping time
T > k a.s., and define F = {7 > k + 1} and the stopping time 7* := 71 + T'1 pe.
Note that 7* > k + 1, since F¢ = {7 = k}.

We shall now take Z, W € D that satisfy E [Zi ‘ .7-";] =mE [WZ ‘ .7-";] for all

2the integrability conditions aY, W € £'(RT!) are easily verified.

50



i, and aim to show that mW is indeed an element of D, with the help of condition
(i)
To this end, define

E[Z'| Fr] E[Z'| F5]
Y = WWH{E[Wz |Foe]>0} = lFWWH{E[VW |F=]>0} + Z1pe.

By the inductive hypothesis, Y is in D, thanks to the bound 7* > k + 1, .

Now, we have t = k fixed, Y, W, Z € D, a set F € F;, and positive random

variables a =1, § := chm. Define
X =1paY + lp.fW
CwLEEEL L E[FAE]
- FRr (Wi|F {E[W* | FZ]>0} Fg (W] Fil {E[W?|Fy]>0}

E[Z'| F]
= WRwi| 7] HEW 71>0)-

It is elementary to check that X and Z as defined above satisfy E[X | Fy] =
E[Z|Fk]. Thus by (i), X is an element of D, which completes the inductive step. [

Proof of Lemma 2.2.13. First take Z € D*. For any X € D(V) we have E[ZV -
X] <0andso ZV € D(V)*, thus D(V)* D D*V.
For the reverse inclusion, denote by e; the ith canonical basis vector in R%+1,

First, since V - a(v’e; — vle;) = 0, we have
a(v'e; —vle;) € D(V) Vo€ L.
Take Z € D(V)*. Now, for any i,j € {1,...,d}, o € L*>, we have
E[Z - a(vie; — v7e;)] < 0.

Reversing i and j in the above, we may write E[Z - a(ve; —v7e;)] = 0, and allowing

first o = 117 (yie; wie;)>0) then & = Lz (yic, yie; <0y, We see that in fact,
Z - (viej —vle) =0 a.s. for any 1, j,

and so, taking i = 0 we have Z/ = Z%J a.s. for each j, thus any Z € D(V)* must be
of the form Z°V for some Z° € L!. Now, given C € D, take X such that X -V = C
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(which implies that X € D(V)), then
0>E[WV.X]|=EWC|,

and since C' is arbitrary, it follows that W € D*. Hence D(V)* C D*V. O]

Proof of Lemma 2.2.17. The inclusion D C N/_ ' M, (D) is trivial. In the fol-
lowing, we write Z|; for E[Z | F].

Now Z € Ny M(D), and we aim to show that Z € D. So, for all ¢ €
{0,1,...,T — 1}, there exist 8 € LY, and Z' € D such that 5;Z € L' and Z|¢4 =

BeZt 41
Define

éT*l — ZT*l
& = 1prl™ + 1pe 2" for t € {0,1,...,T — 2},

where Fy = {; > 0} and k¢ = S+1/0:-
Note Z = Z|T = BT,lZT_1|T = 5T,16T_1 and

Z = Bokoky - - kp—o&T 1 = Bogl.

Thus we only need to show £° is in the cone D to deduce that Z = By€° is in D.

Claim Forallt € {0,1,...,T — 1}, we have £!|;11 = Z'|¢41 and &' € D.

We shall proceed by backwards induction, starting from the observation
¢T-1 = ZT=1 ¢ D. Suppose that for s > t + 1, we have £%|s11 = Z°|s11 and
& eD.

i1 =E [1prl™ + 1pe Z' | Fipa]
=E [1pre 2 + Lpe Z° | Fopa

Now, whilst 8; > 0, i.e. on the event Fj,

Z|t+1

B

= 2"

1 1
E [k 2" | Fia] = E]E (B ZM | Foa] = EE [Zlt42 | Fea] =
t ¢
allowing us to conclude

i1 =B [1RZ o1 + 1pe ZY | Fopa] = 21
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By hypothesis D is stable, so by the alternative definition of stability (Lemma 2.4.1),
we see that & € D. ]

Proof of Lemma 2.2.18. 1t is clear that [D] is a closed convex cone in £!. To
see that [D] is stable, we use the definition of stability according to Lemma 2.4.1.
Fix t € {0,1,...,T}, and suppose Y, W € [D] are such that there exists Z € [D], a
set I’ € JFy, positive processes a, 3 € LO(F;) with aY, W € L' (R4*!) and

X = aYlp+ AW
satisfies E[ X | Fy] = E[Z | Ft]. We aim to show X is also a member of [D], that is,
X e @wM,(D) W0<s<T -1

First consider s € {0,1,...,¢t — 1}. From the definition of M(D),
ZecconvMy (D) and E[X|F=E[Z|F] = X €convM,(D),

since the membership of an integrable Z in Mg (D) only depends on its conditional

expectation E [Z | Fs11]. More generally, we show
Z e mM(D) and E[X|F|=E[Z|F] = X ccomM,(D).
Take a sequence (Z") C conv M4(D) such that Z" — Z in £!. Define the sequence
X" =E[Z"|FR]+X -E[X|F].

Note that X™ — X as n — oo and for each n, E[X"|F] = E[Z"|F]. So X" €
conv M (D), thus X € conv.M(D).

Now consider s € {t,t + 1,...,T — 1}. We begin by choosing sequences
(Y™),(W™) C conv Mg(D) such that Y™ — Y and W — W in L!. Define, for
n, K € N,

XK = 10" 1p + Lig< iy SW L pe.

The fact that X™% € conv M (D) follows from the following two elementary prop-
erties:
1. if Z € conv My(D) and g € L (F), then gZ € conv M(D);® and

*Let Z € M;(D). Then

Jay € Lng, 37’ € D such that a;Z € £* and Zlt41 = oth/|t+1
= Jdag € L?’+, 37’ € D such that a;gZ € £' and 92141 = g2’ |141
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2. if Z% € conv M4(D) for i = 1,2, then Z! 4+ Z2 € conv M,(D).

Now, for any K fixed, 1io<g1a¥" — Lia<gyaY as n — oo, and similarly
Lip<ryBW™ = 1<y BW. Since aY and SW are integrable, we now send K — 00
to see that

X = lim lim X™¥ ¢ convM,(D)

K—o00n—00

which completes the proof that X is indeed a member of [D].

To show minimality of [D] in the class of stable closed convex cones containing
D, we note that if D C D’ then [D] C [D']. Taking D’ to be another stable closed
convex cone containing D, we have D' = [D’] by Lemma 2.2.17, and so D’ contains
[D]. To show the equivalence in statement (b), the forward implication is due to the
stability of [D], and the reverse is Lemma 2.2.17. O

and then take convex hulls.
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Chapter 3

Multi-currency reserving

3.1 Introduction

Coherent risk measures (CRMs) were introduced in [Artzner et al., 1999]. A key ex-
ample was based on the Chicago Mercantile Exchange’s margin requirements. The
Basel ITI accords mandate the use of Average Value at Risk (a coherent risk measure
unlike the widely-used Value at Risk (VaR)measure, which is not coherent) for re-
serving risk-capital for certain derivatives-based liabilities [on Banking Supervision,
2013]. Many financial institutions have regulatory or other reasons for testing their
reserves and a dynamic version of coherent risk measures is a model for this process.

In the previous chapter we outlined an approach to reserving for risk based
on CRM’s. The potential drawback of reserving with CRM’s, as has been pointed
out repeatedly, is the problem of time-consistency (see, for example [Bielecki et al.,
2017] and references therein): one can view the time-t¢ reserve for a liability payable
at a later time T as itself a liability, payable at time t. A serial version of this shows
that (for example) a regulator who imposes the reserving requirements implicit in
the CRM is actually requiring a sequence of reserves p;(X) — one at each time-point
where reserves are audited— for a liability X, and consequently it can be argued that
one actually needs an initial reserve of pgo---oppr_1(X). Delbaen [Delbaen, 2006a]
gave a necessary and sufficient condition, termed multiplicative stability (henceforth
m-stability), for this latter quantity to equal po(X ), which does not hold in general,
although the inequality

poo---opr_1(X) = po(X)

does. In particular, Average- or Tail-Value at Risk (also known as Expected Short-
fall) is not, in general, time-consistent.

It is normally assumed, in the context of CRM’s, that assets and liabilities
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are discounted to time-0 values. Since CRM’s are measures of monetary risk for
amounts payable at time ¢, we think it is clearer to take the prospective view that
liabilities are expressed in terms of time-7" units and so at time 0, the risk or reserve
is expressed in terms of units of a zero-coupon bond (or currency) payable at T'. Of
course, as soon as one adopts this approach it is clear that our assets need not just
correspond to the unit of account and we should consider the possibility of holding
multiple currencies or assets to perform the reserving function. In [Jacka et al.,
2019] we showed how multiple currencies allowed the possibility of an extended
version of time-consistency: predictable V-time consistency. We envisaged a set of
assets numbered 0,1,. .., d with random terminal values V = (22, v',... v?) (given
in the distinguished unit of account) and gave a necessary and sufficient condition
(Theorem 2.15 of [Jacka et al., 2019]) for time-consistent, multi-asset reserving to
work for any specific CRM.

