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@®
SUMMARY

In this thesis we study the connective K-theory of compact,
connected Lie groups. We use mainly Borel®s results in their
ordinary cohomology, L. Hodgkin®s paper [21] about their K-theory,
the Atiyah-Hirzebruch spectral sequence and L. Smith"s exact
sequence relating the connective K-theory with the integral cohomology.
We have divided it in four chapters, as follows:

1 - We construct the bu spectrum and prove that it iIs an associative,
commutative, ring ii-spectrum, after we define a ring spectra map
from bu to HZ; we show that k ( ;2q) is a multiplicative cohomology
theory defined in the homotopy category of CW complexes; we prove
L. Smith"s Theorem [34] for k (X;L), X any CW complex, L = 2,29 or
any free abelian group; finally we work out the Atiyah-Hirzebruch
spectral sequence converging to k (X) (X compact) and we compare it
with that one converging to K (X) to*obtain some results that we
will need later. We show that: If K (X) is torsion free then k (X)
has t 1 torsion if and only if it has Z torsion. This together
with the dual of a proposition from [15] : "If k*(X) 1is a

free 2[t] module then H"NCXjZ) i§ a free 2 module', implies that for
a compact connected Lie group k (G) is a free abelian group if and
only if H*(G;Z2) is.

Il - We give a small survey about the classification of compact,

connected Lie groups, their K-theory and ordinary cohomology. We

prove the following theorem: "%et G be a compact, connected Lie group,

L,a ring of type Q(P) so that H (G;L) is torsion free. Then: (i)

k (G;L)=AL £t_ij (y™» =e*»ym> wh®r® Yj bas degree i~ for all isjsr,n * Z vV
3*1

,(if) The yj can be choosen so that they are primitive in the Hopf

algebra k*(G;L)"

111 - We calculate k*(G2;L)(L = 2,22 and Q(@")-
v - We calculate k*(Spin(n);Q(2)).,k*(Spin(n);2g

*
and.we:give some properties of k (Spin(n)).

/{xek*(Spin(n) ;22)/t~x=0

Those two last chapters are applications of all the results
obtained before. The cases of F~, Eg, Eg, Eg are referred to in
the Appendix.
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INTRODUCTION

Through this thesis the cohomology theories are defined in
the homotopy category of (compact when stated) C.W. complexes.
"Space'" always means a space with the homotopy type of a C.W.
complex.

In 1.2, when applying Araki and Toda®s results [6] to
connective K-theory we have omitted the condition that obliged
every space to be compact since if the cohomology theories are
defined in the homotopy category of CW complexes every construction
and statement remains true. Compactness was only needed to take
a representative of (X.Y) (ﬁ%ﬁﬁlopy classes of based maps from
X to 1) but it is only used when )E and If are compact spaces

*
condition on the spaces since we defined k in the homotopy
category of CW complexes. We rewrite the proof of L. Smith"s

*

Theorem [34] for k ( ;L) defined in that category and L = Z, Z<l
or a free abelian group. In 1.4 we deal with compact spaces to

avoid problems with the limits of the spectral sequences as we

work with compact Lie groups afterwards.

In the two last chapters we only deal with the simply-connected
representatives of the distinct classes of locally isomorphic Lie
groups, case covered by [21], although K*(SO(n)) has been calculated
by [19,22] . But as it is not torsion free our main propositions
do not apply.

We note that the proof of Proposition 4.1.3. with corrected

generators was suggested by Dr. A. Robinson.



The notations more frequently used are:

2 - the integers
2 I) - the integer mod p, 2.
» @D g P 2.,
N - the positive integers
& - the rationals

Q(P) CP a possibly empty set of primes) - ring of fractions
whose denominators are in the lowest ternn. ; prime

to p for any p e P.

/< - smash product

Sn(neN) - n-th sphere.

CX - cone of X

[ .1 - based homotopy classes of maps,
bu - connective K spectrum

H2 - Eilenberg-MacLane spectrum

Let L be an abelian group

*

K C ;L) - K cohomology with coefficients in L.

k*( ;L) - connective K cohomology with coefficients in L.

.
H ( ;L) - ordinary cohomology with coefficients in L.



CHAPTER 1 - GENERAL RESULTS IN CONNECTIVE

K-THEORY

In the First paragraph of this chapter we show how to
construct the ring spectrum bu for connective K-theory and
the ring spectrum map from bu to HZ, the spectrum for ordinary
cohomology with integer coefficients. We work in the stable
category SP of CW spectra as it is defined in [1,35]

In the second paragraph we introduce 3" coefficients
(g integer) in the connective K-cohomology. We reformulate
the results of [6] and show how they apply to connective
K-theory.

In the third paragraph we relate the connective K-cohomology
with the singular cohomology in the same way as L. Smith in [34] .

Finally in the fourth paragraph we work out the Atiyah-
Hirzebruch spectral sequence for connective K-cohomology and

prove some results that we will need later.

1. Connective K-theory"s spectrum

Let us consider the spectrum K = (K ,a ) for K-theory.
n n neZ

It is a periodic R-spectrum, K~ = BU * J and K2i+l = U (i e 2)

where BU = lim BU(n), BU(n) is the classifying space of the

n
unitary group U(n), U =T1iml1U(n). Bott"s periodicity theorem
n

says that exists a homotopy equivalence BU * i = ﬁ2 BU.

K*, K-cohomology, is a multiplicative cohomology theory
whose product is naturally induced by the tensor product of
vector bundles. K can be made a ring spectrum in a unique way

*

with a multiplication that induces the former one of K [7,17.35].



1.1.1. Definition:

Let E ={E .,e } be a spectrum. We say that the spectrum

n n ne2

E = {E ,™ }is the connective E spectrum if:

() En = En for n £ 0.

Gi) Vn>0 it. (Bn) =° for 0 * i < n*

(iii) There is a function f:E E such that it induces
isomorphisms fAIr~CEN) ifi(E ) for all a > 0 and
all 1 >h and fn :En -*-E«is the identity for n s O.

Given a spectrum E = {En ,en} there exists E = {En

n

unique up to equivalence satisfying the above conditions [37].-

1.1.2. Remark:

We recall that for n > O En is the fibre of a fibration
Pn :En “aGn where Gn is a space whose homotopy groups are 0 in
dimensions greater or equal to n and pn induces isomorphisms

p*:ir™*(En) - for 0 s 1 < n. 0

1.1.3. Lemma:
Given an (nh-1)-connected space X, n s 2 and g:X “mEn
&

S - - - - - ae. n =
it is possible to lift it to En> i.e.,” exists g:X @WEn such

that the diagram



homotopy commutes. This map g is unique up to homotopy.

Proof :

We can assume without loss of generality that f is an
inclusion of a subcomplex of En and that X has cells only in
dimension a n.

ur(En,En) = 0 for ran since we have the homotopy exact

sequence :

=/n

Moreover w (En) ==0. Hence, g is homotopic to g, g:X @mEq

mapping X In En, and g is unique up to homotopy [22]- O

1.1.4. Proposition:

Let E = iEn»sn”™ be a ring spectrum with identity t:S mE
and product p: E,E E. Then the connective E-spectrum
E = (E ,Fn> admits a unique, up to homotopy, structure of ring

spectrum such that f:E - E is a map of ring spectra.

Proof:

We have to prove the existence and unicity, up to homotopy,

of the maps of ring spectra:

7T:S “aE (S denotes the sphere spectrum), p:E*E E

such that the diagrams:



E AE— Y

I

ENE- ->E

@)

homotopy commute where = denotes the natural homotopy

equivalences .

The unit *:S “aE is a function of spectra since S has no

cofinal subspectrum contained in itself. Thus we lift each

map ¢n:Sn Eq to ®n. Such lifting exists and is unique up

to homotopy [Lemma 1.1.3]. It defines a function of spectra

T:S

E that makes (1) homotopy commutative.

To define y we have to construct a function of spectra

from a cofinal spectrum T of S_.E to | so that p#(f*f). = il.

G

T

As for all n £ 2 = 0 if 1 < n there is a spectrum

@Gn*Cn) with the (n-1) skeleton of Gn reduced to a point

for all n £ 1 and a function of spectra X: G E that is a

homotopy equivalence. We note that XaX : G*G 1/>1 is still

a homotopy equivalence. Now we take a function y":F “mE

defineu on a cofinal subspectrum F of E*E representing y. Then

there exists a cofinal subspectrum H = (Hn,Cn) of G*G that is

mapped by (IalJoTX*X) in F. It can be chosen to have cells only in dimensions

greater or equal to zero because /\G is equivalent to the naive smash product

GaG_

(B.C are infinite sets that form a partition of an ordered set A isomorphic

to Nu{0},i.e., BuOA and BnC=0) and the set of the stable cells of GAL is the

product of the set of stable cells of G by itself [36]. Hence, for all rev,

w

0 r < n and so we can lift (tAY, (VAV)r to Er for each r, i.e.



exists a unique map up to homotopy, O , such that

V. 6v = (UW(F*I)»(XAX))p -

“ (E.n fx.x),

f
G*G _2ua__,

o]

a

®

9 *\&"Ir.i

For r 5 0,9r = (Qi»(F>»F)e(X/»X))p because EN = Ep . Thus, we can
inductively change those maps (for r > 0) to get a function of

spectra c = {or} that is, Vn e 1@ ?n-lon = an+l »C
rel

Let v :6«,G + E be the map of spectra that is the equivalence

class of 9. We define:

p= %*XaX)"
Then (2) commutes.

Obviously IT is unique up to homotopy since all the con-
structions made are unique up to homotopy or equivalence of
spectra.

To prove that (3) is commutative first we note that
SaE (EaS as well) can be replaced by an homotopic equivalent
spectrum with cells in dimensions greater or equal to zero
(same method as above). Projecting the diagram (1) over E

we have a prism with all faces commutative but (&) and (b):



h,h",h,h® are natural

homotopy equivalences

Composing the maps we obtain:
frh = f.y.(r 1)
feh" = fap. (1A ZD)

Using the unicity property, up to homotopy, of the liftings we

get (&) and (b) homotopy commutative as desired. O

1.1.5. Corollary:

(i) |If E is associative so is E.

(ii) If E is commutative so is E.

Proof:

We have to show that the diagrams (1) and (2)

= C r;

mil

E~A ,, E—E~E

))3
EaE -*E

@ @)

E

homotopy commute to prove (i) and (ii) respectively.



C denotes a homotopy equivalence part of the smash product
structure that interchanges factors. The method used in
Proposition 1.1.5 to prove that (3) was commutative applies

here straightforward. 0

J.P. May proved in [28] a more general result in his
category HS of spectra:

For a spectrum E, there exists one, and up to equivalence
only one connective spectrum D (i.e., ™~ ~(D) = Oéfzzd a map
0:D + E In HS such that a~(0) is an isomorphism for 1 2 0. IFf
E is a ring spectrum then D admits a unique structure of ring
spectrum so that O is a map of ring spectra.

Furthermore he proved another result that we shall only
prove for the spectrum bu:

If E is a connective ring spectrum, then the unique map

d:E H moE in HS which realizes the identity map of iI”E is

a map of ring spectra.

1.1.6. Definition:
bu = (bu ,a ) is the connective K spectrum, j:bu K
ne 3 +
the associated map of spectra, Jc _the.connective K-cohomology.

We note that buQ a BU * I, bUj = U, bu2 = BO O

1.1.7. Proposition: = ————mmmmmim -

bu is a commutative, associative ring 8-spectrum.

