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We derive and analyse an energy to model lipid raft formation on biological membranes
involving a coupling between the local mean curvature and the local composition. We
apply a perturbation method recently introduced by Fritz, Hobbs and the first author
to describe the geometry of the surface as a graph over an undeformed Helfrich energy
minimising surface. The result is a surface Cahn-Hilliard functional coupled with a small
deformation energy. We show that suitable minimisers of this energy exist and consider
a gradient flow with conserved Allen-Cahn dynamics, for which existence and uniqueness
results are proven. Finally, numerical simulations show that for the long time behaviour
raft-like structures can emerge and stabilise, and their parameter dependence is further
explored.
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1 Introduction

Biological membranes are permeable barriers which separate cells from their exterior, and
consist of various molecules such as proteins embedded within a lipid bilayer structure.
They are of particular mathematical interest since they can exhibit a variety of shape
transition behaviour such as bud-formation or vesicle fission and fusion [27]. Following
the pioneering works of Canham and Helfrich [10, 23], the established continuum model
treats the biomembrane as an infinitesimally thin deformable surface. The associated
elastic bending energy (the so called Canham-Helfrich energy), accounting for possible
surface tension is given by,

E) = / (;%(H ~H) +o+ ,-;GK> dr. (1.1)
r

Here I' = 09 is a two-dimensional hypersurface in R3 modelling the biomembrane and
is given by the boundary of an open, bounded, connected set Q@ C R3. The parameters
k > 0 and kg > 0 are bending rigidities, Hy is called the spontaneous curvature which
is a measure of stress within the membrane for the flat configuration, H is the mean
curvature, K is the Gauss curvature and o > 0 is the surface tension.

Biomembranes consisting of multiple differing lipid types can undergo phase separation,
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forming a disordered phase where the lipid molecules can diffuse more freely and an
ordered phase where the lipid molecules are more tightly packed together. A connected
field of study with large academic interest (for example see [5]) involves the nature of
membrane rafts, more commonly referred to as lipid rafts which were first introduced
in [32]. These are small (10-200nm), relatively ordered domains which are enriched with
cholesterol and sphingolipids and are understood to compartmentalise cellular processes
such as signal transduction, protein sorting and are important for other mechanisms such
as host-pathogen interactions [29].

Since the size of these rafts are beyond the diffraction limit, direct microscopic ob-
servation has not been possible. Experimental results have been limited to observations
on larger artificial membranes whose composition lack the complexity of biomembranes,
or using alternative microscopy techniques such as fluorescence microscopy which alters
the composition of the membrane. In both cases the in vivo inferences drawn are ques-
tionable and the field has remained controversial [31]. Since the dynamics and processes
governing the formation and maintenance of lipid rafts are not well understood a num-
ber of explanations have been offered. One suggestion is that raft formation is driven by
cholesterol pinning, and a model for this was recently proposed by Garcke et al. [1, 21].
In this paper we consider whether the membrane geometry is a sufficient mechanism
driving the formation of these rafts via protein interactions.

Experimental results on artificial membranes have shown there exists a correlation
between the composition of the different phases and the local membrane curvature [6,
24, 28, 30]. A potential mechanism for this behaviour is given by proteins embedded
in the membrane since they are not only able to sense whether the local environment
matches their curvature preference, but can also in large enough numbers induce that
curvature upon the membrane [9]. Here we consider whether phase dependent material
parameters offers a possible explanation for the domain formation observed. To that end
we introduce an order parameter ¢, and consider the energy

£0) = [ (o) — H(6) +0(6) + ra(@)K + FITro + LW() ) ar. (12

The energy (1.2) is a modified version of (1.1) where we have included a Ginzburg-
Landau energy functional with coefficient b > 0, to incorporate the line tension between
the two phases as well as making explicit the dependence of the bending rigidities and
spontaneous curvature on the phasefield. Here W (¢) is a smooth double well potential,
with the local minimisers corresponding to the value ¢ takes in the respective phases,
and € > 0 is a small parameter commensurate with the width of the interface.

An energy of this type was first proposed by Leibler [26]. In that case, the only material
property taken to be dependent on the phase field was the spontaneous curvature, which
was assumed to take the form

H,(¢) = Ao, (1.3)

where A € R is the curvature coefficient.

An energy of the general form given in (1.2) was considered in [17, 18, 19] from com-
putational and formal asymptotics perspectives. The associated variational problem is
highly nonlinear and leads to a free boundary on a free boundary. Other models have
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been suggested, such as in [22, 33]. Here we utilise a recent perturbation approach for
approximately spherical biomembranes introduced in [15], in order to simplify (1.2). This
approach for flat domains using the Monge gauge approximation was considered in [16].
The result is a variational problem on a fixed spherical domain.

In order to apply the above mentioned perturbation approach we make the following
additional assumptions on (1.2): the only material parameter that depends on the phase
field is the spontaneous curvature, which we take to have the form given in (1.3); we
rescale the coefficient A and replace by pA, and rescale b and replace by p?b; the volume of
I is fixed, as well as the integral of the phasefield. The justification for these assumptions
is as follows: a spontaneous curvature of this type corresponds to the simple assumption
that the proteins induce a curvature proportional to their area concentration; the p
scaling of the spontaneous curvature induces order p deformations of the surface, the p?
scaling is motivated by [25] where for a monolayer the authors calculate that the line
tension between raft and non-raft regions depends quadratically on hydrophobic height
mismatch and spontaneous curvature difference; the volume constraint corresponds to
the impermeability of the membrane, and the order parameter constraint corresponds
to a conservation of mass law on the embedded membrane proteins. After making these
assumptions we obtain the following energy from (1.2)

2 2
&) = / <1H(H —pAG)? + 0+ koK + PO Vg + pbW(qﬁ)) ar,  (14)
T 2 2 €

subject to a volume constraint and mean value constraint.
We remark that in the case that T is a closed hypersurface (without boundary), then
the Gauss-Bonnet Theorem gives that

/ K = 2my(ID), (1.5)
r

where x(I') is the Euler characteristic of I'. So in the case the material parameter g
is independent of the phase field, then the Gauss curvature term can be dropped from
(1.4).

