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THE MOD 2 COHOMOLOGY OF THE ORTHOGONAL GROUPS OVER

A FINITE FIELD. -
by Corrado de Concini

Introduction.

The purpose of this paper is to generalize the
results of Quillen [8] about the cohomology of (the
classifying space of) the general linear groups over
a finite field to the orthogonal case.

In the whole paper we will restrict ourselves to
the study of the cohomology with mod 2 coefficients
of (the classifying space of) the orthogonal groups.

We give a complete computation of H (BOMNik)”™)
in the case of split orthogonal groups when k has
g-4-m+1 elements (Theorems®).

The computation of the mod p cohomology with p
odd and different from the characteristic of k, is
basically simpler. It had been announced by Quillen
in his Nice talk j6] , as a consequence of his study
of the etale homotopy types of algebraic variétés.

He also announced partial results for the mod 2 case.
The details have never appeared. The proof that we
give here for the mod 2 case applies, with no essential
modifications, essentialy by substituting the Stiefel-
Witney classes with the mod p Pontrjagin classes.

The proof that we give follows the general lines
of the one given by Quillen for the general linear case.
There are in our case some obstacles which did not ap-
pear in Quillen"s proof, expecially depending by the
fact that for a finite group the first KO-thecry group



KO (BG) is not necessarely zero.

This problem does not arise in mod p computations
when p is odd, therefore making the computation in
this case considerably simpler.

We now give a summary of parts of the paper.
In paragraph 1 we define the space FOY~which is the
real analogue of Quillen"s FY 4 To construct FOYq
first of all we mimic Quillen and build a space FOY~
which turns out to be unsuitable for our computations.
Therefore we have to change it with FOY1l , essentialy
one of its connected components.

In paragraph 2 we give a rough computation of the
cohomology of FOY (.

Paragraph 3 deals with a well known technical Lemma.

Paragraph 4 treats the Brauer lifting of orthogonal
representation of a finite group over the algebraic
closure of k. We show that the Brauer lifting of an
orthogonal representation obtained by extension of
scalars from an orthogonal representation over k, is
left fixed by the action of the Adams operationY ™,
allowing us to associate to such a representation an
element in jBG,FOY*3 e This is applied to the standard
representation of On (k). N

In paragraph 5 we define some elements™in H*I(FO Y**)
wich will be fundamental in the subsequent computations.
Unfortunately their definition depends on the choiee of
a certain element in jBO(K) ,FO Y~J where 0(k)-UOn(k).



In paragraph 6 we consider the u™"s relative to
a particular choice and we compute a multiplicative
formula for them.

In paragraph 7 we give a complete computation of
HACFOV~) as an algebra.

In paragraph 8 we give an explicit base for
H*(FOY\ZzZ2) and for OH#($r (k) ,22), which allows
us to show that H*(FO0Y%,Z2) constitutes an upper bound
for H*(BOn(k)) in the sense of the introduction of [8j.
This together with the fact that H (BOMCk) x ... X"BO"Ck)
X BZ®,Z2) constitvfces a lower bound for m-times
H*(BOn (k),Z2)(n=2m+e(e=0,1)) gives us the total com-
putation of the mod 2 cohomology algebra of (the
classifying space of) On(k).

I wish to express my,thanks to my supervisor G.
Lusztig for his constant help and encouragement during
my work on this paper; and my admiration to D.Quillen
who Ffirst studied the cohomology of the classical groups
over finite fields by using this methods.

I finally wish to thanlc C.N.R. for financially

supporting me during the coursé of this research.



1. The space FO

By the word space we mean a topological space
with the homotopy type of a CW-complex.

Let BO be a classifying space« for example the
infinite real grasmanians, for the functor KO defined
on compact spaces, i.e.KO(X)-/X,B0] for X compact.

Let N((KO)n ,KO) denote the set of natural tran-

sformations (K&) -——— }KO.
We have:
Lemma 1. N((KO)n ,KO) ™ [JBn ,BQ]
Proof. If we take the Grasmanian model, then

(BO)n- 1in (G )n, where G denotes the real
- M.S m,s

Grasmanian of m-dimensional subspaces of a vector
space of dimension m+s.

Then, if we consider the Milnor exact sequence
0---VIimKO1l ((G J n)— —-0n ,BOI— >lim KO((G n)——¢0
m,s c qtgr m*s

where e" denotes the first derived functor of lim,
we must have in order to prove the lemma R Iim KO ((gnls) )=
m,s
- 0.
Now the real completion theorem [2] implies that

the inverse system KO-~((G )n is isomorphic as a

m»s

pro-object to the inverse system



RO((oa)n), H((Omn) BO((OgV )

BCCOo)Nn)

where, for any group G,RO(G)(resp.R(G)) denotea the
real (reap.complex) repreaentation ring of G and 1(G)
denotes the real augmentation ideal in RO(G).

It follows that, if we fix m, the inverse system
KO~1((Gm 8)n) satisfies the Mittag-Leffler condition,

IT we make m vary, we notice that it follows from
the representation theory of 0 , that, if m is odd,
the restriction map ROCCOMN) 1D ->R0((0a)n), for
h m, is onto and this easily implies that the whole
system KO'ACCG@ys)n) satisfies the Mittag-Leffler con-

dition, which implies, [2],
R1 %;m KO“l((%]J;)n) -0
,S
thus proving the lemma. q-e.d..

.
Now let g be an odd integer and let

represent the adams operation Y~ in KO.
We define the homotopy theoretical fixpoint set

of T as the fibre product



-3 -
S’
-»BOXBO
(6 ,1d)
where A is the map which sends each path to its

endpoints.
We want to define a slightly different space
from FO Y** which will be more useful for our purposes.
It is well known that HIXBOIZ2) - Z2 (W ,W2»..... ~J
where the wM"s are the universal Stiefel-Witney classes

and so, by Kunneth formula we have,
H*(BO X B0,Z2) - 722 [WMj -W.," ,WwE._ ... 3 with w* (®-p*(2)(wt),

where p~ (resp.p2) denote the projection onto the first
(resp. the second) factor.

Now let us define B to be the total space of the
double covering of BO X BO associated to the element
Wi +lw»iI41(BO X BO,ZC).

We have:
*
Proposition 1. H*(B,z0) -H*(BO X B0O.Z,,)
Proof. It is clear that the Serre spectral sequence "E"j

associated to the fibration



BSO X BSO

collapses at the term E2 because the map ¢ :Ht(B,ZZ)—
————— ~"Hy(BSO X BS0,Z2) is onto, since the map

(fg)*: H~BO X BO,Z22) —— ~H*(BSO X BSO,Zp) associated
to the fibration

2® Z2

</
BSO X BSO
fs
Y
BO X BO

where f is the double covering fjB— ->BO X BO, 1is
known to be onto.

So we have that E«”™ H (BSO X BSO ,zZ5)%Zw] .and
now the proposition follows from the fact that the map

d: H (BSO X BS0.Zg)- - (B,Z2)

defined by d ((fg)* W*<>)) - F*(wE ) Tfor i 2

provides a right inverse for g+ and from [3]

@« 2
Now consider the map BO —->B0O e Since q is oddf
Vv (e ,id)



we have that © is equal to the identity in mod.2
cohomology, so, we have (6,id) @j + w\J) -0.

This implies that there exists (e,id)": BO B
such that the following diagram

,B
(6\id)"
BO- ->BO X BO
6 ,id)
commutes.
Now let us consider the maps BO X BO- ——>BO
"

representing the diffei"ence operation in KO. Fixing
a base point b”BO, we can define d, using the homotopy
extension theorem, in such a way that d(x,x)« b and
d(x,b) - d (b,x) - x,V x€BO.

If we define m: BOJ -)BOX X BOAbi to be the
map wich sends the path p to the path t — *d(p(t),p(l))
which joins dA(p)* d(p(0),p(1)) to the base point, we

get a diagram \Y - -

80-UwF*OmM™

which iIs commutative and in which all the vertical lines
are fibrations with the same fiberSL BO. So BO* is



homotopy equivalent to (BO™ X ) X Bq(BO x BO),

and we identify BOX with this space.
Now let us consider the universal double covering

of BO

We have that, since the map d A is nullhomotopic,

(dA) +(w1)-0, this means d*(wM)€.Ker A* + wlij

since A is homotopic to the diagonal.
So (d F)*(w ) - 0 and so there exists d* such

that the following diagram
B d ~>B30

V .
BO X BO ->110

commutes.
Now consider the fibre product

—_ N
bsol X BSOM

A
%— ->BSO

where b* is chosen such that k(b")« b.

Proposition 2. Z is homotopy equivalent to BO1l

Proof. |If we consider the two diagrams



Bsol * bsoM
E

B-———j,———>BSO

“> * poM
h

\'
BO X BO- >BO

using k and d* we can easily define a map from the
first to the second, so a map a: Z——— "BO" is defined»
Now since the map BO?-~— ¢(BO X BO 1is homotopic
to the diagonal, it clearly lifts to a map BO? — >B.
In order to have a map f:B0?--—-—- BSO XgSO 7 suoh
that the diagram
BO -¢BSO1 X

BSOH
A"
v
—¢*BSO
B a- ¢
commutes, we have to prove that _d-° is nullhomotopic.