Proof:

It follows from Proposition 1.1.4 and Corollary 1.1.5
that bu is a commutative, associative ring spectrum with a

multiplication inherited from K = {Kn,an}



It remains to show that the adjoints of the structure

maps (@ ) are homotopy equivalences. But since K is an
n nez

fi-spectrum and (bun>an) = (Kn»an) for n < 0 this is true for
n < 0.

Suppose now n > 0. As j:bu K is a function of spectra

we have the following commutative diagram:

bun-——— nbun+i:
i nin+1
K me

n+1

where aa' is the adjoint of up, - Sjn+1 is iInduced by jn+l in the

obvious way. It induces the commutative diagram:
V bV " Iim (bun+1)
<°W *
T Knd _ne ~arokn+1)

For ran (n)*> inin+I™* are isomorPhisms» for 0 s r < n

ir(bun) = ir(iJoun+1) - 0 and for all r a 0 (c™)* is an

isomorphism. Hence, for all r a 0 (an™)+ is an isomorphism.



Since the loop space of a CW complex has the homotopy

type of a CW complex [30], is an homotopy equivalence. O

1.1.8. Remark:
() K* (pt) = 2[t,t_1], the polynomial ring generated by

1

the class of the reduced Hopf bundle t ~ e K_ZCpt) and its

inverse [7]- Then k*(pt) = 2[t-1]

(ii JReBott periodicity theorem says that there exists an
homotopy equivalence v:BU x Z + 828U [7]1- Taking the adjoint
we have a map v :SZ’\ BU BU that induces an isomorphism
K*(X) Ki-2(X), X a space. V»(I/»)) :S2Abu mBU lifts to a
map m t:S2bu -“mbu that induces m*_-:k*(X) Zak*(X), for any

t t 1
space X, a map of degree-2 that is the multiplication by t

1.1.9. Lemma;

Let X te a based CW complex. Then k*(X) K*'Q/JEL-2)F where X**2 denotes
the (i-2)th skeleton of X.
Proof:

Let us consider the k-cohomology long exact sequence of the pair ("2 ,X):

..o kl1-1n “2) -mk Xx/7~g) mkV)  k~X1-2)

N(X1-2) =0 for r % i-1 because bu™ is (r-1) connected. By the exactness of the
sequence we get. ki (X/Ni_2) ).

Since we are dealing with 12-spectra it remains to prove that [X/ ,"O,bu-]’\
X2 ,KN] ([ , ] denotes the based homotopy classes of based maps). Aéliﬁ 1.%.3.

we consider the homotopy exact sequence of bUj™-* KN:

... ¢ Irbin) NKD) s=arGui Ki) i (i) »mr 1K) > ...
rii i r-Isi
0
r-I<i

As before we get “(bu®,!"™MN) for r 1 1. For r<i-1, Tr (K®)*0 and ~(bun™)” thus
“"i1-1Cb”NV-0- Using the same result as in 1.1.3. we obtain the required

isomorphism. 0



-10-

1.1.10. Proposition:

There is a map of ring spectra n:bu H2, HZ denotes
the Eilenberg Maclane spectrum with integer coefficients,
such that induces the homomorphism n*:k*(pt) —’iH*(pt;Z)
given by n (a-t n) = {0 ifn>0 , aczZ, nelNu {0}.

a ifn=0

Proof:
Since TT™bu) = 0 for 1 < 0 and uQ(bu) = Z, HQ(bu) 2 TTgCbu)*»
by the Hurewicj 1isomorphism. We take the cohomology class dual
to the generator of HQ(bu) image of the generator of IQ(bu).
11 is represented by a map q:bu HZ that induces n* as required.
It remains to show that it is a map of ring spectra.
n(bu-unit) = HZ-unit since in both the unit gives the generator
of TTg(bu) and tlg (HZ) respectively. Let e:S m bu be the bu-unit.
Then ne is the HZ unit.

We need the following diagram to homotopy commute:

buAbu----H ~ bu

nAn n

HZAHZ—— ~ — »HZ

pH denotes the ring product of HZ.

Or, equivalently, p [nl = [n*nl « H°(buAbu]



-11-

We consider the following diagram:

h

Where y~:SAS + S is the product map of the sphere spectrum, S;
that is an isomorphism. The upper square commutes since the
unit of a ring spectrum is a ring spectra map.

P;[he] > [nexne! because y: is an isomorphism and each

_*
element generates HO(SO). Then y [n] - [n*n] since

e*:H° (bu) H°(S°®) is a ring isomorphism. d

2. Connective K-theory with 2~ coefficients.

*
We shall need later to consider k with 2P coefficients

where p is a prime. We want a natural multiplicative trans-
formation T:k*( )} k*( ;2p) and a universal coefficient
formula relating the two theories. Through this paragraph we
recall the results of S. Araki and H. Toda [6] omitting the

compactness condition on the space X and show how they work

for connective K-theory.
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Let h be a cohomology theory defined in the category of
(finite) CW complexes, ﬁ the corresponding reduced cohomology
theory defined in the category of (Ffinite) CW complexes with
base point. We recall that there is a bijective correspondence
between h<-»h [36]. To give an (associative, commutative)

multiplication in h is equivalent to give an (associative,

commutative) multiplication in h.

2.1. Definition:

Let X be a based CW complex, A a subcomplex. We define
for all 1 e 3, qeW:

hi(X,A;3Q) = h1+2(X * MQ,X X *UuAXM)

>0

Xi(X'Z ) = PW+ (XAM )
’ 1 - 4 ’
where * is the basepoint, M is the space obtained by attaching

a 2-cell e2 to S1 by a map of degree q, i.e., M = S1 u2 e . C

g g

u
1.2.2. Definition: \

*
Let L be a torsion free abelian group, E a cohomology
theory. E S L is still a cohomology theory since, tensoring
*
by L preserves the* exact sequences. We define E (-;L) to be

e*(-) al. o
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Notation:
1. ng:Mg =mS is the map collapsing S* to a point

iq:S’\ Mq is the inclusion map.

The suspension map aQ:h (X;2Q) —’63”1 (SX, 2('2) is the

composite of:ﬁi+2(§f.\]4_l_)§_l—_\>/i\’1i+3(XaMQasl') LELY >£hi+3 (X.SXM ) ?l(-Hg(SX’\J.
aj n.
The reduction mod q pq :hr(X) h (X;2q) is the composite

of: h~"X) — »hiI2(XAS2) - -~ h1+2(Jilqg)

o s
The Bock<5 tein homomorphism 6q :ﬁI(X,SI'q) m h e (X) is the

composite of: hl+2(XAMg)™*q? >hl*1™ N~ )— 2— "~ (X)

2. Let Y,Z be two based spaces. {Y,Z} denote the stable
homotopy classes of maps from Y to Z preserving the base point.
Let X be a based space, a e {Y,Z}. Suppose that Y,z are

compact, a induces a map a :th (XaZ) “mh (XAY) defined as follows:

a is represented by a map f:vas" l’fZASA for some 1 e IN. a“ is

the composite of: A
hr (XAZ)-2"% hr+i (XAZ.xSi )-iiNil»hr+i (XAY~"S1) _i£_L~hr (XAY) for

all r 2 0.

3. ge {S*,s’}and v e {s\sl} are the stable classes of

the Hopf maps n:s’ =as® and v:s’ d respectively._4

4. T:X«Y % Y~X is the map "switching factors” O
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(iii) vy has a bilateral unit 1 e h°(S0), that is,
y@ fix) =x = yx a I) (x e h"X).
Civ) y is compatible with the suspension isomorphism
a, that is, o(y(X S y) = (UT)*y(ax® y) =
(-D1ly(x 0 ay),x e h~X), y c h*(Y), T:SV,Y - VY,S".

Moreover p is;
w) associative if y(y fi ]) =y fiy).
(vi) commutative iIf T*y(x a y) = (-Di*y(y 8 x),x e h”"CX),
L Y]
y 6 hJ(Y).

This multiplication induces two multiplications:
yk:hl(X;a:q) fi haY) » h1+/\(XAY;2a) given by the composite
hi+2(XAMQ) fi hj(Y)i* hi+J+2(XAMQaY) (- X hi+J+2(XAYAMq)
TrM~Y » YAMqQ -

y. r“’CX) 8 hJd(Y¥;Zq) + hi+J(XAY;Zqg) given by vy:

hAX) fi hJ+2(YAM,,) -+ hi+J+2(XAYAM,,).

They satisfy similar properties [6]-
“H 55 "R
We want a multiplication yq:h (X; 2q)8hJ(Y;iq) h Ij(X*Y 21)

satisfying

1 .3 - (v
2) . compatible with yR and yL through reduction mod q,
i.e.

YR - yqg (1 m Pg). UL - yq (pg « 1).
We note that the properties of y and, hence, of yR, yL

imply that yg(pg ® Pq) = Pq P. that is:
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1O s ha - B oo

) \'= P P + 1 i
h \gx,zq)Sh?\gY,zq)-E»hI J\gxgv,sq)

commutes.

3). 5 is a derivation, i.e. 6 y Cx 8 y) =
q qa-dq
7(5ax 0 y) + tD4q(x  6ay), x £h~X), y e h*(Y).

yq doesn’t always exist and when it exists it is not

unique.

B - A sufficient condition for the existence of an
0
associative multiplication y 1in Hb( ;2 ) compatible with
a given associative, commutative multiplication y in h is
*x *x ’i

that n =0 and v = 0 [6] \

Applying A and B to connective K-theory we obtain:

1.2.3. Proposition:
(1) Let X be a CW complex. Then for all g 2 1. k (X;2 )

is a 2g-module and k~"X;”) = kKA(XX) 8 29 ® Tor (k (X),2q):for all ieZ.

(ii) The multiplication of k induces an associative

R . I el
multiplication in k (
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Proof:

By A and B it is enough to prove that given

**

ae {Sn+r,8n}, n >0, r>0 then a :k*(XASr) + Kk (XASn+r)
is the zero map.

As k (Sn) is a Z[t_l] free module, using a special case
of the KUnneth theorem for generalized multiplicative cohomology
theories [35], we have k™" (ASrAat*-(k (X) ® k (SI)P™; thus we
only have to show that a’:k (Sxk) “a k (Sn+r) is the zero map.
This follows from the fact that {Sn+r,Sn} has finite order [33]

and k*(+r) is 2 or O. O

3. L. Smith"s exact sequence

L. Smith proved in [34] that given a finite CW complex X

exists a natural exact sequence.

0 Z «2[t]k*CX) -j* H*(X;2) -~To~ @.k+(X)) ©

where k™ is the connective K-horaology, is the map induced
by n*:k*(X) -+ H+(X;S) and Ts is viewed as a 2[t] module via
the augmentation n+:2[t] = k~ipt) @mH+(pt) = 2. We are going
to reformulate +he result for k’ with R coefficients, R a

torsion free abelian group or R = 29 (q 2 1).

1.3.1. Theorem

Let X be a CW complex. Then there is an exact sequence:
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0 h.Z a2[t-1Tk*(X> ~H*(X3;Z) - Toid *It 11(Zjk*(X)) - O

" ile ie
where A is induced by n :k (X) ##H (X;2) and Z is viewed as

v N N N
a Z[t"} " module via the augmentation Z[t 1] = k (pt Y (pt,2)
Proof

2
Let mt_lzs Abu,— ?bu be the map given by Bott periodicity

theorem. We consider the cofibration sequence of spectra:
*. N
sabu-TTH8u -Zosx

2
where X iIs a spectri/whomotopy equivalent to bu 1/CCS”bu),
m_1
¢ is the "inclusion”™ map.

