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Corrections

For compact read complete.
For a(m-n) read a(m-n,x) .
For Tia-n(A) read T-(m-m »).
For "closure of its own interior
read " interior of 1its own closure”
There is something missing from the
argument here. In addition to the graph
of < being closed it is necessary that
for every Xx£X there exists a neighbour-
hood U of x with p(U) compact. Let

be a sequence of compact sets with
UC1=C-; then 0Oa((xQ,0) can be expressed
as the union of closed sets

U (ca(xQ,o0)n (Ix ci)).

It now follows from Baire"s Theorem that
U exists for some x ; the minimality of
T proves it for all x .
For "TT.@a(y))n ... read TIx@a(®)n ... .
For "uncoimtable collection of cocyoles"
read 'uncountable collection of pairwise
non-cohornologous cocycles™.

For x read Tm(X) -






SUMMARY

A skew-product extension of a transformation T:X =* X
by an abelian group G is a transformation 3:XXG — XxG
of the form 3(x,9) = (O(X) ,g+y/(xX)) , where y.X » G
is a function. In the Ffirst part of this thesis X is
a complete metric space, T is a minimal homeomorphism
and y/ is a continuous function into a locally compact
second countable abelian group. The orbit structure of
3 is studied with the help of an invariant from ergodic
theory, the group of essential values or ratio set of
the extending cocycle. Several types of possible orbit
structure for 3 are described; the most interesting
occurs when 3 is topologically transitive. In the special
case where X is compact and G is Euclidean it is shown
that for any given T there is a residual subset of
functions which define topologically transitive extensions.
Necessary and sufficient conditions for 3 to be
topologically transitive are obtained for the special
case where T is a translation on a torus. This generalises
a theorem of Hedelund.

The second part of the thesis studies a collection of
examples of measurable extensions by the reals. The
soace X 1is the unit circle and T is rotation through the
angle expQrri.*) with O<«t<l. The function Vy is
defined by

Y(exp@n-ix) ) = X D a)yx)-p

where 07:x<1 and O0<p<1l . The set of pairs («,p)



for which, the resulting 3 is ergodic is proved to be a
residual subset of the unit square which has Lebesgue
measure one. The special case where <, 6 and 1 are
integrally related is treated separately. Here the
extensions are not ergodic but ergodic extensions by

subgroups of the reals can be obtained from them.
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INTRODUCTION

The subject of this thesis is the orbit strucure of skew-
product extensions of transformations by locally compact
abelian groups. Skew-product extensions are also known as
cylinder transformations or cylindrical cascades. Although
the title mentions only the non-compact case, extensions
by compact groups are not excluded. However, none of the
results in this thesis amounts to anything new when applied
to extensions by compact groups.

Apart from the Ffirst chapter the thesis falls naturally
into two parts. ( Chapter One contains the basic definitions
which are common to both parts.) The first of these, consistin
of Chapter Two, is about continuous extensions of minimal
homeomorphisms. Most of its results could be reformulated
to accomodate extensions of topologically transitive
homeomorphisms. However, there is little to be gained from
this increase in generality. It would merely complicate
matters without introducing anything essentially new.

Most writers on continuous skew-products have concentrated
on examples of topologically transitive extensions. An
exception is the paper of Hedeluna (C3]) which contains a
complete analysis of real line extensions of minimal
translations on the circle. Although these skew-products
do not display the full range of possible orbit behavior,
extensions of only moderately more complex transformations
do so. It wo"old therefore be sufficient to study only

extensions of transformations on compact metric spaces.



However, much of our analysis- holds for extensions of any
minimal transformation on a compact metric spacer Accordingly,
we begin with this general case and specialise to compact
spaces as nescessary. .

The first section of Chapter Two contains the definitions
of some notation which is used throughout the,- chapter. In
the second section we consider the recurrence properties
of continuous extensions. A skew-product extension is always
either wholly conservative or wholly dissipative. The first
of these possibilities is of greatest interest and for the
rest of the chapter we concentrate upon it.

The third section sees the introduction of our main tool,
the group of essential values of the extending cocycle.
Essential values are defined in £153 for cocycles of a
measure-class preserving action on a probability space. Our
definition is derived from that of fl153 by replacing sets
of positive measure with open sets. In cases where both
definitions are applicable the two groups may be quite
different. This reflects the fact that, even for simple
examples, the metric and topological properties of non-compact
skew-products can be completely different.

The main results of the third section show how a knowledge
of the essential values of the extending cocycle gives a
description of most orbit closures under the extension. By
"most orbit closures™ we mean that the union of the collection
of orbit closures to which the description applies is a
residual set. The section ends with two examples. They display
the two important varieties of orbit behavior which were

not described by Hedelund in [8I.



In the fourth section we consider only extensions by
fW]of minimal transformations on compact metric spaces.

This section is about the existence of topologically
transitive extensions. Our Ffirst theorem shows that (with
a suitable metric ) the topologically transitive extensions
form a residual subset of the set of all conservative
extensions. ?or the other main result in this section we
specialise still further and consider- only extensions of
aiminimal translation on a torus. Here we prove a
generalisation of the main theorem of [3] ; every non-
trivial conservative igtextension of a minimal translation
is topologically transitive.

The final section of Chapter Two deals with the details
of the orbit structure of extensions. It turns out that the
description obtained from the essential values iIn Section
Three is complete only in the most trivial cases. There aire
usually points with orbits which do not fit this description-
and they can make the orbit closure structure of an extension
very complicated.

The second part of the thesis, which consists of Chapter
Three and the appendices, is less general in scope than the
first. Chapter Three is about a collection of examples of
discontinuous skew-product extensions. They are conservative
real line extensions of irrational rotations on tne circle
and the extending functions take only two values, on
complementary intervals. These transformations preserve a
natural measure and so provide an example for the theory of

metric properties of extensions developed in [15]. They



also have connections with the theory of uniform
distribution of sequences (for details see 0 43). The
second section of Chapter Three contains a proof that
almost all of these extensions are ergodic. The third
section is concerned with a special case that arises
naturally in the course of this proof. Here ergodic
extensions are again obtained.

Appendix A is a reproduction of a short paper on
measurable extensions of ergodic transformations. It
contains a theorem which gives a condition for a real
line extension to be recurrent. Since publication of
this paper | have discovered that a proof of the theorem
is iInherent in the first lemma of [103, although it is
not explicitly stated.

The final part of the thesis, Appendix 3, is concerned
with the proof of a lemma in Chapter Three. This lemma
is not proved because its proof is a slight modification
of the proof of a well known theorem. Instead, the details
of the modification are given in this appendix.

Tinally, a note about the numbering of results and
statements: a number of the form, a.b.c.d refers to
the d*"th numbered statement of the c"th result in
Section b of Chapter a . Within Chapter a this would be
shortened to b.c.d and within Result a.b.c it would be
shortened to (d). The numbers of results are similarly
shortened so that the c®"th result in Section b of
Chapter a is refered to as b.c within that chapter and

a.b.c outside it.



CHAPTER O"IE

Basic Hexinitions

This chapter contains the definitions and details of
notation that are common to both parts of the thesis. The
definitions have two alternative readings, one applying
to continuous extensions of minimal homeomorphisms and
the other applying to the measurable case. Where the two
readings differ the text of the first is interrupted by
the substitutions necessary to obtain the second. These

interruptions are contained within double pointed

brackets («,»).

Definition 1.1.

Let (X,d.r) <<(X,i»,ju)>5> be a complete uncountable metric
space «nonatomic standard probability space». Let T:X-*X
be a minimal homeomorphism «measure preserving automorphism».
Let (G,+) be a locally compact, second countable, abelian
group. A Ffunction a:2xX-G is called a cocycle for T if it
is continuous «Sneasurable» and satisfies the cocycle
equation;

a(n+m,x) = a(n,x) + a(m,Tn (X)) (N, mE2»x21X) .

For any cocycle a let a(l1».) denote the function whose
value at x is a(l,x). It is easy to see from the cocycle
equation that the cocycle is completely determined by
this function. Indeed if y/:X-G is any continuous «measurable»

function we can obtain a cocycle a by setting



for n > 0O,
a(th,x) * O for n = 0,

-ai-njInCx)) for n< O.

definition 1.2.

Let a;2*X-»Cr be a cocycle for T:X-»X. The cocycle a is
called a coboundary if there exists a continuous <<measurablebi>
function <I?%G such that

(NE25xEX) .
In this case a is said to be the coboundary ofp . Similarly,
a function y*"tX-.G is said to be a coboundary if the unique
cocycle (for T) a2Txx-G with a(l1,.) is a coboundary.
Two cocycles or two functions, whose (pointwise) difference

is a coboundary, are called cohomologous.

The nomenclature of Definitions 1.1 and 1.2 arises from
the fact that cocycles and coboundaries, as defined here,
belong to a cohomology theory. A cocycle, modulo the
coboundaries, 1is an element of the first cohomology group
of the integers with coefficients in a certain™.-module.
This is the module of continuous «measurable» functions:
X—G, withthe module action induced from the action of the

powers of T.

Definition 1.3.
Let a:2ixX-G be a cocycle for T:X-»X. Let Y = XxG. The
skew-croiuct extension of T by D (or, briefly, G-extension

of ?) defined by a is the transformation 3 :Y-*Y with



SaU»g) = (“"(x)>S + a(@>x)) (X€X,09£G) -
The cocycle a 1is called the extending; cocycle for

33 and the function a(l,.)

X and T are known as the base space and base transformaticn

respectively.

An extension is clearly a continuous «measurable»

transformation. If T preserves a measure p on X then 3&

preserves the product measure on Y, where X is the

Haar measure of G.

The reason for using a cocycle rather than just the

extending function in Definition 1.3 is that the powers of

3 can be expressed by the cocycle;
3*(x,9) = (M ,g + a(h,x)) (nEN XEX, Q£G).
The Importance of coboundaries in the study of extensions

arises from the following lemma.

lemma 1.4*
Let a and bj "2xX-—G be cocycles for T:X-*X. Suppose that
0 Is the coboundary of a continuous «Jneasurable>i> function

CI:Xx*G. let atb be the cocycle which is the pointwise sum

of a and b. let U:Y-*Y be the continuous «measurable»
transformation with

U,9) = (X,9 +p(X)} (XEX, QEG).
Then U3a = 3&%

Proof. Por all x€X and g£G>
U3 (x,9) = U@ &)»g + a(l,x))



aed.g + a@,x) +7p(T0DI);

Ba+tbU(x"«) = V b (Xx’S +y w)
Te.g + P + a(d,x) + b@>x))
.9 + a@ . x) + £0(TCGN))-

The special case of Lemma 1.4 wbare a is the zero cocycle
is most important. It shows that if b is the coboundary of
Jjthen every orbit under 3~ is contained in some translate
of the graph of (p- The orbit structure of So is then similar
to that of the trivial product of T and the identity
transformation on G.

Before making the next definition we note that there
is no loss of generality in assuming that G is metrisaole.
From here on we shall assume that the topology of G is
derived from a symmetric invariant metric d~.

The second readings of the next two definitions are
specialised forms of Definitions 3.1 and 3-13 of 0 >

which anoly to more general actions.

lefiniticn 1.5.
Let a:3txX-»G be a cocycle for T:X-X. An element g of G

is an essential value of a if. for every 0 and every
non-empty open set ACX «every measurable set ACX with
u(X) > 0 », there exists an nl2Tsu.cn shat
An T-n(A) 0 [x: d™(a(n,x),g) < £i 4
«p(A TT-n(A) T, jx: dQCa(n,x),g) <£}) > 0 ».
Let m® be the extra point in the one point compactification

of G. It is an essential value if for every compact set



CCGr and every non-empty open set ACX «every measurable
set ACX with f(A) > 0 » , there exists an nCS. such that
An T-n(A)n {x: a(n,x)c} 1 f
«Ft(An T~-n(A) n jx: a(n,x)/ci) > 0 ».
The set of all essential values of a is denoted by 1(a)-

/e define: E(a) = E(@) O G.

Definition 1.6.

Let a:2bxX-»G be a cocycle for T:X-X. The cocycle a 1is
called recurrent if, for every £> 0 and every non-empty
oner, set ACX «every measurable set ACX with fIA) > 0 »,
there exists an nf2, n ™ 0, such that

An Y-n() 0 ix: dG(a(n,x),0) <£> ~/
«FlyA n T_n(A) O ix: d6(a(n,x) ,0) < 63}) >0 »e-

A cocycle which is not recurrent 1is called transient.

_Finally, we fix the meaning of seme standard notation.
The symbols X,G,T,Y,a and will always have the meanings
of Definitions 1.1 — 1.3. The symbols Tr- and 7T}, stand for
the first and second coordinate projections of Y:

TT.:Y=-X, -r\(X,0) = X;

TT N Y-G, 1£(X,09) g-
For each h£G the translation on the second coordinate in
Y is denoted by L»;
Lh:T-Y, Lh(x,09) = (X, + h).
The norm in is denoted by single bar3 (],i1) rather than

the usual double bars (]|.ID- This is because double bars



are used for another purpose in Chapter Three. The
supremum norm in Mn is used throughout;
i(v. , --.,v )1l = Sup |v. |-
1 n 1
Finally, we give the usual meanings to the symbols ~Z+>

A, I, IRi so2+ - {nf2: n > 0} etcetera.
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CHAPTER TWO

Continuous Extensions of Minimal Homeomorohisms

£1. Introduction and notation.

In this chapter we explore the consequences for continuous
extensions of the definitions of Chapter One. The first
reading of Chapter One applies throughout and except at
the end of all functions and transformations appearing
here are continuous.

We now introduce some notation which is used throughout
this chapter but not outside it. As X is a complete metric
space it is possible to introduce a complete metric on Y;

dy((x>D»(xt ) = Sup ldx(x,3if), dG(g,™}-
The open ball of radius £ about a point y£Y is denoted
by 3,,(y,£); the meanings of 3-,(x,£) and 3r.(g, £) are analagous.

IT ai2xXX-»Gr is a cocycle for T:X-X then the orbit of
a ooint y£Y under the extension 3 is written 0 (y). The
orbit closure is then Os(y) and O&(y), OB(Y) denote the
forward orbit and the closure of the backward orbit
respectively.

*“fe conclude by making a remark which is used implicitly
at one or two places in this chapter, nothing of iImportance
is lost if we replace the group G by the closure of the
subgroup generated by {a(l»x): x£X}. When X is compact
this means that we may assume that G is separable and
compactly generated. The structure theorem for compactly
generated, locally compact, abelian groups shows that such
a group may be expressed as a product; G =R *2_ x0 (nh»m g 0),

where 0 Is a compact group.



82. Recurrence.

Definition 2.1.