But now let us choose an homotopy preserving the base
points

BO1 X 1 H ->B0

between d A and "the constant map.
The obstruction for lifting such a homotopy to a

homotopy between d*A* the constant map lies in



1k

(BO1 X 1,BO1 X~0j U BO1 x{ljujb]x 1,Z2) - H°(BOI ,b,Z2)- O

So d* " is homotopic to the constant map and
we can lift it to BSO1 X ngpj « thus proving the
existence of f and getting a map T :BO* >Z.

Now it is clear that ar : BOl--->Z is
equal to the identity of B& Viceversa, for

Ta: Z -~B0J Z, we get A "ta/v A" by a

homotopy T because both are liftings of the same map
h2A " and, reasoning as before, we have that the

obstruction for these maps to be homotopio lies in
hl1(z X 1,Z x[o]Ju Z xjiju]lb°jx 1) -0

where b"e Z 1is a base-point and all the maps are chosen
to be basepoint preserving.

Again if 5 is the homotopy d*T then T is clearly
nullhomotopic as amap T:Z X | ———— ~BSO so it lifts
toaT" " ZX 1l ———- ~BSO XM 1bj

It follows that, using the homotopy extension
theorem, we can define 57 in such a way that T"/Z xjo|=bT a
and T/Z Xjlj- b. This impiies that using the universal
Rroperties of fibre producd we c"an define a homotopy
5: Z X | ——— >Z such that 5/Z x£o}- a and 5/Z X~1J- id,
thus proving the proposition.

QeOede
Note« By abuse of language let us identify, from now
on, BO1 with Z and, since clearly A" a/v/ zZ\" also
identify A* with the fibration A"»



Definition. FOYs is the fibre product
6N~ ->B0
A
an -/
BO

(FF, id)* > B

By Lemma 1 it is clear that we can extend the
definition of f* to the groups | ,B<® , where Y
denotes any space.

Now let Y be a connected space and let ye[Y,BO]
an element such that and let s:Y———— "BO
be a map representing y. Choose a basepoint z€.Y
such that s(z)-b, then have that the map

r————— >B°-~A71dT"B - — »m o

is nullhomotopic by reasoning as in the proof of
Proposition 2. So d’CSjidVs lifts to BSOl1l X BsO™j
thus defining amap Y — ———

This proves the following: *

Lemma 2. If Y ]Jis a connected space and ye [Y,BO]
is such that »y, then if S:Y—————- ¢BO
represents y, there exists S7iY—————- " \FO" fsuch

that the diagram

commutes



2. A Ffirst computation of HACFOVA.Z%}*

From now on, given any space X,H*(X) will denote

the mod 2 cohomology of X.

Lemma 3. For a suitable filtration of the ring

we have,

gr HACFOYD -jz2 wltw2 ... 3® A N2 «3*.._.. 3

with deg(WA)—i and deg(u,)-i-1. Ny
In particular the Poincar6 series of H (FOMO is

if -yt

-1 1-ti

Proof. We consider the square

FoV}-—~"BO1
A"
?
1/01 ) _V &
BO ->B
cALid)

of the proceeding paragraph.
In order to apply the result in® [$J asseting

that, given a fibre square
~ X
XX? Z

\
Z

were the vertical lines are fibrations and Y is simply

connected, there exists a spectral sequence |Eij ="H (Xx"2)



- 11 -

such that E2 «j"Tor3 ~Y\ h *(2) ,H*(X)), we should have

B simply connected; but it is easy to see that the
proof in [9] goes over verbatim in the weaker ipobhesis
that the fibration X--———- >Y is orientable, i1.e. if
the action of IT%(X) over the homology of the fiber is
trivial.

The fibration BO! a >3 is clearly orientable
since it is induced by the fibration BSO" X-on. ->BSO
which has a simply connected base space.

The above discussion implies that we have an
Eilenberg-Moore spectral sequence jENj-— "H*(FOY*?)
with

Eg*— (h"CboJ.h"Cbo1)).

From lemma 1 we have H*(B) ~ W LwE,..J]

with wr-fCwdj)- @) and w! I')- F*(w]i"~) for each
i 2.
Since g is odd we have already noted that €' acts
as the identity in cohomology and since A (resp.(6,id)")
is a lifting to B of A (reap.(id,6)), we have ,

(s, id)*ir(wp - (@.idi"~cwp -A; (wp -A"<wP “ wi
for 1> 2 and (S,id) *(WN)-A "*G.,) = w.

This means that (6,id)"* and A ** define the same
H*(B) modulqutructure on the two isomorphic groups

H*(BO) and H (BO ), and that they are both equal, as
H~B) modules, to the module H*(B)/I; where 1 is the



ideal generated by w! + w? for i 2. .
N 1.

Now let 1 and A2 be the two subrings of H (B)
generated respectively by w] + w? for 172

wN and w| for i>2

We have
H*(B) - Al®A2
H*(B)/1 - A2
Then, by the Kunneth formula 5 , we have
A®A A

E2 - Tor 1 2(A2 ,A2) - Tor 1(Z22 ,22)«A2*

Since A™ is a polinomial algebra with generators in

degrees 2,3,.e===<» we have [f]]
Tor 1(Z22 ,22) -/\ [u2,u3,.... "

with degCu”™ m i1«

This implies

\Y Z2[“F “2 ..... 3 A [vuj----. 3
with wM€ E2» and u~Eg1l’1-1. Since E2 is.generated
by elements in E™»* and E”~A** and on these the
differentials are all zero, we get E2-Eqq and hence

the result.
e
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mThis morphism gives rise to a homomorphism

Dg: jKeriH”Y" ,06) © HAY.G)]

(Y,G)+glHi"1 (X*,5)

for each i, obtained by & (Og u) m g*v with j* v - u.
Now take a ring as a coefficient group for cohomology

so that cup products are coined.

Lemma 4-.

(i) Dg 1is an homomorphism of H*(Y") - modules,
i. e. if tGH”AY") and ugKer(f"*,g*) we have
Dg(vu) - (-1)1 Fg* v Dgu

(ii) If u Ker f*and vGKer g* then Dg(uv-) - O.

Proof.
(i) 1is obvious since all the maps in the diagram

are H*(Y") - modules homomorphisms.

(ii) Let x be such that j"x-u. Then j*"(X V)«u v
and g™"(X v)- g*x g* v - 0, so (ii) is clear.
Q=6
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4. The 3rauer lifting

Let 2 be an algebraic closure or the field with,
q elements (g odd) k.

Since k is the union of an expanding seguence
of finite cyclic groups, we can define an embedding

i0 :2—  >0~7where C is the field of complex
numbers.

Let G be a finite group and let us consider a
finite dimensional representation "ir of G over 2.

The modular character of TT is defined ad the

complex valued function

where the set is the set of eigenvalues counted
with multiplocity, of I1fCs)«
It is known V] that the function is the

character of a complex, virtual representation, 1i.e.
<. H(G), the complex representation ring. 7c*
is called the Brauer lifting of T .
Now/ let R,-(G) be the Grothendieklgroup of tho
representations of G over 2. Since the map 7 which
associates to each representation over k its Brauer

lifting is clearly additive we got a 1- nomorphism

-—=-Ye (@)



Now consider an orthogonal representation "G of
G. By §Yj we have that in this case <£R0O(G), the
real representation ring of G. Thus, by reasoning as
above, if we denote by KOg(G) the Grothendiek group
of orthogonal representations of G over £, we get a

homomorphism
: RCMCE) ————————- >R0O(G) .-

Now it is easy to prove that, il yK denotes the
r-th Adams operation in R(G), i.e. the operation
which associates to an element af£ R(G) the element
Q (/-VCa)»»**, /-0(a)) where then"s denote the exterior
powers of a and 9; is the Nauton polinomial expressing

\Y
t1+"'+tk in terms of the elementary symmetrxc functions

we have
~(g) » @)
for any g G and any representation of G over k.
IT we consider a representation of G over k

then, by extension of scalars we get a representation

TT of G over k. Since 1t~ pomes from *f it is clear
that the set of eigenvalues of ft' (g) is stable
under the action of the Frobenius homomorphism X----- ~X(Q

for each g G. So, by the above relation we get

This clearly implies that we get a homomorphism

vV G> >RCG) «
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where by R(G)™gq we denote the subgroup of R(G) which

is fixed under the action of , and by R™CG) the

Grothendiek group of representations of G over k.
The same is evidently true for the orthogonal

case ,thus giving a homomorphism
N eROk(G)-———-—- > RO(G)SKL

From now on we shall consider only the orthogonal
case.