Claim:

X is homotopy equivalent to HZ and we have a homotopy

commutative diagram:

H3

Proof of the claim:
Considering the exact sequence of the cofibration we get

the exact triangle:
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m is injective and the cokernel is Ti. Hence
+(X) Z 1 =0
0O 1 ~0

By Hurewicz’s theorem ug & ) X HqX) Z,, \Vie take a map

i - X mHZ representative of the cohomology class dual to

the generator of Hq (X) corresponding to that one of no(bu),,

induces isomorphisms in the homotopy groups of the two
spectra, hence is a homotopy equivalence.

The diagram 1 homotopy commutes since the diagram

THbu) )

ir<(H3)
commutes and by the definition of the two maps Y and n.

We have got a cofibration: S~"bu—-m_.» bu- 2 * HZ

that for every CW complex X induces an exact triangle.

that gives the long exact sequence for 1 a 2:
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It splits in short exact sequences:

0—- »coKer m» -.— Q— » ~"NX;2) ————- »Ker mI+3 O

The theorem follows from the following lemma:

1.3.2. Lemma:

Let M be a Z[t-1] module and m _1: M—»M multiplication

t
1
by t . Then coKer m”t = 2 S~Mtt“1]“ ” Ker mlfl = Torl ,* (ZM
where 7 is a 2[t module via cc&ft ~] -m2 given by
a(rt-1) = (r 1=0 rez 1ielu {0}.
0O 1 >0

Proof:

The exact sequence
*

0 - Z[t-1] 2[t~1}F Lra w0
t
yields tensoring byM the following exact sequence:

0— »Tor ?[t J(@.M)— »Z[t-118 M— »2[t-1Hc M— —»2 Q M -m 0
2[t-1] 2[t-11  2[t-1]

Thus, the result follows. o
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It splits in short exact sequences:
*

»coKer m 1 H* » H1-2(X;2) — -»Ker m'ii @)
t t

The theorem follows from the following lemma:

1.3.2. Lemma:

Let M be a Z[t_1] module and m_ 1: M— »M multiplication

by t-1. Then coKer mtfl =2 Ker m " = Torj 1.\
where 2 is a 2[t-1] module via a:%[t “a7Z given by
a(rt-i1) = {r 1 =0 re3 1eH u {0}
0O i>0
Proof:

The exact sequence

0 =3[t-1] mAL[t-1} 3-rZ .0

yields tensoring byM the following exact sequence:

0— »Tor, ?[t 1INZ M) —»2[t 1@ M——»Z[t-1I1S M— — Z 8 M
1> 2[t~1] »[t-17] Z[t-1]
-[z il
> K«
m _1

Thus, the result follows.



1.3.3. Corollary:

Let X be a CW complex. Then we have the following exact

sequences:

(i) o -aq azq[t-i]1K O<;2q)—/\ak*H (X;zd - Tor Zg [t |j(2*4,k*(x;24))
where g s 1, is induced by n :k (XAMg) v H (XAMQ)

ii) O &L k*(X;L)— ir-»>H*(XL T 1(L; WF(X\Li) *O
@D Qe TG I eEL) T (L WAL

where L is a free abelian group, is induced by

n* S 1:k*(X) a L ®H*(X;2) a L.

Proof:
the plodf ¢
(i) We can rewrite the sequence Il of Theorem 1.3.1 for the
space XAMg and the reduced cohomology theories. Then we obtain:
J1+2 * A
- +ﬁdikWWq) m®" 1>~M(X.Mgq)— 2-»HLI(XAMg)-1-pki+3(XAMQ)
\

that, as before, splits in short exact sequences:
0 - coKer m'”ﬁ - H’\XaMa) Ker m%+3

As we have seen in last paragraph (1.2.3)k (X;2q) is a 2j module,
hence a 2q[t_1] module. Then the Lemma 1.3.2 applies here and

we get the required exact sequence.

(ii) As L is torsion free, tensoring by L preserves exact

sequences. Then we have:

0 -coKer m* . alL H*(X;2) 8 L ker n* 8 L + 0
t t A

exact or, equivalently,
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0 = coKer(raL 1)* H— SH* (X; L) — Ker (mL ,)* -+ 0O
t-1 L L
> x o x W
where vm ) -k (X;L) —*vk ;L) ,m, 6™ are the obvious maps
xE
induced by m _1, n , 6 respectively,

t

Using the exact sequence:

L 1

0 L[t 1 L[t ]-L O
t

we get, as before:

L Q - k*(X;L) N coKer (mL .)*
L[t A] t

Tor, LIt 1] (L,k*(X;L)) » Ker(mL -)* O
1- t

4. Spectral sequences and connective K-theory

Let X be a compact CW complex of dimension n.
We are going to consider the H(p,q) system [14] associated
to the filtration of X by its skeleta for a cohomology theory

*
h . Then we have:

F=X-1¢c X° ¢ ...cXn =X

H(p,a) = h*(Xq-1,XP*1), g * p
theory

There is a natural (in the space X and in the cohomology”h )

spectral sequence (E (X),d ) bigraded, with
Til

dr:EP,q(X)— »EP+r,q—r+1(X) a differential convergent to h*(X).
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We have:

EP;q(X) = Ker (dr:EP’q(X) EP+r/K+I(X)/Im(dr:EP reqer 1(X)*E-;

EP>q() stHP(X;ha(pt)) [9.34]
As dim X =N, dr =0 for r > N and E;-Il = ... = E)’;*(X)
hm(X) , m s &, has a decreasing filtration given by:

° = FN+1(hm (X)) ¢ ... cFjih”"X)) c FO(hm(X)) = hmX)
where Fq(hm(X)) = Ker [m(X) mhm(Xq_1)]- Moreover,

EP,q(X) Fp(hp+q(X))/F (hp+q(X)> and We have the following

extension short exact sequences:
0 - Fp+1(hP+q(X)) - Fp(hp+q(X)) - EPq(X) - o
Since FM  (h"(X)) = 0, FN(hm(X>) « eJdPm_NQO

This is called the Atiyah-Hirzebruch spectral sequence.
All the differentials in this spectral sequence are torsion-
valued [9,18]. It behaves well with respect to products in
the sense that if h* is a multiplicative cohomology theory its

&K
multiplication induces a multiplication in (E .,d) SO
r2l

*x
that Er is a bigraded ring, dr a derivation (for all r e IN),

that is:

X,Y compact CW complexes, Ep>q(X) 8 Ep~”"q’(Y) Ep+p”"g+q°(X X Y)

For x e Ep,q(X), y e Ep,,q"(Y), dr(X x y)=dr(X)xy + (-D)p+axxdr(y)
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In the Eg-term this map is the usual cohomology cross product.
*

It respects also the filtration structure of h , that is, gives

a map:

Fp(h1(X)) 8 Fp,(hi(Y)) - Fp+p,(hl+j(X * Y))

*

that agrees with the h product [35,16]

1.4.1. Remarks:

(i) The spectral sequence mentioned above was first
considered by Atiyah and Hirzebruch in [9] for K-theory. It

is compatible with the Bott isomorphism. This means that

1

multiplication by t —, the canonical generator of K_Z(pt),

induces an isomorphism in the spectral sequence. Its behaviour
with respect to products was first conjectured in [9]. Further-

more this spectral sequence can be extended to the category of

CW complexes [21].-

(i1) From now on we shall work on the homotopy category oicompact
*
CW complexes unless otherwise stated. Suppose that h 1is a

cohomology theory defined in this category, associated to a
*

spectrum h = (h ) . Let"h be the connective h-cohomology,
n nc2

*h = ("h ) the connective h-spectrum, f:"h - h the map given
n n«Z

in 1.1.1. We denote the two Atiyah-Hirzebruch spectral sequences

*

T Fo i
of converging to *h , h by (’E ,d") ,(E »d ) and the
r rnl r r rsli

filtrations by ("F%) ,(F 1 respectively. The map f:*h - h
p pe»” p peZ
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'hj—a— >hj:, L : 'Ej:—— (r:ﬁ; 2). In

induces the maps F

particular for a space X, Ep,q(X) =0 for q > 0, r £ 2 since

EP,g(X) = HP(X;’hg(pt)). This implies Fi(hl1(X) = h¥§xX). We

have also *h~X) =0 for 1 > dim X. O

Notation:

When there will be no possible confusion about the space
* *x

[
X we shall write ErJiF+ for Er (X),F*(X) respectively.

1.4.2. Proposition:

Let X be a compact CW complex. Then:
(1) fg*:'Eg,q -i%g,q is an isomorphism for q £ -dim X + 1
(ii) If dr = 0 for r > s then ¥ /F (y™x)) is an isoraorPhism

onto Fn0>m(X)) for all m e Ti, n m+s-1.

Proof:

(i) We are going to prove by induction on r £ 2 a more
general result:
© F**:"Ep’q. "™ Ep°"q is surjective for -r+3 £ q £ 0, isomorphism
for q £ -r+2

This and the fact that the differentials dr are zero for

r > dim X gives (i).
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The inductive hypothesis is trivially verified for r = 2
since ’hq(t) = {hg(pt) for q SO, “Ep,q ={HP (X; *hq(pt)) for 44,0

\
i 0 for g >0 jo (or g>0

= {HP(X;hq(pt)) = Ep>q if qsO
{
{ O ifg>0
Suppose now that ® is true for r = s. We have the
commutative diagram:

,Ep-s,g+s-1 d* ~N"Eg™r — "E*

*x *x
s
?P-s,qg+s-1 P-q vy gP*s.a-s+1
Ifgs -(stl) + 2 = -s + 1, the two right-hand vertical arrows

are isomorphisms and the left-hand arrow is surjective
(g+ts-1 U 0) by induction. Then Ker [d™:*E|’q < -Ep+s’q_s+1]
is mapped isomorphically onto Ker [d :Ep,q s Ep+S,q s+~ AmcL

’eri - lwvtv ep ep]
Thus fg+~: * " *m Ep;q 1is an isomorphism.

If -(s+t1)+3 £ q s 0 "Ep’g+s_1 = 0(g+s-1 > O)jf*~*:"Ep ’q + Ep,q
:‘EerS’q_S+I ’\,éos+s-q—s+l is an isomorphism

Ker fH"r"é"fP'q N _EP+s.qg-s+lj

*x
is surjective and fg

by induction. Then f§ maps ™rf
onto Ker [dS:Eg,q - Ep+s-q"'s+1] .Hence "Ep;q + Ep;q 1S sur-

jective.
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(ii) If d =0 for r > s the proof of (i) implies that
fC’E)* o wEB:A is surjective for -s+2 s g s 0 and it is an
isomorphism for q £ -s+l.

Now we consider the extension exact sequences and the

commutative diagram for all me Z.

co

**

2 Efym“p- >0

*x
is an isomorphism for m - p s - s +1 or, equivalently,

p2m+s - 1. Since F* «E™»m_N (N dim X) f*:«rg - F™
is an isomorphism i fm-Ns-s+ 1. Using decreasing
induction on p s N, supposing it always greater or equal to

m + s - 1, and the 5-lemma we get the result. O

1.4.3. Remark: n

In the cases of connective and usual K-theory we have
a special case of the Atiyah-Hirzebruch spectral sequence:
for all p e M, r 2 2, Ep,q =0 if g is odd and all the
differentials of even degrees are zero since Kq(pt) = 0 = kq(pt)
for q odd. Then we have F*_jF* if n-i even, F* = F*+1 if n-i
odd, where F* = FACh~”X)) with h* = K* or k*. t-1eX-2(pt) m k-2(pt)

acts on the following way:

mt-i <*5>c Fj"2-



1.4.4. Remark:
] %
When we consider 2n coefficients (in k or K ) we have

1~
a multiplicative map of spectral sequences y:Er ) EN (C ;2D

*

induced by the reduction, homomorphism pq th(C )-*-h( ;2q). For
**

r = 2,pq 1is the usual "reduction mod " map for ordinary

cohomology.

