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abstract.

I have made an attempt in this thesis at a systematic
topological classification of the endomorphisms of a
vector "bundle . Chapter one provides the motivation for
such a classification and for the notions of "local®™ and
"global® topological equivalence of bundle endomorphisms
that are given in Chapter 2. Both the local and global
classification problems turned out to be a great deal
more difficult than anticipated. A complete local and
global classification of the generic endomorphisms of
real and complex line bundles over a smooth manifold is
given in Chapter 2. For real plane bundles, the local
classification problem is partly solved, but no attempt
is made at the global problem. Chanter 3 gives the
complete local classification for generic endomorphisms
that have bifurcations of codimension one. Finally in
Chapter 4 an attempt is made at the codimensions two and
four local classification problems. Only partial results

and conjectures are offered. Other notions of local

equivalence are suggested.



There seems to have "been no systematic attempt at a
topological classification of the endomorphisms of a
vector "bundle. Motivation for such a classification
arises 1in "basically two areas of mathematics. The problem
may 'be approached with the view points of these two areas
in mind. We shall call one very loosely, the "homotopy®
point of view (embracing the areas of abstract algebraic
topology, geometric topologyjetc. ) and the other the
"differential®™ point of view (including for example the
areas of dynamical systems, differential topology, etc. ).
In the followingjl shall endeavour to explain more
precisely what sort of questions arise in these areas
that motivate the proposed classification of the endomorphisms
of a vector bundle.

Let us consider “the homotopy point of view".

It is well known that the image of a vector bundle
under a bundle endomorphism is not in general a vector
bundle. The classification of these "bundle - like~
objects (i.e. the “images®™ of vector bundles) ic a difficult
unsolved problem. Indeed it is not even clear how the
problem should be approached (for example is there a
convenient category in which these “bundle - like"™ objects
occur as objects along bide vector bundles?) In this
thesis an approach to the problem is suggested, namely-

via a topological classification of the endomorphisms.



The source of inspiration for the type of classification
suggested here, was the paper of Kuiper and Robbin C

on a classification of the endomorphisms of a vector space.
In thair paper, they classify the endomorphisms up to
topological eonjugacy. Trivally one could classify the
endomorphisms of a vector "bundle, by a "fibre - by - fibre®
approach using their results, that is a “pointwise”
classification that does not take into account the structure
or continuity of the bundle Such an approach is clearly
unsatisfactory. A definition of topological conjugacy of
bundle endomorphisms is suggested in chapter 2, that
involves the structure of the bundle. The definitions
given, lead to the local classification problemkand the
"global classification®™ problem for bundle-endomorphisms.
The problems are very difficult. A complete solution is
given (in chapter 2) to both problems only in the case of
real and complex line bundles (contrast the “five lines”

in Al taken to give the classification of endomorphisms
of¥9 ). A partial solution to the local classification
problem for real plane bundles is given in chapter 3.

So as not to encumber the reader with technicalities
and too many formal definitions}in the following discussion,
we consider only trivial real or complex finite - dimensional
bundles E over some Euclidean space X, and we refer to a
bundle endomorphism P of E in the more intuitive way, as
a family of matrices (square) over X i.e a continuous
(or smooth, etc.) map N ; X M (n,n) where M (n,n) is the
space of real or complex matrices and n is the dimension
of the fibres of E. The general idea of a global (or local)

topological conjugacy between two families of matrices on

X (or on some open set UC X) 1ie a fibre - preserving



homeomorphism of E (or E/U) such that its restriction to

a fibre Ex of E conjugates the two members of the two
families evaluated at x, (a priori, this conjugacy

varies continuously with x). The interesting problem

from the “homotopy®" point of view is the local classification
of families iIn the neighbourhood of a zero matrix. For
example, it is shown in chapter 2 that given two families

of 1*1 complex matrices in the neighbourhood of a

zero - matrix, 1f a certain obstruction is zero, then the
two families are locally equivalent. In proving the

global equivalence of the two families of matrices,a
similar obstruction occurs. It is in the local
classification of matrices in the neighbourhood of a matrix
with at least one eigenvalue of real or complex modulus one,
that we are naturally led to impose certain differentiability
and transversality restrictions. It seems plausible,

that once sufficient differential structure has been
introduced to solve the local classification problem no
further differential structure is required to solve the
global classification problem. Therefore the global
classification of locally equivalent families is of
particular interest from the homotopy point of view

(a complete solution to this problem is given in chapter 2
for real and complex 1* 1 matrices over an arbitrary
paracompact space X.).

There is a further aspect to the classification of
bundle endomorphisms or the classification of “bundle -
like" objects, where a differential structure may simplify
the problem. With E and X smooth manifolds, one may define
the notion of a generic smooth family, and then a generic

"bundle - like" object. The generic “bundle - like® objects



do not include, unfortunately(?Jall vector "bundles. For
example the Mobius "bundle (i.e. the non - trivial line
“"pbundle over S*") is the image of an endomorphism
, which is not generic (see chapter 3).

Certainly the notion of genericity here excludes particularly
nasty” “bundle - like®" objects (e.g- rsdially shrinking
Mobius bundles that disintegrate at the origin). Generic
"bundle - like®" objects may be of most interest when the
bundle E is T(X), the tangent bundle over X and the
endomorphism F is defined as follows : -

given ad - map F r X-*X, F is defined such that the

following diagram commutes : -

X *X >X

where T*(T(X) )* T(X) and F : F*(T(X) INT(X) is the
standard map covering f.
In the theory of singularities of differentiable maps, a
local classification of these tangent bundle endomorphisms
in the neighbourhood of a singular point seems an interesting
problem. A related local classificatiom problem, is the
classification of families of matrices satisfying certain
integrability conditions. This brings us to : -
The"DIfferentlal®™ point of view.

It is not clear just how much information about
¢=maps F : X-*X can be deduced from the local classification
of the endomorphisms F of T(X) (defined as above). In

the neighbourhood of a singular point of f, it may be
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possible to deduce more about f from the local classification
of endomorphisms “exp F* (Cexp P" 1is defined locally in
the obvious way, where exp : End( )->Aut( /A7) is the
standard exponential map, mapping a neighbourhood of the
zero matrix diffeomorphically dnto a neighbourhood of the
identity). This remark was prompted by the consideration
of the following problem.

Consider a family of linear differential equations

of the form f dy = A,y> where A : X-»End(i2) is continuous
C dt J

(or smooth, etc.). The problem of classifying the
families ¢(ANJdoes not seem of any real interest, but
rather the familiesfexpAxj. The reason here is clear.

A solution of the differential equation dy = A*y with
dt

initial condition yc, or “orbit® through y~is given by the
set £ exp(tAx)y0, t t<RJ . The solutions or orbits of the
differential equation give a subdivision of called the
orbit system of A, (we can in fact define the orbit
systems of A*, without reference to differential equations).
The natural definition of an equivalence between two orbit
systems of Rris in terms of a homeomorphism -y : <AT',
such that V and “+"1take orbits into orbits. (A complete
classification of such orbit systems on fP/ is given in a
paper by Kuiper [3 J.) One may then define in the obvious
way a local orbital equivalence between families of
~Niffcrential equations. It would seem from my attempts at
classifying up to local topological equivalence, families
of 2 * 2 matrices in the neighbourhood of the identity ( °J )
or a Shear ( [«'] ) that the related problem of classifying
these families up to local orbital equivalence is at least
as difficult, if not equivalent. Intuitively the equivalence

of the problems seems plausible: broadly - speaking, a



topological equivalence "between two matrices preserves
Z - orbits (i.e. the orbits of the Z - actions on =R
defined '"by the matrices), an orbital equivalence "between
two matrices, preserves R - orbits (see above) and for
matrices arbitrarily close to C or [p.'] , the actions
become arbitrarily close. ( aun~[(l +A) /ruz] is dense in

N\ for any i> 0). (Note this does not imply that a given
conjugacy <$ : and a given orbital equivalence

y = are arbitrarily close but rather that by

suitable modifications of Y and 0 , they can be made
arbitrarily close: moreover to obtain the result that

local topological equivalence and local orbital equivalence

are "the same®, the modification of V and must be done

in a “continuous manner®.) Restating the local classification
problem of families of matrices in terms of the language

of bifurcation theory makes clearer why a complete solution

is possible or simple for some cases but not for others.

In a family of matrices a bifurcation point (relative to
topological equivalence, for example) is a point (matrix)

such that iIn any neighbourhood of that point, there are
matrices of different . topological type. More precisely
topological equivalence defines a stratification of the

space of n » n matrices (this, actually has only been

proved for n = 1,2), a bifurcation point is a point in the
boundary of one of the strata. Its codimension is the
codimension of the strata to which it belongs. For families

of matrices with no bifurcation points, a local classification
can be given relatively simply in any dimension (see chapter 3).
The local classification problem at points of codimension

one, 1is essentially the “differential® problem solved in

this thesis. We in fact only give the solution for Ixl



and 2*2 matrices, but these results point to the general
solution in higher dimensions (for example, to prove the
local equivalence of%xﬂntwisefequivalent families having
Just one eigenvalue equal to 1 1is quite straightforward)
It is in the local classification of families in the
neighbourhood of points of codimension 2 or more, that

the problem becomes extremely difficult. Chapter 4 gives

an attempt at the solution, though what seems to be indicated
here, is that methods that solve the codimension one problem
do not solve the problem for codimension>1 . Possibly a
weaker notion of “local equivalence® 1is required. One

such, 1is suggested namely “deleted local equivalence®.

Effectively the problem is reduced to codimension one.

8. Topological Classification of the Endomorphlsms of a

Vector Space.

In this section, we summarize the results of Kuiper
and Robbin [4] , for the readers benefit, and give a
simple proof of their unsolved conjecture in the case of
the vector space RL (a more general”™ rather deep theorem
in S>j does in fact give this result, amongst other things'!)
Let V be a real vector space and f : V-*V be a linear
endomorphism of V. Then V admits an f - invariant direct
sum decomposition :
V = W(F)evr(F)O We(F)* W= (F)
where the eigenvalues A of
t* = FA/fF) Ee-0.,+ .0, -)

satisfy the following conditions <« -



dim (fcr) is the dimension of WriF) (= @, + fif -)
or(ffH) is the sign of the determinant of to-
or(ta-) = 1 if fa preserves orientation and
jor(fc) = - 1 if fVreverses orientation.
Linear endomorphisms f,g : V-s»V are said to he
topologically conjugatef-i g, if there exists a homeomorphisra

h - (V,0)-~(V,0) such that the following diagram commutes

(v,0)-——g—m(v,0)

(one need not require h(0) = 0: the weaker form however
is easily shown to he equivalent to that given above.)

If h can he chosen linear, then f and g are said to
he linearly equivalent, f~(-: g-
We state the result of Kuiper and Rohhin as follows
Conjecture A. IT f and g are periodic linear automorphisms,
then f~g if and only if f -qg.
Theorem of Kuiper and Rohhin. Let f.g he endomorphisms
of a finite dimensional vector space. Assume conjecture
A is true. Then f~ g if and only if dim(f,-) = dim (g-),
or (fr) = or (gj, dim(f-) = dim(g-), or (f-) = or (9j,
frv g~ and fO~ ga .
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Clearly if W°(f) = W°(g) = 0, then the assumption
concerning conjecture A is not required.

In point of fact, they prove a rather better theorem
than that given here. But this will suffice for our
purpose of studying endomorphisms of real line and plane
bundles.

We prove conjecture A on tH .

Theorem 2.1. Let f,g be periodic rotations of ~ ,
then f<t g if and only if f 4 g.
Proof. "ifll Trivial.

"only i1fl Assume f~ g i.e. there exists a homeomorphism

h : (1S1,0) such that f eh = heg
Let f : be given by the formula : -
T(r, d) = (, 9 + gTTp. ), 0<Ffp,l < q,and (p, ,qF) coprime.
Jo
Also g :(H is given by : -

g(r,0) = (, 9+ gjm, ) O0<ipj <qg, (p*-g*) coprime.
If f-tg, then g, = = gNM* = g<t°= fb = gV = 1d.)
Then ¥ and g are linearly equivalent if p, = £ pt.
We may assume 184 p,|< tt and ithtp::/"??—

1 1 ~
if not, for examplg if  jorip, j >J7 , then replace

fby f ie. F(r,6)=(, 6-2w @-0p,) )
and consider the problem for ¥ and g,(17=q~4— Q) -
We also assume h(l1,0) = (1,0) , For if not the linearity
of ¥ implies we may replace h by the conjugacy given by
the formula : -
r,6)x>0Ir,Q , hi (@, &)-h*C,0))
where h/IS1- 10} =h/E& * S* = (h’.h1) /7 * SI
and ht - (V*S1-?2IPand hx : S1->S1



rnm z
?SH ?\/j>i sm

Define a loop LN in jji -tOl as follows:-
u
join (1,0) e S" and (1, 2rp, )e 31 by a cgjrterclockwise path
in A -1Q] (if p,>0 : otherwise, clockwise), then join

@, 2vp.-)and (@, 4np.) 'by a counterclockwise path in

q a
fi? -{01 (if p,>0,etc. ) and so on : finally join (1, (@-D2rrp, )

and (1,0). b
Retracting this loop L* onto S *“, we have
retr_*Lf: (& ,0)-* (S°,0) is a map an
of degree p, . are coprime).
g p.((pP,.q) p ) 00)

Now h(1,0) = (1,0), and h“f = g«h ,
hence h(l, 2n p,) = (@, 2v p™) ,
also h(l, n@mp, ) )= n@rp.) ) n=01.2 . 01,
and the path jgining (1,0) to ((i-gTi p,) maps under h
to a path joining (1,0) and (1,gn gr), and since hI™-t0j
is a homeomorphism ,(and therefore homotopic to iid\.,.)
then the path joining (1,0) and (l,dli pt) has winding number
0, and the same sense as the pat?\ joining (1,0) and
(@, gtp) if h is orientSfcation preserving (otherwise ,
the opposite sense). Similarly the path joining (@, gn p, )
and (1.4n p, ) maps under h to a path of winding numberqO
Joining M,gnp-) and (1.4bp-) , ----- etc.
Retractingqh“Lf:S’—v t (10\] onto S", we have,
retr. -h*1~: (S*, 0)-e(S" , 0) is a map of degree p\
But hJAf -jO0> 1is a homeomorphism and therefore homotopic

to * 1d"K . Hence p, «+ pz .

The following result is easily deduced from theorem 2.1..
Corollary g, 1,1. Let f,g :/C"~"be periodic rotations of %
f (r,6) = (r, 9+£.) and g(r,t>) = (r,e +A) . Then thereis

an orientation preserving homeomorphism conjugating f and g

If and only if f =g ,



3. Traneversallty, Jet Bundles» Stratifications and

Whitney ¢"~-Topology -

By a ¢*manifold (or smooth manifold), we shall mean
a finite-dimensional, *-differentiable manifold without
boundary, not neccessarily compact. We have ignored the
possibility of obtaining more general results on

-manifolds (r>1) so as not to clutter the exposition
with details on the"size® of r for particular properties
required. Our submanifolds X,cx are all regular
submanifolds.
Transversality. Let X, Y be manifolds and T :X->Yj
a -map. Let W be asubmanifold of Y and x apoint in X.
Then f is said to be transversal to W at x (F»W at Xx),
if either, (@ fQQJ*W , or
() FCDEW and 0O0°”Y) =UW) + (DOO)X(Tx)) -
IT for each xt AcX, KiW at x, then we say Fis transversal
to W on A (for A = Xwe omit ’on X * ).

Transversality is a neccessary ingredient in any

definition of genericity of maps from one manifold into

another . A further ingredient is a topology on the
space of maps. Rather than restrict ourselves to compact
manifolds, we employ a topology suited to the set of maps

from a non - compact manifold into another; namely, the
Whitney A= topology (or the - fine topology). The
definition is best given in terms of Jet bundles. We
briefly review the basic definition of : -
Jet Bundles.

Let X,Y be <f~— manifolds, and f,g, : X-*Y,if- maps

such that for some pt X,g<r YjFf(p) = g(p) = g- Then
(). f and g are X - equivalent at p, if there Iis

contact of order k :
dr(f(x),g(x)) = o(d*(x,p) )*



where dx and dy are metrics on X and Y (respectively),
k — equivalence is iIndependent of the metrics d* and dy ,
and is an equivalence relation. Also k - equivalence »
k - 1 equivalence.

(ii). The k - jet of a smooth map f at a point p in X
is the k - equivalence class of maps from X to Y to which

T belongs;
3K(F) =1le 1 g*F at p].