It is well known that by associating to a; real
representation T of a finite group G, the corre-

sponding vector bundle over BG we get a map
RO(G)-—————- >[BG,B0]

This map is clearly a homomorphism and is compatible
with the action of Adams operations; so it takes
RO(G)”™ into iBG,BO]"™ . Composing with the homomorphism
\ :RO. (G)----"~.ROCG)~™, we get a homomorphism
ROk(G) -———- > [BG,BO]T .

9

Applying lemma 2 we see that we can associate

to an element in ROMNG) a map BG—— ~FOy .

Remark. The above map BG—— " FO¥ ~is not uniquely
defined up to homotophy as we will show later, and
this is the main problem when one tries to extend to

the orthogonal case the proof in [V].

imyragin ADIMEVYM 40 ALISYIAINN
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the following exact sequence:

0-——>Rlli0 pEIA - > [bO(E) ,Bo]----- lim (V>

m,n,s m=n,s

So, in order to prove the proposition we have to show

@ B4 lim .0

m,n,s

m

But (1) follows because, if we fix a couple {n,s)

we have [V) that the inverse system | Jm witil
only m varying, is isomorphic as a pro-object to the

inverse system

inverse system consists of finite groups. So the entire

inverse system is isomorphic to an inverse

system of finite groups.
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(2) follows from the Milnor exact sequence

0 — >B1 ---->]?0n<k (a)5, _—

» F]— >

m
for each couple (n,s), using the isomorphism between
the system Bojj and the system w -

If we put 0(k”™)-U °n&k(s)) we get,

Corollary. L2k ((s)”’B2F * [1im jBONCk™M) ,BA

n
for each s.
Proof. It follows immediately by repeating the proof
of Proposition 3, considering the system . ,BO
P g —*le 4 )Cu ni8 ){X/
instead of the system ¢IBE tS»B0J
Q‘G*d«

IT we consider the canonical n-dimensional orthogonal
representation over of °n(k((a)) we Bave already

shawed how to associate to such a representation an

element of @OnC~(s)). 2°] . let us call it
Further, if we cqgnsider the inclusion Oa(ksj)C

C. °ni(k(si)), for n U 1 ,s£s" ,we can associate to this
inclusion an element in [BO~Ck~) ,BOq,(k”™, )] *

*t@ v

LYV, dl7l MOIMEYM 40 ALISHIAINN

T
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(2) follows from the Milnor exact sequence

0 —>B1 1im[B~"BOj--———>[?20n(k(8)), B —- >

for each couple (n,s), using the isomorphism between
the system j[B~m~,0. Bojj and the system w -
m g-e.d.

IT we put OCk”~J-U °nik(s)) we 6et*

Corollary. [BO(k*sj),.B~ - [lim jBON(KM)BAN
n

for each s.

Proof. It follows immediately by repeating the proof
of Proposition 3, considering the system) [B*m\BOJY

ir @) 1 “t8
instead of the system ~LB" iS.BQJj

Q=6

If we consider the canonical n-dimensional orthogonal
representation over of 0~rCk™) we kave already
shawed how to associate to such a representation an
element of jJBONCk™), us ca» ~

Further, if we cqgnsider the inclusion O~"Ck~JC
C 0 (, tN) for nlInl,%$:,8" ,we can associate to this
inclusion an element in [BOa(k”sj)tBOal (k*Al))J , let

AtoG

imWv 9 J



21

us call it 'ﬁyéﬁ,él& It follows immediately, by
computing the modular chracters, that we haves

- /r.cs,8") -j. (s
\V (n) (nfn.) U (n,)

as elements of |BOn(k"s™),Bo]|

Lemma 5 (i) The sequence $ft x} defines a unique

I )

element £ f_BO(_k) ,EO]'I

(ii) The sequence |IT defines a unique

K)

element (BN 1?77k ()N for each s.

Proof. (i) is clear by Proposition 3
(in)follows from the Corollary and the fact

that » ()G (?°n™k(sP* B°IMifor each n=*
g#te#d#

Note. It is clear by unicity that if TF~;-~BOCk~") ,BOKJF
denotes the element associated to the inclusion
0(k"rs™)C 0(2), we havel”™ ()“TASAMT

18V 49N MOIM¥VM 40 ALISYAAINH
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5. The elements u.I

In this paragraph k is again a field with elements.

It is clear that our definition of Cn(k) allows us
to identify 0Q(k) with the group consisting of n x n
invertible matrices with entries in k, with the property
T « T where T indicates the transpose of a matrix T.

Under this identification let Q(n) be the sugroup.
of diagonal matrices in On(k). Thus Q(n) is the subgi-oup
consisting of matrices with entries i or -1 on the
diagonal, and 0 elsewhere. Thus Q(n) is a 2 elementary
abelian group of rank n.

IT we consider the canonical inclusion I™MQCn) c~0"Ck)
as a representation of Q(n) and we compute its modular
character (i.e. the modular character of the represen-
tation of <Q(n) over k we can define by extension of
scalars starting from iQ) it is easy to see that such
a modular character is equal to the character of the
corresponding inclusion i of Q(n) in Od\as the sub-
group of diagonal matrices.

*

Thus it is clear that the map

: BOk(Q(n))-———- > iBQ(n),Boj
carries i1Q into the element of [BQ(n),Boj which cor-
responds to the n-dimensional vector bundle associated
to 1 _.
n
Now by Lemma 5(ii) we can choose an element
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as elements of jBO(k),BO] . It is clear from the above
that, if 3n is the element in jBQ(n),B0(k)J associated
to the composition of inclusions qQ (n)c 0~(k)C 0(k) we

In consideration of these facts we get:

Lemma 6
(1) The homomorphism H*(BO)———-"H*(FO ) is

into.
(ii) Let the symmetric group on n letters o. act

on the subgroup of diagonal matrices Q(n) by permuting
the entries. Then, if H (BQ(n)) denotes the subring
of H*(BQ(n)) of invariants under the induced action of
JF on cohomology, the homomorphism

3n)*:H*(F6Y")——— >H*(BQ(Nn)) maps onto
H*(BQ(n))SAV , for each I\

.

Proof, (i) Since comes from the representation j/

T it is well know that jL:H (BO) ="HA(BQ(N)) s
injective for t~n for each n. 8ince for each n we have
Jyi'TT - dn> (i) follows.
(ii) It is known that for each n maps H

onto H*(BQ(n))E ”/so it will be sufficient to prove



»

Im(t 3nf C H (BQM))E~

But this follows at once because, if N(Q(n)) denotes
the normalizer of Q(n) in On(k),we have N(Q(n))/Q(n)=

and acts on Q(n) exactly by permuting the entries

in the diagonal. g-e.d.

Let us consider now, for each t”~2 the elements
\i\i N + Wfo in Hr(B) (B has the same meanlngr afyln
paragraph 1). We have (WE + wM)€. Ker((or,id)" ,A) so
by paragraph 3* we can define, by considering the

couple of maps (*",(6,id)") in the square

(e, id)y*

as a map / om t ~be element

p ut IDF(W' +w»> HACTON) "Ht_1(BO),

Since it follows from the fact that A .and (6,id)" are
onto that In(j?t** Im~ i

But it is clear by Lemma 6 that there is only one
element in the lateral class u”™ which is in the kernel
of

So we can give the following,
Definition Bor each t the elements A utt. H (BOV ),
t>2. are defined as the unique elements in the lateral
n N V *
classes u\. such that GfF ) - 0.

4 AWaan



Remarks
(1) It is obvious to verify that, for each t t,
uté KerCrj~, ~ and that is the unique element
in the class u. with this property.

(@ By putfing a subscript qv under un we
want to enfasize the fact that the construction of
the ~ u”™ depends on the choice of Tr

(5) We have defined the j~u”~j in only
when q is the order of a finite field of. odd characte
ristic (i.e.g=pa for some odd prime p).

The case of any odd integer can we treated in the same
way since the role of 0(k) in the above discussion is
irrelevant, because we could have studied directly the
elements in jj3Q(n) ,FO »which again are not -uniquely
defined, that arise in any case from 13BQ(n) ,Bof ,
depending only by the diagonal representation of Q(n)
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6. Multiplicative formulas.

Again let k be the field with g elements and
let k be its algebraic closure.

Let 0_(k) be the n-th orthogonal group of the
vector space kn with bilinear form <L A

It k«S} are defined,cior each s, as in paragraph 4
we clearly have 0 (k) - 0 (k, %)=

Let x___ be the g-th Frobenius automorphism
in k,, and let Fn:On(k)?jbe the automorphism of Gﬁ(k)
defined by

Fnsaid)
where (@.-™)»*A denotes an n x n matrix in On(k).