Examples of CRMs include superhedging prices in incomplete frictionless
markets and (as we shall see) minimal hedging endowments in markets with pro-
portional transaction costs.

In this paper we consider a stronger version of multi-asset time-consistency
which corresponds to explicitly adjusting portfolios (and which therefore seems ap-
propriate to situations where trading of the assets held as reserves is possible) which
includes both these situations. We term this version optional time-consistency, and
see it as the appropriate setting for many situations, including those mentioned
above.

We shall give necessary and sufficient conditions for A, the cone of accept-
able claims corresponding to a CRM, p, to be expressible as the (closure in the
appropriate topology of the) sum, over times ¢, of trades in the underlying assets
which are acceptable at time ¢ (Theorem 3.3.13). We will then show that under
this condition we obtain a version of the Fundamental Theorem of Asset Pricing for
CRMs (Theorem 3.4.5). Finally, in Theorem 3.6.1 we shall show the equivalence
between optionally time-consistent CRMs and a generalisation (corresponding to
permitting trades in baskets of assets) of the models for trading with proportional
transaction costs introduced by Jouini and Kallal [Jouini and Kallal, 1995], devel-
oped by Cvitanic and Karatzas [Cvitani¢ and Karatzas, 1996], Kabanov [Kabanov,
1999], Kabanov and Stricker (see [Kabanov and Stricker, 2001]) and further studied
by Schachermayer [Schachermayer, 2004] and Jacka, Berkaoui and Warren [Jacka
et al., 2008], amongst others. For more recent developments see Bielecki, Cialenco

and Rodriguez [Bielecki et al., 2015] and their survey paper [Bielecki et al., 2017].
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3.2 Preliminaries

Insurers reserve for future financial risks by investing in suitably prudent and suffi-
ciently liquid assets, typically bonds, or any other asset universally agreed always to
hold positive value. We call such assets numéraires, examples of which include paper
assets, such as currencies, and physical commodities. Reserving a sufficient amount
ensures that the risk carried by the insurer is acceptable to the insurer and (possibly)
to regulatory authorities, customers and their agents. In some circumstances, the
choice of numeéraire is clear; in others, it is not, for example when insurers reserve
for claims in multiple currencies. It is common to calculate reserves by a “prudent”
calculation of expected value in a pessimistic or “worst realistic case” scenario. We
assume that the minimal amount sufficient to form the reserve is modelled by a
coherent risk measure (CRM); see [F6llmer and Schied, 2011] for an introduction to
CRM’s.

We assume the availability of a finite collection of numéraires numbered
(0,...,d). We examine the problem of reserving for a risk at a terminal time T,
through adjusting the reserving portfolio held in the numéraire “currencies” at dis-
crete timest = 0, 1,...,T. The terminal value of the numéraires (in units of account)
is denoted V = (v2, 0!, .. ,vd), and we assume that each v’ is a strictly positive, Fr-
measurable, bounded random variable, with Euclidean norm bounded away from O.
Thus, to value any portfolio Y of holdings in the elements in V, we take the inner
product Y -V and, conversely, any bounded X may be written in the form Y -V
with Y bounded . We regard the portfolio Y as corresponding to a liability of Y -V
at terminal time T'.

A coherent risk measure is a reserving mechanism: we assume that an insurer
is reserving for risk according to a conditional coherent risk measure p;, at each
time ¢. They reserve the amount p;(X) for a random claim X. Thus the aggregate
position of holding the risky claim X and reserving adequately should always be
acceptable to the insurer. The set A; of acceptable claims at time ¢ consists of those
Fr-measurable bounded random variables with non-positive p;. We shall say that

the portfolio Y; reserves at time ¢ for a claim X if

X—Y;g'VEAt.
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3.3 Optional representation and multi-currency time con-

sistency

3.3.1 Time-consistency

An insurer who has insured the claim X needs to hold a sequence of portfolios
Yo, Y1, ..., Yy (one for each time point at which a reserve calculation is to be made)
so that the risk is adequately reserved for, and so that no unacceptable risk is
assumed in any one exchange of portfolios. That is to say, in the optional case, from
time ¢t — 1 until just before time ¢, the insurer holds a portfolio Y;—1 € £L>(F_1)
of the numéraires as an acceptable reserve for X, and will wish to exchange to a
new reserving portfolio Y;. The insurer may only exchange to the new portfolio Y;
if the risk of the adjustment is acceptable, i.e. pi(Y; -V —Y;_1-V) < 0. Thus
all the transfer of risk occurs instantaneously at time ¢ (we shall see in section 3.6
that the analogy with a trading set-up is no coincidence). This is in contrast to
the predictable case developed in [Jacka et al., 2019], where the idea is that the
time-(t — 1) reserve is an adequate reserve for the hedging portfolio needed at time
t. In the predictable case, the acceptable risk is carried between the time points
t — 1 and ¢, whereas in the optional case an explicit exchange of known amounts of
the numéraires needs to take place at time ¢ to update the reserve portfolio.

We shall say that the dynamic risk measure is (optionally) V-time-consistent
if this property holds (at least in a limiting sense) for each claim X, starting from

an initial reserve po(X).

Definition 3.3.1. A dynamic convex risk measure p = (pt)¢=o,... 7 is optionally V-
time-consistent if, for any X € A, we may find a sequence X™ in A and a sequence
" = (7}")i=0,... 7—1 such that 7} € L>°(F;) for each ¢, and

(i)

X" — X almost surely (3.1)

(ii) for each t,
pe(my - V) < 0P as.;

(iii) for each n € N,

~
L

my - V. =X" P-almost-surely.
t

I
o

Remark 3.3.2. By the subsequence property, we can replace the almost sure conver-

gence in (3.1) by convergence in L without affecting the definition.
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3.3.2 Representability of claims

We may view optional V-time-consistency as a condition on the sequences of port-
folios that can superhedge a claim X. Given a V-time-consistent dynamic CRM
(pt), we may (at least in a limiting sense) express X as the sum of the initial reserve

po(X) and the (T'+ 1) adjustments at times 0,1,...7 (where we set Y_; to be any

po(X) 1y.
po%V-l)]')'

vector in Lo with po(Y - V) = po(X), for example

T
X =po(X)+> (V;=Yia)-V,
t=0

where each adjustment satisfies p;((Y; — Y;—1) - V) < 0. Each adjustment Y; — Y;_
is an Fi-measurable portfolio with ¢t-acceptable valuation; we call the set of such
portfolios K;(A, V). We seek to answer the question “Is it possible to represent
every claim in A by a series of such adjustments?”

Given any cone D in L* and our vector V of numéraires, we define the

collection of portfolios attaining D to be
D(V)={Y eL*:Y -V eD}.
The set of time-t acceptable portfolios that are F;-measurable is denoted

KA, V) = A, (V) N LZ(F). (3.2)

Definition 3.3.3. The cone A in L™ is said to be optionally V-representable if
A(V) =L Ki(A V), (3.3)

where the closure is taken in the weak® topology. If this is the case, we also say
that A is optionally represented by V. When V is fixed, we also say that A(V) is
optionally represented if (3.3) holds.

Remark 3.3.4. 1t is an easy exercise to show that
Ki(A, V) = {X € L®(F,R¥™Y) : aX € A for any a € LT(F)}. (3.4)

This characterisation is used repeatedly in what follows and in the proof of Theorem
3.3.18.

From now on, where there is no ambiguity, we shall write K; for K;(A, V).
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3.3.3 Stability

We recall Delbaen’s m-stability condition, on a standard stochastic basis (2, F, (F¢)i=o,....7, P):

Definition 3.3.5 (Delbaen [Delbaen, 2006a]). A set of probability measures Q C
LY(Q, F,P) is m-stable if for elements Q', Q% € Q, with associated density martin-
gales A;Ql =K [% .7-}} and A?Q =E [% ’ .7-}], and for each stopping time 7, the

martingale L defined as

A;;Ql fort <r
L=

Q! 2
2&2 A? fort >

defines an element, Q, in Q. The probability measure Q is also defined by the
properties that

Q| =Q'[, and Q(|F;) = Q*(|F;) Pas.,

so Q pastes together the laws Q! and Q2 at time 7.
We generalise m-stability by allowing extra freedom over one time period
when pasting two measures together and by only pasting measures satisfying a

consistency condition relating to V:

Definition 3.3.6. Let 7 be a stopping time, and Q!, Q? be two probability measures

absolutely continuous with respect to P. The set Q! °P* 2 of optional pastings of

Q! and Q? consists of all @ such that
i) Q- =Q 5,
and
(ii) for any A € Fr, @(A’f(7+l)AT) = Q*(A|F(r41)n7)-

We make explicit the freedom over the time period (7,7 + 1] by writing
any optional pasting in terms of the two measures being pasted, and a “one-step

density”:
Lemma 3.3.7. For v a stopping time, and Q', Q? two probability measures,

A
QQ
(T+1)AT

Qo Q?={ Q< P: A = AQIR , for some R € L}F(}“(TJA)AT) st. E[R|F:] =1
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Definition 3.3.8. The set of probability measures Q is optionally V-m-stable if,
whenever 7 is a stopping time, Q', Q% € Q, and Q € Q' @' Q? has the (additional)
property that

E@[V]}"T] =Eu [VI|F:], (3.5)

then @ is also in Q.