Let Z be a topological space and let 3:Z-»Z be a
homeomorphism. The S-wandering set, 37(S),is the set of
points zSZ for which there exists a neighbourhood U,
containing z, such that UO 3n(U) = ~ for all nI2jn f O.
The 3-recurrent set is the set,

R(3) = 1z£Z: z€] Sn(@): n> 0 0 i3n(@): n< 0 }
The transformation 3 is called conservative if 273 = $

and dissipative if "7 = Z.

Lemma 2.2.

Let Z be a complete metric space and let 3:Z-Z be a
homeomorphism. Then R(3) and "7 are invariant under S,
</S) is open and 77(3) U R(3) 1is a residual set.

Proof. See Gottschalk and Hedelund (Ceil), Theorem 7.24.

Definition 2.1 is standard in Topological Dynamics. The
next result gives the connection between the recurrence
properties of an extension 33 and the recurrence of the

extending cocycle, as defined in 1.1.6.

Proposition 2.3-
Let T:X-—X be a minimal homeomorphism. Let a:2b<X-»G be
a cocycle for T. Then one’of the following statements is
true:
(1) The extension 3$js conservative and a is recurrent;

(2) The extension 3ais dissipative and a is tiansient.



Also, the sets >7/(83 ) are invariant under 3 and all

the translations L”», h£G.

Proof, Sucrose that (33) A <&\ then for some y £Y and €> O,
By(y,i) n 3™(By((y»E)) =/ for all n£2, n i 0. As all the;
translations L, ,(h£G) commute with 33,this implies that

3ALhGBF (Y, £)) 0 SALbCBYCy,«)) = { (n,m€2.,n*m,hE8).

But as T is minimal,
Vi hvo X<V Yeo> =¥

Go Vi(3a) =Y.

We have shown that if W(3 ) iIs non-empty, then it is

a sit-w

all of Y. To complete the proof we will~that this happens
if and only if the cocycle a is transient.

If a is transient. then for some non-empty open set

AC I and some £>0,
tex ((Ax 39 (0,6)) H S*M(AXHG(0,1)))

=?2n(A0 T_n() Pt jx: a(n,x)S BN(0,£)i1) = /*
for all nC2, n?£0. 30 W(S&) 4 T.
Conversely, if W(S ) 4 / then it contains an open ball,
y(Y,E). 1etTT:(y) = X, then
3A(x,£) n T—n(SA.(x, £)) n x: a(n,x) £ BG(0,£)} =/
for all r£2, n~0 and a is transient.

<The final statement of the lemma is obvious.

Corollary T.A
Assuns, in addition to thehypotheses of Lemma 2.3» that

X 1s comnact. Then Statement (2) of 2.3 holds ii and only



if , for every compact set CC G and every xX£ X, the set

a(n,x)£EC} is finite.

Proof. If, for some Xx£ X and soma compact set CCG, the
set jn: a(n,x)£Cj is infinite then 03A(x,0) Pi (XxC)
has an accumulation point y£Y. For any neighbourhood G
of y the set in: UO Sn(U) * j }mis infinite. Therefore
y£'-/(33_) and Statement 2.3.1 holds.

Conversely, suppose that Statement 2.3.1 1is true. Then
Lemma 2.2 shows that R(3a.) * 0. As R(Sa) is Invariant
under all the translations we can choose an xX£X such
that (x,0)£ R(Sa.)' This implies that if C is any compact
neighbourhood of the identity in G then jn: a(n,x) ™ C}
is infinite.

Since Statements 2.3.1 and 2.3.2 are mutually exclusive,

the corollary is proved.

/e now restrict our attention to the special case where
X is compact and G is a closed subgroup of IR. In this case
the theory of ergodic sets makes it possible to determine

whether a cocycle a 1is recurrent in terms oi uhe integrals

Lemma 2.3.

let X be a compact metric space and let a:"xX-»R be a
cocycle for T:X— X. Suppose there exists a sequence Oi
positive integers (n) such that la(n™,x)] -» 0, for

some X£ X. Then there exists a T-invariant Boreil probability
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Proof. It is a standard result in ergodic theory that

if X is a compact Hausdorff space and T:X-— X is a minimal
homeomorphism then there exists a T-invariant Borel
probability measure on X. The usual proof of this theorem
(see Oxtoby, Cl1I], Theorem 2.1) shows that for any point
XE£X there exists a sequence of positive integers (n])

and a T-invariant 3orel probability measure u such that

for every continuous function R. This proof is still

valid if (n]) is chosen as a subsequence of (™). he

conclusion follows on setting G?= a(l,.)-

lemma 2.6.

let X be a compact metric space with T:X— X a minimal
Remeomerphish- Let a:2xX-»R be a cocycle for T. buppose
that fi is a T-invariant 3orel probability measure on X
and that T is ergodic with resect top . Then if

\a(l,.) dp = 0 a is recurrent.

ail of X; but then p(A) > 0 for every non-empty open

set ACX.



let X be a compact metric space, with T:X-» X a minimal
homeomorohism. Let a:2x X-»[R be a cocycle for f. For eaca
rEIR let a”r; be the cocycle with a*r~(n,x) = a(n,x)+nr.

Then the set I = {r€R: a”r " is recurrenti is an interval.

Proof. Suppose that r,t£ I and r<s<t. vewill show that
s£l. proposition 2.3 shows that the extensions Sa(r)
and 3a(t'_ are conservative. 3y using Lemma 2.2 and the
fact that the sets, R(3£(r)) and R(Sa(t)) are invariant
under all the tranlations L™ we may choose a point X£ X

such that (x,0)ER(3 (r)) n R(3 (t)). Then there exist

increasing sscjuences (™) and (M) such, that a (n"™>x) *0
and - 0. Because a"”™n”~x) -a~~*n~x) - @
and a(3)(m.,x)-a(t)(m.,x) - ais)(n,x) must be positive

ana negative for infinitely many n>0. 30 ¥= H-"uuMja(l.,®) |
then the set 1n>0: Ja(s} (n,x) i* M} must be infinite.

Corollary 2.4 shows that a”™is recurrent.



Theorem 2.8
Let X be a compact metric space and let T:X-— X be a
minimal homeomorphism. Let a:~x X—P. be a cocycle for T.
Then the following statements are equivalent:
(1) a is recurrent;
(2) ?or some x£X, LimnInf n1lja(nh,x)| = O;
(3 There exists a T-invariant Borel probability

measure u on X such that la(l1,.) dp = O.

Proof. Suppose (1) is true; then Proposition 2.3 shows that
R(3&) T ¥ Hence (2) is satisfied. If (2) holds then
Lemma 2.5 proves (3).

Now suppose that (3) is true. Lemma 2.5 of shows
that jx can be expressed as an integral of T-invariant
ergodic Borel probability measures. (An ergodic measure
for T is a measure with respect to which T is ergodic.)

It follows that either there exists a T-invariant ergodic
probability measure Pq (possibly identical to p) such
that Ja(l,.) dpQ = 0, or there exist two such measures .

p., - [ip with

r = Ja(l*e) dp. < 0< Ja(li.) "2 = ~=«
In the first case Lemma 2.6 shows that a is recurrent.
In the second case it shows than a(_r) and a\(/ Hare

recurrent. Statement (1) then follows from Lemma 2.7:
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#3. assential values and extensions.

This section is concerned with the relationship between
the essential values of a cocycle and the properties of
the extension which it defines. If a is a transient cocycla.
then it is clear that cof E(a). Corollary 3.9 will show
that in fact _B(a) = {0,00j-

V/hen a is a recurrent cocycle- a knowledge of 3(a) and
the essential values of a related cocycle, a, yields a
description of "most" orbit closures under This
description is given by Theorem 3.7, its corollaries and
Propositions 3.10, 3-15 and 3-16.

/e begin by establishing some elementary properties of

Proposition 3.1
Let T:Z— X be a minimal transformation and let a.:2xX-— G

oe a cocycle for f. Then E(a) is a closed subgroup o- .

Proof. It is clear that 3(a) is closed. Suppose tr.at
g, h£ E(a); we shall show that (g-h)£3(a).
Given any £> 0 and any non-empty open set AC X, let
1 such that
B=An T-n(®) n {x: a(n,x)£ 3&(h,£/2)] =
s an oren set there exists an n£Z such.tha
C-3N p““@ n ix: a(m,x)EBC(Y.£/2)| 7 h

Tn(C) then because T-n(X) £ CC B,
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a(m- n) a(m, T n(x)) + a(-n,x)

a(m, T-n(x)) - a(n,T-vI(x))
£ 3G(gf£/2) - BO(h,6/2) = 3G(g-h,£).

Also Tm-n() i1 Ta("")CA. Therefore,

X£E (A0 T“-n(d) C :a(m-n,x)£3 (g-h,8))) 4 /-

Proposition "5.2.
Let a and b:ZxX-G be cocycles for a minimal
transformation T:X-*X. Suppose that b iIs a coooundaryj

then 3(a) = E(a+b).

Proof. As -b is also a coboundary, it is only necessary
to prove that 3(a) C 3(atb). Let cp:X-»G oe a continuous
function with b(n,x) =jp(Mn(x))-jp(x) for all nC*Z and x£X
Por any £>G and any non-empty open set AC X there exists
a non-empty open subset 3 of A such that, for all x,x" c 3,
d (o) ,0(x")) < E/2. Whenever niZand x£ X are such that
xG£7B 0 T/r‘(3) we have:

dG(b(n,x),0) = dG(>0),"Tn (X)) < 6/2.
Hence, for each g£ 3(a) there exists nf£Z._such that

AO T-n(A) H ix: (ath) (n,x) £ 3G(g, E11

3C f-n@®) 3 {x: a(n,x) £3G(g, /2 | m/.
Go 3(@) C W(a+b).

If /3(+h) then there exists a compact set CC G

and a non-empty open set ACX such that (a+b)(n,x)£C
whenever x £ AC T—n(A). pix00 so that 3G(0,c) is compact

and choose 3C A @S above. Then C+ 3G(0,£) is a compact

subset of G and
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a(n,x) = (a+d)(n,x) -"P(Tn(Y) + jpC)
£ C + 3F,(0,£)
whenever x£ 30. T-n(3). It follows that °°~E(a). So

3(@) C 3(a+b) and the proof is complete.

Definition 3«3. Let Z be a topological space and let
3:3- Z be a homeomorphism. A subset U of Z is called
5-regular if it is the closure of its own interior and

satisfies: 3(U) = U.

JamP ~ Ne

Let a:Zx (-? be a cocycle for T:L-»X. Let 3a be the
the G- extension defined by T and a. Let "M be the collection
of all 3a—regular sets. Then

2(@) = fg: g = U, UEXU.

Proof. Suppose that g£ 3(a) and US"Xt. Because E(a) is a
group if is only necessary to prove that LOQJ)C U. For
every yEU, there exists an 6>G such that 3”(y»e)CU.

Let y= (x,h) and consider the set
D= U (Bv(X,£) n T"'n(B,,X,e)) n {x: a(hix)E (»E/2)}).
n=-co - A n
This iIs a dense subset of B.~Cxjg) because g£ 3(a). (if the

complement of D in BA,(x,e) contained an open set A then

we would have
A-Tn@® n & a,x) £3c¢g,£/2) 1=F

for all n £72.) Because D is dense,
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out .(Br(y,6/2)) is open and so lies in the interior, U
of U. In particular, Lg(y)EU. This argument applies to
all yEU; so We have L (U CU as required.

Conversely, supposegthat L@(U)CU for every Uf£U.. for

any £>0 and non-empty open set ACX, the interior of
13 * H
S_ms% (A*3p (0,1i72))

is an 38—regular set. So for some ni S

(Ax3r@,.£/2)) n S*3r(0,£/2)) y %=

louivalently,
AN T~-n(A)n ix: a(n,x) £ D1/ i~
%

Corollary 3.0»
Let =:2xX-»5 be a cocycle for T:X-»X. let g€C-. Suppose

that 1 (U)CU, for every S —-regular set U; tnen g- ™).

“errr.a Oe

Let be a cocycle for a minimal transformation
m-X-X Let 3 be the corresponding G-extension oi T.
a
Suppose that for some x,x" £X and g,hf£ G the poin.o

X" ,h; and (x",h +g) both lie in 0a(x,0). Then g™"-i.a).

Proof. Let V be any 3 -regular set; we shall show that

T, dil ¢ Let (m.)) and (ml)be sequences with 3 3(x,C) - (xh.)
and 3m3(x,0) - (x,g+h). For each (w,f)EU, choose a
ssraer.es (n. ) such that Mi(x") —wand (T i(x"),HE- lor
all i: Then for every

+'"1(X,F-h-a(ni»x")) * (-



Because U is open and 3. _-invariant this implies that for
each (x"-h-atn_”0eu. 3o

1 x)= (w, F+g) = Lgm Lira 3a3 Nx,f-h-a(n. ,xD)E U.
This ar%ument applies to aIIJ (w,F)EU; so Lg(u) CU. 3ut
L (U is open and so lies in the interior, U of U. Vie
have L§(U) c x3 for all U£ 11and the conclusion follows from

Corollary 3-6

Tnecrer; 5.7.

Let X be a complete metric space and let T:X-»X be a
minimal homeomorphism. Suppose that a;2x X->G is a cocycle
for T. Then the following statements are equivalent:

(1) g is an essential value of a;
(@) She set (y£Y: L (y)€0a(y)) 1is a residual

subset of Y which is invariant under 3a and the
group of translations J : hf G}

(3 There exists y£Y with Lmy)£ “a(Y)e-

Proof. Suppose that Statement (1) holds. Then for every
X£X and £>0 there exists an nf£2Lsuch tnat

3 hx, 6/2)n T"'n(@B--(X, 6/2)) n jx: a(n,x) £ 3Q0(g, £)! * O~

In terms of 3a’ this means that if

P- = {X£ X: Inf dv (s’ (x,0),(x, < £ b

: { LA *(a( ). (x,9))
then PtnBx (x,£/2) + 0. It follows that for every 6>0
P is an ooon d.6ns0 subs3l 01 X« Lsu

P-" p_i={&x 09E£0 (x,0)j-

=1 i1 a

P is a residual subset ox X. >learly

ly- ry)£oa®i = (x,h): xXEP, hE£ 0} ;

22
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so Statement (2) holds.,

The implication from Statement (2) to (3) is trivial.
That Statement (1) follows from (3) is a direct consequence

of lemma 3-6.

Corollary 3.3.

Let X he a complete metric space and let T:X-»X be a
minimal homeomorphism. Suppose that a2 xX-*G is a cocycle
for T. Then the set jy: Lg(Oa(y)) = Oa &), gc S(@)j is
a residual subset of Y which is invariant under 3& and the

group of translations {L: hCG}.

Proof. Because G is second countable, it is separable.