If GnC On(k) X On(k) is the kernel of the homo-
morphism d:On(® x Oon (K j-——- 7'C defined as
d(A,3)= det A det B, let_An:On(e)- _>G_ be the
homomorphism defined as A. n(A)*«(A,A), and let
Fr:0, () -> G, be the homomorphism defined as
MONGNORIE ) _

Now let us consider g map J\ BOQ(K)—--"BGn
(resp.Fn :BOn (k) — ——-"BGqg) representing the element
in jBOn(k),BG"] associated to A n(resp.-F*). Further,
since is an inclusion let us choose /\n to a

fibration with fiber Gjy/o (k).
We define Xn to be the fibre product

n
y -> BONCE)

| ¢

BO,,(k)- ARG

Ley 49071 AJIMYEVY M 40 ALISYIAIND
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Proposition 4. OXn))«0 i f  i/1 AL )P (K).
Thas Xq is a classifying space for 0Q(K).

Bkalfe Let us take basepoints in BOn (k) and BGﬁ SO
that Fqg and A" are based maps (this is possible since
we can vary Fn up to homotopy).

It follows that also n and x pn can be considered
as basepoint preserving maps.

Wow Since A n i8S a fibration we have that the map
b M (BGn)———— > % < Gn/0 ~27) is just the map Whikeh
assigns to an element n  (AB)E.Gji-ITEBGR) its left
lateral class modulo 0 (k).

But, given an element (A,B) Gq ,we have that

G (A,B) - b (AB-1,1)
So b factors through the map n > son (k),

which assigns to each (A,B)E G™ the element AB SO™Ck)

and the map b :50Q(k)----5Gn/0 (£) which assigns

to each A~MSO~NCk) the lateral nclass ~(A.INJ™ G QO
I n

The map b- is clearly bjjective.
Now let us consider the map of homotopy exact se-

quences

*n>-—-->V B O N(E))-——-
}VW* Vel
6—> " s@Bonk))Y*»(BGN)

We have F&-F M (BQ(k)) ~ O (k)= -MVACBGNn) * Gn*

ANY'4G1IT  MOIMYVM 40 ALIYYHAING
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denote it by BOQ(K).-

Now let us consider the groups 0(k), 0(k) which
have already been defined, and G= %N G . Clearly
o0(k)=U O (k) Since the F "s are compatlble we /({/an
define an homomorphlsm F 0(k)——’\ 0k) by taking F**I/I_:

and also an homomorphism F*:0(k)___ G which is the
union of the ~F~"™ . _ -
Similarly we can define the homomorphism A~ » :0(C
———— " G. Now let us denote by :BO(k)—— ~.BG the

fibration induced by A  with fiber G/~g) , axl let
F:BO(k)—— "BG a map in the homotopy class”jBOCk) ,BGj

induced by F*".
We define X to be the fiber product
- Y BO(K)

A
vy/
B"CKk) — >BG
It follows immediately from Proposition 4, by passing
to the limit that X is a;classifying space fpr 0(k).
In view of this we shall dengte X by BO(K).

Now let us considered the elementjBO (k) tBol

defined in paragraph 5« We have

Theorem (Quillen)7.
H*(BO(K)) ~ 22w w2 ,...J where

Using this theorem we get:
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Proposition 5.

H*(BG) ? H*(BO(k) x BO(k)) .

Wi + w-)
whith wK'") = pr-i(2)*i™* wilere pri tlie projection

of BO(k) x BO(k) on the i-th factor (i = 1,2).

Proof. It follows verbatim from the proof of Proposition 1,
Qe=6*de
Now let us consider the elementsé. [BG,BO x Boj
defined as M = (@ xTi*)CX where c/\6.jBG,BO(k) x BO(K)j
denotes the element associated to the inclusion of G
into 0(k) x 0(k).

IT we take a map e:BG——— ~BO x BO in the homotopy
class ™ the proposition gives us the existence of
e:BG—— — ~.B such that the diagram

B

BG—“—>B0 x BO
e

where f denotes.as in paragraph 1 the double covering,
commutes. ,

It also follows, since the Brauer lifting is additive,
that, if we consider the composite map eA:BO(k)--——3}B ,
then there exists a map a:BO(k)— -"BO1 such that the

1svd3alT MOIMEVM 40 ALISHIAINIU
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A being the fibration with Ffiber BSO, commutes.

Thus we can define the following commutative diagram

BO(k)m -~BO(K)
? A
BO(k)m —>B\(¥ - _>\I9/

Now let K be a finite group and let £ be an
n-dimensional orthogonal representation of K over k.
By using the same notations of paragraph 4, it is easy

to see, by direct computation,

=\ _ x

for any g£ K. This and Proposition 3 clearly imply that
jeF] - [(6,id)]

as elements of "™BO(k) ,b] . Thus we can choose a homotopy

H :BO(K) x I ~ B such that Hg=6F and H™»(G,id)"

where vIr is a representative for the classic jJBO(k) ,BC.
If we apply H,C it follows, by the covering homotopy

theorem that there exists a homotopy HE:BO(K) x I-

such that 3”"°a ™

At the end of thése homotopies the diagram (@ will

be transformed into the diagram

1SvddlT MOIMEIVM 40 ALISH3IAINN
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of fiber product that HJj factors through ™ e.
It follows from lemma 5 and the note under it,
that using the notation of paragraph 4, iffIT3 ~ A\ ~
So we have that we can define the elements ~u.

E~CPOFf9), for each 1iM,2. n

Note. Since from now on we shall consider only the
elements Y5 with 'I;—I—Lfr:f we shall put ijui( » Ug-

Now let us take up the notations of paragraph 5»
we have:
Lemma 7.

(i) the homomorphism > :H (BO(k))—— "¢M(BOCK)) is
into.

(ii) The homomorphism jn:H (BO(k))- ~wH (BQ(n)) maps
HA(BO(K)) onto H*(BQ(n))EHv.

Proof. By the theorem, the proof proceeds exactly as

the proof of Lemma 6.
gq-e.d.

Now, by reasoning as in paragraph 5 we can define,
for each t~-2, the elements ut6H (BO(k)) as the unique
elements in the” lateral class Df (WMydtw]|+1) such that
Jt(ut)=0, where we put I equal to the couple
of maps (,F).

Since from the construction of TP and from the fact
that Dg clearly depends on tje homotopy class of g, it
follows that D e =ITDi as maps from kerCC™id) -~ ) to
Coker CoF ).

*x
Lemma 8: Tr CO - u..

BT SOIHW 20 ALIHNIVE
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Proof.

The lemma is an immediate consequence of the
definition of the u,"s and U."s and of the relation
* Crw * t
D e D" .

1

q-e.d.

Now let us consider the homomorphism m:0(k) x 0(k)-
_ > 0(k) defined as the union of the direct sum homo-
morphism m™n ~i0”Ck) X

>°n+t(£)* By th®
definition of Gn we have that, if we consider the re-
striction v,

% of the homomorphism m(n X m(n,1)S
:0Qk) x ot(k)) -~(0n

(k)) to the subgroup

Gn x Gt we Im v(n,t)CGn+t *

®et

Further it is immediate to verify that the following
diagram

ong) x oty  AD

*on*t<k>

Fa X Fi n+t
> Gn+t
VCn,t)
commutes. «
So this implies that the, diagram
ok) x ok) m
F*
G1

where v:G x G G

is defined as the vmion of the
*C @
V(n,ty Se commutes.

jo ju.

am



By taking representatives for the homotopy classes
of maps induced by the homomorphisms in the above

diagram we get a diagram

BO(E) x BO(k) ———— "BO(K)
FxF
W
BG x BG Ar ->BG

which Is commutative up to homotopy.

Similarly we get the homotopy commutative diagram

BO(k) x BO(k) ——— ——--—->B0O(k)
A* A A
BG x BG N _———>BG

Since in this case we have chosen ¢\ to be a
fibration we can make ( ) into a commutative diagram
by the covering homotopy theorem. So, from now on we

fix"m and 'V in such a way that (T 7) is commutative.

Now let us consider the diagram AX
BO(k) x BO(k) —vy xy_>B0(k) x BO(k) —— -— >B0O(Kk)
o> xcf AXA A
vt )
BO(K) x BO(K) 5-p—RC x BG - —xp _BG

which is commutative by the above discussion; and let
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us choose a homotopy H".:BO(k) x BO(K) X I —————- ~BG
such that Hgq="V (F x F) and P"m. By the covering
homotopy theorem there exists a homotopy L"jBOCK) x
X BO(K) x I ————- N BO(k) covering H*. So, at the
end of these homotopies, the above diagram will be

transformed in the commutative diagram

BO(k) x BO(k) J*. ~BO(k) ~3BO(K)
H xf ? A-
Y%
BO(k) x BO(k)— jj-"BO(E) ————- >BG
where YA~ by the universal property of fibre product.
Lemma 9. yW:BO(k) x BO(k) — ~BO(k) represents the

homomorphism defined as the union of the direct sum

homomorphism X °t~ kN ———— 4100

Proof. Since <>yw - m @?x%) and we have seen that

represents the inclusion 0(k)CO(k) we must have
that y» must represent’the restriction to 0(k) x 0(k)
of the homomorphism m, thus’proving the lemma.

q-e.d.