(X,Y) denotes the set of k - equivalence classes of
mappings f - X =>Y where f(p) = q -
Finally Jk(X,Y) = IN(XLY), (disjoint union),
Jk(X,Y) has a natural structure as a finite dimensional

manifold.
The Whitney - topology on £ (X,Y).
Rather than give a completely formal definition, we give
a description of the &G topology in terms of the neighbourhood
"basis of a point f in £* (X,Y) and a metric d on Jk (X,Y),
compatible with its topology , (the formal definition
makes no such use of a metric d).
Define Jfi (F) = (g « M(X,Y) iV xe X, dkfw, Jjkg(x) )< S (x)f
where S : X~iIR* is a continuous function.
This is an open set for each such 6. The collection |l yV's (f)j
form a neighbourhood basis of f in the Whitney 5 - topology
The Whitney £°°- topology is given by the union of all
the bases for the £ - topologies, for k”~o. Intuitively,
two maps are close together in this “fine" topology means
that these two maps (and any number of their derivatives)
approach each other arbitrarily quickly at infinity.

Thus there are neighbourhoods of a | map F such that

>the perturbations of f° 1in thea; neighbourhood? are

arbitrarily small "at infinity".



We shall mainly he concerned with the space
when Y Is a stratified manifold.
Stratifications.

It is not generally agreed which is the "best® definition

of a stratification. We give a fairly weak form.
Let Y be a é~—manifold . A stratificationS of Y
is a partition of Y into a finite number of submanifolds

¢S;J called strata (not necessarily connected) such that
Y s U 8: satisfying the boundary condition i.e. for each
stratum ¢ = S - SNis the union of strata of lower
dimension. A further condition is required for the strata
to "fit together nicely". Let Y be embedded in Euclidean
space of some suitable dimension. Then the stratification
£ of Y is said to satisfy the “Whitney condltion-(a)*
if for each pair of strata 87, Sj and points yt Y, such
that S;i 8;Jy the following holds : -
given a sequence {xj in SL converging toy in Sj, if
[T~AS”~)] converges to some hyperplane r , then Ty(Sj)ct:
(the convergence of T1T*,,(S;)J is in .the Grassmanjii»Jtaer*fl] ).

The iImportant implication of this condition is that,
given a - submanifold W of (£ Y, meeting a stratum
8 ; transversally at x, then W is transverse to Sjin a
neighbourhood of x, where ®©8j”~So * x. This is sometimes
called condition (t). It has been shown [6 J that if the
strata are semi-analytic sets, then (t) implies condition
).

If Y is a stratified if'- manifold, a 6"- map f : X-*Y
is transversal to the stratification 8 of Y, if f i8

transversal to each stratum in the stratification.



The useful theorem motivating these definitions is
the following : -
Theorem 2.2. Let X,Y he - manifolds with Y embedded
in some Euclidean space. Let £ he a stratification of Y
satisfying the Whitney condition-(a). Then the suhspace
*’(X,Y) of S'—maps transversal toS is open dense in

g°°(XfY) where 6' (X,Y) has the Whitney S'"— topology.

This theorem (quoted hut not proved in C#J) appears
to he known, though there is no published proof of it .
For X compact the result is well documented (L fJ ,L"J).
The"density” part of theorem 2.2. follows easily from
the"compact version"since (*“(X.y) is a Baire space J .
The"openness®™ part is false if ;F’(X,Y) has some standard
"coarse” topology , defined on compact subspaces of X.
However “openness® holds for &“ (X,Y) with the “fine”
topology. A modification of Theorem 8.1. 1in L~"Jgives

this result .



AVAVA

IS

CHAPTER 8.

TOPOLOGICAL CLASSIFICATION OP BNDOMORPHISMS OF LINE BUNDLE3.

Introduction.

In [4-]Kuiper and Robbins classified the
endomorphisms of a vector space up to topological
conjugacy (the classification was complete modulo a certain
well known”~unsolved,conjecture, [7.] ). This classification
gives a“"fihre "by fibre® or “pointwise® classification
of the endomorphisms of a vector bundle. We suggest in this
paper a notion of conjugacy between bundle endomorphisms
that involves the continuity of the bundle. A complete
classification of the generic endomorphisms of real and
complex line bundles over a smooth differentiable manifold
is given.

Section 1 contains the main definitions and
theorems. In section 2 the classification problem for

endomorphisms of real line bundles over an arbitrary
paracompact space 1Is considered, the main theorem being a
major step towards proving the "Real Classification Theorem®.
Section 3 is similar, but for complex line bundles. Finally
in section 4 the main theorems are proved.

I should like to thank Prof. R.L.E. Schwarzeriberger
of Warwick for his help and advice in preparing this paper
and for suggesting the problem in the first place. My thanks
are also due to Memorial University of Newfoundland for
financial assistance, during the period in which this work

was completed.

it



1. DEFINITIONS AND MAIN THEOREMS.

1.1. Preliminaries. In the following X will denote a
paracompact path-connected space; n :ER — X and TI :Et —"m X
will denote real and complex bundles over X (respectively)
(E is used when there is no chance of ambiguity). An
endomorphism F of ER (Ec) is a fibre-preserving continuous
map that is real linear (complex linear) on each fibre.

The vector space of such endomorphisms is denoted by End (E),
Definition 1.1. Let V be a real (complex) vector space,

and h, , hz; V-»Vbe real (complex) endomorphisms of V.

Then h, and h, are said to be topologically equivalent,

h( ~ hx, if there exists a homeomorphism -f : (V,0)-* (V,0)

such that the following diagram commutes

(V,0) —=-=* —— > (V,0)
h hi
.0 ->(v,0)
We say i' conjugates h, and M.

Moreover if T can be chosen orientation preserving, we say
h, and hx are orlentably topologically equivalent, h, ~ h:.
Definition 1.2. Let P ana 0 be bundle endomorphisms of E.

We say P and G are pointwise topologically equivalent
relative to a homeomorphism ~ ;X-~X, or p.t e.( ) if

F*~ G»,; for all xiX. Similarly we may define pointwise
orientably topologically equivalent relative to a horaeomorphism
P i X=»X, or p.o.t.e.(p )-

Let g, denote the zero section of E.

Definition 1.3. Let P and G be endomorphisms of E and let
xt X. Then P and G are said to be locally topologically

equivalent relative to a homeomorphism e :X— "X at x or



1.1. e. @ at x if there exists an open set Uj x, and a
homeomorphism (E/LCyj*( & (BE/™ (U)),CN ) such that the

following diagram commutes

(E/U.CV ) 1 & (f (E//7 (U)),0X)
F
Vv 't
(e/u,ox) $ * (P {EZ/ (U)),0X)

IT E Is an n-dimensional complex "bundle, it has a
natural orientation when regarded as a 2n-dimensional real
“"pbundle. The natural orientation of E gives a natural
orientation on ~* (E). Thus if for some Us x] can be
chosen orientation preserving in the above diagram, we say
P and G are locally orientahly topologically equivalent
relative to at x, l.o.t,e. (> ) at x. We say <£ conjugates
P and O-on U or ~ is a local conjugacy "between P and G at Xx.
Definition 1.4. Let P and G 'be endomorphisms of E. Then
P and G are said to "be globally topologically equivalent
relative to a homeomorphism f :X—-»X, g,t. e, (™) if there
exists a homeomorphism £ r (E~ )— ( »“(E),0X) such that

the following diagram commutes

(6).0,)

IT E is an oriented complex bundle and if Q is orientation



preserving, then P and G are said to he globally orientably
topologically equivalent relative to j> or g.o.t.e. (<>).

ITF and G are g-t.e. (), it is easily seen that P and
G are l.t.e. (/>) at x, for all xeX, and also p.t.e. (» ).
Most of this paper is concerned with whether or not the
converse implications hold: for example if P and G are p.t.e.
(/ ), is it true that P and G are 1.t.e. ¢js ) at x, for each
XF X ?

The definitions p.t.e. {fi)f etc are flexible in that
various restrictions on the homeoraorphism ~ can be imposed.
When X is a differentiable manifold, we require X-> X
to be a diffeomorphism.

1. 8. Line Bundles. Let TT :E-> X denote a real or complex
line bundle over X. Every endomorphism of E~ (Ec ) has
the form:- e>—*"\e (X)s, ) where AF :X-»R (A":X—- ) is a continuous
function. IT E is a 6"-differentiable bundle over a

(T -differentiable manifold X,
then AF :X-»" (/ :X-»c) 1is a ¢“-map.-

Recall LJ ] that if Px~ G, for some x«X where (@) P and
G are real endomorphisms of E, (b) P and G are complex
endomorphisms of Et , then AF(X) and X (X) belong to the
same element of the partition of (a)”, (b)C , determined
by the following sets —

@ (1)[ yefila><y<-1£ (ii)/y=-1i , (iii®yc ?/-1<y<0
(VW lyc*/y =0/ , (W [ycd /0<y<l/, (vi)( ycf>/y = 1E
(vii) [ yelnly > :

® ((DE zcC/ 7 =0% , (ii) izc<C/0<10<1j,(iii) the one -
parameter family of equivalence classes determined by B,
0 » Bsii, where each element of the family is of the form,

\zc<L /z = e*“e , for somed” ,(iv) \ IW > 1/«



Note. If AF(X) = et6 , 0<9<T, and 0,. then A~ (X) = e“*.
1.3. Classification Theorems . Let X 'be a

connected N-differentiable manifold without boundary and

E be a line bundle over X- Denote by End"(E), the apace

of - endomorph!sms of E. Let d” (X, ) denote the space

of i~- maps of X into , with the Whitney 6 -topology L2-].

It is well known C2 7] that the subspace dr (X, /R)c ¢¢“(X, R)

of maps that are transversal to a closed submanifold of £

is open dense in d (X, R).

Definition 1,5. Let PFf End” (E). Then P is said to be

generic if X :X-*R 1is transversal to the submanifold

8° =1I11IrlicR.
Theorem 1.1. (Real Classification Theorem. )

Let P and G be generic d -endomorphisms of a d~- real
line bundle E™ over a d - manifold X. Let 0 :X-*X be a
diffeomorphism such that <> E,~)s E«. Then P and G are g.t. e.
if and only if P and G are p-t.e. (™ ).

Before stating the complex classification theorem,
more notation iIs required.

Consider the finite stratification® of R ¥, defined
as foll ow53 consists of the following submanifolds

@) (r,e)E (EVr>ld, (iDE(r,e )Rl /r=1,e =0/,

ain [(r,e) /r = 1. 0<e<nfE GV)[ (@,e)s** /r =1,
) £(r,6)e ft."/v = 1.6= i) { (r &) <?/0 <r«lE.
$ satisfies the Whitney regularity condition -(a). It is

known J that the subspace 3r (X. /R1)c- d~(X, Si ) of

C maps transversal to such a stratification” 1is open dense in
<f'(X, /Rl'), where d"(Xf R1) has the Whitney topology.-
(There seems to be no published proof of this,: the proo”

follows that of theorem 81 in C~J ).



Definition 1.6. Let Fe End™iE®). Then F is said to 'be

generic if A : X->/C*is transversal to the stratificationA? ,
Consider FeEndiE«-), define "(0) = £xcX/ \f(X) =01]

Write \f :X -JFf(0O)™€ —10j , such that A~ = ( /AXt gf ) where

At x -  @©@)>1% is given by |¥ O = /A(X)] , and

/1£° X -Zf@)-> 3 "is given by jg X)) = exp(iarg( \f (xX))).
Assume F and Qe End(E) are p-o.t.e. )-

[xex / IMf(x) = 11.

Define Z F(I)

Then JFQ@) = $£°E,. (D) = £(1) (say)
Also JF(@©) * 0)) = z(0) (say)
Define d(F,0) : (X -2 (0), Z (1)) (s7,0)
such that : - : x>* (lg- C X)) -0 ),

where F and Gare p.o.t.e. (</ ).
Intuitively 3 measures the amount of twisting of the

fibres of E by F relative to G, as they "move around*
X - Z (0). Notice that F and G agree on Z (I), since they
are p.o-t.e. (™).

To simplify the statement of the following theorem,
we shall assume X - Z (0) is path - connected. A more
general theorem can be obtained by applying the weaker

theorem to the path - components of X - Z(0),

Theorem 1,2. Complex Classification Theorem. )
Let X be a£ - manifold and let F,Ge End™EJ;) be generic.
ITF and G are p-t.e. (fi) where f : X-*X is a
diffeomorphism, and x»fX - X (0), then F and G are
1. o.t.e. ) at x., or F and G are l.o.t.e. ( ) at xof
( where ™ = A&(X) )-
Let F and G be p.o.t.e (), and /*(Et) = E*. Assume X -2Z(0)



is path - connected. Then P and G are g.o.t.e. (™) if and
only if (@ whenz_.Cl )f0, (§ (X -r(0),2@M)) =0>
() whenH(1) =0 3«(irl(X - 5.0)) ) = 0.

8. REAL LINE BUNDLES.
2.1. Main results . " In this section TT E-»X will denote
a real line "bundle over a paracompact space X . The main
theorem given here, will 'be used to prove the " Real
Classification Theorem®. It gives the relationship of
local to global equivalence.
Theorem 2.1. Let F,GiEnd(E) he p.t.e. (yi) where f :X-*X s
a homeomorphism such that f* (BE)ai E, Then P and G are
g-t e. (jO if and only if for all Xfz(l), P and G are
1.1l.e. ) at x.
The proof is given later.
The Ffollowing theorems are of a more technical nature,
involving the use of a function c =
Let P,GcEnd(E) he p-t.e.({o0
Define £ (0) | X« X/ZAF(XX) = A(M(X)) =0~

£ @ [xeX ZL\r Q] = |JA* (*"(X))I= 1] where X:X->R

and A a r e the previously defined functions associate-

with P and G.

Define c:X-(1(0)uz(l)) RT
c(x) = log 1A(y>0))I - c is clearly continuous,
log 1ARX) 1

The following theorem illustrates the relevance of the
function c.

Theorem 2.2. Let P,GFEInd(E) he p.t.e. (/) where 9 :X—>X

is a homeomorphism such that < (E)*E. If c :X~@O)»z() )

can he extended over X to a continuous function e X-»/\T,

N



then F and G are g-t.e.(£)-
Proof, It is required to find a homeomorphism
:(Efox)—» (8 (E),0X) such that the following diagram

commutes

Let tie a trivialisation of E with transition
functions {gijJ with values in O(l) ={l,-1j (such a
trivialisation exists, since X is paracompact ). Let
X. :~*(BE)-*E "pe an isomorphism. Then (Dj, z[) 1is a
trivialisation of ~*(E) with transition functions $g- £
where r/ .-VX. and g~ = g°j for all 1i,J.
On Ui,P 1is represented by P; that is Ft =T;F¢t;
On Ui , d*(G) 1is represented by ~*(6); -
p ;;U;>K -* U; «R
FigGy) = (X AFCOY)
/Gt :U;«IMUI*IR
ME>.CGY) = G A (PCDDD
Define $ :E -x>*E on Ut, such that
=r*$r;° :U,*iK-»Ui*R is given by
D (oy)>-* OGYyly P TD
is easily seen to be a conjugacy between P;and G, on U,
To show is well defined on X , it is sufficient to

show that the following diagram commutes



U, ADJH«R -

(Utn DPaR ——— ®» Uin Dj)<R
We have TjC -(@i a DMR-» (@i UpR. is given hy ;-
x,y) —> (x.gij (X)y) where g,j¢) =1 or -1 .
Also t} rf"= ' Ty

Thus & is well defined on X .

Definition 2.1. An endomorphism P ¢(End(E) 1is said to he
hyperbolic if Zf0) =?f) =0

Corollary 2.2.1_ Let P,GiEnd(E) be hyperbolic, and P*_~GA
for some x/X, where X is a connected space . Then P and G
are g-t.e.(idx) .

Theorem 2.S . pointed to the relevance of the function c
to the problem of constructing conjugacies. The next two
theorems make the relationship more precise.
Theorem 8,3. (Local Equivalence on 21 (1) ). Let P,GFEnd(E)
he p.t.e. (?Q in some neighbourhood V of gqfE(l) .Assume V-I1(l) it
Then P and G are 1.t.e.(f ) at q if and only if for some
neighbourhood UMV of g , the function c:U-2 (I)-> iRTextends

over U to a function c:D-» RT

In contrast to theorem 2.3.. theorem 4. shows that
the behavior of c near2”() does not determine local
equivalence onX (0).

Theorem 2.4, (Local Equivalence on ¢(0).)
Let P,GeEnd(E) be p.t.e.(/ ) in some neighbourhood V of a
point 8Ff1(0). Then P and O are I t e. (") at s.



From theorem 2.3. we can construct a counterexample to

the conjecture F and G are p.t e. () in a neighbourhood
O ofxiX implies F and G are l.t.e. (0 ) at x. Moreover

in the counterexample there is no homeomorphism 0

such that F and G are I.t.e. ("> ).

Counter-example 2.1. Let X = E =RxRarvi. F,G e End (/£%:?)
he such that Ar «iis~9R and are defined as follows:-
A(X) = exp(/2x + x sin/Zil) , x 7/ 0
=1 > x =o

X ) =exp( IxD
F and G are p.t.e. (/) for any homeomorphisra ~ (R ,0)—(R ,0).
We show F and G are not 1 t.e.(/ ) at x = 0 for any
homeomorphism/ : (R ,0). It is sufficient, in view
of theorem 2.3. to show that

lim log(exp|2/(x) + </(X) sin ‘'/fIA\) ; does not exist
log (exp|xl)

for anyhomeomorphism @®":(™\,0)-*(»,0).
IT for some 4&:( R .0)»(/R,0), !(!rB 2 <t>§<) + 0 ()slnsfc)

exists then h(x) = 7/ ) (2 + sin-*i) ) is differentiable
at x = 0. It is easily checked that this is falsefor any
choice of/. (Intuitively, no change of variable oni? ,
effectively dampens the oscill ations of h.)
2.2. Proof of Theorems.