The rest of the paper is set out as follows. In Section 2 we briefly cover the notation and
some preliminaries on surface calculus. In Section 3 we give the details of the perturbation
approach alluded to above and derive an energy that approximates (1.2). In Section 4
we prove that within a suitable space minimisers exist to this approximate energy. In
Section 5 we consider a gradient flow and prove existence and uniqueness results for these
equations, before finally in Section 6 we conduct some numerical experiments.

2 Notation and preliminaries

Within this section we state the basic definitions and results for a two dimensional
C? —hypersurface I' which will be used throughout this paper. For a thorough treatment
of the material covered here we refer the reader to [14].

Given a point z € I', with unit normal v, an open subset U of R? containing z, and a
function u € C1(U) we define the tangential gradient of u, Vru by

Vru = Vu— (Vu- v, (2.1)
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and denote it’s components by
Vru = (Dyu, Dyu, Dyu). (2.2)

We can also define the Laplace-Beltrami operator of v at x by
3
Aru(x) = ZQiQiu(x). (2.3)
i=1

Denoting the tangent space of I' at = by T,I', we define the Weingarten map H :
T,I' - T, by H := Vv with eigenvalues given by the principle curvatures x; and ks.
The mean curvature is then given by

H :=Tr(H) = k1 + ko, (2.4)

which differs from the normal definition by a factor of 2. The Gauss curvature is then
given by

K :=det(H) = k1ko. (2.5)
We can consider the extended Weingarten map H : R? — T,T' by defining H to have
zero eigenvalue in the normal direction.

For p € [1,00) we define LP(T") to be the space of functions u : LP(I') — R which are
measurable with respect to the surface measure dI" and have finite norm

ooy = ( / uf? dr) . (2.6)

We say a function u € L'(T') has the weak derivative v; = D,u, if for every function
¢ € CY(T) with compact support {z € I' : ¢(z) # 0}C I' we have the relation

/uQiqS dr = - / ov; dT" + / upHuy; dT. (2.7)
r r r
We define the Hilbert spaces H(T') and H?(T') by

H'(T):={f € L*I) : f has weak derivatives D, f € L*(I),i € {1,2,3}}, (2.8)
H*(T):={f € H'(T): f has weak derivatives D,D, f € L*(T"),i,j € {1,2,3}}, (2.9)

with inner products given by
(u,v) gy (ry = / (Vr - Vv 4 wo) dT, (2.10)
r
(u, ) g2 (ry = / (ArulArv + Vr - Vro +ww) dI (2.11)
r

We comment that the inner products given above are not the standard ones used, but
the induced norms are equivalent to the usual norms in the case I' is a closed surface,
see [14].

Integration by parts is then given by

Theorem 2.1 Let I' be a bounded C?—hypersurface (without boundary) and suppose
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u€ HYT) and v € H*(T). Then

/Vru-vrv dl' = —/uAFU dr. (2.12)
r r

Finally, given a family of evolving hypersurfaces (I'(t)):co,77 and velocity v : G — R3
where G = Uico,71(I'(t) x {t}) we consider (xo,t9) € G and denote by v : (to —J,t0+6) —
R3 the unique solution to the initial value problem

V() =v(v(),t), (to) = zo. (2.13)

Then for a function f : G — R we define the material time derivative by

0 (wo,t0) 1= 4 F(0)1) (2.14)

t=to

The transport theorem is then given by

Theorem 2.2 (Transport Theorem) Let T'(t) be an evolving surface with velocity field
v. Then assuming that f is a function such that all the following quantities exist, then
d

4 de(t):/ o2 f + fVr vl (2.15)
dt Jre T(t)

3 Derivation of Model

In this section we apply the perturbation approach detailed in [15] in order to obtain an
approximate energy to (1.2). We first consider the Lagrangian

LT, \) = kW) + 0 A(T) + AV(T) = Vp), (3.1)

where
W(F):/EH2 dr, A(F):/ldF, V(r):/lxdr.udr. (3.2)
Iy 2 N T 3

Here W denotes the Willmore energy, A the area functional and V the enclosed volume,
and where v is the outward unit normal to I' and H = Vr - v is the mean curvature.
Since the Willmore energy is scale invariant and the area is not, the volume is constrained
using a Lagrange multiplier A and with fixed volume Vj. In addition A(T") and V(I") must
satisfy the isoperimetric inequality

A3(T) > 367V3(T). (3.3)
In [15] it was shown that (3.1) has a critical point (I'g, Ag), where I'y = S(0, R), the
sphere of radius R centred at the origin and \g = f%”. Applying a small perturbation
term pJF we expect a critical point of the perturbed Lagrangian
Ly, ¢, A 1) =W(T) + 0 AT) + AV(T) = Vo) + pF (T, ¢, 1), (34)
to be of the form (', ¢,, A, it,) where I', and A, are perturbations given by
L'y ={p+ pluro)(p) : p € Lo}, (3.5)

Ap = )\0 —‘rp)q,
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of the critical point (T'g, Ag) for the non-perturbed Lagrangian L. Here vq is the unit
normal to I'g, p € R such that p < 1 and u € C?*(T',R) is the height function that
describes the deformation.