Therefore 3(a) is separable; let {g.- : iC Zj be a countable
:nS8 subset

dy£Y, we

roy) 8D/

(o}

B I:éc{@éi)/)) =cay).of H@I"n"ly: L (a())=0&m |

@
:j_Z—CO fy: Igi_ WE o (Y}
The conclusion now follows from Statement 3*7.2 and Baire s

Theorem.
Corollary 3.9.
Let a:Zxi-C be a cocycle for a minimal transformation

T:X-»X . Suppose that 3(a) * j0}? then a is recurrent.

Proof. Let gSE(a), g*0; then for some y£Y, Lg(y)€0&(y)-
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so Statement (2) holds..

The implication from Statement (2) to (3) is trivial.
That Statement (1) follows from (3) is a direct consequence

of lemma 3.6.

Corollary 3-8.

Let X he a complete metric space and let T:X-»X be a
minimal homeomorphism. Suppose that a:2 x X-_.& is a cocycle
for T. Then the set {y: Lg(oci.(y)) = Oet(y)’ g2 2(a} 1is
a residual subset of Y which is invariant under 3a and the

group of translations {L h£G}.

Proof. Because G is second countable, it is separable.
Therefore 2(a) 1is separable; let i£ 2X} be a countable
dense subset of S(a) with g =-g. (i£Z2). for any g£ G
and y£Y, we have Lg(Os_(y)): Oa(y) if and only if
Lg(y).L_Jy) £ 0&(y). So

iy: 1..(0 (y))=C (y),g£2(a)}=1:n_ G- L O M)=0 M)

oo VT LL.(DEO (DY

The conclusion now follows from Statemant 3-7.2 and Baire's

Théorem.
Corollary 3.9.
Let a:"Z* X— G be a cocycle for a minimal transformation

T:X-»X . Suppose that 2(a) * {0}; then a is recurrent.

Proof. Let gf£E(a), g*0; then for some y£Y, Lg(y)£ 0&(y)-
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This means that there exists a sequence (n.) such that

ne

3a1(y) — L,S,(y). 3o, if U is any neighbourhood of L6(y), the
set {n: 3*(Dn*I ¥ B\ is infinite. This shows that

if(y)4 A3 ) and the conclusion follows from Proposition

Corollary 3,10.

Let X be a complete metric space and let T:X- X be a
minimal homeomorphism. Suppose a:C2£xX-*G is a cocycle for
T; let 3 be the corresponding G-extension of T. Then 3a

is topologically transitive if and only if 3(a) = G.

Proof. If 3" is topologically transitive then for some
YEY, Oty)=Y. Theorem 3.7 shows that S(a) = G.
Conversely, suppose 3(a) = G. Corollary 3.8 shows that

for some y£Y, [L(¥): gc GDC 0Q(y)- The fact that T 13

minimal implies that Oa(y)

Theorem 3.T and Corollary 3.8 do not rule out the
possibility that for some g£ 3(a) and y£Y, L6(v)£ Oa(y)
but L (y) } 0a(y)-. Vie shall give an example for which
this occurs in |5. V/hen G is not compact the existence
of this and similar phenomena makes the statements of
3.7 and 3.3 the best possible.

The next result shows how coboundaries are characterised
by their essential values. Its two corollaries will be

useful in f4 and 85.

«LUMjliJEg
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Proposition 3*11.
Let X be a conolste metric space and let T:X-»X be a
minimal homeomorphism. Suppose that a:2TxX-— G is a cocycle

for T; then a is a coboundary if and only if 3(@) = {0}

Proof. Proposition 3.2 shows that 1if a is a coboundary
then 3(a) = 3(0) = {0}.

Conversely, suppose that 3(a) = {0} . In particular,
@t E(a) so there exists a compact set CC G and a non-empty
open set ACX such that a(n,x) £ C whenever X£EA_.n ?"" (A).
vix o :ooint x0£4. ?or every X£A there is a sequence (n.)
such that Pni(x0) - x with Tni(xQ)£A for all i$>1. This
means that for all ij-1, a(h”,x0)£ C. .0 may assume, oy
replacing (n.) with a subsequence If necessary , that
a(ni,xQ) and n’}(x ,0) converge.

The above argument applies to every X£A, SO we nave
shown that ACnh(0s(xQ,0)). ClearlyTT~(0Oa(x0,0)) is
a T-invariant set. As it contains a non-empty open set
it must be all of X.

30 for each xXx£X there exists "D(X) such that
X, D)) E ca(x0) . Lemma 3.6 shows that eacn™P(x) is
mique. This means that 0&(x0,0) is the graph of a function
on —G. The graph 01=,?is closed, so the function must be
continuous. Also because Ca(xQ,0) is invariant under 3a>

3a(x,®1x)) = (2CO,<p) +a(l ,x) )
= CO,NTD) )

for all x£ X. do a(1,x) ="T(x))-"(x) for all x£X and

a is a coboundary.

» *’JL‘i'iv Wlﬁi\NMBWl
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Corollary 3.17.

let X be a compact metric space and let T:X-»X be a
minimal homeomorphism. Let G be a locally compact, second
countable abelian group which has no non-trivial compact
subgroups. Let a:2 xX-.5 be a cocycle for T and suppose
that for some XOEX there exists a compact set CCG with

a(n,xQ)£ C for all n>0. Then a is a coboundary.

Proof. We will prove 3(a) = JO]. Because of the special
nature of G it is enough to show that
As X is compact we have {T=*(x ):n>0} = X. Let
f = (r:locv 1f 0 This set is clearly invariant under
i-1 a a’\xo’)) -
3.,. An argument very similar tc that in the second
paragraph of the proof"of 3.11 shows that irx(p) = x.
Therefore for every x£X there exists h(x)£ G such that
x,hx)) £ 2. 3ut then, for all x£ X and n£ "Z

a(n,x) =:1i7(5|:-|‘(]x(*3)§((x)<*l0))

ETre(1-h(x)(p)) C
which is coOpact. So E(a) and a is a coboundary.

Corollary 3.13.

Let X be a complete metric space and let T:X-»X be a
minimal horneomorohism. Suppose that 3:"Zx X-»Cl is a cocycle
for T which is not a coboundary. Then the set

B*(a) = {X: Sup a(n>x) < 00}
nez

is meagre.

26
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proof. ?or each V.zZz let 3jt = jx: a(n,x) «M,nf£ Zi . Each
3, i1s closed and = VJ B—. Hence, if B+(a) is not
H >0
measre sone 3-Thas non—empty interior A. Suppose this
is so and that for some i1£21 and Xx£X, a(i,x)< -® with
T~(xX) £A. Then for all nzZA,
a(n,x) = a(i,x) +ta(n- i.T™x))

< a(@.,x)+K < 0.
This is clearly impossible, so we must have a(n,x) £ [~
whenever X£AO01 " n(A). This implies that °°f. S(a) and, as

in the proof of 3«12, 3(a) = jO}.

To complete our analysis of the relationship between
essential values and the properties of extensions we
consider the Quotient ~rouo G/E(a). Because E(a, is cloo-1
the quotient is itself a locally compact group. The topology
of 9 is that defined by the metric d, where

d(h + 3(a),g+ 3(a)) = Ini (th-g,1).
X £E
let u denote the cocycle va:lzZx X-» G/3(a), where -y:G-» Cr/.i(®)
is the natural projection. The essential values of a give

some further information about 3p.

PTam =z 1a
let a b e a cocycle for a minimal transformation

Let % be the cocyc'a defined above. Then E(a) = O}
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Proof. Suppose that h+3(a) £ 2(a); we shall show that
h£3(a). 7?or any non-empty open set ACX and £>0 there

exists an n<-~Z. such that

g& n\,aj(AP T-n(A)0 |x: a(n,x) £ SU(g +h,C/2)})

= AnT“a(A)n |x: a(nh,x) £ (h+ 3(a),6/2) }
*
At least one set in this union must be non-empty» so for
some g£ B(a),
3 =A0T“n(A)n{x: a(n,x)£ BQ(g+h,6/2)} +
Because -g£ 2(a), there exists an mf£®2Zsuch that
AnT”7E+n"(A)n {X: a(m+n,x) £ 3G (h,£) |
ro T-n(Mn3)n T~-n(Mn(3))n ix: a(m,x)EBG(-g,a )P
h /e

This shows that hf 3(a) and the lemma is proved.

Pronosiuion 5.13.

let a:2x1-S be a cocycle for a minimal transformation
T: <— X. Let S.--"ZxX-C-/3(a) be the cocycle defined above.
Then 00£3(S) if and only ifIT (0O (y)) S C for every y£ Y.

Proof. Supoose, to the contrary, thatTTx(©Oa(y)) = X for
some YE£Y. Lethr,(y)=X%; thenTi”~0juU.0))=X. So for each
X" IX, there exists ffI(X’) such that (" ,"P(X"") £ 0g(x,0).
Lemmas 3.6 and 3.14 show that each”(x*) is unique. The
argument of the last part of the proof of 3-11 shows that

a iIs a coboundary. So °°f 3(a".

-i.-iSi.il "sikJ A*1! T
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Conversely,suppose that °°~E(a). 3y using Corollary 3.8
choose X £ X so that Lg (Ool(xo ,0) :Os_(xo ,0) for all g£ 3(a)-
Proposition 3.11 and Lemna 3.14 together show that a is a
coboundary. Let ©:X-G/2(a) be a continuous function with
A"M{xQ)=C and a(n,x) =29(Mn(x))-S(x) TFTor all nf 2 and x£X.
?or each xiX, (x,/S(x))E Oa(xO .0). Choose a sequence (n.{)
such that 3.i (x0>0) - X,0>(X)) and Fix j&() £ID(X). for
each i1>1, there exists g”CEia) such that
a(ni,xo0) + g< -ID(X). The choice of xQ implies that, for
every 1™ 1,

(Thi(xo),a(ni ,xo0)+gl) = Lg.Cf 1(xqg),a(n.,xQ)) £ 0~,0),
Che point (&,«<(X)) 1is the limit of this sequence as i-00
and so lies in OG_(XO ,0). This argument applies to every

XEX, so—trA (O&(xlf,O)) = X.

The next result summarises some facts that are useful

in interpreting Proposition 3*15.

“ronosi cion .16.

Let X be a complete metric space and let T:X-*X oe a
minimal homeomorphism. Let ac2f&x X-* G be a cocycxe for 1.
for each y£Y either TI?Oa(y) )= X, or T*0a(V/) 4° a
T-invariant union of nowhere der_3e closed subsets oi X.
If the set ly: fr (0O (y))=X( 1is not empty then it is a
dense Gg—subset of Y which is invariant under 3a and

the group of translations i S - 1"F
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Proof. Because O is locally compact and second countable,
it can be expressed as a countable union of compact sets;
G=iy1Cx. for any y£Y, Tix(Oa(y))=iUi@iOa(y))n (Xx D).
so that 'I'I'A(OSL (y)) 1is a P-invariant union of closed subsets
of X. If any of these has non-empty interior then the fact
that T is minimal ensures that TT,~0a (y))= X. This proves
the first assertion.

iilov suppose that for some yQ£ Y, TT-(Ca (yo)) = X.
Oa(‘\{o) is a closed subspace of Y and so is itself a complete
separable metric space. Let { : 1i13>1 ( oe a countaole oasis

for its topology. Let Ta denote the restriction of 3a to

Let 7 be the set }y: Oa(y) =0~{yo)}; then
P = ilz\f n:U—(n %]l(Ui.)'
30 r is a G-r-3ubsv.¥ of 05¢yp) and it is clearly dense. Th
uroiection tTX(p) is a dense (>b—subset ot X. -or any
x£TT.A(?) there exists y£F with TF.AY) = x. Then i0r every

gSC-,Trx (Oa(x,9)) =TIx(Oa(y)) = X. Therefore,
{y-_rrA(oa(y)):x] = 1(X,0): xXETTV(7), gisl-

and this set is of the required form.

At the end of this section we shall give an example of
a recurrent cocycle a with 3(a)= {0,~}. ?or such cocycles
Theorem 3.- and Propositions 3-13 and 3.16 give only a
partial description of the orbit closures under the
corresponding extension. If the extending group 1 is

compactly generated or if X is connected then we may



assume that G=Rn xX2EmxC (n,m~”~0), where C is a compact
group. The cocycle a can then be regarded as the direct
product of m+Ti+l component cocycles. 3y applying Corollary
3.13 (and the analagous statement for orbits which are
bounded below) to each non-compact component v;e obtain
some additional information about S, .

The derived cocycie a which was used in Proposition
3.15 is also useful in relating our results to the special
case where O is compact. Let K be the unit circle in the
Comdex plane and recall that a character of a topological
grout) G is a continuous homomorphism G—K. If G is a
locally compact group then the set of characters is
itself a locally compact abelian group which is denoted
by G. *hen our extending group is compact it is possible
to crov: r-onger result than Corollary 3-10. In faci
we can construct cocycles which give rise to minimal
extensions. As this result is usually stated in terms of
G, we first prove a lemma which describes the relationship

A
jsential values and elements of G.

Lemma j,17.

Let G bo a locally compact, second countable abelian
group. Let a:2Lx X— G be a cocycle for a minimal
transformation T:X-*X. Suppose that ccf 3(a); then for any
7 £y trie following statements are equivalent:

(1) The conroosits cocycle NN n

coboundary;

(2) 3(a)C Ker(r).



32

Proof. If € is any character of 0 then it follows
immediately from Definition 1.1.5 that 3(a))C 3(JT1a).
Hence Proposition 3.11 shows that Statement (1) implies ().
Because 3(a) Proposition 3*11 and lemma 3.14- show
that a is a coboundary. If K is any character of G for
which (2) holds then we can put /é/f(g+ 3(d)) =T(@) (£ S
and so define a character AH/:of G/3(a)-. Clearly
X-* K 1s a coboundary. For all nfPZ.and x£X we have:
Ya(n,x) = IriaCn.x) + 3(a) ) = ia(n,x)-

So Ya is a coboundary and Statement (1) holds for T.

Proposition 3.13.

Let G be a compact group and let a:2x X->S be a cocycle
for a minimal transformation T:X-<X. The corresponding
extension, 30, is minimal if and only if there is no
non—trivial character Y£ G such that "Ya:3Zx X-» X is a

coboundary.

Proof. The Proposition is proved in the case where X is
compact as Corollary 2 of Cl12*1. In general, tne argument

in the second paragraph of 3.11 shows that "~(("(y))=X

for every y£ Y. Choose X" X so that Lg(0& (xq ,C))= 0a(xQ,0)
for every gf£E(a). For any y£Y there exist elements h,gQ£G
such that (xc,h)£0a(y) and LgQ(y) £ Oa(*o’h). Theorem 3.7
shows that go£3(a); so for any gf£ E(a),

Lg(y) £E0a(xo,h+g-g0) = Oa(xo,h)COa(y)-

As this holds for every y£Y, the minimality of T implies
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that if 3(d) =G than 3a is minimal. Conversely,if 3
is minimal than Corollary 3.10 shows that 3(a) = G.
Lemma 3.17 shows that 3(a) £G if and only if there exists

a non-trivial characterise such that fa is a coboundary.

