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Network models of disease spread play an important role in elucidating the impact of long-lasting infec-
tious contacts on the dynamics of epidemics. Moment-closure approximation is a common method of
generating low-dimensional deterministic models of epidemics on networks, which has found particular
success for diseases with susceptible-infected-recovered (SIR) dynamics. However, the effect of network
structure is arguably more important for sexually transmitted infections, where epidemiologically rele-
vant contacts are comparatively rare and longstanding, and which are in general modelled via the

gg’c‘;‘:i;‘fzs susceptible-infected-susceptible (SIS)-paradigm. In this paper, we introduce an improvement to the stan-
SIS-dynamics dard pairwise approximation for network models with SIS-dynamics for two different network struc-
Moment closure tures: the isolated open triple (three connected individuals in a line) and the k-regular network. This
Networks improvement is achieved by tracking the rate of change of errors between triple values and their standard

pairwise approximation. For the isolated open triple, this improved pairwise model is exact, while for k-
regular networks a closure is made at the level of triples to obtain a closed set of equations. This improved
pairwise approximation provides an insight into the errors introduced by the standard pairwise approx-
imation, and more closely matches both higher-order moment-closure approximations and explicit
stochastic simulations with only a modest increase in dimensionality to the standard pairwise

approximation.
© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The spread of any epidemic can be conceptualised as a process
on a network, where individuals are represented as nodes and epi-
demiologically relevant contacts as edges between nodes. An
abundance of different network-based approaches to disease
spread have been developed over the years, varying in scope, appli-
cation, and sophistication. These range from, at one extreme,
Markovian state-based models, where the probability of a system
being in a certain state is given exactly by its master equations
(see Kiss et al., 2017 for an introduction to such methods), to expli-
cit stochastic simulations of epidemics on networks (see Goodreau
et al., 2017 and Whittles et al., 2019 for recent examples) at the
other. Both approaches have limitations. The exponentially
increasing state-space with network size for state-based models
mean these exact descriptions are computationally unfeasible for
most networks of real-world interest; and while stochastic simula-
tions can deal with networks of these sizes, such methods offer lit-
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tle or no analytical tractability, making sensitivity to network
structure hard to quantify and the causal determinants of the
resulting dynamics hard to identify.

One network approach that aims to bridge this gap is moment-
closure approximation. In a population, the rate of change of the
number of infected individuals will depend upon how many
susceptible-infected pairs there are. The rate of change of these
pairs, in turn, depends upon the number of triples, and so on up
to the full size of the population. Moment-closure approximation
methods obtain a closed set of ordinary differential equations
(ODEs) for the disease dynamics by approximating the dynamics
of higher-order moments (e.g. triples) in terms of lower-order
moments (e.g. singletons and pairs). By doing so, one obtains a rel-
atively simple ODE model that retains much of the tractability of
mean-field approximation models (the standard approach to mod-
elling the spread of infectious diseases) but that also explicitly
accounts for some aspects of network structure. Hence, there has
been much interest and research into such methods, and into the
errors such approximations introduce into a model (Keeling
et al., 2016; Pellis et al., 2015; Sharkey, 2011; Taylor et al., 2012).
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There has been considerable progress in this moment-closure
method for diseases that can be modelled via the susceptible-
infected-recovered (SIR) paradigm: the determinants of errors in
such methods are detailed by Sharkey (2011); the exactness of a
closure at the level of triples for tree-like networks is proven by
Sharkey et al. (2015); this framework is extended by Kiss et al.
(2015) to more realistic network structures that include loops;
(Trapman, 2007) defines a reproduction number for pairwise
approximation; (House, 2015) provides an algebraic moment-
closure for such diseases based on Lie algebraic methods; while
(Pellis et al., 2015) explore the exactness of closures when infective
periods are of a constant duration.

By comparison, progress has been modest for diseases with
susceptible-infected-susceptible (SIS) dynamics, equivalent to the
network-based contact process (Liggett, 2013), where recovery from
infection does not lead to immunity. Despite its lower dimensional-
ity than the SIR model, the possibility of reinfection can cause corre-
lations between indirectly connected individuals to accrue over
time. Consequently, moment-closure approximations on networks
with SIS-dynamics are in general not exact, and their analytical
tractability is limited. Of the progress that has been made: important
formal results on their derivability from exact state-based models
have been achieved by Taylor et al. (2012), Taylor and Kiss (2014)
and Keeling et al. (2016) compare three systematic moment-
closure approximations against stochastic simulations; (House
et al., 2009) develop a motif-based approach that outperforms sim-
pler methods for particular network topologies; while (Simon and
Kiss, 2015) develop a compact pairwise approximation that agrees
well with ODE models of a much higher dimensionality.

Capturing network structure is at its most important when
edges between nodes are sparse but relatively long lasting. This,
alongside the more well-defined nature of epidemiologically rele-
vant contacts, means that moment-closure methods are poten-
tially most valuable for understanding the spread of sexually
transmitted infections (STIs). However, most STIs are modelled
using the SIS-paradigm (though notably not HIV). Thus, both
understanding the errors introduced by moment-closure approxi-
mations for diseases with SIS-dynamics, and improving upon these
approximations, is vital for the successful application of such
methods to public-health problems.

In this paper, we introduce improvements to the standard pair-
wise approximation for diseases with SIS-dynamics. In particular,
we do this for the isolated open triple and for k-regular networks,
by explicitly obtaining equations for the rates of change of the
errors between triples and their standard pairwise approximation.
By applying a closure to these equations, we obtain a closed set of
equations that better approximate the true dynamics of infection,
with only a modest increase in dimensionality. In the case of the
isolated open triple, such a model is exact, while for k-regular net-
works, closures at the level of order-four structures have to be
applied. Specifically, in Section 2 we discuss the isolated open tri-
ple, obtaining exact expressions for the appropriate errors and
their rates of change, thus obtaining an exact set of equations
describing the disease dynamics on this network topology. In Sec-
tion 3, we use the results from the isolated open triple to inform
our improved approximation on k-regular networks, i.e. networks
with no loops and where each individual has k neighbours. We
consider both higher-order moment-closure approximations and
explicit stochastic simulations for this type of network, to act as
benchmarks for our improved pairwise approximation. In Section 4,
we compare this improved approximation to the standard pairwise
approximation, to higher-order approximation models, and to
stochastic simulations. In Section 5, we discuss some of the limita-
tions to such an approach, and highlight some potential areas
where we believe further research could be fruitful.

2. The isolated open triple

In this section, we consider the errors introduced by performing
pairwise approximation on isolated open triples for a disease with
SIS-dynamics. We define an isolated open triple as a central indi-
vidual ¢ connected to two neighbouring individuals x and y, where
x and y remain unconnected, as illustrated in Fig. 1. By investigat-
ing this topology, the errors introduced by a pairwise approxima-
tion are not obfuscated by errors introduced from any external
source, and exact results using the master equation approach
(Kiss et al., 2017) can be generated.

We consider a diseases with SIS-dynamics, that is, upon recov-
ery from infection (I) an individuals returns to the susceptible (S)
class. We can described this process on the 3-network in terms
of its states, of which there are eight - corresponding to whether
each individual belongs to the S or I class - so a particular state
A € {S,I}>. We denote the probability of being in a certain state
P(x=X,c=Cy=Y) as [XiC.Y,], where X,C,Y € {S,I}. If we con-
sider recovery from infection, y, and transmission across partner-
ships, 1, to be Poisson processes, then the above situation is a
continuous-time Markov process, and can be fully described by
its Master equations (see Kiss et al., 2017, Chapter 2 for an intro-
duction to this approach).

We set initial probabilities of each state by assuming random
initial conditions, i.e. by taking I~ U(0,1) and setting
[Icly), = 1o x Ip x Iy and so on. Note, under this assumption, we
have the symmetries [S,Scly] = [IScSy] and [S.Icl)] = [L.S,]. Thus,
the dynamics of the isolated open triple are fully and exactly
described by the following six ODEs:

Model 1 - The isolated open triple

[S1SeSy) =7 (2[S:Sely] +[SxleSy ) (1
[SSely] = [1SeSy] = 7 ([Selely] + [1Sely] — [SeSely)) — T[SiSely ] (2
[SelcSy] = (2[Selely] = [SelcSy)) — 2T[SilcS, ] (
[Selcly) = UeSy] = Y ([Llely] = 2[Selely]) + T(SiSely] + [SleSy] = [Sdlely]) (4
[1Sely) = P([Ldely] = 2[1Scly)) = 2T LScly) (

)
)
)
)
)
(L) = =3y [Ldcly] + 2T([SdCLy)] + [1:Scly)) (6)

Note that the disease-free state [S,S.S,] is absorbing, and so
given long enough this system will always evolve to this state.
Hence, without an external source of infection, a disease cannot
persist indefinitely with an isolated open triple (or indeed, within
any isolated graph of finite topology). If we wish to consider initial
conditions that do not assume random mixing, e.g. pure initial con-
ditions, eight equations are required. These are given in full in
Appendix A.