Example 3.3.9. It is easy to check that given an (F;)o<;<r-adapted and bounded
process X, the collection, Qx, of Equivalent Martingale Measures for X is optionally
Xp-m-stable.

Note that a set that is optionally 1-m-stable is automatically m-stable but
the converse is false.

The following proposition gives an equivalent definition of optional V-m-
stability in terms of the dual cone A(V)*.

Proposition 3.3.10. Suppose, without loss of gemerality, that the set of pricing
measures Q is conver and closed (so the set of densities is closed in the topology of
L'), and let D = A(V)*. The following are equivalent:

(i) Q is optionally V-m-stable

(ii) for eacht € {0,1,...,T}, whenever Y, W € D are such that there exists Z € D,
an event F € Fy, positive random variables o, 3 € LY (Fi41) with oY, W € L1
and X := 1paY + 1pcBW satisfies

E[X|FR]=E[Z|F], (3.6)
then X is a member of D.

The proof can be found in Section 3.7.1.

Definition 3.3.11. We shall say that an arbitrary cone D C L3, satisfying condition
(ii) of Proposition 3.3.10 is optionally m-stable.

Lemma 3.3.12. Suppose that 'V is a collection of d + 1 numéraires, and D is a
convex cone in L. Then
D(V)* =D*V.

The proof can be found in Section 3.7.1.
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3.3.4 An Equivalence Theorem

Our first result is a set of conditions equivalent to optional V-time-consistency,
including a precise statement of V representability, and a dual characterisation
which pertains to the convex set of probability measures Q that define the risk
measure.

This result resembles that obtained in [Jacka et al., 2019] for predictable
versions of these concepts.

To show the equivalence of V-m-stability and V-representability, we find the
dual of each K}, which we call the optional pre-image of A(V)* at time ¢. Aside from
its utility in proving the equivalence of V-optional representability and optional V-
m-stability, the optional pre-image of an optionally m-stable convex cone A(V)* at
time ¢ is a concrete description of the dual of the set of portfolios held at time ¢ in
order to maintain an acceptable position at time t.

We fix the vector of numéraires V, a coherent pricing measure p = (p;); with
a closed, convex representing set of probability measures Q, and take A; to be the

acceptance set of p; for t € T. The main result is
Theorem 3.3.13. The following are equivalent:
(i) (pt)ter is optionally V -time-consistent;
(ii) A is optionally represented by V;
(iii) Q is optionally V-m-stable.

Example 3.3.14. [A generic example] Given a positive X € E%p, and a sequence of
random, closed, convex sets Z := (I;);=o,...7 in R4*1 each measurable with respect
to £(RITL F), the relevant Effros o-algebra (see Remark 4.2 of [Jacka et al., 2008]),
let

QF .= {Q~P: Eg[X|F] € I for each t},

then O is optionally X-m-stable. Note that X need not be in £°°.
To recover the case of EMMs, simply take X to be My, the terminal value of a

positive P-martingale and I to be the singleton { M;}. Of course, X is not necessarily

in £%°, but we may rectify this by taking V = (vo,...,vq), where v; = ZMZ@j , and
5 M
i - -
letting Q be defined as the set Q := {Q: AQ = ZjiMT-A@ for some Q € Q%( .

X EgMr
We give the proof of Theorem 3.3.13 in two steps. First, we will show equiva-
lence of (ii) optional V- representability and (iii) optional V-m-stability. The proof

of the equivalence of (i) optional V-time-consistency and optional representability is
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given after we have proved Theorem 3.4.5 — a version of the Fundamental Theorem

of Asset Pricing.

Definition 3.3.15. For D C £1+, we define, for each time t, the optional pre-image
of D by

M(D):={Z e L' Faye L]}, 37 €D
such that 0y 7' € L' (R™™) and E[Z | F] = wE [ Z' | 7]}
(3.7)

The optional pre-image of a set D C £} is key in understanding optionally

stable convex cones, as shown in the following two lemmas:

Lemma 3.3.16. Suppose D C Eﬂr. If D is an optionally stable convex cone, then

T
D = M(D).
t=0

If S C £, we denote by the conv(S) the closure in £! of the convex hull of
S.

Lemma 3.3.17. Suppose D C E}F, and define

T
[D] := () (@onvMy (D)),
t=0

(where My(D) is as defined in (3.7)). Then
(a) [D] is the smallest stable closed convex cone in L' containing D;
(b) D = [D] if and only if D is a stable closed convex cone in L.

We prove both these lemmas in Section 3.7.1. The proof of equivalence of

statements (ii) and (iii) of Theorem 3.3.13 is underpinned by the following

Theorem 3.3.18. For anyt € {0,1,...,T — 1},
Ky = (Mi(A(V)"))". (3.8)

The proof is given in Section 3.7.1.

Thus we characterise each “summand” in the representation (cf. Defini-
tion 3.3.3) as the dual of the optional pre-image of the dual of the set of acceptable
portfolios in V.
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Proof of Theorem 3.5.13, equivalence of (ii) and (ii). By assumption, A(V) is a
weak*-closed convex cone in £%°(R%*1) which is arbitrage-free, so that A(V)* =
A(V). Recall that A(V) is optionally representable if

A(V) = &Ky
Thanks to Proposition 3.3.10, we must show the equivalence of the two conditions
(ii’) A(V) is optionally representable; and
(iii") A(V)* is optionally V — m-stable.

(ii’) = (iii’): Assuming A(V) is optionally representable, it follows from
Theorem 3.3.18 that

A(V) = @& Ky = &M (A(V)*)*.
Taking the dual, we find that
A(V)* =My (A(V)*)™ = niconv M (A(V)™)

where the second equality follows from the Bipolar Theorem. Hence, A(V)* =
[A(V)*], and so by Lemma 3.3.17, A(V)* is optionally stable.

(113’) = (it’): Assuming A(V) is a weak*-closed convex cone, note that
A(V)* is a convex cone closed in (£!, (LY, £°)). Assuming further that A(V)* is
stable,

AV = M (A(V)Y) by Lemma 3.3.16
=K} by eq. (3.8).

Now we may apply the Bipolar Theorem to deduce

and A(V) is optionally representable, as required.
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3.4 The Fundamental Theorem of Multi-currency Re-

serving

As announced in the introduction, we now discuss closure properties in £° of the
decomposition of a V-optionally representable acceptance set A.
By analogy to the definition in [Schachermayer, 2004], we define a trading

cone as follows:

Definition 3.4.1. C C LR, F,) is said to be a (time-t) trading cone if C
is closed in £° and is closed under multiplication by non-negative, bounded, Fj-

measurable random variables.

We recall Lemma 4.6 of [Jacka et al., 2008] which we quote here (suitably

rephrased) for ease of reference:

Theorem 3.4.2. Let C be a closed conver cone in LO(F), then
C is stable under multiplication by (scalar) elements of L3°(F) (3.9)
if and only if there is a random closed cone MC such that
C={Xecll(F): XeM® as). (3.10)

We shall demonstrate that if A is V-representable then (K})o<;<r, the L°-
closures of the cones K, are trading cones, whose sum is closed, and equal to the
L%closure of A(V), which is is arbitrage-free.

This is a version of the (First) Fundamental Theorem of Asset Pricing (FTAP).

For the rest of this section closures in L° or £° will be denoted by a simple
overline, whereas weak* closure of a set S will be denoted S We set A%(V) := A(V),

the closure of A(V) in £°. Recall that A°(V) is arbitrage-free whenever

A’(V)n LY = {0},
and define the trading cone
Cr={XeL):eX € AV) forall c€ LT(F)}.

Note that closure in LY of C; follows immediately from the closure of A°(V).

Lemma 3.4.3. For each t, K} is a trading cone and if X € LY then X € K} iff
X.Eg[V|F] <0 forallQ € Q.
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Proof. Now if X € L then X € K, if and only if Eg[X.V|F] = X.Eq[V|F] <
0 for all Q € Q. It follows that KP = {X € LY : X.Eg[V|F] < 0forallQ € 9}

and this is obviously a trading cone. O
It follows from Theorem 3.4.2 and Lemma 3.4.3 that

Lemma 3.4.4. There are random closed cones ME and ME such that
Cr={yerl:veM as}

K)={ver):veMFas}

and the polar (in R™1) of MK is cone({Eg[V|F] : Q € Q}), the random closed
cone generated by {Eq[V|F]: Q € Q}.