Also we will need to consider k ( ;L) foy L = Q(P)
where P is a set of prime numbers, Q(P) is the quotient ring
of 2 with respect to the multiplicative subset generated by P.
Let L be a Forsion free abelian group. We have defined
hjir;L> = H‘k—) a L(1.2.2). The Atiyah-Hirzebruch spectral

sequence for h ( ;L) is obtained from that one for h ()

*x
tensoring by L, i.e., suppose that (F .d ) is the spectral
r 121
*

sequence converging to h (X), X a compact CW complex then

dr fi 1T:Ep,q alL - EP+r,q_r+1 a L is a differential and
*x * *

(E .d) converges to h (X) a L = h (X;L) since
r r*1

HP(X;hq(pt;L)) - Hp (X;hqg (pt)) a L. The idea of taking L is

to "kill" the torsion of k ( ) when suitable.

1.4.5. Proposition
Let X be a compact CW complex such that K*(X) 1is torsion
free and the differentials dr in the Atiyah-Hirzebruch spectral

sequence (Eir ,dr) converging to K (X) are zero for r > s
ral

(We can suppose s odd since the differentials of even degree
INFS/\

. — £
are zero). Then {y ek (X)/7t”~ y =0} * {y e k (X)/X y*Q
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Proof :
We consider the Atiyah-Hirzebruch spectral sequences

* *
€E , dr) (CCE ,dM) converging toK ¢, k (X respectively,
r r

and the extension exact sequences. We have the following

commutative diagram for all m e 2, i1 2 O:

. JFm+2i ,-2i
0 "R oj+2 VT n+2i w
*
4 EmI21£21 0
_ mI2i£2i-——>
0- Fm+2i+2 Frrﬂ+2i

* -

] 5 are the maps induced by j:bu m K, p] the map of the
extension exact sequence.

Let y € km(X) such that Xy = O for some X e 2 - {0}

—s+1
t y e 'F@“s+1 because km(X) = °F~. But *F@“S+1

FR_s+1 Dby

Proposition 1.4.2. Since K*(X) is torsion free, so is F"“s+1.
-s+1

Hence t 0. _s+1
Suppose now that y e km(X) and t 2 y = 0. j*y
* *
because eU*C0/t"M-0 ie N =Ker [ k X K (X)]- Then
it is enough to prove that there exists X e 2 - {0} so that

Xy because on the one hand, * ™+s-1* Is an

.
isomorphism; on the other hand, j (Xy) = 0 for all X s 2.

We are going to prove, by induction on i 2°, that:

© There exists X e 2-{0) such that Xy e “Im+2i*
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For i = 1 we have j,, p" y=0. Then p® y=0 or p" ye Inm

for some 2 £ r £s. If p» y =0 then y e "F"+2 by the exactness
of the top row. In the other case, since all the differentials
have torsion, there exists a e Z"-i0} so that ap™ y = 0. Thus

ay e "P+2 as required and the induction hypothesis is true.

IT© is true for i=j then there exists B e 2-{0} such

that By e "F1 Proceeding exactly as above we conclude that

v(By) e ifm+2j+2 for some e Z - {0} as required. O

1.4.6. Proposition:
Let X be a Ffinite CW complex of dimension N with

. m
H (X;2) torsion free. Then k (X) is isomorphic™as a 2 module,
[N-m.T

to © Hm+21(X;2) for all m e 2.
i=0

Proof :
*x

The Atiyah-Hirzebruch spectral sequence ("E ,d*) is
\ rfcl”
*

trivial because as H (X;2) is torsion free the differentials
can"t be torsion-valued, thus they are zero for r s 2.

The extension exact sequences:

0+ PP, FIL*Efom v + 0

split. This can be proved by decreasing induction on m s i s N

since is a free Z module and "Ry * "ENTn_N. Then

.F]I!]_« "F? 1 © E%},m_i CI:..Q_ & .

it
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N
In particular, km(X) si © EJ” "J. The result follows
J=m
from:
_Ej.mjJ = {HJ (X;3) if m-j is even s O
{0 otherwise.

1.4.7. Corollary:
Let X be a compact CW complex of dimension N.
o lilk«atiq LLhich iB8° In
(i) Let L be antorsion freerabelian group so that H (X;L) 1is

*

torsion free. Then the Atiyah-Hirzebruch spectral sequence

. Nom+210
converging to k (X;L) collapses and km(X,L)« 20 hm I(X,L),m s N,
i-0

that is, as L[t_1] modules k*(X,L) & H*(X;L) fi L[t_1].
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(ii) Let g be a prime so that the Atiyah-Hirzebruch spectral

. m
sequence converging to k (X;2 ) is trivial. Then k (X;# )

[N-m]
S Hm+2i(X;3r), m 5 n.
i=0 q

Proof:
It follows immediately from the Proposition 1.4.6 and

the Remark 1.4.4. O

1.4.8. Proposition

Let X be a compact CW complex, (E:*,dr)r the Atiyah-
Hirzebruch spectral sequence converging to k*(X;L) where L
is a ring of type Q(P) or 2~ (p prime). Then x e HP (X;L) lies
in the image of n : kA(X;L) -H$(X;L) if and only if x is an

infinite cycle iIn the spectral sequence, i.e., drx = 0 for all

r £ 2.

Proof \

We consider the spectral sequence (F .,e ) converging
r r r>1

to H*(X;L). All the differentials are zero for r £ 2 and
fE’q = IHP(X;L) for g = O
{0 otherwise.
nﬁ:k*(X;L) 2 H*(X;L) 1induces a map of spectral sequences

Gt since it is a natural transformation of cohomology theories.
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For r = 2, = HP(X; kg(pt ;L) - HPCG Hg(pt ;L) ) = FP*q

is induced by the map n*:kq(pt;L) Hq(pt;L) defined on the
coefficient groups. Hence n'g:k is, under the usual identifications,
the identity for q = 0, the zero map for g ™~ 0. We recall that

as Ep'q =0 for q > O, EP_Q = Ker dr(r a4 2). Thus, E&),° can

be considered as the subgroup of HP(X;L) consisting of the

infinite cycles.

n**;EP’q @mFP,q = HP(X;Hg(pt;L) is the zero map for g ~ O
and for g = O is the inclusion map using the above identification.
On the other hand, Ep’° is isomorphic to coKer

[mp+? - kp+2(X) v kp(X)] -Since e£’ = F (kp(X).- and
t1 p /Fp+1 (kP CO)

Fp+1(kP(X)) = Fp+2(kp (X)) = lirifitP2 kp+2(X) -mkP(X) ] (Remark 1.4.3)
“t*
Hence, we get the isomorphism g : coKer mp+2 Fp~>° = HP(X;L)

induced by n. The result follows immediately. O
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CHAPTER 11 - LIE GROUPS: SMALL SURVEY QNpk*(G;R)

Through this chapter we consider only compact, connected
Lie groups over E.

In the first paragraph we mention some well-known results
of theirclassification, representation ring and its relation to
their K-cohomology, ordinary cohomology with 2,2~ (p prime) and
d coefficients. The main references for this paragraph are
[9, 10, 11, 12, 21].

*

In the second paragraph we give the structure of k (G;Q(P))

whenever H*(G;Q(P)) is torsion free.

1. General results in Lie groups§

A. Classification of Lie groups

2.1.1. Definition:
Let G be a compact, connected Lie group. We say that:
(i) G is simple if it has no proper closed invariant subgroup
of dimension greater than zero.

(ii) G is semi-simple if its centre is finite.

2.1.2. Theorem [38]

Any compact Lie group is locally isomorphic to the direct

product of simple non abelian groups and tori. O

2.1.3. [11]

We have the following different classes of locally isomorphic
compact connected simple Lie groups that contain a unique (up to

global isomorphism) simply connected representative:
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(i) Classical structure

Ar(r > 1) - represented by the group SU(r+1) of (r+l) x (r+l)
complex unitary matrices of determinant +1. It has dimension
r(r+2)and rank r. Br(r > 2) - represented by the group SO0(2r+1) of
real orthogonal (2r+1) x (2r+l1) matrices of determinant + 1 or
by the spinor group Spin (2r+l1). They have dimension r(2r+l),
rank r. Cr(r > 3)-represented by the group Sp(r) of r x r
quaternionic matrices. It has dimension r(2r+l), rank r.
Dr(r > 4) - represented by the group SO(2r) of real orthogonal
2r x 2r matrices of determinant + 1 or by the Spinor group

Spin (2r). They have dimension r(2r-1), rank r.

(ii) Exceptional structures
G2 - the group of all automorphisms of the Cayley numbers
system. Has dimension 14, rank 2. Its centre has
order 1. -

- has dimension 52, rank 4.

E,6 - has dimension 78 and rank 6.
EN - has dimension 133 and rank 7:
EO - has dimension 248 and rank 8.

.
B. Representations and K of Lie groups

Let G be a compact Lie group. R(G) denotes the representation

ring, that is, the free abelian group on the isomorphism classes
of irreducible complex representations of G with a multiplication
induced by the tensor product of representations. We can only

consider unitary representations p:G + U(n).
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2.1.4. Proposition [21]:

Let G be a semi-simple simply-connected compact Lie group

of rank 1. Then R(G) 1is a polynomial algebra 2[p™,-..,]
where Pj,...,py are the basic representations whose maximal
weights form a basis for the character group T of

the maximal torus T(T with an order given in the usual way). O

There are two homomorphisms a:R(G) = K°(BG) (BG is
the classifying space of G) and B:R(G) -mK*(G) [9,21]. a is
constructed by:

Let p:G “aU(n) be an irreducible representation, y:EG % BG
the universal G-bundle. a(p) is the class of the vector bundle
over BG obtained from the universal G-bundle changing its
structure through p:G #=U(n).

f4 is obtained by looking at K~"(G) as the set of homotopy
classes of maps G “aU and taking B(p) = [inp] where i~rtkn) D
is the usual inclusion map and p:G U(n) as before.

We note that we can define a map ct(5):R(G) w K°(Bi) for

any principal G-bundle irt:E_ B. in a similar way [9,24].

Let us consider the augmentation map e:R(G) =mR(l) = Z
(1 is the trivial group) given by e(p) = dim p. We denote the

kernel of e by 1(G)

2.1.5. Proposition:

Let r : E~ em B\ be a principal G-bundle. Then the

diagram:
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K*(G)-—-——— -———- >K°(E G)
1(6)------ - =>K°(Bg ,pt)
is anti-commutative, i1.e, Ir'»a + 0« =0 O

Now we are going to enunciate the main theorem of [21].

2.1.6. Theorem

Let G be a compact connected Lie group with a~(G) torsion

free. Then:
*

(i) K (6) is torsion free.

(i) KgiG) can therefore be given the structure of a Hopf
algebta over the integers, graded by Z,,.

(iii) Regarded as Hopf algebra‘? (G) 1is the exterior algebra
on the module of primitive elements, which are of degree 1.