2.1. The pairwise approximation for the isolated open triple

We now introduce the pairwise approximation for the open tri-
ple. It is important to note that we are considering a local moment-
closure approximation, i.e. we are tracking the dynamics and errors
introduced for a particular subgraph, as opposed to a global
moment-closure approximation, where we apply closures at a pop-
ulation level.

We begin by considering equations for the probability of indi-
viduals (nodes of the open triple) being in a certain state
A € {S,I}, where we denote P(a = A) as [A,]. ODEs describing the
rate of change of these states can be obtained by summing the
rates of change from the appropriate triples, e.g.
[Se] = [S¢SeSy] + [SeScly] + [SxlcSy] + [Sxlcly]. We observe that the state
of an individual depends on the probability of pairs of individuals
being in certain states: we denote P(a = A, b = B) as [AB] and also
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Fig. 1. Graphical representation of the isolated open triple. A central node c
connected to two other nodes x and y. For the SIS model such triples have eight
possible states.

obtain these by summing the appropriate triples. We arrive at the
following equations:

(S = [S)] = VI — ISkld] (7)
[Se] = VlIe] - 27[1:Sd] (8)
[Sede] = 168y = 7([Ide] = [Sele]) + T([SeSchy] — [Sl]) (9)
[1S] = 1Sely] = y([Lde] = [1S)) = T(hSely] + [1Sc]) (10)

where [Ig) =1—[S,] and [Ioly] = [Ip] — [Salp] = [la] — [IaSp). Thus, we
see that the rate of change of the probability of the infection status
of individuals depends on the infection status of certain pairs,
which themselves depend on the infection status of certain triples.
This set of equations is unclosed, as we do not have expressions rep-
resenting the time evolution of the disease status of these triples.
Typically, studies have obtained a closed set of equations by assum-
ing that the infection status of individuals x and y are conditionally
independent given the infection status of individual ¢ (Sharkey,
2008; Sharkey, 2011; Pellis et al., 2015). That is, we make the fol-
lowing assumption:

1S,Sc)1Sch LSIScy) _ (1S
5] 5

Observing that [S,Sc] = [Sx] — [Sxlc], and that [S¢] = [SxSc] — [I:Sc], we
obtain a closed set of three equations, which we refer to as the
pairwise approximation for the isolated open triple, given in full
below:

Model 2 - The pairwise approximation for the isolated open
triple

[S.Sel,] ~ LS, ~

(11)
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time, ¢
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SxSc][Scly]

580 = 58] = 75 + 5 - 125 (12)

[Sxic] = [Icsy] = V([]xlc} - [SxIcD + T(% - [lec]) (13)
. . [IXSC]Z

(1Se] = [Sely) = ([Lele] = [IkSe]) — T S + [1xSc] (14)

2.2. Quantifying errors

We can now compare the pairwise approximation model (Egs.
12-14) to the exact model (Eqgs. 1-6). The approximate model cap-
tures the dynamics of the system at low values of the transmission
rate 7, but if 7 is sufficiently high, the approximate model behaves
qualitatively different to the exact model - there is no absorbing
state, and we have a non-zero stationary probability of individuals
being infected (Fig. 2). While in Model 1 [S,S.S,] never decreases, in
Model 2 its approximation [ScSc][S:S,]/[Sc] can decrease. This
decrease occurs because of the rate of change of [I.] to [S]. In Model
1, this transition only affects [ScS.S,] from the state [S,I.S,], which
only ever increases the probability of [S,S.S,]. However, in Model
2 the decoupling of the two pairs and single means that this tran-
sition, with certain within pair correlations, can lead to a decrease
in [SySc][SeSyl/[Se]-

Comparing the exact value for triples with their approximation
at any given time, we observe this approximation underestimates
the probability of the state [I;S.],], and overestimates the probabil-
ity of the state [S,Sc]y]. Indeed, the underestimate of [I,S.,] is
exactly the overestimate of [S,ScI,] (Fig. 3).

To understand why, consider the quantities «s,s.1,) := [SxScly][Sc]—
[SxSc][Scly] and otys,1,) = [IxScly][Sc] — [I:S.]*, borrowing notation from
Sharkey et al. (2015), which quantify the difference between triples
and their approximations. By expanding [Sc| = [S«ScSy] + 2[S«
Sely] + [LScly], [SkSe]) = [SxScSy] + [SxScly], and [Scly] = [SiSely] + [LScly]
and cancelling the appropriate terms, we arrive at the fact that both
quantities are equal but opposite in sign, and thus we now define os
as:

Os = Olpsety] = —Osesely) = [SeSeSyllIxScly] — [stcly]z (15)

Noting further that os,s.s,) = os, while clearly ay,s,s,) = %s,s.1,) = —0s,
we observe that the difference between true and approximate triple
values for all triples with susceptible central individuals depends
upon one quantity «s. Similarly, the difference between true and
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Fig. 2. Comparing exact and pairwise models for the isolated open triple. In (a), we see at low values of transmission between connected individuals (7 = 1), the pairwise
approximation (red) captures the probability of an individual being infected (given by I, = ([Ix + [Ic] + [I,]/3) of the exact model (blue) reasonably well. In (b), we see that for
higher values of 7 (here T = 3), the pairwise model evolves to a non-zero stationary probability of individuals being infected, while the exact model always proceeds to the
disease-free equilibrium. For all plots, we set y = 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Comparing exact and approximated probability of isolated open triples. In (a), we see that the approximation overestimates the probability of being in state [S,S.I,],
and underestimates the probability of an isolated open triple being in state [I,S.I,]. Similarly, (b) we see this approximation underestimates the probability of [SyI.I,] and
overestimates the probability of [SyI.S,]. In both cases, the overestimate of one is equal to the underestimate of the other. In both plots we set =1,y = 1.

approximate triple values of all triples with infected central individ-
uals depends only on one quantity, which we denote o;:

o = [Ldedy][SklcSy] — [lecly]z (16)

2.3. Improving the pairwise approximation

If instead of using the approximations from Eq. (11), we let
[SkScly] = ([SxSc][Sely] — os)/[Se] in Eq. (9), and let
[1:Scly) = ([1:Sc)* + %s)/]Sc] in Eq. (10), we obtain the rates of change
of pairs in terms of singletons, pairs, and os. To obtain a closed set
of equations, we must consider o5, where the rates of change of tri-
ples can be obtained from the exact model.

Os = [SxS;Sy] (:Scly] + [Ixsc.ly] [SxScSy] — Z[SXS'CIy} [SxScly)] (17)
= P(¢s — 205) — 2705 (18)
where ¢s = [S,ScS,][llcly] + [SelcS,)[1Scly] — 2[SeSeclyl[Selely]  (19)
= ﬁ (([S:ScllIxde] — [Sc[Sle])? + ou[Se]? + s Le]?) (20)

Thus, the rate of change of o depends in turn on the rate of change
of «;, which is given by:

0p = (LI L] [SelcSy) + [SdeSy ey ] — 2[Sulcl | [Sulcl,] (21)
= —4yoy +2T(¢; — o) (22)
where ¢; = 2[S,1cS, ] [1:Scly] — 2[S:Scly |[Sulely) (23)
-2 (IS 1Sc]? = Sk Sl L Sel[Sulel llele] + (1S [Sc o + [Sulc][Ic]ots) (24

[Sc]lke]

We insist that ¢s and ¢, are 0 if either [S;] = 0 or [I] = 0. Using the
above equations, we arrive at a closed set of equations that
describes exactly the disease dynamics of the open triple, without
any reference to the particular states of triples themselves, by track-
ing the error terms os and o;. Model 3 below describes in full this
improved pairwise model, with ¢¢ and ¢, described as above:

Model 3 - Improved pairwise model of the isolated open
triple

sxsc] [Ixsc} — Os

[stc} = y(“xsc] + [SXICD -7 [ [Sc] (25)
AU (5.1 o
500 = (0] ~ 50 + o 220SA=2 51) 26)
2
[Ixsc] = P([lc] — [ISc]) - T(W + [[xsc]> (27)
Ols = P(ps — 20ts) — 270ts, With ¢g as in Eq.(20) (28)
oy = —4ya; + 27(¢; — o), with ¢; as in Eq.(24) (29)

By including os and o; and their time-evolution in Model 3, we
obtain a system of ODEs that describes exactly the dynamics of
the open triple. However, it is worth noting that this new model
is of no lower dimensionality than Model 1. Despite this, we believe
this is still a valuable model to have obtained explicitly. There are
two principal reasons for this: firstly, by creating a system where
errors os and oy are tracked explicitly, we can obtain results and
gain an understanding about the ways in which the standard pair-
wise approximation (which ignores the action of os and o) fails to
capture the disease dynamics of the isolated open triple; and sec-
ondly, the derivation of this model informs our strategy of how to
derive an improved pairwise approximation for k-regular networks,
where there is a significant reduction in dimensionality.