To prove theorems 2.2 and 2 3.,lemmas 2.1. and 2.2.
are needed. They give the general form for a local conjugacy
between two endomorphisms that are locally equivalent at
any point x*(X - (2.(0)o~(3)
Lenina 2.1, Let A be an endomorphism of R given by,

h:yf-»Ay, Ae (K- [-1,0,1?2. Then any homeomorphismft (\,0)-+ (R,0),



such that -f ( /R*) = iR*, conjugating h with itself is of the
form

iy> >y exp (“u(logy) ), y>0
where ~ :R-*/R is some periodic function of period log IA]
that is yu(y + log IAl ) =/u(y)j vye(R -Furthermore satisfies

the inequality

I/Ky) —yl40)/ < |log IA] | fratyelR"
Proof. Assume A> 0 -
If : (»,0)-»@,0) is a conjugacy between h and itself,

(and Y (R*) ~ R*) _then Afeh = ti-f Iimplies
Y (Ay) =Ay(y)

Let -y*(logy) = logyY () , for y>0
then Y~ /R is a homeomorphism and

log (Y(Ay)) = log (AY(Y)) ,for y>0 ,
implies Y"(logA+ logy ) =logA+ logy"(y) -
Let /<(y) =Y'(¥) -y -y "
thenyu - IR->» R is continuous and w(y + logA ) =/w(y)
Clearly y (y) =yexp ~(logy) ), for y> 0

To prove the inequality for /* , it is sufficient
to show it is satisfied on the interval [ 0, Jlog(A)/]
The inequality on this interval follows easily from the fact

Y'@y) =y ¢« O

is an increasing Ffunction

Leirca g.2. Let h, ,h2:/R- IR te conjugate endomorphiBms of "R
given hy h, zy —>A,y } 1Ai1/ 1 or O
ht :y A*y ) /1 orO

then any conjugacy 'X :0)~>(i?,0) such that A (~?) =l
between h, and h2 i.e. h2=Xh,Xis of the form

Xz y—->y cexp(c/*(log y) ) i y>0

where N\ is some periodic function of period log W] and



Proof Let @] :(IR,0) —> be the homeomorphism
M*) = ylyr
then h2= X, h,X,*
But h 2 =X-hjx/" , hence h, = C™0h,<x;X Y
that lb, (;"X) conjugates h.with itself, thus from lemma 2.1. ,
&,X) is of the form y yexp(/“ (log y) )2 for y>0
for some periodic function” : of period loglAil

Hence for y>0 X () = yCexp(c/u(log y) )

We now prove theorem 2.3.

Proof of theorem 2.3. . ( Local equivalence onz (1) .)

Since the problem is local we may assume E is trivial

i . The result follows from theorem 2.2.

"only if* . Assume P and G are l.t.e. () at og<fz(D)

Let™ be a conjugacy between P and G on some neighbourhood

Dcijc.v of q . Without loss of generality assume dx(|R0 = @@,

then from lemma 2.2. , For x eU -z(1) , "*is of the form

y —>yeexpCCyit(logy) ) , for y> 0

where , :1£-*IR is a periodic function of period log]AF()] ,

that varies continuously with x , for xfD -2 (1)

We assume yu.(0) = 0 for all x U -X(I) , then lemma 2.1. impli
cOA Iy < c(X) [10gl4r GOl = T10g|Xy(OOl |

But loglAky(x)1 = log jAf (x)I = 0, for all x<r.z(l)

Hence i1f ¢X,,£ is a sequence of points in U-¢(C1) , that

converges to ge Dal(l) , then

lim exp(c(x*yutlog y) ) =1 ,for all y> 0 .

Thus lim <L. exists and is a homeomorphism if and only if

M«rg c(xn) exists and is non-zero .Therefore c: D -2(1)-*/"

extends over 0 -2(1)o U , which is a closed subspace of

a normal subspace D of X . Hence by the "Tietze Extension

Theorem* , c extends over D to some function c:U"*I£,
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Proof of theorem S.4. (Local Equivalence onj(0) .)
We assume E is trivial since the problem ie local

Let Ucvie a neighbourhood of s«rX(0) such that JAA)|<I

for all xf D . Assume D -X(0) ~ 0 -
Let a(x) = -log]AFG)Ql  and b(xX) = -loglA™ (X) )|, then c(X) = |™X]

Define $ : (U*IR, 0,) —m , 0X) as follows

for xfX(o) F <>*Q) =y j

for Xgbh -Z (0). cE.,(y) =y p(Cc(XD/u(logy) ) , Tory> 0]
$*i-y) = - $*(y) i

defined as follows
if b(x)> a(x) ;
li.(y) -y * 0O<y<alLd

=/1 - alxjj (v - aC) ) g

Elsewhere (y) is given by /My) =/t + a(xX) )

If b(x) = a(x) s

/U«(y) = 0 , for all ye R = : g2
If b(X) <a(x) ,
IMy) = (_:)(/)i() -y . Osy <b|22J -HI' A ftw tj

= (ax) -bx) )y - ax) ) ,bli) %y< a(x)
(b(x) - 2a(x; ) 2
Elsewhere /My) is given by /My) =/My * a(x) )
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Proof of theorem 2.4. (Local Equivalence onS(0) .)

We assume E is trivial since the problem is local

Let Uc V he a neighbourhood of sfl(0) such that JAX)|<I
for all xeD . Assume U -X(0) 7 0 .

Let a(xX) = -log]AFG)l  and b(x) = -loglA*™ (xX) ), then c(X) =

Define $ : (O«IRF OX) —* (O»(K , 0*) as follows

for xf2(o) , <$F-0 =y ]

for xéD -Z(0). 8() =yEp(c(x)/u(logy) ) , fory> 0 j
3M-y) = -$*() i

defined as follows ¥
if bix)> a(x) : A /

O<y< agx)
Fgl

@ - a0 ) . agd<y<atd

Elsewhere(y) is given by AFF(y) = /u(y + a(x) ) .
IThX) = a®) ,
w,y) = 0 , For all ye Rm
If b(x) <a(®)
My) =

E%S() -y . oxy <iX22J 2

(ab) -b(x) ) (y-a®) ) ,Mi) hy=<a)
(b)) - Sa(x; ) 2 ]
Elsewhere /u(y) 1s given by AFY) = /«.(y + aXj )



Since 8,13,8114 ¢ are continuous non-zero function, on
D -51(C0 ), W, is continuous with respect to x. To show

is a homeomorphism for xe U -5(0) it is sufficient to show

that the function, - : given by :-
=y +/My)
is an increasing function on ~0, a(x)J . Since y, : R -»R

is differentiable except at the obvious isolated points,
this is easily checked.
Lemma 2.2. implies conjugates F* and ( 0*(G) ),for all
if D. Finally it is only necessary to check $ is continuous
with respect to x on U., in particular at each 5e¢ Da 2(o)-
Let | xni be a sequence of points in D -j> (0), that converges
to i FUn2 (0), we prove lim c”iy) =<?I(y), for all ye iR .
Given y e/R , there exists N(y)> O such that :-

—a(Xn)<y<a(xJ and -b(xn)< y ¥h(x,,) for all n >N(y)
Henceo—for n >N()2/) ,  <E5,@) = y‘]Z j that2 iB »

rl]_irg §,..() =& (y)

We now prove theorem 2.1 . .

Proof of theorem 2.1. .

"jmly_if* : It i® trivial that if F and G are g-t.e . (™)
then F and G are 1.t.e. U>) at x~for all xe X

1if > . Assume F and G arc [1.t.e. (f) at each xeZ .(I)
Since X Is paracompact and therefore normal, there exist
open sets and (1 ) such that won w, = 0 .
Let X, = X - Wt then X, is a closed and therefore normal space;
X,3 2(1). The function c is well defined and continuous on
X,-Z(1). As in Theorem 2.3. we may deduce that c X,-Z (1) »Rr
can be extended over X,-Z(l)c Xi . But X, -zZ(l) 1is a
closed subspace of a normal X, hence by ITietze Extension Theorem
c:X, -r (D-»<Rr may be extended over X, to a continuous
function C :X,->C ”>_. Clearlyc ;X -Z (0) -*FT wherec jv.e— Z @O =c

is an extension of c:X - (Z(1)°-~(0) ) & (R



%

Let { (U{,Ti bea:k}rivialisation of E, with transition
functions [gg” /Cin O (I). Define a conjugacy ™ "between
F and G on X, such that £ is represented 'by on D; where
<£; is defined as follows : -
for xe P:— fe(0)o 2°(1) ) ,

$x (y) = yUWexp(c(x)/u- (log y) ) , For y> 0 ,

&*(y) =-%u(y) 5
where y& ZIR-*IR is the periodic function of period log |JAF () I

as defined in theorem 2.4. ;

for x e U; n1 Q) , <X is the identity on

for x g Pi. ft5 (D) , "X(Y) =y ly|&d for all ye R.
Clearly conjugates F* and @*'@G)L) on U; .

As in theorem 2.2. we may show that is well defined and

continuous on X.

3, COMPLEX LINE BUNDLES .

3,1 Preliminaries . Throughout this section
77 E -*X or E for short , will denote an oriented complex
line "bundle over X (with the natural orientation ) , where
X @s a paracompact path-connected space. The interrelationships
of p.t.e.ty), Ll.t.e.(y), etc. . for complex endomorphisms

P «mi G are considerably more complicated than those for P
and G real . The local classification problems however ,
have alot in common . |Instead of the local extendability
of the function c determining local equivalence, it is
determined by the local extendability of two functions.

One of these we shall again denote by c , owing to the
obvious resemblance to the function previously denoted by c.
The other function is d . [In the global classification
problem d plays a central role. Intuitively c measures
the rate of expanding or contracting of the fibres of E

by P relative to G as they "move around® X



Also d measures the amount of twisting of the fibres of
E by F relative to 0 as they "move around® X.
Recall that, if Fe: End(E), F, isof the form : -
Fx - v=*AF) v, v <E, ,

where AF : X-* < is continuous.

Also O={xtX /7 X
and A = FxeX /\X ]

0]

1]
Then write A - (UIf,p? ) X - Z-(@-*C -0
where JAIF: X -57(0)-r 11?7 is given by TAr(x) = |JAF )|
and ft : X - zZf (0) 8* is given by jf (x) = exp(iargZ (xX) )
O«arg AFCO <2 Im .
Let F and GeEnd(E) be p.t.e. (/), then
Ze(0) = p(2(0)) =z (°) (eay) and
£ P(D fze,(1)) = 2L(1) (eay) -
Define ¢ ; X - (Z(O)u X(1))-*- I£+ such that,

c is well defined and continuous.
Define JF.G) = (X-1(0),1(l))Hv (570
DX > (/o () - (X)),
where F and G are p.o.t.e. [p>).
Let YCX. We say a map k:(X,Y)—= (5§°,0) lifts ,
if theme exists a map k :(X¥Y) = (¢ ,0) such that the
following diagram commutes : -

(R ,0)

*

,Y) > (" ,0)

where p is the standard covering map O e'e



In general 3 does not lift. However J lifts locally
in X - 2.(°)* That is to say , if J lifts locally, then
for each x,e X - (0), there exists a neighbourhood U of xO0,
such that j/U-iE(0) lifts. For ease of exposition we
shall assume from now on that X - 2. (0) is path-connected
and locally path-connected. Otherwise the various path
components need to be considered.
For each xtt X - H (0) define d*: U - ) —>l{ for
some neighbourhood U of xc such that,

W, = 31U , Tor all xe U - Z_(I)
log 1A" I

Then d« is well defined and continuous for each xe X - H (0).
IT 3 lifts globally, we define e
d :X-17T @ =R *

d(x) =fax) , v , xeX - (X(Huz(o) )
loglA X/

*0 f  Xcl1(0)

For each x/X , there is a neighbourhood U of xf
such that dJU = dx, -

Recall that if FAG” where X (@t S*- (,0)u (1,n))
then X(q) =A (@) or AI(qQ) = NWQqg) - |If the former holds,
any homeomorphism conjugating F and G is orientation
preserving, and if the latter, orientation reversing.

G is the endomorphism of E such that Av (X) = AL(X)

Clearly G and G are g-t.e_(id* ) .



Lenina 3. 1. Let F, OF End (E) -
@ |IfP and G are 1.t e. (f) atg2 (I), then at least
one of the following hold , (i) P and Gare l.o. t.e. (pOat q,
or (ii)P and G are l.o.t.e_(f) at q -

(h) IFP and G are g-t.e. () , then at least one of the
following hold, (i) P and G are g-o.t.e, (f) , or (ii)

P and G are g.o.t.e_(f) .

Proof (a) Let € he a conjugacy "between P and G on some
neighbourhood V of q . Then if is orientation
preserving , there exists a neighbourhood Uc V of q

such that $ k is orientation preserving for all x in U ,
Hence P and G are l.o.t.e. (<> at q . Similarly, if
is orientation reversing , P and G are 1.o.t.e. (PO at q .-

) Let ¢ be a conjugacy betweenP and G on X .
Assume atx, £ X , <, is orientation preserving and at x, (/ 1i,)
8,,kiB orientation reversing . But X is path-connected .
Thus N restricted to the path Joining X, and x* gives a
homotopy between an orientation preserving and an orientation

reversing map , which is impossible . Therefore if P

and G are g-t.e. (pO , then P and G or P and G are g.o-t.e. (/) .

It is clear from lemma 31. that we may construct a
counter-example in which endomorphisms P and G are p-t.e. (/)
in some neighbourhood V of a point xe X , but are not
Il.t.e. (™) at x .

Counter-example 3.1.

Let X = ,and E = X«i1 .

Define F,GE End(E) such that X : X-*C and are
given as follows

re . 0 <i&i*” .

AF(r,&)
Af(r, €) =re;[ , 0=



F and G are p-t.e. (id*) on X, "but P and G are not l.t.e. (id, )
at x = (1,0) or (1xt). Moreover there is no homeomorphism
(> :X-»X such that P and G are l.t.e. (" )at i = (1,0) or (1,tv)
Purtherj taking X =~ -£(0,0) v (1,0) u (14, F )™also P and G
as above, then it is easily seen that P and G are 1_.t_e.(id,)
at x, for all x«X, "but P and G are not g.t.e. (id, ), In fact

there is no homeomorphism f :X-*X, such that P and G are g. t. e. (B

In the above counterexample, P and G are p,t,e. (id, )
on X but neither P and G are p.o t.e.(id,) nor P and G are
p-o.t.e,(id,). In view of the above counterexample and lemma,
we shall consider in this section the concepts of p.o.t.e. (),
l.o.t.e. () and g,o.t.e. (f ).
3.8. Main Theorems.
Theorem 3.1. is the main result of this section in that the
"Complex Classification Theorem®, proved in section 4, follows
easily from it. It is proved later.
Theorem 3.1. Let F,G™ End(E) be l.o.t.e. () at each x?X-E(0),unev
$eX->X is a homeomorphism such that <h(E) a E . Assume
X =21 (0) is path-connected . Then P and G are g.o.t.e. ()
if and only if (@) ifz (1 / 0 ,
@, DIV - ¢(0), Z(D) )
(i) ifs51(1) =0 ,
J*(7u(X -z ©) )=0

1l
o

Definition 3.1. An endomorphism F*fEndiE) is said to

be hyperbolic if 2=Q0) =zf() =0 .

Theorem 3.8.(Local Equivalence of Hyperbolic Endomorphisms .)
Let P,GMEnd(E) be hyperbolic such that for some x,fX

Fx~ gn™NO. Then P and G are 1l.t.e. () at x; .



Corollary S.8.1. (Global Equivalence of Hyperbolic Endomorphisme )
Let P ,Gi End(E) Le hyperbolic endomorphisme that are

p- t. e. () for some homeomorphismy : X—»X such that ?*(E) = E .
Then P and G are g.t.e. () if and only if ¢(»("™(X) ) =0 .

The proof of Corollary 3.S.1. follows easily from theorem?
3* 1« and 3«2# e
Theorem 5.3. ( Local Equivalence on zZz (0) ) .

Let F,Gt End(E) 'be p-t.e. (JO in some neighbourhood
V of sez(0). Assume X -Z (0) is locally path-connected
Then P and G are 1.t.e. (/) at s if and only if for some
neighbourhood DCV of s ,

J*(Mu -1 ©))>)H>=0.