We now give the main theorem of this section:

Theorem 3.4.5. The set G := ®;C is closed in L°, arbitrage-free and equals H :=
@K (A, V). Moreover, if A is V-representable, then their common value is A°(V)
and then A°, the closure in L° of A is given by

A=A V)V =, K (A V). V. (3.11)

Proof. The proof is in three steps. We will show that:
1. G is closed in £°.
2. C; = KY(A,V) (and G is arbitrage-free) establishing equality of G and H.
3. AY(V) = H if A is V-representable and A = A°(V).V.

Proof of 1. We recall Definition 2.6 and Lemma 2.7 (suitably rephrased) from [Jacka
et al., 2008]

Definition 3.4.6. Suppose J is a sum of convex cones in £V
J=My+ ...+ Mrp.

We call elements of My x ... x M7 whose components almost surely sum to 0, null-
strategies (with respect to the decomposition My + ...+ Myr) and denote the set of
them by N(MO X ... X MT)

For convenience we denote Cy X ... x Cp by €.

66



Lemma 3.4.7. (Lemma 2 in [Kabanov et al., 2003]) Suppose that
J=My+...+ My

is a decomposition of J into trading cones; then J is closed if N (My x ... x Mry)

is a vector space and each My is closed in L£°.

Since we have already established that each C} is a trading cone, applying
Lemma 3.4.7 to the decomposition of G, we only need to prove that the null strategies
N (%) form a vector space. The argument is standard: since G is a cone, we need
only show that & = (&, ...,&r) € N (%) implies that —¢ € N(%€). To do this, given
£ € N(%), fix a t and a bounded non-negative ¢ € LY with a.s. bound b. Then,

since £ is null,

—c&p = b8+ ... b1+ (b— )& + b&q1 + ... + bET,

and each term in the sum is clearly in the relevant Cy and hence in A°. Since ¢ and
t are arbitrary, —¢& € Cy for each t and so —§ € N (%).

It is clear from (3.4) that K; C C; and hence, by closure of C; that Ky C C;.
Thus H C G.

Proof of 2. Recall from [Jacka et al., 2008] that consistent price processes
for H are those martingales valued in (M/€)* at each time step. Since A;QVg2 is
such a martingale (for any Q € Q), the collection of consistent price processes for
the sequence of trading cones K?(A, V) is non-empty and so, by Theorem 4.11 of
[Jacka et al., 2008], H is arbitrage-free.

The consistent price processes for @;C; are those martingales valued in

(ME)* at each time step. We now claim that, for each t,
(M) = (M)~

Once we establish this, equality follows on taking the random polar cones in R+,
First, observe that C; D K?(A, V) implies (M)* C (MF)* almost surely.
So, assume that (MC)* is a strict subset of (M/€)*. Then there exists Q € Q such
that
P(Eg[V|F] & M) > 0.

For this Q, we form the consistent price process Z; = A;@E@ [V|F] € (MF)*. Form

the frictionless trading cones
Ci(Z)={Xel): X -7, <0}
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and we have an arbitrage-free and closed cone A = @,C(Z) from the FTAP. Clearly
A contains A°(V), and so C(Z) is contained in Cy, whence Z; € ME a.s., contra-
dicting the assumption of strict inclusion.

Proof of 8. If A is V-representable then

ANV) = (& Ky)" = &K =TH

but, as we have already established, H is closed. Finally, since A D K;.V it is clear

that A° D H.V. Conversely, since A° = A(V).V = oK, .V = ®K,.V, it follows
that A° C H.V O

3.5 Completing the Proof of Theorem 3.3.13

Proof of Theorem 3.5.13: the equivalence of (i) and (ii). We shall use the result from
Theorem 3.4.5 that if (iii) (and hence (ii)) holds then

ANV) = &, KD (A, V)
and
A’ =@, K (A, V).V, (3.12)

where the superscript 0 represents closure in L? or £°. Now define
condition (iv):

AC oKD (A V). (3.13)

Clearly (3.12)=-(3.13) and hence that (ii)=-(iv). It is also clear that (i)<(iv)
So it just remains to prove that (iv)=-(ii). Suppose (iv) holds. We shall show
that A C &, K;.V or, equivalently (since A is a closed convex cone), that

(DK V)" C A% (3.14)
Define
Gy = (8] ,K, V)" and B, := L nol_ KOV

Now, since (L N @;K?.V)* C A* we may show (3.14) by proving, by induction
that
Gy C B;. (3.15)

Clearly (3.15) holds for ¢ = T since Kr = {X € £~ : X.V < 0Oas. } and
Ky ={XeL’ XV<0as.}soBr=L®=Kr.V.
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Now suppose that (3.15) holds for ¢ = u + 1. Take arbitrary Z € G, and
X € By. Then X = o,.V +7Y, for some Y € ®_, K.V and o, € KJ. For
integer n > 0 set F, = {||lau|| < n, then a,l1p, € K, and Y1p, = X1p, —
a,dlp, € L™ (since X € L*). Since each K} is closed under multiplication by
1p, for t > w, it follows that Y1, € By4+1 with X1p, = o, V1, + Y1p, and
hence X1p, € B,. Since Z € G4 it follows from the induction hypothesis that
EZX1p, = EZ(Y1g, + . V1p,) < EZ(2,.V1f,). Now «,.V1g, € K,.V and
Z € (K. V)*so E[ZX1F,] <0. Thus, by dominated convergence, E[ZX] < 0 and
since X is an arbitrary element of B, it follows that Z € B} and so G, C B;,
establishing the inductive step. O

3.6 Associating a pricing mechanism to a market with

proportional transaction costs

Having made the connection in Section 3.4 between optionally-representable CRM’s
and trading cones, in this section, we directly associate the reserving mechanism to
a hedging strategy in a market with transaction costs. This is achieved by adding
an extra time period (7,7 + 1] to the market with transaction costs, in which all
positions are cashed out into a base numéraire v°. We do this by imposing numéraire
risks that are so disadvantageous as to force a risk-averse agent to sell-up at time
T, rather than in the additional period.

Let eg = (1,0,...,0),...,eq = (0,...,0,1) denote the canonical basis of
R*!, Recall that in a market with transaction costs the basic set-up has a collection
of assets (labelled 0,...,d) and random bid-ask prices ﬂ'z’j at each trading time
t € {0,...,T}. Thus wz’j is the number of units of asset 7 that can be exchanged
for one unit of asset j at time t. The corresponding trading cone, which we denote
by f(?(wt) is generated by these trades together the possibility of consumption so
that K;(m;) is the (closed) cone generated by non-negative Fi-measurable multiples
of the vectors —e; and e; — szei, for i,7 € {0,1,...,d}. The set of claims available

from zero endowment is then
T
=0
Br(r) = P K7 (m).
t=0

We (initially) assume that the closure of Br(7) in £° is arbitrage-free. Note that
thanks to Theorem 1.2 of [Jacka et al., 2008] we may (and shall) then assume that, by

amending the bid-ask prices if necessary, By(7) is closed. The proof of this theorem



also establishes that the null strategies for the resulting trading cones form a vector
space.

We denote the LO-closure of the set of acceptable claims under a risk measure
generated by a collection of absolutely continuous probability measures,Q, by AOQ.

We will show that each market corresponds to a CRM

Theorem 3.6.1. For the sequence of transaction cost matrices (sz)t:071,_._7T, , there
is a stochastic basis (ﬁ, ﬁ,INF,IF)), a vector of numéraires V. € L‘x’(ﬁ, F, ]ﬁ’; R, and
a set of optionally V -m-stable probability measures Q such that the closure (in L°) of
the corresponding set of Fr-measurable attainable claims is the collection of claims

attainable by trading in the underlying assets:
Br(r) = AL (V) N LO(Fr).