Upon numerical evaluation, interesting results about the error
terms os and o4 arise. When considering the whole state space,
both error terms can be either negative or positive (s, 0y € [-1/4
1/4]). However, this is not the case when starting from either ran-
dom or pure initial conditions; in both scenarios, os > 0 and
o; < 0. This is numerically demonstrated in Appendix B. Conse-
quently, assuming random or pure initial conditions, we arrive at
the following bounds:

SxSc)? Ixlc
[[55]1 < [SeSceSy] [

2
B LS,

BSISH 5 [5,5,1,)

Of these, the bound [I,[]*/[l;] > [Lll,] is of particular interest. In
previous moment-closure studies, it has been suggested heuristi-
cally that moment-closure models underestimate the probability of
(1] triples (Taylor et al., 2012). This does hold if the system is
closed at the level of individuals, i.e. if we assume that the infection
status of neighbours are independent. The above result demon-
strates that the opposite is true if the system is closed at the level
of pairs: Px=Ly=Ic=) <Px=Ic=1) x Py =Ic=1).

For random initial conditions, os and o, appear to be uniquely
defined by the pairs [S,S.] and [S.],], in other words «s and o; appear
to be functions of [S,S.] and [ScI,]. In theory, given values of [S,S]
and [ScI,], one could determine the values of os and o; exactly, con-
sequently reducing the dimensionality of Model 3, as equations for
their time evolution would no longer be necessary. As os and o
appear to be functions of two variables, they can be represented
visually as surfaces, with [S,S.] and [S.],] as x and y-axes, and with
os or o; as the z-axis. Included in supplementary material are ani-
mations of the evolution of the shape of these surfaces as we
increase 7. These animations confirm the above bounds.
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3. k-regular networks

In Section 2, we considered the accuracy of the standard pair-
wise approximation on the isolated open triple, and derived a
closed exact set of equations describing the errors such an approx-
imation makes. We could do so because we could compute exactly
the probability of the states of the open triple (Model 1), and work-
ing backwards we could derive expressions for os and «; solely in
terms of [S,Sc], [Scly], as, and o; - i.e. solely in terms of pairs and
errors terms. Informed by these results, we move on to consider
pairwise approximations for k-regular networks. k-regular net-
works are defined as networks in which each individual has k
neighbours. Here, we consider k-regular networks which are infi-
nite and contain no loops '. Being infinite, the disease dynamics
on such a network cannot be described exactly by a closed set of
ODEs, unless a closure at some level is exact, as in Sharkey et al.
(2015) for diseases with SIR-dynamics. As stated previously, the pos-
sibility of reinfection induces correlations between distantly con-
nected individuals, meaning the method used by Sharkey et al.
(2015) is not successful for diseases with SIS-dynamics. However,
one can close the system at a higher level than pairs and by doing
so, we can obtain expressions for os and ¢, solely in terms of pairs
and error terms. While these are still approximations to the true dis-
ease dynamics on a k-regular network, doing so makes a consider-
able improvement on the standard pairwise approximation. This is
the strategy we employ in this section.

While these k-regular networks are clearly idealisations far
removed from any real-world sexual network, we believe that they
are a useful example to study for a number of reasons. The impact
of a small number of contacts, and the resulting dynamical corre-
lations between non-adjacent individuals, is still relatively poorly
understood (Keeling et al., 2016). In these idealised networks, the
errors such correlations introduce into moment-closure approxi-
mations are at their most pronounced, and are not muddied by
errors introduced from other sources, such as clustering or hetero-
geneity. While heterogeneity in the number of contacts individuals
have is apparent in any real-world sexual network, and is impor-
tant to capture when modelling STIs, the effect of heterogeneity
has been studied extensively (Eames et al., 2002; Simon and Kiss,
2015), and can oftentimes be modelled by introducing multiple
risk-groups into a mean-field approximation model (e.g. Edwards
et al., 2010). Additionally, in the case of an infinite network, each
individual has exactly the same properties, allowing us to bridge
the gap from local to global moment-closure approximation.

In this section, we define global moment-closures for k-regular
networks. That is, we define a closure in terms of population-
level quantities rather than for the probabilities of particular indi-
viduals being in certain states. Accordingly, we use the notation [S]
to represent the proportion of individuals who are susceptible, [SI]
to represent the proportion of pairs where one individual is suscep-
tible and one individual is infected, and so on. While it is standard
within the moment-closure literature to refer to numbers of these
quantities, we find that dealing with proportions avoids much of
the combinatorial rigmarole involved, and has a more obvious cor-
respondence with the methods described in Section 2. The follow-
ing results hold true whether referring to proportions or numbers -
in Appendix C, we provide a conversion table to transform the
results from this section to numbers, and provide the model
derived in this section in terms of numbers.

While the derivation of this moment-closure is independent to
that of the previous section, and can be treated as a separate mod-

! diseases with SIS-dynamics on k-regular networks have been studied before are
referred to in the theoretical literature as the contact process on the homogeneous
tree T,_; (Liggett, 2013).

elling exercise, we will observe that there are clear analogies
between the two. This correspondence occurs because k-regular
networks are isotropic - number of partnerships, as well as trans-
mission and recovery rates, are homogeneous across the popula-
tion. An alternative conceptualisation is that if we were to
randomly sample one individual (or a higher-order motif) from a
k-regular network, the probability of it being in a given state is
directly equal to the proportion of the population in that state.
Conversely, if we consider a population of infinitely many isolated
open triples from Section 2, then the proportion in a given state is
equal to the probability of one triple being in that state. Therefore
while Section 2 is formulated in terms of probabilities and Section 3
is formulated in terms of proportions, we are effectively modelling
interchangeable quantities.

3.1. Mean-field and pairwise approximations for k-regular networks

The following equation describes the rate of change of [S] for
any network (Simon et al., 2011):

[S] = ylI] — 2ISI] = y(1 — [S]) — 4IS]] (30)

In the case of k-regular networks, 4 = kt. By assuming the dis-
ease status of constituent individuals in pairs are uncorrelated,
i.e. [SI] ~ [S][I], we arrive at the mean-field approximation for the
k-regular network, which is equivalent to the standard SIS-model:

Model 4 - The mean-field approximation for k-regular
networks

[S] = 9] = ke[S][I] = p(1 ~ [S]) — keIS|(1 — [S]) 31

If instead we want to close the system at a higher-order
moment, we must consider the rate of change of [SI]:

[SI) = () — [SI) — <[SI] + (k — 1)T[SSI] — (k — 1)<[IS]] (32)

To close this system of equations, we must approximate the
proportion of triples [SSI] and [ISI]. We use the standard pairwise
approximation of Rand (1999) and Keeling, 1999, commonly
attributed to Kirkwood (1935). Using straight line brackets to
denote numbers of individuals, etc. this is expressed as:

(k — 1) |AB||BC| [AB][BC]

ABC| ~
ABCI~ g B]

< [AB(] ~

(33)

When terms are expressed in terms of numbers this must be scaled
by the factor (k — 1)/k; this scaling factor disappears for k-regular
networks when expressed in terms of proportions. This can be
shown by converting either formulation of the approximation to
the other using the conversion table provided in Appendix C. Using
this approximation, we obtain:

Model 5 - The pairwise approximation for k-regular
networks
[SS] = 29[SI] — 2(k — 1)t [SS[]S[]SI] (34)
2
[SI) = (I — [SI)) — T[SI] + (k — 1)7;7[55[}5[}5” — (k- 1)1% (35)

where [S] = [SS] + [SI], [I] = 1 — [S], [IS] = [SI], and [I] = 1 — [SS] — 2[SI].
3.2. Improving pairwise approximations for k-regular networks

Once again, we can look to improve the pairwise approximation
by considering the rate of change of triples. Reintroducing sub-
scripts (the position of individuals is illustrated in Fig. 4), the state
of x — c — y triples depend upon topologies consisting of four con-
nected individuals: line graphs of length 4 [A.X.C.Y,] and
[XxC.YyB,], capturing the external force of infection acting upon
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individuals on the periphery of the triple, and star graphs with
three outer individuals, [X(C.Y,Z,], capturing the external force of
infection upon the central individual.