Let us return to the diagrams CizZ») and (S2.
Since, as we have already noticed, the homomorphism D

S
depends only by the homotopy class of g, we have

Uu) 1r Dr m Dr xrv *



Now let us consider the canonical projections of

the square

BO(k) x BO(k)------—- XILX--——- ~ BO(k) x BO(k)
o x<p A XA
nK
BO(k) x BO(k) Px P -> BG x BG

onto the square

BO(k) ->BO(k)

A
BO(k) BG
IT we denote by x®1 (resp.1<22x) the image of an

element of H*(X), X is any space in the above square,
in HX(X x X) under the cohomology homomorphism induced
by the first (resp.the second) projection, we get, by

the functoriality of D , that Dfi (y 1)-Dr (y)<>1 for
* -
y~H (BG), and similar?y for 1<Sy.

Lemma 10. o
DACCwAN Wj)." + <*,e*)-) -
“(Dp (Wl+twx"))® (<fWj)+(cf w*CD hCw' + wp) for i,j>2

-(Dr (wM+wV))<S>(ftwh)) for j-1,i>2

-0 for j=io

Proof. From what we have noticed above, it follows

DpK(w[+wp<» 1) - (Dr (w] +wp)é& 1
and similarly for 1 (gj|] + wl)
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Since
(w.<&w.)" + (W)’(\W.J)" « (W§( + W'X')QW\G + W)\{@ (W;T+V\I:J')
for 1,3>2,
we have by Lemma 4:
D[ii((w-<120 WO_)' + (Wj\@WJ.)") ] (DQQN’I}+W'I_'))® vv'o +
+ w)‘€®(D (W'U-P\Na;)) =(Di (w)%+w)’(?))$ (qr* Wo) +
+ (ilf WX)®(DI" (W3+WZI!)).
Now suppose 3=1 i”72.
Then by Proposition 5, wl = wj =w* . So,
(W-)<(g>w i) '+(WT<8 wi)" = (w;(+)¥v_")g>w , then by Lemma 4;
DAC(WA + WS W) = (Dp (W. + wp)é&>

Finally if i=3=1»

and so the proof of the Lemma is complete.
g.e.d.

Let us recall that the Brauer lifting defines a
map ROr-(G)----—- xfBG.Bo] , for each finite group G.
This, together with the definition of m:0(k)x 0(k)----¢>0(K)

and Proposition 3 implies that the square
BO(k) x BO(k)
T
BO x BO BO

where s iIs a map representing addition in KO, is homotopy

commutative.
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This iiqiies;
Proposition. 6. m (Ww.-{ - w" S w

1 fa-i-i k i
Proof. By the know multiplicative formulas for
Stiefel-Witney classes we have

s* (w.) = <E »
ki V swo
and by the above diagram

S wD=m"K#(wi)) - OrrxTr)* (s™Cw”)

So, we have

mACS.) - (ir X It* ( E W W) -8 w ®w
k+d-i 0  k+j-i *

Gegxde
We are now ready to prove;

Proposition 7
)-£ Ib(0O(u? wb) + (Fwa)<0”
/ X a+b=1i

for each i.”,2, where we put u”™-u -0.
o}

Proof, if we consider the iihage of » (up modulo
Im(t] xcp* we get;

yVIfCu.)-AMOrCwUwp) - Dr2¢v*(w”™ + wp)

by (*-)-
But,

Drr*(St+w?)) =D i((S (w<Ow ) ")+(£ <V9wh>")
| 11 | a+b=i a+b-i
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D i( . (W <>w )= + (wa (@ivb)“)
a+b=i

CO Wrwr))@(cwb)+(c|Twa)(@Dr (W +w?r)))

atb*=i
by Lemma 9» whith Di-Cw"+w')=0 when a=0,1.

Now by the definition of iL it follows that/w (U")
must be the only element in the lateral class
Dj-I(v*(w™ + w?)) which lies in Ker(J\ x J» ; in
fact it is clear that v(g”™ x j») is homotopic to
But this element is clearly Just

£. (ua® cefwb) + ul®(CchFwva)) with u o,
a+b=1i

thus proving the proposition
q.e»d.

Corollary»

C? vFf (u))=<E, (ugp(=t>wb) + Uj2C* wa))
a+b-i
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7. The algebra

From now on we put w™-~Cw”) and wx> (W")» for

each 1.
So we can write the multiplicative formulas of

the preceeding paragraph as

A* (w.) -SI wa® wb
/ a+b-i

@) -sI1 (U® wb + wa®
J 1 a+b=1

with u™» =u » O.

Now let us iIntroduce indeterminates t,s with s -0.

IT we put
"t -1 + S-  wt titui th+fls w -0)

we can rewrite our multiplicative formulas as

Ntsh " "ta®"ts *
Now let k be the field with g elements with the

restriction q - 4m+1, and let us consider the group

0200 . -

It is easy to see that this group is a diedral

group with 2(g-1> elements and it is known J?J that

i @) 2 *.,,2>3"¢ 2
ac * 1)

with deg x*-deg 1 -1 and deg x2 - 2, and with

CP2<Wi>«i. 1%1.2.
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Proposition 8. If Té-jB0"Ck) ,BO(k)J is the homotopy
class associated to the canonical inclusion of C2(k) in
0(k) then:

(i) If A is the subalgebra of H (02(k)) generated
by X2 ,F(u2) ,we have A=H*(02(k)). In particular
~(u2) /7 0.

(i) f (W)«F*(L)«0 ,for i"5.

Proof.

(i) Let us consider the two squares

Bo(k)- T m»BO(k)

A

V. W
BO(k) ., —>BG

and N
BS02 (K) I _>Bso(k)

bsoM K ) ~ BCO,,(k) xBSO (K)

where the second is defined in exactly the same way as
the corresponding square for 02(k),y denotes a map
induced by the homomorphism F:SCG2 (k) — —"S02 (k) defined
using the Frobenius homomorphism.

By using the same methods of the proceeding paragraph,
it is easy to see that, if T£ 1]BS02 (k) ,BO(K)j denotes

the homotopy class corresponding to the canonical inclusion
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of S02(k) in 0(k) and ££ |BS02 (k) x BS02(k),BGj denotes
the homotopy class corresponding to the canonical in-
clusion of S02(k) x S02(k) 1in G, we have:

f+D = Dr )1(‘/\
where rr =(y ,(‘F,{d)) an.& 'i has its usual meaning.
Now it is known SOZ(Ak): Ak)p and, since I-<-A is a
union of an expanding sequence of finite cyclic groups
of order prime to char k and since the relevant
Bocksteins are all zero H*(S02(£),C) £ C jxj with
deg x = 2, where C is any finite cyclic group of order
prime to char k. In particular if C»22> it follows im-
mediately from the theorem in paragraph 6 that, if
f£jBS02 (k) ,BO(k)J is the homotopy class induced by”
the canonical inclusion of S02(k) in 0(k), then x=F(w2).
Now let us take coefficients in Z/h(g-1), where
."l is an integer prime to g-1 and to char k, and

let us consider the following map of exact sequences:

H 1(BS0? (K) ,Z/h(g-""))"->H2 ( 2 ,2/h(g-1))"> H2 ((BSO2 (k)5 ,Z/h (a-;

t. rr

V4 r 1 Y
Hn (BSO (K)EZ/h(a-1»"->H2C 7 Z/h(q-1))"H2 (BS02(K),Z/h(q-1)

We have that, if we put x° " *Pr r(2)™X~" wilere pri
,2) denotes the i-th canonical projection
BS02 (¥) x BS02 (E) ——---—- >BS02(£),/\ 2(x "/ x) - 0. This
implies that there is an element z€H2({(/",Z/h(g-1)) such
that r (z2)-x"- x".
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Now let us consider ]2(z)“Z".
Since, if we consider the homomorphism zZ/h(g-1)
which sends 1 to 1 and the corresponding homomorphism
Z :H2(BS02(K) ,z/h(g-1))------—- > HABSO”™K) .Zg) ,

we get that O"(xX)=F (W2), so by the definition of Dg
and the fact that "f*D_ - D_ ? *we get that, in order to
prove that f 0, it is sufficient to prove that
there is no element zCH2”~,Z/h(q-1)) such that 2z=z".

Now, since 4/qg-1 it is easily seen that SOgCk) ™ k = z/(g-1)
Since h is prime to g it follows from the universal
coeffients exact sequence that H2(S02 (k),z/h(g-"1D) ~ z/(g-1)

and we can choose g?2(x) as a generator.
Since (F,id)*(x,-X")*qg-"Dx we have T (" )>Cg-1)x so
if we suppose that there exists z such that 2z=z" we have

X-(z): —Szri— X. )

ik |_ [
But, by exactness g°’gCCz) “O« —2~—~ c”~Cx) which is

absurd since C~Cx) is a Senerator of H™N(BSO(k),zZ/h(g-1))
= Z/q-1.