Theorem 3.4. (Local Equivalence on Z(1) ) *

Let P,Gc End(E) he p.o.t.e.(f) in some neighbourhood
V of qe2(l) . Then P and G are 1 o.t.e. (y) at g if and
only i1f for some neighbourhood U*V of q , the functions
c U -X({IJ>»Rr and o*. - D -2. (I)-* R can he extended

over U to continuous functions ¢ :U-* R*and d*: 0 -~/R

3.3. Proofs of Theorems
Theorem 3.1. is proved last , as it depends on the proofs
of the other theorems .
Proof of Theorem 3.2. (Local Equivalence of Hyperbolic
Endomorphisme ) .
We assume E is trivial since the problem is local.
If P*~ @) for some x,eX, then P and G are p.-t.e. (/)
in some neighbourhood U of x0 .Choose U so that d” is
well defined and continuous .
A conjugacy $ between P and G is given by the

following formula --



<I* (r,Q) (rdli 6+ pd*.()log r ) ) , r ~0
$.(0) 0

where p :IR-*8" is the standard covering map

It is easily checked that § is the required conjugacy

Proof of Theorem 3.3. (Local Equivalence on .5(0) ).
The problem is local , so we take E to he trivial
*if~. Assume J*(e,U -.5.(0) ) =0
Then the map j - (U -5(0), x*) —> (S1, 1 ) lifts
for each xoe0 - X(0) to amap J : (O -5(0),X,,)-"- (R, JO) )-

Therefore d, ) =1 , for xf U -5_.(0)
log |AR|
is well defined and continuous . (ds() =0 , for xe Un5(0) ).

Define ~ :(U*G, 0*) — * (U*£, 0X) , such that :-
for xelU -XxX(0) *
~v(r,e) = (rfexp(cO)?™u(log r) )f9 + p(ds(x)log r) )
for xe5 ) t is the identity on C *
where “0» :R-> R is the periodic function of period

logMF()| as defined in theorem 2.4. . It may checked that

¢> is the required conjugacy between F and 0 on O .

*only if* . Let F ,0be l.t.e. (/) at Sé5(0)
Let & :(U*<L, U "101) -»(U*E , U*{Ol) be aconjugacy between
F and 0 on a neighbourhood D of s .

If j*(T1,U -5(0) )/ 0 , then there exists a loop
L, - (sL,0) -*(U -5(0), x,) , for some xc<U -51(0) , that
maps S* homeomorphically onto La(S"), and
j-L0 - (s, 0) (S, 3(%X,,) ) 1is amap of non-zero
degree

Sinceo maps U *J0j homeomorphically onto U * [01,

we identify < - {Ojwith S "and write

<jju *c-ioi= C&‘'. &*)



Also

where S1 IR and ~"1: *g" —> §*
We assume <€ Is orientation preserving . Also we may
assume Ia 0@<)*i- (0jJ is homotopic to the identity on
LO(S“)* C-£)]. For if not , may he replaced hy the
conjugacy given hy the formula
L, r, &> X, '\Asf't;’)‘(llo) , <E(r,e) - §i(i,o))
Clearly (x,1,0)"— x,1,0) ’,)for x«D , and g> 1is the
identity on the loop LO(" ) . Also fixing (rc,6,)E C -ioi,
< maps the path LO(S™)x{(r0, 6.)E toa path homotopic
to LOEG )x{(1,0)£, Thus & is homotopic to the identity on
LO(™ )x (C -10J) .
Furthermore
S« eP* = (7(Q )Xm<g* , for xe 0,
hence EJIAT (), f(x) D)= (MCCO DI, (X)) D))
Define £ : (S',0) —» (Lo(S")xfC- 10i), (X,,AF(%,) ) ),
(W) = (LOW), AF(La(W) ) ):
and ¥ - (S, 0) w (O(")x S", (x0,/F(x0) ),
f@w = oW, "FALOW) ) )

define g : (S'0) = (Lo(S< )*(C -toj), (X8, A*(s0 ))),
gw) = X(<><0 ) ) ):
and g : (5'.0) w (OGS« S j.xi¢*xj ) )
gw) = LOW), pb(<> (LO@W) ) ) )-

We have:,$f = g -

Hence f"and g are

homotopic.

But if f and g are homotopic,

J-Le= (p.f*Le- f-Lj : (S\NO)~(S',;j(xc) )
is a map of degree 0, - contradiction.

Hence J* (tt,(U -X(0) ) =0



vif&

The following lemmas are required to prove Theorems 3.1.
and 3.4.
Lemma 3. 2. Let FeEnd(E) and i riE/U.0«) —? (E/U,0x)
he a local conjugaey between P and itself at q«~(l1)» on
some neighbourhood D of . Assume D -£(1) / & Let

be a trivialisation of E. Asstime qeUc and let
represent $ on DV also write

jJinjc-io]l = ~ |J(r xs-) =

where i/ :I(?*S’ lit* and MR*S*-"S1. Then y~(r,e) 1is

a linear function of re~" and constant in 6 ts", and

Proof. Clearly if Iy, and f|, have the required properties
for the trivialisation {(Oi,z~ , they have the required
properties on any other trivialisation. Therefore we may
assume E 1is trivial and consider and "f*.
Let D be a neighbourhood of ge5T(l) such that Unl(o) = O.
Fi S* f for xtU.
Then (1) Q)1 5* (r,e) = JAF O rf Q+pf(x) ),
and (2) $x(r.6) ¢ £FC) = (I 1,6+ FCO ),
for xtU, and (r.6)e”-]oj .
Let be a sequence of points a(i)n.ﬂ%ﬁi(l) that converges
to g, such that arg ( AF (x,,) ) is™a multiple of 2« , for all n>0.
Qiven”™e S* and t>> 0, there exists an integer m(£i ,y )> O
and an integer N,(m)>0 such that : -
1% - m*"F(xj|<£,, For all n>N, (m).
From (2),
C«N" r»>m™r(xJ ) = ¢eo(rfd) +

for all n>0, and rt IRr .



Since F,]i_@)IA’I ,,)Im = 1 and”fl is continuous with respect
to xtTJ, then for each relR*, givenU”™0O, there exists
N i(£t,m,r) >N, @@ such that, for all n>Nj(£a,m,r)
i n(AF(xJjrr, mpf(xn)) - ~(r#)l < 6Z
Thus N &) = $°N(r,0) +ft, for each r €GC, and aliyi S

i.e. (r,-) Is 8 rotation of S,

We now show, 3™(r,e) = (r,9:Jr), for all~f Sland (r,9)e/£'-{0$
Prom (1), taking m(£ ,y) as above

UFf(xjr @r,0) = &IW(Xn)rr,etn™(X,) )
Given 3> 0, there exists N3(, ,m,r)-> N, (m) such that : -

1 IAFCX,,) 1" e~ (r, 6) - ~(r,0)|<f3 , for n>N3.

Hence (r,9+f) = for all”~c S°,

Lastly to show (r,e) is a linear function of r, and

constant in 9, it is possible to prove (as in lemma 2.1.),

that , For xiv -1(1). 1is of the form : -
3x(r,6)=r exp ( (log r,) ),
where » is a periodic function of period
(log CAl,prx) ), that is
/MN,(r + logb " (x)I,® ) ) =/Mr, £).
Let ixn$ be a sequence of points in U -£(1) converging to
g, then lira log 1A~ (x,)I = 0, ,
and since /ng is clearly bounded , for n> 0 , nl_jgg Sk,
is a periodic function of period (0 D ),
But (r,e) = 3N (r, & , For all jJ£ S".
Hence i' (r, 9) is a linear function iIn r and constant
in9t S'}



Lemma 3. 5. Let F,GEENd(E) 'te 1.0o.t.e. ® at
qfi(l). Let$ : (EA, 0,)-* (p*(TS/E(V)), 0X) be
a local conjugacy at g, between P ana G , where V -2(1) ¥ O
and Vvnz(0) =0 . Let{ J; be a trilviallsation of E .
Then for some neighbourhood DcV, and DC U;, of q ,
< is represented by on U;and <1KjC -{0$ , For icD -1 (D),
is of the form

£.5(r»e) = ( ("i"Ire))UN\ 3f(r,e) + pdd,, COlog (*(r,e))) )
where » ) is a conjugacy on U; , between P: and
itself (as in leima 3.2. )and p :/&-* S " is the
standard covering map .

Proof . The proof follows that of lemma 2.2. ,

and so is omnitted

We now prove theorem 3.4.
Proof of Theorem 3.4, (Local Equivalence on Z (1) ) .
The problem is local , so we take E to be trivial
"it. Assume ¢ !U- £ (I)—R* andd,: U-Z (1)- R
extend over U , to c and dj, respectively . Then the

following formula defines a local conjugacy between P

and G at q
I>.(r,6) = (rct'i 6 + pd» (log r)) , r/ 0 ,
©0)=20
"only if Let € be a conjugacy between P and

G on some neighbourhood U of q , where U -Z (1) / O
and Un£(0) =0
Then by lemma 3.3. , |C-fOf, for xc 0 -z(1) 1is of
the form
§K(r,&) = ( (iUr,6)jt $*(r,e) + p(d™(x)logf.(rfe)))

By leirma 3.2. (r.e) is linear in r and constant in £



: s*> S" 1Is a rotation of S , for each rf ,
and x<£ Ua Z(1) .

The proof now follows that of theorem 2.3. ;that is,
it can e shown that ¢ - D -zZil)-**"" and U—-2Z (hH-*Ir
extend over D if and only if U- 2 (I) extends over

U (which of course it does ) .

It is now possible to construct as in section 2, a
counterexample in which endomorphisms P and G of a complex
line bundle are p.o.t.e. ) in some neighbourhood U of
qf 1(1), but are not 1.0. t.e. ) at g- Moreover P and
G are not l.o. t. e. (™ )Xfor any choice of homeomorphism
j,  X-*X. A minor modification of that given in section 2,
will give an appropiate counterexample for the complex case.
Proof of Main Theorem 3.1.

*if Assume P and G are l.o.t.e. (&) at x, for all xe X-T(o)
and

3 ). (wy(x - r (o),z(i) ) =0 , (S(1)™ 0).
Then 3 r X -2C0),1(1)) = (" ,0) lifts_fer such qft7(l).
Hence d : X - Z (I)-*R where

<169 = ?ogjl$X)6(3ll
is well defined and continuous.

The function c X - (Z(0)az(l) )-*/£"is also well
defined and continuous.

As in the proof, of theorem 2.1.: it can be shown, using
theorem 3.4., that c and d extend over X — 2L(0) and X to
function ¢ and d (respectively). (Note that if
@G D). (T, X -2(0),z(1) ) = 0, then for each s<rz(0),
there existB a neighbourhood U of s such that

3*(IMWU-2Z © ))=0, thus F and G are 1. t.e. () at s).

AN U WUY



Let £ ‘e a trivialisation of E with transition
maps [ gLY that take values in the one dimensional complex

unitary group (s S"). This is possible since X is paracompact.

Let he the conjugacy between P and G on X such that
g> is represented on Ui, by where is given by the
formula : -

for xe Ul - (2.(0)u2(l) ),

&.<r,e) = (rd,) exp(c(xX)yMx (log r) ), 6+ p(eT (x)logr
for x e Ui n5L(l),

&»(r,e) = (re) , 6 + p(d(x)log r) )
for x ¢ U. n X (0),

3>x is the identity,
where /** is the periodic function of period log OOL
as described in theorem 2.4.
It may be checked that is the required conjugacy

between F; and 8 ; on 0; . The proof that ~ is well defined

on X , follows that of theorem 2.2.

"only if ~ . Assume P and G are g.o. t.e. (/) -
Let : E»0«)-* (™*(E)* 0X) be a conjugacy between P
and G . The proof is by contradiction.

Assume @_ X & -3r©®,z > >/ o0

then (@) there exists a path Pd in X -2 (0), not in 2 (I),
Joining g0 and g, inZ (1) @Gi- /7 g, ), such that
3 ): (PO, * <|C) *m (™ 0 ) has winding number k /7 0 ;
and/or () there exists a loop Le at gc in X -21 (0) , not
in ~ (1) such that J 9L, : (8", 0) — (S“, 0) has
non-zero degree

Consider case (@) - e Jpa is trivial and since
we shall only be considering over Pol , we take E

to be trivial



As 1In theorem 3.3., we assume

§x(1,0> = ( @.0), cg(1,0) )= .0
for x e pQ .

Since 8- Px = (<f (0) )x*§* ,
$A MpCOl (x) )= (MF(A(x) ) , /56N (x) ) )
for x a Pci .

Assume arg (AF(@*) )< arg ( AF(@Q, ) )-

Define iF - Pd* 1 -* Pa such that
if(0>-):1-» TFg»]* iT- i0] 1is a counterclockwise
path in S* joining (.,0) and Af(g0 ): and
iFx, - ) -1 — {xi* IR*- fOj 1is a path joining (1,0)
and AF(X) in (j x tR*- ;Of , which for convenience we take
to he the union of copies of the paths iF (@Q,., - ) and
AF(Pox)» where P«c PO, , iIs the path joining gc and Xx.

Define ifr= eiF - PQ, * 1 -=* Pot x o/

Then 1& (X,-) is a path in fx$ x 1?7 ?0j joining (1,0)
and X\ §g &) )-

We show that iF (g,, - ) and i 6 (q(, - ) have the same
winding number. Note that, since is orientation preserving
* |P, *K - ¢0j is homotopie to the identity. ThuB if
iF (X, - ) is a counterclockwise path in jx! » - £0j ,

then so is 1& (X, - ).



Theorem 3.4. implies there exist neighbourhoods Uc and

U, of ge and q, (respectively) such that ¢ : U;. —£(1)-*£ +

and di; : - 2 (Ijf1? extend over Di to functions

c - U;— ft2 and d*; : O ,(1 =0,1). Then from lemma 3.3. :
§*j:(r,e) = (T'l 9+ p((0™ (gjlog r) ), G =0,1).

Clearly is the identity on S ", and a rotation in 6

for r 1 . Hence it is easily seen that iF(qi,-) and

»-) have the same winding number k, .
But j = -fiF) - ®, , g0) —* (°, 0 is of
winding number k / 0 , which implies it(qi*~) is a path

of wirkling number k + k, ~ k, - contradiction

Case (b)) . The proof here follows that of theorem

3.3. and so is ommitted .

Counterexample 3.2.

Let X = 1 and E = 1 *C . Let P , Qe End(E) be such
that AF - I-*»<L and X~ I-*<L are as shown in the
figure below . It is easily seen from the figure that
F and G are l.o. t.e. (A at x, for all xe L. It is also
clear that 3 p-(rd ,[0,1J) )™ 0 . Hence from
theorem 3.1. , F and G are not g.o.t_.e.(id). Moreover
there is no homeomorphism ¢ : X -* X such that F and G

are g.o.t.e. (™) .



4. PROOF OP CLASSIFICATION THEOREMS .

Most of the work needed to prove the classification
theorems has "been done . In this section we consider
conditions under which the functions c and d may he
extended. The most natural, arise when X is a finite
dimensional differentiable manifold without boundary.
The line bundles E

, In this section are all < bundleB

over a 12 manifold X .The endomorphisms of E are (?-maps.

4. 1. (Complex case ) . Let F, G be generic
complex endomorphisms of the bundle E¢ that are
p-o. t.e. (™) in some neighbourhood V  of gcej (1) where
j, s X ¥ X 1Is a diffeomorphism . Then for some

neighbourhood UcV of q0 , ¢ U -2_.(1)-*"r and
d, -U-2(1) -*/£ extend over U to functions c : 0 IR *
and . : U—-—» IR .

Proof. The problem is local . so we may
take E to be trivial and X = jiC , n>1 .

IT Ab: ie transversal to the stratification

$ , then so is (.J is defined 1in section 1.3.

We shall in fact only require that Xf and are
transversal to S"cfit,".

We prove firstly that for some neighbourhood D c V
of g3,c U -1(1)-»r extends over U .

Since Af and X*'/ are transversal to S1 ,X () is
a submanifold of (IF of codimension one [-2.] .For some
neighbourhood D of g» f there exists a local coordinate
system centred at o such that x = (X,-... , xn)t Un 2.0
if and only if xn=0 . We may use polar coordinates to

write

AQJ ---- X)) = (ALK »>Xn)# ~ (X, ....Xn) )
A K f-..-PAn) — (/NPT #BXn) e, F...Xn) ) .
Write b(x) = loglA|I™M) and a(x) = logHT(xX) , then

)



c(x) =b™xj , for all x* U -£(1) , t(xX) = a(x) = 0 for

all xe Un2_.(1) .
To prove c:U -£ (1)>/extends over U , it is sufficient

to show that , for each q = (Xt,..x** 0) e UNSKI)

limb(MXx----. - | exists, is non-zero , and varies
a(x, X, )
continuously with q . Then define c(q) = limb & ... .Xn) ,

*) a®X, ,-- ,XN)
for each ge 0d2.(1) -

Since Af and )?-> are transversal to S1 ,

/™Mx)) ji 0 and (Ma(x)) |/ 0 , for ge DnJ(I).
V bx,, )% " K /t
Thus Blim b(x.... xn = li exists and is
agx, ) Aty
M# »Xn)/
non-zero . Furthermore the continuity of tib and "a
X, "SX,

on U , ensure the limit exists and depends continuously

on gel.