The rates of change for the triples in an infinite k-regular net-
work, derived from House et al. (2009), are given in Appendix D.
As before, we define « values as the difference between triple val-
ues and their standard pairwise approximation. Once again, the
following relations hold:

[S] = [SSS] + 2[SSI] + [IS] (36)
[SS] = [SSS] + [SST] (37)
[SI) = [SSI] + [IST] (38)

Thus, as for the isolated open triple, the difference between triple
values and pairwise approximations depend only upon two quanti-
ties: o5 and oy, which are as defined in Eqgs. (15) and (16). We can
use the triple equations from Appendix D to obtain expressions
for ds and ¢ for this type of network:

ois = [SSS][ISI] + [ISI)[SSS] — 2[SSI)[SSI] (39)
= P(Ds — 205) + T(fs — 205) (40)
where fs = 2(k — 1)([[sS:Scl,][SS] — [1aSxScSy][SI]) (41)

+ (k= 2)(2[SeScl, L) [SST] — [S4ScS, L] [IST] — [IScI L] [SSS])

oy = [IN[SIS] + [SIS] (1] — 2[SIN[SI] (42)
= —4yoy + T(f; + 20, — 204) (43)
where §; = 2(k — 1) ([[sSlcly)[SI] — [I:SelcS,][I)) (44)

- (k - 2)(2[5)(561)/12} [S”] - [Ixsclylz} [SIS] - [stcsylz][lu])

Despite being calculated for triples within a k-regular network, we
find that @5 = ¢s and ®; = ¢, as previously defined for the isolated
open triple in Egs. (20) and (24), and so use the ¢ and ¢, terms
henceforth. We therefore obtain a closed set of equations by once
again setting

[AB]* + o [AB][BC] — ag

—— — [AB(| ~ ————— 45
] [ABC] ] (45)
But now we must also make some approximation for order four
terms. We do this by making the following closures:

[ASB][BSI][ASI][S]

[ABA] ~

[AS:Byl;) ~ ASIBS| IS (46)
1.SxA:B,] ~ % (47)

Thus, we can again express os and ¢; as (complicated) functions of
[SS], ST, o5 and «;. Using this, we arrive at a system of four ODEs,
which we call the improved pairwise approximation for k-regular
networks:

Model 6 - The improved pairwise approximation for k-
regular networks

_ISSJisn — s

[SI] = ([l — [SI) — ©[ST) + (k — 1)1% (49)

— (k- 1)1[5”2[% (50)
dls = (s — 2015) + T(Bs — 205) (1)
o = — 470 + T(By + 2 — 204) (52)

where ¢ and ¢, are defined as in Section 2.

3.3. Higher-order moment-closure approximations

To assess the accuracy gained by modelling the error terms s and
o;, we compare our model to higher-order moment-closures. The first
of these we refer to as a neighbourhood closure, previously described
by Lindquist etal. (2011) and Keeling et al. (2016), where we model a
central individual and their number of infected neighbours explicitly.
This system is described by 2 x (k + 1) ODEs. The second of these we
refer to as an extended triple closure, where we explicitly model a cen-
tral triple and every neighbour of this triple. This system is described

by 23! equations (though its dimensionality can be reduced by
accounting for symmetries). In both cases, we approximate the exter-
nal force of infection on outer individuals by exploiting the symmetry
of the topology of the k-regular network. While each model is still an
approximation towards the true dynamics of a k-regular network, in
virtue of closing the system at a higher order, these models are
expected to have a greater accuracy. From these higher-order models,
we can also obtain estimates of the terms o5 and o, with which we can
compare the o terms obtained from the improved pairwise model for
the k-regular network (Model 6).

3.3.1. The neighbourhood closure

For the neighbourhood closure, we model a central individual and
their number of infected neighbours explicitly. Visually then, we are
modelling a star topology. The rate of change of state of the ‘star’ will
depend upon both the internal configurations and the immediate
neighbours of the star. We show this visually in Fig. 5. To close this
system of equations, we make the assumption that the configuration
of two overlapping ‘stars’ are conditionally independent given the
infection status of the two shared individuals of the combined config-
uration. As we only need to consider the effect of an external force of
infection if the relevant neighbour is susceptible (S), there are only
two quantities relevant to the external force of infection on that indi-
vidual, depending on the infection status of the original central indi-
vidual (S or I), which denote As and 4; accordingly. These terms are
constructed by summing all configurations of the external neigh-
bours including an infected individuals, multiplied by the number
of infected external neighbours in that configuration, divided by the
sum of all possible configurations of external neighbours. Denoting
a central individual in state A € {S,I} withi € {0,1,....,k} infected
neighbours as [A;], the neighbourhood model can thus be described
by the following set of equations:

[SS) = 2y[SI] - 2(k — 1) 5 (48) Model 7 - The neighbourhood approximation model for k-
regular networks
0, i<O0
[Si] = < P+ (4 DISia)) + T((k — i+ 1)[Sia] — i[S) + As((k — i+ D)[Si1] — (k—D[S]), 0<i<k (33)
0, i>k
0, i<O0
] = < @i+ V)([lia] = [1]) + T((k — i+ Dlia] +S]) + (k= i+ DL — (k—D)[L), 0<i<k (54)

0, i>k
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Fig. 4. Dependence on order-four structures in a k-regular network. The state [X,C.Y,] of our triple of interest (shaded in blue) depends on the state of two order-four

network structures - length four line-graphs [A.XC.Y,] and [X,C.Y,B,] and the ‘star’ graph with three outer individuals [X,C.Y,Z]. The positions of a, b, and z relative to the

triple of interest are shown visually here. N.B. that [X,C.Y,B,] =

Fig. 5. The external force of infection on a neighbourhood. Here we illustrate the
external force of infection on a neighbourhood in the neighbourhood approxima-
tion for k-regular networks, for the example of k = 3. Shaded blue is our triple of
interest, shaded in orange are any additional individuals that are modelled
explicitly, while shaded in white are individuals not explicitly modelled who exert
a force of infection on the explicitly modelled neighbourhood. In this approxima-
tion, we model a central individual ¢, and the number of infected neighbours c as
(here shown by x, y, and z). The external force of infection on the explicitly modelled
neighbourhood will depend upon order-six structures: [XyCcYyZ:Xox,X1x, ],
[XxCcYyZ: Yoy, Y1y, ], and [XyCcYyZ,Zo, Z1,,]. To close the system, we make the
approximation that, e.g. [XyCcY,ZXoyX1x] =~ ([XxCc¥YyZ:] x [XxCeXoxyXix, 1)/ [XxCc]-

(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

where /s and /; are given by:

k-1
> ik —1)[S]
Js =T ;j"] (55)
(k —1)[Si]
i=0
k-1
> i+ 1)[Sia]
= 'k:°1 (56)
(i 4 1)[Si;4]

Iy
o

[BaY<CcX,], meaning only one length-four line graph term is necessary in the equations below.

To obtain estimates for o (and ;) from this model, we must derive
the proportion of triples implied by the assumptions of the neigh-
bourhood model. This can be calculated as follows. For a given triple
[XCY], we let | indicate whether X and Y are infected. (If X =Y =§,
[=0.f X=Sand Y=, or X=Iand Y=S5 I=1. If X=Y =1,
[ =2.) In the neighbourhood model we explicitly model a central
individual and the number of its k immediate neighbours who are
infected. [XCY] will occur as subgraphs of configurations that com-
prise C; to Ci,_». Assuming there are i additional infected
individuals surrounding c (in addition to those specified by X and

Y), there are ( ) different configurations such that a central indi-
vidual C has i + [ infected neighbours. Of these, there are (*;%) con-

figurations once the position of the [XCY] subgraph is determined,

as there are k — 2 positions left to fill with i infected individuals.
Hence () / <.+1> of [Ci,] contain [XCY], and so we arrive at the

formula:

2

i=0 1+I)

XCY) = ) (c. (57)

3.3.2. The extended triple closure
For the extended triple closure, we model a triple and each of its

neighbours explicitly, requiring 2**! equations. The state of this
system will depend on the infection status of the neighbours of
these neighbours, i.e. the rate of change of states in the extended
triple depend upon order 4k — 2 configurations (illustrated in
Appendix E). We approximate these external forces on the
extended triple by assuming that the state of these higher-order
structures amount to overlapping extended triple topologies con-
ditionally independent given the state of their shared individuals,
of which there are 2k. A detailed explanation of the extended triple
closure model is provided in Appendix E.

3.4. Stochastic simulations

We use explicit stochastic simulations as our final benchmark
for the accuracy of our approximate models. It is not computation-
ally possible to construct infinite loopless networks for simula-
tions. Instead, large random graphs where each individual has k
neighbours can be constructed using the Molloy-Reed algorithm
(Molloy et al., 1995), which should behave similarly for very large
network sizes. We use the methods outlined by Keeling et al., 2016
to remove short loops and to efficiently calculate the quasi-
equilibrium prevalence of infection.
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4. Comparing models

In this section, we compare the previous described k-regular
network models; in order of dimensionality, these are: the mean-
field approximation model (Model 4), the pairwise approximation
model (Model 5), the improved pairwise approximation model
(Model 6), the neighbourhood approximation model (Model 7),
and the extended triple approximation model. As we are consider-
ing a disease with SIS-dynamics, the models evolve to an endemic
prevalence of infection (given a sufficiently high transmission rate)
- we use this as the primary metric for model comparison. All of
these models are approximations of the true system, where there
are infinitely many individuals, but we expect as we increase the
dimensionality of approximation we also increase the accuracy of
the model. We compare all approximate models to explicit
stochastic simulations on networks of 10,000 individuals.