(iv) A unitary representation p:G -mU(n), by composition with
the inclusion U(n) e U defines a homotopy class 0(p) in
[G,U] = KI(G). The module of primitive elements in K1 (G)
is exactly the module generated by all the classes of this
type.

(v) In particular, if G is semi-simple of rank I, the L "basic
representations”™ pl#__ ,pt are defined and the classes
B(M™),---,0(p”) form a basis for the above set of primitive

elements; we can write:

K*(G) = AZ(B(P1),-...BCp™)) =
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2.1.7. Remark:

(i) Atiyah proved in [8] that if G is a compact connected

*

and simply connected Lie group then K (G)/xorK*(G) 75 tle
exterior algebra AZ(B*(pjJ),---,6"(p”N)) where p~.-.-_p" are

the "basic representations”™ of G, B"Cp”) = BCp”) mod Tor K$(G)-
*

Araki proved in [2] that K (G) is torsion free, G as before.

(ii) In Husemoller®s book [24] can be found a good description

of the representation rings of the classical groups.

(iii) Atiyah and Hirzebruch have several results on the relation
between R(G), the completed representation ring of G, and

(BG) , inverse limit of K°(BG(i)> [9]-

C. Ordinary cohomology of Lie groups

2.1.8. Transgression map [12]

Let E ——*B be a fibre bundle with fibre F, base 3 where B,
F are connected spaces, E compact. We consider the ordinary

&

cohomology H ( ;A) with coefficients in an abelian group A and
the snectral sequence (E ,d ) associated to the fibre bundle
that the. iibre budle, ia A -orik rthjAi
We have Ep’q it Hp(B;Hq(F;A)). Therefore we can identify

HS+1(B;A) with Eg*1,0 and HS(F;A) with E°”S. Then we obtain

HS(F;A) «E® ™ Es+1,00- S+1~~E~+17° q.HS+1(B;A)
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where as+tl 0 = c°mp°site of the projections
and CC IKt inclusion. = K«r d™C. .+ C.Kw ¢c. E
*x *x **x 0/\ S _ _
E2 -B& m ...@E FWe sab that x e H (F;A) 1is transgressive
* % 0<ani
irds+j . s(x) e Imas+l 0 Thus .. ».v. Obtained a map from

the subgroup T of the transgressive elements of HS(F;A) to a
quotient L of HS+1(B;A). This map C:T + L is called the
transgression wap.

Alternatively, it can be described by:

Let S:Hs(F;A) #@mHS(E,F;A) be the coboundary homomorphism
associated to the cohomology exact sequence of the pair (E,F),
'r*:HQ+1(B,*;A) —’iHO+1 (E,F;A) be the map induced by the

projection where * = w(F). We define

C:T 6=HS+1(E,F;A) P°@" HS+1(B; A)/Ker it*

where T = 6_1(Im it*), p is the projection map.

The definitions coincide for connected fibre bundles
[12,35]. We shall consider the special case of the universal
G-bundle: G -=@mEG m» BG. In this case, as EG is contractible,
6:H (G;A) —’iHO+I(EG,G;A) is an isomorphism. We say that an
element 1is universally transgressive if it is transgressive

in this fibration. 0

2.1.9. Notations
(i) Let K be a free abelian group or a field. Seee»XS)

denotes the K exterior algebra generated by x* of degree ni e V.

(ii) Let R be a ring. R[x1,...,xn] denotes the ring of polynomials

with indeterminate xA and-coefficients in R.
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(iii) Let R be a ring. A(XJ,---,x ) denotes an algebra generated
by a simple system of generators Xj,-..,x of degree n™ e Z,

that is, it is the weak direct sum of the R modules generated

by the unit (if any) and by the elements x. ...Xx.

X1 1K
Is ij< ...<ij i s. O

2.1.10. Hopf proved the following theorem:
Let X be a Ffinite H-complex. Then X is rationally the
product of odd dimensional spheres, i.e., exists a map
r 2H.-1 Winch i\r Fehtflegt *fvruklee.
v:X *I1IS 1 (n, e The set (n.), type of X, is a
i-1 1 1

homotopy invariant.

2.1.11. Kumpel [26] and Serre [33] proved:

Let G be a compact simply connected simple Lie group.

Then G is p regular, p prime, if and only if p s dim G -1

rank G
r 2n.-1
(G is p regular if there exists a map vtX s
i=l
* o * “m 2n.-1
that induces an isomorphism v H (G;Z ) %H ( IS 1,
p i=I J -
n eH, r = rank G) [31]. 0

2.1.12. Borel proved [11] for a compact connected Lie group G:

(i) If H*(G;Zp), p odd prime or p=1, is the exterior algebra

of a subspace graded by odd degrees, then H (G;2 ) = O >**«»xm)»
with X universally transgressive of odd degrees, and HE(BG;Zp) =

2 [yl,__,yr% with the y,.= C(x,?, 1 s ism, C transgression

p i
map for the universal fibre bundle.
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*
Conversely, if H (BG;Zp) = z~ [ylf...,ym] with the y~s

F
of even degrees, then H (G;Z2° ) = AL (x1(---,x ) with the x.l's
p p m

universally transgressive and y» = C(x®) (A s i <m).

*

(ii) 1f H (G;Z,) has a simple systenm (Xl) of universally
*
transgressive generators then H (BG;2,) = Z, [y-,---,y 1 with

y» = C(X™), 1 s i sm, and conversely.

(iii) Let T be a maximal torus of G. We have the natural
projection map EGAT EGNG that induces p(T,G):BT BG. The

Weyl group W(G) Jfcegroup of inner automorphisms of G that leave

* *

T invariant, operates on T and,hence, on H (T;Z) and H (BT;Z).

*
Let IG be the ring of polynomials contained in H (BT;Z” invariant
.
under that action. As H (BT;Z) is torsion free, 1™ Q (p prime)

*
is cannonically embedded in H (BT;Zp). We are now in conditions

to enunciate the third theorem:

Assume that H*(G;Z ) is an exterior algebra of an s-dimensional
*

subspace graded by odd degrees. Then s = dim T and p (T,G) maps

H (BG;Zp) isomorphically onto IG 8 2/, 0

2.1.13. Hopf algebra structure

The group product m:G x G “mG induces a map mI:HA(G;A)—*—Hj:(GXG;A),
A a ring. If H$(G;A) is a i<af module then the cross product map
H*(G;A) Q H*(G;A) —’iH*(G X G;A) 1is an isomorphism. Composing
the inverse of m+ with it we get a diagonal H*(G;A)->-H*(G;A)QH*(G;A)
that gives a co-algebra structure to H*(G;A). One can prove

that H*(G;A) 1is a Hopf algebra over A [12].
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We have an analogous situation for any cohomology theory
*
E derived from a ring spectra E, defined on the homotopy
category of based compact CW complexes. But now we need
* *

E (G) to be aifinitely generated E (pt) module to have the

isomorphism [35]:

E*(G) E*(G) - E*(G"G)
E (5°)
Thus, we get a diagonal ip>:E (G) =E (G) 6L,* E ©)
h E (5°)
. F £
that gives a E (pt) co-algebra structure to E (G).

*

Moreover, E*(G) is an E (pt) Hopf algebra. 0
2.1.14. References for the calculation of H* (G;A), G simple,
simply-connected Lie group.

Borel has described the Hopf algebra structure of H*(G;A)
in the cases covered by the z"esults mentioned in 2.1.12_. and when
G = Gg,F4, A = Z2 [11]- He gave the algebra structure of
H*(G;A) for G = G and A = Z; G = F4 and A = Z,Z3 [10].-

SU(r) and Sp(r) are torsion free groups (r s 1). He has also
determined the prime numbers p for which G has p-torsion [13],
and the action of the Steenrod algebra.

In the case G = Spin (n) Borel determined the Hopf algebra
structure of H (Spin (n);zZ2) for n £ 9. the algebra structure
for all n > 1 and the action of the Steenrod algebra. Further-
more, be obtained some results in its integer cohomology such
as that the torsion coefficients of H*(Spin(n);Z) are 2 [10],
The Hopf algebra structure of H$(Spin(n);22) has been completely

determined by [25,29].



—43-

For the exceptional Lie groups Eg, E®, Eg we have:
the algebra structure of H (G;A) in [3,4,5,13] for A = Z
23 Zﬁ and the action of the Steenrod algebra; the Hopf
algebra structure for A = 2~ [references of 25]



—44-

2. Connective K-theory of compact conneeted Lie groups

with Q(P) coefficients.

Through this paragraph G denotes a compact, connected Lie

group of rank r, dimension n; Q(P) is the ring defined in 1.4.4

" 2.1. Theorem:

Let L be a ring of type Q(P) (P any subset of the set of

*

all prime numbers) so that H (G;L) is torsion free. Then

*

(1) k (G;L) s A (yl,...,y.) where y has odd
3

Lt ]

r

degree i, for all 1 s J sr, n= E 1 ..
3 J=

(ii) The y. can be choosen so that they are primitive

*

in the Hopf algebra k (G,L).

Proof
(i) By the results mentioned in the previous paragraph

* - 1 > =
Hr(G,L) %lAL(x],..-,xr) where Xy has odd degree 'j’ 1 j s,

3
*
dr) converging to k (G;L) is trivial. Then Corollr._ry

E 1. = n. Therefore, the Atiyah-Hirzebruch spectral sequence
i=I
o
(G
1.4.7(ii) applies and we have an isomorphism of L[t-i] modules:
k*(G;L) H*(G;L) ai”LIt-1]. Moreover, we note that k*(G;D 1is
*

* *

*
a free k (pt;L) module. Thus j :k (G;L) + K (G;L) is injective
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$
We take elements y* ,...,y* in k (G;L) so that

n* (y») =Xj V1”2 jsr (to simplify the notation n* denotes

£
the map thkak ;L) mH ( ;L) defined in 1.3). Those elements

* $
exist, since n is surjective, and they don"t lie in Imm -
Tt

*

They are uniquemodulo Imm

yi s jJj sr (y-)» =0 since every element in K* (G;L) has
square zero (this is true for K*(X), X any CW complex, [7] and,
hence, for K1(X;L) = K1(X) 8 L) and j*:k*(G;L) -mK*(G;L) 1is an
injective ring homomorphism. Therefore, we have an algebra
homomorphism:

T:A s ¢ees ooy ) WKkF(GL)
Lit"1]

It is an isomorphism. To show it, it is enough to prove the

following:

Claim:

The (y.) form a L[t ] basis of the L[t ~jalgebra
J Isjsr

k*(G;L).

Proof of the claim:
Since ki(G;L) v coKer m1*? © Im mi+? ~ Hi(G;L) © Im mi+?
t t t
and n* is a multiplicative epimorphism it follows that the

(y) generate k*(G;L) as an L[t-1] algebra.
1*jsr
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Now it remains to show that they are linearly independent.
Suppose not. Then there exists a sum:
7 a. Y- y. =0, where a. e L[t ] not
Isjl<...<jp*r J1l...p J "1-..P
all zero.
We can write it as:
£ t-i £ b. y _-Y- = 0, where A
ieA i<- ee<Jp,i”r Px»*
denotes a finite subset of the non-negative integers, b. e i.
Jl, .. .p,1i
Ez 2} +
Let 1 be the minimum of A. Since m -k (G;L) k (G;L)
* N —i
is a monomorphism ((m1) ) ( it £ b= Yy X *e_\/* ) =
t“1 ieA Jl...p JL,i JP,i
that is:
Z t~-iH)l Z b. 2 y =0
ieA Jl.__p,i JL,i JP,i
Applying n we obtain:
-5, Xa =0
Z .. b;]<»»"'—P»)(' JI >|_ ]J? 1
4'ic’)<-c. ﬂﬁ].’s 1 1 -
This implies that all the bj are zero because H (G;L)

A(Xxpe==9 )=



We proceed equally with all j e A. As A is a finite set
we conclude that all the L coefficients are zero which con-
tradicts our assumption. This finishes the proof of the claim

and, therefore, of (i).