Now,since if we consider the homotopy class
hf£ [bS02Ch),B02(K)J , induced by the canonical inclusion,

we clearly get N ,
f - fth

and since we have proved {Ev*(u") £ 0 while it is known
) - 0, we have that f*(u2) /7 f*~) . So, by the

structure of H3(B02(k)) we have that f*(u2)«l or

~(u ) = I+™“(wl). In either case it is immediate to

see that (w3 ,f,(w2) and f*(u2) generate the whole



200).
So (i) is proved
(infollows immediately from the relation
f *
. T2)
and the theorem in paragraph 6.
qee de

Remark. Given a Ffinite group G and an orthogonal re-
presentation \C of G over k, if [BG,BO(k)J corresponds
to yC , we can consider the elements *wt), 1T(u.)

as characteristic classes for the representation VC and
the class

W ) =1 + < yctw.) tl +>*(u.) ti_l s
s -
i»l 1 1

as a total cohomology characteristic class for X.
With these notations, Proposition 7 asserts that
if N is the canonical two dimensional representation
of 0~Ck), then:
wts(IC) = I+fFA(w-D)t+FER(W2)t2+Ff *Cugjts,

and the coefficients of the non constant terms of the

above polinomial in t and s, generate H*(B02 (k)).

We have the following (we suppose g=4m+l):

Theorem -1. The mon_omials

cm <A P*  pa
w1 _W2 Frokmokx U2 U3 (.o..o-.
whereof -0, OF\ p. ,v> and X; *pC =0 for all but a

Vo o/, @
finite number of i °’s,form a basis for the algebra H (FVCt )-
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Proof. let us consider the map
h~: BOMKk) x ... x B02((K) -~>BO(k)
n times

defined by induction in the following way:

N - £ hn =A(n-1 X V *
We putii hn= hQ, where ~ :BO(k)----—- is
the map defined in paragraph 6.
Now let us define an homomorphism P from
H*(02(k) - 722 [h~(w1l),h*(W2),h*(u2)J
"thr(u2)2+h~(u2)x h~(w™))

* A to the algebra Z2 jx*»x" N2 +y) “B
by P(hh*WI)) - x"+x", F(h*(w2))-x*xn, F(h*(u2))-(x"+x") vy.

It is clear that F is injective.

Consider the homomorphism:

ifln :A®. .. VB9)...i8BM1
n times n times
Jr.
n times n times

by Kunneth formula, we immediately get from the Corol-

lary to Proposition 7, Proposition 8 and the definition

of RO that
r v *cw ) - e .
n- - x X
where § . denotes the i-th elementary symmetric
iv V. / ..ve

r
HIM AAJ"IVS 1VCOD



function in &ij .xjl, --- X™>x£) ior i4-2n ;

~n, kK, 0 for i>2n ;
and also
n
k="1
for 14 2n
iBhlinui) - °* for 1>2n.
Now we want to prove that the elements
EL*/ ow ékw N -
S@ lh'n(w’l --- WO, u0O ... u2n ) with
o ,-.-0Mn 0, 04;n~,..., i"-1 are independent in
BS &B BN
n times

It is readily seen that we can consider as a

quotient of the algebra

Z2 L1 XL “*** XA Xn yi YY1 . ... 7n y£]
O™l Y24y 5 oo LyE2+YE)
over the ideal generated by the elements yjjtyjj,- - -,y +tyE-

Let us call g the quotient homomorphism.
Lemma 1-1. The following identity holds
91 hn (ui)mqg( <5E1 @i-1Ca»x1l ... XM “Xs*— XE)yE +

+6 X Freee X gn*** xN)yg)™*

Proof. We can write
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05 r (XY X e e K L xE>= xS & i-2(Xi*Xi»" "FEAS XS TREIGP
+S-‘|—i CX{* *77TT XS XS»FR* XiIP*
We have:
GCBI_TO XMounmn | XN AS +ALLAXL AL *xw s %2 o W*S>y5>
Eror O X7 - XMoo A A I Ny o Xn 3 7s*
Introducing the relations we get, for each s”n:
il XN ,e - o XD LX) AN T (XX er g R e e M XXP =

A

=(xs'+xg)("1_2—(x1' ’f( - *xé ,,x's',,. -- ,x'r;) which proves the

lemma. q.e«d .
Now let us put for 2L;i£.2nt
vi®© ég—l CoI-1 (Xi ™I **“"xs "**<>*n K +St-1<xi 71 ~" «»”
. X»)yp,

and v = 4w + ... + yE + yE
Lemma 12. The monomialjs

P & ‘o=

V1***V2n 08&I =.— <ltgfl
are linearly independent over Z2(¢q4j ,X”,-. -x™,X£) , the

field of fractions of Z2 LML XiE **** Xn»xn''l *

Proof. Suppose we have an expression

alvl -0 where ai”™ Z22°XT ,X1**** xn xiP and



v}_z Vgi"' vxy:for some subset I:(in,---,iK)C @,....,2n),
Suppose that for some of the I's, a. /7 0 and let
I be a set of maximal order among those. We can suppose
a- = 1.
Let J be the complement of I in (1,...,2n).

We have ,

lai V VvV ~°
But now, by maximality, only the term a”VjVj can contain
a monomial of type b y'yjj...y®» = So we must have
b yjjy*...yE = o.
Since aj =1 we have that b is equal to the coefficient
Oof viiviie=.YE in WV V,, - So b comes to be equal to

2n
the determinant of the Jacobian matrix:

ll)’ .
~n « Ogy ’ﬁg
ezn_|$% : XNV *7 62n-1Cxi ****7xn)

which is different from zero by the algebraic indepen-
dence of the elementary symmetric functions. So, also
b yyjj.-.y» / 0 and this implies that aj = 0 thus

giving a contradiction.
g-e.d.

Now for any two by two partition b of the set



y",---,y), let us consider the corresponding algebra

Qp given by taking the quotient of the algebra

72 (x4 Vi Y% B
CYIP+Yds - - - ¥ R2+YR)

obtained by identifying, two by two, the elements

coupled in the partition p. "
Let us take the vector space over K=Z2 (xXJj,-.. ,XE)

given byP6T % where T is the set of two by two par-

titions of (l,...,2n), and G:S— —"Y®rQp the vector

space homomorphism which is the quotient defined above

on each factor.

We want to prove dim(Ker G)=2

In order to do so let us prove the following,

Lemma ij. Let K be any field and

E-Klyv ---,x%?J

(Y1+71t..-.72+ y2n™ *

Let us consider, for each elgment p of the set T of

two by two partitions of the set (l1,...,2n), the quotient
defined as above. And let G:S——--—- ~O©_GL also be

defined as above. Then, dim(Im G)"-2

Proof. Let E’ be the subalgebra of B generated by

“Yor pn-1 " It will be sufficient to prove R0 Ker(G)=0.
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Now suppose G(ﬁ_azyz)%ﬂ, where a§<2K and Y Ysn
with 1=~ ,...,ik)c(i, ,2n-1).
Clearly a”~ = 0; so we can make induction on the order
of 1 and suppose a0 for |1]Z_m.

Consider any element aﬁYii' .y. and suppose m to
be even.
Now take any partition p containing the couples (i®,i2),..
"*(im—ISim) and consider the image of yXN'AAXﬂ/in Q.
It is clear that there is no set J with )J(- |I] such
that yj and y\. are mapped to the same element in Q®, so
this implies 07=0.

If 1 1is odd, consider any p containing (i2,i"),.

’(im—t’im)’(il’zn) and also in this case one proves

readily that a™=0.
q-e.d.

If we go back to K, then Lemma 12 and Lemma 13
imply that a basis for Ker(G) is given by the elements

=8
V1V2***"V2n

Now let us restrict to the subring R R generated

N ’) »***»P 1 Py

by the elementary symmetric functions &"(X™,...,xX")
and by the v/M"s.

It is clear that an element x£ 80 Ker(G) if and
only if x£ Ker(GP}ﬂF? where GP denotes the quotient

/N
R relative to any partition p<€£T. |If we consider

the partition p:(y.,yle?/, - "(Fin’yn) tr}le aboveﬁlmplles
that the elements GMN(V2 ,... .vA)NOP2,. .. ,p2nh- gzre



linearly independent over THREER2NN
S50 O 5r - D
In particular the elements
2»,
®2n G5(V2 )-— Gp(MT2n >
*eoe G* N2 @**x229n~A~N 7 are linearly independent
over Zg- Since we knqw that 8 .=P™n h*(w_.) and, by
n- i

Lemma 11, GE(VO):E h (u%?, for j>2, we have that the
monomials:

<A N 1 fa« *
moszzo YUl ooy P p--- O R0 -» 04FL,, - .. F5

are linearly independent in H*(PO"+x) .
Applying this for larger and larger n we get that
the w*"s and u™"s generate a subalgebra of H*(POV 9

with Poincare series

(1+TX1+t ),

(-t 1-1t2).
but this, by Lemma 3, is just the Poincare series
of H*(PC and the Theorem follows.
q.e#d.
Given a group G, we say that a family (<}

of subgroups cf G detects the (mod.2) cohcmology of G
when, if we consider the elements Jn6[BN~,BgJ for each
i6l, associated to the inclusions of the N. ’s in G,
the homomorphism ifcle : H*(BG)-————- >i~MTH (BM:) s
injective.