To prove & <U-2(1)-*-1IR extends for some
neighbourhood 0 of g , over U. it is sufficient to note
that if F and G are p.o.t e. (f ) on V3 U, then /F(q = ASCE@Q)
for all ge U a2(l). Then the proof follows that of the first

half of the lemma.

The “real® version of lemma 4.1. is stated without proof.
Lemma 4.1. (Real Case ) Let F.G be real generic
g-endomorphisms of EK that are p.t.e. (4§ ) in some neighbourhood
V of ge Zz (I) where X -* Xisa C - diffeomorphism,
then for some neighbourhood UC V of q, c¢: U - 2(1)~»

extends over D to a continuous function ¢ : U —» .



-

Proof of Theorem 1.1, (Real Classification Theorem)
Lemma 4.1. (real case) and Theorem 2.3. imply that
F and G are l.t.e. (yi ) at x for all xeX. Hence the

result follows imnediately from Theorem 2.1..

Lemma 4.2. Let F,G he complex generic 6 ‘“ endomorphism*
of the bundle Ec that are p.t.e. ) in some neighbourhood
V of g.¢ 2. () where N : X-> X is a <L°- diffeomorphism.
Then in some neighbourhood Oc_V of qCXI) F and G are p-o-t.e. (
or (ii) F and G are p.o.t.e. ) on U.
Proof The problem is local, so we assume E 1is trivial
and X = (Rn  ,n> 1.
For g,, not in the counterimage of (1,0) or (1,tt) the result
is immediate.

Let gqee (Af)y* (1,0).
We need to show that there exists a neighbourhood Ucv of g0
such that (i) for each qegaf (I), AP = A(%5@Q) ) (and
hence F and G are p.o.t.e. (® ) on U ) or (ii) for each
ge Ua 51(1), AF(q) = (q) ) (and hence F and G are
p-o.t.e. (¥£) on U ).

If dimX =1 , AF: is not transversal to [(1,0)J,
and therefore F is not generic . Hence we assume X = (@
and n>1 .

Since A and A-y are transversal to the stratification

G , A and A*W are locally surjective at g, -

Furthermore Zp(D) {x £Z (DI O0< arg(AF X)) <

and D) = {*£ 2. (D] IT<-are K (X))< Arj are
submanifolds of / of codimension one and
ZF(D ={x e Z QY Ap(X) = (1.0jjl is a submanifold of
codimension two. Clearly 5777(1)H 17,7(0) = 0. Similarly

2Z(i) n rj(i) =o.



Note 2°() = zE(1) = 27”(D). Hence for some neighbourhood
ucv of q-,
u 0~r(l)=uUn(z;(Du zr@M (1))

=Dn(i:(1) u £TQ) uf(i) )
Trivially (i) U n T*(1) Un ¢e(1) and U O

or (ii) DA 2-;(D Ua ZJ(1) and U A

Proof of Theorem 1.2. (Complex Classificatio

ZEQD) = Uaz<:G)
ZF() = Unzj(l)

n Theorem.)

Let P and G be p.t.e. ) where : X->X 1s a

C* - diffeomorphism. Prom lemma 4.2. x62(1), P and G

are p.o.t.e.(”) in a neighbourhood of x, or

p-o.t.e.(”) in a neighbourhood of x. Apply

P and G are

ing lenxna 4.1 .

(complex case) and theorem 3.4. we have, P and G or P and G

are l.o.t.e. ($) at x. For xe X- (S(o)u~rT(l) ), the

result follows from theorem 3.2.
Similarly if P and G are p.o.t.e. (),
are 1l.o.t.e. (M) at x, for all xt X - X (°).

then follows from theorem 3.1..

then P and G

The result
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Chanter 5.
THE LOCAL CLASSIFICATION OP CERTAIN ENDOMORPH ISMS OF REAL
PLANE BUNDLES.

Introductlon. In this chapter we give a partial solution
to the local classification problem for generic endomorphisms
of a plane "bundle E = X & ~ where X is a manifold. The
solution is partial in that local equivalences are given
only at pointB xe X, such that the endomorphism on the fibre
over x are not of the type <+ Id, =+ Shears, -+070 and Null
(these are all defined in section I).

We shall identify the space of real 2x2 matrices,
M(2,2) with End( )- Also M(2,2) is identified with 1R* .

In section 1, we list the topological conjugacy classes
of M(2,2): indicate their structure as submanifolds of (zt ,
their interrelationships (bifurcation diagrams) and the
stratifications of ~ that they define (a more detailed
treatment of neighbourhoods of *"Id", ~"Shears™, *0 » O, and*“Null”,
is given in chapter 4). The main theorem of the chapter is
then stated at the end of section one without proof. The
proof is given in section 3. Section 2 deals with the
local equivalence problem for endomorphisms of X * where

X is an arbitrary paracompact space.
1. CLASSIFICATION OF ENDOMORPHISMS OF
1.1. The Topological Con.lugac.v Classes. The work of Kuiper

and Robbins f>1 leads to a complete classification of the

endomorphisms of /Rl . The results in this section extend

those of J%e Oliveira in \>J who considered the stratification

of O*'((i? )c.M(2,2) defined by the relation of topological
conjugacy, (a number of the results were found independently

by the author).



To simplify later discussions, we give a table of the
topological conjugacy classes of M(2,2). Some of the
classes split naturally iInto two components. Two
endomorphisms belong to the seme component if and only if
they are orientably topologically equivalent. Roughly-
speaking, there are three groups; (i) those determined by
ranges of eigenvalues, with determinant non - zero.
(ii) those determined by linear type. (iii) those with
at least one eigenvalue zero and type determined by range
of the other eigenvalue.
Table 1 is given overleaf.
GI/( IRl ) has fourteen classes and two 1 - parameter
families of classes determined by orientable topological
con;Jugacy - It has twelve classes and one 1 - parameter
family of classes determined by topological equivalence.
End( ) has thirty-" two classes and two 1 - parameter
families of classes determined by orientable equivalence.
It has twenty-nine classes and one 1 - parameter family of

classes determined by topological equivalence.
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TABLE 1. (Table of conjugacy classes

Ranee of Eieenvalues

Name of class if
of M det M>0
/A iny L SA >0 expansions
0 <Mil</.o<///1 contractions
JAIf>1 . o0<aA,< 1 saddles
1 /\J>I -/ <0 twisted saddles
sid W 1 x expansion
1 x contraction
A-/ 0 <I/W<I
- . - 1 x - expansion
u j., JA ki,
=7 Qi< 1l x - contraction
A,--1 A -/
Conjugacy
Linear type of M, Name of 1st component
det M> 0
Rotations . the one-
feos 0 ' - parameter family of
| G<iei<h classes determined hy
e J 8, O0<9<-"
if A O'l A=A fl ol 1 0"
Id* 1=
Sheers
A, 1] Al = o
i
t0 "M o - EJJ
o 1
o 11 OXO——
o]
o o
Null.
= 0 , rRange 0f At Names of

oxexpansion

0 »-to-it'o-t'-i

of* M(2,9)

Name of class if

det M <0
- expansions

- contractions

- saddles

twisted saddles
1 x - expansion

1 x

- 1 x expansion

_ 1 *

_ contraction

contraction

I~ I

Class.

Name of 2nd component
-Rotations, the one-

parameter family of
classes determined hy

Q - T< B<¢IT.

-Shears

MJ !

* —
-0 *0 o
Classes
0<1 0 *<itrto->
Q c*-expansion
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1,2. Differential Structure and Bifurcation of the Conjugacy
! Classes™

Much essential information concerning the topological
and differential structure of the conjugacy classes and
their interrelationships can he found hy considering the
smooth map:-

f 1 M(2,2)—> @
1 (D) = (det M, tr M)

We indicate on the following graph the subsets
representing the various classes of M(2,2) i.e. F"™*-(subset

indicated) is a certain conjugacy class.

-3

X SCLtM

Inside the parabola yl = 4x, the points represent
matrices with complex eigenvalues. On it, they represent
matrices with equal eigenvalues: and outside it, matrices

with distinct eigenvalues.
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1f2. Differential Structure and Bifurcation of the Conjugacy

! Classes”®

Much essential information concerning the topological
and differential structure of the conjugacy classes and

their interrelationships can '"me found 'by considering the

smooth map:-
f :M(2,9)—>
) = (det M, tr M)

We indicate on the following graph the subsets
representing the various classes of M(2,2) i.e. f-1(subset

indicated) is a certain conjugacy class.

matrices with complex eigenvalues. On it, they represent

matrices with equal eigenvalues: and outside it, matrices

with distinct eigenvalues.



IT MFM(2,2) is not a diagonal matrix with equal
eigenvalues, then T is regular (or a submersion)at M. Thus
f*(L,) and F"“(-L,) and ¥ (L ) are ("N-submanifolds of
M(2,2) of codimension one. Furthermore for each point P
on these lines T _l(P) - [t1d | 1is a submanifold of

codimension two in M(2.2).

We give the following table of codimension and

topological type of the classes.

Con.iucacy Class .
xexpansions, x saddles, Each, O Each, S"<IRJ
x contraction, xtwisted saddles
+ 1 x x expansions Each, 1 Each, SMR!
*1 x zcontractions

0 * + expansions Each, 1 Each, S*xIRl

0 * x contractions

Codimension. Topological Type

O =T Each, 2 Each, S™ R
1x- 1 2 S <R

| -parameter family of Each, 1 Each, iR3
xRotations o o
Each rotation 2 —
Shears u Id Each, 2 Each, cone.

- Shears u -1Id 1

0aOvVvNull Each, 2 1 Each, cone.

- O« Ou Null

TABLE 2.

OO i ©

~ © ® W



The "bifurcation diagrams at any point He 14(2,2) are
easily deduced from Pig. 1 and table 2. For example if

MUe ’Rotations”, we have the following figure:-

) contractions u expansions (Hi)

Rotations

1,3, Stratification of 142, 2) and Main Theorem.
The twenty-nine classes and one 1-parameter family of
classes of 14(2,2), determined by topological equivalence
are all regular submanifolds of 14(2,2) and stratify 14(2,2)
(to obtain a connected stratification, take the thirty -two
classes and two | - parameter families determined by
orientable equivalence). Moreover it is easily checked
that the stratification satisfies the Whitney condition-
(@) (See de Oliveira for a similar result for QL+ ((RL),
Call this stratification™ . As previously, giving (X, ft" )
the Whitney £"°-topology, the subspace of ¢T™X, IR") of
(th-maps transversal toj , is open dense in X, iRh)

If Pe End*(x* ) , then F« :{xJ*IRI— £xj *Ri is

given by -

F*(x, ¥) = X, AFQ)Y ) where
Xe: x -* End(Pl) - is a C -map (see section 2) ,
We shall in future identify () with its matrix

representation with respect to the standard basis on !

for all xfc X .
Definition 1.1. Let Pi End"iX *R1) , where X is a

<-manifold . Then P is said to be generic if X : X

is transversal to the stratification j



Let HCM(2,2) 'be the subspace consisting of real
2 x 2 matrices , none of which are linearly equivalent
to (i) Shears , (ii) = Id, (iii) £ 0*0 , or (iv) Null.
The main theorem of the chapter is :-
Theorem 1.1. (Local Classification , relative to H ).
Let P ,0 he generic (f*-endomorphisms of a -bundle
X *1~ , where X is a 6" -manifold . Let P and G he
p- t.e. (<§) where j :X -* X is a diffeomorphism and Af(x)
and A*"(x) are in H for all xe X . Then P and G are

1.1. e. [j») at x for all xeX ,

2. REAL PLANE BUNDLES

2.1. Canonical Model for H . In this section, we
take X to he a paracompact space and E to he the bundle
X * . It is in fact not neccessary to take E to he
trivial in the local classification problem However
since there is no continuous function Af ; X » End(IR)
associated with P e End(E) ,when E is non-trivial,
it is not clear how to define “genericity”. There
are also the technical problems associated with choice
of trivialisation .

A canonical model A" in tR* is constructed for the
endomorphisms He M(2,2) of .That 1is, points in the model
apaceAa- represent matrices other than those of the type :-
+ Shears , 10 <0"in canonical form relative to the standard

basis on v .

- - r ] <t
V/e take the following identification of M(2,2) with k"



Thus wfX*® 1is identified with the matrix
Wiowi where w3 = 0 if w, / wx
SWp Yz,
For F t E,F, > [xd3* — (x?%xK is of the form :-
P* (OGYy) = X, NGO Y)
where X :X End( ®) <* M(2,2)~-*/>* is continuous ,

X x Al > X ~1?* End( RL) X - fR*

X @ *X * 2 X< AX AR - * R (i,3 = 1.2)
\V J e ____ *

; w = -
Thus F is a £* -map ~ Xt is a g-=-mapc=> QFf*-is £' -map.

Write (Ac) mV, , ( M =X, (A =Af , (AF~= E =-1

/C lies in the hyperplane of i given hy w3 = -w_
W% shall in future omit the w"* — co-ordinate when speaking of

points inA

Because of symmetry about the line w, =*: and the (w,3wj

plane, we restrict our attention to the subset K of

given hy



Thus wf-H" 1is identified with the matrix
Wl Hf where w3 = 0 ifw, 7/ w,
L-w, Wi

For FtEnd(E) , F, : 7X] <IR —m(x?*fc* 1is of the form
Fx xy) = &, AC) y)

where Ar :X = End( iIRX) «* M(2,2)"~/?” 1is continuous .

X ¢ ft’ > X XIRI* End (iRz) ,dKeuy X * IRl
X &——*X X X XIRE X *fR* < (R (a,3 = 1,2)

Thus F is a C* -map 45, ~ is a (T -map<=> Qf/jis ~ -map.

» (¢F)y =AS, (A), =A , (F = =-A

/f7 lies in the hyperplane of given by w3 = -w,,
We shall in future omit the w* - co-ordinate when speaking of
points InA * .

Because of symmetry about the line w, = w; and the (w,,w]j

plane, we restrict our attention to the subset A, of k\'

given by



<«

/t = £@W, ,w2,w3)</C IW|?2 Ti ifw, =0%nd w3>0 ifw, = wzj

(Roughly speaking, any family of matrices in ~ - {line w, = w,}
is locally linearly equivalent to a family in &~ - {line w, = w.J
M* = {(w, .,w,.w de/i / w, =wL,Wj=0 -
X" = {(w, ,wt,w, )IM/ w,> wlfw, - 05

In ™" , the points represent matrices with strictly complex
eigenvalues (i.e. non - zero iImaginary parts). Points inM’
represent diagonal matrices with equal eigenvalues: and those
in t\~ , matrices with real distinct eigenvalues.

Define EndA, (E) c End(E) to be the eubspace consisting

of endomorphisms P such that A QQt/T for all xt X

Similarly define End*.(E), etc..



2.2. Local Classification of EndAx(E).

To prove local equivalence of endomorphisms F and G
in Endv(E), it is only necessary to apply results already
obtained for real and complex line "bundles. It is not
completely obvious just how to do this. The next few pages
indicate precisely how The exposition is split into two

obvious parts.

2.2(A) Consider Snd™-(E).
Let Fe End*.(E). In some neighbourhood U of x* X, we
may write FJU : U*E-* T -
FIU=F,P) - UX(JiINEB)® U * (A< iR)-*U*(IR<«FO$)OU* (i0i *%)
Where F*(y, ,0) = (AUX)yi , 0)
ALO.,yw» =0 Awy.) . forall (v.,y.)eFR
(We take (yi ,yj to 'te the standard co - ordinates of a
point in AR ).
We identify F"and F"with obvious endomorphisms of the

line bundle U >R .

Define, M = {xtX | M/ = 7/
A1) = £xeX | MIX)I = I/
where F «End *~ (E)
Let F,Gt End a- (E) be p.t.e. {<£)
Then JUD = f°(C2U1) ) = ), (say) ,
and = ft?2:i() ) = 2,0, (say).

Similarly define 2, (0) and 2,(0)
Define c, : X - (2, (D o2, O)»I2 : -

c,(xX) = log_|-=m"~G)!
1 log Mi ()1

And similarly define c; : X - (2,(1) ok,(©) )->IR



Lemma 2. 1. Let F.,Ge End™_ (E ) be p-t.e. (™) in a
neighbourhood V of x~ X. Then P and G are l.t.e, (» )
at xc if andonly if P" and G* are I _.t_e . ) at x,, as
endomorphisins of V»R ; also F1 and Gx are 1.t.e. {.</) at X
as endomorphisms of V *R .
Proof. 4
"if*. Assume F* and G* are 1.t.e. () at x,, and let

(U*iR ,0*)—F(U«R ,0*) be a conjugacy between P*
and G1 on some neighbourhood 0, cv of xt .

Similarly let <= (UNMR ,0M)—» (U/? >0*) be a
conjugacy between P1land G “ on UZVct x. .

In the obvious sense,

$ = (8\<$9) : (U.nUj tF* _00-*(U, rtUi*KA0x)

is a conjugacy between P and G at x,,,

"only if Assume F* and O “ are not 1.1l.e. (p) at
Xo . Then it is clear from chapter 2.2. that
~Nx) = ) =1 (or -1 ) .
Let (U*IRV, O*) —* (U*R=, 0*) be a conjugacy between

P and G on some neighbourhood UcV of x,,.