In Fig. 6, we compare the endemic prevalence generated by the
four models that do not explicitly model o to stochastic simula-
tions - the improved pairwise approximation (which utilises the
dynamics of «) is considered in Figs. 7 and 8. While we notice large
differences between mean-field and pairwise models, the differ-
ence in prevalence between models decreases as we increase the
dimensionality of the model. For k = 3, there is little difference
between the neighbourhood and extended triple approximation
models, and there is excellent agreement between the extended
triple model and stochastic simulation. For k = 4 and k = 10, the
extended triple model is omitted, as the neighbourhood approxi-
mation models match closely to stochastic simulations. This indi-
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cates that including further complexity into a model may be
unnecessary, or may not be worth the increasing complexity or
computational expense. For k = 2, there is still a significant differ-
ence between simulation and the extended triple model. However,
this is unsurprising, as previous research (Keeling et al., 2016) has
shown that errors persist when much larger neighbourhoods are
modelled explicitly. Fig. 6 also illustrates that as we increase k,
models tend towards the mean-field approximation (which can
be considered the k — oo limit). In Appendix F, we provide a proof
of this for the pairwise model, and outline how this would be
proved in the general case. We also see that as we increase k, the
difference between pairwise and neighbourhood approximation
models decreases, although the pairwise model consistently pre-
dicts higher endemic prevalences.

Now, we turn our attention to the improved pairwise approxi-
mation (Model 6), which tracks the errors o and «; explicitly. Here
we focus on the examples k =2 and k = 3, though comparable
results are found for all higher values of k. The error in our pairwise
model depends on only one term: o. This term captures the error
between the ‘true’ value of triples and the standard pairwise
approximation of their values. We can obtain estimates for o5 from
each of our higher-order models, noting that the improved pair-
wise approximation (Model 6) is based on consideration of four
connected nodes. Comparing os between models allows us to
assess the extent to which the improved pairwise approximation
is successful in capturing the errors introduced to the pairwise
approximation induced by dynamics of higher-order structures.
By plotting os as a function of the pairs [SS] and [SI] we obtain
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Fig. 6. Comparing approximate models for k-regular networks. Here we compare endemic prevalence (I") against Z = tk for mean-field (grey, dotted), pairwise (red),
neighbourhood (blue), extended triple (green) approximations for k-regular networks against explicit stochastic simulations (points) for a) k = 2, (b) k = 3 (c) k = 4, and (d)
k = 10. For k = 3 simulations are matched well by the extended triple model, while for k > 3 simulations are matched well by the neighbourhood model. As k increases, all
models move closer to the mean-field approximation, and the difference in I" for a given /1 between approximate models decreases. For stochastic simulations, each I" point is
calculated as the average of 150 runs, and error bars indicate 95% confidence intervals. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)
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Fig. 7. Exploring the shape of ;s for different approximate models. Here we compare the shape of the error term o as a function of [SS] and [SI] for improved pairwise
models ((a) and (d)), and as a function of [S,S.] and [I;S.] for neighbourhood and extended triple approximations ((b) and (c)), for the example k = 3. We observe that os in the
improved pairwise (a) and the neighbourhood (b) approximation models are extremely similar, but that the improved pairwise approximation model underestimates this
error compared to the extended triple approximation (c). By assuming o; = 0 and o; = 0 (d), the resulting o5 surface more closely resembles that of the extended triple model.

In all plots, we set T=1,7 = 1.

surfaces; their shape informing our intuition of the behaviour of o
as we move through ([SS], [SI])-space. Firstly, we observe that the
numerical result os > Othat was true for the isolated open triple
also holds true for each of these models (numerically demon-
strated in Appendix G). Hence, the bounds obtained for triples
[SxSeSyl, [IScly], and [S,Scl,] in Section 2 for the isolated open triple
also hold for k-regular networks. Secondly, we observe the similar-
ity between o surfaces obtained from the improved pairwise and
neighbourhood approximation models. We do, however, see these
are smaller than o from the extended triple. In other words, mod-
els that include higher-order correlations, such as the extended tri-
ple, have higher values of o than are obtained from the improved
pairwise model.

Comparing the prevalence of infection obtained from these
models, we observe only a minor difference between improved
pairwise and neighbourhood approximations. By including just
two more equations (for «s and o;), we arrive at a model with an
endemic prevalence much closer to results obtained from stochas-
tic simulation, with only a marginal increase in dimensionality.
Unlike the isolated open triple, oy can be positive when k > 2 in
each of the approximate models. However, this only occurs at very
high transmission rates - typically when endemic prevalence
I' > 0.8 (Appendix G).

In an attempt to further improve the accuracy, and to reduce the
dimensionality, of the model, we consider the effect of ignoring o,
on the shape of o5 in the improved approximation; noting that
the values of o5 from the extended triple approximation are consis-
tently larger than from the other lower-order approximations
(Fig. 7). We do this by setting o; = 0, which is equivalent to using
the standard pairwise approximation for triples with infected cen-
tral individuals. This is in part justified by the fact that values of o
are typically much smaller in magnitude than «s (Appendix H). This
assumption further reduces the dimensionality of the system, as we
have one less variable. Moreover, as o is typically < 0, ignoring it
will increase ds, meaning we will generate higher values of os. (Pos-
itive values of «; can only occur at very high values of 7; at such val-
ues, the disease dynamics on the k-regular network are already well
approximated by the standard pairwise approximation). Indeed,
comparing shapes of o (Fig. 7), we see this assumption provides
a closer match to the values from the extended triple. In Fig. 8,
we compare the endemic prevalence obtained using this o; =0
assumption against the extended triple approximation, as well as
against the improved pairwise approximation where o; is a
dynamic variable. Ignoring o; provides an estimate closer to the
extended triple approximation than accounting for o; explicitly,
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Fig. 8. Comparing improved pairwise approximations against higher-order approximations for k = 2 and k = 3-regular networks. We compare endemic prevalence I
obtained from improved pairwise model (full in orange; o; = 0 in purple) against neighbourhood (blue) and extended triple (green) approximations, as well as against explicit
stochastic simulations (points), as we vary 4 = tk, for (a) k = 2 and (b) k = 3-regular networks. In both (a) and b) I" obtained from the improved pairwise approximation is
very similar to I obtained from the neighbourhood approximation. By assuming «; = 0 and ¢, = 0, the dynamics of the improved pairwise approximation are closer to those
of the extended triple approximation, and match I" from stochastic simulations well for k = 3. For all models we set y = 1. For stochastic simulations, each I" point is
calculated as the average of 150 runs, and error bars indicate 95% confidence intervals. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

which in the case of k = 3 matches stochastic simulations closely. In
Appendix I we consider the time evolution of these models.

5. Discussion

Whenever detailed information on underlying network struc-
ture is available, detailed stochastic simulation of an epidemic on
a network is always the ‘gold standard’ for any real-world applica-
tion. In the absence of such information, moment-closure approx-
imation methods for the spread of infections promise relatively
simple models that allow us to understand the effect of network
structure on the dynamics of an epidemic. The success of such a
method, however, depends upon understanding the errors intro-
duced by moment-closure approximations, and upon refinements
that minimise such errors. While this approach has been success-
fully applied to diseases with SIR-dynamics, the dynamic build-
up of correlations between distant individuals for diseases with
SIS-dynamics means success for infections with this natural history
has been more limited. However, as the dynamics of most STIs can
be well approximated by the SIS-paradigm, and given the impor-
tance of network structure in this case, further research into this
area is paramount. Indeed, there is already a considerable body
of literature concerning moment-closure approximations for SIS-
dynamics (Taylor et al., 2012; Taylor and Kiss, 2014; Keeling
et al., 2016; House et al., 2009; Simon and Kiss, 2015), as well as
other network approaches to diseases of this type (Floyd et al.,
2012; Lee et al., 2013; Wilkinson and Sharkey, 2013), demonstrat-
ing this as an active research area.

This study improves upon the standard pairwise approximation
by explicitly tracking the errors between the ‘true’ value of triples
and their estimate from this approximation. We show that these
errors are fully described by the quantity o for triples with suscep-
tible central individuals, and by the quantity oy for triples with
infected central individuals. By tracking the time-evolution of
these error terms, we improve upon the standard pairwise approx-
imation by incorporating these terms into the modelling frame-
work. For the isolated open triple (just three individuals
connected in a line), both o5 and «; are exactly described as func-
tions of [S,Sc], [[xSc], s and oy; hence, in this case, the improved
pairwise model is itself exact. For k-regular networks, ds and o
depend upon order-four structures. However, by approximating
the prevalence of these structures via higher order moment-

closures, we obtain expressions for os and «; solely in terms of
pairs, os and o;. While such a model is not exact, explicitly mod-
elling the time-evolution of these errors markedly improves upon
the standard pairwise approximation for k-regular networks,
obtaining prevalence estimates comparable both to models closed
at even higher orders and to explicit stochastic simulations.