It is known that the cohomology of C2 (k) is
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detected by its family of maximal elementary abelian
2-subgroups.

Since there are just two conjugacy classes of
maximal elementary abelian 2-subgroups, one of which
containing the subgroup of diagonal matrices Q(2),by
taking a representative V for the class not containing
Q(2), we have that the cohomology of 02(k) is detected
by Q(2) and V (both Q(2) and V have rank 2).

By the definition of u2 we have 3q (2)"-i™u2 ™ “°*
so we must have j*(h*(u2)) f 0. Since the center C of
02(k) has order 2, by maximality C is contained in
both Q(2) and V. Let us take polinomial generators
x,y(resp.x,y), Ffor H*(BQ(2)) (resp.H™(BV)) with the
property that the kernel of the homomorphism
h*(bg@))----" H*(BC) (resp.H*(3V)----»H*(BC)> induced
hy inclusion, is the ideal (x+y) (resp.(xty)).

We get:

"OX+7

d » 2>

= 4Ch*(u2)) = X+y.

This follows for the wM"s because the two subgroups
g(@) and V are conjugate in C2(k) and for u2 by the de-
finition of x and y and by the fact that C=Q(2)n V.

It follows from the above properties that the coho-
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mology of Oo(k) x ..... X 0”Ck) is detected by the

subgroups of type E,l X -.-..XS awhere each
E~N can be equal to Q(2) or V.

Since the proof of Theorem 1 implies that the ho-
momorphism
PPE"A 1 H
h, :H (FOH™)-

is injective for i4r2n-1 ,we have that the homomorphism

B>FE X ... X jv )N h"r;: HAPOY*) ————- >OHi(BE,,x...xBEjt!
n ~n
where the sum is taken over the number of different

subgroups of type E~ x ... x En, is injective for i 2n-1.

By definition .
/N, a

h being induced by the canonical inclusion, of

oMNKk) X ao... x~0gQc) in 0(k). Since in 0(k) any two
n-times
subgroups E. x ... X Eﬁ and Eix .- X EH with the
same number of E?Js and O's qugg to Q(2), are conjugatd,
we get that the homomorphism_
m n * H

A n:(mMOCdQ(2)/ **X dQ2) X ~ X *** X nem>

EMNFOY) — M H 1(BQ(2)1x...x BQ(2)mxBV ac.. .x BVn_m)
m=0

is injective for i1 L- 2n-1.

k&



Theorem 2« In H*(p6f?)

for each k”~2
a+b=2k-1
*62

Proof. 1t follows from the above discussion that it

is sufficient to prove, for any fixed n. k

for each

Let us fix such an n and let us put for simplicity

First of all suppose m=n. Then, by the definition

of the u."s, we have

0 =An<4> =An< ~ Vv *
: : a+b=2k—|Wa
b2
Novw/ suppose m=0. We have the following relations:
if g is odd ‘ *

if g is even

for g> 2n

To prove this, let us make induction on n, for r=i
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tiie above relations follow from proposition 7 and the

relations (© ). Suppose they are true for n-1 and
tet us PUtA  (wt) A (u>-uf. A )-wE A°(ut)-u"

Using the multiplicative relations and the induction
ipothesis we have:

iof W 2ln-1> i 2(n-D-1
/~n(wt,s)=(1+~"0 "i* + ST. w*EIs)(L+w T+ thwAES ).
j=odd
This implies if g is odd and g4 2n-1,
qb—fWDW%Q 1:0

u 0.
g

IT g is even and g 42n

if g"2n+1l

U =w” _w'+w* _wi™w* _ =
g~ "g-2"1"g-p"b Mg-1"® Vg1
if g>2n

0,
g

so the above relations are proved

They implie,if k is odd,
(o C~ f~odd
A'S <afpepi1 VD

if k Is even

f=odd
A ﬁ_§+b=9¥—iwa\/ " ebfiok-p WeWETWK-1"M0 (W) *

Finally suppose 02-nwln.

Let us put W'u:_i;(‘)(wo) and Wr‘]!—{—yr)]_m(w.a?,

W _W,—0< A»CuJ) )
erf=2k2 & T
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The above relations and the multiplicative formulas

implie:

f=odd
a+b=2k-1 u+v=a e+f=b-1

Take any 4-pie (e,f,u,v) with f odd, (e,H)*(u,v),
e+f+u+v=2k-2. For this 4-ple we get the element

W

in the above sum.

We separate two cases:
1) If v is odd we get four 4-pie
(e,f,u,v),(u,v,e,f,(e,v,u,f),(u,f,e,v)

which give the same element in the above sum (clearly

if e=u or f=v the four 4-pie reduce to two).
2) if u is even we get two 4-ple
(e, f,u,v),(u,f,e,v)’

which give the same element in the above sum.

Now/ it is clear that in either cases the elements
associated to those 4-pie cancel t/o by tv/o.

So, we are left with the case e=u, f=v.

This implies



where the second equality follows from the multipli-
cative relations.
Thus

vV mQL_ w ou, )=A “@d) for each Q”~mLn
a+B=O¢-F. a ° a k

and the Theorem is proved.

q-e.d.

Remark. Just by using diedral groups and a multipli-
cative relation which can be easily defined for

H (FOY ) one could pxeve similar results to Theorems
1 and 2 without the restrictions g=jkj , k a finite

field with 4m+1 elements.



8. The algebras H*(0On(Kk)).

In this paragraph we suppose that g=4m+1 and that
k is a field with g elements.

Let Q" and V* two proper subgroups of the groups
Q(2) and V considered in the preceeding paragraph,
which are both different from C. Since both Q" and V~
are elementary abelian 2-subgroups of rank %, H*(Q")/~

JLve)) for each 1”70, where by IL we denote the
i—-th homology group with coefficients in Z~.

Let™ ~(resp./vj™) the unique non zero element in
H+xCQ*Xresp.iLCV )) for i™-1.

Let H=My) x ... X any subgroup of 07M(k) x 0? k

n-times
which is the product of copies of Q° and V-".

For each R we get the homomorphism
<VA S CBE)-— > >
tie jmt| ana -

Now let x,y” HACFO Y”) tie such that X, "ChniJ2.) (?)
and JC =Cbnllds,,)™ (X) TfQr two subgroups S* and R" of
the type described above. Wqg can define

T k “ ~nl+rind2i X R" Ct 2 W) by using the Kunneth formula.
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a- 1s and Aj-S equal to zero.

Further

Proof. Let t~,...,t"; ,..-,sﬂ'be indeterminates
with Sj:0 for each 1l=JLN. We define the homomorphism

TN :HM(FOfq)-——-

NZ2 AN TER* N ED **** SNJ
b7 - JL
Th42) =4z, W W -s-\f
00
where by we mean the canonical pairing between

homology and cohomology.
Now lety t n
Si* V 5 i> and "VV-*"V-
The multiplicative relations and the definition of Q"
and V~” clearly implie that,if Xx~H”CBQ" )(resp.y£ H"CBV™))

is the one dimensional polinomial generator of H (BQ1l)

(resp-H*(BV'));

and N

and that,given two elements X »YiHACFOY" ) for which

is defined
tnCA) = TN(r ) TN(iO.

The above relations give:



where byS"” we mean the elementary symmetric function

of the variables in brackets.

We also hav/g
N
PinNji mBi (sl 4 /(s«,...,sh,...,sn)t
- XIs* i
N

*eo* + -1 sh

So V.
{*) THA.*"ii>2-5i+Rii>2-0-

Finally we can filter "fa, ...,t"®/\ Ta ....sNj
by pow/ers of the ideal (",...,s,,); then under this
filtration, the leading term of is
JS SNS 2
h i /\h/\ i - I /\I ’***’ih))***»tN/\*

IT we consider Zg (~ .... ,t " jR/\ as a
De Rham complex with dt.=s. we get that

N 1 1
HALSE -1 Rk Ap R A7 peee

We apply the following:
<«

Lemma 14 Jb] - The ring homomorphism

120171 " #*% g ql@h [0S oo e i I --- A2 {xh,. .. XM

® A[ ™ -...dv]

defined in the obvious way is injective.

We clearly get from the above Lemma that the monomials



0O~~™N 4-1 are linearly

/\/\O

(v withoi
Thus by applying this result for larger

independent.
and larger N to”gother with Lemma 3» we get the first
part of the Theorem.

The second follows from ) and the fact that

TA/HFCPO t°®) is injective for i~N.
g-e.d.