It is easy to see that §x. maps the y. -axis to the y, - axis

For U "small enough®™ , we may assume <€ maps the y2-axis

to the yL-axis 1In ¢xj * R* , For all xtH.

But &J yi-axis , for xe U - Zz2(l), is of the form
yL>*yL exp(c,(x)"(logy) ) , fory >0

where » : ®B-*iR is a periodic function of period

loglAlx)/.

Hence <g ju -iTJI) extends over U if and only if

c2 - U (1)-»/?” extends over U .

But if oi extends over U , Fland Gl are 1.1.e. (® at

X. , (chapter 2, theorera2.3. ) - contradiction .



The following theorem is immediate from lemma 2.1.
and theorem 2.3. 1in chapter 2..

Theorem 2.1. ( Local Classification on ) uez ).
Let P ,01iEndA.(E) he p-t.e. (&) in a neighbourhood V
of x>t X, where (i) x.eX.(I) and/or (ii) x~tl/1) . Then
P and G are l.t.e. (i) at xc, if and only if for some
neighbourhood UcV of x<,(i) ¢, : U —=X,(I)->* and/or
(1) §.: 0 - ~.(D-*R+ extend over U .
(Note , x01i2.(1) rel,(I) if \f (x.) = (1,-1,0) . )

A more general form of this theorem can easily be
obtained. Let Fe End(E) and AF:XX —*Bd(fR") be such that
for some x,tX , AF(QK,) is a matrix with real distinct
eigenvalues. Then for some neighbourhood U of x ,
there exists a unique Endn.E/U) such that P/U and
F* are locally linearly equivalent at Xo,
( the eigenvectors of AFf(X) can be chosen so as to depend

smoothly on /(x) and therfore continuously on xt U )
Thus if P and G * End(E) are p-t.e. (?0 , then for

X1 X, such that A (X) and A*.~(X) have real distinct
eigenvalues , there are neighbourhoods U of x such that
a, @ ,J3,(1) , c.and c, are well defined . Hence
theorem 2.1. is extended in the obvious way .

Similarly a more general form of the following
theorem is easily given . f, (0) and ™ (0) are defined
in the obvious way .

Theorem 2.2. (Local Classification on 1, (0) u 1JO) ).
Let P,GfcEnd™.(E) be p.-t.e. (/) in a neighbourhood V
of x061,(0)01/0) . Then P and G are I.t.e. (/) at x. .

Proof. The proof follows from lemma 2.1. and theorem 2.4.

in chapter 2 .



2.2.(B) Local Classification on /1*

The local classification of endomorphisms Ft Endx-"E)
follows easily from our results on endomorphisms of complex
line "bundles.

Let Ft End/<4-(E), then P~: is given by
Fi .yl = (AFQQy, + /780Jyz., - Al Yy, + A, Qy*)
(recall AF(X) = -"i(¥) )-

Identifying IR~with C , we have

F* 12 -A(M) + i FQ) )z

Let F,G FEnd™(E) be p.t.e. (M).

Define Z (I) = {x*X ~"(X))* +JOYi = NMe20)Ji + =1j
and 2 (°) =[x tX WX = = 0j
Also define ¢ : X - (1) <=2(0) ) —»IR” such that

Let €9 avg(ATQGY + TAS() ) N (X) = arg(/<i() + 17500 )

We assume X -2(0) 1is locally path-connected . Then

d,. is defined in a neighbourhood D of x,, £EX - Z(0) as
in chapter 2.

The following theorem is just the real plane bundle
version of Theorem 3,2. of chapter 2 ( re~+ated for the
readers benefit ).

Theorem 2.3. (Local Classification on Zz(l1) ) .

Let F, G<€End”™E) be p.o.t.e. (?0 in a neighbourhood V

of x0el(l) . Then F and O are l.o.t. e. ) at xB ifand

only if for some neighbourhood UcV of x° , ¢ : U -2(1) —wA>*

and d,. - U - £(1)-* R can be extended over U .

Let Ft End(E ) and x.tX , such that Ar (x0) has
strictly complex eigenvalues . Then for some neighbourhood
U of x”~ , there exists a unique endomorphism F,, t End™(E/U)

such that F/U and F* are locally linearly equivalent at x,,-



Thus theorem 2.3. extends to the obvious more general form.
2.3. Hyperbolic Endomorphlsms.

We have not yet considered local equivalence on/f“.
It is not difficult to give a local classification with
respect to/!° (i.e. a classification of End™o(E) ) at points
other than “Null, and x1d", 'by a direct method, hut it is
lengthy. Moreover the results do not extend easily to
more general endomorphisms Ft End(E) at points xtX such
that AF(X) has real, equal eigenvalues (not =*1,0) (the
construction of local conjugacies around matrices of the
form o aJ , Af*1,0 is not trivial). Therefore we give
the following theorem, which provides a local classification
of hyperbolic endomorphisms of not only but also z
Definition 2.1. An endomorphism End( X*f1'") is
hyperbolic if it is an automophism on X-"R"1 and for each
XtX, OL(*R”) has no real eigenvalue of modulus 1
nor complex eigenvalue of modulus 1.

The following theorem is a modification of a result
due to Robbin LxJ .
Theorem 2.4, (Local Classification of Hyperbolic Endomorphisras)
Let E be the bundle X *R , fI>0. Let F,Gi End(E) be
hyperbolic endomorphisms that are p.t.e. (/ ) at x.tX.
Then F and G are 1. t.e. ($) at x..
Proof. We shall in fact prove that F and K_are
1.1. e.(idx) at Xo, where Fo* End(E) is the “constant”
endomorphism, such that APFP(X) = A™ixo), for all xt X
Similarly it can be shown that £*(Qj and 970 ) are
l1.t.e.(idx) at x . The result follows.

To simplify the proof we assume F 1is “pure contraction”

(i.e. all the eigenvalues of »~ (X) are of modulus < I) at

each x in some neighbourhood V of x . If not, we split



h2

PIV into (F*,F") and V«fRn into (V< WpJx»(v™ W?) where W,T(X)
and W] (x) are the suhspacea offx* , Invariant under F»
and F* (respectively). Similarly Pe= (P*,P;). Since P
and PO are p.-t.e. (idx) in V, the dimensions of ) and
Wfo(xX) agree for xtV (and of course those of Wp(x) and
W~o(xX) )= We may assume that the subspaces Wi (X) and WN(x)
are equal for all xeV, if not, we may replace P by an
endomorphism locally linearly conjugate to P. A conjugacy
5 (if it exists) between P and Fc may be defined by (j+f-)
where «~conjugates F*and F+ and <E~ conjugates P and FT.
Hence it is sufficient to consider P, pure contraction,
or pure expansion.

Given | , the ¢j-norm of 5 is given by

BH. = bujd 1 XV/]
IT 1 is <, define the <?-norm
HSU, = {ijSHo + sup jbS M a

Robbin in [ij proves that a hyperbolic endomorphism f
of is structurally stable (this is a restatement of
Hartmans theorem [7J ) that is any diffeomorphism g
sufficiently ¢’-close to f iIs conjugate to f. It is clear
from the proof that the conjugacy set up between f and g
varies continuously with g in a neighbourhood of f in
Diff (hI?). He in fact goes on to prove f is absolutely
structurally stable. To apply this result to obtain our
theorem, we would require F, and Ft* to be " "close for x
near x_. But HIP¥/, is unbounded. Hence we first approximate

F*, for xtV by a (@ function which is ¢Fclose to P,x for V

sufficiently small.



Define O : V<]R%>]R , such that for each xeV, £Us g¥4
non - negative, with compact support and equal to 1 on a
neighbourhood W of 0 e

Now define f* :IRr-*IRn such that

=) = "MWMPFY) + A- 0°(y) ) Fu(y) .,

for all xeV, and yt IRn.

Then £* is "*and f,|W = F/W, for all xt V. Furthermore
fx can be made arbitrarily 6-close to Foxby suitable choice
of neighbourhood DcV of xc. Thus by the absolute structural
stability of P.x, xtV (Robbins result [7J ), there is a
conjugacy y* (Rn ,0) -»(™" ,0) between * and PoX , that

varies continuously with x, for x in some neighbourhood D

of x .
Now define ; (litr ,0)-*( /7°,0) by
&> (Y) = C-yx-Po" (y). for all n> k.
Where FO'™ (y) fy*1(W), for all nik and xtD, is well-

defined, independent of n, and the required conjugacy
between Poland Px, for all x iU, Moreover $*. varies

continuously with x, xeO: i.e. P and RO are l.t.e. (id,).

3. PROOP OF LOCAL CLASSIFICATION THEOREM RELATIVE TO H.

In this section, we take X to be a manifold and
E to be the bundle X *E . The space of C- endomorphisms
of E is denoted by End“(E)-
We reduce the ganeral local classification theorem 1.1.
to a local classification theorem for endomorphisms in

End,,-(E) < End”~E)* that are generic in the following sense.



Consider the following stratification of

(i) ¢W, ,wif0) E-A_l w,=1, w1
(0) ¢ & Trmowt=- 1, w1

(iii) {w, w.,0)i>T | #p=1T

(iv)  { (w, W2,0) ¢AI'l v =TI

(v) i (w ,w2,0)e - =TI yv,=r23

A

i) A" -¢(Hu (i)o (iiDu (iv)u Wj>

Trivially it is a stratification satisfying the Whitney

condition-(a)-

it
Definition 3.1. Let Ff End™(E). Then F/generic if
X: X is transversal to the stratificationl)' (A-).

It is clear from the previous sections that given

P and O in End(E) that are p.t.e. ) then for any xé X,
such that X (x) and (X) have real distinct or
"hyperbolic®™ eigenvalues, P and G are I.t e. ) at x.

This holds true,irrespective of the differentiability
conditions on E, X etc The differential criteria are
needed to prove local equivalence in the neighbourhood of
matrices with at least one eigenvalue of modulus (real or
complex) one (Vzx Id, tShears ).

The following lemmas reduce this general problem to

the equivalent problem on/H® and



Lemma 3.1,(Xr) Let P be a generic € - endomorphism on

E = where X is a W=manifold. Then for each xef X,
such that Af(xO) has real distinct eigenvalues, there
exists a neighbourhood U of x0 and a unique endomorphism

End*.(E/0) such that P= is generic and such that P

and P~ are locally linearly equivalent at Xo.

Proof. Assume X (x0) has real distinct eigenvalues, then
there is a neighbourhood 0 of t, such that for all xe U,
AF(X) has real distinct eigenvalues. The eigenvalues of
AF (X) depend smoothly on (X, ), , A*(X)) and therefore
on xt U. Clearly then , there is a matrix reduceing X (€9)
to diagonal form that varies smoothly with xt O i.e. we
have a local linear equivalence between P and a unique
endomorphism End£(E/U) . it is now only necessary to
show F< is generic. The reduction of X (*) to diagonal
form determines a smooth map L in a neighbourhood of

~F (x0)iti\1 such that the following diagram commutes

It is easily checked
that L is regular in a
r neighbourhood of/fc) .

Thus 1f X 1is transversal to the stratificationJ® (M (2,2))
at Xo, X* is transversal to the stratificationJ (A— )

i.e. F* 1is generic.

Lermia 3. 8. Let F,Gé End".(E) be generic and p.t.e. (?)

in a neighbourhood V of xD in (1).k,() and /7 or (ii)~ (D),
where” - X-~X is a i- diffeomorphism. Then for some
neighbourhood U<”V of Xt., (i) ¢, : U -5,(1)-*",r and / or

(if) ¢, - U - 2 (D) -*R" extend over U.



Proof, The proof follows that of lemma 4,1. in

chapter 2, and so is ommitted.

And now a lemma , similar to lemma 3.1., reducing the
general local classification problem in the neighbourhood
of a matrix with eigenvalues of complex modulus one ,
to the simpler corresponding problem on A.r,

Let 01 ~ I wi= *xx*+w/ ) =11

i-e.” represents the matrices inMi4with eigenvalues
of complex modulus one .
Lemma 3.3. (A*) Let Fe End°°(E) be a generic &- endomorphism.
Then for each XotX such that /A (x0) has strictly complex
eigenvalues, there is a neighbourhood U of xc and a unique
endomorphism FAMEnd™MiE/U) such that P and P* are locally
linearly equivalent at xD, and furthermore U -
is transversal to at x,,.
Proof. Assume Ar (xc) has strictly complex eigenvalues.
Then there is a neighbourhood D of xc, such that AF(X)
has strictly complex eigenvalues for all it U. Hence

N (X) reduces to t'-e unique form

where a(x) + ib(x) are
the eigenvalues of '\r (X) .
(b(xX) > 0 for xe 0 ). Clearly a(x) and b(x) vary
smoothly with xe U . Thus P determines a unique endomorphism
FAe Endt. (E/U) . It is easily checked that P and F* are
locally linearly equivalent at x> . Further the local
equivalence determines a smooth map L : IK"-*A + such
that the following diagram commutes
It is ensily seen that

L is regular at \f(*).



Thus if AF is transversal to the stratification”™ of M (2,2),

XM is transversal to at
Lemma g. 4. Let F,Ge End™(E) 'be such that AF and A* are
transversal toy™ . Also let P and G he p.t.e. () iIn a

neighbourhood V of x e~(l) where”~ : X-*X is a

diffeomorphism. Then for some neighbourhood Uc V of x,,
c :D-2 (1)-~ and dx : U-2. (D-*(R\ can be extended
over U.

Proof . The proof follows that of lemma 4.1. in chapter 2.

The proof of the "main local classification theorem”
is now complete.

To summarize:
local classification of generic endomorphisms Fe End”~E)
at points xt, such that AF )¢ =H and

(i) AF(x0) has one eigenvalue 0, follows from theorem 2.2.

and lemma 4.1. ;

(ii) AF(x0) has at least one real eigenvalue of modulus
one, follows from theorem 2.1. and lemmas 3.1 .,3.2.;

(iii) AfF(xq) has an eigenvalue of complex modulus one,
follows from lemmas 33. 3.4. and theorem 2_.3.

(iv) A" (x0) is hyperbolic, follows from theorem 2.4..
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CHAPTER 4.
THE LOCAL’CLASSIFICATION PROBLEM AT BIFURCATION POINTS
OP CODIMENSION GREATER THAM ONE. ™

1. Introduction.

As previously indicated, the local classification
problem so far considered is effectively “the codimension
one®” problem (see chapter 1. ). |In this chapter, the
codimension n, (n = 2,4) problem is considered; that is
the local classification problem in a neighbourhood of
** Shears® (codim. 2), ** 0 *0" (codim. 2), "*I1d? (codim. 4)
and “Null® (codim. 4). At the time of writing no complete
solution to these local classification problems has been
obtained. However there are some partial solutions.

These are included in this chapter, together with sub -
stantiated conjectures and some plausible but unsubstantiated
ones.

The general aim of the chapter is to point to the
difficulties of the problem, to present some techniques 1|
have used to obtain my partial solutions, indicate their
shortcomings, and suggest modifications of the problem
Itself. For example in the neighbourhood of “mld-or *Shear,
a more natural (but not easier) problem is the local
classification with respect to "local orbital equivalence~
(see section 2), I conjecture that the problems are
equivalent.

A further notion of equivalence is suggested, "deleted
local equivalence®. Basically a local deleted conjugacy

at X. (say) is defined only on an open - dense subset of a

>ifciMfaimfclimat,



neighbourhood of xu. It reduces the problem, effectively,
to a codimension one problem, and as such may be easier to
handle.

The difficulty of writing this chapter, has been in
the sifting through, of the mass of partial results, long
messy proofs etc. , and putting them in a form convincing
enough for the reader to understand the difficulties and
believe the conjectures. Unfortunately the techniques
are inelegant, unsophisticated and generally lengthy.

This is not totally or simply a reflection on the state of
my mind of my thesis, but of the subject of bifurcations.

The contents of the chapter are then as follows.
Section 2 deals with the local equivalence problem in the
neighbourhood of "Id* (although this may be the most
difficult problem, the simple situation we consider (on/t)
best illustrates the techniques employed in this chapter).
8ection 3 deals with the local classification in the
neighbourhood of a "Shearl, and the notion of "deleted local
equivalence® 1is considered informally. Section 4
considers briefly the 0*0 and Null bifurcations; only
conjectures are offered, (possibly naive).

Lastly throughout this chapter we take X to be @
-manifold (unless otherwise stated) and E to be the bundle
X *ft* . We reserve the right to call upon whatever class
of endomorphl!smsand whatever assumptions best illustrate

or simplify the exposition.
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2. The Local Classification Problem In a Neighbourhood of "ld=*

2.1. The Stratification$ of fi? near ~Id!

Recall/!"™ = [(w, ,w,,w,, wv)tt/ w,w, w,=0, wr-w.J ,
and =1 (w, ,wzWj »wt)i™"/ w,*w3 if *j= 0, wr~ 0 If w,= wJ/L

A neighbourhood of ~Id* in/~(or>i ) is the air.ulest
(non-trivial) on which to consider the local equivalence
problem. We can even give a complete local classification
of End™iE). The models (or (t ) is far from being generic .
A three-dimensional neighbourhood of "Id" gives a more
precise picture of the stratification at "“Id". The easiest
way to obtain this picture is to’fill out* H' 1i.e. take
the whole hyperplane (w=-wof A» . Call it
The picture is given overleaf.