Since ('), ¢y, Ap, 1) is a critical point it follows that

FP7¢P’)‘97/L9+3<)|S:0 =0 V¢ e R,
va‘lspv)‘p"‘sfa,upﬂs:o =0 VE € R,
T &p + 81, Aoy tp) | (g = 0 v € CY(T,),
T2y i) = 0 yg € 2T,

where I' := {x + sgv,(z) : © € T',} and v, is the unit normal to T',.

p

p

p

P EGERE
DD DD
AN

We apply this perturbation method for the case that the forcing term F is given by

‘F(Fa ¢7 :LL) = nAfl (F7 QS) + pFQ(Fv ¢) + ILL(C(F’ ¢) - Oé), (38)
where

A2p2
Fir,0)i= - [ Hodr, Faro) = [[(§15roP+ 1w+ ) ar. @9

are two forcing terms obtained from (1.4) and p is a Lagrange multiplier for the mean
value constraint functional

C(T, o) ::]é‘ pdl' = a. (3.10)

Since we are interested in doing a Taylor approximation of (3.4), we need to calculate
the first and second variations of some of the energy functionals above. We remark that
in our case when determining the second variation it is sufficient to find the first variation
of the first variation, although in general this need not be the case, see Remark 3.2 in
[15].

We first state the following results, proofs of which can be found in the appendix of
[15].

2
W' (To)[urg) = 0, W (To)[uvg, uvp] :/ <(Ar0u)2 — R2|Vr0u2> drg,
To
(3.11)
V/(To)[uve] = / wdle,  V'(To)uvo,uro] = | Hou? dr, (3.12)
Ty To
2 2
A'(Co)[ure) = | Houdlo, A"(To)[uve, ure] = / (vpou|2+g2> dly,  (3.13)
Fo 1—‘0

where we have denoted the mean curvature on I'y and I', by Hy and H, respectively.
Similarly we will denote the extended Weingarten map on I'g and I', by Ho and H,,. For
ease of notation we will also write 79 = Tp|p:0 and 7 = 8;7’,, |p:0 where 7 is a placeholder
for ¢ and p.

It will be sufficient for our purposes to additionally only calculate the first variation of
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F(T, ¢, ),

‘F/(F07 ¢Oa ,U'O)[uyv ¢17 ,LLl] :‘T:{ (Fo, ¢O)[u’/a ¢1] + FQ(FOa ¢0)
+ 11 (C(To, do) — @) + p1oC' (Lo, o) [uv, 1],
which amounts to calculating the first variation of F; (T, ¢) and C(T', ¢). By applying

Theorem 2.2 and using that 83H, = —Ar,u — [H,|?u (see Corollary A.1 in [15]) we
obtain

(3.14)

d L]
dfp}—l(rp’@ﬁp) = - / ap(HP¢P) + Hp(prFp “(uv,) dTy
=0 T p=0 (3.15)
= [ ®oAr,u+ do|Hol*u = Hody — Hiou dTo,
o
and hence using that |Ho|> = 2 and Ho = % gives that,
2u 2
Fi(To, ¢o)[uro, d1] = / o (Arou - R2> - % dTy. (3.16)
o

Similarly we obtain

L Jy, 1dr)
, dp JT', P =0
C' (Lo, ¢o)[uro, p1] = 1+ ¢oVr - (urp) dTg — T 1ar. ¢o dl'g
ro Jro1dTo  Jr, (3.17)

_ 2¢0U 2
f (e 22) -3 (f o) (f o)

We can determine pg explicitly since from (3.7) we have that

L F (0t 51, 1) =0, (3.18)
and therefore

F1(To,n) + poC(To,n) =0, (3.19)
from which we obtain that uy = 2'%?'. It therefore follows that

2¢ou b b
[%Arou + % + 5€|VF0¢0\2 + EW(%) +

A5

‘F/(FOaQZ)OaMO)[UV,QSlHU'l] :/ dFo,

To
where above we have also used the linearised Lagrange multiplier constraints
/ (% dFO =0 ¢0 dFO =« (320)
Fo 1—‘O

which are obtained from (3.7).
We can now prove the following result.

Theorem 3.1 With the assumptions given above it follows that

LTy, by Aps o) = C1 + pCa + p*E(o, u) + O(p?), (3.21)



8 C. M. Elliott and L. Hatcher
where

. K 5 1 2K , ou?

E(Cﬁo,U) = /FO §(AFOU) + 5 (0’ — m) |VFOU‘ — ﬁ

2kAugg
R2

(3.22)
KA% ¢
2

be b
+ kApoAr,u + + E‘VI‘OQSOF + EW((ZSO) + dlo

for C1 and Cy constant.

Proof We wish to apply Taylor’s Theorem so that we can obtain a good approxima-
tion to the perturbed Lagrangian £,(I',, ¢,, A, 1t,). Performing a second order Taylor
expansion in p we obtain that

d
Ep(rpa qbpa Apa :LLP) :LO(FOa ¢07 )\Oa ,U()) +p %ﬁp(rp7 (Z)pa Apa :U’p)

2 2
p° d
5 dipg‘cp(rm d)pa )‘pa :U’P)

=0 (3.23)

p=0
We first observe that Lo(Tg, ¢o, Ao, po) = kW (o) + 0 A(Ty). For the second term we use
that (T, Ag) is a critical point of £ and obtain that

d 204

dfpﬁﬂ(rpv ¢p7 )\paup) = HAfl(Fo, (bo) = — i .

p=0

Q50 dFO = —8kAmRa. (324)

We therefore see that the second order term is the lowest order term which depends on

any of the variables. It remains to determine the form of this second order term. To do

this we write
d2

dprACp(Fp, Gpy Aps Ip) =W (To)[ury, uvg] + o A” (To)[uve, uvg] + Ao V" (Lo) [ury, urp)

p=0
+2M V' (To) [uro] + 2F (Lo, o, to)[uvo, g1, pu1]
:25(¢07 u)?
(3.25)
as required, where above we have used that Ay = —%" and fFo udlg = 0. ]

We note that formally taking R — oo in (3.22) we obtain the approximation given in
[26] and more recently considered in [20] for a flat domain. It is this energy which we will
study in the remainder of the paper. For ease of notation from now on we will denote I'y
by I' and ¢g by ¢.