The key element in the proof is to add an extra trading period (7,7 + 1]
at the end in which all positions are cashed out into asset 0. However, we impose
numéraire risks that are so disadvantageous as to force the agent to sell up in the
preceding time period, rather than in the additional period. To generate the final,
frictionless prices, we add on a simple “coin spin” for each other asset. We encode
the d binary choices (either buy or sell each of the other d numéraires) as {0, 1},
and define p to be the uniform measure on ({0, l}d,2{071}d). Thus, we define the
augmented sample space Q:=Qx {0, 1}d, and define the product sigma-algebra

and measure:

j—:' =F® 2{0’1}d),
P=Pg® L
We augment the filtration trivially, by setting 7} := F; ® {2,{0,1}}. We employ
the obvious embedding of L*°(Q2, F;,P) in Lw(ﬁ,ft,@); it should be clear from
context to which version of LY we are referring.
Fix 0 < € < 1 small. Define the R%"!-valued random variable V = @, a,..., 07
for w € Q, W' € {0,1}¢, by
(w,w') =1, (3.16)

5w, w) = (1= W)L — &) g + (1 + ) (w). (3.17)
7 (w)

The interpretation of V is this: arriving at time T at a bid-ask spread
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[ml(), W%Z(w)] for numéraire 7 in state w, we spin a coin. If the coin shows heads
T (W

(w; = 1), the (T + 1)-price of asset 7 is slightly higher than the T-ask price, and any
negative holding of ¢ to time 7"+ 1 makes a loss compared to cashing out at time
T. If the coin shows tails (w] = 0), the (T + 1)-price of asset i is slightly lower than
the T-bid price, and any positive holding of ¢ makes a loss. Any risk-averse agent
will seek to avoid these losses by cashing out into asset 0 at time T'.
Now we define the frictionless bid-ask matrix at time T + 1 by
iy i
T = %
The trading cone f(% 41(mr41) is generated by positive Fr1-measurable multiples
of the vectors —e; and ej—ﬂrf,z+1ei, fori,j € {0,1,...,d}. Define the cone By 1(7) =
Br(m) + K§y(7r41).
The collection of consistent price processes for the original set of claims Bp ()
is
Bo(n) ={Z e LL(R¥Y) - B[Z|F] € K?(m)* as. for t =0,1,...,T}.

By Theorem 4.11 of [Jacka et al., 2008], since Br(w) is closed and has no arbi-
trage, there exists at least one consistent price process Z for Br(w). The following

proposition shows that the cone Bri(m) is arbitrage-free.
Proposition 3.6.2. There is a consistent price process for Bpii(m).

Proof. We extend any consistent price process for By (7) to a consistent price process
for Bryi(m) by multiplying by the Radon-Nikodym derivative for the martingale
measure for each coin spin. For any Z € B%, define AZ > 0 such that the one-period
process (Zi YA N 177’) is a ﬁ—martingale for each 7. Then

Zri = ZONV (3.18)

defines a consistent price process for the cone By (7).

We first show that such a A always exists. Note that Z € K(mr)* gives
that, w-a.e.,
0,7

7o) S T (W) < 7P (W) (w) < T (W) (w) =

with 9/ (w, 1) understood to be ¥’/ (w,w’)!w,:l etc. Fixing w € 2 and ¢ # 0, we see
J
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that ]
i Z5
Zop(w) : T(W)

= Z00) € (8%(w,0), 9" (w, 1)).

The martingale measure for such an one-period binary tree model is determined by
the probability of “heads”

0w, i) = 27— V@0
4 (w, 1) — v¥(w,0)
Now set 4
M (w,0) = 24 [ [ 0w, ) (1 — O(w, i)~
=1

Clearly, A\? is a.s. positive and bounded, E[N\|Fr] = 1 and Z .y € L since
E[Zi,,] = E\?V,;Z)] = E[Z}] by the the positivity of Z.
and the definition of 1 and A%

Similarly, for any Xr € L (R,

41, Fubini’s Theorem

Es(X1 - Zr41) = Ep[ X1 - ZPEg[(A\ V)| Fr)] = Ep[Xr - Z7). (3.19)

Setting X1 = L ae; for A € Fr, for any i, we see that Zr = Eg[Zr11|Fr], and Zr 44

is thus a consistent price process as required. ]

Proposition 3.6.3. The cone Bryi(r) = @ 'K°(m,) is closed in L°, and is

arbitrage-free.

Proof. From Theorem 4.11 of [Jacka et al., 2008], we have that the closure of By ()

in LC is arbitrage-free. We will show that the set of null strategies

N(kg(ﬂo), cee 7K’EI)‘(7TT)7 R—f(l)“—&-l(ﬁT-l—l))

is a vector space, and conclude from Lemma 3.4.6 that the cone Bpyi(m) is closed
in LY, and we are done.
Take

(0, - s o741) € N(KY(m0), - -, K9 (77), Ky (7741)).

Let
x=xog+ -+ xp, so that z + xpy; = 0. (3.20)

We see that z7y1 is an Fp-measurable element of K% +1(7TT+1). We claim that

xp41 € Byp(w): since xpy1 € Bryq, for any consistent price process Z for the cone
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Bri1(m), and any n € N,

0 > E[Zr 1127111 jjop, 1 |1<n}) = ElZ727 11 L j0r, 1 |1<n} s

80 741 1y|jop||<n} € Br(m) for all n, and so xp4+1 € Br(w) by closure of Br(m).
Since zp41 € Bp(w), there exist yo € f(g(m]), .., Yr € f(:(}(ﬁT) with zp, 1 =
yo + -+ - + yr. Then, rewriting (3.20), we see that

(.%'0+y0)+...+(.1‘T+yT):0.

Since each term in this sum is in the relevant trading cone, we see that (zg +
Yo)y -+, (xr + yr)) is in N(Kg,...,KO)T. Now, by assumption, this is a vector
space so that each —(z; + y;) € K2(m;), and so, since K?(m;) is a cone containing
yi, each —z; is in K?(my).

The bid-ask prices are frictionless at time T+ 1, so x741 € f(:[} 1 (mp41) may

be written as u; — uo, where u; € lz’n(K%H(TrTH)), and ug > 0. Note that
O0<us=u —2r41 =u1 +x GBT(W),

but since B () is arbitrage-free, ug = 0, and so —xp41 € f(%H(WTH) and thus the

set of null strategies is a vector space. O

The final prices V above are, in general unbounded, so we transform these

by normalising, setting

V = (vy,...,vq) where v; :=

Finally, we define the set of measures

dQ?  ZON7r (i
Q = {Q?: Z is a consistent price process for By(r)}, where Qi = =L (1.)0).
dP > %

It is easy to check that these are probability measures from the fact that the Z’s are
consistent price processes and hence strictly positive, vector-valued martingales.

The proof of the main result is now clear:
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Proof of Theorem 3.6.1. We observe that

K)(Ag(V)) ={X € L) : X.Eg[V|F] <0 as. for all Q € Q}
={X eL): X.Z; <0 as. for all consistent Z}

It follows that
Kdm) ={Y € LY : Y.Z; <0 a.s. for all consistent Z} ={Y € £ : Y € K?(Q)}

and so

Br = A}

3.7 Appendix

3.7.1 Proofs of subsidiary results

Proof of Proposition 3.3.10. By Lemma 3.3.12, we may write D = cone{%V :
Qe 9}

(i) = (ii): We suppose that (i) holds, and fix t € {0,1,...,T},Y, W, Z € D,
FeF, ap €LY (Fis1) and X € L1 as in the hypothesis of (ii). We show that
X € D by applying (i) twice. First, take 7 = t1p + Tl pec, and define Q% and A7

via
aQ?  Z2°
dP  E[ZY]

dQ”
dP

and AtZ:IE[

g

and analogously for Q¥', AY. Note that Z = E[Z°]A?V. We now form an optional
pasting of Q% and QY at time 7, as (@, via,

. Eyo AY Y
A=A? (0‘ Y] t+1> A+ AZ1p

E[ZOA7 ) Al

This is an optional pasting, thanks to eq. (3.6): on F, we have E [aYo }.7-}] =
E [ZO ‘ ft], and so the factor in parentheses has conditional Fi-expectation of 1 on
F. We shall apply (i) to deduce that Q € Q, and for this we must show that

E4[V|F;] = Egz[VIF,].
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We compute the left hand side to be

1 r~
BglVIF) = T B [AV ‘ ft} 1p + Vpe

aE[YOIAY, ) AY
=E V| F| 1p + Vipe
( E[Z9A7 )AL, | T
1
= E[aY | F]lp+ Vipe
E[Z0] F] [@Y | F] 1 + F

Condition (3.6) shows that, on F, E[aY | F] = E[Z | F], so we conclude
that @ € Q. We repeat the above steps for stopping time o = T'1 g +t1 pc, measures
Q and Q,

1pe.

_ R R EWoAW w
AZA]lF—i-At(B[ ]t+1>A

E[ZOIA7 ) A

Condition (3.6) gives that E@[V|]-"T] = IE@[VLFT], and so Q € Q by (i). It is simple
to show that X = E[Z]AV, and thus X € D as required.

(i) = (i): Say (ii) holds; then (i) holds for when 7 = T trivially. Now
suppose that (i) holds for any stopping time 7 > k+1 a.s., and proceed by backward
induction on the lower bound of the stopping times. Fix an arbitrary stopping time
T > k a.s., and define F' = {7 > k + 1} and the stopping time 7* := 71p + T'1 pe.
Note that 7* > k + 1, since F¢ = {7 = k}.