We conclude this section with two illustrative examples.
The second of these will show that the assumption, © ° 2(a),
is necessary 1in Lemma 3.17. The set of characters é
for which fa is a coboundary is therefore not as useful
as the group of essential values in studying non-compact
group extensions. This collection of characters is in
fact related to a compact group extension - the extension
of 7 by the Bohr compactification of G which arises
naturally from the cocycle a.

In both the following examples the extending group is.
the additive group of real numbers. The Ffirst example is
an tR-extension, 3Q. of a minimal transformation of tne
two-torus with 3(a) =Z, This example is significant
because the torus is a connected space. Tnere i3 tnerefo_e
no -oossibility that there exists a coooundary b with
a(,x)+bm>x) £ ¢(£For all nE2land xX£X. Tnis possibility
can occur if the base space ox an extension io to”ally
disconnected. In that case tne extension is merely a
disguised form of a topologically transitive 2-extension.

pv,0 construction of our examples requires an auxiliary
transformation. Let K be the unit circle as before and let
* f£p. be any irrational number. Let A X - K be the minimal

translation: x(k)=k.exp(2iri®). Let a”’ K-R be a cocycle
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for * with 3(a" )=IR. The existence of such a cocycle
will be demonstrated in the next section. We will also
requre a metric on IC; the most suitable is the metric
d~, for which d*( exp(2-rrip), exp(2-trif) ) is the distance

from p-S to the nearest integer (p,S£R).

cxamnle 3.19.

Let X=K- and define T:X-X by the equation:

T(k1,k2) = (T°Cn), k2.exp(@TTi.a"(@ ,k1)).

Then T is a skew-product extension of T and is minimal
by Proposition 3.13 and Lemma 3»17. Let a:2 xX-IR be the
cocycle for T with a(n,(k”,k9))=a"(n»kj). We will show
that 3(a) =2T.

Pix any r.iZ ?or any non-empty open set ACX and any

kL X and £>C there exists an n£ such that
(AX3. . (k,E))nT“n (AX3K(k,e))n {x: a(n,x) £
TOAOT*"nA)0 [k1: a*(n,k™)EBMm,s) D x K} £ £

This is enough to show that m£3(a); so we have ZC 3(a)-

To see that 3(a) = observe that for any ((k1,k2).,t) - Z,

Oa((k.,k2),r) C i((k-,kp,r*): K,=k2_exp(3trir"-r))} -

and apoly Theorem 3.7. If k* is such that C®, (j>C) — XxR
then we have equality In (1) for every kgf X and rf£tt.

So "most" orbit closures under 3a are of this form.

Our second example, which is constructed in a similar

fashion to the first, is of a recurrent cocycie a with

L(a) = {C.H .

IUihJlcl
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X0-S Q, S..

This tine let 7.-11"". Choose an irrational renter p

T{k, ,k5,k™) = @" (k1),k,.exp{zfri.a 1 kN exp(2-si.a”“(@ ,kl))),
As in the previous example T is a minimal skew-product
extension of T1l. Define a cocycle a:2x X-»R for T by:
a(n, & » 1ik~)) = a"\,n,kj) (nE1Zj x, »kp»™ ~ ‘

For each {(, .,:2 .k ,r) £Y we have:
A v vk SC

k>, , U ), r): kE=k?._exp2iri(r "-r)),k*=k3 _.ex?{2rrpi(r "-r))}
Together with Theorem 3-7 this implies that if t: -(@&)

then exp(2ttit) = 1= exp(2ifpit). Hence 3(a) = {0}. Clearly

| T L is not a cooounc eso that 3(a" = 10.=0] =
Iverv character of is of t.ie 1orn © tor some e,
m_jhere 8{r) = exp(2itir, . is shall show tnat lostO£P.,

v _k is not a coboundary even though 3(a) = {0} C ker(©).
Cw.ooose 9 is any real number for which tne set |1«8»pi
S , 1 »a
13 linearly independent over the rationale, let (iS:n' -»a.

be the transformation with

ik, ) ,k2exp( 2—miaM k1) ,k2exp(2*pia™(l , k1) ,k3exp(2*di a'(1 ,k1))).-
This transformation is a K -extension ox T". If «8 oa™Il

the extending cocycle

A

J(@rp (2ITir), exp (2-rrir),exp (2ireir/y: TR3I= M

A o minimal. T can also be regarded as a K-extension

3ir.oe A is minimal, the extending cocycle dzi"Zx
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The following lemma contains more than is necessary
in the proof pf Theorem 4.4 hut it will be useful in

85. Corollary 4.2 is what is required here.

N3ra 4.1 .

Let X be a compact metric space and let T:X— X be a
minimal homeomorphism. Let a:2* .i—g be a cocycle for T
and suonose that for some XOEX, Lri]m n-la(n,x_)=0. Then
for any r£IR,£>0 and*"J)>0, there exists aS£R ,*]>8>G, a
k£"Z and a coboundary b:”2x X-*G such that:

(€)) dX(TEQ > "o <V’

@ a(k, x0)+b(k>X0) =r;

@ 3up [b@.X)] < £

4 "for all n£2, b(n,xQ) lies in the closed
wi th. endpoints zero and r -a(k,xQ);

G) b, XO) =0 whenever Tn(x0) £ 3x (X0>&).

Proof. Choose k£2730 that: (1) is satisfied;
k ~lack,x )] < f/2; and Irl < e/2. The pditnts T1(Q)
O0<i<2k-1 are all distinct, so there exists a $, rj>%>0,
such that

TI@GX(X0,8) n TJ(3x(X0,8)) = 1 O<i,j<2k-1D. - (©®
Let™>:X-»IR. be a continuous function with "p(xQ) = k-1 (r-a(k,xQ))
such that ep(x) lies between zero and™D(xQ) for all
XE£ 22 xXQ»8) and i) =0 for all x£dx(x0,8). It is clear

that 3upo(x)<€. Let bi"gx X-1R be the cocycle with
XN X/

m 2 Kem, -
MUX) . N Iﬁf_M ) (Fa».
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Proof. Apply Lenina 4.1 to each component of a and v,
using the same k and S for each. This can be done because
there is no upper bound on the choice of k in the proof

of 4.1 and no lower bound (except zero) on the choice of S.

When X is a compact metric space and T:X-»X is a minimal
honeomorphism there always exists at least one T-invariant
ergodic probability measure on X. Let be such a measure;
for each m>1 , (T ,IM) will denote the set of cocycles
a= (a.i, ,am) :2x X-IRT1 for T with

1,.)du=0 l<i<m).

It is not known under what circumstances it is sufficient

Jx(@ix: Lim n_1ja(n,x)] =0} =1
n

and this is enough to make Corollary 4.2 useful.

probability measure on X. 2

?(v) be the set jalz 0>IK9: vEj3(a)}- Then eacn

(v"lISp) is a residual subset of zZ~(T,IR").
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rroof. Six VEIR“ 7/ shall first prove that F(v) is a
dense subset of z*(!,!'*). Given any afZj,(T,IR" ) and P>0,
we will construct a cocycle bf Z (T»([Rp) such that v£ 3(atb)
and d(@»a+b)< ~.

First fix an x0£X such that Lri]n n-1 1a(n,xy )] = 0. Vie
choose a sequence of coboundaries (b":2Zx X— IRD> a
sequence of positive integers (k~), and a sequence of
positive real numbers (84) inductively. Let b” be the
zero coboundary and let kg=1 and Sq=1. Now suppose that
\% >pbi-1 ~ kO” ** 7ki-1 and 60~ ee= _Si-1 have aiready
been chosen. Using Corollary 4.2 we choose o®, k™ and 8~
(with $ . 1> 82> 0) such that:

) d;(Tk\xc), x6) < Infift_1, 2~x1i;

(2) a(kifxo)+ o.(Ki,x0) = V;
(3) sun [0, (10 1< 27 °
@ b.(n,x0)=0 -whenever Tn (XQ) £ 3X(X0»65) =

1

It follows from (3) that the series of functions
ﬁc_% %(i ,-) converges uniformly.
cocycle =Vith 0(1,.) = i/—\O ' (1,.);
of coboundaries, b£Z"(T,iIR )= Go
whenever 0<i< j, Tki(x0)£ Bx(x0,
b(ki,x_Q_): Z ,b*(k™»xQ). A.lso, Shﬁ%&tion 4.1.6 together with
@ engureg_::h:t kQ<kj Hence

la(k.,x0) + b(ki,x0)-v|] — lj:i+1 b .(k.-*x ) |

4 k. Z _.Supjb”n0 ,9) |
? i 4- X J
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Together with (1) this shows that S ~(xQ,0) '* “~xo,v”™
Theorea 3.7 now iaplies that vE3(a+b).

To complete the proof we will show that F(v) 1is a
Sc-subset of Zu(T,IRm). Let {U. : i>1} be a countable
basis for the topology of X. It follows directly from

Definition 1.1.5 that

This is clearly of the required form.

Theorea 4.4.

Let X be a compact metric SPace and let T:X-»X be a
minimal homeomorphism. Let P& any T-invariant ergodic
3orel probability measure on X; then the set

iaf Zp(T, IB): 3(a) = ®* }, is & residual subset oi )=

Proof. Let {v.: j>1} be a countable dense subset of R

If ai n F(v.1l then it is clear that 3() -IK . This is
j=1 3 _ _ - -

an intersection (—’if residual sets and so is itsell residual.

Corollary 4.5«
Let X be a compact metric space and let T:X- X be a

minimal homeomorphism. Then for each a>1 , there exists

an uncountable collection, H,a of cocycles such that

fi@ = IRn for each a:2 *X- ~ contained in HM.
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Proof. let jlbe any T-invariant ergodic probability
measure on X. Choose a maximal collection of non-cohomologous
cocycles Hm from the set
F = jal Zp(O,Rn): S@)= |rRn L
All the coboundaries for Lie in F , the complement of
in Z_.,(T>(*), and this complement is a meagre set.

r -

Because H-l is maximal F= Vw fa+b: bEFc) ; iIf H
were countable this would express F as the union of a
cobntable collection of meagre sets. Baire’s Theorem

shows that this is impossible, so H must be uncountable.

Corollary 4.6.

Let X be a compact metric space and let T:X-»X be a
minimal homeomorphism. Let jx be any T—invariant ergodic
Borel probability measure on X. Then both the set ox
coboundaries and the set of transient cocycles which

lie in (T,ifijl) are meagre (@as subsets of zj,(T, IR2D) ).

In all cocycle problems of topological dynamics or
analysis it is interesting to know whether every recurrent
cocycle is a limit of coboundaries. In the present ca”e
Theorem 4.4 shows that there may be cocycles which give
rise to topologically transitive extensions and are net
the pointwise limit of any sequence of coboundaries. This
is the case if there are two distinct T-invariant ergodic
probability measures and on ~verX ® -valuer
cocycle which is a limit of coboundaries then belongs to

Z1(T, iKn)n ZA"T_IR™) , but Theorem 4.4 implies that
hi hi
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there are cocycles in 2» (T, IRﬂ)AZ’_I\_gT, IRn) which define
topologically transitive extensions.

The rest of this section is about the (“-extensions of
some special transformations - the minimal translations
on a torus. A theorem of Hedelund ([61, Theorem 14.13)
states that if a real valued cocycle for one of these
transformations is neither transient nor a coboundary
then it defines a topologically transitive extension. In
Theorem 4.14 we extend this result to IR“-extensions. The
main part of the proof is contained in the following
sequence of lemmas. The first of these gives an additional
criterion for an element of the extending group to oe an

essential value.

lemma 4,7.
Let X be a complete metric space and let T:X-— X oe a
minimal honeomorphisn. Let a X - * G be a cocycle "or i.

Suppose that for some xq £ X and G-

co oo

gE n_ U {a(n,x): xg X&0,2-@+13)nT-n (X (X0 ,2-1))
i=0 n=-°0

Chen gc E(a)-

Proof, for any non-empty open set AC X and any£>0, t.nere
exists an integer, k, such that T (X Tnoose i£& T
sufficiently large that Tk@3x(xQ,2 1))CA and
dG (a(k,x),a(k,x"))< /2 for all X,X"C3x(Q,2 ).

By assumption there exists an x-Bx(xQ,2 ) and

and an niZsuch that Tn(x) £ Bx (X0 ,2-1) and a(n,x)£ 3&(g,£/2),

Ur HibJkl.
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Let x"=Tk(); then Tn(xX")=Tk(n(X))E Tk@BY (x ,2 1))CA.

Also by applying; the cocycle equation twice we have:
a(n,x") = a(n,TK))

a(n+k,x) - ac,x)

a(n,x) + a,frx)) - ak,x).

So dc(a(n,x"),g) <dG(a(n,x) ,g) +dG(alk,In(x),a(k,x))<e.

Hence, x"1 AOT"n(A)n {x: a(n,x) £3&(@,e)} + J, and g is

an essential value of a.

From here until the end of this section we will always
assume that the base space X 1is a torus - a finite or
countable product of circles. Bach torus is a compact
abelian group; we will write the group operation
multi-licatively and use ™"e" to denote the identity. The
minimaa nomeead¥pij Yon Wil R P& a-franslation, so
that xcr some x-,~¥, AMxzkj % (XEX)- A torus, like any
other separable compact group, has a translation-invariant
symmetric metric which defines its topology. ;le shall aoe
such a metric 47 so that d,(T(X),?2(*?)) =dx(x,x") for

all x,;:" IX.