4 Energy minimisers

We will restrict ourselves to considering the energy £(-,) : K — R given in (3.22) for a
W : R — R that satisfies the following properties:
(1) W() € CHR,R),
(2) There exists ¢ € RT such that (W’(r) — W'(s))(r — s) > —co|r — s|? Vr,s € R,
(3) There exists c1,ca € R such that c;7 — co < W(r), Vr € R,
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(4) There exists c3,cq € RT such that W (r) < csW(r) + ca,
(5) There exists c5 € RT such that W' (r)r > —csr?,

and for K given by
K:= {((b,u) € HY(T') x H*(T) :][ ¢pdI' =a and u € Spaﬂ{LI/l,VQ,Vg}l} .4
r

where the v; are the components of the normal v of I'= 5(0, R) and orthogonality is
understood in the H?(T') sense; although in this case it’s equivalent to orthogonality in
the L?(T") sense. We motivate this choice of K as follows. The regularity required means
a subspace of H'(T') x H*(I) is the natural choice to make. [.udl' = 0 is a linearised
volume constraint which corresponds to membrane impermeability, frqb dl' = a is a
linearised conservation of mass constraint on the membrane particles and [ uv; dI' =
0 for i € {1,2,3} are linearised translation invariance constraints on the membrane.
Mathematically, these translation invariances arise since {v1, 5,3} lie in the nullspace
of £(¢,-). We observe that {1,v;} are the spherical harmonics of degree zero and one.

We first address the question of existence.

Proposition 4.1 There exists (¢*,u*) € K such that

E(d* u*) = inf E(o,u).
(", u”) oot (¢, u)

Proof We have that H'(T") x H?(T') is a Hilbert space so it is reflexive and since K is
a sequentially weakly closed subset of H(I") x H2(T') then existence of a minimiser will
follow from the Direct method (See Theorem 9.3-1 in [11]) provided £(-,-) : K — R is
coercive and sequentially weakly lower semicontinuous.

We note the Poincaré type inequality for a sphere I' of radius R is given by

R? R*
/u2 dr < —/ |Vru|? dl < —/(AFU)Q dr, (4.2)
r 6 Jr 36 Jr

which holds for all u € span{1,vy,va,v3}* (see [15]). Using this, Young’s inequality and
property (3) of W () it follows that there exists Cy,Cy and C3 € RT such that,

E(p,u) = Crllullzpary + Calléllin oy — Cs- (4.3)

Hence £(+,-) : K — R is coercive.

To prove that £(+,-) : £ — R is sequentially weakly lower semi continuous we first note
that the quadratic terms in u form a bounded, symmetric and positive definite bilinear
form and hence are weakly lower semi-continuous. A similar argument can be applied
for the |Vr¢|? term. The remaining terms are also weakly lower semi-continuous by an
application of a Rellich-Kondrachov type compactness embedding theorem [2]. This then
completes the proof. ]
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4.1 Euler-Lagrange equations

Knowing that minimisers of (3.22) exist, we want to say something about their structure.
Therefore we compute the Euler equations associated with the energy functional &(-, )
over the space K, and secondly over the full space H*(I') x H?(T'), by introducing the
constraints as Lagrange multipliers. By applying Euler’s Theorem (See Theorem 7.1-5 in
[11]) it follows that a critical point (and hence a minimiser (¢*, u*) of Proposition 4.1)
is a solution of the following problem:

Problem 4.2 Find (¢,u) € K such that

2/<;Auw

bW "(¢)w + beVre - Vrw + kAwAru + + kA2 pwdl =0,  (4.4)

QmAdw

2
/HAFUAFU + (0’ — ) Vru - Vv — R(; uv + kAPArv + dl' =0, (4.5)
r
for all w e W = { € H\(T FndF—O} and for allv € V := {n € H*T) : n €
span{l,vy,va, v3}t}.

By defining

Yo = / wdl, Y = / v;udl, pq = /(¢— a)dl,
r r r

for i € {1,2,3} and observing that their Fréchet derivatives exist and are continuous,
linear and bijective it follows from the Euler-Lagrange Theorem (Theorem 7.15-1 in [11])
that if (¢, u) is a solution of Problem 4.2 then there exists A € R® such that (¢, u, \) is
a solution of the problem given below.

Problem 4.3 Find (¢,u,\) € KxR> such that for allw € H*(T) and for allv € H*(T),

2nAuw

/ (iW’(é)w + beVro - Viw +
r

2K 20
/1“ (ﬁApuApv + (a — RQ> Vru- Vv — ﬁuv—i—

2kApv
R2

+ kA Apuw 4 kA2 pw + )\ow> dl'=0, (4.6)

(4.7)

3
KA¢AFU + — + Z Aoy + )\41)) dI’ = 0.

By testing with appropriate functions we can determine the values of the Lagrange
multipliers \; for i € {0,1,2,3,4}. Testing equation (4.6) with 1 it follows that the
Lagrange multiplier A\ is given by

b
Ao = —kA%a — —f W (¢)dT.
eJr
Testing equation (4.7) with v;, and using the fact that —Ary; = %Vi and fr viv;dl' =
4”3RZ dy; it follows that

Ai=0 fori=1,2,3.
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Finally testing equation (4.7) it follows that

2kAa
M=
The PDEs corresponding with (4.6) and (4.7) are then given by
b
-W'(¢) — beAré + kAAru + R2 Yy kA%p 4+ \g =0, (4.8)
€
2K _ 20u Amb

4.2 Reduced Order Derivation

The Euler-Lagrange equations given in (4.8) and (4.9) can be simplified to a system of
two second order equations. We rewrite (4.9) as follows

(Ap+1§2> (—AF)U_A(AF+;2> (6 —a), (4.10)

and note that if

(Ap+ ;2> =0, (4.11)

then z is an eigenfunction of —Ap with eigenvalue -2 z= and hence z € span{vy, o, v3}.
Therefore it follows from (4.10) that there exists some 8 € span{vy, 2,3} such that

(Z-ar)u=A@-a)+5. (4.12)

Now writing V = span{l,v;,vs, 3} it follows from a simple calculation that since
ag

u € V then (; — Ap) u € V also. Denoting the projection onto V by P and applying this
projection to (4.12) results in

(f - Ap) u = APg. (4.13)

R

This motivates introducing an operator G : V — V where given n € V, G(n) denotes the
unique solution v € V of the elliptic equation

o
From this and (4.13) it follows that
=G(Pg). (4.15)

Therefore we can rewrite (4.8) as

b (W/((jJ) —][ W'(o) dI‘) —beArg + kA (Ap + 22> G(Po) + kA%*(¢p —a) =0,
€ r R

(4.16)
or equivalently

b (W ][W dF) — beArd + KAG ((Ap + ) (6 — a)) + kA% (¢ — a) = 0.