We shall now take Q!, Q% € Q and QeqQ! @;pt Q? that satisfy eq. (3.5), and
aim to show that @ is indeed an element of Q, with the help of condition (ii). Define
AP = dQ/dP for i = 1,2. Take a pasting of Q' and Q? at time 7*, Q* € Q' @?_Et Q?,
with Radon-Nikodym derivative

AQ

A%T*-‘rl)/\T

A* = AL R*

with R* € L} (Freyyar) and E[R* | Frs] = 1. We note that A := dQ/dP can be

written as
A2

A%‘r*—&—l)/\T

A2

A%?-H)/\T

A=ALR = ALR 1p + Al pe.
Set X = /NXV, W=Z=AV,Y =A% a= E/R*, B =1 to satisfy the hypothesis
of (ii). Thus, X € D, whence @ € Q. This completes the inductive step.

O

Proof of Theorem 3.53.18. We set B = A(V), as above.
First we prove that M;(B*) C Ky(B)*. For arbitrary Z € M;(B*), there
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exist Z' € B* and « € LY (F;) with aZ’ € £ and Z|, = aZ'|;.
Note that, for any X € Ky(B),

E[Z-X] =E[Z]; X] =ElaZ'|,- X] = lim E[(alaz,X) - 2] <0,

since alf,<n3X € B and Z' € B*. Hence Z € K;(B), and since Z is arbitrary, we
have shown that M(B*) C K:(B)*.

For the reverse inclusion, M (B*)* C K(B), note that B* C M;(B*) implies
M (B*)* C B, and

LRF)M(D) = Mo(D) = for X € My(B)", geLP(F), E[X-g7]<0
= LP(F)M(B*)* = M(B*)".

Define
By :={X € L2(Fp,R*) : gX € B for any g € LT (F)}.

Thus M;(B*)* C B;. To finish the proof, we need only show that X € M (B*)* is
Fi-measurable, since By N L (F;, R4 = Ky (B).

To this end, note that for any Z € £1(R9*1) it is true that Z —Z|; € M (B*),
whence E[(Z — Z];) - X] < 0. We deduce that

E[(Z - Z|)-X]=E[(X - X|¢)-Z] <0  VZ e LYRI),

and X = X|; P-a.s. O
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Chapter 4
Trading to acceptability

In a single time period, we aim to assign a value at time zero to the risk entailed
by holding contingent claim X due at time 1. A coherent risk measure assigns to
each claim X a (possibly infinite) number, and is monotone, translation invariant,
convex and positively homogeneous.

It may be argued that the requirement of positive homogeneity is not nat-
ural: risk may grow in a non-linear fashion as the size of a claim increases; an
investor might invest $10 aggressively, and $10 million in a more cautious manner.
Removing the requirement of positive homogeneity, we have the notion of a convex
risk measure, as studied by Follmer and Schied, and independently by Frittelli and

Rosazza Gianin. We represent a convex risk measure as

pIX) = jmax (Eq[~X] — amin(Q))

for My ¢ the set of all finitely additive set functions Q : F — [0,1] which are
normalised to Q[2] = 1, and aumin & penalty function.

Such risk measures induce a set of claims X that are acceptable: the set
of claims X for which no additional capital is required to take on claim X, i.e.
p(X) < 0. Alternatively we may regard the set of acceptable claims as a fundamental
object, and define a risk measure based on that set. Carr, Geman and Madan [Carr
et al., 2001] proposed that a claim should be acceptable whenever every reasonable
person would agree that the potential gains from claim X adequately compensate
for the potential losses. Formally, we have a finite collection of probability measures,
one for each reasonable person, and to each measure we associate a ‘floor’. A claim
X is acceptable if and only if the expected gain under each measure exceeds the
associated floor. The authors also extend the notion of no-arbitrage pricing.

Larsen et al. [Larsen et al., 2005] consider a similar situation, fixing these
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scenario (probabillity) measures and floors, and looking at trading in continuous
time against a semimartingale price process to a position of acceptable wealth at
the terminal time. The authors characterise the set of time-t acceptable positions,
showing a result in the same vein as the first fundamental theorem of asset pricing: if
one cannot form a martingale measure as a convex combination of scenario measures
(with some scaling), then we may trade to acceptability from any initial wealth.

In section 2 we describe an extension of the ideas in Larsen et al. [Larsen
et al., 2005] and Pimnar [Pinar, 2011], and show a solution to the problem in one time

period.

4.1 Trading to acceptability

We summarise the key results of Larsen et al. [Larsen et al., 2005]. The market
consists of one risk-free asset with zero interest rate, and one risky asset S modelled
as an L2-integrable special local semimartingale, defined on filtered probability space
(Q, F,{Fi}o<t<r,P), with time horizon T'. The investor chooses an adapted trading
strategy 7 in the Hardy space #?(S) such that the stochastic integral (7 -S); is also
L?-integrable:

e HY(S) = ||7T]\?HQ(S) = |- S||3{2 =FE <[/ Ty, dSu:| ) < 0o.
s T

Acceptability. We have a finite collection P*, i = 1,...,d of scenario measures,
each absolutely continuous w.r.t. P, and each associated with a floor f* € R. We

assume that each change of measure martingale Z*, defined by

. dPt . .
Zr}:d—P, Zy =E[Zp|F] for 0<t<T
isin L?. Define the convex hull of the scenario measures to be Q :CODV{Pi e=1,..., d}.

Any time-T wealth X € L?(Fr) is acceptable if it falls in the set
Gr — {X € L2(Q, Fr,P) :VQ € Q, EgX > f@}

where

d d d
f@::sup{Zaifi:ZaiPi:Q, 0<a'<l, Zai: }
i=1 i=1
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Now, any time-t wealth X € L?(F;) for t < T is (time-t) acceptable whenever it
falls in the set

T
G = {X€L2(Q,ft,P)ZE|7T s.t. X+/ wudsuegT}.
t

Theorem 4.1.1 (Larsen et al. [Larsen et al., 2005]). For every t € [0,T], we have
G = X, where

Xy = {X € L*(F;,P):¥YQ € C;, EgX > f9},

for Cy the set of probability measures

dQ

C={QeQ:Q«P, 7P

€ L*(Fr), S is aloc. mart. under Q on [t,T]}.

4.1.1 Gain—loss based convex risk limits in discrete-time trading

Pimar [Pinar, 2011] considered the following development of the above problem.
Assume that prices are supported on a finite probability space (€, F,P), where
Q ={w;:i=1,...,N}. The market evolves as a scenario tree, with root node 0,
and leaf nodes n € N which correspond one-to-one with w € .

At every time t € {1,...,T — 1}, at node n € N; we choose a strategy 7.
X is Fs-measurable. Define Ay = S;11 — S;. Wealth evolves as

T-1
WP = X+ mdy
S

For the element w € Q corresponding to leaf node n € N, we have the stress

measures defined as P!(w) = pi,, and recursively

Ph= Y P
)

keC(n

We redefine the notion of time-s acceptability to the (stronger) condition
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that there is a strategy m such that

-1 +
Epi (X + Z Wt(St—i-l — St)>

uU=s

T-1 -
—A (X + Z 7Tt(St+1 - St)> > fl Vi = 1, . ,d.

U=s
Theorem 4.1.2. For every t € [0,T], we have Gy = X;, where
Xo={X e F:VQY)eC, EyX>[9),

for Cy the set of pairs of measures

ay . )
a0 € [1,A],  (Su)i<u<t is a martingale under ﬁY}.

Ct = {(QaY) : Q € Q7
We point out that Pinar provides a proof via the duality theory of linear

programming. In the next section, we aim to extend this setting somewhat.

4.1.2 Owur model

Fix a finite time horizon T'. We consider a market consisting of a bond with zero
risk-free interest rate, and one risky stock S = (S;)o<t<r. On filtered probability
space (Q,F, (Ft)o<t<T,P) we model S as an L°°(Q, F,P)-bounded martingale'. As
usual, Fy is trivial and contains all P-null sets in F, and the filtration is right-
continuous; furthermore assume Fr = F. We assume S is adapted to filtration
(Ft), and in particular Sp is almost surely constant.

We assume that the investor may trade between the stock and bond fric-
tionlessly, so that the wealth process for initial endowment X € L*>(Q, F,,P) and

adapted, P-essentially bounded trading strategy m = (m)s<i<7 is
¢
WS = X 4 / Tu dSy.
S

To begin, we fix a measure space (M, ¥) and a collection of scenario measures

P={P'~P:pc M}

Yfor now, we exploit the fact that L is the dual of L', and any measure Q equivalent to P has
Radon-Nikodym derivative 92 € L'. We may relax this assumption later, as is done in [Delbaen,

dpP
2000].

80



each absolutely continuous with respect to objective measure P. For each u € M,

we may define the Radon-Nikodym derivative

PH
ZH = dd—P c LY(Q, F,P).