(ii) Let G “aEG —~~mBG be the universal G-bundle. We have a

commutative diagram:

Km(G;L)---6> Km+1(EG,G;L)<———5_K Km+1(BG;L)

km (G;L) —— ~ — T km+1(EG,G;L)N— — km+1(BG;L)

I

(3 A CI I i — » Hm+1(EQsjL) t H Hm+1(BG;L)

where SR, 6k, 6H are the coboundary homomorphisms and p R) p k>

p*l_| are the homomorphisms induced by the projection p:EG BG

. . .
considering the cohomology theories K , k , H respectively,
* *

D , J as before.

*

By the Borel’s result 2.1.11, H (G;L) = Aj~~, ... ,xr) where

the x"s are universally transgressive and H (BG;L) =L [ ,--.,zr1,

z. = C(XJ.) where C is the transgression map, degree C(xJ) = ij+l.
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We take elements w:J e kj+1(BG;L) so that n*(wj) = Zj'
*
They exist and are non-zero since H (BG;L) is torsion free

and so is k (BG;L). As EG is contractible, 6 6 ~and 6 »

are isomorphisms and we can consider elements yJ =ESE1 (p*_K(WJ)).

*
By commutativity of diagram and because S H is an isomorphism,

n (yJ) = Xl' Thus the y:J are as in part (i), of this theorem.

It remains to show:

Claim:

The (y-.) are primitive.

Proof of the claim:

By the commutativity of diagram (1) we have:

J*yj) = 6KL(P*K@+j))) for all 1 s Jir

Let j*: k* K#, is the ?2-graded K-cohomology, be the
natural transformation of cohomology theories induced by
J*k* mK*. If we replace K* by and respective maps in the
diagram (1) it still commutes. L. Hodgkin proved in [21] that
6_"(p* (K°(BG;L))) is the module of primitive elements in
KN(G;L). Then j#(y.) is primitive in the L module K*(G;L) for
all 1 s jJ < r. ButAthis is equivalent to say that j*Cy") is
primitive in the L[t,t_l] module Kk(G;L). Thus, since the

following diagram:
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k*(G;L) jL_ v k*@G;L) 8 - k*(G;:L)
K L[t

K (GL)-  ——> K*G:L) Q K*(G;L)
K LLt,t-1]
& _ . -
Gﬂk, ik are the diagonals for k (G;L), K (G;L) respectively)

commutes we have:

g & i3m ~ oD =10 (i) + 81

*

*
This implies that & (y.)=I 8 yj + yj a 1 because j 1s injective
Therefore the (y .) are primitive. O

3 Isjsr

2.2.2. Corollary:

() k*(sun)) = (y3"™ "ewy2n-1) where degree y+ = 1,
y3>eee y2n-1 are Primitive

(i) k*(Sp(n)) = A2[t-1] (y3,e==.y4n_1) where degree y+ = i

y3 " ” "ydn-1 are Primitive-

Proof:
We have [10]:
H*(SU(N);Z) = Aa(xX3*eee«x2n-1J" degree x+ = i, X3 _.e*e x3n_i

universally transgressive.
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Hence, applying the theorem we get the result. O

2.2.3. Remark:

In general we don"t have j~Cy™) = B(p™), 1 £j £ r,

1£i1 £r (B:RG) mK*(G), (p-) basic representations,
1

defined in 2.1.B).

* *
Suppose H (G;2/torsion free. Given x e K (6), x lies in

Fp(K*(G)) if and only if ch”x) = 0 for i < p where ch”™ denotes
the i1-component of the Chern character [18]. Then x e K (G) (e= 0,1)
is equal to j™(Y), VY e kp(G), if and only if x e Fp(Ke(G)) since
by 1.4.2kp(G) = Fp(kp(G)) = Fp(KP(G)) = Fp(Ke(G)) (p odd or even
whether e= 1 or 0). Hence, x = j™(y) if and only if ch™iy) =0
for 1 < p.

Now let G denote a simple simply-connected Lie group with

basic representations (p.) of highest weight X B. Harris
1 Isisr

proved in [20] that

chgi&iP”) = nxx3; where = i* i dim™) g %
(a,a) dim(G)

6 = X + _., + Xr,« root of maximal length.

The conclusion follows from the fact that the n”"s are

greater or equal to 1. O
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CHAPTER 11l - The exceptional Lie group Gp.

In the first paragraph we enunciate a proposition from
[21] that describes the differentials in Atiyah-Hirzebruch

*
spectral sequence converging to K (X,2p) (p prime, X compact).

In the second paragraph we calculate the algebra structure
of k* mainly by working out the Atiyah-Hirzebruch,
spectral sequence converging to it, using that proposition
and 1.4.2,which relates the two spectral sequences” and

L. Smith"s exact sequence.

*
Finally we determine the algebra structure of k (G«)/
our main tools universal coefficient theorem and L. Smith"s

exact sequence.

1. Differentials in the Atiyah-Hirzebruch Spectral Sequence

3.1.1. Proposition [21]:

Let X be a compact CW complex. Then in the Atiyah-Hirzebruch

*

spectral sequence (Er(X;2p),dr> (p prime) converging to K (X;2p):

©O) dr =0 for 2 s r £ 2p-2, so that for 2 5 r s 2p-I

Eg(X:Zp) can be identified with Hq(X;ZP).

(ii) Using the above identification, d2p-1 is e(lual (UP to

multiplication by a non-zero element of Zp) to Milnor®"s stable

cohomology operation i (X;2p) mHg 2p NMiX;M). O
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We note that Qj = PAS- 6P1 where P1iifli(X;2") mHqg+2p-2(X;2D)

is the first power operation and 6 is the coboundary homomorphism.

For p = 2, dg = Sqlsa + Sq%C]l where the $i"s are the Steenrod

squares. By the results in [21], for G = GZ’ Spin(n), FI’ Eb

and p = 2 dg is the only non-zero differential; for G = F, Eg,

3, dg is the only non-zero differential, for

By, Eg and p

G =E_ and p

5 5 d9 is the only non-zero differential.

2. k*(G2;22)

3.2.1. Proposition:

k' (6.:02) = A 1 y--y.):

-,): y~iy-n primitive elements
Q2)[t Al J 11 J 11

of degree 3,11 respectively.

Proof:

*
H (G2;7) = ; X3>n primitive generators of

degree 3,11 respectively. Since H*(G2;2) has only 2-

torsion H*(G2;0(2>) = Ad(2) (sg-xjj) where x£, x”™ are primitive
generators of degree 3,11 respectively. Now the result follows

from Theorem 2.2.1. O

3.2.2. Proposition:
k’(Gi;?Q is a 22[t_1] module generated by elements

y , y5 y6, y9, yIX, yl4 in which the subscript denotes the

degree, subjected to the relations: t-1yg = t-1y11l = O.
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Proof :
H (G,,;Z ) is a Z algebra with a simple system of generators
Xg, x5, Xg, degree x™ = i, such that SQ xg Sq X5 = Xy

Sqg (X)) = 0 otherwise.

Let fEF,drﬁ» be the Atiyah-Hirzebruch Spectral sequence
converging to k (G2;?2)* The only possibly non-zero differential
(r 22) is d3 = Sq'Q Sq}l\ + Sq}\ng i A2) - H14?(GZ =32) using
the identification EP,2qg = Hp(Gi;3,) (g s 0) by 3.1.1 and 1.4.~
Thus we have: dCx?,) = X, d~CxgXg) = X5A6' and d., is zero

otherwise.

*x
The pictures for (Eg ,dg) and E™ are:

3 5 6 8 9 11 14 3 5 6 8 9 1 14
0 0 0
2 * *x» \/ 2 22 2= 72 *2 2 72
1. 0 0O O © 0
25 20 2 0 3, 0 O 0 =,
-3- 0 0O o© 0
Zo 25 . -4- 0 0 o 0
q+

**x

(Eo .do) E )
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Considering the extension short exact sequences, as they split

we get the following table:

>4 14 13 12 11 10 9 8 7 6 5 4 3 2 1 <0
O o 0 wu x 2= a4 4 4 %4 *

stable
range
The lines under the table indicate the non-trivial
_ ¢ _ _ _ _
action on k (G2~ ). It has been obtained, as it will be detailed,

using the L. Smith"s exact sequence and the fact:

* **

© If a e k (X;L) projects to @ e , and t a f 0 then
t-1a ¥ 0, where X is a compact CW complex, L a ring.

This is trivially verified by looking at the extension exact

sequences.
We recall that given a space X and a ring L k”~XiL) = KACXjL)

and ml1 1:ki(X;L) mki-2(X;L) is the Bott isomorphism for any i1 less
or equal to 1.

By 9 , m2il1:k2i(G2;?2) ¢ k21-2(G2,Z™) is: an isomorphism for 5sis7,i=2
a monomorphism for i=4,1

a epimorphism for i1*3
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m _j :k~(G2;22) k(G2 ;22) *s the O-map since L. Smith"s exact

sequence

11 12

implies coKer ml1l1ll = 2 .
t1 J

Also, by © we have: m9_":k9 (G2 2+,) k7 (G2;22) is an isomorphism
7 7 5 - g
m ~:k (G2;*2) =k (Ggin) a monomorP":lisa

m5_’\:k5(G2;22) —‘hk3(G2 ;22) is an isomorphism since

5
Ker m . = 0 by:
t
O ® coKer m4~ @mH“(G2;22) Ker m5_1 =m0
t y t
0

Similarly, considering:

0O -»ocoker 4 _ H4(G0j22) Ker m4_j O

1 (] t
0

we conclude that m3_i:k3(62;»2) L kl(GZ ;22> is an isomorphism.

Using L. Smith"s exact sequence we see that there exist
elements y, e kJ(G2; 2 . 1+2 ,J =5,6,9,11,14, such that
J

“In mJ ,
T

n*(7j) = Xj for j = 5,6; n* (yg) = X3X6~ h*(?!l> - X5X6»

nl”f&v-iz)/ :*x,sx,sxs . Furthermore those elements are unique.
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We take a representative of each class that will be denoted by
y» for j =5,9,11,14 and yE for j = 6. yQ denotes the element

of ko(Gg;Zg) corresponding to the algebra unit. As Ker m6_4 = 39
-4 6 -1

and yg, t yl4 are generators of k (Gg”g). t "y*» =0 or

t_lyg = t_5y14. In the first case we take yg = y£, in the

4
second one we take yg = *6 + 1 yl4°

By the above results and the choice of the elements we

have:

-1
D- ¢ yn -

2). t'lyg =0

3). form a 2g basis of kg 16220 for * cildi9 507

t 1V yj

je\o, 6 , 6 . 9 . ~

This gives the STg[t_l] module structure of k‘ (Gg ;39) - O

3.2.3. Proposition
*
Considering the Zg[t—ll algebra structure of k (Gg;2g) we

have the following relations: yl14 = y5 yg, y”~ = y5 y6” all other

pl"OdUCtS are zero.