(4.17)
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Using (4.15) we can define a new energy £ given by
E(¢) = £(6.9(0)). (4.18)

So using (4.13) we obtain that

5 A A242
5(¢):/F—HP¢( R2>u+/€/\¢ (AF+]§2)U+Z)2€|VF¢2+2W(¢>+H 2¢ dr

(4.19)
which simplifies using (4.15)
= be b kAZp?
E(¢) = ¢<Ap+ ) )+§|VF¢|2+EW(¢)+ 2¢’ dr.  (4.20)
We note that if (QS* *) is a minimiser of £ then u* = G(P¢*) since it is also a critical

)
point and must satisfy (4.10). Let us further suppose that ¢* is a minimiser of £ then it

follows that
E(¢*,u*) < (", G(PFY)) = E(¢7) < E(¢") = E(¢".G(P™)) = E(¢*,u”),  (4.21)

and hence all the inequalities in (4.21) are equalities so ¢* is a minimiser of £ and
(¢*,G(P¢*)) is a minimiser of £. Therefore we find that finding minimisers of £ is equiv-
alent to finding minimisers of €.

5 Gradient Flow

We observe that the first variation of £(-,-) is given by

b 2
&', u)[w,v] = EW'(¢)w +beVro - Vrw + <0 — RZ) Vru - Vrv + kApuArpv
r
2 2k 2k
- T+ rAwAru+ rAGArY - S “Rf 4 kA2gw dT,
We consider the equations
b
—aq (¢, ’LU)LQ(F) = / EW’((/b)w + beVro - Vrw
r ok (5.1)
+ kAwAru + HRuw + kA %¢w dT,
2K
—ao(ut,v)2(r) = / (O‘ — RZ> Vru - Vrv + kArulArv
r ) - (5.2)
e YN Bt ¢” dr,

"R?

for all v € V and for all w € W, which can be seen to give rise to a gradient flow of
E(p,u) in W x V since

d
(0 u) = —an || dell7zr) — azlluelFer) < 0. (5.3)
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By applying the Euler-Lagrange theorem, and introducing Lagrange multipliers A; for
i €{0,1,2,3,4} this implies that for all w € H(T") and for all v € H*(T),

b
—aq (¢, u})L2(p) = / EWI((ZS)’LU + beVro - Vrw
I

(5.4)
2kA
+ kAwAru + KR;LU) + kA2pw + Aw dT,
2K
—az(ug, v) 2y = / <a — RQ> Vru - Vv + kArulArov
r
3 (5.5)
20uv 2kANopv
~ R + kAPArv + Rif + Z Aoy + Aqo dl,
=1

where \; for i € {0,1,2,3} are Lagrange multipliers. Testing equation (5.4) with 1 and
equation (5.5) with 1,11, and v3 as in subsection 4.1, we observe that the Lagrange
multipliers \; for ¢ € {0, 1,2,3,4} are again given by

b 2k
Ao = —kAZa — 7][ W/($)dl, M =le=X=0, A=-—2C0 (56)
€Jr R
Hence, a gradient flow of £(-,-) in W x V is given by

a1y + 2W' () — beArd + kAAru + 28" + kA%¢ + Ao =0 I x(0,7),

Uy — (U — %) Aru+ kAZu — 21% + kAATO + 2’;{;‘1’ +M=0 T x(0,7), 5.7)

¢('a 0) = QSO() I x {t = O}a

u(+,0) = ug(+) I x {t =0}.

5.1 Existence

Before turning to consider numerical simulations of (5.7), we first address questions
related to well-posedness. We will prove the following result.

Theorem 5.1 Suppose (dg,up) € K, then there exists a unique (¢p,u) € K such that

¢ € L>=(0,T; HY(T))NL*(0,T; H*(T)) n C([0, T
u € L>=(0,T; H*(T'))NL*(0,T; H*(T")) n C([0, T]; L*(T")),
¢' € L*(0,T; L*(T)),

u' € L?(0,T; L*(T))
ug = u(0),
Po = ¢(0),

~
()
-

)
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and satisfying

—/OTm (@', dt = /OT [/Fi’ (W/<¢>> - f W) dF) 0+ beVré - Vrn

(5.8)
—kAVru-Vrn + 21]%\21“7 + kA2 (¢ — a)n dr] dt,
T T 2K
—/ ag (U’ €) dt = / {/ KATUATLE + (0 — 2) Vru - Vré
0 o B R (5.9)

20uf  26A(¢d — )€
TR TR
for allp € L*(0,T; HY(T')) and for all £ € L?(0,T; H*(T)).

— kAVré - Vré dI‘} dt,

5.1.1 Galerkin problem

We prove Theorem 5.1 using a Galerkin method. Using that there exist smooth eigen-
functions {z;} of the Laplace-Beltrami operator —Ar which form an orthonormal basis
of HY(T') and are orthogonal in L?(T'), we define V™ as

V™= span{z1, 29, ..., Zm},
and set P, : L2(I') — V™ to be the Galerkin projection given by
(Pnv —v,up) =0 Yo € LA(T), u,, € V™.