The findings of this paper contribute towards understanding the
shape and direction of errors introduced by pairwise approxima-
tions. We show that the errors between triples and their standard
approximation are quantified by just two values: o5 and o;. Inter-
estingly, we find numerically that s > 0 and o; < 0, which inform
us as to whether the standard pairwise approximation underesti-
mates or overestimates the proportion of certain triples. While
both bounds hold for the isolated open triple, only os > 0 holds
in general for k-regular networks. This result also appears to hold
for the constituent triples of all other investigated topologies (line
graphs up to length 10, star graphs with up to 10 neighbouring
individuals, the extended triple with no external force of infection),
while the result o; < 0 only appears to apply when central individ-
uals in a triple have no other connections outside of the triple. We
hence believe that an analytical exploration of such bounds could
be fruitful, and would make an important contribution to this
research area if such bounds could be proven generally. A deeper
understanding of the shape, direction, and magnitude of such error
terms is not only of interest to those concerned with using the
improved pairwise approximation model described in this paper,
but to any researcher interested in applying the standard pairwise
approximation to a network model of a disease where recovery
from infection does not lead to immunity.

In this paper, we compare approximations to the dynamics of k-
regular networks closed at increasingly higher levels of complexity
- from individual, to pair, to neighbourhood, to an extended neigh-
bourhood. As we increase the dimensionality of a model, we expect
to obtain more accurate results. On the other hand, models of high
dimensionality are difficult to understand intuitively and are much
more computationally expensive. Whether including such com-
plexity is worthwhile depends on the task at hand. We believe that
our improved pairwise approximation provides a reasonable com-
promise between intuition and complexity - this model is still
described by a small number of ODEs, and has dynamics closely
resembling those from the model closed at the level of neighbour-
hoods, more closely matching prevalence estimates obtained from
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stochastic simulations. An unexpected result is that by ignoring o,
i.e. using the standard pairwise approximation for triples with
infected central individuals, one appears to obtain a better approx-
imation to the true dynamics. It is important to establish if such a
result holds generally, and if so why, or whether this result is a
spurious convenience for k-regular networks.

The results here consider the two most ideal networks: the iso-
lated open triple is the simplest possible network topology includ-
ing three individuals, while in k-regular networks each individual
has exactly k neighbours and there are no closed loops within
the network. We consider these idealisations as it is in these net-
works that network structure is most dominant and the errors
introduced by moment-closure approximations are most pro-
nounced. But this means there is fertile ground for further explo-
ration on both local and global scales. On a local scale, a
taxonomy of the errors that occur for a variety of different small
topologies, as has been done by Pellis et al. (2015) for diseases with
SIR-dynamics, would be useful contribution to understanding the
impact of local moment-closures for diseases with SIS-dynamics.
On a global scale, understanding whether tracking the dynamics
of error terms explicitly would be worthwhile in heterogeneous
networks (building upon the work of Simon and Kiss (2015)),
and assessing whether the same techniques can be applied in the
presence of clustering, are important next steps.

This paper makes three assumptions common to the literature
on the mathematics on epidemics on networks: first, that epidemi-
ologically relevant contacts (the edges between nodes) are fixed
throughout the epidemic and not dynamic; second, that these con-
tacts are identical in kind, such that probability of infection for an
individual from any partner of theirs is equal to any other partner;
third, that individuals have exponentially distributed periods of
infection (the Markovian assumption). Each of these are in some
senses unrealistic: people’s sexual partnerships change over time
(it is a question of theoretical importance the extent to which
the dynamics of epidemics on dynamics networks can by approx-
imated by the dynamics of epidemics on static networks, which
has begun to be explored (Volz and Meyers, 2007; Bansal et al.,
2010)); for individuals in more than one partnership, the frequency
of sexual contact will be different for each partnership, hence the
probability of transmission across partnerships will also be differ-
ent; whilst periods of infection may be better modelled as having a
constant duration. For SIR-dynamics, a variety of dynamic network
models incorporating moment-closure approximations, or other
low-dimensional ODE models have been developed (Ball and
Neal, 2008; Volz, 2008). So too are there a variety of dynamic net-
work models for SIS-dynamics (e.g. Bauch and Rand, 2000; Leng
and Keeling, 2018). Incorporating improved moment-closure
approximations into such models, and exploring how the introduc-
tion of partnership formation and dissolution effects the errors
introduced, are important next steps. While studies into the contri-
bution of steady and casual partnerships to the spread of STIs has
been explored (Xiridou et al., 2003; Hansson et al., 2019), hetero-
geneity in edge type is an underexplored topic for moment-
closure approximations, even for diseases with SIR-dynamics.
Assuming constant periods of infection, instead of making a
Markovian assumption, can make closures exact for different net-
work topologies in the case of SIR-dynamics (Pellis et al., 2015).
Exploring this alternative assumption and its effect on errors os
and o; may prove interesting avenues of research.

With regards to modelling the spread of STIs, it is clear that
research should continue to develop more realistic and more
sophisticated stochastic simulations. However, we believe that
approximate methods have an important role to play, in both
developing an intuitive understanding of the effect of network
structure on the fate of the spread of STIs, and as a benchmark to

compare such simulations against. It is in this context that improv-
ing the accuracy of such approximate methods is paramount, and it
is in this context that we believe we make a valuable contribution
to the literature.
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Appendix A. Appendices
A.1. Appendix A - An exact model for the open triple
Not assuming random mixing at initial conditions, eight ODEs

are required to describe the dynamics of the open triple exactly -
these are given below.

[S:SeSy] =) ([SiSehy] + [1ScSy] + [SilcSy)) (58)
[stély] =Y([Slely] + [IxScly] — [SxSely]) — T[SxScly] (59)
[IXSC'Sy] =P([LdcSy] + [xSely) — [1xScSy] — T[1xScSy) (60)
[SxIeSy) =P([Slely] + [cSy] — [SlcSy]) — 27T[SKlcSy)] (61)
[Sx[c’ly] =Y([Ldely] = 2[Slely]) + T([SxScly] + [SxlcSy] — [Sklcly])  (62)
[lecsy] =Y([Ldely] = 2[IIcSy]) + T(IScSy] + [SeleSy] — [deSy])  (63)
LSely) =p([dely) — 2[LScly]) — 2T(1Scly) (64)
[lec.ly] = — 3L L] + T([Sxlely] + [KcSy) + 2[I:Scly]) (65)

A.2. Appendix B - Demonstrating «s > 0 and o <
conditions on the isolated open triple

0 for different initial

See Fig. 9.

A.3. Appendix C — Converting the improved pairwise model from
proportions to numbers

While we find that considering proportions is a more conve-
nient way to express the results from Section 3, we appreciate that
others may prefer to use our results under the convention of terms
referring to numbers of motifs. In this appendix we provide a con-
version table to transform the terms from this section from propor-
tions to numbers, and derive the improved pairwise model in
terms of numbers. We stress that the improved pairwise model
presented here is equivalent to the model presented in Section 3.

First, to express the quantities in Section 3 in terms of numbers,
we must be able to count the number of motifs relative to every
individual. In a k-regular network, for every individual there are
k pairs, for every pair there are (k — 1) triples, and for every triple
there are (k — 1) line graphs of length 4 and (k — 2) 4-stars. Using
straight line brackets |X| to denote the number of individuals in
state X etc. Table 1 below outlines equivalent terms:
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Fig. 9. Numerical demonstration of the bounds os > 0, < O for the isolated open triple. We consider how min(cx) and max(ox), X € {S,I} vary with the transmission
rate 7 for the isolated open triple, for a range of different initial conditions — both random (a-e) and pure (e-i). These plots demonstrate the bounds os > 0 and o; < 0 hold in

general for the isolated open triple. In all plots we set y = 1.

Using these conversions for example on Egs. (30) and (32), we
obtain the formally derived equations obtained by Taylor et al.
(2012) (Theorem 1). We can also use these to convert our closures
from proportions to numbers. Applying these, we obtain the unintu-
itive result that the closure [XCY] ~ [XC][CY]/[C] in terms of propor-
tions is equivalent to the closure |XYZ| ~ (k — 1)/kx|XC||CY|/|C| in
terms of numbers. Applying these conversions to this and to
Eqns. (46) and (47) we obtain:

k=1 Xc|jcy|
XV~ == (66)
k(k — 2) |ASB||BSI||ASI||S|
A.S:B,L,| ~ 67
ASBEL~ 2 ASTBSTS] (67)
ISA||SAB
|IQSXACBy| ~ % (68)

To obtain the improved pairwise approximation in terms of num-
bers, we again consider the term o between a triple and its approx-
imation. Below we consider oys;:

osy = K|ISI||S| — (k — 1)[SI? (69)
1SSS| + 2[SSI]| + JIS]] (ISSS| + [SS1])?