Proof:

Since n*:k*(G2 ;32) <+ H*(G2;»2) is a ring homomorphism,

n+(y5y9) = X3X5X6* Then y5 y9 = y14 because n*:k14(Gg,?g) - H14(Gg;29)

is an isomorphism. A similar argument applies for y~.
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As k =0 for 1 > 14 it remains to prove that

2
y6 = °-

yg = O because otherwise it would be equal to t_ly But

this is impossible since t_1 yé = 0.

yg = 0 since all the elements of Kl(% have zero square

and j* :k10(G2;32) - K10(G2;22) 1is injective. O

Putting together the two propositions we get:

3.2.4. Theorem

3.

N
k4262;22) is a »2[f ] algebra generated by y. £ k (Gg-S*g)

5,6,9 with t y6 =0, ygy9 = 0, y* = 0.

k (G2)

3.3.1. Proposition:

k:(GZ) is a 2[t_1] module generated by ZQ, Z3> Zg,‘Zg, Zia. Z14

such that degree =1 and 2. =t *£g =0, t = 27Zg9.

Proof :

H (GO ;2) is an algebra with two generators h3, hu of degree

3,11 respectively, subjected to the relations:

2 h3 =h3 = hll ™ h3 hill = °*
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Using 3.2.1, 3.2.2 and applying the universal coefficient

theorem we get the following table:

H n>14 14 13 12 11 10 9 8 7 6 5 4 3 2 1 s O

k*(Gg) 0 2 0 3 2 2 3 2 2 22 3 2 2 3 22 7?

Stable range

As in 3.2.2 the lines denote the non-trivial multiplication
by t- . We have used L. Smith"s exact sequence to calculate it.
=0 for 1 = 12, 10, 8 implies that we have the

isomorphisms:

k14(e,)  ml% * k12(62) m" i- k10(62) k8162).
r_

,;kll(Gz)—> k9(G,) 1is a monomorphism with coKernel 3

gl

by the two exact sequences:
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0 + coKer ml1® -wH8(G2:;2) “mKer min 0

t h t
0

0 coKer mlll % H9(G,,;2>) mKer ml12 -==a0
f1 ? T t“1

Both maps, m9_j:k9(Gg) k7(G2) and m7_":k7(Gg) —mk5(Gg) are

isomorphisms since HK(Ggi’\) = H7(Ggi’\) = 0.

mg_’\:k8(Gg) -’ike(Gg) is a monomorphism with coKernel 3g by

the two exact sequences:

O “mcoKer m8 1 mH6(G,;2) *Ker m9 0
t I nt
— o =
0 % coKer m7 ~ % H5(Gg;2) *Ker m8 ~ 0
e h et
0

m8 ’\:k6 (Gag) —’ik4(Gg) is onto with Kernel Zg by the exact

sequence:
O me coKer m8_~ “aH"(Gg;3) -mKer m7_~ a0

0

m5_1;k5(62,) “a k3 (G is a monomorphism with coKernel 3; by

%)

the two exact sequences.
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coKer aH2(G2;3) mKer m5_1 » 0
t ] t
0

0 coKer t = H°(G2;2) Ker m 1

m4_1 :k4(G2) k2(G2) and m3_1 :k3(G2) “m k~"Gg) are

isomorphisms since H2(G2 2 = Hl(G2 ;3 = 0.

Finally, m2_1:k2(G2) " ko(Gg) is a monomorphism with coKernel Ts.

This result can be obtained either by looking at G. Smith"s exact

2

sequence or by noting that m is the natural map from reduced
t L)

K-theory to K-theory, i.e., from K”"Gg) to K (Gg) -

Looking again at L. Smith*s exact sequences we can see thax
*

there exist unique elements Z3" o~ ZIl” Z14 in k (GZ)yI . SO
m m
-1
fg _ 0 v _ ool
that n (Z3) = 2h3,n(Z6) = ha» n (zn) " hn» n (Z14» hi4. We

choose an element Zi in each class 7z~ for i = 3,11,14. As

k°(G2) si a © 32 we can take the element of order 2,Zg, representative

of class ZB' This element is uniquely determined and is killed by
m6 (1.4,5 or L, Smith"s exact sequence). We consider also an
t-1

element Zg € k3(G2) so that 2Zg = t It exists since coKer
mll = Tt and mlll is injective. Finally we take the algebra unit
t1 2 t

Z € k°(G ) which corresponds to the algebra unit of H (G ,3).
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Therefore we have:

1). 228 =0 =t Z..

2). - 279

3). Zj’ t-1z . form a 7§ basis of kJ(G2> where j {0,3,6,9,11,14},
i > 1, iHK=4 awcL ke {0,3,9,14}.

— *
This gives the 2[t 1] module structure of k (Gg)- O

3.3.2. Proposition:
Considering the 2[t-17] algebra structure of k*(G2> we have

the following relations: 2Z 44 = z~z.~, Z™Zg = t zZ~4, all other

products are zero.

Proof:

n* :k14(G2) H14(G2 ;3) is an isomorphism since Im m1”~ = O.
t

Then p*(22Z14) = 2hg hu = n*(Z3Zu ) implies 27214 = ZgZ”~ and

2t—1Z14 = t—IZS%EE = 22§Zy- Hence the second equality follows.

2
For the last statement it is enough to show that 2. = 0 for

J = 3,6 and ZgZg =0 since k1(G2) = 0 for i1 > 14.
Zg = 0 and ZéLd = O because Z, has order 2 and both

k12(G2) and k9(G2) are torsion free.

Z% = O because j*:k3(G2) - K3(G2) is an isomorphism and all

the elements of K3(G2) have zero square. D
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Putting the two propositions together we get:

3.3.3. Theorem

k*(G2> is a 2, [t- ] algebra generated by z» e k~Gg),

i = 3,6,9,11,14, so that 2Zg = t" 6 73 6 U: X z11 =

7379 = t 1z14: 2714 = z3z11> zi © Tor all i ZgZ. =0 for

i+ j > 14.
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Putting the two propositions together we get:

3.3.3. Theorem

* _ -
k (Ggy is a 2, [t 1] algebra generated by e k'(Gg),
i = 3,6,9,11,14, so that 2Zg = t-1Zg = Z3Zg = 0; t-1Z1)l = 2Zg
Z379 = t_1714; 2714 = 7z3ZLli: zj = 0 for all i; Z+xZ. = O for

i o+ j > 14 0
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CHAPTER IV - k*(Spin(n)

We are going to apply the same techniques as iIn the last
chapter to calculate k*(Spin(n)). In this case it is more
difficult since the only non-zero differential in the Atiyah-
Hirzebruch spectral sequence converging to k*(Spin(n);ZZ),ds,
is non-zero in a number of generators increasing with n. We
couldn®t get a complete general description for k*(Spin(n);22>

although it is possible to work it out giving particular values

to n as we show in the example.
1. Preliminary

4.1.1. Proposition [11]

©O) H*(Spin(n) ;1) is an algebra with a simple system of
generators x”, x; degree x. = i ¢ S = (i i n-I/i is not a power
of 2}, degree x = - 1 where s(n) is the integer determined

by the inequality 25" “1 <n ™ 2s("n". Moreover for ali i e I\,

Sg1l(xJ) = (Mxi+J if J eSand 1 + J e S; Sgql xJ = 0 otherwise;
Sg* x = 0.

(ii) H*(Spin(n);2) has only 2-torsion and its torsion

*
coefficients are equal to 2, i.e., as an abelian group H (Spin(n);2)

is isomorphic to the direct sum of 2"s and 22 °s.

(i) H*(Spin(n);L) S: IAL(X3*X7*eee»x2n_3) if n is odd »

{Al/x3,x7 * 7,X2n-5"un-1™ if n iS eveQ
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deg x~ = 1, degree un-1 = n-1, L = (p odd prime) or Q

By 3.1.1 and the results mentioned above, it follows:

4.1.2. Proposition:
In the Atiyah-Hirzebruch spectral sequence (Er ,dr) converging

*

to k (Spin(n);&21i the only non-zero differential is dg. Using the
usual identifications of Eg**1 with Hp(Spin(n);Z'g) (q even s 0),
dg with Sq1 gh + SqZSq1 we have:

() dgXj = { x~+g if jJj is odd e S, j + 3 e S
{ 0 otherwise

(ib) If 2 e S then 2 - 3 < S and x2j - dg x2j_3

(iii) If Xj2 £ 0 then Xj2 = x+ for some i1 e S.

Proof:
L. Hodgkin proved it for K (Spin(n);Z°g). Then by 1.4.2 it

is still true for k*(Spin(n);Zg).

4.1.3. Proposition:

Considering dg as a map in H (Spin(n);zZ2), ker d3/im ~

is a Z2 exterior algebra generated by :

(xi) , X, (z2.) where ={1 odd e S/i+3 1 5),
iesn J jeS2

{i odd e S/i+3 £ 5S), Zj = xJ xj+3 + x2j+3 if 2 + 6 e S
Xj Xj+3 if 2 +6 7S
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and u denotes the image under the projection Ker dg 2 Ker d3/1mdg

of any element u e Ker dg-

Proof:
*
We consider the differential algebra A = (H (SpinCn);Aa),de.

We are going to prove the result by induction on n.

First we shall prove that:

® H~NA) 1is an exterior algebra on the given generators if and

only if H*(A/ . ) is an exterior algebra on (x.) , (z)) (&9
(¢9) 1 isSt J JES2

denotes the ideal of A generated by X).

Proof of 9:

We have an isomorphism of differential graded algebras

AAY L A 6O,

where A, is the subalgebra of A generated by (x.) , since
1 1 ieS

dgX = 0 and x { Im dg.- Then: HCA) SiHCA~ )
2 2

But A5 1is isomorphic to A/ Hence the result follows,

1 w)”
Let Bn denote H*(Spin(n);Z2)/(x). We are going to p-ove
by induction on n that H+(Bn) is an exterior algebra generated

by (xz) n,(Zj) n where S°, are the subsets S1# Sg of S

1 n 2
associated to H*(Spin(n);Zj) (we note that we use the same notation
for the generators x» of Bq and of H (Spin(n); ) since Bq is
isomorphic to the sub.algebra of H (Spin(n); ) generated by (xA)ieS)-

This is obviously true for n=6 because Spin(6) * SU(4).
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Assume now it true for BA""n-1 26). We have three cases:

n-1 is a power of 2. Then B =B _;

n-1 is odd. Then Bﬁ has one more generatorﬂ.xn_I“ than
Bn_1- In this case dg xq1 = 0 and xq1 1 Im dg (d3 viewed
as a map of Bn). Using the same proof as in (*) we get

the result.

n-1 is even and it is not a power of 2. Bn has one more

X _p* than Bn—I' X_p

We consider the following exact sequence:

generator,

i Is the inclusion of the ideal (xn_i” of Bn” P is

projection. It induces the exact triangle:

*H*(Bn)

) is isomorPhic» as a differential algebra, to B ~

Therefore we can replace it by Bn_~.
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N VAN H N
Clearly”gx® =0 for i c and dgz xj+3 + x2j+6 if 2J+6eS which
Xj+3 if 2J+6/S

is zero.
H*(Bn-1) = A»o(Oti\ n-I»?j> n-1> by the inductive
( ) z( 1€3j 3 Jeis2 Y

—1
hypothesis. But s" m {i s n-2/i is not a power of 2}. Therefore,

SjO0-1 = Sj“ u {n-4)and S2n_1 = S2n\{n-4}. As the definition of the

>
elements zj depends on n we will denote Zj e Br by Zj .