Let M1 (M, X) be the set of all probability measures on (M, ¥). Define the collection

of L'-integrable variables

Z .- {/MZ“u(du) e Ml(M,E)},

which we identify with the “convex hull” of P,

_ . dQ
Q—{QN]P’. d]P’EZ}'

Assumption 4.1.3. Z is norm-closed and convex.

Distances between probability measures in Q are taken to be the L-distances
between the respective Radon-Nikodym derivatives in Z.
For each of the measures P* € P there is a floor f*, p € M.

Assumption 4.1.4. sup,¢c ) f# < oo.

For fixed A, the investor must trade such that at the terminal time 7,
$,X,m\+ $,X,m\ — m
Epu (W )T =AW 7] > f for each u € M.

Pinar’s problem is precisely when the state space €2 is assumed finite, time is discrete,
M ={1,...,d}, and ¥ = 2M. Each measure Q € Q has a floor, defined by

f@ — Sup{/M ffu(dup) - ve My(M,Y), Cji% = MZ“ y(dﬂ)}

To this end, we take the set of all initial endowments for which the above

conditions are satisfied:

G.(\) = {X € L0, F,,P) : Inst. VQ € Q, Equp(Wa™ ™) > f@}

where

(W) =W+ — AW~
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Pinar characterised Gs(\) in the discrete time and finite state space setting as
Gs(\) = Xs(N) := {X € L®(Q,Fs,P):VQ € Q, VY€ %, /XdY > fQ}

where

4y
%;:{Y ¥~ Qand oo €L, )\]}

and for s € [0,T7,
Y5 = {Ye%;/svngdyzsuﬂg Vs<u<v<TandG€.7—"u}.

We write @Q,o =: @Q. From these definitions, we can easily deduce the following

two results:

Proposition 4.1.5. Eqp(W) = Ymﬁ /WdY
€%

Proof. We first show that the left hand side is less than the right hand side in the

equation above.

dY
inf dY = inf E —
Ylél% / W Ylél% Q [WdQ]
dy dy
= inf (E + —-E T
Ylél%{ @[W d@] Q[W d@]}
ay dy
> inf Eg |WT— } — sup E [W]
Ve, @[ Q] vew, ©|7 dQ
> Eqp(W).
For the reverse inequality, note the measure Yq defined by
dY
a0~ Lowson F A Lgw<oy
attains this minimum. O

Proposition 4.1.6. Gs(\) C Xs(\).

Proof. Take X € G¢(\). Then, by the previous proposition,

dr s.t. IEQ<p(VVSX7r = inf /WSXﬂdY>fQ vQ € Q.
YeZq
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Using the fact that % , C % for any s € [0, 7],

— Irst. inf / weXmay > @ vQe Q.
YE@QS

Finally, noting that [ W;’X’W dY = [ X dY for any Y € %5, we have X € X;()).
]

In the next subsection, we shall work on proving the reverse inclusion, namely
Gs(A) D Xs(N), in one period of discrete time.
4.1.3 Equivalence in one period

We assume Sy € R is non-random. Write A(w) = S1(w) — Sg. The problem posed
to the investor is to optimally choose the strategy = € R at time 0 to attain wealth
W = X 4+ wA at terminal time 1 satisfying the convex constraints. Fix A > 1. In

one period, the above definitions of G and X can be simplified to

Q:{XEIR{:EIweRs.t. VQ € Q, E@gp(X—i—wA)zf@},

X:{XER:VQE Q, VY€ %, XY(Q)zfQ}.
We aim to show the following:
Theorem 4.1.7. X =G.

By work in the previous subsection, we already have the inclusion G C X.

Thus it remains to show the implication

which is written more explicitly in the following proposition.

Proposition 4.1.8. If, for every m € R, there exists Q € Q so that Egp(X+7A) <
fQ, then there is a Q € Q, and there is a Y € @I@ such that XY(Q) < f2.

We now set up some appropriate notation to show this result. Define the set

of measures

R:={Q € Q:Eqp(A) <0< ~Egp(-A)},

and note that R inherits convexity from Q. Also, for fixed m € R, define the set of

measures
Qr i={Q € Q: Egp(X +mA) < f2,
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and again note that Q, inherits convexity from Q. We immediately observe
Lemma 4.1.9. Q € R if and only if @I@ %+ .

Proof. Fix Q € Q. Set

B =1as01 + Alia<o and B = Masoy + Liacoy-
For any Y € %f, define the Radon-Nikodym derivative 3 by

dy

m—ﬂe [1, Al

Then we have the bounds

[adr= [sadez [sad0=seeo).

/AdY: /ﬂAdQ < /BAdQ: —Egp(—A).

So we have the inclusion
{ [aav:v e} cEopa) ~Bop-a)L

We now show the reverse inclusion. For any 6 € [0,1], the L!(Q)-integrable random
variable 3% := 63 + (1 — 0)3 € [1, \] is the Radon-Nikodym derivative w.r.t. Q of a
measure YY € % with

Jad =6 [pad0+1-0) [ 5ad0=0Eep(d) + (1 - 6)(-Egp(-A),

so that the endpoints of the above interval are attained for # = 0 and 6 = 1. So we

have shown the equality
{ [aav:¥ e o6} - Eopa), -Eop(-)L
To complete the proof, by definition of R,
Qe R < 0¢ [Eqp(A), —Eqp(=A)].
The above condition is equivalent to the existence of a 6 € [0, 1] such that

/AdY‘):O,

84



since the integral on the left is a convex combination of the left and right limits
of the interval [Eqp(A), —Egp(—A)]. But if there exists such a 6, then Y’ is a
martingale measure, and so Y? € @NQ #* . O

A key idea in understanding the connection between the sets G and X is the

following Proposition.

Proposition 4.1.10. Fiz a probability measure Q € R, a martingale measure Y €
Yy, and a m € R. Then

Egp(X +7A) = XY(Q) Zé =8 asoon {X +7A £ 0},

where

BTN = 1y yraso) + A ixiracoy + YL {x1ra0}-
Proof. The Proposition crystallises the observation that

d

XY(Q) = Eg L@

(X + wm] > Eg [o(X +7A)],

with equality if and only if

(i) on the set {X+mA > 0}, the Radon-Nikodym derivative d(E takes the essential

infimal value of 1, and
(ii) on the set {X + 7A < 0}, ¥ g takes the essential supremal value of A.

On the set {X +7A = 0}, there is no contribution to either integral on both sides of
the inequality, so the Radon-Nikodym derivative < Q may assume any value y € [1, A]
for the equality in the statement to hold. In the case that Q{X + 7A # 0} > 0, we
are forced to choose the v € [1, A] such that B(™7) defines a martingale measure Y:;

otherwise, the choice of v is unrestricted in [1, A]. O

For the rest of this section, we assume the hypothesis of Proposition 4.1.8,
namely
for every 7 € R, O, # J. (4.1)

Following on from Proposition 4.1.10, we look simultaneously for a pair (7*,7*) €

R x [1, \] and a probability measure Q* € Q- such that 87 7") defines a martingale
measure Y™ via

dy* _ gl

dQ*

85



To this end, we define

C:=(]

meER
the set of measures Q under which the expectation of ¢(X + 7A) fails to weakly
exceed the floor f@, no matter what the value of w. To proceed, we must examine
two cases: RNC # @ and RN C = @. In the former case RN C # &, we may
select a Q* € RN C'. Such a measure Q* belongs to Q for any value of 7; by virtue
of membership in R, we may choose values of 1 = 7* and v = ~* to produce a

martingale measure Y* via the formula % = A7) Then,

QC:{XE]R:VWER, JQ € O st EQ(,O(X+7TA)<]CQ}

_ XGR:H(W*,’Y*)GRX [1,)\], JQ* € Qi+

dY* ‘s _
s.t. 0 =8 Y ey, and  Egeo(X +7A) = XY*(Q) < fO

Q{XGR:HQ*GQ, IY* € Dy, XY*(Q)<f@*}

= X°.
In the latter case R N C = @, we shall derive the following contradiction to our
assumption (4.1),
Proposition 4.1.11. RNC =0 = dJneR:Q,=02.
Topological considerations. We equip Z = {% : Q € Q} with the induced
(subspace) topology in L'(€, F,P). We may speak of a topology on Q, referring to

the topology induced from the natural identification of @ with Z. For mw € R we

may establish the natural correspondence between 9, and Z, := {% . Qe Qﬂ}.

Define the function
T: QOxR3(Q7)— ¥(Q,n):=Egp(X +rA) - f2

The function ¥ is central to the problem, and so it is worthwhile to present its

properties, to be used in the sequel.
Lemma 4.1.12. V¥ enjoys the following properties:
(i) The function m+— W(Q, ) is concave on R.