P,, then satisfies the following strong convergence results,

Ppv —v in LA(T) VYo € LX(T), (5.10)
Pnv —v in HY(T) Yo e HYT), (5.11)
Ppv —v in HX(T) VYov e HX(T). (5.12)
Therefore, the Galerkin system we are considering is given by
b
~a1 @) = [ (W’(%) -f W’(%)) o + 0V 16 Vit
re r - (5.13)
AU N,
— kAVruy, - Ve, + T’W + ”A2(¢m - a)nm dr,
2
—ag (U, Em) = /ﬂArumArfm + (a - R’;) Vit - Viém
r (5.14)

2Uum€m 2KA(¢m - 0‘)5
- R? R?

= = KAV, - Vg, dT,

for all ny,, & € V™.

This system can then be written as an initial value problem for a system of ordinary
differential equations with locally Lipschitz right hand sides, for which there exists a
unique solution at least locally in time.

We observe that

(S ) = ($pnsmm)  and (g, ) = (s fhm)-
Testing (5.13) and (5.14) with 7, = 1 and §,, = 1,v1,1,v3, and applying standard



Phase separation for spherical biomembranes 15

ODE results it follows that if (¢, (0), 4, (0)) € K then the solution (¢, (t), um(t)) € K
for ¢ € [0,T], where T comes from the local existence result used above.

5.1.2 Energy estimates

In order to pass to the limit, and prove existence of the full system we derive some a
priori estimates by considering the discrete energy £(¢m, tm)-

Theorem 5.2 Suppose (¢m, um) € K satisfy equations (5.13) — (5.14) then there exists
a constant C independent of m such that

@mll Lo 0,112 (r)) < C
[wmll Lo 0,7 m2(r)) < C,
|6l 22 0.1 22(ry) < C,

[tz | 20,7522 (0)) < C,
Proof By differentiating the energy functional £(-,-) with respect to ¢ we obtain,

d
27 Omyum) = —anllér, 720y — a2llufu 2 (5.19)

Integrating and using the coercivity of £(-, -) proven in Proposition 4.1 it follows that for
all t € (0,7),

t t
HumH?pm + ||¢m||§[1(1“) +/0 ”d);n”QL?(F) dt —1—/0 HU%H%%F) dt < C, (5.20)

where in the above line we have used that (¢, (0), um (0)) < C where C' is some constant
independent of m. From which it follows that for all ¢t € (0,7,

t t
sup w2 (p) + sup ||¢m||§p(r)+/ 105l 2y dt+/ [ 2y dt < C
te(0,T) te(0,T) 0 0

(5.21)

which give the required energy bounds. |

5.1.3 Ezistence theorem proof

Applying the energy estimates proven in Theorem 5.2 and considering subsequences as
necessary, there exist ¢* and uv* in the indicated spaces such that the following conver-
gence results hold in the weak sense,

O — (¢7)" in L*(0,T; L*(T)), Uy, = (u*)"in L*(0, T; L*(I)), (5.22)
bm — ¢* in L?(0,T; HY(I)), Um — w* in L2(0,T; H*(T)), (5.23)

and applying standard compactness results (Aubin-Lions Lemma (see Theorem I1.5.16
of [8]) and Kondrachov’s Theorem (see Theorem 2.34 of [2])) the following convergence
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results hold in the strong sense,

bm — ¢* in C([0,T]; L*(T)), U, — u* in C([0,T]; L*(T)), (5.24)
¢m — ¢ in L?(0,T; LP(T)), (5.25)

where p > 1. Furthermore since ¢,,(0) — ¢*(0) and u,,(0) — w* in L?(T") it holds that
#*(0) = ¢o, u*(0) = up. (5.26)

Taking n € L*(0,T; HY(T')), and ¢ € L?(0,T; H*(T')) we have that

T
_/ aq <¢;nap7nn> dt
0

Trro
= / |:/ E (W,(¢m) _][ WI(¢m) dF) Pmn + bevl“d)m . VI‘,Pmn (527)
0 Iy N
26N, P
—kAVruy, - VrPyn + %27)77 + kA% (¢ — )P dT| dt,
and
T
_/ Q2 <u:n>7)m£> dt
0
T 2K
= / / RAFumAFng +|o— o Vrum, - vfpmg (528)
0 r R
20U Pm 26N (P — )Py
- £ A = Pl AVt - VrPot dr} dt.

Using the convergence results (5.10)-(5.12) and (5.22)-(5.25) we can pass to the limit
to obtain

_/OT ar (&%), ) db — /OT [/Fi’ (W’(¢*) —][FW’(¢*) dF) 0+ beVrd® - Ve

2kAu* .
= T4 kA2(¢* — )y dl“] dt,
(5.29)

—kAVru* -V +

T T
_/0 ag {(u*), &) dt = /0 [/F KAPu*Apé + (O’ — Z;) Vru* - Vpé
 20u*¢ n 26A(9* — )¢

R? R?

— KAVo* - Vi dr] dt,
(5.30)

Vn € L2(0,T; HY(T)), and V¢ € L%(0,7; H?(T')). Finally using elliptic regularity we
obtain that ¢ € L%(0,T; H*(T')) and u € L?(0,T; H*(T)). This completes the proof of
existence for Theorem 5.1.

5.1.4 Uniqueness Theory

To complete the proof of Theorem 5.1 it remains to prove uniqueness. Let (¢;, u;), i = 1,2
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be two solution pairs. Set 8% = ¢ — 9 and 6% = u; — uy. By subtracting the equations,
testing with n = #? and £ = #* and using that

d / d m u\/ u
S0y =2((60),67), SOy = 2(607) 6%, (33D)
for a.e. 0 <t < T we obtain

a1 d b
—é%llw\\%zm :/F - (W (¢") = W'(¢%)) 6% dT + be|| V10|72 ry

€

(5.32)
26" 0?
Ay + [ FE Ak Ve,
T
o d " 2% .
=5 10" 15y =Rl Ar0" |72y + (0 - Rz) IV 06" (13 2 ry
(5.33)

20 2AKk0"0?
= B0 ey + [ 2 — An¥e0? - Vo ar.