= k|ISI|——— T — (k= 1) 70

51 \wheress = |SSS]|ISI| — |SSI[? (71)

k-1

As before, we find Qs = Qsss| = —Olyssij = OC|5‘/(k — 1) Deﬁning
o as ‘HIHSIS‘ — |SH|2, we Similarly find Osis| = O = —ysip =
oy /(k — 1). By applying the conversions from the table to the equa-
tions from Appendix D, we can obtain expressions for the rate of
change of o5 and oy

o5 = Y(¢ys — 205) + T(Bs — 205)) (72)
where ¢ = [SSS||IH| + |SIS|ISI| — 2|SSI||SH]| (73)
and where fig = 2(k — 1)(|1S:Scly||SS| — [1aS:ScSyl[SI])

+ 2(S,Scly L ||SSI| — |S4ScSy L ||ISI| — 1S, 1, ||SSS| (74)
oy = —4youy + T(By + 2¢y — 2o1) (75)
where ¢, = 2(SIS||ISI| — 2|SSI||SII| (76)
and where g = 2(k — 1)(|laSxlcly||SI| = |1aSxIcSy|1])

— 2|SyScIyL||SIT| + [1eScIy L ||SIS| + [SxScSyI ||| (77)

Finally, rearranging Eq. (68) and its analogues, substituting in oy
we can obtain the closure for triples in the improved pairwise
approximation:

(k= 1)*|AB]” + o
k(k —1)|B]|

(k — 1)*|AB||BC| — oy
k(k —1)|B]

|ABA| ~ IABC| ~ (78)
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Thus we arrive at the improved pairwise approximation for k-
regular networks, expressed in terms of numbers rather than
proportions:

Model 6 in terms of numbers - The improved pairwise
approximation for k-regular networks

(k—1)°|SSISI| - o5

581 =291~ 205 (79)
- (k= 1)2SSS1 o5 (k—1)?ISIP + a5

|SI| =y(|II| —|SI)) — T|SI| + T kk—1)S] — Kk=1)5 (80)

otjs| =p(js; — 20s) +T(Bjs — 200s)) (81)

oy = — 4oy +T(By + 2y — 200) (82)

AA4. Appendix D - The rate of change of triples in a k-regular network

The state of triples in a k-regular network depend upon the
state of order-four network structures: line-graphs of length four
([AcXxC.Y,), [XxC.YyBp]) and star graphs with three outer individu-
als ([X«C.Y,Z,]). Assuming random initial conditions, by the sym-
metry of the system [X,C.Y,Bp] = [B,Y«C:X,], meaning only one
length four line-graph term is needed in the equations below.
Given that [SSI] = [ISS] and [SII] = [IIS], the rates of change of these
triples are described by six ODEs, which can be derived from the
system of Eqs. (12) described by House et al. (2009) by omitting
terms that include closed loops and by converting the equations
from numbers to proportions via the table in Appendix C.

[SSS] = p(2[SST] + [SIS]) — T(k — 2)[SScSy 1] — 2T(k — 1)[[aSxScS,)] (83)
[SST) = p([SH) + [ISI] — [SST}) — T[SSI]

— (k= 2)[SiSclyl) + T(k — 1)([1aS:ScSy ] — [1aS:Sely)) (84)
[IST] = ({111 — 2[1S1) — 2[ISI] — T(k — 2)[LScL, L]

+20(k— 1) 1,581, (85)

[SIS] = (2([SH] — [SIS]) — 2[SIS] + T(k — 2)[S,ScSyl.] — 2T (k— 1)[.ScS,]  (86)
[SI] = ({111 — 2[SIN)) + T([SIS) + [SSI] — [SHT])

+T(k=2)[SeSehy L)) +T(k — 1)([LaSilcSy] — [laSilcly]) (87)
(1) = — 3 (] + T(2[SI) + 2[IST)) + T(k — 2) [[,Scl, L] + 2t(k — D[S L] (88)

A.5. Appendix E - The extended triple model

For this model, we model a triple and each of its neighbours
explicitly. Thus, for a k-regular network, 3k — 1 individuals are mod-

elled explicitly, meaning 2! equations are required to describe
this model. By accounting for symmetries in the extended triple
topology, one could reduce the dimensionality of this system. How-
ever, the method constructing the set of ODEs algorithmically
described below models each state explicitly. Writing an algorithm
that accounts for such symmetries, while possible, would be some-
what cumbersome, and as such we did not decide to pursue this. We
approximate the external forces on this topology by assuming that
the higher-order structures that the rate of change of states depend
on can be approximated by conjoined extended triple topologies
conditionally independent on the state of shared individuals.

We construct the extended triple model in two steps. Firstly, we
construct a model with SIS-dynamics on the finite topology of the
extended triple. To construct this model, we provide an algorithm
for constructing SIS-models on graphs with any arbitrary finite
topology. Secondly, we add on external force of infection to this
model, which we achieve via relabelling.

E.1. An algorithm for constructing SIS-models on graphs with arbitrary
topology

In this section we outline an algorithm for constructing a model
with SIS-dynamics on networks of arbitrary topology. We can

rewrite the full equations for the open triple in matrix form as fol-
lows: if we let x = {[SSS], [SSI], [SIS], [SH], [ISS], [ISI], [IIS], [II]}". Then

e _
dt
States are ordered in this way so that they are interpreted as a bin-
ary string (e.g. [SSS] as 000). For the open triple, these are given by:

7Rx + TNx (89)

(01 1 0 1 0 0 0 ]
o -1tro 1 0 1 0 O
o0 -1t1 0 O 1 O
00 0 -20 0 0 1
R=j00 0 O -1 1 1 O
oo o O 0 -20 1
o0 0o O O 0 -21
oo o O O O 0o -3
[0 0 0 0 0 0 0 0]
0 -10 O O O O O
oo -20 0 O 0 O
01 1 -10 O O O
N=(0 0 0 O 10 0 O
00 0o O O -20 0
oo 1 0 1 0 -10
oo o 1 O0 2 1 O

Thus, we need an algorithm to construct matrices R and N for an
arbitrary graph topology, defined by its adjacency matrix A. Such
an algorithm is detailed below:

1. Start with empty matrices R and N of size 2" x 2°, where a is
the length of A.

2. Convert the decimal numbers d representing each state into
binary vectors b of length [.

3. For each vector b, go through each entry i. If b(i) = 1, then
R(d,d) =R(d,d) — 1. Let e be the decimal number obtained by
changing b(i) from 1 to 0, and R(e,d) = R(e,d) + 1

4. For each vector b, go through each entry j. If b(j) =0, go
through each entry k of b. If b(k)=1 and A(j,k) =1, then
N(d,d) = N(d,d) — 1. Let e be the decimal number obtained by
changing b(j) from 0 to 1, and N(e,d) = N(e,d) + 1

Using this algorithm, we can construct a model with SIS-
dynamics on the finite topology of the extended triple.E.2. Rela-
belling — an example

To consider the external force of infecting acting upon a partic-
ular state of the external triple, we must consider the external
force of infection on the susceptible neighbours of that particular
configuration. To evaluate this, we must consider the states in
which this neighbour has no susceptible external partners, up to
the state in which this neighbour has all susceptible external part-
ners. We can achieve this by relabelling the system to give us equa-
tions describing the probability of being in said states.

Let us consider an example for a 3-regular network. Suppose we
want to consider the external force of infection on the state
A = [SiScSy; Sxo I I Iy, Iy, ], With subscripts designating the positions
described in Fig. D1. We include the semicolon to distinguish
between the central triple and its neighbours. The only external
force acting on this topology will be upon xy, who is susceptible,
by any external infected neighbour of xo. Thus, the rate of change
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of [SxScSy; Sxolx, Iy Iy, Iy, ] Will depend upon some order 10 terms:
[SXSCSy? SXUIX1 ICUI.VDI,VI ;IXooSXm ]Y [SXSCS}/; SX01X1 ICOIYDI.Vl ;stOIxm ]' and
[SxScSy; Sxolx Lo Iyo Iy, s Ixgo Iy )- We make a closure at this level by
assuming, to take the first of these as an example:
1S:SeSy3Ss0 L, Teo Ty Iy, | % [So SxSci oo Svon I Leo Sy

[SXSCSy:rSXUIX] ICUI}’OI}’] ;IXODSXOI} ~ [stcsyésxolco] e

(90)

However, as we have not modelled xoy and xo; explicitly, the prob-
ability of state [Sy,SxSc; IxgySxe I Ic,Sy] Temains undefined. However,
as we start from random initial conditions, and given that a k-
regular is isotropic, all extended triples within a k-regular network
are equivalent. Because of this, we have:

[SXOSXSC; IXUUSXUI le ICOS}’} = [SXSCSy; IX05X1 ICoI)’oS)H ] (91)

Thus, we obtain an expression for this state by taking into account
the symmetry of a k-regular network, and by relabelling individuals
so that states containing individuals not explicitly modelled are
defined in terms of explicitly modelled individuals exclusively.