Let us assume that is even. Then if j * (odd number),
n-1
2j+6 = n-1 e S~ We have: zn = xQ 7 .xq_1 + xq_4 and z© xN-7“xn-1
i“i" rr “5 ~2~
If j sS° - {n-7, n-4} then z» =z~ .
2
WWwW
m a»2
jrn-4
As we are dealing with algebras we can write:
n
H*"Bn-1/ A»9™ X1 *n/™nHl + *n-4,2n-4°
»g \ieSj Jes2 P2 ]2
Jjjmn-4
2

(we recall that z“_? - *nx7 xn-1 + *n-4*
~2~ 2 2
It is clear that all these generators except *n_4 belong to Im p*
and 3, © . =7 , F 0. Hence, x .t Im p* since by exactness of the
* n-4 n-1 « 7
triangle Im p* = Ker 3*. As dg(a.xn 4) = ax”~j in Bn if a is a cycle

we have 3*(oxn_4) = “ xn-1 if “ e H*Bn-1n" Thus
Im p* - (x,)
*2 1 1es* J jesS2
Jjjin-4

Let R denote Im p* “ Ker 3*. <*li*(Bn_j) H*((xn_1)) 1i®
R-linear since R - Ker 3* and 3* is a derivation. As an R-module

H;‘é(Bn 1,) is free on two generators 1, x,Z 4* Moreover, since
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igXn_j = 0, d3xn_4 = xn_i* the maP Bn-1 xn_"N) 1is an

isomorP Hisnl

JIE\ D. a a X1
Of differential Bn_j-modules and 9*(1)=0, 3*(xn #l= ¥Xp_i . Then
Hﬂ(oﬁ_r)) is a free R module on X &3 X, X_g-

It follows from the exact triangle that

0] coKEr 9F H:(Bn) s | Ig'p:
RaXn-g *n-1 R-1
is exact. Hence H,,(B ) » R.1 ® Rxn 4xn_i as a 22-vector sPace* TO
check that HIXBn) is an exterior algebra on the given elements it is
are zero. But

enough to show that all the squares of those elements

we have:

®  <n-axn-1)2 = o Ctriviab

di)  GLr = . {0 if2iis

f d3X2i-3 if 21 c s
(i) <zﬂ); - {x2J.x2Jt6 ¢ .= 9 1f 2j +6 eS.
te if 2 +6 i S.

If </j+66S

On the other hand,

d3X4j+3 = x4j+6* otherwise x4j+6 = 0O

d3™NX2J *X2J+3N = x2jmx2j+6°¢ ThiS comPletes the proof*
The case -g— odd is easier since Zj = Zj for j e Sg -{n-4)

and so we do not need to change the basis of

2. k*(Spin(n);L)

4.2.1. Proposition:

k*(Spin(n) ;) = Jaa (2) Tto,y2n-37

{AQ(2)[t-1iy3*y7 _..__y2n-5"un-I> if n is

B

if “ 1s odd

eVen-~
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Proof :
It follows from 2.2.1 and 4.1.1
4.2.2. Lemma:
Ker [*:k*(Spin(n) ;22) w K*(Spin(n) ;Z2)] = {y e k*(Spin(n) ;Z2)/
t1ly =0}
EIEE]L- tr’ (rj Jr]

Given x e kr(Spin(n);22).,j (x) = t (t X),t x e k (SpIn(n),22.
= KE(Spin(n) ;22) where e = 0, 1 for r even or odd respectively.

Thus, if t-1x = 0 then j (x) = O. Conversely if
x e Ker 1*, t-1x e Fr(kr 2(Spin(n);22>). By 1.4.1

Fr(kr-2(Spin(n);22)) = Fr(Kr"2(Spin(n);*2))- This implies

4.2_.3. Proposition:
The Kernel of j*:k*(Spin(n) ;22) K (Spin(n) ;%2) is mapped

isomorphically onto Im d,, by the map n*:k*(Spin(n);22) - H (Spxn(n);2v)

Proof:

First we will show that n*(Ker J*) c¢c Im dg. We have a

commutative diagram:



o —>Fi+2 (K (Spin(n) ;22))— *Fx(k (Spin(n);Z2) ———>Ker dg— >0

*
u i
r
0 —»F..,, (Ki(Spin(n) ;30)——->F (K1(Spin(n) ;Z2) —-— >Ker dg, —
" 1 “Im dg

*
where p is the projection, a is n (1.4.8) and the rows are

exact

J*(y) = 0 implies n*(y) « Im d3 since the diagram is
commutative.

Now we will prove that n (Ker j ) = I dg. Let x e Im dg-

Then there exists y e k (Spin(n)so that n (y) = X. By

diagram ®, a". j*(y) = 0 since n*(y) * Im dg. Therefore R il
7, ¢ Fi+2(~(Spin(n);a2) = F.~ik”~SpinCn) and r,*( Z ) =0
by exactness of the rows . Hence, h (y—.Z. ) - x and

*

J(y_ 2 ) = o. y - Z ) is the required element of Ker j ..

It remains to show that n /Ker j* is injective. *et

*
y e Ker j* and n*(y) - 0. Theny c Imm +£_. Since j /Imm "
Tt Tt

is injective, y = 0. n
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4.2.4. Proposition:

* -
k (Spin(n);2-,) . + is a 20[t 1] exterior algebra
"Kerj 2

generated by (yk) ) and y where degree y, =k .
k k

Q'
eS1 2J+3 jeS2
degree W. = j, degree y = 2s(n)-1, S~"Sg, s(n) as in 4.1.3 and

4.1.1.

Proof :

We have seen in 1.4.8 that the image of q :k (Spin(n);32)
a4 H (Spin(u) ;Sg) is Ker d3 and n Ker j + Im dj is an
isomorphism. Hence, n induces a surjective map:

(@) n*:k*(Spin(n) ;%2)/ * Ker d
Ker j 3/ 1m d.

and an i1somorphism:

*

\;
(@ n :cokKerm 1, aKer d,,
t  “Ker j* Im dr

Considering the Atiyah-Hirzebruch spectral sequence converging

to k*(Spin(n):zZ2), all the extension short exact sequences

split since we are dealing with vector-spaces. Then we
obtain:
r 15?1 20 r-3
(3 kr (spin(n) iz * A © '©0 where A Im d
1=
Ker d3r+21/I d3r+2i—3 with d3J:» <sPin<n) :52) HI+3(Spin(n);»2)
m

N = dim (Spin(n)).
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(4) Given an element of odd degree z e k (Spin(n),
*
Z = 0 where Z is the corresponding element in k (Spin(n) ;%2) . +

"Ker j

(as j’(z) has odd degree j (z)2 = 0).

Now we take elements (y- ) > (Voo 50 and y in
k keS1 jes2
k*S' ;2 htht_il{_ =X ¥ =z
(Spin(n); 2)/Ker suc at n (yk) = xk n (&, .) = j
T _ -
n (y) = X. They are uniquely determined module Im m

t
Furthermore all of them have zero square, by (4). Then there

exists an algebra homomorphism g: "NYy2§+3). g y) +

k*(Spin(n);2,,) - *.

“Ker j

By (), (@), (3 a similar method to that one used in the
proof of the claim in 2.2.1 applies here to prove that g is an

isomorphism. This finishes the proof of the proposition. O

4-2.5. Proposition
*
The torsion coefficients of k (Spin(n)) are 2 and for

all y e k*(Spin(n), 2y = 0 if and only if t-1 y = 0.

Proof: .

First we note that as with k (Spin(n);»2) the only non-
zero differential in the Atiyah-Hirzebruch spectral sequence
(E**,dr) for kr(Spin(n) 1is d3. Then the second part of the

proposition follows from 1.4.5.
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In the extension exact sequences
0 — *Fr_2(kr(Spin(n)}—>Frkr(Spin(n) ))-»E~-— 40

Fr2 (kr (Spin(n5))ii Fr2 (J”iSpinCn))) is torsion free and

is the direct sum of 2"s and ZJ"s by 4-1-1- This gives the

first statement. O

4.2.6. Example : Kk*(Spin(14);2")

H GPIn(14) JZ9) A «3°x5x6PXT»XP X 11 °X12°X13°X15) Where
the subscripts indicate the degree (xlg was called x before).

We have: dz33) = yg+ g3 (x?)  x10° d3(xg) = x12, dgex™) = i

otherwise. AISO dg(Xgx?) - XgX? | yayqg = y13” d3~x3x9~ = X6X9

x3x12 = y157 d3®7X0) = xox10 + x7x12  y19- 337X =

X6X7X9 + X3X10X9 + X3X7X12 y22* d3(x3X6) x12° d3(x7X10) = °
d3(x9x12J " 0. g3(xaxe + v - 0 (W PUL 73 _ xax5 + xos
77 = X7X10* zg = X0x12).
Im d3 is the ideal of Ker dg generated by xg, x1Q, xJ2
and yiq, yi9* y22 since a * Im dg a = dg(3) where 3 is the

sum of simple monomials on the x*"s. Then a = £ dg (x®

X, so that x. ...x.

If we reorder each monomial as Xx. X ..
Jr Jk Jl Jr

are all the elements in Ker dg then dg(Xj -***jJ ) = xJ™N**"xj z
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where z is one of the monomials yl13> y~g, y22*

n d3/1Im d3 = A22(X57°X11°X13°X15°23%727°V

Hence Ker is the subalgebra of H*(Spin(n);Z’\) generated

by x5, x1;L, x13, x15, z3, z?, zg, Xg, x10, x12> y13, y19, y22-

There is no easy way of describing the algebra structure of
Ker dg. We have, for example, x1Q y22 = yl15 z17* y19 y22 =
Doing all the calculations we can find out all the products.

The only element that has non-zero square is Xg -
k*(Spin(14);22) is a 22[t_1] algebra generated by elements u*
i =C5,11,13,15) vj@g = 3,7,9), wk(k=6,10,12,13,19,22) such that

n*(u. ) = X, n*(\{].) = Zfa’ I’]*(WK) = «I[XK for k - 6,10,12 and t V-0
{y for k = 13,19,22
k
Those elements N are uniquely determined. The products in

Ker j* are uniquely determined by the products in Im dg and

k*(Spin(14);»2) ~ A (u5» ul13d, uig, uls5, vg, v?, vg). O
/Ker/2,
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APPENDIX

For G = F4, Eg, L = Z2 it is possible to calculate k*(G;22)

*

using the same methods as with k (G2 ;Z2) since dg is the only
non-zero differential in the spectral sequence converging to
K*(G; Z2). For G = F4 Eg, E?, Eg and L = z3, G = E?, Eg and
L=22,G =Egand L = 2_ it is more complicated because we

have non-zero differentials iIn degrees greater or equal to 5 and
then we can"t apply the same method to detect whether a product
is zero or not. However, working out the spectral sequences a
lot of information can be obtained.

In the case G = F4 it is possible to find without further
complications an almost complete description of the algebra structure
of k*(F.;2,,) and k*(F.;Z) (we could not calculate two squares)
The latter can be calculated using the universal coefficient
theorem, L. Smith"s exact sequence and the Atiyah-Hirzebruch
spectral sequence. We note that we have a complete description of
H*(F4 ;5) and it is possible to find the Atiyah-Hirzebruch spectral
sequence converging to k (F4;2) by applying the "reduction mod Q"
map with q = 2,3 to the spectral sequence converging to k
and k (Fd;sv) respectively. 1 do not put here those calculations

because they are rather long and the methods used are exactly the

same as for k (GO).
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