Let a-3xX—.IR“ Vo> 1> be a «ocycle for ?:X~X. Suppose

that ara)={u}» aien for every £> 0 there exists an
<n()>0 such that la(n,x) I<s or all xI1 X, v/henever

dx (Tn(e)),e)<TI|(s) and {x: Ja(n,x) 6 1% /-
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roof. Tor ovary n1X and x f X,
dx Efe),e) = dx6P.e) = dx (x™x,x) = dx (T (x),X)-

30 mer.ever dx (M (e),e)< 2-i, Tn(Bx(X,2 1))C3x(X,2 ~ 1D

for every X£X. For each £>0, let 3(a) = |Jvi fR3 - |vj =£.
Then, "because S(S.)n3(a) = lemma 4.7 implies that for
all x £X,

H{@ah»™): x' £ B.,(x,2_i), dv(In(e),e)< 2 1)n3(£); = O.
X=1

This is an intersection of compact sets, so the finite
intersection property shows that for each x” X there exio jo
an i(xX) £Z+ with

{a(n,x"): x" £ 3X (X, 2-i(x)), 4x(In(e),e)<2"1 W |rI3(E) =

As X is conoact we can choose a finite collection oi

k -i(x.-)
poipts IX,- 11 isk} with U, 37(x;,2 ) = X ana
g s 31 2A)
let 71CE) = Inf 2 1 *3".
" Kjck 1))
”ov; suppose that one of the sets 2)” 1™ 4Kk

ontains a point x with Ja(»x)I<£ for some r.£2for

hich dx (fre(e),e)<t,(£). "hen pecause <)(E)< 210,

IXE3x(x;§2“1(X3)): ia(n,

4 -\
3u~ 3. (x -,2~1 U j") is connected and]a(n,-)l is a continuous

_ X . v we have Ja(r.,x)|<L,
|vnct|on.J Jo vor all xc J " la( |

The argument of the last paragraph shows that whenever
dx(Mn(e",e)<n (&) the set >x: Ja(h,x) |< 6} 1is a union
A -~ < r 7B 0'-50

] A M o
of some of the ooen balls "X X..>2 >  -0"

if this union is not empty then it must
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d—.(‘Fn'i{a) N 1) =dx (’?n-i(e),w)<Sand Jain™x) - > |< i/2
for all XxX£ X and all i5>N. Then, for all X£X and 1>U
vie have:
PG DY +a-ni ) | < W "yi)-y>{?>~ 409) | + [oCT "(9)-a(nl , TV 1
el2 + 612 = ¢,

So the sequence, (a(-n",.)) converges uniformly to the
continuous function-Cj>(w 1.). Also T 1() 1 Pro
conditions of Statement (3) of Lemma 4.10 are satisfied
so that (3;]1-(x,0)) converges for all x£X and W_-l'E W.

We can no-i prove the lemma. Let x,x" £X and v,v" £ TRI3.
If (x*,V) £C (X,v) then x"x-1 £W; so x(x") 1£W and there
exists v"£ IR12 such that x,v")£0ai" ,v")COa(x,Vv).
Theorem 3.7 implies that v-v"£3(a)> so v=v". It

follo™./s that 03 x,Vv) :OS ¢ ,v" ) and that this is a minimal

orbit closure.

next lemma is a simolified form oZ Theorem 7.05 of CaJ

Lecma 4.12.

Let Z be a locally compact topological space and let
3:Z»Z be a minimal homeomorphism. Suppose that every 3cZ
lies in the <
U be an open
an ITE iz s

EN md u.

mTiilSIl .
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Proof. Because 3 is minimal the orbit of any point z£Z
is dense in Z; because z is a limit point of its own forward
orbit, that forward orbit must itself be dense in Z. In
particular if zcU then the forward orbit of snters u.
Phis implies that UC .S ~(U). lines U is compact there
exists an N 122+ such that UCUC .1':UI 3 JQ).
liven any z1 U we can use this fact to choose by

induction a sequence of positive integers (n. ) such that
3n§(z)£U for every 171. let n,,=0. If n, (15°0) has been
chosen so that 3n_1*—(z)£ U then there exists j with 1< j<IT
such that 1(@Z)E3 JU). Let ni+l =ng+]j ;

1+1 (z)E U. If 1 is any positive integer then at least
one of the integers i,i+l, ... ,i+IT-1 is a nemb€ ot

the sequence (ng)* This proves the lemma.

Lemma .17
Let a:2 x1 - R11bs a recurrent cocycle for f:X- X and

suppose that 3(a) = {0}. Then a is a coboundary.

-roc: because a is recurrent Lemma 2.2 and Proposition 2.3
show that for some X£X there exists a sequence of
positive integers (™) such that Sal (x,0) — (x,0).

It follows from Lemmas 4.3 and 4.10 tnat Sa™(y) Yy

for all y £Y. This fact,together with Lemma 4.11, shows
that for any x£X the restriction of 3a to Ca(Xx,0)

satisfies the conditions of Lemma 4.12. Let U be the set:

0 (x,0)n(Xx3 _(0,1)). Lemma 4.12 then shows that for

aLIJI n"g£ , |a?n,x) I< 1+ Sup Ja(l,x")]- The conclusion

of the lemma now follows from Corollary 3.12.

3
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Theorem 4.14.

Let X be a torus with T:X-»X a minimal translation.
Let a:2x X— R" (m>1 ) be a recurrent cocycle for 2. Let
3p be the skew-product extension of ? defined by a. Then
3a as topologically transitive if and only if there is
no non-zero linear functional «/: IR* - R such that ya

is a coboundary

Proof. It is clear that if such a linear functional exists
then 3a is not topologically transitive. Por if y/(V£0
then for every xX£X, ,v) t0 (x,0) as is shown by
applying Theorem 3.7 to y/a.

The converse will be proved by induction; we first
prove it iIn the case where m is equal to one. Suppose Iin
this case that 3& is not topologically transitive. Then
there exists an r>0 such that rp3(a). Let”~(r) be the
number whose existence was proved in Corollary 4.S. 3ecause
T is minimal and X is compact there exists an N3

T X
such that X= "u T-J"Bv(e,~w(r)). 3o for all i£ Z there

exists an n witr:1°i«n«i)+§N—1 such that T (e) £ P"(e, 4§ (r)).-
Before we can apply Corollary 4.9 we need to know that
Ix: la(h,x)|<r! + The Haar measure jx is the unique
T—invariant :orel probability measure on X and it xollows
from Theorem T.S that fa(n,.) dj*=0 for all na ,
Because each a(n,.) 1is a continuous function this implies
that for some xX£ X, a(n,x)= 0. Corollary 4.9 now shows

that for ever-" i£ Zthere exists an n with is ns i+M-1






such tha ia(n,x) Tor all x£X. therefore
&% lack,x)] < r+ 1L S%p ia(1,x) |.
and Corollary 3-12 shows that a is a coboundary.

Tie now prove the induction step. Suppose the theorem
is true when is equal to some positive integer k and
let a:TZxX— IR\‘_:L‘H be any recurrent cocycle whose .
compositions with nor.-sero linear functionals are all
non-trivial. In particular a is not a coboundary, so
Lemma 4.13 shows that 3(a) + {0}, 3y choosing, if necessary,
a new coordinate basis 1In we nay assume that
|0, -.. ,0,n): nSTZiC 3(a).- Let a, T2XM-IR, 1« j<k+l,
be the components of a relative to the chosen coordinate
system and consider the cocycle @, --. 2EXE- N
It clearly satisfies the hypotheses of the theorem; so

the extension N is topologically transit

3’(a—]» e.. 9ak)
3y using Corollaries 3 8 and 3.10 we can choose an X£ X

such that (x,v) £C I;%)(X,O) for all vE!R~and

‘@i . .- >a
L ;0 i(x,0)) =0a(x,0) for all we 3(a).
for any v = (vi. .-« gv,El)E there exists a sequence
(] Suea tnat 3/’\@(ii.j? - g nD(x,O) (x,v). for each
Let t. be the residue modulo one of
b. lies in the interval [0*1]] so we may assume
(by re-placing n. by a subssequence if necessary ) Lnat
ior sc- [0,1] - It follows from the choice o:
x that for every i N1}
(Mix),@lMi,x), ... ,ak(nl,x),ti)) =€ 0a(x,0).
Therefore by taking the limit as i-»00,

x.i-~, ... ,vk,t)) £ 0a(x,0)

51
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and this is enough to show that (v, , --. E(a)
by using Theorem 5.7.

We have now proved that for every v=M ', ... VM) E£R~
there exists a tf£ [0,1] such that (v., ... ,vk,t)f 3(a).-
As E(a) 1is aclosed subgroup of v it is possible to cnoose

k+1

a new coordinate basis in Kk o that

(\ﬁ, .- Lvk,n): v._£IR, 1« j«k, n£2}<=3(a)-
If the argument of the last two paragraphs is now applied
to a with the roles of a. and a, . interchanged, then
we have enough information about 3(a) to deduce that
3(a) = iSctl . Corollary 3.8 then completes the proof of

the theorem.

Before -Theorem 4.14 can be applied in the case ,,"here
>2 it is necessary to know that the cocycle is recurren
It Is not known whether it is suificient .or tne Hanr
integral of each of the components to oe zero. However,
in the case that X _X Proposition 4.17 does give a
sufficient condition for the cocycle to be recurrent.
Definition 4.15 and Lemma 4.16, which are required for
its proof, are stated in terms ot Borel measurable

functions because they are needed in Chapter Tnree.

definition 4.1le.

Let (}_K—-;R be a Borel measurable f
variation of 9 » Var((®) is defined to the variation
of the furlotion y:CQ,I13 - IK» with™(*)

for every Re
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Lemma 4.16. (The Denjoy-Koksma inequality.)

Let £ (Rbe irrational and let T:K-»K be the minimal
homeonorphism with T(k) = k. exp(2-rioi) for all k£K.
Let be a Borel measurable function whose variation
is finite (a function ox bounded variation). Suppose
that p and a are integers with a>0 and |<-p/A.|< a

Then for all k£K,

where X is the Haar measure on K.

Proof. 3ee Denjoy ([5D).-

Proposition 4.17.

Let T:K-»X be a minimal translation on the circle and
let a: Zx X - (m> 1) be a cocycle for T. Let a.:ZxX-IR»
H jia be the components of a. If each of the functions
a(l,.) has finite variation and zero Haar integral then

a iIs a recurrent cocycle.

Proof. Let be a positive irrational number such that
T(K) = k. exo(2+ric) Tor all K£K. Theorem I> Chapter 1
°f C3J shows that there are infinitely many pairs of
coprime positive integers (p>q) such thai.

104 p/aj< a"2. Tjema 4.16 when appliod to each a~(Qr.)

shows that for every k£ K the set
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§5. Orbit closures.

The results of #3 showed how the essential values of
a recurrent cocycle describe "most” of the orbit closures
under the corresponding extension. A non-compact extension
of a transformation on a compact space always has some
orbit closures which behave differently, unless its
cocycle is a coboundary. In particular this means that
these extensions are never minimal. In this section we
examine these fine details of orbit structure and the
question of whether non-compact extensions possess minimal
orbit closures.

fe shall assume that the base space X is compact;
this means that we may also assume that our extending
group G 1is a product; G =2 xR1x0 1i,n,n5s0), where
C is a compact group. decause of tnis Proposition 5.1
is strong enough to prove the existence oi the
nonconformist orbit closures mentioned above, do vh
the statement and proof of this proposition are derived

from Lemma 14.09 of CO].

Proposition 5 .1.
Let X be a compact metric space and let 1:X-X be a
minimal homeomorphism. If a:GZxX-*IR is a recurrent

cocycle for T then there exists a point xQ X such that

a(n,xQ)”~0 for all n
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Proof. If a is a cOboundary than there exists a continuous

function p:X - IR such that a(n,x) =p(Th(X))-<Pp) for

all n£Z and X £ X. Let xq be a point at which attains

its maximum value; then clearly a(n,xQ)=0 for all nf 2L
How suppose that a is not a coboundary. Proposition 2.3

and Corollary 3-13 show that there exists an x1 X with

(x,0)ER(3a) and S™m a(n,x) =m.Because (x,0)ER(8a)

there exist increasing sequences n° @, ™ - o

that a(n”,x)<1 and a(-n",x)<1 for all i~1 . Por

each i>1 let n!l, -n]<n]"<nz . be such that

an!",x) 5>a(n,x) for all n with -n!<n<n. .. Let

X. =Tr_!—.(x); then for all n with -n®-nj"<n<n”™ -nf ,

we have a(n,x®) = a(n+n",x) -a(n",x) ~ 0 because

4+ J< V< n.. Because X is compact some subsequence of

(XJ) must converge to a point x Z X. Call this subsequence

(x1); then for every n £ 2. the inequality above implies that

a(n,xo) :Li_ra a(n,xf) < 0.

The set of goints 3+(@ = {x: nSEBe}(n,x) < “1 whicn
Proposition 5.1 shows to be non-empty can have soma
peculiar prooerties. (OF course anything which can be
said about 3+ (@) applies also to B“(@ = ix: In”™a(n,x) >-«=I
for which a statement similar to Proposition 5.1 can be
proved.) /hen a:ZxX-_iR is a cocycle which is not a
coboundary Corollary 3-13 shows that 3 (&) is the complement
of a residual set. It is therefore not unreasonable to
consider that it is essentially negligible. However,

because X iIs compact there is always a T-invariant ergodic



probability measure ft on X and this gives another
method of assessing the importance of BT (a)-. In his
paper L163 E.A.Siderov shows how to construct cocycles
a.'2x X— R such that 7"N@GB+(@) =1 for any minimal
T:X-*X with invariant ergodic measure p . These cocycles
are the coboundaries of functions that are measurable
(with respect to the |A-completion of the Borel c"-algebra)
but not continuous. Siderov also gives examples of cocycle
with p(B+(a))=ju®B (a))=0.

Another rather odd phenomenon is that it may be
possible to deduce the existence of elements
of 3(a) from the behavior of a point lying in 3+(a).
This is shown by the following example which is based on
the methods of CI61. The method works even when X is

not compact.

Example 5.2.

let X be a complete metric space and let T:X- X be a
minimal horaeomorphism. Fix a point XQ£ X which lies in
the closure of i1ts own forward orbit under T. _.je will
describe a cocycle a:"2 ><X-»R with the property tnat
x0"~:r(a) and (xq,-1 )E0&(XQ,0); it will be defined as

the limit of a series of coboundaries.

The coboundaries X-* IR are chosen inductxvely.
Let b, be the zero cocycle and set = 1> Sqg=1i. low
suppose that coboundaries bQ, ... positive
integers kQ, ... and positive real numbers

8.» ... > i1 have already been chosen. Using Lemma i.1



choose a coboundary bM_."ZxX- IR, Kks£ ad. $7
with S >0 to satisfy the conditions:

@) d,e(MT 1 (xQ),x0) < Infj2 1,S _1J;

(@) bplgxd = -1

@G) Svr™ jb.(1.,)] < 1/2iki_1;

@) 7or all nE:zZ, O0>bi(n,x0)5>-1 ;

G) bx(n,xo0) = 0, whenever Tn(xo)E£ B,r(xc>$i).
(Note that Conditions (@) and (5) make it possible to

satisfy (4).) Condition (3) ensures that the series of
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®
functions E b.(1,.) converges uniformly. Let a:2IxX-*IR

be the cocvé:_I% wlith a(l ».) = iEO b)z(l >_); then for all
nt ¢Zand x£ X, a(,x) = Z b. (n,x).