Notice that F“Rotations " is part of an elliptic

hyperboloid caught between the planes |w, - wi= Zwi
(these planes represent matrices with equal eigenvalues).
Further this surface intersects these planes in the lines
given by its intersection with the plane w, + 2,
(these lines represent * Shears ). To see how the

individual rotations foliate this surface, we give a

2-dimensional view of the surface looking along the line

w, = W., w,=0 towards (0,0,0) on the positive side of (1,1,0),






2.8« Z- and ™ - orbits.

The notion of an ™ - orhit system of a matrix At GI/( R¥)
is essentially that of the flow of an associated linear
differential equation. It may he defined however without
reference to differential equations. The important technique
associated with the ~ - orhit system of a matrix A, is that
of associating coordinate systems with the R - orhit
system of A, Then with families of matrices we associate
families of .coordinate systems, thereby greatly
simplifying the formulas for local conjjugacies. Unfortunately
at bifurcation points, the coordinate systems undergo
rather drastic changes. Provided the bifurcation points
are of codimension one, a study of how the orhit systems
merge at these points, gives some idea of the form the
local conjugacies must take in the region of these points.
For bifurcation points x,, of codimension > 1, it is often
clear that a local conjugacy in the neighbourhood of xe
must be the "identity®" at x, (see sections 2.3. and 2.4.)

To simplify the exposition, in the following, we

assume that the matrices A,B etc. are all close to "Id"

or a "Shear™ in GL*( )-
Definition 2,1. The R - orbit or orbit path of a
matrix A (near Id or Shear) through is a map

&y*): R -* A2 , such that

& (7 YY) “ Agyc .
where Ae is defined to be exp(tlog A ) ;exp:H(2,2)-* OL(E*)
is the standard exponential map and"log”"is its local
inverse in the neighbourhood of Id or a Shear; (e.g-
log 1 jj = ¢l )-

The i\ -orbit system of A ink is the map

fa . R*R*~—* /R | such that-Ci(y* ) is the

I\ - orbit through yc of A , y.f -



Alternatively we may define it asa subdivision of »

determined by the solutions or orbits of the differential

equation , dy = (log A)y ,
dt

Definition 2.2. The Z-orblt of a matrix A through yO is
a map zZ*(0) : Z — such that ,
Zf(yo)(n) = AnyO , yre/"2

We shall refer ambiguously , to Kn (y-) and Z%y,,) as sets
in @i ,( "directed” in the sense of t or n increasing ).
Clearly Zfl(y,,) c Ge)
Definition 2.3. IT A and Be GL*(IR?) are matrices near
Idor a"Shear”’, A and B are said to be“orbitally equivalent”
(orb. e. ), if there is a homeomorphism Y ;(~>°) —» (£%0)
such that'f takes /£,-orbits 1iInto /7j-orbits and -y
takes Re> -orbits into Rn -orbits .
We may also define the notion of polntwlse orbltally
equivalent (£), p-orb.e. (¢¢)- Further, 1.orb. e. at xzj.or xW

We conjecture that:if F and G 6 End(E) are p.o.-t.e.(0)
in a neighbourhood V of xf H (Shear) (or!1 (Id)l then F and G are
1. 0. t.e. 2?))75}(.if and only if F and G are l.orb.e.’ X at x,,

Ve make the following informal observation in support
of the conjecture : l.o.t.e, (fr) 1.orb.e. {<f) .

Let | A*jbe a sequence of matrices in GL”~) converging
to Id . zZ~(yc)C ™Mt,(<) » for and all n> 0.
Taking the “limit® of these sets Z%&(yt) and "(y- ) (for
example the T"inverse limit" can easily be defined), we
have lim Z?y«, ) = 1im ®,,) - Thus any local
conjugacy in a neighbourhood of Id, is arbitrarily close
to any local orbital equivalence .
The converse 1i.e. 1l.orb. e. 1.0.t. e, ) is more

difficult. To obtain a local conjugacy from a local orbital

equivalence , one has to “reparametrize® all the orbit paths

so that "Z-orbits " go to *“Z-prhita®. =  ——————-———— - *



8.3. Local Classification at Id" In M. .

A neighbourhood of "Id* in,M is shown below.

The main result of this section is the theorem 2.1.
The important part of the theorem is the “only if*"
(or"neccessity") part . It indicates a new type of condition
for local equivalence (nhew in the sense that it was not
needed in the codimension one classification problem).
The =if" (or“sufficiency”) part does not have any real
importance since the choice of neighbourhood of ~Id*
(i-e. in/{) is very artificial. Nevertheless a proof Iis
given iIn section 2.4. in order to demonstrate the technique
of using families of coordinate systems.

Let P , Oe En™E) be p.t.e. (/).

Define J (Id) =\xt X/ AF() = Aj*x) = Id ] .
IT Iin some neighbourhood 0 of Xot2(ld) , P and Q have the
property that A* (x) £M* if and only if X-f(x)ex* s ,
then P and Q are said to satisfy the “/(*“- condition-.
In the following theorem the endomorphisms satisfy the
V{"-condition®._ but it is only used in proving the "if"
part , (it is not needed to prove “deleted local equivalence~

- see section 3.).

JL



Theorem 8.1. (Local Classlfication on ™ (1d) ).

Let F,Gt EndA (E) be p t.e. (/) and satisfy the "~*“-condition”

in some neighbourhood V of xC0£I>(ld). Assume the functions
c”0j.jC and d~, all extend over some neighbourhood uc V of*x,,
to functions ¢, ,c*,c and di, (respectively) where d, xX) = ¢ ),
for xi U, and d,,(xX) = -0 for x such that \r (X) and ,\y(x)e/i~]j
xiU , Assume U - JST (Id) is dense in U. Then F and 3 are

1.1.e. (YO at x,, if and only i ft(x) = I5for all xe Ung¢ (l1d).

Proof, "if". This 1is proved in section 2.4.

eonly if". Let <& : (U*G?f 0X) —> (U*£4 , 0X) be
a conjugacy between F and G on x0.
Let U(sd), denote the subset of U such that Ar (X) and A7 (x)
are in "saddles® for all xe 0(sd). Similarly define U(rt)
U(ex), U(ct), U(lex),U(lct), D(Id).
As in lemma2.2., in chapter 2. , the general form for a
conjugacy defined on U(sd) can be found. Firstly it is
clear that for each xé U(sd), any homeomorphism conjugating
F,and ~*(g XX must preserve axes . Then the general form
for a conjugacy between F. and ,XE U(sd) , Is =
for y, ,y{>0 ,
(yTexp(c,ix)?u(log y, .log yj). y/exp(cjx)(logy,,logyj) )
where” : is a periodic function of period
(log-Vi(x) , logN\B(xX) ) , and /itc is similarly defined.
As in previous arguments of this type.it can be seen, if xi U(ld),

that $x 1is given by

But it has been shown (lemma 3 3. chapter 2. ), that for
xt U(rt) is of the form -

(rx', e + d,-()log r )



Trivially , then & 1is the identity . for xi Uni(ld).

Therefore c(x) =1 , for all xtUAZ(l1d).

The orhit systems of F*and G,in a neighbourhood of

X,<r*.(ld) are as shown below.

It is evident that if F and G are p.o.t.e. (), then
any local orbital equivalence between F and G (if it exists)
must be the identity at x.eMild). It is not so clear
however that this implies c(xj =1 . I conjecture (and
can probably prove)that this is so.

We show by counterexample , using theorem 2.1. , that
if F ,8fF End(E) are p.o.t.e.(f>) in a neighbourhood V of x*
in ~ (Id) , then it is not in general true that F and G
are l.o.t.e. U) at x,, , even if the functions c(, c£,e and d,..
extend (as in theorem 2 1.) over V .
Counterexample 2.1.

Let X = , E=X*® , and F.G e End,f(E) are given in

a neighbourhood U of (1,0) as follows. Before defining

-u >*( and AU “mA , we simplify their forms by
defining new coordinates on M*, (W ,w/ ,wj ), where

wf = w, + w. , wi = Wj-JV , w/ = w, .



the plane{wj*= 0$and Wi> 0 ; / and A are expressed In
standard cartesian coordinates in”~ and H « D in the upper
half -plane of ftimaps under Afand \b into the planetw/= o]
and w/f 0 ; A'and A& are then expressed in polar coordinates
in £ and A .

f oA(*.*30 =(¢*,x*,0) , xX"~0, (x,,n)i D ,

c ~(r »e)=( ,0 B, o , (r, e)e U.

C A, X, ) —(2, — 1,2x», 0) t Xjio, & ,Xi )tD,

Ab(r ,6 )=(2r2- 1,0 ,9) , 9i0, (r ,e)*U.

P and O are p-t.e.(id,) , c|f oz ,c and d extend over U ,

hut c¢(1,0) = 2. Hence P and O are not 1.t.e. (idx) at (1,0).

Similarly a counterexample can he constructed.

Theorem 2.1. is stated in terms of endomorphisms in End™(E).
However a similar theorem concerning generic endomorphisms
can he given . i.e. we may show that, given P,Qt End™(E)
are generic and p.o. t.e. {<») in a neighbourhood of x0EzZ(l1d)
where N:X-*-X is a diffeomorphism , then if P and G are
l.o-t.e. (f) at x, ,"e(®) m 1 for all xf IMS*"(Id) , ( the
converse is false ). To construct a counterexample similar
to 2.1. hut for generic endomorphismB is very complicated
since the dimension of X must he at least four. It is

reasonable to assume such an example exists.



Remark. So far we have not considered the following
problem; given P.OiI End”~E) are p.o.t.e ty) for some

diffeoraorphim”™ X-*X in a neighbourhood of x.£j (Id), then
is there a diffeomorphism :X- =X such that F and 0 are

l.o.t.e.(®) at To ? The problem is alot more difficult,
and possibly not such an interesting one , (compare the work

of Arnold on Versal families of matrices £ 1J).

8.4. Proof of"Sufficiency " in Theorem 2.1.

Recall a neighbourhood of "Id" inA .
We shall construct a local conjugacy

at Xoi™(ld) between P and G on DcX
The construction is non-trivial;
and so .rather than write down
the local conjugacy without explanation, the details of the
construction are presented(informally). The techniques
employed will be used again in a more difficult construction
in section 3 .

The difficulty for the reader , will be in the mass of
notation needed . It is a good idea for the reader to think of
U c X as a "copy* of a neighbourhood of "Id* in/{ (taking
X mfc) .

Recall U(ex) ="x £ U/ \ (x) ani®”~(x) are ’expansions’'] .
Since P and G satisfy theM"-condition * , some further

simplifying notation can be given

Define 0(ex4) {x tV(ex)/ (xX) and X'f (xX) have complex or p

real equal eigenvalues

u(ex,R) = \x t%ﬁgx)// () and”™y(x) have real eigenvalues/”.
The sets U(ex ), U(rt)/ are shown below in a neighbourhood

U of x. in X =(IL. (Noteyty is a subspace of//?1)



We shall only construct
the conjugacy
on the shaded region
of D. The conjugacy
elsewhere Iin D , is
constructed in an analo
or obvious fashion .
The construction is simplified by associating with Pi End™(E)
a family of “polar-coordinates on U(ex) .
Construction of a family of*polar®coordinates for F on U(ex ) .
The i1dea of the change of coordinates presented here

is to"straighten out®, the orbit paths for - Then
relative to the new coordinate system the orbits for ARJ
will be rays through the origin , giving a "natural system
of polar coordinates®™ relative to F*.

For xt U(ex"), the change of coordinates is given by
the homeomorphism <f (X): IRI*/R; defined by the formula

o(x)(y, *y*) = (y. » ylyt =)

where h F u(exn™) is given by

hf(1) = 10og/Cx) , which is well defined and continuous.
10 gri(x

We then take polar coordinates (rr,fyf,) _.where
roy, ,72) = (y1 + y*)K , and
5,(y, -yt) = tan"1(yjyA" D

With respect to these polar coordinates, the endomorphism

In fact c>: U(ex™)*M1-» U(ex,i)"/~t ,ie a homeoraorphism.
(Note. tan(vf, (y, fy, )) is the intersection of the orbit path

of \r (X) through (y, ,yt) with the line ya= 1 (for yt=0).)



Construction of a family of ’polarl coordinate systems for
F on U(exr).

The “straightening out®™ homeomorphism<?i(x) for x<i 0(ex<r)
Is a little more difficult to define , since the orhit paths
for AF(xX) through (r,e)tli? are spirals. However these spirals
are given hy a simple formula

JiM(rfB)(t) = (AQOPr , © + jSXx) ) , t >,
The point of intersection of each spiral with the unit
circle (and any other circle centered at 0 ) is unique.
Thus we express the points of fK in terms of these intersections
and r . We have then,

0> e Qiex™ >*fX' — * U(ext)™* is a
homeomorphism given hy
crr )(r,e) = (f. ,vF, ) , where rf(r,e) =r

and vf (r,& -9 - f X)I0K r
( ) Io(il)Tijr

As previously , define FO*: O(OX4)*~ —“m U (exc) *(RJ ,

such that FO*= OF*F|U(ext)« aP 1, and then
FF(reE, ,vf, ) = GAFQQIrF, ,vA )

Note that aFl(u(exc)n U(ex™) x/?%) , is well defined,
i.,e. Cp: Uiex)»In* —  Uiex)*1?1 is a homeomorphism.
Write/~M(x) ="™M(X) , xeU (exK)f
=IAF(x)l , xe U(ext) .
(ext) po
Then for each xf 0(ex), F*(rF, ) = (AfQ)r,r, ,vB ) .

For ease of exposition , take N :X-*X to he I1d*.
As above , define a homeomorphism™trOiex )«iV.F-* U(ex)-(K?L
and G<r , such that GT(r<™ ,Vv&, ) = (AQ)N,,, ,V&. ) .

q/

Note that e(X) = logM (X)) , For x* U(ex).
log X1 (X)



The construction of a conjugacy on P(ex).

To define a local conjugacy $ "between F and G on U,
we First define it on U(ex) . This is done "by first
constructing a conjugacy on U(ex) between F® and G¥' .
The following observations motivate our choice for

(ij_The conjugacy to be constructed is to preserve

orbits.
(11),The orbit system for (), xt U(lex) 1s as shown.
Any local conjugacy on a neighbourhood =
— % L S— _—
of xt U(Iexf( that preserves orbits N S
- & >
must be of the form — « J—»——
(y. (- >y~M) on o(iex).
an. Fix (,y* > 0) , then tan(vg,(l,ya)) = y*'v> .

Let (1.y/V~t»6 such that taniv/~d.y/)) = tan(v*(l,yx )),
then y' = y2™J.
Finally note that
Ca.(x) = C, Qhf O ,
(hJ 3}

for all Xfc D(ex™)

(iv) - A local conjugacy in the neighbourhood of a
point x.eO(rt) is of the form
(r,®)*+ (rdti © + d*.(x, )log r ) at x,
where d,,,(x, )-* 0 as x,-* U(ld).

w) -Fix (1,«)e S* , then v,, (1,6) =0 -£f(x) »
— loglnx)/

Let (1,0")« 8° be such that T<Fil™6") = v"«d*6) »

then 9' =9 + 2*%*(x) -y (x)
logu“Q)l logiAn )l



Now for x£U(ex) , define o UiexIXIRT-* U(ex)* IR* >

such that ¥ - 1#",?7) , where r~"(gX*Vv. ,v8) = $£(r ,v0,
and VX(fr@rv,)) =T 00,9, %)»

gifl 81 is given 'by the formula
$1(rr.,vFfK) = (r~ , tanUtanvf.>tan™®H)) )

where e(X) ="c(x) ¢ (I -~cpc?) » **  D(ex)

Recall c(xX) = c(x) , for xeD(en™),(and h¥(Xx) = D),

c(x) , for xeU(ex”™)
Then e(x) = 1 , for xt U(ext)u O(ld) , and e(X)-> c,(X

as x DWex) , (hFX) = 00" on u(lex) ).

The construction of the conjugacy
~conjugates and G”on U(ex). The local conjugacy $
on D between P and G is defined such that
AJu(ex) 0" * §mc corF (1)

then the following diagram conmutes
fdued

An——— > UED* IR.I<— b*-  U(ex)*IR*

AU(ex)N pA>>" uiexJINMGT A U(ex)N

> N « N - 2" 5
UCex)*®1— gr— n(ex)*iK"

N “ HI/M
It is necce8sary to check that $Ju(ex) extends naturally

to a conjugacy on D(lex) and 0O(rt)
Por xe U(exc) ;
from (1) , we have that,
c(r.0) = & ©+ d*(x)log r )
which clearly extends naturally to a conjugacy on 0O(rt),
(see ch.2), and father extends to the identity on U(ld)

provided c(x) m 1 on U(Id)



8*

For xe u(exfv,

£* (. yx) « / il

for y, fyl} 0 , and then symmetrically about the axes«
(the function la well defined at (0,0) and on the axes ).
It is not difficult to check that®]Ju(ex) extends naturally
to a conjugacy on O(lex) given "by
8v(y. -yJd = (y-lydry.fy/1°D .
The eonjugapy $ on U(sd) is defined by a similar formula.
On U(ct) , the conjugacy is constructed as on U(ex) “nd

thence on U(lct). Finally is the identity on U(ld).