We can now arrive at an expression for the external force of
infection acting upon state A (44), which is given by:

> (Npr + 1go1) X [S:SeSys Pag Qu, ey Iy Sy, ]

P,Qe(S.
dy = Qe{SI}

92)
Z [stcsy;PonxllcoI}’oSh]
P.Qe{S,I}

where 1p_; and 14_; are indicator functions.E.3. Relabelling generally
The particular relabelling depends upon the particular state of
the external triple, and upon the particular neighbouring individuals

Table 1
Conversion table between proportions and numbers.

whose external force of infection you are considering. The requires
labellings for the k = 3 case are given in Table 2, and the required
relabellings for a general k is given in Table 3. The header row gives
the neighbouring individual whose external force of infection we are
considering, while the leftmost column gives the new positions of
states in a given column now occupy. External nodes that contribute
to the external force of infection always occupy the relabelled x;
positions.E.4. Constructing the extended triple model

To make the extended triple model, we begin by constructing
the model for the relevant finite topology with SIS-dynamics, as
outlined previously in this section. To construct a model approxi-
mating a k-regular network, we must add an external force of
infection to individuals neighbouring the central triple. The proce-
dure is as follows:

Motif Ratio to # of Term Equivalent term (numbers)
individuals (proportion) Fig. 10. A graphical representation of the extended triple approximation. Here
Individual 1 X X|/N yve visualise the E)'(tended open triple modz.el. for k = 3: slladed blue is our triple of
Pair K Xy] XY /KN interest, shaded in orange are any additional individuals that are modelled
. explicitly, while dotted lines show connections to individuals not explicitly
Triple k(k—1) [XCY) IXCY|/k(k — 1)N o
Line graph Kk 112 AXeCeY,) A XCY k(- 112N modelled that exert an external force of infection upon the topology. The state of
(length 4) (k-1) atxely IAaXxCcYyl/k(k - 1) this topology will depend upon order 10 structures. (For interpretation of the
Aostar k(k - 1)(k —2) X CeYy 2] X CeYy Zul Kk — 1)k — 2)N referen;es to colour in this figure legend, the reader is referred to the web version of
this article.)
Table 2
Relabelling for k = 3.
Individual — Xo=S X1 =S =S Yo = V=S
X — Xo X1 Co Yo Y4
c — X X C Y Y
— C C Y C C
Xo - {S.1} {50 {s.1} {51} {s.1}
X - 5.1 (8.1} . (5.1} (s,
o — X Xo X Yy Yo
Yo - Co Co Yo Co Co
Y1 — Y Y Y1 X X
Table 3
Relabelling for general k.
Individual — Xi=S =S =S Yo=S yi=S
X - X; Co G Yo Y;
c — X C C Y Y
— C Y Y C C
Xi - {5, {5,y {s.1} {5, 1} {S,1}
o — Xii X X Y, Y
G - Xisjn G Cin G Citj
Yo — Y Yo Yo X X
Yi = G Yj Y G G
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1. Construct ODEs for the SIS-dynamics for a graph of the rele- A.6. Appendix F — Convergence to the mean-field approximation as
vant topology, with the central triple as the first three rows of k — oo

the adjacency matrix. We believe that as k — oo, all models converge to the mean-
2. Express each state N as a binary b (of length [ = 3k — 1). field approximation. In this section, we show this is true for both
3. For each vector b, loop through entriesi € {4,...,I}.Ifb(i) =1 the pairwise and improved pairwise approximation models, and
calculate the external force of infection on this node, I, by outline how this would be approached in the general case.

relabelling. For all models Egs. (30) ([S]) and (32) ([S]) hold exactly - only
4. Subtract this, multiplied by 7 and the state itself (i.e. TNIxt),  beginning to differ at the level of triples. Our contention is that
to that state’s ODE (i.e. N = N — TNI.y). as k — oo, [SI] — [S]]I]. First, we note that because [SI] = [S] — [SS],

5. Let e be the decimal number obtained by changing b(i) from 1 [ST] = [S][I] <= [SS] = [S]*. We consider [SS],
to 0, and let E be the state corresponding to this number. Add on

) P S] = 29[SI] — 2(k — 1 I
the TNluy to this ODE (i.e. E = E + TNIug). [S5] = 2y1SI] = 2(k — 1)7ISSI] (93)
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Fig. 11. Numerical exploration of «s and ¢, for different approximate models of the k-regular network. We consider how min(ox) and max(ox), X € {S,I} vary with tk for
different approximate models of the k-regular network: Improved pairwise (left column), neighbourhood (centre column), extended triple (right column). These plots
demonstrate the bound o5 > 0 holds for all approximations of the k-regular network, but that «; < 0 only holds for the case k = 2. For k > 2, max(oy) > 0 given t is sufficiently
high. These transmission rates correspond to high endemic prevalences - in all cases I" > 0.8. In all plots we set y = 1.
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Now, we introduce /= tk, which remains constant as k

increases. We make the assumption that [SS] = [S]? initially and
consider their time evolution:

(1S7) = 20818 = 29[S — 2SI (94)

[SS] = 2y[S][1] — 2 (k; D A[SSI) — 2y[S][I] — 22[SSTJask — oo (95)

These equations are equal, and therefore the relationship
[SS] = [S]? continues to hold, conditional on [SSI] = [S]*[I]. In general
we need to show that the relationship [SSI] = [S]*[I] continues, given
that it holds initially.F.1 - Convergence for the pairwise approxima-
tion model

Under the standard pairwise model, [SSI] = [SS][SI]/[S]. Assuming
that [SS]=[S]%, it is clear that [SSI]=[S]*[. Given that at
t =0,[SS] = [S?, and that [SS] = [S]* = [SS]? the convergence of the
standard pairwise model is proved by induction.F.2 - Convergence
for the improved pairwise approximation model

Under this model [SSI] = (SS][SI] — s)/[S], i.e. [SSI] = [S]*[I] <
(ISS] = [S]*, s = 0). Let us assume that [SS]=[S]?, as=0, and
o; = 0. Then [SSI] = [S]*[I] and by examining Eqns. (40) and (43), we
find that os=0 and o; =0. Given that at t=0,[SS] = [S]%,

<1073
2

| |

1.5

0.5

=

0.5

(S %4 02 015 01 005
[S1]

(a) Improved Pairwise

%1073
2

15

0.5

os=0,00=0, and that [SS] =[S as=0,05 =0 = [SS]=]S],
ds = 0,0; = 0, the convergence of the improved pairwise model is
proved by induction.F.3 — Convergence in the general case

More generally, we believe that as k — oo, spatial correlation at a
particular level is only introduced by spatial correlations at a higher
level. For example, correlations only enter the pairwise model if
there are correlations at the level of pairs, correlations only enter
the improved pairwise model if there are correlations at the level
of pairs and triples (o terms), etc. Given that by assumption we start
with no spatial correlation at any level, it follows that correlations
are never introduced. However, we believe that the proof of this
more general claim is beyond the remit of this paper.

A.7. Appendix G - Exploring os and o for different approximate models
of the k-regular network
Fig. 10,11

A.8. Appendix H - Exploring the shape of o, for different approximate
models
Fig. 12
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Fig. 12. Exploring the shape of o, for different approximate models. Here we compare the shape of the error term —o; as a function of [SS] and [SI] for the improved
pairwise model (a), and as a function of [S,S.] and [I,.S.] for neighbourhood and extended triple approximations ((b) and (c)), for the example k = 3. We observe that o; surfaces
in all three models are very similar, and that their magnitude is much smaller than their corresponding o surfaces (Fig. 8). In all plots, we set T =1,y = 1.
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Fig. 13. Comparing the time-evolution of improved pairwise approximations against higher-order approximations for k = 2 and k = 3-regular networks. (a) and (b)
illustrate the performance of improved pairwise approximations compared to the higher-order neighbourhood (blue) and extended triple (green) approximations. We choose
values 7 s.t. ' = 0.1 in the extended triple model ((a) T = 1.4163, (b) T = 0.5744). In both (a) and (b) there is little difference between the time-evolution of improved pairwise
(orange) and neighbourhood model. In (b), while the improved pairwise model with o = 0 (purple) matches the endemic prevalence of the extended triple approximation
closely, its evolution to this equilibrium state differs. In both plots we set y = 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)

A.9. Appendix I - Exploring the time-evolution of approximate models
fork=2and k=3

Here, we present the time-evolution of improved pairwise mod-
els, as well as for the neighbourhood and extended triple approxi-
mation models, for k =2 and k = 3. We note that the improved
pairwise approximation matches closely to that of the neighbour-
hood approximation models. We also see that while for k = 3 the
improved pairwise model with ¢; = 0 matches the endemic preva-
lence of the extended triple approximation closely, the same can-
not be said about their time-evolution. Fig 13.

Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, athttps://doi.org/10.1016/].jtbi.2020.110328.
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