(i) The function Q — ¥(Q, ) is conver on Q.
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(iii) For fized Q, we have the following bounds on m— W(Q, ), for all m € R:
Eqp(A sgn(m))|r| = (A X[+ f%) < ¥(Q,7) < Ege(Asgn(m))|r|+(2A X[ - f?)
where sgn(x) = Tz>0y — Liz<oy 18 the signum function. In particular,

Ege(A) <0 — Y(Q,7) > -0 as 7T — +00,
0 < —Eqgp(—A) <= ¥Y(Q, 1) » —c0 as m— —o0.
Proof. These statements follow easily from the definitions. O

Property (iii) formalises the idea that “far out, m — W¥(Q,7) is of linear
growth”. From property (ii), we have that the set @, = {Q € Q : ¥(Q,7) < 0} is

open and convex in Q for all 7, and the set Qf is closed in Q for all 7.

The case RNC = @. We first reduce the case RN C = & to the case C = @.

Proposition 4.1.13.

C=()2CR
TER
Proof. Define
Qoo := liminf O and Q_ = liminf Q.
T—r 00 T——00
We aim to show
Qoo NQ o CR.

Note the two equations
Qi ={Qe Q: Wli)rinoolll((@, m) € [—00,0)}.

Due to A > 1, no measure Q will produce a constant 7 — W(Q,7) except in
trivial situations, which we may exclude. Take Q € Q. N O_. Then at least
one of the two limits lim; 4o ¥(Q,7) are —oo. If both limits are —oo, then

Q € R by the equivalences given in property (iii) of Lemma 4.1.12. Now suppose

limg 400 V(Q,m) > —o0 and lim;,_ o ¥V(Q,7) = —oo. Then, from the bounds on
U it must be that Egp(A) = 0, and that 0 < —Egp(—A), so Q € R. The case
where limy_ 4 o V(Q,7) = —o0 and lim,;_,_o, ¥(Q, 7) > —o0 is analogous.

The result is clear, as [ cp Qr C Qoo N Q—oo-
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Proof of Proposition 4.1.11. We assume that:

(i) for every m € R, we have Q, # @, and

(i) Myer Or = 2.

We aim for a contradiction, showing these two conditions cannot happen in tandem.
Define

Q) ={reR: Q¢ O} ={r eR: ¥ (Q, ) >0}

and note by assumption (ii), there is no measure Q such that for any 7, Q € Q.

So for any measure QQ there is a 7w such that Q € Q, so

for every Q € Q, II(Q) # 2.

Suppose that (Ngeo I1(Q) # @. Then we may find some strategy 7 € (e II(Q)
such that the function U(Q,7*) > 0 for every Q € Q, which contradicts our as-

sumption (i). Thus we can consider the dual set of conditions

(i) ﬂQEQH(Q) =@, and

(i’) for every Q € Q, we have II(Q) # 2.

If we can show that the conditions (i’) and (ii’) together lead to a contradic-
tion, we have achieved our aim. We assume (i’) and (ii").

By property (i) of Lemma 4.1.12, the set II(Q) is a closed interval in the
extended real line [—o0, +00] with the standard topology.

Define the endpoints of II(Q) to be

lp = infII(Q) € [—o0, 0] and rg = sup II(Q) € [—o0, c0].

We re-write condition (i’):

ﬂ Q) =9 <+= (:=suplg > inf rg=:1.
Qc0 QeQ QeQ

The strict inequality in the above line shows that we implicitly rule out both the
cases where £ = —oo and = 4o00. For each N € N, we choose probability measure
QON) 5o that

Loy > - % whenever / < oo,

Loy > N whenever ¢ = oo.
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We choose QYY) so that

roa.n) <71+ % whenever r > —oo,

roan < =N whenever r = —o0.

Now choose N € N such that KQ(O,M > rga.. This is accomplished in the case
f < 0o and r > —oo by any integer

Drop the N from the notation, Q(®Y) = Q) etc.. For all § € [0,1], define
the convex combination QY = QM + (1 — #)Q). For legibility, we shall write

EQG = 8(9), and TQO = 7"(9)

In this notation, we have
r(1) < £(0).

Claim. The subsets of [0, 1]

% =1{0€[0,1]:Q" € O}
v :={0e0,1:Q% ¢ Qi

are intervals closed in [0, 1].
Proof of Claim. We prove the statement for % ; the result for ¥ is analo-
gous. Take 01,02 € %, 01 < 03. Suppose 0 € (01,02), but 6 ¢ %, which
means that QY € Qo). We have that Q! € 9, for any m > (1), and in
particular Q' € Qo). By convexity of Qy), we have Q% ¢ Qy(0), that
is, O3 & % , a contradiction. So % is an interval. Closure follows from the
closedness of QE(O). O

Set

a=sup{f € [0,1] : QY e QE(O)}a
b=inf{0 € [0,1]: Q" € Q% }.

Claim. a <b.
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Proof of Claim. Otherwise, take any 6 € [b,a], and note
0> — Q€ 0<a = Qe

Furthermore,

v >r(l), Q'eQ, and vr < £0), Q°¢€ Q,.

By convexity of each Q for m € (r(1),£(0)), we have

v e (r(1),£(0)), V6 e 0,1], Q% € 0,.

and Q% € Q.

Summarising,
Q% € 92, e ) o
w€(r(1),£(0))
ie. U(Q%r(1)) >0, ie. sup W(Q% 1) <0, ie ¥(Q0))>0.
we(r(1),6(0))
O

which contradicts concavity of 7 — ¥(Q?, 7).

Set ~
~ a-+b
0= 2

We assume H(Qg) # @&. By construction, we know that

6>a — Q' eQp — vr<in), Qe

Vi > r(1), Qé7 € Or.

i<b — Qecoy =

>

to the left or wholly to the right of [r(1),£(0)]. Either () < r(1) or £(8) > £(0).

_ 0,
If ¢(6) > £(0), then define 4 @
b=1.

Thus, the interval H(Qg) does not intersect [r(1),£(0)], so H(Qg) lies either wholly

~ a=a,
If r(0) < r(1), then define _
b=20.

We now view the above workings as one step of an iterative scheme. Set
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a(0) =0 and b(0) =1, and for £ =0,1,2,... define recursively

a(k) = sup{0 € [a(k), b(k)] : Q° € Qfy s
b(k) = inf{0 € [a(k),b(k)] : Q" € Oy }-

As before, a(k) < b(k); define

cither £(3(1)) > £(a(k), in which case set {“(’“ =0,
b+ 1) = bR

or 7“(5(]‘7)) < r(b(k)), in which case set {a(kz T = ?(kz),
bk +1) = O(k)

The intervals [a(k),b(k)] are nested, that is, [a(k),b(k)] D [a(k + 1),b(k + 1)]. At

each step, the length of each interval at least halves:

bk+1)—a(k+1) < =(b(k) —a(k))

DO

thus these two sequences converge to the same limit 6* € [0, 1],
a(k) t0* and b(k) ] 0".

We assume that IT1(Q%") # @, thus I1(Q?") = [¢*,r*] for some real numbers £* < r*.
By definition,

r(b(k)) >r(b(k+1))>r and fLla(k)) <fl(a(k+1))<l  Vk>0.

So we have constructed bounded monotone sequences of real numbers, with limits

defined to be
r(b(k)) I ro and L(a(k)) T loo, where clearly Too < loo-

We immediately derive the contradiction:

Lemma 4.1.14. In the above notation, ls = £* and roo = r*.
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Proof. We show the former equality; the latter is analogous.

We begin by noting that, by construction, we have II(Q?") N (1o, los) = @,
so that the closed interval II1(Q?") is either wholly to the left or wholly to the right
of the open interval (o0, ¢o0)-

The central idea of this proof is the following:

Claim. For each k, Q¥ ¢ Q-
Proof of Claim. We know that ¢(a(k)) < ¢ for any k, so we have

vk, Q™ e gf — VE,  r(a(k)) > loo.

Suppose the condition on the right is not satisfied: there is a kg such that
r(a(ko)) < leo. By definition of r(a(kp)), we have

Q"k) e 9 Vr e (r(alko)), +00).
Using the fact that Q1) € Q, for any 7 > r(1), we certainly have
QW e 9, for =>r(alke)) > Ua(ky)) > £(0) > r(1).
By convexity of Q, for m > r(a(ko)), we have
vr > r(a(ky)), V0 € la(ko),0*], Q%€ Q.

Whence for any k > ko, we have £(a(k)) < r(a(kp)) < leo, which contra-
dicts £(a(k)) T loo- O
The sequence Q¥ is norm convergent to Q" as k — oo since a(k) T 0*, and

so by closure of Qf , we conclude
QH* = QEOO7 in particular, ls € H(@G*).

This has two crucial ramifications:

1. the interval TI(Q?"), containing the value /o, is wholly to the right of the
interval (7o, o), SO that * > lo;

2. U € [0*,7r¥], so that £* < l.
Hence ¢* = £ . ]

This completes the proof of Proposition 4.1.11. O
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