Using the Poincaré type inequality (4.2), structural property (2) of W(-) and Young’s
inequality we obtain,

10 By + 10%1ncey ) + a0 ey + e210% ey < € (10 + 1090 2ncr))

(5.34)
where c¢1, co and C' are strictly positive constants. Uniqueness then follows by Gronwall’s
inequality.

5.2 Gradient Flow for the reduced energy
Returning to consider the reduced energy (4.20), we can likewise obtain the gradient flow
equation
b / / 2 2
arge + - | W(9) = WH(@)dI' | —beArd + kA | Ar + 75 | G(P9) + £AY(d — a) =0,
r
(5.35)
satisfying

d

%SN(@ = —aq e[z ry 0. (5.36)

However, by defining u = G(P¢) as in (4.15) then we obtain the system of equations

a1 s + % (W’((b) —ﬁ W' (¢) dF) — beArg + kA (Ar + ]32) u+ kA% (¢ — ) =0,

—Aru + %u = AP¢
(5.37)



18 C. M. Elliott and L. Hatcher

which coincides with (5.7) in the case @z = 0. In this instance we can again apply a
Galerkin approximation and obtain the a priori bounds

|Gl o< 0,7;17 (1)) < C, (5.38)
1wl oo 0,75 52(1)) < C, (5.39)
&7l 220,72 (ry) < C. (5.40)

From these estimates existence and uniqueness can be shown analogously to Theorem
5.1. The case as = 0 can be physically understood as instantaneous relaxation of the
surface energy.

6 Numerical Simulations

In this section we present some numerical results for the longtime behaviour of the system
of PDEs given by (5.37). We consider @y = 1 and suppose the double well potential is
given by

1

W(r) = Z(’)"Q —1)% (6.1)

This choice of W () satisfies the structural assumptions given earlier.

6.1 Numerical Scheme

We implement an iterative method as follows. Given a solution ((b("), u(")) at the previous
time step we consider a sequence {¢y, u, A\x}72; where (éx,uy) is a solution to

[ (6 (o= e (47

(6.2)
2k A
+ beVrdy - Vi — kAVrug - Vi + %ukn — M+ A2k(¢r — a)ndl =0,
ag
/ ;ukx + Vrug - Vrx — Mg, — a)x dT' =0, (6.3)
T

where in the above, a linearisation has been used for W’. The mean value constraint
on the height function is directly enforced by (6.3) provided ¢ # 0. The mean value
constraint on ¢ is imposed by the secant method, (following [7]), using the sequence
{Ak}x>1 which is constructed as follows

(A — A1) (@ — Jr 6n)
(fr P — fr (bk—l) .

with Ay = —g and Ay = g. We stop the iteration when |Ag41 — A\i| < tol and set
(b("“‘l) = ¢p+1 and wntl) = Puyj1. We note that it is not necessary to consider Puy in
order to obtain ¢y, since (Ap + %) Puy = (Ap + %) U,

DUNE software was used to implement a surface finite element method. Specifically
we used a PYTHON module (c.f. [13]) which implemented a GMRES method with ILU
preconditioning to solve the system of linear equations (6.2)-(6.3). For the secant iteration

Akg1 = A +
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Figure 1. An example of how the adaptive grid method given in (6.4) resolves the inter-
face for the case e = 0.02.

we set tol = 10~8 and for the GMRES iteration we set the residual tolerance and absolute
tolerance both to 10710, For the case o = 0 we additionally used a nullspace method
from PETSc [12, 4, 3].

Unless stated otherwise, we used a base grid containing 1026 vertices, and at each time
step applied an adaptive grid method on each element K if the condition

L€
VOl poe (r) > Tk (6.4)

is satisfied, where p = 0.05. For most of our simulations we will use ¢ = 0.02 which
typically leads to a grid consisting of around 30,000 vertices. Figure 1 illustrates an
example of such a grid around an interface.

We also used an adaptive time stepping strategy initially using a uniform time step
while phase separation occurred and then using an adaptive time step (within bounds)
that is inversely proportional to

o™ (x) — ¢\ V()
max

zel'y T(m)

: (6.5)

which should be interpreted as the normal velocity of the interface.

To graphically represent the numerical solutions, we deform the surface as described
by (3.5). Here, for visualisation purposes we exaggerate the size of the deformation uy
by setting p = 1 whereas in reality it should be significantly smaller. The colouring of
the resulting surface is given by ¢; with red indicating 41 regions and blue —1 regions.

6.2 Stabilisation of multiple domains

We first explore whether there exists stable steady state solutions composed of multiple
lipid rafts (41 phase domains), a property observed in biological membranes. We choose
k=1,R=10b=1,e =0.02 and ¢ = 10, and use a uniform time step of 7 = 1072.
We choose initial conditions with an increasing number of lipid rafts and investigate the
impact of varying the spontaneous curvature A, which acts as the coupling parameter
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(a) N=1 (b) N=2 (c) N=3 (d) N=4
Figure 2. Stabilised steady states solutions of N domains for A = 2.

0.0 05 10 15 2.0 2.5 17 18 19 2.0 21 2.2 2.3 2.4
Spentaneous Curvature (A) Spontaneous Curvature (A)

Figure 3. Energy dependence of steady state solutions of N lipid raft domains on spon-
taneous curvature, A. The graph on the right is a zoomed in version of the graph on the
left on an area of interest.

t=0) -, t = 60) -t =80) -, t =200)

Flgure 4. Unstable state w1th transitions from 1 domam towards 4 domams. Here for
visualisation purposes we don’t apply the deformation wu.

between the phasefield and the deformation. In each case the initial conditions are chosen
such that o = —0.5.