It is clear from Condi%::i%n (@ that xq£ B+(a).
Condition (1) implies that whenever O0<j<i,
TMx0)E3x(X0,£j) so »(ki”o) iEi bj (Ki»xo)" Also
if the k. have all been chosen to be as small as
possible then Condition (1) and Equation 4.1.6 together
imoly that kU<k.l’\kO . Therefore wusing Condition

we have:

k. L Su b .(1,X
1 ,j=itl x£px I ->( )l

j=i+l
So 1 i(x ,0) - (x ,-1); we have (xQ,-1)E£ 0a(xQ,0) but

U_g- 1€ 0 (X, -0)-

©)



"k .nov turn to the question of the existence of
minimal orbit closures for non-compact extensions. IFf
the base space 7. is compact we need only deal with
extensions by groups of the form: G = IRm x2Zn . In this

ce.se Lemma 4.12 yields the following result.

Proposition 5.5.

Let X be a compact metric space and let 1:X- X be a
minimal honeomorphism. Let G be a locally compact second
countable abelian group which has no non-trivial compact
subgroups and let a:2xX-*G be a cocycle for T which is
not a coboundary. Then if M is a minimal orbit closure
under 3~ there exist points y+,y 1M such that 0/~(y))

and Ca(.y_) are discrete.

Proof. 7/e shall prove the existence of y . As 3& is a
ske.;—product extension of T ~ applying this proof to
3~ will prove the existence of y .

Supooss Y, does not exist; then for each y£M the

w-limit set of v ic-)o }Sg+i(y): nE~. } IS a non-empty
closed 3a—invariant set and is therefore equal to M. oo
for each yz".", -y£0+(y)- Fix yQ= (x,9) £H and choose
fi>0 such that 3&(g,€) is compact. Let U be the set

MO (Xx30 (f,£)) and apply Lemma 4.12 to U and the
restrict”’o”, of. 3a to M* The lemma shows that there exists
an I"]Z._fsuch that, for all 1£22., one of the poin.uS
SgyJ, ,53’_\ -1 (yv; lies in U. This implies that for
all i€ , a(i,x) belongs to the compact set

BG (0,£) +N. ja(l ,x1): x”£X(-

58
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Corollary 3.12 now shows that a is a coboundary. We
have assumed that a is not a coboundary and this

contradiction shows that y+ must exist.

Besicovitch gives an example in [?] of a topologically
transitive real line extension which has some discrete
orbits. Such orbits clearly constitute examples of minimal
orbit closures. There is no known example of a minimal
orbit closure of a non-trivial extension by a non-compact
group with vy, + It is possible for such an extension
to have no minimal orbit closures. The following
proposition shows that this occurs for extensions of the

cocycles of Proposition 4.17.

Pro"osition 3.4.

Let L.L—L oe a minimal translation on the circle and
let a:3x;:->IR- (M 1) be a cocycle for T which is not a
coooundary. Let a.:~zx X-IR, 1~ j<m be the components of
If each of the functions a.(l1,.) has finite variation and

zero Kanr integral then 33 has no minimal oroit closures.

Proof. Jf is $hO/M in ills courso of th.e proof 01
Proposition 4.17 that for every K£I£ the set

i00: Ia3(C,k) I"Var(a,él »-)), 1< j«mj
is infinite. It follows that for every y£Y the "-limit
set of v is non-empty. Consequently the point y+ of

Proposition 5.5 cannot exist.

dilliy/ifv -
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CHAPTER THREE

A Class of Measurable Real line Ixtensions

§1. Introduction.

In this chapter we adopt the second reading of the
definitions of Chapter One and use the results of [153
to investigate a collection of concrete examples of real
line extensions. Before we can describe these transformations
it Is necessary to introduce some notation.

?or each real number x let <x> denote the fractional
part of x; the difference between x and the largest integer
which is less than or equal to x. Let || x || denote the
distance from x to the nearest integer, so that
I x|l = InfF{<x>, 1-<x>]. We will use the Greek letters
X and V to stand for one and two-dimensional Lebesgue
measure respectively. These will be the only measures
appearing in this chapter, so all words and phrases
such as "ergodic™ and "almost all" should be interpreted
as referring to one of them. The Greek letters™*, £, and©
will be used for real numbers, usually lying in tne
interval [0,1). As is usual the notation m =B
used to indicate the characteristic function of the
half-open interval C0,&). We will frequently need to
refer to the half-open interval [0,1) and the open interval
(0,1); they will therefore be denoted by X and X"
respectively.

We are now ready to define the suoject matter o" this

chapter.

o UwfePy - Ral™
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Definition 1.1.

For eactui X1 let TI:X- X be the transformation with
TAWVX) =< X + « > (XEX) . Each To« is an automorphism of
the standard probability space (X,S,A)> where g is the
Borel «"-algebra. Accordingly we define a:ZxXxX"xX" —R
to be the unique function which satisfies the conditions:

@ a(l.x,«t,p) =Xt0>)(x)-p XE X, ©<,pEXT);
(@) Por every pair (=<,p)EX"xX" the function,
a(-,-,*,p):2ZxX-_|Ris a cocycle for T™.
or each pair (<p)E£ X" xX* we will use the notation
as an abbreviation of Sa, -\ , the skew—product

3)K,|3 - ’*sp )
extension of T defined by a( p) -

It is clear that for each<Af£ X1, the transformation
is isomornhic with the translation on the circle by
exp(2iri<; /hen is drrational P* is ergodic; the
3ions /X") therefore provide an illusration
~* <8 P
for the theory of extensions of ergodic automorphisms
contained in fib]. Our first two lemmas show that they

are sufficiently non-trivial to warrant -i-urther

investigation.

lemma 1.2.

Let <and p ce elements of X” with « irrational; then
the cocycle a(.,-»*»p) 1is a coboundary if and only if

there exists a k£Z, k0, such that p=<k*> .

Proof. See Petersen (£13J)-
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ler-T-a 1.3.
Let < and jJ be elements of X* with << irrational; then

the cocycle ai.,.,“,”) iIs recurrent.

Proof. This is an immediate consequence of the theorem

in Appendix A.

The cocycles a( p), (™»pTX1) have been studied
in M ,to] and [15] in the special case where p is a
rational fraction. The most general results are those of
Conze; they will be described in 53» In this chapter we
are concerned with the more general case where 3 is
irrational. In 8 we prove two theorems which show that
the set of pairs (<5,p) for which N is ergodic
contains almost all of X*xX", in both the metric and
the tonological sense. The results of 83 are concerned
with the special case where there exist integers k and 1
such that <k<*> = <lp>. In this case we again obtain
er.-odie extensions» but only after the cocycles have been
modified.

In proving these results we use two main tools, me
first of these is the theory of skew—product extensions
of an ergodic automorphism contained in [151 ; the second
is the theory of Piophantine approximation.

?or each positive integer q it is possible to

approximate an irrationalX®™ by choosing the
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integer p (0O<p”a) which minimises j*-p/q|- If this

is done then q]<*-p/q] = la<—p = llxl] - It is not

difficult to see that for every irrational o<, Ipf ll<l] - O
a™n

as n — oc. The speed of convergence gives a measure of
how well is approximated by rationale. The following

result gives an estimate of this speed for almost all

*EXT.
lemma 1.4.

Let W be the set Lira Inf qg]la*]] = 0j ; then
L) = 1.

Proof. This follows immediately from Theorem 1, Chapter VII

of r33 if the function Y which appears there is defined

37 y/(@ =1/q.log(q) -

The definition of the set W implies that if ¢ W tnen
there exists a sequence of pairs of coprime positive
integers (?%>In) such that qgq~]*-Pn/gnl=qgn k1~11 ’*0
as n-.cc. V/e shall make use of this fact in the next

section.
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§ 2. "Almost everywhere' theorems.

The aim of this section is to prove the following

two theorems.

Theorem 2.1.

Tor each @ ,a) £ X"xX" let 3, ,, be the skew-product

extension of described in Definition 1.1; then the

set of points (*,b) for which S is ergodic has measure
Lt op

one.

Theorem, 2. 2.

Tor each («t,p)EX*xX®" let 3 ™ he the skew-product
extension of “f~described in Definition 1.1; then the
set of points (o<,p) for which 3y ™ is ergodic is a

residual subset of the complete metric space £,I1] x C),1].

Corollary 5.4 of 1153 shows that 3» is ergodic if
and only if T(a( ,p)) = IR. e begin the proof of
Theorem 2.1 with a series of lemmas which will show that
h>(i(«,p): ide:s(a(-,-,t,p) P = 1. In the First four of
these we shall work with a fixed but arbitrary irrational c

belonging to the set W of lemma 1.4.
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TORD 2 5»

Let p and q be coprime positive integers and suppose
that for some real number i] with 0< U< 1/2» q Je—p/a | < '¥.
for each integer k with 0< |]k]|]<qg-1 let k be the residue
of kp modulo g; then |< k<*> -k/q|< ij/q for all k with
0< k|]<qg.--1.

For each integer i with 07i<q-1 let k. (CMkN<g-1)
be the unique solution of the equation: k. =1 and let

kit (-(@1)<kj ~ 0) be the unique solution of the

equation: k! =1i. Then

roo~. For arm with 0< ¢imsia-1 we have
|<k*> - k/q | = tk*> - <kp/q> |
< HIl *-p/q |
<al *-p/q | < i/q
ar.d this oroves the first assertion. The second assertion
follows from the combination of tms witn the trivial

inequalities: 0 < 1/g < 2/q< ... <(g-D/g< 1.

The next lemma is the cornerstone of the proof of
Theorem 2.1. before stating it we need to introduce an
auxiliary transformation X XxX1->XxX" defined oy.
T*&,p) = (Zu®®),fl). It is clear that % preserves the
ijecesgae measure on X XX® and that a ( X XX =R

is a cocycle for i*.



Lemna 2.

let R be a closed rectangle of the form GCa, xX QAR>v
which is contained in XxX" . Let (pn>gn) be a sequence
of pairs of coprime positive integers with the property
that qn’\ 0<- Piw/qn'i -»0 as n > 0. Then for every e with

/2> £>0,

Limnlnf V(ROT ~n(R)n [(x,?): |1- |a(qn_x,«,p)| | <«})>

Proof. Suppose that n is sufficiently large that the
following conditions are satisfied:

@ - Refani< 7208

@ e w< V1Y

(©) gn > 32/(v.-ul);

() aqn lo/ (Vp — ¥2)e-
e shall sho.7 that
V(RNT,, “nR) f I1- Ja@an xetp) | < £) > — xy =

e begin by considering the discontinuities of the

function a(q XX"- 1» The domain of this functi
nay be extended to (X" by defining
aigh.-x,*,?) = a(q ,<x>,«*,p) TFor every (X,p)EIRxXX".
Let D be the set cf points iIn Xx X1 at which tne extended

function is discontinuous. Then D = 3U G where

gn-1i
3 . i(,p) EXXX™I Tix) =02}

and 0 = , _ {(X,p)EXxX": TAX) =pi
FR

gn-1
his is becau;so a(qn.X-W-P) _ jEo~-no

for all (x, p) £ X xX" .
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Jhe intersection of 3 and C contains exactly gn point:

WAT:g will naa - Potentially

“0,0 > gn-1,gn-1 *
there are two different orderings on BO G; the ordering
inherited from the lexicographic ordering of iIR- and the
lexicographic ordering on the subscripts. Ve assign the
names ~ . (G< i, .K 17-1) in such a way that these two
orderings coincide. For each pair of subscripts (i,])

there exists a pair of integers (i",j"(i)) with

0< 1" ,J"(1)sSqg -1 such that

c, , = {,a): TI"(x) =0!In i(x,p): ™MD ) =&
= (< -iG> ,< [@@) -i")«x=").

It TfTollows from the second statement of lemma 2.3 that
il=i and J (@ -1"=j (with p=pR and q=qQ). For
? subscripts (i,3) (0<i,J<gn-1) let bx>, be
point (<-i"d>,j/qn); then the distance between

jand b. -is
I< G)-i")*>-3/qnl = | < L)-i")oi>-.i"(1)-i,)/inl
-7
< fl2q, (C
as is shown by the first assertion of Lemma 2.3 and

Condition (1).

How let; :ilXxX" be the set:
~O xXEX, FEIR, if-i/Inl < e/g *

Phe diagram o he next cage shows a neighbourhood o_

- A ary o Tt is assumed
typical element E.fJ

&U# . Ja






VQU. SUT. mU ) = <_i- C<>_< (i1 )" 2670,

133 1>J 193

and

| I<_i-«> _ <_(i+i)"->]|- /gn | = |i*-C+i )111<= pn/qgnl
< gnl~-Pn/qgnl
< £/2™n .

Therefore

£(2 -£/2¥/92 < VQUij.U7TDJUiITlj) < £(2 +g/2)/q92 .
Combining; this with Inequality (3) we have
v(ulfj) , > e. V(Qui}juvi>Juwi> .)/32.

M- Tet j 135 thj collection of all index pairs (C
with C*ci<:gn-2 and 1l«:sf£qn-1 Tfor which
. ,uv.. _UT.. . c R,-fFJem(R). Inequality (2) ensures
1>3 i».] i»0 *
that

v @n®in gy
and lmequalities (3) and (A7
A~

of EA =« Inm) (by 4'he colln
Of 0 and the boundary 6f ) Is sufficiently fine that

] -(10)
V( u Vis 37 T3
G>DE |
To compliete the proof OF

taken by a(In>e ) on the i 7 sl i ]

when (i,])



The set d was cnosen so

Ba(q ,x,«,p) U=Ud pl< € -(11)
for all (x,p)EH. Because a(q , ) is continuous on
each U1>J ( (i,J) £1 ) we can unambiguously define ulyJ

to be the nearest integer to a(qn,x,«t,p) for any

X*,3)EU. .. The auantities v d may be similarly

1>73 2% W57
defined for all (i,j)£l. It follows from Equation (6) that

i>3 -(2)
for every (£,j)El. For each”£X®" we now. apply Lemma 2.4.16
to and the function which sends expQirix) to
"X-J0 J(X)-p XEX). The result shows that Ila(gn ,x,<%,p)|<
for all (&, )£ X xX1. Equation (12) now implies that at
It one of the quant Uq 1- V-
equal to one for every (i,j)El. Inequality (5) follows

from the combination of this fact with (9)»(10) and (11),

let U +:- 1« K 00! be the collection of all clos<
rvals of X which have rational endpoints. If
interval then for ever?y £>0 there exists an

that A (JAJ.) /s shall male of this property of

|J.) in proving Lemma 2.r

Lemma 2.5.
For all i j all é with 1/2> £> 0 and almost alip£X*

there exists an nf£ 21~ such that

i _ E2 A(F-) Sit)
N(J.hivVn@.)n ix: |1- Ja@gn x,«<,p] I1<£1) > 1.8

KHW®"S&T U *1 r*it—>»ejfe-"1 -«
MS*aKr»r nmsaaS*-
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mProof. Suppose this is false. Then for some i£ ~Z2? and
£>C there exists a measurable set ITCXlwith A(1T)>C
such that Inequality (1) fails whenever ITand nl1 22T+ .
The Lebesgue density theorem shows that there exists a
closed interval JCX with AQN\H)/AQ) < £°/128. 7/hen
applied to the rectangle J. xj Lemma 2.4 shows that

for all sufficiently large n the measure of the set
QixI)NnTKHNnQ@ixI)Pi {Lp): | la@gn,x,«t,p] - 11 <£}

is greater than A(J)/64. This implies that for

each such n the set of points ££ J for which Inequality (@)
holds has measure greater than E'?A(J)/64. So Inequality (O
must hold for some f1 N and nf£ X +; but this contradicts

the definition of °T. 30 no such set can exist; this proves

"G lemMa.