Remaries
1) The same remark of the end of Paragraph 7 is

valid in the case of this theorem.
2) Lemma 14- is essentialy Lemma 12.

3) It comes out from the proof of Theorem 3 that

lie can define a ring structure on H (FO~ )= With this

ring structure H (FO~) -Z it, Vp,...1®

Now let us consider the group |@2 1H+,(B0r(k)).

The direct sum homomorphiém On(k) X Om(k)————O ng#)

clearly induces a multiplication in & H (k) which
r~1 r

is associative and commutative.

Let L be the generator of HO(BO™N(k)), then £ r will
be the generator of HMCBO"Ck)).
By its definition we can choose Q* to be 0”Ck) under

the canonical inclusion in 02(k). Thus let us consider



N
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the elements

H.CBo”Ck)), \/i?/i,
~Ni=d7, H.(BO2(k)), i1,
We have:
Theorem 4. If, for each n n£L>§Q & ,Bok)j is

the homotopy class associated to the canonical inclusion
of 0~(k) in 0(k), then the homomorphism:

ARV tHA(BON(K))————-

is injective.

Prooi It is clear thatTi S° We iiave "at

v takes the M .Is into the elements denoted by the

U _ . m4
same name In HACfOH7Y*

It also follows from the multiplicative relations that

each monomial in the™"s and M™N"si“
goes into the corresponding monomial in the”™ ~"s and

Aj i,s, in HACFOy™).
In order to prove thetTheorem we need some Lemmas.
Lemma 16 (Quillen) j 6j. The cohomology of Cn(k) is

detected by its elementary abelian 2-subgroups.

Lemma 16. I1f n=2m+e(e=0,1), then the cohomology of
0"nCk) 1is detected by the subgroup which is the image
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of X Z under the canonical inclusion
m-times
Proof. By Lemma it is sufficient to prove that
each elementary ahelian 2-subgroup of On(k) is conju-
e
2

m-times

Since given such a subgroup AC On(k), we can
consider kn as an orthogonal n-dimensional representation
of A, it is sufficient to prove that any orthogonal re-
presentation of A can be decomposed as a sum of 1 and 2-
dimensional representations.

Since for 1-dimensional representations this is
trivial we suppose! by induction, that any m-dimensional
representation of A can be written as a sum of 1 and
2-dimensional representations for mZ™n.

Let us consider an -dimensional orthogonal repre-
sentation W of A, and let L an irreducible iInvariant
subspace for this representation. Since the exponent
of A divides g-1, L is of dimension 1. =We divide two
cases: ,

if LNis not an isotropic subspace, then W~ L® L~
where L is the space orthogonal to L, and by applying
induction for h W can be written as a sum of 1 and
2-dimensional representations.

2) If L is an isotropic subspace, then,by choosing
an invariant subspace which is complementary to L°F

(this exists because the order of A is prime to the



characteristic of k), we write W as a direct sum of
an iperbolic orthogonal representation and an n-2 di-
mensional representation. Thus also in this case the
induction ipothesis implies that W can be written as
a sum of 1 and 2-dimensional representations, said the

Lemma is proved.
Q.e*d.

We are now ready to prove Theorem 4.

Let us consider the group VC O0NK) of the procee-
ding paragraph and let V* and V" the two proper sub-
groups of OMCk) which are different from the center
of 0 (K). We have H#(BV)-H*(BV,)#H~(BV'") by the
Kunneth formula.

Since V* and V" are clearly conjugate in 0O”Ck) it

follows that if Hi (BV'") denotes the generator of
ILCBV'"), for each i~1, jJyOVjxa¢ ©)«d7 (E*
where (resp.<f"") is the generator of HqCBV") (resp.HO(BVn)-*

Now, if we consider the two subgroups of 0™(k)
obtained one by composing the inclusion.of V in 02 (k)
with the canonical inclusion of 0”Ck) in 0™N(k), the
other by composing the product inclusion of V1 x V* in
O0"Ck) x 02(k) with the direct sum homomorphism
02k x 02(k)--—- >0n(k), it is easy to see, by direct
computation that the two subgroups are conjugate by a
conjugation which is the identity on their intersection
and takes the subgroup which is the image of V' under

the first inclusion into the subgroup which is the image
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of }]3 X V? under the second.

This clearly implies that in HA*PO T )

Since it follows from Proposition 8 that
CirD®) is iInjective so, by (tO and Theorem 3 we get:

V*¥u® ™~ ¢ mll v 1n1*

(X ) also implies that the elements N Jk =

~Nk). 0O~Mj~k>where we put ™ Qjk = k

= j 8") and the elements ~ ~ h »°4:0-ih»
where we put ™ Q=£, , are linearly independent, thus
they generate a submodule of HA"BO”k)) with Poincare
series 1tf£-——-~ _ But, by the known structure of
(i-tXi-t)

H*(B02 (k)),this is just the Poincare series of H"(302(k;;.-

Thus the above elements for HMCBC/"CK)).

Now Lemma *16 implies that, if n=2m+e(e=0,1), the
homomorphism
dn :HAN02CK) - -.... x 02(k) x Z|)-———--

m-times

induced by inclusion, is onto. v Thus we get that the

elements - . . N R
oa y » ) I 7/°
o7 Moyes 0y PiK 2/°

0 -C LK

where only a finite number of X~*3 and ~ik"s are
(Afferent from zero, form a set of generators over Z2

for rf.1H*COr (k))*
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If, or each m*.2 \v consider the subgroup K of
o (k) oh 1iined by compo g the inclusion of V «c...... X V
m-times
a the inclusion of
D-"jimes
Op(k) X ex» x 02(k) in 02Jj Lt is known that if
m-ta.js
N(K) denotes the normalizer of 4 in 02n(k) then N(K)/K =

, the symmetric group on 2 letters, and an element
s<i’\2m acts on H (BK) by sending the element,”-& * * * ®
to the elementally “&4~s~~wh ~e (i*,...Jji") is any
set of 2 m integers with i..”,0 (we put MO~ £ VW -£)
This clearly implies that

a/* W w " "
where (t~,...,t~ ) is any set of integers with t >/0,

*** se”m” in the rinS r§1 H*COr(k)). n
Thus (A) together with (H ) and the fact that/V%.-J >

implies that the elements

Gw pol , EAF
m e eee A\ |
- Vo4 I<
with d.ct”~0, Oijk6l, if ~ ijk compares on the
left of.ogitjk, and fa.>k.“ 1* tken 1™ k<li,Ck*
and only a finite number ofcX™"s and k"s are differed

from zero, form a set of generators over Z2 for
H (B0 (K)).
AAH (B0 (K))

Now, if for such a monomial A we define

deg(A) »~+¥EFv % ko7 ix
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we have that Aé HMN(O™N(K)) if and only if deg(A)=r; so,
in order to prove our theorem,it is sufficient to pro-
ve that the monomials of a fixed degree are mapped hy
v O%) to independent monomials.

We have from the above, &0
. Ml ¢
U & o ~"a U A
o 1o, i ' T

which by theorem 3 clearly implies that the monomials
satisfying (T) of the same degree are mapped to in-

dependent monomials by -

gq-e.d.
Thgorem 5. H*(BGa(iO) is generated as an algebra
by elements w™,....,"; with deg(w™M)=i,

deg(ui)=i-1, subject to the following relations

*1*“ £b«2i1?aV where "0=1*
b?2 )
i
Proof. It follows by theorem™4 that the homomorphism
Cfr N)*:H*(FO N ) ———- > H~ABO"k))
is onto for each n™31; and we known, by Lemma 16 that,
if n=2m+e(e=0,1), the homomorphism
£fn :H*(BONO O )~mmrmmev A(BO~AQOjAAA x BZg
m-times

induced by inclusion, is into.
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If n=2m, then (W Sr; ﬁ )=h_ . so the Theorem follows
from the proof of Theorem 1 and Theorem 2 by taking
wx=Cu SMCw”,) and ui=(r>3"n>r(ut).

If n=2m+1, we have that, by definition the inclusion

m-times
composing the inclusion of O"Ck) x ..... X O"CKk) x Z
m-times
o~ k) x oM (k) -————- AON(K) ; thus by the multiplicative

relations and the result for 0" ,,(k), we get

where wiEi™ ~Qw}), ul=™ ~ (W) and aG (BZy) is the
one dimensional polinomial generator of H (BZM).

Thus we get 9"n S ® and-= ~ ~Nn~~n~Uina
=0 for i>n.

This means that the ideal generated by wn+2»wn+2 > *”* " “yntl-

un+2 ........ lies in the kernel of g'n
Since by the proof of Theorem 4 the Poincare series
of H*'(B0 (k)) is , N
O-i-t)...... ChHi-t )

and since also the algebra S§*

has this Poincaré series, the Theorem follows also for
n=2m+1 , because of (t9’n) being onto by putting

wymOtv iT *(ws and u,=(" u..
X0 TP (wy) KoLy 0=0=d~
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