In Figure 2 we depict stabilised steady state solutions consisting of IV lipid raft domains
for A = 2. Taking the solutions displayed in Figure 2 as initial conditions, we determine
for which range of A they continue to be steady state solutions. In Figure 3 we plot
the energy (3.22) against spontaneous curvature A for the corresponding steady state
solutions. The A values considered were 0,0.2,0.4,0.6.... This was not possible in all
cases. For each A value where no corresponding energy £ has been plotted in Figure 3
indicates that a state consisting of N lipid raft domains was not a steady state solution.
For example the case N =1 and A = 2.8 is illustrated in Figure 4.
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'Yy )

) € = 0.04 ) € =0.02 ) € =0.01 ) € = 0.005

Flgure 5. Almost statlonary dlscrete solutions for varying the width of the interface, e.

6.3 Width of interface, ¢

Since we approximated the line tension by the Ginzburg-Landau energy functional, we
wish to check that in the limit ¢ — 0 we see a tightening on the width of the diffuse
interface. This is confirmed in Figure 5 where the initial condition was chosen to have
icosahedral rotational symmetry, and parameter values Kk = 1, R = 1,0 = 1,A = 5 and
o = 1 were used. These simulations were run until they reached an almost stationary
state, that is until changes in the solution over large time steps were insignificant.

6.4 Long time behaviour

Starting with an initial condition of the form ¢(-,t = 0) = a+R where R is a given small
mean zero random perturbation, we investigate the long time behaviour for varying the
different parameters from which a number of interesting geometric features arise.

To start with we set R = 1 and € = 0.02 and consider the parameters A = 5, b = 1,
a = —0.5,0 = 1and k = 1 as a base case, and vary each parameter in turn. Figure 6 gives
a series of snapshots of how the solution varies in time towards an almost stationary state
solution, in this case consisting of 12 lipid rafts. By taking different random perturbations
R it is possible to obtain almost stationary solutions with differing numbers of lipid rafts.
Therefore, we can’t conclude this is a global minimiser, but is indicative of general trends
that can be observed for varying certain parameters, e.g. the number of lipid rafts.

6.4.1 Spontaneous curvature, A

In the case A = 0, then there is no coupling so v = 0 for all time, and ¢ evolves according
to a conserved Allen-Cahn equation. We observe that as |A| increases so do the number
of lipid rafts, see Figure 7. This is not surprising since to minimise the energy &, larger
A corresponds to increased curvature. As expected the energy £ coincides for positive
and negative values of A since switching the sign of A amounts to switching the sign of
u, which leaves £ unchanged. Further details are given in Table 1.

6.4.2 Line tension, b

Similarly, we would expect that increasing the line tension b would decrease the length of
the interface, and hence decrease the number of lipid rafts. This agrees with the observed
behaviours illustrated in Figure 8. Further details are given in Table 2. We comment
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00 &

XX

-, t = 3.565) (e) -t~ 115.565) -, t &~ 515.565)

Figure 6. The time evolution for initial condition ¢(-,t = O) = —O.5+R with parameters
given by A=5b=1,0=1and k = 1.

90S®
Yoo e

A=05 A=10

Figure 7. Almost statlonary dlscrete solutions for varying the couphng coefficient A.

that in Figure 8 (d) the dumbbell shape is due to the scaling used in the graphical
representation. If a smaller scaling p for the height function had been used then the
solution would look more like Figure 7 (e).

6.4.3 Mean value of ¢

Figure 9 shows the effect of varying the mean value of ¢, with both stripe and circular
raft behaviour observed, as well as no phase separation. Further details are given in Table
3. Although Figure 9 (a) is almost stationary, its non-symmetric nature is suggestive that
this is not a local minimiser.
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Table 1
Figure 7 A # of lipid rafts En
(a) 0 1 5.1910
(b) -0.5 1 6.3583
(c) -5 12 66.9928
(d) -10 26 204.9876
(e) 0.5 1 6.3583
(f) 5 12 66.9928
() 10 26 204.9876

(a) b=0.2 (b)b=1

X B

(c)b=25

(d) b=50

Figure 8. Almost stationary discrete solutions for varying the line tension term b.

Table 2
Figure 8 b # of lipid rafts En
(a) 0.2 26 49.9075
(b) 1 12 66.9928
(c) 2.5 6 88.0572
(d) 50 1 376.0834

6.4.4 Surface tension, o

Figure 10 shows the effect of varying the surface tension o, with increasing o correspond-
ing to increasing numbers of lipid rafts. Further details are given in Table 4. Since in
the case o = 0, there is not a unique solution to (6.3), we used a nullspace method from

PETSc to enforce that [u = 0.

6.4.5 Bending rigidity, k

Figure 11 illustrates the effect of varying the bending rigidity x. We observe that increas-
ing k leads to an increase in the number of lipid rafts. Further details are given in Table

5.
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Qe O

)a=0 ) o= —0.25 ) a=—0.5 ) o= —0.75

Figure 9. Almost statlonary dlscrete solutions for varying « - the mean Value of the order
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parameter ¢.

Table 3
Figure 9 « # of lipid rafts En
(a) 0 - 35.5574
(b) 0.25 12 44.2027
(c) -0.5 12 66.9928
(d) -0.75 - 118.0643

(a) o=0 (b)o=1 (¢c) o =10
Figure 10. Almost stationary discrete solutions for varying o - the surface tension.
Table 4
Figure 10 o # of lipid rafts En
(a) 0 8 64.0906
(b) 1 12 66.9928
(c) 10 23 79.1846
Table 5
Figure 11 K # of lipid rafts En
(a) 0.05 1 16.9889
(b) 0.1 6 37.4941
() 1 12 66.9928
(d) 10 30 440.1609
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(a) K =0.05 ) k=0.1 )r=1 ) k=10

Figure 11. Almost statlonary dlscrete solutions for varying the bending rlgldlty K.

7 Outlook

The relationship of the diffuse interface approach considered here and a sharp interface
problem via asymptotics will be considered in a work in preparation by the authors.
Another interesting direction to consider would be a phase-dependent bending rigidity for
the Gauss curvature within this perturbation approach, and the exploration of whether
this could be sufficient to produce raft like regions as well.
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