?or all iz ,all £ with 1/2>£>0 and almost all

BEX" there exists an mE£5£such that

la(m.x,*,p) £]) > £2X(Ji)/256 .

\ (<

Proof. 3upp030 eIt for some if ,£>0, pEX" and mE"
thsro 6dISA3 x £ 5, with | Ja@m,x,«<,R) |-1 1< £.
Then eithor ija(m; X i) -1]1< £ or Ja(m x.@R)+ 1l <e.

In the second ca30 X and Ja(-m,x,<<p) - 1] < £
so we ein suostitute —m for m. The conclusion now follows

from ler2da p C
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Lenna 2.7 .

Let (oc,p) bo any element of X*xX* and let c: @ — R+
be any function. Let r£tl and suppose that for every i1Z Z,

and £>0 there exists an mZ “such that
M It~ Z~r2=Ji)n jx: Ja(m,x,*,p) -rj <£}) > c(e)XJi).

Then r£3(a(-.,-,«<,p))-

Proof. ?ix «>0 and let ACX be any measurable set
with X(A) >C. Choose i£ such that
AKINAY/A(<Ji) < c(fc)/3 ; this is possible by the Lee€syue

density theorem. There exists an rmCZsuch that
T o« $A N Ix: ja(mixix, o) -r] < £})
> aAndpnT™A0dyn &: la(m,x,*,p) - r
A(Jd ‘é)n ix . la(a,Bs<up) -] < £}

- AG\a) -xcc h TV A))

> c(e AT, — 2a(dDaX > G(e)x(J£)/3 .

]
T

rience r ACret=) )e

Let 7 be the sot: {(¢,PE X" xX* : 1€ E(a(-,- ,*.p)) }

Then F is measurable and V(?) = 1.

M, 1t FI j»
-« rr-r,F



Proof. ?2or each £>0 let M"iX"xX" -IR be the function

with =

Inf Sun A(J. O T*“:g@.,)n X Ja(h,x,<K»p) - 1| < £})/AQJi) =

It is not difficult to show that each is = measurable

function and this implies that the set

? = n i>p): © _k («|S) > 0}
k> 1 /2

is measurable. Lemma 2.6 applies to every <£M and Lemma
1.4 shows that \(\>) = 1; so Fubini®"s theorem shows that
SI(F") =1. Lemma 2.7 shows that ?° C F and because Lebesgue

measure is complete this implies that F is measurable and
V() =1-

For each 1£2 let 1 _1.7Z= {m/1: m£Z! ; then each
1"1.22 is a closed subgroup of IR and every non-trivial
closed subgroup which contains one is of this form. ,ie
make use of this fact in proving the next two lemmas,

which will enable us to deduce Theorem 2.1 from Lemma 2.

Lemma 2.9.

Let T be an ergodic automorphism of the standard
probability space (XjSSA) antl let a:t8xX-* K be a
cocycle for T. Suppose that 1£ 3(a) £R ; tnen there
exists an 112 such that 3() =1 -2 and

exp(2mril.a(.,.)):"X<X-K 1is a coboundary.



Proof. Lemma 3.3 of 07] shows that 3(a) is a closed
subgroup of R : so there exists an 1£ with 3@) =1
Proposition 3.12 of DO0] proves the existence of a
coboundary b :Zx X-iR such that a(n,x) +b(n,x) £ 3(a)
for all n£EZand X£X. But then

exp@-rril.a(.j.)) = exp2iril.b(.,.))

and this iIs a coboundary

Lemma 2.10.

Let 1 be any positive integer and let («*,p)EX"xX"
with « irrational. Then expQtril.a( -».»>*>p))™=m X—L
is a coboundary for ?” if and only if there exists

a k€ - such that <k*> = <1?>e

Proof. Suppose expQiril.a(.>.>*»p)) 3 the coboundary

of a measurable function y/:X-»IR. Tnen for all x X

Y'CNOD)/y(x) = exp2iril(XCOjp) () -?))
= exp(-2TTils).

This shows that exp(-2ir.iip) is an eigenvalue ox the
unitary operator that T* induces on LO(X,S, >0- It 13
well known that the spectrum of this operator is
{exp(2irikox): k£Z2}, so for 3one kE ~Zr< N

Conversely if <M> = <1P> t—on

expQarilLa(n,x,p)) = exp(-2irilp)
= exp(—2trik. TAQ) )/ exp 2irkx)

for all n£"Zand x £ X.

a8X

@1

74



75

Proof of Theorem 2.1.

Lemmas 2.9 and 2.10 show that if («,p) £X*xX" and
1£E(a(., -»<*,f»))E®* then there exists a and an 1£ ~Z+
with <kot> = <Ip>. A simple application of Tubini®s
theorem shows that the set of points (e<,”) for which this
is true has measure zero. The theorem novi follows directly

from our Le la 2.3 and Corollary 5.4 of £153

7/e now turn to the task of proving Theorem 2.2; most

of the work has already been done.

Lemma 2.11.
For each iZZ_r and £ with 1/2>£>0 let
e _1iXx1'xl1- R be the function with

EX"XX" there exist 1,£and m£

Then%.>G_(mX'xX' - QR

Proof. For all x£ X

30 forali x£X, I a(m,x, AQ,fFQ) 0 = H-mPoll <e - L

the nearest integer to -—13) arl™ suppose that jJ- satisfies

the inequality:

-(1)
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This implies that for all «<£ X" and all pf£ X* which
satisfy Inequality (),

AC*L*,{5) = XAnCtJIAnix: “loX £0,p)(<x~5%>) = k+1()"

30, for these (w*.,f),

INie (“»e*»?) " Fi,£ @ *20) |

< A(fx: V X LC>p)(<x+j->) * JEOX CO,po)(<X+~0>) P

m-1
Nom - * <-3">-<-j°PO> 1+ I<°<-JFI>-<°<0-jp0:
3=0
m-1 _
2m|~-o0Co | + ,Zg 23 loi-oGy |+ |F- pc

~No22m(m+l ) - “10- 4ol

The set of points (I,J3) for whicn this last inequality
holds is an open neighbourhood of -he lenra it

proved.

lemma 2.12.

Let F be the set  {Cc,p) € XTxX1: 1£ 1Y 15

-nen ¥ is residual subset of Q@ ,I1 x @, Il .

Proof. For each i1£~Z! and £ with 1/2>6>0 let Gijg be

the set
{C,B): 3up 7isE(m, *, 0 > Z~\(J)/25¢c

It follows from Lemma 1.4 and Lemma 2.5 that each Gij£
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is a dense subset of fO0,I] x [0,1] and Lemma 2.11 shows

that it is an open set. Therefore the intersection

n1 sz Gi,o-k

is a dense G.-subset of [0,1] x 00.1J . Lemma 2.7 shows

that this intersection is contained iIn ~2.

Proof of r"heorem 2.2.

It follows from Lemma 2.9 and Lemma 2.10 that

{(*,&): 1£3C@(.,-,«,p)) fR] C U U <k«> =<lp>
r k=-00 1-1

This is clearly a countable union of nowhere dense sets
so Lemma 2.12 shows that {C<3J?): 3(.,-,°<»P¥) = IR} 1is a
residual subset of [0,1] x CO.il. The proof is completed

by Corollary 54- of 05l e~
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85. The suedal case: <k«<> = < 1f>.

Although Theorems 2.1 and 2.2 show that most of the
extensions 3¢>B are ergodic the}/ do not yield a single
concrete example of an ergodic transformation. In this
section we study the cocycle a(-.,-,rf,p) in the special
case where <k»c> = <17>, for some k£ 2land 1£2£+ .
lemma 2.10 shows that the corresponding extension is
never ergodic but the reason for this is simple; it is
possible to modify the cocycle by adding a suitable
cobo"iindary so as to obtain a new cocycle al :2xX-1
tie shall show that in '"most"™ cases the new extension
3e’i>0i XXr*® .Z-Xxr .2, which corresponds to this
cocycle, is ergodic. We also obtain an explicit description
of the quantities cand p, 30 it is possiole to obtain
concrete examples.

We shall use the following terminology: if * and p
are two elements of X* which satisfy an equation

= < Ip> then this equation is called reduced
if there is no 17 properly dividing 1 and k1 dividing

k such that <k*o<> = <1 7p>.

Lemma 3*1.

Let (ot,p)EX"xXX" be a pair of irrational numbers which
satisfy the reduced equation <kc<> = <1?> i0r oOm*“
non-zero kilar.d 1£~Z+ . Let c be the highest common
factor of k and 1; let k™ =k/c and let 1" =1/c. Then there

exists an integer s with -I<s<c and an irrational



number SIX" such that p’=< k10> and oc=<1"0> where

p=p+s/l . Also if s is not zero then it and c are

coorime.

Proof. Clearly (k<- Ip) £ Z:; let s” be the residue of
(«t - 1p) modulo c and let s be either s” or s -1,
whichever ensures that p"= p+s/l £ X"_ Then

<I*p*> = <1" (B+s/1) > =< 1"<p+s™/1» = <1°’P+s"/c>,
so that

1< kK"«>-<1"p "> | << Ket> - <I"p">>

= <<k x> - <1"ft £s"/c»
= <<k%ot-1"p>-s "/c>

0.

mo tm « -IJILC-Z Beoause k" and 1" are copriiae there

exist ini;agsrs u and v such that ul" -vk" = d. Then
1*(p’+u) = d+vk® + 1%

and (pr+uyzkm = A7p+d)/I"k™ + v/17.

But (A p"+d)/k* = s

S0 (P +u)/k” = &+W/I°

Let 9= < @+W/I"> ; theh <17Q> =<.../> = & and
<k"e> =i<(@"+U> = p"~e
Finally, suppose tnat j> 1 and j divide3 both s and <
Then
¢ (T =< @idke<> = < (ST > = < (/D (TP + 3/
= <(c/j)1p> ™ < TT >

This is contrary to our assumption that the equation

< Voo = ip> is reduced. Therefore s and c are coprirne.

w = JWETINIM **i»e
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By using Lemma 3.1 we can break the problem down into
four separate cases. We assume that u and Bare elements
of X* which satisfy the reduced equation <k*> =<lp>

and that < is irrational.

Case U 1=1.
In this case Lemma 1.2 shows that a(.,-*«*>p) 1is a
coboundary.

Case 2: k=0.

Here <1 f> = 0 so that p=s/1 where s and 1 are
coprime and 17s<l-1 . The cocycle a(.,.,“,p) clearly
takes values only in the group 1 .~ . Let

3;k>p Xx1~1.Z-»Xx 1"1.2 be the corresponding

1 ".2-extension of . It follows from a tneorem of
Conze (C4Dj Theorem 5) that for each rational PB-X"

the extension 3° B is ergodic for almost all kc X" .

A stronger resulgt, which is proved in both C41 and dS53»
holds when k=0 and 1=2 .Here {5=1/2 and ,1/2

is ergodic for every irrational «£X".

Case 3: 1> 2, kj=0, 1 divides k.

Here we have c¢c=1 and ©=o In Lemma 3.1; so

BPe= <k’cx> and p=<k*"* > -s/1. Therefore for all x£X,

a(l »X ’:tap) - "% [O, @AXA P

80
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fa(l ,xf&,<k*°“>) - a(l,<x -p> s/1) if s>0,
La(l x0t, <k'0<.>) + a(l,< x - k**>,°t,-s/1) if s<0.
The cocycle a( k*«m>) 1Is an example of Case 1 and
is therefore a coboundary. let a° 2x X 11 be the

cocycle with

~an:< x - p> jnjs/l) if s>0,
Fap 9 = }_a(n,,< x - k*tx> ,«,-s/1) if s<0,
for all niZ and x£X. Let 3 be the 1 .2£-exten3ion
of T which is defined by a” v It is easy to see that
S(.}(Jls is conjugate to S’.’i>|S |/'IL’ and so has the same ergodic
properties. The study of the present case therefore
reduces to that of Case 2.
Case 4: 1>2, k™0, 1 does not divide k.
This is the most important case and the main subject
of this section.
let -.R be the function with $x)=-kx/1 and
let t;2x X-* R be the corresponding coboundary for T~
let a’ = - b5 then for all niZ and x£X,
<i.a" Jt(n,x) > = <I(-n(S -®(<x +no.>) +&{x))>
=< -Inp + k(xX+m) - kx>
= < -Inp+ kn<*>
-<n(lp“- k) > =0.

So a takes values only in 1 _"Z. 1st -1 oe tne

s p
1~\~Z-extension defined by aXjp W& shall show that

is ergodic under suitable conditions on and p.
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lemma 3.2.
Let be two irrationals which satisfy the
reduced equation <k«*> = <Ip> where k*0, 1>2.

and 1 does not divide k. Let s,c,k",1"i1d)" and © be

the quantities defined in Lemma 3.1. Suppose that

Lim Inf a]|ll"a®]] =0 so that there exists a sequence

of Cp‘)airs of coprime integers (pn»gn) such that

11" divides each gn and g™ |3- Pn/qgrl ?or eacil
let rn=gn/l an<® "or eack ~>(3 define Dn>£ to be

the set:

Proof. 7or every E>0, n> 1 and x£X,

and when n is sufficiently large,

crn-1 0

which is used in the third line, may be justified as
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follows: when n is large <k "Pn/qn> a good approximation
to p° and the right hand side of the identity approximates p.
How both sides of the identity lie in X" and they must be
equal, as their difference is necessarily an integer.
Comparing the constant terms of (1) and (2) gives:
ler (<k"0 /a > -s/1) - cr 81 = cr |<k®"n /q >-87]
= crnl<k™pn/gn>-<k’e> |
< cml]k® |19-Pn/gnl .
This can be made less than any &>0 by making n large.
When this is done Dn,t is prescisely the set of points
X£X for which the sums in Equations (1) and (2) differ.

large n,

crn-1

)< 29 (Ji«-i<o /for > + If-*'" <k Pn/gn>+ s/1_ i<Pr/°rn> 1
crn-1
1£5Qil<*= <p Jerp> |+ 1r - <k *Pn/yn> 1°

>119-
crn(cV 1)1k "V qrd + crn |k*119- Pn/qgn!

@n +<nlk"i an/qJ

mnds: to zero as n »

Theorem 3.3.