Remark. We could have defined a conjugacy § on a deleted
neighbourhood of U(ld) i.e. on D - U(ld) (a“deleted™ conjugacy)
irrespective of the behavior of c on U(Id) . It is also
apparent from the construction of ~°" that the”°-condition
was not needed to set up a deleted local eonjugacy. The
M° -condition should be regarded as a condition determining
the extendability of a "deleted local conjugacy " to a
local conjugacy . ( It is actually difficult to prove
this assertion rigorously ) . We expand on the theme of

deleted local conjugacy iIn section 3.

3, The Local Classification problem for Shears.
3, IPeleted Local Equivalence
From the picture in section 2. showing the stratification
f of£i in a neighbourhood of 1Id in &Eﬁﬂﬂggﬁg&lane {wj«-w,J
we deduce that any two-dimensional disc/transversal to $

bifurcates as shown below , (take,tor example,a disc in
in a plane parallel to the plane fw3= 0J



In order to obtain some insight into the local
classification problem for families in the neighbourhood
of a Shear, we need to consider some restricted class of
endomorphisms of E (such as EndA (E) ) - The ‘“restricted”
class iIs chosen so as to make explicit formulas for local
conjugacies as simple as possible . Unfortunately no such
class of endomorphisms exists that are generic in a
neighbourhood of a Shear. Since our solution to the problem
is incomplete , we choose a class of endomorphisms that
best illustrates the technical difficulties of constructing
local conjugacies in the neighbourhood of a Shear, and
further best illustrates the technical problem of the
construction of "deleted local conjjugacies®. The endomorphisms
in the class chosen are not generic.

Let Ai -{ (w, ,wt,w, ,w,, W w3 =1, w,= 0]

A point iIny?j represents a matrix in the form

The formulae for explicit conjugacies between matrices
in the simple form of those i n”~ , are fairly complicated ;
this makes the problem ot constructing local conjugacles
in the neighbourhood ofL<e : technically very difficult.
I have been unable to construct a single local conjugacy ,

even after assuming the "nicest” possible behavior of the

endomorphisms near Y |



bs'"

However one may construct relatively simply, local conjugacies

in a deleted neighbourhood of a Shear , that is a “deleted
local conjugacy*. We give a provisional definition of the
notion as applied to the situation considered in this section.
Definition g.1. Let P, G €End(E) be p. t.e. (™) wheren: X-*X

is a homeomorphism . Then P and G are deleted 1.1.e. (/) at
x*tX(Shear), if for seme neighbourhood U of x0 »there exists
a homeomorphiam $ : D - JT (Shean)«li\ -* U - X (Shear) »/R f

such that the following diagram commutes

(U - 1(Shear)<R2, 0,) ~KU - ¢(Shear)* , 0X)
$ U - X(Shear) 8
(U - Z (Shear)x|R* , 0,) -?(U - Z(Shear) , 0%)
O

The definition may be reformulated so as to apply to similar
situations , such as deleted equivalence at x.ir(ld)

The general idea is to delete bifurcation points of -

uca
codimension> 1 . 1 conjecture : if P ,Ge End"(E)Xare p.o.t.e. )
where M ;X-* X is a diffeomorphism , then P and G are deleted

l.o.t. e ty) at x , for each xeX-X(Null) .
The construction of deleted local conjugacies is non-trivial
and is illustrated by Theorem 3.1. , where a local classification

for endoraorphisms in End”~E) on” (Shear) is given relative

A,



Note that there is symmetry about the line £w,= w,]. Any
family of matrices in the lower half plane is locally

linearly equivalent to some family in the upper half plane .
Thus it is only neccessary to construct a deleted conjugacy

in the lower half plane . In fact , we consider only

the shaded region shown , elsewhere»as in Theorem 2.1_., it
will '"be clear how the deleted conjugacy should he constructed.
The construction is in terms of R -orbits as in Theorem 2.1..

These are shown for matrices in the® shaded region of/ls .

w, i
° \
W, > 1)



Note that there is symmetry about the line {w,= w,J. Any
family of matrices in the lower half plane is locally

linearly equivalent to some family in the upper half plane .
Thus it is only neccessary to construct a deleted conjugacy

in the lower half plane . In fact , we consider only

the shaded region shown , elsewhere, as in Theorem 2.1., it
will '"pe clear how the deleted conjugacy should he constructed.
The construction is in terras of R -orbits as in Theorem 2.1..

These are shown for matrices in the®"shaded region of/ts .

ejtpeniiani &)
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The functions c,, cxare well defined for F,G t En3~(E)
that are p,t.e. ) -
Theorem 3.1.( Deleted Local Equivalence on ~ (Shear) for End”™iE) )
Let P,8F End™IE) he p.t.e. (fi) In a neighbourhoodVof x.*2, (Shear).
Assume for some neighbourhood DC V of X%, , that the functions
e(.c* extend over D to functions c, and . Then P and G
are deleted 1.1#e. () at x. .
Proof.
To shorten and simplify the proof we make the following
assumptions without loss of generality
(1) .We assume < :X-»X to he 1idx.
(ii) We assume AF(X) has equal eigenvalues if and only if
A°(X) has equal eigenvalues ,for all x in the neighbourhood
D of xe , We denote the subset of D such tat Af(X) and
Ab(x) have equal eigenvalues> 1 by U(ék), and the subset
of U such that AF(X) and A”x) have distinct eigenvalues > 1
by UM™X). U(ex) = U(ex) uU(EX) - / N
(ilDWe shall construct a /7 D
deleted conjugacy only on
the shaded region shown.
On U(sd) the deleted conjugacy
is given by a simple
explicit formula (as in theorem 2.
Elsewhere the deleted eonjugacy is constructed as on the
shaded region , and can be written down without further
Justification (and so is oramitted ) By 0(ex) we shall always
mean the shaded region shown .
(tv) The homeomorphisms constructed will leave invariant the

yt— axis t and therefore will be given only on the upper

half-plane« Iy. —axis}.



In order to obtain simple formulas for the deleted
conjugacy, Ffamilies of “polar®coordinates for F and G are
constructed as in theorem 2.1,,

A family of “polar* coordinates for F on U(ex).
The orhit paths through (y?y* )E~I(yt> 0 ) for A (X,
x £U(ex), intersect the line y*= 1 (and any line parallel to it)

33 NCY-Ca

point of intersection , R\ &+ is

a continuous function of (y(y, ) and

X e U(ex).
Let ¢, .y ) = tan W(r2, ¢, ,y*) ) . y*> 0
= % ,(-%) , y* =0, vy,>0,@,<0).
VI, Sh , Is a continuous function of (y .y, )
and x € U(ex)
= y*, y-=o0

( a more natural choice would have been (y2 + y*tanv,.(y, .y, ) ) Y1
however the former simplifies later work ).

The"straightening out®™ homeomorphisra is given by:-

G_-l:(x) - (y1 !y*) ~u ( rF1 » Vfu )

Remark. It is iIn fact not neccessary to obtain explicit
formulas for e”(x) in standard coordinates. However 1 give
them "below to indicate the technical problems of working
in standard coordinates
For x e P(ex) ,
where X(x) =Af(x) =, .

y &, ,y*) = tan"( _si
y-
ri ¢, .y,) = (y*  + (y- y.to



For xt U0(Ffx)

where KF(X) = AF(X) - AI(X) -

Note. as X

Another family of “polar® coordinates for F on U("c).-

The family of “polar* coordinates already defined on U(ex)
are clearly well defined near hut not on U(lex). In
Betting up a local conjugacy on U(ex), the question must
he asked ay to what determines whether a local conjugacy
on U(ex) extends to a local conjugacy on U(lex). This
qguestion has already heen considered in theorem 2.1 . .
A new consideration arises in the present problem. Namely,
any local conjugacy near D(lex) must send eigenvectors
to eigenvectors (they are no longer fixed as in theorem 2.1.)
Any simple conjugacy defined in terms of the (r6 ,TFj-
coordinates (shove), does not send eilgenvectors to
eigenvectors. We therefore construct another family of
"polars®™ on U(£x). They will he based on a local linear
equivalence between F and Endn(E) (see chapter 3.)

Define a linear change of coordinates

AJ : -EAN , such that,

A* ¢y = v+ _ Y . Y- ), xe ul) -
kTu)

(Al gives the linear equivalence between AI(X) 1 and

o /.



Then we"straighten out* with respect to this new "basis

as in theorem 2.1. ,i.e. define (X)) : *E*, xt U(™X)

as the composite map:- €2 e

@ 2> (it _Zio> Y (6,6 * >*GET & fa
Mi) KF (S vi

MOV YR) = & ) -

The transition from one family of ’polars®™ to another.

Ve have a family of “polars® for F with the required
properties near U(lex) defined on U(£x), and a family defined
on U(ex). The families are not equivalent . Hence we require
an intermediate stage ’between’ U(ex) and U(lex). Fortunately
there is a natural ’segmentation’ of U(ex) associated with
P that enables us to effect a continuous transition from
one family of"polars*to the other . The segmentation ia
defined by the sets ( xi U(ex) /7 hp(x) =const.[ ; N X =1
on 0(ex) and hf(x) = "« " on O(lex)

Define segF(n,m) = jxs U(ex) / m hFfC)s m j|
and segr(n,<») = ~xt D(ex)/ n (h f(x)<tol
(Note. A similar segmentation is

defined by the function

a5, ) = £° () —ef(x) , In a
r 10g|AT*)T

neighbourhood ofx«iX(ld) for P and G in HEd,,

The required family of ’polars® for F on P(ex)
Before defining the final choice for a family of “polars *
for P ,( (sf )» we make the following observations

motivating our choice

. If . Y- )Y T %
O) SH ¢, .Jr*) . »y-) Ig:g ,;_/)/ Ox<; U($x5

eK (/,y, +y*."()y-) - 3

= Xi()sr (, ,Zx)



(11), Fix ¢, ,y*)t/Rl. tanvpjy, ,y*) , (>0 ), is the point
of Intersection of the orhit ofA"i*) through (, »y*) with

the line yx =1 , whereas tanvf(y, fy*) is the point of

orj T"y~yJ = tan"(tan VAY, ,y] +k_%(x-) )

We have |, vh (Y, LY, )<=> vi(y, -y, ) defines a horaeomorphism
of S* , as (y .,y* ) ranges over the orhit paths ofAF(X),

(for example fix y2 and let y, range overR ). Note also

that

defines a homeomorphism of S as (y,»yz) ranges over the

orhit paths of X (X) « for each £ (X) , xt D(ex).

The ’straightening out " function C£ is defined as
follows
On segp(l, *>>
a, (D, .y,) - @, ) -
On segp(2>9) sP UAF*
0 () ¢, )

where £ : segP®@,3)” [0,1j is the function such that
s () = (hFGO - 2 ).
On BegP(3,M),
afCy, .y4) = (/X .v/.)

crF - UiexJIxIRl —» Uiex)*~" , 1a a homeomorph ism.

Define F3'= o>eFlu(e)»cr/* , then FF maps (§X to



Similarly define CE: Uiexjx™*"—» U(ex)x]£z , and 0 a~

Gfmaps (s”.tocd to (A*;()abc ,E0,)

A deleted local conjugacy on U(ex).

Define$ :(U - £ (Shear)xfT , 0*) - (D -J (Shear)«E*, 0X) ,
such that*"jtd(ex) = az'd a~f
where ~ 1b defined as follows
On segf(1f2) ,

Z00

On segF(2,3),

$r(sk- & )
Oon 8egFQ@,D),

§r<mrm (¢ -
Note that in 8egF(3,°°)n segf@,m) , the homeomorphism §x
is similar to that defined in theorem 2.1. near U(lex),
with a linear change in coordinates . Thus it is easily

checked that f extends naturally to U(lex) , such that:-

$,(y.,)- ((yenr>1=*7* " ) .7%2 0.

On U(sd)f>, is defined "by a similar explicit formula .

On U(ctX&is defined as on U(ex) , and thence on U(lct).

Thus $ is the required deleted local conjugacy at XotX(Shear)

3.8. Remarks on the Extension of a Deleted Local Conjugacy
to a Local Conjugacy .

It is apparent from the above that any deleted local
conjugacy in the neighbourhood of x=£2. (Shear),when expressed
in standard coordinates is extremely complicated; and
deciding when, how or if, a deleted conjugacy extends to a

local conjugacy is very difficult. It seems reasonable to



conjecture that a neccessary condition for a deleted
conjugacy to extend is that c (xX) = 1 for xFf D(Shear).
It is very likely that the condition is not sufficient .
In section 2. ,a deleted local conjugacy was constructed
(effectively) in a neighbourhood of x,tE(ld) , that extended
to a local conjugacy. It is reasonably certain (though
difficult to prove) that this extension was possible for

two reasons. Firstly we assumed that c(xX) =1 on U(ld),

and secondly we assumed F and G satisfied the /f -condition
i.e. that AF(X) em® if and only if Ae()e/T , xfO.

The /(*“-condition ensured that any conjugacy constructed

sent spirals to spirals and non-spirals to non-spirals.

The analogous situation in the neighbourhood of a Shear

is greatly complicated by the behavior of the eigenvectors.
The eigenvectors of AF(X), xi D(li) , coalesce as A(xX)approaches
not only 11 , but also [o\] (the rate at which this
happens is determined by the function kF(x) =X(x) - A )-
A condition that effectively®matches up® orbit systems

would need to be Ffirstly in terms of the segmentations

of O determined by F and G (e.g. eegF(n,m) c segb6(n,m) for all

n.me Z ) and secondly of the form kF () 1 as x -* D(Shear)
k b (x)

Even under these severe restrictions | have been unable

to construct a deleted conjugacy on any segment that extended.
It is clear that a detailed analysis of local conjugacy in

a neighbourhood of a Shear is best attempted in terms of

the natural segmentations. One may alternately view such

an analysis as a study of local conjugacy on the “blown up*®

neighbourhood of a singular point (that is a point in D(Shear)



Ab a final conment on the " matching up® problem

for orbit systems (cf. M.9— condition ) , we give the

following picture showing the images of the sets fkF(X) = const.]

and FThF(X) = const.] under the map Ar in M< yxelHex).

4, The Local Classification Problem for 0x0 and -Null.

4-1 . Bifurcation diagrams and stratification near Null and Q*-0

From the picture overleaf showing the stratificationj7of”

in a neighbourhood of Null in the hyperplane <fw,=

we deduce that any two-dimensional disc transversal to S

containing a Ox 0 , bifurcates as shown below.

The four dimensional bifurcation diagram for Null is obtained

by rotating/Hj about its boundary plane (see section 2 )






4.2_. Some Conjectures

0x0 .

The difficulty of establishing local conjugacies 1in a
neighbourhood of a 0» 0 matrix is mainly due to the
technical problem of finding simple homeomorphisms
conjugating matrices of the type [ol] (any generic
neighbourhood of a 0* 0 contains matrices of this type).

It may well be that the pointwise equivalence of endomorphisms
in a neighbourhood of a 0* 0 does not automatically imply
their local equivalence, (compare the O-eigenvalue problem

for real 1» 1 matrices ). It seems possible that further
criteria need to be considered , to establish local

equivalence.

Null.

The difficulty of constructing local conjugacies in a
neighbourhood of Null 1is again partly technical (any generic
neighbourhood of Null contains 0* 0 matrices ). In the
deleted local classification problem (deleting 0*0 and Null)
there 1is still the problem of various "obstructions® to

constructing deleted conjugacies . | conjecture that :

if P,Oi End(E) are p-t.e. () in some neighbourhood of x~SI(Null)
then P and G are deleted l.t.e. ty) at x, , provided “certain
obstructions " are zero . There are,l beleive, two obstruction
conditions . The first of these is analogous to that for

the local classification on” (0) for complex line bundles

(see chapter 2.3. ) , suitably rephrased for the present

situation . The second is a "mod. 2" obstruction describdd

below



Let End(E)
Define £ F(A,O) ={xe X - X, (Null)/AF(X) has at least one eigenvalt
zero

Let x.€1/A.0) . Define a map 2fF(A.0)-* @B~ , &™) )
such that $£X) = "Bl j »

~Note that if AF(x) is singular AK(x),AJ(x) = Ai(x).A»(x) )-
Conjecture. Assume |,@g0) is locally path connected.

Let F,GtEnd(E) he p.t.e. ® in a neighbourhood V of
Xe<r(Null) . Then P and G are cci l.t.e. (J¢) at xc » if

for each neighbourhood UCV of xa >

2(r + X* )Y(ww <°n ) > *°  (mod*8) -
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