Let <*,pEX" be two irrationals which satisfy the reduced
equation <k<*> = <lIp> where k,t0, 1>2 and 1 does not
divide k. Let 1" and 9 be the quantities defined in Lemma 3-1

and suppose that Lim Inf ill 1l gsll = ®

q
I-1.~-extension of T* which is defined by s ergodic.
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Proof. Ve will first show that 3(a(.,.-,<{ = I-\jZ.
Let c,k™ and s be the quantities of Lemma 3-1 and let
(® ), (@) and (r™) be the sequences of Lemma 3-2. For
each n3*1 let hn be the residue of k'pn— sry, modulo 1°.
This number is never zero because k"pn and 1" are always

coprime whereas 1 always divides rn . Following

Equation 3.2.2 we have, for sufficiently large n and all x£X,
i(crn ,x, < Pn/crn> ,< (k"pn - srn)/gn> )

crn”l O
Z m—‘ ~y xX+m

i=0
C-i<Pn/crn> »< k"Pn/gn> - s/1 - i< Pn/crn>)

- crn<(k®"pn -srn)/gn >

crn-1

5=0 MmioX "X + m)
[§7/crn.5/crn + < (K"Pn -srn)/gn>)

- crn<(k"pn-srn)/qn>

N0 -V T - (0

“CjI*/In (51" +hn)/gn)
Here the penultimate equality follows from the j.act that
the sets (< -i< p™Mcrr>>: 0="i~crn-1} and
Ij/cr - OsE j~cr -1} are identical. The final equality
holds because, when both sides are considered as defining
functions of x, they are both locally constant except
for 2(:rn identical discontinuities and both ha/- zero
integral.

For each n for which Equation (1) holds the quantity

hn has one of the values: 1,2» ... jlIl_1- r-n-~acing

»
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® ), @ and (rn) with suitable subsequences we may
assume that hn is independent of n and has some constant
value, h.
How let J. be any member of the set {J":17i<°°i

which, was used in 8. Given any £>0, choose n£
sufficiently large that Equation (1) holds and the
following inequalities are satisfied:

(2) X(D J < AQt)/3;

@) crn > 4AJ%);

(&) _Crn (J+)) > X(JI+)/2.
Lemma 3-2 shows that it is possible to satisfy Inequality (2)
and the fact that JJcr®*iji = BInOll ">~ shows that (4
may be satisfied.

Equation () shows tnat the function

a(crn,., <pn/crn>, < (k"pn-3rn”™ in> "X R
is periodic, with period 1/crn . In each cycle it takes
the value (1"-h)/1" on an interval of length h/i"crn
and the value -h/1" on an interval of length (1°-h)/I"crn.
Inequalities (3) and (@) imply that Ji*"Ta n@i) 13 an
interval whose length is at least 2/crn and which therefore
contains at least two complete cycles. A simple argument

now shows that the measure of she set
I °rn@@-)n IX: a(cr, ,x, <pnicr >,<(k"pn-srn)/gn>) - h/1"

is greater than Qﬂl _ v\t X - Igggﬂﬁer with Lemma 3.2
and Inequality (2) this implies that

(11-h) X(3;5)
XUi Ix: la(ern ,x,«i,p) +h/71" | < €}) > 3r-
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Since this is true for every iI£ and £>0, Lemma 2.7
shows that -h/1" 7 K(a(-,- ,«,p))- A similar argument
shows that (1"-hj/1" € S(a(-,- ;2,p)) and it Ffollows from
Lemma 3-3 of [15] that 1f£ 3(a(.,-,<J3). Lemma 2.9
and Lemma 2.1C now show that 2(a(->.»Sp)) -1 .~ >
for otherwise the equation <koi> = <13> would not
be reduced.

As the cccvcles a;:*’p and a(.,.*°S1I’,O differ only by a
coboundary Lemma 3*9 of [15] shows that they have the
same essential values. Corollary 54- of [15| completes the

proof.

It is not difficult to construct concrete examples
which satisfy the conditions of Theorem 3-3. In the
case where k=4 and 1= 20 we have 11" = 100 and it is easy
to find suitable irrationals and fi in terms oi their
decimal expansions. Let (i ) be a sequence oi positive
integers with intl > 3in+2 (n>1) and let 9= " 10
Then If qgn = 10In,

21 -1,+2
g™ J 1COg™9i = 10M1! 1cf"n+21,fi1 10 ~ ] =10 ﬁ:?ﬂ 10 j <2.10. n.
30 if = < 19> =50 and p= <k"0>+s/c = 0+1/4
the o<,p.k and 1 satisxfy the conditions of Theorem 3.3
and 3~ is ergodic.

+he condition Limqlnf all 11"geji = O in Theorem 3-3
may appear to be rather restrictive but in fact this is
not so. /e conclude this chapter oy Proving an "almost

everywhere" version of Theorem 5.3. 3Y using the results
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of Con.z2 it is possible to weaken the conditions on

k and 1.

Let be the set jef£X" - Lim InfF qfq9pg = 0, F£ Z2+J

o]
then X{mr)y = le

A proof of Lemma 3.4 can be obtained by modifying the
proof of Theorem 1, Chapter VIl of L3]> the theorem that
was U3ed to prove Lemma 1.4. Rather than reproduce part
of [3 here we give only the details of the modifications.

They are contained in Appendix B.

TATLY > N#

Let V be the set of all irrational numbers <<£ X~ for
which the following statement holds: if I*£ and &€ X1
satisfy the equation <!*0> = <« then 6£V/".

Then X(V) = 1.

Proof. Suppose that -fd® lemma is faiso. Tnen there exists
a measurable set Ac X* with A)>0 and an integer 1*£Z +
such that for every —<£A there exists 8£X"\7" with
< &> = <,But this implies that

XCCN,~/") >\ ({<1*«>: SCX\W"))A* 5*X(A)/1*>0
in contradiction to Lemma 3-4. This contradiction proves

the lemma



Theorem se-.

for almost all irrational numbers <£X" the following
statement is true: let k and 1 be two integers with 1>2
and let pl X* be any solution of the reduced equation
<l-«>=< ip> ; then the 17! 2_extension of vnieh is
defined by the cocycle a.Krp is ergodic.
Proof. As the union of a countable collection of sets oi
measure zero has measure zero itself, it is permissible
to consider each pair (k,l) separately. If k=0 or if
1 divides k then we are dealing with an example of our
Case 2 or Case 3. The conclusion then follows from
meorem - OF £4]1, If k~o and 1 does not divide k then
Lemma 3.5 Shows that the conditions of Theorem 3.5 are

satisfied for almost all X£ X"e

haikja~ . ttuBE
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APPENDIX A

RECURRENCE OF CO-CYCLES AND RANDOM WALKS
GILES ATKINSON

Skew-product extensions of ergodic transformations by non-coinpact groups can
be regarded as generalising the ideg of random walks on stich groups. The purFose of
this paper is to Consider the generalisations of two results on random walks on the real
line.» One of these carries over to skew-product extensions, the other does not.

d T :X -* X an ergodic automorphism of (X, £2, p). We definelhe co-cyclefor T

Definition. LEt ¢x, ), p) bea probabilit &pace,/: X -+ Rameasurable function
an
given by/ to be the finction af : Zx X -* R with

aAn, y) = 150/ (T'(v) forn>0,
0j(0,v)=10 forall x e X,

nf(n, x) = —alk—n, T"(<) forn <0.
The skew-product extension of T, determined by J, is the transformation
SEUXXR-*XxU;
S,(x, t) = (T(x), f-h/W).
The powers of Sj- may be expressed in terms of the co-cycle ay,
SHx, 1) = (T"(-1), t-rdjin, x)).

Finally we say that aj is recurrent if and only if, for every 4s 5% with p(/l) > 0
and every e > 0, there exists an integer 0 such that

p(4n T"(4)o {x:[afn 1) < £)> 0.

Co-c%cles which are nqt recurrgnt are called transient. _
The structure of skew-product extensions Into general locally compact abelian
groups has been analysed by Schmidt in [11. It Is shown there that a co-cycle af s
recurrent If and only if the corresponding extension St Is conservative (1 heorem 4.3).
A random walk'on S which'is defined by a probability measure ). on~ may be

realised as a skew-product extension in the following way: let X be the space 11" A

(each R, = R), with the product Borel structure; let p be the product of measures
Identical to Ain each factor; let T be the shift

T(.. 10, X, 0, ) = (- i %2, - % i, s
Finally \vc choose the function/ to be the Oth co-ordinate projection,
(-5, X, -)= o

Received 3 September, 1975; revised |1 February, 1976.
[J. London Math. Soc. (2), 13 (1976). 456-W3]
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RECURRENCE OF CO-CYCLES AND RANDOM WALKS 457

The carrespandence between this skew-product extension and_ the random walk is
completed by observing that successive values of af gn, X) describe the positions of
Pomts performing the walk. Uy ProfJosmon 4.6 of | } the recurrence cf ar implies
hat almost all points return arbitrarily close to zerg, nfinitely often, under the action
of § This is equivalent to the usual definition of the Bemstence of random walks.
The following theorem is an extension to co-cycles of [2; Theorem 4, p. 203].

Theorem. SUPPOSe (V,E?, p) is a ton-atomic probability space, T : X -* X is an
erﬁodlc measure-preserving automorphism- and IS an integrable function.
Then af s recurrent ifand only if)fdp = 0.

Proof, SuRpose Jtl;r A0, The ergodic theorem, applied to/, shows that for
almost all .vs . .
Lim n~1aj(it, a)=\fdp.

Therefore, for some N > 0, /j(B) > 3/4, where B is the set
{v:|af(n, M| > Lfor all |n| 5=V}
An application of Rohlin’s Theorem to T proves the existence of asetE's  such that

>3andEn TE)=0, 150 4V,

At least one of the sets T*(E), with N < n_ 3N, must intersect B in a set of positive
measure. Let A be such an intersection. Clearly, An T~"(A) —0 forall Wi V.
As A ¢z B, this implies that af cannot be recurrent. .

Conversel{ sAu)Epose ny 1S not recurrent. By Proposition 4.6 of [L], the set

Mx—{«:\a/(n, x)| » 1} 1s finite for almost all xeX. For each n>0 let
A, = {v: Card J X :$n%; then there exists an N with p(Ay{ > 12 The ergodic
theorem applied to the characteristic function of _ ~ shows that, for almost all Xe X

and for sufficiently large n, over half the points T(v), 1% 1, are In -tv- Each of
the correspondmg af (i, x) has at most N others within distance one of it. Suppose
there are r of these values; then any interval containing them must have length
?reater than [(r-)l2/(.V+ )] Asr>nl2, this is greater than (n-2)/(2(1Y - 1)). Hence
oralmost all xe X, 1f n is sufficiently large

SR 90> gy
> > -

g?ltsh (leng%lg(siitch?ﬁefgrrelrrr]]ﬂtno”/eslﬁ mgyt ;1 ’ 0,\af (i, Vi > (f—2)/(4(W4-1)). Anapplication

1M1 > VAQE Ty

Tiic theorem is proved.

For a random walk on the reals, defined by a probability measure /., the series
£ ;.*"(/) is important, where-;.4” is the u-th convolution power of Aand / is the
interval [-1,1]. In particular, the walk is recurrent in the sense ofthere being infinitely
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mang returns to zero with probability one, if and onl¥_if the series diverges (see [l2;
pp. 0|0-203]). The following example shows that this result does nof extend to
co-Cycles.

IYet T:(0, -+ (0, 1] be a Borel automorphism which is ergodic with respect to

Lebesque measure. Put X — (J (0, i-2]x {i}and let jxbe the product of the Lebesgue

and counting measures, normalised so that /ipf) = 1 Let T : X -*X be the ergodic
transformation given by;

Let dy be the co-cycle denned by the function;

Since ffdu = 12/rr2, a, is transient. The series which corresponds to V

] o
y AQV:\af(n, Dl < = V fi({x zar{n,x) = 0P
= £ £ WO,@F)ZHD

=ML £

The term i 2 occurs exactly i times in this sum, which may tnerefore be written as
;i L The series diverges in spite of the fact that cif is transient.
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APPENDIX B

Lemma 3.3.4: A do-it-yourself kit.

To prove Lemma 3.3.4 it is enough, to show that for
any T£ Z+
X ({O0£ X~ : Lira Inf gl fqe il = 0) = 1.
This follows immediaiely from setting y/(q) = 1/q9-log(q)
in the following modified version of Theorem I, Chapter VII

of T3J.

Theorem.
Let F be any positive integer and let y/(q) be a monotone
decreasing function of the integer variable q>0 with
0< """ (g)<1/2. Then the set of inequalities
I fqge I < q)
has infinitely many integer solutions q>0 for almost no
or almost all numbers 9 according as S y/(Q) coverges

or diverges.

/e shall only be concerned with proving the theorem
in the divergent case. The proof of Cassels” original
formulation consists of five lemmas (Lemmas 1-3 and 5-8)
and a section entitled "Proof of Theorem | (divergence,
n=1)" which contains two more lemmas (Lemmas 8 and 9).
The alterations which must be made to these in order to
obtain a proof of the above statement are set out below.

They include the insertion of one entirely new lemma,

Lemma 5*.

LW
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Loana 1.

Substitute fg for g wherever it appears with, the
exceptions ox the first line of the proof and the
expression IN(Q) -

Lsaas 2, 3 and 5.
ilo change.

Before Lemma 6 insert:

Beriya 5%
Let 0(g) be the number of integers p, O<p<a which

are prime to q. Then for all positive integers T,

~af) 57 (@) -

Proof. Theorem 62 of [7J states that
= — >
e(m =m T ITm (1 —=1p)

where the product is taken over prime numbers only.
(As is usual, P|m means that p divides m.) Therexore,

taking products over prime p, we have:

$@d =qgf" 1T  @-1vp
plaf

fLL 0 ) A1)

p/q

\V4

\%

T T p@ - 1/p) 6{w)
p>f
PH

> @)
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In the statement and the note replace q by fq except
in the first sentence and where it appears beneath a
summation sign (as in S )= In the proof replace

by CJ and replace the calculation by:
(fo)“1jz((f) > f -1a_|Q q V(a)
=f1(C2 5D 1+(@+1) 1)+ Q $(Q))
q<Q
> 10”11 (Q)

[ 2

(where C T 1C” ).

Lemma 7.
Substitute fq for g except where it appears as w(q) ,
’X(gq) or beneath a summation sign.
lemma 3.
No change.
Proof of Theorem E (divergence» n= 1) Eincluding Lemma 9).
Substitute fq for q except where it appears as \JQ) »
T(@) , uv>(), 9,\ , T._I or beneath a summation sign.
Lermna 10 and Lemma 11.
Substitute fq for q as above. Also substitute fr for

r except where it appears as JF > 3r » /qr or beneath a

summation sign. Y not substitute gf for f in '"5or -
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